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Abstract

The recent discovery of a new maximally supersymmetric background for the
type I1IB superstring theory has revived the interest in light cone string field theory.
This background is a plane wave background with the additional support of a non-
trivial self dual Ramond-Ramond 5-form field strength. It can be quantised in the
light cone gauge and hence it naturally fits into the framework of light cone string
field theory.

In this thesis we re-examine the causality and locality properties of string theory
in the flat background and compare it with the recent results for string theory in
this plane wave background. We formulate the causality requirement in terms of the
commutativity of the string field, as it is usually done in point particle field theory.

We find that the string light cone in the plane wave background shares similar
properties with the string light cone in the flat background. Even more interesting
is that, unlike the flat background theory, string interactions in the plane wave
background do not modify the causal structure of the theory. This has interesting
consequences for the choice of the 3-string vertex in the plane wave background, a

topic that is still an active subject of research.
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Chapter 1

Introduction

Causality means that the cause must precede the effect. Two events are causally
related if the past event could in principle influence the future event. Since every
physical process is at the bottom line a scattering process, we can say that two
events are causally related if an object could travel from the past event to the future
event. In order to determine the causal relation of two events, it is not necessary
for such an object to actually be involved, we are not studying the details of the
process. It is only sufficient to determined if it could exist in principle. If the answer
to this question is “yes”, then the two events are causally related, otherwise they

are not.

1.1 Causality in Classical Physics

In Newtonian physics, the answer to this question is always “yes”. There is ab-
solutely no reason why any physical object can not travel fast enough and thus
starting from one event, to reach any future event. However we know that Newto-
nian physics are only an approximation. A more rigorous theory (that has past so
far every experimental test) is special relativity'. In special relativity, the notion of

causality changes radically.

1A good book dedicated to special relativity is [3]. Alternatively, the first chapter of books
on general relativity provide a good review of special relativity. A few that might be of interest

are [4], [5], [6], [7].
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1.2. Causality in Quantum Physics 2

Special Relativity places an upper bound on the speed an object can achieve.
This is of course arithmetically equal to the speed of light in the vacuum c. Nothing
with mass can travel faster than light and only massless particles can travel exactly
with the speed of light. Therefore, it must be clear, even to the non expert, that now
not all events can be causally related to each other. Two events, that their causal
connection would require a mediator travelling at superluminal speed can not be
causally related any more.

Given an event (chosen arbitrarily), we can construct a hypersurface in spacetime
that will divide spacetime down to two regions. One will contain all the events that
are causally related to our reference event (past and future) and a second region of
all the events that are causally unrelated. This hypersurface has a conical shape and
it is called the light cone. Events falling inside the light cone are the causally related
events and we say that they are timelike separated, while events that fall outside the
light cone are those that are causally unrelated and we say that they are spacelike
separated. The marginal case, namely events that fall exactly on the light cone, are
considered to be causally related, only that it requires for the mediator object to

travel exactly at the speed of light. These events are called lightlike separated.

1.2 Causality in Quantum Physics

This however is not the end of our story. We know that at a very fundamental level
the Universe is quantum mechanical. Therefore, we have to examine causality within
the framework of quantum mechanics. Naively, we would ask whether a particle
can propagate from one event to an other. We would expect for the amplitude of
propagation to be zero outside the light cone, but it turns out that it is not, even
when we are working with the relativistic energy—momentum relation.

But we are forgetting something here. Quantum mechanical particles are not
like classical ones, with well defined trajectories, momenta and energies. In fact, the
Heisenberg uncertainty principle permits them to do all sorts of unnatural things, as
long as they can go undetected. The key word here is detection (or measurement).

Causality in a quantum theory will be preserved if measurements at spacelike sepa-
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rations are not allowed to interfere. Physical quantities that we can measure corre-
spond to (hermitian) operators. The condition that the measurements of a physical
quantity at two different spacetime points, which are spacelike separated, will not
interfere, translates into the requirement that the commutator of the corresponding
operator vanishes identically.

The marriage of special relativity and quantum mechanics has been possible
under the roof of quantum field theory?. It is within this formalism that we should
examine causality. The basic object in quantum field theory is the field, a function
over spacetime that we promote to an operator. The field can or can not be an
observable by itself. But every observable of the theory is built up by the field
and its derivatives. Therefore, causality in quantum field theory is formulated as
the local commutativity of the fields. The requirement for causality translates into
the requirement that the commutator of the field vanishes identically for spacelike
separations. Then it can been shown that quantum field theory does indeed preserve
causality as we know it from classical physics.

This idea of causality is called microcausality or microscopic causality. This is
because we require the commutator of the field to vanish for spacelike separations, no
matter how closed they are spatially. We make this distinction because in a quantum
theory one can examine causality using the S-matrix. The S-matrix is defined as
the operator that gives the amplitude of transition of a system, from a known state
in the far past to another state in the far future. In a relativistic theory, states have
specific Lorentz transformation properties. Lorentz invariance of the theory implies
the Lorentz transformation of the S-matrix. If we can construct such a theory, it
would preserve causality. It turns out however, that this can be achieved if the
theory is formulated in terms of fields, if it is a quantum field theory. Then, in order
for the S-matrix to have the correct Lorentz transformation properties, we need the
commutator of the fields to vanish outside the light cone and the interactions to be
local in the fields. The later condition is the requirement of locality.

Causality studied with S-matrix would correspond to macroscopic causality in

2For an introduction to quantum field theory see [8], while [9], [10] and [11] offer a more thorough

treatment.
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classical terms. But the conditions of locality and microcausality (formulated as
the commutability of the fields) ensure macroscopic causality. Although one can
go back and forth between the two formulations of causality, it is our feeling that
microcausality, with the addition of locality, is more fundamental than macroscopic

causality.

1.3 String Theory

It would be natural to ask the same questions for string theory, namely if the theory

is causal and how. But first we have to see what is string theory.

1.3.1 String theory in a nutshell

As the name suggests, it is a theory studying the motion of a string. A string in
return is an one-dimensional extended object. It can be open or closed.

String theory® aspires to be a unified theory of everything. As far as our knowl-
edge goes, there are four interactions in nature (electromagnetic, weak nuclear,
strong nuclear and gravitational). The first three are described by a quantum field
theory, to a very high accuracy. Electromagnetic and weak interactions are uni-
fied under the umbrella of electroweak theory. Gravity on the other hand seems
to escape a consistent quantisation. Even with the inclusion of supersymmetry, a
consistent quantum theory seems to be elusive, the problem being that the theory
is non-renormalizable.

String theory promises to bring all four interactions and all the elementary par-
ticles of nature under the same roof. This is done as follows. In ordinary field theory
(like the Standard Model), every particle is perceived as a fundamentally different
entity. It is for this reason that each particle species is assigned a different field. On
the other hand, in string theory there can be two kinds of strings at most, open and

closed strings.

3String theory is well covered in the literature, with many books available. The reader may
consult wish to consult any of [12], [13], [14], [15}, [16], [17], [18], [19], [20], [21] for a review of
string theory.
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However, there is a major difference between strings and point particles. Point
particles can have one kind of motion, that is, the only thing they can do is move
around, from here to there. Strings on the other hand have two kinds of motion.
First, they can move around as whole objects. This is no different from what point
particles can do. But there is a second kind of motion that they can perform and
that is that they can oscillate. This is in a sense an internal motion of the string,
something that the point particle lacks.

The string can not oscillate in any way it wishes, but only at specific ways, called
modes of oscillation. These modes turn out to behave like different particles. Strings
vibrating in a certain way behave like scalar particles, strings vibrating in a different
way as gauge bosons and, with the inclusion of supersymmetry, we can have string
vibrating in such a way as to be spin one-half fermions. Instead of having many
different elementary particles as the building blocks of the Cosmos, one has only
two, an open string and a closed string. It is because of their nature as extended
objects and their modes of internal oscillations that we can perceive them as different
objects. Let us give an example from everyday life . Our friend George can appear
different from day to day because of the way he dresses. But he is always the same
person. The same applies here. A string can appear as a different particle, but it is
always the same object.

String theory was first brought into physics in the late 60’s* to explain the high
number of strongly interacting particles produced in the experiments. Although it
was a promising theory, it suffered from two major drawbacks. One was that consis-
tency of the quantum theory demanded that spacetime had twenty six dimensions
instead of the usual four. Even with the addition of fermions to the string model,
the dimensions of spacetime had to be ten, six more than observed. Furthermore,
the closed string sector had naturally a massless spin 2 particle that could not be
identified with any particle observed. Add to that the arrival of the quark model
and the description of strong interaction by an SU(3) Yang Mills theory and it is

no surprise that string theory was abandoned as a theory for strong interactions.

41t was the work of Veneziano [22] that introduced the dual models into high energy physics.

A little bit later it became clear that these corresponded to strings.
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But the spin 2 particle was to become the most prominent feature of string theory.
It turned out that this particle had all the properties of the graviton, the hypothet-
ical particle that mediates the gravitational interaction. Closed string theory (and
its supersymmetric extension) among other things includes gravity. Starting with a
closed string in a Minkowski spacetime, one can get gravitational interactions with-
out imposing any additional requirements. Add to that the fact that the open string
naturally includes a vector gauge boson (which would correspond to a Yang Mills
theory) and the picture is almost complete. A theory built upon open and closed
strings can in principle accommodate all the known interactions of the Standard
Model plus gravity. For a theory that would include in the same way fermions and
it will also be consistent and without anomalies, one has to include supersymmetry.
Even then it turns out that there are only five acceptable theories, which are called
Type I, Type ITA & 1IB, Heterotic SO(32) and Heterotic Eg x Fg.

But this is not all in string theory. String theory is more than a theory of
strings. It turns out that it contains other dynamical objects of higher dimensionality
called D-branes®. These objects were originally discovered by studying open strings
with Dirichlet boundary conditions (hence the designation “D”). Originally Dirichlet
boundary conditions were disregarded because they would break spacetime Lorentz
symmetry®. But it turned out that they can be imposed consistently, provided
one includes an additional object in the theory, the D-brane. These D-branes are
solitonic solutions of string theory.

Furthermore, it was discovered that the five superstring theories are not totally
independent. There is a web of dualities that can turn one into the other. And
what is even more bizarre, in a certain limit type ITA string theory turns out to be
the limit of the 11-dimensional theory, which nobody knows the exact context. This
theory has been named M-Theory” and its low energy limit is the 11-dimensional
supergravity. There are some arguments that M-Theory might be a theory of mem-

branes, but so far, to the best of our knowledge this is more a speculation than

3For a comprehensive review see [20]
5The first time that Dirichlet boundary conditions were considered in string theory was in [23)].
"See [24], [25]. For a review on M-theory, see [26].
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proof.

Although string theory has been studied in the flat Minkowski spacetime, there
are other backgrounds that are as interesting, if not more. For string theory one
such background is the AdSs x S®, which is a solution of the type 1IB supergravity.
String theory in this background is hard to solve and in practise we have been
unable to go beyond the supergravity limit. Nevertheless, a very interesting feature
arose. String theory in this background is believed to be dual to a super Yang
Mills with N/ = 4 supersymmetry, living on the boundary. This is the celebrated
AdS/CFT correspondence®. Dual theories means that we can calculate propagators
and amplitudes of one theory using the other theory. The duality is a strong/weak
coupling duality, which means that a calculation in one theory for coupling constant
g corresponds to a calculation in the dual theory for coupling constant ¢’ ~ 1/g.
This in return gave rise to the idea of holography®, which states that physics in
the bulk can equally well be described by the physics on the boundary. This comes
in touch with black hole!? thermodynamics, where the entropy of the black hole
depends on the area of the event horizon, not on the volume!!.

String theory has been well developed as a first quantised theory. By that we
mean that when we quantise the theory we promote to operators the position of
the string and the conjugate momentum. Effectively, this means that we study the
motion of a single string. This formulation of the theory has been successful, but it
has its limitations.

From the point particle theories, we know that a better formulation would be
one based on fields!?. Perturbation theory is easier to derive, symmetries to be
incorporated and most of all, it is the natural framework for the study of non-

perturbative phenomena. The same construction in string theory has not been

8The correspondence originated from the Maldacena conjecture [27]. Some reviews are [28],
[29], [30], [31], [32.

9See [33], [34] and for reviews [35], [36].

YFor a review of black holes in string theory, see [37].

1 The volume of the black hole is defined as the volume enclosed by the event horizon.

12 According to Weinberg, reconciling special relativity with quantum mechanics leads necessarily

to quantum field theory, see [9].
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successful yet. We can write down a full string field theory, for open and closed
string, both bosonic and supersymmetric in the light cone gauge'. The advantage
is that the theory is unitary, without ghosts and easy to quantise in a canonical way.
The price we pay is that manifest spacetime covariance is lost and so is string gauge
symmetry.

For open bosonic string, we do have a covariant and gauge invariant string field
theory by Witten [51]. But for closed string and/or superstrings, things are not very
clear yet. In particular, the problems encountered in a closed string field theory is
that the action seems to be non-polynomial. The extension to superstrings can, in
principle, be accomplished in two ways. One is to base the analysis on the RNS
formalism of the superstring, which as a first quantised theory has been quantised
with covariant methods. For open superstrings, one can write a theory very similar
to Witten’s. The problem here is that on has to include an extra operator in the
kinetic term, called “picture changing operator”. The other way would be to base
the construction on the GS formalism. However, the GS superstring has eluded so
far our attempts for a covariant quantisation (although progress has been made with
the recent work of Berkovits [52], [53], [54], we feel that there is still work to be done).
Until this problem is solved, we can not go far with a full superstring theory based on
the GS superstring model. To that, one should add the problems of quantising string
field theory. In particular, although there is a quantisation procedure for Witten’s
theory [55] using the Batalin-Vilkovisky approach (see [56}, [67] for a review), we
feel that the question on how to incorporate closed strings has not been answered
satisfactorily. We know that a string theory based on open string inevitably includes
closed strings as well. Without a satisfactory closed string field theory, any open
string field theory will be incomplete. For these reason, we will restrict ourselves to

the light cone string field theory.

13Light cone string field theory originated from the functional methods developed by Mandelstam
to describe the 3-string interaction in [38] for the bosonic and in [39] for the Ramond-Neveu-
Schwarz. String field theory in the light cone gauge was further developed in [40}, [41], with
further contributions in [42], [43], [44]. The extension to the superstring, based on the Green-

Schwarz model was carried out in [45], [46], [47], [48]. Two very good reviews are {49], [50]
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Thus, we see that string theory is more than one would originally guess from the

name. But the discussion has taken us far from our original subject, causality.

1.3.2 Causality in String Theory

Strings are extended objects, so it would be interesting (to say the least) to examine
causality in the string sense. Again there are two ways to proceed in a quantum
theory of strings. The first is to examine what would be microcausality, i.e. the
commutability of the string field. The other would be to examine the string S-
matrix. Here we will present what would be microscopic causality in string theory.
For that purpose we will use string field theory in the light cone gauge.

The study of causality in string theory mimics the study of causality in field
theory. One first writes down a string field theory, which for our purpose will be in
the light cone gauge. Then we express the requirement of causality as the condition
for the commutator of two string fields to vanish identically. The condition that will
emerge, will give us the string light cone. The result is quite surprising and different
from the point particle case. The string light cone is different form the particle light
cone, the modification coming from the internal oscillating modes of the string.
However one finds that the zero mode of the string, which corresponds to the centre
of mass of the string, behaves like a particle. Furthermore, if one truncates the string
field down to component fields, then one recovers the point particle light cone. For
string theory in the flat, Minkowski spacetime, this calculation was first done in [58],
with further comments in [59], then extended to the superstrings in [60].

However, things become more interesting when one examines how interactions
affect the string light cone. For string field theory in a flat, Minkowski, background it
was first found in [61] and then in [62] that amplitudes receive contributions outside
the string light cone. Interactions do modify the string microcausality.

In that light, it was interesting to consider how things get modified in the plane
wave background!®. Plane waves for string theory arose as Penrose limits of AdSs x

S°. String theory (more specifically type IIB superstring theory) in this background

14This is also referred in the literature as the pp-wave background.
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can be solved exactly in the light cone gauge. Based on that one can write a string
field theory in the light cone gauge, with all the advantages and disadvantages of
the same theory in the flat background. One important property of the plane wave
background is that the metric is dependant on a parameter p (with units of mass).
When one takes the limit ¢ — 0, the plane wave background reduces smoothly to
the flat one. It is natural that we demand the plane wave string field theory to
reduce to the flat string field theory in this limit. But things turn out to be more
interesting than this.

Being able to study and solve string theory in a non-trivial background other
than the flat one is not a common thing and should not been taken lightly. We are
really lucky to be able to do so for a string in a plane wave background and we
should take up the opportunity to explore string theory as far as possible.

But the importance of the plane wave does not stop here. As we said, plane
waves originated from AdSs x S°. String theory in AdSs x S° is conjectured to be
dual to a N = 4 Super Yang Mills. So far, as we said before, we have not been able
to study string theory in the AdSs x S° beyond the supergravity level. But if we can
study string theory in a certain limit of AdS5 x S° namely the plane wave, and solve
it, then we could go ahead with the correspondence. In fact it has been proposed
that string theory in the plane wave is dual to a certain sector of the super Yang
Mills. This is the famous BMN limit and has attracted a lot of attention lately.

Studying the causal structure of string theory in the plane wave is the next step.
It has been found in [1] that for the free theory, the string light cone exhibits the
same departure from the corresponding point particle light cone, due to the internal
oscillating modes of the string. Furthermore, in the x4 — 0 limit, the plane wave
string light cone reduces to the flat background string light cone.

The really interesting part is when one wants to study how interactions in the
plane wave modify the string light cone. The surprising thing is that they do not!
Contrary to the flat case background, in the plane wave background the interaction
do not modify the string light cone. This is quite surprising and suggests that at a
deepest level string theory in the plane wave background in the limit g — 0 is not

going smoothly to string theory in the flat background.
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1.4 OQOutline

The structure of the thesis is as follows.

In chapter 2 we provide an overview of light cone string field theory in the flat
background. After some preliminaries for the nature of the string field, we formulate
string field theory for open bosonic string, free and interacting. Emphasis is given
in the 3-string interaction. Then we proceed with formulating the closed string field
theory. TFinally, we proceed with the supersymmetric extension. Throughout the
chapter, we emphasize on the methodology of constructing the string field theory,
leaving the details for the literature. Our ultimate purpose is to use string field the-
ory to study the causal structure of string theory and for that purpose we emphasize
on those aspects that we will need later on.

In chapter 3 we provide a brief overview of string theory in the plane wave
background. After explaining how the plane wave came into string theory and its
importance, we demonstrate how the theory can be solved as a first quantised one.
Based on that, we proceed with the formulation of a string field theory. Again, our
purpose is to give an overview, emphasizing on the key points of the theory that we
will need later on, leaving the details for the literature.

In chapter 4 we study (micro)causality in string theory. We start with a more
detailed discussion of the light cone in classical physics and causality in quantum
field theory, only to proceed and discuss the string light cone in both the flat and the
plane wave background for a free string. The construction of the string light cone,
as we will see, mimics the construction of the light cone of a point particle using
field theory methods. We conclude this chapter with a few important remarks.

Then in chapter 5 we examine how string interactions affect the causal structure
of sting theory. There we will see how the string light cone gets modified by inter-
action in a flat background, while it does not acquire any additional contributions
in the plane wave background.

Finally, in chapter 6 we collect the main results of chapters 4 and 5 for a more
detailed discussion. In addition we discuss about how one could go beyond light
cone string field theory and study causality. We conclude with open questions that

we feel should be addressed sooner or later.
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In the appendices we have included material that although useful, somehow
fall outside the main line of argument. In order not to disrupt the reasoning, we
preferred to included them as appendices. Appendix A provides a brief review of the
first quantised string in the light cone gauge. Appendix B deals with applications
of the causality condition (formulated as the local commutability of the fields) in
point particle field theory. Appendix C presents the study of a certain amplitude in
both the flat and the plane wave background.



Chapter 2

Light Cone String Field Theory

In this chapter we will provide a brief introduction to the field theory of strings.
There is no intention to present a full account of string field theory, that would be
impossible in the limited space we have. Rather, we will restrict ourselves on string
field theory in the light cone gauge, since this theory will be sufficient for our further
discussion.

After a few important preliminaries, we will formulate a string field theory for the
open bosonic strings propagating in a flat Minkowski spacetime. In developing the
theory we will follow the analogy with developing a field theory for point particles.
Then we present the closed strings theory. Finally we proceed with the formulation
of the supersymmetric string field theory, still in the light cone gauge.

Throughout this chapter we assume that the reader is familiar with the first
quantised theory of strings. The subject is well covered in the literature, see [12],
[13], [14], [15], [16], [17], [18], [19], [20], [21]. The light cone gauge was first introduced
for strings in [63]. Bosonic string field theory in the light cone gauge for a string
propagating in a Minkowski spacetime is discussed in [40], [41], [44]. The 3-string
vertex is further analyzed in [38], [43], [42]. Superstring field theory was developed
in [45], [46], [48]. There are also two very good reviews of superstring field theory,
[50], [49].

We work in units where i = ¢ = 1, but we keep o arbitrary. We leave the
dimensionality of spacetime, D, arbitrary with the understanding that D = 26 for

bosonic strings and D = 10 for superstrings.

13
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2.1 Towards a Field Theory of Strings

A point particle field mathematically is a map from the points of a manifold (usually
this is the Minkowski spacetime), to a set of numbers. Take for example the simplest
case, the real Klein—-Gordon field. It is just a function ¢(z*). With that on hand, one
seeks an action, written as the integral of a Lagrangian. The equations of motion
then, i.e. the differential equations that the field obeys, are easy to derive from the
requirement 45 = 0. By solving them, one knows how the field behaves in a given
situation. Quantizing, means that the function ¢(z*) is promoted to an operator.
Then, one expands in a set of complete eigenstates. For the free theory it turns
out that these states describe a finite and discrete sets of particles. Of course this
can be generalized to define fields that give complex values or define vector, tensor,
spinor fields.

We would like to do the same with strings. The reason is that in the case of
point particles this turns out to be the natural framework to describe interactions
and systems of many particles (especially when their numbers vary). Furthermore,
although mathematical difficulty forces us sometimes to have only perturbative solu-
tions, this is the appropriate framework for studying non-perturbative phenomena,
like solitons and symmetry breaking. Even perturbation theory comes out more
naturally from a field theory. So far, for strings we have a so called “first quantised
theory”, i.e. a theory where we are concerned with and study the motion of only
one string. It is only natural to try to formulate a field theory for strings.

A string is an one-dimensional extended object, either open (like a piece of rope)
or closed (like a loop). Mathematically this is described as a curve. Generalizing
the concept of a point particle field, we claim that the string field will be a map
from curves of the spacetime manifold to real numbers. Recall that a curve in a
manifold can be parameterized with a parameter, say o. Then every point along
the curve is determined by its coordinates, X*(o), functions of the parameter o.
However the concept of the curve is more fundamental than its parametrization.
After all, for the same curve (the same geometrical object) we can use many different
parameterizations. But the object itself remains the same. Therefore, this map from

curves to numbers has to be a functional that we will denote by ®[X (o)] for open
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strings and W[X (o)] for closed strings. There is no explicit dependance on o. Each
curve (string) is mapped to a number and this is independent of the parametrization
we chose for the curve.

In the framework of point particle physics, we treat every elementary particle
species as a fundamentally different entity and therefore we assign a different field to
each of them. An electron is different from a photon and they are both different from
the Higgs particle. Their properties dictate that the electron should be described
by a spinorial field, the photon by a vector field and the Higgs by a scalar. This is
the reason that so many different fields are required in the Standard Model.

On the other hand, this picture changes completely with strings. Particles are
not completely different. Rather, now they are perceived as different manifestations
of the same object, the string. The fundamental object is the string and we have
only two kinds of strings, open and closed. Therefore, all we need is a string field for
open strings and another one for closed strings. A string field theory should contain

at most just two fields. This is a major difference from point particle field theories.

2.2 Open Bosonic String Field Theory

2.2.1 The free theory

Let us start by formulating the simplest possible string field theory, that for open
bosonic strings, living in a flat Minkowski spacetime, in the light cone gauge. We
follow [40]. Let us denote the string field as ®[X ()], a functional of the open string
coordinates X (o). We take the range of o to be in the interval [0, 7).

The reason we choose the light cone gauge is the following. Suppose that £ is

the Lagrangian of the full theory. The conjugate momentum would be

5L
3 (3x0)

X*o) represents the infinity of “times” along the string and this is the reason that IT

I[X, o] = (2.1)

has an explicit ¢ dependance. However, this prevents an one to one correspondence
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between the string field and its momentum. By choosing the light cone gauge!, we
solve this problem.
The first step is to make a change in the coordinate system, going to light cone

coordinates
1

V2

We will denote the rest of the coordinates as X* or X and we will refer to them as

X* (X°+ xP1). (2.2)

the transverse coordinates. The second step is to impose the gauge condition
Xt =2dp"T. (2.3)

This effectively fixes a common time along the string. No more infinite times to

choose from in (2.1). Using the Virasoro constraints,
. 2
(X + X’) _0, (2.4)

we can determine X ~, up to an integration constant, in terms of p™ and X*. There-
fore the only degrees of freedom left are X*, z; (or equivalently p*) and X+ = z™.
Furthermore, these are the only physical degrees of freedom.

The physical meaning of the field is that it is the wavefunction of the object

under consideration. So, the string field is the wavefunction of a string and in the

light cone gauge, it is required to obey a Schrodinger type equation,

0
0X+

H®[X] = i——®[X]. (2.5)

The Hamiltonian of a single string is

T . 1 .
H, = td/ /0 do <P2 + ( 2m,)2x’2) (2.6)

and it generates translations in 7. The Hamiltonian that generates translations in

ztis H,/(2a'p") and it is this Hamiltonian that enters (2.5). We write

T i ~ 1 .
H=— [ do|P? X7 ). 2.7
ot Jo ¥ ( * (2ra’)? ) (21)

'The light cone gauge was first introduced in string theory in [63].
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As is usual in quantum mechanics, in the position representation, the position
X is a multiplicative operator, while the momentum P is a differential operator, in

our case,
- )
0X
Equation (2.5) is a functional differential equation. We can convert this into an
usual partial differential equation with infinite variables.

For an open string, the mode expansion? is
X(o)=zo+ \/§Z T, COSNO. (2.9)
n=1

Utilizing this mode expansion (2.9), we can write for H,

1 oo
H:%{Hﬁ;ﬂn}, (2.10)

where
62
Hy = —— 2.11
0 (9:1:62 ( )
and
2 2
A " (2.12)

“om? ' 2wy
Notice that each term H,, of the Hamiltonian is the Hamiltonian of a simple harmonic
oscillator (except for the zero mode, Hy, which is of course the Hamiltonian of a
freely propagating particle).

The equation of motion (2.5) reads in terms of the modes

1 0? > 0? n? i \2 0P
_ E _ : b =i— 2.13
2+ { ot ' 2 | o032 Gy ) oo @
and can be solved by separating variables. The solution is

% dp O dpt .
vty Kol = [ G [ ety )
0

(2m)D-2 27
Z A (p*, Po, {ni}) f{,l;}(zf) + h.c., (2.14)
{n7}
where we have defined -
finiy(zh) = H @1 iy (27) (2.15)
1=1

2See also Appendix A for more details.
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D-2
l _ zi 2 o
Lpl,{n;}(l‘l H Co {nl} H{n;} (v —xl) e Wap)*/(40') (216)
=1

H,(z) are Hermite polynomials and

and

V2a) (2.17)
2 (mil)

is the usual normalization for the eigenfunctions of the harmonic oscillator. The

Co ({ni}) =

fact that the string field is a superposition of simple harmonic oscillators should not

be a surprise. For the energy we have

p = 2—+{ —Zl(nl )} (2.18)

At this point, an explanation about our notation is in order. The index 7 enu-
merates the transverse directions and its range is ¢ = 1,...,D — 2. The index [
enumerates the excitation levels and its range is | = 1,...,00. The integer n} is the
occupation number in the i-th direction at the I-th level. The notation {n}} stands
for all possible nis, in other words, {n!} should be read as nl,nl,...,n%,n3 ... In
that sense, there is no free 7 and [ index from {n!}. We have introduced this nota-
tion so that we can make the mode expansion for the string field more transparent

and easier to read. If however, the reader is still confused, we write here the mode

expansion for the string field without residing on intermediate quantities. It is

- v dﬁ Oodp+ i po-To—xp —xy
(I)[J,“*"_'L‘O,X(O')] = /(QW)D—z/O 27r€(p0 o—zp op*)

> AR, {ni}) ] ]

{ni} =1 i=1

. I . 02 /g
Co ({ni}) Hnyy (\/ Ux;) e e /@) L he, (2.19)

where of course C, are given by (2.17). However, we will make frequent use of this

notation throughout the thesis, as we believe that it is conceptually clear and easier
to handle.
From the first quantised theory of strings, we know that the string can manifest

itself as a massive scalar (with negative mass, the tachyon), a massless gauge boson,
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a massive spin 2 particle and so on. Within the string field theory framework, the
corresponding fields for these particle states of the string are obtained by multiplying
the string field with suitable eigenfunctions f{n:}(:cf) and integrating over {z}}. In
other words, the component fields are

D-2

Clay (7™, 79 , 7o) /ﬁ (d:c,fn :1:,) ®[z*, z5, X(0)). (2.20)

=1 =1
We can quantise the theory canonically, by promoting the string field to an
operator and imposing suitable commutation relations. The equal time commutation

relations are
[@[a;+, 5, X (o)), ®z, vy, ?(a)]] — 5z~ —y ) [[ ¢ [X’(a) . )7(0)] C(221)
Equivalently, this means that

[A(p_'_aﬁOa {ni}), AY(q*, G, {m;c})] = (2m)Pto(p* q")é(po — %)5{n§},{mi}- (2.22)

Clearly, A, At are annihilation and creation operators. Their function is to destroy
(or create) an entire string in the appropriate modes. They must not be confused
with the creation/annihilation operators of the first quantised theory that create

(destroy) oscillating modes in one single string. In fact, we make the identification
N % -
A(p*, o, {nih)10) «— T (ai")” 1", 50) (2.23)
Li

between the 1-string states of the field theory Hilbert space and the states of the
first quantised string Hilbert space.

The calculation of the free propagator is straight forward to perform. Using the
identity

T" 1 2zyT — T? (22 + y?)
H,( 2.24
Z anl '/1—T2 exp [ 1— 72 ( )

for the Hermite polynomials, the result is

(0@*,25, %), 20", 45, V)| = Gl “(X;¥) — {z >y}, (225)

open
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Figure 2.1: Schematic representation of the three string interaction for open strings.

where
; (D-2)/2 A2 2
Gboscrmc(X Y) _ /w dp™ _ ip* exp ATy pt e_iAz—pd_
open 0 27 2rAxt 2Axt
o D-2 \/
2.26
g i1 2ma/ \/22 Sln ( )
l/(2) o - - leJr)
ex 2 y — ((x))” + (y[)°) cos .
P {22 sin éﬁ”;: ol (( 2 (o) ) 2a/pt
In the above we have abbreviated Azt =zt —y*, Az~ =25 —yy, ALy = Zp — To-

Notice that this is an infinite product of simple harmonic oscillator propagators,
corresponding to the internal oscillations of the string, times the propagator of a
freely moving particle, corresponding to the centre of mass of the string. This is

something expected from the form of the string field, (2.14).

2.2.2 The 3-string interaction

The simplest way strings can interact is by splitting and joining at their endpoints.
This process involves three strings, hence the name 3-string interaction. Figure (2.1)
shows a single string propagating and then splitting into two strings, if we take the
(light cone) time running from left to right. The reverse process is the merging of
two strings into one (time now in figure (2.1) is running from right to left). The

worldsheet for such a process looks like figure (2.2).
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Lo

Figure 2.2: The worldsheet for the open 3-string vertex. Strings 1 and 2 merge to

form string 3. The arrows indicate the way we have parameterized each string.

Let r = 1,2,3 enumerate the three strings®. Strings 1 and 2 are incoming and

string 3 is outgoing. We have taken the parametrization of the third string to run

in the opposite way than that of strings 1 and 2. This means that

ar+ay+a3=0

(2.27)

with ay,ap > 0 and az < 0. We have also defined o) = 2p(’;) and we introduce a

common o for the entire strip. It is then

o, =0, for 0 <o < may,
o9 =0 — way, for ma; < o < w(a; + az),

o3 =m(a; + az) — o, for 0 <o < 7(a; + ay).

It will be convenient to take the mode expansion of each string to be

o0
. . i no
X(nlo) = (xfr),o +2 E T{y) 5, COS —) O,

n=1 Qr

where

@(1) =19(7ra1 —0),
O(2) = Vo — may),

@(3) = 9(1) + @(2) =1.

(2.28)
(2.29)
(2.30)

(2.31)

(2.32)
(2.33)

(2.34)

30ur presentation is based on [45] and we refer the reader there for the details. For the 3-string

vertex see also [38], [39], [43], [42], [44].
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¢ is the unit step function. Then, assuming that the interaction takes place at time

¥ = 0, the 3-string interaction term of the string field Hamiltonian reads

3
Hoer / [T (4o, DX )@ (0, X (0))) 8(en + 2 + ax)
r=1
) [)Z(l)(a) + X(g)(a) — )\7(3)(0)] oy, ag, az). (2.35)

g is the string coupling constant and p is an integration measure. This interaction
is the simplest we could have and all that it demands is that the worldsheet remains
continuous as the strings break and merge. Notice that it is a generalization of the
¢® interaction of point-particle field theory.

Alternatively (and by a simple Fourier transformation), we can write Hy " in

momentum space,

P8

(darDﬁ(r)(i)(ar, ﬁ(r))) 5(&1 + a9 + ag)

1

15’(T)(0) plaa, az, a3). (2.36)

"
Il w 5
- Il

We can also replace the single delta functional with the product of two,

> Pylo)

r=1

o =4 [13(1) + 13(3)91] ) [ﬁ(g) -+ ]3(3)@2] . (2.37)

The two choices are equivalent.
The delta functionals are defined as infinite products over the Fourler modes of

their arguments. Specifically, for the momentum delta functional we have that

3
> Fiyo)
r=1

0 (P?l),o + Péz),o + pf3),0)

D-2
119
i=1

o0 o0

H 6(]31(3),111 + Z (A1(711)np1(1),n + A'ErQLszEQ),n) (238)

m=1 n=1

+B£,1)P€1),0 + Bg)sz),O)‘

The As and the Bs are determined by taking Fourier components of the identity

> Piy(o) =0 (2.39)
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in the interval 0 < 0 < w(a; + ay). The expansion of the momenta in terms of their

modes is
i 1 i = i no,
P(r) (o) = m (p(r)»ﬂ + 2;p(r),n cos o > ©,. (2.40)
Defining 3 to be
g=2 (2.41)
2%}
we have that
2 Bsin(mmn )
() _ _ = _1ym4n PR
ALl = 7r\/mn( 1) pra—y (2.42)
2 (B + 1) sin(mmf)
AR — 2/ —1)™ 2.43
mn T mn( ) n2 — mz(‘g i 1)2 ) ( )
B—,(yi) - _CYZBma (244)
B® = a,B,,, (2.45)
where we have defined
2
By = — =2 32— 1) sin(mn B). (2.46)
T (1 (9

It will be very convenient to have the interaction written in the oscillator basis
representation. For that purpose, we start with the string field in the momentum

representation. We obtain it by Fourier transforming (2.14) and it is
{ni} b

¥n(p) is the n-th oscillator wavefunction in the momentum representation (see also

(2.16)). Inserting this expansion into (2.36) we have that, suppressing integrations,

HF =Y ADARABIC iy (i b i) .o (248)
{”fl),z}'{7léz),z}’{"23).1}

where

(.t (2.4

C({nlﬁ),z},{”1&2),1}7{”%3),1} = M/Hdpzl),ldp&),l"/){ni Y (ni }¢{n;'3))l}- (2.49)
Li

We have performed all the pt. ., pi., —integrations by means of the delta functions
(3),00 P3yn g

(2.39). The dots in (2.48) stand for terms of the form AAA' e.t.c.
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Now recall that the momentum eigenfunction of the harmonic oscillator is

Yn(p) = (nlp), (2.50)

where of course (n| is a number basis state and |p) is a momentum eigenstate. a,al

are of course the ladder operators of the harmonic oscillator. Given that

1 1

[p) oc exp (—;lpz +pa' — 5a*a*> |0), (2.51)

we can write for C'
C{niny i} i) b Inley}) = Unloy b Az o} {nl) 1 Ha)- (2.52)

It is
Lo i 2 i it T
|Hs) = H dpiydpgaexp | D | - 4 (Plrya)” + Pl — 2% ) | 10
i

(2.53)

where all the p23) ,, have been integrated out using the delta functions.

This is just an infinite product of Gaussian integrals, that results to

|Hs) = p(det T)~(P=D/2 exp [% 3 ﬁ}) agy, — W'T™ IW’} 10), (2.54)
r=1
where
E Agady + p(l)B( )+ plpyBP) (2.55)
T = Z A AT (2.56)
AS), = b (2.57)

The 3-string vertex can be rewritten as

IH3) = “(detF)_(D_z)/Qexp[ Z Z a(r) —m mna(s) —n

r8=1 mn=1

+ZZNT Oy P + K]}”2]|O), (2.58)

r=1 m=1

where
~ 2
Nrs =C 16, — —— (AT 4™ (2.59)
7 )

mn mn’
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NI = ﬁ(A(T)TI“ 'B)m, (2.60)
KE:—ZBFB (2.61)

and
P = alp’(é),o - azpél)’o. (2.62)

This can be further simplified. It can been shown (see [45]) that

Nrs = TROeeds g s, (2.63)
o, + maog
Furthermore, we define
&g:) _ ¢m (_ar+1) em'ro/ar’ (264)
ar
1 I'(mx)
() = — , 2.65
#m () m!'(mz + 1 —m) (2.65)
3
To = Z o In |a, . (2.66)
r=1
With their aid it can been shown that
NI = ¢<’) (2.67)
and that
K= —2 (2.68)
200 aparg

Then, the 3-string vertex can be written as

L
) . _ > (pt . —1
|Hs) = exp { Z a(r) —m N @),y + P Z N,y —m + To Z 25007 © )0 } |0).
(2.69)
For this, it is necessary to choose the measure y to be

3
ula, ag, ag) = (det F)(D_Q)/2 exp (7’0 Z i) , (2.70)

r=1 Qr

so that the determinants cancel. This in turn is required for the vertex to be Lorentz

mvariant.
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A
D
A D
\BJ
B E
—_—
C E
F
C F

Figure 2.3: Schematic representation of four open strings interacting at an internal

point (points B, E are the interaction points).

2.2.3 The 4-string interaction

Another way for open strings to interact is by joining and splitting at some interior
point. Two strings propagate freely until they come in contact with each other.
Then two new strings can emerge. Figure (2.3) shows the process.

We take the parametrization of each string to be 0 < o, < 7|a,|. Their param-

eters are related as follows

o1 = 04, for 0 < 04 < 7oy, (2.71)
o1 = go+ 7(a; — |ag]), for 0 < 02 < Tay, (2.72)
o1 = 03+ w(a; — |ag|), for0 < o3 < 7|as|, (2.73)

with a7, a0 > 0 and a3, ay < 0. Of course,

4
> a,=0. (2.74)
r=1

The interaction term in the Hamiltonian of the theory is
1 4 4
o = Ly / I1 (da,DX(r)CI)(ar,X(T)(U))) 53" ar)
r=1 r=1
wjaa| . . .
[ dnn 16 [Rinfer) -~ Kip(on)d(er — o) ~ Xeo(on)dlon - )]
™ o

(on—as3)

[16 [Xey(02) - Ky (oa)(o0 — 01) — Kew(on)d(or —o0)| . (275)



2.3. Closed Bosonic String Field Theory 27

We can write the vertex in the oscillator basis, in a similar way as for the 3-string
vertex. We will not pursue this any further here. Instead, we refer the interested

reader to the literature, [40].

2.3 Closed Bosonic String Field Theory

2.3.1 The free theory

The construction of a string field theory for closed strings? is similar to the one for

open strings. The light cone gauge condition now is
Xt =d'pr. (2.76)

The closed string field, which we will denote by ¥, is required to obey the same

equation of motion with the open string field, (2.5), with the Hamiltonian

He ™ [T (52 L 2 2.77
_ZF A o +(27ra’)2 . (2.77)

The solution proceeds as in the open string case and the string field expansion reads

S pco g+
‘II[I+7I_)X] = /;_p/ gd—ép—ei(ﬁo-fo_m+p_$0p+)
i 0 T

Z A (p*, po, {ni 1, AMY) Fingy (@]) f iy (8) + hec. (2.78)
{ni}.(7}}

where we have used the same abbreviation for f{“” as for the open string field,

(2.15), and now

“ i Lo I(z})?
PLini}y = H Cc(”l)H{n;'} J% exXp BV (2.79)
i=1

The tilded expressions are exactly the same. The normalization constant is

l/a

Ce(my) = o (i)

(2.80)

For the energy we have now

- :2%{50%%2[1 (nf+ﬁ;‘+1)]}. (2.81)

Li

4We follow [41] in this section.
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Notice that the now we have double the oscillating modes compared with the open
string case.

The theory can be quantised in a similar manner to the open string theory. The
equal time commutation relations for the closed string field are the same with the
open string field, (2.21). In terms of the string creation/annihhilation operators,

they are

(A", 7o, {ni}, {7 1), AN, do, {mi}, {mih)] = (@m)P et — ¢")6(P — do)
O tmi} fmd O (s, (i} (2.82)

The calculation of the propagator proceeds in exactly the same way with the

open string case and it should be no surprise that it turns out to be

[PIX], O[Y]] = Geperd® (X5 Y) — {z <y}, (2.83)

closed

where now

D-2})/2 A - 2
Gbosom.c /00 d i + ( )/ exp ZA:EO p+ e—iA:L‘*P+
closed o 27rAac+ 2Az+
il ( ) :
=1 o1 \T/ 2isin éA'r;:

ex 2ziy; — ((7)* + (y})?) cos 1Azt
p % sm lA:r,"' Y ! U O.’,p+

exp{ ——— | 2%;7; — ((8])* + (§})?) cos e (2.84)
2 sin IAZ+ LIl ) 1 a’p+ '

For the ¢ parametrization, we have chosen arbitrarily a point to be the origin,
o = 0. But obviously, any point along the string can serve this role. This means
that the theory should be invariant under rigid ¢ translations ¢ — o + 0y, where
og an arbitrary number. For the string field, that means that it should obey the
constraint

V(X (0)] = ¥[X (0 + a0)). (2.85)

These translations are generated by the operator

/ do (z'f("(a) : P’(a)) . (2.86)
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Figure 2.4: Schematic representation of a 3-string interaction for closed strings.

In terms of the modes, this is just

(N - N) (2.87)
where
N=> o' ,0, (2.88)
n=1
N=) & a. (2.89)
n=1

N, N are the number operators of the first quantised string. In other words, the

operator (2.85) imposes the usual level matching condition for the closed string.

2.3.2 Interactions

There is only one way to have strictly closed strings interaction and that is when
one string breaks down to two, or two closed strings merge to form a single one.
Figure (2.4) shows the 3-string interactions for the case of closed strings.

The interaction term for the 3 closed string interaction is similar to the open

case. The interacting term is

3 3
Hé:losed _ ,{/Hdarp}_;(r)\l’(ar,)_/'(r))(s(z ar)

r=1 r=1

4 [?(3) - 37(1) - 37(2)} Ao, ag, as), (2.90)
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Figure 2.5: Schematic representation of a closed string breaking and forming an

open string (and the reverse process).
O

Figure 2.6: Schematic representation of an open string forming a closed string and

another open string (and the reverse process).

similar to the open string case. The vertex can be analyzed in terms of the modes,
the result is similar to the open string case. In fact, it is two copies of the open
string vertex. For further details we refer the reader to the literature [41], [13].

In a theory combining both open and closed strings, we can have interactions
involving both kinds of strings. One case is when a closed string breaks at an interior
point and becomes an open string (or reversely, the end points of an open string
join themselves and a closed string is formed). This is shown schematically in figure

(2.5) and it is described by the interaction

— —

HEpenelosed _ / DXDVdad(a, X (0))¥ (0, ¥ (o) [ X(0) - V(0)] . (201)

The other case is when two interior points of an open string touch each other

and a pair of a closed and an open string is formed. Figure (2.6) shows this process.
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The interaction that describes it is

n—close 1 v v\
HP" losed __ 5g2/’DX(I)DX(Q)Yda](13042(1(136(041 + ag + ag)
®(anr, X(1))® (a2, X(2)) ¥ (a3, Y) (2.92)
{1 —a3) -, .
/ dUO‘S[X(l)(Ul) — X(2)(02)0(00 — 71)
0

—X(g)(ag)ﬁ(al — 09 — TQ3) — )7(03)19(—00 + 01)0(—0, + 09 + 7ra3)] .

In all cases, we can write the interaction in the oscillator basis with a suitable
interaction vertex. The result is similar to the open 3-string vertex, (2.58) or (2.69)
and we will not repeat it here. We refer the interested reader to the literature.

One question that we have not answered is whether these are the only interactions
that a full (open + closed) string theory can admit. The answer to this question is

yes, but for the details we refer the read to the literature, see [18], [40].

2.4 Superstring Field Theory

Although bosonic string theory has many nice features that make it worthy studying,
it has a great disadvantage. There are no fermions, which means that bosonic strings
can not describe our world. We need to extend the theory by including fermions, if
we are to have a more realistic theory.

There are two ways to introduce fermions in string theory. One is by introducing
worldsheet spinors and imposing worldsheet supersymmetry. Then, it turns out that
some of the excitations of the string behave as bosons and some others as fermions.
From the spacetime point of view there is no supersymmetry, but with a suitable
projection one can get it. This is the Ramond-Neuveu-Schwarz model, sometimes
referred as the spinning string. As a first quantised theory it can be worked out either
in the light cone gauge, or one can proceed with covariant methods of quantisation.

A different approach is to replace the Minkowski space with a flat superspace.
That means that in addition to the usual (commuting) coordinates z*, one has
anticommuting coordinates 4. A string living in such a space has both bosonic and
fermionic excitations naturally and further more, there is spacetime supersymmetry

from the beginning (no projection required). This is the Green-Schwarz model. Its
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disadvantage is that quantisation in a covariant way is prohibitively difficult and
has not been fully achieved yet®. However, the theory simplifies remarkably in the
light cone gauge and it can be shown that it is equivalent to the RNS model.

For our purpose, we will base our analysis on the GS superstring model. In
this model, the position of the string is given by the usual coordinates X*(o) and
two anticommuting coordinates #(o),6(c). It turns out that there are only five

consistent superstring theories. These are:

1. Type I superstrings. They involve both open and closed strings that are non-
orientable. The theory must have an SO(32) gauge group symmetry, which
is implemented by adding Chan-Paton factors at the end points of the open

strings. There is only one spacetime supersymmetry.

2. Type II superstrings. They involve only orientable closed strings (no gauge
group). They have two spacetime supersymmetries. If 6 has the same chirality
with 6, the theory is called IIB, if 6,(5 are of opposite chirality, the theory is
called IIA.

3. Heterotic strings. They involve only closed strings. The left moving sector
is the only supersymmetric one, the right moving is purely bosonic. The 16
extra dimensions of the bosonic sector (compared to the supersymmetric) are
compactified and give a gauge group to the theory. The only consistent choices

turn out to be SO(32) and Eg x Fg.

Rather than exploring all five possibilities separately, we will discuss the open
superstring in detail. The closed string case will be similar (just as the bosonic
closed string was similar to the bosonic open string, remember the doubling of the
modes) and will not be discussed in any detail. Heterotic strings are a bit more

complicated but not significantly different.

5 Although significant progress has been made recently with the work of Berkovits, see [52], [53],

[54].
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2.4.1 The free theory

The light cone gauge in the superstrings is imposed by setting
Xt =2d'ptT, (2.93)

't =0=T"46. (2.94)

Here I'* are the Dirac matrices for a ten dimensional spacetime. The choice of
light cone gauge leaves a theory with a manifest SO(8) spacetime symmetry, the
rotations in the transverse directions. Although one can formulate the theory as
such, it turns out to be more convenient to break this symmetry further, by treating
two of the transverse directions separately from the other six. The reason is that
the spinors 8, g are Majorana-Weyl and as such they are both coordinates and
conjugate momenta. We need to have distinct coordinates and momenta and this is
accomplished by SO(8) — SO(6) x SO(2) ~ SU(4) x U(1). In return, this implies

that for the transverse vectors we have the decomposition

A = {AT A AT (2.95)
for a transverse vector, where I =1,2,...,6 and
LIS (A" +i4%). (2.96)

N

The spinors 6, 8 are decomposed as
94 A4, 64, M, (2.97)

with A = 1,2, 3,4 being a spinorial index for the 4 representation of SU(4) and sim-
ilarly for A for the 4 representation. A, \ are conjugate momenta of 4, 0 respectively.
From the physical point of view this treatment is not as absurd as it seems, since
eventually, for a physical string theory we will require six dimensions to compactify.

The string field now is a functional, ®[X (0), 6(c),8(c)] for the open string case,
with a similar expression for the closed string W. Often, we will use Z(o) to stand
for all the coordinates, collectively, Z(o) = {X(0),0(c),8(c)}. In addition the open
string field will carry group theory indices, ®%, appropriate for the SO(32) group.

In practice we will often suppress them. Products then of open string fields are
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understood to involve a trace over the gauge group indices. The non-orientability

condition is expressed as
pab [X(a), 8(0), é(a)] S [X(w —0),8(r — o), 8(r - a)] . (2.98)
Finally, ® is required to be T'C P-self conjugate, which means that
dP(X,0,0]) = B**([X,0/2,0/2). (2.99)

The hat means the Fourier transform with respect to the Grassmann variables only,

~ ~

B[X, A A = / DODO exp [ /O "o (AA(U)M(U) + Z\A(a)éA(a))] ®[X, 0, (02].100)

The equal time commutation relations for the open string field are
[@[Z1(0)], 2(Z:(0)]] = (2m)°~'6(p7 — p3)31Z1(0) - Zalo)], (2.101)
where
5121(0) — Za(s)] = 8[X1(0) — Xo(0)J6101(s) — O(0)}8[6s () — Balo)].  (2.102)

The string field is again required to obey the Schrodinger type equation of motion

(2.5), only that now the Hamiltonian is

T [T 52 1 - i 5 6
H=—"— | do|—+ ——-X"7— 0— —0—=1|. 2.10
2pt Jo 7 { §X2 + (2mal)? 2n2af ( 460 56)] ( 3)

With the mode decomposition

Xo) =z} + \/ﬁz T cosna, (2.104)
n=1

0%(0) = Z 02 exp (ino), (2.105)

6%(c) = Y 0 exp(—ino), (2.106)

we can convert the functional differential equation of motion into a differential equa-

tion with partial derivatives, just as we did in the bosonic case. Now, it is

00 1 2 X[ o 2 1T X, 0
i = - LA —— 21,
ox 2p+{ oz’ +Z[ da® " oy ™ ] 2 "0 507

=1 m=—00
(2.107)




2.4. Superstring Field Theory 35

Notice that the bosonic part is the same with the pure bosonic case.
From that, we can calculate the propagator for the string field. It is

-1
Gsupe’r‘StT'i”Lg(Zl; ZQ) _ Gbosonic(Xl; X2) . H (0(2)’"1 _ e—’ilTIL|Az+/(41ra'p+)0(1)’m)

m=—0co

H (9(2)’meimAz+/(4ﬂa’p+) _ 9(1),m) . (2108)

m=0

+

As before, we have abbreviated Az™ = 2+ — y*. For the commutator of two strin
Y g

fields at different times, it is of course

(®[Z1], ®[Z:]] = G™P5"™9(Zy; Z,) — {x > y}. (2.109)

2.4.2 The 3-string interaction

Interactions can be incorporated in a similar fashion as in the bosonic case. For
the interaction of three open superstrings, we can define the 3-string vertex in a
similar way with the bosonic case. The difference now is that the vertex is required
to be continuous in both the bosonic and the Grassmann coordinates (although it
will turn out that this is not enough). Or, if we decide to work in the momentum
representation, it is required to conserve P(c), A(¢), AM(). For a process such as that

in figure (2.2), this is achieved by means of the delta functionals

51X (0) - X@)(0) — Xy(0)], (2.110)
8[0(s)(0) — b2y (o) — 01y ()], (2.111)
883 (0) — biz)(0) — By (o). (2.112)

The 3-string vertex can be written in the oscillator basis and it takes the form
|Hg) = hiVy), (2.113)
where

3 3 3
V) = 60> 50080 _ a8y )6> _ ar) exp (E + Er) |0) (2.114)
r=1 r=1 1

= r=
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and h is the prefactor. Ep is the exponent of the bosonic vertex, see (2.58), while

Er is the fermionic part. It is reasonable to assume that it will have a form

Z Z 0y ,—mXeun(s),—n +5° Z Z Y008, . (2.115)

mn—l r,s=1 m=1 r=1

X and Y are matrices to be determined, while § is
Sa = 016?2)’0 — agg?l)p. (2116)

It will be convenient to take the mode expansion

zna/ar
07, = ﬂlal z 07y n€"/* 0, (2.117)

n=—oco

—nuf/ar
07, = 7T|a| Z 0% ne O,. (2.118)

Notice that 6(c) = 6(—0). Rather than using both, we can extend the range of ¢
to be —mla; + az| < 0 < wlay + @] and use only (o).

The continuity condition for the vertex reads

Z 0%, (0)) Vi) (2.119)

and by taking Fourier components we have that

3

Y (00) IV3) =0 (2.120)
r=1
for the zero modes, and
Oam+ Y (ESbuym+ ES0e)n) | [V5) =0, m#0 (2.121)

n=—0o

for the rest (non-zero) modes. The matrices EV), E?) are

RO — (_1;?;;}32‘(3”@, (2.122)
o _ (ZD"sin(mmp) (2.123)

™ (m(B+ 1) + )

and it is also convenient to define

ER), = b (2.124)
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B is given by (2.41).
A lengthy calculation, involving identities relating the F matrices to the A and

B matrices (see [45] for the details) determines X and Y to be

Xrs = Vs 0 gra (2.125)
200,00
and
yr = -"qr. (2.126)
o

The vertex (2.115) is written with the SO(8) symmetry. Equivalently, it can be
shown (see [48], [13]) that in the SU(4) x U(1) formalism, it takes the form

Ep = Z Z U R LR+ Z Z VI R_na®?, (2.127)

r.s=1mn=1 =1 m—1
where
Up, = Nz, (2.128)
Vin = —(a1a2a3)\/§aﬁﬁ,; (2.129)
and we have defined
04 = (9(1) 0 — 000 - (2.130)

The prefactor h comes from the fact that the vertex is required to obey the
supersymmetry algebra at first order in the string coupling constant and at the same
time not to spoil the continuity conditions. The exponential part is not sufficient by
itself. In determining the form of the prefactor, it turns out that there is a problem
with divergences at the interaction point wa; for certain operators. Careful analysis

determines the prefactor to be

| 1 1
h = 5ZL - \ngpﬁ,BYAYB + gZReABCDYAYBYCYD, (2.131)

where

7 = Nrazr 2.132
2|a ( Z (r), ) (2.132)

YA:\/%?< \[Z — N R{, ) (2.133)

This result for the flat background is unique. The physical meaning of the prefactor

is that the 3-string interaction in the full superstring field theory has a (functional)
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derivative coupling. This is a direct generalisation of the derivative coupling of the
Yang-Mills theory.

The extension for the closed strings as well for the other string interactions is
straight forward. We will not present them here, rather we will point the interested

reader to the literature, [46] [48] [64], [50], see also [13].

2.5 Summary

In this chapter we have presented a brief introduction to the field theory of strings
and superstrings in the light cone gauge. After establishing the necessity of a field
theory for strings and arguing why the light cone gauge is the easiest way to proceed,
we examined the field theory of the bosonic string. We showed that the field can be
decomposed into an infinite set of harmonic oscillator, and what is more important,
it can be quantised canonically. Then we examined the 3-string interaction for the
open strings, establishing the 3-string vertex and writing it in the oscillator basis.
The case of the closed strings turns out to be similar, practically two copies of the
open string theory. Finally, we proceeded to discuss the supersymmetric extension.

This is not a full account of string field theory. What we have tried to do here
is give an overview of the subject, emphasizing on the key results that we will need

in subsequent chapters, leaving the detailed calculation for the literature.




Chapter 3

String Theory in the Plane Wave
Background

In this chapter we will present a short introduction on string theory in the plane
wave background, emphasising on the formulation of a string field theory.

The outline is to give first a motivation and sketch the origins of the plane wave
background, along with its significance for string theory. Then we will present the
first quantised string in the background. Based on that, we will present the field
theory of strings in this background, which is the main topic of this chapter. We
conclude the chapter with a summary.

Some very good review for strings in the plane wave background are [65], [66],

(67).

3.1 Origin of the plane wave background

The plane wave background, or pp-wave as it is also known in the literature, was
first discovered as a solution of the type IIB supergravity, [68], [69], [70] . It has the
property that it is maximally supersymmetric and that superstring theory can be
solved exactly in the light cone gauge. One can do a first quantisation of the string, or
proceed with a string field theory formulation. Hence its major significance. Study
of string theory in a different background than the flat Minkowski is a highly non

trivial matter and worthy to pursue for its own merit. It comes therefore without

39
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surprise then that it has attracted so much interest over the last years.

But the plane wave background has another important property, with far reach-
ing consequences. Starting with an AdSs x S° spacetime, a certain Penrose limit
gives the plane wave background. Now the AdSs x S® background, whose metric

can be written as

r? dr?

ds® = = (—dug + daf + daf + dof) + R*— o + RPO3, (3.1)

together with a 5-form field strength
Fy = AR! (coshpsinh3 pdt A dp A dSs + cos 0 sin® Gdih A df A ng) , (3.2)

where R* = 4mga’>N, constitutes a solution of type 1IB supergravity and it is
maximally supersymmetric. String theory in this background is conjectured to be
dual to a A = 4 Super Yang Mills living on the boundary of the spacetime (which
is 4-dimensional). This is the AdS/CFT correspondence, see [27], [28], [29], [30],
[31], [32]. The duality is a strong/weak coupling duality. By that we mean that
properties of one theory in the strong coupling limit can be computed by the dual
theory in the weak coupling limit. Unfortunately, so far, we have been unsuccessful
to prove the conjecture and even more, we have been restricted to the supergravity
limit on string theory side of the correspondence!. This is not surprising, since the
superstring action in AdSs x S®, constructed in [73], [74], [75], is highly complicated.

But if a certain limit of the AdSs x S° string theory results in a solvable theory,
then we can proceed in the correspondence beyond the supergravity limit. One open
and very interesting question is what section of the Super Yang Mills is dual to the
string theory in the plane wave background. This is the BMN correspondence,
first proposed by [76], see also [77] (the letters BMN stand for the names of the
authors). Therefore, the plane wave provides a framework where we can study a
string theory/field theory duality from both sides?. What is even more interesting is
that unlike the AdS/CFT correspondence that is strictly strong/weak, for the BMN
correspondence there is a limit where both sides are at weak coupling and hence

trackable simultaneously.

1See however [71], [72].
2For a review see {78}, [67].
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Let us start with the metric of the AdSs x S°, written as

d 2
7;'3 = (—dt? cosh? p + dp® + sinh? pdQ2) + (dv? cos? 0 + d6? + sin® 0dY2).  (3.3)
The first part corresponds to the AdS and the second part to the S®. § € [—m, 7]
and is the latitude of the sphere, 9 is periodic (with period 27) and runs along
an equator of the sphere. This form is the same with (3.1). Now let us make the

following change of coordinates,

rt = i(tﬂm, v = uR(t — ), (3.)
p= %, 6= %. (3.5)

Taking the limit B — oo, the metric takes the form
ds® = —2dztdz — (r* + y?)pP(da ") + dr® + r2dQ3 + dy® + y2dQE. (3.6)

The last two terms are just the metric of R* x R4, or R8. Therefore, we can simplify

the metric and write it as
ds® = —2dztdz™ — p?(2")*(de™)? + dzida’, (3.7)

where as before : = 1,2,...,8, enumerating the transverse directions. This limit
means that we are focusing our attention on a particle sitting in the centre of AdS
(that would be p = 0), moving very fast (close to the speed of light) along an equator
of the S® (described by ). (3.7) is the geometry that this particle effectively sees.

For the 5-form field strength, we have that in this limit
Fy = 4pdz™ A (dz' Adz® A dz® A dz + dz® A dz® A dx” A da®). (3.8)

The metric (3.7) along with the field (3.8) constitutes the plane wave background
that we will be working on. Although it seems that this background has a SO(8)
transverse symmetry, in fact this is broken down to SO(4) x SO(4) x Z,, because of
the non trivial 5-form field. The first SO(4) is a rotation symmetry among the first
four transverse directions, ¢ = 1,2, 3,4, the second SO(4) is a rotation symmetry
among the last four transverse directions, i = 5,6,7,8 and Z; interchanges the two
groups. This in return will have consequences later on, when we will consider the

3-string vertex.
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3.2 String theory in the plane wave background

Let us start with the study of a single closed string in the plane wave background.
Our presentation will be based on [79], [80]. Although the GS superstring action is
very complicated, we can impose the light cone gauge condition on it and then sur-
prisingly, we have an action that is quadratic. The light cone gauge fixing conditions

are

Xt =dptr, (3.9)
750 =0=7". (3.10)

6,0 are complex Weyl spinors. We can replace them with two real spinors, 6', 62,

with the substitution

+n2 ﬁ___]‘_ l_,L'2
+if?), 6= (0" —if?). (3.11)

Our conventions for the I' matrices are the same with [79]. For completeness we

1 1
0= 50

repeat them here. I'* are the 32 x 32 Dirac gamma matrices and v/ are the Dirac

16 x 16 gamma matrices, taken to be real and symmetric.

0 ~*
I = T, (3.12)
o0

= (1,77, 7 = (-1,7,7"). (3.13)

They are required to obey the algebra
YA+ A =2 (3.14)

We also define

T =737, I = 4°3%"3°. (3.15)

For a closed string the action is
S = L/dT /2" do ((8:X%)% — (8,X")” — m*(X")?) +
4o 0

1 27
+ é;/d’r/ do (i(0'5~0,0" + 0'379,0" + 65 9.6
0
—6°379,0% — 2m@'y~116%)) , (3.16)
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where
m=dpp. (3.17)

The equations of motion that follow from this action are

X - X +mPX =0, (3.18)
(8- + 8,)0" — mIlo? = 0, (3.19)
(0r — 8,)0° + mIlg' = 0. (3.20)

We impose periodic boundary condition, appropriate for the closed string.

They can be solved and we have that

XY(r,0) = zhcos(mt)+ po sin{mn7)2a’ +’Lﬂ Z— {ale ~ilwnT—3)

Gl e tna) ) (3.21)

0'(r,0) = cos(mt)f; + sin(m7)63 + Z e {0Le™ (wnT=no) 4

n#0
; (wn — ’IZ) e_i(wnT_Hw)HHi} , (322)
m
0*(t,0) = cos(m7)0z — sin(m7)l16; + Z A
n#0
; (wn - n) e_i(wur—na)HOTll} , (3.23)
m

In the above, we have defined

vnf+m?2,  n>0,
W = (3.24)

—vVnZ+m? n<0

and
1

Cp = —————————. (3.25)
Wwn—"N 2
1+ (ea22)
It should be obvious now, that we can quantise the theory without any difficulty,
simply by promoting coordinates and momenta to operators and imposing the usual

commutation relations. In terms of the modes, these are

(x4, ] = 6%, [al, ad ] = iwn6n+m,06“ = [&,, &), (3.26)
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1 a
{ala’glb} — Z(’)’+)ab5n+m,0 — {02 92b (327)

k1 m n*’"mh

the rest being identically zero.

Notice that all the above formulas have the important property that in the limit
¢ — 0 they fall back to the flat case. This is something expected, since the plane
wave metric (3.7) in that limit reduces to the Minkowski metric.

The open string case is similar, practically just (say) the left moving sector of
the closed string. For the details as well as for extensions towards D-brane physics,

see [81], [82], [83].

3.3 String Field Theory in the plane wave back-
ground

Since string theory in the plane wave background can be solved in the light cone
gauge, we should be able to formulate a string field theory. The procedure is the
same as in the flat background. The string field is a functional of the coordinates
(both bosonic and fermionic), ¥[X, 6*, 6?]. Following the same procedure with the
flat background case, we can use the mode expansion for X, 8!, 6% to write the string

field as a function of the modes.

3.3.1 The free theory

For simplicity, let us analyze the free string field for open strings, suppressing for
the moment the fermionic part. The string field is again required to obey the same
Schrodinger type equation of motion as in the flat background case, equation (2.5),

with H now being of course

T ~ 1 - m? -
H=-— | do|P X" X?|. 3.28
2 Jy "[ T arap” @y (3.28)

The equation of motion is

T u 52 1 - m? - ad
— do | —— X" X2 =i— 2
2p* Jo 0[ 6X(0)2+(27Ta')2 +(2m’)2 } i (3.29)
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taking

P(o) = —16;(0). (3.30)

It is a functional differential equation, but nevertheless, we can solve it, as we did

for the flat background theory.

The mode expansion for an open string (at 7 = 0) is

X'(o) = x5 + \/52 ) coslo. (3.31)
=1

Then, as we did for the string field in the flat background, we can write for H,

H=>"H, (3.32)
1=0
where now
1 0? 1 2

H = — 2z ) 3.33
Copt ( oa | " ) (339

For the open string it is w; = V% + m?, with m = 2¢/up™. Notice that now the
zero mode of the string does not correspond to a freely propagating particle. It is
also an oscillating mode.

The equation of motion for the string field takes the form

H® =1— 34
Z l 28:1“‘*' (3.34)

and can be solved by separating variables. The solution is, as for the flat case, a
superposition of an infinite tower of harmonic oscillators,
— S + . _ _
ot K = [ et )
o 27

{ni}
where we have defined

fnp @) = [T oumip(ad) (3.36)
=0

o {m HC {nz} H{n=}< [ Wi i) e wi(@)?/ (1) (3.37)

H,(z) are of course Hermlte polynomials and

and

wl/(Za’)

CO ({71;}) = Q"f(n}')ﬁ

(3.38)
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is the usual normalization for the eigenfunctions of the harmonic oscillator. For the

energy, we have that

- 1 < i1
p~ = Sarpt Z Zwl (nl + 5) : (3.39)

Notice that the zero mode in no longer freely propagating, but is included in the
oscillators. This is the reason that we do not have an integration over gy now. This
fact stems from the form of the Hamiltonian in the plane wave, which in turn is due
to the extra p-term in the plane wave metric.

The theory can be canonically quantised by imposing the equal time commutator
relations

[@[f, zy, X], ®[z*, vy, }7]] = §(z5 — 5 )6[X — Y] (3.40)
for the string field. This in turn implies that
[A(p™, {ni}), A'(q", {mi})] = 2mé(p* — q+)6{n;'},{mi}' (3.41)

As in the flat background case, the role of the A, At is to destroy/create entire
strings with the appropriate modes.

The calculation of the propagator is not hard to perform and we get

(2@" 05, %), 0 95, V)] = G (X V) —{w oy}, (342)
where
~ . oo dp+ . -+ > 8 LU[ 1
Gl;ost:lnzc — / _e—zAmo p
pe o 27 ,11 g 2na’ \[ 2isin %
wl/(2a,) [ i i i\2 iN9 ACL’+UJ1>:|
e ——————— 2z}y; — ((z})* + (¥})°) cos { ——— 3.43
Xp 0 sin (Az+wl) Y (( D"+ ) ) 2a'p+ )
2alpt
As before, we have abbreviated Az~ = x5 —y,, Azt =zt — yt.

The extension to the case of closed strings and the inclusion of fermions is straight
forward. Notice that the construction resembles remarkably the construction of the
string field theory in the flat background. The important difference is that now the
zero mode is no longer freely propagating but oscillating. This is due to the extra

term in the metric (3.7).
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n(al + al)
aZ
na,
o, * # o,
-,
A 2
-n(a, + a,)

Figure 3.1: The worldsheet for the closed 3-string vertex. Strings 1 and 2 merge
to form string 3. The arrows indicate the way we have parameterized each string.

Identifications are implied, appropriate for closed strings.

3.3.2 Interactions

The next step, is to include interactions in the theory. As was the case in the flat
background, the simplest interaction is the 3-string interaction. We will analyse
the case for the closed strings and obtain the vertex in the oscillator basis. The
interaction schematically is as in figure (2.4), a closed string splitting to two other
closed strings, or the reverse process where two closed strings merge to form one.
Figure (3.1) shows the worldsheet for the interaction.

The procedure is the same with the flat background case. The interaction is

required to be continuous in the coordinates, which is secured by means of the

functionals
6 [X(g)(g) - Xu)lo) - )?(2)(0)] > (3.44)
8 [0(3)(0) — B(1y(0) — Bz (0)] , (3.45)
) [9(23)(0) — 9?1)(0) — 0(22) (0’)] . (3.46)

Alternatively, the interaction is required to conserve the momentum. We write the

interacting part of the field Hamiltonian as

s = [ dyaha(an, Pio(0), A (o)) U112 213, (3.47)
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where

3

3 3
du3 = H (dar'Dﬁ(r)D)\(r)) J(Z; a,)é [Zl /\(T) (O’)] )

r=1

(3.48)

3
Y P
r=1

and hj3 is the prefactor.
Passing to the oscillator basis follows the same procedure as in the flat case. One

then can define the 3-string vertex operator,
|Hs) = hs|V). (3.49)

|V) takes the form
V) o |E)IE)[0)5 (Z ar> . (3.50)

|Eb) is the bosonic part of the vertex and |Ey) is the fermionic part. hg is the
prefactor. The meaning of each factor and the methodology of obtaining them is
essentially the same as in the flat background case, although these are not enough

to determine the vertex uniquely.

The bosonic part

Let us first discuss the bosonic part of the vertex. To that end, it will be convenient
to take the range of parametrization for each string to be —7la,| < o, < 7|a,|,
where r = 1,2, 3 enumerates the strings and a, = o'pf. We will take strings 1 and
2 to be the incoming (hence ay,ay > 0) and string 3 to be the outgoing (hence

as < 0). Introducing a common o for the entire worldsheet in figure (3.1), we have

o, = o, for —moy <o < 7may,
o — Ty, for ray <o < 7wy + a),

09 = (351)
o+ Ty, for —m(og +as) <0 < —may,

03 = —0, for —m(a; + a2) <o < 7oy + )

It will also be canvenient to take the mode expansion for the coordinates and

the momenta to be

o0
; . ; no ; . no
X(nlo) = {fﬁr),o +V?2 E (zzr)’n cos o + () _, 8in m)] O, (3.52)
n=1 T T
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and
Piy(0) = 5 | y Phyo + V2 Z <p(r) cos i” o+ Pl IZ_UI> O,, (3.53)
respectively. O, are
0, = I(ma; — |o}), (3.54)
0y = I|o| — may), (3.55)
O3 =0, + 60, =1, (3.56)

with ¥ the unit step function.

Also, the momentum delta functional in (3.48) can be reexpressed as an infinite
product of delta functions of the Fourier modes, by taking Fourier components of
the identity P, + P, + P; = 0. To that end, we need the integrals (for n,m > 0 and
with 8 = a;/as)

1 [ 2
[ dreos ™ c0s 2 — (2D g (3s0)
T J ooy a3 > o ,6
1 kige st <7
- do sin — sin E = l 7(711)1’ (358)
T J —gey a3 ™ 771,8
El (ay+az) o™ oo n(o —may) _ 2m(B+1) i sin(mﬁf) _= @
—— as Qg T m2(B+1)2—n
(3.59)
9 m(a1+a2) - Y
2 dosin 2 sin MM ____"__go  (360)
s Sy, Qs oo m(ﬁ + 1)

Then, we can write the delta functional as

Zp(r)('f o ] (ZZ O o, > : (3.61)

meZ r=1 neZ
where we have defined

X3 =5 (3.62)

mmn

The matrices X,(,m in (3.61) for all m,n are

(X'T(,f,)l, m.,n >0
g%%)?(j;,‘n, m,n <0
XD ={LX0, m>0,re{1,2} (3.63)
1, m=0=n
0, otherwise
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These matrices are related to the As and BS, (2.42), (2.43), (2.46), as follows

AL (C—l/QX(L?)Cl/?) (3.64)
and
XT(,:()) = —ay, (CI/QB)m. (3.65)

The string field in the momentum representation is

U= ZA(;D {n,}HH«p ) + hec. (3.66)

leZ i=1

Inserting this expansion into the interacting Hamiltonian (3.48), using the relation

between momentum eigenstates |p;) and the oscillator basis,

wym —1/4 o 20! 1
Ip1) = (7) exp [—Q—MP? + Ea,pz — Ea,al |0), (3.67)

the decomposition of the delta functional (3.61) and performing the resulting Gaus-

sian integrals, we have at the end

|Ey) = exp(E%™™ “*¥)|0), (3.68)
where s
, 1
plane wave __ - TS 1’[
Ep =3 Z Z CHE A (3-69)

where we have defined the Neumann matrices (for n,m > 0) to be

5 S — 24 | 2D (AT @)

mn mn

N?"S

mn

, (3.70)

N,’;fo = \/2uasw(,)m63tatNm, s €{1,2}, (3.71)

Ns = (1 4paK) (5” + —Vo‘a) L rse{1,2), (3.72)
a3
ATT3 Oy
NOO =/, T,8E {1’2} (373)
Qg
It is @ = ayanas and
3
['=Y " ANy, AT (3.74)
r=1

and

U(r) = C-I(C(T) — ,ua,), (3.75)
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Wlth C"m = m6mn7 (C(T))

= WinOmn. Furthermore,

. 1
N' = -C'2AMTr-1B K = —ZBTF‘IB. (3.76)
The Neumann matrices with negative indices are

NTS _ (U(T)NTSU(S))mn’ m,n > 0, (3.77)

—m,—n

in terms of the Neumann matrices with positive indices. The identity (2.63)}, com-
bined with the explicit results (2.67), (2.68) solved the vertex completely in the
flat background. Here the determination of the Neumann matrices is much more

difficult, however is has been achieved, see [84], [85].

The fermionic part

Similarly, for the fermionic part of the vertex® we use the mode decomposition

6%(0) = {9(r)0+f 3 (9(,) cosl |+9(T) _sin |";“|> e, (3.78)

and

a 1 . no
/\(7‘)(0) = W [ (r),0 -+ \/_Z ()\(T) COS — | | + /\(7‘) m)

for # and its conjugate momentum M respectively.

e, (3.79)

The matrix II in the action (3.16) breaks the transverse SO(8) symmetry down
to SO(4) x SO(4). For that purpose it is convenient to define a new set of fermionic

operators

C(ry,n
Oryn = 2 [(1+ pyal) bisy + 0 (0)s(m) (1~ piry oTI) ba|  (380)

Ve

that explicitly break the SO(8) symmetry. In the above, we have defined

W) — |1
Pr)yn = P@),—n = _‘(r)ua —, (3.81)

1

Clopn = C(r),n = —==="
V3T Poyn

3This section and the next are based on [86], [87], [88].

(3.82)
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The vacuum is defined to be annihilated by all a’s and b’s, that is
a(r),n|v)(r) =0, b(r),n|v)(,) =0, VneZ (3.83)

Following the same procedure with the bosonic part of the vertex, we find for

the fermionic part that

IEf> _ exp(Eg_‘l(me u)ave)‘()), (384)

where

ane wave 1+H [ 3 = s
Ef T T Z > by @rinbley \/—AZZQm (), m}

s=1m,n=1 r=1 m=1
1 o [ 3 oo
- rs t
+ 2 Z Z (r),m "mb(s),—n - 82 Z Q b(r) ]
s=1m,n=1 r=1 m=1
- 22: bl o0 (3.85)
r=1 |C¥3| ' ’
with
A = a1A@0 — @2Aay (3.86)
and
1
0= — (B0 — f20) - (3.87)
g
The @s are
:;:'n = qgn(a'r) - ( (17./)2C1/2NTSC 1/2U(1s/)2> (388)

o - sgn(a) (U1/2C1/201/2Nr) _ (3.89)

m \/m (r) ()

The prefactor

Like the flat background case, the necessity of the prefactor comes from the require-
ment that the supersymmetric algebra closes at first order in the string coupling
constant.

Without going deep into the details, we will just present the result. The prefactor
is

/ 1 ~ 1411 1-11
hs = —%(1 — dpaK) | L (K* + K?) + —+— Wada + —5—Wede|.  (3.90)



3.3. String Field Theory in the plane wave background 53

In the above, it is K = —(1/4) B! B and
K=Ko+Ks+K_, K=Ky+Kk;—-K._. (3.91)
Also, for the fermions, it is
Koy = P— wﬁR = \/z\/m Varai® — JazalM) (3.92)

3 o0
.- 1 E § 1/2 l r

r=1 n=1
. 3 o0
2 (87 1/2 .
— T T 01 —dunk n 3.94
K Vo' 1 — dpaK ;; [a (CCuy NT) }a () - (3.94)

In addition, it is

1/2 1/277-1/2 ppr
Yy = ﬂ Ze(ar (T‘)C U(T) N)an (3.95)
2 \/_ ~/|Otr 1—-A4paK )|
i 1/2 1/277-1/2 prr
), = -0 Z (Cn €V N)an
2 \/_ ~/—lar 1 — 4paK —n{r) |
and
3 1/2 3/2r7—1/2 prr
e e iy e e
e -1 N Z (C;T/)QCSHU(;;/ZNT)an
° 2 |Vo& VP  1-4dpek 0

Uniqueness of the vertex

The vertex we have presented is based on the true vacuum of the theory (see [86],
[87], [88]). The state |0) upon which the vertex is built is the state of minimum
energy (zero). This construction has the advantage that it realises the symmetries
of the background explicitly. It has the disadvantage that it does not roll to the flat
case for y — 0.

Originally, the first vertex to appear in the literature ( [89], [90], [91], [92] see
also [93], [94]) was built on a different state, |0)’, defined to be

al|0) =0, Vn, (3.97)

a0y =0, n#0, (3.98)
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8o/0) = 0. (3.99)

This vertex has the advantage of rolling back to the flat case for u — 0, but it does
not realise the full symmetry of the background. In fact it is invariant under the
full SO(8) symmetry. What is more, the state |0)’ is not the vacuum of the theory,
since it has energy 4u.

The choice of the ground state upon which we will built the 3-string vertex affects
only the fermionic part and the prefactor. In both cases, the bosonic part remains
the same.

It seems that we have two choices for building the vertex. Either we go for an
explicit realisation of the symmetries at the price of smooth flat limit, or we impose
the smooth limit condition, but we loose explicit realisation of the symmetries.

What is more, it has been recently argued recently [95], [96] that the correct
choice is neither. Instead, the 3-string vertex should be the average of the these two
choices. Later, we will argue against the continuous g — 0 vertex.

In any case, the quest for the 3-string vertex in the plane wave background is

still open. The reader might want also to consult [97], [98], [99], [100], [101].

3.4 Summary

The significance of the plane wave for string theory is twofold. First, it is a back-
ground where string theory can be solved and quantised. Furthermore one can
proceed and write a string field theory, despite the fact that everything is limited
in the light cone gauge. Thus it is worthy studying for its own sake. Secondly, the
plane wave arose as a certain Penrose limit of the AdSs x S° background and there-
fore, studying string theory in it can shed light in the AdS/CFT correspondence.
In fact, there is a conjectured duality proposed already, the BMN correspondence,
connecting string theory in the plane wave with a certain sector of N' = 4 Super
Yang Mills.

What we have done in this chapter is to give a short overview of string theory in
the plane wave background, emphasizing on those aspects of the theory that we will

need in the subsequent chapters. We demonstrated that string theory can be solved
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and quantised in the light cone gauge. Based on that fact, we gave an outline of
string field theory in the light cone gauge. We demonstrated how one can develop
the free theory and we presented a discussion about the simplest vertex one could
construct, the 3-string vertex for closed strings. The open string case is similar,

practically one sector (either the left or the right moving) of the closed string.




Chapter 4

Causality in Field Theory and
String Theory

The main topic of this chapter is the issue of causality in (free) string theory. How-
ever, in order to understand it better, we start with classical physics and the Special
Theory of Relativity. Then we proceed with point particle quantum field theory and
examine the issue of causality in that context. Finally, we ask the same questions
for strings.

For a review of special relativity, we refer the reader to [3]. In addition every
book on general relativity starts with a presentation of special relativity, see for
example [4], [5], [6], [7]. Causality in quantum field theory is discussed in [102],
(8], [103], [9]. The string light cone for a flat spacetime using light cone string
field theory was first obtained in [58], with further discussion in [59]. Later it was
studied and extended to the superstring in [61]. An interesting presentation can also
be found in [104], [105], [106]. The discussion for the string light cone in the plane
wave background was first presented in [1}, where in addition the light cone for a
particle in the plane wave was presented, using field theory methods. Independently,

in {107], the particle light cone was obtained using geometrical methods.

56
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4.1 Causality in Classical Physics

Causality means that the cause precedes the effect. To use an example, first we pull
the trigger of a gun and then the gun fires. If things happened in the reverse order,
something really spooky would be going on! In more abstract terms, suppose that
we have two events A and B. Event means something that happens at a certain
place, at a specific time. Given a coordinate system, let us have for the spacetime
coordinates of the events, A = (¢;,x;) and B = (t2, X2). Without loss of generality,
we can assume that ¢t > ¢q, that is even A precedes event B (we leave aside for the
moment the case that they are simultaneous, t; = t,).

If the outcome of event A can in principle influence the event B, then we say
that the two events are causally related, otherwise they are causally unrelated.
For example, suppose that event A is an explosion of a bomb. Fragments of the
bomb leave the explosion point x; and suppose that a certain piece reaches point
Xy at ty, where little John is about to buy his new computer game. The fragment
knocks him down and John does not buy the game. This means that event A (bomb
explosion) influenced event B, the two events are causally related. However, it could
be that no fragment reached John (lucky him!) or that he was inside a big building,
well protected (so the fragment was blocked). The events are still causally related,
because what is important is whether or not there could be an influence in principle.
Whether there really was or not, is not the question here.

Based on the above example, we can alter the question and ask whether or not
there could be a physical object that could propagate from (t1,%x;) to (t2,x2). If
the answer is yes, then equivalently we can claim that the two events are causally
related, otherwise, they are not.

In Newtonian physics, the answer to that question is always yes. There is ab-
solutely no reason why any object could not travel fast enough and (starting from
event A) reach event B. However, Newtonian physics is an approximation. We know
that there is an upper bound on the possible speed any object can acquire and thus
the answer to our question i1s “it depends”. If the events A and B are such that it
would require an superluminal speed for our hypothetical object, then there is no

way that one event could influence the other. They are causally unrelated. On the
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other hand, if the required speed is less than or equal to the speed of light, then
they are causally related. The marginal case, where the required speed is exactly
the speed of light can be achieved provided that the travelling object is massless.

Given an event, this defines a hypersurface in spacetime that separates the
causally related from the causally unrelated events. This surface has the shape
of the cone and thus it is call the light cone. We see therefore, that the concept of
causality changes dramatically in Special Relativity. Given an event, the spacetime
is divided into two regions, one consisting of events that are causally related and
another consisting of causally unrelated events.

Special Relativity is based on two axioms:

e The laws of physics are the same in every inertial frame of reference.

e The speed of light traveling in the vacuum c is the same is every inertial frame

of reference.

This in turn implies that, there is an upper bound on the speed an object can
achieve. This upper bound is of course the speed of light ¢. Nothing can travel
faster than light. And if something can travel as fast as light, then it has to be
massless.

As a consequence, when we are going from one inertial frame of reference to
another, the spatial distance between two points, or the time interval between two
events are not invariant. Two inertial observers in relative motion will disagree for

the lengths and times. They will not disagree for the spacetime distance
ds? = —c2dt* + dx°. (4.1)

Let us study the motion of a photon. Its velocity is

dx
- 4.2
V= (4.2)
and we have for its speed that
vi=cA (4.3)

Combining (4.1), (4.2) and (4.3), we can show that for the photon it is always

ds® = 0. (4.4)
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Figure 4.1: The light cone of an event E. The green dots represent events that are
causally related to E. The red dots represent causally unrelated events. The blue

dots represent the marginal case (they lie on the light cone).
For another particle that is moving slower than light, it is

ds? < 0, (4.5)
while for a (hypothetical) particle that would move faster than a photon it is

ds®> > 0. (4.6)

We see therefore that given an event, F, the light cone that corresponds to it is

given by the condition

ds®> = 0. (4.7)

Events with negative ds? fall inside the light cone and are causally related to E.
Events with positive ds? are outside the light cone and are causally unrelated to
E. Schematically, and suppressing some of the spacial dimension, this is shown in
figure (4.1).

For finite intervals, the condition for the light cone is
As? = A - Ax? = 0. (4.8)

Therefore, in classical physics, given two events, in order to determine if they are
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causally related or not, all we have to do is examine As?,

> 0, spacelike - causally unrelated,
As? =< = 0, lightlike - causally related (marginally), (4.9)
< 0, timelike - causally related.

This condition must hold for arbitrary close points (infinitesimal separations), and
for that reason it is also known as microcausality. Evidently, if microcausality holds,
causality in the greater scheme of things follows.

In anticipation of the same discussion for strings, we write it in light cone coor-
dinates

—2AztAz” + Az'Ag’ Z 0. (4.10)

4.2 Causality in Quantum Mechanics

If the basic laws of nature were classical, then we would be done with causality.
However, at the basic and fundamental level, physical laws are quantum mechanical.
We have therefore to ask the same questions about causality in the framework of
quantum theory.

Naively, we would examine whether a particle can propagate from event A to

event B. The amplitude is
U(t) = (xo]e "t |x,). (4.11)

For a freely propagating nonrelativistic particle, it is H = p?/(2m). Then the
amplitude (4.11) can be computed and it is

3/2
U(t) = (2:;) ezm(xz—x1)2/2t. (4.12)

This result is non zero everywhere, which means that the nonrelativistic particle
can propagate between any two events. Of course this is in disagreement with the
classical result, but should be expected since we are doing nonrelativistic quantum
mechanics.

Using instead H = y/p? 4+ m? as the Hamiltonian in (4.11), we get

1 o0 N
U(t) = ————/ dp e VP sin(plx, — x4)p. (4.13)
2m|xa — x1| Jy
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The integral can be calculated in terms of Bessel functions. What is important is
that this amplitude is small outside the light cone, but still nonzero, which means
that causality is violated. Or is it?

We know that relativistic quantum mechanics is plagued with problems of neg-
ative probabilities and negative energy states, problerns that render the theory un-
acceptable. The true and consistent merging of quantum mechanics and special
relativity comes under the roof of quantum field theory. It is within this framework
that we should examine the issue of causality.

In quantum field theory, the basic object is the field itself. So, we should examine
under which conditions a particle is allowed to propagate from A to B. But...
wait a minute. Quantum mechanical particles behave quite differently than small
pellets. They can do all sorts of strange and unphysical things, as long as they can
go undetected. It is the uncertainty principle that allows them to do so. So the
question in terms of particle propagation is not the right one. Causality will not be
violated if a particle travels faster than the speed of light undetected. Causality will
be violated if measurements at spacelike separated points A and B are allowed to
interfere.

For the two measurements of a physical quantity, corresponding to the operator

O(z), not to interfere, we must have

[O(21), O(22)] = 0, (4.14)

2 > 0. Every observable of the theory is built by the field and its

for (z; — z9)
derivatives. Without loss of generality, we can restrict ourselves to the real Klein-
Gordon field. The question whether the theory is causal or not translates into when
the commutator [¢(z;), ¢(x2)] is zero identically.

The Klein-Gordon field is the first field studied in every book of quantum field

theory. The commutator under question is
[¢(z1), p(z2)] = As(z1 — z2) — Ay (22 — 1), (4.15)
where we have defined the integral

Cdp 1
A, (z) = / E%EZ)B@W. (4.16)
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For spacelike separated events, we can go to a frame of reference where z° = 0 and

|x| = V/z2. Then (4.16) becomes

Ay(z) = sin(mVz?u), (4.17)

m * udu
Ar2\/12 /0 u?+1
where we also have performed a change in the integration variable, v = p/m. This
can be evaluated in terms of the Hankel function and it is
_m

A2/ 2

Notice now that (4.18) for z? > 0 is even, so the two terms in (4.15) cancel each

Ay(z) = Ky(mVz?). (4.18)

other. Thus, for spacelike separated events the commutator is zero. Otherwise
such cancelation could not occur (for z? timelike, the Lorentz transformation we
performed above can not be done) and the result is nonzero.

The generalisation to other fields (like the Dirac or the electromagnetic) is
straight forward, with the understanding that for fermionic fields we should ex-
amine the anticommutator. If fact, demanding causality in accordance with special
relativity in a quantum field theory forces us to quantise integral spin fields with
commutators and half integral spin fields with anticommutators. Causality and
relativity in quantum theory are behind the spin-statistics theorem.

In quantum mechanics one could use a different approach and discuss causality in
the context of S-matrix. More specifically, the question would be which conditions
are needed to ensure that the S-matrix is Lorentz invariant. This would correspond
to macroscopic causality in classical physics. One can show ( [9]) that microscopic
causality and locality of the theory imply macroscopic causality. This holds the
other way around as well. But we believe that microscopic causality is more funda-
mental than macroscopic. After all, there are situations where an S-matrix is not
well defined because asymptotic states are not well defined, yet one can still define
interaction vertices and, most important for our discussion, microcausality can still
be defined as above.

It will be interesting to use this method to obtain the light cone for in a different

background!. In anticipation of the same calculation for string theory, we will obtain

IThe following calculation is based on [1].
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the particle light cone in the plane wave (3.7). For simplicity, we will use a real scalar
field ¢(z), of mass M. The equation of motion for the massive Klein-Gordon field

is,
1

Vidl

—20,0_¢ + p*(z*)20% ¢ + 0,0,6 — M*¢p = 0. (4.19)

0, (VIdlg™d,) &~ M =0=

By Fourier transforming z~,

dn™* L
Pzt 27, 7) =/—2p?e_” ”+<p(:):+,p+,ﬁ), (4.20)
we have
.0
15;% = Hy, (4.21)
where
1 9? 2 2/ i\2
= 5 (g M) (4.22)

We have defined m = up™. It is easy to see that the solution for the field is

4 D-2 '
0@) = [ Toe= v S, ) [] O s ™2 4 e
=1

2w -
{n'}
(4.23)

H,, are Hermite polynomials, C(n*) is their normalisation,
, vm
Cn) = 4| —4————. 4.24
(n') =4/ 2 () o (4.24)

p_:E:i
2pt

For the energy we have that

M? ng (n" + %)] : (4.25)

We can quantise the field by promoting it to an operator and imposing the equal

time commutation relation
D—2
[¢(zt, 27, 2), 9(a,y™, D] =6z —y) H 5(z" —y") (4.26)
=1
which in terms of the field modes a, a! reads
[a(p®, {n'}), al(qF, {m})] = 278(p" — q")d iy sy (4.27)

Clearly, a,a! are annihilation and creation operators, respectively.
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The calculation of the commutator of two fields is straight forward to perform

and one finds that
[¢(2), 6(¥)] = 91 — Ga, (4.28)

where

S
27 21 sin( A:L‘ 1)

pp”*
exp {m (2z'y* — ((z")* + (¥*)?) cos(pAz™ ))} . (4.29)

As usual, we have abbreviated Az* = zt — y™.

go is obtained form g; by inter-
changing = with y.

Notice that in the limit 4 — 0, (4.29) has a good limit and in fact reduces to
the propagator of the free particle. This is something we should expect, since (4.29)
is essentially, the Green function of the simple harmonic oscillator with p being
the frequency and the Green function for the harmonic oscillator for zero frequency
becomes the Green function of the free particle. On the other hand, for 4 — 0, the
plane wave metric reduces to the flat metric and it is (at least conceptually) clear
that in that case we would essentially be solving for the Green function of the freely
propagating particle. It is nice to see how different things fit together.

In order to find the light cone, we seek the condition under which the commutator
(4.28) vanishes identically. For that purpose, we perform an analytic continuation
on g,

pt — ipT (4.30)

and we have that

~ ~ dp Az~ p+ —Agt Zp+
hr—49 = / 2T e HV 2sin Aa‘+

p {L) (2z'y" — ((2°)* + (")?) cos(pAz™) )} .(4.31)

2sin{pAzxt

For the second term in the right hand side of (4.28), we perform the analytic con-
tinuation p* — —ip* and we find that g, — g.
If the integral g converges, the two terms cancel and the commutator is zero. g

is a well behaving integral for p™ - 0, but problems of converges arise for p™ — 0.
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The integral will converge only if

D-2
N 2—rm5—Ax—> Z [((«)? + (4)°) cos(uAzt) — 2] >0, (4.32)

in which case the commutator (4.28) will be zero identically. We conclude therefore

that the light cone for a particle in the plane wave (3.7) is

D-2
particle  __ — H 1\2 i\2 +Y _ 9mtt] —
L.C  amowave = —AT™ + Sen(uAnT) 2 [((z%)? + (¥")?) cos(uAz™) — 22%y'] = 0.
(4.33)
The condition for causally related/unrelated particles in the plane wave is
> 0, causally unrelated,
LC z;l(:'rt:eii;we =4 =0, causally related, marginal case, (4.34)

< 0, causally related.

This agrees with the result of [107], where the light cone for a particle in the
plane wave was obtained using geometrical methods. For further discussion of the
light cone and causality in the plane wave metric we refer the reader to [108], [109].

Notice that the light cone exhibits a periodicity in the light cone time z¥,
xt — z + 21 /p. (4.35)

What is not obvious is the following. There exists a coordinate transformation
that makes the plane wave metric (3.7) conformally flat [110]. Specifically, first we
pass the spherical polar coordinates for the transverse part of the plane wave metric

and then we change coordinates

u = tan(uz™), (4.36)

z = ' cos(uxt), (4.37)
1

=z — §/Lux2. (4.38)

Then, the plane wave metric becomes the flat metric, times an overall conformal
factor. It is remarkable that under this coordinate transformation, the light cone

(4.33) becomes the flat, Minkowski light cone.
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4.3 Causality in String Theory

We come now to investigate causality in string theory. And we run immediately
into the first difficulty. Strings are extended objects, so what is the meaning of the
light cone? Do we take as such the light cone of the centre of mass, the middle
point (which can not even be defined for closed strings), some other combination?
Puzzling.

To overcome this difficulty, we are going to examine causality in the same way we
did for point particle field theory. Observables in string theory should be built from
the string field and its derivatives. Again, because the theory is a quantum one, the
real question is when separate observations are allowed to interfere. As in the point
particle case, this reduces to when the commutator of two string fields is allowed
to vanish. Unlike point particles, we lack a full, covariant and gauge invariant field
theory for strings. However, as we saw in previous chapters, we can write down a
string field theory in the light cone gauge. This is the reason that we study string

causality using light cone string field theory.

4.3.1 Causality in the flat background

We want to find the condition under which the commutator of two string fields, cor-
responding to strings {z*, x5, X (o)} and {y*,yy,Y ()} vanishes identically. Con-
sider for simplicity the case of two open bosonic strings. We have computed the
commutator of their fields in chapter 2, equations (2.25), (2.27), which we repeat

here for convenience.

0@, 25, %), 05", 95, V)| = Glsmie(X;¥) — {z >y}, (439)

open

00 : D-2)/2 A
Gbosomc(X‘ Y) _ / dp+ _ zp+ ( M exp ’LAIIT02P+ e—iA:l:‘er
open ’ o 27r 2r Azt 2Az*

fo’) -2
4.4
H \/27T0/ \/21 sin 2 lAz (4.40)

l/ 2@ i i i i lA.’I?+
exp lm+ 2 Yy — ((wz)z + (yz)Q) Ccos W) } ;

N
Il
-
-
II
—

with the abbreviations Azt =zt —y*, Az~ =25 — yy, ATy = To — .
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Let us focus on the first term in the right hand side of (4.39) assuming without

loss of generality that Azt > 0. We will perform a contour deformation, by sending
pT — ip*. (4.41)

Then it is

ot (D-2)/2 AZ2
_ 0 -\ .+
/0 (27rA$+) eXPp {( 2Azt +Az )p ]

oo D-2
H \/27ra \/2 sinh Azt (442)

=1 i=1 2a/pt
l/2a/ 4 2 lA:z+]
exp { ———— |2ziy} — (()? + (y})?) cosh ———
2sinh(é§,j;) 151 (( l) ( l) ) 2(1'p+

We can manipulate the second term on the right hand side of (4.39), in a similar
manner, sending p™ — —ip". The result is equal to G. If the integral converges,
the two terms cancel each other and the commutator is zero.

The integral G is converging for p* — 0. For p* — oo, it will converge only if

L.C. ;zl)zz string _ 2A:L‘+Alo 4 Alo + Z A > 0. (4.43)
i=1

If this condition is not satisfied, the integrals do not converge, we are not permitted
to do the analytic continuation and of course the commutator is not zero. The

condition therefore that determines when two strings are causally related or not is

> 0, causally unrelated,
LC.Jey ®™ =< =0, causally related, marginally, (4.44)

< 0, causally related.

The string light cone for open strings is defined to be the hypersurface in space-
time that satisfies

28zt Axg + AT+ Y A =0, (4.45)
=1

For closed strings, the calculation is exactly the same and the answer is

28zt Axg + AT YD (A + (AT)?) =0. (4.46)

=1 i=1
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Analysing the propagator (2.108) in the same way, the condition that one recovers
is
> 0, causally unrelated,

L.C .?ﬁfted R g 0, causally related, marginally, (4.47)

< 0, causally related.

where of course now we have that

LOSE o = —2Ax* Azy + AT+ )Y ((Az)? + (AF)?) . (448)
=1 i=1

We see immediately that the string light cone is different than the point parti-
cle light cone. This is something we should expect, since the string is a spatially
extended object. Another thing to notice is that the modification to the light cone
as we know it from point particles comes exclusively from the internal oscillating
modes of the string. In addition, the zero mode of the string, which corresponds
to the centre of mass behaves exactly like a point particle. The string light cone
(4.45) truncated to the zero mode is the same with the point particle light cone
(4.8). Finally, the string light cone, like the point particle light cone respects the
symimetries of the background, in this case emphasis on the translational invariance.

We will comment further on this at chapter 6.

4.3.2 Causality in the plane wave background

We saw that the string light cone for strings propagating in a flat background is quite
different than the point particle light cone. It is only natural to want to examine
the situation for the plane wave background. As before, we will carry the analysis
for the open string, focusing on the bosonic part.

The propagator is, as we found in (3.43),

0 + oo 8
ébosonic — / dp e-iA:cEpTL H H ] 1
e o 2 2ma’\[ 24 sin 452F

=0 i=1 2a'pt
wi/(2a’) [ i i iy2 \2 Aztuw
exp{ ———— |2z}y; — ((=})* + (¥})?) cos | —— 4.49)
21 sin (%:’::'l) 2a'pt
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Without loss of generality we can take Az™ > 0 and perform the analytic continu-

ation

pt — ip™. (4.50)

Then, the propagator takes the form

A p Az +
6 = [ @i [T
0 HH 2w/ \/2 sinh ——Lﬁ“’

@ /20! i A$+(I}l
exp {m (2:513/1 - (( ) (yl) ) 20z’p+ . (4.51)

2a’pt

Remember that there is an implicit p* dependence through w;. After the analytic

continuation we have

w — V12— 2aptp)? = a. (4.52)

For p* — 0, the integral converges. For p™ — oo, the integral converges only if

oo 8
_A:E_ QSID(A.’E"_[,L ; ; ‘,Bl (yl) )COS(AI /J,) - 21:['!./;] > O (453)

In obtaining this result, one should be careful with @, since, for each fixed [ in
the p™ — oo it becomes imaginary, @; — 2ia’ptu. The second term in the right
hand side of the string field commutator can be shown to be equal to the first, if
one make the analytic continuation pt — —ip*. Then, if (4.53) holds, the two
integrals cancel and the commutator is zero. Otherwise, we can not cancel them
and the commutator of course has a non-zero value.

We conclude that the condition for the string light cone in the plane wave back-
ground is

> 0, causally unrelated,

L.C. :f;:e;tng = { =0, causally related, marginally, (4.54)

< 0, causally related,

where we have defined

Qo

oo

L-C'Zﬁ:e;tng =-Arg + 5 2 sin( l+” Z Z (z)* + (ur) 2) cos(Aztp) — 2ﬂ:lyﬂ :

=0 i=1
(4.55)
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We define the string light cone in the plane wave background to be the hypersurface
that obeys

~88 + ot 2o 2 (@7 + () con(Aa ) —2rigi] =0 (4:56)

We see immediately that the string light cone is different than the underlying
point particle one. The modification again comes exclusively form the internal
oscillating modes of the string. In fact, if we truncate (4.56) to the zero modes,
we recover the point particle light cone for the plane wave background, (4.33). In
accordance with the plane wave metric, (3.7), translational invariance is lost now.
Finally, we experience the same periodicity in 2%, as we did with (4.56), despite
the fact that we have not imposed any such condition. We interpret this result as a
requirement for the consistency of the theory. We will say more on this at chapter

6.

4.4 Summary

In this chapter we have discussed the issue of microscopic causality in string theory.
We started by explaining what causality is and how it works in classical physics,
introducing the notion of the light cone. Then we examined it in the context of
point particle field theory, where we found out that the point particle light cone
remains the same as in the classical physics. Based on this knowledge, we examined
causality in string theory, deploying the machinery of light cone string field theory.
There we found that the string light cone is quite different from the point particle
one. The internal oscillating modes of the string modify its shape, although the
zero mode of the string (which corresponds to the centre of mass) behaves exactly
as a point particle. Carrying over the analysis to the plane wave background, we
found that the same stringy feature of the sting light cone remain. Even more, we
discovered that the plane wave background has to have a periodicity in =%, to make

the theory consistent.



Chapter 5

Causality Revisited - Interactions

In ordinary quantum field theory, interaction do not modify the causal structure of
the theory. This is achieved by the requirement of locality, that is that interactions
should be local in the fields and their derivatives. For example, for the real Klein-
Gordon field, the simplest interaction we could have is a ¢? interaction. This is

implemented in the Hamiltonian of the theory by the term
Hiy = g/d3$¢3(x). (5.1)

Notice that all three fields in the interaction are taken at the same spacetime point
x. This is the requirement of locality.

We will examine now what happens in string theory.

5.1 The flat background case

The first indication that string interactions modify the string light cone came in [61].

There the authors calculated a certain amplitude, namely
A= (0l2[p}, Xo)(0)] [@lzg 00 X ()], Pl 0 X (@] 10}, (5:2)

The dot in (5.2) stands for the time derivative and all fields are taken to be at

£t = 0. ® can be replaced by the Heisenberg equation of motion,

b =i[H ®. (5.3)

71
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The full Hamiltonian of the theory is
H = Hjree + H, (5.4)

where Hy,.. is of course the Hamiltonian of the free theory and Hj is the interacting
part of the Hamiltonian for a 3 string interactions (see (2.35)). Clearly, the only
modification (if any) will come from the interacting term. Therefore the calculation

reduces to finding the amplitude

A = i(0[pf, Xio)(0)] || Hs, @zs)00 Xy (@], @2 50 Xp(0)]] [0). (5:5)

It was found that the amplitude does not vanish outside the string light cone.
This means that the causal structure of the theory is modified by the interactions.
Based on that result, the authors of [62] proceeded to argue that the apparent
violation of string causality is more general and might have implications for black
hole physics. Let us repeat their calculation here, stating that same calculation for
the Klein-Gordon field with a ¢3 interaction gives zero outside the particle light
cone. Also, the amplitude (5.2) in the plane wave background, vanishes outside the
string light cone, as shown in appendix .

Consider the amplitude
M= H<O| [(I)H(l)a(DH(Q)] |3>H’ (56)

of two string fields, denoted by 1 and 2, with a 3™ spectator state. The spectator
state is necessary for a possible non-zero contribution at first order in the string
coupling constant g. The subscript H means that everything is in the Heisenberg

picture. Passing to the interaction picture, we have
M = (0; 2|2, (1)Ur(a7, z3)21(2)13; 23) — {1 < 2}, (5.7)

where U;(z],z3) is the time evolution operator in the interaction picture. In the

leading order of string coupling, it is
N

T
U(zf,z3)=1—ig /+ drtHy(zt) 4 -+ . (5.8)
Ty

Hence up to first order in g we have

M =M 4 MO (5.9)
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where the zeroth order amplitude
MO = (0] [@(1), 2:(2)] 13) (5.10)

is a matrix element of the commutator of the two string fields, and

+

MO = g / " dxt (0@ (1) Hs(27)@1(2)
ot

+®,(2)Hy(z)@ (1) — &,(1)®;(2) Ha(x7)]3). (5.11)

For strings outside the string light cone (4.45), we see immediately that M© = 0.
Any possible causality violations will come from a non-zero M),

Now, since Hj is of the form ®3 and the string field of the form ® ~ A + A, we
can break the interaction vertex down to terms with equal number of creation and
annihilation operators, Hy = Hsaaa + Haase + H3ace + Haceer It is easy to see that
unless the spectator state is a single string state of the form |3) = Af(p}, {7i3,})|0),

M will be identically zero. With this choice for the spectator state, we have

ot
MY = ig/ dz™ (0|®,(1) H3gac(z7) P (2)
i
+®,(2) Hzpac(21)®c(1) — 8,(1)D4(2) Haace(z)|3). (5.12)
®, is the part of the string field containing the annihilation operator A, ®. the part

with the creation operator Af.

A lengthy computation can show that

MO = z;d+ ﬁ dpryo [ dpf Y ol
S TR @ o Sty M@ 02)

! {n{,y..}
(e B g mmletoront) (7(1,2,3) 4 V(2,1,3)))
s <z3: ar) 8 (Zﬁm,o) F(a, ). (5.13)
r=1 r=1
The function F(ay, az) is
F(a, az) = 9(ay)9(—ag) + H—a1)¥(a2) — I(—a1)d(—as). (5.14)

V is the 3-string vertex in the momentun representation and in the oscillator basis.
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To make things more transparent, it will be sufficient to specialize to the case of
a tachyon component field and a tachyon spectator state. Then, the 3-string vertex

is simply

V(1,2,3) = exp (%Z;;;), (5.15)

r=1

where of course the p_ are given by (2.18). In retrospect, the amplitude simplifies

23 dp d
Q1 _ . (r),0 Dy
ML - 219/I+ dzt (H/(27r o 2/ 27r>

1

3
izt 53 - ;52 +.= —
(e 1z Zr=1 Pr el Zr:l (:111, pr +Tr Pr exp ( E ) )

0 (Z ar) 0 (Z ﬁ(rm) Flay, o). (5.16)

r=1

to

If the vertex (5.15) was polynomial in «,, we could show that the amplitude
(5.16) vanishes for z; — x5 spacelike by the usual contour deformation argument.
However this is not the case and we see that the amplitude receives contribution
even for spacelike separations.

The reader might be worried here that this is something we should expect since
we decided to work with the tachyon. Tachyons are notorious for causing all sorts of
causality problems, after all. But this is not the case here. The tachyon is treated
as a massive scalar particle, its (negative) mass-squared does not interfere with
the calculation. The same phenomenon would appear if its mass was positive (an
ordinary massive scalar particle) or zero. In fact, the same conclusion holds for the

superstring as well, where the ground state of the string has zero mass.

5.2 The plane wave case

It is only natural to repeat the calculation for the plane wave string theory, to see
what are the similarities and differences between the flat and the plane wave theory.
Surprisingly, we find that in the plane wave there is no modification to the causal

structure of the theory due to interactions.
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The first indication came through the computation of the amplitude (5.2). It
was found that unlike the free case, by deploying the usual analytic continuation
argument, the amplitude vanishes for string configurations outside the string light
cone. But of course the real test comes form examining the amplitude (5.6), which
after all is more general.

In repeating the calculation for the plane wave, notice that the steps that lead

of (5.13) are the same. We have therefore that

MW zg/ dTH/ \/m_F(al,ag) (5.17)

Z (f{ﬁlyl}(fi"l,l)f{ﬁw}(le)f/(la 27 3) e—ir 23=1 Pr ei 23:1 P:zf+P?-Lz:)
{frah{fi2 1}

The function F(ay, a2) is the same as before, (5.14). Now of course V is the 3-string
vertex in the momentum representation and in the oscillator basis for the plane
wave.

It will be convenient to take the kinematical situation to be ay, @3 > 0 and

a9 < 0. Then the interaction term in the Hamiltonian is

Hy=g / Hda,DP(T)(a)h(ar,P(,)(U)) &, ap, By (o), (5.18)

r=1

where h is the measure and is

h(ay, Pey(o (Z ar) / H DY,y ()] 4@ Py (')
[Ym(a) —Yg(0) ~ Y(l)(a)] : (5.19)

By inserting the expansion of the string field in terms of creation/annihilation op-

erators into (5.18), we obtain

Hy—g / Hdaf 3 vm,{nm,})ﬂ (o, {min ) s (5.20)

(.}

where the . .. are terms of the form AAAT, AAT A, AYAT AT, For our case of interest,

only the AAA term is relevant. V is

V(ar, {n{,,}) = / H H dp(ry i h(atr, Piry (0)) Friagyy Piry), (5.21)

r=1 [=0
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where

f{ﬁ(r),l} (ﬁ(r),l) = / H e R0 Ui f{ﬁ(r).l}(f(r‘),l) (5'22)
=0

are the harmonic oscillator eigenfunctions in the momentum space (see also (3.36)).
After this brief digression, back to the calculation of (5.18). The explicit expres-
sion of V(1,2,3), is (5.21). Using the sum rule for the Hermite polynomials (2.24),

we can easily calculate the sum in the second line of (5.18) and obtain

MM zg/ dT/ da1

/Hderl (Y — Y1 — Ys)Jyu(an, &1, 1) Jua (o2, Fag, G20)

r=1 =0
fig oy (1) e™P3 e PI T gmiml A (5.23)

Here we have introduced the shorthand notation

. 2 ’ 1 (d—2)/2
(w 122 ) (5.24)

T 1 _ e_iT"wr,l/la"l

J’r,l(arv -'i"r,la :Jr,l)

w, i 2(1/ . N Ly Trw )
-exp #) [21:,.’1 - Yrg — (22,4 42, cos < il )]

2isin | Tt
|ar|

and as before Az~ = z; — 27 . The 7-dependence enters through 7. = 7 — ;7. For

the kinematic situation we are considering here, the delta-functional is

P ) — 84 hed
5(Yy— Y3 —Y)) = H5<y2m-2;( ad o dsm I—‘X%)L 1n>- (5.25)
The matrices X are for »r = 1,3
Xr(r;)za m>0,n>0
XD = LXD, m>0 (5.26)
1, m=0=mn,
where for m > 0,n > 0,
W _ (_1)n2mﬁ sinmm 3 CXO - 2m(B+ 1) sinmm ’ (5.27)
7 m2p2 —n? i m2(B + 1)2 — n?
and 8 = a;/ag, B+ 1 = —a3/ay. The matrix is X2 = mn. Also for our case

Flay,ay) = 1.
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To proceed further, one may write M) in the form

MO = / dai K (o) e7ierde /o’ (5.28)
where
K(o / dT/Hde”Me—Yl 7s)
r=1 =0

H Jralan, T, 4h) Jau (oo, Zog, Go1) - fias,y (Ue)e” P e P32 (5.29)
1=0

Now let us focus our attention on the «; integral. As was done in [58], [1], we

can write M) as
/ don K (ay)etoade™ /e 4 / doy K (—a )erds /o (5.30)
0 0

Rotate the first integral by sending oy — ia; and the second term by sending

a; — —iay. Then

M(1>:i/ dalK(ial)ea‘Af/a'—i/ doy K (iay )e®22 /e (5.31)
0

0

If each individual integral converges, the two terms cancel each other and hence
MW = 0. For that, we must examine the large a; behavior of K (ic). It was at
this point that the calculation for the flat background failed to vanish.

The above analysis was carried out for the general case with arbitrary string
fields. It will be illuminating to consider a simplified situation where the 15* and 24

string fields are taken to be the lowest component fields with:

. . 0, when [ > 1,
Ny = Ng | = (532)
arbitrary, when [ = 0.
The component field is obtained by integrating the string field with [[;°, di"lcp’{ﬁl 4 (@)
This gives

T(r,z™, %) / Z a(pt, ﬁo)e_i(m-fp~+z_p+)cp?ﬁo}(:E) + h.c., (5.33)
7ig

where we have defined a(p™,7y) = A (p™, 7o, {7ii>1 = 0}) and in the following we
often denote the zero mode Zy by Z for simplicity. Furthermore, we restrict the 3%

string to be the following spectator state:

13) = A(py, {7,})]|0), with 73, =0, for all I. (5.34)

.
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We note that p; = 0.
Following the same procedures as above, it is easy to obtain (5.28) with K(a;)
now taking the form

ip3 T4 11:
K(ay) = %/ dT/Hderl(S(Yg—Yl Ys)

r=1 =0

~Jio(a, Z1,0, %1,0) J20( a2, T2,0, §2,0) H‘P{o} yl,l)‘P{o}(yZI) - frop(F3). (5.35)
=1

We note that, compared with (5.29), the product [],2, J1,(-)J2,(-) in the second line
there is replaced by []2, cpl{o}(ﬂl’,)apl{o}(g’g,,) above due to the condition (5.32). Now
we perform the contour rotation and focus on the integrals of the #’s. Let us first
integrate dys;, ! > 1 using the nonzero mode delta functions. The resulting integral
of #1; and ¥3,, [ > 1 is independent of the zero modes %, o and ¥3 in the large o

limit and so can be calculated easily. Next we integrate out dis using the zero

7))

(5.36)

mode delta function. Therefore in the large aq limit,

ag

K
6”’3“: (Zal / d’T/dyldyg J1 OJgoexp [ w30 ( <

4o/ 3

a

(3

—

Yo —

up to an unimportant «;-dependent proportional factor which is sub-dominant in
large oy limit. Here we have denoted y,o by ¥, for simplicity. Also we have used
the hat " to denote the corresponding quantities with the substitution oy — 1.
For example, w;; = m in jl,n- After the contour rotation and taking the

large «; limit, we have
dz ~ —ial, and ‘;Jl,l» (:}21[ ~ iual. (537)

Now jr,O takes the form

Jrp ~ exp (— A, (Z2+ ) + 2B, 3, - ) (5.38)
with

| pen/Qe) /()

2tan(ulr))’ " 2sin(ulr])

and thus the ¥, ¥ integral takes the form [ dyydg, exp(— Do s NU- s+, S, . Ur)

(5.39)

and can be easily carried out. We obtain for the ¢, 3> integral in (5.36),

po /(20) (&

poy/(20/) P
2 tan(pAzt)

75 4
T+ sin(pAzT) T2 (5.40)

exp |-
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in the leading large oy limit. It is remarkable that the various coefficients of N™, S"r
combine to make the result (5.40) 7 independent. Hence the 7 integral in (5.36) can

be calculated trivially. Finally we obtain for (5.31)
/ dalK(ial)e%}A‘T‘
0

* ay - H =2 | 2 Y oz
/0 do; exp [a’ (Az S (ubdat) (7% + @3) cos (pAz ™) — 24, $2)):| (5.41)

The exponent of the integrand is precisely the tree level string light cone (4.56)
restricted to the zero modes. Thus we have shown that, unlike the flat case, the
matrix element (5.6) does not receive contribution from region outside the free string
light cone.

To be fully supersymmetric, the bosonic vertex has to be completed with the
fermionic vertex and a prefactor which is needed for the preservation of the super-
symmetries. Also the bosonic string field has to be replaced by the light cone string
superfield [45,46] so that we commute the matrix element of the commutator of two
string superfields. Now the Grassmannian factor makes sub-dominant contributions
to the contour-deformed integral in the limit p* — oo and does not affect the con-
vergence of the contour-deformed integral. This is also the case for the prefactor as
it is a polynomial in p*. Therefore we conclude that the commutator of the string
fields is unaffected by the plane wave string interaction.

This result is surprising. In the flat background case, the string field commutator
was found to receive additional non vanishing contribution ( [61], [62] and above)
from the interaction even if the two strings were outside the free theory string light
cone. Since the plane wave background and the bosonic part of the vertex are
both continuous in the g — 0 limit, one may naively thought that the plane wave
string field commutator should also receive additional contributions, at least in a
neighborhood of ¢ = 0. Our result shows that this is not the case and the matrix
element (5.6) is discontinuous at u = 0. Technically the reason for the discontinuity
is because the p — 0 limit does not commute with the procedure of summing up
the contributions from the infinite tower of string states.

Since the plane wave light cone string field theory is not continuously connected

with the flat space string theory, there is no compelling reason to require that
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the 3-string vertex to be continuous at u = 0. What about the Z; symmetry?
Without additional input, one cannot fix the form of the light cone vertex in the
plane wave background uniquely from the supersymmetries alone. Imposing the
Zy symmetry is enough to fix the vertex. However there is a possibility that the
symmetry is spontaneously broken. Since the plane wave background is obtained
from the AdS background by performing a Penrose limit, a reasonable possibility
that may help to understand better the plane wave string interaction is to try
perform this limit carefully on the dynamics on the AdS side. This interesting idea
has been pursued recently by Dobashi and Yoneya (95], with further work by Lee and
Russo [96]. They propose that the plane wave string vertex that is relevant for the
holographic plane wave/SYM correspondence is given by the equal weighted sum of
the Zs-invariant vertex and the p-continuous vertex. It turns out that this particular
combination coincides with the vertex proposed previously in [111]. These authors
also provide some intuitive understanding of the role of each parts of the vertex: the
Zy-invariant vertex describes the “bare” interaction, while the p-continuous vertex
describes the mixing of the BMN operators. Thus according to this proposal, not
only the continuity of p is not maintained, also the Z; symmetry is broken due to the
mixing effects. The breaking of the Z; symmetry has also been revealed in previous
field theory calculations [112], [113]. In principle, one can fix the form of the light
cone vertex by starting from the covariant Witten string field theory and performing
the light cone gauge fixing. To confirm this breaking from a more fundamental point

of view will be very exciting.

5.3 Summary

In this chapter we investigated whether and how string interactions affect the string
light cone. In point particle quantum field theories, this is not the case, as long as the
interactions are local. The requirement of locality (and Lorentz covariance of course)
for the interacting terms ensures that the theory respects the causal structure.
The case for the strings, as we saw is more interesting. By studying certain

amplitudes, we saw that the string light cone in the flat background gets modified

e
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by interactions. This might be a gauge fixing artifact, since we performed the
analysis using a gauge fixed theory, might be purely because the string is not local
(as an extended object) or something more fundamental.

On the other hand, the exactly same analysis for the string in the plane wave
background suggests that there is no modification due to the interactions. This is
quite interesting and shows that the theory is not continuously connected to the flat

background one. It also sheds some light into the choice of the 3-string vertex.




Chapter 6

Conclusions

In this final chapter, we conclude the thesis. After a brief summary of what we have
discussed so far, we comment further on the string light cone and the impact that

string interactions have on it. Finally we present possible extensions.

6.1 In summary

To summarise what we have done so far. We asked the question of causality in clas-
sical physics and we saw that the upper bound for the speed of any physical object
places severe restrictions on the causal structure of any theory. This is summarised
in the notion of the light cone. Then, we saw that in quantum theory (in quantum
field theory to be precise), the demand of causality translates into the local commu-
tativity of the field. To investigate causality in string theory, we mimicked quantum
field theory. Specifically we formulated the condition for the string light cone to be
the vanishing of the commutator of the string field.

String field theory, in contrast to point particle field theory is not a fully de-
veloped subject yet. There are many aspects of the theory that we do not fully
understand and we do not know how to formulate them. Even though we lack a full
covariant and gauge invariant string field theory, we saw that we can write one in
the light cone gauge. The advantage of the light cone gauge is that we have a theory
involving only the physical degrees of freedom, is manifestly unitary and trackable.

As we saw in chapter 2, we can quantise the theory in a canonical formalism, re-

82
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minding the Klein-Gordon field. This is one reason we restricted our analysis for
the string in the light cone gauge.

The second reason is that we wanted to perform the same analysis in the plane
wave background. As we saw in chapter 3, string theory in the plane wave back-
ground so far is trackable only in the light cone gauge. This is the second reason

that we have to confine our analysis in the light cone gauge.

6.2 The String Light Cone

In order to study causality in string theory, we mimicked quantum field theory. We
formulated the condition for causality as the vanishing of the commutator of two
string fields, something that we described as microcausality. For strings propagating
in a flat background, we found that the condition to determine whether two strings
are causally related or not is (4.44) for open strings, with a similar expression for
closed strings.

The first striking feature is that the string light cone does not match with the
point particle light cone. At first glance this can be thought as alarming for the
consistency of the theory, but we have to be careful, since strings are extended
objects. Consider the case where we want to determine the causal relation of two
strings and imagine that one of them is so small, that it shrinks to a point. Then,
with respect to that string, we can define the light cone and it has the same shape
as that of a point particle. The second string can be half inside, half outside this
light cone and the string can still be causally related. Or it can be half inside,
half outside and not causally related. By pure intuition, we can not resolve the
situation. Equation (4.44) resolves this for us. Instead of considering it as a violation
of causality, we should interpret it as what we mean by causality for extended
objects. The naive application of the point particle light cone to strings (or any
other extended object) does not apply. Are we going to use the light cone of the
middle point, the end point, some other combination? And what about closed
strings, where there is no way to single out a point? (4.44) and its counterpart for

closed strings answer that question.
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In support of that argument, notice that the modification of the light cone comes
exclusively from the internal oscillating modes of the string. In the case that the
string shrinks to a point, or equivalently one studies the centre of mass (with is
described by the zero mode), one recovers the causality condition for point particles.
If this was not the case, if the string light cone did modify the point particle light
cone, then we should be worried.

In addition, recall that the first quantised theory of strings can be thought of as
a two-dimensional quantum field theory! and its supersymmetric extension. This
means that along the world sheet we have the causal structure of field theory as we
know it and signals do not propagate faster than the speed of light. This fact adds
further support to our claim that the string light cone does not really undermine
the notion of light cone from point particles.

This characteristic carries over to the plane wave background analysis. Once
more, the string light cone in the plane wave, is a generalisation of the point particle
light cone (of the same background of course!), with the additional terms coming
exclusively from the internal oscillating modes of the string.

Furthermore, notice that the string light cone in both cases respects the symme-
tries of the background. Minkowski space is translational invariant and this reflects
to both the point particle light cone and the string light cone. On the other hand,
for the plane wave translational invariance is lost, due to the extra g term in the
metric (3.7). Accordingly, the light cone exhibits the same lack of invariance.

Finally, notice that the light cone in the plane wave exhibits a periodicity in
light cone time =™, with period 27 /u. This is a striking feature, since we have not
imposed any periodicity condition. In formulating the theory, we started with the
metric (3.7), without any further assumptions or comments about its origin. As far
as we are concerned, we could just claim that we are smart enough (or lucky enough)
to find that string theory is solvable in that particular background in the light cone
gauge. Then, we formulate a string field theory and we calculate the string light

cone. Lo and behold a periodicity appears! The only explanation for this is that the

! Actually it is a conformal field theory.
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consistency of the theory requires such a periodicity. Of course, viewing the plane

wave as the Penrose limit of AdSs x S%, this periodicity comes naturally into play.

6.3 Interactions

In quantum field theory, interactions that are local do not modify the causal struc-
ture of the theory. Actually, one goes the other way around. Causality should be
respected from the full theory, not just the free part. The only way to ensure this
is by adding the requirement of locality, especially for the interacting terms. This
means that the fields (and their derivatives) that build up the interacting part of
the Lagrangian of the theory, should all depend on the same point z. For example,
for a real Klein-Gordon field, an interaction of the form ¢™(z) is permissible, an
interaction of the form ¢™(x)¢(y) is not.

Extended this to interaction terms in string theory is not straightforward. For
one, locality is an ill-defined concept in a theory that can not be local because its
fundamental object is extended in nature. The best we can do is to demand, that
as the string breaks, the coordinates of the worldsheet change continuously. This is
how we built up the interaction terms for string field theory.

Even so, we found out that for string in a flat background, interactions do not
preserve the causal structure of the theory. Specifically, we saw via explicit calcu-
lation of certain amplitudes, that they receive contributions outside the string light
cone. This can be really alarming.

Remember however, that we are working in a gauge fixed theory. Imposing the
light cone gauge has rendered the theory manifestly unitary and free of ghosts, but
this came at a price. String gauge symmetry has been lost completely and even
worse, we do not know what it was originally. By string gauge symmetry we mean
of course a transformation 0@ that will leave the action S[®,.. ] of the full string
field theory invariant. It could be then that this “violation of causality” is merely
an artifact of the gauge fixing.

Think for a moment about QED. The theory is covariant and has a gauge sym-

metry. However, one can pass to the Coulomb gauge, where quantisation is straight

-
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forward and manifestly unitary. But there one discovers that he has action at a
distance. This does not mean that the theory violates the laws of relativity, it is
just an artifact of the gauge that we have to live with it. Similarly here, this might
be a gauge artifact. But without the full theory, we can not tell for sure.

What perplexes things more is that the plane wave theory does not exhibit the
same behavior. There we found that interactions respect the causal structure of the
theory. Of course this calculation was carried out in a light cone (i.e. gauge fixed)
string field theory. Which in return means that one gauge fixed version of the full
string field theory results in an apparent causality violation, while another gauge
fixed version does not. At this stage it would be impossible, and hence pointless,
to carry arguing along that line, when we luck a full string field theory for the flat
background, and things are at an even more primitive stage at the plane wave side.

This discontinuity between the flat and the plane wave theory has further con-
sequences for the 3-string vertex in the plane wave background. Recall that our
presentation in chapter 3 was for a vertex that respected the Z; symmetry explic-
itly. We argued that there could be a different vertex (as far as the fermionic part
and the prefactor are concerned) by demanding that it rolls continuously to the flat
vertex in the limit iz — 0. Given the background (metric plus the field strength) and
the free theory, the continuity for ; — 0, sounds like a reasonable requirement. But
not any more. The causal structure of the full theory in the plane wave background
does not reduce to the flat case one. Therefore, there is no reason to demand smooth
1 — 0 limit any more.

Is this result really in favour of the explicit Zy symmetry? It certainly looks like
so. But there is a possibility that the symmetry is spontaneously broken. Since
the plane wave background is obtained from the AdS background by performing
a Penrose limit, a reasonable possibility, that may help to understand better the
plane wave string interaction, is to try perform this limit carefully on the dynamics
on the AdS side. This interesting idea has been pursued recently by Dobashi and
Yoneya in [95], with additional work by Lee and Russo in [96]. They propose that
the plane wave string vertex that is relevant for the holographic plane wave/SYM

correspondence is given by the equal weighted sum of the Z,-invariant vertex and
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the p-continuous vertex. It turns out that this particular combination coincides
with the vertex proposed previously in [111]. There, the authors also provide some
intuitive understanding of the role of each parts of the vertex. The Zj-invariant
vertex describes the “bare” interaction, while the p-continuous vertex describes the
mixing of the BMN operators. Thus according to this proposal, not only the con-
tinuity of p is not maintained, also the Z; symmetry is broken due to the mixing
effects. The breaking of the Zy symmetry has also been revealed in previous field

theory calculations [112], [113].

6.4 Extensions

How could we study string causality beyond the light cone gauge? The authors
of [114] calculated the propagator of the string field in Siegel’s string field theory?,
in a similar fashion as we did in the light cone gauge. Then they imposed the same
causality condition as we did, that is they demanded the vanishing of the string field
commutator. They found the same condition as in the light cone theory.

This is a good indication that the string light cone that has been obtained from
light cone string field theory is actually the correct one, that can also be obtained
from the full string field theory. Siegel’s string field theory incorporates only open
bosonic strings. Therefore, the result of [114] is in the right direction, but we feel
-that it would be interesting to get the string light cone from Witten’s string field
theory.

This is not any easy task as it might sound. Witten’s string field theory has been
quantised using the Batalin-Vilkovisky method [56], [57], see for example [55], but
we feel that this is still incomplete. Any string theory involving open strings must
also include closed strings. Even if one refuses to include them, they nevertheless
make their appearance at one-loop calculations. With out the equivalent of Witten’s

theory for closed strings, the picture is incomplete.

2Siegel’s string field theory stands somewhere between the light cone string field theory and
Witten’s. It is manifestly covariant, but lacks a string gauge symmetry. See [115], [116], [117] for

the original formulation and [118], [119] for reviews.
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Furthermore, the more interesting question is to examine within Witten’s theory
if and how interactions modify the causal structure of the theory. This will answer
the question whether the modification of the string light cone found in [61], [62] is

indeed a gauge fixing artifact or of more fundamental nature.

6.5 String causality and the S-matrix

Causality can also be formulated in terms of the S-matrix, specifically in terms of
certain analyticity properties. For point particles, in the framework of quantum field
theory it turns out that this is equivalent to the local requirement of vanishing of
the commutator. In fact, one can derive the former from the later and vice versa.

In string theory, things are still at a very primitive stage. One problem is that the
connection between the string field and the string S-matrix is not as straightforward
as in point particle theory. Even more, the S-matrix requires asymptotic states for
its definition. Although this can be done in the Minkowski spacetime, problems arise
in the plane wave background. The periodicity in time, z* ~ z1 + 27/, makes the
definition of asymptotic states at least problematic. Formulating causality it terms
of the S-matrix in the plane wave background has pathologies. On the other hand,
as we saw in previous chapters, there is no problem with formulating causality in
terms of the local commutativity of the field.

This does not mean that S-matrix causality is less important. On the contrary,
it has much to say for the theory. In a recent publication, [120], the authors used a
canonical quantisation scheme for Witten’s theory, reviving an earlier work [121] to

show that the theory is local in time and furthermore, causal.

6.6 Future directions

The different shape of the string light cone, compared to the point particle one, can
have direct consequences for black hole physics. The event horizon of a black hole
is in direct connection with the causal structure of spacetime. If this structure is

modified by passing from point particle to strings, it will be very interesting to see
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how the notion of the event horizon changes. In other words, an object that is a
black hole in the point particle sense, is also a black hole in string sense? This is a
question that ultimately will have to be answered, although we do not know how to
address it with the current technology.

Connected to that is the information loss paradox for the black holes. The au-
thors of [62] used the apparent violation of string causality in the flat background
in order to propose a solution. But under the recent light, that there is no such vio-
lation for string theory in the plane wave background, this needs to be reexamined.
Even more, before we determine whether this is a real violation, or a gauge fixing
artifact, there is not much that we can say.

In addition, one might wonder how this carries on for objects of higher dimension-
ality. We know that string theory contains D(p)-branes and M-theory is speculated
to be a theory of M2 and M5 branes. Take the case of a membrane for simplicity.
The head-on attack would be to formulate a field theory of membranes. If we are
lucky enough to be able to quantise it canonically, then we can have the propagator
and examine when the commutator of two membrane fields vanishes identically. If
only things were so simple! Membrane theories are far more complicated than string
theories. For the bosonic membrane, there exists a gauge (also called light cone)
where the Hamiltonian is quadratic and the equations of motion are simple wave
equations, see [122]. The problem is that the gauge fixing conditions are so compli-
cated that we have been unable to manipulate them the way we did for the string.
Remember that for the string, in the light cone gauge the degrees of freedom were
the transverse X*, z* and z;. We used the constraints of the theory to determine
X~ (o) in terms of the transverse coordinates and the light cone time. Restoring
the z; dependance was a simple matter of Fourier transforming. For membranes,
it turns out that we can make a gauge fixing that eliminates X~ and X?~2, up to
integrations constants. The restoration of z; is again a simple matter of Fourier
transformation. On the other hand, X?~2 is constrained by a highly non-linear

second order differential equation, which we have been unable to solve.
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6.7 Epilogue

At this point it would be wise to pause. Examining causality in string theory, as
the local commutativity of the string field has revealed many interesting features of
the theory. Nevertheless, this is not the end as open questions remain and other
await. We only hope that with this work, we have contributed a small part to the

understanding of string theory and, more generally, to the understanding of Nature.
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Then we change into light cone coordinates,

1

XE= _(X°+ XxP, (A.1.4)

S

with the rest denoted as X* (i = 1,2,...,D—2) or X and referred as the transverse

coordinates. Finally we impose the light cone gauge
Xt =2dptr. (A.1.5)

This choice of gauge simplifies the action considerably at the end we are left with

1 T , , L
S = /d / do (t?TX’BTX1 — BUXZQ’,) : (A.1.6)
dra’ 0
The equations of motion resulting are simply wave equations,
OEX' - 0:X* =0, (A.1.7)
supplemented by the (Neumann) boundary conditions
9, X" =0. (A.1.8)

The constraints,

(8, X £0,X)* =0, (A.1.9)

can be used to solve for X~ in terms of X+ and X*, up to an integration constant

Tq
The solution to the equation of motion (A.1.7) are simple to solve. The solution
is
. . . 1.
XY(1,0) = zf + 2a'phyT + iV 20/ Z —a;e """ cosno. (A.1.10)
n#0 n
The canonical momentum of the string can be found from action (A.1.6) and it
is
pi— L gxt (A.1.11)
2w o

The Hamiltonian is then

H = nd' /07r do ((ﬁ(r,a))2 + 27r1a’ (8, X (r, cr))2> : (A.1.12)

Quantisation is achieved by imposing the canonical commutation relations

[X(7,0), P(1,0")] = i696(c — o), (A.1.13)

S
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the rest vanishing. In terms of the modes, they read
[aina (1’%] = nléijém,—m (A'1'14)

[z, 3] = 67, (A.1.15)

with the rest vanishing. For n > 0, a, is an annihilation operator, while a_,, in a
creation operator. Their role is to create/destroy oscillating modes in the string. To

see this better, define the rescalled operators
al = v/nal,n >0, (A.1.16)
alt = v/na' ,n > 0. (A.1.17)
They satisfy the commutation relations
[a},, ail] = 67 8nm. (A.1.18)

For 7 = 0, we can write the mode expansion of the coordinates as

Xo) = b + \/52 T cosno, (A.1.19)
n=1
where we have defined
!
Tt =i ﬁ (a}, —ail). (A.1.20)
n

A.2 Closed Strings

The case of the bosonic closed string is similar. We take the range of o to be

0 < 0 < 27. The gauge fixing condition is now
X+ =dptr. (A.2.21)

The string is required to obey the same wave equation of motion (A.1.7), supple-

mented now by the periodicity condition
o~ o+ 2m, (A.2.22)

suitable for the closed string.
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The solution to the equation of motion reads now
. . . ! 1 A ; . .
XY 1,0) =z + o'pyT + 14/ % ; - (a;e'm(T*”) + & e o) (A.2.23)

Notice that the closed string has double the number of modes of the open string,

except of the zero mode.

Quantising the theory is similar to the open string case. In terms of the modes,

the canonical commutation relations read

[ o] = mé9d,, _p,

m?

(60, 7] = 076,
[33:),]7{)] = 6ij’
with the rest vanishing.

For 7 = 0, we can write the mode expansion for the coordinates as
oo
X o) =z + \/52 (z}, cosno + Z, sinno) .
n=1
To do that, first we define (suppressing spacetime indices)

1
1 ~
a, = — (QnQy ),
\/_2( )

I _ 1

n_ﬁ(aﬂ‘&")

(6

Then we rescale them,

LI _ L
ap'' = v/na; V' n >0,

and finally we define

(A.2.24)

(A.2.25)

(A.2.26)

(A.2.27)

(A.2.28)

(A.2.29)

(A.2.30)

(A.2.31)

(A.2.32)

(A.2.33)
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A.3 Superstrings

In analogy with the bosonic string, we consider a string propagating in a flat su-
perspace, with bosonic coordinates z#, = 0,1, ...,9 and fermionic coordinates 64,

A = 1,2. The generalisation of the Polyakov action is

1 _ _
S = —1— / dﬁa{\/ﬁhaﬂna Tlg — 2ie*P 9, X* (0'T 050" — 6°T,,056°)
+ 2eaﬁélr“aa(9152r,,0ﬁe2}, (A.3.34)
where

M* = 8, X* — i0°T*5,0". (A.3.35)

In order for this action to posses global spacetime supersymmetry, the fermions are
required to be Majorana-Weyl (for spacetime dimensionality D = 10).
Notice that the bosonic part is the same as before, so we will not discuss it

further. The light cone gauge for the fermionic coordinates is fixed by imposing the

condition
rte'? = o. (A.3.36)
Then, the action simplifies dramatically and we have (¢ = 1,2,...,8 is a spinor
index)
1 ) . _
S=—1 / d*o {0, X'0° X" — 20/i0°p°0,0°} , (A.3.37)
T

where we have defined the new spinors

S = \/pté", (A.3.38)
S = /pté?, (A.3.39)

and we have combined them into a two component Majorana spinor,

S
o=\ _}|. (A.3.40)
S
The matrices p® are
0 0 — . 0 <
r=1 , p= . (A.3.41)
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The equations of motion that follow are

9 9%\ .,
(W _ ﬁ) Xi=o (A.3.42)
o 0
(5; + 6—0’> St = 0, (A343)
(a% — a%) St —=o. (A.3.44)

These are accompanied by suitable boundary conditions, periodicity in ¢ for closed
strings and the requirement S(0,7) = S(m,7), S(0,7) = S(m, 1) for open strings.

Solving then the equation of motion results in

o0

1 .

S = — Z Seein(r=0) (A.3.45)

. 1 & )

St = — Z See—in(r+a) (A.3.46)
V2, =" ’

for open strings. Reality is imposed by the requirement S, = (S,‘i)T. For the closed

strings we have

St= )" Seemmt=o), (A.3.47)
§r= 3 Seemrto), (A.3.48)

To quantise the theory, we impose the equal time anticommutation relations
{5%0,7), S%(c", T)} = W6™6(0 — ¢’) = {S%(a, 7), S(c’, )}, (A.3.49)
{S%(0,7),S8%0c’,7)} = 0. (A.3.50)
In terms of the modes we have that

{S8,88} = 6%, _m = {52, S }. (A.3.51)

n'~m

Evidently, S is both a coordinate and its conjugate momentum.

We need distinct coordinates and momenta for a Hamiltonian formulation. In
general, this can not be done unless we break the SO(8) transverse invariance. This
is accomplished as follows, SO(8) — SO(6) x SO(2) ~ SU(4) x U(1). Then, we
have for the first spinor

S4(0) + S (o) = 04(s), (A.3.52)
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)
564(a)
Here A = 1,2,3,4 labels the 4 of SU(4). Similar relations hold for the second spinor
S.

S4a) — iS4 (o) = Ma(o) = (A.3.53)

The quantisation conditions now read
{\a(0),0%(c")} = 646(a — o), (A.3.54)

{(64(0),60%(c")} = 0 = {Aa(0), As(0")}, (A.3.55)

with similar expressions for #4, A4. The mode expansions for open strings at 7 = 0

are
oM o) = D 0he™, 640)= D OAeT™, (A.3.56)
- 1 9 ; 3 - 1 2 —ino
/\A(U): Z %5076"”, )\A(O’): Z 27{'89A e . (A357)

For closed strings, they are

Z 0A 'mo’ 9/1 O') Z aA —ma (A358)

n=—o00 n=—oo

[o0]

1 9 inc Yy = 1 0 —ino
/\A(O’) = Z Z(_We y /\A(U') = %aélq € . (A359)

n=—00 n=—oo

The fermionic part of the Hamiltonian that generates translations in 7 can be

obtained from (A.3.37)and it is

) ) )
Hp =7d [ do — ¢ A3,
/ {2 7 (0 50 050)} ( 3.60)

To study the interactions, it will be convenient to take the range of o to be

0 < o < wa (for open strings, double that for closed). Then it is more convenient

to rescale the modes for 8(0), (o) as

1
02 — ——RA A.3.61

with a similar expression for 62



Appendix B

Implications of Microcausality in

Quantum Field Theory

In this appendix we provide a very short presentation on how causality, formulated as
the local commutativity of fields, affects the S-matrix. We also sketch the derivation
of some interesting results. Our presentation is based on [9], but the interested reader

might also want to consult [123].

B.1 S-matrix and causality

The S-matrix incorporates all the information one needs in order to find any scatter-
ing amplitude. Scattering experiments are done as follows. A collection of particles,
that are quite far separated, are allowed to interact briefly in a small area and then
they fly apart and far away. Ideally, this means that in the far past (t — —o00),
the wavepackets that describe them are quite well localised in space and there is
no overlap among them. Then, they are allowed to come in contact (overlap) and
the interaction takes place. Finally, the particles that emerge from the interaction
are allowed to fly away, so that in the far future (¢ — oo) their wavepackets are
well localised in space without any overlap between them. Causality is fulfilled if
first the incoming wavepackets reach the scattering region and then the outgoing
wavepackets leave.

In perturbation theory, for a theory with the interaction term in the Hamiltonian

98
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being
Vt) = /d3:c’H(:c) (B.1.1)

(H being a Lorentz scalar), the S-matrix is
S = 1+Z/d4:v1--'d4znT{H(z1)-'-H(:cn)}. (B.1.2)
n=1

The time ordering is a Lorentz invariant for spacelike separations. Therefore we

have not introduced a special Lorentz frame if
[H(z),H(z")] =0, for (x — z')* > 0. (B.1.3)

Clearly, for an interaction built up as a local function of fields (and their derivatives,
which in a sense are other fields), equation (B.1.3) is automatically satisfied. For
example, in the simple case of the real Klein-Gordon field, a local interaction of the

form
H(z) = (¢(z))" (B.1.4)

fulfills this requirement.

B.2 Dispersion Relations

The requirement for causality, implies certain analytic behaviour for the S-matrix
in point particle field theory. This is also known as the optical theorem.

Consider the scattering of a massless particle by an arbitrary target «, of mass
mg > 0 and momentum p, = 0. Let k be its initial momentum, &’ its final. The

S-matrix element is

1
= lim
2r) VAo NP 5%

[ s [atyet=¥ m,) 0,) @IT {A' ) A@) o). (B.25)

Here it is w = k% ' = k’°. The operators A(z) can be any Heisenberg picture

operators with non vanishing matrix element (0|A(z)|k) = (27)~3/2(2w) /2 Netk e,
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between the vacuum and one-particle states. N is a constant. By letting the differ-
ential operators act on the As and denoting 0O, A(z) = J(z), we have that
—1 li
Cry VA INP 53
/d4 /d4ye”” w (T {JV(y)J(z)} |a) + ETC. (B.2.6)

ETC stands for terms that are the Fourier transforms of Equal Time Commutators,
arising by the action of the differential operators acting on the step functions of the
time ordered product. The equal time commutator of the operators A(z), A(y)
vanishes unless x —y is zero. Thus, ETC are the Fourier transform of a differential
operator acting on §(z — y), with means that it is a polynomial of the momentum.
For the analyticity properties of the S-matrix, its details are irrelevant.

Using the translation invariance, the matrix element is

S = —2mis(k' — k)M (w), (B.2.7)
where
—1
M(w) = WINE F(w), (B.2.8)
and
F(w) = /d‘*zew a|T {J1(0)J(z)} |a) + ETC, (B.2.9)

where we have written k£ in terms of a fixed light like four-momentum ¢, £* = wg",
with ¢ = 0 and ¢° = 1.
The time ordered product can be written in two ways,

9 i T ) Jt
I {0V (@)) = 9(=2%) [J1(0), J(2)] + J(2)J}(0), (B2.10)

—9(2%) [J1(0), J(2)] + JH(0)J (2).

It follows that we can write for F(w),

Fw) = Fa(w) + Fi(w) = Fr(w) + F_(w), (B.2.11)
where
Fa(w) = /d4x19(—x0)(a| [J1(0), J(z)] |a)e™*” + ETC, (B.2.12)

R
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Frlw)= - / d*z9(z°)(a| [J1(0), J(2)] |a)e™?® + ETC, (B.2.13)
Fi(w)= / d*z{a|J(z)JT(0)|a)e™?®, (B.2.14)
F_(w) E/d4w(a|Jt(0)J(a:)|a)ei‘”q‘m. (B.2.15)

Causality, formulated as the requirement for the local commutator of the fields
to vanish, implies that the integrals (B.2.12) and (B.2.13) vanish, unless z* is inside
the light cone. Then, the step function require that z* is in the past light cone for
(B.2.12) so that ¢ -z > 0 and in the future light cone for (B.2.13), so that ¢ -z < 0.
F4(w) is analytic for Im(w) > 0 and Fr(w) is analytic for Im(w) < 0. We can define

the function

Flw) = Fafe), tme) =0, (B.2.16)

Fr(w), Im{w) <0
which is analytic in the whole w-complex plane, except from a cut in the real axis.

The discontinuity of F along the real axis is
F(E +ie) — F(E —ic) = FA(E) — Fr(E) = F (F) — F_(E). (B.2.17)

In the function F(w)/w™ vanishes for w — oo, by dividing with a polynomial P(w)
we obtain a function that also vanishes in the limit w — oo and is analytic, except
for the cut along the real axis and poles at the zeros w, of the polynomial P{w). By

the calculus of residues, we have that

F(w ~ —1— F2) »
P(W) Z (wn —w P’(w,, i ?i (z — w)P( )dz, (B.2.18)

where w is any point along the real axis and C'is a contour consisting of two segments:

one running just above the real axis, from —oo + i€ to oo + ¢, and then around a
large semicircle back to —oo + i€ and a second running just below the real axis, from

0o — i€ to —oo — i€ and then along a large semicircle back to oo —ie. Thus we have

_ PWw) [* , F.(E) - F.(E)
Flw) =Qw) + o ) dE (E—o)P(E) (B.2.19)
where @ is the (n — 1)-order polynomial
= _P(w F(w)
Qw)=—Pw) Y @0 — ) P(a) (B.2.20)
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Equation (B.2.19) is the dispersion relation. The usefulness becomes more trans-
parent, when one expresses the functions F|, F_ in terms of measurable cross sec-

tions.

B.3 The Kallen—-Lehmann Representation

Here we present another application of microscopic causality in field theory.
Consider a complex scalar field in the Heisenberg picture. Consider the vacuum

expectation value
(B(z)¢ (y))- (B.3.21)
It is

(B(2)8' (1)) = Y _(0ld(z)[n)(n|¢' (y)|0). (B.3.22)

n

Choosing the states |n) to be momentum eigenstates, we have that

(0l¢(z)In) = ®*(0]¢(0)|n), (B.3.23)
(n|' (1)|0) = e~ (n|¢ (0)|n) (B.3.24)
and thus
(B(z)e! (1)) =Y _ e P {(0](0)|n) . (B.3.25)
Now, the sum "
> 5(p — p)l(016(0)n)]? (B.3.26)

is a scalar function of the momentum p* and therefore can depend only on p? and
9(p®) for p? < 0. Actually, the intermediate states have p? < 0 and p® > 0, so this

sum can be written as
> 8(p — pu) 016 (0)m)[* = (2m) *9(p°)p(—p?), (B.3.27)

with p(—p?) = 0 for p? > 0. The function p is call spectral function and it is real

and positive. Then, we have
G@PW) = @0 [ diperea—?)

= (2m)7° / d“p/ow e Y0 p(u?)8(p? + 1?).(B.3.28)
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Interchanging the order of p and p? integrations, we have that

G W) - [ T oA (o yiid). (B.3.29)

0
A, is the integral (4.16).

Similarly, we can show that

(@' (W)b(e)) = / o)Ay — 7 2%) (B.3.30)

with p defined similarly to p,
> 5(p — pu)|(nl61(0)|0)* = (2m) %9 (") p(—p"). (B.3.31)

The requirement of causality demands that the commutator [¢(x), ¢'(y)] vanishes

for spacelike separations. On the other hand, the commutator is

[4(x), 8" (y)] = /OOO di? (p(*) A (x — y; 1) — p(u) Ay (y — ;%)) . (B.3.32)

For spacelike separated x, y, the integral A, does not vanish but it is even. Thus,

the only way for the commutator (B.3.32) to vanish is to have

p(i?) = p(u?). (B.3.33)

This is special case of the CPT theorem, proved here without resorting to pertur-

bation theory.



Appendix C

Calculation of Amplitude A

In this chapter we will calculate the amplitude (5.2), namely
A= (019[p}, X5y (0)] [@z5 00 X0 ()], Bliay 0 Xy (0)] 100, (C.0.1)

in both the flat background and the plane wave background. We will show that it
does not vanish outside the string light cone (for the flat background), while in the
plane wave it is identically zero.

The dot stands for a time derivative and all fields are taken at the same time,

namely z+ = 0.

C.1 The flat background calculation

Let us present first the calculation for the flat background!. For ®, we can use the

Heisenberg equation of motion,

b =i[H @. (C.1.2)

Since we are interesting in potential deviations from the string light cone of the free

theory, it will be sufficient to calculate
A= i(010[pF, X5)(0)] | [Ha, @l 00 Xy ()] @l 00 K (@)]] 10}, (C-1.3)

where Hj is of course the 3-string interaction (2.35).

!This section is based on [61].
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After some lengthy algebra, we have that

zg/H (dﬁr’D}_}(r)(U)) /dpl dpQ [9(213)9(372)9(1’ 1)
O(1.1)0(2,2)6(3,3) + 6(1,3)6(2, 1)6(3,2)

A

_.l_

T 6(1,2)0(2,1)0(3,3) + 6(1,3)0(2,2)0(3,1)
0(1,2)0(2, 3)0(3, 1)}, (C.1.4)

-+

where we have defined
6(r,5) = 8 [Xr)(0) = Vi ()] (st = B0 /2). (C.15)
Performing the integrals over 3, and 57(,) and defining the vertex to be
V2pT, Xy 208, Xy 205, X)) = 6ot +p5 +p3)
w(2p, 205, 293)8(X 1) — Xeo) — Xeo))s (C.1.6)
we have for the amplitude that
A = Zig/dp dp e~ Pl i [V(ZPT, Xy 25, X5 =208, X))
+ V!, - X205, X - 208, — X3))
+ V@pi,—Xay 205, — Xy 201, X’(a))]- (C.L.7)

To make things more transparent, it will be sufficient to restrict ourselves to the

zero modes of the vertex. 1t is then

3 3 (D—2)/2
— - — . OO 0l3
V(2pi, Xy 203, X(2); —2p5, X@m)) = 0 (Z ar> § <Z arw(rm) ( 8]7F32T0 )
r=1 r=1

9 3
TomnG 1
ex — E T2
p[ 2 —~ o, 270 ()0

(C.1.8)

With out loss of generality, we may assume that )2(3) is between X y and X (2), in
which case only the first term in (C.1.7) survives (the other terms correspond to the

two other kinematical situations). Then, the amplitude is

~ (o] ar+3y ag)/2 | X120 (p=2)/2 2
A / d d —1 $1 (a3} .'EQ a2 —_— 5
o [ dandose (G >

r=

2 3 3 3
Tom, 1 1 . .
exp [ B T ar:c?r),ol 5 <§ :a3x(r),0> . (C19)
r=1 r r=1 r=1

Notice that we have two delta functions, so we can perform both integrations

and the result is clearly no zero.
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C.2 The plane wave calculation

Let us now repeat the same calculation in the plane wave background?. Notice that
until we reach (C.1.7), the calculation is independent of whether we are working in
the flat or the plane wave background. Let us again restrict our analysis in the zero
modes only, using this time the plane wave vertex. In the momenturn representation,
it is

V=46 (Z ar) <Zp(r) 0) exp [ Z gy oNoo Oa(s) 0] ) (C.2.10)

r,s=1

For the Neumann matrices, we have that

NI$ = (1 — dpaK) (5” + ——Vaa) , rs=1,2 (C.2.11)
Qg

N3t =~/ 122, (C.2.12)
Qa3

Ngo = 0. (C.2.13)

Then we can write the vertex as

3 3
V=56 (Z ar> é (Z _‘(r),O) exp
r=1 r=1

where we have defined

Z B, 0] : (C.2.14)

QO 1
AT=1,2 = I‘L_

e C.2.15
m3 1 - dpaK’ ( )

plas| 1
Aa = . C.2.16
s m3 1+ 4pakK ( )

Fourier transforming to position space results to

3
~ 1
— E (D-2)/2
V = §é ( ) 7(471')3([)_2)/2 (—A1A2A3)

r=1

1
A1A3(Zyo — Bimvo)?
o [4(/11 + Az + A3)< 145(Z,0 — F)0)

+A2A3(f(2),0 - 51'(3)10)2 + AlAg(.’f(l),() — .’E(g))g)2):| . (0.2.17)

Considering again, without loss of generality, the kinematical situation where

X(g) is between X () and X 2), we have for the amplitude that

Aoceiz;as/z/ dalei(z;—m;)alﬂf(al), (C.2.18)

2This section is based on unpublished joined work by C-S. Chu and K. Kyritsis.
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where we have performed the «y integration using the delta function and we have

abbreviated
Ay Ay Ay )‘D‘2)/2 [ 1 o
1 = | —— A1 A3(Zyo — T
(a1) ( AL+ A; + As exp 4(AL + Ay + Ag) ( 1 3(33(1),0 (3),0)
+A2A3(Z2)0 — T3)0)° + A1 Ax(Zay0 — f(z),0)2)] : (C.2.19)
with the understanding that as = —a3 — .
Consider the integral
J = / day '™ 20 /2[ (o)), (C.2.20)
Break it down to two parts,
J=J1+ Js, (C.2.21)
where
J = / day e~ /2 [ () (C.2.22)
0
and
0 - — _
Jo = / day €@z T2 [ (). (C.2.23)

Without loss of generality, we may assume that z; —z; > 0. Then we can apply the
contour deformation argument. Rotate J; by sending a; — ia; and J; by sending
a1 — —ia;. Then J, = —Jy and J = 0. That in return implies that the amplitude
A is zero, contrary to the flat case!

Of course the validity of the argument depends of the convergence properties of
the integrals. It can be shown that they are both well behaving and the argument
holds indeed. This is the first indication that unlike the flat background theory, in
string field theory in the plane wave background amplitudes do not receive extra

contribution outside the string light cone.
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