W Durham
University

AR

Durham E-Theses

Aspects of gauge/string theory duality: BMN
correspondence and MHYV rules

Georgiou, George

How to cite:

Georgiou, George (2007) Aspects of gauge/string theory duality: BMN correspondence and MHV rules,
Durham theses, Durham University. Available at Durham E-Theses Online:
http:/ /etheses.dur.ac.uk,/2626/

Use policy

The full-text may be used and/or reproduced, and given to third parties in any format or medium, without prior permission or
charge, for personal research or study, educational, or not-for-profit purposes provided that:

e a full bibliographic reference is made to the original source
e a link is made to the metadata record in Durham E-Theses
e the full-text is not changed in any way

The full-text must not be sold in any format or medium without the formal permission of the copyright holders.

Please consult the full Durham E-Theses policy for further details.

Academic Support Office, The Palatine Centre, Durham University, Stockton Road, Durham, DH1 3LE
e-mail: e-theses.admin@durham.ac.uk Tel: +44 0191 334 6107
http://etheses.dur.ac.uk


http://www.dur.ac.uk
http://etheses.dur.ac.uk/2626/
 http://etheses.dur.ac.uk/2626/ 
http://etheses.dur.ac.uk/policies/
http://etheses.dur.ac.uk




Dedicated to my parents and to Konstantina, for being always there

Galileo: During my free hours, of which I have many, I have gone over my case
and have considered how the world of science, in which no longer I count myself, will
judge it. Even a wool-merchant, apart from buying cheaply and selling dear, must
also be concerned that the trade in wool can be carried on unhindered. In this respect
the pursuit of science seems to me to require particular courage. It is concerned with
knowledge, achieved through doubt. Making knowledge about everything available
for everybody, science strives to make sceptics of them all. Now the great part of the
population is kept permanently by their princes, landlords and priests in a nacreous
haze of superstition and outmoded words which obscure the machinations of such |
characters. The misery of the multitude is as old as the hills, and from pulpit and
desk is proclaimed as immutable as the hills. Our new device of doubt delighted the
great public, which snatched the telescope from our hands and turned it on its tor-
mentors. These selfish and violent men, who greedily exploited the fruits of science
to their own use, simultaneously felt the cold eye of science turned on a thousand-
year-old, but artificial misery which clearly could be eliminated by eliminating them.
They drenched us with their threats and bribes, irresistible to weak souls. But could
we deny ourselves to the crowd and still remain scientists? The movements of the
stars have become clearer; but to the mass of the people the movements of their
masters are still incalculable. The fight of the measurability of the heavens has been
won through doubt; but the fight of the Roman housewife for milk is ever and again
lost through faith. Science, Sarti, is concerned with both battle-fronts. A humanity
which stumbles in this age-old nacreous haze of superstition and outmoded words,
too ignorant to develop fully its own powers, will not be capable of developing the
powers of nature Wthh you reveal What are you workmg for‘7 I mamtam that the
.only ;Jfﬁéée of science is to ease the hardshlp of human ex1stence If scientists, intim-

idated by self-seeking people in power, are content to amass knowledge for the sake of



iii

knowledge, then science can become crippled, and your new machines will represent
nothing but new means of oppression. With time you may discover all that is to be
discovered, and your progress will only be a progression away from mankind. The
gulf between you and them can one day become so great that your cry of jubilation
over some new achievement may be answered by a universal cry of horror. I, as a sci-
entist, had a unique opportunity. In my days astronomy reached the market-places.
In these quite exceptional circumstances, the steadfastness of one man could have
shaken the world. If only I had resisted, if only the natural scientists had been able
to evolve something like the Hippocratic oath of the doctors, the vow to devote their
knowledge wholly to the benefit of mankind! As things now stand, the best one can
hope for is for a race of inventive dwarfs who can be hired for anything. Moreover, I
am now convinced, Sarti, that I never was in real danger. For a few years I was as
strong as the authorities. And I surrendered my knowledge to those in power, to use,
or not to use, or to misuse, just as suited their purposes. I have betrayed my pro-

fession. A man who does what [ have done can not be tolerated in the ranks of science.

"The life of Galileo”, Bertolt Brecht

Science is the belief in the ignorance of the experts.

R. P. Feynman
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Abstract

One of the most striking examples of duality correspondence between gauge the-
ories and string theories is the AdS/CFT duality. It relates the type I1IB superstring
theory on AdSs x S° to 4-dimensional N = 4 Yangs Mills in its superconformal
phase. However, the quantisation of string theory on curved backgrounds appears to
be notoriously difficult rendering direct tests of the conjecture elusive. One way to
circumvent this problem is by taking the Penrose limit of the AdSs x S° geometry
to obtain the pp-wave background where string theory is soluble. The correspond-
ing limit in gauge theory is to restrict to particular class of ”long” operators called
BMN operators. It is this correspondence we study in the first part of this thesis. In
particular, we provide with a number of rigorous tests of the BMN correspondence
beyond the supergravity limit, that probe the truly quantum realm of string theory.
By exploring the correspondence, we learn how the correspondence is realised and
how the 3-string amplitudes can be obtained purely from perturbative gauge theory
calculations for almost all species of string excitations. We also clarify the role of the
Z, symmetry the pp-wave background possesses and discuss the consequences this
symmetry has on the choice of the 3-string vertex.

There is another type of duality which relates the same N = 4 SYM to a different
string theory. This is a weak-to-weak coupling duality recently proposed by Witten.
It states that tree level amplitudes of N =4 SYM can be reproduced by integrating
«oversthe-moduli-space of-certain-D-instantons in-open topological B-model in"super-

twistor space. This duality has inspired a novel diagrammatic method for calculating



all gluon tree level scattering amplitudes in N = 4 SYM. The second part of this the-
sis is devoted to the generalisation of this approach to tree amplitudes with fermions
and scalars and to theories with less or no supersymmetry at all. We also argue that
the method works for a finite number of colours as well and that there is a simple
way to directly write down all tree level amplitudes without encountering unphysical

singularities.
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Chapter 1

Introduction

1.1 Motivation and outline

To the best of our knowledge, there are four fundamental interactions in Nature,
the electromagnetic, the weak nuclear, the strong nuclear, and the gravitational. The
framework currently used to describe the first three is based on quantum field theory!
with certain gauge symmetries. In this model, called the Standard Model, both the
fundamental particles that feel the forces and the fundamental particles that carry
the forces, called gauge bosons, are considered to be point-like. This means that
the interaction between these particles occur at one space-time point. This fact
leads to divergences that arise when two or more vertices get arbitrarily close. The
success of quantum field theory rests on the fact that these divergences may be
removed in a consistent and physically meaningful way by using the renormalisation
programme. Although not completely satisfactory from the mathematical point of
view, this method was used to calculate observables which were found to agree with
experiment to a very high accuracy.

Despite its agreement with all experimental data from accelerators, the Standard
Model is theoretically unsatisfactory and leaves many open questions and space for

physics beyond the Standard Model. Even if we forget about gravity for a moment,

'Reconciling special relativity with quantum mechanics and demanding local interactions leads

necessarily to quantum field theory.
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the Standard Model contains at least 19 arbitrary parameters that we would like to be
able to calculate. Moreover, the Higgs mechanism, which is believed to be the origin
of the particle masses does not occur naturally but must be put by hand. Is the Higgs
boson the true origin of the particle masses? Why are there so many different types
of quarks and leptons and why do their weak interactions mix in the peculiar way
observed? In addition, the gauge groups used in the Standard Model are dictated by
experiment and within the Standard Model there are no indications at all as to their
origin. Is there a simple group framework for unifying all the particle interactions, a
so-called Grand Unified Theory?

But the most severe obstacle for considering the Standard Model as a complete
description of Nature is that it does not include gravity. The most familiar force has
eluded quantisation for a long time. This failure is intimately connected with the
divergences that appear when quantum field theory is applied to point particles. In
technical terms, gravity is a non-renormalisable theory since its coupling constant
has dimensions [mass] .

For some time, it was hoped that locally supersymetric theories, that is super-
gravity theories, could be finite. By now we know that even these theories diverge
at the three loop level. Is a consistent quantum field theory.of gravity and thus a
theory of everything doomed for ever? Not if we are willing to depart from the no-
tion of the elementary particles being point-like. It now appears that gravity may be
consistently quantized if we let the force be carried by a one dimensional object. The
quantum theory in which the fundamental constituents are one dimensional extended
objects is called string theory. Here the basic idea is, that all fnatter is made of very
tiny strings, open or closed, so that while a particle looks like a point at distances
of the order of 107!3 cm, if we magnify it to scales of the order of 10733 cm, then
we'll see that it is extended like a string of infinitesimal width. The different types
of particles we observe are just different excitations of the same string. So instead of
having many different particles as the building blocks of Nature, one has only two,
an open string and a closed string. Furthermore, a particular excitation of the closed
string corresponds to a massless, spin 2 state, that can be identified as the graviton.

Thus, string theory necessarily contains quantum gravity.
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As mentioned above, consistent string theories seem to avoid the severe difficul-
ties that plague the point particle theories. In particular, string perturbation theory
is finite at one loop and it is a common belief that this holds at higher loop order.
There are one or two intuitive arguments as to why strings yield improved ultraviolet
behaviour compared to the one point particle theories exhibit. In point particle the-
ories the interaction occurs at one and the same for all observers in relative motion
space-time point. The coordinates of this point for two observers are related by a
Lorentz transformation. Contrary, in string theory there is no well defined notion
of when and where the interaction happened as the space-time point of interaction
appears to be different to two observers in different frames. Since the divergences
in point particle theories occur when two or more vertices coincide and since this is
impossible in string theory it seems plausible that string loop diagrams do not suffer
from infinities. This has been checked by explicit calculations only at one loop level.
Another hint for improved ultraviolet behaviour in a quanturﬁ theory is provided by
symmetry. Even in the simple case of quantum electrodynamics the gauge symmetry
the theory possesses improves the ultraviolet behaviour of the vacuum polarisation di-
agram. The diagram is logarithmically divergent instead of quadratically divergent as
one superficially should expect. The same happens for the photon-photon scattering
diagram, which is superficially logarithmically divergent, but turns out to be finite.
Another example is given by supersymmetry. Supersymmetric theories exhibit bet-
ter ultraviolet behaviour than the non-supersymmetric ones. To conclude, the more
symmetry the theory possesses the better its ultraviolet behaviour is. String theory
has a rich symmetry content, so ultraviolet convergence should not be something
completely unexpected.

As mentioned above, strings can be either open or closed. In addition, they may
be oriented or un oriented. Consistent open string theories necessarily include closed
strings, because the interactions allow a single open string to self-interact and join
its free ends to form a closed string. On the contrary, closed string theories need not
include open strings.

. As is well-known, point. particles can live in any space-time dimension. This is

not the case for strings since conformal invariance of the theory restricts the number
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of the space-time dimensions to a specific value, the critical dimension. The critical
dimension is closely related to the number of string world-sheet supersymmetries.
Conformally invariant actions can be constructed when there are N =0, 1, 2, 4
local two-dimensional supersymmetries. The corresponding critical dimensions are
D = 26, 10, 4, —2. The last case is obviously ruled out and the same is true for
N = 2 since in this case two of the four dimensions must be time-like. Therefore
we are left with N = 0, 1. But the non-supersymmetric case N = 0 can also be
discarded since the lowest lying state is a tachyon.

Let us, now, briefly comment on the consistent N = 1 theories. The open super-
string theory with N = 1 world-sheet supersymmetry is known as type I superstring
theory. One can show that this theory exhibits N = 1 space-time supersymmetry.
One can also attach group charges at the ends of the strings, thereby enriching the
theory with gauge interactions. Any group choice is consistent at the tree level. How-
ever, at the quantum level the demand that the theory does not have chiral anomalies
requires the group to be SO(32). As discussed above, open string theories necessarily
contain closed strings. Since the latter have no free ends, they are singlets under the
Yang-Mills group.

Closed string theories with both the left and the right movers possessing N =1
local world-sheet supersymmetry are called type II. The theory has two space-time
supersymmetries. In the type IIA theory, these space-time supersymmetries are of
opposite chirality, while in the type IIB theory are of the same chirality. Type IIB
theories have no room for a Yang-Mills group, at least when all 10 dimensions are
uncompactified.

When the right movers, let’s say, are world-sheet supersymmetric, but the left
mover are not, one ends up with the heterotic string. In order to obtain a 10 di-
mensional theory 16 of the 26 bosonic degrees of freedom of the left movers should
be compactified resulting in the introduction of a gauge interaction. Consistency of
the theory demands that the compactification is done in such a way that the gauge
group is Eg x Fg, spin(32)/Z, SO(16) x SO(16). The first two choices give theories
with spacetime sypersymmetry, while the latter does not.

If we wish to construct more realistic models we have to get down to four di-
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mensions by considering string theory on R? x Mg where My is some six-dimensional
compact manifold. It is the geometry of this manifold which determines the low
energy physics of the theory. Should we insist that there be an unbroken N = 1
supersymmetry on the four non-compact dimensions, then Mg must be a Calabi-Yau
manifold or a 6-dimensional orbifold. The way the compactification is being done can
lead to many different gauge symmetries. It is even possible to cleverly compactify
the to get gauge groups as SU(3) x SU(2) x U(1). To conclude, there are consistent
perturbative expansions of string theory around a classical background metric that
give reasonable phenomenology. Despite having the potential to describe Nature in
a consistent way, string theory leave some unanswered questions ( such as, choice
of the vacuum, explanation of why the cosmological constant is so small) and more
work has to be done before it makes a decent contact to phenomenology.

In the course of trying to describe quark confinement and to construct a quantum
field theory of gravity an intriguing possibility appeared. Namely that there may exist
certain dualities between string theories and gauge theories or, even more generally,
between gravitational and non-gravitational theories. These dualities are remarkable
because they claim an equivalence between two seemingly different physical systems,
one that describes gravity on one hand, and one without gravity at all on the other.
There are several arguments supporting the expectation of a duality between string
theory and gauge theory. One of them has been provided by 't Hooft at 1974.

't Hooft noticed that the Feynman diagram expansion of the large N-limit of U (V)
gauge theories can be arranged according to the genus h of the Riemann surface on
which the diagram can be drawn and that any correlation function accepts a double
expansion, in powers of the effective coupling constant A = g2,,N as well as 1/N?",
This genus expansion of gauge theory reminds the perturbative series of a string
theory, where each diagram of genus h is suppressed by a factor of g2*. Thus, it seems
natural to conjecture a duality between gauge theory and string theory with coupling
gs ~ 1/N. Another hint comes from the study of black holes. Consider, for example,
the Bekenstein-Hawking relation for the entropy of an isolated black hole Sy, = A/4G.
Since the entropy of the black hole is proportional to the area A of its horizon and not

the volume enclosed by this area, as would be the case for statistical mechanics and
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quantum field theory, one may conjecture that there exists a holographic description
of the black hole’s degrees of freedom in terms of some quantum field theory living on
the horizon, so that Spn = Sgrr ~ A. The above argument points to the conjecture
that Nature obeys a holographic principle, which states that the number of the degrees
of freedom of quantum gravity on some manifold scales as thé area of its boundary,
suggesting that a field theory on the boundary can be used to describe the physics
of gravity in the bulk. One of the most concrete and interesting realisations of the
string/gauge theory dualities came from the study of the nedr horizon geometry of
D-3 branes by Maldacena. Maldacena conjectured that type IIB string theory on the
AdSs x S° background is dual to superconformal N = 4, D = 4 Yang-Mills that lives
on the boundary of AdSs. However, as will be discussed later in this chapter, this is
a duality between a strongly coupled theory and a weakly coupled theory. Ideally,
one would like to have a weak to weak duality, because in such a case perturbative
calculations can be made on both sides of the duality. Such a duality is realised by
taking the Penrose limit of the AdSs x S° geometry. In particﬁlar one focuses on the
neighbourhood of the geodesic of a massless particle sitting in the centre of AdSs and
rotating around an equator of the S°. In this limit , only a particular subsector of
N =4 SYM, known as the BMN sector, survives. The interesting feature of this weak
to weak duality is that it provides an example where the string/gauge correspondence
can be studied beyond the supergravity approximation. It is the study of this duality

the first four chapters of this thesis are devoted to.

Recently, Witten proposed that tree level amplitudes of N = 4 SYM can be re-
produced by integrating over the moduli space of certain D-instantons in the open
string topological B-model whose target space is the supertwistor space C P34, This
gives rise to a new duality between weakly coupled N = 4 SYM and a weakly cou-
pled, topological string theory in twistor space. Inspired by this duality, a novel
diagrammatic method for calculating all gluon scattering amplitudes at tree level
was proposed by Cachazo, Svrcek, and Witten. This method was based on the fact
that after Fourier transforming these amplitudes from the helicity basis to twistor
space they acquire a surprisingly simple geometric structure, namely the amplitudes

are supported on certain configurations of curves in twistor space. This method uses
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maximally helicity violating (MHV) amplitudes as effective vertices continued off-
shell in a particular fashion and connected by scalar propagators. Chapters 5 and
6 are devoted to the generalisation of this approach to tree amplitudes with gluinos
and scalars in the external lines. We also argue that the method applies to theories
with less or no supersymmetry at all and a finite number of colours.

This thesis is organised as follows: in the rest of chapter 1 we examine the large-
N expansion of gauge theories providing thus evidence for the gauge/string theory
dualities. Then, after giving some details about type 1IB supergravity theory we
briefly describe how the AdS/CFT correspondence arises. Subsequently, we examine
the Penrose limit of the AdS geometry and show that free string theory on the
resulting plane wave background can be exactly quantised in the light-cone gauge.
After that, we develop string field theory which is the appropriate framework to
describe string interactions in the presence of a non-zero five-form flux. Finally, at
the end of chapter 1, we discuss the plane wave/SYM correspondence as was first
proposed in [41] and refined later in [44,45]. |

In chapter 2 we calculate 2-point and 3-point correlation functions of A-BMN op-
erators with three scalar impurities involving up to two string states, and up to order
g2A'. Conformal invariance of the gauge theory restricts the form of the 2-point and
3-point correlators of conformal primary operators. By using this form and a simple
trick, we show how to uniquely determine the 3-point function coefficient directly
from the single trace expressions without having to take into account the mixing
between single and double trace operators. We, then, use the expressions obtained
to provide evidence for a vertex-correlator duality in the pp-wave background.

In chapter 3, after describing the correspondence between the natural string basis
and the isomorphic to it gauge theory basis, we explore and verify the pp-wave/SYM
correspondence in all directions of the two SO(4) groups. To achieve this we compare
matrix elements of the dilatation operator of N = 4 SYM with the corresponding
string amplitudes. This is done for operators involving two scalar, mixed, and vector
impurities. We find perfect agreement. In this way, we also clarify the role of the Z,
“symmetry of the pp-wave background and reproduce the string amplitudes involving

two scalar, mixed, and vector states from field theory. Furthermore, we calculate
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the matrix elements of A — J and Hgying for states with an arbitrary number of
scalar impurities to find, again, perfect agreement. In all cases, in order to extract
the desired matrix elements on the field theory side, we first compute the 3-point
function coefficient of the appropriate states and from this we easily determine the
matrix elements of the dilatation operator.

In chapter 4, we study the BMN corresponderce in the fermionic sector. In the
beginning we discuss the BMN operators with two fermionic impurities of the same
chirality. We then examine how the notion of conjugation as Hermitian conjugation
followed by an inversion is applied to the case of a fermionic impurity. This notion of
conjugation is crucial if we want the two point function of fermion A-BMN operator
to take the simple canonical form of (4.25) signifying, thus, the orthonormality of
the BMN states. Next we calculate the matrix elements of the string Hamiltonian in
string field theory and the corresponding matrix elements of the dilatation operator
in N =4 SYM to find agreement for all the representétions of two impurity BMN
operators. We close this chapter with a brief comment about the action of the Z5; on
the string amplitudes involving fermionic impurities.

The aim of chapter 5 is to generalise the novel diagrammatic approach of Cachazo,
Svreek, and Witten for calculating gluon tree amplitudes of gauge theories to tree
amplitudes which involve fermion fields as well. In the first section of this chapter
we briefly recall well-known results about the decomposition of the full amplitudes
into a colour factor and a purely kinematic factor and about t.he helicity amplitudes
formalism. We then proceed to apply this method in order to derive expressions for
the next to MHV amplitudes involving two and four fermion: fields. For simplicity
the negative helicity particles are considered to be consecutive. Furthermore, we
successfully check the formulae obtained against some previously known results for
amplitudes with 4 and 5 external legs.

Chapter 6 starts with a brief review of the spinor helicity formalism. Next we use
supersymmetric Ward Identities to express the next to MHV purely gluonic ampli-
tudes in terms of next to MHV amplitudes with gluons and two fermions. In sections
3 and 4 we derive expressions for the NMHV amplitudes with three negative helicities

involving gluons and fermions by using the CSW scalar graph method. Section 5 of
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this chapter considers the scalar graph method with the single analytic supervertex
of Nair [120].We provide a single formula which gives rise to all tree-level next to
MHYV amplitudes with three negative helicities in 0 < A" < 4 supersymmetric gauge
theories, involving all possible configurations of gauge fields, fermions and scalars. In
principle there is no obstacle to continue with further iterations of the analytic super-
vertex and derive formal expressions for tree amplitudes with an arbitrary number of

negative helicities.

1.2 1/N Expansion Of Gauge Theories

In a classic paper [6], at 1974, 't Hooft made the remarkable observation that in
addition to the expansion in powers of the effective coupling constant A\ = g2,,N,
one may also classify the Feynman diagrams of an U(NN) Yang-Mills gauge theory in
powers of 1/N2. Thus any correlation function has a double eXpansion, in powers of
A as well as 1/N2. For large enough N, the leading term in the 1/N? expansion comes
from the planar diagrams. Any graph that can be drawn on é surface of genus h is
suppressed by a factor of 1/N?*. This genus expansion of Feynman graphs in gauge
theory resembles a similar situation in string theory, where thé loop diagrams whose
world-sheet has genus h are suppressed by g2* (g, is the string coupling). Thus,
there is a certain similarity between perturbative gauge and string theories. This
can sometimes be made quantitative and lead to a duality correspondence between a
gauge and a string theory.

To see these aspects in some detail, let us consider an SU(N) Yang-Mills gauge
theory where the bosons transform in the adjoint representation while the fermions
belong either to the adjoint (¥*) or the fundamental ({) representation of SU(N).
In order to simplify the argument let us supplement the SU (N ) generators 7%, a =
1,..N? — 1 by adding the N x N matrix T° = I/y/N. This amounts to extending
the gauge group from SU(N) to U(N). We shall also choose the U(N) generators to

satisfy the normalisation condition T7(T%T?) = §°*. The Lagrangian of such a theory
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1S written as

1 _. . —. ~
L= =7 Tr(F"Fu) + Tr( " D) + ¢V DG + Lo g + Lohost
[ = 2 nTr{( @ ¢*6) Cigrt — gy mTr(B %) Co + 9,(2)Gy(w) + b c],  (11)

where we have also allowed for some internal R-symmetry group under which the
Langrangian is a singlet. L4, Lgnos: correspond to the gauge fixing and ghost part
of the Langrangian which we do not write explicitly. Finally, (1.1) also contains terms
like g;G; since we are interested in calculating correlation functions of single trace
gauge invariant operators G of the form G(Jn)(x) = Tr(®!(z)®%(z)...d"(z)). Here g,
is the source to which G is coupled and ®* is any of the adjoint fields appearing in
(1.1).

The correlator of k of the composite single trace operators ([1%_, G’(J"J Nz J)) can
be calculated diagrammatically. One can see from (1.1) that any three- point vertex
comes with a factor of gy while any four-point vertex with a factor of g2,,. One
can also consider the the insertion of each operator G(J")as an n-point vertex.

Let us now concentrate on the case where the number of the colours is much
greater than one, i.e. N > 1. Then the correlator in question is proportional to
[ = g&,;?"“ N?, where V3 and V; are the numbers of the 3 and 4 point vertices that
appear in the Lagranmgian (1.1) and are not coupled to thé external sources g,.
In addition, let us denote by V,, the total number of the n-point vertices and by [
the number of closed colour loops. Furthermore, V. is the number of the n-point
single trace gauge invariant operators coupled to external soufces. It is obvious that
Vo =V, for n # 3,4 whereas V, = Vn + V, for n = 3, 4. Each closed loop gives
a factor of N since YN 6! = N, thus and the factor of N’ in the expression for
. Next we consider the number of propagators which is P = %Zn nV, since each
propagator is connecting two vertices. The number of faces o.f the diagram is given
by FF = L + I, where L is how many closed fermion loops with fermions in the

fundamental representation are there. Furthermore, let us denote by V = 3"V}, the

total number of vertices.
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Using Euler’s theorem, which states that F' — P +V = 2 — 2h one can write [ as:
| — (Q%M)V3/2+V4 NV3/2+V4 N—Va/2—‘74 NF—-L
_ (gf,MN)%/”‘_’“ N—Vs/z—% NF-P+V-LpP-V

/\V3/2+V4N2_2h—LN_V3/2_V4N

Va4V 3, nV! - -
s+8VarinmVa _gy_v,-3, V),

/\V3/2+V4N2—2h—LNEn _VTiNZnn/2V7:‘ (12)

The NXn>4™/2V factor in the above equation is not relevant since it cancels out if we

normalise the single trace operators G = Tr(®!...®") in such a way that their
J

Nn/Z

free planar 2-point function is one. At the end, what we are left with is:

| = \Va/2+Va pr2-2h—L-3, Vil (1.3)

From (1.3), we see that the Yang-Mills coupling constant appears only in the combi-
nation g2, N = A. Thus, it seems natural to keep A fixed as N — oo. The fact that
A is the correct effective coupling constant for large-N theories can also be seen if we
consider the running of the coupling constant g for QCD with gauge group SU(N)
and quarks with N, different flavours. The S-function of this theory is given by [8]

d 11 2N 3
9 (N -2 9

5
. A4
If we keep Ny fixed, as N — oo, (1.4) becomes
d 11 3
Y= N5 v o). (15)

Fan = 3" 16m2
The last equation has a well-defined large-N limit if we scale the coupling g in such

a way that A = ¢g2N is fixed. Then (1.5) results to

d/\ 11 A?

In this way, the scale parameter of the strong interactions Agcp is held fixed as
N — oo since N drops out of (1.6).
From (1.3), one can see that any correlator has a double expansion of the form

3000 o N2 L2n Vi 57 cpp A", Thus, in addltlon to the usual Couphng constant

~ ““expansion one also has an expansxon in powers of ThlS fact strongly remmds the

situation in string theory where each world-sheet of genus & is weighted by a factor
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Js (2‘2'14’), where b is the number of boundaries of the world-sheet. Thus, it appears

natural to conjecture a duality correspondence between large-N gauge theory and a
string theory. In this duality, the genus of the world-sheet in string theory corresponds
to the genus of the surface where the Feynman diagrams, of a particular kind, are
drawn. Furthermore, each gauge invariant operator participating in the correlator
contributes a factor of % ~ gs corresponding to a vertex opérator inserted on the
string world-sheet.

If we ignore fermions in the fundamental representation of the SU(N) subgroup
of U(N) the corresponding string theory is an oriented closed string theory. The
inclusion of matter fields in the fundamental representation would result to the inclu-
sion of propagators with a single line giving rise to boundaries of the corresponding
surfaces (this can also happen when we calculate correlators of gauge invariant oper-
ators G, that involve fields in the fundamental representation). As a result, the open
string sector should also be taken into account in the dual string model. Finally, the
fact that each line on the gauge diagram has a direction means that one can define
an orientation of the surface on which the diagram is drawn, that is the dual string
theory is a theory of oriented strings.

If the gauge group is SO(N) or USP(N) then the adjoint representatidn is the
product of two fundamental representations, instead of one fundamental and one anti-
fundamental, and since the fundamental representation is real no arrows can be drawn
on the propagators of the diagram. As a result, the surface on which the diagram is
drawn may be non-orientable resulting to non-orientable dual string theories.

The arguments given above indicate that large-N gauge theories may be dual to
string theories with a coupling proportional to "11V’ but it gives no indication as to
precisely which string theory is dual to a particular gauge theory. To construct the
dual string theory is a highly non-trivial task, and since 't Hooft’s original obser-
vation many attempts have been made to construct such dualities explicitly. Such
attempts led to dualities between two-dimensional gauge théories and string theo-
ries [9,10]. However, the situation for four-dimensional gauge gauge theories is much

less tractable, partly because the planar diagram expansion -which corresponds to
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free string theory- of such theories is very complicated?.

The seminal breakthrough of Maldacena [7] occured almost a quarter of a century
after 't Hooft’s paper. Maldacena conjectured that type-I1IB string theory on the
AdSs x S° background is dual to the superconformal N = 4, D = 4 Yang-Mills
(N =4 SYM ) that lives on the boundary of AdSs.

1.3 Type IIB supergravity

Before proceeding to state the Maldacena conjecture more precisely, let us review
some facts related to type IIB supergravity (type IIB sugra). Type IIB sugra de-
scribes the low energy behaviour of the classical effective action of type 1IB string
theory. Its field content is the massless spectrum of type IIB strings which is given

in terms of the transverse SO(8) representations as [11,12]

field SO(8) rep. degrees of freedom
G, metric — graviton 35, 35 bosonic
C + i® axion — dilaton 141 2 bosonic
B, + iA,, rank 2 antisymmetric 28¢€p 28 56 bosonic ()
AIWPU antisymmetric rank 4 35, 35 bosonic
fm I = 1,2 Majorana — Weyl gravitinos 565 € 56, 112 fermionic
/\(’, = 1,2 Majorana — Weyl dilatinos 8 P 8, 16 fermionic.

Type IIB sugra is chiral, which means that the two gravitinos have the same

chirality, while the two dilatinos have the same chirality but opposite to that of

.AFor large-N four-dimensional QED this difficulty is ‘also associated to the fact that QCD is

neither supersymmetric nor conformally invariant.
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the gravitinos. The gravitinos are traceless, namely I‘"aﬂw[w = 0. The fact that
the theory is chiral is related to the fact that in the GS formulation of the type
IIB superstrings one assigns the same chirality to the Majorana-Weyl spinors 5S¢,
5% of the right and left movers respectively. That is : (8, + 8.) ®(8, + 8:) =
(1P1Pp28P 35, D28 35:)s P8, P 8D, P 565 P 56;)r, where the first (sec-
ond) 8, + 8. corresponds to the right movers (left movers). It should be noted that
type IIB sugra can not be obtained by dimensional reduction of a higher dimensional
theory. Furthermore, there is no completely satisfactory covariant action for type
IIB sugra since the usual term [ d'°\/[ G | | Fs |? describes both the self-dual and
the antiself-dual part of Fy. As a consequence, one has to impose the self-duality
of Fy as a supplementary condition. However, the theory has covariant equations of
motion (e.o.m.) which can be obtained as follows: First, one writes down the local
supersymmetry transformations of the fields including all possible terms compati-
ble with the symmetries of the theory- general coordinate invariance, local Lorentz
invariance, gauge invariance for the 2-form fields, local U(1) symmetry and global
SU(1,1) symmetry- with unknown, to be determined, coefficients. Then by applying
the commutator of two SUSY transformations to the fields [d;, §2]® and by demand-
ing closure of the algebra one determines the unknown coefficients, as well as the
e.o.m.. This is possible because we are dealing with an on-shell formulation (no aux-
iliary fields are there to close the algebra) so the algebra closes only if one uses the
e.o.m.. It happens that the above method completely determines both the SUSY
transformations and the e.o.m.. For more details see [13] and references therein. The

covariant e.o.m. derived in this way can be deduced from the action [11]

1
Sun = -+ [ VIGle*(2Re + 89,000 — |Hyf?) (1.8
B

1
4Kk%

where the field strengths are defined by

. 1 -
[\/ IGI(|FL* + | F3)* + §|F5|2) + A A H3 A Fy| + fermions

Fy =dC, H3 =dB, F3 =dA,, Fs=dA}

- - 1 1
F3=F3—CH3, F5=F5—'2'A2/\H3+§B/\F3 (19)

~ with the additional condition *Fy = F; for the sélf;duality of the five form field F;.

The p+1-form fields that appear in (1.7) naturally couple to surfaces of dimension
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p+1 through the diffeomorphic invariant action

Sp+1 = Tp+1 Ap+1 = Tp+l /dp+1$A12...p+1, (1-10)

Zp+1

where the p+1-form field is

1
Ap+1 = m/‘lul”#w{_ldﬂf#l A A dxtrrr (111)

This is, actually, the generalisation of the coupling of the electromagnetic potential
A, to the world-line of a particle of charge q, Sine = —q [ A,dz* . (1.10) is invariant

under gauge transformations of the form
Ap1 — A;H = Apy1 + dpp, (1.12)

where p, is an arbitrary p-form and d is the exterior derivative. The gauge invariant
field strength Fp,, is defined through Fp,,, = dA,;; (this is gauge invariant since
d?p, = 0). One can also define a charge associated with the potential A, as

Q= *Fpio. (1.13)

Ss-p

Solutions to the sugra e.o.m. that have non-zero A,,, charges are known as p-branes.
Each p-brane has a magnetic dual D-4-p brane (D is the space-time dimension, D=10
for type IIB theories) which couples to the magnetic dual potential Ap_5_, defined
by

Fg_2_p = *Fp+2 < dArlr)l_ﬁ:;_p = *dAp+1. (114)

From (1.7) one can easily specify the possible branes of type IIB sugra. These are: the
F1 brane (the fundamental string) which couples to the 2-form By, and its magnetic
dual NS5 brane, the D1 string which couples to A;,, and its dual D5 brane, the D3
brane which couples to the self-dual A4,,,, and its dual D3 brane, and finally the
D(—1) instanton Ag = C +e~* and its dual D7 brane. For a complete classification
of branes in sugra theories see [11]. One can visualise a p-brane as a p+1 dimensional
flat surface and look for solutions with maximal rotational symmetry SO(D —p — 1)

in the transverse D-p-1 dimensional space. The above restrictions lead to ansatz for

... -the metric of the form

ds* = A(§)dz*dz, + B(§)dy'dy;, u=0,.p, i=1,...,D—-p—1. (1.15)
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When the above ansatz is substituted in the sugra field equations one gets
ds? = H(§)*datdz, + H(§)1/2dy'dy,, e® = H> % (1.16)
for Dp branes and
ds® = dz*dz, + H(§)dy'dy;, e** = H (1.17)
for the NS5 brane. The function H satisfies
0,H(y) = 0. (1.18)

The most general solution to (1.18) with the boundary codition that the metric

becomes the flat space metric when y — o0 is

Cr
HN=1+) =55 (1.19)
—~ |§ — gr[P-3P

with ¢; = N;p, where p, = gs(4ﬂ)5‘gF(7—;E)a'L;_2 for the case of Dp branes. The
above solution corresponds to a configuration of N; branes situated at point y;, N
branes situated at yg, etc.. Although being a solution it is not SO(D — p — 1))
symmetric in the transverse space. If one insists to a symmetric solution then all the

branes have to coincide and the solution becomes

Np
H(@) =1+ y?;’_p (1.20)

where N = ", N;. Actually, this solution is the solution for an extremal black p
brane with charge
N=Q= *Fpio. (1.21)
Sg—p
This solution preserves half of the supersymmetries, so it is a 1/2 BPS object (see
[14]).
One final comment is in order. By inspection of the equation of motion for the

metric

1 0 1- . . 1 - ~ oy
R, = ZHupaf[upa +e*® (FluFIU + ZFSMUPFSVPU + ﬁFS_ZpUTUFS’I;p >

+ (terms involving derivatives of ¢ and C) (1.22)
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one sees that the F'1 and NS5 solutions have vanishing R-R fields F; and non-
vanishing NS-NS fields. This means that the solution one obtains does not depend
on the string coupling g, = €®, ¢ =< ® >. On the other hand, D-branes carry a
R-R charge, i.e. one of the F; in (1.22) is non-zero, so the solution will involve g, (see
the second term of (1.22)). In fact for these solutions p, ~ gs. In the weak string
coupling limit g, — 0 the metric becomes flat everywhere except on the plane § = 0.
This means that the closed strings move freely in flat space-time, except when they
reach the D-brane at ¥ = 0. When they touch the D-brane, they can open and stay
attached to it. Their open ends are restricted to move on the brane while the string
can oscillate in 10 dimensions. Thus, the correct boundary conditions turn out to
be, Dirichlet boundary conditions in the directions perpendicular to the brane, and
Neumann boundary conditions in the directions parallel to the brane.
D-branes were first introduced in [15] where it was shown that the stack of N
Dp-branes on top of each other carries a p+1-form charge of magnitude
N=Q= *Fpio. (1.23)
Sa-p
It was also shown that when p is odd exactly one half of the space-time supercharges
of type 1IB theory are broken by the configuration of the D-branes. So, the D-brane is
a half BPS object in string theory carrying a R-R charge. One, thus, is led to believe
that the extremal black p-brane solution of supergravity and the Dp-brane describe
the same object. Of particular interest is the case of D3-branes whose complete

solution is given by

gs = €®, ¢ = const.,C = const.By, = Agu =0
ds? = H(§)7 dz*dz, + H(§)? (dr® + 2dQ2)
Fy = (14 *)dt Adx' Adz® Adz® AdH ™, (1.24)

where

R4
H =1+ —, R = 4ng,a”N. (1.25)
T

The above sugra solution is self-dual, it has a constant axion and dilaton field, its

world-volume is Poincare invariant and despite the form of the metric is regular at
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y = 0 (this can be checked by evaluating the curvature tensor and verifying that it
finite at ¥ = 0).
Let us, now, take the low energy limit o/ — 0 while keeping the energies of the

objects in string units fixed, namely

E, is the energy of an object as measured by an observer situated at position r, while

by E we denote the energy of the same object as measured by an observer at infinity.

These two are related by
E=H7E, (1.27)

due to the redshift (from (1.24) gy = —H7 ). For objects near the brane, that is

near ¥ = 0 (1.27) becomes
T 1 ; 1

T
E~ E ~FEVo——.

Vol T (dmgN)s T T (4mgoN)i o

Since we send o' — 0 keeping E,v/ o fixed the last equation implies that we should

(1.28)

also keep = fixed. At this limit the sugra solution (1.24) becomes

gs = €®, ¢ = const., C' = const. , By, = Ay, =0

2 r’ L er2 2 1032
ds® = —RQd:c dr, + R gy + R°dS);)
I+ 1 9 3 r P
F5 = p dt Adz” ANdz® Adx /\dﬁ=(1+*)(—167ra NdS2s), (1.29)

where df2; is the volume element of a unit 5-sphere. Thus, the geometry of the
background given in (1.29) is that of an AdSs x S° space with constant five form flux
through the 5-sphere S°. From the point of view of an observer at infinity there are
two kinds of low energy excitations: a) massless particles with large wavelengths that
propagate in the bulk,

b) excitations of any energy Ej, that live closer and closer to the brane (r = 0).
These two low energy sectors of the theory are decoupled from each other since as we
approach r = 0 the redshift becomes infinite and the excitations can not climb the
gravitational potential and escape in the asymptotic region. As a result the throat
geometry (the geometry near r = 0) is decoupled from the asymptotic regime, in the
"“low energy limit. Thus, we have ended with two decoupiéd sectors, the near horizon

region of the geometry and free bulk supergravity.
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1.4 The AdS/CFT correspondence

Another description of the same system is to consider type IIB string theory in flat
space with N coincident D3-branes. As discussed above string theory on this back-
ground accommodates both closed and open strings. For energies much less than 1/,
only the massless spectrum can be excited and the theory can be described by an
effective Lagrangian consisted of three parts:

a) type IIB sugra + higher order terms. This part is the effective Lagrangian de-
scribing the closed string massless states.

b)N =4 SYM Langrangian define on the brane world-volume+ higher order correc-
tions. This part comes from the massless open string spectrum.

c) An effective part describing the interactions between the brane modes and the
sugra bulk modes.

Taking the low energy limit o/ — 0 the interaction part as well as the higher order
corrections vanish resulting to two decoupled systems [14]. Free bulk supergravity,
on one hand, and the maximally supersymmetric N = 4 four-dimensional SYM on
the other. Compairing now this description to the alternative one given in terms of
the sugra solution (1.29) we see that in both cases we have two decoupled theories in
the low energy limit. Since in both cases one of the theories is bulk sugra, it seems
justified to conjecture the equivalence of the second decoupled system appearing in

both descriptions. This is the Maldacena conjecture which states that:

Type IIb superstring theory on AdSs x S° is dual to N = 4 4-dimensional
SYM with gauge group SU(N) in its superconformal phase.

It should be noted that both the AdSs and the S® have the same radius given by
R* = 47g,a’* N and that the five-form Fj has integer flux N through the 5-sphere S°.
Furthermore, 47gs = g%,, and < C' >= §;, that is the axion expectation value is the
instanton angle in gauge theory.

The conjecture stated above is the strong version of the ADS/CFT correspon-
dence. It is believed to hold for any values of N and of g;. This form of the con-

| mjécturé is, however, very difficult to be checked mainly because the quantization of
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string theory on AdSs x S° appears to be notoriously difficult.

A weaker form of the conjecture is to assume the equivalence of the two theories
but only in the large-N limit. That is when we keep A = g%, N fixed and finite and
we send N — oo. This means that the string coupling is

gs = % — 0. (1.30)

As discussed in section 1.1 the loop expansion in string theory corresponds to the
% expansion in field theory. But since the conjecture holds for N — oo, that is
gs — 0, one gets a correspondence between classical string theory (no loops) and
the large-N limit of N =4 SYM.

A still weaker form says that the conjecture is valid only for large A = gsN.
Actually, this is the condition that the sugra solution for D3-branes is a good ap-
proximation to the full string theory solution. This is so because one can trust the

sugra only when the radius R of the solution is much greater than the string length

l, = Vo, that is only when
(4mgs N4 > 1, <= A = g;N > 1. (1.31)

But in the limit A > 1 the gauge theory is strongly coupled so one ends up with a
duality between classical type 1IB supergravity and the large A limit of N =4 SYM.
In this case only sugra and not the full string theory on AdSs agrees with field theory.

Let us first concentrate on the strongest form of AdS/CFT. Since one identifies
two apparently different theories one should also be able to show that the sym-
metries of the two theories are identical. This is indeed the case, since the maxi-
mal bosonic subgroup SU(2,2) @ SU(4)g of the superconformal group SU(2,2 | 4)
of N = 4 SYM is identical to the isometry group of the AdSs x S° background
which is SO(2,4) @ SO(6) since SU(2,2) ~ SO(2,4) and SU(4)gr ~ SO(6). In the
above, SO(2,4) is the conformal group in 4-dimensions and SU(4)g is the internal
R-symmetry of N =4 SYM.

As was mentioned in section 1.2 only one half of the supersymmetries are preserved
by the stack of N coincident D3-branes. However, in the near horizon limit the
“167SUSY’s which are broken in the full D3-brane solution are restored résultihg

to the SU(2,2 | 4) symmetry group of the maximally supersymmetric AdSs x S5
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Type IIB string theory N = 4 conformal super-Yang-Mills
Supergravity Excitations Chiral primary + descendants
1/2 BPS, spin < 2 O, = trX X7} 4 desc.
Supergravity Kaluza-Klein Chiral primary + Descendants
1/2 BPS, spin < 2 Oa = trX ... Xial 4 desc.
Type 1IB massive string modes | Non-Chiral operators, dimensions ~ A!/4
non-chiral, long multiplets e.g. Konishi trX'X?
Multiparticle states products of operators at distinct points
Oa, (1) - Oa,(zn)
Bound states product of operators at same point

Op,(z) - O, ()

Table 1.1: Mapping of String and Sugra states onto SYM Operators

solution. Finally, the Montonen-Olive symmetry of N = 4 SYM with group SL(2, Z)
is identified to the global discrete symmetry of type IIB string theory which mixes
the axion and dilaton expectation values according to

, ar+b
T—T = ,
et +d

a, b, ¢, d € Z 1=<C > +ie™®. (1.32)

One can actually do even better and show that the representations of the super-
group SU(2,2 | 4) coincide on both sides of the duality. In fact, one is able to map
string and sugra states of the AdS side onto SYM gauge invariant operators. In par-
ticular, single particle states (or canonical fields) correspond to single trace operators,
while multi-particle states correspond to products of single trace operators at differ-
ent points. Finally, products of single trace operators at the same point correspond
to bound states on the AdS side. The complete correspondence between the repre-
sentations of SU(2,2 | 4) as taken from [11] is given in Table 1. The first two lines
of Table 1 show the correspondence between the short 1/2 BPS multiplets of single
trace gauge invariant operators and the supergravity multiplet. The canonical fields
in the sugra multiplet arise from the dimensional reduction of the 10-dimensional
type IIB sugra multiplet. Since these fields héve héiicizcies between -2 and 2 they

belong to short multiplets of the superconformal algebra in agreement with the field
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theory side. Although no-one has been able to compute the full spectrum of type
IIB string theory on AdSs x S° one can, however, estimate that the the mass of the
massive string states will be of the order m ~ i Using the mass/ dimension relation,
this estimation gives a prediction for the dimension of the non-chiral, unprotected
operators that correspond to these massive states. For a scalar operator, for instance,
one has

m2R% = A(A—4) => A ~mR => A ~ ll(%l;‘gsN)”“ = (dmg,N)'/*

S

— A~ A (1.33)

for large g,N. The exact correspondence between the fields of D=10 sugra multiplet
and the SYM operators can be found in [11].

Having established the operator/state correspondence one can go further and map
the correlation functions on both sides of the correspondence. The way to achieve
this was first proposed in [35,36]. Consider, for example, a scalar bulk field ¢a(2)
defined on Euclidean AdSs with metric

1
0

The boundary of AdSs is the hypersurface 22 so dAdSs = R*. Assuming that the

fields become asymptotically free as we approach the boundary, that is they satisfy
(O + ms)pd = 0, (1.35)
where

1
0 = -0, /36" 0, = — 2208 + (d — 1)20 — 2202, (1.36)

we can determine their asymptotical behaviour which reads

P = 20(2) or ¢l = 2 2¢(2). (1.37)

Solutions with the former asymptotical behaviour correspond to normalised bulk ex-
citations and as argued in [16] determine the vacuum expectation values of operators
of associated dimensions and quantum numbers. On the other hand, solutions with

the latter asymptotical behaviour do not correspond to bulk excitations, but describe
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the coupling of external sources to string theory. The relation put forward in [35, 36]
states that the generating function of the correlators in field theory is equal to the

string partition function where the field ¢a (29, Z) obeys the asymptotics

(20, 2) |zg—0= 20 200 (), (1.38)
namely that
(0) S _ -
< ef 420, (0A(2) >sym= Zaloa(20, ) |20—s0= Zg A(,O(AO)(Z)]. (1.39)

Here O(Z) is the SYM operator which corresponds to the bulk field ¢a (29, Z) and
gog))(i') ia an arbitrary function which acts as a source for O(%) n the CFT side.
In the supergravity approximation o’ — 0, g;N > 1 one can approximate the

string partition function by
A e—SSUGRA[‘PA]’ (1.40)

where Ssucralpa] is the extremum of the sugra action when all the fields pa satisfy
the asymptotic behaviour of (1.38). The last equation implies that the generating
functional W of connected Green functions on the SYM side defined by

< efd“ch(Ao)(z")OA(z") >SSy M= eV (1‘41)

is equal to the classical sugra action.

We close this section by considering the three point functions of chiral (1/2 BPS)
primary operators (5. These can be calculated perturbatively on the SYM side when
A < 1. On the AdS side one is able to calculate these functions at the classical sugra
limit, that is when IV > 1, A > 1. Thus the two results are not directly comparable
since they are valid for different values of the coupling constant. Nevertheless, if one

insists to make the comparison he sees that

= lim CAl.Az,Aa(O’ N) (142)

—00

lim CA N
N A=geN 00 1,42,43 (gs, )

AdS SYM

One can interpret this result as non-renormalisation of the three-point functions of
1/2 BPS operators. One, thus, is led to conjecture that

: (1.43)

Al,im CAl.Az.As(gs, N)
oo SYM

: 2
= lim CAl.Az,Aa(gYM’N)
N—oo

AdS
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where the large-N limit of the three-point function is independent of the coupling
constant g, = g&,,;. Consequently, one can make the final step and conjecture that
the coeflicient as calculated from the AdS side is equal to the coeflicient as calculated
from the SYM side for all values of gy, and NV, that is

Caraaas(96 N)| = cananas(g9a N) : (1.44)

AdS SYM

The conjecture that the three-point functions do not receive radiative corrections was
checked to order g2,, in [17]. These non-renormalisation effects were also studied
in [18-21,23,24] for 1/2 BPS operators and in [22] for 1/4 BPS operators. We shall
see later how this correspondence between the three-point function coeflicient and
the bulk sugra coupling is realised in the BMN limit of the AdS/CFT duality. For
higher point correlators and their connection to sugra bulk couplings see [11] and

references therein.

1.5 Penrose limit of the AdS geometry

In this section, we describe how the Penrose limit of the AdSs x S° geometry is taken
to obtain the pp-wave geometry.
Let us start with AdSs x S® metric using coordinates that can globally cover the

hyperboloid AdSs. In these coordinates the metric and five-form field become [14]:

ds® = R*(—cosh®p dt* + dp? + sinh? p dQ2) + R%(cos® @ d¢? + db? + sin? 0 dQ32)
ng = 4NdQ5, FAd55 = *Fss. ' (145)
Here R is the common radius of AdSs and S°, and d§2? is the metric on a unit 3-

sphere. Imagine, now, an observer who boosts up to the speed of light along the null

geodesic defined by

p=60=0, 7 — ¢ = const., (1.46)

~ ““that is along the equator of S® at p = 0. The geometry this observer sees is the

geometry of the vicinity of the null geodesic and can be determined if we let R — oo
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and then scale the coordinates according to

L o=2

= R¥1—¢), zt = %(T + ), p= R (1.47)

keeping z+, =7, z, y and all the other coordinates fixed. Rewriting the metric in

terms of the new coordinates and taking the limit R — oo one obtains:

ds? = —2dztde™ — (2® + y*)(dz*)? + do'ds’ + dy'dy’, (1.48)

where ¢ = 1,...,4. The Penrose limit of the self-dual five-form is

4
Fy = g—d:c+/\(d:c1/\.../\dm4+dy1/\.../\dy4). (1.49)

Z_ to get the plane wave

Finally, one can rescale z* and z~, z+ — pzt, z= — "

solution

ds® = —2dxtdz™ — pP(2® + y?)(dz*)? + dz'dz’ + dy'dy’

4
Fs= g—udac*(dxl A Adz +dy A A dy?). (1.50)

From (1.50) it is immediate to see that the plane wave solution is symmetric under
the group SO(4), Q SO(4), @ Z,, where the first SO(4), group rotates the four z’s
among themselves while the second SO(4), rotates the four y’s among themselves.
Furthermore, there is also a discrete Z, symmetry which exchanges the x coordinates
with the y coordinates, i.e. Zy: '« 3.

The plane wave solution considered in (1.50) is a special case of a most general
class of backgrounds called pp-waves. The latter are defined as those backgrounds

which have a covariantly constant null Killing vector u*, i.e.
Vuu, =0, vfu, =0 (1.51)

(in the special case of (1.50) this null Killing vector is a%_). The most general
form of the metric can be found in [25]. As discussed in [26,27] the existence of
a covariantly null Killing vector ensures that the pp-wave solutions are o' exact
“solutions of supergravity. As mentioned in [25] ,7 éaking thé Penfose iimit”of abspec‘ivﬁc

geometry results to a geometry that preserves at least as many supersymmetries as the
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initial geometry was preserving. In our case, since the Ad.Ssx S% background preserves
all 32 SUSY’s we expect that the plane wave solution of (1.50) is also maximally
supersymmetric. In order to verify this one should find 32 linearly independent

Killing spinors ¢* for which the dilatino and gravitino variations vanish, i.e.
8 A% = (D)%e* = 0, 692 = (D,)%e* =0, o, 8=1,2. (1.52)

The ¢* are two -since type IIB theory is a N' = 2 theory- 32-component Weyl-
Majorana spinors of the same chirality-since type IIB theory is chiral-. The expres-

~

sions for the supercovariant derivatives (D)"‘B, (D,)% can be found in [25,28]. For

the special case of the plane wave background of (1.50), (D)% becomes identically

~

zero and (D)% takes the form

2 e 1 a igs a vpAo

(Du)% = 6% (9, + Zw,j’ra,,) T (02)% TP F, 05 (1.53)

where w® is the spin connection. The 32 Killing spinors that satisfy (D,)%e* = 0, as
u u/p

well as the isometries of the plane wave background and the supersymmetry algebra

in the light cone gauge can be found in [25].

1.6 Light cone string field theory

1.6.1 Bosonic Part Of The Free String Action

In this section, we briefly review light cone string field theory on the pp-wave back-
ground. We start by writing down the bosonic part of the free Green -Schwarz (GS)
superstring. This is [29]:

1

Sp = 4ﬂa1/d2a\/—gg“b Gu0a X 0y X", (1.54)

where as usual G, is the pp-wave spacetime metric and 9% the world-sheet metric.
One can immediately see that the five form field Fy does not enter the bosonic part
of the action resulting to an SO(8) invariant action. Plugging the metric in (1.54)

we get:

1
Sp = m dzagab (—26aX+8bX“ + 6aX’8bX’ - Iu2X?aaX+(9bX+) . (1'55)
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Using the fact that the above action is diffeomorphic invariant, as well as Weyl
invariant, one can set g% = 1. Even after this choice there is still some residual
gauge symmetry, namely any change of variables of the form o, =74+ 0 = f.(04),
o_=71—0 = fi(0_) together with a Weyl rescaling of the metric leaves the action
invariant. One can completely fix the gauge if in addition to g** = 7 one imposes

the condition
Xt =zt +dptT. (1.56)

This is the light cone gauge. In this gauge only the physical degrees of freedom X7 |
I =1,...8 are dynamical variables. X~ is determined by setting

1 4S

Top = N7 0 (1.57)
More precisely,
5‘;‘i =0=0,X = al; 9, X0, X", (1.58)
and
08 _ 6L _
097 0900
9, X = -2;—1# (8TX’8TX’ + 3, X109, X" - (,ua'p+)2XIX]> . (1.59)

The advantage of working in the light cone gauge is that all the degrees of freedom
after the gauge fixing are dynamical and thus no negative norm states appear in the
spectrum.

The equations of motion (e.o.m.) for the X! as derived from (1.55) are:
(2-02-p)X'=0. (1.60)
These e.o.m. can also be derived from the light cone action:
Ske = %a, / dr /0 " do [0, X0, X" — 0, X9, X" — (ua'p*)’X}]

1
4o’

2ma’pt
/dT/ do [0 X0, X" = 8,X"0,X"].  (1.61)
0

1

Sl.c, —
B i Vided

2ra’pt
/ dr / do [0, X0, X" — 8, X9, X" — * X} . (1.62)
0



1.6. Light cone string field theory 28

This action is quadratic in X’’s and hence it is solvable. The equations of motion for
X7,
(2-02—uwyx' =0, (1.63)

should be solved together with the closed string boundary conditions
X0+ 27dpt) = X(0) . (1.64)
Using these boundary conditions one obtains

x!I = 330 oS Ut + Yo sm ur + /@ Z " l.+ {(wnT4n0) +
1 V@n

Gl earF T | oIt oolE@aTHn) | gt i (wnT= ""’}, (1.65)

where

wp =+/n?+(upt)?, n>0, (1.66)

and « and & correspond to the right and left moving modes.

Defining the canonical momentum conjugate to X/ as usual

oL 55 1
Pl= %1 = 50.%7 = gm0 (1.67)

one can easily obtain the light-cone Hamiltonian

1 2ma’p
i / do [(2ma)2P? + (8,X")2 + 12 X2]. (1.68)
4o 0

Since this Hamiltonian is quadratic in X! and P’ it can be diagonalised ® . Substi-

tuting for the mode expansion in (1.68) one gets

1 [o.¢]
Hs" = a'pt [a upteg'ag + an o+ 8116)

1 [e o]

e (ia,mﬁJrZw") ’
n=1

(1.69)

where we have defined

1 +
N A (1.70)

QA
O~
i
Q
S~
Il
=
S
I
8
<}

3In order for the theory to be quantised one has to impose the usual equal time quantisation
conditions, namely [X/(a,7), P’(¢’,7)] = i6'/6(c — ¢’). When the expressions for X’ and P’
in terms of the creation and destruction operators are substituted in the last equation it leads to

wh,pg) =i6", lag,apl] = [ag, 67l] = 6" 6mn
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The last infinite term in (1.69) comes from normal ordering the operators o and of
and it cancels against a similar term that appears in the fermionic part of the Hamil-
tonian. This zero point cancellation is something we should expect since the theory
is supersymmetric (no spontaneous SUSY breaking occurs) and thus the energy of
the vacuum | v, p*) should be zero.

Two comments are in order. First, the zero mode excitations af! | v,p*) have
non-zero energy in contrast to the flat case. This is basically due to the (uX)? term
that appears in (1.68). Second, as one should expect the light-cone Hamiltonian is the
conjugate momentum to the light-cone time X, given by P~ = %(&X“ +(pX"H?)

as one can see using (1.55).

1.6.2 Fermionic Part Of The Free String Action

We now proceed to the fermionic part of the type IIB superstring action in the light-
cone gauge. As argued in [96] the fermionic part can be obtained from the quadratic
fermionic term of the flat space GS action if one substitutes the usual derivative 0,

with the supercovariant derivative

(D)% = 875 3y + X ()75, (1.71)
where
! ‘ bl : vpAo
()7 = 07 szbrab + %57(02)7ﬁ TV, ot - (1.72)

For the plane wave background of (1.50) it is straightforward to show that

1
Q_ =0, ()%= Z“ﬁ(n + )T (0%)%,
« ]‘ (04 ZM !
(R4)% = _Eu%’r” 6% + Z(H + )T, (02)%. (1.73)
The fermionic part of the action then reads

Sp = —'

= [ @0 @) (Bt X T, (DY, (1.74)

where
(ﬁab)ap =V _ggab(sap - Cab(03)ap . (175)
" In the above euation 8%, o = 1,2 are the two 32.-component Majorana-Weyl 10-

dimensional spinors of the same chirality. The conventions for the gamma matrices
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are the same as in [25]). The gauge fixing in the fermionic sector can be achieved by

choosing
o> = 0, (1.76)
as in the flat space case. Condition (1.76) implies that
6°T79% = 0, Va, B (1.77)

and

(€2)%0° =0 (1.78)

since the I't of Q; can be commuted to the right, to act directly at 67, to give zero.
Taking (1.76), (1.77), and (1.78) into account the fermionic part of the action reduces

to

. 2ra’pt
47:a, / dr /0 do [(0%)7 (B)ap(8aX+T4) (87586 + X (Q4)%5)67] .
(1.79)

le.
Sg* =

The next step involves plugging the expression for Q, as well as X* in (1.79) to

obtain

—1

2na’pt
St — / dr / do [6'0,0 + 00,6' + 00,0 + 010,0" — 2iu6t1I0] . (1.80)
]

 dno!
In (1.80) 6' and 6% have been combined to give a complex 16-dimensional SO(8)
spinor § = (8! + i6?)/+/2 and its complex conjugate 6! = (' — i6?)/+/2 (one should
not forget that due to the Majorana condition and the fact that the we have chosen
the 10-dimensional matrices to be purely imaginary, ' and 6% are real). Note, also ,
that the last fermion mass term in (1.80) breaks the transverse SO(8) symmetry of
the metric to SO(4) ® SO(4) since II = y'y?73y* involves only the first four SO(8)
yl's.

One can now decompose the complex spinor § belonging to the 8; representation
of SO(8) to spinors belonging to the ((2,1),(2,1)) €((1,2), (1, 2)) representations
of SO(4) ® SO(4). |

Doing so, the action becomes

le. __
Sp =

— 2aa’pt ; ;
o o af t
e / dr /O do {oaﬂa,e 8 16°00,01 , + 0g0,6° + 01290, 01 ,—
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ot pgaB o ot 5 peB | paBg pt .5, goB aby ot 4 9,0t 098
20p00,50° + 0} ,0,0°7 + 64°0,6) ; + 0,50,6° + 61470, , + 2ip] ,6°7].(1.81)

In order to get (1.81) we have chosen a representation of the SO(8) v"’s such that
14 0,

04 —14
mass terms of the dotted and the undotted 6’s is due to the fact that II is essentially

IT takes the diagonal form II = ( ) The relative minus sign between the

the v° matrix of the first SO(4). It will, thus, act on the first index of the spinor to
give 1198 = ¢°8 and 116%% = —9%8. The e.o.m. derived from (1.81) are

(0- + 80)(0aﬁ + 92;;6) — Zﬂ(gaﬂ - elﬁ) = 0,
(8 — 85)(0ap — Olg) — ip(Bag +6l5) = 0, (1.82)

with similar equations for the dotted spinors. The solution to (1.82) is easily obtained
and is given by

oo

1 : o
eaﬂ - ——0 aﬁel[.lT + Z ¢ n [(1 )ﬁn g €5 p+ (wnT4no)

i o n a
+(1 +p_")13;2 B eapt (wWnT+n )] [(1 _ pn)ﬂn of €° p+ (wnT—n0o)
- +i r_
F(1 4 p)Bl o €T - (1.83)

where w, is defined in (1.66) and

pin =X o = S — (1.84)
- 3 +n — . .

" dupt VIt P

The canonical momentum conjugate to %° is P,z = 6—6%0% = 27:&,9 Quantiza-

tion of the theory is achieved by imposing the equal time anticommutation relations

appropriate for fermions
{6°°(0,7),00,(c', 7)} = 27d/6%,6%,6(0 — o). (1.85)
The coeflicients ¢_,, and ¢, in (1.83) are chosen in such a way that (1.85) leads to
{567, By 15} = 6565, {80, BL, s} = {82, BY, 5} = 6mn6267 (1.86)

with s1rn11ar relations for the dotted spinors. Finally, the anticommutator of a dotted

and an undotted spinor is alwayb zZero.
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Using the mode expansion given in (1.83) and the anticommutation relations of

(1.86) it is straightforward to derive the light-cone (l.c.) Hamiltonian

er. ]‘ o X, Q
HT = s [a P Bhap5 +an BrapB3 + 0130 + BragB? + B, 552°)

_ afﬁ (; o' up +an> . (1.87)

n=1

The total free l.c. Hamiltonian is the sum of the bosonic and fermionic part. The
zero point energy of the bosonic part cancels the zero point energy of the fermionic
part, as advertised previously. The eigenvalues of the total Hamiltonian are always
non-negative, as they should be.

We close this section by deriving the level matching condition which puts con-

straints on the physical spectrum of the theory. Starting from

1

(S + Sr) SOT0,00 =

697 (o)

2ma’pt .
X~ (2ra’pt) — X(0) = / do (8, X 0, X" - —;-aaﬁagea) =
0

=0=0,X =0, X"9, X" -

Mg

n(altal + 81,5000 + 8 630 —altal - gt ,p20 — Bt 3. (1.88)

naf naf
1

3
If

Since we have closed string boundary conditions X ~(2ra/p*) = X ~(0) (1.88) implies
that the physical states are those which satisfy
S on(abad + Blas85° + B! B3 — altal — Bl,pB2° — B, ,69%) | W) = 0. (1.89)
n=1
The vacuum of the theory is defined as this state which is annihilated by all destruc-

tion operators, namely
I +y _ sl +y
o | v,p") =dy |v,p") =0
B30 | v, pt) = B0 | v, p*) = B2 | v, pt >= B0 |v,pt) = 0, (1.90)
Obviously H | v,p*) = 0.

To summarise, we have seen that the free? type IIB string thory on the pp-wave

background is solvable if one works in the light -cone gauge. The next step would be

4By free we mean that we set the string coupling g, = 0.
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to study the interacting theory. Usually, this is done by using first quantised string
theory, that is a two-dimensional o-model plus vertex operators. However, in the
case of the pp-wave background this approach becomes cumbersome, principally due
to the presence of the non-zero five form field F5. An alternative way to proceed is
to employ string field theory. String field theory (SFT) in the light cone gauge was
first introduced in [30,31,89] for the bosonic string in flat space-time and then was

generalised to the supersymmetric strings in [90-92].

1.6.3 General Structure Of Light Cone String Field Theory

In order to formulate SFT one can mimic the procedure followed to write down
the second quantized theory for the point particle. Let us, therefore, postulate the
existence of an object ®[Xt,z7, X'(0), fap(0), 8,5(0)] that plays the role of the string
"wave function”. @ is a functional of the string coordinates X(0),8.5(0),6;5(0),

and depends also on the light-cone time X+ and the zero mode of X, 1.e. 7,
®: (X7(0),04p(0),0,4(c), X*,27) — R. (1.91)

One can Fourier transform with respect to one or more of the coordinates
X!(0),048(0),844(0), ™. For the moment, let us Fourier transform only with respect
to z”.
Then the wavefunction becomes a function of ® = ®[X*,p*, X!(0), Oap(0), 0,5(0)].
As usual, the wavefunction ¢ is promoted to an operator upon quantization. This
operator will create and/or destroy complete strings and not a quantum of a partic-
ular string mode, as is done by al, o!f, the first quantized annihilation and creation
operators.

The light-cone dynamics of ® is governed by the non-relativistic Schrodinger equa-

tion,

O
Yax+

= Hgpr®, (1.92)

where Hgspr is the light-cone string field theory Hamiltonian. To a first approxi-
ma_tlon, that is at the free string theory limit, it is equal to the sum of (1.68) and

(1.87). Our principal aim, however, is to include interactions. In such a case, the
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Hamiltonian is corrected to get the form Hspr = HY® + gsHa + g2Hy + ..., H}® is the
Hamiltonian of the string theory o-model, while the interaction terms H; describe
the splitting and joining of strings. The way to specify the interaction terms is to
use all the symmetries of the theory in order to restrict the form of such terms. In
the case of flat space the symmetries are enough to completely fix the form of the
interaction terms. In the case of the plane wave the symmetries are less than flat
space and additional input is required in order to uniquely specify these terms. This
is the reason for the two different three string vertices appearing in the literature.
The first wad derived by Spradlin and Volovich in [52] and elaborated by Pankiewicz
and Stefanski [54, 55,65] while the second was derived in [40, 58,68]. In fact, any
linear combination of these vertices satisfies the restrictions put by supersymmetry
and can be thought as an acceptable vertex. This observation was put in good use
in [32] where it is argued that holography should be the guiding principle to specify
the correct combination. The authors of [32] have shown that the pp-wave/SYM
duality is not exhausted to comparisons between two point functions but that there
is also a direct correspondence between the coefficients of the three point functions
in SYM theory and the three string amplitude on the pp-wave background. This
correspondence, already existing in AdS/CFT, remains valid when the BMN limit is
taken. It was first put forward in [37,47], and [1,101] where the bosonic part of the
string vertex -whose complete version was derived in [32]- was obtained using field
theoretical arguments. We will further discuss these aspects léter.

(1.92) can be derived from the second quantized Hamiltonian °
H = /dp+D8X(a)D80(a)p+<I>J’HSFT<I> (1.93)

as the Heisenberg e.o.m. for the string field ®, namely

; o
oX+

= [®, H], (1.94)

5In fact, this is how to take any symmetry generator g on the world sheet -such as HY® which
generates time translations or rotation generators j* or supercharges q which generate the SUSY
--transformations- and construct a free field realisation of the corresponding space-time operator

Ha, JY, Q through the formula Gy = [dptpt DEX D800t g®.
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using the equal time commutator

21X 51, X (0),63(0), 677 (0)], 91X 9}, X (0),65°(0), 657 (0)]] =

]j—;ré(pr +p1) A% (X (0) — X} (0)) D162 (0) - 65°(0)) A1 (6 (o) — 637 (0)). (1.95)

Before we sketch the way to derive the interaction term Hj let us solve the free
Schrodinger equation for the string field. For simplicity we shall restrict ourselves to
the bosonic part of the Hamiltonian. The manipulations of the fermionic part are
quite similar and will not be needed in what follows. As a first step, we define new

creation and annihilation operators by

1 1
ap = —“‘(an + dn) y A_pn = _(&n - an) , N> 0 ) (196)

V2i V2

and ag = op. Then the bosonic part of the Hamiltonian becomes
HLE = lZw alan. (1.97)
2B a n“n“n

Next one can define position and momentum operators in terms of the a and a' as is

done in the case of a single harmonic oscillator to obtain

Hle — 1 f P+ lw2z2 _1 io P2 — lwz(iy (1.98)
2 an:—oo " 4 e an:—oo " 4 " 5p£l , .

where a = o/p*. From (1.97) it is clear that the total Hamiltonian is the sum of an
infinite number of noninteracting harmonic oscillators, and thus the eigenfunctions
of the Schrodinger equation are products of momentum eigenfunctions, one for each

oscillator. That is the most general solution is of the form

+00
o= XN AN ] vwa(en) (1.99)

{Nn} n=-—o0o

where 1 (p,) is the eigenfunction of the n-th mode in momentum space. Furthermore,
if pt > 0 then A({N,},p") is the annihilation operator for a whole string with N,
quanta in the n-th mode while if p* < 0, A({N,},pt) = AT({N,},—p") is the

creation operator for whole string with the same excitations.
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1.6.4 String Interactions In The Plane Wave

In this subsection we briefly describe how the three-string interaction term is obtained
in the case of the plane wave background. The situation is very similar to the flat

case, although some new features arise.

o=2n(c.+0,)
o=2n0, ,
(I

o=0

Figure 1.1: Three string interaction vertex in the light cone gauge. According to the

prescription stated below (1.99) a;, as > 0 whereas a3 < 0. Note also that, due
to closed string boundary conditions, 0 = 0, 0 = 2ma; and 0 = 2nw(a; + «9) are

identified and I is the interaction point.

The process we intend to describe is depicted in Figure 1.1. Two strings, string
1 and string 2, propagate freely until the interaction takes place at light cone time
zero to give a longer string, string 3.

The main idea is to try to exploit the (super)symmetries of the theory. Before do-
ing so, let us summarise these symmetries. They can be divided in two groups (25,52]:
i) the kinematical generators, P*, Kf, LT, Ji;, Jaby Qap, Lyg- Here K, L' is a lin-
ear combination of P’ and J*/, and J;;, Ju» are the generators of the SO(4) @ SO(4)
group. These generators are not corrected by the interactions and their form does
not depend on g, [52].

ii) The dynamical generators, Qgg, fog, ‘H,, which are quadratic in the string world-
sheet fields. These generators can, and indeed, receive g5 corrections [54,55,91].
First we make use of the commutation relations of the string field theory Hamil-

tonian with the kinematical generators. From the relations

[H, L] = iuK!, [H, K" = —ipl’ (1.100)
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and taking into account the expressions for X! and £’
K'=sinpXt Pl 4+ uX cosuX* PY, LT =sinuXt P! — pX" cos X+ P¥1.101)
one immediately sees that (1.100) hold up to order g, if
[Hs, PT] = [Hs, e(a)X!] = 0, (1.102)

where e(a) = sign(a) and « = o'pt. Furthermore, in a similar way, the requirement
that the commutation relations of the Hamiltonian with the kinematical supercharges

Qap, Qgp hold up to order g, implies
[H3, Aag] = [H3, e(a)Oup] = 0, [H;;,Adﬁ-] = [H3,e(a)@d3] =0. (1.103)
A and © denote the second quantised versions of A and 6 respectively,

ie. A = [dptptD®PDB®I)\®. Finally since P+ commutes with all generators we

obtain
[P+, Hs] = 0. (1.104)

The above relations actually hold for all the g?~2 corrections of the Hamiltonian,

namely
[Hn, PT) = [Hn, e(a)XT] =0, (1.105)

and similarly for the commutators with the supercharges.

(1.102) and (1.103) can be interpreted as momentum conservation of the bosonic
and fermionic fiels (equations involving P and A) and continuity of the string world-
sheet as string one and string two merge to give string three (equations involving
e(a)X and e(a)©). (1.102), (1.103), and (1.104) are guaranteed if we include a
factor of

Z&S Z&d

3
ZP(IT)(U)
r=1

in the three-string vertex ® . A-functionals are products of an infinite number of

YA (a)} A [Z /\‘(5‘3(0):] 50> "oy (1.106)

r=1 r=1

d-functions of the corresponding argument at different values of o. Thus the three-

string Hamiltonian can be written as

Hy = /dug hy B(1)B(2)B(3) | (1.107)

6That this is the case can be easily seen if one takes the commutator of the second quan-
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where ®(r) is the string field of the r'" string, hy = ha(a, Py, X(ry, 0ry, Ary) s to

be determined later using the dynamical part of the superalgebra and

3 3 [ 3
duz = (Hda(r)DBP(r)(O)DSA(r)(U)) A% 1Y Ph(o)| A Z’\?f;(a)}
r=1 r=1 Lr=1
3 By 1 3
A Z)\?rﬁ)(g) 5(Za(r)) . (1.108)
r=1 J r=1

For a moment let us forget about hs and plug the expressions for ®(r) in (1.107) to
obtain

Hs :/dug Z c({N'}, a1; {N?}, aa; {N*}, a3)

{N1H{N?}{N3}
A({Nl}’al)A({N2}’O‘2)A({N3}’a3)' (1109)

It is now convenient to identify the operator Hs with a state in the three particle

Hilbert space | V3) such that

({N'han | ({N?} e | ({N°} —as | V) = c({N"}, a1 {N"}, az; {N7}, ag).
(1.110)
Then, the state | V3) can be written as

(Vo)=Y c({N'ha N} agi (N}, aq) | {N'}, an) [ {N?}, o) [ {V°}, —as),

{N1},{N2},{N3}
(1.111)

where
3 00
c({N'}, as; {N?}, 09, {N°}, cr3) = /dﬂzn IT vy @aer)- (1.112)
r=]1 n=—o00
In the equations above we have concentrated on the bosonic degrees of freedom and
have suppressed the fermionic ones which can be handled in a similar way.
Now we have to express the delta functionals in a form that allows the integra-

tions appearing in the measure dus to be done explicitly. First of all Hi’:] D¥Pry =

tized Hamiltonian in the form of (1.107) with the second quantized expressions for P and A. The
result is proportional to Y p)(0)A[} ., P(r)(0)] = 0 and similarly for A. The rest equations
~ describing the worldsheet continuity also hold since the corresponding commutators of H3 with
e(a)X (o) and e(a)©(o) result to expressions proportional to ). e(ar)%A[Zr p(r)(0)] =0 and
%, efan) 552 AL, Ay (0)] = 0.
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1., [122 o dpr(r)-  Second, we recall that the the delta functional can be writ-
ten as a product of delta functions for each Fourier mode of its argument, that is

A [Z?zl Puy(o)] = HZ":_Ooé(fo%lac" doeikolloal 3 P4)). Keeping in mind that
23:1 Py = P34+ 0(2ra; — 0) P, + 0(2mo0 — 27 ) P, one obtains

AlPry(o)] H (Z anpn(r)> (1.113)

m=—

where X3, = 6., and

—1ym+n+1 : s
Xiu(B) = B Xo(B) = VAT st
(1.114)
Xim Tl(/g) e 2(_1):+n+1 Zzsln'i:;%ﬁz 9 X&O == 1 s XT]}l,n — 0 OtherWiSe ,

B = % and in (1.114) m,n > 0. Then, X7, can be written in terms of X' as

(ﬁ) (-1)"X,, ,(B+1) for any m,n € Z. In what follows we will also need the
following identity for the momentum eigenstate

2\ 1, 2 1
_ - ~ Zqlat 1.115

Multiplying both sides by the identity I = > % _o|Nn)(Ny| results to

S | N om) = (2) " exp [~ 4 2 pal, — Ratat] 10y, (L116)
— n Np Pn) = W, €xXp w"pn \/w—npn 2 nan vy '

Using (1.116), (1.111), and (1.112) and restricting ourselves to the bosonic part

of the vertex, we arrive finally at

2 1
|Ea) = / dp3Bexp [ > Z ( n T ——W)Pn(r)al(r) - 5“%)%(»)} | v)s,
n=-—00 r=1 mr

(1.117)
where duzp is the bosonic part of the measure, given by

3 o0
dusp = H (Zanpn(r)) H H APi(r)- (1.118)

m=—oo r=1k=—00
The delta functions in dusg allow us to replace the modes of string 3 in terms of the
modes of strings 1 and 2. Then we are in position to perform the Gaussian integrals

of (1.117) in the infinite many variables z;(1y and zx(2) with the result [52]

'E > “‘exp[ Z Z 61J m(r) T;;) r{Ts)jI |U> (1119)

ris=1mmneZ
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where the Neumann matrices N_° are given by

mn

N0 — 678 — 24T (XOTT X @), (1.120)
in which
3
_l)mn = ZZWP(T)XS;I))YI(,;) (1.121)
r=1 peZ

and wpy = \/n?+ p?a?. Similarly one can work out the fermionic integrals with

fermionic Neumann functions @E,r;) [65]

« —(rs)
|Eb = exp Z Z bt—'nﬁlr)b;rt aﬁ+bir?(€)bt (s)dﬂ)Qm" |’U>3 (1122)

'rs 1 m,n>0

(Explicit formulas for @f; and N ) can be found in [65,98].)

mn

Let us, now, assemble all the pieces and write the three string vertex as
| Hs) = Hy | V3), (1.123)
with a similar expression for the dynamical supercharges

| Qs) = Qs | Va), (1.124)

where | V3) has been determined previously
| Va) = |Ea) ® |E)S() o). (1.125)

We now move on to sketch how the prefactors Hy and Q3 are determined 7 The
relations we need are the (anti-)commutation relations between the dynamical gen-

erators at first order in g;. These read

[Hs, QU + [H3, Q%] =0, (1.126a)
{Q% (@)L} + {1, (@)} =0, (1.126b)
{09, (@M1} + {90, (@)1} = 2espemn™Ms | (1.126c)

{QSﬂ)’ (Q)! ol T {Q") Q(S)) i} = 2€ap€g Hs. (1.126d)

aﬁ’

"The necessity of the prefactors may be seen in exactly the same way as in the flat case [13].
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To work out Hz and @3 we have to solve (1.126). These equations written in

terms of the state representation become

3
> (H2(r)(Q3) Q% ) Vs) = - (1.127a)
) r=1
D (@) @)k + Q2 (@s)as) 1Va) = (1.127b)
r;l
Z (Qf'xoﬁ)(r)(in)p,\ + Qf:?\)(fr) aﬁ) |Va) = 2eap€ar H3|V3) | (1.127c)
ril
Z (Qg)[g(r)(Q3)T S)(Tr) aﬂ) |Va) = 2eq,€45 H3|V3) . (1.127d)

I

r

These equations, being linear in )3 and Hj, only allow us to determine H3z and Q3 up
to an overall x4 (or more precisely o/ up*) dependent factor. This should be contrasted
with the flat space case, where besides the above there is an extra condition coming
from the boost in the light cone directions generated by J*~ [90]. In the plane wave
background , however, this boost symmetry is absent and this overall factor should
be fixed in some other way, e.g. by comparing the SFT results by their gauge theory
correspondents (which are valid for a’upt > 1) or by the results of sugra on the
plane wave background (which are trustworthy for o’up*™ <« 1).

First we note that, in order not to spoil the momentum conservation and the world
sheet continuity conditions (1.102) and (1.103), the prefactors should (anti)commute
with the kinematical constraints. One can show that there exist linear combinations of

the bosonic and fermionic creation operators which satisfy these continuity conditions:

3 3
=3 Kumall, . K'=)"3" Kunall, Knw =Ky, (1.128a)

r=1 nezZ r=1 neZ
3 3 ‘
Y =3"N"Gunbl, 2% =33 Guy b’f_aiﬁr) . Guy = Clpy. (1.128b)
r=1 n20 r=1 n>0

Ky, I?n(r), Gn(r) have complicated expressions and are functions of x4 and p*. Their
explicit formulas can be found in [52, 65,68,98]. Any function of K/, K!, YoB and
748 would guarantee the continuity conditions.

Therefore, making an ansatz for Hj, @3 and being equipped with (1.128) we can

solve (1.127). To obtain the results one should work out a number of relations and
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identities among K’s, Y's and Z’s. The detailed calculations, which are lengthy, can

be found in {65]. The expressions obtained therein are:

(Q3)ap = €™ *|as*’*\/~B(B + 1) (S;;(Z)T$(y2)ﬁfx+zs V)T (22)@) f

(1.129)
(@)as = —e a2/ BB+ 1) (S5p (V) Tag(ZORY + iS5 (2)THTIRY) F(u)
(1.130)
Hy = [(/cfﬁu—“ﬂ(g“)agaﬁ) v,»j—(zcaﬁb+~—“ﬁ(ﬂ2“)a§5ab) Vo
- KRPSAWS(2) - RS, (0)55,(2) | 1 (1131)

where 3 = %31, laz| = &/pt (note that in our conventions a3 < 0 and —1 < § < 0)

and

£ = K1 (0)%, K3 = Ki(0))* |, K% = K0,)%, K = K%(0,)*,(1.132)

; 1
SEY)=Y + %Y3 . THZY) =exiz’ - L2t (1.133)
1 i 1
- 4 4 a4 iy 74 _ 72 Ly
Vii 0y [1+ — Y '+ Z)+ 144YZ} 2[Yw(l+ ) ”(1+12Y)}
1

-1 [be(l ~ 2% = Z3(1~ iY“)]

1 4 4 1 4 74
Va — @ - - + —Y*Z

144
1
+ Z(y?Z?)ab (1.135)

In the above,

-1
Y= Yo, Y Y=Yy, Y =Y2 (Y = TGQQY Vi =Y2
. 1 N
(Yz)ﬁp = §€aﬂy Yaﬁ = YQPYAPY/\[?’ )/z] - (UU) 6 aﬂ’
Z5 = (0y)* 225, (Y?Z%)i; = Y3Zh
" where Y = Y2 (YQ)aﬁ Yazﬂ(}”) Note that YQ, y2 (and similarly Zzﬁ, ZZﬁ)

are symmetric matrices, i.e. both of their indices belong to only one of SO(4)’s;
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in fact Y2 and Z? are matrices in the first SO(4) and Y2 and Z2 in the second
one, moreover Vj; and Vg, are Hermitian, V3 = Vj; and Vjj = V,,. The function
f () (or more precisely f(a’up*)) is an overall factor which is not fixed through the
superalgebra requirements.

One should note an important feature of the three string vertex constructed above,
namely as ¢ — 0, and the pp-wave metric becomes the flat space metric, the vertex
goes smoothly to the flat case string theory vertex. Another important feature it has
is that it is Z invariant (in fact it respects the full SO(4) ® SO(4) ® Z, of the plane
wave background).

An important point to be emphasized is that there is no way to derive the prefactor
from first principles. As soon as the kinematical part of the vertex is determined one
makes an ansatz for the prefactor and then checks that the complete vertex obeys
the pp-wave algebra up to the desired order in g;. A different way to realise the
supersymmetry algebra [68] is to act on the kinematical vertex with the free part of
the Hamiltonian and the dynamical supercharges,

3

3
| H3) =Y Hypy | Vs, | Qua) = D Q%0 | Va | Qua) =D Q40 | Va). (1.136)
r=1

r=1 r=1

fo]

With this ansatz the relations (1.127) are a direct consequence of the free theory
(anti)commutation relations between the dynamical generators. Furthermore, it can
be shown [68] that the full ansatz (1.136) satisfies also the kinematical constraints.
A last comment to be made is that since Eqgs. (1.127) are linear with respect to
Hj; and 3 any linear combination of the two different proposals for the three-string

vertex satisfies both the kinematical and dynamical constraints.

1.7 The Plane Wave/SYM Duality

In this section, we briefly describe the plane wave/SYM duality, as it was originally
proposed by Berenstein, Maldacena and Nastase (BMN) and extended later in [44,45].

In [41], BMN proposed an intriguing correspondence between type IIB superstring
theory on a pp-wave background geometry and a sector of N' = 4 Super Yang-Mills
(SYM). BMN compared the exact expression [42] for the mass spectrum of the string
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states in free string theory, g5 = 0, to the planar anomalous dimension of certain
field theory operators - since then called the BMN operators - to the first order in
the 't Hooft coupling of the theory X', finding remarkable agreement. Shortly after
it was shown in [43] that, thanks to the superconformal invariance of the N' = 4
theory, it was actually possible to reproduce from field theory the full (all orders in
A') expression for the masses of string states at g, = 0. An important step forward

was subsequently taken in [44,45], where the correspondence was expressed as [45]

-1/; Hurng = A — J | (1.137)
where Hgying is the interacting string Hamiltonian, p is the scale parameter of the
pp-wave metric, and A — J is the difference between the gauge theory dilatation
operator A and the R-charge J. The relation (1.137) is conjectured to hold in the
double-scaling limit N ~ J%2 — oo to all orders in the two parameters of the theory,

g2 and X', where

Q%MN _ 1

N S e (1.138)
J2
g2 = T = 4mga (up*a')? . (1.139)

Here ) is the effective ’t Hooft coupling of the BMN sector [41], and g5 is the genus
counting parameter of Feynman diagrams [41,46,47). The right hand sides of (1.138),
(1.139) express X’ and g; in terms of the parameters in pp-wave string theory, so that
1/N o p measures the deviation from flat space 4 — 0 and, importantly, the Yang-
Mills genus counting parameter g, is proportional to the string coupling gs;.

Let us see, in some detail, how the correspondence arises. As discussed above,
the full symmetry of the pp-wave background is SO(4) @ SO(4) @ Z,. The first
SO(4) is a remnant of the SO(2,4) isometry group of AdSs while the second SO(4)
is a remnant of the SO(6) isometry group of S°. As mentioned in section 1.5 the
plane wave geometry is obtained if one focuses on the neighbourhood of the null
trajectory travelling around an equator of the S°. An obvious question to be asked
“is the following: what is the effect of taking this Penrose limit of the AdS geometry
on the gauge theory side of the AdS/CFT correspondence? First of all, focusing
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around an equator of the five sphere means that we break its SO(6) isometry group
down to SO(4) @ SO(2). On the gauge theory side, this means that we should single
out two -let’s say ¢s and ¢g- of the six ¢ fields which transform under the SO(6)
R-symmetry of the field theory Langrangian. From now on, when we refer to the
R-charge of a state we mean the charge associated to this U(1) ~ SO(2) subgroup of
SO(6). Second, let us recall that the AdS/CFT correspondence relates the energy
E = i0, of a string state in AdSs x S° to the energy of a state in N = 4 living on
R x 83, which is the conformal boundary of AdSs x S° in global coordinates. By the
operator-state map, the energy of a state on RzS®, where S* has unit radius, becomes
the conformal dimension A of an operator in R*. Likewise, the angular momentum
around the equator of S° J = —id, becomes the R-charge under the U(1) subgroup
of the full SO(6) R-symmetry of N = 4 SYM. As a result, we have the following

relations

A+J
2uR?

P~ = —p* =i = ip(d; + 8y) = (A~ J)
+

- 4

Since in the Penrose limit R — oo (1.140) suggests that we should restrict ourselves
to those operators that have finite A — J and their A+ J should go as A+J ~ R? ~
V'N. We have, thus, seen that the Penrose limit induces the following double scaling
limit in the A =4 SU(N) SYM,

2

N — o0, J — o0 with %\T— = fixed and gym = fixed. (1.141)

Two important remarks are in order. First, since the BMN limit of (1.141) is a
large-N limit one should expect that only the planar diagrams would survive as it
happens in any large-N gauge theory (see discussion in the introduction). However,
this is not the case for the BMN limit, mainly because the operators under consid-
eration does not remain fixed but their ”length” J — oo goes to infinity as v/N.
The result is that each non-planar diagram of genus h comes with a combinatorial
factor of J** which when combined with the usual large-N suppression of 1/N?" gives
afinite contribution, namely J4/N2%! = g2 Consequently, we see that in the BMN

limit the effective genus counting number is g, and not 1/N?*, Second, because of
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the fact that gy is kept fixed the 't Hooft coupling constant A = g&,,N — 0.
Then, one would naively expect that the conformal dimension of any operator, that
does not belong to a short multiplet and thus is not protected, would diverge in the
limit of large ’ t Hooft coupling (see discussion around (1.33)). This means that the
corresponding string state would have infinite mass and therefore decouple from the
theory. Again this is not the case for there exists a special class of (almost BPS)
operators called BMN operators whose conformal dimension is finite [41], [43] and
depends on the effective coupling constant ). These operators we describe below.

One important point, to keep in mind, is that the PP-wave/SYM duality appears
to be a weak/weak coupling duality, despite the fact that the 't Hooft coupling is
infinite. This is so, because a new effective coupling X' appears. As a result, both the
string coupling and the gauge theory coupling can be kept small at the same time.
This means that perturbative calculations can been done on both sides of the duality.
A second important point, that will be clear in a while, is that in the context of this
duality, it is the first time that checking the correspondence goes beyond the sugra
states.

To begin with, let us consider the ground state of the string |v,p*). This has
zero energy and (1.140) implies that the corresponding gauge operator should have
A — J = 0. Furthermore, let’s restrict ourselves to single trace operators and g, =0
(actually g, controls the mixing between single and multi trace operators). These
restrictions will be removed later. There is a unique operator satisfying the above

requirements. This is

1
Opae = ——=T17’ «— |v,p™). 1.142
e = j0,5%) (1.142)

Here Z = 1/v/2(¢s + ¢6) (the U(1) ~ SO(2) group generates rotations in the ¢s — @
plane). The first excited states are the supergravity states and their corresponding

single trace operators

O, = (6:27) — alf|v, p*). (1.143)

! Tr
VNI
These operators can be generated if one acts with the broken rotations of SO(6) upon

the the vacuum operator [49]. Then the Z fields are rotated to the corresponding ¢;
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field. Acting more than once with the same rotation will either change another Z
field to ¢; or change the ¢; to a Z. Acting with a different rotation will give the

higher excited sugra state

1
VINI+2

In the above, string excitations belong to the first SO(4). Acting to the vacuum

O = ZT"“ (¢:Z'0; 277" — ol adf v, p). (1.144)

with the broken superconformal symmetries will give rise to insertions of the second
SO(4), namely D;Z, i = 1,...,4. This way all the higher excited sugra states can be
obtained. All the operators above are 1/2 BPS and thus their anomalous dimension
does not receive corrections.

One can, however, consider the following non-BPS operators where each impurity
is accompanied by a phase. These operators correspond to "massive” string states .

The first such operator is

J
oi‘n ~ Ze%inl/JTT(Zld)iZJ—l) - a:'l’r'v’p-k)' (1-145)
=0

Due to the cyclicity of the trace the sum in the above equation gives zero except when
n = 0. So we have "reinvented” the sugra state. It should be noted that the string
state corresponding to (1.145) for n # 0 simply do not exist because they do not
satisfy the level matching condition. The first meaningful non-sugra state is written

as

Tr (¢ 2'6,2°7Y) — &y, Tr(ZZJ“)] e aitadt o, p*).(1.146)

O = C[>

1=0
To obtain (1.146) we have used the cyclicity of the trace to bring ¢; first in the trace
and the fact that n; + ny = 0. The way the correspondence works should be clear
by now. Each insertion of an impurity is accompanied by a phase depending on
the worldsheet momentum. Those operators for which the momenta do not sum to
zero vanish due to cyclicity of the trace implementing this way the level matching

condition. The dictionary between impurity insertions and string creation operators

8To be accurate even the supergravity states on the pp-wave are massive. What we precisely

mean is excitations with n # 0
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is thus as follows

a't —— o, 1=1,...,4,
ol e« D, 4Z,i=5,..,8
Blﬁ — Ar—lﬁ? r= 374a a)lB = 1)2)

ﬁ;B — Xg =12, &,6=1,2. (1.147)

The last two lines of (1.147) give the correspondence between the the fermionic string
oscillators and the BMN fermions of N = 4 SYM whose Euclidean Langrangian is
given in the Appendix C. We'll have more to say about the correspondence in the
fermionic sector in Chapter 4.

In the next chapter we turn to a systematic study of correlation functions of BMN

operators [47,73-76,101] in the light of the pp-wave/SYM correspondence [41].



Chapter 2

Vertex-Correlator Correspondence

In The pp-wave

As discussed in the previous chapter the pp-wave/SYM correspondence of Beren-
stein, Maldacena and Nastase (BMN) [41] represents all massive modes of type IIB
superstring in the plane wave background in terms of composite BMN operators of
N = 4 Yang-Mills theory in 4D. In its minimal form, this correspondence emphasizes
a duality relation between the masses of string states and the anomalous dimensions
of the corresponding BMN operators in gauge theory in the large N double scaling
limit. This relation has been verified in the planar limit of SYM perturbation theory
in [34,41,43]. Calculations in the BMN sector of gauge theory at the nonplanar level
were performed in [46,47,73,76] also taking into account mixing effects of planar
BMN operators. The minimal mass—dimension type duality relation was extended
in [44,45] to all orders in the effective genus expansion parameter g, and expressed in
the form Hgging = Hsym — J. Here Hgying is the full string field theory Hamiltonian,
and Hgym — J = A — J is the gauge theory Hamiltonian (the conformal dimension)
minus the R-charge. Work in this direction includes [48,49,67].

In this chapter, instead, we address a more ambitious duality relation [101] of
a vertex—correlator type, summarized in the next Section. This type of correspon-
dence for pp-waves was first discussed in [47] and relates the coefficients of 3-point
- correlators of BMN operators in gauge theory to 3-string vertices in lightcone string

field theory in the pp-wave background. It is well-known and discussed in chapter 1

49
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to some extend, that in the AdS/CFT scenario, in addition to the relation between
the masses of supergravity states and the dimensions of the dual gauge theory oper-
ators, one can also compare directly the correlation functions in gauge theory with
supergravity interactions in the bulk [35,36]. Since the pp-wave/CFT correspondence
can be viewed as a particular limit of the AdS/CFT correspondence, it is natural to
expect that a version of vertex—correlator type duality will hold in the pp-wave/SYM
correspondence.

Building on previous work [37,47,73,74], the authors of [101] were able to represent
all known gauge theory results for 3-point functions of BMN operators with 2 scalar
impurites in terms of a single concise expression involving the 3-string vertex in light-
cone string field theory in the pp-wave background. The goal of the present chapter
is to test this relation at the level of BMN operators with 3 scalar impurities.

In conformal theory, the two- and three-point functions of conformal primary
operators are completely determined by conformal invariance of the theory. One can
always choose a basis of scalar conformal primary operators such that the two-point

functions take the canonical form:

Oa
<OTAQ (m)OAB (O)> = ($2)ﬁAa ’ (21)
o o o) = Cras 2.2
< Al(‘rl) Az(x2) As(m3)> T o \AIFAyAy A ¥B3-Ap L \Bp¥bgoay ( . )
(z12) (z13) (z33) 2
where 72, := (z; — z9)?. Since the form of the z-dependence of conformal 3-point

functions is universal, it is natural to expect that C)q3 is related to the interaction of
the corresponding three string states in the pp-wave background. Note, that in order
to be able to use the coefficients Cq3, it is essential to work on the SYM side with
A-BMN operators. These operators are defined in such a way that they do not mix
with each other (i.e. have definite scaling dimensions A) and which are conformal
primary operators. Conformal invariance of the A/ = 4 theory then implies that the
2-point correlators of scalar A-BMN operators are canonically normalized, and the
3-point functions take the simple form (2.2). Defined in this way, the basis of A-BMN
operators is unique and distinct from other BMN bases considered in the literature.

For 2 scalar impuritites, this A-BMN basis was constructed in [73].
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In this chapter we will work with scalar’ A-BMN operators Oy n,n, With 3 impu-

rites which correspond to the string bra-state (0], o In string theory n; are the

ng ng
labels of string oscillators a}“, and the level matching constraint is n, + ny +n3 = 0.
Bare single-trace BMN operators with 3 different real scalar impurities [45,47] are

given by

Oninans = Oninans + Oninans = Z RN VAT VALY AR
+q3q’+’“tr(¢1Z‘¢3Z’°¢2Z“—’“)] (2.3)

2ming /J 2ming/J

where ¢; = ¢ and gz = e , and from now on, we always set n, = —ny —n3.
There are two terms on the right hand side of (2.3) since there are two inequivalent
orderings of ¢,, ¢ and ¢3 inside the trace?.

Operators (2.3) are the starting point for building the A-BMN operators. In
interacting field theory, bare operators have to be UV-renormalized and the effects
of operator mixing have to be taken into account. It is well-known by now [38,39,
73,76] that the single-trace BMN operators mix with the multi-trace operators even
in free theory at non-planar level, i.e. starting from order g,()\')°. Hence, in order to
calculate the leading-order contribution to the 3-point coefficient Cjq3 o g5 in (2.2),
one has to work with the order g A-BMN operators which involve the single-trace
expressions (2.3) plus a linear combination of double-trace operators with coefficients
of order go(\)°. For the simpler case of 2 scalar impurites, the single-double trace
mixing effects have been calculated in [73], and the corresponding conformal 3-point
function coefficients Ci93 were determined. One of the main ﬁechnical results of the
present chapter will be a determination of the coeflicients C)53 for A-BMN operators
with 3 scalar impurities (and general oscillator labels ng, nz € 7).

The chapter is organized as follows. In Section 2.1 we summarize the vertex—

correlator duality proposal of [101] and write down the relevant equations. In Section

2.2 we calculate 2-point correlators of operators Oy, n,n, to order A in planar pertur-

Wector operators, i.e. A-BMN operators with vector impurites, discussed in [71,72,94], will be

" considered in the next chapter.
2Note that in both terms ¢, in the Z-position ! is accompanied by ¢4, similarly for ¢3. Hence,

each of the two terms contributes to the same string state.
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bation theory in the BMN limit. This is necessary in order to canonically normalize
the UV-renormalized operators to order \'. Section 2.3 contains our main technical
results on the field theory side. There we calculate 3-point functions involving opera-
tors Onyngns- We first derive the conformal expression (2.2) and extract the coefficient
C1a3 for 3-point functions containing 1 general and 2 chiral operators (i.e. 1 string
and 2 supergravity states in dual string theory). We then generalize this calculation
of Ci93 to the case of two string states. In the final Section we demonstrate that the
results of Section 2.3 are in complete agreement with the vertex—correlator duality

prediction [101] of Section 2.1.

2.1 The vertex—correlator duality

Here we give a brief summary of the duality relation. For more detail, we refer the
reader to [101].
For the bosonic external string states (®;| the proposed correspondence relation
is
8

3 [o3]
Z Z Z rltN:r?n ay )|0>123

? o 121
(2.4)

(A] + Ag ot Ag) C123 = <(I) |<(I)2| ‘I)3| P exp

[\DI»—A

This relation, is conjectured to be valid to all orders in A" and to the leading order
in g, in the double scaling limit. Equation (2.4), originally proposed in [47], is the
first key element of the vertex-correlator duality. Nomn are the Neumann matrices in
the a-basis of string oscillators. These matrices were recently calculated in [98] as an
expansion in inverse powers of y at g — co. Results of [98] for Ny, constitute the
second element of the proposed duality. The relevant for us leading order expressions
of Ny, directly in the a-oscillator basis can be found in the Appendix A.

The third and final element of the vertex—correlator duality is the expression [101]
for the bosonic part of the string field theory prefactor, P, which appears on the right
hand side of (2.4),

P = (=1)" Crorm (Pr +Pys) , (2.5)
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where3

P=Y Y Smartar, (26)

r=1 m=—o00

—m —'Tl m. —n —-m TL

Z Z Wrm Y\ f i t t t t t t
P” — Nrrrf—n_Nrr:n)(a rl asl +ar1 s/ —a rl as[ arl sl) (2 7)

rs=1m,n>0

and
1—
C'norm = 92—% = i/g':(;: .

The only new ingredient here compared to [101] is the overall sign (—1)” in (2.5),

(2.8)

3 t
wherep= 157  S+%  orl'gr!

5 e — o0 O counts the number of impurities. For all the cases

involving BMN operators with 2 impurities considered in [101], it turns out that
(—=1)» = (—=1)% = 1, and hence is irrelevant. In the present chapter, all the cases
involving 3 impurities will lead to an overall minus sign, (—1)? = (-1)3 = —1.

In terms of the original SF'T a-oscillator basis the full prefactor takes a remarkably

simple form

3
Wrm  yg r r
P = (_1)]) Cnorm Z (Z a— a,, + 'u'Slgn(ar)aol a()[) , (29)

r=1 \m>0 '
however, as in [101], we will continue using the prefactor in the BMN a-oscillator
basis, (2.6) and (2.7), where the comparison with the gauge theory BMN correlators
is most direct.

This prefactor, and in particular the second term P;;, was constructed in [101] to
reproduce a particular class of field theory results for the 3-point functions®. It was
then successfully tested in [101] against all the available field theory results involving
BMN operators with 2 scalar impurites and also the simplest cases involving BMN
operators with 3 impurities. In Section 2.4 we will verify that the duality relation

(2.4) with the prefactor (2.5) holds at the 3-impurity level.

We emphasize that the matching to field theory results is highly non-trivial even
though the choice [101] of the prefactor in (2.5) is “phenomenological”. In the next

two Sections we will assemble a detailed SYM calculation of the 3-point coefficients

“ 3We are using standard defitiitions for the SFT quantities in the pp-wave background such as

Wrm, o and g, which are summarized in the Appendix A.
4We note that (2.5) is different from the earlier proposals for the prefactor in [53,54,98].
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for BMN correlators with 3 impurities, (2.26), (2.27). We should emphasize that a
coincidental agreement of our SYM results and the string vertex with the prefactor

(2.5) (which a priori knows nothing about 3-impurity operators) is very unlikely.

2.2 Two-point correlators

As explained earlier, on the SYM side of our proposed correspondence we must use
the A-BMN operators O. For BMN operators with 2 scalar impurities this basis was
constructed in [73] to order go(X')? and g»%(\')® and involves a linear combination of
the original single-trace BMN operator and the double-trace (in general multi-trace)
BMN operators.

There are two important cases where simplifications occur such that at the leading
non-vanishing order in go, only the single-trace operators (2.3) need to be taken into
account. The first case involves 2-point functions (O0O), and will be considered in
this Section. The second case involves 3-point functions (O;0,0;3), where O; and
(O, are chiral BMN operators, and O3 is a general one, i.e. two supergravity and one
string state in dual string theory. This case will be considered in the first part of the
next Section. It is easy to check (see e.g. [73]) that in both cases the contributions
from double- and higher trace operators to O’s give vanishing contributions to the
correlators at the leading order in g, and in the double-scaling limit.

Before we continue we make a final general comment. One can split scalar in-
teractions of the N' = 4 SYM Lagrangian into D-terms, F-terms and K-terms as
is done in [47,73] and show that at one loop level the D-tefms cancel against the
gluon exchanges and scalar self-energies. So one is left only with F-terms and K-
terms. However the K-terms have vanishing contribution in the cases we are going
to consider since K-terms couple only to SO(6) traces. Thus, there is only an F-term
interaction to consider which has a factor of g3,, for every vertex where a ¢' line

crosses a Z = "’5\%"’6 line, and a factor of —g%,, when the lines do not cross.

In this Section we calculate 2-point correlators {(OO) of renormalized operators

_(2.3) in planar perturbation theory to order X. This is needed to normalize the

operators correctly, such that (2.1) holds at order A’. In this and the next Section we



2.2. Two-point correlators 55

will be calculating Feynman diagrams in dimensional reduction to 4 — 2¢ dimensions,
and in coordinate space. Our calculations follow and generalize the approach of [74].
We note that bare operators in (2.3) were normalized in such a way that their

free 2-point planar correlator is

(0n17l2n3 (O)Oﬁlﬁzﬁs ($)> = 5nz,ﬁ25n3,ﬁ3A(x)J+3 (2 10)

in the BMN limit. Here A(z) is the scalar propagator,

A(z) = (47(111)(;2))1_6 (2.11)

There are four contributions to consider, (O'3(0)0'3(z)), (O32(0)0'32(x)),
(O'B(0)0'2(x)) and (O32(0)O'3(z)). The last two correlators vanish in free theory
(since the 3 ¢’s are different), and will be shown to vanish also at order A at the
planar level.

We first calculate the interacting part of (O123(0)0'%(z)),

A(CE)J+3

<@123(0)0123($)> — JQ

(—gymN) I(z) (P, + P, + P3) (2.12)
where I(z) is the interaction integral with A(z)? removed:

1) = (Frt) @ | gty -

1 1
= W(;+7+1+log7r+log:1:2+0(c)). (2.13)

We will use a subtraction scheme which subtracts the 1/e pole together with (an

arbitrary) finite part s
1
- +s. (2.14)
€

Py, P, and P; on the right hand side of (2.12) are the totdl contributions of the
phase factors for the diagrams of Figure 2.1, Figure 2.2 and Figure 2.3 respectively.
Denoting by gq, g3 the BMN phases of the Oj, 4,1, () operator, and by Ty, T3 the BMN
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phases of the Oy n,n,(0) operator, we obtain
I+k<J
! ksl Stk kol —1-l+k—1
E (92057 "T5T3 ‘12‘13 Iy I3
1<1,0<k
I+k<J—1
I ksl <tk Lrkgbt gLkl
+ Z 9205 " ToT; ‘12(] ]
0<1,0<k
l+k<J—1
LHL gLkt Ighilghih bl oLl bektigl ok
= > ¢ — g3 gy Tl
0<1,0<k
+k<J -1
U Ikl <+k Lkglighike1
+ E 92657 " T5Ty C12(1 ]
0<1,0<k
I+k<J—1
Ikl =l +k . i
E Ghq5 T TLTE R (1 + gagsToTs — Gags — ToT3)
0<1,0<k
k< J -1
_ N\t -
= E (g272) (gaT3) "7 [(1 — g2g3)(1 — Tol3)] (2.15)
0<1,0<k

To derive (2.15) we have added the contributions of four diagrams in Figure 2.1

and noted that contributions of diagrams where a Z line crosses a ¢ line in the

Z-¢ interaction (the second and the fourth diagrams in Figure 2.1) have a relative

minus sign compared to the Z-¢ interaction without crossing (the first and the third

diagrams in Figure 2.1).

Similarly from four diagrams of Figure 2.2 and from four diagrams of Figure 2.3

we get
I+k<J—1 :
Pr= Y (qaF2)'(gs%s)**[(1 — q2)(1 — T2)]gsTs
0<1,0<k
L+k<J—1
Py = Z (g2T2)" (g3T3) *[(1 — g3)(1 — 13))]
0<{,0<k

We now evaluate the double sum:

I+k<J—1 J-1 J—-1-l -

Z (qaT2)' gaTs) ¥ = (gaFagsTs)’ Z CIsrs

0<1,0<k 1=0 k=0 '

¢ ‘
0 when g9y # 1 and ¢3T3 # 1

T J J(J+1)/2 when goTs = 1 = ¢373
_qui—l when ¢oT2 # 1 and ¢373 = 1
J

when ¢oT2 = 1 and ¢373 # 1

\ ¢373—1

(2.16)

(2.17)

(2.18)
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Figure 2.1: Interacting diagrams for the 2-point function where ¢, interacts with Z.
These diagrams give rise to P;.

¢1 l2 ®3 ¢1 P2 @3 ¢1 <1;2 ¢3 ¢1 .2 91;3

T T i T

Figure 2.2: Interacting diagrams for the 2-point function with ¢, interactions. These

diagrams give rise to P;.

It is clear that, in the BMN limit, the correlator is non-zero only when g;T3 = 1 = g315,
that is, when the operators in the correlator are the same.

The result for the second correlator, (O32(0)O2%(z)), is obtained from the first
one by interchanging labels 2 and 3. The sum of the two contributions, (O'%(0)0'?(z))+
(O32(0)O'2(z)), will have the second term on the right hand side of (2.18) doubled
up, and the third and fourth terms cancelled.

We now show that the other two correlators (O0'?3(0)0'32(z)) and (O'¥2(0)0'3(zx)),
vanish in our case. There are 12 diagrams to consider, the first 6 are shown in Figure
2.4.

The combined phase factor with these six diagrams is:

J
Py = > (q3qkT5rs — qgiTyTh)

k=0
J J
+ > (dhahThTs) — qhabThTh) + ) (qhaiToTY — qhalTeT) = 0. (2.19)
=0 =0

~ The remaining six diagrams are obtained from the ones in Figure 2.4 by exchanging

-...¢g-and ¢3.- They also sum to zero. Thus, the non-diagonal terms do not contribute

to the correlator at the planar level.
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1 ¢:52 3 o1 <I:52 (253 1 ¢;2 Ggs 1 <Z:52 dés
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Figure 2.3: Interacting diagrams for the 2-point function with ¢; interactions. These

diagrams give rise to Fs.
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Gy T T T
;(I : \ : )/ : \
Gd 5 58 %
z T

Figure 2.4: Interacting diagrams for the two-point function. These diagrams give rise
to Py = 0. There are six additional diagrams with ¢, and ¢3 exchanged. Their sum

is also zero.
Finally, combining with the free result we obtain

<@nm2n3 (O)Oﬁlﬁzﬁa (:I})) = 6n2ﬁ26n3ﬁ3A($)J+3 [(:C) (2'20)
X{1 = gy pN[(1 — gags)(1 — G2diz) + (1 = ¢2)(1 — @) + (1 — 33)(1 — g3)]},
where the four terms in curly brackets correspond respectively to the free contribution,

Py, P, and P;. Now, substituting (2.13) for /(z) with a subtraction (2.14), and using

an expansion
A(z)* ~ 1+ alog A(z) = 1+ a(—logdn?® —log %) + O(e)) (2.21)

we derive the final expression for the 2-point function,

(Omnzna (O)Oﬁlﬁzﬁs(x» = énzﬁzdnsyﬁaA(I)J+3+a[l - Oz(’)’ +1- 10g 4 — S)] (2'22)

where o denotes
!

a= 5[(712 +n3)? + n% +n3], (2.23)
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and, from the right hand side of (2.22), it has to be identified with the anomalous

dimension of Op, nyng,
)\/
A—J=3+a=3+5[(n2+n3)2+n§+n§], (2.24)

in agreement with dual string theory prediction.

The normalized operator is given by

1+k<J

1+ a/2(y+1—logdn — s) . Y

Oningny = —— DRI CIVASY AT Ay
JYNTH 0<Lk

+ghgs e (¢ Z s ZF 9 27 TF)) (2.25)

2.3 Three-point functions

Here our goal is evaluate 3-point functions involving BMN operators with 3 scalar
impurities in planar perturbation theory to order A’. We will consider two such

3-point functions,

G3(z1,22) = (O}, pyns (0 )O,Jun/n/ (1) O (x2)) (2.26)
and

Gh(21,25) = (O nyng (000, (21)08(22) (2.27)
Here O/ with ny = —ng — n3, is a A-BMN operator with 3 scalar impurities, it

ninang

is given by (2.25) plus multi-trace expressions® at higher orders in g;. The operator
O;{‘ , is a A-BMN operator with 2 scalar impurities, at the classical single-trace

7
27y

level it is given by

0,{;_”2 - \/__J_ﬁ Zr2tr (p1Z o 21~ ’) (2.28)

and the remaining operators are chiral and are protected against quantum corrections,

1
\ /NJ2+1

1

of = i
0 Vv J2NJ2

tr(¢sZ27?), O = tr(Z72). (2.29)

5,_1!1, fact, it follows from the analysis of [73] that at the relevant to us first order in g2, only the
double-trace corrections and only to the barred operators in (2.26) and (2.27) give non-vanishing

contributions.
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We also note that the R-charge conservation implies that
Jo=J - (2.30)

In the first subsection we will derive conformal expressions (2.2) and determine the
3-point coefficients Cjo3 for both of these Green functions in the settings where the
barred operator is general, and the two unbarred operators are chiral, i.e. correspond
to two supergravity states. As mentioned earlier, in this case, only the single-trace
contributions to the operators are relevant at the leading non-vanishing order in gs,
thus simplifying our analysis significantly.

In the second subsection we will calculate the 3-point coefficients of (2.26) and
(2.27) in the general case of two non-chiral operators. Here the double-trace correc-
tions are important, in order to derive the conformal expression (2.2). However, using
a simple trick we will show how to uniquely determine the coefficients C)q3 directly
from the single-trace expressions for the operators, thus obtaining the main results

of this Section, Egs. (2.73), (2.74) and (2.82), (2.81).

2.3.1 One string and two supergravity states

As explained above, in this subsection only, we set n} = n}, = n§y = 0 and consider

G3(z1,%2) = (O nns (0)Otto (1) O2.(2)) (2.31)
and
Goy(1,23) = (O] 1y, (0) O3 (21) Op* (22)) (2.32)

At first we consider the 3-point function G3(z1,z2) and express it as follows:
14+ S(y+1—logdm — s) NI+2 ],

JVNJI+3 JivV JgNOt3N /2
A(z1) 3 A(29) 7 (X — AY K (21, 2)) (2.33)

Gs(l”l,xz) =

where A = g¢,,N and X and Y are the combined phase-factors at the free and
interacting level respectively. K(xi,z3) is the interaction integral for the diagrams
depicted on Figures 2.6-2.9 (as in [74]):

o I'(1—¢) 2 2\1—e(, .2\ 1—¢ di-*
K,.(Il’ﬁ) = (W) (z1) “(x3) / (y2)2=2¢(y — xl)Z(I}i)(y — 1,5)20-9)

2,.2

1 5T
= - 2+1 log =122 4+ O(€))(2.34
167r2(6 +v+2+logm + log oy + O(€))(2.34)
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The first fraction on the right hand side of (2.33) arises from the normalization of
O .,ns- The denominator of the second fraction arises from the normalizations of
the other two operators, while the summation over the J + 2 loops gives a factor of
N7*2. The remaining factor of J, comes from the Wick contractions with O

Free diagrams are shown in Figure 2.5. There are six diagrams because of the six
different ways of arranging three ¢’s in a trace. We denote with X923 the combined
phase factor of a free diagram where ¢; comes first, ¢, is second and ¢3 is third.

b c

a
P

I T2

Figure 2.5: A typical free diagram for G3. This diagram gives rise to X;23. There are
five additional diagrams with ¢, ¢9 and ¢; interchanged. a, b and c are the positions

of the impurities in the trace. For this particular diagram, a =2, b =4, c = 6.

We have:

Ji+1 142 J143

X3 = ZZ Z“‘qg‘“‘”jf

a=1 b=a+1 c=b+1

Jv/J I/d Jifd
J? / da / db / deem?mmabm@lgm2mnsle=a) (9 35)
0 a b

Ji+1 1 +2 /143

Xo31 = Z Z Z q;—(c~a~2)qg—-(c—b—l) J—»_o)o

a=1 b=a+1c=b+1

Ji/Jd J/Jd Ji/Jd
J3/ da/ db/ dce—Zmnz(—l)(c—a)e—?mng(—l)(c—b) (236)
0 a c

Ji+1 Ji+2 J1+3

X319 = ZZZ—Cleba—l)J—»_o)o

a=1 b=a+1 c=b+1

Ji)Jd Ji/d Ji/J . .
J3 / da/ db/ dce—?mng(c—b)e—27r1n3(—1)(b—a) (237)
0 a b

(2.38)
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where a, b, ¢ are the positions of the first, second and third impurities in the trace.
Also it is easy to see that X35 is equal to X3 with G, and G, exchanged, Xo13 is
X312 with g, and g3 exchanged and, X391 is Xa3; with g, and g3 exchanged.

The sum of the six X'’s is:
Ju/J N/Jd N /Jd
X=J / da / db / dcem?mna(b-a)g=2mns(e=a) (2.39)
0 0 0

For example the part of the above sum with ¢ > b > a is X93, the part withc > a > b

is X713 and so on. Evaluating the integral we get

03 sin(mngJ; /J) sin(mngJy/J) sin(m(ng + Tl3)J1/J)

X=J
(27'[') (n2 + ng)ngng

(2.40)

We now calculate the phase factors coming from interacting planar diagrams. In
the case where ¢, interacts with Z we have eight diagrams with the first four shown
in Figure 2.6 and the remaining four obtained by interchanging ¢, and ¢s3. We do not
need to consider diagrams where ¢; interacts with ¢; since they will be suppressed in

the BMN limit relative to ¢-Z interactions of Figure 2.6.

a b a b a b a b

| || < ) | / //‘ | /
P2 P3Py P2 ¢3 ¢1 P2 @3 QW2 @3

I To I TIo I T I To

Figure 2.6: Interacting diagrams for G3. These diagrams give rise to Y)23. There are

four additional diagrams with ¢2 and ¢; exchanged.

The phase combined factor of the four diagrams in Figure 2.6 is:

J141 Ji+2

_J—(N1+3—a—1) _J—(J143=b) | _J—(J1+3—a—2) _J—(J1+3~b—1)
Yios = E E [— ds +d, ds
a=1 b=a+1
Ji+2 J143
a 3= b 4 —a—2-b-3
+>0) - a3 a5
a=3 b—a+1
J1+1 142 J1+2 1+3
— _—(J1—a+1) _—(J1-b+2) ——1——1 g8 R b 4
= E E dy ds (1- )+ E E (1 — Gya5)
a=1 b=a+1 a=3 b=a+1
J1+2 J14+3 Ji1+1 142
2mi(ng + ng3)
e A DOID D AR WD A P
a=3 b=a+1 a=1 b=a+1

(2.41)
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In deriving the last line above, we have used that 1 — q,q; — M in the BMN

limit. Converting the sum into an integral we get

Ji/J Ji/J
Yizs = 2mi(ng + ng)J / da / db e=?minze—2ninab[] _ o=2milnatna)(~1/J)]
0 a

e(AstA /I Ao oA N]I(A) + Ag) + Ay
AszA;

= —J[1 — e~ A2t /)] (2.42)

where Ay = —2ming and A3 = —2wing. We must add 4 more diagrams with ¢, and
¢3 exchanged. This gives the expression above with ny and ny exchanged. If we sum
the two contributions we get:

4(n3 + ny)?J sin(wnyJy/J) sin(mnsJy/J) sin(w(ng + np)Jy/J)

Yios + Yige =
1 12 7(n3 + na)nang

(2.43)

In the case where ¢, interacts we have again eight diagrams, see Figure 2.7.

a b a b a b a b
\ ) // /
¢3 ¢1 ¢2 ¢3 Qﬂ ¢2 ¢2 d)S ¢l d)2 QSB 4)1

T T T ) Iy - I I I

Figure 2.7: Interacting diagrams for GG3. These diagrams give rise to Ya3;. There are

four additional diagrams with ¢, and ¢35 exchanged.

The combined phase factor of four diagrams in Figure 2.7 is easily obtained by
substituting ny — n3 and n3 — —(ng + n3) into (2.42), as follows from comparing
diagrams in Figures 2.6 and 2.7 and remembering that n; := —(ny+n3). In the BMN

limit we have,

e—Ale/J(A2 + AS) + e—(A3+A2)J1/JA2 + As

Vou = J{1 = )= Ay + )
3

(2.44)

Now we consider the above diagrams with ¢, and ¢3 exchanged, i.e. —(ng+mn3) < ng

and ny unchanged in (2.44),

A2l Ay 4 AN T gy — Ay — A
Yoz = J[1 — eM /7] 3 2= A2 7 2.
213 [ € ] A3(A2 + Aa) ( 45)
Summing the above contributions we arrive at
Yo + Yo = 4n2J sin(mngJy/J) sin(rngJ;/J) sin(m(na + ng)J1/J) (2.46)

m(n3 + na)nang
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Similarly, for diagrams in Figure 2.8 and their four partners, we find:

4n3J sin(mnqJ1/J) sin(mngJ1/J) sin(m(ns + ny)J1/J)

Yai0 + Yoo = 2.47
312 321 7 (ms 1 ng)nans ( )
a b a b a b a b
| : / | . / . i X K | :
] L X Do Y : / - : /
P1 Q2 P3 o1 Q2 O3 @3 91 P2 @3 D1 D2
A D) I D) I Ty I Ta

Figure 2.8: Interacting diagrams for (3, contributing to Y3;5. There are four addi-

tional diagrams with ¢; and ¢, exchanged.

For completeness, we note that diagrams without z;-to-zs connection, depicted

in Figure 2.9, sum to zero.

Li . 1 L . ! A} N ! 1 N !

[ H /A i \ . H \ . ;

: i : ) : i : i

) : i vl I v L i ' i
] 1 \ { .

v v i sar v 7 v

I T T T T xTr T z
Y990 Yogy 7P 'ogc 77 Y994 °
MY B RN RN
D D VA AV
\:\ ! 7 . o A
d)l 2 ¢3 ¢1¢2 ¢3 ¢1¢2 ¢3 ¢1 2 ¢3
Iy I I ) I Ty I Ty
9 0 2.9f 2.99 2.9h

Figure 2.9: Interacting diagrams for G3. Diagrams 2.9a,2.9¢,2.9e and 2.9¢g have an
opposite sign with respect to 2.9b,2.9d,2.9f and 2.9h, so they cancel pairwise. There
are additional diagrams where ¢, and ¢3 are exchanged which also add up zero.
Additional diagrams where ¢o or ¢3 (rather than ¢, interact with Z also cancel in

the same way.
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Putting together all the expressions above, we get for G

1+ a/2(y+1—logdr — s) N7+2J,

JV NJ+3 Jl\/ JQNJ‘+3NJ2
J3 sin(mrnyJy/J) sin(wngJy/J) sin(m(ns + ng)Jy/J)

Gs(z1,29) = A(xl)J‘+3A(a:2)‘]2

U= (n3 + ng)ngns
' V) 2 vy, 1 :cfa:%
x |1 — Z((Tbg +ng)* +nj + n;,))(z +v+2+logm + log 2 ) (2.48)
12
Subtracting 1/e + s we obtain the result
G3(I1,$g) = 0123 A(CC])Jl+3+a/2A(£E2)J2+a/2A($12)_a/2 (249)
with
J%/Jy sin(mngdy/J) sin(mngJy/J) sin(w(ns + ny)Jy/J «
0123 — \/_g ( 2 1/ ) ( 3 1/ ) ( ( 3 2) 1/ ) (1 _ _) (250)
JiNT (n3 + no)nang 2

A few comments are in order. First, we note that we have proved that to order in X’
and g, we are working here, G3 takes the conformal form of (2.2). This is so since
(2.49) is nothing other than the conformal expression (2.2) for G3. Second, we have
derived the expression for the coefficient Ci93 given by (2.50).' This expression does
not depend on s and, hence, is the subtraction scheme independent, as expected. In
what follows, and in parallel with [73,101], we will use only the leading order in X’
part of Cigs, i.e. will set & = 0 in (2.50). This is because the, yet unaccounted,
mixing effects at order X can change constant order X' contributions to Cia3 (but not

the logarithms in (2.49), which cannot appear in the z-independent mixing matrices).

Three-point correlator G4(z1, T2)
We now consider the second 3-point function, G4(zi,z2), of Eq. (2.32). Its

structure is much the same as for G3(z;,z2) leading to the following expression

1+a/2(y+1—logdm — s) NJ+2

/ —
Ga(zlax2)— J\/YVJ'H \/JINJ1+2NJ2+1
xA(z1) T2 A(20) 2T (P — AQK (x4, 72)) (2.51)

where P and @ are the phase factors to be determined shortly.
_.. P is the phase factor which we get by summing.the contributions from.the two

free diagrams depicted in Figure 2.10.



2.3. Three-point functions 66

a b c a b c
l : : |
1 ]
| |
1 b
i |
| N
o1 P2 ¢3 b2 1 ¢3
e ) Ty To

Figure 2.10: Free diagrams for (G3. This diagram gives rise to P.

Ji+1 J1+2  J+3 Ji+1 LH+2  J+3
______ _J—(b—a—1
P = E:E:E:balca2+§:§:§: ( )cbl (252)
a=1 b=a+1c=J;+3 a=1 b=a+1c=J1+3

Converting the above sun into an integral one finds

Ji)J Ji/J 1 _ }
P= J3 / da/ db/ de e—27r1,n2(b—a)e—2mn3(c—a)
0 a Ji/J

Ji/d J/J 1 . .
+J3/ da/ db/ dc e~ 2rin2(=1)(b—a) o —2ming(c—b)
0 a J/J

J1/J J1/J 1 ) ]
— J3/ da/ db dce—27r1n2(b-—a)e—2mn3(c—a) (253)
0 Ji/J

Evaluating the integral we finally arrive at

Jssin(wanl/J) sin(znsJy/J) sin(m(ns + nz)Jl/J)

P=-
m3(n3 + ng)ngng

(2.54)

Now we have to account for the interacting diagrams. In the case where ¢, takes
part in the interaction we have four diagrams which are shown in Figure 2.11. The

corresponding phase factor is

Ji+1 J+3
Z Z _J (J143— a)qg—(J1+3) +q;—(J1+2—a)qg—(J1+2)
a=1 b=J1+4
Ji+2  J4-2
+> > agtet —as e, (2.55)
a=3 b=J1+3

which in the BMN limit is

Ji/J 1 :
Ql _ 27ri(n2 + 'I’L3)J(1 . e—27ri(n3+n2)(—1)J1/J)/ ' da/ dbe—27rin2ae—27rin3b

osin(mngJy/J) sin(mngJy/J) sin(n(ns + ng)J1/J)
(n3 + ng)nang

_ -gung 1) (2.56)
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a b a b a b a b
; / | ‘< i )’ : [ /\/ '
: ' ! : ! ! \ : v \ : i
: /! ; : / : L i/ L A
P O @3 P2 O ?3 O P2 ®3 0 P2 O3
1 Iy I Z2 x ) I T2

Figure 2.11: Interacting diagrams for G} contributing to Q;. The ¢, line is in the o'

position in the O; , (0) trace and ¢ is in the b™ position.

In the case where ¢, takes part in the interaction we have again four diagrams
which are shown in Figure 2.12. The corresponding phase factor is

Ji+1 J+43

Z Z —J1+2 a)_ b —a— 2+(—-1J1+ a)qg a—2

a=1 b=J1+4
42 J42

+3° > &V - g e (257)
a=3 b=J,1+3

which in the BMN limit becomes

N/d 1
Q _ —J2 271'”12 (1 _ e—-27rin2J1/J)/ 1/ da/ db e-27rin2(—a)e—27rin3(b—a)
J S/

4] p sin(mngJy/J) sin(wngJy/J) sin(m(ng + n)J1/J)
(3 + na)nang

(2.58)

Figure 2.12: Interacting diagrams for G contributing to Q.

For interacting ¢3 there are eight diagrams. The first four are depicted in Figure

2.13, and the other four are obtained by exchanging ¢; with ¢,. The phase factor

associated with the four diagrams of Figure 2.13 in the BMN limit is

q/J I/d
QP = 21— it [T g [ gyt tmint=a (2,50
0 a
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The phase factor Q;(;Q) for the remaining four diagrams is obtained by exchanging

ny ¢ Ny in le). Adding the two we obtain

' N/ Ji/d A _
Q3 _ le) + QgQ) _ 27T’L7’L3J(1 _ e—?mn;;Jl/J)/ da/ dbe—27rm2(b—a)e—27rm3(—a)
4] 5 sin(mngJy/J) sin(nngJi/J) sin(w(ng + ny)Jy/J)

= —= 2.60
(ng + na)ngng ( )
a b a b a b a b
| Y e >/ < N X’\ V]
I Y » o Gs 3 5 % O3 o ®3
I T T T I T Ty i)

Figure 2.13: Interacting diagrams for G§ contributing to 3. There are also diagrams

with ¢; and ¢, exchanged.

Taking everything into account, our final expression for G4 takes the conformal

form
G (T1, T3) = ClogA(x1) M T2 A (zg) 22 A (145) 7/ (2.61)

with the 3-point coeflicient

, _ __J* sin(mngJi/J) sin(mngJi/J) sin(m(ng + ng)Ji/J)
123 \/J_1N7T3 ('I’Lg + ng)ngng

(1—a/2) (2.62)

This expression is again subtraction scheme independent. As in the case of G5 dis-
cussed earlier, we will set @ = 0 on the right hand side of (2.62) to be safe from

unknown mixing effects at order \.

2.3.2 Three-point functions with two string states

We are now ready to finally address the general case and calculate the 3-point co-
efficients of (2.26) and (2.27) for two non-chiral operators. Here the mixing of the
.. known.single-trace BMN. operators. with double-trace corrections is important as it

does contribute to the conformal expression (2.2). However, our goal is not to derive
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the conformal expression on the right hand side of (2.2) (which must be correct any-
way, as far as the mixing effects are such that we are dealing with scalar conformal
primary operators). Our goal is to calculate the coefficient C},3. At leading order,
the only mixing effect which contributes to the right hand side of (2.2) is the mixing
with the double-traces of the barred operator O; .. (0) in (2.26) and (2.27). These
mixing effects will affect the free-theory contribution C{5¥ and also the logarithmic
terms X'log || and A log|z,| due to interactions of the double-trace in O, . (0)
with the BMN operators at z; and z,. But, these mixing effects cannot affect the
third logarithm, A’ log|z; — z2|. Hence our programme is to assume the conformal
form, and by carefully evaluating the terms proportional to A’ log |z, — 3|, to deter-
mine Cie3. In doing so we can neglect the double-trace corrections and work with

the original single-trace expressions.

We start with

G3($1,332) = (@J

ninang

(003 11 s (21) O3 (22)) - (2.63)

N Ngng

The calculation is done as in the previous subsection, except that now we have addi-
tional phase factors coming from non-zero nj and nj. The result for phase factor X
coming from the free diagrams of Figure 2.5 is obtained from (2.39) by substituting

ny — ny/y for ng and nz — ny/y for ng where y = J;/J. The final result is

sin(mngy) sin(mnay) sin(m(ng + n3)y)

X = J*2? o = —— . (2.64)
(2m)3(ne + ng — ==2)(n2 — 2)(nz — 1)
To simplify notation somewhat, we will define
.- sin(nnyy) sin(mngy) sin(m(ny + n;;)g;) ‘ (2.65)

’ / !
(n2 +ng — M272)(ny — 22)(ng — 72)
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Next we evaluate the interacting diagrams of Figure 2.6,

Ji+1 Ji142
—(J1+3— J—(J143-b) | - a1 b
Y123 _ Z Z[ 1+3—a— l)q (N1+ )+q.] (J1+3—a— 2)q3.] (J143-b— l)] 2 17'3 2
a=1 b=a+1
J1+2 J1+3
+Z Z[qa3b4_q¢21 B]Ta3b4_
a=3 b=a+1
J1+1 Ji+2
Z Z ~—{(J1~ a+1)_~(J] —~b+2) a 1,.b— 2(1 q;lqgl)
a=1 b=a+1
Ji+2 143
+3°) @ sy (1 — q,as)
a=3 b=a+1
27T’L ’I’Lg +n J14+2 Ji43 Ji+1 Ji+2
3 _
- Z Z dq72)" Q3TS Z Z dyTa)® Q3TS) q q .
a=3 b=a+1 a=1 b=a+1
(2.66)
Converting the last sum into an integral we obtain,
Y[ —emitna—"2)a ~2mitna— T8y, _ i
Yios = 27ri(n2+n3).]/ da/ dbe ™\ Y T TR — e 7”("’”"‘2)”]
0
Az+A A A
= 2miJ (ny + ng)[l — e2”i("3+"2)y]e( A — Ay — et A+ Ay
(A3 + Az)AzAg
where Ay = —27i(ng — 7) Az = —2mi(ng — —yl), ro = €22/t and ry = €M/,

Expression for Y3, is obtained by interchanging A; and Az in Yjp3. After some

algebra we get

4(713 =+ ng)('ﬂg + g — M)J
Yies + Yiz2 = v I (2.67)

T

Similarly, for diagrams of Figure 2.7 we obtain (in the BMN limit)

4 v : nt . n .
Yom = 27Tin2J/ da/ db627”("2_‘uz)be%’(""_’i/&)(b_“)[1 — e‘27rmzy]
0

—AzyA2 +e AzyA3 A3+A2)yA2 A3

= 2mingJ([1 — e—27rinzy] (A3 + A2)A3A2

(2.68)

Now consider the above diagrams with ¢, and ¢3; exchanged. In the BMN limit

we find

Y y . n , nt .
Yoi3 = —27r7ln2J/ da/ db 6—27”(712——yz)(—a)e—Zm(ng——y-l)(b—a)[1 — 6“27”"21/]

€—A2yA3 + €A3yA2 — Az — A3

(A3 + A) Ay Ay (2.69)

= —2mingJ[1 — e~ ?"2Y]
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Summing the two we arrive at

4712(712 — EIZ)J
Yo31 + Yoi3 = L II. (2.70)

s

Similarly for the diagrams of Figure 2.8 we get:

47’L3(TL3 - %IQ)J

w

Y312 4+ Yag =

I . (2.71)

Using the above phase factors and concentrating on the logarithmic terms of the

3-point function we have

N n. n
Gs(z1, 1) = CU A(zy) 1 H3A () 2[1 — 7 (mana — —y%) + ng(ng — -yé)
! ! 2,.2
+(n3 + n2)(ng + ng — Myt n3)) log 522332 +C'logz?+..] (2.72)
12

The last term in the equation above comes from the diagrams of Figure 2.9 which no
longer sum to zero as in the case with two supergravity states. However we do not
need to know the coefficient of this term since the log 23 receives corrections from the
double-trace operators. From the equation above one can easily read the coefficient

Ch23 at order g9

(o M2(n2 — %) + ng(ns — %3) + (n3 + n2)(ns + ne — nlz%&)
0123 = 0123 5 2 2 {2+ (n) +nh)? (273)
n2+n3+(n2+n3)2— 2 3y224&
where
o _ JVIVI =y sin(vm;y) sin(mngy) sin(m(ng + n3)y) (2.74)
123 Ny (ny +ng — ﬁ—&—n—’z)(m - %)("3 - %)
Three-point correlator G5(z1, x2)
Finally we consider the G function with two string states
C(1,22) = (O2nany (0003 (1) 08 (z2) > (2.75)

Similarly to the earlier analysis, we determine P from free diagrams in Figure 2.10,
J3 sin(mngyy) sin(mnay) sin(w(ns + ny)y)

P: - n n
m3(ng + ng — —1/2‘)(”2 — ‘@z‘)ns

(2.76)

The diagrams of Figure 2.11, Figure 2.12 and Figure 2.13 lead to the expressions for

@1, Q2 and Q3 respectively

sin(mnyy) sin(mngy) sin(m(ng + na)y)

! I/
(ng +ng — %2‘)("2 - Eyz')ns

4 n.
Q1 = —=J(n3 +ng)(nz +ng — —2)
m Yy

(2.77)
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4 / . : .
Qs = —Ln, (n2 B @) sin(mnqy) sin(rnay) s 1n(7r(:/3 + n2)y) (2.78)
T (n3 +ng — J)(” — 2)ng
Qs = ——J o sin(7nay) sin(mrnay) sin(n (n,3 + na)y) (2.79)
(n3 +mng — ‘f)(nz - —yz)na
Using the above results the three-point function reads
= by n:
Gly(z1, 72) = C\ Alz1) H2A (o)1 — 1 Z(n? 4 ny(ng — ?‘-’-) (2.80)
! 2.2
+(n3 + ng)(nz + ng — %)) log %x_z +C'logz? + C"log 22 + ...]
12
where
oo JVJ sin(mnay) sin(mnay) sin(r(ns + na)y) (2.81)
123 = :
VYN (n3 + 1y — 22)(ny — %2y
And our final expression for 6’123 is
2 ™ Y
Craz = ~§(2)?°,n3 Frelne )+ {nat nz)(n32:2n2 . ) (2.82)
n3 +nj + (ny +n3)? — &

2.4 Tests of the correspondence

In this section we test the correspondence proposed in [101] and outlined in Section

2.1 against the gauge theory results of Section 2.3.

2.4.1 1—(n’2+n§)2n’23n§ + vac — 1—(n2+n3)2n23n3
In this case the external string state is

3i 1i lig 11
((I)| - (Ola—l(lnz+n3) 312&3130‘ 1(1n2+n3)an1220n23 (2'83)

In the expression above, 1 and 3 denote the first and the third string in the vertex.
In order to avoid confusion, and distinguish from the indices corresponding to scalar
impurites, ¢1, ¢2, @3, we label the latter with 4, i, 3. Since all three SYM impurities
are different, we note that i; # iy # i3 and the repeated indices in the external states
are not summed over.

The contribution of the first part of the prefactor P; is

B v 1 [n? +nf + (nh +nj)?
(®P;|VB) = o 2 3 72 237 n2-nk—(ny+ny)?
x N3l N3 N3

n2,ny* 'n3,ng" "nz+ng, 112+n3

(2.84)
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which, using the expression for the Neumann matrices (see Appendix A ),

R _1\ym+n+1 :
NN (-1) sin(mmy) Lo (i) ’ (2.85)

o m Vy(m —n/y) 1
becomes
I [nf+nd+ (mp+ms)” o,
(@I Vi) = P 2 ~ny —nj — (ng + "3)2} IT (2.86)

Now consider Py;. The contributing terms in Pj; for the state under consideration

are
Prr = 5222 4 )%, - NS, Jadtals!
e S i
O TN, W, el (2.87)
Using this we find
(OP1i1Vi) = — (0~ TN, WL W
4178 et Mo ot
2
+o = SN, NN
+(n} - ;)Ns} N N (2.88)
Recalling that n, = —(ng + n3) and n}| = —(n4 4+ nj) and substituting into the above

result the expressions (2.85) for the Neumann matrices N and expressions for the

Neumann matrices N_ _ (see Appendix A)

_2(=1)y™"  msin(mmy)

1
N3 = ol=), 2.89
-m-n T y3/2(m2 _ n2/y2) + (“2) ( )
we obtain
. 1 Y 7y ny
(OIPHVI0) =~z [rhlma = ")+t = ") mimy = 2 1 (200)

Adding these results for P; and P;; and multiplying by (=1)PCrorm = —92£y\(/17_y)

we get the string theory answer

Y

2#7r3\/_y na(ng — ?)+n3(n3— —J)+(n3+n2)(n3+n2 -

(2.91)

S
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which is ezactly the SYM result, p(A; + Ay — A3)Cas, since
1 2 2 / 112
p(Ar+ Ay — A3) = 2% M T —;2(% ai) ~nj —nj — (ng + ny)” (2.92)

and C)a3, given by (2.73), (2.74), reads

!

 IVIYT=yg na(ng = 52) + na(ng — 52) + (ng + na)(ng + ng — ")

IL.

Nym? nj +nd + (ng +n3)? — Qg+n§2-;£n’2+ng)2
(2.93)
2.4.2 1n’22—(n’2+ng)3ng + vac — 1—(n2+n3)2n23n3
In this case the external string state is
<(I)| = (Olag—l(]nz—Fns)a?tzzzaslsal“all(2n2+n3)ar];; (294)
and the operator O (z;) is
a+b<J
O1(z1) = P AR CYATIVAIY Ay
JVIN J+3 0<ab
+r3rytr($a 293 Z0¢1 27 77))] (2.95)
Using the cyclic property of the trace, O1(z1) can also be written as
1 a+b<J
Or(@1) = ——=—== Y [P 75" tr($12°¢2 26327 ")
J NJ+3 O0<ab
73070 0t (¢, Z% s 20 o 27 70 70)] (2.96)

where 75 = (ro73)"! and 73 = r3. Hence, we find the 3-point function for this process
by substituting ny, — —(ny + nj), nf — nj and —(ny + nj) = n; — nj into the SYM
expression (2.93) and also to (2.92).

Thus, the result on the gauge theory side for this process is

=7 si . .
(AL + Dy — Ag)Cras = — 92 Vi-y sin(mnqy) sin(mnay) sin(m(ng + n3)y)

2/1’ 7r3\/jy (Tl2 + ___g_n’z—;-n’ )(n3 - %})(nz + ns + Ey’z')
/ /

)+ n3(ns — %) + (ng + na)(ng +ng + %) (2.97)

ny + g

X |9 (712 +

On the string theory side of the correspondence the calculation follows the same
1mes as in 2.4.1, and the result is in prec1se agreement w1th the SYM formula (2 97)

ThlS is also true for the remaining four cases 1nvolv1ng dlfferent permutatlons of

the three ¢’s in the trace of the shortest BMN operator.
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2.4.3 1—n§2n’2 + 30 — 1—(n2+n3)2n23n3

Here we consider the case which corresponds to GY%, i.e. where instead of the vacuum

state for the string 2, we have a supergravity state. The external string state now is

(@] = {0la, . yanzansaliy ol afs (298)

The result in the SYM side can be obtained from (2.82) and (2.81) and is

WAL+ Ay — A3)Crz = L JV'J_sin(mnay) sin(nngy) sin(r(ng + na)y)

2u /YN (ns +na — "2)(ny — "2)mg

ng ;4
(’I’Lg -+ ng(ng — ?2) + (ng + ’ng)(n;; + no — ZZ-)) (299)
This expression is again, as it is easy to check using the Neumann matrices from the
Appendix A, in precise agreement with the expression on the string theory side of

the duality relation (2.4).

2.4.4 1n’22—n’2 + 35 — 1—(n2+n3)2n23n3
As a final example we consider the case where the external string state is

(@] = (0lay, ynyy e g @ f? (2.100)

The result on the SYM side is given by

1 JVJ sin(mngy) sin(rnay) sin(n(na + n2)y)

(A + Dy — A3)Cra3 = — o —
2u \/:T/_NWS (n3+n2+f)(n2+f)n3

(7 i+ 22) + (na )+ ma + 72) (2100
which is in precise agreement with the string vertex—correlator duality prediction
(2.4).

In this chapter, we have found compelling agreement between the three string
amplitudes on the pp-wave background and the corresponding three-point function
coefficients calculated in field theory. Although the prefactor (2.9) of the string vertex
is in a sense " phenomenological” a coincidental agreement between field theory and
string theory is highly unlikely. We will comment on the relation of this string
field theory vertex with the holographic one obtained by Dobashi and Yoneya in the

concludlng chapter of this thesis.



Chapter 3

Tests of the Extended BMN
Correspondence and the role of Zo

Symmetry

In this chapter, we examine the BMN correspondence as extended in [44, 45] by
studing BMN operators wth scalar, vector and mixed impurities. We also clarify the
role of the Z; symmetry of the pp-wave background and its realisation on the gauge
theory side.

The correspondence is now expressed in the form of equation (1.137). Since the
two Hamiltonians, Hgying and A, act on the states of two different theories, the duality
relation (1.137) requires an isomorphism between the Hilbert épaces of the light-cone
gauge pp-wave string field theory and of the BMN sector of the N = 4 gauge theory.
More specifically, we need to establish a one-to-one correspondence between the bases

of two theories, {|s,)*"'"¢} and {|s4)5¥M},
|50 HIRE s [5,)SYM (3.1)
which preserves the scalar product,
UG (5 |55) S8 = SYM(g |5 \SYM (3.2)
.- . Then the correspondenee (1.137) holds at-the-matrix elements level,

String(sa|,U_1Hstringlsﬁ)5tring = SYM<SQ|A - J|Sﬁ>SYM : (33)
76
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The string field theory Hilbert space is equipped with a natural basis of multi-

string states,
{I54)°"'"8} = |string,) , |string,)®|string,) , [string,)®|string,)®|string,) ,... (3.4)

which diagonalises the free string Hamiltonian and is automatically orthonormal.
Here a, b, ... are the labels of single-string states. This basis does not diagonalise the
full string Hamiltonian, Hgying, since free string states in (3.4) can interact (split and
join). The splitting and joining of a single string state is described by the three-string

interaction, and the corresponding matrix element on the left hand side of (3.3) is

(string,|H™ |string,) ® |string,) = (string,|(string,|(string,|H3) . (3.5)

string

Here |Hj) is the three-string interaction vertex in the light-cone string field theory in
the pp-wave background. It was originally obtained by Spradlin and Volovich [52,53].
Its expression is recalled in Appendix B.! However, there is a puzzle related to the
three-string amplitudes (3.5) built on the Spradlin-Volovich vertex which we would
like to clarify in this chapter, among other things. As discussed in chapter 1, the
presence of a non-trivial R-R field in the pp-wave background breaks the light-cone
Lorentz symmetry SO(8) down to SO(4) x SO(4) x Z,. Apparently, the Z, part of
the bosonic symmetry of the pp-wave background is not respected by the Spradlin-
Volovich three-string interactions [53,56-59]: there is a relative minus sign in the
string amplitude involving states with two oscillators along the first SO(4) compared
to that with two oscillators along the second SO(4). An unbroken Z,-invariance
would not allow this to happen. We will argue now that this minus sign implies a
spontaneous breaking of the Z, symmetry of the string field theory in the pp-wave
background.

The ket-vertex |Hz) (B.1), (B.2) of [52,53] is built on the string state |0) which is
the ground state of the theory in flat background, but not in the pp-wave background.
At the same time, the external string bra-states in (3.5) are built on the true pp-

wave ground state |v). It was explained in [58] that these two states, |0) and |v),

1For notational simplicity and in order to distinguish this vertex from other proposals, we will

sometimes refer to the vertex of [52-55] simply as the Spradlin-Volovich vertex.



Chapter 3. Tests of the Extended BMN Correspondence and the role of
Zo Symmetry 78

have an opposite Zs parity, i.e. cannot be both invariant under Z,. Hence, it follows
immediately [53, 58] that the amplitude (3.5) is not invariant under the action of
Z, but changes sign. In the recent paper [65], the result of [52,53], which utilised
the vacuum |0), was compared with an alternative formalism of constructing |Hj)
starting directly from the true ground-state |v). The two formalisms were found to

be identical [66]. Following [52,53,65] we choose the Z,-parity prescription
Zs : |0) — |0), Ly |v) — —|v) . (3.6)

This means that the vertex |Hs3) built on |0) is invariant under Z,, but the pp-wave
string ground-state (v| and, hence, the external states (string,|(string,|(string | in
(3.5), acquire a minus sign. This implies a spontaneous breaking of the Z; symmetry
of the string field theory in the pp-wave background, which is the physical reason for
the minus sign of the matrix element discussed above.

One of the objectives of this chapter is to verify with an independent gauge theory
calculation this important minus sign (and hence the spontaneous breaking of Z,), as
well as the related fact that the three-string amplitude (3.5) vanishes for string states
with one direction along the first, and one one direction along the second SO(4),
i.e. one vector and one scalar impurity in the gauge theory language.

As already mentioned, and following [45,48,61], in order to compare (3.5) with
matrix elements of the dilatation operator in gauge theory via (3.3), it is important
to identify a basis in gauge theory which is isomorphic to the natural string basis
(3.4). We discuss this issue in section 3.1. States in the isomorphic to string basis,
{|sa)5¥M}, are obtained from linear combinations of the original multi-trace BMN [41]

operators O, (),

5™ = UnsOple = 0)0), (3.7)

where Uyg is an z-independent matrix. This matrix was determined in [45,48] by
requiring that (3.3) holds, i.e. that the known three-string interaction vertex of the
pp-wave light-cone string field theory [52,53] is reproduced from gauge theory matrix
_elements of the dilatation operator involving BMN states. (operators) with two scalar
impurities.

In this chapter we will take U,p determined in [48], and use it to construct the
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gauge theory basis (3.7) for an arbitrary number of scalar impurities. With this in
hand we can compute generic gauge theory matrix elements on the right hand side of
(3.3). The contributions on the left hand side of (3.3) are then computed using (3.5).
We will verify (3.3) and hence the Spradlin-Volovich expression for |Hj) for generic
bosonic impurities. First successful steps in this direction have been already taken
in [48,49] at the level of arbitrary number of identical scalar impurities.? However,
the inclusion of vector impurities is essential in order to address in the gauge theory
the two important properties of the three-string interaction discussed earlier:

(1) the vanishing of the three-string amplitude for string states with one vector and
one scalar impurity; and

(2) the relative minus sign in the string amplitude involving states with two vector
impurities compared to that with two scalar impurities.

In section 3.1 we describe the isomorphism between the BMN basis in SYM and
the natural string basis in the dual string theory. In section 3.2 we will verify (1)
and (2) working at the two-impurity level, and will consider all representations
of BMN operators with two vector or scalar impurities, i.e. symmetric traceless,
antisymmetric and singlet. By considering BMN operators with vector, scalar and
mixed (scalar+vector) impurities we explore and verify the correspondence (3.3) for
string states in all the directions of the two SO(4) groups.

In section 3.4, we will calculate the gauge theory matrix elements of A—J for states
with an arbitrary number of scalar impurities. Next we compute the corresponding
three-string amplitudes derived from the three-string vertex ‘and compare them to
the field theory result, finding perfect agreement.

Finally, sections 3.3 and 3.5 are dedicated to computations of three-point corre-
lators of BMN operators. These results are used earlier in sections 3.2 and 3.4 for
the calculation of matrix elements. More specifically, in section 3.3 we compute the
coefficient of the conformal three-point function of BMN operators with mixed (one
scalar and one vector) impurities. In section 3.5 we generalise this analysis to the

case of BMN operators with an arbitrary number of scalar impurities.

2For further tests of the correspondence in the open-closed string sector, see [67].
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3.1 The dilatation operator in SYM and the nat-
ural string basis

As mentioned earlier, the BMN basis in SYM which is isorriorphic to the natural
string basis in dual string field theory, is a certain linear combination (3.7) of the
original BMN operators O,(z) proposed in [41]. The states in the natural string
basis are not identically equal to the original BMN operators since the former are
automatically orthonormal, while the latter are not, and their overlaps depend on the
string coupling g,. In other wbrds, the matrix U in (3.7) is not simply the identity
matrix.

Apart from the original BMN basis, there is another distinguished basis of the
conformal primary BMN operators Oa_(z) which are the eigenstates of the dilatation
operator A in gauge theory. This A-BMN basis is again a linear combination of the
states from the original BMN basis O,(z) with a different z-independent matrix
U. For BMN operators with scalar impurities, this basis was constructed in [73]
and extended to include vector and mixed impurities in [62]. The A-BMN basis is
particularly convenient since the two- and three-point correlation functions of A-BMN
operators can be written in the simple canonical form with a universal z-dependence,
guaranteed by conformal invariance of the theory. For conformal primary operators
with scalar impurities these canonical correlators are particularly simple and are
given by (2.1), (2.2). Canonical expression for the correlators involving conformal
primary operators with vector impurities appear to be much less illuminating and
harder to interpret, however it was noted in [62] that this difficulty is avoided and
the correlators for all types of impurities can be expressed in the same form, similar
to (2.1) and (2.2), if on the left hand sides of (2.1) and (2.2) we use a different notion
of conjugation O instead of O [62]. This different notion of operator conjugation is
defined as hermitian conjugation followed by an inversion of the operator argument

/

), = x,/x*. Under inversion a scalar operator Oa(z) of conformal dimension A

transforms as

Ol (z) — ok (') = 2?20k (z) |, z, o2 =% (3.8)

while a vector or tensor operator (i.e. operator with vector impurities) contains a
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factor Jy,(x) = 6, — 2x,7,/2? on the right hand side for each vector index of the
operator. J,,, () is the usual inversion tensor, in terms of which the Jacobian of the
inversion is expressed Oz, /0x, = J,,(z)/z*. This prescription is essential in order
to make vector A-BMN operators orthonormalisable, see section 2 of [62] for more
details.

With this prescription, the two-point function (2.1) for vector and for scalar A-

BMN operators takes the same simple form:

(05.(2)0a,(0)) = bap (3.9)
which does not depend on z and hence has the meaning of overlap of the corresponding
states in the gauge theory Hilbert space.

Note, however, that these A-BMN states are the eigenstates of A, i.e. the eigen-
states of the full interacting string Hamiltonian, so they cannot be identically equal
to the states from the natural string basis. The relation between the two bases is

again a linear combination
|56)""™ = Upg Oa,(z = 0)]0) , (3.10)

with another constant matrix U,s. In general, for any basis of operators O, such
that
On = UapOn, , (3.11)

the overlap is given by

(Oa(®)05(0)) = UpyUly = Spa. (3.12)

The operators O, do not anymore have definite scaling dimensions A, but since they

are expressed as a linear superposition of conformal primary operators which do,

there is no problem in performing the inversion required to define (:’)a(x), and the
right hand side of (3.12) follows.

Now we describe a practical way of how to calculate simultaneously the overlaps

- — —and-the -matrix-elements -of-the -anomalous dimension operator é = A =Aj, where"

A is the engineering dimension. Let us define the barred-operator (:9(56) as the
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Hermitian conjugation of @(:1:) followed by an inversion of the resulting operator,

defined as if it was free, i.e. instead of the factor %2 in (3.8) we put z24¢, such that,

Oa(z) = 2224 J. O (), (3.13)

where J,,,(z) is the usual inversion tensor for each vector index (each vector impurity)

of the operator. Then the two-point function takes the form:

((:9,1(3:)(%(0)) = U, e logz ™ U,J;a = Sga+ Tsalogz 2 + O ((logz™2)?) . (3.14)

Here we have expanded the full result in powers of log z=2. The overlap of the two

states is defined as the zeroth-order term in the expansion, Sg, = Up,Ul,, and the
matrix of anomalous dimensions in this basis is the first order term,
Tha = Uﬁw‘SWU);a : (3.15)

We note that (3.14), and hence the definitions of the overlap and the anomalous
dimension matrix, are valid to all orders in the gauge coupling, and so can be in
principle computed to all orders in A’ and g, for any basis On.

By initially relating this basis to the A-BMN basis we avoided all the problems
of removing the ‘non-universal’ z-dependence on the right hand side of the correla-
tor. Now we can forget about the A-BMN basis and follow the simple prescription
discussed above: for an arbitrary basis, the overlap matrix Sg, and the anomalous
dimensions matrix T3, are the zeroth and the first term in the expansion of (3.14) in
powers of logz~2.

We now consider the original BMN basis, for which we have
(@a(.’ﬁ) Oﬁ) = Sga + 1pa log 4. , (3.16)
and relate this basis to the isomorphic to string basis via (3.7),

Oztring _ Uﬂ'yo'y , @(s;tring — @6U}a . (317)

-—.—In-the-isomorphic to string basis (which is automatically-orthenermal, as explained-
earlier) we get

gewring — 1 — Syt pstring _ yppyt (3.18)
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We note that S is a Hermitian, positive matrix (it is a matrix of norms), therefore the
matrix S~1/2 is well-defined.® S is then diagonalised by the matrix U := $~V2 .V,
where VIV = 1

S — USUt =1, (3.19)
T — UTU'=VH(S TS 3)V . (3.20)

The arbitrariness contained in V', which is still left at this stage was fixed in [45, 48]
by requiring that (3.3) holds and that the known three-string interaction vertex of
the pp-wave light-cone string field theory [52, 53] is reproduced from gauge theory
matrix elements involving BMN states (operators) with two scalar impurities. This
condition implies V = 1. Hence, the matrix of anomalous dimensions in the string
basis is given by

D=7 = 52782 (3.21)

In the following sections we will show that, with the same choice of V' = 1, the matrix

elements of I between BMN operators with

e two vector impurities,

e one vector and one scalar impurity and, finally,

e an arbitrary number of scalar impurities,

precisely agree with the corresponding matrix elements of the interacting string

Hamiltonian. We will consider all representations of BMN operators with vector

or scalar impurities, i.e. symmetric traceless, antisymmetric and singlet. The inclu-

sion of vector, mixed (scalar-vector) and scalar BMN operators allows us to study

the correspondence for string states in all of the pp-wave light-cone directions.
Other studies of the dilatation operator in gauge theory and its interpretation in

quantum mechanical models, which we do not pursue here, can be found in the recent

papers [79, 81-83].

1

3We would like to point our that this matrix S~z appears also in [61] and [82).
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3.2 Tests of the correspondence in the two-impurity
sector: scalar, mixed, and vector states

In this and the following sections we will need the expressions for the single-trace

original BMN operators:

1
ol = —Tvz’, (3.22)
VJINS
J 2nmimli
Oiijm = C (Ze 7Ty (¢izl¢jZJ_l)> , (3.23)
1=0
C (& zeim
Opom = 2 (Ze Ty [(D,2)ZY(D,2)Z7 7 + Tr [(D,‘D,,Z)ZJ“]) (3.24)
1=0
C (& zeom
Oium = 7 Y e T 424Dy 2) 27 + Tx [(D#qﬁi)Z“l]) . (3.25)
1=0
where ¢,7 = 1,...,4, u,v = 1,...,4 label the scalar and the véctor impurities. Note

that in writing Of;. and 07, we have taken ¢ # j and p # v, where the above

ij,m pr,m

expressions take the simple form (3.23) and (3.24). We also defined

1 2
C = — N0:=g—

N
JING? 2 4m?

The normalisation of the operators is such that their two-point functions take the

(3.26)

canonical form in the planar limit. We also note that expressions for O3], , and Oijﬂym
contain appropriate compensating terms [71,72]. These terms are required in order
for the corresponding operator to be conformal primaries in the BMN limit.

The operators in (3.23)—(3.25) are the original BMN operators. They are related

to each other by supersymmetry transformations [72]. In order to test the correspon-

dence, we need to use a different basis of operators which is isomorphic to string

J

states, as discussed earlier. Importantly, the isomorphic to string operators @lu,m,

@{w,m are related to the @f]m in exactly the same way as the original BMN operators
are. This is because the matrix U in (3.11) is a numerical matrix, i.e. it does not
-contain any fields and does not transform under supersymmetry. Hence, U is the

same for scalar, vector and mixed impurity BMN operators.
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We will also need the expressions for the double-trace operators

7;3]% = (’)fj‘fn::OSi;y)'J:, (3.27)
T, = 0% 00V (3.28)
v, = 047 00V (3.29)

where y € (0, 1).
From the three-string vertex of [52,53] one extracts the following matrix elements

of the string Hamiltonian in the large-u limit:

)\/

< fml Hotring| T5%) = — Chorm = sin(rmy) , (3.30)
( iu, m|Hst,r1ng| i, n> =0 ’ (331)
1 oo
_< uumlHStrmgl uun) = Chorm @ s (me) ) (3'32)

for p # v and 7 # j. The overall normalisation Cjom is left undetermined in string

field theory. In order to get agreement with the field theory result we will set here?

Coorm = —32 Y41 —¥) (3.33)

2 VI

Using this normalisation, (3.30) and (3.32) become

1 _1 /\,_gz_\/(l—y)/y sin?(mmy) '

u( UmletrmgI 1]17.) - _< ;wm'HStrlngi uun) \/—j 9 72

(3.34)

As mentioned earlier, the agreement of (3.30) with the corresponding gauge theory

matrix elements was found in [48]. We will show that agreement with gauge theory
holds also for (3.31) and (3.32).

We now need the explicit form of the matrices S and 7" in the original BMN basis.

. Both S and T have an expansion in powers of gy, but in our analysis we will need

4Chorm is further discussed in section 3.4.2, where we consider the case of arbitrary many impu-

rities, see (3.115).
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their expressions only up to and including O(gy) terms. We will also work at one
loop in the Yang-Mills effective coupling A’, where the matrix T is of O()\’), whereas
S is of O(1). In this case, (3.14) is simply

(Oa(0)05(2)) = Sap + Tug log(zA) . (3.35)

The pleasant fact is that expressions for S and T are closely related and can be
obtained from the coefficients of the three-point functions, which were derived in
[62, 73] for BMN operators with two scalar and two vector impurities, respectively.
We also need to know S and 7" in the case of mixed (i.e. one scalar and one vector)
impurities. The three-point functions of such BMN operators were not considered
previously, and they will be calculated in section 3.3.

The diagonal elements of S and T can be immediately obtained from

(O48m(0) Oapa(z)) = Omn (14 Nm?log(Az)™?) (3.36)

(TX};m(O) T/{gn(:z:)) = 6mn5yz (1'*‘)‘/(7"2/92)103(/\@*2) ‘ (3.37)

The previous expressions are valid up to O()\’) and O(g;), and were derived originally
in [47,73] for the scalar case, and in [71,93,94] for the mixed and vector case.

To determine the off-diagonal elements, we need to compute the two-point cor-
relators (TAJg’,n(O) O4pn(z)). To this end, let us momentarily focus on the following

class of three-point correlators,
G(z1, T2, 73) = (0% 1 (21) 0%V (€2) Ok m(w3)) (3.38)

where A = (i,) and A # B. On general grounds, these three-point function have
the form [47,73,74, 76]

G(CL‘l, To, $3) = g?Cm,ny [1 - XN (am,ny log(:cglA)z + bm.ny 10g($321'31/\/1'12))] , (339)
where goCm ny is the tree-level contribution, with
(1 - y)/y sin®(wmy)

Cm,ny = \/77r2(m — /n/y)2 , | (340)
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and the coefficients @,y and by, ,, must be calculated in perturbation theory at
O(N'). The two-point function (T/fg"n(O) O4p.m()) can easily be deduced from (3.38)

by setting z;3 = T93 = = and ;5 = A~! [76],
(T/i]g,n(o) @ij(I)) = 92Cmny [1 + X (am,ny + bm,ny) log(a:A)_Z] . (3.41)
The matrices S and T are then given, up to O(gz), by

6mn gs Cm.qz

s — L O(R) = 1+g0s+0(d),  (342)
92 pr,n 5pq
(3.43)
m? Omn g2 C'm.ny (a + b)m‘ql
T o= N + Ogd)  (3.44)

gs pr,n (a 4+ b)py,n (p2/y2) 5pq‘5yz

= d + gt + O(g3),
with
( m? 8,n 0
d = XN , (3.45)
\ 0 (/) By
0 Crmny (@ 4 0)m g2
t = X . (3.46)
\ Cpym (@ + 0)pyn 0
It then follows that
§12 = 1 ga(s/2) + Olg3) (3.47)

diagonalises S at O(ga).

We now need to compute the explicit expressions for a¥ . and b¥ ., in the scalar

mn?
case, mixed (scalar-vector) case, and finally in the vector case.

. It is.easy to compute at. O(X') the coefficient a¥,, in planar perturbation theory,
which turns out to be

mny = —5 » (3.48)
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independently of the type of impurity considered. Notice that this is exactly the
O()\') anomalous dimension® of the “small” BMN operator at z;.

We will now explain how by, », is determined from the coeflicients of the conformal
three-point function. First we note that the correlator (3.38) does not take the
conformal form (2.2) since the original BMN operators in (3.39) are not conformal
primaries for g, # 0 due to operator mixing [73,95]. However, at leading order in g,
the only mixing effect which contributes to (2.2) is the presence of the double-trace
corrections in the expression for the conjugate A-BMN operator.5 Importantly, [1,62],
these mixing effects cannot affect the remaining logarithm, A’ log z2,, which can then
be computed without taking into account mixing altogether. Hence, we can use the
right hand side of the conformal expression (2.2) in order to compute the coefficient
bmny in (3.39). Expanding the right-hand side of (2.2) to O(X), and equating the

coefficient of the log 22, to the corresponding term in (3.38), we obtain

G2Cmny bmny = (M? —n?/y?) C(AnB_p, vac| AmB_m) , 3.49)
Y v

where C(cp,D_p, vac| AmB.m) is the coefficient Ci,3 of the conformal three-point func-
tion (Oé}D‘n(CEI)Ongc(Iz)@iB,m(CUg)). We used A = J; + 2+ N'n?/y?, Ay = J, and
Az =J+2+Nm?

Equation (3.49) determines by, ny in terms of the coefficients C(cpD_p, vac| AmB_m)
of the three-point function. These coefficients for BMN operatérs with two scalar im-

purities, one scalar and one vector impurity, and two vector impurities are given

5Tt is immediate to convince oneself that the Feynman diagrams contributing to the log 23, part of
(Oi’{é,n(ml)(’)\(,;C_y)'J(zg)@jB,m(m;;)) are those where the operator O%; %7 (z5) does not participate
in the interaction, i.e. they are precisely the Feynman diagrams contributing to the anomalous

dimension of OAB o(Z1) - embedded in a three-point function.
6This is because the double-trace corrections to the single-trace expression for an original BMN

operator is of O(gs), i.e. suppressed with 1/N. This can be compensated by factorising the three-
point function into a product of two two-point functions, which is possible only for the double-trace

mixing in the operator O.
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by:
2 si 2
C(knl_pn, vac| imj_m) = Co5 zsgn (m m;y))
n2
(5 ké[)J m? +6z[k(5l]] ” l(SU(Sk[ y ) (3.50)

2 sin®(mrmy)

2
yri(m? = %)

C(JnV-n, vac|imp—m) = Clos

1 n\?
0ii0uy = | M+ —) , (3.51
o g (m+2) L s)

2 sin®(wmy)
2
ym?(m? — 13)?

C(pn0—n, vac| imv—m) = CY35

’I’LZ

(5u(p50)v 32

where CY2% = /J1Jz/N = (g2/vVJ)\/y(1 —v), and the symmetric traceless and

antisymmetric traceless combinations of two Kronecker deltas are defined as

+5u[p5(,],,m + (5”,,(5,,0771) , (3.52)

dikOny; = %(5ik5zj + 6ibrj) — ifsz‘j(skz o Gl = %(51‘1:511' — 0i10k;) - (3.53)

The three-point function coefficient for scalars (3.50) was derived in [73] (the simple
case n = 0 was first obtained in [74]), whereas that for the vectors, (3.52), was
recently obtained in [62]. The three-point function coefficient (3.51) for the case
of mixed scalar-vector impurities is a new result, and its derivation is presented in
section 3.3 of this chapter. |

From (3.50)-(3.52) and (3.49), it is then immediate to derive the coeflicients by, ny

which correspond to considering scalar, mixed, or vector BMN operators in (3.38):

[bm,ny]sw]ar = m — _—3;_ , (3.54)
1 n? :
[bmvny]scalar—vector = 5 (m2 - ?) ’ (355)
n? mn
[bmvny]vector = _? + 7 . (3.56)

In conclusion, using (4.43) we get, up to O(gs),
[ 2
(T;2(0) O}, (@) = gaCrmmy 14N (m — %ﬁ +Z )log(ar/\)_z} , (3.57)

!

r 2
(7;,{1,’1(0) @;L,m(:c)) = g2Cmmy |1+ b (m2 + %) log(:rA)_2] 0ij0u , (3.58)
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<@ﬂuoaw»:=mamﬁuw(y)mmm>]. (3.59)

We will now make use of the expressions for these three correlators to construct the
matrix 7', and therefore the matrix I' dual to HS‘{‘rtmg, in the three cases of BMN

states with (i) two scalar, (ii) one scalar and one vector, and finally (iii) two vector

impurities. These three cases are addressed separately below.

3.2.1 Matrix elements with scalar BMN states

This case was first analysed in [48], and we review it here for completeness.
Substituting (3.48) and (3.54) in (3.44), we find that the matrix Tcajar is given,
at 0(92)7 by7

m g2Cm,ny (m2 - mn/y + 712/y2)
CFscala.r = >\/

92Cnym (M? —mn/y + n?/y?) n?/y?

d + g2tscalar‘ (360)

Il

Multiplying it on the left and on the right by S='/2 = 1— g,(s/2) + O(g2) we get the
expression for the matrix I' introduced in (3.21) at O(g,):

I“scalar = d + gz [tscalar - (1/2){3 3 d}] (361)
m? (92Crmny/2) (m = n/y)?
= X ,
(92Cnym/2) (m = n/y)? n?/y?

from which it follows, using the definition (3.40) of Cy ny,

J J, , 92 V(1= y)/y sin*(mmy)
<0‘ij,m IFscalar| 7;] g) )\ ﬁ 2 7r2 . '

This result was first found in [48]. (3.62) agrees with (3.30) after choosing the nor-

(3.62)

-.-malisation (3.33) for the string result.

"We use a somewhat simplified, but correct, notation for the indices of the matrices S and 7.
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3.2.2 Matrix elements with mixed BMN states

In this case, using (3.48) and (3.55) we can determine the matrix Tiixeq in (3.44) for

the case of mixed impurities. It is given, at (O(g;), by the following expression:

m? 92Cmmy (m* +n?/y?)/2
Thixed = N (363)
92Cnym (m? +n?[y?)/2 n?/y?
= d+ g2 Liixed »
where we used @m ny + biaed = (m? 4+ n?/y*)/2. Tt then follows that
m?> 0
1_‘mixed = d + gz [tmixed - (1/2){5» d}] = )\/ N (364)
0 n?/y?
and hence
(Orpm Tmixed Tih) = 0. (3.65)

This verifies in gauge theory the vanishing of the three-string amplitude (3.31) be-

tween states with one scalar and one vector impurity, which was predicted in [53].

3.2.3 Matrix elements with vector BMN states

Finally, we study the case of vector BMN impurities. Using (3.48) and (3.56) we
obtain the matrix Tyecor in (3.44) for the case of vector impurities. At O(gs), it is

given by:

m g2Cm.ny (mn/y)
Toector = N (3.66)

g2Cny,m (mn/y) n2/y2

If

d + g2 tvector ’

~“where we used G ny + bieoo" = mn/y. It then follows that

1—‘vect'.or = d + g2 [tvector - (1/2){87 d}] (367)
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m2 _(g2Cm,ny/2) (m - n/y)2

—(92Cmny/2) (m — n/y)2 n2/y2

from which we get

g 1 —y)/y sin®(mmy
(O;{u,m IFvectorI 7:;,]},yn> ==X\ "\7—27 ( )é 2 ( ) (368)

= (O} Cacatae| T2 .

ij,m

As advertised earlier, the off-diagonal elements (Ol{l,’m|FveCmr|7L‘,’;ffn) of T'yector are

precisely the opposite of the corresponding elements (O;’j‘m |Fsca1ar|7;;'ff) of Tscalar-
This again had been predicted in string field theory in [53]. As explained in the
introduction, this signals the spontaneous breaking of Z, symmetry in pp-wave string

theory.

3.2.4 Generalisation to all representations for two-impurity

BMN states

Finally, we extend our previous computations to include all representations of scalar
and vector BMN operators with two impurities.
We recall here the results from the previous sections:

J Ny, suy _ v 92 V(1 —y)/y sin®(rmy)
<0ij,m|rscalar|7;j'#> - —<Ouu‘m|Fvector|%ug;,> - )‘,W 272 )

(O} Tmixed] Tr0%) = 0, (3.69)

(¢ # j, u # v) which correspond to the string field theory amplitude (3.30), (3.31)

and (3.32). From these results it is immediate to obtain

(OJ | l—‘vector l TJ'y > = <0J | 1—‘vector ' 7;;{)?”) ) (370)

vpm pvn pym

J.o
uy,m:

i.e. to exchange m — —m (same considerations apply for the scalar amplitude).

Equation (3.70) follows since the first expression in (3.69) is even in m. Therefore
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we can at once obtain the result for the symmetric-traceless and antisymmetric rep-

resentations for vectors:

: , 92 /(1= y)/y sin’*(mmy)
<Od“,)‘m | Fvector I ’Jﬂ(goy),r) = —)\ \/—27 7r2 (5“(,,50),, 3 (371)

(O[{w],m | Tvector | 7{;;1,;) = 0, (3.72)

whereas for scalars,

: g (1 — y)/y sin?(mmy)
<Oi]ij),m ‘ l—‘scalmr | Zz;)j’r) = /\/ 2 )

/7 = ikl (3.73)

<O[Jij],m | Cscatar | 7[/;’1]!;”) = 0. _ (3.74)

Here we have defined
1 S 1
Oy = 5(014” + Ovu) T4 Z Ops 0[#"] = i(ow/ = Ouy) - (3.75)
p

The vector singlet case can be treated instantly by noticing that the three-point
function coefficient for vector singlets is actually the same as the three-point function
coefficient for the symmetric-traceless scalars, as it can be seen by comparing (3.50)
to (3.52). This, together with (3.73), immediately implies that3

— : 2
<0J | [yector | TJ'y > = X 92 m sin (me)

vector 1,m vector 1,n \/j 7(2

= —<0J Irscalar | zng{ar 1,n> ) (3-76)

scalar 1,m

where O = (1/2) 3_, Oy, We notice that the result for the scalar singlet ampli-
tude (OZ | Tscalar | ’I;J’y

scalar1,m calar 1.n>

agrees with the result found in [49]. The opposite
sign in (3.76) for the vector singlet compared to the scalar singlet case is again a

manifestation of the (spontaneously broken) Z, symmetry in pp-wave string theory.

8The reader Willing to derive explicitly the result (3.76) for vector singlets should
“‘be aware that, for singlets, (4.43) should be modified to (TlJ,f’(O) @fm(a:)) =
92Cm ny [1 + X (am,ny + bm.ny) log(mA)_z] + 920 many [1 + N (a—n.‘t,ny + b—-m,ny) log(:v/\)'z],

and that, from the result (3.52) derived in [62], it follows that [bm ny) 2

=m* —mn/y.

vectér, 1
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3.3 A technical aside: three-point function with
mixed impurities

In this section we derive the expression (3.51).

Here we would like to compute the coefficient of the three-point function of one
vacuum operator (3.22) and two conformal primary A-BMN operators with one scalar
and one vector impurity,

o) =0, +--, (3.77)

iu,m iu,m

where O], . is defined in (3.25). The operator Oy, ,, has a definite scaling dimension,

A, = Aqg+6,, which implies that the single-trace expression OiJu’m on the right hand
side of (3.77) must be accompanied by multi-trace corrections (and other mixing
effects) at higher orders in g, [73,95]. The dots on the right hand side of (3.77) stand
for these corrections. '

Nevertheless, our strategy is to study the three-point correlator of the original

BMN operators Q7

u,m?

(O (1) O%Y (22) O, 1 (x3)) = (3.78)

jun vac ip,m
):| 6uu6ij ’

and to focus on the computation of the coefficient b,‘?,",;‘;d of the logxis. This is

T32T31 A

92Cmny [1 - X <am,ny log(zs1A)? + b%"f@d log

T2

because, for reasons explained in the paragraph below (3.48), this coefficient can
be computed without taking into account mixing altogether, and is directly related
to the coefficient of the three-point function of conformal primary BMN operators
with mixed impurities through (3.49). Therefore, from now on we will work with the
original BMN operator (3.25).

The mixed BMN operator in (3.25) contains two terms: a “pure” BMN part
and a compensating term, first and second term on the right hand side of (3.25),

respectively. The Feynman diagrams contributing to the Green’s function in (3.78)

—.can be divided into two classes: those obtained by taking only the pure BMN part

of (’);4,'/‘,]"(3:1) and @Ji“,m(ng) and those where the compensating part is taken (in one

or both operators). As already explained, we will focus only on diagrams which
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can produce a logzo dependence, and both classes of diagrams contribute to the

coefficient bg‘:f@d in (3.78). For the sake of clarity, we quote here the results from

these two classes of diagrams:

ixe n
[brthnyd]BMN =m (m - 5) ' (3.79)
mixed 1 n ? 80
[bm,ny ]comp = _5 m— g ’ (3' )
The total result
. . 1 n?
ix mixed
[bmv"y]scalar——vector = [bg]l,ﬂzd] BMN + [bm,"{;/ ]comp - 5 <m2 - F) , (3'81)

was anticipated in (3.55). We now compute separately these two classes of diagrams.

Our notation and conventions are summarised in Appendix G.

3.3.1 Diagrams originating from the “pure” BMN parts

We consider first the diagrams where the scalar impurity interacts. These are repre-

sented in Figure 3.1. The result for these diagrams is:

2 2\* _
(;) (%—) »2(Pr = Prr+ Pr— Prp) - (26,0)0i5 - X (3.82)

The first term on the right hand side of (3.82) comes from the diagram 3.1a (the coef-
ficient of 2 is easily seen from —Vp in (C.5)), the second term is the sum of diagrams
3.1b and 3.1c. The relative sign is also immediately seen from the commutators in
—Vr. We have taken into account the fact that diagrams 3.1b and 3.1c give the same
contribution.®

The third and fourth term in (3.82) come from the mirror diagrams 3.1d, 3.1e
and 3.1f, where the ¢ interaction is now at the bottom. The factor 24,, comes from

the free contraction'® of the D,Z impurity with the D,Z impurity. The coefficients

9This is a simple corollary of the cancellation of D-terms against gluon interactions and self-
energies in three-point functions of BMN operators at O(A’) (in the complex basis) [17,47,73,74].
In our case, self-interactions diagrams do not participate since they cannot generate logz?, terms

at order O(X').

“10For an extensive discussion of the treatment of BMN operators with vector impurities, the reader
is referred to [62]. Free contractions of vector impurities are discussed in Eq. (34) of that paper,

and the main results can be summarised as (D, Z D, Z)gree = 28y, and (Z D, Z)free = 0.
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¢ z

3.1a 3.1b 3.1c

Figure 3.1: Diagrams with scalar impurity interacting. Diagrams 3.1a and 3.1d have

positive signs, all the others have negative signs.

P; and P;; come from summing over the BMN phase factors, and their expressions
are summarised in Appendix E. Mirror diagrams are associated with the complex
conjugate coefficients P; and P;;. Finally, the function X is defined in (F.2) of
Appendix F.

There are additional diagrams, drawn in Figures 3.2 and 3.3, where the interaction
involves now the vector impurity.

These diagrams are identical to those in Figure 5 and 6 of [62], with the only
modification that the non-interacting impurity is now a scalar impurity (whereas in

Figure 5 and 6 of [62] it was a vector impurity). We will not compute again these

_diagrams, and instead borrow the result from [62]. Their contribution turns out to

_.-be-precisely the same of the contribution (3.82) froni the diagrams where the scalar

impurity interacts.
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?

Ny
9|
N

3.2a 3.2b

Figure 3.2: Diagrams with vector impurity interacting associated to P;.

The final result for the pure BMN diagrams is therefore:
2 g2\* _ '
(‘,ﬁ) (E) 8(Pr— P+ Pr— Prr) - 6,05 - X . (3.83)
This quantity has still to be multiplied by the normalisations of the operators, in
which we include an extra factor of J, = (1 — y) - J coming from inequivalent Wick
contractions of Oy, with the rest,

FEGH e

3.3.2 Diagrams from compensating terms

The compensating term is present in both operators at x3 and z,, therefore there are
three subclasses of diagrams: (i) diagrams with compensating term in the “external”
operator at z3 and pure BMN part in the “internal” (small) operator at xp; (ii)
diagrams where the compensating term of both operators at x; and z3 is considered;
and (iil) diagrams where the compensating term of the small operator at z, and the
pure BMN part of the operator at =3 are taken.

Each diagram in class (i) vanishes separately, since the only way to contract the
impurity D, Z in Og-’,’,‘,]n(wl) is with a Z in Oy, (z3), and this contraction vanishes
l(see foo‘pnote 10). Moreover , it is not difficult to see that the total contribution of

the diagrams in class (ii) vanishes. Hence we are left with diagrams in class (iii),

which we now discuss.
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L

3.3a 3.3b 3.3c

"
3.3e

Figure 3.3: Diagrams with vector impurity interacting associated to Pj.

We start by considering diagrams without gluons. The first three diagram are

represented in Figure 3.4, and their contribution is

(3) (9_2)4 J(2X = X = X - §%) 8,0, (3.85)
7 5 w0
where ¢ = exp(2mm/J) is the phase factor of the BMN operator at x3. The first
term in the right hand side of (3.85) comes from the first diagram in Figure 3.4. This
diagram is equal to the first diagram in Figure 5 of [62], from which we borrowed the
result. The factor of 2 is easily seen from the term Tr(2 Z¢;Z¢;) in —Vp, see (C.5).
The opposite sign of the second term in (3.85) is also seen from the term —Tr(¢;¢; Z Z)
in —V. The third term comes from the term —Tr(¢;¢;ZZ) in —Vp, and carries a
BMN phase factor g’2. There are also mirror diagrams, where the interaction occurs
at the bottom of the diagram (similarly to the fourth, fifth-and sixth diagram in

Figure 3.1). As usual, their effect is to add the complex conjugate of the previous
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5Z

34 3.4b $c

Figure 3.4: Diagrams originating from the compensating term in the ‘internal’ oper-

ator (at z;). In these diagrams no gluons are emitted or exchanged.

result, so that the final result for diagrams without gluons is:

2 2\ 1

(—2) (%) - 2X (1 — COS (27rmy)) 6}“/51']' . (386)
g

We now consider diagrams where a gluon is emitted from the covariant derivative
D,¢; at z;. These gluon emission diagrams are represented in Figure 3.5. The total

result for them is:
2

4
(?) (g) (3X = 3X - q") 8,65 . (3.87)
The first term on the right hand side of (3.87) corresponds to the first diagram in
Figure 3.5. This diagram was computed in [62] (it is the third diagram in Figure
5), from which we took the result. The only difference is that in the present case it
is accompanied by phase factor equal to 1. The second term come from the second
diagram in Figure 3.5, and carries a BMN phase factor equal to §”'. Again, there
are also mirror diagrams, where the interaction occurs at the bottom of the diagram.
Their effect is to add the complex conjugate of the previous result, so that the final
result for diagrams with gluon emission is:

(%) (9;)4 L 6X - (1 — cos (2mmy)) 8,6 . (3.88)

___Finally, we have to consider gluon interaction diagrams: These are depicted in Figure

3.6 and, as before, there are also mirror diagrams, where the interaction occurs at the

bottom of each diagram. However, each of the diagrams vanishes separately (this is
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& 9wz b

3.5a 3.5b

Figure 3.5: Gluon emission diagrams originating from the compensating term in the

internal operator.

to be contrasted with the case of scalar interactions, where gluon interactions double
up the result for the interaction from the scalar potential, as discussed in the previous
subsection). This was shown again in [62] (second diagram in Figure 5 of that paper).

Adding (3.86) and (3.88) we get the total contribution of the compensating term

diagrams,

2 g2 !
(E) <§—> - 16X - sin® (mmy) 8,65 - (3.89)

The result (3.89) has still to be multiplied by the normalisations of the operators
(3.84).

3.3.3 Summary: the result for mixed impurities

We add the results (3.83) and (3.89), and use (E.3) of Appendix E, to get the total

result

g\’ m +n/y
(E) (=16 X) - (60ij) - p— sin® tmy . (3.90)

Multiplying this result by the normalisation (3.84), and amputating a factor of
[(4%/2) A(51013)]2 we obtain

(047 (21) 0% (25) O3, 1 (@3)) =

log z12 term
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®; nZ

9,7
3.6a 3.6b

Figure 3.6: Gluon interaction diagrams, from the compensating term in the internal

operator.
1 VI=gy [/ 1\ /g m+nly . log(z12A)7!
— — =} —-16 —= — 0,04 =
Vi Vi <ﬂ> (2 O gy ST ) g ow
1 n?
—)\,gg Cm,ny . E (m2 — E) . log(iElgA)—léuuéij s (391)

where Cp, oy is defined in (3.40). Equation (3.91) is the principal result of this section.

The coefficient [by, nyl in (3.55) immediately follows by comparing (3.91)

scalar—vector

to (3.78). Finally, the three-point function coeflicient (3.51) for mixed impurities is
obtained from (3.55) and (3.49).

3.4 The correspondence for an arbitrary number
of scalar impurities

In this section we shall evaluate the coefficients of three-point functions of A-BMN
operators with arbitrary number of scalar impurities, and use this information to de-
rive the single- double-trace two-point function of operators with an arbitrary number

of scalar impurities.

_3.4.1 The results in field theory

Every BMN operator with an arbitrary number of impurities can be decomposed into

two pieces. The pure BMN part, which contains no Z, and the compensating part,
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which contains Z. In order to make the structure of the general BMN operator clear,
let us consider the example of an operator with three impurities. The pure BMN

part. consists of two terms:

Opure = D, 47057 TH (3122022726327 75)+ Y~ 443 TY(¢1Z’3¢3Z’2 B 277",
0<ia<is 0<iz<lis

(3.92)
In all cases ¢; is positioned first in the trace, while we have to sum over all the different
orderings of the remaining inipurities. Let us denote by ¢p(;) the impurity which sits
in the *M position of a specific ordering of the impurities, and Ipiiy the number of
Z fields between ¢; and ¢,y (in the example given above p(2) = 2, p(3) = 3 for
the first trace while p(2) = 3, p(3) = 2 for the second trace). Next we consider the

compensating terms. In our example, these should be written as

Ocomp = — Spumps Y (0243) 2 Te($1 222 2772) = 85,29, Y a5 TH(Z 28527 7")
0<ly 0<l3
Spuzas D 052 TH(Z21¢,2770) (3.93)
0<ly

In other words, whenever two impurities in Opye are of the same flavour, we add a
compensating term where these two impurities are replaced by Z.
With this example in mind, it is not difficult to write down the most general form

of an operator with n impurities,

Oniy = > oo (3.94)
i / {ni} !
Jn= 1NJ+n p=perm{2,...,n}
wherei=1,...,n and
Ofypate = > H 7 T (1 2150 Gy 200D Gy iy 27 7H00)
0<lp(2) Slp(3)--Slpn) =2
(3.95)
n
1p(2)...p(n) bty lpk)
O{n,}comp = __Z‘Sd’p(k) =$p(k+1) Z H %pa) Ty 1)

0<tp(2) - Slp(hy Slph+2) -+ Slp(ny 1=2,ip(k+1)
Loy =lp(k—1) 7 7 lp(eazy—L J-t
Tr (1 Z% gy 20 Totk= Z Zlk42 "oy v on L oy 27 Hoim)

—5¢15q‘)p(2) Z H qplz(l) T‘I' ZZIP(:’) ¢p(3) S ¢p(n)ZJ_lP(n)) (396)

0<lp(s)-+-Slp(n) 1=3
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(2)...p(n) .
}comp

The origin of the s in front of the first term of O{n is quite clear. It comes
from the fact that we have counted twice the same term, since we have two orderings
where ¢,(;) and @p(i+1) coincide. The one with ¢p(;) coming first and ¢pi41y following
and vice versa. Finally, we note that in principle more compensating terms should be
added to the right hand side of (3.96) when two or more pairs of impurities coincide.
These terms are irrelevant for our purposes in the BMN limit.

In the above expression, @iy € {#1, ¢2, d3, ¢a}. This makes the meaning of the
Kronecker §-symbols functions obvious. It should also be noted that the operator
given above is norfnalised so that its two point function is one at the free theory
level !

As in section 3.2, we will need the expressions for double-trace operators,

TJ

iy = Ol

./ -y
. O{k;} v P (3‘97)

{ni}

On general grounds, the two-point function of the double- and single-trace BMN

operators takes the form
<T{nz}{kz 0) @{mi}(‘r)> = g2Cfee [1 + X (a+ b+ c) log(zA) 7] . (3.98)

In (3.98) we have suppressed the indices of a, b and c. Here @{Jm,-} contains pj;
impurities, whereas the two single-trace expressions in T e} ki) contain p; and pe
impurities, respectively.

Compared to (3.41), the above equation contains a new coefficient, c. This is due
to the fact that the second operator on the right hand side of (3.97) is no longer
just the vacuum, but instead is a generic string state. This results in an additional
logarithmic part for the three-point function (3.39), i.e. ¢ - log(z32A)?).

The next step’is to calculate the matrix of classical overlaps S. To this end, we
will need to compute the correlation functions of single-trace operators with double-
trace operators to O(gs). We will not need the correlation functions of two different

double-trace operators, because these overlaps are of O(g3). Hence, it is possible

" T1Girictly speaking this is true only when all the ¢’s which correspond to a particular ¢, say é1,
are different. This is the case that we are going to consider. However what follows can be applied

with slight modifications to the case where two or more of the ¢’s are the same.
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to treat each double-trace operator independently and write the expressions (3.100),
(3.104) and (3.105) as two by two matrices.

Thus the classical overlap is given by

S=1+gs, (3.99)
where
0 Cvfree
S = ) (3.100)
C'free 0
and
Cfree - Z C’free ' (3101)
perm’
where
Chee = (_1),,2 lp_[ sin(mmyy) F7__snrrmpeens) (5 10p)
P8 \/yPr L1 = y)Pe=1] o Mpa) = Ma/Y ) Mabp) — Ko/ (1 = 9)

The sum in (3.101) is over all the admissible permutations of the {m;}, which label
the barred BMN operator, as on the left hand side of (3.98). A permutation is
admissible only when the permuted numbers belong to ¢'s of the same flavour.

Our next goal is to determine the anomalous dimension matrix 7',

where the diagonal part d contains the anomalous dimensions, as in (4.47),

PS - m2/2 0
d= XN , (3.104)
0 oL na /2yt 4+ 30 k2 /2(1 ~ y)?
and
0 t
t=\ S (3.105)
to1 0

- #19 can be read from (3.98), and is-given by

tlg = Z Cfree a+ b -+ C) . : (3106)

perm’
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The coefficients a and ¢ are given by the anomalous dimensions of the first and second

operators in the definition of 7,

P1 TL2 P2 k2
=) =y 3.1
’ a=1 2y2 ’ ‘ a=1 2(1 - y)2 ( 07)

The contributions of 3 .. Che.a and - Cf_ c to tp in (3.106) factorise, to
give

C'free a, C'free c, ‘ (3108)

respectively.

The remaining contribution to ty5 is ) CP..b. It can be extracted from the

perm’ ~free

coefficient of the corresponding three-point function following the same logic as in
section 3.2. These three-point functions of generic BMN operators with arbitrary

numbers of scalar impurities are computed in the following section. Our result is

ka
Z freeb = Z C'free 2 (Z Mp(a) (mp(a) - _y—) Zmp(a—i-p]) (mp(a+p1) 1-— y)

perm’ perm’ a=1
1 P2
+5 Z Mp(a) = M) (Mpy — M) + 5 5 Z(mp(p1+a) — ko) (Mp(p,+5) — ko)
(a b) (a,b)
P P2
+5 Z S iy = 126) (Tt ) — kb)> :
a=1 b=1
(3.109)

The double sum summation notation (a, b) means that we do not distinguish between
the pair a,b and the pair b,a (a # b).
As in section 3.2, the anomalous dimension matrix I' in the isomorphic to string

basis is given by
/ / 1
'=d+ gt , t :t~§{s,d} , (3.110)

where

0 Clree(01 + 62 + 0,
{s,d} = N ea(01 02 +05) ) (3.111)

Cfree(‘sl + 62 + 63) 0
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and §; is the anomalous dimension of the i*" operator (i = 1,2, 3). After some algebra,

we obtain the final result:

[y = Z free (Z (mp(a) - ?) + Z (mp(a+m) - Tt—y)
a=1

perm’ a=1
P
+ D (Mpa) = 1) (M) — ) (3.112)
(a,b)
P2 Pr P2
+ Z(mp(lera) - ka)(mp(p1+b) + Z Z Mp(a) — mp(p,+b) kb)
(a,b) a=1 b=1

This is our final expression for matrix elements in gauge theory. In the next section
we will compute the corresponding three-string amplitude and compare it to (3.112).

We will find perfect agreement.

3.4.2 The results in string field theory

In this subsection we assemble the basic ingredients of the SFT calculation of the
string amplitude for states with an arbitrary number of scalar impurities. The am-

plitude has the form [52,53] (we refer the reader to Appendix B for more details)
(®IP|V3) | (3.113)

where (®| represents the three external string states, |Vp) is the kinematic part of

the bosonic vertex (D.2), and the prefactor P is given by

= normZZwrn T” r! . (3114)

r=1 —o0
Chorm is defined in such a way that we get agreement with the field theory calculation.
Its value is taken to be

1 Yy 1- 1 0o ritor
Chorm = —592—{7_}—2 (..1);21‘:, LT oo O »ml ' (3.115)

The prefactor can act on the external bra—state and give a sum of 2p3 terms, each of
_which has an external state identical to the initial (®|, except one of the a,’s which
has changed to a_,. Of course each of these terms is multiplied by the corresponding

wrn/par. What we are left with is the action of the exponential in |Vg). In order
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to keep the comparison to field theory as simple as possible, we choose a certain set
of associations between the impurities of the third string and the impurities of the
other two strings. The final result will be a sum over all possible such associations,
i.e. permutations of this set.

When an external oscillator has not been changed by the prefactor, the action of
|VB) gives a factor of Ng;na where 7 = 1,2, 3. But if the external oscillator has been

changed by the prefactor, the action of |Vg) gives a factor of

P SR i Y 2 S (R B (3.116)
“"a fuors “T po e \ pag  pa
One can evaluate F)"_, to get
2 .
F3l , = (__1)na+n; )\/ <n . n_:;) Sln(ﬂ'nay)
e 2m\/y y = /Y
A sin(mnay)
F2 = (—)metl Dy (1 — ) a ,
Ng—"N, ( ) Zﬂm(n na/( y)) na _ n:l/(]. . y)
P (_1)na+n;+125in(7rnay)sin(wn;y)
na—nf T ’
F', = 2(=1)retr
@ Am iy
2
F2 ., = —F. (3.117)
: Amp(l —y)

We are now in position to write down the result for a given permutation. This reads

(@|P|Vp) =
4 P1 P2 P2
31 31 32 32 31 32
Cnorrn E Fma —ng H Nmbnb H Nmb+p]k,, + E : F a—ka H Nmbnb H Nmb+p1kb
a b#a b=1 b=1 b#a
mn
233 11 11 33 31 32
E , Fm Nnﬂnb § , Fna~nbNmamb H chnc H Me4py ke
(a,b) (a,b) c#a,b c=1
P2
§ 33 22 § : 31 32
me +ﬂ‘mp1+bN akp + mP1+amp1+b H chnc H Mepy Ke
(a,b) (a,b) c#a,b
P2 P11 p2 m P2
§ 33 § E 12 A 31 \732
+ Z Fmﬂ “Mpr+b m“k’b + F _kb mamp1+b H chnc H NmC+P1 ke
a=1 b=1 a=1 b=1 cta c#b
(3.118)

As before, in the double sum over all pairs (a,b) which appears above we do not

distinguish between the pair (a, b) and the pair (b, a). Making use of the expressions
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for the Neumann matrices from [98] it is now easy to obtain the final expression for

the matrix element in string theory:

Chi (N Nava | o ka 1o
<(I)|P|VB) - _4—92)\ (Z(m“ - ?) + ;(maﬂn - ﬂ)

a=1
+ Z — ng)(my — np) + (mp — ng) (Mg — nyp)
(a,b)
+ Z Mpy+a = ka)(Mpy 16 — ko) + (Mp6 — Ka) (Mpy 40 — k)
(a,b)
P P2
YD (M = 1) (M = 1) + (M4 = 10) (M — nb)) - (3119)
a=1 b=1

One should note that in calculating the three string vertex we did not take into
account terms where there were two contractions of oscillators belonging to the same
string if the prefactor had not acted on one of these oscillators previously. This is so
because these terms are of order (1/u)! = X2, as can be easily seen.!?

In order to get the final string theory result, we should not forget to sum (3.119)
over all the admissible permutations, as we have done for the field theory result. This
means that the first line of (3.119) should be summed over all the possible permu-
tations, while the remaining lines should be summed over all permutations except
those which exchange the m’s associated with the labels a and b (more precisely, the
permutations which exchange m, with my, my, 1, with my,, 44, m, with m, 44 in the
second, third and fourth line of (3.119), respectively). Including these permutations
would result in a double-counting. Once this sums are performed, we obtain perfect

agreement with the field theory result (3.112).

3.5 A technical aside: calculation of general scalar

BMN three-point functions

This final section is devoted to the derivation of the expression (3.109).

~ 12There is a subtlety in Writing (3.119), since the CP for each term in that equation are in fact
different: to each term in (3.119) one should associate the CP corresponding to the permutation of

the indices which label m, n and k appearing in the term considered.
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Our goal is to calculate ((9{ }(xl) (’){Jk; Y (,) O{m 1(0)). To simplify the nota-
tion, we will rename the operators in this Green’s function as O;(x;), Oz(z2) and
(3(0). Let us assume that there are fl(i) o1’s, fz(i) ¢2’s, f(’) ¢3’s and ff) ¢4’s in the !
operator where i = 1, 2,3. We consider the case where f1 (1) + f1 with similar
relations holding for the other three impurities.

There are of course many different diagrams. In order to deal efliciently with
them, let us select a particular set of Wick contractions between the impurities of
the barred operator and the impurities of the unbarred operators. Obviously, only
impurities of the same flavour can be contracted. The full result will then be a sum
over all the different permutations of such contractions.

We start by considering the diagrams where the pure BMN part is taken in each
of the three operators. These are drawn in Figure 3.7. It is easy to see that there
are f1(3)! f2(3)! fés)! fF)! different contributions. Let us select one of them and draw the
corresponding diagrams, Figure 3.7, in which the i*" ¢, field of O3(0) interacts with
the n'" ¢, field of O;(x,), while all the other fields are freely éontracted, The phase

factor associated with these free contractions becomes, in the BMN limit:

A
P2 - H Z qara la H Z qp1+bpb
a#n lo=1 b=1lp=J1+1
n N o
— Hze—%rz(ma—-—“)—l]:[ Z —2m(mp1+b 1—%)—}
a#n lg b=1lp=J1+1
ﬁ 2mi(ma—12) ﬁ 1 i %)
— Jp3-—1 / dre” Ti(mg — T / dme_ wi(mp) 16—32 )T
a;én b=1
= JP~ IHG'”"”G?! Sin TMay H —TiMp) +bY (=1)72 sin wmy, by
ot o = Ma/Y)T mp1+b ko/(1—y))m
(3.120)

Recall that (3.92), (3.93) and (3.95), (3.96) do not contain ¢;. In (3.120) and in

2mimi/J ig the phase factor of the

what follows ¢q; is defined as ¢; = H;,']=2 Gi,and ¢; = e
b impurity (r, and p, are the phase factors of @, and O, respectively).
Note that in obtaining the above formula we have taken into account all the
possible orderings of the freely contracting impurities.

We also need the phase factor associated with the fields which are involved in the
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N

&

3.7a 3.7h

Figure 3.7: Feynman diagrams where a scalar impurity from O, interacts with a Z
field. The dots stand for impurities which have free contractions. These diagrams are
also accompanied by their mirror images, where the interaction occurs in the bottom

part of the diagram.

interaction. This is given by

—ATMY i
P = (67{]1 —1)(@ —1)g* = +me_’”m’y sinmTm;y . (3.121)

The total phase factor will be P = P, P, '3 Taking into account the normalisation of
the operators, and evaluating the space-time integral associated with the vertex (see

(F.1)), one gets:

3 P P2 .
o _ J ' sin Tmgy sin mMy, 45y (1)
’ N\/Jpa—lJf1—1J§2~l adn Tt T Mo /Yy b1 P1HD T ko/(1 —y)
. 2 9 .
m;sinmmy . I1T5
-X)— =1 . (3.122
() og T (3122)

In the previous expression we are keeping only the log z,5 terms, which are relevant
to determine the coefficient b in (3.98), similarly to what we did in section 3.2.
We denoted by Ggl) the part of the three-point function which corresponds to the
diagrams of Figure 3.7, and by p; = p; + p the number of the impurities of Oj.

In order to make easier the comparison with the string theory result, we rewrite

" 13In this section the Lagrangian and 'Feyﬁnmén rules of [74}“‘ére used.
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(3.122) as

B — JP3 £ sin TMaY
N\/Jp3_1<]f]_ljgz_l a#n Ma — na/y

ﬁ Sin My, by (1) m; Sin T,y
L Mprs — Ko/ (1= y) 2ms

Equation (3.123) corresponds to the first term in the first line of (3.109). Until now

92 Cfree

(3.123)

we have considered only diagrams where the interacting ¢ belongs to the operator
0. Of course, there are diagrams where it is an impurity in Oy which interacts.
These contributions produce the second term in the first line of (3.109).

Now we consider the diagrams in Figure 3.8. In these diagrams we take for

?; 4

3.8b

Figure 3.8: In Figure 3.8a we take the pure BMN part in the external operator,
whereas in 3.8b we take the compensating term. In both cases we take the compen-
sating term in O; and the pure BMN part in O;. Here ¢ and j label the position of
the corresponding ¢ in the barred BMN operator.

O, the compensating term, for O, the pure BMN part, and for O3 the pure BMN

part (Figure 3.8a) or the compensating term (Figure 3.8b). In the case where two

¢1’s interact, the number of different diagrams is fls)' f2(3)' f3 )y f(3)'4————i). This

n _

number is obtained as follows. There are fl(l)( ) 1)/2 different ways to single

out two ¢;’s from the operator O,. This should be multiplied by the fl(s)( 1(3) - 1)/2
different ways in which we can choose two ¢1’s from the barred operator O3, times the

3 _

number (f; 2)! f2(3)! f3(3)! fis)! of independent free contractions of all the remaining

impurities.
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Evaluating the phase factor associated with the interacting fields we get
P= (g - 1)(g" - 1)g* | (3.124)

For the total phase factor one obtains

_ s sin mm,y _ SIn Ty, by
P = Jp1+p2 2 e Mimay 7" Pad a e 7rzmpl+by P1 (—1)p2
I;IJ (Mo — na/y)m H (Mpi1s — ko/ (1 —y))m
g*(—4) sin rm;y sin ﬂmjye'"‘(’"’“"’)y . (3.125)

The contribution to GG3 which corresponds to the diagrams of Figure 3.8 is therefore

JP3 ©r sin TMgY i sin Ty, 4pY
N\/Jpg—lJfl—lJéJz—l arbig Mo — Na/y b1 Tprtd ko/(1—y)

Gy = (-1

2 2

(=N )Sm”mﬁimm’yl xxn (3.126)
From the last equation we can extract
gchreeb(Q) _ JPe “r sin TMmey
N\ apetgp gt gy e~ MafY
P2 sin mmyp, by (1) sin mm,;y sin mm,;y (3.127)

W = R/0—v) 27
This term corresponds to the first term of the second line in (3.109). There are also
diagrams where we consider the pure BMN part in O; and the compensating part in
O, (rather than the opposite). These terms produce the second term in the second
line of (3.109).

We now consider the last set of diagrams, which are represented in Figure 3.9.
In order to draw these diagrams we have used (3.95) for the operators O;, Os, and
(3.95), (3.96) for the barred operator. In these diagrams the z'* ¢, belongs to O,
while the zt" ¢; belongs to O,.

In this case the phase factor associated with the fields which interact becomes

P = (g" - 1)(g" - 1)(-¢*) . (3.128)
For the total phase factor one obtains

. p2 .
P = JP:;-—Z H e—vrimay S TmaY H exp—ﬂ'i‘m,Jl ol Sin TMp, +bY _ l)pz—l
a0tz Mq = Na/Y btz My +b — ko/y

—a2)(—4 '
;—Egil);ﬁ——? sinwmgy sin wmyye "MV (3.129)
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Figure 3.9: In Figure 3.9a we take the BMN part in the external operator, whereas

in 3.9b we take the compensating term.

The contribution to GG3 which corresponds to the diagrams of Figure 3.9 is therefore

Jp_3 Pi . P2 .
Gég) _ sin Tmqy Sin Ty, 40y (1)
N\/Jpg—llel—ngz—l atT Mg — na/y btz Mpy+b — kb/(l - y)
: : 2,.2
sinmm;y sinwm,y . TiT;
X\ . o . (3.130
(- 57 (3130)
From this equation we extract
_ oo
62CP b — Jr=3 Y sinTmmgy
ree

N\/Jp3_1J{)1_1J§2_1 a#tz Ma — na/y

2 SIn Ty SN wim;Y
Q7rP3

P2 .
sin mmp, +pY

2 Mpi+b — kb/(l - y) -

1)? (3.131)

b
Finally, by adding (3.123), (3.127) and (3.131) (and the terms similar to (3.123) and
(3.127), as discussed in the text), and summing over all permutations, it is immediate
to obtain (3.109).

This chapter was devoted to a detailed study of the BMN correspondence (in the
bosonic sector) as this is expressed in equation (1.137). In particular, by studying
BMN operators with scalar, vector and mixed impurities we have explored and verified
the correspondence for string states in all the directions of the two SO(4) groups.
Among other things we have also clarified the role of the Z; symmetry of the.pp-wave

background and its realisation on the gauge theory side. In the next chapter we turn

to the study of the fermionic sector of the BMN correspondence.



Chapter 4

The BMN correspondence in the

fermionic sector

As discussed in the previous chapter, tests of the relation (1.137) rely on the careful
comparison of string amplitudes obtained in pp-wave string field theory to the matrix
elements of the dilatation operator A in Yang-Mills, and have been performed, for

the bosonic sector of the theory, in a variety of cases:
a. in [48], the case of BMN operators with two scalar impurities of different flavour

was studied;

b. in [2,49], BMN operators with an arbitrary number of scalar impurities was

considered; and finally,

c. in [2], all the SO(4) x SO(4) representations of two scalar impurity and two
vector impurity BMN operators were studied, as well as BMN operators with

mixed (one scalar/one vector) impurities.

In all cases, precise agreement was found between the string amplitudes obtained
using the superstring vertex and the corresponding matrix elements obtained in field
theory [2,48,49]. In particular, the analysis of [2] clarified a puzzle concerning the
realisation of the Zy C SO(8) symmetry of the pp-wave background geometry.

. «-In the previous chapter-the natural emergence of the isomorphic to string.basis
was explained by constructing the proper overlap of states in terms of two-point

function of BMN operators where the conjugated BMN operator is defined through
114
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hermitian conjugation plus an inversion [62]. This procedure, which was applied in
to BMN operators with scalar and/or vector impurities, will be used in section 4.2 in
the case of fermion BMN operators.

Fermion BMN operators have been studied, with an emphasis on mixing issues,
in [63,64]. The aim of this chapter is to investigate the equivalence relation (1.137)
in the fermionic part of the BMN sector of ' = 4 Yang-Mills. One of the main
motivations for our analysis lies in the fact that fermionic matrix elements of Hggring
have never been compared to any field theory result. Moreover, string field theory
in the fermionic sector is not just a simple extension of its bosonic counterpart,
and the construction of the fermionic prefactor of the string field Hamiltonian is
not straightforward. Therefore, it is particularly compelling to investigate the BMN
correspondence in the fermionic sector.

In this chapter we will make use of the superstring vertex in the SO(4) x SO(4)
formalism [65]. Our analysis in field theory will be performed up to and including
O(X') in the pp-wave 't Hooft coupling and O(g,) in the genus counting parameter,
and hence incorporates string interactions at the first nontrivial order.! Our result
is simple: for all cases we consider, the matrix elements of the string field theory
Hamiltonian derived from the superstring vertex of [52,53,55,65] agree perfectly with
the corresponding field theory quantities. This result allows us to confirm the validity
of the conjectured duality relation (1.137) in the fermionic sector, and at the level of
string interactions.

The plan of the rest of this chapter is as follows. In the next section we introduce
and discuss BMN operators with two fermion impurities. In section 4.2, we describe
the notion of conjugation in the case of operators with fermionic impurities. In
section 4.3 we derive the desired fermionic matrix elements of the string Hamiltonian
in lightcone string field theory. Sections 4.4 and 4.5 contain the calculation in field

theory and the comparison to the string results previously derived.

IThis result, as well as the results of [2,48,49,67] are in contradistinction with [68], where it was
argued that nonplanar effects (corresponding to string interactions in string theory) should not be

incorporated into the pp-wave string theory /A = 4 SYM duality.
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4.1 Fermion BMN operators

In order to study the BMN sector of N = 4 Super Yang-Mills, we need to pick
an R-charge subgroup U(1); C SU(4). Hence we need to decompose SU(4) —
SO(4) x U(1); ~ SU(2) x SU(2) x U(1);. The branching rule for the fermion
representation 4 of SU(4), to which the fermions A? of the N' = 4 theory belong,
is [69]

4 — (2,1), + (1,2)_, (4.1)

from which we have, in terms of fields,

)‘3 - (’\ra.(1/2)7 )‘r'a,(—l/Q)) ; (4.2)

Ma — Mracyzs Miaaa) - (4.3)

Here o,& = 1,2 are spin indices, A = 1...4, and r = 3,4, 7 = 1,2. Notice that
there are four fermions with positive R-charge, A4, (1/2) and /_\m,u /2), and four with
negative R-charge, Aiq, (~1/2), j\rd,(_l/g). We will refer to the former as to the BMN
fermions, and to the latter as to the anti-BMN fermions. To simplify the notation,
we will omit from now on the U(1) R-charge subscript in the fermion fields.

The following table summarises the field content (scalar, vector and fermion fields)
of the N' = 4 SYM theory participating in the BMN correspondence, together with
their canonical dimensions, R-charge and decomposition into irreducible representa-
tions of SO(4) x SO(4) ~ SU(2) x SU(2) x SU(2) x SU(2).

We now discuss the two-impurity fermion BMN operators. Their precise form can

be obtained by acting with two supersymmetry transformations on the scalar BMN

operators
Of = C| 3 ™ T (0:7'9,277) — 8, Tr(227%)] (4.4)
1=0
where i, 7 = 1,...,4 and we have defined
1 g? N
C = ——— Ny = = — . 4.5
07 2 an? (4:5)

/ N6]+2 '
The normalisation of the operators is such that their two-point functions take the

canonical form in the planar limit. This procedure correctly identifies the possible
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field | Ag | J | Ao—J | SO(4) x SO(4)
zZ | 1] 1 0 (1,1)
Z |1 |- 2 (1,1)
¢ | 110 1 (1,4)
D,| 1] 0 1 (4,1)
Mo |3/211/2] 1 ((2,1),(2,1))
M | 3/2]1/2 1 ((1,2),(1,2))
Ara | 3/2 |-1/2 2 ((2,1),(1,2))
Ma | 3/2 -1/2 2 ((1,2),(2,1))

Table 4.1: In this table we list the canonical dimension Ay, R-charge J and SO(4) x
SO(4) representations for the fields of N = 4 Super Yang-Mills. For convenience,

we also write the corresponding Ag — J for each field.

compensating terms which may be present in the expression of the operators. We
would like to remind the reader that these compensating terms are crucial for a
correct understanding of the dynamics of the BMN sector.

Specifically, we will be considering

1

ol = Tz’ , (4.6)
JINS
C I znimi -
0 = —2—[ZeTTr(/\§Z‘)\§Z"")], (4.7)
=0
aff: C J 2riml a _ \/Q v a
0l = 5[26 P (e 20N Z7 T’l‘r((F,wa“ )% 7zJ+1)] .(4.8)
=0

!
Very similar expressions can be written for operators where (3,4) — (1,2), i.e. un-
dotted SU(2) indices are replaced by dotted ones.

In the following, we will also make extensive use of the expressions for the double-

trace operators

J, . -J .. —1y)- K

7—70?{5‘[3}"1 = - Oga,sﬁ;m co O\(/zlac i C g (49)
" - .ov .. oU-wd.

zd,éﬂ';m - Ofd,g[};m s Ovac L) (410)
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where y € (0, 1).

A few important comments are in order.

1. First, note the appearance on right hand side of (4.8) of an all-important com-
pensating term which modifies the naive expression for ng,,{ . Compensating
terms are required in order for the corresponding operators to be conformal
primaries in the BMN limit, and are present also in the case of scalar BMN
operators {70} (as the right hand side of (4.4) for i = j shows) and vector BMN

operators [71,72].

2. Second, we would like to stress that these compensating terms play a key réle
in the evaluation of the conformal three-point functions of vector and mixed
BMN operators. Indeed, had they not been taken into account, one would er-
roneously conclude that the three-point functions for scalar, vector and mixed
BMN operators take actually all the same form. The three-point function coef-
ficients for vector and for mixed BMN operators were computed in [62] and [2],
respectively, and found to be different from that of the scalar case [73].2 Of
course, this is striking evidence against a direct correspondence between the
conformal three-point functions and the superstring vertex at the nontrivial,

interacting level.

3. Furthermore, the analysis of [2] showed that precisely thanks to the differences
between the three-point function coefficients for scalar, vector and mixed im-
purity BMN operators it is possible to reproduce, from the field theory point
of view, two key properties of the three-string vertex of Spradlin and Volovich,
namely:

a. the vanishing of the three-string amplitude for string states with one vector
and one scalar impurity; and

b. the relative minus sign in the string amplitude involving states with two
vector impurities compared to that with two scalar impurities.

Once this is taken into account, perfect agreement between the string and field

2Their expressions are given in Egs. (3.29)-(3.31) of [2].
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theory predictions is found.

To further clarify the réle of the compensating terms, we consider the flavour-

singlet and flavour-triplet combinations:

J
. C 2riml
Q ,J a —_ [s —
05, = 73 [;e PUTH A 2PN 2770 - e 2t \B 20

\/§ uv\ B _ay rzJ4+1
-5 Tr((Fu,,a )€ Z )] (4.11)
. C J 2mimli
afiJ smme a gl \B 7]l o 7l \B 7J-1
Otm = 575 [§z=o:e TS ZIN 2y ezt 7 )] . (4.12)

We can further decompose each of the two operators in (4.11) and (4.12) into singlet

and triplet of the spin, that is

05, — (1,3 + (1,1), (4.13)

O?fji‘];m - (3+a3+) + (3+,1) (414)

It is immediately seen that the compensating term on the right hand side of (4.11)
is symmetric under the exchange of the spin indices « and 3. This means that
this compensating term will affect only the (1,3") representation. This is perfectly
consistent with the decomposition of the two-impurity BMN operators with wvector
impurities according to irreducible representations of SO(4) x SO(4). Indeed, by

combining two vector impurities we can form the following representations:
(1,4) x (1,4) = (1,1) + (1,9) + (1,3%) + (1,37). (4.15)

The only representation the right hand sides of (4.13) and (4.14) have in common
with the right hand side of (4.15) are precisely (1, 31), which receives a compensating
term, and (1, 1), for which however no compensating term is generated as this order.?

For completeness, we mention here what are the possible irreducible representa-

tions of SO(4) x SO(4) ~ SU(2) x SU(2) x SU(2) x SU(2) that can be obtained by

3For a discussion along similar lines on the possible mixing of fermion BMN operators with scalar

operators, see [64].
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combining two fermion impurities:?

((2,1),(2,1)) x ((2,1),(2,1)) = (1,1) +(3*,3%) + (83F,1) + (1,3"), (4.16)
((1,2),(1,2)) x ((1,2),(1,2)) =(1,1) +(37,37) + (37,1) + (1,37), (4.17)
((2,1),(2,1)) x ((1,2),(1,2)) = (4,4) . (4.18)

4.2 Conjugation of scalar and fermion operators

In the previous chapter we briefly reviewed how the notion of conjugation as hermitian
conjugation plus an inversion is essential in order to make scalar and vector A-BMN
operators orthonormalisable.

Let us now concentrate on the fermionic operators which are of direct concern for
this chapter. ® It is well known that, under conformal inversion, a Dirac spinor field

1 of dimension d transforms as [78]

W(z) — ¥(z') =1 l—ﬁ—l @), =1, (4.19)

where £ = z,v*, and ¥* are the Euclidean gamma matrices. In terms of Weyl spinors

Aa, €, (4.19) implies

Aa(z) = AL(2") = 7 (xé|)a i (4.20)
E(a) - €¥(z') = n%x , (4.21)

where we set z = z,0*, T = z,6". Hence, an operator of conformal dimension A

with f = p + ¢ fermionic insertions transforms under inversion as:

@g;:::zz(x) — pf 220 A ..Japgp...jd1ﬁ1 ... JiaBa Og::::gs(z) ’ (4.22)
where
T 5 . 7B
J gz) = 222 J(g) = —— . (4.23)
g |z |z|

The notion of conjugation [62], as ordinary hermitian conjugation followed by an

_inversion, can then applied to a generic operator with conformal dimension A with

4See also the discussion in section IV of [77].
The transformation under inversion of fermionic BMN operators has also been considered in [68].
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scalar, vector or fermion impurities; and the conjugated operator O can then be

written (schematically) as:

Oa(z) = 2*2 J- O (z) , (4.24)
where by J we mean the tensor product by the appropriate inversion operators J,, (z),
for each vector index, and Ju4(x) (or J%(z)), for each spinor index. It was noticed
in [62] that the advantage of this new conjugation resides in that the two-point
function for scalar, vector and fermion A-BMN operators take all the same canonical

form when the O operator is employed:

(Oa, ()04, (0)) = dab - (4.25)

The right hand side of (4.25) does not depend on z, and represents the overlap of

the corresponding states in conformal N = 4 Super Yang-Mills.%

4.3 Matrix elements of Hg,in, in string field theory

There are two equivalent ways to describe superstring interactions in string field the-
ory, known as the SO(8) and the SO(4) x SO(4) formalism. In the former approach,
the three-string vertex in string field theory is built upon a state |0) with energy
equal to 4u. This state is therefore not the ground state, but it has the advan-
tage that, as 4 — 0, the SO(8) construction flows smoothly to string field theory
in flat space [89-92]. In the SO(4) x SO(4) formalism, the Hilbert space of states
in string field theory is built on the true vacuum |v) of pp-wave string theory (see
Appendix D for details). Remarkably, the two formalisms have been shown to be
completely equivalent [65], hence it is only a matter of convenience which one to use.
In this chapter we will make use of the SO(4) x SO(4) vertex, since there it is more
straightforward to compute string amplitudes involving fermionic oscillators.

The string amplitude has the form [52, 53]

5A side comment: for two-impurity fermion BMN operators, an additional minus sign should be
included in the definition of the hermitian conjugation of the operators in order to get the two-point

functions normalised as in (4.25).
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(12| Huring [3) = (®IP|V)|VE) (4.26)

where (®| := (1|(2|(3| is the external threestring state, and |V;) and |Vj) are the
kinematical part of the bosonic and fermionic vertex, (D.2) and (D.3) respectively.
Finally, the prefactor P is written in (D.5).

We will be interested in external states with fermionic impurities,

Bt AT Ve (4.27)

where the fermionic operators (’s are related to the oscillators in the string basis
by [55]

1 1
— (b, +1b_,) , n = —=(b, —ib_,) . 4.28
\/5( ), B ﬁ( ) (4.28)

Specifically, we will compute matrix elements of the form

ﬂn =

M i 1y = (ir,Ja, wgin | Hotring 050 (4.29)

r'a,s'8'in,Jy

for all possible values of the indices. After a lengthy but straightforward algebra, we

obtain:

B+1 .
(V|Bap,~m(3)Bysm@) Bar g n(1yBy s —n(1) | H3) = Chorm = sin® mmf x

[fa’afv"r(féﬁfé’ﬁ’ +espesp) + €yacary(€spesp + €s0€ap) — CayEary (€apess — €5 66'3)] )
(4.30)

where Cyorm is given in (D.10). An expression similar to (4.30) holds when the
fermions in (4.30) have both dotted indices. Notice that from (4.30) it follows that
a. the string amplitude vanishes whenever a fermion appears more than once, whereas
b. it is nonvanishing when all fermions are different, and gives always the same result
(up to a minus sign).

It is more illuminating to write (4.30) for a few basic cases:

J —
H;fgr%y e l(Ulﬁlzm(.'})ﬁrlnl(:})ﬂll,n(l)ﬁlz—n(l)|H3>

= —ﬂ'_l <U|ﬁ21 —-m(3),322,m(3)1811,71.(1),812,—-1;(1) |H3>

= =X Cnorm—ﬁ% sin2rmg , (4.31)
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11,15,m,J -1
7—{11,11;11“1,1,/ = <Ulﬁilm(3)'81lnl(3)/81l,n(l)ﬂll,—n(l)|H3>

= 1 V|Bag,-m(3) Br2.m@3) P11 P11 —ny | Ha) = 0, (4.32)

H??;;:JJy = u (U|532m(3)57lnl(3),511,n(1)ﬁ22,—n(1) | H3) (4.33)

= N_l<U|511.—m(3)522.m(3)/311,n(1)ﬁ22,—n(1)|H3) = 0,

Hilarmsy = B (V8% B Biin(yBer,—n(y| Ha) (4.34)
= _#_1(Ulﬁlz,—m(s)ﬁw,m(:z)ﬁl1,n(1)ﬁ21,—n(1)|H3>
! B+1 .2
= X Crorm——sin"mmf . (4.35)
T

We can directly compare the expressions (4.31)-(4.34) to the analogous matrix ele-
ments obtained from the three-string vertex of [52,53] for scalar and for vector and

mixed (scalar-vector) BMN states:

1 g+1 .

; (Z;’gIHstringloijj‘m> - )‘I Cnorm_7rT Sln2 Wmﬂ y (436)
1 _

;(7;;{:%|Hstring|oii,m> = 0 ) (437)
1 g+1 .
. (T | Hotring| Ofty ) = X Coorm =5~ sin® rmf3 . (4.38)

Notice hat the amplitude in (4.31) is identical to the amplitude (4.36) involving two
scalars of different flavour, whereas that in (4.34) is equal to the amplitude (4.38)
involving two different vectors. Similar considerations apply to the vanishing of the
mixed amplitude (4.37) and (4.32), (4.33).

The equality of the string amplitude between two BMN states with scalar im-
purities and two BMN states with fermion impurities had already been derived, in
the SO(8) formalism, in [55]. We also notice that our amplitudes, derived in the
SO(4) x SO(4) formalism, precisely coincide with those of [55].
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4.4 Matrix elements of A in N = 4 Yang-Mills

In [2], a general technique was devised for deriving the matrix of overlaps S (3.12),
the matrix of anomalous dimension 7" (3.15), and hence the desired matrix elements
of the SYM dilatation operator in the isomorphic to string basis, (3.21), from the
coefficients of the three-point functions of BMN operators. Here we summarize the
results of the analysis of [2]. 7

The matrices S and T have an expansion in powers of g, but in our analysis we
will only need their expressions up to and including O(g,) terms. We will also work
at one loop in the effective 't Hooft coupling A’. Notice that the matrix T is of O(X'),
whereas S is of O(1). In this case, (3.14) is simply

(Oa(0)O5(2)) = Sa + Tog log(zh) . (4.39)
Let us focus on the following three-point correlators,
G(CE],.’EQ,LE:}) (OAB n(xl)o(l y)'J(IZ)@/J\B,m(mii)) ) (440)

where A can be a scalar, vector or fermion index, and A # B. On general grounds,

these three-point function take the form [47,73-76]

G(z1,Z2,23) = 92Cmny [1 — N (am_ny log(x318) + by ny lOg(.’.E32.fL'31A/fL'12))] , (4.41)
where gCp, ny is the tree-level contribution, with

(1 — y)/y sin®(mmy)
VI m(m — n/y)?
and the coefficients amny and bpyn, must be calculated in perturbation theory at

O(X'). The two-point function (TAjgn(O) O4p.m(z)) can easily be derived from (5.5)

Crny = , (4.42)

by simply setting 13 = o3 = z and ;5 = A™! [76],
<TA]g,n(0) @,{IB,m(m)) = 92Cmny [1 + N (ammy + bmny) log(zA)"2] . (4.43)

The analysis of section 3 of [2] then showed that the matrices S and 7" are then given,

“Our notation and conventions in Yang-Mills are reviewed in Appendix C.
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up to O(gs), by the following expressions:

5mn g2 Cm,qz

g — + O(g3) = 1+ gas+0O(g3) , (4.44)
92 Cpyn Opq
(4.45)
m? .., 92 Crny (@ + B)m g2
T = X + O(g3)  (4.46)

gq pr,n (a + b)py,n (p2/y2) 51”)63/2

= d + gt + O(g3) ,
with
( m?2 8, 0
d = XN , (4.47)
\ 0 (/¥ 6y
0 Crmny (@ + b)m gz
t = XN : (4.48)
Cpyn (@ + b)pyn 0
It then follows that
§71% =1~ ga(s/2) + O(g3) (4.49)

diagonalises S at O(g,), and hence one obtains
1
r = d—l—gg[t— 515, d}] . (4.50)

We now need to compute the explicit expressions for a¥ . and &%, for the fermion
case. First, it was observed in [2] that, at O()') in planar perturbation theory, the

coefficient a¥

v . is simply given by the O()') anomalous dimension of the “small”

BMN operator at z;. In accordance with supersymmetry, it turns out that the O()\’)

anomalous dimension of BMN operators with two arbitrary impurities is given by

n?

7 (4.51)

Amny =~

independently of the type of impurity considered. This result was first obtained for

the case of two scalar impurities in [41], for one scalar and one vector impurity in [71],
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for two vector impurities in [94]. We have also explicitly derived (4.51) in the fermion
case with a perturbative calculation in Yang-Mills.

We now move on to consider by, ny. From (4.41), we see that by, n, is the coefficient
which multiplies the log z,5 contribution in the three-point function G(zi, 25, x3) in
(5.5), where the “large” (“small’) BMN operator O}p (Of{é,n) is inserted at 3
(z1), and the vacuum operator O, at point z,. Hence, the tactic we will follow in
the next section will consist in computing the log x15 term of the three-point function
G(zy, xq, T3).

Let us quote here the result for by, », in the case of scalar, mixed, or vector BMN

operators in (5.5) [2]:

[bmyny]sca]ar = m — — ) (4.52)
Y
1 n?
[bmy’ny]scalar—vector = 5 (m2 - ?) v (453)
n?  mn
[bm,ny]vector = _52“ + "y— . (4.54)

We conclude this section with one important comment, which anticipates our results
for the fermions to be derived in the next section: we will show that, for fermion
BMN operators, the coefficients by, ,, for the various representations precisely take

one of the three expressions (4.52)-(4.54).

4.4.1 The three-point function of fermion BMN operators

In the previous section we explained how to obtain the matrix elements of the SYM
dilatation operator in any arbitrary basis of SYM operators, and specifically in the
isomorphic to string basis. Here we present the field theory computation of the
coefficients bm n, appearing in (4.41), from which the coefficient of the conformal
three-point function of two-impurity fermion BMN operators can also be derived.
The matrix elements (4.50) of the SYM dilatation operators in the natural string
basis will then be obtained using the expressions for bp,n, and (4.44)-(4.48) and
(4.51).

Let us consider the three-point function of the operators in (4.8), i.e.

(0% 1gn(21) O (1) OL 0 (23)) . (4.55)

3(.’1,4[3;m
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We start off by evaluating the Feynman diagrams which originate from the pure BMN
parts of both the barred and unbarred operators. These diagrams are represented
in Figure 4.1, where we draw only the diagrams where the impurities A4q and ;\46
participate in the interactions, and the other impurity propagates freely. In diagram
4.1a (type 1), the interacting impurity goes across, while in 4.1b the interacting im-
purity goes straight (type II). The latter diagram has a minus sign relative to the
former from the Yukawa vertex (see (C.3)). The result for the type I diagram is,

5‘4,{3 Z

4.1a 4.1b

>

43

A4
41f

Figure 4.1: Feynman diagrams from the pure BMN parts: of type I (in 4.1a and
4.1d) and type II (4.1b and 4.1e). Diagrams 4.1d, 4.1e, are the mirrors of 4.1a, 4.1b.
Diagrams 4.1d and 4.1e have phase factors which are the complex conjugate of those
of 4.1a and 4.1b. The gluon interaction diagrams in 4.1c and 4.1f have the same

BMN factor and cancel each other.

concentrating on the interacting part:

Q,

J]B - (8l}gc‘;d)(-\/Ez'e'j’d)a)’;w(—\/ﬁz’eﬁx)(—azasB)Hpmzs , (4.56)
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where

Hpps = /d4$ d'y Az) — 2)A(z4 — 2) [0, Az — y)] Alzs — y)A(za — y)
—(8; + 32)H1432 - (4.57)

Notice that in order to be able to perform the inversion in the conjugated operator, we
momentarily split the insertion points of the fermion and the Z impurity, respectively
x3 and z4. The last equality is obtained after integrating by parts with respect to x
and then converting the z derivative acting on A(z; —z) and A(z4 —z) to derivatives
with respect to z; and z4, respectively. The partial derivatives in (4.56) come from
the fermion propagator So(z) = —0,eA(z), where Oug 1= 0,04,

Using now (C.12) and ignoring the € term which eventually does not contribute

to the log z%, term, one obtains:

Iy = 2[0350a+ 0,505 + (3" + )opdc] (4.58)
where
Ja = 0" (0" +0") Hys (4.59)
Jg = 0. (0" +0%) Hygs , (4.60)
JC = *83 . 31 H1423 . (461)

The explicit expressions for J4, Jg and Jo are worked out in (G.8)-(G.10). After
some algebra, one realises that the only non-zero contribution to J ; 4 comes from the
term involving J4. Keeping track of the relevant to us terms which contain log z2,,
we get:

1
Jop = 310820 Azs — 71) [958z — z1)] - (4.62)

We note that (4.62) is precisely of the form of (a first-order correction to) two freely
propagating fields, one Z boson and one fermion, as it is expected. In order to make
the comparison with the string amplitude, we should now apply the inversion on the
conjugated operator, that is on the scalar Z field and the interacting fermion. For

the scalar field this is rather trivial: according to (3.8), one has to multiply J ; 5 by z3.
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For the fermion, (4.20) instructs us to multiply by nmﬁ&fﬁmf{ . Taking into account
the identity (au)aﬁﬁfﬂx"m” = §% 2% one obtains:
2.3 1 2
g 0g T
The overall factor (g?/2)® comes from the insertion of two vertices, which give (2/g%)?,
and five propagators, which give (g?/2)°. P; is the phase factor associated with the
diagrams of type I, and is explicitly calculated in (E.2). In order to obtain the final
result for the type I diagrams, we have still to multiply (4.63) by a factor of 2 from
the free contraction of the non-interacting impurity, and by a factor of 1/4 from the
normalisation of the two fermion BMN operators. Doing so, and setting n? = 1 we

get:

2.3 1 2
type I — fermions : —2(9—) Py 9811 68 (4.64)
2 2876

Notice that this result is precisely the same as the result for the case of two different

scalar impurities. Similarly, one gets, for the type II diagrams:

9*\?
type II — fermions : 2(5) Py

log z%,

8
S 0% - (4.65)

To the type II diagrams is associated the phase factor P;; of (E.2). Moreover, in
order to get the final expression for the coefficient by, »y, one should also include the
diagrams where the other impurity, A3, participates in the interaction.

If this was the whole story, we would conclude that three-point functions of
fermions take the same form as the three-point functions for scalars. But the correct
expressions for BMN operators often contain compensating terms, and so is the case
for the operator in (4.8). Importantly, these compensating terms do contribute to the
three-point functions and must be taken into account. In our case, the compensating
terms affect the fermion operators that have a projection in the (1, 3") representation
(see the discussion after (4.14)), and the corresponding contribution is important and
we will now compute it.

In Figure 4.2 we draw the Feynman diagrams obtained by taking the compensating
term on the right hand side of (4.8) for the operator sitting at z; . To the diagrams
4.2a and 4.2c a BMN phase factor equal to 1 is associated. From the first diagram
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Ay Asa A

4.2a

A Agg Aa

5‘4/3
4.2¢ 4.2d

Figure 4.2: Gluon emission diagrams originating from the compensating term in the
internal operator. The gluon is absorbed by the fermion field. There are also mirror

diagrams, not drawn in this figure.

in Figure 4.2 we get:®

= —2. (—1)3840#.830"/ (—i&zﬂ)UT~ (—\/52-67&)8;(ng)gfdﬁ‘(——Hngg) (466)

I woga v ad Y

ay,6
The factor of (—1)* comes from three propagators, while the factor of 2 arises from the
two terms in the field strength Fj,;. The 0,5 is related to the compensating term of the

operator at x, while the &, matrix comes from the gluon-fermion interaction vertex.

Finally, the minus sign in front of (4.66) comes from Wick contracting fermions.

8As in [2], the diagrams where the compensating term is taken in the external operator, or both

in the external and internal operator, do not contribute.
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We can now elaborate (4.66) using the completeness relation (C.11), to obtain:

[d"Y,C'!B = 2\/5[ O.tio_ro_u)’magﬂ + (GJUTUV)aaCT ] 648385 ( 7—1432) . (467)

/\31} /\4 A

4.3c 4.3d

Figure 4.3: Gluon emission diagrams originating from the compensating term in the

internal operator. The gluon is absorbed by the Z field.

Using (C.12), and discarding the irrelevant e-terms as before, we get:
Idﬁ’aﬂ' = 2\/5323(6§dJA + (%dJB + (81 + 84%&]0) +b&— 7. (4.68)

Similarly to the diagrams in Figure 4.1, the logz?, contributions from Jz and J¢

cancel out, and we are left with:

(4.69)

a'y af

8\/— log ly (o 5U&a + U%Uga)
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Now we perform the inversion for the fermions, thus arriving at:

I = 8V2_——logzi, (6565 + 06267) . (4.70)

1
2876
The calculation for the diagram in Figure 4.2¢ (where the other fermion absorbs the
gluon) proceeds in a similar fashion to that of Figure 4.2a, giving the same result
as in (4.70) but with a and 3 swapped. Since the expression for I;’f is symmetric
under this exchange, the results is the same as for the diagram in Figure 4.2a. We
should also not forget to multiply our result by 1/4 due to the normalisation of
the operators (1/2 for each operator), and by a factor of —v/2/4 coming from the
compensating term on the right hand side of (4.8). Taking also account the powers
of g%/2 associated with vertices and propagators, we finally get the result for the sum
of diagrams 4.2a and 4.2¢:
g\’ 1

—2 (5) 555 log z2, (6365 + 6287) . (4.71)
The diagrams in Figure 4.2b and 4.2d can be computed in a similar way. Notice that
they have a relative minus sign compared to 4.2a and 4.2¢, and a different BMN
factor g/1+1.

For o # (3, the result of (4.71) is exactly the same as the result obtained from
the compensating diagrams for the case of BMN operators with mized impurities
(one vector and one scalar impurity). We addressed this case in section 4 of [2].
Furthermore, for o = 3 we get the same result as that of the compensating diagrams
of BMN operators with vector impurities, i.e. twice that of the mixed case (see [2,62]).
From (4.52)-(4.54), one can easily work out the contributions of the compensating

terms alone for the mixed and vector case,

c.t. 1 n\ 2
[bm,"y]mi;xed = [bmv"y]mixed - [bm-ny]scalar = - 5 (m - -y_) ) (472)
. n\?
[bmvny]i:/:ctor = [bmv"y]vector - [bm,"y]scalar = - (m - 5) (473)

= 2 [bm,ny]:ﬁ‘;;(ed :

Finally, let us note that at the order we are working, the diagrams of Figure 4.3
are also present. However, the diagram in 4.3a cancels against that in 4.3b because of

the relative minus sign associated with the vertex where the gluon is absorbed; and,
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similarly, 4.3¢ cancels against 4.3d. Therefore the net contribution of the diagrams
in Figure 4.3 is zero.

We conclude by summarising the results of this section.
a. The contribution of the pure BMN part of the operators involved in the three-
point function (4.55) is precisely the same obtained for scalar BMN operators. Hence
the corresponding coeflicient by, n, is given by (4.52).
b. The previous remark also implies that, when no compensating term is present
in the expression for the BMN operator considered, the result (4.52) gives the full
answer.
c. When a compensating term appears, it contributes precisely as the compensating
term of the mixed (scalar-vector) case when a # 3, of the vector case for « = 3. The

corresponding expressions for by, », are then (4.53) and (4.54), respectively.

4.5 Testing the BMN correspondence in the fermion
sector

We can now apply the results derived in the previous section to test the pp-wave/SYM
correspondence in the fermionic sector. In particular, we will reproduce in the gauge

theory the three-string amplitudes for the following flavour-conserving processes:

a1+ Ag)m — (Nat ... Agz)n + vac. , (4.74)
(As1.+-A31)m — (As1...Az1)n + vac., (4.75)
(A31---A2)m — (As1... Ag2)n + vac., (4.76)
(As1---A)m — (A31... Aq1)n + vac. . (4.77)

A few comments are in order.

1. First, it does not take long to realise that these cases actually cover all the
irreducible representations of the two-impurity fermion BMN operators, where

the two impurities are Weyl spinor of the same chirality (see (4.16) and (4.17)).

2. The case where the two impurities have opposite chirality, A,, and S\T.B (see

(4.18)), can of course be treated with a similar technique. Notice that, in that
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case, a compensating term containing ( #d)z) w1ll always be present in the
precise expression of the BMN operator contamlng the Ao, ’\f'ﬁ? impurities, in
agreement with the fact that the right hand side of (4.18) contains only one

irreducible representation.

3. Finally, notice that the operators taking part in the first two processes (4.74)
and (4.75) do not have compensating terms, i.e. they do not have a projection
onto the (1, 3") representation of SO(4) x SO(4), in contradistinction with the

operators taking part in the remaining last two, (4.76) and (4.77).

Let us write down the string amplitudes corresponding to the processes of (4.74)-
(4.77), taking into account that in the three-string vertex of [52, 53, 55, 65] all the

external states are written as ket states:

1 ] B3 Bris) Biin() Prz—nyy [Hs) = A,
Tl ﬁllm (3) 5#1(3 Biin) Pi1,-nqy [ Hz) = Aa,
Il B22 Bris) Bi1n(1) Po2—nqy |Hs) = Az,
H 1<U|/63];n(3) IBm(:}) Brinq) Bor,—nqy |Hs) = Ag. (4.78)

We have already computed the string amplitudes in (4.78) in (4.31)-(4.34), finding
B+1

A = =X C’norm? sin® Tmp | (4.79)
Ay = 0, (4.80)
Ay = 0, (4.81)
Ay = NCuom ﬁ;; ! sin2rmg . (4.82)

We start our analysis from the first process (4.74). For this case, we have found in
the previous section that the corresponding coefficient by, ,, of the field theory three-
point function is exactly the same as that obtained in the case of BMN operators with
two scalar impurities of different flavours. This is due to the absence of compensating
terms in the operators participating in the process (4.74), so that only the diagrams
of Figure 4.1 contribute (with A4 replaced by the second A3). As explained in (4.51),
supersymmetry guarantees that the anomalous dimension of the two fermion BMN

operators is the same as that of two scalars; therefore, the coefficient an ny for the
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fermions is identical to that of two different scalars. The consequence of this is that
the gauge theory prediction for the string amplitude of (4.74) is exactly the same
as the prediction obtained in the case of BMN operators with two different scalar
impurities; and it was shown in [2] that there is precise agreement between the field
theory and string theory prediction in the case of two scalar impurities of different
flavours. The result obtained in string field theory for the process (4.74) is given in
(4.79). Indeed, this result (4.79) precisely coincides with the string amplitude for the
case of two scalar impurities, Eq. (4.36). This is our first test.

Two identical fermions, both in the unbarred and barred operators, take part in
the process in (4.75). The corresponding gauge theory calculation is therefore slightly
more complicated, since there are twice as many contractions as in the previous case,
and thus twice as many Feynman diagrams. Taking these diagrams into account, the

S and T matrices take the following form:
5mn g2 (Cm,qz - C'Tn,—qz)
S = + O(g3) (4.83)
92 (Coyn — C-py,n) dpg

I

1+ gos + O(g3) ,

( m? 8n g2 [Cm,qz (@ + b)m,q \
~Crn—gs (@ + b)m,—gs]
T — + O(g3) (4.84)
92 [Coym (@ + b)pym (P*/y?) Spqby
—C_pyn (a+ b)—py,n] )

= d + gt + O(g3).

In (4.84) the coefficient ap, ny is as in (4.51), and by, », is given in (4.52), as explained
in section 4.4. We should note the crucial minus sign between the two terms appearing

in the non-diagonal matrix elements of T". This comes from the anticommuting nature
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of the fermion impurities. We can now work out the expression for the matrix I of the
SYM dilatation operator in the field theory basis which is isomorphic to the natural

string basis. Using (4.50), we get immediately

m? 8,nn 0
C=d+g, [t —(1/2){s, d}] — N . (4.85)
0 (P*/?) Opebys
Thus, we conclude that the field theory prediction for the second process (4.75) is
0. This is in agreement with the vanishing of the corresponding string amplitude of
(4.80).

Next, we consider the third process, (4.76). In this case the compensating dia-
grams of Figure 4.2 should be taken into account. As we have noticed in the previous
section (see the discussion after (4.71)), the contribution of the compensating term is
the same as that arising from compensating terms of BMN operators with mixed (one
scalar-one vector) impurities. Furthermore, the contribution of the diagrams where
only the pure BMN parts of the operators is taken into account, is the same for all the
cases (i.e. scalar, mixed, vector and fermion impurities). Therefore, we conclude that
the coefficient by, n, appearing in the the three-point function, and thus the whole
calculation, are identical to the mixed case studied in [2].° It was found in [2] that
the matrix elements of the dilatation operator in the isomorphic to string basis for

the case of BMN operators with mixed impurities is given by

2 by 0
Toiad = A+ [ tmixea = (1/2){5,d}] = X . (4:86)
0 (P*/y?) bpqbys
Therefore, the previous result (4.86) precisely reproduces, in the gauge theory, the
vanishing three-string amplitude of (4.81).
Finally, we focus on the last process of (4.77). We noticed in section 4.4 that
the diagrams from the compensating terms contribute, in this case, exactly as the

diagrams from the compensating term for two vector operators. Following similar

9As before, in order to reach this conclusion we also used the fact that the anomalous dimension

of all two-impurity operators, i.e. is the am ny coeflicient, is the same for any kind of impurity.
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arguments as before, we conclude that the field theory prediction for this process is
the same as that for the vector case. The result for the vector case was found in [2]
to be equal to the negative of the result for the process for the scalars, which in turns
is equal to the result for (4.74). This is again in perfect agreement with the string
amplitude obtained in (4.82). This is our last test.

We close this section with a comment about how the Z, symmetry of the pp-wave
background is realised in the string amplitudes of (4.78). It is known that under
the Zg symmetry the two indices of a fermion creation or annihilation operator are

exchanged,

ZQ . :Baﬁ — :B,Ba . (487)

However, whereas the string vertex |H3) is invariant under Zs, the true vacuum |v)
corresponds to a combination of the trace of the metric and the five-form field on
one of the Ry’s [96], and thus one has to assign negative Z, parity to it [59, 65].
The correctness of this assignment was also verified from the field theory perspective
in [2] (see also the discussion in the Introduction). If we apply (4.87) to the string

amplitudes in (4.78) we obtain:

Z2A1 = Ay = A,
Z2142 = —-Ay=A4,,
LoAs = —Az=4s,
InAy = —A =A,. (4.88)

Therefore, we conclude that the Z; symmetry leaves the value of the string amplitudes
of (4.74)-(4.77) invariant.

In this chapter, we have investigated the fermionic sector of the pp-wave/SYM
duality to find perfect agreement between field theory and string theory providing,
thus, solid evidence in favour of the duality.

Recently, another type of weak-to-weak duality which relates N = 4 SYM to
a topological string theory in twistor space was proposed in [107]. This duality is
particularly interesting from both the theoretical and the phenomenological point of

view since it has inspired a completely new diagrammatic approach for calculating
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scattering amplitudes in gauge theory. We discuss this approach and some of its

generalisations in the next two chapters.



Chapter 5

Tree Amplitudes in Gauge
Theory as Scalar MHV

Diagrams

In a recent paper [107] Witten proposed that tree level amplitudes of N' =4 SYM
can be reproduced by integrating over the moduli space of certain D-instantons in
the open string topological B-model whose target space is the super-twistor space
CP3#. This gives rise to a new duality between weakly coupled N = 4 SYM and a
weakly coupled, topological string theory in twistor space.

Inspired by this correspondence, a novel diagrammatic method for calculating
all gluon scattering amplitudes at tree level was proposed by Cachazo, Svrcek and
Witten [106].

In this approach tree amplitudes in a pure gauge theory are found by summing
tree-level scalar Feynman diagrams with new vertices. The building blocks of this for-
malism are scalar propagators 1/p?, and tree-level maximal helicity violating (MHV)
amplitudes, which are interpreted as new scalar vertices. Using multi-particle ampli-
tudes as effective vertices enables one to save dramatically on a number of permuta-
tions in usual Feynman diagrams.

The new perturbation theory involves scalar diagrams since MHV vertices are
scalar quantities. They are linked together by scalar propagators at tree-level, and

the internal lines are continued off-shell in a particular fashion. The final result for

139



Chapter 5. Tree Amplitudes in Gauge Theory as Scalar MHV
Diagrams 140

any particular amplitude can be shown to be Lorentz-covariant and is independent
of a particular choice for the off-shell continuation. The authors of [106] derived
new expressions for a class of tree amplitudes with three negative helicities and any
number of positive ones. It has been verified in [106] and [108] that the new scalar
graph approach agrees with a number of known conventional results for scattering
amplitudes in pure gauge theory.

The aim of this chapter is to apply the new diagrammatic approach of [106] to
tree amplitudes which involve fermion fields as well as gluons. As we proceed we will
also describe the details of the CSW proposal. In the presence of fermions there are
two new classes of MHV vertices, which involve one and two quark-antiquark lines.
This is in addition to the the single class of purely gluonic MHV vertices considered
in [106]. All three classes of vertices can in principle be connected to one another via
propagators at tree level. This leads to new diagrams and provides us with useful
tests of the method. Confirmation of the new diagrammatic approach of [106] in
more general settings is important for two reasons. First, as mentioned earlier, this
approach offers a much simpler alternative to the usual Feynman diagrams in gauge
theory and can be used for deriving a variety of new closed-form expressions for multi-
parton tree amplitudes. Of course, in practice, in deriving multi-parton amplitudes
there is no need to calculate Feynman diagrams directly as there are other powerful
techniques based on the recursion relations [102,123]. We also hote that scalar graphs
as a powerful method for calculating amplitudes in field theories with gauge fields
and fermions was introduced already in [103].!

Qur second reason for studying and generalising this approach is its relation to
string theory in twistor space. On the string side, the SYM amplitude is interpreted
in [107] as coming from a D-instanton of charge d, where d is equal to the number of
negative helicity particles minus 1 plus the number of loops. The new scalar graph
method of [106] is interpreted on the string side as the contribution coming entirely

from d single instantons. On the other hand, in an interesting recent paper [104] it

Tn’ the approach of [103] one also works in the helicity basis and uses scalar propagators and
scalar vertices. However the scalar vertices utilized in [103] are not the MHV vertices used in [106]

and here.
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is argued that the SYM amplitude is fully determined by the opposite extreme case
- a single d-instanton. In principle, there are also contributions from a mixed set of
connected and disconnected instantons of total degree d.

From the gauge theory perspective, there are two questions we can ask:

(1) does the scalar formalism of [106] correctly incorporate gluinos in a generic
supersymmetric theory, and

(2) does it work for diagrams with fundamental quarks in a non-supersymmetric
SU(N) theory, i.e. in QCD?

It is often stated in the literature that any gauge theory is supersymmetric at tree
level. This is because at tree level superpartners cannot propagate in loops. This
observation, on its own, does not answer the question of how to relate amplitudes
with quarks to amplitudes with gluinos. The colour structure of these amplitudes
is clearly different.? However, we will see that the purely kinematic parts of these
amplitudes are the same at tree level.

In the next section we briefly recall well-known results about decomposition of full
amplitudes into the colour factor 7, and the purely kinematic partial amplitude A,.
A key point in the approach of [106] and also in [104,107] is that only the kinematic
amplitude A, is evaluated directly. Since A, does not contain colour factors, it is
the same for tree amplitudes involving quarks and for those with gluinos. There
is an important point we should stress here. A priori, when comparing kinematic
amplitudes in a non-supersymmetric and in a supersymmetric theory, we should make
sure that both theories have a similar field content. In particular, when comparing
kinematic amplitudes in QCD and in SYM, (at least initially) we need to restrict
to the SYM theory with vectors, fermions and no scalars. Scalars are potentially
dangerous, since they can propagate in the internal lines and spoil the agreement
between the amplitudes. Hence, while the kinematic tree-level amplitudes in massless
QCD agree with those in A/ = 1 pure SYM, one might worry that the agreement will
be lost when comparing QCD with N/ = 4 (and N/ = 2) theories. Fortunately,

2Also, amplitudes with gluons and gluinos are automatically planar at tree level. This is not
the case for tree diagrams with quarks, as they do contain 1/N-suppressed terms in SU(N) gauge

theory.
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this is not the case, the agreement between amplitudes in QCD and amplitudes in
SYM theories does not depend on A. The main point here is that in A/ = 2 and
N = 4 theories, the scalars ¢ couple to gluinos A4 and AZ from different N = 1

supermultiplets,
Svukawa = gym tt AZ[675, AG] + gymtr A%F[d,p, ABT], (5.1)

where A,B = 1,... N, and ¢*% = —¢P4, hence A # B. At the same time, in the
kinematic amplitudes quarks are identified with gluinos of the same fixed A, i.e.
g A= g e AL

QCD-amplitudes with m quarks, m antiquarks and [ gluons in external lines
correspond to SYM-amplitudes with m gluinos A'*, m anti-gluines A7, and ! gluons.
Since all external (anti)-gluinos are from the same A’ = 1 supermultiplet, they cannot
produce scalars in the internal lines of tree diagrams. These diagrams are the same
foral N =0,...,4. Of course, in N = 4 and N = 2 theories there are other classes
of diagrams with gluinos from different A" = 1 supermultiplets, and also with scalars
in external lines. Applications of the scalar graph approach to these more general
classes of tree amplitudes in ' = 2,4 are presented in [105].

We conclude that, if the new formalism gives correct results for partial amplitudes
A, in a supersymmetric theory, it will also work in a nonsupersymmetric case, and
for a finite number of colours. Full amplitudes are then determined uniquely from
the kinematic part A,, and the known expressions for Ty, given in (5.4), (5.6) below.
This means that for tree amplitudes questions (1) and (2) are essentially the same.

In section 5.2 we explain how the diagrammatic approach of [106] works for calcu-
lating scattering amplitudes of gluons and fermions at tree level. This method leads
to explicit and relatively simple expressions for many amplitudes. As a first example,
using the scalar graph approach, we derive an expression for non-MHV — — —+ .. +
amplitudes A, with two fermions and n — 2 gluons. We furthermore derive a non-
MHYV n-point amplitude which involves four fermions. These new results are checked

successfully against some previously known expressions for n = 4, 5.
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5.1 Tree Amplitudes

We concentrate on tree-level amplitudes in a gauge theory with an arbitrary finite
number of colours. For definiteness we take the gauge group to be SU(N) and
consider tree-level scattering amplitudes with arbitrary numbers of external gluons
and fermions (it is also straightforward to include scalar fields, .but we leave them out
from most of what follows for simplicity). SU(N) is unbroken and all fields are taken
to be massless, we refer to them generically as gluons, gluinos and quarks, though

the gauge theory is not necessarily assumed to be supersymmetric.

5.1.1 Colour decomposition

It is well-known that a full n-point amplitude M, can be represented as a sum of

products of colour factors T, and purely kinematic partial amplitudes A,,
Mo ({ki hiyci}) = Z Ta({com}) An({kotiy ho }) - (5.2)

Here {c;} are colour labels of external legs ¢ = 1...n, and the kinematic variables
{ki, h;} are on-shell external momenta and helicities: all k2 = 0, and h; = %1 for
gluons, h; = i-21- for fermions. The sum in (5.2) is over appropriate simultaneous
permutations o of colour labels {c,;)} and kinematic variables {k,(),houy}. The
colour factors T, are easy to determine, and the non-trivial information about the
full amplitude M, is contained in the purely kinematic part A,. If the partial
amplitudes A, ({ki, h;}) are known for all permutations ¢ of the kinematic variables,
the full amplitude M,, can be determined from (6.2).

We first consider tree amplitudes with arbitrary numbers of gluons and gluinos
(and with no quarks). The colour variables {¢;} correspond to the adjoint represen-

tation indices, {¢;} = {a;}, and the colour factor T;, is a single trace of generators,
MEP({kiy hiyai}) = ) tr(To0 . T%0) AX®(ko(1), hoqr)s - - s Kotm)s hom) - (5.3)

Here the sum is over (n — 1)! noncyclic inequivalent permutations of n external par-

ticles. The single-trace structure in (5.3),

T, = tr(T® ...T%™), (5.4)
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implies that all tree level amplitudes of particles transforming in the adjoint repre-
sentation of SU(N) are planar. This is not the case neither for loop amplitudes, nor
for tree amplitudes involving fundamental quarks.

Fields in the fundamental representation couple to the trace U(1) factor of the
U(N) gauge group. In passing to the SU(N) case this introduces power-suppressed
1/NP terms. However, there is a remarkable simplification for tree diagrams involving
fundamental quarks: the factorisation property (5.2) still holds. More precisely, for
a fixed colour ordering o, the amplitude with m quark-antiquark pairs and ! gluons

(and gluinos) is still a perfect product,

Tivom({co)}) Arrom({koqys ho@w }) » (5.5)

and all 1/N? corrections to the amplitude are contained in the first term. For tree

amplitudes the exact colour factor in (5.5) is [125]

—1)"
71l+2m = (Np) (’].m1 T )ilal(Tall'H I e )iza'z e (’Talm—l"'1 - Tal)imam . (56)
Here [y,..., [, correspond to an arbitrary partition of an arbitrary permutation of

the [ gluon indices; ii,...4,, are colour indices of quarks, and ay,...a, — of the
antiquarks. In perturbation theory each external quark is connected by a fermion
line to an external antiquark (all particles are counted as incoming). When quark
ix is connected by a fermion line to antiquark oy, we set ay = ix. Thus, the set of
ai,. ..o, is a permutation of the set 7;,...%,. Finally, the power p is equal to the
number of times oy = 7, minus 1. When there is only one quark-antiquark pair, m=1
and p=0. For a general m, the power p in (5.6) varies from 0 to m — 1.

The kinematic amplitudes A; o, in (5.5) have the colour information stripped off

and hence do not distinguish between fundamental quarks and adjoint gluinos. Thus,

Avom(q, .. G, vgt, .97, .) = Apam(AY, . AT 997, ), (BT

where ¢, q, g%, A* denote quarks, antiquarks, gluons and gluinos of % helicity.

In section 5.2 we will use the scalar graph formalism of [106] to evaluate the
kinematic amplitudes A, in (5.7). Full amplitudes can then be determined uniquely
from the kinematic part A,, and the known expressions for 7, in (5.4) and (5.6) by
summing over the inequivalent colour orderings in (5.2).

From now on we concentrate on the purely kinematic part of the amplitude, A,.
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5.1.2 Helicity amplitudes

We will be studying tree level partial amplitudes A, = A9 with [ gluons and 2m
fermions in the helicity basis. All external lines are defined to be incoming, and a
fermion of helicity +% is always connected by a fermion propagator to a helicity —%
fermion,® hence the number of fermions 2m is always even.

A tree amplitude A, with n or n — 1 particles of positive helicity vanishes iden-
tically. The same is true for A, with n or n — 1 particles of negative helicity. First
nonvanishing amplitudes contain n — 2 particles with helicities of the same sign and
are called maximal helicity violating (MHV) amplitudes.

The spinor helicity formalism* is defined in terms of two commuting spinors of
positive and negative chirality, A, and Aa- Using these spinors, any on-shell momen-

tum of a massless particle, p,p* = 0, can be written as
Paa = Pu0* = Aoha . (5.8)
Spinor inner products are introduced as
MNY = XN X V] = e , AN (5.9)
Then a scalar product of two null vectors, pge = /\a;\(z and quq = A;S\g, is
1 nry v/
pudt = 5(/\,/\)[/\,/\] . (5.10)

Momentum conservation in an n-point amplitude provides another useful identity

n

Z <)‘r Ai)[S‘i :\s] = 0 ’ (5.11)

i=1

for arbitrary 1 < r,s < n.

3This is generally correct only in theories without scalar fields. In the AV = 4 theory, a pair of
positive helicity fermions, A'*, A%+, can be connected to another pair of positive helicity fermions,
A3+, A% by a scalar propagator. As already mentioned in the introduction, for all amplitudes
considered in this chapter we will take external fermions from the same A = 1 supermultiplet, i.e.

A =1, and this will rule out contributions of scalar fields even in_the \/ = 4 theory.
4This formalism was used for calculating scattering amplitudes first in [122-124]. We follow

conventions of [107] and refer the reader also to comprehensive reviews [125,126] where more detail

and references can be found. Our helicity spinor conventions are summarised in the Appendix H
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In the usual perturbative evaluation of amplitudes, external on-shell lines in Feyn-
man diagrams are multiplied by wave-function factors: a polarization vector € for
each external gluon A,, and spinors uy and uy for external quarks and antiquarks.
The resulting amplitude is a Lorentz scalar. The spinors A and A are precisely the

wave-functions of fermions and corresponding antifermions (see Appendix H for more

detail)

U+(ki)a = )\ia y U.,.(k)i)d = 5\1','1 , (512)

and the polarization vectors € are also defined in a natural way in terms of \, A
(and a ‘reference’ spinor), as in [107).

Anlgt, - 997,00 91,95, 9510, gF) is the ‘mostly plus’ purely glu-
onic MHV amplitude with n — 2 gluons of positive helicity and 2 gluons of negative
helicity in positions r and s. To simplify notation, from now on we will not indicate
the positive helicity gluons in the mostly plus amplitudes and the negative helicity
gluons in the mostly minus amplitudes. Also, the mostly plus maximal helicity vio-
lating amplitudes will be referred to simply as the MHV amplitudes, and the mostly
minus maximal helicity violating amplitudes will be called the MHV. Finally, in all

the amplitudes A,, we will suppress the common momentum conservation factor of
n ~
ighat (2m)* 6@ (D Miahia) (5.13)
i=1

Using these conventions, the MHV gluonic amplitude is

_ A )t (r s)?
An(g,,95) = T Oy = T GidD) (5.14)

where A,;; = A;. The corresponding MHV amplitude with positive helicity gluons

in positions r and s is

+ 4y [5‘1"75‘8]4 _ [r 3]4
Anlgy . 95) = T o] = Mo v 1 (5.15)

The closed-form expressions (5.14), (5.15) were derived in [122,123]. These and other

results in the helicity formalism are reviewed in [125, 126].
An MHV amplitude A,, = Ajy2y with [ gluons and 2m fermions (from the same
N = 1 supermultiplet) exists only for m = 0,1,2. This is because it must have

precisely n — 2 particles with positive and 2 with negative helicities, and our fermions
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always come in pairs with helicities i%. Hence, including (5.14), there are three types

of MHV tree amplitudes,

An(97595) 5 An(gt_vAr—vA:) ) An(At—aA:vA;>A:) . (5.16)
Expressions for all three MHV amplitudes in (5.16) can be simply read off the N' = 4
supersymmetric formula of Nair {120):

. _
Niani n 5.17
Z n z 1(7‘ l + 1) ( )

where 7!, A= 1,2,3,4 is the N = 4 Grassmann coordinate. Taylor expanding (5.17)
in powers of 7;, one can identify each term in the expansion with a particular tree-
level MHV amplitude in the A/ = 4 theory. (m;)* for kK = 0,...,4 is interpreted as
the ¢*" particle with helicity h; = 1 — £. Hence, h; = {1,3,0,—3, =1}, where zero

is the helicity of a scalar field. It is straightforward to write down a general rule for

associating a power of n with all component fields in A/ = 4,

97 « nimindnt, ¢*F — P AT« gf ~ 1,
AT — —minint, AT — —nlndnt, Ay — —alnint, AL — —ninin}.
(5.18)

The amplitude (5.14) can be obtained from (5.17), (5.18) by selecting the (7,)* (1,)*
term; the second amplitude in (5.16) follows an appropriate (1;)*(n,)3(ns)! term in
(5.17); and the third amplitude in (5.16) is an (7,)3(ns) (7,)*(n,)! term. For our
calculations in addition to (5.14) we will need expressions for MHV amplitudes with
m = 1 and m = 2 pairs of fermions (with the same A). The MHV amplitude with

two external fermions and n — 2 gluons is

An(gr A AY) = ﬁ%—f% A(gt,A+A‘)=—ﬁ€f><z—§% (5.19)

where the first expression corresponds to 7 < s and the second to s < r (and ¢ is
arbitrary). The MHV amplitudes with four fermions and n — 4 gluons on external

lines are

_ _ tr)d(sgq o s5q
An(AtyA:’AraA;_)z ﬁ%)‘a An(At,ArvA:aA;_)Z _—T—TE—_—L
i=1 :
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The first expression in (5.20) corresponds to t < s < r < ¢, the second — to t < r <
s < g, and there are other similar expressions, obtained by further permutations of
fermions, with the overall sign determined by the ordering,.

The MHV amplitude can be obtained, as always, by exchanging helicities + «
— and (i j) < [¢ j]. Expressions (5.19), (5.20) can also be derived from N = 1
supersymmetric Ward identities, as in [125,126].

All amplitudes following from Nair’s general expression (5.17) are analytic in the
sense that they depend only on (); \;) spinor products, and not on [); Ai)- These
include amplitudes in (5.14), (5.19), (5.20), as well as more complicated classes of

amplitudes, i.e. with external gluinos A%, AP#4 etc, and with external scalar fields.

5.2 Calculating Amplitudes Using Scalar Graphs

The formalism of [106) represents all non-MHV tree amplitudes (including MHV) as
sums of tree diagrams in an effective scalar perturbation theory. The vertices in this
theory are the MHV amplitudes (5.16), continued off-shell as described below, and
connected by scalar bosonic propagators 1/p%.

An obvious question one might ask is why one should use the 1/p? propagator
when connecting fermion lines in MHV vertices (5.16). To answer this, recall that
the vertices (5.16) already contain the wave-function factors for all external lines,
including fermions (5.12). An incoming fermion in one MHV vertex, connected by

1/p? to an incoming antifermion of another MHV vertex, corrésponds to a factor of

Loy - P |
u4(P)a > +(P)a ol (5.21)

for an internal line in the usual Feynman diagram, which is just the right answer.

There is a subtlety with choosing the ordering of fermions in each vertex which is
explained in Appendix H in equations (H.5) and (H.7).

When one leg of an MHV vertex is connected by a propagator to a leg of another
MHV vertex, both of these legs become internal to the diagram and have to be
- continued off-shell. Off-shell continuation is defined as follows [106]: we pick an

arbitrary spinor 1% and define A, for any internal line carrying momentum p,4 by

Aa = Paat® . -' (5.22)
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The same 7 is used for all the off-shell lines in all diagrams contributing to a given
amplitude. In practice it will be convenient to choose 7% to be equal to A% of one
of the external legs of negative helicity. External lines in a diagram remain on-shell,
and for them A is defined in the usual way.

Since in each MHV vertex (5.16) there are precisely two lines with negative helic-
ities, and since a propagator always connects lines with opposite helicities, there is a
simple relation between the number of negative helicity particles in a given amplitude

and the number of MHV vertices needed to construct it,

gy +aey= Y v-1. (5.23)

Here q(—1) is the number of negative helicity gluons, q(-1y is the number of negative
helicity fermions, and }_ v is the total number of all MHV vertices (5.16) needed to
construct this amplitude.

This formalism leads to explicit and relatively simple expressions for many am-

plitudes. n-point amplitudes with three particles of negative helicity is the next case

beyond simple MHV amplitudes.

5.2.1 Calculating ———+++...4++ amplitudes with 2 fermions

To illustrate the power of the method in pure gauge theory, the authors of [106]
have calculated n gluon amplitudes with three consecutive gluons of negative helicity
— — —+++ ...+ +. In order to see precisely what is new when fermions are
present, and to provide another useful application of the method, in this section we
will calculate a similar amplitude with three negative helicities: which are now carried
by a fermion and two gluons.

We consider an n-point amplitude,
An(AT, 97,95, A8) (5.24)

with one fermion and two gluons of negative helicities consecutive to each other, and
a positive-helicity fermion in arbitrary position k, such that 3 < £ < n. As in the case
considered in [106], this amplitude comes from scalar diagrams with two vertices and

one propagator, but in our case there is more that one type of vertex in (5.16). There
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are three classes of scalar diagrams which contribute to A,(A7, 95,95, A7), they are
depicted in Figure 5.1. First two classes of diagrams involve the first and the second

vertex in (5.16), and the third class involves two second vertices in (5.16).

i+ (i+1)+

N
% _

Figure 5.1: Tree diagrams with MHV vertices contributing to the — — —+ ++... ++
amplitude with 2 fermions and n — 2 gluons in Eq. (5.24). Fermions are represented

by dashed lines and gluons — by solid lines.

First two diagrams in Figure 5.1 involve a gluon exchange. The third diagram
involves a fermion exchange, and can be schematically represented as
o 1 _ _
A(Al » 9o 1£) 65 A(gI} aA]_:’A__I_) . (525)
1
Here A and A~ denote internal off-shell fermions, which are Wick-contracted via
the scalar propagator 1/g%. The order in which these internal fermion appear in (5.25)

is according to the ket* ket™ prescription discussed in the Appendix H.
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The three diagrams in Figure 5.1 give

- 2,1)) (k (2,7)) 1 (2 3)°
P z+1 (i+1i+2)...(nl) ¢ ((2,7) 2)(34)...( (2,7))
k—1 .
(12)? (k 2) 1 ((3,4) 3)°
+ ; 20N i+1)...(n1) ¢& (34)...(i—14)( (3,9)) (5.26)
- —(1 2)? 1 ((3,4) 3)* (k 3)

+

%

(3,8 i+ 1)(i+15+2)...(n1) ¢& (34)...(i—1i)( (3,0))

)

Following notations of [106] we have introduced ¢;; = p; + pi4+1 + - - - + p;. The corre-
sponding off-shell spinor \;;, is defined as in (6.1), A\ijo = @ij0am® All other spinors
A; are on-shell and (i (4, k)) is an abbreviation for a spinor product (A;, Ajx).

As in [106] we choose 7% = A%, and evaluate the amplitude (5.26) as a function
of the on-shell kinematic variables, A; and A;, Ay, As. The final expression for the
amplitude can be written as the sum of three terms:

1
[Ts (tL+1)

We have to treat the ¢ = 3 term in the first sum in (5.26) and the ¢ = n term in

A, = [AD + AP 4 A (5.27)

the last sum in (5.26) separately, as individually they are singular for our choice of
n® = A4, These two terms are assembled into A%

For ¢ # 3 the first and the second lines in (5.26) give

o _ N Gi+1)
A ; (i_|¢j2,i|2_>((i + 1)-M:’+1,2|2_)<2_Mz,i|2“)

. ((3 20 (17 Iy, 1127)° (k7 Il27) L 2)*(k 2><3‘|¢L+1,2|2‘>3> |

D) 2
as; @12

(5.28)

In evaluating (5.28) we used the Lorentz-invariant combination (i |p |7~) = i®p.aj®,
see Eq. (H.3) in the Appendix H. We also used momentum conservation to set g3 ; =
—@it+1,2, and the anticommuting nature of spinor products to simplify the formula.

The second term in (5.27) is the contribution of the third line in (5.26) for i # n.
We find

2
L

1 (12)% (k 3) (37 |#iy10127)?
qi2‘+l,2 (Z'_Mi+1,2|2_>7<>(7: + 1) dipr0127)

The remaining terms — the ¢ = 3 term in the first sum in (5.26) and the ¢ = n term in

A® = (ii+1)

n

(5.29)

If
>

i

the last sum in (5.26) — both contain a factor [2 7] in the denominator and are singular
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for |n~) = |27). For the method to work, the singularity has to cancel between
the two terms. This is indeed the case, and rather nontrivially the cancellation
occurs between the diagrams of different types — the first and the last in Figure 5.1
—~ with different MHV vertices. After the singularity cancels, the remaining finite
contribution from these two terms is derived by setting |n~) = |27) + |¢7), bringing
two terms to a common denominator and using Schouten’s identity, [o B][y d] +
[a 7][6 B]+ [ 8][B ] = 0. In the end |¢™) is set to zero. The result is

3) S13 + 2(812 + 823) (3 1><2 n) (3 1)(2 4) (3 1)(2 k?)
AV = B 1 K ( M2z3 00w 2aEY 230G k>)

(5.30)
where sgm = (pk + pm)? = (k m)[k m].
5.2.2 Tests of the amplitude (5.27)—(5.30)
We will now test our result for an n-point — — — + + + ... + + amplitude with 2

fermions, against some known simple cases with n = 4, 5.
We first consider a 4-point amplitude with three negative helicities,
A4(AT,95,95,Af) and check if this amplitude vanishes. Hence, we set n = 4 = k

and find that

AV=10, A® =9, (5.31)
since both expressions, (5.28) and (5.29), are proportional to Y ._,... = 0. The

remaining contribution A® in (5.30) gives

A®) = (31)(3 k) (— ([i 2;[[21 3]] 8 1><12 4>) = 0. (5.32)

Here we first used that for n = 4 case sj3+893+513 = 0, and a momentum conservation
identity, (4 1)[1 3] + (4 2)[2 3] = 0.

The next test involves a 5-point amplitude with three negative helicities,
As(AT,95,95,AF,93). This is necessarily an MHV amplitude, or a mostly minus
MHYV amplitude which is (cf second equation in (5.19))

54251 [4 5)2
[fi+1) (12]23]34]°

AS(Al—’ 92,93 A:i’_)gs ) = - (533)
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We set n = 5, k = 4 and evaluate expressions in (5.28)-(5.30). First, we notice again
that
A =0, (5.34)

since Zf:4 = 0. However, Aﬁ;"" and AS’) are both non-zero,

A 422 (12)? 1
M, i+ (15?2 122334’ (5.35)
A _ @ (4545 (13)[13  (31){(25)
M (41 (45)(G1) ( 1223 (1223 ' [12)(1 5)) (5.36)

We further use a momentum conservation identity to re-write the first factor in (5.35)
as
42 (1 2)? 13)[3 4]\? 13)2 [3 4]2 1 3)[3 4][4
o027 (g GOV g PRI 01008 S

(15)2 (15) (15)2 (15)
(5.37)

Now, the last term on the right hand side of (5.37) cancels the first term in brackets
in (5.35) and the second term in (5.37) cancels the last two terms in (5.35) via an
identity

[341(45)+[3 1](15)+[32](25) =0. (5.38)

The remaining [4 5]® term on the right hand side of (5.35) leads to the final answer

for the amplitude,
4 5
(12][23][34]

We expect that other, more involved tests of the amplitude at the 6-point level

(5.39)

and beyond will also be successful.

5.2.3 Calculating ———+++...4++ amplitudes with 4 fermions

Since the scalar graph method gives correct results for non-MHV amplitudes with 2
external fermions, the next step is to apply this method to 4-fermion amplitudes. In
this section we will calculate an n-point amplitude with 4 fermions for three negative

helicities consecutive to each other,

An(g;’AE)AB—)A:’A;) ’ : (540)
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where 3 < p < ¢ < n. As always, positive-helicity gluons in amplitudes will not be
indicated explicitly, unless they appear in internal lines.

There are four scalar diagrams which contribute to this process. They are drawn
in Figure 5.2. The first diagram in Figure 5.2 is a gluon exchange between two

2-fermion MHV-vertices. This diagram has a schematic form,
- A~ 1 _ _
A(gl aAQ’QaA;_) ? A(AS’A;-,Q—I) . (541)
2 J=1

Here i and g_; are off—shell (internal) gluons which are Wick-contracted via a scalar
propagator, and I = (3,1).

The second diagram involves a gluon exchange between a O-fermion and a 4-
fermion MHV vertex,

Algr»97) ql% A(Ay Ay AS AL 9% (5.42)
with external index I = (2,1). Note that this diagram exists only for n > 5, i.e. there
must be at least one g* in the first vertex, otherwise it is a 2-point vertex which does
not exist.

The third and the fourth diagrams in Figure 5.2 involve a fermion exchange be-
tween a 2-fermion and a 4-fermion MHV vewrtices. They are given, respectively

by

1
A(Ay, A3, AT AT)) p A(Ay, 91, A7) (5.43)
I
with I = (2,4), and
1 _ _
Algr, A3, A)) z A(AT, NS A AT (5.44)
2 Ar

with I = (3,1). Both expressions, (5.43) and (5.44), are written in the form which is
in agreement with our ordering prescription for internal fermions, ket* ket™.

We will continue using the same of-shell prescription n* = A% as in the section
5.2.1. But there is an important simplification in the present case compared to 5.2.1
— there will be no singular terms appearing in individual diagrams. This is because
the reference spinor n* = A% now corresponds to a gluino, rather than a gluon g~.
The reason for singularities encountered in section 5.2.1 and in Ref. [106] was simply

the singular collinear limit of the 3-gluon vertex where all gluons went on-shell. We
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i+ i+ 1)+

Figure 5.2: Diagrams contributing to the 4-fermion n-point amplitude (5.40)
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will see that these singularities would not occur in the present case, and not having
to cancel them will save us some work.?

For extra clarity we will first present a simpler version of the evaluation of (5.40)
for the case n = 5. This result will then be generalized to all values of n. For n = 5,
we set p =4 and ¢ = 5 in (5.40), and the calculation is straightforward.

1. The first diagram in Figure 5.2, Eq. (5.41), is

—(12)?

1 2
(@3RI +CHRANGE D21 (3434 (43)[24]

) 2 4P(1 2)? (5.45)
[34]((23)[2 3]+ (2 4)[24])(5 1)[2 1]
2. The second diagram is zero.
3. The third diagram, Eq. (5.43), is
—(2 3)? o1 (5 1)[2 5)2
@3R3+ @H24E4) LB 21
_ —[2 5]*(2 3) (540)
U e )23 +(2a24E e
4. The fourth diagram, Eq. (5.44):
(2 1) 1 @121 (3 1)2 (5.47)

21 Q212 @41y  [21E4H(E1)
Now, we need to add up the three contributions. We first combine the expressions
in (5.45) and (5.46) into

[4 5]° (3 1)7

ZUB4p1  RUEIGE D (5.48)

using momentum conservation identitites, and the fact that (2 3)[2 3] + (2 4)[2 4] =
—(3 4)[3 4] + (5 1)[5 1]. Then, adding the remaining contribution (5.47) we obtain

the final result for the amplitude,

—[45P23
As(gr, Ay, Ay A A = [4 5)°[2 3]

TN RIBAEE (5.49)

which is the precisely right answer for the MHV-bar 5-point ‘mostly minus’ diagram!

5In view of this, the calculation in section 5.2.1 could have been made simpler, if we had chosen

the reference spinor to be the spinor of the negative-helicity gluino AT .
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We now present the general expression for the amplitude with n external legs.

Using the same prescription for the vertices as above the first diagram of Figure 5.2

gives
S (12)2 {1 q) 1B -6 -G
" o (2B, )@ i+ 1)E+1e+2)...(n1) ¢4 (34)...(a —(3,2))(—(3,7) 3)
- 1 Uik (1 2>2<1 Q><Z 1+ 1>(3_|di+1,2|2_>2<p_|¢2,i|2->
H?:s (L1+1) i=p q12+1,2(i‘|¢2,i|2‘>((i + 1)-]41'4-1,2]2—)(2"|542,i|2_> ‘
(5.50)
For the second diagram of Figure 5.2 one obtains
0 _ (1 (2,4))° 1 —(23)*(p g)
An iz:;(( )z+1)(z+1z+2) (n1) g3; (34)...(1 —(2,9))(—(2,7) 2)
"Z‘l 23)"(p g)(i i+ 1)(17|gy,[27)°
Hl =3 ll"‘l iq 5, (i” Mzzlz M@+ 1)7 | 1,0127 (27 [d,127) .
(5.51)

The contribution of the third diagram of Figure 5.2 is

6 _ (1(2,0))2 (1¢q) 1 —(23)%(p — (2,4))
An Z (2, )z+1)(z+11+2 An 1) 3 (34)...04 —(2,9))(—(2,1) 2)

).
Lg)(i i+ 1)(p7 1,127 ) (17|, ;27)
270 (i + 1)~ |¢i+1,2|2 )(2_|¢2‘i|2_> ‘

MH

Hl(} ll+1 Q17'|¢21|

i=p

(5.52)

Finally, from the fourth diagram of Figure 5.2 we get

n 12)2 (1 (3,4)) 1 -3 —(3,9))*(pq)

(4) _ ( _
An Z<2 (3,@'))((3,2’)z'+1)(i+1z'+2)...(n ) @, 34)...(i —(3,i))(—(3,3) 3)

i=q

i (12 p gy (i i+ 1><3_M:‘+1,2|2_>2<1_M2,i|2_>
Hz =3 “+1 =g q,2+12 e MQZIQ (2 + 1)—|¢i+1,2'2_><2_M2,il2~> '
(5.53)
One can combine the result for the first and the third diagram to get:
qg—1
Asll,s) _ Z (Lg)(ii+1)(p|h,:127) _ (5.54)
Hl s l L+1) iep (i~ Mzz'Q M+ 1)~ |¢ji+1,2|2 M2~ MQ,i'z )
12)%(37|g. 27)2 2 3)2(17|¢,.]27)?
(2 a2 @R
Git1,2 42,
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The final result for the n-point amplitude is with 4 fermions
An(gr, A5 A5, A, A7) = AT + A + AD (5.56)

All the individual terms are regular, and the equation above is the final result of this
section.

In this chapter, we saw how the CSW method, initially used for gluonic ampli-
tudes in N = 4 SYM, can be naturally extended to include fermions in theories with
any degree of supersymmetry A = 4,2,1,0. This method appears to be much more
efficient than the usual Feynman diagrammatic method especially when the number
of external particles increases. In the next chapter, we shall see how the application
of the CSW method to amplitudes involving fermions leads to expressions free of un-
physical singularities related to the choice of the reference spinor. The purely gluonic
amplitudes can then be straightforwardly obtained by employing supersymmetric

Ward identities to express them in terms of amplitudes with gluons and fermions.



Chapter 6

Non-MHYV tree amplitudes in

gauge theory

In the previous chapter, we explained, in some detail, how the CSW method can be
used to calculate gauge theory amplitudes in theories with any degree of supersym-
metry and any number of colours.

In the present chapter we show how non-MHV (NMHYV) tree-level amplitudes in
0 < N < 4 gauge theories can be obtained directly from the scalar graph approach.
One of the main points we want to make is that after the ‘Feynman rules’ for scalar
diagrams are used, together with the off-shell continuation of helicity spinors on
internal lines, expressions for all relevant individual diagrams are automatically free of
unphysical singularities at generic phase space points, and amplitudes are manifestly
Lorentz- (and gauge-) invariant. Hence, no further helicity-spinor algebra is required
to convert the results into an immediately usable form.

To illustrate the method, we will derive expressions for n-point amplitudes with
three negative helicities carried by fermions and/or gluons. We will also write down
a supersymmetric expression which gives rise to all such amplitudes in 0 < N < 4
gauge theories. This complements a very recent calculation of Kosower [110] of such
amplitudes in the purely gluonic case.

As in 4], we will consider tree-level amplitudes in a generic SU(NV) gauge theory
with an arbitrary finite number of colours. SU(N) is unbroken and all fields are

taken to be massless, we refer to them generically as gluons, fermions and scalars.

159
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The gauge theory is not necessarily assumed to be supersymmetric, i.e. the number
of supercharges is 4N, where 0 < N < 4.

This chapter is organised as follows. In section 6.2 we will use supersymmetric
Ward identities to express NMHV purely gluonic amplitudes in terms of NMHV
amplitudes with gluons and two fermions!. Then, using the CSW scalar graph method
for gluons [106] and fermions [4], in sections 6.3 and 6.4 we will derive expressions for
the NMHV amplitudes with three negative helicities involving gluons and fermions.

Section 6.5 of this chapter considers the scalar graph method with the single an-
alytic supervertex of Nair [120]. We provide a single formula which gives rise to all
tree-level NMHV amplitudes with three negative helicities in 0 < N < 4 supersym-
metric gauge theories, involving all possible configurations of gauge fields, fermions
and scalars. There is also no principal obstacle to continue with further iterations
of the analytic supervertex and derive formal expressions for tree amplitudes with
an arbitrary number of negative helicities. Depending on the topology of the iter-
ation, these expressions would correspond to different skeleton diagrams of [109] in

0 < N < 4 supersymmetric gauge theories.

6.1 Amplitudes in the spinor helicity formalism

We will first consider theories with A/ < 1 supersymmetry. Gauge theories with
extended supersymmetry have a more intricate behaviour of their amplitudes in the
helicity basis and their study will be postponed until section 6.5. Theories with N = 4
(or N' = 2) supersymmetry have A different species of gluinos and 6 (or 4) scalar
fields. This leads to a large number of elementary MHV-like vertices in the scalar
graph formalism. This proliferation of elementary vertices asks for a super-graph
generalization of the CSW scalar graph method, which will be outlined in section

6.5.

't may be worthwhile to note that while a gluonic non-MHV amplitude can be determined in
terms of amplitudes with fermions and gluons, the converse of this statement is not true. Indi-
vidual non-MHV amplitudes involving fermions cannot be deduced with susy Ward identities from

amplitudes with gluons only.
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Now we concentrate on tree level partial amplitudes A, = A9, with [ gluons and
2m fermions in the helicity basis, and all external lines are defined to be incoming.
The three types of MHV tree amplitudes in N < 1 theories are given by (5.14), (5.19)
and (5.20).

6.2 Gluonic NMHV amplitudes and the CSW
method

The formalism of CSW was developed in [106] for calculating purely gluonic ampli-
tudes at tree level. In this approach all non-MHV n-gluon amplitudes (including
MHYV) are expressed as sums of tree diagrams in an effective scalar perturbation the-
ory. The vertices in this theory are the MHV amplitudes (5.14), continued off-shell
as described below, and connected by scalar propagators 1/q%

Based on [4], it was shown in the previous chapter that the same idea continues
to work in theories with fermions and gluons. Scattering amplitudes are determined
from scalar diagrams with three types of MHV vertices, (5.14),(5.19) and (5.20),
which are connected to each other with scalar propagators 1/¢%. Also, at tree level,
supersymmetry is irrelevant and the method applies to supersymmetric and non-
supersymmetric theories [4].

When one leg of an MHV vertex is connected by a propagator to a leg of another
MHYV vertex, both legs become internal to the diagram and have to be continued off-
shell. Off-shell continuation is defined as follows [106]: we pick an arbitrary spinor

€% . and define )\, for any internal line carrying momentum g, by

Ao = Gaall, . (6.1)

External lines in a diagram remain on-shell, and for them X is defined in the usual
way. For the off-shell lines, the same &g, is used in all diagrams contributing to a
given amplitude. |

For practical applications the authors of [106] have chosen &2 in (6.1) to be equal

to A® of one of the external legs of negative helicity, e.g. the first one,

fnef = 5\(11 . (6'2)
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This corresponds to identifying the reference spinor with one of the kinematic vari-
ables of the theory. The explicit dependence on the reference spinor £¢, disappears
and the resulting expressions for all scalar diagrams in the CSW approach are the
functions only of the kinematic variables \;, and :\;‘ This means that the expres-
sions for all individual diagrams automatically appear to be Lorentz-invariant (in the
sense that they do not depend on an external spinor £2 ) and also gauge-invariant
(since the reference spinor corresponds to the axial gauge fixing n,A* = 0, where
Nai = Ereralrora)-

There is a price to pay for this invariance of the individual diagrams. Equa-
tions (6.1),(6.2) lead to unphysical singularities? which occur for the whole of phase
space and which have to be cancelled between the individual diagrams. The result
for the total amplitude is, of course, free of these unphysical singularities, but their
cancellation and the retention of the finite part requires some work, see [106] and
section 3.1 of [4].

It will be important for the purposes of this chapter to note that these unphysical
singularities are specific to the three-gluon MHV vertices and, importantly, they do
not occur in any of the MHV vertices involving a fermion field [4]. To see how these

singularities arise in gluon vertices, consider a 3-point MHV vertex,
12)4 (12)3
As(97,95,97) = ( = . 6.3
This vertex exists only when one of the legs is off-shell. Take it to be the g7 leg.

Then Egs. (6.1), (6.2) give

Asa= P1+p) M= —Ma[11]— Ma[21]= —Xa[21]. (6.4)

This implies that (2 3) = —(2 2)[2 1] = 0, and the denominator of (6.3) vanishes.
This is precisely the singularity we are after. If instead of the g5 leg, one takes the
g5 leg go off-shell, then, (2 3) = —(3 3)(3 1] = 0 again.

Now consider a three-point MHV vertex involving two fermions and a gluon,

ol @Ry ey
Ao )= o sEn T ey ©9

2Unphysical means that these singularities are not the standard IR soft and collinear divergences

in the amplitudes.
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Choose the reference spinor to be as before, 5\‘1‘, and take the second or the third
leg off-shell. This again makes (2 3) = 0, but now the factor of (2 3) is cancelled
on the right hand side of (6.5). Hence, the vertex (6.5) is regular, and there are
no unphysical singularities in the amplitudes involving at least one negative helicity
fermion when it’s helicity is chosen to be the reference spinor {4]. One concludes that
the difficulties with singularities at intermediate stages of the calculation occur only
in purely gluonic amplitudes. One way to avoid these intermediate singularities is to
choose an off-shell continuation different from the CSW prescription (6.1),(6.2).

Kosower [110] used an off-shell continuation by projection of the off-shell momen-
tum with respect to an on-shell reference momentum gk.;, to derive, for the first time,
an expression for a general NMHV amplitude with three negative helicity gluons. The
amplitude in [110] was from the start free of unphysical divergences, however it re-
quired a certain amount of spinor algebra to bring it into the form independent of
the reference momentum.

Here we will propose another simple method for finding all purely gluonic NMHV
amplitudes. Using A = 1 supersymmetric Ward identities one can relate purely glu-
onic amplitudes to a linear combination of amplitudes with one fermion—antifermion
pair. As explained above, the latter are free of singularities and are manifestly
Lorentz-invariant. These fermionic amplitudes will be calculated in the following
section using the CSW scalar graph approach with fermions [4}.

To derive supersymmetric Ward identities [121] we use the fact that, supercharges

() annihilate the vacuum, and consider the following equation,

([Q,A:...g;l...gr_z...g;...]):O, (6.6)

where dots indicate positive helicity gluons. In order to make anticommuting spinor
@ to be a singlet entering a commutative (rather than anticommutative) algebra with
all the fields we contract it with a commuting spinor 7 and multiply it by a Grassmann
number . This defines a commuting singlet operator Q(n). Following [126] we can

write down the following susy algebra relations,

[@n), AT(K)] = —0(nk)g™ (k) , [Q(n), A"(k)] = +0[n klg~(k),
(@), g™ (k)] = +0(n k) A~(k) . [Qn), g™ (k)] = —Oln kAT (k) .

(6.7)



6.3. NMHYV (- - -) Amplitudes with Two Fermions 164

In what follows, the anticommuting parameter § will cancel from the relevant expres-
sions for the amplitudes. The arbitrary spinors 7,, 74, will be fixed below. It then
follows from (6.7) that

(M k) An(9r,2 9 9r) = (1 11) An(AL AL 95, 90) + (0 12) Aa(A 97, AL 97,)
+(n 73) An(AL, 95, 95, M)
(6.8)

After choosing 7 to be one of the three r; we find from (6.8) that the purely gluonic
amplitude with three negative helicities is given by a sum of two fermion-antifermion-
gluon-gluon amplitudes. Note that in the expressions above and in what follows, in
n-point amplitudes we show only the relevant particles, and suppress all the positive
helicity gluons g™.

Remarkably, this approach works for any number of negative helicities, and the
NMHYV amplitude with h negative gluons is expressed via a simple linear combination
of h — 1 NMHV amplitudes with one fermion-antifermion paif.

In sections 6.3 and 6.4 we will evaluate NMHV amplitudes with fermions. In

particular, in section 6.3 we will calculate the following three amplitudes,
An(Ary 9 Gmgn A) 0 An(B 9y A 9) o An(Ary AL Oy 9) - (6.9)

In terms of these, the purely gluonic amplitude of (6.8) reads

o {n 1) -
An(gn 1y Org) grs) = — ('r] k)) An(Aml » Imar Img> A:)|m1=rl.m2=7‘2,m3:r3
7 T2) - B
— <<77 k;) An(Aml 1 Gmg» A:) gms) |m1=Tz,m2=r3,m3:r1 (610)
(n 13) _ L
— (77 k) An(Amla A;:, gmga gm3)|m1:r3’m_2:n,m3:r2 ,

and 7 can be chosen to be one of the three m; to further simplify this formula.

6.3 NMHYV (- --) Amplitudes with Two Fermions

We start with the case of one fermion-antifermion pair, A=, A*, and an arbitrary
number of gluons, g. The amplitude has a schematic form, A,(A,,, g, g;m,A,j),

and without loss of generality we can have m; < my < ms. With these conventions,
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there are three different classes of amplitudes depending on the position of the A}

fermion relative to my, my, ms:

An(A s Grs I A | (6.11a)
An(Arys Gy AL Gmg) (6.11b)
A (AmlyAkagmz)gmB) . (611C)

Each of these three amplitudes receives contributions from different types of scalar
diagrams in the CSW approach. In all of these scalar diagrams there are precisely
two MHV vertices connected to each other by a single scalar propagator [106]. We
will always arrange these diagrams in such a way that the MHV vertex on the left has
a positive helicity on the internal line, and the right vertex has a negative helicity.
Then, there are three choices one can make [110] for the pair of negative helicity
particles to enter external lines of the left vertex, (m,ms), (maq, m3), or (m3, my).
In addition to this, each diagram in A/ < 1 theory corresponds to either a gluon
exchange, or a fermion exchange.

The diagrams contributing to the first process (6.11a) are drawn in Figure 6.1.
There are three gluon exchange diagrams for all three partitions (ma, m3), (my, ms),
(m3, m1), and there is one fermion exchange diagram for the partition (mj, m,).

It is now straightforward, using the expressions for the MHV vertices (5.14),(5.19),

to write down an analytic expression for the first diagram of Figure 6.1:

) LG G+ 1,0 m) G+ 1,5) k) @i+ 1) g+ 1)
AD Hzl ll+1 lzm;; PE+L)NE+1,5) i+ 1) @1y
9 (ma mg)?
((G+ L)1+ 1) (G +1,9)

(6.12)

This expression is a direct rendering of the ‘Feynman rules’ for the scalar graph
method [4,106], followed by factoring out the overall factor of (J], ({ { + 1))~'. The
objects (i + 1, j) and (j + 1,4) appearing on the right hand side of (6.12) denote the

spinors A;y1; and A;41; corresponding to the off-shell momentum g;;; ;
Gi+1j = Pir1+tPiret. . +Dj, G41i = Pjv1tPjret - +Pi, Qi+ g1 = 0 (6.13)

Aitlja = GirljaaCh = —Ajtlia s (6.14)
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Figure 6.1: Tree diagrams with MHV vertices contributing to the amplitude
An(Am, 9y 9mgs A ). Fermions, A* and A™, are represented by dashed lines and
negative helicity gluons, g~, by solid lines. Positive helicity gluons gt emitted from
each vertex are indicated by dotted semicircles with labels showing the bounding g*

lines in each MHV vertex.

where €2, is the reference (dotted) spinor [106] as in Eq. (6.1). All other spinors J;
are on-shell and (i (7, k)) is an abbreviation for a spinor product (A, Aji).
Having the freedom to choose any reference spinor we will always choose it to be

the spinor of the fermion A~. In this secfion, this is the spinor of A, ,
Erer = 5\?,11 . (6.15)

We can now re-write

(@ G+ 1L,)00E+1,5) j+ 10 +1,9) i+ 15 G+ 1L.2)

(6.16)
= (i_l¢i+1,j|ml_><j + 1_|¢i+1,j'ml—)<i + 1_Mi-{—l.jlml_)<j_|¢i+1,j|ml_> )
and define a universal combination,
2
. . _ . _ g : _ qiy1,4
D= Mi-{-l,jlml Wit+1 Mi—{-l,jlml Hi+1 M1+1,j|m1 1) Mi+1,j|m1 ) Gi+t 1;(1].]]- +1)
(6.17)

Note that Here we introduced the standard Lorentz-invariant matrix element

(i™|P o|77) = i® Pk aa g% which in terms of the spinor products is

@lpRlimy = @1 ke Ko i) = —(@ k)[R )= (k) [j A (6.18)



6.3. NMHYV (- - -) Amplitudes with Two Fermions 167

The expression for AY now becomes:

mo—1 k—1 — —\3/1.— _ 4
AW — Z Z (m Mi—{—l,j'ml ) (k Mi—f-l,jlml ){ma mg) (6.19)
H“”+ 55 D
For the second diagram of Figure 6.1, we have
kol masl g~ —\4 3
(m3 |1 5lmy ) (ma ma)*(ma k)
A® - T4 3 Wit1,5 ‘ ‘
" Hll ll+1 ZZ D ' (6.20)

i=mg j=my
The MHV vertex on the right in the second diagram in Figure 6.1 can collapse to a
2-leg vertex. This occurs when 7 = m3 and j + 1 = mg. This vertex is identically
zero, since gj41; = Pmy = —Gi+1,j, and (mg mg) = 0. Similar considerations apply in
(6.21), (6.25), (6.27), (6.30), (6.31), (6.36) and (6.44).
Expressions corresponding to the third and fourth diagrams in Figure 6.1 are
ma—1 ma-l

— —\4 3
A® R ”+ Z 3 (my '¢i+1,j'm1>1§m3 )" (my k>, (6.21)
=1

i=ma j=m
AW ”*’i‘ ”‘il (M5 15100 (3 W gl ) (e ma)*(mg k)
m IR+ ll+1 D '

Jj=m2

(6.22)

Note that the first sum in (6.22), Z;’Ikm"l, is understood to run in cyclic order, for
example 2?24 = D i—4..m123- The same comment will also apply to similar sums in
Egs. (6.24), (6.27), (6.29), (6.30) below.

The total amplitude is the sum of (6.19), (6.20), (6.21) and (6.22),

4

An(Brnys Gmgs G M) = DAY (6.23)

There are three sources of zeroes in the denominator combination D defined in
(6.17). First, there are genuine zeroes in, for example, (i~ |¢,,, ;lm7) when gy, is
proportional to p;. This occurs when 7 = ¢ — 1. Such terms are always associated
with two-leg vertices as discussed above and produce zeroes in the numerator. In
fact, the number of zeroes in the numerator always exceeds the number of zeroes in
the denominator and this contribution vanishes. Second, there are zeroes associated
with three-point vertices when, for example, ¢ = my and giy1,; = Pm, + Pm, SO that

(mg|nt, +mylm7) = 0. As discussed in Sec. 2, there is always a compensatin
1 217t )
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Figure 6.2: Tree diagrams with MHV vertices contributing to the amplitude
An(Amy G AR S G )-

factor in the numerator. Such terms give a finite contribution (see (6.5)). Third,
there are accidental zeroes when ¢, ; happens to be a linear combination of p; and
Pm,. For general phase space points this is not the case. However, at certain phase
space points, the Gram determinant of p;, p,,, and ¢;41,; does vanish. This produces
an apparent singularity in individual terms in (6.19)-(6.22) which cancels when all
contributions are taken into account. This cancellation can be achieved numerically
or straightforwardly eliminated using standard spinor techniques [110].

For the special case of coincident negative helicities, m; = 1, ms = 2, mg = 3, the
double sums in Egs. (6.19)—(6.22) collapse to single sums. Furthermore, we see that
the contribution from (6.21) vanishes due to momentum conservation, ¢z; = 0. The
remaining three terms agree with the result presented in Eq. (3.6) of Ref. [4].

We now consider the second amplitude, Eq. (6.11b). The scalar graph diagrams
are shown in Figure 6.2. There is a fermion exchange and a gluon exchange diagram
for two of the line assignments, (m;, my), and (ms,m;), and none for the remaining

assignment (mg, ms).
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These four diagrams result in:

n+my—1 k-1

AS)' Z Z ms_MiH,j|m1—>3(m2—ldi+1,j|ml_><m2 my)*(ms k)
]._Il 1 ll+1 i=m3 j=m2 D (
6.24)
k—1 m 1 — —\4 3
, (Mg Iy g lmy ) (ms ma)*(ms k)
A(Q) 2 1Hi41,5 6.25
T, ¢ ll+1127;2]§] D ’ ( )
A(s)/ mazl mij m;|¢ji+1,j|m1—>3<m3_|¢i+1,j|m1_>(m3 m1)*(ma k)
e, @i+ ll+1 —~ = D ’
(6.26)
n+mi—1 mg~—1 m—M .|m_)4(m2 m1>3<m2 k)
AW _ 3 Mg 6.2
S I PP D -
and the final answer for (6.11b) is
4 .
An(Drys Gy AF 1 0mg) = DAY (6.28)
i=1

Finally, we give the result for (6.11c). The corresponding diagrams are drawn in
Figure 6.3. We find

ma—1n+m;— 1 - —\3/1.— _ 4
AS)H 1—[ l D Z Z (m; |¢ji+1,j|m1 ) (k gﬂ-l,jlml ){ma2 m) (6.29)

j=ms

n+mi—1mg l

p 3 i1 imy ) (ma ma)P(my k
LS il P

zm;;]mz

A®)" — mzs:l mi:l m2_|41+1,j'm1—>4(m3 m1)*(mg k) (6.31)
- | D |
i=mg j=k
A(4)u mi:l kz:l m:'z—Mi+1,j|m1_>3(m5|¢i+1,j|m1_><m3 ma)*(m, k)
Ht , (! l + 1) D '

i=my j=m,

(6.32)

As before, the full amplitude is given by the sum of contributions,

4
An(Brnys MY Gy ) = DAY (6.33)
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Figure 6.3: Tree diagrams with MHV vertices contributing to the amplitude
A (Aml’A+ g’;lz’g;la) *

6.4 NMHYV (---) Amplitudes with Four Fermions

We now consider the amplitudes with 2 fermion-antifermion lines. In what follows,
without loss of generality we will choose the negative helicity gluon to be the first

particle. With this convention, we can write the six inequivalent amplitudes as:

An(97 s Ay Amgs A s A ) (6.34a)
An(gr s Ay Ay, Ama,A+), (6.34b)
An(gr /\mz,/\+ AL, (6.34c)
Anlgr, A Amz,Ama,M ), (6.34d)
Anlgr, Amz,A+ ) s (6.34¢)
An(9r A, An,) (6.34f)

The calculation of the amplitudes of (6.34a)-(6.34f) is straightforward. The dia-
grams contributing to the first process are shown in Figure 6.4. It should be noted
that not all the amplitudes in (6.34a)-(6.34f) receive contributions from the same
number of diagrams. For example, there are four diagrams for the process of (6.34a)

while there are six for that of (6.34b). In order to avoid vanishing denominators, one
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Figure 6.4: Tree diagrams with MHV vertices contributing to the four fermion am-

plitude An(gy, A,y Ay At s AL

mz’ " mgy?

can choose the reference spinor to be 7 = Am,. With this choice the result can be
2
written as:
A = $ 5 s gm0 Mo (Um0 a) g
| ) ll+1 D T
i=p j=ms2
me—1 n —\4 3
(17ld;41,51ma ) (M2 ms)*(p q)
A® — 1] , 6.36
I, i+ ll+1 ; ]Z; D (6.36)
A® ";%-:l qX‘i (1~ |¢i+l,j'm5>3<p_Mi+l,j|m2_><m2 mg)*(1 q) (6.37)
" l_Illll—*_1 i=1 j=p D , .
n msz— 1 — —\3 — — 3
(M3l ;1ma ) (141 5lma )1 mae)*(p q)
A4) 3 Hi41,51°7%2 1,512
A "7 “+1ZZ 5 . (6.38)
i=q j=ms
As before the final result is the sum of Eq. (6.35)~(6.38).
An(97, Ay A AL A ZA“ (6.39)

Once again, for the case of coincident negative hehcltles, my = 2, mz = 3, the double
sums collapse to single summations and we recover the results given in Ref. [4].
As a last example we write down the expression for the amplitude of (6.34b). The

corresponding diagrams are shown in Figure 6.5. We find,

1 B (gl 5 1me (P i 5 m ) (1 ma)(1 q)
_______Z Z 2 £ q

AW = , (6.40)
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n o om 1 — — - _

[1;2)' H [ T Z 32 my |¢fi+1,j|m2 (g Iiz‘)+1,j|m2)<1 ma)*(1 p) (6.41)
=1 i=q j=p
n -1

AS)I H ll+1 Z pz msy M:—}—l]lmQ} (1~ |$i;+1]|m2>(1 m2> (p q) . (6.42)
=1 i=q joms

AW — 1 miil jcing (m2—Iéi+l,j|m2_)3<p—ldi-}-l,j'mg)(l m3)*(1 q)
n [T, (¢1+1) — o D '

6.43

o) 1 L & (1 iy jlma Y (ma ma)*(p q) o4

A T, di+1) 22— D ’ (6.44)

1=1

ma2—1 g—1

A6 _ Z Z (1~ |¢i+1,j|m2_>3<p—|¢i+1,j|m2_)<m2 m3)*(1 q)
" Hl (! l+ 1) D

i=1 j=mg3

(6.45)
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The full amplitude is the sum of Eq. (6.35)-(6.38).

mag?

6
An(97 s Mo Ao A A ) = Y AD" (6.46)

We close this section by listing the inequivalent NMHV amplitudes with three
fermion—antifermion pairs. There are ten such amplitudes since choosing the first
particle to be a negative helicity fermion we are left with five fermions (two of which
have negative helicity and three positive) which should be distributed in all possible
ways among themselves, and, in addition there are (n — 6) positive helicity gluons.
Thus the number of different possible ways is 5!. However, the order of the particles
of the same helicity is immaterial (since one can always choose m; < mg and m,, <
mg < m,). This means that we have to divide 5! by 3! (for the positive helicity
fermions) and by 2! (for the negative helicity fermions.) Thus there are ten different

fermion amplitudes. These are listed below:

An(AT A My A A AR Y, An(AT Amz,AJf Ay A AL
An(AT AL A A Ams,AJ“), An(AT, Amz,AmS,A“L ),
An(AT, AT Amz,AJf Mo ML), A(AT, oM A A ), (6.47)
An(AT, mar D ;,2, 3) , An(AT AmZ,A+ ma) >
An(AT, A+ Am2,A+ o)y An(Ar /\,,,2,/\+ A ) -

These amplitudes also present no difficulty, and they can be evaluated in the same

manner as before.

6.5 Iterations of the Analytic Supervertex

6.5.1 Analytic Supervertex

So far we have encountered three types of MHV amplitudes (5.14), (5.19) and (5.20).
The key feature which distinguishes these amplitudes is the fact that they depend
only on (A; A;) spinor products, and not on A A

All amplitudes following from (5.17) are analytic in the sense that they depend
only on (\; A;) spinor products, and not on [:\i S\i]. There is a large number of such

component amplitudes for an extended susy Yang-Mills, and what is remarkable,



6.5. Iterations of the Analytic Supervertex 174

not all of these amplitudes are MHV. The analytic amplitudes of the N' = 4 SYM
obtained from (5.17), (5.18) are

97), An(gT AL A, AL(AL, Ap, AT AP

n

(g ,Al+ A2+ A3+ A4+) An(A;,AA+,Al+,A2+,A3+,A4+) :

An(g™
An(
An(AH- A2+ A3+ A4+ A1+ A2+ A3+ A4+) An(C—bAB,AA+,AB+,A1+,A2+,A3+,A4+) ,
An(97,bap: 77) 0 An(97, Gap A APT)  An(Ag, Ap, 07F)
An(A5, 078 Bpc  ACT) . An(AZ, Bags AMH AP+ ACH) |
An(d,0,6,8) .  Au(d, 6,6, AT AY),  An(d, &, AT, AT, AT AT,
(6.48)

where it is understood that ¢,5 = feapcpd“P. In Egs. (6.48) we do not distinguish
between the different particle orderings in the amplitudes. The labels refer to su-
persymmetry multiplets, A, B = 1,...,4. Analytic amplitudes in (6.48) include the
familiar MHV amplitudes, (5.14), (5.19), (5.20), as well as more complicated classes
of amplitudes with external gluinos A4, AB#4, etc, and with external scalar fields
$AB,

The second and third lines in (6.48) are not even MHV amplitudes, they have less
than two negative helicities, and nevertheless, these amplitudés are non-vanishing in
N =4 SYM.

All the analytic amplitudes listed in (6.48) can be calculated directly from (5.17),
(5.18). There is a simple algorithm for doing this.

1. For each amplitude in (6.48) substitute the fields by their n-expressions (5.18).

There are precisely eight ’s for each analytic amplitude.

2. Keeping track of the overall sign, rearrange the anticomrhuting 7’s into a prod-

uct of four pairs: (sign) x 7,m; NN} 1575 175

3. The amplitude is obtained by replacing each pair n;} 77J by the spinor product
(¢ j) and dividing by the usual denominator,

(i 3}k ) (m n)(r s)
T, G+ 1) . (6.49)

A, = (sign) x
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6.5.2 Scalar graphs with analytic vertices

The conclusion we draw from the previous section is that in the scalar graph formal-
ism in N < 4 SYM, the amplitudes are characterised not by a number of negative
helicities, but rather by the total number of 1’s associated to each amplitude via the
rules (5.18).

The vertices of the scalar graph method are the analytic vertices (6.48) which
are all of degree-8 in 7. These vertices are analytic (they depend only on (i j)
spinor products) and not necessarily MHV. These are component vertices of a single
analytic supervertex® (5.17). The analytic amplitudes are of degree-8 and they are
the elementary blocks of the scalar graph approach. The next-to-minimal case are
the amplitudes of degree-12 in 7, and they are obtained by connecting two analytic
vertices [120] with a scalar propagator 1/¢?. Each analytic vertex contributes 8 n’s and
a propagator removes 4. Scalar diagrams with three degree-8 vertices give the degree-
12 amplitude, etc. In general, all n-point amplitudes are characterised by a degree
8,12,16, ..., (4n—8) which are obtained from scalar diagrams with 1, 2,3, ... analytic
vertices.? In the next section we derive a simple expression for the first iteration of
the degree-8 vertex. This iterative process can be continued straightforwardly to

higher orders.

6.5.3 Two analytic supervertices

We now consider a diagram with two analytic supervertices (5.17) connected to one
another by a single scalar propagator. The diagram is depicted in Figure 6.6. We
follow the same conventions as in the previous sections, and the left vertex has a
positive helicity on the internal line I, while the right vertex has a negative helicity
on the internal line /. The labelling of the external lines in Figure 6.6 is also consistent

with our conventions. The right vertex has n, lines, and the left one has ny lines in

3The list of component vertices (6.48) is obtained by writing down all partitions of 8 into groups

of 4, 3, 2 and 1. For example, An(g',aAB,AA‘r,AB*) follows from 8 =4 +2+ 1+ 1.
4In practice, one needs to know only the first half of these amplitudes, since degree-(4n — 8)

amplitudes are anti-analytic (formerly known as googly MHV and they are simply given by degree-

8* amplitudes, similarly degree-(4n — 12) are given by degree-12*, etc.
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j G+1)

(i+1) i

Figure 6.6: Tree diagrams with MHV vertices contributing to the first amplitude of
Eq. (6.34b).

total, such that resulting amplitude A, has n = n; +ny—2 external lines. Suppressing
summations over the distribution of n; and ny between the two vertices, we can write
down an expression for the corresponding amplitude which follows immediately from
(5.17) and Figure 6.6:

1 1 (Gj+1DEi+1)
T D) @ GDT i+ DI +71)

4 ny n (650)
x / IT dnit 6® | Aianft + >~ et | 6©® (A,,,n;‘ +y )\llan{l‘> .
A=1

LT h#1

An

The two delta-functions in (6.50) come from the two vertices (5.17). The summations
in the delta-functions arguments run over the n; — 1 external lines for right vertex,
and n, — 1 external lines for the left one. The integration over d*n; arises in (6.50)
for the following reason. Two separate (unconnected) vertices in Figure 6.6 would
have n; + n, lines and, hence, n; + n, different n’s (and A’s). However the I and the
I lines are connected by the propagator, and there must be only n = n; + ny — 2

n-variables left. This is achieved in (6.50) by setting

nf = nf, (6.51)

and integrating over d*n;. The off-shell continuation of the internal spinors is defined

as before,

ny
/\Ia = Z Pl aa ggef = ——)‘l_a : (652)
Lh#1
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We now integrate out four 7;’s which is made simple by rearranging the arguments
of the delta-functions via [ 6(f2)8(f1) = [ 6(f1 + f2)6(f1), and noticing that the sum
of two arguments, f, + fo, does not depend on 7;.

The final result is

1 . n 4 n1 1
A, = m 5( ) (; /\mnz ) H (Z 7711) 5 ’ (6'53)

Ll

and D is the same as (6.17) used in sections 6.3 and 6.4,

1 1
_:_5
q;

D

Gi+1@Ei+1)
GDUTi+)eD{TFj+1)°

(6.54)

There are 12 n’s in the superamplitude (6.53), and the coefficients of the Taylor
expansion in n’s give all the component amplitudes of degree-12.

We have, thus, seen that all the results obtained in the last two chapters can in
principle be recovered from Nair’s N’ = 4 supervertex. This analytic vertex generates
all possible interactions which, strictly speaking, are not MHV (they do not neces-
sarily contain two negative helicity particles). In the next chapter, we’ll summarise
the findings obtained from the study of the BMN correspondence and from the study
of the CSW method performed in chapters 2-4 and 5-6 respectively.



Chapter 7

Conclusions

In this final chapter, we close the thesis by drawing our conclusions.

In chapter 2, we provided evidence for a vertex-correlator type duality in the
pp-wave background. This kind of correspondence relates the coeflicients of 3-point
correlators of A-BMN operators in gauge theory to 3-string amplitudes in light-cone
string field theory in the pp-wave background. By using field theoretical data, that
is by calculating the 3-point function coeflicients of correlators involving operators
with three scalar impurities !, we determined the form the prefactor P of the 3-string
Qertex should have so that a vertex-correlator type duality like that of Eq. (2.4) to
be valid.

This kind of duality was questioned for a long time, since none of the 3-string
vertices discussed in chapter 1 has a prefactor resembling the one proposed in chapter

2 2. Nevertheless, recently Dobashi and Yoneya [32] derived an explicit holographic

In order to calculate the 3-point function coefficient of A-BMN operators at order go)’ the
mixing of single trace with double trace operators should be taken into account, otherwise the
resulting operators will not have well defined scaling dimensions. This fact makes the calculation
of 3-point correlators really involved. However, a simple observation can save us a lot of work.
Namely, at the desired order, these mixing effects do not give any contribution to the coefficient of
the logz? part of the correlator. Then, by assuming that the 3-point function takes the canonical
form dictated by conformal symmetry, one can determine the 3-point function coefficient without
héving to comﬁute the exact exﬁression fof the A-BMN opera%tors (onlyithe single trace part is

needed).
2The second proposal of [68] is supporting a vertex-correlator type duality but only at the non-
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duality map for the supergravity sector of the pp-wave string theory by taking the
semiclassical limit of the GKP-Witten relation in AdS/CFT. Then they argued that
correct full string theory vertex is half the Spradlin-Volovich vertex plus half the
the vertex proposed in [68], since this linear combination, when restricted to the
supergravity sector, reduces to the supergravity vertex which they explicitly found.
Using the expressions for the 3-point function coefficients obtained in [2,3] they tested
their holographic vertex beyond the supergravity sector. The same authors checked
the validity of their proposal for the impurity non-preserving 3-point correlators with
bosonic excitations [33]. What is interesting is that when the holographic vertex
is restricted to the bosonic (scalar) sector it gives the effective vertex of chapter 2.
This can be easily seen by just inspecting the scalar part of the prefactor of their
holographic vertex appearing in equation (4.7) of [32] and compairing to the prefactor
given in chapter 2. Let us , now, comment on the compatibility of the extended
BMN duality discussed in chapters 3 and 4 and the holographic proposal of [32]. In
what follows we keep the disussion general and denote by 6ibthe A’ correction to the
anomalous dimension of the operator O;(z;) and by C’fgé the coeflicient of the free
three point function of the operators O;(x;),7 = 1,2,3. Then the matrices s,d and t

defined in chapter 3 take the form:

0 CHl
g = o 123 (7.1)
0123 0
&5 0
d=N (7.2)
0 &+ 0
0 8y + 63 + b1g3)C'9)
PR o (62 + 63 + b123)Clg3 (7.3)
(52 + (53 -+ b123)0123 0

interacting level in gauge theory. In particular, the 3-point function coefficient compared to the
3-string amplitude was the free coefficient C’fgé. No mixing with double trace operators, whatsoever,
had been taken into account. This duality relation ceased to hold at A’ order providing us with a

rather trivial version of the vertex-correlator type duality.
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It is now stréightforward to calculate the off-diagonal matrix elements of the I-matrix

also defined in chapter 3. They are given by
1
Poa = 925(—A1 + Dy + Dg)C105 + g2 biasClo). (7.4)

When the vertex-correlator type duality described in chapter 2 but with the holo-
graphic string field theory vertex of [32] is combined with the expression for the

correct CFT coefficient

Cos = Alx_blﬁff_gis. (7.5)
it leads directly to
—‘/J—}V‘]—ﬁ(l, 2,3| (img)p + 51;|1§r3)sv> = —goX b1z Co). (7.6)
On the other hand, the result of [68] indicates that
@%(L 2,3|H3)p = g2(— A1 + Ay + A;;)C'%. (7.7)
Using the equations (7.5), (7.6) and (7.7), we finally find
oo = Y025 Lo 5115, 78)

N  2u

This is nothing but the relation describing the extended BMN duality discussed in
chapters 3 and 4, except for the overall factor —1/2. This factor can be understood
from the different normalization adopted in [32] compaired to the one adopted in the
rest of the literature. ‘

Two final remarks are in order. First notice that the relation employed in chapters
3 and 4 is restricted to the processes where the numbers of imburities are conserved.
For this particular class of processes, one can interprete the part |H3)D as describ-
ing the ‘bare’ part of the interaction of BMN operators, while the part |1313)SV as
describing the mixing between them [32]. Our second remark is related to the fac-
tor of (—1)P appearing in equation (2.9), where 2p is the total number of impurities
(string exitations) participating in the interaction. What this factor does is to fix the
normalisation of the string vertex so that agreement with the 3-point function coeffi-

cient calculated in field theory can be obtained. The same factor appears also in [49]
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where the string states with n impurities are given by |(d;, N;)) = i"05> 5,0 [; a'|v).
There, the arbitrary phase of the state, ", is determined by comparison with gauge
theory. This arbitrary phase has exactly the same effect as our (—1)? factor. Thus,
we see that this factor can be absorbed in the definition of the string state which is
dual to a specific gauge operator O. In particular, the dictionary of the duality can
be stated as follows Oy, n,,... — i"05> n, 0 []; a%!|v).

In chapter 3 we explained how the correspondence between the natural string
basis and the isomorphic to it gauge theory basis is realised so that one can compare
matrix elements and not just the eigenvalues of the operators Hgying and A — J.

In particular, we extended the construction of [48] for the case of two scalar

impurities to incorporate BMN operators with vector and mixed impurities. This
enables us to verify from the gauge theory perspective two key properties of the
three-string interaction vertex of Spradlin and Volovich:
(1) the vanishing of the three-string amplitude for string states with one vector and
one scalar impurity; and (2) the relative minus sign in the string amplitude involving
states with two vector impurities compared to that with two scalar impurities. This
implies a spontaneous breaking of the Z; symmetry of the string field theory in the
pp-wave background. Furthermore, we calculated the matrix elements of A — J and
Hitring for states with an arbitrary number of scalar impurities. In all cases we found
perfect agreement with the corresponding string amplitudes derived from the three-
string vertex. We, thus, explored and verified the extended BMN correspondence in
all directions of the two SO(4) groups.

Let us, now, briefly comment on the role of Z, symmetry. Z, symmetry is apparent
for the pp-wave background since both the metric and the five-form field Fy are
invariant under the exchange z' «— 3'. It is also apparent for the string theory
side at the non-interacting level since the free string Hamiltonian is invariant under
the action of the Z, symmetry. This means that the mass of a string state does
not change if one converts an excitation along the first SO(4) subgroup to one along
the second SO(4) subgroup, i.e. ot —— o't i = 1,....4, L’ = 5,...,8. However
at the interacting level things appear to be more complicated. In particular, the

behaviour of the 3-string vertex under the action of Z, depends on what Z, parity
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is assigned to the pp-wave ground state |v). As discussed in chapter 2 the Spradlin-
Volovich vertex was originally built not on the ground state |v) but on the state
10) = BL,88,088,1 8L5|v) which has energy 4. It was explained in [58] that these two

states, |v) and |0) have opposite Z, parity. As a result, one has two choices:
1) Zy: |v) — —|v), [0) — |0)

2) Zy: |v) — o), |0) — —[0).

In our opinion, the first choice is more natural although it assigns a negative Z, parity
to the real vacuum of the theory. In [96] the correspondence between the lowest lying
string states and the fluctuation modes of supergravity on the pp-wave was examined.
In particular, the state |0) corresponds to the complex scalar arising from the dilaton
-axion fields. As dilaton and axion are scalars under SO(8) and Z, is just a paricular
SO(8) transformation, we conclude that the assignment of positive Z, to the state |0)
appears to be the correct choice. With this parity assignment the Spradlin-Volovich
vertex is invariant under Z, while the proposal of [68] is not (has negative Z parity).

On the gauge theory side, the Z; parity is not apparent since the exchange of ¢
with D;Z, i = 1,...,4 in the Lagrangian makes no sense. On the other hand, one
expects that the anomalous dimension of a A-BMN operator involving two scalar
impurities, for example, is the same with the anomalous dimension of an operator
involving two vector impurities, or one scalar and one vector impurity due to the fact
that the supersymmetries that convert one species of operators. to the other commute
with the dilatation operator of A/ = 4 SYM 3. This fact seems to be in contradiction
with the vanishing of the 3-string amplitude in the case of mixed impurities, and the
relative minus sign the 3-string amplitude with two scalar impurities has compared
to that with two vector impurities. Thus, it turns out that, although the Spradlin-

Volovich vertex is Z, invariant, the string amplitudes themselves are not. In chapter

3The one loop mass correction calculations for the string states with scalar, vector and mixed
impurities were performed in [49-51] to obtain the same correction for all three cases in accordance
with the fact that the three correspor_lding BMN operators have the same anomalous dimension.
Hov\;ev;r; for the éalculations to ‘be %eésible; one has to féstrictiﬁmself to tiie éase VQhe’;fe theﬂiht'er—

mediate virtual string states belong to the impurity preserving subsector of all possible states.
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3, we verified these properties of the 3-string vertex (and hence the spontaneous
breaking of the Z, symmetry) with an independent gauge theory calculation.

In chapter 4 we studied the BMN correspondence in the fermionic sector. On the
field theory side, we computed matrix elements of the dilatation operator in N' = 4
Super Yang-Mills for BMN operators containing two fermion impurities. Our calcu-
lations were performed up to and including O(X') in the 't Hooft coupling and O(g,)
in the Yang-Mills genus counting parameter. On the string theory side, we computed
the corresponding matrix elements of the interacting string Hamiltonian in string field
theory, using the three-string interaction vertex constructed by Spradlin and Volovich
(and subsequently elaborated by Pankiewicz and Stefanski). In string theory we used
the natural string basis, and in field theory the basis which is isomorphic to it. We
found that the matrix elements computed in field theory and the corresponding string
amplitudes derived from the three-string vertex are in perfect agreement for all the
representations of two-impurity BMN operators with both fermions having the same
chirality (both fermions having their SO(4) @ SO(4) indices dotted or undotted).

On the string theory side, we saw that the string amplitude vanishes whenever
a fermion appears more than once, whereas it gives the same result (up to a minus
sign) when all fermions are different. On the field theory side, we verified the crucial
role played by the compensating terms of the BMN operators. Had these terms not
been taken into account one would erroneously conclude that the 3-point functions of
all operators with two impurities (scalar, vector, mixed and férmion) take the same
form spoiling, thus, the BMN correspondence. Finally, we examined the action of the
Z, symmetry on the string amplitudes involving two fermionic rirnpurities to conclude
that it leaves the value of the string amplitudes invariant.

As discussed in section 1.6 the pp-wave/SYM correspondence, studied in the first
four chapters, can be viewed as a weak to weak duality. The weak to weak dualities
are particularly interesting because it is easier to check whether they hold or not since
perturbative calculations can be made on both sides of the duality.

Another, recently proposed, weak to weak duality is between tree level pertur-
bati?e N = 4 SYM and the open string topological B-model in supertwistor space

C P34, Inspired by this correspondence, a novel diagrammatic method for calculating
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all gluon scattering amplitude at tree level was proposed by Cachazo, Svrcek, and
Witten. This method was based on the fact that after Fourier transforming these
amplitudes from the helicity basis to twistor space they acquire a surprisingly simple
geometric structure, namely they are supported on certain configuration of curves in
twistor space. This method uses maximally helicity violating amplitudes as effective
vertices continued off-shell in a particular fashion and connected by scalar propaga-
tors. In chapter 5 we explored and extended this proposal. We applied this approach
for calculating tree amplitudes of gauge fields and fermions (gluinos and quarks) to
find agreement with known results. One of the main features of the formalism is
that it amounts to an effective scalar perturbation theory (the MHV diagrams are
scalar quantities and the propagator is 1/(p? + i€) even when the virtual particle is a
fermion) which offers a much simpler alternative to the usual Feynman diagrams in
gauge theory and can be used for deriving new simple expressions for tree amplitudes.
We have ,also, concluded that at tree level the formalism works in a generic gauge
theory, with or without supersymmetry, and for a finite number of colours.

In chapter 6 we have continued the study of this novel diégrammatic approach.
In particular, we have shown how all non-MHV tree-level amplitudes in 0 < N < 4
gauge theories can be obtained directly from the known MHV amplitudes using the
scalar graph approach of Cachazo, Svrcek and Witten. As a specific example, we
have focussed on amplitudes which are next-to-MHV, i.e. contain three negative
helicity particles and an arbitrary number of positive helicity particles. By starting
with amplitudes containing fermions, the reference spinor for the negative helicity
gluons can be chosen to be that of the negative helicity fermion. As a consequence,
the amplitudes are free of unphysical singularities for generic phase space points and
no further helicity-spinor algebra is required to convert the results into a numerically
usable form. The gluons only amplitudes can then be simply obtained as sums of
fermionic amplitudes using the supersymmetric Ward identity.. These amplitudes are
therefore also immediately free of unphysical poles. We have provided expressions for
(—, —, —) amplitudes with a two and four fermions and shown how to construct the
amplitudes for six fermions. The exténsion to amplitudes with four or more negative

helicity particles is straightforward. In principle one could use the results presented
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here to write a numerical program for evaluating generic processes involving fermions
and bosons [127,128].

All of these results can be recovered from Nair’'s N/ = 4 supervertex. This
analytic vertex generates all possible interactions that depend only on products
of (X\A;). Interestingly, all of the allowed vertices are not MHV. For example,
An(g~, AM, A%+, A3 A%). This implies that the scalar graph approach is not pri-
marily based on MHV amplitudes.

Subsequently, it was shown [130] that the method works for the one-loop MHV
diagrams in N' = 4,1 theories and that it can reproduce the constructible part of
the one-loop MHV diagrams in non-supersymmetric theories. This fact was rather
unexpected since it is quite clear by now that the multi-loop amplitudes can not be
calculated using the same string theory used for the tree level amplitudes. This is
because in twistor string theories conformal supergravity does not decouple from the
gauge theory resulting to supergravity fields propagating in the loops. Nevertheless,
there is growing evidence that higher loop amplitudes might be computed by some
sort of string theory in twistor space. It would be a nice thing to identify this string
theory, principally because it may give us insights into the most efficient ways to
calculate multi-loop scattering amplitudes in gauge theory.

More recent, Britto, Cachazo and Feng wrote down a new set of tree level recur-
sion relations [132]. Recursion relations have long been in QCD, and are and elegant
and efficient means for computing tree level amplitudes. The new rucursion relations
differ in that they emloy only on-shell amplitudes at complex values of the external
momenta, however. These relations were inspired by the compact forms of seven and
higher point tree amplitudes [134] that emerged from studing infrared consistency
equations for one-loop amplitudes. A simple and elegant proof of the relation us-
ing special complex continuation of the external momenta has been given by Britto,
Cachazo, Feng and Witten [133]. Its application yields compdct expressions for tree
amplitudes in gravity as well as gauge theory [135]. These tree level rucursion rela-
tions naturally extend to incorporate massive particles [136] Amphtudes calculated
by employing these relations can be used as building blocks in the computatlon of

one-loop amplitudes using unitarity based methods, as discussed below.
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The date that LHC will start operating is approaching fast, demanding new versa-
tile tools for calculating multiparticle loop-level scattering amplitudes in the compo-
nent gauge theories of the Standard Model. Computing these amplitudes is important
in order to subtract the QCD background from possible new physics. Unfortunately,
unlike the case of massless supersymmetric theories, QCD one-loop amplitudes are
not cut-constructible. This means that the knowledge of the cuts is not enough to
fully determine the amplitude. This is so because the amplitudes contain also a ra-
tional part which is absent in the case of supersymetric theories [130]. There are,
essentially, two ways to proceed. The first way is based on the unitarity method [129]
and its generalised version of quadruple cuts developed in [131]. This method was
used in the past in order to calculate the one-loop amplitudes in supersymmetric the-
ories [129]. It can also be used to determine complete amplitudes, including rational
pieces [137-140] by applying full D-dimensional unitarity, where D = 4 — 2¢ is the
parameter of dimensional regularisation. This approach requires the computation of
tree amplitudes where at least two of the momenta are in D dimensions. For one-loop
amplitudes containing only external gluons, these tree amplitudes can be interpreted
as four dimensional amplitudes but with massive scalars. Recent work has used on-
shell recursive techniques [132,133] to extend the number of known massive scalar
amplitudes [136]. At present, the D-dinensional unitarity approach has been applied
to all n gluon amplitudes with n = 4 and to special helicity configurations with n
up to 6 [138,140]. This method of calculating the full one-loop non-supersymmetric
amplitude although adequate in principle is somewhat involved and tedious.

An alternative approach for obtaining the rational parts of the amplitudes is based
on constructing one-loop on-shell recursion relations [141-143]. This method uses the
proof of tree level on-shell recursion relations given in [133] as é, starting point. There
are, however, a number of issues and subtleties that arise, which are not present at the
tree level. Among them is the fact that the tree level proof relies on the amplitudes
having only simple poles and no branch cuts; loop amplitudes in general contain
branch cuts and spurious poles which would interfere with a naive recursion on the
rational terms. The way of how to overcome these difficulties is shown in [143].

It would be particularly interesting to see if these ideas and techniques which
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have appeared to be so fruitful for the tree level and one-loop amplitudes can also
be applied to higher loop amplitudes of supersymmetric and/or non-supersymmetric
theories. One attempt towards this direction is the conjecture for the all-orders
MHV amplitudes in N'= 4 SYM proposed in [144]. The authors of [144] based
on the calculation of the four-point MHV amplitude at three loops and the expo-
nentiation of infrared singularities, gave an exponentiated ansatz for the maximally
helicity-violating n-point amplitudes to all loop orders. The 1/¢? pole in the four-
point amplitude determines the soft, or cusp, anomalous dimension at three loops in
N'= 4 supersymmetric Yang-Mills theory. The value for this soft anomalous dimen-
sion is exactly the same as the one obtained by Staudacher [145] by using the spin
chain approach and assuming integrability of A'= 4 SYM. The agreement of these
two completely different calculations strongly suggest that N'= 4 SYM is, indeed,
an integrable system. We feel that these assumptions deserve further investigation

especially in connection with the AdS/CFT correspondence.
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Expressions for Neumann matrices

Here we outline the pp-wave string field theory conventions used in the text. The

combination o/p* for the r-th string is denoted o, and Y°°_, a, = 0. As is standard

in the literature, we will choose a frame in which a3 = —1
ay = a'p(i) : az = —1, a) =y, ay=1-—y. (A1)

In terms of the U(1) R-charges of the BMN operators in the three-point function,
(0]'0?Of), where J = J; + Jp, we have
Ja
= — l1—y=—+ < L A2
y=7 y=-, 0<y (A.2)
The effective SYM coupling constant A’ in the frame (A.1) takes a simple form

! 1 (A.3)

N =
(upta!)? — (pes)®

i

Here p is the mass parameter which appears in the pp-wave metric, in the chosen
frame it is dimensionless' and the expansion in powers of 1/u? is equivalent to the

perturbative expansion in ). Finally the frequencies are defined via,

Wem = /M2 + ()2 (A.4)

]

The infinite-dimensional Neumann matrices, N5, are usually specified in the orig-

inal a-oscillator basis of the string field theory. In this basis the bosonic overlap factor

1t is p*p which is invariant under longitudinal boosts and is frame-independent.
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|VB) of the 3-strings vertex is given by

V) = exp(= Z Z all' N a3"|0). (A.5)

rs=1m,n=—o00

However, for the purposes of the pp-wave/SYM correspondence it is more convenient
to use another, the so-called BMN or a-basis of string oscillators, which is in direct
correspondence with the BMN operators in gauge theory. The two bases are related

as follows:

op = %(a,n[ —isign(n)a_p), oo = ag, (A.6)

and satisfy the same oscillator algebra

[Qm, 0] = G- (A7)

In this basis, the bosonic overlap factor (A.5) in the vertex reads
1 3 oo X
Vi) = 1 rl Nrs sIt ’ A8
Vo) =exply 3 3 o ) (A8)

where N are the Neumann matrices in the a-basis and are related to the N’s via

(here m,n > 0):

N = N7 o= %(N“ - N, (A9)

Nrrrf— - Nismn = (Nrs + Nism n) (AIO)

Ny = N o= —=Npo = Nib, = Ng° (A.11)
m \/_ m m

NB .= N, (A.12)

We now copy the explicit expressions for the Neumann matrices [98] in the a-

basis from the Appendix of [101]. These expressions are needed for our calculations
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in Section 5.

2(—=1)™ "+ msin(mmy) 1
N31 — 2 .
T - O\ A1
2(—1)™ m sin{mmy) A1
N = - A.
e R V) A
1 (=1)7t1 1
N2 == (=D +0 (—%) : (A.15)
poo2m y(1—y) z -
1
ws -0 (%), (.16
1 (—1)™*n 1 1
no_ =)l 1
11 1 1
NEZ =— ——r — . Al
" #27r1—y+0<u3) (A-18)
2(—1)™*"  nsin(rmy) 1
3 _ il
N = T y3/2(m2 —n2/y?) +0 p? )’ (A.19)
2(—1)m+t nsin(mmy) 1
32 _ il
Voo == Ty i) O e) s A
NL =0 % , (A.21)
_1ym+n
N3 12(-1) sin(rmy) sin(rny) + O (%) , (A.22)
pom 7
N =0 (%) , (A.23)
W
N2 =0 (ig) | (A.24)
T
Ngo =0, Neo =—V¥, N =-v1-y, (A.25)
1(-1) 1
N12 —— — NZI, A26
T P Y G 00 ( )
111
n_ 111
Ny = LIy (A.27)
11 1
22 _ 11
e (A.28)

For the zero-positive Neumarin matrices below we have

N} =0, NZ=0, NZ=0. (A.29)
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V2(—=1)"*! sin(mny)

K

ny

_ V2(—1)" sin(rny) Lo (

m ny1—y
2(_1)n+1 1

(A.30)
(A.31)
(A.32)
(A.33)
(A.34)

(A.35)
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The bosonic part of the

three-string vertex

The three-string vertex |Hs) can be represented as a ket-state in the tensor product

of three string Fock spaces. It has the form [52,53]

1 3
o |Hs) = PIVAIVE)S( D ar) | (B.1)

r=1
where the kets |Vp) and |Vp) are constructed to satisfy the bosonic and fermionic
kinematic symmetries, and «, are defined in (A.1). The bosonic factor |Vp) is given

by

V) —exp( Z Z Zaf"N::,,, z") |0)|0)|0) , (B.2)

r,s=1 mn=—co I=1
where the N -, are the Neumann matrices in the BMN-basis of string oscillators. The
complete perturbative expansion of the Neumann matrices in the pp-wave background
in the vicinity of u = oo, was constructed in [98]!. The fermionic factor |VF) is not
going to be relevant for the present chapter, where only external bosonic string states
are considered.
The prefactor P is a polynomial in the bosonic and fermionic oscillators, and

is determined from imposing the remaining symmetries of the pp-wave background.

'We refer the reader to the Appendix of Ref. [101] for some useful properties of the perturbative

Neumann matrices and relations between different string-oscillator bases.
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The relevant for us bosonic part of the prefactor, as determined by Spradlin and

Volovich in [53], reads

w a’
= normzzug‘: T T_Jn'U[J, (B3)

r=1 —o0
where v;; = diag(1y, —14), and the overall normalisation Chorm is left undetermined.
Notice that it is the expression for v;; which leads to the relative minus sign between
the string amplitudes involving states with excitations along the two different SO(4)’s

as e.g. in (4.36) and (4.38).
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Notation and conventions in gauge

theory

We write the Euclidean N = 4 Lagrangian as

where
2 1 oy | —; =
Lp = ETF ZF’“’F’W + (D*Z)(DuZ;) — [ Zs;, Z;)[ 20, Z2°) + §[Zi, AIVANA
2 1 1 1
= 2 1y (JEuu+ 5(D0)(D0) - flentilibes]) (€2
and
2
cf = F X
Tr (/\AO'”D#S\A - \/52([)\4, )\,‘]Zi -+ [5\4, /_\1]Z1) + —\/Z—_Z.(Gijk[)\i, /\]]Zk + Eijk[/_\i, X]]Zk)> .
(C.3)
The bosonic part of the N/ = 4 Lagrangian can be re-expressed as
2 1 et 1 ; ;
L= E Tr (ZF#VFIJV +(DrZ)(Du2) + E(D”(b )(Dpo )) +Ve+Vp, (C.4)
where the F-term and D-term potential are
2 s -
Vi = ~ T (2Z2¢:iZ2¢;i — pid(ZZ+ZZ)+--) (C.5)
Vp = _ﬁn(zzzz_zzzm-.-), - (C.6)
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are the F-term and D-term of the scalar potential respectively. In the last equalities
the dots stand for impurity flavour changing terms, which mutually cancel between
the F- and the D-term. In the above equations A=1,...,4and 4,j,k=1,...,3. Z;

are the the three complex scalars defined by

_ 1 tige _ P tidy Z:¢5+i¢6
\/§ ) \/§ ) 3 \/§ )

where ¢;, ¢ = 1,...,6 are the real scalar fields transforming under the SO(6) R-

Z

Z

(C.7)

symmetry group. We will also set 73 := Z.
We define the covariant derivative is D,¢; = 0,¢; — i[A,, ], where A, = AST",
and F,, = 0,A, — 0,A, — i[A,, A

Our SU(N) generators are normalised as
Tt (T*T") = §*, (C.8)

so that, for example,

<Z]’(x)Z£n(0)> = %2—5;6;- Alz) , Ax) = ﬁ . (C.9)
Our Euclidean sigma matrices satisfy
0,0, + 0,0, =20,  G.0,+ 5,0, =20, . (C.10)
The completeness relation reads:
ot o) = 2630 (C.11)
Another useful identity is:
0,0,0, = 0yp0u + 0400, — 6,0, + €upur0r (C.12)
We also define o, and &, by:
1, _ .
O = 5(0#0,, —0,0,) = znzuaa , (C.13)
G = %—(@UU — G,0,) = i75,0° (C.14)

where 7%, (7},) are the (anti-)self-dual 't Hooft symbols [97].
Finally, we will use the definitions J := J; + J; and J; =y - J, where y € (0, 1).



Appendix D

The three-string vertex

In this appendix we summarise the form of the three-string vertex when built on the
real vacuum |v) of the theory, whose construction we sketched in chapter 1.

This is [55]
1 3
L) =PIV Vi) 6( Do) (D.1)

r=1

where the kets |Vg) and |VF) are constructed by requiring they satisfy the bosonic
and fermionic kinematical symmetries, and o, are defined in (A.1). |Vp) is given by

|vB>=eXP<§Z > D a) Wy ,f”*) Rhl)slo)s,  (D.2)

8
rs=1mmn=—o0 I=1

where the —Nf,r::z are the Neumann matrices in the number operator basis. The
fermionic ket state |Vp), which is relevant for this chapter, is given in the SO(4) x

SO(4) formalism by [65,99]

« & (rs)
|Vie) = exp (Z PN Cad A ”*b*n(s)aﬂm )lv) [W)alv)s, (D.3)

r,s=1m,n>0
where TfojZ are the fermionic Neumann matrices. The complete perturbative expan-
sion of the Neumann matrices in the pp-wave background in the vicinity of u = oo,
was constructed in [98]'. The vacuum state |v) = |v);|v)2|v)s is defined as the state

which is annihilated by all a’s and b’s,

an(;) l’U)r = 70 7, bn(r) |’U>r =40 , Vn . (D.4)

1See also [100], and Appendix of [101] for some useful properties of the Neumann matrices.
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The prefactor P is determined by imposing the dynamical symmetries of the pp-wave

superalgebra, and was derived in [65]. Its expressions reads:

P = [(/C"/EJ‘ + —’“‘ﬁ(ﬁ; 1)a§5”'> Vi — (/C“/Eb + ————“ﬁ(ﬁ; 1)a‘§(5“b> Vas

8RS S2,(Y)S,,(2) — ]E?aicgﬂs;ﬂ(Y)S;fB(Z)] Coaorm » (D.5)

where ¢ = 1...4 and a = 1...4 label the first and second group of four bosonic
directions of the pp-wave geometry, respectively. Full details about the expressions
appearing in (D.5) can be found in the original paper [65] or, for instance, in the

review [77]. We will only need the following expressions:

Vi = 6; |1+ 11—2(}/4 +Z%) + ii)/“zi — % —Ylg(l + %Z“) —Z3(1+ i%y‘*)]
+ %(YQZQ)U » - (D.6)

Vab = O {1 - 11—2(Y4 + 7% + ﬁY“Z“— ~ % —be(1 — 11-2-24) —Z3(1 - 5—2)/4)}
+ 3(3’_222)@ , _ - (D.7)

where

3 ) 3 .
Yel=3 > Gawbity, 2% =323 Grwblly (D-8)

r=1 n>0 r=1 n>0

Y= Yo Y, Yr=YE(yHY. (D.9)

Similar expressions hold for the Z’s. The matrices Gy() are given in (3.12) of [65).
Finally, the overall normalisation Com cannot be fixed by imposing the dynamical
constraints, and is determined (once and for all) by requiring agreement with a single

field theory calculation. Its value will be taken to be:

1 1

Vivul—y)

Cnorm = _% (DIO)



Appendix E

Summing over the BMN phase

factors

We report here the expressions for the coefficients P; and Py which arise after sum-
ming over the BMN phase factors in the interacting diagrams derived in section 4.4.1.
Defining

q = etmimid q = e/ (E.1)

?

the expressions for P; and Pj; are given by

J1 J]
P = Z (Gn) 7, P = Z (@@) - (B.2)
1=0 1=0

We also need to evaluate the quantity 2(P; + P;) — 2(Py; + Py;), which in the BMN
limit is
8m

m——n/y sin2 mmy . (E3)

2P+ P)) 2P+ Py) = —
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Appendix F

The functions X, Y and H

The expressions for three-point functions of BMN operators with scalar, vector, mixed

or fermion impurities involve the integral
X1234 = /d4Z A(l‘l — Z)A(il?g - Z)A(.’Eg — Z)A($4 — Z) . (Fl)

X 1234 develops a logz?, term X as z, approaches zz, which repeatedly appears in

section 4.4.1. The expression for X is [62]

10g($12A)_1
X = Xusly_y, = 82 (4n7aZ ) (F.2)

Another important function ubiquitously appearing in the calculations is

Y93 = /d4z Az — 2)Azg — 2)A(z3 — z.) : (F.3)

It is easy to realise that, as 15 — 0, the function Yj23 contains a logarithmic term
given by

}/i23|112_,0 = —WA(.'L'I:}) log CC%Z . (F4)

One also needs the following expression for the log 22, term in the first derivative of
Y:

1
(81aY123)112_.,0 = W log itfz 830A($13) . (FE))

Notice that (F.5) should be derived directly from (F.3) rather than by differentiating
(F.4).

In the calculation, we also encounter the function H defined by
Higgs = (8;1—654)(852—%3)/d4z d't Az —2)A(za—2)A(z2—t)A(zs—t)A(2—1)

(F.6)
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which can be evaluated with the useful relation proved in [73]

Hig3 _ ( 1 1

- +Gias = Gags + Gona = Gana . (F7
JANPYAVE! A13A24) 123 4,23 2,14 3,14 (F.7)

1 1
G =Y — _ F.8
i.jk Jk (Aik Aij) ( )
We can recast (F.7) as
IARPYADS Yies Y
H = —-X A IVANYWAN
14,23 1234 N An T B 14093 +

= H;, + Hj+ - (FQ)

where the dots stand for terms which either vanish or do not contain the log z3,.



Appendix G

More detailed calculations for the
evaluation of the Feynman

diagrams

The three-point functions with fermion BMN operators discussed in chapter 4 are
expressed in terms of Ja, Jp and Jo defined in (4.59)-(4.61). Here we sketch the
calculation of the log(z?,) parts of these quantities. Let us start by calculating the

following integral:

A = 8;8,:1‘]1432 = /d4Z d4t a,iAlz 8]§A4ZAzt AgtA;u = (Gl)

/ 42 d% ALD, Ay AL AgAy — / &2 d% ALEAL 2D AyDys .

The box acting on the propagator gives a delta function which eliminates the z
integration, giving a result proportional to Y334. Y334, however, does not contain any
log z2, term so for our purposes this term can safely be ignored. Therefore we are

left with:

A = /d“z d4t 8ZA12 A426;:Azt AgtA;gt + /d4Z d4t A12A42D2An AmAgt

. / 2 4 0,01, A DBy — / 42 d' AL, 8 An Dy Ay — Xuoos

= ApYiss — A — Xioag . o (G.2)
From the last expression one can obtain A:
1
A= 5(—X1234 + A14Yi23) (G.3)
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In the above derivation , we have integrated by parts with respect to z several times,
and we used O,A(z) = —6é(x). Since the logz,y terms of X934 and Yiy3 are well
known (see Appendix F), the same is also true for A.

Upon using the useful identity (8, + 02 + 85 4+ 9}) Hias = 0, and the expression
for A derived above, one can evaluate (8° - 8* + 9% - 8*) Hy403:

((92 + 33) . 84H1423 = —(61 + (94) . 84H1423 = —A-— D4H1423 —= —A y (G4)

since again Oy acting on Hiss does not give rise to a logz?, term. One can also

evaluate the difference (83 - 9 — 92 - 8*) H 403 using
o 1
0" - " Hyygs = -2-(Dk + 0~ O; — O;)Hyges + 0% ' Hiazs (G.5)

where (G.5) holds for ¢ # j # k # L.

Starting from
Hyugs = (8" —98Y)- (6 — 8°)Huass (G.6)

substituting for 8! - 8% and &' - 83 the corresponding expressions from (G.5), and

solving for (8% - 8* — 0% . ") H 423, we obtain:
1
(8- 8"— 8% 0" Hups = 5 [H14,23 + (Og — D3)H1423] : (G.7)

Now, since the divergences of the right hand side of (G.7) are known (2], the diver-
gence of (03 - 8* — 92 - 9*)Hy493 is also known. In conclusion, we have computed the
log 23, parts of (G.7) and (G.4). That means we can evaluate the log 2, parts of
83 - 0% Hy493 and 0% - 8* Hi493 separately.

We are now in position to write down the expressions for the J's as functions of

X234, Y123 and Yia4. These are the following:

1
Ja = —-2*(X1234 + ApYiss) + -+, (G.8)
1
Jp = —5(—X1234 + ApYigq) + -+, (G.9)
) .
Jo = Z(—A"“YIZS — X234 + DosYioa + Higos) +--+ (G.10)

where the dots stand for terms which do not contain the log z2,. H423 is given in

(F.7). In the evaluation of the diagrams involving the compensating term, we also
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made use of the following relations:
1 z3,z
493 _ 3put3v 2
8V8“X1234 113 = 24,212—0 — —leog Zig , (Gll)

4 4 4 04
auauX1234 |1‘3=14,1‘12—>0 - A233V6#Y]24 |223:a34,:l:12—>0 (G12)

_ log 22, (5‘“/ B 4333#:103,,) ,

2(4m?)3(x3)? 3
1 —T3v 2
8UY123 ‘13214,:):12—v0 - W IOg T2 (G13)
3 T3v 9
61/)/123 |.’E3=1?4,$12—90 = RE 47 _9\9 1 . (G.14)

2577'4(37%)2 Og le



Appendix H

Note on Spinor Conventions

Spinor products are defined as
GiH= G137 = NNa, [d= @)= A% (H.1)

Here spinor indices are raised and lowered with e-symbols, and we follow the sign
conventions of [106,107]. It should be noted, that slightly different sign conventions
from (H.1) have been used in earlier literature for [z j]. For example, in [126] the
dotted spinor product, [i 5], is defined as A; 4 5\1-"‘ = —)\;%), 4. In conventions of [126],
equation (5.10) would have a minus sign on the right hand side.

An on-shell momentum of a massless particle, pj can be written as
Pkai = Pku0” = Meadia- -. - (H.2)

In section 3 we use a Lorentz-invariant combination (¢~ |p ,|j~) = i® Pk e 5, which

in terms of the spinor products (H.1) is

Iy = I e (KFla 157 = —G k) [k )= (i k)[j Al (H.3)

The spinors A and X appearing in the helicity formalism are precisely the wave-

functions of fermions of positive and negative helicities,

= N = k), Y= Aia= us(ki)a s
{ |. v ( ). |7 ~ +(ki) (.4
= N = wrtk)®, i )a= Ma= u_(kis.

In our conventions for MHV vertices we treat all fermions and antifermions as in-

coming and the fermion propagator connects two incoming fermions with opposite
204
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helicities. Thus, the completeness relation relevant for us and with a correct index

structure gives 3
|i+>a |i—>d Aiadia ki ad

1 1

which is, of course, the correct fermion propagator in usual Feynman perturbation
theory.
Scalars have no wave-functions, and their propagator remains 1/k?, and vectors
give (in Feynman gauge)
ol —gH

- | (H.6)

which is the correct form of the massless vector boson propagator.

An important consequence of (H.5) is the ordering prescription of fermions in
MHYV vertices. This concerns only the case of scalar diagrams with internal fermion
lines, such as the third diagram in Figure 27. In this case, in order to get the ket™ ket~
structure |i1),| — ¢7),; the two fermions which are to be connected by a propagator
should be both on the right of each vertex (rather than adjacent to each other). This
means that, for example, the third diagram in Figure 27 comes from

If the contracted fermion factors, A(gi) and A:(Si) were, instead, chosen to be next to

each other, the overall contribution would change sign, since fermions anticommute

with each other.
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