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- Studies of coated-and-polycrystalline

superconductors using the time-
“dependent Ginzburg-Landau equations

Abstract

Time-dependent Ginzburg-Landau equations are used to model 2D and 3D systems containing
both superconductors and normal metals, in which both T, and normal-state resistivity are
spatially dependent. The equations are solved numerically using an efficient semi-implicit
Crank-Nicolson algorithm. The algorithm.is used to model flux entry and exit in homogenous
superconductors with metallic coatings of different resistivities. For an abrupt boundary
there is a minimum field of initial vortex entry occurring at a kappa-dependent finite ratio of
the normal-state resistivities of the superconductor and the normal metal. Highly reversible
magnetization characteristics are achieved using a diffusive layer several coherence lengths

wide between the superconductor and the normal metal.

This work provides the first TDGL simulation in both 2D and 3D of current flow in
polycrystalline superconductors, and provides some important new results both qualitative
and quantitative. Using a magnetization method we obtain J, for both 2D and 3D systems,

and obtain the correct field and kappa dependences in 3D, given by

2(T) |
F, =3.6x10"4&¥ 2—TFb% (1—b)’. The pre-factor is different (about 3 to 5 times
Mok o

smaller) from that observed in technological superconductors, but evidence is provided
showing that this prefactor depends on the details of H, effects at the edges of
superconducting grains. In 2D, the analytic flux shear calculation developed by Pruymboom

in his thin-film work gives good agreement with our computational results.

Visualization of |¢|2 and dissipation (including movies in the 2D case) shows that in both 2D
and 3D, J, is determined by flux shear along grain boundaries. In 3D the moving fluxons are
confined to the grain boundaries, and cut through stationary fluxons which pass through the

grains and are almost completely straight.
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1.1  Overview of superconductor technology

Superconductivity is a fascinating phenomenon by which the electrical resistance of some
materials suddenly disappears when they are cooled below a critical temperature T..
Superconductivity is interesting from a fundamental physics perspective as it is an example of

a macroscopic quantum state.

Nobel Prizes have been won in the field of superconductivity in four years. In 1972, John
Bardeen, Leon Cooper and J. Robert Schrieffer won the Nobel Prize for their microscopic
theory of superconductivity' and in the following year Ivar Giaever won a quarter of the prize
and Brian David Josephson half of the prize, both for their work on superconducting tunnel
junctions. The discovery of the high-T, cuprate materials won the 1987 Nobel Prize for
Johannes Bednorz and Karl Miiller?, and in 2003, Alexei Abrikosov and Vitely Ginzburg won

the Nobel Prize for their crucial studies of the flux-line lattice in type-II superconductivity.

Devices making use of these macroscopic quantum effects, such as the SQUID
(superconducting quantum interference device) have interesting characteristics and
applications. However, by far the most important application of superconductivity is in the
production of superconducting magnets, which take advantage of the low resistivity of
superconductors in order to create powerful electromagnets which produce little heat and can
produce much higher magnetic fields than conventional electromagnets. Some large-scale
research equipment such as particle accelerators and fusion reactor prototypes can only be

constructed using superconducting magnets.

Since superconductors can carry current with negligible applied EMF, it is possible to operate
superconducting- magnets in a ‘persistent mode’ where the field is more stable than that

produced by any conventional electromagnet. This extreme stability of the magnetic field is




crucial for medical magnetic resonance imaging (MRI) equipment, which is the main
commercial application of superconductors: of a worldwide superconductivity market in 2000
of €2.37bn’, €1.9bn was MRI equipment. Nuclear magnetic resonance (NMR) equipment used

in analytical chemistry is a related application.

The discovery of the high- T, cuprates led to an explosion of interest in superconductivity. As
these new materials could be cooled using liquid nitrogen — this has a specific heat capacity
more than an order of magnitude higher than that of liquid helium at 4.2K and costs only 12p
per litre (compare £3.50 per litre for liquid helium), many possibilities were seen for new
applications not cost-effective with traditional superconductors. These include fault current
limiters, transformers, motors and generators, and superconducting magnetic energy storage
(SMES). However, most of these applications remain at the experimental stage. Magnesium
diboride, a common compound only discovered to be superconducting in 2001, has also
aroused a great deal of interest despite not superconducting at liquid nitrogen temperatures,
as its T, is nevertheless far higher than any other non-cuprate material, and as it lacks the

cuprate materials’ anisotropy and grain boundary problems.

1.2 Aim of the work

The main concern when developing superconductors for large-scale applications such as
superconducting magnets is the critical current density J, in high magnetic fields. A higher J,
means that less material is required in order to build a given superconducting magnet, and

allows higher fields to be achieved.

The ultimate theoretical limit for the current-carrying capacity of a superconductor is the
depairing current density J,, — this is the current at which the kinetic energy of the Cooper
pairs exceeds their binding energy, causing them to break up. However, superconducting
magnets are made of Type II superconductors, and operate in the mixed state. This results in

the formation of fluxons in the material — unless these fluxons are strongly pinned within the



material they will move and cause energy loss at a current far below J, For most

superconductors used in magnet applications, J, is about three orders of magnitude below Jp,

The ultimate aim of the work is to use the time-dependent Ginzburg-Landau equations to find
a way to calculate the J, values for superconductors with realistic flux pinning behaviour —
this will lead to greater understanding of flux behaviour in superconductors, invaluable for
future materials development aimed at improving superconductor performance. The work
focuses on pinning of fluxons by grain boundaries in polycrystalline superconductors, as this is
the dominant pinning mechanism in many practical superconductors, including both the A15
materials (eg Nb;Sn, NbyAl) and the high-T, cuprates. It is suggested' that the boundaries
between grains dominate the current-carrying capacity of these materials, and that fluxons

bend in order to remain within these boundaries.

Modelling a granular superconductor using the TDGL equations is a formidable challenge. In
addition, features of the flux line structure in polycrystalline materials — such as flux line
bending — cannot occur in 2D, necessitating a full 3D approach to the problem. 3D
simulations are computationally expensive and therefore had only previously been used for
qualitative simulations. In addition, an acceptable means of modelling non-superconducting
materials within the context of the TDGL calculation, and a way of minimizing the effects of
surfaces on the calculation results, are required. For these reasons, several simpler two-

dimensional problems have been solved before attempting the main problem.

1.3 Thesis Structure

Chapter 2 gives a general introduction to the basics of superconductivity — it explains the
fundamental properties of superconductors and briefly introduces the computational modelling
— in more detail, and gives some examples of analytical calculations relating to surface
barriers and to SNS junctions. The various considerations involved in ‘setting up an efficient

time-dependent Ginzburg-Landau computation are discussed in Chapter 4.



Before attempting to model a full 3D granular superconductor it is necessary to ensure that it
is the bulk superconductor, rather than its surfaces, which are being measured. This is
especially important as the exactness of computation may expose anomalies not seen in
experimental work, and also due to the limited size of the systems for which computation is

feasible.

Chapter 5 investigates the magnetization of homogenous 2D superconductors with various
coatings. These showed that in order to obtain a reversible magnetization characteristic,
eliminating the effects of the Bean-Livingston surface barrier (see Section 3.3) not only must
the superconductor be coated with a normal metal, but a weakly superconducting transition
region several coherence lengths wide must also be added. The effect of adding a normal layer
encircling an inner superconductor within an outer superconductor is also investigated, with
computational data compared with a calculation based on a Dew-Hughes pinning model
(Section 5.5.4). Chapter 6 combines the Bean-Livingston principle of a surface barrier to flux
entry caused by an ‘anti-fluxon’ on the other side of the barrier with the Clem model. This
corrects the value of the initial penetration field, which was a factor of v/2 out in the original
Bean-Livingston calculation. The calculation is then extended to the mixed-state system,
correctly predicting the magnetization irreversibility of the superconductors modelled

computationally in the previous chapter.

Chapter 7 investigates the use of the TDGL model for modelling current flow through 2D
junctions with and without an external applied field, while Chapter 8 moves onto the final
problem — the critical current of granular superconductors. The structure of the simulated
material is explained here, including the use of periodic boundary conditions, and consistency
tests are presented for a single 2D test system. Chapter 9 then considers the effects on J, in
the 2D system of changing grain size, kappa, grain boundary resistivity and temperature, and
compares a. 2D system with a 3D system. - Finally, chapter 10 discusses possible future

developments from the presented work.



2.1 Introduction

This chapter provides a review of the fundamental principles of superconductivity and the
basic elements of the principle theories of superconductivity. Section 2.2 introduces the two
basic defining properties of superconductors — zero resistivity and the Meissner effect, while
section 2.3 gives selected examples of conventional and unconventional superconducting
materials. London, BCS and Ginzburg-Landau theories are summarized in section 2.4, while
section 2.5 gives some of the basic results stemming from Ginzburg-Landau theory. Finally

section 2.6 discusses the factors which limit the current capacity of Type-II superconductors.

2.2 Fundamental properties of superconductors

The first material discovered to be a superconductor was mercury — during his experiments
with liquid helium, Onnes® discovered that as the temperature was lowered through 4.19 K,
its resistance dropped abruptly to zero. This complete absence of dc electrical resistivity
below the superconducting critical temperature T, and in small magnetic fields is the first
fundamental property of superconductors — persistent current experiments® have fixed an
upper resistivity limit 16 orders of magnitude lower than for copper at room temperature,

allowing current to circulate in a superconducting ring for over 100,000 years!

The Meissner effect’ is the second fundamental property of superconductors. When a
superconductor in a small magnetic field is cooled below T,, the magnetic flux is completely
expelled from the bulk of the material. The material is therefore perfectly diamagnetic. The
way superconductors respond to higher magnetic fields allows superconductors to be divided
into two classes — type-I and type-II superconductors. Figure 2.1 demonstrates the difference

in the magnetic properties.
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Figure 2.1: Reversible magnetization of type-II and type-II superconductors

Most superconducting elements are Type-I superconductors. When the magnetic field applied
to a Type-I superconductor is increased, the material remains in the Meissner state until the
thermodynamic critical field H, is reached. At this point, the magnetic flux penetrates the
sample completely — the magnetic moment of the sample becomes zero — and the resistivity

returns to its normal-state value.

In Type-II superconductors — most alloys and compounds, including all commercially-used
superconductors, are of this type — the material remains in the Meissner state up to the lower
critical field H,. Above this field magnetic flux penetrates the sample in the form of
quantized flux lines, each carrying a magnetic flux of ¢, = h/2e, leading to a mixed state of
normal and superconducting regions. The sample remains in the mixed state until the upper

critical field H, is reached, at which point the entire material becomes normal.

2.3 Superconducting materials
2.3.1 Elemental superconductors

Table 2.1 lists the properties of some superconducting elements — note that almost all type-I

superconductors are elements.



Material T. (K) Type BT = 0) (mT)

Hg 4.15 I 41

Al 1.2 I 10.5

Pb 7.2 I 80

Sn 3.72 I 30.5

Nb 9.2 I B, = 206 mT

Table 2.1 ~ Properties of superconducting elements®

2.3.2 Other conventional superconductors

The term conventional superconductors is usually taken to mean superconductors which
display s-wave pairing and the isotope effect, consistent with BCS theory. Table 2.2 gives
examples of alloy and compound conventional superconductors which are used commercially

or have aroused particular interest among the scientific community.

Material T, (K) Notes

N bro:ﬁTioA 47 (alloy) 9.8 Most commonly used commercial superconductor (best

performing ductile material)

Nb,Sn 18.0 Known collectively as A15 superconductors, after their
Nb,Al 18.8 crystal structure. These are used in applications where H,,
V,Si 17.1 values higher than that of NbTi are required (eg prototype
Nb,Ge 23.2 fusion reactors)
MgB, 39 Discovered 2001. Highest- T, conventional superconductor
PbMogS; 15.3 Potentially higher B, than A15 materials

Table 2.2 — Conventionally superconducting alloys and compounds

2.3.3 Cuprate superconductors

The cuprate superconductors are a class of materials containing planes of copper and oxygen
atoms. These materials are all type-II superconductors with extremely high x values, and are
important as their 7, values tend to be much higher that those of conventional

superconductors, opening up a new range of possible applications.

An important fundamental aspect of the cuprates is that the electron pairing responsible for

superconductivity is d-wave, rather than s-wave as in conventional superconductors. This



means that the Cooper pairs (see section 2.4.2) have an angular momentum quantum number
[ = 2, rather than the [ = 0 predicted by BCS theory. This means that the energy gap A
becomes a function of the wavevector k and changes sign when k is rotated through an angle

of n/2

N A
B (k) = = (K2 - £)) 21
Table 2.3 gives information about some of these materials — note that the oxygen content of

some of these materials is non-stoichiometric.

Material T. (K) Notes
La, ,Sr,Cu0O, 38 First cuprate superconductor to be discovered (1986). Simple
structure
YBa,Cu,0, 92 First material to superconduct at liquid nitrogen temperature

(77 K). Bulk J, limited by granular weak links
B1,5r,Ca,Cu;0,4-4 110 Most popular candidate material for tape conductors. Weak
pinning due to 2D layered structure
HgBa,Ca,Cu,O4 132.5  Highest recorded T, but chemically unstable and toxic due to

mercury content

Table 2.3 - high- T, cuprate materials®

2.3.4 Other unconventional superconductors

Although the cuprates are the only technologically important class of unconventional
superconductors, there are other unconventional superconductors which are interesting from a

fundamental physics perspective — some examples are listed in Table 2.4.

Material T, (K) Notes
Sr,Ru0, 1.4 Electron pairing in this material is p-wave
UPt, 0.45 These are heavy-fermion materials — m’ in these materials is
URu,Si, 1.5 hundreds of times the free electron mass due to s-f
hybridization

Table 2.4 - Non-cuprate unconventional superconductors



2.4 Summary of Superconductivity Theories
2.4.1 London theory
The London theory', formulated shortly after discovery of the Meissner effect, was one of the

first attempts to describe the behaviour of a superconductor mathematically. The London

equations link the electric and magnetic fields E and B to the local current density J:

83 E

= 2.2

ot )\ (22)

VxJ=- BZ. (2.3)
oAy

(2.2) is an ‘acceleration equation’ which allows a current to persist even without a driving
electric field, while (2.3), when combined with Ampére’s law, leads to the Meissner effect. A,
is the London penetration depth, and is the characteristic decay length of the magnetic field

on entering a superconductor.

2.4.2 BCS theory

BCS theory' explains the fundamental microscopic mechanism behind superconductivity. It is
based on an electron-electron attraction, mediated by phonons in the crystal lattice.
Electrons are bound into Cooper pairs — each electron has equal and opposite momentum.
Cooper pairs cannot interact with the lattice and change momentum, and can therefore pass
through the material without resistance. There is an energy gap A which divides the Cooper

pairs from the unpaired electrons’

A = 2hw, exp[— ] (2.4)

N(@O)V
where wy, is the angular Debye frequency, N(0) is the density of states at the Fermi energy
and V is the coupling energy. The critical temperature is given by’

hw,

T =114 exp[—N(O)V] (2.5)

The electrons are bound over the BCS coherence length® &;

hvg

£ =0.18 (2.6)

BSc



where v, is the Fermi velocity. BCS theory also predicts a sudden rise in the electronic
specific heat on entering the superconducting state, along with its sharp exponential decrease
at low temperatures. The original BCS theory assumed that the phonon-mediated electronic
interaction was weak. A more general microscopic theory was later developed' which dealt
with strong phonon coupling. This strong-coupling theory was vital to explain the behaviour

of conventional superconductors with the higher 7, values'.

2.4.3 Ginzburg-Landau theory

The Ginzburg-Landau theory of superconductivity'® is a phenomenological theory more
general than the London theory — it allows spatial variation in superconductivity to be
considered. It is descended from the Landau theory of second-order phase transitions, but
uses a complex order parameter % such that |¥|® equals the density of superconducting

electrons. The theory is based on two coupled partial differential equations:

1

o+ By ¥+ o (—ihV — 2¢A) ¢ = 0 (2.7)
J, = —@(w‘w; —ypVyT) - 2 1P A (2.8)
me mE

Ginzburg-Landau theory predicts that a superconductor should have two characteristic

lengths:

Coherence length & = _h (2.9)

2m_ |a)

e

Penetration depth A = ——,mig——- (2.10)
de” |l

The Ginzburg-Landau parameter xk = A/£. This ratio distinguishes Type-I superconductors,
for which k <1 /\/2, from type-II superconductors which have higher x values.

Two critical fields are also given by Ginzburg-Landau theory, the thermodynamic critical field
H, where the Meissner state and the normal state have equal energies, and the second-order
critical field H, In type-lI superconductors, H,,, the higher of these fields, is the maximum
field at which superconductivity is possible, while in type-I superconductors, H, is higher and
is the maximum field for superconductivity, with H, being the limiting field for the

metastable normal phase.

10



2.5 Results from Ginzburg-Landau theory

2.5.1 Critical fields

At the critical field H,, the Gibbs free energies for superconducting and normal phases are

equal. For the superconducting phase B = 0, and for the normal phase % = O:

- H — |

N

In Type I superconductors H, is the critical field at which superconductivity is destroyed — ¢

(2.11)

drops abruptly to zero in a first-order phase transition.

Type II superconductors undergo a second order transition into the normal state at H,.
Immediately below H,, % is low everywhere, and the 1* GL equation can be linearized. The
magnetization can also be assumed to be negligible. Using the A = (0, x4 H,z, 0) gauge for the

vector potential gives:

oy 1 ( .8 PR 9%
= _r —ih L vep Hyx| p-——2Y = 2.12
2m, Oz’ 2me[ ’ Oy ot Om] v 2m, 0z’ o (212)
The order parameter is factorized — o = f(z) exp Wky + k,2)
h2 d2f 1 9 h2k2
= - —5 +——|hk, — 2ep,H, = —-—= 2.13
om, 2me( s~ 2etHoz) S =|lod am, |/ (213)

It can be noted that any eigenvalue is highly degenerate as k, does not enter into the

eigenvalue. Different k, values correspond to different centres z;, for the eigenfunction fz).

Using the substitutionz, = Y we obtain
2epyH,
R & 2¢hlH? ) Rk
- =+ ———(7, — 7 = |la} — z 2.14
2m, dz° m, (% ) [=| 2m, / (214)

The asymmetry between the z and y co-ordinates in this equation results from the asymmetric
gauge used for A. Use of a symmetric gauge would have resulted in a symmetric equation.
This equation is a form of the quantum harmonic oscillator equation

B B 42 mws?
o2m, dz® "~ 2

¥ = Ev, which has the general solution E = (n +.'%)hw. This gives. -

the expression:

11



252

|a|—ﬁ a2 =(n+V2)[
2m

€

2ehp,H,

(2.15)

However, instead of finding the eigenvalue, the value of H, is what is required. H, is the

largest possible value of Hy (which occurs at n = k, = 0):

Hy=Telol b (2.16)
ehipr, 2m €’

An even higher critical field H; can also exist in superconductors with certain types of
boundary. Between H,, and H_ (which can be as high as 1.69H,,), superconductivity does not
exist in the bulk material, but it does exist within a surface sheath about a few coherence

lengths thick.

2.5.2 Abrikosov lattice

In homogenous type-II superconductors the fluxons usually tend to arrange themselves into a
regular flux-line lattice. The magnetization of such a lattice can be determined using a
calculation based on a series wavefunction!®, which uses perturbative analysis of a periodic

solution to the Ginzburg-Landau equations near H, to give the magnetization

_ (ch - Ho)
M= e 05, (2.17)
where Jé) —-—<t/)|—>— (2.18)

()

Figure 2.2: The Abrikosov flux-line lattice!®
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The free energy decreases as 3, decreases —~ lower 3, values are more energetically favourable.

To calculate 8,, it is necessary to use the complex exponential integral

%
f kexp(iky(n—m))dy = 2T”é(n—m) (2.19)
s

and the integral substitution

e
A — nke?)’ o (o=(Vnee’ 2

3 exp _m dr=" J exp[—g,?]de —¢evm (2.20)
__k§2 n=—o00 £ n=—o00 6=(—%—n)k§1 6

The original Abrikosov calculation' set all c,’s equal, giving a square lattice with 3, = 1.18.
An improved calculation by Kleiner®, set ¢, ., = ¢,, ¢,,; = ic, — this lead to a triangular
lattice with 4, = 1.1596. This triangular arrangement, shown in Fig. 2.2, is the one most

commonly observed experimentally.

2.5.3 Relation between GL and BCS theory

The Ginzburg-Landau theory was originally derived on a purely phenomenological basis.
However Gor’kov rewrote the microscopic BCS theory in terms of Green’s functions'®. In the
T = T, limit, this was expanded in powers of 1, leading to the Ginzburg-Landau equations —

Table 2.5 gives £ and A in the clean!” and dirty'® limits:

Clean limit Dirty limit

Ginzburg-Landau ¢ 7¢(3)h*vE ¢ TRULT
V48K T.(T, - T) 24k, (T, - T)

coherence length

Penetration depth 5 = [ ™™, (3) _ \/ Tm,h¢ (3)
\IZ,U‘QN 5271'2[7:;1?]1] 4[1/0N 62T7r3k3 (776 _T)

Table 2.5 - Ginzburg-Landau lengths in terms of microscopic parameters. ( is the Riemann

zeta function, m, is the electronic mass, T is temperature, vp is Fermi velocity and . is

electron number density.
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2.6 Current flow in superconductors
2.6.1 Depairing and critical currents

The theoretical maximum possible current density in a superconductor is the depairing
current J, This is defined as the current density for which equals the kinetic energy of the
super-electrons. If any further increase in current is attempted, the super-electrons are

destroyed and the material reverts to the normal state.

The standard expression for the depairing current at zero applied field is*

20, 385 Hez (2.21)

J, = —=2_=0.
b 34/3k%€ K&

This expression does not account for the fact that the super-electron number density is related
to the London penetration depth A; not the Ginzburg-Landau penetration depth, nor does it

allow for the effect of non-spherical Fermi surfaces. A more complete expression, this time for

20,21

1.65(H, — H
Jp = —(9”’.' ),/ﬂ (2.22)
K28"€ 2

P is the purity parameter [P =£T°z%] where &, is the BCS coherence length, [ is the

2
'L

use in high magnetic fields, is

electron mean free path and A, and A are the London and Ginzburg-Landau penetration

depths respectively. S is the Fermi surface enhancement factor, which can range from 1

(NbTi) to 0.26 (PbMogS).

When a current flows through a superconductor in the mixed state, the fluxons are subject to
a Lorentz force. Unless the fluxons are pinned securely they will move through the
superconductor, resulting in dissipation of energy. For a maximum pinning force per unit
volume of F,, one may define a current density J, such that:

F,=J xB (2.23)

14
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Figure 2.3: Depairing currents (solid symbols) calculated from (2.22) compared with

experimentally measured J, values (open symbols) for various superconductors at 4.2 K*

If J, is exceeded, the fluxons are pulled out of their pinning sites and move through the
material, dissipating energy. For this reason, J, is referred to as the critical current density,
and represents the practical maximum current density which can be passed through a
superconductor. J, is typically 2 or 3 orders of magnitude lower than J, — Fig. 2.3 compares

depairing and critical currents for several important superconducting materials.

2.6.2 Bean Critical State Model

The Bean critical state model®™* is a simple model for describing the macroscopic field and
current distribution in an extreme type-II superconductor (negligible B,,, negligible reversible
magnetization) with pinned vortices. The basic assumption in the Bean critical state model is
that any currents within the superconductor are equal in magnitude to the critical current

density J, — in the original model this was assumed to be field-independent.

H H

a)

Figure 2.4: Field distribution according to the Bean critical state model for a) increasing and

b) decreasing fields
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When a field is applied to the sample flux penetrates a distance d = B/yJ. A high enough

field will penetrate the sample completely. When the field is decreased the screening currents

at the sample edge switch direction but still have the same density J. Flux remains trapped

by the pinning sites in the superconductor even when the applied field is returned to zero —

this is demonstrated in Fig. 2.4.

2.6.3 Microstructural defects affecting J,

Bulk J, is determined by material defects, which can have a range of properties:

¢ Defects can be non-superconducting regions (67, pinning) or regions of lecally-

enhanced resistivity due to composition fluctuation, dislocations or martensite

transformation (éx pinning).

e Defects can be characterized by their number of dimensions larger than the fluxon-

fluxon-separation:

o

Surface defects (2D): — this is the most important form of defect in many
practical superconductors such as the Al5 materials, resulting from grain
boundaries. The titanium ribbons which pin fluxons in NbTi, though
differing in topology, are also 2-dimensional.

Line defects (1D): — this type of defect mostly results in neutron-irradiated
samples, as the passage of the neutrons distorts the lattice and destroys
superconductivity.

Point pinning (0D): — Although voids or impurity atoms could in theory act
as point pinning sites, in practice the pinning from these is negligible as they
are much smaller than the coherence length £ In practice, point pinning
results mostly from non-superconducting precipitates, or from artificially-

engineered non-superconducting particles.

The dimensionality of the defects in a material has important implications for the field

dependence of J,, as the way in which the defects interact with the fluxons is affected.
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3.1 Introduction

This chapter of the thesis considers the important analytical calculation issues relating to my
work. In section 3.2, various mechanisms are reviewed that consider the value of the critical
current density J. within a bulk superconductor. Pinning of isolated fluxons, the Kramer flux
shear model, collective pinning, and grain boundary diffraction are all considered.

In the computational work it was important to ensure that the properties measured were
those of the bulk superconductor, not of the surfaces — section 3.3 is a review of the literature
on calculations related to the surface barrier in superconductors. Section 3.4 discusses how
the Ginzburg-Landau equations can be derived from the Usadel equations to describe a
system containing multiple or inhomogeneous materials for the computational work. This
section is reasonably detailed as the equations included here are one of the most important
components of the thesis. Finally, section 3.5 introduces the time-dependent Ginzburg-

Landau equations.

3.2 Critical Current Calculations

3.2.1 Scaling laws

Scaling laws® are an empirical model for describing pinning in superconductors, based on
several widely-found experimental observations:

e There is always a maximum in the F,(B) characteristic

o The reduced pinning force f, is a function of reduced field b = B/B,, only

e Metallurgical treatment can affect the maximum pinning force and the reduced field

at which it occurs.

o  Metallurgical treatment does not affect the functional form of F,(b) at high b

The scaling law is normally written in the form®

I . F, =a(T,e)t" (1-b)" o (3.1)
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where « is a function of temperature T and strain e, p and ¢ are constants, and b is the
reduced field B/B,. For NbTi, p and g are both approximately equal to 1. For A15 class
materials, Chevrel-phase superconductors and cuprates p is approximately 0.5 and ¢ is

approximately 2. This is due to the nature of the pinning in the materials.

3.2.2 Pin Breaking

If a superconductor contains regions which are totally non-superconducting, there is an energy
gain 6G per unit length resulting from a flux line passing through a non-superconducting
region®’
5G = % o H2ne® (3.2)

In a flux line lattice the average condensation energy is reduced by a factor (1 — b) where b is
the reduced field. In order to convert the energy gain into a pinning force, the expression
must be divided by the characteristic distance over which the order parameter changes. For
an abrupt S/N boundary the appropriate distance is found by differentiating ||* with respect

to distance”®. This gave a pinning force per unit length of*

_ @A BReE |,
h== o (267 —1) (=0 (33)

For pinning by grain boundaries, the total length of pinned flux is S,/ a,, where q; is the mean
fluxon-fluxon spacing and S, is the total area of grain boundary per unit volume correctly

oriented to provide pinning. Summing to get the total pinning force gave

S, B’

vcd

o (2/{[2 - 1)

PR ICA%

» 2 b(1-1b) (3.4)

For pinning sites which are superconducting but which have a shorter normal mean free path,
pinning results from an enhancement of &, and expression (3.3) should be multiplied by &k /k.
Metallic conduction in the pinning sites induces superconductivity via the proximity effect® —

this gives the expression (¢ = thickness of pinning boundary, assumed to be less than &)

S,B?

v 7c2

oo T
i (265 1)

g 4

[%{]Qbu_b) - (3.5)
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3.2.3 Pin Avoidance — the Kramer Model

In some materials the pinning interaction is too strong for the Lorentz force to pull fluxons
out of their pinning sites. The transport current is limited not by the strength of the
individual pinning sites, but by the shearing of the flux-line lattice around the pinned fluxons.
According to the Kramer model J, is determined in the low-field regime by the weak pinning
sites — the critical current is reached when the Lorentz force pushes fluxons from the weak
sites. However, there are also strong pinning sites from which fluxons cannot be forced out by
any fields below B,. In the high-field regime J, is determined not by the forcing of fluxons
out of pinning sites, but rather by the Lorentz force and fluxon-fluxon interactions producing
a shear stress which exceeds the shear strength of the flux-line lattice. This allows the flux
line lattice to shear around the strongly-pinned fluxons, and suggests that increasing the
defect density will not increase J, in the high-field regime. Kramer® predicted that F, was
given by

F = O
" 12n%e, (1-%)

where d is the spacing of pinning sites. The shear modulus Cyg of the flux-line lattice has a

(3.6)

2

(1 - b)’ dependence at high magnetic fields, suggesting that F, is proportional b*(1 - b)
dependence. Much work is done using Labusch’s simple expression® for Ci, applicable in the

high-field limit:

2

Cy = 0.363—52,(1 —-b). (3.7)
4p,K”

lim
b

—1

Using a, = (4)* ’% , we can combine (3.6) and (3.7) to get F, in the large-grain limit:

B% o
lim|F, = 2.82x107* 2 f—b% (1-b). (3.8)
d—oo =

Bots” \ &y

This expression has a reduced-field dependence consistent with many experimental results,

but predicts a smaller magnitude for F, than is usually observed.
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Figure 3.1: Pinning force from flux shear predicted from Kramer model with corrected Ci

(curves), compared with experimental results in (NbTa),Sn (fitted to straight lines)*
However, expression (3.7) is not correct across the entire field range. An accurate expression
for Gy, valid in the entire field range, is®

2
Bc2

Cow =52 b(1—b)’ (1—0.29b)exp[b
K 3

0

-1

bi]. (3.9)
When (3.9) is substituted into (3.6), the reduced-field dependence of F, becomes very
different™ from that observed experimentally (see Fig. 3.1). Dew-Hughes? suggested that the
Kramer expression for flux-shear F, was wrong in the case of pinning by grain boundaries, and

that the expression for F, for grains of size D becomes

C
F =—15 _ 3.10
' w(D-a) (3.10)

This gives a dependence which can appear similar to the Kramer dependence, as shown in

Figure 3.2. However, the form of the reduced-field dependence is critically dependent on grain

size.
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Figure 3.2: Pinning force from flux shear, as predicted by Dew-Hughes model®
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3.2.4 Collective Pinning

The forces which pin individual fluxons can only be pinned in a simple manner in the low-field
regime, where the fluxons are far enough apart that fluxon-fluxon interactions are negligible.
However, the Kramer model of flux shear is oversimplified in that it assumes long-range order
of the flux-line lattice and that the only forces acting on fluxons not held by pinning sites
come from other fluxons. In addition, some superconductors exhibit a ‘peak effect’ in which
J, displays a narrow and very high maximum at a field close to H, Neither individual flux
pinning nor the flux shear model can account for such behaviour. The theory of collective
pinning* solves this problem. In this theory it is postulated that short-range order exists
within a volume V. When a current below J, flows through the material the Lorentz force
displaces the volume by a distance < £ If the density of pinning sites is n, and f, is the

interaction force for a single pinning site, the critical current is given by*

fP nP
J, = —5\/;: (3.11)

In magnetic fields where the deformations of the flux-line lattice are elastic, the volume
V.= R}’L,, where R, and L, are the transverse and longitudinal lengths across which short-

range order exists. R, and L, were given by

%0 a2
R, = ayz L% (3.12)
nP‘fP
and
2
L = M (3.13)
oty

where Cy and C,, are respectively the shear and tilt moduli of the flux-line lattice, and g, is

the fluxon-fluxon-separation. This gives the pinning force

2 04
nﬂfP

F ——_®» 3.14
P 16a3C,,CL, (3.14)

The Peak Effect: As H, is approached two physical effects cause the system to deviate from
the behaviour given by expression (3.14). Both of these lead to the ‘peak effect’ of a high.

narrow maximum in J, in the high-field regime:
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e Heavy concentration of pinning sites (n,V, > 1), The effective field penetration depth
Ay = A(1 — b)™* becomes comparable to R, V, decreases exponentially with field,
thus increasing J.. This stops when R, reaches a value ~ q,.

* Sparse pinning sites (n,V, <« 1); The elastic moduli decrease in high fields,
deformation from individual centre increases. When deformation becomes order of
lattice parameter, deformation becomes plastic and J, becomes equal to f,n,/B: this is

much higher than the previous J, value. The condition for this to occur is*

2,2
_hE

1-b<— .
a,Cy Ces

(3.15)

This condition allows materials to be separated into three categories:

o (8.15) is true for all fields (strong, sparse pinning sites): There is no peak effect, as
the total pinning force can be found by a simple direct summation of the
contributions of individual pins. F), has a simple #’(1 — b)* dependence.

* f, is moderately small and proportional to (1 — b): (3.15) is only true in very high or
low fields, while in the intermediate field range weak pinning as described by (3.14)
applies. Peaks are observed in the J, characteristic both near H, and in the low-field
regime.

o (8.15) is always false (weak pinning sites): Weak collective pinning as described by

(3.14) applies throughout the entire field range, and again there is no peak effect.

3.2.5 Weak Link Diffraction Model

The critical current in polycrystalline superconductors is often three or more orders of
magnitude less than the depairing current J, An alternative model to investigate the origin
of this restriction of J, is to consider the weak links in a polycrystalline material, which in
effect form a complex multi-junction SQUID®. In this model an exponential field-dependence
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of the critical current of a single junction®* was assumed

B
J, =Jp exp[—g] (3.16)

0
where Jj is the depairing current and B, is a field characteristic of the junction. In the dirty

limit this field was given by*
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&
B, = 3.17
° 7 ong? ( )

where d is the half-thickness of the junction, and for the clean limit it was®

&
B =
° " 4xJ3dl

(3.18)

where [ is the mean free path. In addition to the effect of the junctions themselves, the
consequences of diffraction also need to be considered. Taking the polycrystalline
superconductor to be an N-junction SQUID, it was seen that in order to avoid any major
peaks in J, within the mixed state, H, should be set equal to B,,. In the Meissner state, there
are no fluxons in the sample and the current density is equal to the depairing current. This

means that H;/N = H,. This means that J,(B) could be approximated as™

B Ink
J =J,=2=J 3.19
c D BCZ D 2,{/2 ( )
Combining (3.16) with (3.19) and (2.22) gave a pinning force of the form
2
F = LSZ—%’M £b(l —b)exp _B (3.20)
» <ise Vom B,

where P is the purity parameter and S is the Fermi surface enhancement factor.

3.3 Surface Barrier Calculations
3.3.1 Bean-Livingston calculation

When a type-II superconductor has a clean surface, the magnetic field initially penetrates the
superconductor not at the lower critical field H,, but at a somewhat higher field H,, which is
of order H, This is due to the way in which the surface of the superconductor interacts with
an entering fluxon””. Bean and Livingston assumed that no supercurrent passed through the
boundary (this can be shown to be correct for an insulating boundary and for a highly-
conductive boundary) — this boundary condition can be met by adding an antivortex at an
equal and opposite displacement from the surface. This led to an image force which tends to
attract the fluxon towards the surface, making flux entry more difficult. In an extreme type-
I superconductor the interaction energy for a vortex énd aﬁtivortex serll)aratedi b:y a distance z

» £ was given by¥
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Reduced flux line energy

Distance from interface ()

Figure 3.3: Dependence of line energy on position® for various fields at £ = 10

& [2:1:]
E(@) = - K, | = 3.21
’ 4mpg\° LA (3:21)

where K, is a modified Bessel function of the second kind. A second force results from the
interaction with the screening current — the applied magnetic field H, penetrates the
superconductor as H = H, exp (- z/)) in the Meissner state. This field interacts with an
entering fluxon, producing a repulsion which contributes to the total energy as ¢,Hyexp(-z/A).
Note that as £ — o, this function decays more slowly than the image force expression.

The resultant total energy is dependent on the applied field H. At a field just above H,, flux
entry is energetically favourable, but it is blocked until a field H, =~ H, is reached. Figure 3.3

shows how the total energy depends on the depth of the fluxon inside the superconductor.

3.3.2 Matricon calculation

The Bean-Livingston calculation was based on the London theory, and is therefore only
accurate in the extreme-type-II limit. Matricon carried out a more complete calculation of the

initial vortex entry field using the one-dimensional Ginzburg-Landau equations®™. Matricon’s
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calculation used the normalized units A = 1 and B, = 1/v/2 (note that these are not the same

as the normalized units from Chapter 4 onwards) giving the equations®

2 . 20
(w +A2—1)¢+%3—;ﬁ'=0 (3.22)
2 2
A _ ‘1/3 A (3.23)
dz”

where 12) is the normalized order parameter, and A is the normalized vector potential in one

dimension. Note that the local field B = ‘;—A

z
. . » dy
For a Meissner state, the required boundary conditions were B = yyyH and— =0at z = 0

(the boundary of superconductor) and A= B =0 at £ = +w (well within superconductor).
The Matricon prediction for the initial vortex entry field was higher than the Bean-Livingston
prediction because flux quantization makes it impossible for flux to directly enter a Meissner—
state superconductor. Instead a small normal region must be created at the edge of the
material (see Figure 3.4), allowing flux to enter — the difference in the initial vortex entry

field predictions is the result of the extra energy input required to create this normal region.

Figure 3.4: Entry of a fluxon from an insulator (left) and from a normal metal (right)*
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Figure 3.5: Comparison of Matricon analytic result (solid line) with computational results for

insulating (solid circles) and metallic (open circles) boundaries®

The initial vortex entry field for a superconductor surrounded by insulator has been
calculated numerically using the TDGL equations® - these computational results were

broadly similar to Matricon’s analytic results, as shown by Figure 3.5.

It may be noted that fluxons cannot enter into a perfect Meissner state along a straight edge
due to symmetry considerations — in Kato’s work® and in my own work the first fluxons enter
near the corners, before more fluxons enter along the whole length of the edge. The fact that
fluxons enter along the entire length of the edge once the first fluxons enter shows that the
corners are needed only to break symmetry, and that the one-dimensional energy-based

argument is valid. This is considered in more detail in Chapter 5.

3.4 Dirty-limit equations for a system with two materials

3.4.1 Introduction

Two factors must be taken into account when modelling a system which may contain different

superconducting and non-superconducting materials:
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e Determining the correct Ginzburg-Landau equations for all materials involved in the
system.
e Determining appropriate boundary conditions for the order parameter and vector
potential
It is more convenient to write the Ginzburg-Landau equations in a form using a normalized
order parameter 1/} , eéqual to 1 within the Meissner state. In this form, the Ginzburg-Landau

equations (2.7) and (2.8) can be rewritten as

2
51—2(|1/3|2—1)¢+[§—%A] d=0 (3.24)
h ~(V 2e <
J, = 2ep N Rﬁ[d) [T—; ]1/)] (3.25)

where £ and A are the coherence length and penetration depth. Analytic solutions of simple
multimaterial systems in the dirty limit have often been solved using the Usadel equations®.
However, the full Usadel theory is too complicated to be used for multidimensional, time-
dependent numerical computation. In the appropriate temperature regime, the Usadel
equations can be reduced to the Ginzburg-Landau equations — thus providing a method for
using the Ginzburg-Landau equations to simulate systems containing more than one material

in a way that is consistent with microscopic theory.
3.4.2 The Usadel equations

In 1958 Gor’kov rewrote the microscopic BCS theory'® in terms of the Green’s functions
F [t r,r') and G (i, r, ') and demonstrated that in a single material in the limit 7'~ T, they
reduce to the Ginzburg-Landau equations'”™®, However, in the general case the Gor’kov
equations were extremely difficult to handle because the Green’s functions depended on two
separate spatial points. The Eilenberger theory*? greatly simplified the Gor’kov equations
while maintaining all of the physics, by eliminating ¢ and Fourier-transforming r' to give k,
then integrating over |k| (though the unit vector k is retained). The Usadel equations"
result from a further dirty-limit simplification of Eilenberger theory, which assumes isotropic
behaviouf. The k dependence is expanded in spherical harmoni;:s ignoring !> 1 terms,

giving functions dependent on two variables only, F, (r) and G (r):
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wF, (1) — hTD[v - %AHGN (r)[V - %A] Joley)

. (3.26)
r 2
+—= V|F ol =AmGC
2G, (1) I @) } e,
J = 2meg(ep) Dk TY Im[Fw (r)[V - 2’—‘3A] Fi @ (3.27)
— h
T, . A)
Amlng = 27rkBTXw: = F, (r)l (3.28)
GCm=1-|F )| (3.29)

Here D (= %vf,:r, with v, the Fermi velocity and 7 the scattering time) is the diffusivity of

the material, A is the local BCS gap function, g(ey) is the Fermi-level density of states and T

is temperature. F

2

(r) is a pair condensation amplitude (analogous to ¥ in Ginzburg-Landau

theory), with G (r) a related function. w is a quantized frequency given by

wkyT
h

w=2n+1) (n € Z), originating the Fourier transformation of the original Gor’kov

equations. Using the expression for resistivity

1

p= Qezg(sp)D (350

the following boundary conditions are obtained for an interface between two materials*:

FY = p® (3.31)
ﬁ 226 (1) ﬁ 2‘16 (2)
— | V-ZZA|FY = — | V-Z2AE9, (3.32)
Pay Pe) h

3.4.3 Reduction to the Ginzburg-Landau equations

First Ginzburg-Landau equation — linear form: The gradient term of the first Ginzburg-
Landau equation was obtained by setting F (r) = 0, G (r) = 1 to linearize Usadel equation
(3.26)"

hD[ 2ie

= hl.de (r)— T V- FA] Fw (r)= A(I‘) . (333)

The following ansatz was used to separate w and r*.

A(r>=[rw+%]Fw(r)‘ o (3.34)
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This ansatz was shown to be correct® in N/S bilayers where the superconductor is much
thicker than the normal metal. This was substituted into (3.33):

= [v —%A] F,m+ F“’s(r) =0 (3.35)

2

This equation had the form of the linearized first Ginzburg-Landau equation, demonstrating
that ¢ in (3.34) is the coherence length. ¢ was found by substituting (3.34) into (3.28) — ¥ is

the digamma function*:

T 1 hD

In the Ginzburg-Landau regime (T ~ T,) one can use a Taylor expansion to find &

T KD,
T 17T 4k, T€ VA (3:57)

[4

Now ¥'(%4) = Yan® - this gives the standard Ginzburg-Landau coherence length’®.

(3.38)

Adding the non-linear Term: The non-linear term in the first Ginzburg-Landau equation is
calculated below using the zero-field Usadel equations, using an approach broadly similar to section
45.1 in Ketterson and Song *, which considers the zero-field gap function given directly by BCS
theory. Eliminating the spatially-dependent terms in the Usadel equation (3.26) gives

hwF, = AG, (3.39)

This was substituted into the Usadel equation (3.28)
T, 1 1
o= ZWkBTZw: —— ] (3.40)

In the Ginzburg-Landau regime hw » A. Following Ketterson and Song*:

T 1
?—1 = WkBT|A|2 ;W

7€(3)

T,

[

(3.41)

af = 8 (nk,T)’ [1 T]

where ¢ is the Riemann zeta function. Comparing with (3.34) and using T'~ T, gives a value

for Fy, (F,, for the lowest possible w) of
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R = = [1—2] (3.42)

Combining this with the linear equation given by (3.35) and using (3.38) gives an equation in

the form of the nonlinear first Ginzburg-Landau equation, namely:

867 (1= 74 )| 7 3) o
hnD 8[1 B 2]
T

c

[V 2 ~1|E,@m =0 . (3.43)

The second Ginzburg-Landau equation: the Usadel equation (3.27) was rewritten®® using
(3.34) in terms of the lowest frequency contribution Fj

5 wkgT + h—lz
E, (r)[V—%A]F )

= 2meg(ep ) DkpT Im

n

2 2
Now in the Ginzburg-Landau regime nkpT > h—D, Also E [ ! ] =,
26" 2n+1

3

= J= 7r7(35] (5 ) DkyT ImlE, (r) (V - %A] F, (r) (3.45)

Renormalizing to Ginzburg-Landau ’{bl In order to compare these to the Ginzburg-Landau
equations (3.24) and (3.25) it is necessary to replace F, by ¢. Material (1) is taken to be the

main superconductor within the system and the general substitution for F; used is

o[ (3.46)

where 1& is the Ginzburg-Landau order parameter normalized to be 1 in the Meissner state in

material (1). This gives the expressions

Dy 115 I -T
2D } I “T,T ¢+[—-——A] ¥ = (3.47)
4n’eg(ep ) DkyT l 2ie ] ’
= ——|1- V — —-A 3.48
1L i ; .19

where D, g(e;) and T, are the local diffusivity, Fermi-level density of states and critical
temperature respectively. Within material (1), (3.47) and (3.48) are equivalent to (3.24) and

(3.25) for a penetration depth A given by'®
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_ I TR (3) Puy

(3.49)
d4u07r3kBT

o (T = T)
1T

(1)

Hence, the equations for the main superconductor (1) and an alternate material (2) are thus

obtained.
Material 1: ! (]1/32 - 1)1& + [Z— Q—GA]“ D=0 (3.50)
{(1) 1 h
3= Re[ﬂf [Z—EA]zﬁ] (3.51)
2epo Ny i h
Dy - ) 2,
Material 2: it (|1/)r + aN)¢ + [Z _ %A] =0 (3.52)
Doy i h
h P ~x V 2e ~
Jo=o—7 0 Re[d) [—.—;A]w] (3.53)
ety | Aoy b

while the boundary conditions are obtained by substituting (3.46) into (3.31) and (3.32)

O = 0 (3.54)
n 2ie o) q 2ie 2(2)
—. | V——AIpY = AV ——Aly (3.55)
Pay h P h
and oy is given by
T-T
ay = ——2 (3.56)
Tc(l) -T

In simple terms, these represent conservation of superelectron density and supercurrent

respectively.
3.5 Time-Dependent Ginzburg-Landau theory

3.5.1 Introduction

Finally, we introduce the time-dependent Ginzburg-Landau equations, which were initially
postulated by Schmid¥ in order to calculate the resistivity of a type-II superconductor in the

4748 However Gor’kov and FEliashberg! found that they were not rigorously

flux-flow regime
consistent with microscopic theory due to the singularity in the BCS density of states, except

in a material with a very high concentration of paramagnetic impurities. In my own work the
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Schmid equations are used in a phenomenological manner. The time-dependent Ginzburg-

Landau equations are*™

Lol —1)p o (To2ea) o L2 4 i20)5

52(“” 1)¢+[i hA]¢+D[8t+zh]¢_0 (3.57)
__h (V2,051 %A

.16_2%/\2 Re[w[i - ]w] p[v¢+at] (3.58)

where A and £ are the penetration depth and coherence length, D is the diffusivity, and p is
the normal-state resistivity. The time-dependent terms are the final brackets in each
equation, while the remaining parts of the equations are the same as (3.24) and (3.25). The
time-dependent term in (3.57) is a relaxation term, accounting for the finite time required for
the system to relax into equilibrium, whereas the additional term in (3.58) is simply the
normal current. The terms in ¢ are required by gauge invariance considerations. The scalar
and vector potentials may be set in an arbitrary way, as when the following gauge
transformations are applied (with y an arbitrary scalar field), the equations and all

measurable parameters remain the same®,

% Ox

o Bt zﬁ — Qﬁ'exp(—ix) (3.59)

A—’A'—EVX» o -9 +
27
This is known as gauge invariance. For the purposes of computation the ¢ = 0 gauge was
used®,

3.5.2 Normalizing the TDGL equations

The normalization of the TDGL equations is relatively straightforward. Rewriting (3.57) and

(3.58) in the ¢ = 0 gauge gives the time derivatives explicitly®

o0 _ D e _ V_2,V;

5~ |e (‘qp 1)+D[i hA] yw (3.60)
A _ Pk poli[¥_2alg]-2

= T Re[1/) [z : A]¢] £.(vxB) (3.61)

The equations are normalized by rescaling with the following units™:

r in units of £

No)‘2
p

t in units of
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A in units of L =B,¢

26£ (4
J in units of == Ay :
2epn€ 3
This involves the following substitutions:
voY 9., p 0 2, A (3.62)
£ Ot pA” ot h 13
o=~ 1)+ (7]
= — = - -1)+|—-A 3.63
OA Re[qﬁ' [Z—A]J;]—n? (V xB) (3.64)
ot i
where (' is a time-scale ratio given by
2
¢! = Db (3.65)
p

As the ratio between the characteristic time scales of the two TDGL equations, {' can be
compared to #, which is the ratio between the characteristic lengths found in the two
Ginzburg-Landau equations. However, while x can have any of a wide range of values,
depending on the superconductor, ¢’ has only a few specific values. For superconductors in
the dirty limit with non-magnetic impurities, ¢’ = #*/14((3) ~ 5.78, while for superconductors

dominated by paramagnetic impurities, {' = 12.

This thesis uses the convention that a single normalization for 1/} is used throughout the
multipart system — in particular the equations (see section 3.4) are normalized in terms of the
main superconductor (which shall be defined as material (1)). Hence for a second material (2)
— such as a normal metal coating or a grain boundary - the equivalent non-dimensionalized

TDGL equations are

o _ s Dm[Z_ ]2 ;

ot~ ¢ (lw' +a1v)+ Dy U7 Al 1Y (3.66)

Qé:Re[zZ;‘ [E—A]J)]—ng) 2o (v« B) (3.67)
..ot H Pay - ] . R .

33



4.1 Introduction

The range of problems in superconductivity which can be solved by analytic methods is
extremely limited. More complex problems must be solved numerically. The time dependent
Ginzburg-Landau theory will be described briefly in section 4.2, while section 4.3 is concerned
with how these equations can be written in a dimensionless form amenable to computation.
Section 4.4 describes the popular explicit U-1 method used in most numerical computation
work on superconductivity, while sections 4.5 and 4.6 describe the more efficient semi-implicit

algorithm which is used in my own work.

4.2 The explicit U-y» method

It is necessary to discretize the normalized TDGL equations (3.63) and (3.64) for
computational purposes — we define dz; as the grid spacing and 6¢ as the timestep. In order to
achieve second-order spatial accuracy, the vector potential components must be placed at the
midpoints between the order parameter grid points®. In the U-% algorithm, widely used for

40,52,53

solving the TDGL equations , a link variable between r, and r, has been defined as™

r+iéz
expi f Adr
llr+jt$y
U = expif Adr|. (4.1)

r+kéz
expi f A.dr

When the equations are discretized, they are expressed in terms of the link variable rather
than the vector potential itself. The exponentiation is required to conserve the gauge
invariance of the TDGL equations under discretization. The link variables can be treated as
part of a complex vector field U, in which each of the vectorial components are unimodular.
This may be compared and contrasted with the order parameter ¢ (a complex scalar), and
with the magnetic field B (which was a real scalar in 2D simulations, or a real vector in 3D

simulations).
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Figure 4.1: Diagram showing the ¢, U,, U, and B grid positions on a 5 x 5 grid®

The absolute phase of U is arbitrary — it is normally set to be zero throughout the system
when there is no field applied. In terms of the link variable U, the discretized TDGL

equations are®

& 1 ( 2 ) . U, @9 (r + 6z,8) + U, (r — 62,8 )9 (r — 6a.8,) — 29 (1)
ke —1|— 4.2
it Bt 2 Gy (4.2)

U.( @Y (r + 6z,f,
U, (¢ + 6t) = U, (t) exp|—i| Im | -2 ’/’(”;p (r+ ”’r')] +r*(VxB), |6t (4.3)
T,
E,"-- N * N *

B = 257;‘; - (U, U, (x + £67,) Uy (r + £,87,) U} ) (4.4)

4.3 The semi-implicit algorithm for the TDGL equations

4.3.1 Stability of finite differencing algorithms

The U-1 method is a simple algorithm which is easy to understand and follow, and which can

be done using only the four basic arithmetical operations. However, it has a major flaw which
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renders it very computationally expensive. The Ginzburg-Landau equations are members of a
family of partial differential equations known as diffusion equations, which relate the first
time derivative of a quantity to its second spatial derivative. The principles of solving

diffusion equations was demonstrated using a general 1-D diffusion equation®® for a function u:

2
% = 0%. (4.5)
.

For the purposes of numerical computation, it is necessary to discretize this equation. An

obvious way of discretizing the equation to solve for u is

n+1 n
uj bt ’U,]- —c
ot

n n n
upy tup, — 2u;

7
Y

(4.6)

where j7 and n are integers representing spatial and temporal indices respectively. This
method of discretization is known as an explicit scheme, as it involves calculating the values
of the function at the new timestep entirely from values of the function at the old timestep.
This is a very simple method of solving the equation, and is first-order accurate in time.
However it has stability problems if & is too large. The stability or otherwise of a numerical
algorithm for solving partial differential equations can be determined by means of Von
Neumann stability analysis® In this analysis it is assumed that the coefficients of the
equations are constant in space and time. In the case of the diffusion equation, the
eigenstates of the discretized equations are taken to be of the form
u! (z) = £" (k) exp(ik, jbz) 4.7

Here k is a spatial wavenumber, and & (the amplification factor) is a complex function of k.
The time dependence of the function is given by the increasing powers of & Therefore, if

|€] > 1 for any value of k, the algorithm is unstable. Substitution of (4.7) into (4.6) gives

4C6t . ,(k 6:0]
=1- = 4.8
£=1- 20t it [ (48)
For ¢ to be less than 1 for all k's, the maximum value of 8t was given by
oz’
6t =— 4.9
P (49)

If the system is to be studied with any significant level of detail (éz small), this restriction

imposes a very small &, with the resulting computational expense. In Ginzburg-Landau
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computation, this is especially severe for high-x superconductors as in the second Ginzburg-

Landau equation C = &% This can be seen by taking the curl of (3.64)

oB . . .
T V xJ, + K’V’B, where J, is the supercurrent|. For example, for a grid spacing of & =

0.5, and a Ginzburg-Landau parameter £ = 2, the maximum timestep is given by:

6z (0.5
w: 2.2°

bt < 0.03125 (4.10)

Note that in practice, a smaller timestep such as 0.01 is used to ensure stability. One

alternative algorithm is the fully-implicit differencing scheme®:

ui.l-}—l _ u{l

] i_ ¢
ot

un+1 4+ u;jll _ 2U,-l+l

Jj+1 J
6z°

(4.11)

This scheme is better in that it drives the values of u towards their equilibrium values (ie the

LHS is zero). For this method, the amplification factor is

1
aCst [kzéz]
sin

5z’

€= (4.12)

1+

This shows that the fully implicit algorithm is stable at all timesteps. The implicit equation

is solved by re-arrangement as a tridiagonal matrix equation:

un+1 _ C6t

; 52 (u;',:'l‘ + u',‘“) =u] (4.13)

-1 f]

[1 + 206t
6z’

The fully-implicit algorithm is best for reaching equilibrium forms, but is still only first-order
accurate in time. Another possible algorithm is the Crank-Nicolson®” method, which combines

the explicit and implicit calculations:

ntl _ _n
J i C
ot

n n n n+1 n+l n+l
(uJ,rl +uj — 2u; ) + (uj+1 +uT) — 2u] )

U 2
§z?

(4.14)

As both the LHS and RHS are centred at n + ‘%, this method is second-order accurate in

time. The Crank-Nicolson amplification factor is given by*®

206t . ,(k,0z
1- e sin ~5
§= 306 Q[k,zsz] (4.15)
14+ ——sin
bz” 2

showing that this algorithm is also stable for any ét.
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It is essential to solve these implicit formulae by means of matrix inversion. If an attempt is
made to time-evolve explicitly, and then iterate to correct this value, this does not restore
stability. This is because the instability results in physical terms from the fact that the
numerical diffusion (restricted by the dependence on nearest neighbour elements only) is
unable to keep up with the actual diffusion in the system. The matrix inversion introduces a

long-range dependence into the system.

4.3.2 Method of fractional steps

The U-1 algorithm is an explicit algorithm, and is therefore extremely inefficient. However,
because of the non-linear nature of the Ginzburg-Landau equation, it would be very difficult
to use a fully-implicit method to calculate the equations in their entirety. The Crank-
Nicolson method is therefore used only on the diffusive terms (which are the cause of the
instability problem), while the remaining terms are treated explicitly. This is known as the
method of fractional steps. In this approach, fundamental matrix operators are defined®:

L, =u,,,

I;/’U,'.; = U'-_l (4 16)

The method considers a general diffusion equation for a scalar field of the form:

Ju "
- .Jk + Q"lulljk + Q]!:/j’uij'k + Qkk,uijkl (417)
at ).,

where P, is the section of the RHS to be calculated explicitly, and the Q operators are the

diffusive terms to be calculated implicitly. Equation (4.17) is now substituted into (4.14)

giving:
u(n+1) _ u(n)
ik gk (n) z(n) (n) y(n) (n) z(n),_ (n)
5t - IR]k Q :]Ic + l]’k + Q :]k’]
(4.18)
(n+1) z(n+1) (n+1 y(n+1) (n+1) z(n+l) (n+1)
R]k + Qu |ch ij’ 1]'k + Q x]k'

The expression is rearranged to separate ‘new’ and ‘old’ timestep terms

Ot [ ztne1) (n+1) s(uin) || (ne)
{1“ il ,—7[@,., Lol + LQW Ly + Lo L Q5| bl
(4.19)

i gk it i ijk ijk

{I J.1., + ___[Qz(n)] Ikk’ + I Qy(n)I + 1.1 Qz(n)]} (’"2k’ +Z 6t ’P(n) P(u+l)

Now, the method of approzimate factorization can be used® so that
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ﬁ 2(n+1)

ot
z(n+1) (n+1) (n+1)
llu' - 3Qﬁ' Ijj' - EQ_Z' Iklc' - 2 k! '»/j;:,
(4.20)
ll + 2 Qz(ﬂ) I +Z Qy(n) I, + z(n) (’"’)k’ +Z [R;:) R];CH-I ]

The RHS of the equation can be calculated explicitly, and the LHS matrices can be inverted

consecutively using fast tridiagonal matrix inversion routines.

4.3.3 The link variable in the semi-implicit algorithm

The fractional steps Crank-Nicolson method uses a different link variable from the explicit

U-1 method. This alternative link variable ¢ is given by*
(r,1,) = sz.dr (4.21)

The arrangement of the grid points is the same as for the U-¢ method. In the canonical
derivatives the exponentiation is retained in order to preserve gauge invariance. This gives

the following discretized equations®:

exp (4, (r))1/3(r+5 F)— 2 (r)

& 1{fp 1 Zi
A -1l - _ K 4.22
6t ¢’ (|¢' )1/) i;;z (6"’:.' )2 + exp( i, (r ( Z, T, )) P (r - 6(E,f‘,) ( )
% — Im exp (Zd’: (I‘))'l,l)(r)d) (r + 5zif'i) + K2 (V xB), (4.23)
5t bz, !
€ . .
b= 267",-’:571 (9 0+, (v +5.8n) — g (x + £567,) - 8, ) (4.24)

The first step in implementing the Crank-Nicolson method is to separate the diffusive terms
from the non-diffusive terms. The normalized Ginzburg-Landau equations are written in

terms of matrices®:

[—?;f] = Fy (%) + D2 (6°) e + Dy (6")byn + i (6°) Dy (4.25)
ijk

a¢z s (b .Y ¥ z gz

[ ey, ]ijk = Gijk (1/1,45 7¢ ¢ )+ E ¢ 'k -+ Ekk'¢|]k’ (426)

are found by cyclic permutation of z, y, 2

Y
ot é]

The matrix operators F, D, G and F are now given by

By = _%( Aijk )’&ijk (4.27)
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D - [1 exp(~igy ) + I exp(ig3, ) — 21

('6z

2
G = Im(v/),]kl d} exp(—i ik ) L 1’ [ o T O —

+I€I,I_,[

E; = [I+ +1, 20,

Uk

¢1]Ic + ¢uk' - ¢lz’]k - ¢iz]-k,]

¢u 'k

(4.28)

(4.29)

(4.30)

(the 4 and zcomponents of D, G, and E were found by cyclic permutation of z, y, z)

By analogy with (4.20) the equations are factorized

(n+1)
i ii Iﬂl - Dy/ Ikkl

[I--I - "'6't- foﬂ-}»l)

6t
2

_ Dz(n+l)
2

(n+1)
¢|’]’k’

ot

L+ 2
2

t po st
2

] ! + 2 Z(n) I(Inl)l

g+

I“’ _ ﬁE'l.,,(47l+l)

n 2 7

I

+1
v — — B

¢I(1l+1)

'-I]-Ikl

5t
2

:r(n)
Ikl

Gr(n)

ijk

bt 2(n) ot
Ly +~ B [

0

(other equations for ¢ can be obtained by cyclic permutation.)

These equations are written in a more compact form as

z Y Hnt) ¥ 7y ‘5 (n)
aii'ajj'akk w 'k ’Bn ﬁ]] ﬂkk iy ’k’ F;Jk

z(n) __ y+ z+ z(n) (n) (n+1)
’YJJ ’7kk1¢ulkl —_ '7 l]/kl +—IG G

i’ ijk ijk

where the matrices a, &, 7y are given by

W = [1 + C'?Stzz] W ZC"s&tmz (1 ,eXp( ;,(C"H)) +1, exp(u;’)I nt) ))
: bt bt . o
By = l[l - s ]Iﬁ, + 2052 (I ,exp( ik ) + I, exp (z¢ ))]

zt __
Vi = 261 2

2 2
[1:;6‘”]1 LA

(cyclic permutation of z, y, z gives the equivalent y and 2 matrices).

F(n)

ijk

(n+1)
1_7k

F (n+1)

F (n+1)

ijk

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)



Note that in the order parameter equation, the diffusive terms are time-dependent (via the
link variables). For this reason, an iterative method is needed to solve the equations It was
found® that 3 iterations were normally sufficient. To speed up computation, those terms on
the RHS of the equations depending only on the state of the system at the start of the
timestep are calculated and stored before the iterations begin. Also, the 4" and 4 have no
time-dependent terms, unless the timestep &f itself changes during the course of the
calculation. This means that 4" and v may be calculated once only, and then stored for use

in the main calculation.
4.3.4 Boundary Conditions

At the edge of the grid a boundary condition was applied representing an insulator
(ﬁ. (RV — 2ieA)1jA1 = 0) or a highly-conductive metal® (12) = 0) . Periodic boundary conditions
may also be used provided the system has broken symmetry (due to a junction or internal
inhomogeneity) to permit fluxon entry. Periodic boundary conditions are implemented using
dummy grid points (as this is more efficient computationally than direct referencing), while
other boundary conditions are implemented within the calculation matrices themselves. At
interfaces between materials within the grid, it is important to maintain the boundary

conditions given by (8.55). Maintaining the continuity of z/ﬁzis trivial, but maintaining the

- : S : vV )
continuity of supercurrent requires careful consideration. When calculating the [f—A] P
i

term in the first TDGL equation, 1,21 is differentiated once, then divided by p before being
differentiated a second time. When the numerical calculation is done in this manner, the

correct boundary conditions follow naturally.
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5 The Magnetization Surface Barrier -

- Effect of Coatings =

5.1 Introduction
The new Crank-Nicolson algorithm for solving the time-dependent Ginzburg-Landau
equations, described in the previous chapter, improves computational efficiency of one or two
orders of magnitude. Combined with the 100-fold increase in PC processor speed within the
past decade, this now permits TDGL computation to model superconductors with high finite
& values in contact with non-superconducting materials.

The phenomenological TDGL equations provide a way of modelling superconductivity

8061 but without the extreme complexity of

more complete than simple macroscopic models
microscopic theory which makes such calculations impractical for the mixed state. The
TDGL equations have been used to calculate I-V characteristics for superconductors with
insulating-boundary surface pinning®® and with bulk pinning by point pinning sites®>. The
initial vortex penetration field of a superconductor with a notch®™ has also been investigated

5485 Some of

using TDGL theory, along with the current flow in a 3D layered superconductor
the systems considered in the literature consider spatially varying material properties by
invoking a variation in the critical temperature 7,55,

The effect of surface barriers on superconductors is a phenomenon which has been
researched in detail for most of the history of superconductivity. The effect of coatings on the
surface critical field H,; has been determined by using linearized equations to obtain Hj as a
function of coating resistivity®. The question of initial vortex penetration into a coated
superconductor was first posed by Bean and Livingston®, and solved in the high-x limit using
London theory, and using 1-D Ginzburg-Landau theory®. The Bean-Livingston model is
based on competition between the attraction from an ‘image force’ and repulsion due to the
screening currents, and predicts an initial vortex penetration field H, ~ H,. Much later, it was
confirmed computationally® that their resﬁlﬁl is wvalid for th-eﬂ extreme rﬁétaliic limit

irrespective of k. The case of the superconductor with an insulating surface was solved by
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Matricon and Saint-James using the 1-D Ginzburg-Landau equations®, showing that H, was
noticeably higher than the Bean-Livingston value, due to the need to force the material
normal at the insulating edge before fluxons can enter. This has more recently been followed
by computational work™#’ which confirmed the Matricon result.

This chapter (and the associated paper®) extends our understanding of coated
superconductors from the insulating and extreme metallic limits to the case of
superconductors coated with metals of arbitrary resistivity. These systems involve spatial
variation of both T, and normal-state resistivity p. The generalization of the computation to
include spatially-dependent p necessitates implementation of internal boundary conditions, but
enables the direct computational simulation of new classes of systems. Hence coated
superconductors, polycrystalline bulk materials (where the grain boundaries may be non-
superconducting) and superconducting composite conductors (which may include normal
metal matrix materials) can all begin to be addressed computationally. The aim of our work
is to determine the effect of the surface barrier on the hysteretic magnetic response to an
applied magnetic field. As part of our long-standing interest in bulk superconducting
properties, we have also considered how best to eliminate the surface pinning barrier from a
superconductor. For this reason the properties of bilayer coatings, which consist of a weakly
superconducting S’ layer interposed between the superconductor and normal coating are
calculated. This bilayer structure was chosen in light of the experimental finding™ that the
creation of a diffusion layer between a superconductor and its normal metal coating reduces
the superconductor’s magnetic irreversibility.

In Section 5.2 the appropriate parameters for the time-dependent Ginzburg-Landau
model (described in Chapter 4) based on normal-state material properties are determined.
The general impact of symmetry considerations on TDGL computation, the numerical method
itself, and the optimization of the calculations are also discussed.

Section 5.3 considers a superconductor coated with a normal metal. The magnetization
characteristics themselves are calculated along-with the initial vortex penetration field H,-and

the hysteresis. The minimum possible H, and corresponding py/ps are also found. (pn/ps is
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the ratio of the coating resistivity to the normal-state resistivity of the superconductor.) In
Section 5.3.3 a weakly superconducting region is introduced between the superconductor and
the main normal metal coating,.

Sections 5.4 considers the magnetization properties trilayer-coated superconductors, while
section 5.5 considers a trilayer-coated superconductor enclosed within another superconductor.
These systems are investigated because of their similarities with individual grains in
polycrystalline superconductors — the focus of Chapters 8 and 9. An analytic calculation of
AM across a trilayer boundary between two superconductors, based on the Dew-Hughes
pinning calculation®, is included in section 5.5.4.

The implications of the results obtained are discussed further in section 5.6. Finally, section

5.7 gives a summary of the results and conclusions.

5.2 Setting up the calculations
5.2.1 Varying coating resistivity

This chapter considers simple normal metal coatings, bilayer and trilayer coatings which
include an additional weakly superconducting layer to represent a diffusion layer. Changing
the resistivity of the normal metal coating leaves complete freedom in setting its diffusivity.

In this chapter the Fermi-level density of states g(ez), given by

1
g(sF) = 2€2Dp ’ ('5]')

was held constant throughout the grid, while T, and p were used to define material properties.
This is appropriate if changes in resistivity are determined mainly by impurity concentration
(and therefore by changes in D). In the bilayer (S '/N) coating simulations, T, and p were
varied linearly across the §’layer. Since the core superconductor in the computaticn is the
critical part of the system, and in most relevant experiments is far larger than the coatings,
the magnetization data were obtained from a sum over the core superconductor alone (i.e. not
including the S’ layer). The approach ensures that the magnitudes of our calculated

magnetizations are representative of large samples.
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5.2.2 Symmetry Problems

Explicit consideration of symmetry-breaking is required to describe the changes in a physical
system when a local energy minimum becomes a local maximum while the system remains in
equilibrium throughout. Whereas an analytic calculation can check for the point at which a
minimum becomes a maximum and then identify the correct minimum-energy equilibrium
state, a time-dependent computation without symmetry breaking can remain indefinitely at a
state which has become a local maximum in energy. In a superconductor, either the Meissner
state or the normal state may be erroneously preserved if symmetry breaking is absent.

In the Meissner state of an infinitely long superconductor, every point along the edge is
equivalent to every other point, which may mean that the superconductor remains trapped in
this state even above H, We have addressed this symmetry problem by considering finite
rectangular (where the corners break the symmetry) and circular (where roughness is imposed
by the rectilinear discretization) superconductors. If the surface barrier is not weakened by
the corners, H, obtained from both rectangular and circular computations will agree with
analytic values in the large-grid limit.

Similarly if the superconductor becomes completely normal it is impossible for

superconductivity to renucleate even if this is energetically favourable. When Pis zero

everywhere, %: 0 (c.f. equation (3.57)) and the normal state is erroneously preserved
whatever the shape of the superconductor. Renucleation of superconductivity can be enabled
by adding random Gaussian noise to both real and imaginary components of 1/} after every 50
iterations.  This noise is of mean zero and standard deviation 10°  Within the
superconducting regime this noise has negligible effect on the results, as noise 10* times more
intense was found to have negligible effect on the results® except for the time scale — more
noise leads to faster equilibration.

5.2.3 Optimizing the Computation

4
K

In' Schmid’s “dirty-limit TDGL theory, the ratio of the time constants” ¢’ = 14( (3) =578

H

while in TDGL theory as obtained for superconductors dominated by paramagnetic
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impurities®®, ¢ = 12. In Figure 5.1, where the time evolution is of explicit interest, our
calculation uses ¢’ =5.78. The remaining work in this chapter considers equilibrium
properties, where the time-dependent terms ultimately tend to zero. As a result, {’ was set to
1 to reduce computational expense. We have confirmed that this value of ¢’ does not affect
the results, while reducing computation times considerably — this is consistent with work in
the literature®. In order to obtain the equilibrated magnetic properties, the applied magnetic
field was ramped from one value to the next, and then held constant. The field increment
was typically 0.05H,,, ramped over 1007, although when obtaining precise H, values much
smaller increments were used. The equilibration time (typically 4007"(1), although this varied
depending on the system) was determined by confirming convergence of M to 3 significant
figures.

In all computations included in this chapter, a grid spacing of 0.5¢ in both z and y directions
was used. H, is dependent on grid size - it is higher for small superconductors, as the
screening current on the near side of the superconductor which induces flux entry is partially
cancelled by the opposite screening current at the far side. This meant it was necessary to
check that the grid size was large enough to obtain H, results consistent with analytic results
in the literature for the insulating and extreme metallic limits. For the rectangular grid, for »
= 2 the grid size was 50 x 40¢, with a 10¢ thick coating. For & = 5 calculations, a 100£ x
80¢ grid with a 10£ thick coating was used, 250f x 200¢ with a 20 coating for x = 10 and
625¢ x 500€ for x = 20 with a 20¢ coating. For the circular superconductors referred to in
Figure 5.3, the diameters used were 50§ for £ = 2, 100§ for £ = 5, 250§ for x = 10 and 500¢
for £ = 20, with the same coating. The large grid sizes for x = 10 and x = 20 use up to 1 GB
of RAM - to reduce the computational expense the superconductor was divided into
symmetric quarters, and the computation was restricted to a single quarter. The same S grid

sizes and N thicknesses are used in the bilayer coating calculations.
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vortices first form. The mechanism of flux entry is quite different in the two cases — in the
insulating surface case a continuous normal region forms at the edges which then breaks up

into fluxons, while in the metal-coated superconductor individual fluxons enter the

2
superconductor from the edge of the material where has been depleted by the proximity

effect. When the magnetization response was calculated for a superconductor with normal
metal coatings of various thicknesses, it was found that any thickness above 2§, gave the
same result for H, This shows that the order parameter within the coating becomes
negligible within 2£,, for H ~ H, and so the normal metal coatings used here can be
considered to be infinitely thick. A metal coating slows the diffusion of fluxons into the
superconductor compared to an insulating surface because H,, and therefore the driving force

on the fluxons, is lower for the metal-coated superconductor.

5 ‘.m ,‘/ R
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Figure 5.2: Contour plot of logm(

~12
'djl ) for a £ = 2 superconductor of dimensions 80§ x 70£

coated with a py = pg 20¢ thick normal metal and bounded by an insulating outer surface.

The applied magnetic field was increased to above the initial vortex penetration field (i.e. to

¥

5

H, + 0.01H,) at ¢t = 0 and data obtained at ¢ = 5007, logm(

) contours are at intervals

o . : o2 .
of 1 — the outer region has random log,, (le ) due to noise.
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Figure 5.3: Magnetization of superconductors with an insulating surface or normal metal

coatings of various resistivities — a) £ = 2, b) k = 5 with & = 20 inset.

Figure 5.2 is a logarithmic contour plot for such a system. It consists of three main regions,

o2
Y| <107, a second region

an outer region in the normal coating dominated by noise where

containing screening currents which circulate near the superconductor-normal interface and
exists in both regions and an inner region which contains a few fluxons, but where the order
parameter is in most regions close to unity (Meissner state). It can be seen that there are
small depressions of ¢ within the normal metal layer, which have associated vortex currents.
These proto-fluxons do not have quantized flux of h/2e associated with them. We have found
that unlike the two extreme limits considered analytically, the proto-fluxons first nucleate

within the ‘noisy’ region in the normal coating, then cross the screening current region into

the superconductor.

5.3.2 Normal Metal Coatings

Figure 5.3 shows the complete magnetization characteristics for superconductors coated with
insulator and with metals of various resistivities. The sample magnetization M was calculated
by subtracting the applied magnetic field H from the internal magnetic field B (calculated by
V x A), and then averaging over the S region only (the demagnetization factor can be ignored
for a 2D system). Adding a metal coating reduces the surface critical field H, from its

insulating-surface value of 1.69H, to H, when py < p,, consistent with the Hurault result®.

-{Note that superconductivity can persist in corners even above Hg, as noted in the
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Figure 5.4: Initial vortex penetration field H, as a function of py/ps for x = 2, 5, 10 and 20 for
rectangular (open symbols) and circular (closed symbols) superconductors. The y-axes are
scaled so that the asymptotic values of H, in both the insulating and extreme metallic limits

are at the same position for all s values.

literature®). The magnitude of the magnetic hysteresis decreases as py/ps decreases, or as &
increases. However, the field dependence of the hysteresis is a property not only of the
coating itself but also of the shape of the superconductor because in superconductors with
small dimensions, fluxons which have already entered the superconductor impede the entry of
further fluxons®. In contrast to the hysteresis, the initial vortex penetration field H, is
characteristic of the coating alone, and is considered in more detail below.

Figure 5.4 shows the results of H, calculations for coating resistivity values ranging from
pn = 0.1ps to py = 10pg at & values of 2, 5, 10 and 20. H, was calculated for both rectangular
(open symbols) and circular superconductors (closed symbols). It is clear that H,(py/ps) has a
minimum value (H,,,,) that is lower than the extreme metallic limit (H,(0)), and that the
resistivity ratio at which the minimum occurs (py/ps) .., decreases as « increases. The y-axes
on Fig. 5.4 have been scaled so that the extreme metallic {py = 0) and insulating (py = ©)
limits are at the same positions for all values of & (the H, values at these two limits converge
in the extreme high-x limit*®). The rectangular and circular H, results agree to within a
reasonable accuracy and the computed H, values in Fig. 5.4 for the extreme limits are

equivalent to values determined by the Bean-Livingston and Matricon calculations. We
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Figure 5.5: Initial vortex penetration field H, as a function of py/ps for x = 2, 5, 10 and 20 for
coated rectangular superconductors where T, = —2T,5. The y-axes are scaled so that the
asymptotic values of H, in both insulating and extreme metallic limits are aligned for all «

values.

therefore conclude that corners are not responsible for determining H, in the rectangular
superconductor and that the grid size is sufficiently large. The literature result that notches®
reduce H, and the observation in Fig. 5.1 that fluxons do not enter directly at corners suggest
that convex features increase H,, and in particular that corners do not weaken the surface
barrier, thus confirming that the calculated H, values are those for a straight edge rather than
a corner. To confirm that the minimum in Fig. 5.4 is not specific to the conditions T' = Ty,
= 0, Fig. 5.5 shows the effect of pair-breaking on H,. The same system is considered as in

Fig. 5.4, but at T = %T,;) and T, = O (this is also equivalent to 7= 0 and T, = —2T).
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Figure 5.6: Minimum initial vortex penetration field H,,,, (left axis) and required resistivity

ratio py/pg (right axis) as a function of .
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Figure 5.7: Hysteretic energy density as a function of py/p; at £ = 2, 5 and 20.

In this system the minimum is attenuated considerably, as the pair-breaking forces 12) rapidly
to zero in the normal metal, reinforcing the surface barrier for py < pg, while weakening it for

py > ps. However, the minimum is not suppressed completely. The convergence of the data

H, (pyps) - H,(0)
H,(c0)—H,(0)

at high py/ps in Figs. 5.4 and 5.5 suggests that in the py » pg limit,

depends primarily on py/pg and T, not #. Figure 5.6 focuses on the minima in the H, (oy/ps)
characteristics on figure 5.4 (with some additional & values), and demonstrates that for T =

T,

[4

@ = 0, Hyuiny, and (py/ps),, have approximate power-law dependences. Figure 5.7 shows
the py/ps dependence of the hysteresis energy, which calculated from the area enclosed by the
M-H loop. For py > ps, the hysteresis energy increases with py/ps, while for py < pg it is
approximately independent of py/ps. The minimum observed in the H, characteristic does not
appear in the hysteresis energy characteristic because hysteresis energy depends on both flux
entry and flux exit, and the barrier for flux exit drops monotonically as py/ps decreases in the
important low field region. This cancels the effect of the H, minimum on the hysteresis
energy.

5.3.3 Bilayer (S'/NN) coatings

It is clear from the results presented so far that single normal metal coatings cannot destroy
the surface barrier in any significant field range. The effect of a weakly superconducting S’
layer between the S and N layers was therefore investigated with the intention of reducing the
“magnetic hysteresis further and obtaining reversible magneticv behaviour over the widest

possible field range.
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Figure 5.8: Magnetization of a K = 2 superconductor coated with weakly superconducting S’

layers of thicknesses up to 20£ and an outer normal layer with a) py = psand b) py = 10 ps.

Figure 5.8 shows examples of magnetization curves calculated for K = 2, bilayer coated

superconductors. For an N layer with py = pg, adding a 2£ -thick S’layer has minimal effect,

while an S’ layer at least 10£ thick makes the magnetization essentially reversible above

0.4H, For an N layer with py = 10p; adding an S’ layer results in a less pronounced

reduction of the hysteresis, and for a 2&-thick §’layer there is an anomalous increase in both

H, and hysteresis energy, which is discussed below. It may be noted that the calculations in

Fig. 5.8b are more computationally expensive — not only does the large py require the

simulation time-step to be reduced, but the equilibration itself is slower — taking up to 10

times longer in normalized time than for a system with a simple normal metal coating.
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Figure 5.9: Magnetization irreversibility on a logarithmic scale for £ = 2 superconductors with

Py = ps normal metal coatings and S’ layers of various thicknesses. (Negative values are

indicated by 6pen symbols).
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Figure 5.10: Initial vortex penetration field H, as function of §' thickness for a) x = 2
superconductors with py = pg and py = 10p; normal metal coatings, and b) x = 2, 5 and 20

superconductors with coating resistivity given by (py/ps)o,: The y-axes are normalized to the

lower critical field H,;.

In Figure 5.8a the magnetization characteristics for S’ thicknesses of 10£ or more appear to be
reversible for fields above 0.3H,, which opens the possibility of the existence of an
irreversibility field. Since the irreversibility field marks the point at which critical current
density J, becomes zero, it is an important issue both experimentally’™ and theoretically™".
The magnetization irreversibility AM obtained from the data in Fig. 5.8a is plotted on a
logarithmic scale in Fig. 5.9. It is clear that there is no evidence for a phase transition in high
fields. For S’thicknesses of 20£, A M eventually becomes less tha.n that resulting from a single

fluxon for H > 0.35H, A limited set of calculations for a much larger grid of 250& x 200¢,

where one fluxon would make a much smaller contribution to M, still showed a non-zero A M,
thus confirming that the apparent irreversibility field in Fig. 5.8a is not the result of any
phase transition.

Figure 5.10a shows H, as a function of the thickness of §’for x = 2 and py values of 0.1ps, py
and 10p;. The anomalous increase in H, first noted in Figure 5.8b (oy = 10p,) is found for S~
thicknesses of 3¢ or less and confirmed to exist even when the grid spacing is reduced from
0.5¢ to 0.1£&  In equation (3.66) for py = 10p;, diffusivity D is decreased within the S’ layer,
which lowers the kinetic energy term and thus increases 1/3 at the S79 interface, increasing
“the energy pehéltﬂy‘ associated with moving fluxons into the sﬁpercbndﬁctor. For S’ thickness

of 3¢ or less this effect dominates, resulting in the anomalous H, increase, while for thicker S”
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layers, H, decreases because the Bean-Livingston image force begins to dominate again. The
initial vortex penetration field never reaches the lower critical field value™ of 0.195H,,, but

instead tends asymptotically to a somewhat higher value of 0.205 H, This difference and
hysteretic behaviour is found even for a 50¢-thick S”layer (cf Fig 5.8a) and is discussed in the
next section. Figure 5.10b demonstrates the effect of changing « on the H, characteristic as a
function of S’ thickness - for all values of x there is a general trend of decreasing H, as S’

thickness is increased, but again full reversibility is not achieved for thicknesses up to 20¢.
5.3.4 Irreversible surface current of coated superconductors

In previous sections, we have focused on the magnetization characteristics in their own right,
and on the field H, when the first fluxon enters a Meissner-state superconductor. As our focus
in later chapters will be on critical current densities both of single junctions (in chapter 7)
and polycrystalline systems (in chapter 9), investigation of the irreversible screening current
in a homogenous coated superconductor is potentially useful.

The magnetization of a homogenous macroscopic superconductor as a function of field does
not depend on its size — this means that the relevant size-independent quality is the critical
current per unit depth in the z-direction (I,). In the system of normalized units established in
Sec. 3.5.2, the natural unit for current per unit depth is H,/«? and in normalized units it is

found from Maxwell's equations using the expression
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Figure 5.11: Irreversible surface magnetization A M presented as a Kramer plot for
superconductors with an insulating surface or normal metal coatings of various resistivities —

a) k= 2,b) k=05,¢c) k=10 -
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Figure 5.12: Irreversible surface magnetization presented as a Kramer plot for x = 2
superconductors coated with weakly superconducting S’ layers of thicknesses up to 20£ and an

outer normal layer with a) py = ps and b) py = 10 ps.

2
_k AM (5.2)

Icl 2

A Kramer plot provides I*B” as a function of B — so called because the field dependence I, o
B*%(1 - B/B,)* predicted by Kramer’s flux-shear model of flux pinning’® appears as a
straight line. The magnetization data from Fig 5.3 is re-plotted as a Kramer plot in Fig.
5.11. The normalized I, for a superconductor with a simple coating is approximately
independent of x (this means the actual current is proportional to 1/x%). In high fields, I,
obeys the Kramer dependence rather accurately. When the coating py < ps, I, follows the
Kramer dependence across the entire field range. The bilayer coating data from Fig. 5.8 has
also been re-plotted as a Kramer plot in Fig. 5.12 - this shows that I, only exhibits the
Kramer-like dependence for an abrupt superconducting/normal interface where py < ps. A
high-field Kramer-like dependence is however still noticeable in Fig. 5.12b.  Below

0.08y,"H "/, the data become unreliable as the magnetization irreversibility is equivalent to

that of only one or two fluxons.
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Superconductor

Normal Metal py = og
Normal Metal py > pg
Inner py = ps coating — 0.5¢ thick

Py > pg coating — 1€ thick
Outer py = ps coating — 3.5¢ thick

Figure 5.13: Diagram of the trilayer coated superconductor

5.4 Trilayer coatings

Microstructural analysis shows that in grain boundaries in polycrystalline superconductors, py
> ps due to increased electron scattering at the dislocations present along the grain boundary.
However, significant H, effects are not generally observed in polycrystalline superconductors.
This could possibly be explained by the region over which superconductivity is destroyed
being wider than the region of increased resistivity - this proposition for grain boundary
properties is discussed in more detail in Sec. 6.6. Hence a trilayer-coated superconductor as
shown in Fig. 5.13, with a thin py = ps normal metal layer between the superconductor and
the py > ps layer, is considered in this section as a possible building block for polycrystalline
superconductors. The magnetization characteristics of such as system can be compared with
that resulting from the simple metal coating studied in Sec. 5.3.2. As in section 5.3.4, the

magnetization irreversibility is plotted on a Kramer plot:

0.6 T T T T T
o osf, K< 10, Trilayer Coating
X
3 " PyTPs
*Iq 0.4 .\i! ’ o p,=2p,
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Figure 5.14: Magnetization per unit depth presented as a Kramer plot for k = 10
superconductors with a trilayer coating shown in Fig, 13. The anomaly at H ~ H, results =
from the delay in the nucleation of superconductivity on the downward ramp. This shows

that py/psin a trilayer coating has a small effect on AM
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Figure 5.15: Magnetization irreversibility presented as a Kramer plot for superconductors with

# values of 2, 10 and 60 superconductors and with a py = 10p; trilayer coating,.

Fig. 5.14 shows the effect of changing py/ps on the magnetization irreversibility of a s = 10
superconductor. It can thus be shown that the magnetization of a trilayer-coated
superconductor is thus similar to that of one simply coated with a superconductor with py =
ps. AM is proportional to 1/x% while increasing the resistivity of the inner normal metal layer
from pg to 20p, increases AM by =~ 40%. For py > ps, the magnetization irreversibility of a

trilayer-coated superconductor can be approximated by the expression

AM ~|0.17 - 0.06exp;—p[L —H%b'% (1—b) (5.3)
K

s

where b is the reduced local field B/B,,. Figure 5.15 investigates the s-dependence of AM for
a superconductor coated with a py = 10p; trilayer coating — the x-independence of the
normalized current per unit depth confirms the x dependence of (5.3). We shall return to this

result in Chapter 8.

5.5 Trilayer annular superconductors
5.5.1 Introduction

We conclude our magnetization studies of barriers to flux entry and exit in relatively simple
superconductor systems by considering one superconductor inside another, with a trilayer
barrier at the interface. The outer superconductor has a normal coating with py = ps. Such a

system will help us consider the pinning of fluxons against perpendicular grain boundaries.
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Superconductor

er S/C

Inner py > pg layer thickness — 1£
Total trilayer thickness — 2£

Outer pyv = p. coating — 5¢ thick

Figure 5.16: Diagram of the trilayer annular superconductor system

This system is illustrated in Fig. 5.16 — it is expected that the inner superconductor will have
little effect on the screening current that flows around the outer region, which will be the
same as for a homogenous 2D superconductor coated in a py = p; normal metal (ie the py = ps
However, the trilayer impedes flux

results in Section 5.3.2, or the data in Fig. 5.11a).

entering the inner superconductor, and thus generates a second inner screening current.
5.5.2 AM, . and AM, ...

We have chosen to define the magnetization of the inner region M,,,,, in terms of the inner

screening current, so that

Mi’mer — Binner - Bouter (5 4&)
Ho
B, —B,_.
M,,uter — outer ~applied (54b)
Ho

In Fig. 5.17 we indeed see that the magnetization irreversibility is greater for the inner region

(in fact about twice as large) than for the outer region.

k=10, Py = 10ps Trilayer Annular
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a b
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k=10, p, = 10p, Trilayer Annular
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Figiure 5.17: Maghétization charactéristics for a) inner and b) outer regions of annular

superconductor system with trilayer boundary (T = T,/2, k = 10, py = 10p,)
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x =10, p, = 10p_ Trilayer Annular
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Figure b5.18: Magnetization irreversibility for inner and outer regions of annular

superconductor system with trilayer boundary (T'= T,/2, x = 10, py = 10p5)

Figure 5.18 shows (AM,,.)*B* and (AM,,.)"B* It shows that the magnetization
irreversibility contribution from the trilayer barrier follows the AM o b™(1 — b)* dependence
even more closely than that from the outer superconducting-normal interface, and for this

system is =~ 2.1AM,,,..

5.5.3 K and T dependence of AM,,,..
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Figure 5.19: Magnetization irreversibility contributions in annular superconductor system
from a) the outer S/N interface and b) the trilayer barrier as a function of x (T = T,/2, py =
10ps). In both cases AM/x? is 33% larger for x = 2 than for the higher x values — this is

because AM is in fact proportional to (2x% - 1)7".
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Figure 5.20: Magnetization irreversibility contributions from a) the outer S/N interface and b)

the trilayer barrier for inner and outer regions of annular superconductor system with trilayer

boundary as a function of temperature (k = 10, py = 10p5)

In addition to the applied magnetic field, the magnetization irreversibility contributions from

both the outer superconductor surface and the trilayer barrier will depend on & and

temperature. The x-dependence checks in Fig. 5.19 show no noticeable difference in AM/x’

between £« = 10 and x = 60, but a value of AM/x* about 33% higher for x = 2. This is

significant as it suggests that in fact AM o (2x% — 1)™! — this is significant as it is the same &

dependence predicted by Abrikosov' for M itself in a reversible superconductor.
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Figure 5.21: a) maximum pinning pressure on the outer S-N interface and the trilayer barrier

as a function of relative H, This suggests an H,,”> dependence. b) Kramer plot (see Fig. 5.)

gradients for the outer and inner irreversible magnetization — H,, dependence calculated from

these are also shown. These are different because they are calculated from the high-field

gradient, not the P; maximuim (which is at low fields)
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The temperature dependence must also be checked. Calculations were made on the x = 10,
py = 10p; inner layer system corresponding to operating temperatures of zero, 0.5T,, 0.75T,
and 0.97,. The effect of changing temperature on the differential magnetizations of the
trilayer annular superconductor is shown in Fig. 5.20. In scaling laws for critical current
density?*, the temperature dependence is normally expressed in terms of dependence on the
upper critical field. The H,-dependence of data obtained experimentally is checked by
plotting the maximum pinning force F,"™ against the upper critical field H, on a log-log
scale®™. The gradient gives the dependence F, o« H," with n usually between 2 and 3. In Fig.
5.21 the inner and outer differential magnetizations are analyzed using a similar method.
Instead of F,™™, (AM.B)"™ is plotted against H, It may be noted that AM.B is equivalent
to the pressure applied to the flux line lattice at a surface by the magnetic field differential.
Both the outer and inner contributions AM.B are found to be proportional to H,>
Assuming the same relative py/ps dependence as for the outer coating, we obtain a final

expression for AM,,,.. based on the computational results, given by:

AM,,, ~[0.76—027exp 22| Ha _p%( gy (5.5)
6p, (ZK, — 1)

AM,,,., is about 2% times the value of AM,,,,, which is given by (5.3).

5.5.4 Analytic calculation of AM,

inner
The maximum differential magnetic field supportable by the (trilayer) normal barrier can be
approximated using a simple pinning argument, following the approach used by Dew-Hughes®
for a range of pinning sites in 3D superconductors. The Lorentz force expression in

superconductors is*
F,=JxB (5.6)
where F, is the pinning force per unit volume and J is the current density. Applying

Ampére’s law we get

Fyz——l—BXVXB (5.7
Ho

62



If we take a line integral through the barrier, connecting regions far away from the barrier on
either side, we obtain a pressure P; which the normal metal barrier must exert on the FLL to

prevent flux flow:

outside 1 outside
P,=—f F.dr = — (Bx V x B)dr

nside Ho inside
1 B2 - B2 outside
= —{‘— + (BV)Bdr (5.8)
Ho 2 inside
utside
The integral (B.V)B.dr is zero for any 2D system as B points in the zdirection while

\nside

being dependent only on z and y. We define AB as B,, — B,, and B as %(B,,, + B,,) — note

mn

that in high fields or high-« superconductors, B, B,,, B, » AB:

in)

P
= AB = %L. (5.9)

The Lorentz pressure P, is given by”®

P=t= (5.10)

aq ayT

where f, is the pinning force per unit length on an individual fluxon, which is AW - the work
done moving a fluxon from a pinned to an unpinned position — divided by z - the range of the

pinning interaction. q, is the fluxon-fluxon spacing, given by™:

o = (4" \/% (5.11)

For a normal layer of thickness much less than the fluxon-fluxon spacing ga,, the range z of the
pinning interaction is approximately equal to the coherence length ¢, while AW is
approximately equal to the Gibbs energy per unit volume multiplied by the area of the fluxon

core’™:

€ o Hy 2
= T Hla gy 5.12
2ﬂA(2KI2—1)( ) ( )

Combining (5.9) through (5.12) we get the final expression for AM,,,., (= AB/u,)

% .
_3dr H, bA(

2
R T iy 1-b)°. (5.13)

This predicted AM,,,,, is within about 6% of the computed value given by (5.5) for py = ps
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5.6 Discussion of magnetization results and H,

5.6.1 The effect of coatings on H,

The value of H, is determined principally by two considerations. The first is the gradient of
the order parameter at the interface of the superconductor. The dependence of H, on the
gradient explains the existence of the minimum. Both very low and very high py/ps have high
H, as the interface boundary conditions force a steep gradient: on the N side of the interface
for high py/ps and on the S side for low py/p;. This means that in both of theses cases the
Bean-Livingston ‘image force’ is close to full strength. Close to (py/ps),,» the screening
supercurrent extends somewhat into the normal metal, weakening the image force and

lowering H,. This dependence of H, on V1/3 also explains why adding a weakly

superconducting S’ layer reduces H,, as 1,7) is gradually reduced to zero over the width of the
8’ layer. The decrease in (py/ps),, 88 # increases results from the second Ginzburg-Landau
equation — at high & values the screening current can penetrate further into the normal metal,
meaning gradients at the interface are optimized at a lower py/ps value. The first Ginzburg-
Landau equation only plays a minor role — it was found that changing the relation between
Dy/Dg and py/ps changed H,, but not (pn/ Ps) oyt

The second consideration in determining H, is the value of 12) itself at the interface. In the
extreme metallic limit, 1& = 0 at the interface while in the insulating limit 12) at zero field is
the Meissner state value. 1& must be reduced to zero near the edge of the superconductor
before any fluxons can enter, which results in a greater energy penalty for fluxon entry in the
insulating limit, and thus a higher H, than for the extreme metallic limit*.  This
‘condensation energy’ consideration also explains the anomalous increase in H, observed in
Figure 5.8b.

Finally we consider the general issue of the field-dependence of the hysteretic magnetization
data. Clearly, the reversible magnetization of a superconductor does not depend on its shape
or size, provided that the separation between parallel surfaces size is much larger than ~ 20A

(A = penetration depth). The surface barrier contribution to the irreversible magnetization
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can be interpreted as a critical current along the surface of the superconductor per unit length
in the zdirection, and is thus also independent of shape and size. This means that the
magnetization characteristics presented in Figs. 5.3 and 5.8 are completely general for a given
x value and type of surface (as long as the surfaces are well-separated), rather than being
specific to a given shape or size. These calculations have also confirmed that thick smooth S’
layers cannot completely destroy the surface barrier, to achieve complete reversibility surface
defects such as notches or surface roughness are required®. Finally, we also note from the
hysteretic data in Fig. 5.3 that the magnitude of AM for the superconductors with insulating

coatings can be approximated by

0.35

e

If we consider a thin film conductor of thickness ~ A, for example of a high-temperature

AM ~ H,-H)%. (5.14)

superconducting RABITS conductor™, the surface contribution to the average current density

(J.) is AM/A which can be rewritten: J, =~ 0.64J, /r (where J, = H, //\ is the theoretical

upper limit known as the depairing current density'). Such high current densities are clearly

of technological interest.

5.6.2 Comparison with experimental results

In general it is difficult to compare theoretical or computational predictions on the behaviour
of the surface barrier with experimental results. In most samples the barrier is removed by
suppression of the superconductivity near the surface (due for example to oxidation), by
roughness of the surface (the effect of notches on H, has been investigated computationally®),
or by the presence of twins boundaries or other defects. In such samples the effect of the
surface barrier is only seen in the immediate vicinity of H,, and is usually therefore obscured
by the effects of bulk pinning.

Surfaces which are flat on the scale of the coherence length are needed to observed the full
Bean-Livingston barrier, meaning that most observations of a significant surface barrier have

been .in-single crystals of YBCO™ and Bi-2212". However, surface barriers-strong enotigh for -
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the characteristic asymmetric irreversibility have also been observed in a thin well-annealed
sample of elemental niobium™ and in powdered MgB,*.

There has been very little experimental work on the effect of plating a superconductor with a
normal metal, although measurements on cylindrical samples of a niobium-zirconium alloy®™
showed a small decrease in magnetization irreversibility on plating with silver, although this
was not considered significant by the authors. The computational work presented in Section
5.3.3 of this chapter shows that diffusing the boundary between a superconductor and its
normal-metal coating reduces surface hysteresis. Such behaviour has been observed in

metallic interdiffusion experiments on a lead-thallium alloy™ and in oxide-coated niobium®,

5.7 Conclusions

Magnetic properties of superconductors coated with metals of arbitrary resistivity py are
calculated using the time-dependent Ginzburg-Landau equations, with generalized boundary
conditions applicable for systems in which both T, and py vary. The initial vortex penetration
field H,(py) is maximized at the insulating (Matricon) limit, but is minimized not at the
extreme metallic (Bean-Livingston) limit, but at a finite coating resistivity pygy) this is
because for a coating of finite resistivity (i.e. not in the extreme metallic or insulating limits)
the surface barrier is weakened by proximity-effect penetration of superelectrons into the
coating. When a magnetic field is applied to a coated superconductor, local depressions in ¥
nucleate in the coating which do not have the well-know quantum of magnetic flux (h/2e)
until they have crossed the coating and entered the superconductor. In the specific case

where T = T yeoaiing) = 0, the minimum vortex penetration field H, ~ 0.765H, which

min)
occurs for a coating resistivity pyo, = 1.16°%;. For T > 0 the minimum is attenuated but
not completely suppressed. Adding a very thick weakly superconducting S’ layer between the

superconductor and normal metal coating reduces the irreversibility markedly but does not

eliminate it entirely.
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We have also found that the irreversible component of the magnetization (and therefore the
associated surface currents) for some simple, bilayer and trilayer coatings follow a Kramer-like
b*(1 — b)? field dependence — this is not predicted by the standard analytic work on surface
barriers and is in fact more similar (though smaller in magnitude) to the pinning of fluxons by
planar normal metal barriers — normal metal barriers of trilayer cross section were tested
computationally and found to correspond reasonably well with the simple analytic model

postulated by Dew-Hughes®.

These results are discussed in the context of polycrystalline materials in Chapter 9.
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6 New analytic calculations of

~ _surface-barrier AM .

6.1 Introduction

The well-known Bean-Livingston surface barrier calculation!® was the first attempt to explain
the barrier to initial flux entry into a superconductor. It featured an easily-understandable
physical model, in which the force produced by the applied field, tending to pull a fluxon into
the superconductor, is opposed by a force produced by an ‘image fluxon’ which represents the
distortion of the fluxon caused by the edge of the superconductor.

The original calculation by Bean and Livingston is based on the London model. As a result it
fails to describe the fluxon core correctly and gives a final result for the penetration field
which is a factor of v/2 too small. In section 6.2 we use a new formulation of the Ginzburg-
Landau equations to replace the London equations, coupled with Clem’s simple approximate
model of the flux core, to repeat the calculation for the penetration field (H,) with a more
realistic core, and thus achieve the correct result for H,, while keeping the physical
transparency of the original model.

In section 6.3 we calculate the surface barrier for a fluxon entering the mixed state of a
superconductor, based on the force between partial Abrikosov lattices of opposing polarity.
This new calculation provides a rigorous explanation for the magnetization characteristics

observed in the previous chapter.

6.2 Calculation of initial entry field for Meissner state
6.2.1 Simplifying the Ginzburg-Landau functional
In Ginzburg-Landau theory the Helmholtz free energy density is':

B2
+— (6.1)
21

% 1/32)2 +

- 87 p A’

iqﬁow

2
vV 2 ]A

-

while the vector potential A is given by the second Ginzburg-Landau equation
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VxVxA= %ﬂk
2w

¥ [Z—EEA]¢| 62)

l o
We use the gauge transformation given by (3.59) to set ¥ to be always real. This gauge was

used in 1D by Matricon®, but is used below for a 2D problem. Equations (6.1) and (6.2) can

thus be rewritten:

¢ |1 B"~’
= —=(1— \Y 6.3
871-2/-1/0)\2 2&-2 ( ) | 1/)| w 2/1,0 ( )
52
,u(,J=VxVxA=—¢/\,;A (6.4)
Re-writing to replace A with the magnetic field B, we get

¢'§ 1 29\ A2 1 2 AZ 2
= —|—(1- o \% —|B* +—=|VxB 6.5
8 A’ 2§2( 1/’) | w' +2u0 +¢2| “B (65)

7.2 \vj ¢

VxVxB=—i?+ i)xVxB (6.6)

The second term in (6.5) resembles the London expression' for f, but with a ¥’ in the
denominator of the |V x B|2 term, which ensures that no arbitrary cut-off at the fluxon core is
needed. (6.5) can be re-arranged to give this London-like term as a divergence of a vector
field, reducing the double integral for F to a single integral. Using the vector identity®

|Vx B[’ =B.VxVxB+V.(BxVxB) and substituting from (6.6) the expression becomes

SRR SR S X AL AR A

Applying the identities* fV.a = V.(fa)—a.Vf and (a.bXc+ b.aXxc = 0)we reach the final
expression for fin terms of ¥ and B. The expression includes Loondensation (Lbiandau terms and

kinetic energy term from depression of Y, )} and f,,, x (term corresponding to London terms):

f=

871”?50/\2[52_2(1 ) |vw|]+—v[;xva] (6.8)

Jeondensation Jurk

The field term can be integrated using the divergence theorem, and thus its pointwise value is
only needed at the edges of a superconductor, or in the immediate vicinity of singularities

(these occur at the centres of fluxons as ¢ —> 0).
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6.2.2 Energy per unit length of a single fluxon in an infinitely large

superconductor

The order parameter and field associated with a single fluxon at the origin can

approximated® as:
2
2 T
,w = 7'2 + 62 (69)
d K, (,/1"2 + &2 /A)

= P (Ev//\) 3 (6.10)

Substituting into (6.8):

Lo # (e @

e s ag (4 ) (P +€) (6.11)
g i KO(,/r'-’+§3 /A)Kl (./r2 e ,\)A '

o = g | T K2 (&) '

Integrating f,,.emation 2800 fy, x OVer all space gives the free energy per unit length F;:

6 (& +€)

F;(condenaation) = o v2¢2
107X’ (6.12)
P Frg LT E N K (e *)i is
R Y 1 K (g,,/,\)
all space

be

The singularity at the origin can be dealt with by converting to polar co-ordinates — this is

simplified by the lack of angular dependence:

e K, (,/ﬂ T e /,\) K, (‘/r2 +é /,\)
T

” K (Eu//\) tldrdy
= 2w mrv. AR («fﬁf_f/j)lﬂ( rre) )\)f- dr = 25, = )
; ' K (&) (&)
- By = 28 a0 (6.13)
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6.2.3 Energy per unit length of a fluxon-antifluxon pair in an infinitely large
superconductor

The next step is to consider a superconductor containing a fluxon and an anti-fluxon
separated by a distance 2X. We shall first calculate Fy,, s as this is the more important
term, corresponding with the free energy obtained from London theory. We can approximate

the magnetic field from the fluxon and antifluxon as:

L (J(z — XY +y’+E /,\) K (J(z + XP +y+el /)\)
B T 7 R

z (6.14)

BF/A

Note that zbz is even in both z and y, while Bp/, is odd in T and even in y. By the divergence

theorem we get

A2 BF A
I E

Since B/, tends exponentially to zero as £ + ¥ - o, the line integral at infinity is zero-

BF/A

12)2

AZ

ds =
24t

xVxBF/A].dr (6.15)

valued. However the divergence theorem is not valid when applied over all space, due to the
two singularities. For this reason, we choose an area of integration that consists of all space
except for two circles of infinitesimal radius 8r around the singularities at (X, 0) and (- X, 0).

2 B
/\_ff [ %V xB,,
¥ !
+X

24,

FlA

—=xVx BF/A].dr_| (6.16)

B
Jdr, + !
-X

df, =(z F X)X+ y¥ (6.17)

= Fisiny =—

where

Since Bf/, runs in the zdirection, and can considered constant in the region of dimension ¢r,

we can take it outside the integrals:

B =2 |B (Xi)f r(—vim)de +B (—Xi)j{» r
UM+K) = 2 F/A ¥ 1/;2 .do, £ ~
+X

1]

__(v XAI?F/") .do_| (6.18)
X

Now along the circle of the line integral, only the field from the fluxon centred within that

circle has its V x Bg/ orientated in the d@ direction. The contributions to V x By, -from -
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other fluxons or external applied fields sum to zero. We can thus substitute in using (6.9)

and (6.10):
BF/A (Xi) 7'+2 + §5 i}{n(;-/i—“)/)\)‘w«»
& +X TR
(M+K) = 47.__%—5 [2 2
"BF/A (—X%) r’ + ¢ W‘w—
= %(BF/A (Xi) - BF/A (_Xi)) (6'19)

And substituting for By, (Xx%) and By (—X%) using (6.14) gives the final result:

&2 |5 (gu //\) K, (./4)(2 +& /\)

Flarsio = 2mus)E, | K, (£,/2) K, (&)

(6.20)

The first term comes from the fluxon self-energies, while the second term comes from the

fluxon-antifluxon interaction. Differentiation gives the pinning force per unit length of fluxon:

By B ox KX+

Foon = — =- (6.21)
* d2X)  2mpNE aXP+ € K, (gu /A
If X, A » £, this expression tends toward the London result':
. _ I 2| X| X
A F gy h) == P sgn(X) K, ~ sgn(X) = 4 (6.22)

To complete the calculation we need the force per unit length resulting from Fi,niensation) 1 DS
attractive interaction is significant when the fluxons are within ~ & of each other, as the
fluxons ‘share’ each other’s normal regions. Calculation of the force per unit length based on
the Clem approximation for 121 gives a non-physical result, as the Clem approximation for 12)
converges to 1 less rapidly than the exact solution for 1/; when moving away from the fluxon

core. A more accurate form for the order parameter of a fluxon at the origin in the London

(¢ real) gauge is'

(6.23)

J = tanh [V_M
¢

where v is a constant of order 'unity. We approximate the order parameter for a fluxon-

antifluxon pair of separation X in the London (7 real) gauge as
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— 2 2
() = tanh vz X[ +v° (6.24)

§

A drawback of this expression for 1,?1 is that when the fluxon and anti-fluxon coincide
(X = 0), the order parameter is the same as that for a single fluxon, rather than rising to 1
everwhere as the fluxon and antifluxon annihilate. However, we confirmed using our TDGL
computations that the fluxon and antifluxon are only slightly distorted (with 1/; remaining
zero at their centres) right up until the moment of annihilation, at which point the order
parameter rapidly increases in time to its Meissner value. This shows that (6.24) is a
reasonable approximation to use here.

Subsituting (6.24) into (6.8) gives [, .ionsation’

2 2 f 2 32
= % (1+2V )Sech4[y |:1:—2(| il (6.25)

fcondeﬂmtion - 167r2,uo)\2§2

As performing a double integral of f, to obtain Fy ,uemsaion) 18 €xtremely difficult, we

ondensation
instead use a single integral to directly obtain the force per unit length of fluxon % ,ndensation):

dE(condemution)
F I(condensation) — __W (626)

Using the fundamental theorem of calculus we can obtain % ,uienstiony from (6.25) by a single

integral:
21427 A Je = X[ + ¢
F i(condensation} = _?‘)ﬁ(z—ygz)% SeCh4 V_—l"'# dy dz
s
‘UO z=0 y=—o0
2(1+202) [ 2 2
0 =—00

Pilcondensationy 1S Negative (it is an attractive force), and has its largest magnitude at X = 0,

where we can integrate simply.

c(1+2) [
F I(condensation) (X = O) = _MJ‘ sech? [ﬁ] dy
167 %€ ¢

y=—00

_ _¢>§ (1+2%)

6.28
127 u N ev . ( )
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At the X » £ extreme, we can integrate by approximating the hyperbolic cosine with an

exponential.

d
7r2,u,0/\2€2 £ Y

g(1+22) (7 wX* + ¢
F {(condensation) (‘X > g) ~ —M €xp _——y_

y=—00

_ 2 (1+2v%) [41/)(] (6.29)

LETYR S 3
In any type-II superconductor, the K, (41/X /f) term in Foniensationy decays far faster than the

K, ( 4X* + & /,\) term in &, k), thus at long range only the magnetic term of the attractive

force is significant. F yniensation(X = 0) as given by (6.28) is of the same order of magnitude as
the maximum magnetic force per unit length, which in the extreme type-II limit is

Fomex _¢’—3
{M+K)y — 4\/—2-Wﬂ0A2€

(we shall see later that this maximum magnetic force per unit length
corresponds with a fluxon-antifluxon separation of £/v/2).

We have thus obtained an expression for the force between a fluxon and antifluxon which is
more accurate than that given by the London theory. While the London result (6.22)
becomes inaccurate when the separation decreases to a few coherence lengths, our own result,

given by expressions (6.21), (6.28) and (6.29) only becomes inaccurate when X « &, due to the

approximation made in (6.24).
6.2.4 Modelling the Bean-Livingston Barrier (Meissner state)

When an external field is applied to the system, the Helmholtz free energy is no longer the
relevant energy describing the system — the Gibbs free energy must be used instead. For an
external applied field H,,, the Gibbs energy density is obtained from the Helmholtz energy
density by:
g=f—H_.B (6.30)

In the Bean-Livingston model for flux entry into a superconductor, we consider only the £ > 0
region. The field from the fluxon within the superconductor is balanced by an image fluxon
“field centred at a point otitside the superconductor;-in order -that-no-current -pass. through. the

edge. The magnetic field in the system is given by B = B, + B,,,, where:
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B, = pH,, exp[— ;]z (z > 0) (6.31)

Multiplying out the Helmholtz energy term f,,,  we get the expression for the Gibbs energy —
the Helmholtz terms are within the square bracket (note that for now we ignore the f

condensation

term — we shall return to this at the end of the section):

B,
v[w_/XVXBF“ + V. ;‘xVme]
k) = 5 5 —H_B!dS (6.32)
+V. 1/z/“xva,m +V[d{;‘

z>0

We can get the first of the four Helmholtz terms (the fluxon self-energy and fluxon-antifluxon

interaction) by halving (6.20) — f,,, x is symmetric about the yaxis for this system:

(e _ & KO(@/"‘)_K"(\'Mz"Lé"2 )‘) (6.33)
W0 e, | K, (gv/)\) K, (gu/,\)

The fourth Helmholtz term and the -H,,.B,, term are both problematic as they tend to
infinity when integrated over y, but they can be removed from the expression as they do not
depend on the position of the fluxon and are therefore not physically important. The third
Helmholtz term can also be omitted as it is zero — around the fluxon it is zero as V x B,,..dr,
averages to zero over all angles, and along the y-axis it is zero because By ,(y = 0) = 0. We

therefore get an expression for the Gibbs energy per unit length:

6 |Kal6p) K{AXTHEN)

Gimsry = Amp e, | K, (gu /,\) K (gv /,\) (6.34)

JJ {EEV —XVXBF/A]—HM.BF/A]dS

Applying the divergence theorem we now get:

& _[slop) AUETER), L o x
’ 2 By

GI(M+K) =

2N, | K, (g, /A) K, (&) 635
6.35

o0 X

S I U7 I oo YT HE)
2, ) & do |_ (&) P y
Substituting 4 and By, into the integral E = dy we get
—oo =0
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dy

8,X r X1y re KX 7 e

= LdBF/A y—
L L ek ()] o XAV Xy eg

__ax  [ewEHEN) G [T e KXHTEN
ek ()] e ™) X X

The remaining integral cannot be evaluated exactly in closed form, so we use the following

—oQ

dyt (6.36)

approximation, valid for large X\ (K;(z =~ 0) =~ 1/z):

o 5v21{l(,/.1,:2+)(2+§;‘ A)d B e 1+\/)T’+53 _\/Xz+5vz
x| A ee) T

£ 1r,\(,/x’ +é - x)

d =
f_m(y’+X’)(y’+X”+£3) Y xfx’+g

J“" € 4o m8
X ey 2(X’+§3)%

w g K.(\)y7+X2+€3/r\)d Nm\(,[)(’—i—{f —X) . JX2+§1 o _JXZ+E'2’ (6.37)
v+X e x+e v xfx*+¢ A P Y
Substituting this in to (6.36) we get
AH,, ! dBF/" GoH 2 2 \]X2 + &
- — = —oet (x4 X2+~ X)exp| - Y| (6.38)
2 J—oo Ipz dz z=0 2EuKl (fu/A) ( ) /\
We thus have the expression for Gy, for the surface barrier:
g [K(ep) KX +€ M) X
GI(M+K) = 2, | K (E /\) - % ({ /\) + doH o (Yo exp Y
o 1 u/ 1 u/ (639)
2 2 _ [x? 2 * 2 2
_'\+ X +& Xexp— X +¢ — ! J exp[——-——:E & dz
2K, (£,/2) A &k (&/2) ), A

Differentiating to get the force per unit length we get:

o _ %G _ ¢ 2X__ |4 +E
WO T T T ek (6 0) X+ E | A

exp(— X? +£3//\)
&K, (&)

(6.40)
X X

A " WX+ 8

In the extreme type-II limit we can simplify (6.40) as A » X, &, €. Expanding (6.40) in

G, |1 [ X]
JU "ext y __+1__
L e (Y

powers of 1/ as far as (1/))? gives

Fo L 2X 4,
MO ™ X AXE + € A

(6.41)

2X +X + & _\/E—_TX;——{—{

L
22

76



Differentiating again (to find the point where F im+x) 18 most strongly attractive) we get

dF stk 24, 2(4X2_£3)_¢0Hm 2_ X¢, (6.42)
dxX W#o)\g (4X2 +€3)2 2A2 (X2 +§2)% .

For \ » X, & &, the second term in (6.42) becomes negligible and the value of X at which the

fluxon is pinned is:
X== (6.43)

H, is the minimum H,, to get F , ., <0 for all values of X. This allows us to find H;

H, = % (6.44)
2mpE, (1-0.95€,/A)

As Clem’s paper™ gives £, = &/2 in the type-II limit

Hy—— % (6.45)
INELITRY: (1 - 1.34/5)

This result is somewhat higher than the Bean-Livingston and Matricon results, because it
assumes that the order parameter in the material in the Meissner state is spatially
independent. In fact, for a superconductor coated in a normal metal, the proximity effect
ensures that 121 =~ 0 at the edge of the superconductor. This means that within a region at
the edge approximately one coherence length thick, the external field penetrates fully instead
of decaying exponentially. The bracket in the denominator of (6.45) has its origin in the
assumption of (6.31) that the field decays exponentially from the very edge of the
superconductor. In a metal-coated superconductor this bracket term vanishes as the decay
within ~ £ of the edge is much slower than the exponential approximation (due to the
suppression of ¢ at the edge, which allows B to be ~ yH,, at the point of flux entry

criticality). The expression for H, thus simplifies to

g - _ % _ g 6.46
’ 2‘/5'”#0)‘{ ’ ( )

This formula (6.46) gives values of H, which are typically 10% higher than the numerical
results given in Section 5.3, unlike the original Bean-Livingston formula, which is typically

30% too low. Equation (6.47) gives a good result even though Fy ,.ienstiony i8 DOt included in

7



the calculation, because the point of criticality is so close to the edge that 1& =~ 0 there and

thus Fy ongensation) @t the critical point can be neglected.

In the high-x limit the computation predicts that the H, values for metal-coated and
insulator-coated systems should converge. The H, for an insulator-coated superconductor was

calculated numerically by Matricon® using the one-dimensional Ginzburg-Landau equations,

and converges in the high-+ limit to the value given by (6.46).

We have thus corrected the Bean-Livingston calculation, which uses a very simple and

intuitive model, but which in its original form gave a value of H, which was a factor V2 too
small.

6.2.5 Calculating A¢ for flux entry
When the centre of the fluxon is a distance X inside the superconductor, the net flux inside

by

the superconductor (fluxon contribution — antifluxon contribution) is given in the high-& limit

% _ b
v (ﬁu//\) -5 (6.48)

¢pnrﬁ|ﬂ ~

Figure 6.1 shows a more

accurate result obtained by numerically integrating B over the
relevant area.

030 L T T T T T
025F | _:
0.20f . ;
t ! Numerical resuit ]
N 0.15}F s T High-x Approximation
& -
0.10f
0.05}
0.00 L. [ N L . ]
0 5 10 15 20 25 30
1 S

Figure 6.1: Net proportion of fluxon (flux — antiflux) inside the superconductor at criticality
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6.3 Flux entry and exit in the mixed state
6.3.1 Calculation of AM for mixed state — general introduction

In order to extend the surface barrier calculation to the high-field regime, we shall replace the
single fluxon of the Meissner-state with a semi-infinite flux-line lattice, as described by
Abrikosov. As in the Meissner-state calculation, the magnetization from the fluxon(s)
within the superconductor is cancelled by anti-fluxon(s) outside the superconductor. Unlike
the Meissner state calculation, it is possible to consider all the terms in the Gibbs energy
expression, including the Landau condensation term. We move the entire flux-line lattice
towards or away from the boundary, and calculate the resulting change of the Gibbs energy

inside the superconductor (and thus the force exerted on the flux-line lattice).
6.3.2 General analytic considerations — lack of exact solution

A bulk superconductor in high magnetic fields (near H,,) has a distribution of order parameter

and magnetic field which is periodic in = and y and was described by Abrikosov'*:

~ x . 1 9

P = ";OC" exp (inky) exp ——?(m - nk&z) ] (6.49)
h 12, O |52
- —|-—= 4+ = 6.50
depig\ [ dy ‘1'[)‘ * T os ’1/)\ y] (6:50)
(6.50) implies a simple relation between B and l@r:
B = H - (6.51)
BN '

Substituting the first Ginzburg-Landau equation into the Gibbs energy expression gives a

simplified Gibbs energy expression:

— ol )2

24,

g=tollalf | iolla iyl

(6.52)
A standard (infinite) Abrikosov lattice is periodic in both z and y, and thus the Laplacian

2
4 A2
term in (6.52) averages to zero. If we set 3, = <‘1/)\ > / [<|1,[1| >] we get the expressions:

<| \ >= 2 (1-b) o (6.53)

Bl 2n —1)
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1\ 4k* (1 - b’
<¢ > B, (2x* —1)’ (654

28, (2% - 1)
If a superconductor adjoins a normal metal, the order parameter is depressed at the edge. For
a normal metal with py « ps (or for any normal metal, in high magnetic fields), we can
approximate ¥z = 0) = 0 {Setting % to zero, or any other constant, also fulfils the necessary
boundary condition of no current through the interface, via (6.50)). Following Abrikosov, we

substitute A = B_,zy into the linearized version of the first Ginzburg Landau equation:
2
$=0 (6.56)

As the y dependence appears only via the derivative 6/0y it will be plane-wave in form.

Separating the variables z and y according to 12)(31:, y) = p@)exp(iky) , we get

o %
L L 4lk-—|p=0 6.57
e [ ] ) (6.57)

This is the quantum harmonic oscillator equation, giving the general solution at H,,:
2
T — k¢
i[k{—%] }exp _fake) (6.58)

p=1C + Derf
- 252
Now D = 0 as erf(iz) tends to infinity faster than exp(~z’/2) tends to zero. This means we

can write the general wavefunction as:

k=00

¥ = C (k)exp (iky) exp|—

k=—00

(:v - k§2)2

| (6.59)

Now, solving for @(—X, y) =0 (we are setting the edge at © = —X):

k=00

. (X +ke?)’
P(-X,y) = C (k) exp (iky) exp e dk =0 (6.60)
k=—o00
Now as the Fourier transform of zero is also zero:

k=00 2)2

X + k€ y=00

C (k)exp —(—2—6-2— f exp(z’(k—k')y)dy dk=0
y=-00
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(X + k)

= C (k)exp|— 2

Il
o

(6.61)

(X + k&)’

As exp|- 2

= 0, this shows that the linearized first GL equation has no non-trivial

solution which has &(—X, y) =0. This means it is impossible to obtain a non-trivial exact
solution of the first linearized Ginzburg-Landau equation which includes an edge where ¥ is
set to zero.

6.3.3 Calculating the Gibbs energy contribution from the edge

From now onwards, the co-ordinate system is defined such that £ = 0 is the edge. The

Laplacian term in (6.52) is calculated first:
) 2 g2 o I 2
AGY = Fallat f f v |y[ dydo (6.62)
SK“ 0 0

-2
As l’(/)' is periodic in y, the double derivative in y averages to zero:

N 2nfk
AGY = "0 625 f/ 6| ‘d (6.63)

=0

Now if we Fourier transform 12) in y
P(zy) = " f(n2) (6.64)
we can evaluate the y-integral:

AGY = - "04 Hag 2” z f(n,0 40 (n 0) (6.65)

As f{n, 0) = 0, so AGY is also zero. This allows expression (6.52) for the Gibbs energy
density to be simplified to

H2
c2 5 ,(/)
T

4 n (B — toH )2
244

g=— (6.66)

in which both terms (and thus the complete expression for AM) are proportional to (1 — b)%

Substituting (6.51) we now get

2
g o [1 _ L]l,p“ (6.67)
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To calculated the force acting on each fluxon (and thus AM), we must calculate the total
energy per unit length. This is obtained by integrating the Gibbs energy density over the zy
plane. A normal integral to obtain the energy would give an infinite result, so a term
corresponding to the bulk material is subtracted, leaving only the contribution from the edge
itself. To prevent an oscillatory term unrelated to the edge entering into the integral from its
upper limit (far from the edge, tending to infinity), this upper limit must move with the flux-

line lattice. Thus we get:

HOH 1 S — 11m

4,{/2 A—Arx)

AG, = (6.68)

i [ L7 (o - (] v

where <|1/3w |4> is given by (6.54) and where A is a dummy variable. The absolute value of

this integral is dependent on A, but the difference between two values for the same A and

different X (and therefore the force) is not dependent on A.

6.3.4 A M for wavefunction forced to zero using a tanh function

The simplest way to force 7 to zero at the edge is to multiply it by a function of = which is
zero at £ = 0, but which tends asymptotically to 1 as £ — o«. Since the order parameter at
the edge of a superconductor exhibits a hyperbolic tangent spatial dependence, this is a

natural choice of function to use.

0.4 S — S —
[ i — ]
< ~ ~X /\\ N
-~ \/\<7 R X /
2 A Ko Z N
0.3+ - ‘/‘7: o - ]
/'I b
~~ 7 / q
o 7
n o2l 1 ]
= / — X'=0.02:v2x resultant
Y — — - X = 0.2552n resultant
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Figure 6.2: ¢ at y = 0 with order parameter suppressed by tanh function with . = £ (¢
normalized for B = 0.9B,)
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We set

T

¥(z>0)= i C, exp (inky) exp

n=—o0

—%(x +nke? — )

edge

tanh[ ] (6.69)

where £, is an arbitrary parameter which is the characteristic length for the decay of to
zero at the edge of the superconductor. Here X is a variable parameter which indicates the
position of the flux-line lattice relative to the edge of the superconductor. We shall solve here

for the square lattice considered originally by Abrikosov as this is the simplest possible case.

4’ 2 —
For this lattice k£ = ﬁand C, = gﬂfi—(}—b)— Figure 6.2 shows examples of this order
3 B, (26 = 1)

parameter for £, = £ and four different values of X. Substituting (6.69) into (6.68) gives

_2mEpH, (1Y 5

A (6.70)

AG, =

where é, is a dimensionless energy per unit length given by

X+A

2%
- 1 k
G = 7 lim J’ l
2rE? Ao
0

0

tanh[l\ei] i exp (inky)exp —2—22-(X + nkg® — ar:)2 —ﬁ—;’dydw (6.71)

dge

n=—0x

If we normalize X, z and y in units of £v27n (normalized units bearing caret signs), G, now

given by:

A—o0
edge J n=—00

X+A 1 4
G, = lim J [tanh[NLJ Z exp 27ring)exp[—7r(X +n—z) ]} —%dg] di| (6.72)
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Figure 6.3: Normalized G, (energy/unit length) and dG, / dX (force/unit length) for order

parameter suppressed by a tanh function of three different length scales.
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An even lower value of ¢, could be used to correct AM, but would give an order parameter
profile grossly inconsistent with those visualized in the computational data of Chapter 5 -
hence this simple model of the material edge is unsatisfactory. This low value of AM comes
from the fact that |¢/| near the edge of the superconductor is determined almost entirely by
the tanh function itself, which is not X- dependent. Another indication that this model is
unsatisfactory comes from the shape of the 1 contours next to the edge. In this simple tanh-
suppressed model these contours (shown in Fig. 6.4) have a significant curvature in
conformity with the flux-line lattice for all values of X , while in contour plots obtained from
the TDGL computations in Chapter 5 (an example is shown in Fig. 6.5) the contours nearest

to the edge are almost straight.
6.3.5 AM for wavefunction anti-symmetrized at edge

A better possibility for simulating the edge of a superconductor in a high magnetic field is
suggested by the Bean-Livingston model for initial flux entry, which uses a virtual ‘anti-
fluxon' outside the superconductor. The flux-line lattice within the superconductor can be
mirrored by an ‘anti-flux line lattice’ outside, such that the order parameter at the very edge
(z = 0) is zero. We postulate the following expression for a semi-infinite Abrikosov lattice,
which artificially anti-symmetrizes the wave function to force 1/;(2: =0,y)=0. The function

is made periodic in X, with the first fluxon always within £+27 of the edge of the

superconductor.
1 5 2
- exp—22<X+nk§ -—z)
1/3(:1:>0,O<X<§\/2_7T)=ZC'"exp(inky) .
=0 —exp|— —=(X + nk€? +z)’
(6.77)
1/3(:1:,X+m§\/2_7r)=1/3(:1:,X) (mez)
where é, is a dimensionless energy per unit length given by
o0 1 4
X -~ 2 ~ 2
Zexp 2ming {exp - (X +n— :f:) — exp —7r(X +n+ z”)
G=—| [ . . - 7V |dgd# (6.78)

f: éxp 2ming exp '—7r()ﬂ(“+ n —iz;)2

n=-—0

0 0

86



03 — ]
-~
0.2 ]
0.1 ]
s ]
n 0.0
>
> -0.1F 1
Component parts
-0.2 —— X = 0.0 resultant 7
— — X=0.17&\2x resultant
03y /7 SN e X = 0.38¢V2x resultant 4
------- X = 0.65e¥2x resultant
-0.4 - - a—
-1 0 1 2
X/(&*ff;t_)

Figure 6.6: Anti-symmetrization of ¢ at y = 0 (¢ normalized for B = 0.9B,,)

The formulation of these wavefunctions is demonstrated graphically in Fig. 6.6. The integrals
now contain no system-dependent parameters, and can thus be solved numerically and applied

to the general case. The integral and its derivative are shown in Fig. 6.7 — it can be seen that
s G,/ . : : .

in this system ldf( is much larger than that of the system in section 6.3.4., ranging from
-0.57 to +0.78. These values would give a value of AM about twice as large as the

computational results (which corresponds to d%X_ extrema of £0.356). In addition there is

an unphysical ‘cusp’ in the d%j( data at X = 0.0.
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Figure 6.7: Normalized G, (energy/unit length) and dG, / dX (force/unit length) as given by

the anti-symmetrization model. The energy barrier which fluxons must cross as they enter or

exit the superconductor is clearly visible between X =-041 and X = +0.59
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Figure 6.9: 1,7) at y = 0 obtained by modified anti-symmetrization model, with £, = ¢ V2 (v
normalized for B = 0.98,,)

The formulation of these new wavefunctions for £, = £v/2 is demonstrated graphically in

Fig. 6.9, while the integral and its derivative are shown in Fig. 6.10 — it can be seen that in

this system d%»( ranges from —0.35 to 4-0.35, thus giving a value of AM within one percent

of that found by the computational results. (Note that for a straight superconductor edge in

the Meissner state, the order parameter is given by a tanh function with characteristic length

£v/2, which may explain why this value gives such a good result in this system). In addition,

the ‘cusp’ in d%f( at X = 0.0 has been removed.
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Figure 6.10: Normalized G, (energy/unit length) and dG, / dX (force/unit length) as given by

the modified anti-symmetrization model with &, = £v2. The energy barrier for fluxons

entering or exiting the supefébnduétbr is visible between X = —0.13 and X = +0.87:
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Re-writing this in normalized units we get

1
2

’i+xmtn—muul ~ - =
1 o ‘dj (Xentfy—cfiticul )

il AX — , lim o
H, 287 | A-e At R cnergs | m |
—f "t/}(xmin-eneryy)

0 0

di
dj (6.81)

6p = ¢,

2
dz

For the modified anti-symmetrized wavefunction of (6.79) with .4, = ¢ v/2 - the approximate
function which gave the closest qualitative and quantitative match to our TDGL
computational results, AX =0.16 —0.87mod1=0.29. Numerical solution of the integrals
gives the final result for é¢:

¢ = ¢,(0.295 — 0'(2)761 (1-10) (6.82)
2k° —1

6.4 Conclusions

We have built on the simple physical model posited in 1964 by Bean and Livingston in order
to gain an understanding of the behaviour of the surface barrier of a superconductor. The
original London-model calculation could not model the fluxon core correctly, and therefore
gave a value of H, which was a factor of V2 too small. We have modelled the vortex core
using the Clem approximation, and obtained the correct value of H,

The calculation has also been extended to the mixed-state case, by assuming that the vortices
form an Abrikosov lattice and that this entire lattice moves in or out of the superconductor.
Since a non-trivial exact solution of the linearized Ginzburg-Landau equations where ¥ = 0
along an edge is impossible, an approximate expression for ¥ must be used. An approximate
expression for 7/ is postulated based on applying the Bean-Livingston ‘fluxon-antifluxon’
methodology to the Abrikosov lattice. When this approach is combined with a term which
phases in new fluxon-antifluxon pairs using a hyperbolic tangent function of characteristic
length 5\/ 2 (this tanh function is the same as the spatial dependence ¥ at the edge of a metal-
coated superconductor in the Meissner state), the predicted value of AM is within 1% of that

observed in our TDGL computations of Chapter 5.
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7.1 Introduction

7.1.1 Motivation

One of the central aims of this thesis is to model current flow in polycrystalline
superconductors. It is important to check that the computational method can model single
SNS junctions correctly. In addition, we need to consider the role of junctions as a potential
basic building block for polycrystalline materials. First current flow through a single planar
SNS junction is modelled and compared to analytic predictions. The configuration of the
basic SNS junction and the computational method used to obtain J, are described in 7.1.
One-dimensional analytic methods for obtaining J, are reviewed and a new analytic
calculation of J, for a junction without pair-breaking (ie ay = 0) is provided in section 7.2.
Section 7.3 compares zero-field computational J, results with these analytic results,
considering the dependences of J, on kappa, junction thickness and width, junction resistivity
and Cooper-pair breaking. The effect of small applied fields (that permit the superconductors
on either side of the junction to remain in the Meissner state) on J, is reviewed in section 7.4
— this includes both the Fraunhofer narrow-junction limit and the self-field-limited wide-
junction case. Section 7.5 investigates the J, of an SNS junction with the superconductors in
the mixed state. To avoid surface critical field (H;) effects, especially when polycrystalline
materials are simulated in Chapters 8 and 9, trilayer junctions (ie three normal metal layers)
are considered, and compared with simple junctions in Section 7.6, while section 7.7 considers
what we shall call ‘trilayer cross junctions' which serve as the basic building blocks for the

grain boundaries of the polycrystalline model. The conclusions are presented in section 7.8.
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Figure 7.1: Diagram of an SNS junction as modelled computationally — the

normal regions at top and bottom are optional

7.1.2 Calculation Method

The critical current of various junctions are computed in this chapter using a transport
current measurement approach. The external applied field H has a gradient in the y-
direction, which according to Maxwell’s equations is equivalent to a current travelling in the
2~direction. The current enters and leaves the system as normal current, and then becomes
supercurrent some way inside the superconductor. For this reason the length [ of
superconductor modelled is typically set to 70&, though longer lengths are sometimes required
for high-x superconductors.

The current is ramped upwards in a series of steps, and the voltage across the junction is
calculated and averaged over the second half of each step. The dependence of the voltage on
the current density J is then used to obtain the critical current density J,, To ensure that the
J, value is correct it is important to ensure that the calculated voltage for J < J, is as low as
possible. The voltage is measured by integrating the electric field in the direction of current
flow to within 4 of the ends of the system — this allows sufficient space for the injected
normal current to become supercurrent — and then summing over all y within the
superconductor. This is equivalent to a standard four-terminal resistive measurement. J,
values less than =~ 10™ H,,/x*¢ are very difficult to compute due to the slow equilibration of
the voltage at such low-current-flows. The geometry of-the system is shown by Fig. 7.1, while

some examples of calculated current versus voltage characteristics are shown in Fig. 7.2.
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Figure 7.2: Computed V-1 traces for a 30¢ wide, 0.5¢ thick junction with gy = 10p,.

It should be noted that measuring very low J, values by the transport method is

computationally expensive as the equilibration of the voltage is very slow.

7.2 1D analytic solutions for J,
7.2.1 Introduction

We consider setting up the general problem of a current flowing through an SNS junction of
thickness 2d in the z-direction. With the applied field along the z-axis, A can be defined as A
= Baj. ¢ is assumed to depend on z only. Equations (3.52) and (3.53) inside the junction are

rewritten in 1-D:

D, o |2 . 2™ (2eBz) -
L/ (w‘”’ +a )w(”)——’p +[ ° x] ™ =0 (7.1)
N 9 - .
Diéis) } ‘ dz h
)
- Lo R Im[w(”’ W ] (7.2)
Pivy 26t dz

The parameter ay is given by (3.56) for a junction in the T & Ty, regime, or by*

®y (TC(N) = 0) = 2(T7(T+T_T) (7.3)

if the junction is totally non-superconducting. The pair-breaking in the normal barrier is
typically described via a ‘normal metal coherence length’ &y, — however unlike the original
sources®™™, we have chosen a ‘Real = Superconducting’ conventiop f«?r f to givewa cqnsisten’c
;For;n f;r the équations in both the superconductor and normal metal, so that &y, is imaginary.

Its value is given by
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§(N) = if(s) (7-4)

The magnitude of the order parameter at infinity was defined to be 12)00 , and phase difference

across the junction . 1&00 =1 in the Meissner state, and can be approximated to 1—i
c2

in the mixed state.
Outside the junction, the order parameter was described as™:

- - T, +z—d ip

P (z > d) = ¢ tanh[L—"——|exp [— -—] (7.5)

£ V2 2
- ~ T, —z—d i
P (z < —d) = 9, tanh|2——=—|exp [—] (7.6)
£oV2 2

From these expressions and the boundary conditions (3.54) and (3.55) an expression was

A

obtained relating ¢ (+d) and (+d) to ¢, and 3:

5) . oY D2 (g -
a9 (@)= Pun [ww exp(— Zi] - uexp [+ i—('0—] (7.7
dz f(s)P(s)‘/i 2 (% 2
Hence, the general solution for ¥ was written in the form®
I (2) = ¢ f (@) + g f, (@ (7.8)

Owing to the choice of phases in (7.5) and (7.6) and the symmetry of the junction, f; and f,
are symmetric and antisymmetric functions respectively, while ¢, and ¢, are real constants.
The general approach to obtain J is thus to solve for 12)(N ) and then substitute into (7.2).

Specific cases are considered in the remainder of section 7.2.

7.2.2 Zero-field J, — linear equations (ay > 0)

a2
If there is a strong pair-breaking term (for example if T is relatively high) then ‘¢(N)| <1

within the junction, and the nonlinear term can be ignored so a simple analytic solution is

possible®®®, In the low-field limit, where B <« , the field term can also be ignored,
e
(N)
allowing (7.1) to be simplified t0*
| | P 1
v 1y (7.9)
dz §m
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which has the solutions®®

f, = cosh i , f, = sinh L (7.10)
) ool
Solving for ¢, and ¢, gave the results for J in the thick-junction limit of > 1 that:
|5<~ |
_ P L _
AUA \ 2d sin (7.11)
P et ‘QN l ’QN)‘

Equation (7.11) is the famous De Gennes result® where J, is exponentially dependent on d,
and where the only field dependence comes in a long Josephson junction from diffraction
effects. However, this expression is difficult to use as it requires knowledge of the interface

order parameter ") (d).

- )
In the thick-junction limit, we can write® dy (d) = — 9™ (d). Solving with (7.7) gives
dz |§(N)’
2
™ (d) = g exp[ w] §s)Ps) ] 1. S (7.12)
27\v2 |5<~>| Py V2 |5(~) | P

which gives J, (the maximum J, found at o = %) in terms of the Meissner order parameter

Yoo :

2
2

Ps) R, &s)Ps) &P

J,_, == S L =
- Py e/‘*o)‘(zs) |§(N)| ﬁ'&(zv)ip(zv) ‘/—2—|5(N)\P(1v) o If(zv)‘

(7.13)

The zero-field 1D J, of a junction is referred to as J,; in this thesis as it is an intrinsic

property of the junction comparable to the depairing current for a superconductor.

7.2.3 Zero-field J, — nonlinear equations (cy = 0)

In a junction where T = Ty, = 0, the o term is zero within the junction, and the non-linear
B term determines the behaviour of the junction. This gives a d® dependence of J, for these
junctions which shall be explained in the following derivation. When the oy term is zero, the

zero-field version of (7.1) becomes
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Figure 7.3: Approximate solution of non-linear Josephson junction for @ = 0
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As before we set ¢ (—z)='(z) using (7.5) and (7.6). Note that as the first Ginzburg-
Landau equation is now nonlinear, f; and f, are themselves dependent on ¢; and ¢, It is
extremely difficult to solve the nonlinear Ginzburg-Landau expression exactly, so we have

used an approximate solution to obtain the general trend of J, for the junction. We find that

one particular solution of (7.14) is

" 2D exp(
W, =& [—2 xp(i) (7.15)
Dy 1wtz

where ¢ and 1z, are arbitrary real constants. However, this function does not have the
required symmetry. This exact solution does however suggest that a trial solution should
decay as 1/z when moving into the normal junction, with the function reaching a singularity
were it extrapolated into the superconductor. Since the function y = sec z is an even function
with singularities at £ = +7/2 and the singularities in the extrapolation of 1 are at *x, (%, >

d), we suggest the approximate f; (shown in Fig. 7.3) of

f= sec[ﬂ] (7.16)

2z

o0

The flow of current through the junction, and therefore Im [12)‘ Z—d}-] , must be independent of z.

Given f; this requirement determines the z-dependence of f;:
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d
L@ x ﬁfﬁ—:;) (7.17)

The functions in (7.10) which solve the linearized Ginzburg-Landau equations, automatically

meet this requirement. For f, given as (7.16) f, is thus obtained

L= sin[;;m ]+ 27:; sec[;;m ] (7.18)

Next ¢, and ¢, must be found. Solving the real part of (7.14) at z = z, gives

2 D, (7€ )
2 2| T (V) (5)
P I = 2w (5 7.19
aThe [2] 2D, [ ] (7.19)

and solving the argument of (7.14) at =z = =, gives
G = ——&tan [f] (7.20)
7r 2

This allows the values of ¢; and ¢, to be found

‘”’ (7.21)
(S)

25“’ D(” (7.22)

Substituting into (7.2) at £ = 0 gives the current density of J as a function of z,:

D 2
j=foZw 5 (7.23)
D(s) depks T,

To complete the calculation it is necessary to find z, as a function of the junction half-width
d. This can be done using (7.7) — in the thick junction limit (d ~ z,,) we can use the following

approximations

sec [ﬂ] & tan[ md ] 2 [;] (7.24)
2z 2z 1- d/z

w(N )

to obtain ¢ (d) and (d) using (7.16)

R 3 2D io
®) () = 5O ) [_ so]
YUd)= = exp

00 $)

A0
dz r_—d
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This gives the value of z,:

2D ?
_q+50 [P, | PPl (7.25)
» \| Dis) Py Dy
and we substitute into (7.23) to find the final J, expression:
D 2
Jp, =00 D‘"’ i - (7.26)
Py His) 2D y D
depuor [d + 20 S [2Pw |, ¥=Po [P
w \ Do) Py \ Dy

7.2.4 High-field J,

We now review the work of Dobrosavijlevi¢-Gruji¢* et al which considers a 1D SNS junction
where ay > 0 in high fields, such that the field-dependent term must be retained. The in-field

linearized equation for the junction was given by

p d21/}(N) 2eBzY (W)
— - 2] = (7.27)
&) T
The substitution®
2=l p (7.28)
2eB

was used to transform the equation into a standard form for solution.

2,5 .
= d ’/’2 L . A (7.29)
dt %8B |5(N

The forms of f, and f, were found by solving (7.29). With /i = Kummer’s confluent

hypergeometric function, the general solutions were™

B 2 1 h ZCB 2
fi(xy= exp[ “] Fl=- ,}/, (7.30)
‘ B )74 seBlgyf
eB , 3 h 2eB ,
f(z)—mexp[ “] —— =3 z°|. (7.31)
) RN SeB|§N|' g
These expressions have the property
2eB
f@f@—-f@h@= —;—- (7.32)

"J can be expressed in terms of ¢, ¢, by s—xﬁbé't'itilting.A("Fﬂ.Sr) and (‘7.32‘)? into (7.2):
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P h , B
= —ﬂ—z— —C, (7.33)
Py 2t X5&s) N Baa

In the low-field limit where B <

, the De Gennes solution of section 7.2.2 is returned,
ed

. . ; T(b) -
2 2(a=b) 2
while in the £ — oo limit, ,F, (a,b,t ) — I‘—(cst exp(t )

This gave approximate high-field expressions® * for f, and f,.

~telane] ()
L@ = T'(%)20B2° exp| T (7.34)
£, (@) =~ sgn(x) L (%) [ i ]% exp [é xz] (7.35)
2 T (%) 2eBz? h
N Bd
¢, and ¢, were then found in terms of ¥(d). Using LOOTOL) _ 2v/2 in the Pu < )
INCAINC) Pis) h

limit* we solve for J,

o id Pk 2eBd* Py  eBdgy
e ™ e N o (2B P T R < (7.36)
eﬂo/\(s)g(S) Py \4€ Pis)

Note that we have recalculated equation (7.36) and found that the correct result differs from
the original result in the paper by a factor of v/2. More generally, we can solve for 1ZJ(N) ()
using a method analogous to that used in section 7.2.3 to obtain a general solution applicable

for all p(% 9 values:

2

2
)2 eBd V2eBd 2
J = @\[2_1/)0028(1 5 ) 1 §(5)P(s) exp[— 2eBd ] (7.37)
Py HoXs) hp) hpe) h
eBd
In the P > & limit, this becomes
Ps)
72 2
J, = .,D(_s)___ﬁquzBd exp [— 2¢Bd ] (7.38)
Pavy  Hos) h

In the high-field limit J, has an exponential dependence on B and &* in addition to the B
dependence to the phase-coherence related dependence found in a real 2D or 3D system, and
does not depend on |[y| ~ This exponential field dependence is observed in many
polycrystalline samples — especially cuprate materials®”. Note that expression (7.38) does not
include [£ |, implying that this high-field result is also valid for the &N —0 éystém V—che> '

decrease in ﬁ(N) in the junction results almost exclusively from the field itself — also as it is
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the field which causes 1/:'(N) to fall, the effective thickness 2d of the junction is not the
geometric thickness but may include an extra thickness where the field penetrates into the

superconductor®,

7.3 Computational results for zero-field J.

7.3.1 1-D computational results for J, ;

Figure 7.4 shows J, computed as a function of the junction thickness d, junction resistivity gy,
and superconductor & value for oy = +1 and oy = 0. For comparison with the computation
it is more convenient to use normalized units. For superconductors in the Meissner state,
1/:':0 =1 and since we assume the junction to have the same density of states as the

Ps) _ D

superconductor itself, Making these substitutions into the normalized form of

Py D)

(7.13) with ay = +1 gives

2
jD_J =2 LOBRILC exp —2d P,
Pwy |\ 2Pm) Ps)

while the ay = 0 expression results from substituting 1/3020 =1 and Dy,/D = ps)/pw into

, (7.39)

Ps)
+1-—
f

Py

Junction Thickness (&)

(7.26):
2 2 2 - -
. [P 5 P P
pos = —|=2| |d + |21+ |2 (7.40)
2 \ Py Py Py
G —
N\M T T T T a) N‘;-” 100
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Figure 7.4: J, values computed for a single 5¢ wide SNS junction with various junction

resistivities for a) oy = +1 and b) ay = 0. The computational data (data points) correspond

closely with the analytic results (7.39) and (7.40) respectively (lines)
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The thickness dependences of J, for the oy =+1 and ay = 0 SNS junctions are in almost
exact accordance with (7.39) and (7.40) respectively, except for high J, values where self-field
limiting comes into effect. For both ay = 0 and ay =+1, J p_; for a single SNS junction is #-

independent.
7.3.2 Effect of T and Ty,

The effect of changing the ambient temperature T, or the critical temperature of the junction
material can be encapsulated in the parameter ay, given in the Ginzburg-Landau case by
(3.56). Since SNS junctions in experiments use non-superconducting (T, y, = 0) metals in the
N layer, and are measured at nonzero temperature, ay is positive for SNS junctions measured
experimentally. However, it is also possible for a junction to have a zero ay value if the
ambient temperature T = 0. This has a marked effect on the thickness dependence of J.

Figure 7.5 shows values of J, we have computed for various SNS junctions and demonstrates
how changes in ay affect the thickness dependence of J. For ay > 0 a pair-breaking tendency
within the junction gives an exponential thickness dependence as observed experimentally® for
SNS junctions (see also section 3.3.3). For ay = 0, J, « d° while for ay < 0 the junction is
itself superconducting (the junction is now S-S'-S), and the junction J, tends asymptotically
to a constant value in the thick junction limit. In most SNS junction experiments ay > 0 as

the measurements are made at nonzero temperature.
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Figure 7.5: Zero-field J, values computed for a-single 5¢ wide; py = 3psSNS junction with

various oy values in a k = 5 superconductor. The edges at the y-extrema are insulating.
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Nevertheless, the ay = 0 case is interesting because J, has a different thickness dependence,
and the zero-field J, equals that of a thinner ay > 0 junction. This can be useful for
simulating a high-J_ junction, which may otherwise be difficult due to the grid discretization

imposed by computation.

7.3.3 Effect of Self-Field Limiting

The 1D analytic calculation of J, for a planar SNS junction in zero applied field gives a
limiting value independent of the width of the junction. In wide, thin junctions with high J,
values, the value of J, for the junction as a whole is lowered as the current is excluded from
the central region of the junction by the Meissner effect®. The importance of self-field

limiting can be determined from the Josephson penetration depth A, which is calculated from

’ h

If A; > w/4 (w = junction width), then its J, value will correspond with the value obtained by

J, via®:

1D calculation, while if A; < w/4, J, will be reduced by self-field limiting®. The concept of
self-field limiting also has important consequences for the dependence of J, on an externally
applied magnetic field, as shall be seen in the next section. The effect of self-field limiting on
J, can be seen in Fig. 7.6 — for widths up to 10§ J{(H = 0) = J,_,, while this is not true for a

30¢-wide junction.

10° - T

RE e—o w=30¢

10 e——o w=2¢, 5¢, 10¢

1072}

30¢ wide junction
-3 | experiences

107 £ self-field limiting

10'5 n Ll 1 1 t U B S |
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Junction Thickness (&)

Critical Current Density (chlsz_,)

o
3

Figure 7.6: <Jc computed for SNS junctions with various widths and gy, = 10g), £ = 5, ay=10
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7.4 Field Dependence of J. — Bulk Meissner State
7.4.1 Introduction

For a narrow junction, the field dependence of J, can be simply calculated using this
Fraunhofer approximation. For wider junctions, or junctions with a higher zero-field J,, the
self-field resulting from the current flow becomes important. In the extreme limit, the self-
field contribution causes the Fraunhofer sinc dependence to be replaced with a linear decrease
of J, with H, resulting from the confinement of the current to the edges. The computed field-
dependence of J, in the low field regime is shown for junctions of 4 different thicknesses in
Fig. 7.7. As the junction thickness increases (and thus J, decreases), the field dependence
changes from the linear self-field decrease to the Fraunhofer pattern.

In low fields, the superconducting blocks on either side of the junction are in the Meissner
state — this means that J, as a function of field can be calculated simply by means of a flux
At any point along the junction, the current density is determined by the

argument'®®,

phase difference across the normal junction:

J(y) = Jp_; sinp(y) (7.42)
and the phase difference itself is given by
0o deu, (d+ A
05 e (@) ) (7.43)
Jy i
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Figure 7.7: J, computed for an ay = 0, py = 10p, junction in a 30¢~-wide £ = 5 superconductor.
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Combining (7.42) and (7.43) with Maxwell’s equations gives the stationary sine-Gordon

equation:
s 1 . _
—5 = —-sin 7.44
FIEY ?(y) (7.44)
where ); is the Josephson penetration depth given by
o (7.45)

Ay =
depy (d +X)Jp_,

Before the general solutions of (7.44) are given it is important to note an integral parameter &

which determines the solution®:
k= i (7.46)
A0l L 2
2 Oy 2

Depending on whether k is greater than or less than 1 there are two general solutions, which

90,91,

can be expressed in terms of Jacobian elliptical functions

k> 1: sin[ 20| _ gpf¥ =0 E3 (7.472)
2 Nk
MH@) =3_<P=icn y__yliz (7.47b)
) ay kx| N Ik
k< 1: sin| 20| _ cp[ 2= o |k (7.48a)
2 kX,
(7.48b)

9% _ idn[y—yo kz]

4e,u0(d+/\)H(y)=__
) dy kA | En

In narrow junctions at all applied fields, and in wide junctions where H > Hg,, the £ < 1

solution determines J, The critical value k, = 1 is important, as solutions with £ > 1 only

exist for an applied field below H,, given by”
(7.49)

K hdp
H, = =
2epiy (4 + A) A, ety (d + A)

A wide Josephson junction can be thought of as being like a one-dimensional type-II

superconductor, but with an important difference: while Abrikosov vortices are characterized

by two length scales, the coherence length ¢ (characterizing the core) and the penetration
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depth A (characterizing the electromagnetic properties), Josephson vortices, being core-less,

only have one characteristic length, the Josephson penetration depth A,

7.4.2 General numerical solution

In general, the dependence of J, on applied field must be calculated numerically. This is done
by fixing the magnetic field H(w) and phase difference @ (w) at one end of the junction. This
fixes the value of k, while (7.47) or (7.48) is used to obtain the translational shift y, This
means that the solution has been completely determined, so H(0), the magnetic field at the
other end of the junction, can now be determined. Finding the critical current now becomes

an optimization problem®:

1
J,(H @) = —_max |H (0)— H (w)| (7.50)
Once J, is obtained for all values of H(w), it can be rewritten in terms of H,,, using
H,=Hw-%Jw (7.51)

7.4.3 Narrow-junction limit

In the limit of a narrow junction we can take \; — o, we can achieve a simple closed-form
solution using the identities cn(z | 0) = cos z, dn(z | 0) = 1. This gives the spatially-

dependent J expression

J(y) =Jp, Cos[(y _yo)[4e'u'0 (d :; A)HaPP ]]

Integrating over the width of the junction leads to the familar sinc function'®*

hdp
2epy (d+ N) H 0w

2epaw(d + \) H

app

k |

sin

1 w
J, = —max'f |Jy (v, y0)| dy, yol = (7.52)
w 0

7.4.4 High-field envelope

In high fields the phase-dependent term in (7.46) becomes negligible, so k approximates to

h H,

k, = = (7.53)
2eps, (d + A) NH,  H,
which gives the H expression
e i BT A H’ D St | H 2 ’
H(y)=H_ dn|—2(y— =0 7.54
(y) = H,, Hox, (¥ - %) [ HW] (7.54)
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The oscillation amplitude A H of this expression is

H2
AH (y) = —20 (7.55)
2H,,
leading® to an upper bound for J,
2
J o<t _ Rpy (7.56)

© T 2wH,, 2epw(d+N)H,,

app

It can thus be seen that the J, < 1/H,

»» envelope which clearly applies for the sinc function is

also true in the case of a wide SNS junction. In the high-field limit the main difference
between narrow and wide junctions is that J, at the nodes is non-zero in the wide-junction

case.

7.5 Field Dependence of J. — Bulk Mixed State

When H is high enough that the bulk superconductors on either side of the junction enter the
mixed state, the textbook low-field flux integration method' is no longer valid. It has been
suggested by Nikulov® that when the superconductors on either side of an SNS junction enter
the mixed state, the junction’s properties are affected in two ways:
e  The effective width of the junction is changed from 2(d + ) to 2(d + &)
e Due to the presence of fluxons and their associated screening currents near the
junction, the relevant field for the junction is changed from H to (H — k,B) where k, is

a constant =~ 1.

CriticalCurrent Density (H_/x")
g 3
£ Jz

Critical Current Density (H_/x€)

o, 3
x10* d=056,x=5 4w 104 o d=05:x=5 M‘Qm):1
d=05¢«=20 & d=15;x=5 2
1x10° d=15tx=5 10° A d=35x=5 r
d=35k=5 -
. % H_ = 1.69H_
10 - 10° T —
01 1 0.1 1
Applied Field (H_,) Applied Field (H )

Figure 7.8: Field dependence of J, up to H, for 30€-wide py = 3ps, oy = 0 junctions of various

thicknesses in-a-x = 5 superconductor coated -with a) py = p; metal and™b) insulator.
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Fig. 7.8 shows the field dependences for 30¢-wide junction of varying thicknesses. If we start
with the sinc field dependence of (7.52) and take into account that
e the individual nodes are not visible in the field dependence of J, for these wide
junctions and we can use the root mean square approximation of sin z — 1/ V2,
o the effective junction width has changed from 2(d + A) to 2(d + &) - this is in
accordance with Nikulov’s prediction, and results from the disturbance of the field
profile moving away from the junction caused by fluxons in the superconductors, and

o the in-field junction depairing current differs from the zero-field J,; by a factor

1—i due to the |1— il
H H

] dependence of |74* within the bulk superconductors,
c2

c2

we get an analytic expression for the J, data in Fig. 7.8a of the form

J (H) =~ —2
() -

~ ulire] - (7.57)

']D—Jg(gs) H [1_ H]

However, the second prediction of the Nikulov paper — that the crucial field within the
junction was not H but (H - k,B) was found not to hold in the computations. This is because
the paper neglected to consider that the current from the fluxons on one side of the normal
junction is almost entirely cancelled by the effect of the similar current flowing on the
opposite side of the junction. It can be noted that in Fig. 7.8a) the actual computed values of
J, for fields above 0.6H,, {for 2d = 1.5) or 0.2 H, (for 2d = 3.5) are considerably less than
those predicted by (7.57). This is because Jj,; is decreased further by the presence of the field
following an exponential field dependence®™ consistent with (7.37). The dashed low-J, line in
Fig. 7.8a for 2d = 3.5 is found by replacing the zero field J,; in (7.57) with the high-field
limit 1D J, given by (7.38) with the effective half-width of the junction set to d + & here
consistent with Nikulov’s prediction.

For the data in Fig. 7.8b, the SNS junction with an insulating boundary condition at the

edges, we have fitted the expression

J 2 0.66 0.66
2w(d+gg)l H 1.69H.,
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Figure 7.9: Computed field dependence of J, for a 0.5&-thick py = 10p;, oy = 0 junction up to

H_, for k = 5 superconductors of various widths, with insulating edges.

In the junction with insulating edges, current travels preferentially along the edges due to the
superconducting surface sheath - this means the current through the junction is also
dominated by the edges, which via the Fourier transform changes the exponent from 1 to
0.66. H, is also replaced by H; = 1.69H,.

Another effect on the J,(H) chacteristic which mixed-state bulk superconductors have is to
destroy the regularity of the node spacing. This can be seen in the width dependence of J, in
fields up to H,, shown in Fig. 7.9. Nodes are clearly visible for widths of 5¢ and 10€, but for a
30¢ junction the nodes of the sinc function are washed out leaving the monotonic decay o
H?°% The fluxons within the bulk material affect the phase of % at the junction itself,

destroying the J, node spacing regularity.

7.6 Trilayer junctions

7.6.1 Motivation

In Fig. 7.8b, J, does not become zero when the applied magnetic field reaches H,. This is
because where py > ps, superconductivity persists along the edges of the superconductors and
of the junction even above H, — this is demonstrated in Fig. 7.10. However, in experimental
data on polycrystalline superconductors there is no evidence of a significant surface

superconductivity close to grain boundaries above H,, Hg effects can be removed by:
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Figure 7.12: Comparison of computed zero-field J, values for simple SNS junctions (open

symbols) and trilayer junctions (closed symbols) for a) ay = +1 and b) oy =0

7.6.2 Effect of Outer Layers on Zero-Field J,

Figure 7.11 shows the geometry of the trilayer junctions considered here. The thickness d’ of
each outer junction is fixed at 0.5¢, as it is desired that they should have as little effect as
possible on the junction, other than eliminating surface superconductivity. Nevertheless, it is
important to check the effect of the outer layers on the junction J.

Figure 7.12 compares the zero-field J, of trilayer junctions with those of simple SNS junctions.
The effect of adding the outer layers can be expressed by modifying the expressions for the
zero-field J. For a, =+1, with an inner junction of thickness 2d and a total junction

thickness of 2(d + d’), we have found that the zero-field J, expression (7.39) becomes

Jps =2 [—

2
)
Ps) 2P 2P exp [—2(2 M] (7.59)

Ps)

Py . .
coshd’ + |2 ginhd’
Py

while for o, = 0, we can use the following approximation:

(7.60)

These reductions in J, can alternatively be expressed in terms of an effective junction

thickness d,; in equation (7.39) of
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dy=d+ 22 mlcoshd’ + [P sinha!|. (7.61)
Py )

and in equation (7.40) of

Ps)

4y ~dt (7.62)

Py
7.6.3 Effect of Outer Layers on In-Field J,

The effect on introducing the trilayer junction is much more marked in the in-field case than
in the zero-field case, because in the simple junction it is difficult to suppress |¢¥|* on the
superconducting sides of the junction due to the boundary conditions, while in the trilayer
junction, it is much easier to suppress |¢|® in the outer normal layers. Figure 7.13 compares
the field dependences of J, for a trilayer junction, a simple junction with normal metal edges
and a simple junction with insulating edges. It can be seen that the trilayer junction not only
has a lower overall magnitude of J, due to the reduction in J, ; because of the additional

normal layers, but also has a different high-field dependence — as the applied field approaches

2
il ] rather than the [1—

c2

H
] associated with the single

c2

H,, J, drops to zero as [1—

junction. This is due to an additional reduction in |¢{* near the junction which results from

the presence of the outer junctions.
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Figure 7.13: Comparison of in:field J, fof siniple’SNS juiicticns with instlating and metallic
edges (data taken from Figs. 6.8b and 6.8a respectively) and trilayer junctions with metallic

edges for a py = 3p), ay = 0, 0.5& thick junction in a x = 5 superconductor
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The critical current density expression for the trilayer junction is therefore

£ H gY
J (H L‘” °2[1——] 7.63

It can be seen in Fig. 7.13 that J, for the single junction with normal metallic edges can look
deceptively similar to the Kramer b™*(1 - b)* dependence. This is because (7.57)
overestimates low-field J, — the product HJ,, peaks near 0.2H,, the same field at which F,
peaks according to the Kramer model, rather than linearly increasing as H decreases from H,,
towards zero. The dashed lines in Fig. 7.13 are approximations to the high-field data with a
J, < 5% - b)’ dependences, while the solid curves follow the derived dependences. The

simple-junction expression (7.57) can thus be approximated using the Kramer-like expression:

J,(H) ~1.06—220 ,f(s) h[ - —] (7.64)
(d +£s)

7.7 'Cross’ junctions

In order to get the best possible comparison between a single planar SNS junction and the
granular systems in chapters 8 and 9, a ‘cross’ trilayer junction has also been modelled. As
shown in Fig. 7.14, this is a trilayer junction which also includes layers of high-resistivity
normal metal just outside the edges of the superconductors on either side of the barrier.
These cross the high-resistivity junction layer at the two ends of the junction. This is thus
directly equivalent to the multi-grain system, where the high-resistivity layer normal to the
current corresponds to a grain boundary which the current must cross, while the high-
resistivity layers parallel to the current corresponds to surfaces which must pin fluxons to
enable a current to flow non-dissipatively through the superconductor.

Inner thickness 2d
>

v ¢2d Superconductor
Width w § S V% Normal Metal py = pg
y CuiniAlow "
§ > : Normal Metal gy > ps
, l > v e fte Yd+ d'
B _”’Mm__».ﬁ e ———— -t = .

Total thickness 2(d + d’)

Figure 7.14: Diagram of the ‘cross’ iunction.
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Figure 7.15: Critical current density for ‘cross’ junctions with oy = +1 as a function of a)

width and b) py/ps.

Typical data at fields above 0.6H,, for these types of junctions is displayed in Fig. 7.15. The
data is very noisy which suggests that the phase-dependent behaviour of single junctions is
present in this trilayer system. Furthermore there is no simple resistivity dependence in this
data, as higher resistivities tend to lower Jp.; {which lowers J,) but also tend to enhance the
superconducting surface sheaths (which raise J). However, an approximately 1/w width

dependence is still clearly visible, as is the strong sensitivity to field which is also

characteristic of phase-dependent systems.

7.8 Conclusions

7.8.1 Zero-field J,

A single planar SNS junction has been simulated using the TDGL equations. For a junction
with pair-breaking (oy > 0) J(H = 0) has an exponential thickness dependence — this famous

De Gennes result® is the case for all SNS junctions at nonzero temperature. For a junction

without pair-breaking (equivalent to zero ambient temperature) J(H 0) has an

approximately inverse-cube dependence. This case is less directly applicable but is useful

from a computational perspective.
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7.8.2 Field dependence of J,

In low fields (superconductors on either side of the junction in Meissner state) the field
dependence of J, follows the ‘Fraunhofer’ sinc function for narrow or poorly conducting
junctions, and is limited by the current self-field in wide, high-J, junctions — this is consistent

with experimental data. In high applied fields (superconductors on either side of junction in

mixed state), the field dependence changes from J, oc; to J, 0(; because
w(d + \) w(d +¢§)

the magnetic field penetrating the junction (which reaches a distance X\ into a Meissner-state
superconductor) is disrupted at a distance = £ from the junction by the fluxons within the
superconductors.

For a superconductor with normal metallic edges, extending the analysis up to H,, washes out

By

the nodes of the sinc function, giving an factor, while the decrease in the order

parameter within the superconductors adds a [1— il ] (c.f. (7.57)) factor, causing J, to

c2

become zero at H, On insulating superconducting edges, superconducting surface sheaths are

formed which alter the current profile of the junction, and give a field dependence more like

H V(. H )
J oc[ }}2] [1 7 ] (c.f. (7.58)). If the simple junction is replaced by a trilayer junction,

¢
c3

H
Hc2

2
the field dependence becomes J, %{9—2—[1 - ] — see section 7.6.3.

7.8.3 Comparison with pinning model

In terms of the widely used ‘pinning’ model for describing the critical current of
superconductors, the J, of a single planar SNS junction can be interpreted as resulting from
surface pinning of fluxons at the edges of the junction. Current flow through the junction
results from their being an incomplete number of Josephson vortices across the junction. For
an infinitely long junction all the currents from the Josephson vortices cancel each other out,

leading to zero J, — this manifests itself in the 1/w dependence in the J, expressions.
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8 The Critical State Model for

- Polycrystalline Superconductors.

8.1 Introduction

The behaviour of fields and currents within a polycrystalline Type-II superconductor is very
complex. Section 8.2 reviews the method of determining the critical current density of a
superconductor by a magnetization measurement. We explain why we use such a method in
our polycrystalline superconductor simulations, rather than the direct transport measurement
used in Chapter 7. Section 8.3 explains the choice of system used in the simulations. This
system has been chosen to be amenable to computation and simple to analyze, whilst
preserving the essential physics of real polycrystalline superconductors. Nevertheless, all the
calculations in this chapter are two-dimensional calculations, as these are less computationally
expensive than 3D computations. The remainder of section 8.3 considers various other issues
involved in computing J, — separation of bulk and surface currents, matching effects and
mathematical symmetry problems.

Section 8.4 describes a ‘mainline + branches’ approach to finding J, which permits the E-
fields associated with the measurements to be reduced to values comparable with those used
experimentally. The later parts of this section uses this method to calculate J, at fields above
0.84H, in a £ = 10 superconductor with 30{ grains separated by py = 10p; trilayer grain
boundaries (this is our computational ‘hub’ — all systems covered in Chapter 9 change only
one of the three parameters of x, grain size and grain boundary resistivity). The field range
close to H,, is chosen as it will give us the most interesting results in the next chapter. We
ensure that our calculated J, values are not unduly affected by sample size, the field ramping
rate during the mainline run, or the resolution of the computational grid.

Section 8.5 extends these calculations to entire field range from zero to above H,, while
section 8.6 gives a more detailed look at the computational resources required by our

caleulations. Section 8.7 concludes the chapter with a brief summary
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8.2 Measurement of J. in polycrystalline superconductors

8.2.1 Obtaining J, from a Bean profile

We have decided to use a magnetization measurement to obtain J,, rather than the transport
measurement method used in the previous chapter — reasons for this choice will become clear
in Section 8.6. In chapter 5 we addressed the importance of the surface barrier when
modelling a superconductor via computation. When considering the J, of a polycrystalline
superconductor for practical use, it is important to ensure that the J, value being obtained is
the bulk J, value, and not that resulting from a surface current. The bulk J, value can be
obtained from the one-dimensional spatial profile of the local magnetic field within the
material (see section 2.6.2). J, can then be obtained from the one-dimensional form of

Maxwell’s equations:

dB
J _14B

8.2.2 [F-field associated with ramping of applied field

The electric field associated with ramping a field can be calculated from Maxwell’s equations
— when the applied field is ramped up or down, this induces electric fields in opposing
directions on either side of the sample. For a sample of width W¢, the magnitude of the
electric field at the edges (where it is highest) is given by

_wop

— 8.2
= (52)

The standard non-dimensionalizations of (3.62)-(3.64) are used in this formula: these give a

normalized E,,,, in units of H,ps/r*¢.

8.3 A model for granular superconductors

8.3.1 A body-centred-cubic arrangement for grains in a polycrystalline

superconductor

There were several considerations ‘involve ini deéiding how to similate a polycrystalline

superconductor within the computation:
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Figure 8.4: Raw field data obtained from simulations of the ‘hub’ system at H = 0.894H,

with fitted symmetric Bean profiles

added at the y-extrema to lower the barrier, and the outermost regions on either side of the
core superconductor are ignored when calculating J,. An example Bean profile for the hub
system (x = 10, grain size 30&, py = 10p,) at an applied field H = 0.894H, is shown in Fig.

8.4 — the straight-line profiles indicate the region in y across which J, is measured.

8.4 Obtaining J; for low E-fields

8.4.1 Metastable States

There are an innumerable number of possible fluxon configurations for the polycrystalline
superconductor which are stable. As the applied magnetic field is ramped up or down, the
superconductor passes through these metastable states. Fluxons enter (or leave) at the edges,
steepening the Bean profile and thus increasing the current density J. This occurs until the
metastable state becomes unstable, at which point fluxons move down the energy gradient
towards or away from the centre until another metastable state is reached.

8.4.2 Computing J, by a ‘branching’ approach

field up or down generates an electric field, and that the field ramping rates practical in
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computations corresponding to F-fields that are nine orders of magnitude higher than those
used in experimental measurements — for a superconductor with x =~ 20, H, ~ 10T and pg~ 1
pQ m, E = 10 pV m™' - a commonly-used experimental criterion®* for J, — corresponds to
Ex 2 x 10" Hyp,/s*¢. Ramping through the entire field range from zero to H, at the
extremely slow ramp rate corresponding to such an FE-field is obviously totally impractical, as
it would ~ 10" iterations to ramp from zero to H,, which on our current computers would
take several million years to complete.

To solve this problem, we have adopted an approach where a ‘mainline’ run sweeps up and
down relatively quickly through the field range. ‘Branch runs’ then hold the H-field constant
allowing the superconductor to equilibrate starting from the flux configuration calculated for
that field during the mainline run, with no electric field present except that generated
internally during equilibration. Each branch run reaches a different metastable state, with an
associated J, value corresponding to an FE-field reached at the end of the branch. In typical
examples of calculations seen here, the mainline run corresponds to an F-field of

E,

'mainline

= 1.25 x 107 H,p,/x’¢. The E-field at the end of the branches varies from branch to
branch, as the length of the branches is fixed in time, but is typically of order By .4 ~ 4 %
10 H,ps/k*€. This is still much higher than experimentally-measured values, but is

nevertheless orders of magnitude less than would be practicable in a direct calculation.

8.4.3 Choice of initial conditions, grain boundary thickness and field range

The initial condition for the calculations is a simple flux-line lattice, obtained by equilibration
in a superconductor homogenous except for 0.56-wide normal strips along the z-edges of the
grid. This preliminary equilibration takes place at the starting applied field over 2504,
beginning in the Meissner state (for upward ramping) or the normal state (for downward
ramping). The order parameter and vector potential from this calculation are then applied to
the polycrystalline structure and the system is allowed to equilibrate over 1000¢, before the
ramping of the applied field begins. Note that in Fig. 8.5, ¢ = 0 is to the time when field

ra;xfiping starts.
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As described in section 7.6, a trilayer-junction model is more realistic than a single junction
when modelling a grain boundary. In all computations in this chapter and in Chapter 9, the
grain boundaries are modelled as trilayer junctions with an inner thickness of 1£ and an outer
thickness of 2£. Thicker grain boundaries would not only decrease J, values considerably
possibly complicating measurements due to slower equilibration (cf section 7.1.2), but would
also reduce the total proportion of superconducting material within the system, while thinner
boundaries cannot reasonably be used as the computations are discretized in units of 0.5¢.

We shall first investigate J, in a £ = 10 superconductor with a grain unit cell size of 30£ and
an inner boundary resistivity py = 10p,. Consistency tests will focus on the high-field regime,
in the range 0.84H, < H < 1.09H, Once the computational method is judged reliable for
this limited field range, it is extended to the entire field range from zero to 1.1H,, first for
this specific system towards the end of this chapter, and then for a range of grain sizes and &
and py/ps values in Chapter 9. The results from this first set of measurements are shown in

Figs. 8.5, 8.6 and 8.7.

8.4.4 Grid size dependence of J,

Before the computational values of J, can be trusted, they must also be shown to be
completely general, rather than specific to the specific size of superconductor used in the
calculation. It seemed reasonable that there should be at least 4 grains of superconductor in
the o-direction, and at least 200&, of superconductor (here we use 7 grains — 210§ of
superconductor) in the b-direction. Tests were made in which the a- and b-dimensions of the
superconducting region were doubled - the results of these tests are shown in Fig. 8.8. These
tests confirm that the superconductor dimensions of 4 grains (120¢) are sufficient in the a-
direction for our purposes. When the size of the system is doubled in the b-direction, the
computed J, for the branch lines falls by 35%. This is not ideal, but the computational
expense of increasing the ydimension further would be prohibitive, as we go on to investigate
the effect of changing the Ginzburg-Landau parameter «, the grain boundary resistivity, and

the size of the superconductor grains.
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Figure 8.8: Effect of sample dimensions on J,, expressed as Kramer plots in the field range

0.84H,,

— 1.09H, for a x = 10.superconductor with 30¢ grains separated by py = 10ps grain

boundaries. The top graph is a duplicate of Fig. 8.7, while the left branch increases the

number of grains in the a-direction from 4 to a) 6 and b) 8, and the right branch increases the

number of grains in the b-direction from 7 to ¢) 10 and d) 14. The high-E ‘mainline’ J values

have negligible dependence on a- or b-dimensions.

The low-E ‘branch’ J values have no a-

dimension dependence, but do decrease as the b-dimension increases.
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In fact, the width-dependence of the branch data is consistent with a width dependence of
J, oc w7 (8.3)
as shown by plotting the Kramer gradient as a function of width in Fig. 8.9. The mainline

data shows negligible width dependence.

8.4.5 Effect of changing the mainline ramp rate

Before carrying out large-scale calculations of J, it is important to determine to determine
that the granular system can carry a bulk supercurrent at all, rather than merely a resistive
current. This was checked by computing J, at differing E fields and confirming that the E-
field dependence of J, is non-ohmic. The data plotted in Fig. 8.10 was calculated under the
same conditions as that of Fig. 8.7, except that the ramping rate of the mainline was five
times slower (via Maxwell’s equations, this corresponds to reducing the E-field in the system
by 80%). This decreases the observed mean bulk current density by ~ 30%, consistent with a

non-linear E-J characteristic.

8.4.6 Grid resolution dependence of J,

The default 0.5¢ x 0.5¢ grid spacing gave accurate results for the thickness dependences of J,
for single junctions in Chapter 7, but it is necessary to check that this is sufficient for the
polycrystalline system. The calculations of Fig. 8.7 are repeated for the finer grid spacings of
0.33¢ x 0.33¢ and 0.25¢ x 0.25¢ - the results are shown in Fig. 8.11. The computed H, is
closer to the analytic value than in the previous runs, which overestimated it by about 7%.
This highlights a tendency for grid discretization in TDGL computations to cause
overestimation of H,  However, the important results — the gradient of the Kramer line —

remains unaffected by the change in grid discretization.
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8.5 Using the branching method over the full field range

Now that the branching method has been confirmed to work for a single applied field, it can
now be used to calculate the critical current density across the entire field range from zero to
H, The rate at which the applied field is ramped up and down for these calculations
corresponds to an E-field of 1.25 x 10° H_p./k*¢ — this is the same as the ramping rate used
in Figs. 8.5-8.7. While in the single-point consistency tests raw J, values obtained from
individual branches (corresponding to a different metastable state of the system) were plotted,
for computations over the full field range the ‘branch’ J, is obtained using a 9-point moving

average is plotted. The magnetization and J, results from these calculations are shown in Fig.

8.12.

8.6 Computational resource requirements
8.6.1 Machines used for computation

The 2D granular superconductor simulations were conducted on several types of computer. In
initial tests, a 400MHz Sun UltraSPARC machine was used. However, it soon became clear
that this was not up to the task as running a full field range calculation at py = 10p,, grain
size 5&(this is a relatively small calculation) required 718 CPU hours. Since a maximum of 8
CPUs could be used at any one time, this machine was judged insufficient for our purposes.
We therefore decided to use multiple PCs for the calculation — the ‘branching’ structure of
the new method was ideal for this as the branches could be distributed among the PCs
available. Our code was compiled under Windows XP using the Salford Fortran compiler. A
typical specification of PC used here was a 1.7GHz Pentium 4 PCs with 512 MB of RAM.
With between 30 and 80 PCs being used in total, these calculations were now practicable.
Later on in the course of our work a 256-processor cluster, equipped with 2GHz Opteron
processors became available. This machine was faster than the PCs processor-for-processor
and jobs were sometimes executed with up to 204 processors in use at any one time. In
addition, this machine could be run continuously, whereas the PCs could only be run

overnight or at weekends, because they were required for other uses during office hours:
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Each grid point in the computational system is represented by approximately 20 variables.
Each complex variable occupies 16 bytes of memory, which means that a 2GB machine can
run about 8 million grid points. In 2D, RAM limitations are therefore not a serious restriction,
as this number of grid points gives dimensions up to ~ 200£ x 10,000£€. In 3D however, as the
memory requirement is multiplied by the number of layers in the zdirection, memory
becomes a very important limiting factor on the size of computational systems. The

maximum possible grid size in 3D is ~ 100£ x 100£ x 100&.

8.6.2 Calculating required CPU time

For the Opteron cluster and the PCs, the running time required to run 1000 iterations of the
code was measured. A good approximation to the required running time as a function of grid
size is

topteron — 0.0032n,n, CPU-seconds
(8.4)

tio = (0.0085n,n, —22) CPU-seconds
Where 7, and n, are the numbers of grid points in the a and b directions. For the “mainline”
runs, we ramp the applied magnetic field H from zero to 1.2H,, and back to zero over a total
time period of 1.8 x 10° #, The timestep we use is dependent on the resistivity ratio py/ps as

higher ratios impair the stability of the algorithm:
6t = 2min[p—N,p—S]. (8.5)
This gives a total number of iterations for the mainline of

i = 3.6 x 10° max [p—N,”—S] (8.6)

mainline
Ps Py

Combining this with the running-time figures we get mainline running times of

forteron —’ﬁmax[”—”,”—S] CPU-hours
3125 Ps Py

(8.7)

tvlr:f;nline = [M -2 2] max [—p_N' 3 &'] CPU-hours
1175 PP

R

In our computations we typically calculate a total of 200 branches starting from the up and

down mainlines. Branches typically run over a simulated time period of 5000%,, but for low
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pn/ps values a longer duration is needed as the decay in the FE-field over the length of the
branch is slower. For a system with p,> p; we can write the total number of iterations

required for the calculation of all branches as:

ibrunches =2x 106 max [&_75] (88)
Ps

This gives branch running times of

by e, = Bl nax [p—N,S] CPU-hours
562 Ps
(8.9)

87 e = [M‘—IQ.Q]max 2v 5| CPU-hours
212 Ps

For a very small-grain system (grain size 5¢), there were 5 superconducting grains in the a-
direction and 20 in the b-direction. Once the normal diffusion layers, the outer normal layers,
the angle between the a-b and z-y axes is taken into account, the total grid size is given by
n, = 50, n, = 288, Substituting these into (8.7) and (8.9) gives the CPU time figures for a

pn = 10pg system of:

toreew (grain 5¢) = 46.1 CPU-hours,  t/.5,,.. (grain 5¢) = 100.6 CPU-hours

‘'mainline ‘mainline

(8.10)
ot (grain 5¢) = 256.2 CPU-hours, 4,5, (grain 5¢) = 557.2 CPU-hours

branches branches
For a system with larger grains (30¢), the number of superconducting grains was reduced to 4
in the a-direction and 7 in the b-direction in the interest of reducing computational expense.
The corresponding values of n, and n, are 240 and 598 respectively. For a py = 10pg system
the calculated CPU time figures are:

grteron (grain 30€) = 459.3 CPU-hours,  tho.... (grain 30¢) = 1199 CPU-hours
(8.11)

g (grain 30¢) = 2554 CPU-hours, ¢/C,,.. (grain 30¢) = 6648 CPU-hours

sranches
The code was not written to run a single job on multiple processors. This means that running
the mainline as only 2 jobs was not practical for large grain sizes, as it would require 230
hours of wall time to complete (on the Opteron cluster). Instead each ramp (from zero to H,
and from H, to zefo) was split inito éight chiinks. Dué to the need to overlap these chunks in

order to mimic the magnetization profile of a single ramp, this increased the total CPU time
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for the mainlines to 695.8 CPU-hours (on the Opteron cluster) but reduced the wall time to

43.5 hours, as the work is now shared by 16 processors.

8.7 Conclusion

A means has been established to numerically calculate the bulk critical current density J, for
a simulated granular superconductor. This method obtains J, in a magnetization
measurement, with a ‘branching’ procedure to achieve E-fields much lower than would be
feasible in a direct computation. The use of a magnetization method also permits the use of
periodic boundary conditions, which would not be possible in a transport method.

It has been found that to obtain bulk H, values approximately equal (within 10%) of the
analytic value, the boundaries between the grains of the polycrystalline material should be of
‘trilayer’ structure as explained in Section 7.6. To avoid the calculated J, values being
unduly affected by surface barriers at the material edges, T, is gradually decreased to zero
over a distance of several coherence lengths, and its value is calculated using Bean profiles,
rather than from the irreversible magnetization component. To simplify the analysis of the
data it was decided to use a regular structure of ‘grains’. The potential problem of matching
effects that this could cause is minimized by setting the edges of the superconductor at an
oblique angle to the grain structure.

This chapter has considered a x = 10 superconductor with grains 30£ across, where the
resistivity py of the inner part of the trilayer junction is 10ps (pg is the normal state resistivity
of the superconductor). This initial test has demonstrated that there are two field-
dependence regimes for J,, with the boundary at approximately 0.8 H, However, the
computational results still have some errors compared with experimental data. The spatial
discretization of the superconductor necessary for computation has caused H, to be over-
estimated by approximately 8% (although the field dependence of J, in the high-field regime is
not affected by the discretization). The low-field J, results also have retained a dependence
on the width of the superconductor, which is not the case for a real polycrystalline
superconductor. In the next chiapter, this method will be used to calculate Jc as a function of

applied field for a range of x values, grain boundary properties and grain sizes.
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9.1 Introduction

In this penultimate chapter we bring this thesis to a conclusion by studying J, in simulated
polycrystalline superconductors. Our focus throughout will be on the Kramer-like reduced-
field dependence of J, in fields near H,, and for this reason our J, data shall be plotted in the
form of Kramer plots — J*B* versus B. Section 9.2 is an overview of the TDGL model and
considers all the independent variables which could be changed in a simulation of a
polycrystalline superconductor. In sections 9.3 through 9.6 we present computational results
demonstrating how the system magnetization and J, change with grain size, kappa, grain
boundary properties and temperature — these will help us to determine the functional form of
J. We define our ‘hub’ system as one where T'= %T,, x = 10, the grain size is 304 7= %T.)
and each grain boundary is a normal-metal trilayer with a 1£(7T= %T,)-thick py = 10p;inner
layer and two ¥% & T'= %T,)-thick py = pg outer layers on either side. Section 9.3 studies the
effect of varying grain size in the range from 5£ to 40¢ while keeping the other parameters at
their ‘hub’ values, while section 9.4 investigates the effect of changing #, the grain-boundary
resistivity or the temperature., with the other parameters retaining their ‘hub’ values. A

diagram of the ‘hub’ system is shown in Figure 9.1.

120¢

Superconductor

Weak superconductor
Normal metal (py = pg)
— Grain boundary (py = 10pg)

Edges matched by

SIIIIII

=% periodic boundary conditions

210¢

Grain Size 30¢
Inner boundary thickness &

Outer boundary thickness &/2

Figure 9.1: Scale drawing of the ‘hub’ simulated 2D polycrystalline superconductor
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Section 9.5 studies the effect of grain-boundary engineering — either by removing one outer
layer along the diagonally-aligned boundaries, or by removing the outer layers of the trilayer
boundary completely to introduce H, effects. Section 9.6 summarizes our 2D results, while
Sec. 9.7 extends our work to three-dimensional systems, comparing their magnetization and J,
behaviour with that of similar two-dimensional systems. Section 9.8 uses computer graphics
to show the spatial distribution of the order parameter and the dissipation in both 2D and 3D
simulated systems, while Sec. 9.9 compares our computational results with data obtained from
experimental work. We overview an existing theoretical model to obtain a functional form for
J. and F, given by flux shear along grain boundaries in Sec. 9.10 before extending this model
in Sec. 9.11 to account for three dimensional systems, and the distortion of fluxons occupying
grain boundaries. We then discuss our work further in Section 9.12, before summarizing the

chapter as a whole in Sec. 9.13.

9.2 Independent variables

If we check the normalized TDGL equations (3.63) and (3.64) we see that « is the only
parameter for the main superconductor which can fundamentally change the behaviour of a
superconductor in isolation from other materials. Equations (3.66) and (3.67) for the normal
metal add three extra parameters relating to the grain boundaries: the grain boundary pair-
breaking coefficient ay, the resistivity ratio py/ps and the diffusivity ratio Dy/Ds. As in our
work in Chapter 5, it is assumed that the density of states g(e;) in the grain boundaries is the

same as in the bulk superconductor: this relates the resistivity and diffusivity ratios by:

D, ,o_N_1
D_s_[Ps] O

In experimental work the pair-breaking coefficient can only be changed directly by means of
changing the temperature 7. Equation (3.63) and (3.64) are normalized to £ and Aat the
current temperature. If we assume T, = 0 in the grain boundaries, and then normalize
equations (3.63) and (3.66) to a normalization temperature Ty, rather than the current

temperature, we get:
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J 2 —_ 2 ~
Bulk superconductor: _68_% = —% [’1& - % + [; - A] ld) (9.2)
. .0 e, T D, (v V|-
Grain boundaries: Y —El- M + T T, + —IZ[T ~ A] P (9.3)

In addition to these parameters are those related to the system’s geometry: the length X and
width Y of the superconductor, the grain size G and the grain boundary thickness d (inner
thickness d; and outer thickness d;). The changeable parameters are summarized in the table
below (those parameters which we have chosen to study are underlined). For most
calculations d; and d,will remain fixed at £ and 2¢ respectively, as the discretization imposed
by the computation it would be extremely difficult to fine tune these thicknesses, and coarse

changes would have too great an effect on the system.

Symbol Property Notes
5 Kappa Affects \ in normalized units (A = k&)
T Temperature Affects &, Aand ay
m Relative grain boundary resistivity -
Dy/ Dy Relative grain boundary diffusivity Set to (py/ps)”! to keep g(er) constant
G Grain size G/ ¢ affected by temperature
d, Inner grain boundary thickness d,/& affected by temperature
d, Outer grain boundary thickness d,/ & affected by temperature
X Superconductor length X/ ¢ affected by temperature
Y Superconductor width Y/ ¢ affected by temperature

Table 9.1: Free parameters in TDGL simulation of granular superconductor with trilayer

grain boundaries.

9.3 Effect of grain size on magnetization and J.

9.3.1 Small Grain Size regime

We shall begin our investigation on the effect of grain size on polycrystalline superconductor
J, by looking at small-grain materials (grain size < 10€). In all systems investigated in Sec.
9.3, the parameters other than grain size are set to their ‘hub’ values as explained in Sec. 9.1.
For these small grain sizes, it is not energetically favourable for fluxons to enter the grains,

and thus the fluxons are completely confined to the grain boundaries.
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Figure 9.2: Field dependence of M and J, for a py = 10p, trilayer-junction polycrystalline
model with x = 10 and grain sizes 5& and 7§
Figure 9.2 shows the magnetization and J, for superconductors with grain sizes of 5¢ and 7¢
— the mainline F-ield is 6.19 x 107 H,ps/+*¢ in both cases. The J, characteristic has peaks
which are marked on the plots with dashed lines. These peaks occur at fields where the
number of fluxons per ‘triple point’ (points in the lattice structure where three grains meet, as
seen in Fig. 9.1) is a whole number of quarters. In the 7¢ grain size case, there exist five such
peaks, at 0.13H,, 0.26H,, 0.38H,, 0.51H, and 0.64H, These peaks represent increasing
integer number of fluxons per unit cell (each unit cell contains four triple-points). In the 5¢
grain size case, the normal metal which makes up the grain boundaries (inner and outer
layers) is a significant fraction of the total material within the system. The pair breaking
which occurs in this normal material and the proximity effect force the effective H,, down to
only 35% of the value for the homogenous superconductor. This also means that only the

first peak is visible, equivalent to one fluxon per unit cell, at 0.25H,,.
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Figure 9.3: Magnetization characteristics for py = 10p; trilayer-junction polycrystalline models
with £ = 10 and a grain sizes of 10£. The arrows show changes in the number of fluxons per

grain

9.3.2 Transitional Grain Size regime

Figure 9.3 shows the effect of increasing the grain size to 10£ (the mainline F-field is kept at
6.19 x 107 H,ps/k*€). The grains themselves are now large enough to accommodate a small
number of fluxons each. The magnetization characteristic has acquired ‘steps’ at specific
fields at which the number of fluxons per grain (this is the same for all grains in this system)
abruptly increases or decreases by one. Figure 9.4 demonstrates this for the downward ramp
through 0.56H, — each grain contains two fluxons above this field, but only one below. This
‘stepped magnetization’ behaviour has been observed previously in TDGL computations of

single mesoscopic superconductors®, and is also similar to the work in Chapter 6.

20 0 20
Figure 9.4: Comparison of ordér parameter on downward ramp for py = 10p; trilayer-junction

polycrystalline models with « = 10 and a grain sizes of 106~ H = a) 0.632H, b) 0.5H,,
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9.3.3 Large Grain Size regime

When the grain size is increased further to 20£ or more, the number of ‘steps’ in the
magnetization curve increases until they can no longer be distinguished, and a smooth curve is
restored. Figure 9.5 shows M and J, for superconductors with grain sizes of 20¢, 30¢ and 40¢&.
The mainline E-fields are 1.24 x 107 H,pg/s%¢, 1.25 x 107 H,,pe/x*¢ and 1.67 x 107 H,p/K*€
respectively. Typical branch F-fields are 4 x 10 H,0./#’¢ in the high-field regime (see Fig.

8.6) and 2 x 107 H,p./k*€ in H,pg/x*€ in the low-field regime.
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Figure 9.5: Field dependence of M and J, for a py = 10p, trilayer-junction polycrystalline
model with £ = 10 and grain sizes > 20&
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Figure 9.6: Comparison of Kramer plots for grain sizes of 20¢, 30¢ and 40¢ (x = 10, py = 10p;,

T=05T)

The critical current curve now has two parts — on a Kramer plot these can be fitted to
straight lines of differing gradients. In the high-field regime J, has a strong, monotonic field
dependence and is approximately independent of grain size, while at lower fields J, has a
weaker and more erratic field dependence, and increases as grain size increases (unlike in
experimentally-measured 3D superconductors*?). Figure 9.5 combines all the mainline (high-
E) and branch (low-E) Kramer plots into a single pair of graphs, in which the grain-size

independence of J, in high B fields is made clear.

Experimental observations” as a function of field, temperature and strain on highly-optimized

Nb,Sn wires have given the expression for the pinning force F;

1 B52 Y 2 B% 1 9
Fora——— 2 p2(1-p) ~1.6x107° /—iﬂl—b 9.4
P loom /L0K,2 ( ) ¢0 F’o"?z ( ) ( )

This experimental result is depicted in Figs. 9.4 and 9.5 as a long-dashed straight line, and is
remarkably close to the computational results in the high-field regime. However, the
dependences of J, on « and B, have not been explicitly checked yet. In the next section we
investigate these dependences, along with the dependence of J, on the grain boundary
resistivity, For Nb,Al, a similar expression results®, but the prefactor is 1.4 x 107 rather
than 1.6 x 10™. All the data in section 9.4 use the same.F-fields.as used for the grain size 30&

data in this section.
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