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Absorption And Dispersion
In Atomic Vapours:

Applications To Interferometry

Graham Thomas Purves

Abstract

Continuous wave extended cavity diode lasers are used to measure the absorp-
tive and dispersive properties of the 5 23, /2 — 5 2P3/2 resonance, at 780 nm,
in Rubidium (Rb) vapour. The Doppler-broadened hyperfine transitions are
studied both with and without a pump beam. The investigation concentrates
on three-level A-systems, realized in the presence of a pump beam, exhibiting
Electromagnetically Induced Transparency (EIT). Electromagnetically Induced
Absorption (EIA) is also seen.

The EIT and EIA resonances can be several orders of magnitude narrower than
the natural line width of the atomic transitions in the absence of the pump
beam. Further, the EIT resonances are sensitive to applied magnetic fields.
The narrowest resonances measured in this work have a full-width at half-
maximum of ~ 80 kHz. This is limited by the transit time of the atoms through
the probe and pump beams.

Predictions of theoretical calculations and models are compared to experimental
results. The theory of beam splitters and interferometers is developed to enable
the implementation -of a Sagnac interferometer in a novel “biased” alignment.
This allows the dispersion of atomic resonances to be measured directly.

The direct measurement of the dispersion of the narrow EIT features in a “bi-
ased” Sagnac interferometer is presented. Such a signal is ideally suited to
precision measurement applications such as inertial sensing and magnetometry.
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Chapter 1
Introduction

This thesis undertakes an investigation into the absorption and dispersion of
rubidium (Rb) vapour at room temperature. More specifically, the absorption
and dispersion of Electromagnetically Induced Transparency (EIT) resonances

on the D, transition of Rb are investigated using a Sagnac interferometer.

1.1 Motivation

Narrow resonances lend themselves to being used as the basis for making very
sensitive measurements. Electromagnetically Induced Transparency resonances

can be extremely narrow, hence they are of great interest in the field of metrol-

ogy.

1.1.1 Applications of EIT

EIT is the phenomena of reducing the absorption of a probe beam passing
through a medium, by applying a second pump beam to that medium. The
spectral width of the reduced absorption, or transparency, can be extremely
narrow, and is largely limited by the experimental parameters, not fundamental

atomic line widths, § 3.3 .
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Slow light

Associated with the modification to the absorption of a medium by EIT there
is a concomitant modification of the dispersion. This modification of the dis-
persion of the medium can lead to significant changes in the group velocity of
the medium. In the case of EIT this generally leads to a significant reduction in
the group velocity of a probe pulse. However making use of Electromagnetically
Induced Absorption (EIA), § 3.6, superluminal and even negative group veloci-
ties can be achieved. The excellent review article by Milonni, (1], addresses the

whole field of modification of the group velocity of light.

Early measurements of “slow light” by Kasapi et al., [2], and Schmidt et al., 3],
achieved group velocities of ¢/165 in lead vapour, and ¢/3000 in caesium vapour
respectively.

Hau et al., [4], first observed extremely slow group velocities, 17 ms™!

,in a
sodium Bose-Einstein condensate at a temperature of 50 nK. This work was
closely followed by that of Kash et al., [5], and Budker et al., [6]. Kash measured

! in an optically dense 8'Rb vapour at

a group velocity of the order of 90 ms™
360 K, on the D, transition, whilst Budker, [6], achieved group velocities as low

as 8 ms~! in room temperature *Rb on the D; transition.

Lukin and Imamoglu, [7], propose a scheme which utilises the reduced group
velocity due to EIT to enable one single-photon pulse to “coherently control or
manipulate the quantum state” of another pulse. This enables the entanglement
of photon pulses and as such has applications in the field of quantum information

processing.

A direct consequence of a reduced group velocity is a reduction in the spatial
extent of a pulse of light. Light pulses are compressed by the ratio of c¢/v, where
c is the velocity of light in a vacuum and vy is the group velocity of light. This
in turn means that in the experiments of Hau, Kash and Budker, the length of
the pulses of light were compressed by a factor of the order of 106108, hence
pulses that are normally several km in length are compressed to the extent that

they could be wholly contained within a typical vapour cell.

A recent advance has shown that slow light allows a pulse of light to be de-
flected by a magnetic field. Karpa and Weitz, (8], demonstrate that dark-state
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polaritons (light pulses stored as atomic excitations), [9], have a non-zero mag-
netic moment, in contrast to photons. A magnetic field is applied along the
axis of a Rb vapour cell and pump and probe beams. The magnetic field has
a gradient across the cell perpendicular to the pump and probe beams. The
probe beam is deflected by an angle proportional to the magnetic field gradient
and the magnetic moment of the polariton. The estimated magnetic moment
of the polariton is found to be 5.1 x 10724 J T~ or 0.55 up .

Stored light

The next logical step was to store such optical pulses within the “slow-light”
medium. This would allow propagating light pulses to be stored as atomic
excitations within a medium which, in principle, could be retrieved at a later
time. These atomic excitations are known as “dark-state polaritons”, [9], and
they offer the potential to be used as a quantum memory for photons, [10].
The review article by Lukin, [11], thoroughly covers the field of trapping and
manipulating the states of photons, with particular interest in the application

to quantum information.

The storage of light pulses was achieved simultaneously by Liu et al., [12], and
by Phillips et al., [13].

Liu et al. observed the storage of a pulse of light for 1 ms in a cloud of sodium,
on the D, transition, at a temperature of 0.9 uK. EIT is used to slow a pulse of
light. When that probe pulse is contained fully within the medium, the pump
field is turned off. The probe pulse is stored in the medium. At some time
later (1 ms) the pump field is turned on and the probe pulse is regenerated and

leaves the medium.

Phillips et al. performed their measurements of stored light pulses in Rb vapour,
on the D, transition, at a temperature of 343-363 K. The medium was prepared
with a cw pump field. A weak orthogonally polarized pulse is sent into the
medium. A fraction of the pulse is allowed to propagate through the medium
before the pump field is turned off over a time of ~ 3 us. After a time of order
100 us the pump field is turned back on. The stored portion of the probe pulse

is then seen to leave the medium.

More intricate schemes have since been proposed and implemented. One such
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scheme utilises pump beams propagating both in forward and backward direc-
tion, setting up a standing wave in the medium, [14, 15]. This can allow for
both storage and regeneration of a probe pulse as well as reflection of the probe
beam. The difference between this scheme for storing optical pulses and those
mentioned above is in the way that the pulses are stored in the medium. In
this case as opposed to the pulse being stored as a dark-state polariton the
authors argue that it is stored as an optical pulse. The standing wave of the
pump beams leads to a modulation in the medium’s absorption of the probe
pulse. Bragg reflections off the sharp absorption peaks result in a vanishing

group velocity for the probe pulse.

The first implementation of stored light in a solid was carried out by Longdell
et al., [16]. Using EIT in praseodymium doped Y,SiO5 storage times of greater

than 1 s have been achieved.

Inertial sensing

Zimmer and Fleischhauer, [17], have proposed a scheme that takes advantage of
the slow-light aspect of EIT to increase the sensitivity of Sagnac interferometers.
Sagnac interferometers are widely used to detect the rotation of a system and
will be addressed in greater detail in chapter 5. Sagnac interferometers consist of
two arms counter-propagating around the same path. Shifts in the interference
pattern at the output are seen when there is a phase shift for one arm relative to
the other. Hence Sagnac interferometers are frequently used to detect rotations
— the rotation having the effect of shortening the path length of one arm relative
to the other.

Magnetometry

In the case that the levels within the system exhibiting EIT are magnetically
sensitive, then a change in magnetic field shifts the frequency of the centre of the
resonance. The steep change in dispersion associated with EIT at the centre of
the resonance offers the potential to make sensitive measurements of magnetic
field. In the narrow range about the centre of the resonance the dispersion
varies linearly with frequency. For this reason measuring the dispersion offers a

higher sensitivity as well as information on the direction of the shift, that would
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not be afforded by measuring the absorption.

Such a scheme was first proposed by Scully and Fleischhauer, [18], and later
extended by Lee et al., [19]. This scheme would allow for a potential maximum
sensitivity of 1 fT in 1 s, [20]. This potential sensitivity is superior to the
best magnetometers today, both SQUID (superconducting quantum interference
device) and optical pumping magnetometers, [20]. Measuring the transmission
of a weak probe through a vapour cell will not directly give information on the
dispersion of the medium. Scully proposes using a Mach-Zehnder interferometer

to measure the dispersion of the medium.

Advances in this field have now led to the development of miniaturized magne-

tometers, 12 mm? in size, with a sensitivity of 50 pT Hz_%, [21).

High efliciency photon detection

Independently Imamoglu, [22], and James and Kwiat, [23], proposed similar

methods for high efficiency optical detectors with photon number resolution.

Imamoglu proposed a scheme involving four levels. Levels |b) and |a) are con-
nected via a probe field. Levels |c) and |a) are connected via the pump field and
together the three levels form a A system. Initially both the probe and pump
field are turned on. The pump field is turned off adiabatically. The probe field
is left stored as an atomic excitation in state |c). A detection beam is turned
on that is resonant with |c) and a fourth state |d). Spontaneous emission from
|d) to |c) is recorded, revealing the number of atoms in state |c), and hence the

number of photons stored from the probe.

The scheme proposed by James and Kwiat also involves four different states.
A pump field is resonant with |c) and |a). Spontaneous emission occurs from
state |a) to state |b). Once the population has been pumped into |b), the photon
field (to be measured) is directed into the medium along with a strong pulse.
The photon field is detuned from the transition |b) to |a) and the strong pulse
is detuned from the |c) to |a) transition in order that a two-photon Raman
resonance is met between |b) and |c). Lastly a fourth beam is turned on that is
resonant with the transition from |c) to |d). |d) is such that it can only decay
spontaneously back to |c), and it does this on a very short time scale. The

scattered light from the spontaneous emission is detected, this corresponds to
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the number of atoms in pumped into state |c) via the Raman transition, and

hence the number of photons in the original incident photon field.

Isotope discrimination

Isotope discrimination is another application of EIT. Kasapi, [24], has shown
that by rendering one isotope opaque while rendering the other transparent
it is possible to detect an isotope three-thousand times less abundant than
the prevalent isotope. A system of two isotopes with non-identical spectra is
considered. Pump and probe beams are applied that are on resonance for one
isotope, while for the other isotope these beams are slightly off resonance. Hence
one isotope is rendered maximally transparent to the probe whilst the other is
not. By careful selection of the strength of the coupling beam it is possible to

ensure that the second isotope is not only opaque, but is maximally opaque.

This thesis

Specific motivation arises from the fact that a Sagnac interferometer can be
used to measure directly the dispersion of a medium, with an inherent stability
against vibration greater than a Mach-Zehnder interferometer. Further moti-
vation arises from the proposal that Electromagnetically Induced Transparency
could enhance the rotational sensitivity of a Sagnac interferometer, 25, 26], to

produce a hybrid optical-matter-wave Sagnac interferometer, [17].

At the outset of this work it is understood that no other research group have
made measurements of Electromagnetically Induced Transparency using a Sagnac

interferometer.
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1.2 Thesis Layout

1.2.1 Chapters
Chapter 2

Chapter 2 addresses the absorption and dispersion of a weak probe beam in a
two-level atom. Starting with the Liouville equations, the optical-Bloch equa-
tions are derived for the two-level atom. The solutions to the optical-Bloch
equations are related to the complex susceptibility of the medium, which in
turn is related to the complex refractive index. From the complex refractive

index the absorption and dispersion of the medium can be derived.

As the atomic systems under consideration are at room temperature, Doppler
broadening of the transition between the two levels is introduced. This in turn
allows realistic calculations of the absorption profile of the D, line of Rb to be

made.

The experimental apparatus necessary to make such weak probe measurements
is addressed. Details are given on the construction and use of the Extended Cav-
ity Diode Lasers and the photodiode circuits required to produce and measure

the transmission of the weak probe respectively.

Measurements of the absorption are presented and compared to the theoretical

predictions.

Finally natural line width spectroscopy is addressed. A second beam is in-
troduced that allows for a significant increase in the resolution of the spectra.
The experimental set-up required is introduced and the resulting spectra are

presented.

Chapter 3

Chapter 3 expands to consider three-level systems interacting with two fields.
The theory leading to Coherent Population Trapping (CPT) and Electromag-
netically Induced Transparency (EIT) is presented.

The optical-Bloch equations are again used, this time to predict the absorption

and dispersion of a three-level system interacting with a strong pump and a
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weak probe beam. Mechanisms which lead to the modification, and specifically
broadening, of the EIT resonances are introduced and their contributions are

considered.

Electromagnetically Induced Absorption (EIA) is briefly addressed. This is a
phenomenon that appears similar to EIT, but relies on the presence of more

than three levels in the system under investigation.

Finally group velocity modification due to EIT resonances is addressed.

Chapter 4

In chapter 4 the experimental measurements of EIT and EIA transmission
spectra are presented. The experimental procedures necessary to make such
measurements are addressed initially. EIT and EIA spectra obtained using a

double-scan technique are presented.

Finally more conventional single-scan EIT traces are presented. By carrying
out fits of theoretical line shapes to the recorded spectra, the variation in width
of the resonances is investigated for varying pump and probe powers, and for

sensitivity to magnetic field.

Chapter 5

Chapter 5 presents the theory and background of the Sagnac interferometer.

The chapter begins with a brief review of the development of the Sagnac interfer-

ometer along with its main uses and the different types of Sagnac interferometer.

The behaviour of beam splitters is then addressed. This is used to calculate the
output from a Sagnac interferometer in the case that the counter-propagating
beams experience different susceptibilities of the medium. The case of “biased”
alignment is considered, and the effect that this will have on the output signals

is calculated.

Chapter 6

In chapter 6 the experimental Sagnac interferometer is studied. The experimen-

tal techniques required to align the interferometer and the photodiode circuit
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used to measure the output are all addressed.

The output spectra from the Sagnac interferometer for both double-scan and
single-scan measurements are presented. The process required to obtain the

transmission and dispersion spectra from the Sagnac output is outlined.

The line shape of the EIT resonances is compared to three different theoretical
models, and the width of the EIT resonances is studied as functions of pump

and probe power.

Chapter 7

The conclusions drawn from the work presented in the preceding chapters is
presented. Potential routes for future development of this project are also high-
lighted.

1.2.2 Appendices

The eight appendices at the end of this thesis provide supplementary informa-

tion to the main contents of the main body of the thesis.
Appendix A contains Rb data and constants used in this work.
Appendix B outlines the error analysis used in the work presented in this thesis.

Appendix C outlines the full derivation of the optical-Bloch equations for both

the two-level and three-level atom presented in chapters 2 and 3.

Appendix D contains the derivation of the linear approximation of the Doppler
effect.

Appendix E contains the Mathematica code used to calculate weak probe ab-

sorption on the Rb Ds line.

Appendix F shows the circuit diagram for the saw-tooth signal generating cir-

cuit, used to make the double-scan measurements.
Appendix G explains the principles behind lock-in detection.

Appendix H shows the relationship between the power in a Gaussian beam and

the peak and mean intensity.
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1.3 Published Work

During this PhD three papers have been written.
o Non-Linear Sagnac Interferometry for Pump-Probe Dispersion Spectroscopy,
G. Jundt, G. T. Purves, C. S. Adams and [. G. Hughes,
European Physical Journal D 27, 273-276 (2003).
e  Refractive Index Measurement By Probe-Beam Deflection,
G. T. Purves, G. Jundt, C. S. Adams and I. G. Hughes,
European Physical Journal D 29, 433-436 (2004).
e Sagnac Interferometry in a Slow-Light Medium,
G. T. Purves, C. S. Adams and 1. G. Hughes,
Physical Review A 74, 023805 (2006).

Work published in these papers also appears in this thesis, especially, Sagnac
Interferometry in a Slow-Light Medium, which is largely based on chapter 6, of
this thesis.



Chapter 2

Weak Probe Beam Absorption

and Dispersion

It is preferable to record the absorption and dispersion of a medium without
modifying either of these properties in taking the measurement. To this end a
weak probe beam is employed. A probe beam can be described as being weak if
its intensity is sufficiently low that it does not modify the absorption properties

of the medium under investigation.

An atom absorbing a photon on a closed transition will subsequently undergo
spontaneous emission back to the original ground state, from which it can absorb
another probe-beam photon. However if there is a mechanism whereby the atom
can spontaneously decay, from the excited state, to a lower state which is off-
resonance with the probe beam, then should this occur that atom will no longer

absorb probe-beam photons.

If the probe is sufficiently intense that a significant proportion of the atoms is
in the excited state, or has decayed to an off-resonant state, then the probe

absorption will be modified and the beam cannot be considered to be weak.

An investigation into how the intensity of the probe beam affects the absorption
of that probe beam is presented in the work of Smith and Hughes, [27]. The
authors find that it is not sufficient to define the beam as weak if the intensity
is small (for example I < Igar, § 2.2.1). Instead consideration must be taken of
the transit time of the atoms through the probe beam and how that compares

to the hyperfine pumping time. If the hyperfine pumping time is comparable to

11
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the transit time, the probe beam will pump the medium. Atoms in Rb vapour
at room temperature will have a transit time, through a beam of diameter
~ 2 mm, of ~ 10 us. For beam intensities of I < IsaT, the pumping time will

be ~ 7 X Isar/I , where 7 is the lifetime of the excited state.

2.1 Weak Probe Theory

Throughout this chapter, all calculations and theory are based upon a simple
two-level picture of an atom with a near-resonant laser field, as shown in Fig. 2.1.
The two levels are |a), the excited state, and |b), the ground state. The levels are
separated by an energy hw,,. The laser field has frequency wp, with a detuning
from resonance d,;. The strength of the atom-field interaction is given by the
Rabi frequency Q,,, (see appendix C, equation C.6 on page 161). The line width

of the excited and ground states are given by ', and I}, respectively.

a)

Ly

Wpr; Qpr Wab

il'@)

Iy

Figure 2.1: A two-level system. The two levels are linked by one laser field.
The field has angular frequency wp, and Rabi frequency €2p,r. The field has
a detuning from resonance of d,;. The excited and ground state have line

widths, I'y and I',, respectively.

2.1.1 Density Matrix

Consider an ensemble of particles, all of which may be in a pure state. The

state of the ensemble of particles will generally be a mixture of those states and
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therefore not necessarily a pure state itself. In this case the ensemble cannot
be represented by a wavefunction. Such a system can be described by a density

operator, p. For a pure state, p is defined as:
p o= v}, (2.1)

where |1) is the state under consideration. For an idealised two-level atomic

system in the state,

) = cala) +clb) (2.2)

the density matrix is:

o pi ) (acad ) o
Pba  Pbb CuCh  CuCh

Each element in the density matrix is a product of probability amplitudes. The
terms on the diagonal, p., and py,, give the population of the states, whereas

the off-diagonal terms give the coherences between states.

For a non-pure, mixed state, the density matrix is defined as:
p = Z Bila) (¥l (24)
i

where P, is the probability of being in state [1);).

Liouville Equation

When dealing with individual pure states the Schrédinger equation describes
how the states evolve. In principle this can be extended to apply to many parti-
cle systems too. As the number of particles increases, the number of calculations
necessary to describe how the whole system evolves soon becomes prohibitive.
An alternative approach should be taken. Consider a state, |¢(to)), that at

some time, ¢, will have evolved to |¢(t)), such that:

[p(8)) = U(t,to)ld(to)) (2.5)

obviously,
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Substituting equation 2.5 into the Schrodinger equation,

) = ), (27)
we obtain,

BU (¢, to)

ik 5

)+ U BAD) — v 29
+ U(t, t0) Y (ko))

aU(t, ¢
in f%’ o) _ HU(t,to) - (2.9)
From equations 2.6 and 2.9,
Ult, to) = e 7 (tt0) | (2.10)

If we now consider a variable 2 which evolves when the state |1 (t)) evolves as

per equation 2.5 then,

@OI21P() = (W)U DU(t)) , (2.11)
= (¥(t0)|Zol¥(t0)) » (2.12)
sUtoUu = 9, (2.13)
and as
vt =1, : (2.14)
then,
9 =UPU . (2.15)
Differentiating with respect to ¢,
d2 out 0% ,,+ , OU t
7 = Vg +U5 U+ 52U (2.16)
_ —(%ﬂ@ 93?)+U—(,%’- (2.17)
é%?i _ W @]+89. (2.18)

If 2 is in fact the density matrix p, it follows that,

3/)

[p, ) + 5 (2.19)
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where,
Op
. 1
= p=zlpH] . (2.21)

This is known as the Liouville equation, and it is the density operator equivalent

of the Schrédinger equation.

2.2 Optical-Bloch Equations

The optical-Bloch equations are a useful tool for understanding the interac-
tion of an atomic system with near-resonant monochromatic radiation. The
evolution of both the coherences and the populations can be derived from the

Liouville equation, equation 2.21.

For a two-level atom interacting with near-monochromatic radiation the Hamil-

tonian for the system is given by,
H = FA+ V. (2.22)
The interaction of the atoms with the radiation field is given by,
Vor = —d-Ej cos(wpt) , (2.23)

where E,; cos (wpt) is the laser field, and d is the atomic dipole. For the two-

level atom, the dipole is given by,
d = da(|a){bl +[b)(a]) - (2.24)

The full derivation of the optical-Bloch equations is given in appendix C. In
the case of a two-level atom with a near-resonant monochromatic field the
equations of motion for the populations and coherences are given by, equa-
tions C.36, C.37, and C.38,

- . . i«

Pab = — (7ab - 1(Spr) Pab + 2pr (paa - pbb) y
) i, ~

Paa = 2pr (pab - Pba) —I'apaa ,

. Qg ~

Pbb = Pt (pba - pab) - Fbpbb + Fapaa s

2
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where g, and g, are the slow variables, see appendix C .

The Rabi frequency, €2, , of the dipole interaction is given by equation C.6 ,

‘E,,
Qe = _db_a__i’_.

h
In the steady state,
5ab = ;)'aa H
= 5bb )
= 0, (2.25)
and in the case that the two-level system is closed,

I, = 0, (2.26)
and Pt p, = 1. (2.27)

In this regime the optical-Bloch equations reduce to,

iy -
Fapaa = S (pa.b - pba) y (228)

i
2

('Yab - i6p1') 5ab : (paa - Pbb) . (229)

Substituting from equation 2.27 into equation 2.29 leads to,

iQpr ) ' (2paa - 1) . (230)

~ab YT IEY
p 2 (PYab - l(Spr

Now substituting equation 2.30 and its complex conjugate into equation 2.28,

allows the solution for p,, to be obtained,

er
Fapaa = ”m‘%ﬂ) (2paa - 1) ) (2-31)
al
1 Qgr'Yab
p = — . y (2.32
® 2 ya$22 + o (3, +62) )

As the two-level system under consideration is closed which leads to I', = 0,

then from equation C.15 on page 162 ,

Yab = — . (2.33)

Thus it follows that equation 2.32 reduces to,
1 Q. /2
2 02/2+(Ta/2)" + 8

Paa , (2.34)
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To find the steady-state solution for the coherence between the two levels, sub-

stitute equation 2.34 into equation 2.30 ,

- iQpr 1 07./2
P = s |21 5 5 -1,
2(Ta/2 — ibpr) 2 Q2 /24 (T./2)" + 62

=~ _ Sl Opr — (Fa/2)
Pab = T (Qgr/2+(ra/2)2+ég,>’ (2.35)

Bloch Vector Components

An alternative representation of the solutions to the optical-Bloch equations is
in the form of the components of the Bloch vector. The three components of

the Bloch vector are,

ﬁab + ﬁba

= ———— 2.36
_ 2 N Y ( )
Pba — Pab
= — 2.37
v % (2:37)
and w = MQ-—% . (2.38)

Expressed in this way the solutions have a much more apparent physical signif-

icance. w is half the difference between the populations of |a) and |b), so,

1
w + 5 = Paa- (2.39)

To interpret the physical significance of u and v it is instructive to look at the

expectation value of d.

(d) = Tr(pd), (2.40)
= dba(pba + Pab) (241)
From equation C.22 ,
(d) = dpa(Ppa™ + pape "), (2.42)
= 2dba(u cos(wprt) — vsin(wprt)) - (2.43)

Hence u is proportional to the amplitude of the component of (d) in phase with

the incident laser field, and v is proportional to the amplitude of the component
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of (d) in quadrature with the incident laser field. Writing (d) in terms of its

real and imaginary components,

(d) = dp+idr, (2.44)
= dp = 2duu, (2.45)
= d; = 2dyv. (246)

The steady state solutions of the Bloch vector equations can be derived by
substituting equations 2.36, 2.37 and 2.38 into equations 2.35 and 2.34 ,
Qpr Opr

Ugt = . ; (247)
2 02 4 (Ta/2)2+ 92 /2
Qpr [./2
Vg = . , (2.48)
2 &+ (Ta/22+ 92 /2

0% /2
wst+— = pr/

1
= . (2.49)
2 T 2 82 (T2 + 52

2.2.1 Saturation of the Transition

The saturation parameter, S, describes the degree to which a given transition

is saturated by a field of strength €, and detuning &y,
Qpe’ /2

62 +(Ta/2)?

Substituting the saturation parameter, equation 2.50 into the steady-state optical-

Bloch equations 2.47, 2.48 and 2.49, leads to,

S = (2.50)

S S
W = 2 2.51
T 9y 1+ 8 (251)
I S
vSt - QQpr ¢ 1 + S ) (2-52)
1 1
W = —5 . ]_-}——S . (253)

The saturation parameter is such that S — 0o, wg — 0, the transition is satu-
rated and the populations of |b) and |a) are equal. The on-resonance saturation
parameter, Sp is given by,

202,

Sy = T2 (2.54)

I
= (2.55)
Isar

Il
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Igar is the saturation intensity for a transition. It can be thought of as the

photon energy (fic/\) per unit time (I',) per unit area (absorption cross-section
~ ,\2),

2m2hl,c
Toap = —— 27, .
SAT 33 (2.56)

In the case of the Rb Ds-line then from the spectroscopic data in appendix A,
Isar = 1.67 mW cm™? . (2.57)

The on resonance Rabi frequency can be determined for a closed transition

from,

2
o _ 2(9&) : (2.58)

Isat Ca
Fa I pr
V2 Isat

To expand the expression for the Rabi frequency to include open transitions,

= O, = (2.59)

the transition probability for the open transition relative to the closed transition
has to be introduced.

2.3 Line Width of Absorbing Transitions

2.3.1 Complex Susceptibility

The macroscopic polarization, P, for a medium with N oscillators per unit

volume with a dipole moment d, is given by:
P=N(d). (2.60)

From the assumption that P is proportional to the applied electric field E, P

can be written as,
1 . .
P = —éeoE(xe—“"t + x*e?) | (2.61)

where  is the complex susceptibility of the medium, [28].

From equations 2.42, 2.60 and equation 2.61,

Ndy, (Poa€™ + pape ™) = —;'GQE (xe™* + x*e™t) . (2.62)
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Taking the dot product of equation 2.62 with dy, and substituting from equa-
tion C.6 on page 161 leads to,

o 1 : .
NdZ, (Pra€™" + Pabe™") = —560719;): (xe ™ +x*e“") . (2.63)
Equating coefficients of e ¢ leads to,
NdZ, _

= -2 2 . 2.64
X T (2.64)

From equations 2.36 and 2.37, it follows that,
Pab = U—iv. (2.65)

Substituting equation 2.65 into equation 2.64, and taking the steady state so-

lutions for u and v from equations 2.47 and 2.48,

2
X — _ Ndba ( 5})!‘ . Fa/2 ) ,(2.66)

—1
b \ 0%+ (Ta/2)° +Q2,/2 8%+ (Ta/2)° + 92,/2
= xR = -— ngﬂ 6"’2 , (2.67)
coh \ 62 + (T./2)" + Q2. /2
2
and x; = Ndy, 5 Fa/z > ) , (2.68)
coh \ 62 + (T./2)° + Q2,/2

where yr and x; are the real and imaginary parts of the complex susceptibility,

respectively.

2.3.2 Complex Refractive Index

From Maxwell’s equations,
v.E=2, (2.69)
€0
where p is the total charge density. This can be broken down into two compo-

nents: the free charge density, pgee; and the polarization charge density, ppa.

Hence,
V-E = M’ (2.70)
€0
_V.P
= ﬂrﬁ_v—’ (2.71)
€0

V- -(e0E+P) = pPrree - (2.72)



Chapter 2. Weak Probe Absorption and Dispersion 21

This can be rewritten in terms of the relative permittivity, e,
V:(eE) = prree s (2.73)

The refractive index, n, can be related to the relative permittivity € through

the phase velocity, v,

v = T (2.75)
_c
= = (2.76)
and as,
1
c = T’ (2.77)
= n = /Jeu. (2.78)

With the exception of ferromagnetic materials, at optical frequencies p ~ 1,
then,

n = e, (2.79)
n = {/14+x. (2.80)

In gaseous media at sufficiently low pressure the index of refraction is close to

unity, and as,

n?—1=(mn+1)n-1), (2.81)
then it follows that,
n?—1~2(n—1). (2.82)
Thus, from equation 2.80 and 2.82 |
n o= 1+ % . (2.83)

The refractive index can be rewritten in terms of the real and imaginary parts,

ng and ny, respectively,
n = ng+ing, (284)
where the real and imaginary parts of the refractive index are,

ng = 1+%, (2.85)

mo= ’g . (2.86)






Chapter 2. Weak Probe Absorption and Dispersion 23

refractive indices. In the case of a two-level atom, the imaginary part of the
refractive index, and hence the absorption of the medium, is of a Lorentzian

form.

The specific case of the Kramers-Kronig relations for a Lorentzian line shape

can be extended to the more general case, [29],

1 o0 / 7
@) = 14— /0 :—,271_(“’72@’, (2.89)
w [CnrW) -1
mw) = -= / _w,%dw'. (2.90)

2.3.3 Transmission Intensity

Considering an electromagnetic-wave, E = Egexp [i(kprz — wprt)], passing along
z through a medium of refractive index n, the frequency remains unchanged
but the wavevector kp,; becomes k, = nky,. Separating the real and imaginary

components of the refractive index leads to a field and an intensity given by,

E = Eoe—kp,n]z ei(kprnRz—wp,t)’ (291)

= I = e ez, (2.92)

Consider a beam propagating a distance z through a medium with absorption

coefficient «, then the intensity will be given by,

I(z2) = Ie ™. (2.93)

Comparing equation 2.92 to equation 2.93, it can be seen that the absorption
coefficient is given by,
(0pr) = 2m1(8pr)Kpr - (2.94)

a(p) gives the absorption line shape which has a Lorentzian form. ngr(6pr) —no
gives the dispersion profile, and as ng ~ 1 in atomic vapours, then ng(dp:) — 1

gives the dispersion.

2.3.4 Doppler Broadening

Before the advent of the laser, spectroscopy of absorption and emission lines in

gaseous media was limited to the Doppler width. The mechanism responsible
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for this, Doppler broadening, is a consequence of the fact that the atoms in
the medium have a non-zero velocity distribution. Atomic transitions which
are not resonant with a monochromatic radiation field can still interact with
that field, if their velocity is such that they are Doppler-shifted into resonance
with it. Therefore a number of closely spaced atomic transitions can become
indistinguishable from each other, if their separation is less than the Doppler

broadening.

An atom with a resonance in its rest frame at w,, will absorb a photon with

frequency wy:, in the laboratory frame. From appendix D,
v
Wor = Wab (1 + E) . (2.95)

For atoms in a vapour in thermal equilibrium at temperature 7', the number
of atoms per umnit volume, in the F; level, with a velocity in the interval v,
to v, + 0v,, is given by the Maxwellian velocity distribution. This velocity

distribution takes the form:

Ni A\ 2
: = —{— 2.
N; (v)dv " exp [ (Vp) ] dv, (2.96)
Vp = g%ﬁ—q: is the most probable velocity, m is the mass of the atom and kg is

the Boltzmann constant. From equation 2.95:

c
dv = dwyy . 2.97
v Wk Wp ( )

Subsituting equation 2.97 into equation 2.96 gives the number of atoms with

absorption frequency wjy, shifted into the interval wy, to wpr + dwp,:

cN; C (wpr - wab) 2
N; (wpr) dwpy = ———— - dwpr - 2.98
(o) e = o e [ (Bl oo (299
The emitted or absorbed radiant power P(w)dwy, is directly proportional to
the density of atoms emitting or absorbing, N;(wpr)dwp: . Hence the intensity

profile becomes:

I{wpr) = Ip exp [— (M)Z] : (2.99)

WabVp
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Voigt Profile

If an atom absorbs at a single frequency, Doppler broadening leads to a Gaussian
absorption profile, equation 2.99. Atoms do not absorb at a single frequency, but
instead absorb over a spread of frequencies due to the natural line width of the
transition, given by a Lorentzian function. Thus the Doppler broadening of the
transitions takes the form of a Gaussian function convolved with a Lorentzian

function.

The convolution of a Lorentzian and a Gaussian function is known as a Voigt
profile. It accurately describes the line shape of Doppler-broadened transitions.
In the limits that the Lorentzian full-width at half-maximum (FWHM) is much
greater than the Gaussian FWHM, then the Voigt profile can be well approxi-
mated by a Lorentzian function. In the limit that the Gaussian FWHM is much
greater than the Lorentzian FWHM, the Voigt profile can be well approximated

by a Gaussian function'.

2.4 Rb D; Line

2.4.1 Vapour Pressure and Number Density

The vapour pressure, p, for solid Rb is given by the following equation,:[34],

1961.258
logiop = —94.04826 — ———

— 0.03771687 x T + 42.57526 x log; T ,

(2.100)

T is the absolute temperature, p is the vapour pressure in Torr. From the
vapour pressure it is trivial to calculate the number density, N.

1333 xp

N
kgT '

(2.101)

the factor of 133.3 converts the vapour pressure from Torr to Pa and kg is once
again the Boltzmann constant. As there are two isotopes of Rb the number den-

sity of the separate isotopes should be calculated. The ratio of the abundance

1Lorentzian functions decay at a slower rate than Gaussian functions as the detuning from
line centre increases. It should be noted that for large detunings from line centre the Gaussian

fit to the Voigt profile will not be as valid as in the region around line centre.



Chapter 2. Weak Probe Absorption and Dispersion 26
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Figure 2.3: (i) The hyperfine levels involved in the 33Rb D; transition, [30,
31]. (ii) The hyperfine levels involved in the 8"Rb D transition, [32]. The
wavelength of the transition is taken from the work of Morton, [33]. The
(linear) frequency hyperfine-intervals are given as well as the wavelength
(in vacuum) and frequency of the Dy transition in the absence of hyperfine
structure. The hyperfine levels of the upper term are labelled F’ while the
ground term hyperfine levels are labelled F'.

of the two isotopes ®Rb to 87Rb is 0.72 : 0.28, [32]. So the number densities for

the two isotopes, Ngs and Ng7, are given by,

1333 xp

Ngg = 0.72 , 2.102

85 X kel ( )
133.3 x p

Ng7 = 028 x ————— . 2.103

87 X kT ( )

2.4.2 Weak Beam Absorption Predictions

To make predictions of the absorption and dispersion based on equations 2.87
and 2.88, it is necessary to determine dp,. As Rb is not a two-level atom,
and exhibits fine, hyperfine and Zeeman structure, then the transition matrix
elements for each of the Zeeman sub-levels involved in one transition must be

calculated.
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Initially consider the individual hyperfine transition matrix elements of the
form,
<F e mFe

erng, mr,) (2.104)

previously referred to as dp,. Using the Wigner-Eckart theorem, [35], it is
possible to uncouple the angular momenta and to rewrite the transition in terms

of 3—J symbols, 6 — J symbols and the reduced matrix element, equation 2.105.

<Fe,mFe er[Fg,mpg> — (_1)1+Le+S+Je+Jg+1~mpe<Le||e,r”Lg> (2.105)

X\ (2F% + 1)(2Fy + 1)(2Je + 1) (2J + 1)
% Le Je S ']e Fe I
Jg Ly 1 |\ Fy Jg 1

F, 1 F,
X .
mg, 4 —Mpg,

The reduced matrix element is <Le||e'r”Lg>, it is the same for every transition
within the angular momentum manifold. The 6 — J symbols are those terms in
{} and the 3 — J symbols those in (). 1, J, L, S, F and m are the angular mo-
mentum quantum numbers, and ¢ represents the change in m from the ground
state to the excited state. The reduced dipole matrix element is dependent

upon the wavelength of the transition and the lifetime of the excited state.

The susceptibility for each Zeeman level is calculated and multiplied by 1/g,
where g is the number of Zeeman levels in the ground term (g = 12 for ®Rb
and g = 8 for Rb). This is to take account of the fact that we are assuming

the population is evenly divided among the ground term Zeeman sub-levels.

The susceptibility of each hyperfine transition is the sum of the susceptibilities
for all of the Zeeman transitions within each of the hyperfine manifolds. Inte-
grating over the velocity component along the direction of the beam accounts
for the Doppler broadening. The absorption coefficient is calculated for each
hyperfine transition using Mathematica®. The absorption coefficient for each of
the hyperfine transitions, on the Rb D, line, is plotted in Fig. 2.4 , at 293 K.

2The code for this calculation is included in appendix E .
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The output of the diode is collimated using a lens (f = 4.5 mm) mounted in the
same brass block as the diode. The lens is mounted, such that it is co-axial to
the diode casing, on a screw thread allowing the lens-diode separation to be var-
ied. The collimated beam reflects off a reflection grating with 1800 lines/mm.
The zero order reflection is coupled out of the ECDL and into the experimental
apparatus, whilst the minus first order is reflected back into the diode. The
frequency of the light determines the angle of the non-zero orders of the reflec-
tion. Fine control of the frequency of light amplified in the cavity is gained from
control of the cavity length. The light reflected into the diode seeds the gain
medium, such that the diode will amplify and output light at the frequency of
that light injected into it. It follows that scanning the length of the cavity will,
in turn, scan the frequency output of the diode and hence of the ECDL.

The grating is mounted on a Thorlabs mirror mount, KC1. The mount has been
modified with the addition of a piezo-electric transducer, Thorlabs AE0203D08
PZT, positioned such that it enables the angle and length of the cavity to be
scanned. The piezo expands by 6.1+1.5 um/100 V. Applying a varying voltage
to the piezo scans the frequency output of the ECDL.

The ECDL does not consist of a single cavity, as both surfaces of the diode are
also reflecting. This in turn means that the laser does not always operate in a
single mode at a single frequency, and furthermore the frequency of the ECDL
cannot be scanned more than ~ 2.5 GHz, without discontinuous changes in its

output — referred to as mode-hops.

When the laser is set up, care has to be taken to ensure that the laser will
scan without mode hops across the region of each of the individual Doppler-

broadened resonances.

The laser power-to-current. characteristics are recorded. They provide a useful
diagnostic tool for how the laser diode is operating and, specifically, whether the
diode is showing signs of ageing. A typical plot of diode output power against
current is shown in Fig. 2.7. Ageing of the diode will be shown by an increase
in the threshold current. The threshold current is defined here as the intercept
of a straight line fit to the data (see Fig. 2.7) with the frequency axis.

The diode current is increased until the output beam is visible on a viewing
card, Newport F-IRC4. The diode is rotated such that the long axis of the









Chapter 2. Weak Probe Absorption and Dispersion 33

The output-beam profile of the ECDL can be well approximated by an elliptical
Gaussian function. The long axis, with 1/e radius a, is in the horizontal plane
and the short axis, with 1/e radius b, is in the vertical plane. In this case the
the peak intensity of the beam, Iy, is related to the total power in the beam,
P, by equation H.8 on page 186 ,

Optical Isolation

Diode lasers are exceptionally sensitive to feedback, [36], and as such care has to
be taken to ensure eradication of unwanted feedback into the ECDL. Unfortu-
nately the use of components such as optical fibres almost guarantees that there
will be sufficient feedback to modify the output of the laser significantly. This
means that an optical isolator must be used. The isolator used in this work was
a Gsanger FI-780. This allows linearly polarized light to pass through in one
direction but extinguishes light in the other direction to > 30 dB irrespective

of its polarization.

2.5.2 Photodiode circuits

Fig. 2.8 shows a basic reverse-biased photodiode circuit used to measure the

power of probe beams transmitted through Rb vapour cells.
o I— — o+9 V
o0V

Ogtput

Q
o9V

Figure 2.8: Reverse biased photodiode circuit used for measuring saturation

spectroscopy.
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The gain of such an operational amplifier (Op-Amp) circuit is given by the ratio
of the output voltage Vo to the input voltage Vi,, [40, 41].

V;)ut Zout
ot , 2.107
Vin Zin ( )
Vi
= Vou = —IZ.m.;I-—|Z.| (2.108)
= —|Zow| I, (2.109)

where Z,; and Zj, are the output and input impedances, and I, is the input
current, generated by the light incident on the photodiode. In the case that the
Zous = R it follows that, v

Vou = IinR . (2.110)

It follows that the amplifier will not introduce any filtering of different frequency
components, although the photodiode itself will have a limit on its response
time. In the case of a BPX-65, the response time is ~ 12 ns, though the exact

value depends on several parameters, [42].

Two 9V cells are used to define the +9 V, 0 V, and —9 V. Cells are preferred to
a DC supply powered from the mains, as they will not suffer from the potential

noise fluctuations that could be expected on the mains derived power supply.

2.5.3 Experimental Weak Probe Measurements

The ECDL was set up to scan across each of the four Doppler-broadened features
of the Rb D, line. A probe beam was passed through the 8 cm long Rb vapour
cell. The beam was then focussed onto a photodiode (BPX-65), mounted in the
circuit shown in Fig. 2.8. The frequency of the output of the ECDL was scanned
by applying a sinusoidal control voltage to the piezo. The signal from the
photodiode was recorded both with and without the ECDL beam blocked (Spack
and S respectively). To obtain a normalized transmission signal (Syorm) the

recorded signal (S — Spack) Was divided by the off-resonance signal (Sog — Spack)-

S — Sback

Snorm = 2.111
5 (2111)

off — Sback

To determine the frequency scale the piezo-control voltage is recorded. A least

squares fit of a sinusoidal function is made to the recorded control voltage. A
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saturation spectroscopy signal is recorded simultaneously, § 2.6.1. The satura-
tion spectroscopy trace is used to calibrate the voltage. The piezo voltage at
which the natural line width features occur is recorded. A linear-least-squares
fit is made of the voltage to the known separations (Fig. 2.3) of the the fea-
tures. This linear fit is then used as the frequency scale for the plots, Fig. 2.9
and Fig. 2.11.

The four Doppler-broadened resonances are plotted against the ECDL fre-

quency, shown in Fig. 2.9.

As can be seen from the comparison of Fig. 2.9 (i) and (ii), the ECDL scan is not
linear over the range of the 8Rb 5 2S5 (F =2) — 5 2P/ (F' =1,2,3) and
8Rb 5 2Sy/5 (F =3) — 5 ?Pgyy (F' =2,3,4) transitions. A linear calibration
of the frequency scale using the 5’Rb 5 25,5 (F =2) — 5 2P, (F' =1,2,3)
transitions instead of the 8Rb 5 28, (F = 3) — 5 ?P3;y (F' = 2,3,4)

transitions shows a discrepancy of 6%.

It is apparent that the measured depths of the absorptions do not perfectly
match the predicted depths. Fitting single Gaussian functions to both the ex-
perimental and theoretical transmission allows a simple characterization of the
absorptions through their amplitude and FWHM, Tables 2.1 and 2.2. Com-
parison of the amplitude and FWHM of the Gaussian fits shows that the
predicted absorption is greater than the experimentally measured absorption
for ®Rb 5 %S,/ (F =2) — 5 2P3; (F' = 1,2,3) and 8Rb 5 28,5 (F =
1) — 52Ps (F' =0,1,2). This is not the case for the ¥Rb 5 2S,/, (F =
2) — 52Pyp (F'=1,2,3) and ®Rb 528,/ (F=3) = 5 2Py (F' =2,3,4)
transitions, where the measured absorption is greater than the predicted in
Table 2.1 .

The absorption of the weak probe is highly sensitive to the temperature of the
Rb vapour. At 293 K a change of 1 K in the temperature of the vapour will lead
to a change of ~ 10% in the absorption3. However this does not explain why
two of the transitions show more absorption than expected and two show less.
If the temperature of the vapour was higher than it was believed to be, all four
Doppler-broadened absorptions would show an increase in absorption whereas

a lower temperature would lead to reduced absorption on all four absorptions.

3Hence a normalized absorption of (.20 at 293 K would be ~ 0.22 at 294 K.
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Transition Experimental Amplitudes | Predicted Amplitudes
87Rb 5 28,3 (F = 2) 0.22 0.20
8Rb 5 281y (F = 3) 0.49 0.46
8Rb 5 28y (F = 2) 0.34 - 0.37
¥Rb 525y, (F=1) 0.11 0.14

Table 2.1: Normalized amplitude of experimentally measured and theo-
retically calculated Doppler-broadened hyperfine spectrum. The Doppler-
broadened transitions are denoted by their common ground-term hyperfine

states.

A potential explanation for the discrepancies in the expected and measured
absorption are that they are due to optical pumping. Optical pumping is the
redistribution of the population among the different states of the atom due to the
presence of an optical field. In this case, population accumulates in the upper
hyperfine levels of the ground term (3Rb 5 25,/ (F' = 2) and 3Rb 5 ?S; 5 (F =
3)), due to the presence of closed transitions? from these hyperfine states to the
excited hyperfine states (Rb 5 28,5 (F = 2,mp = £2) — 5 2Py (F' =
3,mp = £3) and ¥Rb 5 28,5 (F =3,mp =43) — 5%Pyp (F' =4,mp =
