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Abstract

In this thesis we study the infrared (IR) behaviour of QCD observables, and solutions
to the problem of renormalization scheme dependence. We investigate the IR behaviour
of all-orders leading-b renormalon resummations for certain Euclidean observables (the
Adler-D function and the GLS and Bjorken sum rules) in the Borel representation. We
find that these resummations are finite at the Landau pole (Q% = A?) and also ‘freeze’
to zero in the Q% — 0 limit. We find this finite Landau pole behaviour has its ori-
gin in curious relations between IR and UV renormalons, which correspond to deeper
conformal symmetries in QCD Green’s functions. We consider these Borel resummed
results in a skeleton expansion representation. This representation leads naturally to
the standard Borel representation in the UV (Q? > A?) region and to a modified Borel
representation in the IR (Q? < A2) region. We also consider the ambiguous part of
the perturbative expansion in these representations. By demanding that such ambi-
guities cancel with similar ambiguities generated by the non-perturbative OPE, we
are led to a new model for power corrections. We apply the complete renormaliza-
tion group improved (CORGI) approach to all-orders renormalon resummations of the
above-mentioned sum rules and compare the resultant predictions with experimental
data. We also test our model for power corrections on these observables and find that
the data favours power corrections of reasonably small magnitude.

We also apply the CORGI approach, together with the physical scale and the effec-
tive charge approaches, to moments of Fy N and FsP. We use the Bernstein averages
method in which any dependence of the analysis on regions of z and Q? inaccessible to
experiment is reduced. We also make use of the recently completed calculation for the
NNLO anomalous dimension coefficients. We find that data for F¥" favours a value
of A% = 219.1“%3:? MeV, corresponding to ag(Mz) = 0.1189 £+ 0.0019. In the case of

F we find AL) = 267.37234 MeV, corresponding to as(Mz) = 0.1226+0:0012
2 19.1 0.0017
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Preface

Over the last three decades, quantum chromodynamics (QCD) has firmly established
itself as the fundamental theory of strong interactions. However, despite its innumerable
successes, there remain several major obstacles which limit the precision with which
we can predict observables. In this thesis, we will investigate two of these: the infrared
(low-energy) behaviour of observables, and the problem of renormalization scheme (RS)

dependence.

In perturbative QCD, observables are approximated by an expansion in powers of
the strong coupling constant. Truncating this expansion at some finite order forms
the basis of fixed-order perturbation theory and it is assumed that the convergence
properties of the perturbative expansion are such that this will provide an accurate
approximation to the exact result. However, the energy dependence of the coupling
induced by the renormalization process, combined with the non-Abelian SU(3) nature of
QCD, leads to the coupling becoming large at low energies. This seriously compromises
the convergence properties of the perturbative expansion, limiting the accuracy with
which we can apply perturbation theory. This limit in accuracy can be quantified
as a theoretical error, the magnitude of which is determined by estimating the size
of the omitted higher order corrections. At the Landau pole the coupling becomes
singular, representing a complete breakdown of perturbation theory and as a result, no

meaningful predictions can be obtained at energies below this point.

This is compounded by the fact that the perturbative expansions for all QCD observ-
ables are known to be factorially divergent, with the n*P-order coefficients behaving as
n';:fu_()‘r’::}a_ggg@.' Consequently, the perturbative approximation can only ever be asymp-

totic to the exact form of the observable, and therefore there is an inherent theoretical



ambiguity associated with perturbation theory. This ambiguity is present even at high
energies and grows in magnitude as the coupling becomes larger. Furthermore, it is
present no matter how many terms in the perturbation series we calculate and can only
be negated when we include the full set of perturbative and non-perturbative contri-

butions.

The disastrous Landau-pole behaviour of the coupling is related to the fact that in
fixed-order perturbation theory we ignore an infinite set of terms present in the full
expansion. Presumably when we sum over the full set of terms, this singular behaviour
disappears, yielding a result which has more meaningful infrared (IR) behaviour. For-
tunately, we have access to results for the leading- /Ny component of the perturbative co-
efficients at all-orders for many observables. These results can be converted into the
so-called leading-b form and resummed such that we obtain expressions which represent
a significant subset of the terms present in the full perturbative expansion, summed to
all-orders. The possibility that such resummations might yield well-defined results at or
below the Landau pole, and hence improve the predictive power of perturbative QCD

at low energies, forms a significant part of the research carried out in this thesis.

As mentioned above, the theoretical ambiguity associated with the asymptotic nature
of perturbation theory can only be removed when we take non-perturbative effects into
account; both non-perturbative and perturbative sectors generate such ambiguities, and
in the full theory these compensate each other. This implies a direct correspondence
between perturbative and non-perturbative physics in QCD, and represents a unique
bridge between these two sectors. In contrast to the success of perturbative methods in
QCD, non-perturbative effects remain poorly understood and any means by which we
might gain insight into them would be very welcome. Since the nature of the perturba-
tive ambiguities only becomes apparent when we consider the large-order behaviour of
perturbation theory, the all-orders resummations mentioned above are an appropriate
tool with which to study this correspondence. In doing so, it is hoped that we can nul-
lify the theoretical ambiguity associated with the perturbative part, and furthermore,

gain insight into the nature of the non-perturbative effects.

We will also investigate potential solutions to the problem of RS dependence. The
renormalization procedure allows us to obtain predictions -for observables which are

well-defined and finite order-by-order in perturbation theory. However, the price we



pay for this is a residual dependence of the predictions on an arbitrary scale (the renor-
malization scale), and on the scheme in which we choose to perform the renormalization.
Although the full perturbative expansion must be and is RS invariant, truncation at
finite order yields a result which has the RS dependence which would otherwise have
been cancelled by the omitted higher-order terms. Consequently, we have an additional
source of theoretical error in our predictions. The standard approach to dealing with
this problem is to set the renormalization scale equal to some energy scale with physical
meaning, such as the centre of mass energy, and then choose a popular or convenient
RS such as modified minimal subtraction. However, there is no compelling physical
reason for either of these choices nor is there a consensus amongst physicists. Hence we
are left with a prediction which is inherently ambiguous due to the freedom of choice
in RS.

Various proposed solutions to this problem have been suggested and amongst the can-
didates is the complete renormalization group improved (CORGI) approach to pertur-
bation theory. In this approach, the necessity of choosing a renormalization scale is
removed by relating the centre of mass energy to the renormalization scale in an RS
invariant manner. A final result can then be obtained which is invariant under changes
in renormalization scheme or scale. For observables which require factorization it is
necessary to choose both an RS and a factorization scheme (FS) and this results in a
double dose of the theoretical ambiguity associated with RS dependence. Fortunately,
the CORGI approach can be extended to treat both factorization and renormaliza-
tion scheme (FRS) dependence. In this thesis we intend to test the accuracy of CORGI
perturbation theory by applying it to a phenomenological analysis of sum rules and

moments of structure functions in deep inelastic scattering.

Thesis outline

In chapter 1 we present an introduction to QCD. Particular attention is paid to the sub-
ject of renormalization scheme dependence; we describe some of the proposed solutions

to this problem and how they can be applied to fixed-order perturbative predictions.

In chapter 2 we review the subject of deep inelastic lepton-hadron scattering. We
define the moments of structure functions and show how their scale dependence can be

derived. We also discuss the 'S dependence of the moments, drawing parallels between



this and RS dependence.

Chapter 3 is intended as an introduction to the behaviour of perturbative QCD at large
orders of the coupling. We discuss instantons and renormalons as sources of factorially
divergent contributions to the perturbative coefficients. We then describe how the
existence of renormalons has inspired a series of all-orders leading- /Ny calculations and
how these results can be given added significance by converting them into leading-
b results. We also describe how the presence of renormalons generated by the IR
behaviour of QCD causes the perturbative definitions of observables to be ambiguous,
and how only when we include non-perturbative effects can we recover a self-consistent

perturbative definition of observables.

In chapter 4 we take the renormalon inspired all-orders leading-b results for the Adler D-
function and the GLS, polarized Bjorken and unpolarized Bjorken sum rules and study
their behaviour at low energies. Specifically we are interested in their behaviour at the
Landau pole, and whether they ‘freeze’ to a well-defined finite value as Q2 — 0. We also
study the perturbative ambiguities generated by these resummations and investigate
whether we can use them to infer any properties of the non-perturbative contributions

to observables.

Chapter 5 is a phenomenological study of the above-mentioned sum rules, based on
the findings of chapter 4. We adopt the CORGI approach to perturbation theory and
adapt it to the all-orders leading-b resummations. We compare the resultant predic-
tions with the available experimental data and also with the equivalent fixed-order

perturbative predictions.

In chapter 6 we turn our attention to the FRS dependence of fixed-order predictions
for moments of the F3 structure function. We consider three different approaches to
dealing with this problem: the CORGI, physical scale and effective charge approaches.
We apply these approaches to a phenomenological analysis of the moments via the
method of Bernstein averages, our intent being to obtain a prediction of the QCD scale

parameter, A.

In. chapter 7 we present an analysis similar to that carried out in chapter 6 but for

moments of the Fy structure function. The principal difference between the F3 and



Fy analyses is the existence of a singlet contribution to the scale dependence of the
moments in the Fp case. We apply the CORGI and physical scale approaches and

attempt to extract a value of the QCD scale parameter from F, data.



Chapter 1

Perturbative QCD

The purpose of this thesis is to improve both the predictive power and our understand-
ing of quantum chromodynamics (QCD). As a first step, it is necessary to understand
the basics of how QCD forms a consistent field theory from which accurate predictions
for physical observables can be derived. To this end, we review in this chapter the
theoretical framework of perturbative quantum field theory, applied to QCD. More

detailed and thorough reviews of QCD can be found in the following references [1-13].

1.1 Introduction

We are interested in the dynamics of particles — in broad terms, how they react when
they encounter or are ‘scattered-off’ each other. Ideally we would like to calculate
cross sections, as these are the most important physical quantities in this respect. This
chapter describes the link between the theoretical content of QCD (characterized by the
Lagrangian and its field content) and predictions for physical observables. Accordingly,

the material is organized as follows:

We define the QCD Lagrangian and describe the central role it plays in defining the
theory of strong interactions. In order to derive predictions for physical observables
from the QCD Lagrangian, it is necessary to take the intermediate step of calculat-
ing Green’s functions. From these it is reasonably easy to extract cross sections and
therefore we concentrate mainly on how quantized Green'’s functions may be obtained,

through the technique of path integral quantization. Next, we describe how the QCD
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Feynman rules are obtained before proceeding to explain how QCD must be systemat-
ically renormalized in order to remove the singularities that are encountered when one
tries to make non-trivial calculations. We then describe how the renormalization pro-
cedure generates an energy dependence for the strong coupling constant and how from

this, we can infer the properties of asymptotic freedom and confinement.

A large proportion of this thesis is concerned with the renormalization scheme (RS)
dependence of QCD observables. Therefore, we describe the source of this problem and
detail three proposed approaches to overcoming it: the physical scale (PS), the complete
renormalization group improved (CORGI) and the effective charge (EC) approaches.
We emphasize how the RS-dependence of a calculation can always be parameterized,

and how as a result of this, a set of RS invariant parameters appears naturally.

We briefly describe the nature of non-perturbative corrections to QCD observables and
in so doing, introduce the operator product expansion. Finally, we define some of the

observables that are of interest to us in this thesis.

1.2 The QCD Lagrangian

Our starting point is classical field theory and the definition of the action in four

dimensions,

S = /£d4x. (1.1)

L is the four dimensional Lagrangian density (hereafter referred to simply as the La-
grangian) and is a function of fields and their derivatives. The Lagrangian serves a
dual purpose. It is both a formal mathematical object from which we can derive pre-
dictions for physical observables, and also a compact means by which we may express

the principal symmetries and field content of a theory.

The conjecture that QCD possesses SU(3) gauge symmetry leads us to propose that

the following classical Lagrangian,

T L a v
Lag = (i) —m)yg; — ZF,WFC{' : (1.2)
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describes strong interactions.

The field content of L is as follows: 1 and % denote fermion (quark) fields, they
are colour triplets as denoted by the indices ¢+ and j. There are six known flavours of
fermion, hence the first term in Eq. (1.2) must be summed over all six of these, with
a different mass, my, for each flavour f. This sum, together with all spinorial indices,
has been suppressed for the sake of brevity. Fjj, is the gluon field strength tensor and

is defined as,
Fi, = 0,Gi—09,G%— gf*™GhGe. (1.3)

The G}, symbol denotes a set of vector boson (gluon) fields; their eight colour degrees

of freedom are denoted by the indices a,b and c.

The covariant derivative, D", is a generalized form of the partial derivative O* and is
defined such that L) is invariant under SU(3) transformations of the fields. In Eq. (1.2)
the covariant derivative appears with a ‘slash’ through it. This denotes that it has been
contracted with a gamma matrix, 7v,. The defining property of gamma matrices is that

they obey the following anti-commutation relation,

{'7#371/} = 29;11/; (1.4)

where g, is the space-time metric. When acting on quark and gluon fields, D,, has

the following form,
Dijh; = (0%8i; +14g[T - G*|i;)¥5, (1.5)
DGy = 0"Gh + gfancGHGY. (1.6)
Here, T, are matrices of the fundamental representation of SU(3), and we have also

introduced the notation T'- G, = T,G},. These matrices are defined in terms of the

eight Gell-Mann matrices, Ag,

A
T, = 3 (1.7)

fabe are the structure constants of SU(3), they are related to Ty by,

[Ta?Tb] = ifabcTc- (18)
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Expressions for A, can be found in many textbooks. Several useful identities involving

the matrices Ty, are given in appendix A.

The Lagrangian of Eq. (1.2) possesses SU(3) local gauge symmetry, by which we mean

that the following transformations,
vi — Q@)Y = exp{igT - Az)}i9;, (1.9)
T -G, — Q(z) T-G#+Q“1(x)§8,,ﬂ(:c) 0 Y(z), (1.10)

leave L unchanged.! From L) the classical QCD equations of motion can be derived,

via the Euler-Lagrange equations:

(i —m)yp = 0, (1.11)

DuFI = gy Tu. (1.12)

We recognize Eq. (1.11) as the Dirac equation and together, these equations describe

the classical theory of strong interactions.

Gauge fixing

It remains for us to quantize our theory. However, if we were to attempt to do so
at this stage, it would become apparent that quantizing £, in a meaningful way is
impossible, for the following reason. In order to maintain manifest Lorentz invariance,
L is written purely in terms of four-vectors. However, for this we pay a high price.
The (massless) gluon, like the photon, has only two physical degrees of freedom and
yet the gluon field variable G, has four. As a result of this inconsistency, were we to
attempt to form a perturbation series using £, we would end up integrating over a set
of field configurations that are related by the gauge transformations of Egs. (1.9) and
(1.10). This procedure (equivalent to carrying out the integral f;° dzx) inevitably results
in the appearance of singularities when we attempt to perform even the most trivial
of calculations, such as defining the gluon propagator. The most common approach to
remedying this problem is to factor out this set of field configurations. This can be
achieved through the addition to the Lagrangian of a ‘gauge fixing’ term, Lg. Among

the-many possible forms Lzr-may take, one popular choice - the ‘covariant -gauge’ - has

'From this point forward, we suppress ¢, j indices.
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the form,

1
2%

where £ is known as the gauge parameter. Details of non-covariant gauges can be found

Lg = (0"Gy)?, (1.13)

in Refs. [14,15]. The inclusion of a gauge fixing term and the choosing of a value for the
gauge parameter breaks the manifest gauge invariance of the Lagrangian. In order to
restore this symmetry, we must ensure that all physical predictions are independent of
the choice of gauge and therefore independent of £&. On the rare occasion in this thesis
when we have to choose a gauge, we set £ = 1, which corresponds to the Feynman

gauge.

The procedure of gauge fixing is necessary in both Abelian and non-Abelian field the-
ories. However, in non-Abelian theories Lz must be supplemented by another term,

Ly, known as the Fadeev-Popov or ‘ghost’ Lagrangian [16]. It has the following form,

Lo = 0uni(0"Na + gfabeGE). (1.14)

Unitarity of the S-matrix is then ensured by BRST symmetry [17,18]. We have intro-
duced a new set of fields, n,, known as ghost fields. They are unphysical in the sense
that they only propagate as intermediate states, undetectable in the initial and final
states of any interaction. They do however appear in the QCD Feynman rules, acting
to cancel the unphysical gluon polarization states. Therefore, ghost field contributions

must always be included in any calculation.?

When we include gauge fixing and ghost terms, the final QCD Lagrangian has the form,
Loocp = Lo+ Lgr+ Lip. (1.15)

There are additional possible terms which could be added to Lqcp, all maintaining
gauge invariance. However, these are not of concern in this thesis and we shall re-
strict ourselves to the minimal Lagrangian of Eq. (1.15), and consider this to be the

fundamental object defining QCD.

*There do exist certain choices for the gauge fixing term which make the addition of a ghost term
unnecessary. These are known as ‘physical gauges’.

10
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The QCD coupling constant

So far we have neglected to identify the symbol g, first introduced in Egs. (1.3), (1.5)
and (1.6). It appears wherever trilinear or quadrilinear products of fields occur and
we therefore associate it with the coupling together of fields i.e. interactions. Known
as the coupling constant, ¢ is (in four dimensions) a dimensionless parameter and is
characteristic of the strength of QCD interactions. The coupling constant is perhaps
the most important parameter in QCD and from its nature and behaviour, we can gain

much physical insight.

In light of this, it is often convenient to split Locp into an interaction part and a ‘free’

part:
Logcp = Lo+ Ly (1.16)

Here, Ly = L(g = 0), and consequently the interaction Lagrangian, £, contains all the
terms in Lgcp which involve factors of g. QCD Green’s functions, in the absence of
interactions, are almost trivial and can be solved exactly. However, as soon as we ‘turn’
the interaction on (i.e. set g # 0), the resultant Green'’s functions become incalculable
and it becomes necessary to use some approximation to extract information about

them.

In the perturbative approximation we assume that g < 1, i.e. all interactions are ‘weak’.
The full Green’s functions are then expanded in terms of the solutions to the free theory.
A generic result of a perturbative calculation for an observable is an expansion in powers

of g,
Flg) = D fag™ (1.17)
n=0

The full result, F(g), can then be obtained by calculating the infinite set of coefficients,
fn. In practice, it is possible to calculate only a finite number of coefficients, or, in some
cases we can calculate a portion of f, for all n. The accuracy of the approximation
rests on the assumptions that the above series converges and that f, can be uniquely

defined. Challenges to these assumptions form the central theme of this thesis.

Hé;v'ingkdiscussed the basic ingredients of QCD, we now turn our attention to describing

11
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how QCD becomes a true quantum theory, through the quantization procedure.

1.3 Path integral quantization

There exist two widely used methods of quantizing QCD: the canonical commutator
method and the path integral method. In this thesis, we use the path integral quan-
tization method, originally developed by Feynman and Dirac as an alternative means
by which quantum mechanics may be formulated [19,20]. Path integral quantization
involves the use of functional integrals to relate the dynamical content of a theory
(represented by the Lagrangian) to Green’s functions. The method generalizes to the
quantization of classical field theory, and provides an elegant method of formulating
QFT. This section provides a brief summary of the main ideas behind this formalism,
and shows how some of the important results relevant to later chapters are derived.
A detailed discussion of path integral quantization can be found in many QFT texts,
including the following, [1,2,6,11-13].

The determination of Green’s functions is central to the process of extracting physical
information (in the form of observables) from a theory. In this sense, they are an
intermediate step between the observables and Locp. Cross sections are closely related
to transition amplitudes; these in turn can be related to Green’s functions via the
Lehmann-Symanzik-Zimmerman reduction formula (see Ref. [11] for further details of
this). The step that is most difficult, and that also gives us greatest physical insight, is
that of obtaining Green's functions from Lqcp, and this can be achieved through the

path integral formalism.

1.3.1 The generating functional

We start by considering the simple example of the quantum field theory of a scalar field

with a quartic interaction,

1 1 1
L = 50.0)(0"9) - §u2¢2 - a/\df’ (1.18)

= Lo+ M, (1.19)

" where A is the coupling in this theory. Subsequently, we will generalize the results

obtained in this example and apply them to QCD.

12
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It is necessary to define an object known as the vacuum to vacuum transition amplitude

in the presence of a source, J(z),

wi) = N [gsen{i [atew.o0 s@e@)}. a0

This is also known as the generating functional. 2¢ represents the functional integral
over all field configurations, ¢(z), which satisfy certain boundary conditions, and the
normalization factor N is defined so that W[J = 0] = 1. We simplify things by first
considering free scalar field theory; in which W[J] = Wy[J] = W([J]|x=0. In this case

we can obtain an exact expression for Wy[J],

Wild) = N [90ep{-3 [ [ atysepeais) +i [ deaaee)
(1.21)
= N/%p exp ( - %(q&,kq&) +i(J,4)), (1.22)

where k(z,y) = §(z —y)(8,0* +m?) and the notation (¢, k¢) is self-explanatory. When

we include the normalization factor N, Eq.(1.22) becomes,
1 -1
Wold] = exp{ -5k J)}. (1.23)
Using the form of k(z,y) given above it can be shown that,

4
p gy 1
(2m)4 p? —m?2+ e’

kHz,y) = iAp(z—vy) = z/ (1.24)

— WolJ] = exp {_% / d'e / diy J()Ar(z — y)J(y)}, (1.25)

where Ap(z) is known as the Feynman propagator. The integral in (1.24) represents a
Fourier transform and so the Feynman propagator in momentum space can be defined

as,

% 1

Because our scattering experiments involve external states of definite momentum, we

express Green’s functions in terms of components defined in momentum space.

We have obtained-an exact -expression-for W{[J] in the case-of free scalar field theory.

The path integral contains an oscillatory exponential and appears to be ill-defined.

13
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However this can be remedied by performing a Wick rotation of the time coordinate,
t — it, evaluating Wy[J] in Euclidean space and then continuing back to Minkowski
space. This process is justified provided there exist no poles above the positive, real
semi-axis or below the negative real semi-axis. The Feynman prescription, introduced
via an ie term in Eq. (1.24), ensures that this is the case. The introduction of the
source J(z) can be understood, in broad terms, as the introduction of a probe field
as a means by which we may examine the vacuum of the theory. The form of the
generating functional encapsulates the result of that examination. When we come
to consider QCD, things are slightly more complicated; it will become necessary to

introduce source terms for each type of field.

1.3.2 Green’s functions

The next step is to show how Green’s functions are obtained from the generating
functional. An n-particle Green’s function is defined as the vacuum expectation value
of n time ordered fields and is denoted by g(”>(m1,a:2, .yZn). This can be related

to W[J] by extending to field theory a result from the path integral quantization of
QM [2):

G (21,22, ., 7)) = (OT(¢(z1)d(22)...¢(x0))I0)

"W (J]
0J(x1)6J(x2)...0J (zp)

= @)™ (1.27)

J=0

The Green’s functions for free scalar field theory, though useful as a gentle introduction,
are rather uninteresting; we will extend our analysis to include interactions before we

investigate Eq. (1.27) any further.

When we turn the interactions on, Eq. (1.20) becomes

N/@qs exp {i/\/d4$£1(¢)}exp {i/d4x(£0+J¢)} (1.28)
N/%{ M)n [/d‘*xﬁ (—zw‘z )>]n}exp{i/d4x(£o+J¢)}.

(1.29)

Il

W[J]

In Eq. (1.29), the exponential of the interaction action has been expanded as a Taylor

14
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series in powers of A. Also, in £;(¢) each instance of ¢ is replaced by a functional
derivative with respect to J(z); this replacement builds the ¢ dependence of L;(¢).
The purpose of this replacement is to make £; independent of ¢, allowing us to take

the interaction piece outside of the integral,

W) = N{i [/d‘*xc (”%J )] }/%eXp{ /d4x(£0+J¢)}

n=0

N exp [fi}\/d“xﬁl (—15@—))]%[‘7]. (1.30)

Note also that integral and summation symbols have been interchanged. This is a

{l

subtle though significant step which can, in some cases, disrupt the convergence of
perturbative expansions (see Refs. [21-23] for details of this). To make the perturba-

tive application of Eq. (1.30) more explicit we rewrite it as,

M)n /d4x1...d4xn£1 (‘Zﬁgm) L (—zw(é—an WolJ].

(1.31)

[e9]

W[J] Z
n=0

In summary, we have succeeded in writing the full generating functional as an expansion
in powers of A\. Here we see the mechanism of the perturbative approximation in
action. The exact, though incalculable, expression in Eq. (1.30) has been manipulated

to produce an infinite series of calculable terms.

Using Eq. (1.31) in conjunction with Eq. (1.27), Green’s functions can be expressed as

an (infinite) series in powers of the coupling A,

oo

¢m) = S gk, (1.32)

It then follows that a generic physical observable, F()), can also be expressed as a

perturbative expansion,
o0
D faAn (1.33)
n=0

In this approximation, Green’s functions can be determined by calculating terms in

Eq. (1.32) at successive orders of A, up to the highest order we have the strength to

15
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calculate. The complete form of the Green’s functions can be reconstructed by including
an infinite number of terms; it is of course hoped that the series rapidly converges and
that it is necessary to calculate only the first few terms. The convergence properties of

Green'’s functions and physical observables are discussed in more detail in chapter 3.

Connected and one particle irreducible Green’s functions

In practice it is often more productive to consider ‘connected’ Green’s functions. These

are derived from the connected generating functional, A'[J], defined as,
X[J] = —ilogW[J]. (1.34)

The connected Green’s functions, X (")(wl,xz,...,:cn), are then obtained from this
generating functional using an expression analogous to Eq. (1.27). Furthermore, it is
also beneficial to consider only a subset of connected Green’s functions known as one
particle irreducible (OPI) Green’s functions, which we denote by G(™. The difference
between normal connected and OPI Green’s functions will become apparent when we

come to consider their diagrammatic interpretation.

OPI diagrams can be derived from an object known as the effective action, I'[¢.] defined

as a function of the classical field, ¢,
Llg] = X[J] - (J,¢c). (1.35)

The connected OPI Green'’s functions are then defined in terms of the effective action;

in analogy with Eq. (1.27),

57T (¢e)
56c(21)000(22). - 0be(zn) | ,_

0

Gz, 9, . zn) = ()7 (1.36)

The effective action can also be used to illustrate how the quantization procedure has
modified our theory. If we calculate I'[¢.] up to order A, we obtain an expression in

terms of integrals of classical fields, sources and propagators.® This can be solved to

3See Ref. [2] p. 66 for further details.
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XO(zy,85) = . + . O , +0())

XA (21,22, T3, T4)

Figure 1.1: The 2- and 4-point connected Green’s functions in ¢4, up to O()), given in
Egs. (1.39) and (1.40).

obtain an expression for J(z) in terms of ¢,
1. 1
J(z) = (IZI + 1+ 5AzAF(0)> be + -éxqs‘g +O(\?). (1.37)

Setting J(z) = 0 (we can do this because it is an arbitrary function) gives an equation
which we can consider to be the quantum equation of motion. This can be compared

with the classical equation of motion for ¢* theory, the Klein-Gordon equation:
2 1,3
(O+p )¢+6’\¢ = 0. (1.38)

If we restored the factors of % in the Eq. (1.37), we would see that the Ap(0) term
is proportional to . Hence this is a quantum correction, not present in the classical

h — 0 limit, and generated by the quantization procedure.

For illustrative purposes, we now use Egs. (1.27), (1.31) and (1.34) to calculate the 2-

and 4-point connected Green’s functions up to O(A):

X (zy,25) = iAp(z) —z9) — %i)\/d:ciAp(ml —z)iAp(z — 2)iAp(x — z9)

+ O\, (1.39)
XD (g1, 29,73, 24) = —id / dz Ap(z1 — 2)Ar(zs — 2)Ar(zs — 2)Ap(zs — 2)
+ 0(\?). (1.40)

17
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The Feynman propagator in Eq. (1.24) is associated with the propagation of solutions
to the Klein-Gordon equation. Hence Ap(z — y), and therefore the propagators in
Eq. (1.39), may be represented diagrammatically as lines propagating between space-
time points z and y. Equivalently, the momentum space propagator Ap(p) can be
represented by a line carrying momentum p. Figure 1.1 shows such diagrammatic rep-
resentations of the Green’s functions in Eqgs. (1.39) and (1.40). In this diagrammatic
interpretation, connected diagrams are those which cannot be considered to be two sep-
arate diagrams; and OPI diagrams are diagrams that cannot be split into two separate

diagrams by the removal of a single line.

It is clear that the Green's functions given in Eq. (1.39) and (1.40) and depicted in
Fig. 1.1 can be written in terms of just two components: the Feynman propagator and
a —1iA term associated with each vertex. This is true of all n-point Green’s functions at
any order of perturbation theory. Consequently, we can obtain expressions of the
form of Eq. (1.39) and (1.40) for any n-particle Green’s functions without explicitly
evaluating Eq. (1.27).

The Feynman rules provide a shorthand for deriving these Green’s functions with as
little work as possible. They consist of a set of mathematical expressions, in momentum
space, one for each propagator and vertex in the Lagrangian, together with a set of
rules for integrating over internal momenta, and necessary symmetry factors. These
rules provide us with a systematic approach for calculating Green’s functions order by

order in perturbation theory [24].

Before we discuss the Feynman rules in more detail, we describe how the path integral

quantization technique is adapted to QCD.

1.3.3 The QCD generating functional

The generating functional of QCD is slightly more complicated than that of ¢* theory,
given in Eq. (1.28). To derive it, we first split £y into quark, gluon and ghost terms

18
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i.e. terms bilinear in these fields or their derivatives,*

Lo = L3+L5+clr. (1.41)

Similarly, we split the £; into quark-gluon three-gluon, four-gluon and ghost-gluon

vertex terms,
Lr = LY94L% 494 cirs, (1.42)

Next, we define the free generating functional, in analogy with Eq. (1.20),

Wol,¢,¢hxx = WEITWEP(e, ¢ wd I %), (1.43)
where,
wilJ] = /@G exp [z’/d4m (£3+G~J)] , (1.44)
wiric, ¢l = / 9 D' exp [z / diz (L + ¢+ c*m] : (1.45)
Wix = / DY T exp [z / d4z(£8+$x+w)] , (1.46)

and J(z), ¢(z) and x(z) are source terms associated with the three different types of
field. Note that the fields ¥(z), x(z), n(z) and ((z) are all Grassman variables and care
must be taken to ensure they are treated as such upon integration and differentiation.
In analogy with the scalar field theory example and Eq. (1.25), we can obtain exact

expressions for these three functionals,

W) = ool [dedy @Dl -G, 0
wiPl¢,¢l] = exp {z / d'zd'y (*(z) DYz —y)c"(y)}, (1.48)
Wi, x] = exp {i/d4w d4yY(w)S(w~y)x(y)}, (1.49)

“Note that £J contains not only the Abelian terms in —%FﬂuF;‘“ but also the gauge fixing term,
Lgg. Similarly LL7 is just the O(g°) term in Lep.
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where D(z) and S(z) are the QCD field propagators in configuration space. Their

Fourier transforms are given by,

saby 0% o\ PuPy
DR = o (o + (-0, (150
- b i(sab

1.51
D*(p) R (1.51)
) . +m
Sij(p) = by 4 (1.52)

p2=m2+ic

In analogy with Eq. (1.30), the full QCD generating functional can be written as,

6 —6 6 -6 ¢
1%, v 5 = ; 4 — — T W Ty ¥
[J)C?C ?X?X] exp [Z/d xﬁ[ ('L(SJ’Z(SC"L(SC*"L(SX’ 'L(sy)] 0[J7C7C ’X?X]’
(1.53)

where each instance of each field in £; has been replaced by a functional derivative

with respect to the appropriate source term.

In analogy with Eq. (1.31) we can approximate Eq. (1.53) perturbatively to obtain an
expansion in powers of g. Hence all QCD Green's functions can be obtained by using

an equation analogous to Eq. (1.27):

g(”)(:cl,mz,...,xn) - (i)—n (H%) W[J)CaCT,XaY]) (154)

where S; can be either of the five source terms. The correct combination of these source
term derivatives depends on the types of external field that the Green’s function refers

to.

1.4 QCD Feynman rules

We saw in section 1.3.2 how the propagators for ¢* theory can be obtained by con-
sidering the free generating functional, isolating the term coupled to two sources and
identifying it as the propagator (in configuration space). In general, field bilinear terms
in.the Lagrangian give rise to the propagators,.and multilinear terms.generate interac-

tion terms in the Feynman rules. Hence, inspection of Egs. (1.47) - (1.49) allows us to
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T AL
> = idis p2—m2+ie
p i&ab
------------- Pocemmemaeeee = p2+1'5
p

sab
TOOOOD = E(wra-ouk)

Figure 1.2: Feynman rules for the propagators of QCD. Expressions for Dﬁ,b, (p), D%(p)
and S;;(p) can be found in Egs. (1.50) - (1.52).

obtain the propagators for QCD fields. These are given, along with their diagrammatic

representations in Fig. 1.2

To calculate the interaction Feynman rules, we isolate the term in the Lagrangian rele-
vant to a particular vertex, calculate the generating functional for that vertex and then
use Eq. (1.54) to obtain the relevant Green'’s function. For example, for the quark-gluon
vertex, the relevant generating functional is,

b -6 4

q-9 v — ; 4 -9 __- _ - _“_ g q ~
W [‘LX)X] Z/d m‘C] (25.]““’25)(’2(5X> WO [‘]] WO [X’X]’ (155)

and the relevant 3-point Green'’s function is,

3
7-9,(3) _= WIIT v. % 1
g ($1,$2,$3) 5)((576] [ 7X)X]' ( 56)
When converted to the momentum representation this gives,’
i idu(k)

g~q-g,(3) (Pl:P?» k) - —":gTa ’ (1-57)

7’1_"71%3"2—7” k?

where pi1, pa and k are the momenta carried by the two quarks and the gluon, respec-
tively and we have defined dy, = —gu + (1 — €)kuky/k?. By stripping Eq. (1.57) of

external propagators we can obtain the Feynman rule for the quark-gluon vertex. Its

5Weé have dropped the Loréitz and eolour indices from G779 in order to make the expressions
clearer.
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=  —g9f%(p-—q) g™ +(g—1)¥g" +(r—p)’ g°¥,

(all momenta incoming, p + ¢ + r = 0)

q
P
r
_ _ig2 fzaCfxbd [guugpa _ guagup]
—ig2 fa:adf:cbc [g;.wgpa _ gypguo]
—ng fz:abfzcd [gupg,ua . g;wgup] ,

—igT“’y“, — gfabcqp.‘

Figure 1.3: Feynman rules for the vertices of QCD.

form is given in Fig. 1.3, along with the rest of the QCD vertex Feynman rules.®

1.5 Renormalization

In section 1.3.2 we saw how the classical equations of motion for ¢* theory are modified

by the quantization procedure,

(D + u? + %AiAp(O)) b = —%)\qbg + O(N\?). (1.58)

In a system of particles described by ¢* theory, a measurement of particle mass would

measure the terms in Eq. (1.58) that are proportional to ¢.; the measurement would

®See Ref. [1] for further details.
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not be able to distinguish between the u? and Ap(0) terms. If it were possible to turn
the interactions off, we would be able to measure u. However, this is impossible and
we therefore conclude that p is an unmeasurable (and therefore unphysical) quantity.
Accordingly we redefine it as the ‘bare’ mass, up. The measurable quantity would then

be the effective or ‘renormalized’ mass, ug,

I

1
wh uh + SMAP(0) + o) (1.59)

Zup, (1.60)

il

where Z is known as the mass renormalization constant. Were we to calculate higher-
order terms in Eq. (1.58), it would become apparent that the same is true for the

coupling, A, and in fact for all parameters in the Lagrangian.

As a consequence of this, it would appear that all parameters in the Lagrangian of
Eq. (1.18) are unphysical. Furthermore, the propagator term in Eq. (1.59) is singular,
meaning that if we wish to recover a finite value for the measured mass, ug, then ug
must also be singular. It must contain the same singularity as that in Eq. (1.59), but
with the opposite sign, so that the singularities in Z and up cancel each other out.
The fact that pp is singular is troubling. However, we can justify this worrying turn
of events by reminding ourselves that bare parameters are unphysical and hence they

are allowed to be singular.

The singularity structure of Z can be determined by calculating the singular term in
Eq. (1.59) and demanding that ug be finite. However, it must be noted that the value
of Z can be shifted by an arbitrary finite amount, without violating this physicality
condition. As we shall see later, this element of arbitrariness propagates into renormal-

ized predictions for physical observables.

The type of divergence in Eq. (1.59) is endemic in field theory (in four dimensions).
It occurs because field theory allows the existence of intermediate states which can
propagate with arbitrarily large momenta. The same situation arises in QCD. Let us
consider the order O(g?) fermion loop correction to the gluon propagator, illustrated

in Fig. 1.4. Using the Feynman rules in section 1.4 we can construct the following
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Figure 1.4: Fermion loop contribution to corrections to the gluon propagator.

expression,

Figure 1.4 = —ill* (p?)

© gl YHEAmMYE+p+m)
(2m)* (k2 = m2)([k + p)> — m?)’

= —g2’I‘r(TaTb)/0 (1.61)

Ignoring, for a moment, the numerator of the integrand and the colour structure, and

using the following identity,

1 ! do
5 = ) e —

d d4k
T (p? / / L (1.63)

where the substitutions kK — k — ap and M = m? — a(1 — a)p? have been made.

we obtain,

The integral in Eq. (1.63) is logarithmically divergent, exhibiting the same kind of
divergence present in Eq. (1.59). Fortunately, we have only encountered logarithmic
divergences. Had the divergences been quadratic, the situation we find ourselves in
would have been many times worse. However, in order to extract a meaningful result

from Eq. (1.61) we must first regularize and then renormalize it.
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1.5.1 Regularization

The purpose of regularization is to quantify the extent to which a particular diagram,
such as Fig. 1.4, is divergent. This allows us to obtain expressions for Green’s func-
tions which, although still formally divergent, expose the nature of their singularities.
A number of regularization procedures exist. However, we limit ourselves to the study
of dimensional regularization (DR). First, we note that the divergent nature of IT%} (p?)
is dependent on the number of space-time dimensions i.e. the number of k integrations.
By generalizing (using analytic continuation) the number of dimensions to D = 4 — 2¢
we can control the divergent nature of Eq. (1.61); eventually we will set £ to zero in
order to restore the D = 4 limit. In D dimensions, the integral in Eq. (1.63) can be

obtained from the following result,

00 de: 1 _ .(—1)"F(n+5) o M2\ "¢
/0 (2m)P (k2 — M2)n+2 Z(47r)2F(n—+7)M ’ (y) - (1.69)

Generalizing the number of dimensions to D also has the effect of changing the mass
dimension of the Lagrangian to D. Using this fact, and dimensional analysis, we
can deduce that the fermion and gluon fields and the coupling constant, g, have mass
dimensions of 3/2—¢, 1—¢ and ¢ respectively. In light of this, we redefine the (previously
dimensionless) coupling g, in terms of a truly dimensionless coupling, g, and an arbitrary

scale p,
g = g (1.65)

The scale p generates the mass dimension of g, and is known as the renormalization
scale. Despite it being physically meaningless, the final result of any renormalized cal-
culation to finite order in perturbation theory will be dependent on u. This dependence
on an arbitrary scale is a manifestation of the inherently ambiguous nature of regulated

divergent integrals.

The numerator of the integrand in Eq. (1.61) is a trace over products of gamma matri-
ces. Upon performing this trace, and after the application of the result in Eq. (1.64),
one obtains,

. §° ATg

) = igmg

1 .
dab(PHp” — g p?) (—g + ﬁmte)

San(p*p” — ¢ p*)(p?). (1.66)
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(diagram 1)

Figure 1.5: The one-loop correction to the fermion propagator, also known as the
self-energy diagram.

The presence of a 1/¢ pole makes explicit the singular nature of this one-loop integral;
it is a manifestation of the logarithmic divergence in Eq. (1.63). The finite part in
Eq. (1.66) has the form,

1 2 _ _ 2
finite = g+ 6/ do a(l — a)ln m”—o(l —e)p
0 dmp?

= [’YE — In(4r) + In ("M—If) - g] — :—; +0 (’;1—().6) + O(e).  (1.67)

Where ~g is the Euler-Mascheroni constant and has an approximate value of v =
0.577215665 . ... Terms of order € or higher can be neglected (at one-loop) as they are
zero in four dimensions. Furthermore, in this thesis we will be working in ‘massless
QCD’ in which all quark masses are set to zero. Therefore we need consider only the
terms in the square brackets in Eq. (1.67). The 1/e¢ pole in the vacuum polarization
function in Eq. (1.66) is the crucial component of this result, important when we come

to renormalize QCD. In general, higher-loop diagrams contain higher-order pole terms.

Figures 1.5 - 1.7 show 7 of the one-loop OPI diagrams that contribute to the quark and
gluon propagators and the quark-gluon vertex. For illustrative purposes we shall now

state their (dimensionally) regularized forms:

Diagram 1 is known as the fermion self-energy. Its regularized form is

=2
(diagram 1) = ii‘—gFJiij [p —4dm-(1-&)(p - m)]ab é +..., (1.68)

where,
2

1 =P
o= -€-+ln47r—'yE—ln—u'T, (1.69)
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p p p et D
(diagram 2) (diagram 3)
p D
D D
(diagram 4) (diagram 5)

Figure 1.6: One-loop corrections to the gluon propagator, also known as vacuum po-
larization diagrams.

and the ellipsis represents terms absent or finite in the ¢ — 0 limit. We have kept
the m dependence but from now on, we will set m = 0. We have also kept the gauge

dependence on &, previously omitted in Eq. (1.66).

Corrections to the gluon propagator are shown in Fig. 1.6 and are known as the vacuum
polarization diagrams. Diagram 5 is zero in dimensional regularization; the combined

contributions of the other diagrams are,

=2
. . g 5 4
(diagrams 2 + 3 + 4) = ZI{;}?‘S“" [(p“p” — g‘”’p2) (§C’A — gTRNf)
1 v w2 1
+§CA(1——E)(2p“p — g"'p?) St (1.70)

The constants C4 and Cr are the group theory quantities defined in appendix A.
The fermion propagating in the loop in diagram 2 could be any of potentially 6 quark
flavours. We therefore sum this diagram over the number of active” fermion flavours,
Ny. The Abelian, QED result can be obtained from Eq. (1.70) by setting all terms not
involving Ny to zero and adopting the value of T appropriate to QED.

"We describe what we mean by ‘active fermions’ in section 5.3.
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(diagram 6) (diagram 7)

Figure 1.7: One-loop corrections to the quark-gluon vertex.

Diagrams 6 and 7 are known as the vertex correction diagrams. Their combined regu-

larized form is,

=2

. , g
(diagrams 6 + 7) = 97672

YH(T)i;[AC4 + 4Ck — (1 — €)(Ca + 4cp)]§ +o
(1.71)

Using dimensional regularization we have exposed the singularity structure of the one-
loop correction diagrams of Figs. 1.5 - 1.7. Via the process of renormalization these

singularities can now be systematically removed.

1.5.2 Renormalization constants

As was the case with ¢* theory, we are required to redefine our Lagrangian in terms of
bare and renormalized quantities, related to each other via renormalization constants.

For Lqcp we perform the following redefinitions:

(GE)s = Z4*(Gh)r, e = Z,/*¢n,
n% = Zn g, &' = Zeti' (1.72)
mp = ZmMRg, 9B = Zy4gr,
where,
Zi = 1+AZ;. (1.73)
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o

.-
AN
o0 oo
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Figure 1.8: Comparison of ‘bare’ and renormalized diagrams for the gluon propagator,
at one-loop. The first term on the RHS is the full propagator and contains no singu-
larities. Hence, the singularity structure of AZ; can be determined by comparing the
LHS and RHS of this equation.

In massless QCD we can omit the equation for Z,,, leaving us with 5 renormaliza-
tion constants. We redefine the Lagrangian of Eq. (1.15) as the bare Lagrangian and
all the parameters within it as bare parameters, denoted by a subscript B. We also
define the renormalized Lagrangian, £, as in Eq. (1.15) but with all parameters being
renormalized parameters (instead of writing all renormalized parameters with a sub-
script R we omit it and assume, from now on, that all parameters without a subscript
are renormalized). The bare and renormalized Lagrangians are related to each other

by,
Ls = L+AL (1.74)

where AL is the counterterm Lagrangian. Substituting Eq. (1.72) into Eq. (1.74) and
using Eq. (1.73) allows us to obtain AL in terms of renormalized parameters and the

renormalization constants,
_ . 1 L
AL = d’a ('LB) - mAZm)ab Uy AZ@/} - Z F;ZVF(;L AZ4
+ Lot (AZ4 + AZE) + L AZy
AZ - -
i (AZQ * TA> (C37P + £579 + £ +2£7). (1.75)

The renormalization constants encode the singularity structure of the loop diagrams.
At one-loop they contain only simple poles, the residues of which are the crucial infor-
mation obtained from the regularization procedure.

The renormalization constants can be determined by comparing Green’s functions cal-
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culated from the LHS and RHS of Eq. (1.74). For example, if we calculate the gluon
propagator from Lp, we obtain the tree level propagator, plus the one-loop corrections
of Eq. (1.70). £ and AL have their own set of Feynman rules. £ leads to Green’s func-
tions written in terms of renormalized parameters, corresponding to what we actually
measure. Also, AL gives rise to a set of Feynman rules similar to those of Figs. 1.2
and 1.3, but which include extra factors in the form of combinations of AZ;. The
appropriate combinations of these are derived from Eq. (1.75). Diagrams constructed
from these rules are known as counterterm diagrams and are represented by placing a
® symbol on them. Comparing the singularity structure of Green’s functions derived

from each side of Eq. (1.74) allows us to obtain the poles in Z;.

For the gluon propagator example, we can compare the one-loop corrections written
in terms of bare parameters with the renormalized propagator and the counterterm

propagator. This is shown in Fig. 1.8 and expressed mathematically below,

gdabl |:( 2

v v 5 3 v,.2
Lo Ll ) <2TRNf_ 304) = 304(1 - ("5 - 209")

= iAZA(”‘p2g;w + puPv)bap — H(AZ4 + AZE)E_lpupu‘sab, (1.76)

where we have omitted the tree level gluon propagator from both sides. The appro-
priate combinations of AZ; used in Eq. (1.76) can be obtained by determining which
terms in Eq. (1.75) contribute to the gluon propagator. From Eq. (1.76), the renormal-

ization constants Z4 and Zg can be identified,

=2
_ g1 4 _CA
AZy = 16#26[ CA+3TRNf (1 {)] (L.77)
=2
N _% _
AZe = 16”25[ 30A+3TRN (1 g)] (1.78)

Repeating this procedure for the quark self-energy and then the ghost self-energy, one

obtains,
g“Cr §°Cr
AZU) 167!'265’ AZpy 1672¢ (2 +£)7 (179)
=2
_ _9%Ca(3_5
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Finally, the one-loop quark-gluon vertex function can be used to obtain Zg,

> 1
16726

AZ, = - [11C4 — 4TRN/] . (1.81)

Note that this expression is independent of . Equations (1.77) - (1.81) represent
a successful renormalization of QCD at one-loop and can be used to perform O(g?)

calculations of renormalized Green’s functions.

To summarize, the singularities occurring at one-loop have been absorbed into the
unphysical parameters of the bare Lagrangian. Our reward for this feat is a set of
finite expressions for the one-loop quantum corrections to QCD Green’s functions, and
the ability to calculate perturbative corrections to observables, order-by-order, in the

following form,
oo
Flag) = Y faoldt, (1.82)
n=0

where a; = g?/4w. However, this is at the cost of the introduction of an element of am-
biguity, the origin of which is the arbitrariness of both the renormalization scale and of
the finite subtractions made by Z;. As we shall see in section 1.8, truncating Eq. (1.82)
at fixed-order O (a?) leads to an O (a?™!) dependence of the result on the way in
which it has been renormalized. Furthermore, when we attempt to resum leading logs
in order to define the running coupling, this O (ag“) dependence is absorbed into the
lower-order terms in the truncated sum. Hence fixed-order predictions will depend on

the way they are renormalized.

1.5.3 Renormalization scheme

As a result of the renormalization process, all singularities occurring at one-loop have
been absorbed into the renormalization constants, and sense can finally be made of
QCD Green’s functions. This process can be generalized to higher-loop diagrams and

consequently, QCD can be renormalized order-by-order in perturbation theory.
However, although the loop diagrams fix the pole structure of the renormalization con-

stants, their finite part is arbitrary. We could shift the AZ;’s by any finite amount

whilst still meeting the condition that renormalized Green’s functions must be finite.
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Furthermore, the renormalized one-loop diagrams all have a dependence on the arbi-

trary scale p.

We are forced to choose what finite part of the loop diagrams we will keep when we
perform the subtractions, and this choice is reflected in the value of the finite part of
AZ;. A particular set of choices for the finite parts of AZ;, together with a choice of

renormalization scale, defines the renormalization scheme (RS).

When we wrote down Egs. (1.77) - (1.81), we set the finite parts of AZ; to zero, and
in so doing we unwittingly made a choice of renormalization scheme. We used the
renormalization constants to subtract only the poles, and nothing else; this is known as
the minimal subtraction (MS) scheme. We can transform from one scheme into another

simply by performing a finite renormalization.

The two schemes used in this thesis are the modified minimal subtraction (MS) scheme
and the V-scheme. In MS the finite part 7z — In 47, present in Egs. (1.68) - (1.71) and
always present with DR, is removed. In the V-scheme the additional factor of —5/3,
present in Eq. (1.67) is also removed. This scheme is useful when we come to consider

chains of renormalized fermion loops, in chapter 3.

If we examine the effects of these finite renormalizations on the vacuum polarization
function of Eq. (1.66), we see that they can simply be treated as different re-scalings
of the renormalization scale. The renormalized form of Eq. (1.66) can be written,

=2 2
. 2 _ . 9 4TR —-p
—ill(p*) = 76723 In (;ﬂeCRS) , (1.83)

where Cgs depends on the renormalization scheme being applied and in the three above
mentioned cases, takes the values Cys = In 47 + 5/3 — g, Cxs = 5/3 and Cy = 0.
From this, it is easy to see how different choices of finite subtraction will affect the
result of any physical observable calculated from the vacuum polarization function.

This problem hinders attempts to unambiguously define QCD observables.
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1.6 The renormalization group equation

It is clear that through the renormalization procedure, a dependence of physical ob-
servables on the renormalization scale y is generated. This dependence can be defined
more rigorously through the renormalization group equation. In order to show this we

must first know how bare and renormalized OPI Green’s functions relate to each other.

For QCD to be renormalizable, the divergences in the generating functionals must
be removed; this has been achieved partially by the renormalization carried out via
Eq. (1.72). However, this must be supplemented by renormalization of the source

terms, which must satisfy,
J-G = Jg-Gs, ¢ = 1 s Xb = xp¥p.  (1.84)
The bare and renormalized functionals are related by,

X[‘-LC;CtX)X] = XB[JngBaC;;,XB’YBL (185)

where Xp is simply the functional of Eq. (1.34) but written entirely in terms of bare
parameters and &’ is the renormalized form of X'z, obtained by using the Lagrangian £+
AL in Eq. (1.53). It then follows (using Egs. (1.35) and (1.36)) that renormalized OPI

momentum space Green’s functions are related to their bare counterparts by,
~ _ 2 2 ~
GW(p,g,e,mp) = 2377252 G5 (p,g5,65,mp). (1.86)

Here, ng and ny are the number of external gluon and quark legs, respectively and
p represents the set of external momenta, {p1,p2,...,pn}. The factor of ZZG/ QZZ‘”/ 2
appears because for renormalized Green’s functions, the functional differentiations in

Eq. (1.54) are with respect to renormalized source terms.

Differentiating both sides of Eq. (1.86) with respect to u, and then rearranging gives,

3] ~ 0 0 0 ~
[“B_p + %—ag + ﬂ66_§ —YmMz— = NGIG — nww] G™ =o. (1.87)
This can be written more concisely as,
0 - 0 ~
. ["“5’;7 -+ﬂ§»—"99 +-1D]7G~('2). =0 (1.88)
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Here,

0 0
D = 558—6 - ’Ymmgr—n — NGYG — NyYy) (1-89)

and the following quantities have been defined,

= 07 o€ dlnm

Bg = 'uﬁ—u, Be = #5/;, Tm = _é)ln,u’ (1.90)
_ k0lnZg _ ullnzy,
e = Olnp’ =5 Olnp -’ (191)

Equation (1.87) is known as the renormalization group equation (RGE). It demon-
strates that changes in unrenormalized (bare) Green’s functions, induced by varying
the renormalization scale, are compensated for by changes in the other RS dependent
parameters, g,& and m. ,Bg is known as the beta-function equation and is crucial in
determining the energy dependence of QCD observables. It can be calculated as a per-
turbation series, in powers of g, the leading order coefficient of which can be computed

from the diagrams in Figs. 1.5 - 1.7. Using Eq. (1.65), we can write,

5 _ 0 (up*gs
by = Blnp( Zg >

207, ~
= _Eg - Z g%? (1'92)
g
- _ b _3
= ,Bg = —&g 87T2g +- (193)

where b is the first beta-function coefficient [25,26] which, using Eqs. (1.77) - (1.81), is
found to be,

b = é(ncA—sz). (1.94)

For the definition of Cj4, see appendix A. In general, the beta-function equation is a

perturbative expansion in powers of the coupling; for convenience, we redefine it as,?

da
Olnp

= fB(a) = —ba%(1+ca + cza®+ cza® + -+ ), (1.95)

8There exist many different conventions for defining the beta-function equation, which differ in such
. Wways as: the deﬁmtxon of a with respect to_a, the use of g or o instead of.a, the differential being.with.
respect to w? instead of u ete. Consequently, our definitions of 8, b, ¢ etc. may differ from those in
other works.
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where,

alp) = —= ok (1.96)

The sub-leading coefficients can be obtained by calculating diagrams beyond one-loop
and are found to be [27-31],

1 3
L 2857 — 5033N + 325 NZ
s = I , (1.98)
64b
497, 361 7 1093
o GG ) Ny ¢ (M ) M)

256b
(1.99)

The coefficients b and ¢ are RS invariant i.e. they are the same no matter which RS
we use to calculate them. However, subsequent coefficients are all RS dependent, and
hence Eqgs. (1.98) and (1.99) reflect their values calculated in the MS scheme. Equations

(1.97) - (1.99) can also be rewritten as expansions in powers of b,

107 19
= -5t (1.100)

_— 1 2

o’ = 7 M b, (1.101)

768 b 32 192
WS _ 12185857 +4- 1389486 (3 5857771 + 932400 (3

G = 138245 - 27648
7761 + 1618¢; , 1093
b— b2, 102
+ 576 6912 (1.102)

1.7 The running coupling and asymptotic freedom

As a direct consequence of the RGE, the dependence of the coupling on pu is dictated

by the beta-function equation,

Oa

nge = Bla) (1.103)
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Truncating Eq. (1.103) at leading order (LO) and integrating the resulting differential

equation between the limits ¢ and @ gives,

0 1 1
bln= = - —. 1.104
v T a@ (1104
Rearranging this yields,
! —blnQ = L—bln = —blnA (1.105)
a(Q) aw ~ T | |

The functions of i and @ in the above equation are identical and therefore indepen-
dent of both x and . We identify A as the universal scale parameter of QCD; a @
and p independent quantity which parameterizes the missing boundary condition in
Eq. (1.103).

Rearranging Eq. (1.105) allows us to write a independently of u:

_ a(p)

U9 = TG (@) (1109
_ 1
= (o7 (1.107)

A is a physical QCD parameter, in the sense that by studying the strength of QCD
interactions at different values of @ we could, in theory, obtain a value for A by fitting
a(Q) to the data. Indeed, it can be argued that A is more fundamental than even the

coupling, because it can be defined in an RS-invariant way (see section 1.8.1).

It follows from Eqs. (1.68) - (1.71) that the measured (renormalized) coupling receives

the following finite renormalizations due to the diagrams in Figs. 1.5 - 1.7,

2

Q) = a(u)- %baz(y,) [m <%) + ﬁnite] +0 <a3(p) In? (3—2)) (1.108)

which can be written as a ‘leading log’ expansion in a"*!In",

aQ) = alu)— %ba2(p) In (M—j) +0 (ai*(ﬂ) In2 (%3)) . (1.109)

From this, we can see that expanding Eq. (1.106) as a Taylor series would reproduce

the leading logarithmic components of Eq. (1.109). In effect, Eq. (1.107) has resummed

g - e . b

the logarithms present in Eq. (1.109), and we say that the coupling of Eq. (1.107) is
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‘renormalization group (RG) improved’.

Via the beta-function equation, the coupling has gained a dependence on ¢}; because of
this the coupling is said to be a ‘running coupling’. From Eq. (1.107) we can see that

the coupling, and therefore QCD observables, have the following important properties:

Asymptotic Freedom [25,26] For @) > A, the coupling is small and has the limit
a(@) — 0 as @ — oo. In this region, the perturbative approximation is on firm
ground; we can safely use Eq. (1.82), and need only include the first few terms
to make accurate predictions. Quarks with @ > A will behave as if they are free

particles.

Infrared slavery In the region @@ = A the coupling becomes very large and this corre-
sponds to interactions becoming very strong. As a result of this, the convergence
properties of Eq. (1.82) will suffer and the perturbative approximation becomes
unreliable. The behaviour of the coupling at these low energies gives rise to the
confinement of quarks inside baryons. Free quarks cannot exist as they can al-
ways lower their energy state by combining with virtual quarks created from the

vacuum.

The value of A serves as a guide to the (energy) range of validity of perturbation
theory. The existence of a singularity in the coupling at @ = A (known as the Landau
pole), would seem to spell disaster for QCD. However, the singularity is a pathology
and signals the fact that perturbation theory breaks down and is invalid for values of
a 2, 1. As a consequence, we must be careful about the energy scales at which we apply

perturbation theory.

Solutions to the beta-function equation

Equation (1.107) gives the energy dependence of the coupling at one-loop. To further
increase the accuracy of our prediction we can include higher-order corrections to the
beta-function equation. Integrating the full beta-function equation gives the following

transcendental equation,

7] @ dx . ..
In>- = / —— + infinite constant, 1.110
A o B(z) ( )
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where we have assumed asymptotic freedom (a(u) — 0 as p — 00). The only constraint
on the infinite constant in Eq. (1.110) is that it must possess the same singularity struc-
ture as the integral. However, the particular choice of finite constant made corresponds
to a particular choice for the definition of A. In this thesis, we make the following

choice,

P o0 dz
infinite constant = 5 (1.111)
o bz

1+4cz)

This differs from the standard choice [32], but coincides with that used by Stevenson
in Ref. [33]. As a consequence, our definition of A is not the standard one; the two

definitions are related by,

. 2¢\ "6
A= ASl;evenson = - Aconventiona,l- (1~112)

Truncating the beta-function equation after the nth term gives us the following tran-

scendental equation,

)
I 1 cal™ /a b 1
bnh= = — In —~ 1.11
n T y teln n + | dz 5 () + 205 ] (1.113)
where 8" (z) is the beta-function equation truncated at n terms, and a{® is the nth

order approximation of the coupling.’

We now describe several higher-order approximations to the running coupling. Trun-
cating Eq. (1.103) at order a3 and integrating the resultant differential equation gives
us Eq. (1.113) with n = 2. In this case, the term in the integral vanishes and the

solution to this equation can be written in closed form,

-1
aO(Z()u‘)) = C[1+W_1(Z(/J/))]) (1114)
where,
T -b/c
Hz) = ,% (X) , (1.115)

and W_;(z) is the Lambert-W function, defined by the following transcendental equa-

9We can make the RS dependence of this coupling more explicit by writing it as a'™ (u, ¢2,¢3,.. ., ¢n).
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tion [34],
z = W(z)e"®, (1.116)

The ‘—1’ subscript denotes that we have chosen the —1 branch of W (z); this is necessary
in order to ensure asymptotic freedom [35,36]. We label the coupling in Eq. (1.114) with
a ‘0’ because, not only is it the second order approximation to the coupling, but it also
corresponds to an RS in which all of the RS dependent coefficients of the beta-function
equation are zero, i.e. ag = a(y,0,...,0); this scheme is known as the 't Hooft scheme.
Because of this, we drop the (n = 2) superscript because, although in any standard
scheme it is a next-to-leading-order (NLO) approximation, in the ’t Hooft scheme it is

exact.

At NLO and next-to-next-to-leading-order (NNLO) (n = 2 and n = 3 in Eq. (1.113))

the coupling can be approximated by the following expansions in logs of u/A:

1

@) = (1 - ;IOg(QT/b)) + O <7_3) , (1.117)

S

a®(u) = ~(1-=log(2r/b)

+ (;)2 [logQ(ZT/b) — log(27/b) + % N 1]) to <%) '
(1.118)

Here, 7 = bln £, and these approximations are derived using the conventional definition
of A in Eq. (1.112).

1.8 Renormalization scheme dependence

We noted in section 1.5.2 how renormalized perturbation series can depend on the
choice of RS. It is clear that such dependence can disrupt the predictive power of

QCD. Let us now put this analysis on a firmer footing.

Consider a generic, dimensionless QCD observable, R(Q), dependent on a single di-

mensionful scale, Q. Perturbative corrections to R(Q), denoted by a calligraphic letter,
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can always be written,'0
o0
RQ) = a+) rpa™ (1.119)
n=1
Physical observables must be RS invariant and therefore,
——=<R(Q) = 0, (1.120)

where we have used RS to symbolically represent variation of and dependence on

renormalization scheme. Combining the two equations above gives,

% (w rn<Rs>a"+1(R8)> = 0. (1.121)
n=0

So although the coefficients and the coupling depend on the RS, this dependence cancels
in the full expansion. In reality, we are not able to calculate the n = co term in the
series, and truncation of Eq. (1.121) at finite order leads directly to a dependence of
the prediction on choice of RS. If we assume that we have an order O(a”) calculation
for R(a), i.e. we know the coeflicients r,<n, then we can relate the RS dependence of

this result to the higher-order corrections. From Eq. (1.121),

9 N-1 . P oo .
A(RS) (Z rn(RS)a +1(RS)) = TARS) (grn(%)a “(RS)>

n=0

= 0@V, (1.122)

From this we can infer that the difference between O(a’) calculations in two different
schemes is of order O(a™*1). This is a direct consequence of demanding that pertur-

bation theory be self-consistent [33].

So, further to the inaccuracy inherent in the truncation of an infinite series at finite
order, we also have theoretical uncertainty, of the same order, generated by the non-
uniqueness of the renormalization procedure. It is arguable as to which of these sources
of uncertainty is more troubling. Indeed, as we shall see in later chapters, the known
convergence properties of QCD perturbation series call into question the validity of

a finite order truncation. However, the RS dependence problem is compounded by

'OWe can transform any perturbative result into this form by scaling, subtracting a constant, and
raising to a suitable power.
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the fact that the higher-order coefficients (which one might imagine could be used to

estimate the theoretical uncertainty) are themselves RS dependent.

In an attempt to gain control of this source of ambiguity in QCD, we show in the next
section how the RS dependence of perturbative expansions can be parameterized. We

then proceed to describe three approaches to dealing with the RS dependence problem.

1.8.1 Parameterizing renormalization scheme dependence

When truncated at finite n, the perturbative expansion for R(a) (given in Eq. (1.119))
possesses RS dependence from two sources: the coupling exhibits RS dependence due
to its dependence on p and ¢; (expressed in the beta-function equation) and also, the

perturbative coeflicients r, are RS dependent.

The beta-function equation can be rewritten (in the notation of Ref. [33]) as,

d )
d—: = —a’(14ca+cea®+ - +cat+--.), (1.123)
where 7 = bln £. In order to study the effects of changes in RS, we consider the coupling
defined in two different unspecified schemes, denoted by a and a. Using Eq. (1.72) we
can relate both a and a to the bare coupling,

a = Zlap, a = Zlap. (1.124)

The pole structures of Z and Z must be identical and so a and @ are related by only a

finite renormalization, hence,

a(w) = a(u)(1+wa(p) +vaa(p)? +- ). (1.125)

Both a and @ are defined at the same renormalization scale, u, and the coefficients v;
encode the difference between the different renormalization schemes. The two couplings
can also be related to each other through their respective beta-function equations,

da

B@ = Bla)5-. (1.126)

Consequently, the RS dependence of the c_ogp]iqu in these two different schemes

can be related using their respective RS dependent coefficients, {c2,c3,...¢n ...} and
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{€2,%3,...Cn...}. In fact, as shown in Ref. [33], any particular RS can be char-
acterized by the values of those coefficients in that scheme, together with /A (or
equivalently 7). In other words, a particular RS corresponds to a particular set
of values for {cz,c3,...¢p...} and vice versa; we denote this set of parameters,
{RS} = {7,¢c2,c3...¢cn---}. Because of this, {RS} can be used to parameterize all
possible renormalization schemes, and hence the RS dependence of perturbative calcu-

lations.

The key to unlocking the RS dependence of the coupling lies in the beta-function
equation. Differentiating Eq. (1.113) (with n = oo) with respect to ¢; yields,
da a git2

g = 0@ [ g e (1.127)

We know that, given an O(a") calculation, the RS dependence of any observable is

known to be zero up to order n + 1, and hence we can write,

GRM)
Bci

8R(n) n+1
or © (a ) ’

=0 (a"M). (1.128)

Using the consistency of perturbation theory (expressed through Eq. (1.128)) in con-
junction with the beta-function equation and Eq. (1.127), we can now obtain the explicit
RS dependence of the coefficients r,. We consider each r, individually and assume in

each case we have performed the relevant N"LO calculation. For r; we have,

ROV = a4 rd?, B(a) = —ba’(1 + ca), (1.129)
ORM 2 RO 2
57 O(a*), 5o, O(a®). (1.130)

Performing the partial differentiations in Eq. (1.130) and equating coefficients gives,

ory
or

87‘1

=1, d —
an Bcg

= 0, (1.131)
and integrating these derivatives gives the explicit RS dependence of ry,
_ U
r1 = bln 1~ Xo(Q). (1132)

Here Xo(Q) is a constant of integration — by definition it is independent of all RS
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parameters and hence is RS invariant. By contrast, the definition of  and A and the
value of r; are RS-dependent. The fact that Xy is RS invariant is remarkable and
suggests that it is of genuine physical significance, in contrast to ry, which is scheme

dependent. Since R(Q) is a dimensionless function of a single scale @, it follows that,

Xo(@) = 7-7(7)

Q
= bln—. 1.133
01 (113)
Since Xy and @ are RS invariant, using Eq. (1.133) we can infer that Ag is so too
(although it is observable dependent). To obtain a relation between A and Ap we
consider Eq. (1.133) calculated in the MS scheme with 4 = @Q. This leads to the

following equation,

Ar = Agsexp (dM—S(M—bZQ)> (1.134)

Since Az is RS invariant, specifying an RS does not affect the result. We can also use
Eq. (1.134) to relate the scale parameters of two different schemes (RS and RS') to

each other:

RS _ paRS(, 7
ARS’ — ARS exp (rl (H) 71 (,U/ )) . (1'135)

b

The crucial point about Eq. (1.132) is that we can determine the explicit RS depen-
dence of the perturbative coefficient r;. Furthermore, we can extend this treatment to
higher orders and determine the RS dependence of 7,~;. Performing the same proce-

dure with 79 yields,

6’/‘2 . (91'2 _
E = 27‘1 +C, 8—02 = —1, (1.136)
and for r3,
Ors ors Ors 1
— 2 , —_— = —2, _— = =, 1.1
or 3ra - 2ery + ¢y Jcy Ocs 2 (1.137)
Here we have used,
Oa ;4 5 da _ a' 5
55 = @ +O(a’), % " 5 +0(@), (1.138)
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and ‘3—2} = 0 for ¢ > n, which can be obtained from Eq. (1.127). The general form of

the partial derivatives of r, with respect to 7 is,

% = Y (n~iera-io. (1.139)
i=0

By integrating up the partial derivatives in Egs. (1.131), (1.136) and (1.137) we can

obtain the dependence of r, on the scheme parameters,

r1 = 7— Xo, (1.140)

ry = ri4cery—co+ Xo, (1.141)
3 cr% 1

r3 = 3rirg = 2ry — 5 + ricp — 563 + X3. (1.142)

In the above equations, X,, are all generated as constants of integration with respect
to the RS dependent parameters. Therefore they are by definition, RS-invariant quan-
tities i.e. they have the same values no matter which scheme we use to calculate them,
Xo is of special significance due to its dependence on ). The coefficient v can be

written as a polynomial in rj,

)
Ty = 7":13 4+ ?c’r‘% + (3X2 — 2¢9)r) — CEB + X3, (1.143)

and r, has the general form,

Cn

Tn = Tp+ Xn— .
n—1

(1.144)

Here, #, is simply a polynomial in 71, and is RG predictable from only an N*~!LO cal-
culation of R(a). The coefficients X,, and ¢, are obtainable by performing N*LO cal-
culations of R(a) and ((a) respectively.

We have demonstrated how to quantify the RS dependence of a general N"LO calcula-
tion. We have also seen how to make the dependence on the parameters {RS} explicit
and how in doing this, RS invariant quantities appear naturally. We now proceed to

discuss three different approaches to solving the RS dependence problem.
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1.8.2 The physical scale approach

The physical scale (PS) approach derives its name from the fact that it involves setting
the p to some scale with physical meaning, such as the c.m. energy, (). This is supple-
mented by the choice of some specific RS such as MS. Such an approach falls into the

category of approaches which propose that there is some ‘best choice’ of RS.

The motivation for the choice of scale ;. = @) is the fact that at large orders of pertur-

bation theory, the coefficients have the form,

o~ Y K (bln%). (1.145)
=0

Thus, setting ¢ = @ allows us to control the (potentially large) logarithms present.
The act of setting u = @ seems, at first, dubious and unphysical. However, since
i is entirely arbitrary, it can be set to any value we wish; the error associated with
different choices of u is simply hidden inside the ambiguity inherent in RS dependent
calculations. This error can be estimated by varying x within the range /2 < p < 2Q.

The estimate of the higher-order coefficients in Eq. (1.145) is based on a simple LO
analysis and assumes that RS dependence is given entirely by p. A more sophisticated

NLO analysis reveals that they have the following, more complicated form,

n i

Tn ~ ZI_{T”' (bln ﬁerﬁs/b> ’ (1146)
i=0 Q

where r}® = r(u = Q). The coefficients Kj;, are independent of u whereas Kj;, are

p~dependent [37]. Hence, from Eq. (1.146) we can deduce that a more natural choice

of renormalization scale is,
p o= Qe T/t (1.147)

In subsections 1.8.3 and 1.8.4 we will give a slightly different motivation for this choice
of renormalization scale. However, the motivation for choosing the MS scheme with
a physical scale is merely that it is convenient and widely used. Beyond that it is
difficult to argue why it would be the ‘best’ scheme to use. Clearly, the ideal scheme
is that in which the higher-order corrections (which quantify the RS dependence of

fixed-order calc'illations)ware Amaxirhallyvsuppressed-. However, the higher order terms

45



Chapter 1: Perturbative QCD

being unknown makes it difficult to assess the success of any particular scheme on such

a basis.

1.8.3 Complete renormalization group improved perturbation theory

Through Eq. (1.95) the coupling, and therefore all QCD observables, gain a dependence
on logarithms of p/ A, with A being RS dependent. This is in direct contradiction with
the fact that all observables must be RS independent. In reality, the energy dependence
of the coupling/observables must be built from physical logarithms, log Q/Ar, with Ag
being RS invariant [37].

The dependence on unphysical logs (of 1/A) is present because the standard RG im-
provement (described in section 1.7) is incomplete. It omits a set of RG predictable
logarithms which could, in theory, be resummed; consequently, there remains a residual
dependence on these unphysical logs. In Refs. [38,39] it was shown that by resumming
all RG predictable physiéal logs, one can complete the RG improvement and build the
log @/Ar dependence automatically, without having to impose a relation between u

and Q. Importantly, this procedure is independent of .

We begin by writing the perturbation series for R(a) in terms of the set of RS pa-
rameters {RS} = {ri1,c2,c3,...}. We have swapped the parameter 7 for ), which
is permitted since they both parameterize the LO RS dependence equally well (see
Eq. (1.133)). Substituting the expressions for r,, given in Eqgs. (1.140) - (1.142) into
Eq. (1.119) gives,

R(Q) = a+ria®+ (r2+cer 4+ Xy — cp)a®
) 1
+ (3 + 501"? + (3X2 — 2¢2)r1 + X3 — 503)a4 t... (1.148)

We then adopt the principle that we should resum all known RG predictable parts of
Eq. (1.148) (i.e. the 7, terms in Eq. (1.144)) and we define this subset of terms as ag.
If we have an NLO calculation, then we know r; but not X5, X3..., and ag therefore

has the form,

5 1
ap = a+7ra®+(rP+cer —co)ad+(rd + —écrf — 2¢cor) — §¢3)G4 +....

(1.149)
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This sum includes all terms in the full perturbative expansion which are RG-predictable
at NLO i.e. those that don’t include X9, X3 etc. Importantly, we can infer that ap is
RS invariant, via the following argument. The expression in Eq. (1.148), when summed
to all orders, is RS invariant. This sum differs from ag only by an RS invariant set of

terms built from X,, and therefore ap must also be RS invariant.

We have learnt that the values of the coefficients c,, together with ri, can be used
to define any particular RS. Also, given that ag is RS invariant, calculating it in any
scheme will yield the same result. We can take advantage of these facts by defining
a special scheme in which all sub-leading coefficients of the beta-function equation as
well as r1 are set to zero, i.e. 7y =cg =c3=...=¢,... = 0. This is known as the 't
Hooft scheme [40] cf. Eq. (1.114). In a sense, this is moving in the opposite direction to
the usual way in which an RS is defined. Previously, we made a set of finite subtractions
using AZ; and observed the effects of this on the values of the coefficients ¢, and ry.
Now we are fixing the values of these coefficients first; the exact nature of the finite

subtractions in AZ; can then be derived from that information.

In the 't Hooft scheme, Eq. (1.149) reduces to ap = a, and therefore ag is simply the
coupling calculated in that scheme. Hence, we can use Eq. (1.113), and then Eq. (1.133)

to obtain,
1 cap m
— +chn bln = (1.150)
ag 1+ cag A
Q
= bln—. .
n Ax (1.151)

And using the results obtained in section 1.7, we can write the solution to this equation

in closed form,

-1

ao(Q) = T WEQ (1.152)
with
—b/e
Q) = —é (%) : (1.153)

We conclude that the observable at NLO has the following complete renormaliza-
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tion group improved (CORGI) form,

R(Q) = ao(Q). (1.154)

This treatment can easily be extended to higher-orders. At NNLO, we have the coef-
ficient Xy at our disposal. Hence we can resum a further set of RG-predictable terms
in Eq. (1.148) which have the form,

ang = Xqa®+3Xyriat+ ... ) (1.155)
and consequently, the observable has the NNLO form,
R(Q) = ao(Q)+ Xaa}. (1.156)

Extending beyond NNLQO, we finally obtain,
- oo
RQ) = ao(@) + > Xnagth. (1.157)
n=2

From now on, we label observables expressed in the CORGI representation with a
tilde, in order to differentiate them from the standard perturbative representation.
The coefficients X, can be obtained from Egs. (1.141) and (1.142). Since they are

scheme invariant, we can use any scheme we like to evaluate them. For example,

Xy = ro—12—cr 4o (1.158)
MS, p=Q
5 cr? 1
X3 = 7r3-—3rre+2ry + 5 e + 763 (1.159)
m’ﬂ':Q

where all coefficients on the RHS are calculated in MS with x = Q.

It is curious that although Eq. (1.154) is an NLO result, it contains no a2 term. In-
deed, this term is also absent from the NNLO and all-orders results. However, closer
inspection reveals that the a3 term is present in Eq. (1.154), via the definition of Ag.

If we temporarily relabel ag with the type of scale used to define it,

— —b/e
W@ = oy e 2@ = -1 (2) . aae
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then ag(Q, Ar) is equal to the following expansion,
ao(Q,Ar) = ao(p, A) + 1%ao(p, A)* + O(a®). (1.161)

The above equation can be verified by substitution into Eq. (1.150). Thus, we see
that the NLO information in Eq. (1.157) is encoded in Ag. Rather than including this
information in the form of an a2 term, the CORGI expressions use Ag to resum it

together with a further infinite subset of RG predictable terms.

Although Az is in itself a valid parameter of the theory, it is often more convenient to
relate it to an observable independent and more commonly recognized parameter, such

as Ays. We can convert between these two scales using Egs. (1.134) and (1.112),

c/b MS(,, —
Ags = (%) exp(—rl(Lb—Q—)) Ax. (1.162)

We have obtained a result which is written purely in terms of RS invariant components
and is therefore independent of the scheme we use in order to calculate it. This is
a significant development, given the shaky ground we were on when we had to opt
for some ‘best’ scheme. However, it must be noted that Eq. (1.157) does depend on
the set of parameters we chose to parameterize the RS invariance, i.e. {r1,cz,c3,...}.
Though the choice we have made is obviously natural, it is not unique, and there is an
ambiguity in Eq. (1.157) associated with this freedom of choice. In a sense, we have
traded RS dependence — with no obvious choice for the correct RS - for ‘parameteriza-
tion dependence’, but with an obvious natural choice for the correct ‘parameterization

scheme’.

Indeed, it is argued in Refs. [38,39] that r; has special status, since it translates between

w1 and @ dependence, via Eq. (1.140). Using this equation, we can write,

ri(r) = bln%—blnx%. (1.163)

To simplify the following demonstration, we set ¢ = 0 and choose the 't Hooft scheme

where ¢s = ¢3 = ... = 0. We can write the coupling as,
alp) = —— (1.164)
YT /Ay |
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and at NLO, the RG improvement of Eq. (1.148) becomes,
R(Q) =~ a(p) + r1a(w)? + ria(u)’ + ... (1.165)
This can be resummed, and then simplified using Eq. (1.163),

- a(p)
R(Q) =~ T=raln)

a(p)
1- (blnf-\‘— —bln K%) alp)

1
= TmO/AT (1.166)

Thus we can see explicitly how the unphysical logs are ‘eaten’ by r; and the physical

log(Q/Ar) dependence is built automatically.

Via the CORGI approach we have resummed a set of RG predictable log /A terms,
omitted by the standard PS prediction. Because of this, the uncertainty due to the
freedom in choice of u present in the PS result, is absent in the CORGI equivalent.
Hence applying CORGI perturbation theory to phenomenological analyses will yield

results for which the uncertainty due to RS dependence is heavily suppressed.

1.8.4 Effective charge scheme

We have learnt that the values of the coefficients c,, together with r;, can define any
particular RS. The effective charge (EC) scheme [41,42] takes advantage of this fact by
defining a scheme in which all sub-leading coeflicients of the perturbative expansion of
R are set to zero, ie. r) =12 = ... =71,... = 0. As a result, the observable is simply

equal to the coupling (defined in this scheme),

R(Q) = o (1.167)

As a direct consequence of setting 7; = 0 we can determine a relationship between p
and Q. Using Egs. (1.132), (1.133) and then Eq. (1.134), we obtain,

- A
/'L—AR
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~ Qexp Gf&;ﬂl) , (1.168)

The energy dependence of R(a) is now directly related to the beta-function equation,

and using Eq. (1.168) we can write,

IR(Q)
dlnQ

= B"(R(Q)) = p(R(Q)), (1.169)

where p(a) is the beta-function equation in the EC scheme; because p(a) is a beta-

function its first two coeflicients are known,
pla) = —ba®(1+ ca+ pra®+ psa® +...). (1.170)

In order to obtain the higher-order coeflicients we need to compare the EC scheme with
some other scheme. Using Eq. (1.126) with the EC scheme as the barred scheme and

the non-barred scheme being ‘any other scheme’, we obtain,
dR
p(R) = ﬁ(a(’R))%, (1.171)

where a(R) is an inversion of the perturbation series in Eq. (1.119). In the above

non-barred scheme, it is given by,
a(R) = R-mR*+ (2r{ —r) R*+ -, (1.172)

Expanding Eq. (1.171) in powers of R (using Egs. (1.172) and (1.169)), and then

equating coeflicients, allows us to obtain p, in terms of scheme dependent parameters,

ps = cp+re—cry—ri, (1.173)

p3 = ¢34+ 2r3 —4ryrg — 2ripo — cr% — cr% + 21"%. (1.174)

By comparing this with Egs. (1.140) - (1.142) we can see that the coefficients p, are
simply the RS invariants X, up to a factor of 1/(n—1) for n = 2 and 3. The relationship

between X4 and p4 is slightly more complicated.

The @ dependence of the effective charge perturbative prediction now lies in a single

power of the coupling viz Eq. (1.167). Solving the beta-function equation in the effective
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charge scheme gives,

Q /°° dzx /R(Q) b 1
ne - @ d , . (1175
" A r(@) 2(1 + cx) " Js “o@ T 20+ ca) (1.175)

This can be used as a means by which we may extract a value for A from a set of

experimental data for R(Q). Alternatively, Eq. (1.175) can be used to make predictions
for R{Q); exponentiating it yields,

T - AR@)IRQ)). (1.176)
Here, we have defined,
e/
F(R) = e VR (1+%) b, (1.177)
R(Q) 1 1
G(R) = exp {—/0 do (p(x)+bm2(l+w)>}. (1.178)

We can then solve Eq. (1.176) iteratively to obtain R(Q) as a function of Q). Ar can
then be obtained by obtaining the best fit to the data. Using Eq. (1.168), we can then
extract Ags directly bin-by-bin from data for R(Q).

1.9 Non-perturbative corrections

We include here a short section on non-perturbative contributions to QCD observables.
So far we have assumed that an observable can be reconstructed from its Taylor series,
about the point ¢ = 0. However, this assumption turns out to be false, as we cannot

rule out the possibility of R(Q) containing terms of the form,
R(Q) > e K@), (1.179)

It is impossible to form a Taylor series from such terms; in this sense they are invisible
to perturbation theory. Terms of this kind are known as non-perturbative corrections
and in general take the form of inverse powers of the energy scale Q% (this can be seen

by substituting the one-loop form of the coupling into Eq. (1.179)). Consequently, a
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QCD observable will receive contributions from power corrections of the following form,

00 A2 i
Rar(@) = SoG(2) . (1.180)
we(@ = ) (&)

Non-perturbative corrections are somewhat harder to evaluate than their perturba-
tive counterparts. The operator product expansion (OPE) [43-46] is a commonly used

approach and in the following section we briefly describe its origin and application.

1.9.1 The Wilson operator product expansion

In quantum field theory, one is often interested in evaluating the time ordered product

of two operators,
T[A(z)B(y)]- (1.181)

Often this quantity is not well-defined in the limit x — y. However, the singular nature
of this limit can be quantified by expanding Eq. (1.181) in a series of operators, O;(z),

constructed from the components of the Lagrangian,

T[A(z)B(y)] = ZC;’(-’E_Z/) 0; (m;y) (1.182)

The operators O;(z) are the set of all non-singular local renormalized composite oper-
ators of the theory, with quantum numbers matching those of the product A(z)B(y).
The sequence of terms in the sum in Eq. (1.182) is organized in order of the canoni-
cal dimension of the operators. These composite operators are regular and hence the
singularity structure of T[A(z)B(y)] is wholly contained in the Wilson coefficients, C;.
Furthermore, in a theory with no dimensionful parameters, each C; involves only a
single power of = — y, obtainable by applying dimensional analysis to Eq. (1.182). In
QCD they will be subject to corrections in the form of logarithms of the ‘renormaliza-
tion scale’. We use inverted commas because it is not meant in the same sense as the

renormalization scale defined in section 1.5. We give more details of this in chapter 2.

Equation (1.182) is dominated by those terms which are most singular in z. Further-
more, there will only be a finite number of Wilson coefficients.that are singular at z = y

and hence we can approximate Eq. (1.181) by considering only the first term (or first
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few terms) in Eq. (1.182). This makes the OPE a powerful tool with which to study
QFT.

The OPE technique has been applied to the calculation of both perturbative and non-
;;erturbative corrections. Non-perturbative corrections can be evaluated by organizing
the Wilson coefficients into a series in powers of 1/Q? and then evaluating the relevant
operators. The OPE also has an important perturbative application in the study of

deep inelastic scattering and we study this in more detail in chapter 2.

1.10 QCD observables of interest

We now proceed to define several observables used in this thesis. We always work in
massless QCD . This means that at a particular energy scale O, we ignore the existence
of quarks with masses m, > @ and treat all quarks with my < ) as massless. This
is implemented in perturbative expansions by treating the value Ny appearing in the
coeflicients, as a (step-like) function of energy e.g. it takes the values of 6 for Q > my, 5
for m; > @Q > my, etc. We will give more details of how this is implemented in chapter
5.

1.10.1 The Adler D-function

The Adler D-function is related to the vacuum polarization function, formally defined
as the transverse part of the correlator of two (electromagnetic) vector currents j,(z),

(with ¢ = u,d, s,...) in the Euclidean region (Q? = —¢?),

(quqv — 9 d®)(Q?) = 167% / d*z €97(0|T [j,(z)4,(0))|0). (1.183)

The currents, j,(x) have the form,
du(@ = > Qi (1.184)
i

There exist several different definitions of II(Q?) and the Adler D-function in the liter-
ature, all differing by constant factors. We define the Adler D-function as follows:

_a

sz'H(Q“?). ' (1.185)

D-QY) = -3

54
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Figure 1.9: An example of a light-by-light scattering diagram. The two gluon version of
the above diagram cancels and hence this is the lowest order light-by-light contribution.

Because D(Q?) is defined for space-like momenta only, it is known as a Euclidean
observable. Unlike II(Q?), the Adler D-function is an RG-invariant quantity. Hence
we can consider D(Q?) to be a physical ‘observable’, despite the fact that it cannot be
measured directly in experiment. Experimental values for D(Q?) can only be obtained

indirectly, e.g. via the R +.- ratio [47,48].

D(Q?) can be split into a constant term, known as the parton model result (also known

as the Born term), and perturbative corrections,!!

2

DQY = NZQf(1+3CF'D ) ZQf D(a). (1.186)

The ﬁ(a) term arises from so-called ‘light-by-light’ scattering diagrams, an example
of which is given in Fig. 1.9. These contributions are suppressed relative to D(a) and

therefore we neglect them. The remaining perturbative corrections take the form,
o0
D(@) = a+ ) dna™. (1.187)

The coefficients d,, are RS-dependent; d; and dy have been calculated in MS with
p = Q, in [49-51] and [52, 53] respectively. Their values are found to be,

di = (-% + C3) Ni+Cy (ﬂ - ""CB) - _CF» (1.188)

1y this thesis, wherever we use a capital letter to denote an observable, we use the calligraphic
version of that letter to represent the perturbative corrections.
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. 151 19 5 970 224 5
dy = (@ - 2—7C3) N; +Cx <_8_1 + WCS + 5(5) Ny
29 19 10 9 (90445 2737 55
+Cr (‘5@ e 345) Ny +Ca (m ~ 08 EC"’>
127 143 55 9 23
+C4CF (_E - 1—2C3 =+ §C5> + Cr (—3—2> ) (1.189)

where (, is the Riemann zeta function, defined in section B.4.

In addition to the perturbative corrections in Eq. (1.186), the Adler D-function will also
have non-perturbative corrections and these can be studied within the OPE. Applying

Eq. (1.182) to D(Q), via Eq. (1.183), gives the following representation,

D(QQ) — Z Z Ci(QQ’lz;)ﬁOi(Nz»' (1.190)
n dimO; =2n

The relevant operators in this case are local gauge invariant operators constructed
from the field operators of Locp. The n = 0 term simply corresponds to the perturba-
tive corrections D(a). For n = 1 the relevant operator is constructed from the running
quark masses m;(u)m;(u). These will generate corrections of the form m;(u)m;(1)/Q?,
and will build the quark mass dependence that we have ignored by working in massless
QCD. Non-perturbative corrections are generated by terms for which n > 2. At n =2
the relevant operators are (m;¥;v;) and (FF), known as the quark and gluon con-
densates respectively. These non-perturbative corrections are evaluated by separating
long and short distance effects at a factorization scale . The long-distance effects can
be absorbed into a non-perturbative parameter which can be determined by fitting to
experimental data and the short distance effects are then calculated perturbatively as
an expansion in a(Q). Correspondingly, C;(Q?, #?) can be expressed as a function of

the coupling.

1.10.2 The R.+.- ratio

Another good test of QCD is found in the production of hadrons from e*e™ annihilation.
This process occurs via the production of a quark anti-quark pair and is depicted in

Fig. 1.10. The relationship between this process and QCD is simpler if we express it
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the canonical perturbative form,
x>
R(a) = a+»_ rma™ (1.195)
n=1

The R,+.- ratio can be related to the Adler D-function using analytic continuation and
the optical theorem. Using the optical theorem, we can relate R,+.- to the vacuum
polarization function,

R(s) = %Imﬂ(s-{-ie) - %[H(s—i—ie)——ﬂ(s—ie)]. (1.196)

Equation (1.196) can then be related to the Adler D-function by integrating Eq. (1.185)
between the limits s + ie,

R(s) = —— / U] (L197)

27Ti —§—i€ t

The above expression can be used to relate d, to r,. This expression can also be used
to obtain ‘experimental’ values for the Adler D-function from data for the R.+.- ratio
[47,48].

1.11 Summary

In this chapter we have introduced some of the basic QCD concepts which will be
of use to us in later chapters. We saw how the techniques of path integral quanti-
zation and renormalization can be used to obtain perturbative expressions for QCD
observables. However, we also saw how the renormalization procedure introduces an
element of ambiguity, known as RS dependence to these theoretical predictions. We
introduced the beta-function equation and showed how it can be used to determine the
scale dependence and also the RS dependence of observables. We then discussed three
proposed methods for dealing with RS dependence. We briefly discussed the nature of
non-perturbative effects before finally defining some of the observables which we will

study in this thesis.

58



Chapter 2

Deep inelastic scattering

In this chapter we present a brief introduction to the subject of deep inelastic lepton-
hadron scattering. Our aim is to show the origin of some of the deep inelastic scattering
(DIS) observables we will study in later chapters; in particular, we highlight the role of
factorization in computing QCD corrections to these observables. Detailed introduc-

tions to the subjects covered in this chapter may be found in Refs. [1-5,54,55].

2.1 Introduction

The confinement of quarks within hadrons is a strictly non-perturbative effect — a con-
sequence of which is the absence of free quarks in nature. This apparent unavailability
of free quarks with which to test QCD would seem to make any perturbative treatment
impossible. Fortunately, the twin concepts of asymptotic freedom and factorization pro-

vide us with an escape route from this apparent impasse.

As a consequence of asymptotic freedom, the behaviour of ‘free’ (high energy) quarks
is relatively well understood. It is how this behaviour transfers over to the scattering
of hadron-bound quarks that causes problems. Fortunately, in certain circumstances,
it is possible to ‘factor out’ the non-perturbative effects such that hadron scattering
processes can be described in terms of perturbative results for quark scattering, sup-
plemented by a set of non-perturbative parameters. These parameters are presumably
calculable in some non-perturbative scheme. However, because of factorization, they

can be treated just as free parameters of the theory; their values obtainable by optimiz-
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ing fits to data. In this way QCD can be used to make predictions for hadron scattering
and, conversely, hadron scattering can be used to test QCD. However, for our ignorance
of non-perturbative effects, we pay a price. The factorization process is a type of renor-
malization and consequently, freedom in the choice of factorization scheme results in a
theoretical ambiguity — in analogy with RS dependence. The study of the dependence
of DIS observables on the choice of renormalization and factorization schemes forms

the basis of much of the research carried out in this thesis.
The material in this chapter is organized as follows:

First, we introduce the DIS lepton-hadron scattering diagram and explain how the
naive parton model can be used to describe this process in terms of structure functions.
These structure functions have relevance beyond the naive parton model and are used
to characterize the momentum structure of the constituents of hadrons. As such, they
are of great importance in DIS. We describe how the operator product expansion can
be used to link structure functions to perturbative QCD, via the definition of Mellin
moments of the structure functions. In this way we can compute QCD corrections to
results obtained from the naive parton model. We then introduce the renormaliza-
tion group equation (RGE) for inserted Green’s functions and describe how it can be
used to determine the scale dependence of the moments. Next, we describe how factor-
ization allows perturbative and non-perturbative effects to be separated in DIS cross
sections, and we draw analogies between the renormalization and factorization proce-
dures. We then define several of the DIS observables which are of interest to us in this

thesis.

2.2 The basics of deep inelastic scattering

We are interested in deep inelastic lepton-hadron scattering, as described by the fol-

lowing equation,
I(k) + h(p) — U'(K)+ X, (2.1)

and characterized by the diagram in Fig. 2.1. As the title ‘DIS’ suggests, we are
interested in the case where the momentum transfer from the lepton to the hadron is

large, and hence the scattering is inelastic. In Eq. (2.1), X represents the collection
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S
i)

y = . (2.4)

el
3

Here, my is the mass of the target nucleon. As stated above, the intermediate gauge
boson is used to probe the internal structure of the nucleon, and for this to be the
case, the initial lepton must transfer a large amount of momentum to it. The region in
which the scattering is deeply inelastic and to which we can apply asymptotic freedom,

is known as the Bjorken limit. It is defined as,

® — —oo, (2.5)
x = constant. (2.7)

The lepton-hadron cross section

The differential cross section for the process in Eq. (2.1) can be written in terms of
three independent functions known as structure functions, denoted by F;, i = 1,2, 3.

These functions parameterize the cross section as follows,?

d’o 2 Y
dzdy o [y zthi+(1—-y) Pty (1 - 5) mF;;] (2.8)
2 k!
x |2F, sin? g + —T—nﬂFg cos? Q + wmﬂ, . (2.9)
2 v 2 TV

The value of the constant of proportionality in Eq. (2.8) depends on the type of scat-
tering. Also, the Fj term is present only in neutrino scattering and the sign in front of

it depends on whether [ is a neutrino (+) or an anti-neutrino (—).

Using Eq. (2.9), experimental values for the structure functions can be obtained from
measurements of the lepton-hadron cross section. At this stage we know nothing about
the nature of the structure functions, except that the cross section can be parameterized
in terms of them. However, they are physical observables, and so by forging a path from
the QCD Lagrangian to the cross section we can test the validity of QCD in describing

strong interaction phenomena.

The strueture functions-deseribe.the internal momentum structure of the nucleon. One

*From this point on, we neglect the mass of the nucleon Q% > m%).
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would expect them to be functions of both Q? and z, yet they appear to obey the

following relation,
Fi(z,Q%) = F(a). (2.10)

This behaviour is known as Bjorken scaling and implies that the constituents of hadrons
are point-like. It can be understood in terms of the naive parton model [56-58|, of
which Eq. (2.10) is a direct prediction. Perturbative QCD corrections to the parton
model generate corrections to this in the form of scale logarithms which violate Bjorken
scaling. The study of the nature and magnitude of these violations forms the basis of

a stringent test of QCD.

For the remainder of this chapter we will discuss DIS in terms of electron or muon
scattering, in which the lepton vertex is electromagnetic. We will state, where necessary,

how to generalize the results we obtain, to neutrino scattering.

The naive parton model

In the naive parton model we consider the constituents of nucleons (which we call par-
tons) to behave as free particles, interacting with the photon probe only. Furthermore,
we assume that during its transit across the nucleon, the lepton interacts with only a

single parton. These assumptions can be justified by the following arguments:

In the centre of mass frame, and the Q? — oo limit, the nucleon experiences extreme
length contraction and time dilation. Consequently, the lepton ‘sees’ the nucleon as
being flat in its direction of motion and the partons as effectively frozen in time. By
the uncertainty principle, the lepton must pass within an O(1/Q?) radius of a parton
to encounter (interact with) it, and hence the probability of the lepton interacting with
more than one parton is suppressed by a factor of,

1 2

/—Q, (2.11)

mR?
with R the radius of the nucleon. As a result, it is unlikely that the lepton will interact

with more than one parton.
Under these assumptions, the cross section for lepton-hadron scattering can be deter-
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mined from two pieces of information: the cross section for lepton-parton scattering
and the momentum carried by the individual partons in the nucleon. In light of this,

we consider the cross section for a lepton scattering off a quark carrying momentum

Ep;n
(k) +q(€p) — V(K') +q(p'). (2.12)

Here, ¢ is known as the momentum fraction — it is the fraction of total nucleon mo-
mentum being carried by the struck quark. The Feynman rules of section 1.4 can be
used to deduce the tree level cross section for the scattering process in Eq. (2.12). It is

found to have the form,

dé 582 + 02

The hat over the cross section and other variables denotes that we are calculating
the cross section in quark (parton) rather than nucleon scattering. The Mandelstam

variables, 3, t and @ are defined as follows,

§= (k+¢ép)Q? = E;y—, (2.14)
t= (k-kN? = —-Q? (2.15)
@ = (§p—K) = 3(y-1), (2.16)

where we have taken the Q? — oo limit.

Equation (2.13) can be converted into a double differential cross section, for the pur-

poses of comparison with Eq. (2.8),

d? 1
ﬁ o< [1+(1-y)l5eled(a - ¢), (2.17)

where we have inserted a factor of 1 = fol dzd(z — £), a relation that can be verified by

imposing the mass-shell constraint on the outgoing quark (i.e. k2 = 0).

Comparing Eq. (2.17) with Eq. (2.8), we can make the following identification,

Fy = zeld(z—¢) = 2k (2.18)
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This relation is known as the Callan-Gross relation and verifies the Bjorken scaling
relation of Eq. (2.10), within the naive parton model. It also suggests that F; probes

a quark carrying momentum fraction £ = z.

We now come to the central assumption of the parton model. We assume that the
quarks in a nucleon can be described by probability density functions, ¢(£¢), which are
representative of the probability of a quark g having momentum £p,. The nucleon
structure functions can then be obtained by averaging the quark structure functions,
F‘k, over the range of quark momentum fraction 0 < £ < 1, and then summing over all

quarks in the nucleon. This average takes the form of the following integral,

> [ acate)s
Fy(z) = d€q(€) F:
: g, q 0 i

Z egmq(x). (2.19)
]

Intuitively, this makes perfect sense. The momentum structure of the nucleon is simply
a product of the combined momentum structure of its constituents. In general, there
are contributions to the nucleon structure functions not just from the three constituent
quarks (known as valence quarks) but also ‘sea quarks’ (comprised of virtual quark-
antiquark pairs), as well as gluons. Also, beyond the naive parton model, these results

are subject to QCD corrections.

By applying similar reasoning to that used to obtain Eq. (2.19) we can derive nucleon
structure functions, in terms of individual quark distribution functions, for a variety of
scattering processes. Below we state some of these results which are relevant to later
chapters. For simplicity, we consider contributions from the first four quark flavours

only. For electron-proton scattering we have the following,
ep 4 _ o1 - _
P = §z[u+u+c+c]+§:v[d+d+s+s], (2.20)
and in (anti)neutrino-proton scattering we can obtain,

F? = 2z{[d+s+ua+¢, (2.21)

FP = 2z[utc+d+3]. (2.22)
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From these, F) structure functions can be obtained using the Callan-Gross relation,

2.’13F1 = Fz.

We can also define a set of spin-dependent structure functions, g, and g2, which describe
the scattering of beams of leptons and hadrons polarized either parallel or anti-parallel
to each other. These structure functions characterize the spin structure of nucleons and
from them, several useful observables can be derived. In the naive parton model they

are given by,
@) = 53 lA) +Aq), (22
q

g2(z) = 0, (2.24)

where Agq = ¢! — ¢}. The functions ¢! and ¢! are distribution functions.representing
the probability that the spin of the quark is respectively parallel and anti-parallel to
the spin of its parent nucleon. The above result for gs is misleading and when a more
sophisticated version of the parton model is applied, g has a magnitude similar to that
_of g1 (see Ref. [59]).

The naive parton model gives us an intuitive grasp of the behaviour of nucleon con-
stituents. However, as the title suggests, this view is rather over-simplistic and it is
easy to imagine, qualitatively, how Bjorken scaling is violated by radiative corrections.
In order to quantify this violation, it is necessary to perform a more rigorous analysis
of DIS, within QCD.

2.3 Field theory description of DIS

If we assume that the scattering in Fig. 2.1 occurs via photon exchange then the am-

plitude for the process can be written as,
/ 1 2 .
A = eu(k )V“U(k)a (X5 (0)|N, p), (2.25)

where the u(k)’s represent spinors for the incoming and outgoing leptons and j,(z)
is the electromagnetic current. The cross section is proportional to the amplitude

'squared, and because of the nature of the diagram in Fig. 2.1, we can separate it out
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into leptonic and hadronic components L,, and Wy,

d%o
dzdy

o L, WH. (2.26)

For photon exchange, L, is fairly simple and describes the nature of the virtual photon

probe. At leading order (LO) it has the form,

Ly = eETrifv.fv) (2.27)

The hadron vertex in Fig. 2.1 dominates the energy dependence of DIS observables and

because of this, we neglect radiative corrections to the lepton vertex.

W, is descriptive of the internal structure of the nucleon and from Egs. (2.25) and

(2.26) can be determined to be,

Wilpot) = 5o [ e (N plt2) 3,01 Vo) (2.28)

We can project out different tensor structures of W,,,, and parameterize these structures

using three functions: W; (i = 1,2, 3),

q . v
Wu(p,q) = (—g;w + ;—3”) Wi + (pu - %%) (pu - Z—Qqqu) Wi (2.29)

In the case of neutrino scattering, Eq. (2.29) must be supplemented by an additional

term,

aqﬁ

—i€ o —— v Ws. (2.30)

Via the optical theorem, W, can be related to the forward scattering amplitude for

vN — N, given by,

Tw(pa) = i / d*2e (N, p|T[ju(2)7, (0)]IN, p) (2.31)

= (_guu + 2;%’:) Ty + (pu - %Qy) (pu - P‘q.z—q‘Iu> T, (2.32)

where

Wi = —ImTi. (2.33)
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The W; functions are directly related to the structure functions of Eq. (2.8) by,

Fr(z,Q%) = F—2zF = vWy - 22W, (2.34)
Fy(z, Q%) = vWs, (2.35)
Fy(z, Q%) = vWs. (2.36)

From Eq. (2.31), it is clear that the product of operators T'[j,(2)j.(0)] is our link from
the structure functions to the QCD Lagrangian. The study of this object and the

extraction from it of perturbative predictions forms the basis of the next few sections.

2.4 The operator product expansion approach to DIS

Our link between the hadronic tensor and the QCD Lagrangian is the time-ordered
product of operators T'[j,(z)7.(0)]. The OPE, which we discussed very briefly in chap-
ter 1, allows us to expand this product in terms of a set of well-defined operators,

O M (),

1

@) O] = 3 Chupn.oan, (&0 (0), (2.37)

where the expansion is in powers 22 (light-cone expansion). The most dominant terms
in Eq. (2.37) are those for which the Wilson coefficients, C;(z?) are most singular, and

therefore our task must be to identify these terms.

From the nature of the current j,(z), we can determine the appropriate set of operators
in Eq. (2.37) [60,61] (see also Refs. [62-64]). We identify three different types of

operator: a set of non—singlet3 (NS) operators,

£i—1
i B " — .
Os, Ns’l‘ = T(v,/)/\a*y“‘ (1 & avys)D*#2 ... DMiqp + permutations) — trace terms,

(2.38)

and two sets of singlet operators associated respectively with quark and gluon fields,

. .li—l p—
(95;'-'“‘-“ =- %(1/)7“‘ (-2 arys)DH? .. . DMiyp 4 -permutations) — trace terms,

3Here the terms ‘non-singlet’ and ‘singlet’ refer to SU(N ¢) of flavour.
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(2.39)
l -2

(20)!

Hi- ph, Uit T2 B, — iy . _
O, " (F5" D2, - - Day) _zaz —(Fu'*)a, + permutations) — trace terms.

(2.40)

Here, the addition of permutations has the effect of symmetrizing the operators in their
Lorentz indices, and A, are the generators of SU(/Ny). The value of o depends on the
type of scattering considered. For neutral current scattering with Q% < M2 we have

a = 0, and for charged current scattering a = 1.

The Wilson coefficients can be decomposed into contributions from the three different

tensor structures that will contribute to each of the T; functions,

1
C;“’lll u:( 2) = _h1(l )(532)9#1/1'#1 v Ty,

2) /.2
+h’z( )(‘T )gumgvuzmﬂa e Ty

1

B (@) ey 0y - ST (2.41)

In the absence of dimensionful parameters, the functions hz(k)(a:2) consist of only a

2

single power of z°. Consequently, the dominant operator contributions in Eq. (2.37)

are those for which the value of this power is lowest. By applying dimensional analysis
to Egs. (2.37) and (2.41), we can determine that these dominant operators are those

which have lowest twist, t;, defined as,
t, = di - li, (242)

where d; and [; are, respectively, the mass dimension and spin of the operators Ofl"'m".
The operators in Egs. (2.38) - (2.40) have ¢; =2 and represent the lowest twist operators
contributing to Eq. (2.37); we neglect all operators that are of twist-4 or higher.

The Wilson coefficients of Eq. (2.41) can be rewritten in terms of partial derivative

tensors,

. 1
Chvp.. e (z%) = —(—l)l’guvamauzaua"~au¢in‘( )(372)
(=15 21, Qs Oy - - - Oy H ()

(1) €100y B - - By HO (27), (2.43)
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where the functions Hi(k)(:cz) are constructed such that they reproduce hl(k) (z?) when
acted upon by the derivatives. The three components of Eq. (2.43) correspond to the
three different tensor structures of Eq. (2.32). Therefore, each of the functions Hi(l) (z?),
H (2)( 2) and H, (8 )( 2) is relevant to a particular structure function. This can be seen

by substituting Eqs. (2.43) and (2.37) into Eq. (2.31) yielding,

#U p, Z'A‘l ( gp.u 2$E liﬁi(l) ( ) Zﬂpg (233) l; +1H(2) ( )
a0 -
Evas qq (2z) 5 g (q2)> , (2.44)

where A; is a set of constants derived from the nucleon matrix element,
(N,plO i Np)y = Aph . pMi 4., (2.45)
and the functions ﬁi(k) (¢%) are constructed from the Fourier transforms of Hi(k)(fcz),
AR@@) = (-2 / d*ec* B (), (2.46)

where d; = 03 = 0 and d2 = 1. Comparing Eq. (2.44) with Eq. (2.32) we can now make

the following identifications,

Tipg) = > Ai20) A" (?), (2.47)
vTa(p,q) = Y Ai(2x) N AP (g2), (2.48)
vTs(p,0) = 3 Ai2e) “HP (@), (2.49)

The next step is to show how the functions fIi(k)(qQ) can be related to the structure

functions via their Mellin moments.
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Moments of structure functions

Using the OPE approach, we cannot predict the energy dependence of the structure
functions directly, rather, we can do so only indirectly via the moments of the structure

functions. We define the moments as the following Mellin transforms of Fj,

1 1
M1(n;Q2) = /0 da:a:"—lFl(m,Q2), Mz(n;Q2) = /0 d$$n_2F2(I,Q2),

Mm@ = [ 4o 21 By (2, Q) (2.50)

If we assume that the functions T} are symmetric under the transformation,* z — —z,

then we can infer from Egs. (2.47) - (2.49) that they will have a branch cut running
from —1 < z < 1. Using Eqgs. (2.34) - (2.36) together with Eq. (2.33), and the existence

of the branch cut discontinuity, My (n; @?) can be written in terms of the functions Tj,

Mi(n;Q?) = —/ dzz™ Ty, My(n;Q?%) = 4;2/ dzz™2vTy, (2.51)

Ms(n; Q) = o / dez™ Ty, (2.52)

where ¥ represents a large, circular, anticlockwise contour in the complex z-plane.
This contour integration has the effect of isolating individual terms in the Laurent

expansions of Eqgs. (2.47) - (2.49); via the residue theorem, this leads to,

26k -
Mm@ = oo Y AED(P), (2.53)

i,li=n

where, for the nth moment, the sum is over all Wilson coefficients® ﬁi(k)(qz) corre-

sponding to operators of spin [; = n.

The key to linking the Wilson coefficients to QCD lies in studying the RG behaviour of

AL . Through this study, it is possible to predict the scale

the composite operators O;
dependence of Hi( )(q ), and hence of the moments, giving us access to a rich testing

ground for QCD phenomenology.

4The following derivation is slightly more troublesome in the case of F3. However, the final result
holds for all structure functions.
-2Although-Ci(z?)-are the-true-Wilson-coefficients, we-also-refer to H* (z?)-and- A{¥ (¢?) as such,
due to their close connection,
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2.5 Renormalization group analysis of composite opera-

tors

In this section, we study the RG behaviour of the composite operators in Egs. (2.38)
- (2.40), with the intent of determining the scale dependence of the moments. This
analysis runs parallel to that carried out in section 1.5 and follows the same line of

reasoning.

The operators of Egs. (2.38) - (2.40) become singular upon the inclusion of radiative
corrections. These singularities are different in nature to those considered in section
1.5.1; they are caused by low energy (soft), non-perturbative QCD interactions which
cannot be treated perturbatively. The singularities can be dealt with using renormaliza-
tion, but this particular form of renormalization is termed factorization, in reference to
its association with the ‘factoring out’ of non-perturbative physics. As a consequence of
this new renormalization, the operators Ofl'"m" depend on the relevant renormalization
scale and the subtraction procedure used to define the finite part of the regularization.

Together, these define the factorization scheme (FS).

To study the behaviour of (9;“"'”[‘ under variations in RS parameters, we consider the
behaviour, under renormalization, of OPI Green'’s functions constructed from ordinary
QCD fields and composite operators. By this we mean Green’s functions in which one
or more external legs/fields are replaced by an operator of the type in Egs. (2.38) -
(2.40). Figure 2.2 shows the Feynman diagram depiction for such a Green’s function;
the double line represents the inserted operator. Green’s functions constructed from
composite operators are termed ‘inserted’ and are denoted by using a subscript O;.
Just as ordinary Green'’s functions require renormalization, so too do inserted Green'’s
functions, due to the above-mentioned singularities in the bare operators of Egs. (2.38)

- (2.40).

In analogy with Eq. (1.86) we can relate the renormalized inserted Green’s functions to

their bare counterparts,
G'(C?,) (p’ g,§,m, M) = ZiszG/2Z$w/2ég?’B(p, 98,¢B, mB). (254)

Here, Z4 and Z;, are the renormalization-constants from Eq: (1.72), and-M .is.a-new

renormalization scale, called the factorization scale. M is distinct from pu, it con-
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IENTE
O;

Figure 2.2: Example of a diagram for an inserted Green’s function. The double line
represents the insertion of a composite field replacing a normal external propagator.

trols the renormalization of composite operators and determines at what scale non-
perturbative effects are factored out. Also, we have limited ourselves to inserted Green’s

functions with only one operator insertion, although the results generalize easily.

In Eq. (2.54) we have introduced a new renormalization constant, Z;;. This constant
controls the renormalization of the operators, serving to remove singularities in O;

generated by radiative corrections. It is defined (in analogy with Eq. (1.72)) by,

((9:“'"“[")3 _ ZijO;n...ﬂlj, (255)

where Of UM gritten without a subscript B now denotes the renormalized operator.
For the remainder of this section (and as we have done already in Eq. (2.54)) we omit

the string of Lorentz indices from operators, Green’s functions and coefficient functions.

In general, Z;; is a matrix. For instance, in the case of singlet operator contributions,

Eq. (2.55) is of the form,
(O} = 2305, 4L,j=q 9. (2.56)
However, in the NS case, Eq. (2.55) simplifies to,

(O, = Z¥0™, (2.57)

where Z™° is not. a matrix.
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The fact that the bare Green’s functions must be independent of RG parameters allows
us to derive the RGE for inserted Green’s functions. In analogy with Eq. (1.87), we
have,

0 0 5 _

where D is defined in Eq. (1.89) and we have defined an object known as the operator

anomalous dimension matrix, v;;; it is related to the renormalization constants Z;; by,

0Z;y,
oM’

’Yiijk = —M (259)

The above renormalization constant depends on n and therefore, so does 7;;. By
multiplying the expression in Eq. (2.37) by ng gauge fields and n,, fermion fields and
then taking the Fourier transform, we obtain an equation relating éj#ju (an inserted

Green'’s function formed from the operator product on the LHS of Eq. (2.37)) and Go,,
ZGS; (¢-¢p) = ZCi(q)égﬁ) (p). (2.60)
i

The current j, is conserved and therefore requires no renormalization further to that
carried out in section 1.5. Consequently, C?jpju has no operator anomalous dimen-
sion and therefore obeys the RGE of Eq. (1.87), with 4 — M. Acting on Eq. (2.60)
with the term in the square bracket in Eq. (2.58), and then using Eq. (1.87) gives us
an RGE for the coefficient functions Cj,

g 0 0 0
[%’ (M@—M + ﬁga—g + ﬁea—£ - mea—m) + ’m] ¢ = 0 (2.61)
Substituting for C; using Eqs. (2.43) and (2.46) then gives,

A2 152 059 20N, ek _
[51] (MGM + By 83 + B¢ € 'Ymmam) + '7]1] HJ’ = 0. (2.62)

We can now see how, by solving the above equation, the scale dependence of the
moments can be obtained and hence how the structure functions can be compared with
QCD predictions over a range of energies. The simplest case is that in which we have

contributions from only NS operators. Because there is only one of these operators of
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lowest twist per value of spin (and hence of n), we can write the moments as,
M Q%) = AHP(Q). (2.63)

The scale dependence of the moments can then be determined by solving Eq. (2.62),

with A, being determined by fitting to data.

A brief note on the calculation of the anomalous dimension

The anomalous dimension of Eq. (2.59) describes the renormalization of inserted
Green’s functions, and hence its perturbative expansion can be computed by consid-
ering loop corrections to these functions. In the case of NS operators, the anomalous
dimension is particularly simple. We need to consider the inserted Green’s function con-
structed from two external quark legs and an NS, twist two, spin n operator of the type
in Eq. (2.38). From Eq. (2.54) we can determine that this undergoes the following
renormalization,

~(2) NS ~(2)
= Z . .
G Zy" 2y (G )B (2.64)

ONS ONS
n n

In analogy with Eq. (1.76) and Fig. 1.8, this renormalization can be represented dia-
grammatically in terms of diagrams of the type shown in Fig. 2.2. The evaluation of
these diagrams is slightly more difficult than that of ordinary Green’s functions, but
the principles are the same: regularization of divergent integrals followed by determi-
nation of the singular nature of the renormalization constants. The calculation was
first performed in Ref. [65], and from the results therein, we can determine that ZXS

has the form,

2 "1
z% = 14+2cp|1- ——— 44572}, .
iy + o F( T gs (2.65)

From this, and using Eq. (2.59), we can evaluate the anomalous dimension to order a,

1 0

'yNs,n(a) = —ﬁ-s'alnMZ,,Ts (266)
n

1
e

2
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In general, the anomalous dimension takes the form of a perturbative expansion;
sn(a) = —d(n)a—di(n)a® —da(n)a® — ..., (2.68)

and from Eq. (2.67), we can determine d(n) to be,

Cr 2 "1
d(n) = T(1—m+4§;>. (2.69)

In the singlet case, the anomalous dimension is a matrix and has the form,

7¥(a) 7*(a)
Ysn(a) = (vgq(a) 799((1)) (2.70)

= —d(n)a—d(n)a® — dy(n)a® —.... (2.71)

The coefficient matrix d was first obtained in Ref. [60], the elements have the following

form,
ooy = & ( . zl) , @)
d9(n) = —nz(;”it)’(l;f;) TrNy, (2.73)
d%(n) = —cp%, (2.74)
#n) = % (% B n(n4— ) n+ 1;4(71 ey 4; §> * gTRNf' (2.75)

The first NLO calculations of the non-singlet and singlet anomalous dimension were
carried out in Refs. [66,67] and [68,69] respectively. These results were subsequently
obtained in either simplified or corrected forms in Refs. [70-74]. NNLO non-singlet and
singlet coefficients were first obtained in Refs. [75] and [76] respectively, but only for a
limited set® of values of n. This set was then extended in Ref. [77], but only recently
have analytic expression for the anomalous dimension, applicable to both odd and even
n, been obtained [78, 79).

5The singlet and non-singlet coefficients were only available for even and odd values of n respectively.
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2.6 Factorization

The renormalization carried out on the operators O; in section 2.5 is more commonly
known as factorization, in reference to the fact that we are separating (or factoring out)
long range and short range interactions. Our lack of knowledge of non-perturbative dy-
namics inside the nucleon manifests itself as singularities in the radiative corrections
to the operators in Eqs. (2.38) - (2.40); these are indicative of the fact that we are
applying perturbation theory to an energy region where it ought not to be applied.
The factorization scale M represents a boundary between long-range and short range
effects. Above M we apply perturbation theory, but below, we parameterize the un-
known non-perturbative effects using the constants .A,. As a consequence, the range
of validity of this approximation mirrors that of the perturbative approximation itself.
For large M, we are applying perturbation theory to the higher () region only and
therefore the factorized result will be a good approximation. However, the lower we
push M the more we step out of the energy range in which we should be applying
perturbation theory, and therefore the factorized result tends to an unphysical limit
as M — A. In this way, the concept of asymptotic freedom propagates through to

factorized results,

Of course, as we might have expected, there is a price to pay for our ignorance of
the non-perturbative effects. In order to define factorized predictions for observables
a factorization scheme (FS) must be chosen. As a result of this freedom of choice,
predictions for the moments will now suffer from both factorization and renormalization
scheme (FRS) dependence [80]. This doubles the level of ambiguity and hence increases
the theoretical error of any predictions made. The standard approach to this is to
choose some physical scale (such as M = p = @) and apply the same scheme (such
as MS) to both renormalization and factorization. Although this setting of scales
is convenient, it is not necessary. We shall show in chapter 6 that we can quantify
factorization scheme dependence in the same way we have done with RS dependence,

and consequently we can apply the ideas behind CORGI to FRS dependence.

2.7 DIS observables of interest

The DIS. observables of interest in this thesis fall into two categories. These are sum

rules and moments of structure functions.
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2.7.1 Sum rules

Sum rules are combinations of structure functions integrated over the full range of .
Technically they are just combinations of the lowest » moments. However, the combi-
nations are chosen such that they give particularly simple results in the parton model,
often related to conserved quantities. These results are then subject to QCD correc-

tions, and therefore the sum rules serve as a good test of both the parton model and

QCD.

In the language of the OPE, the reason for the simplicity of sum rules is the existence
of certain combinations of operators which do not require renormalization, and hence
have vanishing anomalous dimensions. Because of this they do not suffer from FS
dependence. Like all DIS observables, the sum rules are Euclidean i.e. they are defined

for space-like momenta (Q? = —q¢? > 0) only.

The Gross-Llewelyn Smith sum rule

The Gross-Llewelyn Smith (GLS) sum rule [81] is derived from (anti)neutrino-proton

scattering, and is defined by the following integral,

1 /! 5
Kcrs(Q) = 5 /0 dz (Fy? + F;7). (2.76)

Using the results from the naive parton model in Egs. (2.20) and (2.21), this sum

rule can be related to an integral over valence quark distribution functions,

1
Kcrs(Q) = /Odm(d-—ﬂ-i-u—(z)

= /ldm(dv—i-uv)
0
= 3, (2.77)

and this implies that K¢r5(Q?) counts the combined number of up and down quarks in
the proton. Here, gy = ¢ — ¢ is known as the valence quark distribution and represents
the number of ‘non-virtual’ quarks. The parton model result in Eq. (2.77) is subject to

perturbative corrections,

Keons = 3(1—§cpn(a)). (2.78)
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Here, we have ignored corrections from light-by-light scattering diagrams. The per-
turbative corrections K(a) take the canonical form of a series expansion in powers of

a,
o0
K@) = a+ Y kna™ (2.79)

The coefficients k; and ko were obtained in Refs. [82,83] and [84] respectively. In
MS with p = Q they are given by,

1 23 7
b= -+ (Bea-for), (2.80)
115 3535 G5 133
— 2( Y oYYy b v futd I
k2 = N (648) +Nf( 1206 2 CS) Cat Ny (864 + C“)

5437 1241 11 1
2 _ e - 2 { =

The unpolarized Bjorken sum rule

The unpolarized Bjorken sum rule [85] is also derived from (anti)neutrino-proton scat-

tering, but refers to Fi. It is defined as follows,

Uugi(Q) = /0 1 dz (F{? — FYP) (2.82)
- 1- %CFL((a), (2.83)

where,
Ue) = a+ i upa™tl, (2.84)

The LO, NLO and NNLO coefficients of U(a) were obtained in Refs. [86], [87] and [88]
respectively. In MS with y = Q they have the following form,

4 91 11
“ = _§Nf+(360A— 8CF), (2.85)

115 4235 7, 5 335 1
N2 (=2 S =
! (648) +Nf( _1296+67C3 3C)CA+Nf (288 64"‘) Cr

It

U2
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8285 2731 91 95
2 (8285 _ 2731 91 9
+C4 ( 648 + 5¢3 10(5) + CaCFr ( 13 G+ 5 Cs)

313 47
g (313 47, _
+C2 ( RS 35c5). (2.86)

The polarized Bjorken sum rule

The polarized Bjorken sum rule [89,90] is the polarized scattering analogue of K,,p;.
This sum rule is based on current algebra and SU(2) isospin symmetry, and is defined

as,

1
Ko (Q) = /0 dz (¢ — &7, (2.87)

As before, this sum rule can be split into a parton model result and perturbative cor-
rections. These corrections are identical to those for Kgrs except that K,p; has no

corrections due to light-by-light scattering,

%—O—%@%@O. (2.88)

1
Kpp; = 6

Finally, there are a few general points to be made in relation to DIS sum rules:

e Fach of the above sum rules will receive non-perturbative corrections of the form,
o0 n
AZ
}:g(aa : (2.89)
n=1

These correspond to contributions from operators in Eq. (2.37) with twist greater
than two and consequently, they are commonly known as higher-twist correc-
tions. They are suppressed relative to the perturbative corrections due to the
sub-dominance of non-leading twist contributions in the OPE. In the GLS case

the magnitude of these corrections has been estimated in [91-96].

e As aresult of the anomalous dimension relevant to each sum rule vanishing, they
do not suffer from a dependence on the choice of factorization scheme; conse-

quently we need only consider their renormalization scheme dependence.

o 'Both the polarizéd Bjorken and 'GLS suii rules *have: beei mieasured in “exper- -

iment in Refs. [97] and [98-102] respectively. Currently, no data exists for the
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unpolarized Bjorken sum rule.

2.7.2 Moments of structure functions

The moments were defined for each of the structure functions in Eq. (2.50). In this
thesis, we will be concerned with moments of F3 in neutrino-nucleon scattering, and

moments of Fy in electron-proton scattering.

Moments of Fj in neutrino-nucleon scattering

These moments are defined as follows,
1
M§N(n; Q%) = / " RN dx. (2.90)
0

Due to the fact that the only lowest twist operators which contribute to these moments

are of NS nature, the expression for these moments is particularly simple,
Ms(m Q%) = AHP Q). (2.91)

From now on, we drop the v N superscript, and assume that the nature of the scattering

is understood.

In section 2.5 we saw how the scale dependence of the moments can be obtained in
terms of the beta-function equation and anomalous dimension, via the RGE. From
this point on, we change notation slightly to that used in Ref. [103]; this facilitates the
separate study of factorization and renormalization dependence. The moments can be

factorized in the following form,
MEN(1;Q%) = (N|Onns(M)IN)Ca(Q, M, 1, a(w)), (2.92)

where (N|O, ns(M)|N) is known as the operator matrix element. It is derived from the
operator in Eq. (2.38), factorized at the scale M. Cn(Q, M, u,a(u)) is the coefficient
function; it is derived from the Wilson coefficients in Eq. (2.43) and depends on both

the renormalization and the factorization scheme.

The M dependence of the NS operator matrix élemént is governed by its anomialous
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dimension,

M 3OM))

(O(M)) oM = uns(@) = —d(n)a —di(n)a® —da(n)a® — ..., (2.93)

where we have written the operator matrix element as simply (O(M)). The coupling
relevant to the operator matrix element is governed by the following beta-function

equation,

0
ME?/I_ = fBa) = —ba*(1+ ca + cza® + czad- - ). (2.94)

The coefficients d;(n) depend on the factorization procedure just as the coefficients ¢;
depend on the renormalization scheme one adopts. Only the subscript-free coefficients

i.e. b, c, and d, are FRS invariant.

The coefficient function, C,, is both RS and FS dependent. It can be written as an

expansion of powers of the coupling evaluated at M = y,
C(Q,M,u,éd) = 14+ra+mra+rsa+.--, (2.95)

where @ = a(M = pu). One-loop, two-loop and three-loop expressions for the coefficient
functions can be found in Refs. [104], [105-113] and [75-77] respectively.

We will return to these equations in chapter 6 when we come to study F3 moments in
more detail. For now we simply state the LO expression for the moments, obtained by
taking the LO forms of Egs. (2.93), (2.94) and (2.95).

Ms(n;Q%) = Anad™l, (2.96)

where A, is a set of undetermined FRS invariant non-perturbative parameters. In
chapter 6 we extend these expressions to NNLO and then subsequently adapt them to
the CORGI and EC representations.

82

M



Chapter 2: Deep inelastic scattering

Moments of I3 in electron-proton scattering

In the case of F; moments, we must consider contributions from both singlet and non-

singlet operators,
Ma(n;Q%) = M¥(mQ%) + M3(n; Q7). (2.97)

The NS part has a structure identical to that of the F3 moments. However, the singlet

component is more complicated.

The singlet operators of lowest twist mix under renormalization, and hence M%(n; Q?)
receives contributions from both the quark and gluon operators of Egs. (2.39) and

(2.40). In this case, the moments can be factorized in the form,
M3(n; Q%) = C(Q,alu), p, M)(OF(M)). (2.98)

C> has a quark and a gluon component and the anomalous dimension, «, is a 2 x 2

matrix;
Y1(a) v¥(a)
Yas(a) = (79(,(&) 7gy(a)), (2.99)
c, = (C9,09). (2.100)

Consequently, the operator matrix element also has ¢ and g components. The ma-
trix/vector nature of C,0,~ etc. is denoted by bold typeface. C and ~ can both be

written as expansions in powers of the coupling:

Yns(@) = —d(n)a—di(n)a®—dy(n)a® -, (2.101)
C? = 1+r%+rda%+. .-, (2.102)
Ccd = rla+rfa®+---. (2.103)

The FS dependence of the operator matrix element is described by the following equa-

tion,

8(0R(M))

MBM

= Vn,s(a)(OR(M)). (2.104)

These expressions are somewhat harder to solve than their F3 counterparts; we will
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return to them in chapter 7 when we come to study F» in more detail. For now,
we state the LO result for the moments. In order to obtain this it is necessary to
diagonalize d(n); Eqgs. (2.98) - (2.103) then yield,

MS(n; Q%) = Afar+(m/b 4 po—gr-m/b (2.105)

where Ai(n) are the eigenvalues of d(n), and AL are sets of non-perturbative FRS

invariant constants, analogous to A,.

2.8 Summary

In this chapter, we presented a brief introduction to deep inelastic lepton-hadron scat-
tering. We introduced the naive parton model and showed how it can give us a quali-
tative understanding of lepton-hadron interactions in terms of quark distribution func-
tions. We then described how the OPE formalism can be used to calculate QCD

corrections to the parton model.

We showed how the RGE for composite operators is derived and demonstrated how it
can be used to determine the scale dependence of the moments of structure functions.
We then presented a brief discussion of factorization and drew analogies between it
and the renormalization process. Finally we defined the DIS observables which we will

study in this thesis.
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The large-order behaviour of
perturbative QCD

In this chapter we discuss the behaviour of perturbation theory at large-orders of the
coupling. The validity of perturbation theory depends very much on the convergence
properties of the perturbative expansion and up to this point, it has been a tacit as-
sumption that this expansion is absolutely convergent, for sufficiently small values of
the coupling. In this chapter, we challenge this assumption. In so doing, we will
discover that the perturbative expansions of all QCD observables are not convergent,
rather they are asymptotic. As a consequence of this, observables can only be un-
ambiguously defined when perturbation theory is supplemented with information from
non-perturbative QCD. In this way a bridge is formed between the perturbative and

non-perturbative physics.

3.1 Introduction

In 1952, Dyson put forward an intuitive argument suggesting that the perturbative ex-
pansions for all QED observables are divergent [114], with the nth-order perturba-
tive coeflicients behaving as n!. Subsequently, this was confirmed and it was discovered
that QFT in general suffers from the same problem. Two sources of this divergence
have since been identified: the proliferation of Feynman diagrams at large-orders, and
the behaviour, under renormalization, of a single class of diagrams. The latter is re-

ferred to as renormalon divergence — it is the most troublesome and arguably the most
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interesting of the two [115,116].

The existence of renormalons has inspired a series of all-orders calculations of the per-
turbative coefficients for certain observables. Their generic form has been determined,
and in some cases their exact form has been obtained in the large- Ny limit. Remarkably,
these results allow the full form of the coeflicients to be approximated at all-orders, via

the leading-b approximation.

These results also confirm the factorial nature of perturbative coefficients. As a con-
sequence of this, we are forced to weaken the assumption that observables can be
unambiguously defined by their perturbative expansions. Indeed, by studying the
nature of asymptotic series, we are led to conclude that perturbation theory cannot
be a complete description of nature, that it can only determine the value of an ob-
servable to within a finite maximum accuracy, and that it must be supplemented by

non-perturbative physics in order to be completely well-defined.

Once we have understood this, we can use techniques such as Borel resummation to
make sense of the factorially divergent sum, and also to extract information on non-
perturbative effects. In this way, the study of large order perturbation theory can be
used to improve upon the accuracy of standard fixed-order (FO) predictions and also
highlights the caveats which apply to the use of FO results. Perhaps most usefully,
this also gives us insight into the interplay between perturbative and non-perturbative

physics.

The material in this chapter is organized as follows:

We begin by outlining Dyson’s argument and how it hints at a factorial form for the
perturbative coefficients at large-orders. We then briefly discuss the two sources of di-
vergence so far discovered in QCD: instantons and renormalons. Next, we describe some
general properties of asymptotic series and discuss how the Borel transform technology

can be used to define such series in a more meaningful way.

We present a discussion of renormalons in QED and QCD, emphasizing how their
existence facilitates the obtaining of all-orders leading-N; results. We then introduce

the leading-b approximation and describe how it can be used to approximate the full
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form of perturbative coefficients at all-orders. Finally, we describe how the inherent
ambiguities associated with perturbative QCD (generated by renormalons) provide a

link between perturbative and non-perturbative QCD.

3.2 Dyson’s Argument

The potentially divergent behaviour of perturbative coefficients was first highlighted
by Dyson. A simple, intuitive argument was presented which suggested that all QED

perturbative expansions are divergent [114]. The argument is as follows:

Perturbative corrections to a generic QED observable, F(a) can always be expressed

in the following form,
o0
Fla) = Z fnan+1, (3.1)
n=0

where o = e?/4n is the QED coupling. If we assume that this series is absolutely
convergent for some small positive value of a, then the series must have a finite radius
of convergence in the complex-a plane. Consequently, the series will also converge for

small negative values of a.

Consider the physical implications of adopting a negative value for a. The most
dramatic consequence is a reversal in the nature of electromagnetic interactions; like
charges will attract each other and unlike charges will repel. Let us now examine the
effect this would have on a system of N electrons confined to a ‘small’ region of space.
Due to the nature of the potential between two electrons, the energy of this system
can always be lowered by simply adding another electron. Moreover, if the region of
confinement is small enough, then this drop in the total energy of the system can be

larger in magnitude than that required to create an e*e™ pair.

We can now imagine a scenario in which (due to quantum fluctuations) a number of
ete™ pairs are created from the vacuum and subsequently separate from their partners
in such a way that separate concentrations of electrons and of positrons are formed.
This configuration of the system reduces its total energy, and this reduction can be

such that it cancels out the energy ‘borrowed’ from the vacuum in order to initially
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create the eTe™ pairs.

From this we conclude that the vacuum is unstable i.e. it can always decay into a state
with lower energy. This state is pathological in the sense that eventually an infinite
number of pairs would have to be created in order to minimize the energy of the
system. Hence it is unimaginable that observables in such a system could be described

by convergent perturbative expansions.

If we now reverse our initial line of reasoning, we see that F(a) cannot converge for
negative values of o and hence it must have a zero radius of convergence. This in turn,
suggests that F(«) has a singularity at o = 0 and that the series in Eq. (3.1) is at best

asymptotic and at worst completely divergent.

The nature of the coefficients

We can shed light on the implications of Dyson’s argument for the exact nature of the
perturbative coefficients by revisiting the system of N electrons. The total energy of

such a system is given by,
1
E ~ NT+ §N Va, (3.2)

where T' is the mean kinetic energy per electron, V' is the mean potential energy between
two electrons, and N? ~ %N (N — 1) counts the number of interacting electron pairs.
For the physical (a > 0) case, there is a stable minimum at N = 0. However, for the

a < 0 case, N = 0 is only a local minimum. There is then a peak at N = N, where,
Neig ~ 7= (3'3)

and above N, the energy decreases as E ~ —N2. The existence of no stable minimum

is a manifestation of the pathology described above.

From Eq. (3.3), we can infer that the system becomes unstable when N, electrons are
present and hence that Dyson’s vacuum instability occurs via the creation of ~ N
ete™ pairs from the vacuum. A Feynman diagram describing such an event has a factor
of aVerit associated with it, and therefore it is natural to assume that the divergence

of (o) is related to the behaviour of the set of coefficients, fn> We know that

Nerit
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the series in Eq. (3.1) must experience an initial period of convergence (QED and QCD
perturbation series appear to converge at low orders of ). However, at some point
this must be followed by a growth in successive terms in the series. Hence, we interpret
Ngit as a point intermediate between these regions of convergence and divergence.

Therefore, at n ~ N, we have,

[t~ frpa™t? (3.4)
fr+1 1
~ = 3.5
In « (3:5)
and then from Eq. (3.3),
f}+1 ~ I¥erit ~ M. (3'6)
n

This directly implies that f, ~ n! for n 2 N, and we conclude that the divergent
nature of F(a) highlighted by Dyson manifests itself as a factorial growth of the coef-
ficients. Furthermore, we recognize factorial behaviour as signalling that the series is

asymptotic.

The above argument is not completely rigorous. For instance, it is possible that F(a)

contains non-perturbative terms of the form e~1/@

and that these are responsible for
the non-analyticity at o = 0. However, it is now accepted that QED perturbative series
are indeed asymptotic. Furthermore, this problem is also endemic in QCD, with all
Green’s functions (and therefore all observables) being described by divergent pertur-
bative expansions. In order to be able to make sense of these divergent predictions,! we
need to know more about asymptotic series. However, before we study this in detail, we

first briefly discuss the known mechanisms by which factorial coefficients are generated
in QFT.

!Care must be taken not to confuse this type of divergence with that which was dealt with using
the renormalization procedure. Here, we use the word divergent to refer to the n! behaviour of the
coefficients which is present even after the Green’s functions have been renormalized. Indeed, in the
case of renormalons, it is actually the renormalization process itself which generates the factorial form
of the coefficients.
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3.3 Sources of divergence

The exact cause of the divergence discovered by Dyson has, so far, remained unclear.
By uncovering the mechanisms by which perturbation series become divergent, it is
hoped that we can obtain information about the higher-order coefficients and hence, if

not solve the problem, then at least quantify it.

Two independent sources of divergence in QFT have so far been identified. The first
is the proliferation of Feynman diagrams at large-orders, and this source is intimately
linked with the existence of instantons within QFT. The second source is due to a

single class of renormalized diagrams, whose contribution grows factorially at large n.

3.3.1 Instanton based divergence

This source has been studied extensively in the case of the generalized quantum anhar-
monic oscillator [117,118]. To give an impression of the mechanism by which this type
of divergence is generated, we consider the partition function for ¢* theory in 1 4+ 0

dimensions in quantum mechanics,

Z(g) = \/% /_ ” dp e=¢*—99" (3.7)

A cursory examination of Z(g) leads us to conclude that it has an essential singularity
at g = 0. This is most easily seen by examining the behaviour as ¢ — —g. The
‘potential’ term in the Lagrangian changes from one with stable minima to one which

is not bounded from below.
Z(g) can be expressed as the following perturbative expansion,
s
Z(g) = Y Zng", (3.8)
n=0
and the coefficients Z, count the number of possible vacuum diagrams contributing at

order g, in ¢*-theory. By expanding the second exponential in Eq. (3.7) and using the

definition of the Gamma function given in Eq. (B.1), we can obtain,

00 2°° __44\n
26) = g [ et S S

90



Chapter 3: The large-order behaviour of perturbative QCD

"F(2n+ ) "
Z(JS—W [‘n+1)> (39)

(=4)"
47

—  Zy o~ (n— 1)L, (3.10)

where in the last step we have taken the large n limit. Barring any significant can-
cellation between diagrams, and under the reasonable assumption that each diagram
contributes with equal magnitude? as n grows, then this result identifies the prolifera-

tion of Feynman diagrams as a source of divergence in perturbation theory.

A more rigorous analysis of this example [119], confirms this and yields the following

result for the general form of Z,,

Zn ~ An"z "n! [1 + O (%)} . (3.11)

Note that there is an apparent paradox in the results above. The divergence of the
perturbative expansion in Eq. (3.8) would seem to be in direct contradiction with the
fact that Z(g) is otherwise a perfectly well-defined integral for g > 0, and has a finite
limit as g — 0%. The resolution to this paradox lies in the realization that the route
taken to obtain Eq. (3.10) is flawed. We have adopted a rather cavalier attitude towards
the exchange of the integral and summation symbols in Eq. (3.9). In general, they do
not commute and this destroys the convergence properties of what is otherwise a well-
defined integral [21,22]. As a result, we can only ever approximate Z(g) asymptotically
in the g — 0 limit.

In gauge field theory, cancellations between diagrams will reduce the divergent growth
in the coefficients. However, the n! behaviour is still present. Indeed, the proliferation
of diagrams at large n is intimately linked with the existence of solutions to the classical
equations of motion of a field theory, viz instantons. Specifically, this is caused by the

presence of instanton-antiinstanton pairs. This source of divergence is present in QCD
(see Refs. [120,121] and [115,122]).
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Figure 3.1: A renormalon chain comprising of a string of n fermion loops.

3.3.2 Renormalon based divergence

Renormalons® were first identified by 't Hooft as a source of divergence in perturbation
theory [40]. They are particular to diagrams containing a string of fermion loops as
an internal propagator. These strings are referred to as renormalon chains, and one is
shown in Fig. 3.1. The renormalized form of the fermion loops is such that when n
of them are coupled together and the momentum running through them is integrated
over, the result contains a gamma function which then generates the n! behaviour of

the coeflicients.

Using Eqgs. (1.66) and (1.67) we can evaluate the contributions from such diagrams.
For a chain of n fermion loops with momentum & running through it, each bubble
will contribute ~ aN fk2 In k2, and each of the propagators linking the bubbles will
contribute k~2. Consequently, the chain will have the form,
(Ink2)"

chain ~ a"NJ? 2

(3.12)

It is when we insert a renormalon chain as an internal line in some larger diagram
that a factorial form of the coeflicients is generated. As an example of this, Fig. 3.2
shows a diagram depicting the renormalon chain correction to the quark-gluon vertex
diagram. The diagram in Fig. 3.2 can be understood most easily in terms of the skeleton
expansion. We refer to the bare quark-gluon vertex diagram as the skeleton diagram
and can build the final result from its contribution, coupled to the contribution from

the renormalon chain.

Crucially, the contribution from the skeleton diagram can be written as a function

of k?/q%, where q? is the external momentum; we denote this function by ®(k%/q?).

2By this we mean the magnitude of the diagram when stripped of factors of the coupling g.

3The. term renormalon was first coined in-the now famous 1977 't Hooft article {40]. Until then the
only known sources of divergence were instanton based. The newly discovered source of divergence was
known to be rooted in the renormalization process and hence termed renormalon divergence [115].
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Figure 3.2: A diagram of the type used by 't Hooft to demonstrate the existence of
renormalon divergence in perturbation theory.

Furthermore, this function can be written as an expansion in positive powers of k2/q?

for k? < g% and as an expansion in negative powers of k2 for k? > g2, with continuity
at k? = ¢°.
k:2 k2 J
® (—2-> ~ <—2> (¥ < ¢*) (3.13)
q —~\q

Thus, the order a™ contribution to the diagram in Fig. 3.2 will have the form,
oo
't Hooft Diagram ~ a"N7} / dk*®(k*/¢*) (In k)" . (3.15)
0
Isolating a single term in the expansions in Egs. (3.13) and (3.14) in each of the two

regions yields,

) . n A b dk? 2\" o _dk? 2\"
t Hooft Diagram ~ a" Ny A W(lnk) + : W(lnk) 3.16)

Here j; and j, are positive integers, each of which represents a single term in the

expansion of ®(k2/q?) in each of the regions (Egs. (3.13) and (3.14)). We have omitted

93



Chapter 3: The large-order behaviour of perturbative QCD

the ¢ dependence in the above equation? and the full result will be a sum over all
possible values of 71, jo. However, the calculation we have sketched above demonstrates
how renormalon chains generate factorially divergent coefficients. Via a change of
variables, the terms on the RHS of Eq. (3.16) can be transformed into Gamma functions

and hence,
't Hooft Diagram ~ "N} (D"t + " )l (3.17)

This clearly demonstrates that renormalon chains will generate a factorial contribution
to the coeflicients of any observable derived from the diagram in Fig. 3.2. Note also,
that terms in the expansion for ®(k?/q%) with the lowest values of j; will dominate
Eq. (3.17).

The (divergent) form of this diagram’s contribution has its origin in the renormaliza-
tion of the initial fermion bubble, specifically its In k? form. Furthermore, this type of
divergence is present in all Green’s functions of all renormalizable field theories. The
discussion above is not completely rigorous and we will discuss renormalons in more

detail in a subsequent section.®

Clearly the discovery of these two sources of divergence is troubling. However, in order
to understand the implications for perturbative predictions, we must first understand

more about divergent and asymptotic series.

3.4 Asymptotic series

The revelation that QCD perturbation series are divergent forces us to reassess the
relationship between an observable and its perturbative representation. Consider the
perturbative expansion of a generic QCD observable, F(a), written in terms of the

coupling a = a4/,

Fla) = ) faa™ (3.18)
n=0

“The explicit dz-dependence disappears in the result of any observable calculated from Eq. (3.16).
Only g%-dependence in the form of a remains.
®For a detailed review of renormalons, see Ref. [115).
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Previously, when convergence of this series was assumed, the only limit on its accuracy
lay in our ability to calculate higher-order terms, and crucially the series had a well-
defined n — oo limit. This is in contrast to the reality of divergent QCD perturbation
series. If we assume a typically divergent form of the coefficients (f, = n!) then
calculating Eq. (3.18) to some large maximum n would yield a meaningless result with
no correspondence to the measured value of the observable. In light of this, it is unclear

how we should interpret the equals sign in Eq. (3.18).

Indeed, we can only ever say that the perturbative expansion is asymptotic to the exact
observable. To understand exactly what we mean by this, we first state the formal

definition of an asymptotic series:

Definition

Consider a function F(a) which is analytic in some domain D, defined by,

D:|arg(a)l <3, lal<p, (3.19)

where 0 < § < 7/4. In pertufbation theory, we approximate such functions using an
expansion about the point a = 0 (Eq. (3.18)). We can then define a function known
as the remainder, which evaluates how close the perturbative approximation is to the

exact function:

N
Ry = 'f-(a)—z faa™| . (3.20)
n=0

The series of Eq. (3.18) is then said to be asymptotic to F(a) if it satisfies the following

condition,

RN < |fN+1aN+1], (3.21)

and also diverges for a # 0. In other words, the error associated with an order oV

approximation must grow more slowly than the next term in the series. In contrast to
convergent series, the remainder for an asymptotic series does not vanish as n — oo,
and we can interpret this as the placing of a limit on the accuracy with which an

observable can be approximated within perturbation theory.

We know that asymptotic series are characterized by an initial period of convergence,
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during which the accuracy of the approximation appears to improve as we move to
higher-orders. We also know that for large n, this behaviour is reversed and the sum
begins to diverge. We can therefore infer that, intermediate to these two regions, there
is an optimal value of n (which we denote by ngp:), where the magnitude of successive
terms stabilizes with respect to n. From the nature of the initial convergence and
from Eq. (3.21), we can infer that the sum truncated at this point represents the best

approximation we can achieve.

Fortunately, Eq. (3.21) allows us to estimate the value of ngp,. If we assume the

following (very general) form of the coefficients,

fo = An (l) nl, (3.22)
%
then for large n, this can be approximated using Stirling’s formula,
1
faa® =~ AV2mexp {nlni+nlnn+ (’y-{- 5) lnn}. (3.23)
i

Minimizing the remainder with respect to n will yield the value of n which corresponds

to the best approximation,

0 n _
—a—ﬁ(fna ) = 0. (3.24)

n:nopt

Using this with Eq. (3.23), it can be determined that [123],

(yal
Nopt = —(r+3) (3.25)

Wo - |2| (v +3)]

Here, Wy is the principal branch of the Lambert W function (cf. Eq. (1.116)), and

this expression is valid providing |a/z| (v + %) < 1. Equation (3.25) can be further

e

a
2

simplified by taking its large n limit,

2
Topt —1.

. (3.26)

Therefore truncating Eq. (3.18) after |z;/a| terms will yield the optimum approximation

to the full function.

The error associated with truncating the series at n = N is simply equal to the remain-

der. Hence, from Eq. (3.21), we can determine that the minimum possible error (which
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we denote by €(a)) is just fra™ evaluated at n = ngp. Hence,

’n%in (fna™)

€(a)

Frop ™% (3.27)

From Eq. (3.23) this can be estimated in the large n limit,

e_"opt"’Y"%
e(a) ~ |A|V2r :
(la/zi)""2

~ e IZ. (3.28)

The significance of the values of ngp, and €(a) depends principally on the value of the
coupling a. Assuming that z; ~ 1, then in QED we have® ngyp ~ 128 and e(a) ~ 10756
[32]. Consequently, the predictive power of perturbative QED is not seriously challenged

by the large-order behaviour of the perturbative coefficients.

This is not the case in QCD, where we have’ Nopt ~ 3.5 — 8.5 and e(a) ~ 1072 — 1074
[32]). Clearly this poses a problem, not only does it seriously limit the accuracy of
perturbation theory (even at NNLO), but it also leads us to question the self-consistency

of perturbation series with such poor convergence properties.

Uniqueness

We have seen that as a direct implication of Eq. (3.21), there is an intrinsic error
associated with any asymptotic series. Furthermore, another consequence of Eq. (3.21)
is that the series in Eq. (3.18) is not asymptotic to the function F(a) only, but is also
asymptotic to an infinite class of functions related to F(a). This can be shown by

noting that, for a generic factorial form of the coefficients (f, = Az "n!) the function,

F@) = Fo+ae{-Z}, (3.29)

5We take the coupling to be agrp(Q = mz).
"Here we take agcp at Q@ = v/3GeV and Q = mz.
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also satisfies the bound in Eq. (3.21), provided that Bcos(8/4) > z;, A€ R, B> 0
and 0 < kf < 7 [124]. Therefore, the series in Eq. (3.18) is asymptotic to a class
of functions F'(a) defined by the above equation, and from this we conclude that the

8 This implies that there is

series in Eq. (3.18) does not define a unique function.
some additional information about the observable which is inaccessible to perturbation

theory.
In light of this, we rewrite Eq. (3.18) as,
oo
Fla) = Y fad®, (3.30)
n=0

where the ‘~’ symbol means ‘is asymptotic to’. The important conclusion that we draw
from this is that the asymptotic nature of perturbation theory means that it cannot
alone define observables in an unambiguous (and hence physically consistent) manner.
The presence of such ambiguity is troubling. However, we note that the ambiguity (the
additional term on the RHS of Eq. (3.29)) is non-perturbative in structure. We shall
see later how, when non-perturbative effects are taken into account, we can recover

self-consistent predictions for observables within QCD.

3.4.1 The Borel transform

The existence of an initial period of convergence for asymptotic series implies that the
subset of coeflicients, f,<, opt> TTUSt hold some information about the exact function.
What though of the terms beyond this period of convergence, fn>n0pt? Although
they have a divergent form, they must still hold information about the exact function,
since they are obtained directly from it. Indeed, the large-order behaviour of the
perturbative coefficients (i.e. their behaviour beyond the period of convergence) can

enlighten us as to aspects of the perturbative and non-perturbative sectors of QCD.

Yet, how can information about the exact function be extracted from the large n
coefficients when the series effectively satisfies Y o ; foa™ = 00? It is obvious that
studying the series in this form is not practical. We can, however, endow the series

with some meaning via the Borel transform.

8In contrast, the reverse is not true. Each function F (a) defines a unique asymptotic series.
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We define the Borel transform of the series in Eq. (3.18) as
f’ﬂ n
B[F](z Z (3.31)

We observe that this new series has improved convergence properties; any factorial
divergence is cancelled out. Indeed, if we compare the radius of convergence of the

Borel transform, pp, with that of the original series, p, using the Cauchy root test:

Py = hrn Y\ fal/nl, pt = hm Y| fals (3.32)

we see that a series with p = 0 becomes a series with pg = finite, and a series with

= finite becomes a series with pg = co. In effect, the Borel transform expands the
radius of convergence such that a factorially divergent perturbation series will have a
Borel transform with a finite radius of convergence. Redefining the series in this way

allows us to study the n — oo behaviour in a more meaningful way.

The original series F(a) can be recovered from the Borel transform by means of a special
Laplace transform, as we shall now demonstrate. Inserting a factor of 1 = I'(n + 1) /n!

into Eq. (3.18) gives,

Fla) = io:fna"M = ifna" /00 e *2"dz. (3.33)
0

Moving the sum and integral symbols through each other, and making a change of

variables, then gives the Borel representation of F(a),

Fla) = /Oooe_zdzz%(az)"
n=0
O z2)dz
- a/o e~2/% B[F)(2)dz. (3.34)

This defines the Borel sum of F(a). It is tempting to think that this expression is
equal to that given in Eq. (3.18) - allowing us to omit the tilde symbol. However,
the switching of the integral and sum signs is not strictly valid in general, and hence
the above derivation is not entirely mathematically rigorous. In fact, the two series
definitions F(a) and F(a) are asymptotic to each other, F(a) ~ F(a). In spite of this, in
most cases the Borel sum can be used to-give more precise meaning to asyniptotic series.

Through it, we can obtain a well-defined function which is asymptotic to the observable.
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Formally, the series in Eq. (3.18) is Borel summable if it satisfies the following require-

ments [124]:

o The Borel transform, B[F](z), converges inside some radius, § > 0.
e The Borel sum converges for some a # 0.

o B[F](z) can be analytically continued to a strip of the complex z-plane with

non-vanishing width, bisected by the positive real semi-axis.

One of the most useful features of the Borel transform is the fact that it can be used to

classify different asymptotic series. To illustrate this, consider the following two series,

Fi(a) = Y (=1)"nla", Fala) = ) nla™ (3.35)
n=0 n=0

Using Eq. (3.31) we can obtain the Borel transforms of these series, and these can be

resummed as Taylor expansions, yielding,

fo = (=1)n! [a—_— (3.36)
! 1

BIFIG) = 1 BIFIE) = =, (337
¥ 4

Fila) = i /0 ooe_z/“i%dz Fala) = é /0 Ooe‘z/a—l—é—zdz. (3.38)

We can see that B[F;](z) and B[F3](z) have poles on the real axis of the complex z-
plane; this is a familiar feature of the Borel transforms of asymptotic series. They are a
manifestation of the divergent nature of the series expansion of F;(a) (or alternatively,
of its zero radius of convergence). The position and nature of the singularities are
indicative of the specific type of divergence. In general, an alternating sign divergence
generates poles on the negative real semi-axis, whereas a fixed sign divergence generates
poles on the positive real semi-axis. The difference is crucial since it is only singularities
on the positive real semi-axis which lie within the range of integration of the Borel
integral. These poles cause problems in defining the Borel sum. Indeed, a prescription
must be chosen for negotiating them, and this freedom of choice generates an ambiguity

in the evaluation of the Borel sum. In general, divergent series generate poles or
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branch points on the real axis. A common choice of prescription for negotiating such
singularities occurring on the integration contour is the Cauchy principal value (PV)

prescription. This prescription is defined by the following expression,

e—0+

PV / "f@)dz = lim [ /a T @)dz + : f(x)da:]. (3.39)

F1(a) and Fy(a) can be evaluated in terms of the exponential integral function, Ei(z),
defined in Eq. (B.6),

Fi(a) = —eZaEi (—l>, Faa) = e_l/aEi (é) (3.40)

a

Fi (a) requires no prescription and can easily be evaluated. However, the exponential
integral in F3(a) must be regulated and hence this Ei function refers to the PV regulated

exponential integral function (see section B.3).

We conclude from these examples that an alternating sign divergent series can be re-
summed using the Borel sum technique, and we can ascribe to the series a well-defined
and unique value. For fixed sign divergence however the situation is less encouraging.
Singularities in the Borel transform make the result ambiguous. This ambiguity corre-
sponds directly to the possible non-uniqueness of asymptotic series discussed in section
3.4 and expressed in Eq. (3.29). However, via the Borel transform, we can resum per-
turbative expansions to all-orders and hence represent the corresponding observables

asymptotically.

Finally, we study the Borel transform for a more general and realistic asymptotic series,

in which the coefficients have the form in Eq. (3.22). We have,

B[f](z) = Aiz{"n”’z”. (3.41)

n=0

Using the following result (obtained by using the binomial theorem and then taking

the large n limit),

ot b Fn+t)
=27 = X Gy *
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0 t-1
Y — (3.42)
n:O( -1
we can resum Eq. (3.41) to obtain,
r 1
BIF() ~ a0 *Y (3.43)

(1 _ zii>7+l'

This Borel transform is similar to those of Eq. (3.37). However, the position of singu-
larities on the real axis is now determined by the sign and magnitude of 2;. The nature
of the singularities is determined by <y, with non-integer ~ corresponding to a branch

point.

All QCD Green’s functions are related to each other through the Schwinger-Dyson
equations [125-127]. Furthermore, the Green’s functions are related in such a way
that the positions of singularities in the Borel plane are preserved [40], although the
nature of the singularities can be altered. Consequently, singularities in the Borel
transform of one Green’s function propagate throughout the entire theory, infecting
all Green’s functions. Therefore in general, the Borel transforms of all QCD Green's
functions and observables have branch points along the real axis due to renormalons and

instantons [128,129].

3.5 Renormalons

Having identified renormalons as the principle source of divergence in perturbative
QCD, and having developed a set of tools (in the form of the Borel transform) to

evaluate asymptotic series, we now discuss the origin of renormalons in more detail.

As stated previously, the source of renormalon divergence is the existence of a class
of Feynman diagrams, present at all-orders, which when renormalized are found to
have a magnitude proportional to n!. To fully appreciate the mechanism by which
this occurs, we return to the familiar example of the fermion loop contribution to the
vacuum polarization function, depicted in Fig. 1.4. From Egs. (1.66) - (1.67) and (1.83)

we have:

SR = S (KRR — ¢RI (R?), (3.44)
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with
oy o 04T (K
My(k*) = 13 In <Q2 . (3.45)
Here, Q%2 = —¢? > 0 is the space-like energy scale, and we work in the V scheme, which

is MS with p? = e 5/3Q2. In a sense, this is purely a QED (Abelian) calculation:
we would have to include gluon and ghost corrections in order to obtain the full one-
loop function. However, the fermion bubble is a component of the full QCD result and
moreover, we will see that it is of special significance.

We denote the chain of n fermion loops depicted? in Fig. 3.1 by Béﬁl")(kfz). We can
evaluate the form of Bf‘:)(kz) using Eq. (3.44), together with the form of the gluon
propagator given in Eq. (1.50). We find,

Bi(k?) = (=1 (M) ([g,0) (P) (Tgyay) .. (P (TTg a0, ) (P 1Y)

n

= —i(-1)"]]

k=1

(Pob) (M) | (o). (3.40

Here, we have made the identification a; = y, and —iP*(k?) = f)gg’ (k) represents the
photon/gluon propagator!? (see Eq. (1.50)). The above expression can be evaluated
using the following results,

1
POk (k) g, (K7) = 5T, (K), (3.47)

n“kaw(/&)] = (M%) ()R (349

n
k=1

Hence,

Bgil)(kz) _ (=" (Ho)n—l (Hm : )(_,L'Pan+ll/)

, (3.49)

We can sum this over all values of n to obtain the all-orders renormalon chain contri-

YHereafter, we use the photon line symbol to denote both photons and gluons.
1We omit colour indices in the following demonstration.
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Figure 3.3: One-chain contributions to the vacuum polarization function.

bution to the propagator, which we denote by BH,,(kQ),

(o]
Bu(k*) = Y BRI
n=1

—Io(k?)

T )" (3.50)

—1 [

The complete gauge boson propagator is defined as the sum over all possible diagrams

with two external photon lines only. Calculating this exactly would correspond to
calculating all possible diagrams in perturbation theory — something we wish to avoid.
However, of all the diagrams which contribute to the full vacuum polarization function,
the above one-chain result has the highest power of Ny at each order of a. In the large-
Ny limit, Eq. (3.50) is the full vacuum polarization function. Therefore, by inserting
B (k?) as an internal line in a larger skeleton diagram, we can identify the leading-
Ny components of that diagram. Moreover, we can use the relatively simple expression

above to evaluate that diagram at all-orders of a.

The renormalon contributions to the Adler D-function

Armed with the leading Ny result for the gluon/photon propagator, we now demon-

strate how single-chain contributions to QCD observables can be evaluated, using the
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Adler D-function (defined in section 1.10.1) as an example.

Corrections to the Adler D-function are calculated from corrections to the vacuum
polarization function. The one-chain contributions to such corrections are shown in

Fig. 3.3 and these will have the form:

> dk d* " 1 1 1 1
@ ~ “g/wﬁ[}gvf)(’“zm <7"10+¢+Jé7”p+¢7“13%¢+16>

9 (k2 1 11 1
+ 2B () Tr (7"¢+g7“p7”;o+k7”p>] (3.51)
4
az / dik ‘21;)’4 de(k2)Xupua+ZB(“n”)(k2)XUWp]. (3.52)

Here, k is the momentum running through the renormalon chain and p is the momentum
running around the outer fermion loop. This can be rewritten in such a way that the

chain and skeleton diagram contributions are separated,

@ ~ (] i) (] e o).

v W
renormalon chain skeleton diagram contribution

Omitting the tensor structure, and performing the p integration will yield a result of

the form,

4
QY ~ [ GsiBalk)F (k- 0,6?). (3.54)

To obtain the Adler D-function, we take the logarithmic derivative of the above equation
with respect to @2. The Q*-dependence of B,,(k?) occurs in the form of factors of
k%/Q2%. Therefore, via a change of variables, we can transfer all of the Q2-dependence
of Eq. (3.54) into the function F, and hence when we differentiate with respect to Q?,

the renormalon chain term is preserved. Consequently, we can write the Adler D-

w@ - E [ H )RS o

The kernel'! ®(k?/Q?) is derived from F (k% k - ¢,q?), and represents the contribution

function as,

"Here, the form of ®(k*/Q?) is different to that for the example given in section 3.3.2.
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from the skeleton diagram [130]. The term in the square brackets comes solely from
the renormalon chain and can be obtained directly from Eq. (3.50). ®(k?/Q?) can be
written as an expansion in positive powers of k2/Q? for k2 < Q? and in negative powers
for k2 > Q?, with continuity at k2 = Q2. The leading terms in these expansions!?

are [131,132],

? (S—Z) - 5_22 (22—22) for k* < @%, (IR), (3.56)
? (%25) B g [;g * 41 <Q2>] %1 for k* > Q*, (UV). (3.57)

From Egs. (3.55) - (3.57) we can directly obtain the leading-b contribution to the Borel
transform of the Adler D-function. Splitting the range of integration in Eq. (3.55)
at k2 = Q?, and using the changes of variables k? = Q2 %/2% and k2 = Q2%%/?® in

Egs. (3.56) and (3.57) respectively yields,

o o
Z/ dz e %/®
n=0 0

* [(_%)'ﬁ;g (Nngz> 9( 1)(NfTRZ> ] (3.58)

Here, we have performed integration by parts on the In term in Eq. (3.57). From this

we can determine the Borel transform,

1 10/27 4/9
BD|(z) = NTr T ,{,Tm + A{T - (3.59)
1+ =8 1- =GR (1 _ _fg_RZ)

Equation (3.55) can also be used to obtain the form of the coefficients d,, defined in
Eq. (1.187). Making the change of variables k? = Q2%e*?, yields,

D(Q?) = ai < NfTR) /Ooo dt t" [Qe-%(—l)" + (;2 + gt) e—t] (3.60)

SR @ e

2Note that-only when all terms (or certain special subsets of terms) in this expansion are considered
do we have continuity at k? = Q%
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and this confirms that renormalons generate factorial contributions to the coefficients,
TRNf n —1\" 22+ 12n
= —_ —_— | .
oo (TR (ZE e e

There are several points to note about the above results:

e Higher-order terms in Egs. (3.56) and (3.57) will generate terms in the Borel
transform with singularities further away from the origin than those in Eq. (3.59).
Therefore, their contributions to the coefficients will be less dominant than that
of Eq. (3.61) but will still have a factorial form. The full form of ®(k?/Q?) is
known for several observables and from it we can obtain the full leading-N; Borel

transform.

¢ Equations (3.59) and (3.61) are valid and gauge-invariant results in QED. How-
ever, in QCD, resumming the leading-N; terms in this way generates a result
which does not exhibit asymptotic freedom. This problem can be overcome by
converting to an expansion in powers of the first coefficient of the beta-function

equation, b. We will describe this in more detail in the next section.

3.6 All-orders results for QCD observables

The existence of renormalons in QFT has inspired a number of all-orders calculations
of the most dominant (factorially) divergent components of the perturbative coeffi-
cients. The results from these are in the form of the leading-N; component of the
perturbative coefficients at all-orders. They are essentially QED results, in that their
diagrammatic origin does not include contributions from gluon self-coupling or ghost
components. However, such a result also corresponds to a significant subset of the full
set of terms present in the equivalent QCD result. Moreover, the significance of these

terms can be further enhanced by means of the leading-b approximation.
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3.6.1 The leading-N; expansion

The coefficients of any QCD perturbative expansion can be written as an expansion in

powers of the number of fermions, N;. For example, in the case of the Adler D-function,
dp = diPINF +diP NP 4 dl, (3.63)

and similar expressions also hold for the coefficients of the GLS and Bjorken sum rules,

k, and u, (see section 2.7.1).

The number of fermion loops present in a diagram dictates which coefficient in Eq.(3.63)
it contributes to. Furthermore, the all-orders results obtained from single renor-
malon chain insertions correspond to the maximum number of powers of Ny one can
have in a diagram for each power of a. That is, we cannot increase the number of
powers of Ny (the number of fermion loops) in the diagrams in Fig. 3.3 without in-
troducing at least one extra power of a; diagrams with two chains inserted will be
O (1/Ny) suppressed. We therefore identify the single-chain diagrams of Fig. 3.3 as the

sole contribution to dl? ].

As a consequence of this, the large-N; expansion and renormalons are inextricably
linked. Full renormalon calculations of the type sketched in section 3.5 will yield exact
results for dLn ] (or equivalently, uk’ }or ki;"] etc.) for all n. Such results have been
obtained in the cases of the Adler D-function, the sum rules of section 2.7.1, and the

R.+.- ratio, amongst others.

Progress in large-Ny calculations [133] has led Broadhurst to develop the following ele-
gant method which allows the values of the d to be easily extracted at all-orders [134]:
We introduce the QED Gell-Mann-Low function which at leading-N; has the form,

wo_ (AN o
W = (1) Pw)| (3.64)
where
32 X (=D
P(z) = 3(1+$)1§2(k2_m2)2. (3.65)
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o can be explicitly evaluated in closed form [134],

[n]
Uy _ (n-1) _n+4
m_2)] ~ (=31 [ 4=
16 —2s 25s—n
=7 D s(1=27)(1 =22, (3.66)
n2>s>0

and using this result one can then obtain the leading-Ny result for the QCD Adler
D-function. In the MS scheme with u? = Q2 we have [135],

n (_é)m \P[n+2—m]
di) = oTpnt)” 0L _natom (3.67)
m=0

m!  (n—m)!

This result becomes particularly simple if we convert it into the V-scheme (due to the
absence of a finite part in the renormalized form of the one-loop vacuum polariza-
tion function, cf. Egs. (1.66) and (1.67)). We find,

dil = orpelrtd (3.68)

and this gives us access to the leading-Ny components of dy, for all n, allowing us, in

principle, to evaluate the sum,
oo
> dliNFar (3.69)
n=0

This result can be applied to both QED and QCD. However, the QCD result can be

given added meaning via the leading-b expansion.

3.6.2 The leading-b expansion

All-orders renormalon inspired results can play a more meaningful role in QCD if we
convert them into the leading-b expansion form, whereby the coefficients are written as

an expansion in powers of the first coefficient of the beta-function equation, b:

dn = dPb+d0er 1 4 4 d0. (3.70)
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This discussion is different depending on whether we are talking about QED or QCD,

due to the difference in their respective beta-function equations:
2 1
boep = —ng, b = bgcp = 6 (33 —2Ny). (3.71)

Note that bgepp < 0 and bgep > 0. These expressions can be rearranged to give Ny in

terms of b,

3
N; = —3bqED, Ny = —3b+33/2, (3.72)

and so by substitution into Eq. (3.63), we can determine that the leading-N; and
leading-b coefficients in QCD are related by d%n) = (—3)"d£? ], with a similar expression
for QED. The sub-leading terms in Eq.(3.70) can be easily obtained from Eqs.(3.63)
and (3.72).

In QED there is a firm diagrammatical interpretation of d%"), since there is a direct
correspondence between leading-N; and leading-b diagrams. However, in QCD, this is
not the case as dsln)b" contains not only the leading-N; diagrams, but also an expansion
in colour factors. Consequently, the diagrammatic origin of the leading b terms is
less clear. However, using the background-field method [136], or the Pinch [137-141]
technique, we can identify the component of the gluon propagator proportional to
b In(—k%/u?) and from this we can build the leading-b terms in the coefficients in a

gauge invariant manner.

However, the benefits of using the leading-b expansion over its leading- Ny equivalent are
twofold: firstly, the leading-b term in Eq. (3.70) tends to dominate over the sub-leading
terms, and therefore we can use this term to approximate the full form of d,,. Secondly,
the sign of b determines the asymptotic behaviour of a field theory, and consequently,
is indicative of the UV and IR behaviour. It is therefore more meaningful to discuss

the Borel transform in the leading-b form.

All-orders leading-b results

The leading-N; Borel transform of the Adler D-function can be obtained from
Eq. (3.68). Borel transforms for several other observables have also been obtained

including the GLS, polarized and unpolarized Bjorken sum rules and the R, +.- ra-
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tio. These can easily be converted into leading-b results by making the replacement
Ny — —3b in the case of QCD (and Ny — (—3/2)bgep in the case of QED). In this
form, the Borel transforms represent the summation of leading-b terms in Eq. (3.70),

which we denote as D) (a),

oo
D) = > dPamt!, (3.73)
n=0
where we have denoted the leading-b component of d, as dg“) = d%")b“.

We can convert the results of Egs. (3.58), (3.59) and (3.62) into a leading-b form. We

have,

D@ = Té)/ooodz e~?/® K%)n+ ;—2 (— %)n-i* g(n+1) (— b?z)"] )
(3.74)

1 10/27 4/9 (3.75)

= B[D|(z) = + )
ST gy

dy = b K%)n + <— %)n (ﬁyﬁ)} n!. (3.76)

For QCD we have b > 0 and hence we conclude that the UV component of ®(k?/¢?)

and consequently,

in Eq. (3.57) gives rise to renormalon singularities on the negative real semi-axis in
the Borel plane and correspondingly generates an alternating sign factorially divergent
contribution to the coefficients. In contrast, the IR component of ®(k%/¢?) in Eq. (3.56)

generates singularities on the positive real semi-axis and fixed sign factorial divergence.

The full form of the leading-b Borel transform of the Adler D-function can be obtained
from Eqgs. (3.64) - (3.68), or alternatively by considering the full form of the expansion
in Egs. (3.56) - (3.57). We find [142,143],

n)z Ai(n)zp
- n + (11+ i)

b 3 Do+ Bilmz  Bi(n)en (3.77)

BIDW)(z) = iflo(n)—/h

3

Il

—
N
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where

_ 8(=1)"*1(3n? + 6n + 2) 8
Aoln) = 3 n2(n+1)2(n+2)2 Ailn) = 3

Bo(1) = 0, By(1) = 0,
Bo(2) = 1, Bi(2) = —%,
By(n) = —Ao(—n), Bi(n) = —Ai(—n), for n > 3.

(3.78)

and where z, = 2n/b. These definitions coincide with those of Ref. [143], except for
B1(2) = —49. The purpose of the slight change of definition is to make more explicit
the single and double pole structure. We can also obtain leading-b Borel transforms for
the GLS and polarized Bjorken sum rules. These are much simpler, with only a finite
number of simple poles and no double poles. We state these forms in chapter 4 when

we come to study these all-orders results in more detail.

Using Eq. (1.197), we can also obtain the Borel transform for R+, [142,143],

sin (wbz/2)

B[RM|(z) = Tbz/2

B[DM(2). (3.79)

Note that the zeros in the sine function have the effect of demoting the double poles
present in B[DF)](z) to simple poles. As a result, the leading-b Borel transform of the
R.+.- ration contains simple poles only. From these results, we can obtain resummed
expressions from the observables, written in terms of (suitably regulated) exponential

integral functions.

Figure 3.4 shows a diagrammatic representation of the singularities in the Borel plane,
of the leading-b Borel transform of the QCD Adler D-function. There are several

interesting points to note:

o The singularities can be split into two different types: those on the negative real
semi-axis and those on the positive real semi-axis. The former do not pose a
problem when we attempt to evaluate the Borel integral, since they do not lie
along the contour of integration. By examining the path from Egs. (3.56) and

(3.57) to Egs. (3.74) - (3.76), we can see that these singularities are generated by
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renormalons and non-perturbative physics, that this corresponds directly to the

absence of a dimension-2 operator in the OPE of the Adler D-function.

¢ In Fig. 3.4, the singularities due to instantons have also been marked, and these
are at positions z = 4n on the Borel plane, with n = 1, 2, 3, ... [40, 144-146].
These singularities are caused by the existence of instanton-antiinstanton pairs.
They are further away from the origin than their renormalon counterparts, and
hence represent a less dominant divergent form of the perturbative coefficients.
Furthermore, their positions on the Borel plane are fixed with respect to changes
in Ny or b and hence they disappear in the large Ny or b limit. Curiously, for
the special case of Ny = 15 we have b = 1/2 and the renormalon singularities are
now positioned at z, = 4n. Consequently, the positions of the renormalon sin-
gularities will now coincide with those of the instanton singularities. This occurs
just before the flavour saturation of QCD (N; = 16) at which point we lose

asymptotic freedom.

When additional refinements such as sub-leading coefficients of the beta-function equa-
tion and scale logarithms are added, the leading-b coefficients are found to have the

general form [128,129,145],

IR renormalons — dy ~ Cpnln2 ", (3.80)
UV renormalons — dp ~ Cpnln? (—2)™". (3.81)
As a result, the structure of the Borel transform is changed from that in Eq. (3.77).

The single and double poles become branch points, yet the positions of these singular-

ities remains fixed. The Borel transform have the following general form,

IR renormalons — B[IDWD(2) ~ B ol (3.82)
(1-%)
(L) A
UV renormalons — B[D™](2) ~ o (3.83)
(1+2)
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The leading-b approximation

It was stated previously, without justification, that the leading-b term in Eq. (3.70) is
a good approximation to the exact form of the coefficients. We now give a justification

of this claim.

If we adopt the values of C4 and Cr (defined in appendix A) specific to SU(N,) QCD,
then the NLO and NNLO coefficients for the Adler D-function become,

063
d = —.115N;+ (.655Nc+ ?V ) (3.84)
C
024 180
_ 2 2
d, = .086N?+ Ny (—1.40Nc - ) + (2.10Nc — 661 — N_E) . (3.85)

Equations (1.188) - (1.189) can also be rewritten as expansions in powers of b, using
Ny =-3b+11C4/2,

/1 Ca Cr

4 = ( - 2C3>b+ == (3.86)
151 19\, 31 5. 5

dy = (18 3C3>b +CA(€_§CS_§C5>IJ

29 19 799
+C’F( C3+10C5)b+031( ——Cs)

32 2 - 288
827 11 9 23
+CaCF (—@ + 7(3) + Crg (—ﬁ) . (3.87)

If we now isolate the leading-b term in Eqgs. (3.86) - (3.87) and re-expand that term in
powers of N using Eq. (1.94), we obtain,

dVb = 345 = —.115N; + .634N,, (3.88)
dPb? = .T76b* = 086N} — 948NN, + 2.61N?. (3.89)

Comparing with Egs. (3.84) - (3.85), we see that Eqs. (3.88) - (3.89) approximate the
sub-leading- Ny components of d; and dy well in both sign and magnitude. The coeffi-
cients of the N}'_TNCT components are approximated with ~ 20% accuracy. However,
it must be noted that for fixed Ny, numerical cancellations can conspire to reduce this

accuracy. Hence, the success in approximating individual components of the coefficients
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does not always correspond to an accurate approximation of the full coefficient. As is

expected, the leading-Ny terms agree exactly.

We can draw similar conclusions about the coefficients of the GLS and unpolarized
Bjorken sum rule, k, and u,. Rewriting Eqs. (2.80) - (2.81) and (2.85) - (2.86), for
SU(N.) QCD, we obtain,

4
ki = —.333Ny+ (1 48N, + 38) (3.90)
N
.244 .008
— 2 2
ky = .177Nf + Ny (—2.51NC — N, ) (4 53N} + .686 + N2 ) (3.91)
and
uy = —.444N; + (1 84N, + ?\?8) (3.92)
C

| 481 434
us ATTN? + Ny (—3.111NC — J\f ) (5 TINZ +2.22 + ) (3.93)

c NZ

In the leading-b expansion, these coefficients have the form,

b o= b4 (ﬂ _ ch> (3.94)
12
o= () +o (B Se - 5 Cavd (- - )
+C3 (—% - 14—143) + CaCF ( ?Sg + 11(3) + C% (3%) ,  (3.95)
and
w = §b+ (%CA - %CF> , (3.96)
ug = b? (17125) +b (%055- - -Cs + 545) Ca+b ( 39365 + 1§3>
+C3 (1223956 %Cs gCs) + CaCF <—21i912§ - l2~5C3 —5C5)
+C2 (33123 + 26— 3545) . (3.97)
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Expanding the leading-b term of these equations gives,

Y = b = —333N; + 1.83N,, (3.98)

kDb = 1.596° = .177TN? — 195NN + 5.37TN?, (3.99)
and

uPb = 1.33b = —.444N; + 7.33N,, (3.100)

w0 = 150 = 177N} — 195N, N + 5.37NZ. (3.101)

By comparing Egs. (3.90) - (3.93) with Egs. (3.98) - (3.101), we see that the leading-b
reproduces the components of the sub-leading-b terms equally well. However, the same

caveat that applied to the Adler D-function case also applies here.

In summary, as a consequence of the success of the leading-b approximation, the all-
orders leading-b result of Eqs. (3.77) and the equivalent results for B[K(%)](z) and
B[UV](z) can be used as effective approximations to the full perturbative expansion of
D(a), K(a) and U(a).

3.7 Renormalons and non-perturbative corrections

The presence of IR renormalons in the Borel transforms of perturbative expan-
sions makes their respective Borel integrals ill-defined. The best we can achieve is
to evaluate these integrals using some prescription to negotiate the singularities. How-
ever, the choice of prescription is arbitrary, and hence any result obtained will have an

inherent ambiguity associated with it.

We can evaluate the magnitude of this ambiguity by evaluating the difference between
the Borel integrals in two ‘extreme’ prescriptions: that in which the contour passes just
above the singularities, and that in which it passes just below it. The magnitude of

this difference is then related to the residue of the singularity:

ADpr(a) = ir Res|e™?/9
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P

F(’Yn)

= TFmi e~m/agl=m, (3.102)

Clearly this situation is unphysical. In order to accept perturbative QCD as a theory
consistent with what we observe, the full prediction of an observable must be free from

such ambiguities.

Note that this has the form of a non-perturbative contribution, reinforcing the no-
tion that renormalons are strongly linked to non-perturbative physics. The non-
perturbative nature of ADpy gives us a clue as to how this problem may be resolved.
Indeed, we can infer that perturbation theory can only be unambiguously defined when
supplemented by non-perturbative information. Ambiguities of identical structure to
ADpy arise when we attempt to calculate non-perturbative corrections, again due to
the necessity of having to choose a prescription. We can then assume that the ambigu-
ities from perturbative and non-perturbative sectors cancel with each other, leaving us

with an unambiguous final result. We now briefly discuss how this mechanism works.

Significant progress has been made in the relating of IR renormalons to non-
perturbative corrections, see Refs. [128, 129, 145, 147, 148]. In section 1.9.1 we saw
how the OPE can be used to evaluate non-perturbative corrections. The result is an
expansion in powers of 1/Q?, with each coefficient being related to a QCD condensate.
It was noted that for the Adler D-function, the first such condensate to contribute non-
perturbatively is the gluon condensate, and by dimensional analysis we can determine

that this is associated with a 1/Q* power correction,

L FH 1

D(QY) = Dyprl(a) + Coe(Q/M, a(M)) o 5

) . (3.103)

where O(1/Q°) represents contributions from higher dimensional condensates.

The approach to evaluating terms in Eq. (3.103) is similar to that used in section 2.4.
Each condensate must be renormalized (factorized) in order to be expressed in terms
of perturbative variables viz the coupling a. Hence, M in Eq. (3.103) represents the
scale at which the condensates are factorized. The factorization procedure separates
gluons with high momentum, which are amenable to perturbation theory, from those

with low momentum, which perturbation theory cannot describe. Terms in the OPE
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can then be written in terms of a scheme invariant constant containing all the non-
perturbative physics, and an expression in terms of a. The scale dependence can then

be determined by studying the RGE behaviour of the condensates.

A condensate of dimension 2n is found to have a coefficient function, C,(a(Q?)) of the

form
Cn(a(Q?)) = Cha® (1+0(a), (3.104)

where 0, = 2d/b — czp, 2z, = 2n/b, and d is the first coefficient of the gluon anoma-
lous dimension. Non-logarithmic UV divergences [149,150] lead to an ambiguous imag-
inary part in the coefficient so that C, = ,QR) + z’C’T(,I), mirroring the ambiguity in the

perturbative part:
1 n
ADyp = =iC) g% <@> (14 O(a))

~ 400 g% e=/2 (1 4 O(a)). (3.105)

The ambiguities in Eqgs. (3.102) and (3.105) are of identical structure. We can there-
fore match them and allow ambiguities to cancel between perturbative and non-
perturbative components. From this we can infer a direct correspondence between IR
renormalons in the Borel plane and condensates in the OPE. Specifically between the
positions of Borel plane singularities and the dimension of the condensates. Therefore,
each IR renormalon at position z = z, must correspond to a condensate of dimension
2n [128,129]. Crucially we notice that the absence of an IR renormalon at z = 2; for the
Adler D-function is mirrored by the absence of a dimension-2 (order 1/Q?) condensate

contribution to the OPE.

We can now see how renormalons are interlinked with non-perturbative physics. Per-
turbative and non-perturbative predictions cannot exist separately in a physically con-
sistent manner. This interdependency can be used to apply perturbative methods in

order to gain knowledge of the behaviour of non-perturbative contributions.
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3.8 Summary

In this chapter we presented a brief review of the large-order behaviour of perturba-
tive QCD. We discussed Dyson’s argument and described how from it we can infer
a factorial form of QED perturbative coefficients. We then described two sources of
factorial divergence in QCD: instantons and renormalons. We explained how these
make the perturbative expansion asymptotic and how the Borel transform can be used
to make sense of asymptotic series. We then described in more detail the origin of

renormalon based divergence and its relation to the UV and IR sectors of QCD.

We discussed how, using exact all-orders results for the leading-N; component of per-
turbative coefficients, we can obtain Borel transforms for observables in the leading-b
approximation. This allows us to approximate the full form of the perturbative ex-
pansion. Finally, we discussed how the existence of renormalon singularities in the
Borel plane causes the perturbative definition of an observable to become ambiguous
and how only when we take into account similar ambiguities originating from the non-
perturbative OPE can the perturbative representation of an observable be considered

to be defined self-consistently.
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Infrared freezing of Euclidean
QCD observables

In this chapter, we investigate the behaviour of all-orders leading-b resummations
at energy scales equal to and below the Landau pole. We also study what non-
perturbative information we can determine from the relationship between renormalon

and operator product expansion ambiguities.

4.1 Introduction

Thanks to asymptotic freedom, fixed-order QCD perturbation theory can potentially
provide accurate approximations to physical observables at suitably large energy scales,
Q. However, such a perturbative description necessarily breaks down below the Lan-
dau singularity at Q% = A2, and the infrared (IR) behaviour unavoidably involves
non-perturbative effects. In fact, non-perturbative information is needed even to make
sense of perturbation theory in the large Q2 limit, since higher perturbative coefficients
exhibit factorial growth, and the perturbation series is not convergent. As we saw in
chapter 3, the existence of IR renormalon singularities in the Borel transform results
in the perturbative predictions for observables being ambiguous. Without some mech-
anism to cancel these ambiguities, the self-consistency of perturbation theory would

remain questionable.
Fortunately, these ambiguities are structurally the same as terms in the operator prod-
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uct expansion (OPE) (in powers of A%2/Q?). Hence, OPE ambiguities and Borel repre-
sentation ambiguities can compensate each other, allowing the perturbative Borel and
non-perturbative OPE components to be separately well-defined, once a regulation of

the Borel integral (such as principal value (PV)) has been chosen [115,116].

For Q? < A?, however, the Borel representation breaks down, mirroring the behaviour
of fixed-order perturbation theory. In a recent paper, Ref. [48], which focused on the
IR freezing of the Minkowskian R,+.- ratio, it was suggested that below Q2 = A? one
should use a modified Borel representation whose ambiguities come from singularities
lying on the negative real semi-axis, so-called ultraviolet (UV) renormalons. We are
justified in using this modified representation since, like the standard Borel representa-
tion, it recreates exactly the correct perturbative expansion when expanded in powers
of a. This modified Borel representation has ambiguities which are structurally the
same as a modified ezpansion in powers of Q2/A2, and once regulated both of these

components can remain separately well-defined in the IR.

In this chapter we shall show that if we postulate a QCD skeleton expansion [130,151],
then the leading one-chain term reproduces the standard Borel representation for Q2 >
A?, and the proposed modified Borel representation for Q? < A2. We also study the
low-Q? behaviour of the all-orders leading-b resummations introduced in chapter 3. In
particular, we are interested in their behaviour at the Landau pole (Q? = A?) and
in the ‘freezing’ limit (Q? — 0). Unexpectedly, we find that the observables remain
finite at the Landau pole and freeze to a well-defined limit of zero. We show that the
Landau pole behaviour is due to a subtle interplay between UV and IR renormalons and
that although individual renormalon contributions show Landau-type divergence, when
all renormalons are summed, these divergences cancel. This behaviour is linked to
the continuity and conformal symmetry of the characteristic function of the skeleton

expansion.

We also investigate the compensation between ambiguities originating from renor-
malons and those from the OPE. Inspired by the newly discovered IR properties
of the perturbative renormalon component, we are led to develop a model for non-
perturbative power corrections based on demanding that ambiguities cancel each other
for all Q?. When we combine perturbative and non-perturbative components, we find

that this full result shares the attractive IR properties of the original renormalon con-
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tribution.

The work presented in this chapter is based on the research carried out in Ref. [152].

The material is organized as follows:

We consider the one-chain leading-b all-orders resummations of the Euclidean observ-
ables defined in sections 1.10 and 2.7.1. We introduce the skeleton expansion and
discuss how this relates to the Borel representation. We show that the skeleton expan-
sion provides a natural link between the standard Borel representation in the UV region
(Q% > A?) and a modified Borel representation in the IR region (Q? < A%). We then
investigate the IR behaviour of the observables in these representations, highlighting

the attractive IR properties of their renormalon inspired (all-orders) resummed form.

Next, we consider the relation between ambiguities generated by renormalon singular-
ities and those present in the OPE, and we determine the nature of these ambiguities
in the UV and IR limits. Using the results of this, we propose a new model for power
corrections which is valid for all values of Q2. We briefly discuss the IR properties of
Minkowskian observables, specifically the R,+.- ratio. We then summarize the work
carried out in this chapter before finally discussing what conclusions can be drawn from

it and highlighting possible future directions research on this subject may take.

4.2 QCD skeleton expansion and the Borel representation

Consider a generic Euclidean QCD observable, D(Q?), having the perturbative expan-

sion,
o0
Der(@%) = a(@) + ) dna™(Q?). (4.1)
n=1
Here a(Q?) = a(Q?)/7 is the renormalized coupling. Throughout this chapter we will
use the one-loop approximation for the coupling,

2
bIn(Q?/A?)’

where b is the leading beta-function coefficient in SU(3) QCD with Ny active quark

a(@Q?) = (4.2)

flavours, and is defined in Eq. (1.94). Q? = —¢? > 0 is the single space-like energy
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scale. In the Q2 — oo limit, asymptotic freedom ensures that D(Q?) — 0. However,
our interest lies in the behaviour of D(Q?) at small Q2. Specifically, is it possible that

the observable remains finite at the Landau pole or freezes to a finite IR limit, D(0)?

This is an intrinsically non-perturbative question which cannot be answered by per-
turbation theory alone. One has in addition, the non-perturbative contribution arising
from the OPE given in Eq. (3.103). These contributions take the form of an expansion
in powers of A%/Q?,

Dur(@?) = Zc(g—Z) (43)

where C,, are the coefficient functions of the OPE and are presumably calculable via
some non-perturbative technique. The OPE is valid for energies Q2 > A2 only. Hence,
the freezing limit, if any, of D(Q?) = Dpr(Q?) + Dnp(Q?), depends on the behaviour of

both components as Q% — 0.

Perturbative freezing will not arise from fixed-order perturbation theory — truncating
Eq. (4.1) at finite order leads inescapably to an unphysical Landau type singularity at
Q? = A2 One needs an all-orders resummation of Eq. (4.1) in order to obtain a result
that is well-behaved in the IR. Unfortunately, exact information about the coefficients
is limited, at best, to calculations of d; and dy — higher-orders are unknown. All- .
orders information is only available in the large-N; limit where one expands each d,
as a polynomial in Ny of order n (see Eq. (3.63)). The leading-N; coeflicient dk‘ ]
can be computed exactly to all-orders by considering the restricted set of Feynman
diagrams formed by inserting the renormalon chains of Fig. 3.1 into a basic skeleton
diagram [134, 153|, as discussed in chapter 3. In principle one can consider more than

one chain and construct a QED skeleton expansion [154].

In QCD one can replace Ny by (33/2 — 3b), and obtain an expansion of d,, in powers
of b,

dy = dMb" +d0 V4 dO. (4.4)

The leading-b term dﬁlL) = dsl") b"™ can then be used to approximate d, [143,155,156] as

was demonstrated in section 3.6.2, and an all-orders resurnmation of these térms can
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be performed to obtain Dl(,l;)(QQ),

o0
DE(Q) = a(@)+ ) dPa" (@Y. (4.5)
n=1
Use of the one-loop form of the coupling in Eq. (4.2) ensures that this resummed result

is RS-invariant [142,143].

This all-orders leading-b result can be written in terms of a skeleton expansion. The
leading term of the skeleton expansion arises from integrating over the momentum k&

flowing through the renormalon chain [130,151,157]:
(L) 2 * C,n2
DRQ) = [ dwl)e(Q?), (46)

This is equivalent to the representation of the Adler D-function given in Eq. (3.55).
The kernel ®(k?/Q?) has been replaced with the so-called characteristic function of
the observable, w(t), with t = k?/Q? These two functions are related by a simple
transformation. The last term in this integrand comes from the summation of the
chain in Fig. 3.1, over all n (see section 3.5). The identification of this with the one-

chain resummation becomes apparent when we rewrite a(tQ?) as,

1

a(tQ?) = G(Qz)m

(e 9] 2 n
= a(Qg)Z(—ba(z—Q)lnt) , (4.7)

n=0

and compare with Eq. (3.55). Here we have used the one-loop form of the coupling.
The constant C depends on the subtraction procedure used to renormalize the bubble.
Standard MS subtraction corresponds to C = —5/3. From now on we shall assume C =
0 which corresponds to the so-called V-scheme, MS subtraction with renormalization

scale u? = e~5/3Q%. Hence, A in Eq. (4.2) will always refer to that in the V-scheme.

The characteristic function satisfies the normalization condition,
o0
/ dt w(t) = 1, (4.8)
0

which ensures the leading a(Q?) coefficient of unity in Eq. (4.1). The form of w(t)

changes at t = 1; it can be written as an expansion in powers of ¢ for t < 1 (the IR
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region) and as an expansion in inverse powers of ¢t for ¢ > 0 (the UV region), plus
additional log terms. Consequently, the range of integration in Eq. (4.6) splits into an
IR and a UV part,

1 oo
DE(Q?) = /0 dt win(£)a(tQ2) + /1 dt woy (H)a(tQ?). (4.9)

The IR part corresponds to k2 < @2, and the UV part to k2 > Q2 By making a
change of variable one can transform the leading skeleton term into the familiar Borel
representation of section 3.4.1. For Q% > A? one has the standard Borel representation

(we shall explicitly write down the required changes of variable in section 4.4),

o0
DR = /0 dz e=*/%@) BIDIE (2). (4.10)

Here B [Dé,ﬁ)](z) is the leading-b Borel transform, defined by,

00 n (L)
z
B[DR)(2)

(4.11)
o n!

We saw in chapter 3 that B [’Dg})](z) contains singularities along the real z-axis. In
the large-b approximation these are single and/or double poles at positions z = z, and
z = —zn, with z, = 2n/b,n = 1,2,3..., corresponding to IR,, and UV, renormalons re-
spectively (see section 3.6 and Fig. 3.4). The IR, renormalons lie on the integration
contour of Eq. (4.10) and therefore cause the Borel representation to be ambiguous.
The difference between routeing the contour above or below the singularity yields the

magnitude of the ambiguity. From Eq. (3.102) we can determine this to be of the form,

L AT\
aDE o <@) . (4.12)
As noted in chapter 3, this has the same form as a term in the OPE in Eq. (4.3). Thus,
OPE ambiguities associated with the (A2/Q?)" OPE term in Dyp(@?) can potentially
cancel against the IR, renormalon ambiguities, allowing each component separately to
be well-defined [115,116].

In practice we shall choose to take a PV definition of the integral. The IR part of
the t integration in Eq. (4.9) produces the IR renormalon part of the Borel repre-
sentation, and needs to be PV regulated. The second UV component produces the

UV renormalons and does not require regulation. As we shall see in the next section
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the standard Borel representation of Eq. (4.10) for Euclidean quantities diverges like
Ina(Q?) at Q2 = A? for each individual IR, or UV, renormalon contribution. How-
ever, when the full set of renormalons is resummed, the In a divergence is cancelled and

a finite result is found. We shall explore this further in sections 4.3 and 4.4.

For Q? < A?, we have a(Q?) < 0, and the representation of Eq. (4.10) is invalid. The
key point is that to translate from the skeleton expansion to the Borel representation,
the necessary change of variables from t to z is proportional to a(@?). Thus, if a(Q?)
changes sign, then the limits of integration in z also change sign, yielding a modified

Borel representation,

B = /Oood"e”/"“Qz’B[Déﬁ’J(z). (4.13)

This is the modified Borel representation proposed in Ref. [48], where it was motivated
as a standard Borel representation corresponding to an expansion in |a(Q?)| = —a(Q?),

since by changing variables one can write Eq. (4.13) as,

oQ
DR@Q) = - /0 dz /1@ B[DL (-2, (4.19)

So we see that the one-chain skeleton contribution of Eq. (4.6) is equivalent to the
standard Borel representation of Eq. (4.10) for @? > A2, and to the modified repre-
sentation of Eq. (4.13) for @? < A%, Note that when we substitute Eq. (4.11) into
the Borel representation of Eq. (4.14) and perform successive integration by parts, it

reproduces the correct form of the perturbative expansion in Eq. (4.1), for negative a.

The modified Borel representation now has a contour of integration along the negative
real semi-axis, and so it is rendered ambiguous by the ultraviolet renormalon singular-
ities, UV,,. Correspondingly the IR component of Eq. (4.9) is well-defined, and it is
now the UV component which requires regulation. The ambiguity from routeing the

contour around the singularity is now,

so@) ~ (%) (4.15)

It was suggested in Ref. [48] that the usual OPE of Eq. (4.3) breaks down for Q2 < A2,

as does the associated PT Borel representation of Eq. (4.10), and should be recast and
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replaced by a modified expansion’ in powers of Q%/A2,
2 s (@)
(@ = X6(%) (4.16)

The ambiguity associated with the n'! term in this expansion is then structurally of
the same form as the ambiguity associated with the UV, renormalon contribution in
Eq. (4.13). It was further suggested in Ref. [48] that a Cp term independent of Q2 could
arise from rearrangement of the standard OPE. This was motivated by a simple toy
example. In fact, in the one-chain approximation no such term arises and both PT
and NP components freeze to zero. The terms in Eq. (4.16) are then in one-to-one
correspondence with the UV,, renormalon ambiguities. From its definition, the QCD
skeleton expansion implies Dpr(0) = 0 in the @% — 0 limit. For the one-chain term in
Eq. (4.6) this follows simply because as Q% — 0 the integrand vanishes everywhere in
the range of integration, since a(tQ?) — 0 for any given t. Higher multiple chain terms
will contain products of the form a(t;Q?)a(t2Q?) ... in the integrand and will similarly
vanish. Hence, this implies that in the IR limit, Dyp(Q?) behaves as,

2\ "o
Dup(Q?) =~ k(%) , (4.17)

where UV,,, is the UV renormalon singularity nearest to the origin in the Borel plane.

We should note that the modified Borel representation, its IR behaviour and its con-
nection with UV renormalons, has also been discussed in Ref. [131]. In Appendix B of
that paper the IR freezing behaviour of the Adler D-function, D(Q?), was discussed.
From general arguments of non-perturbative spontaneous chiral symmetry breaking in
the limit of a large number of colours, N,, it was concluded that in the Q% — 0 limit,
D(Q?) goes to zero like,

D@ ~ % (4.18)
Here, M is the mass of a one-meson state, with these states remaining massive in
the chiral limit. A similar result is also obtained in Ref. [158]. Since UV is the
singularity nearest the origin for the Adler D-function, then ng = 1, and therefore the

freezing expectation is indeed consistent with Eq. (4.17). Note that strictly, the leading

!This could be considered -to-be the IR equivalent of the- OPE - applicable to Q% < A?. However,
the OPE can only be defined self-consistently for @* > A? and therefore any terminology associated
with the OPE is inappropriate. We therefore refer to this as the ‘modified expansion’.
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behaviour as @? — 0 is the logarithmic freezing to zero of a(Q?) contributed by the
PT component. It is the non-perturbative effects which reflect the UV renormalon

structure.

4.3 The Q*dependence of Euclidean observables

The four Euclidean observables we shall consider are defined in sections 1.10 and 2.7.1.

Here, we briefly summarize their origins and definitions.

The QCD vacuum polarization function, IT(Q?), is the correlator of two vector currents

in the Euclidean region,
(Guav ~ 9 g)IN(Q?) = 167r2i/d4m e (0|7 [ju(2)3 (0)]10), (4.19)

and the leading- Ny component of [1(Q?) can be calculated from the diagrams in Fig. 3.3.
The Adler D-function, D(Q?), is then defined via the logarithmic derivative of II(Q?),

D@ = -3@*551(@) (420)

This can be split into the parton model result and QCD corrections, D(Q?),
3
D@ = N.Y @} (1 + ZCFD(Q2)>, (4.21)
f

where N, is the number of colours, Q¢ is the charge of quark flavour f, and CF is defined
in appendix A. Here, D(Q?) = Dpr(Q?) + Dyp(Q?), with the two components defined
as in Eqgs. (4.1) and (4.3). The polarized Bjorken (pBj) [89,90] and GLS [81] sum rules
were defined in section 2.7.1. They too can be separated into a parton model result

and QCD corrections:

KpB;i(Q%) = %g—j (1_ch;¢(@2)>, (4.22)
Kors(@*) = 3(1—2@16(@2))- (4.23)

Here, we have neglected contributions due to “light-by-light” diagrams — which when
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omitted render the perturbative corrections to Kgrs(Q?) and K,p;(Q?) identical. Fi-
nally, the unpolarized Bjorken sum rule (uBj) [85] (also defined in section 2.7.1) can be

written,

Uuj = (1_%CFU(Q2)>- (4.24)

In these expressions, the QCD corrections K(Q?) and U(Q?) are split into PT and NP
components, as for D(Q?). The leading-N ¢ contributions to these three sum rules can
be calculated from the diagrams in Fig. 4.1. These large-/N results can then be used to
compute leading-b all-orders resummations for these observables, D (Q2), ( Q?)
and USE)(Q?), as was described in Section 3.6.

The leading-b Borel transforms of the above observables are well known. For D,(fqi)(Qz),

the Borel transform can be found in Ref. [143], and has the form,?

BpE)z) = S A = Amm | A

(
s ( +ZL) (1+i)

i Bo(n) + Bi(N)zn Bl(n):n , (4.25)

Here
8 (=1)"*!(3n* 4 6n +2) 8 b(=1)"(n+3)
Al = T Pm T A = TRt o)
BO(l) = 0, Bl(l) = 0,
Bo(@) = 1, Bi2) = 3, (4.26)
Bo(n) = —Ap(—n), Bi(n) = —Ai(—n), for n > 3.

The Borel transforms of IC,(DI;)(QQ) and U,g;)(Qz) can be found in Refs. [135,159] respec-
tively. They have a much simpler structure than that of the Adler D-function since they
arise from the insertion of a renormalon chain into a tree-level diagram, rather than

into a quark loop, as can be seen by comparing Fig. 4.1 with Fig. 3.3. Consequently,

2Althoigh we have alréady given tlie Borel transform of the Adler D-fiinction in chapter 3, we
restate it here for ease of reference.
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Figure 4.1: Leadlng leading-Ns contributions to the DIS sum rules of Egs. (4.22)
(4.24) at n'" order in perturbation theory.

there are only a finite number of single poles and no double poles, and we can write

out their Borel transforms explicitly:

Bz = 49 _ 118 89 _ _5/18 27

(5) () 0-4) (-2)

and

_ s 43 1/2

1) = (1+2) (1-2) (1-2)

As noted in section 3.6.2 the leading-b approximations for the NLO and NNLO coeffi-

(4.28)

B [L{
cients for these observables are in reasonable agreement with the known exact coeffi-
cients [143, 159).

We can now evaluate the Borel integral of Eq. (4.10) to obtain ’Dl(f;)(Q2), IC,(,I%)(Q?) and
U(ﬁ)(Qz). Using the integrals,

" ge on /oy 4.29
/0 Txejm) — 7 i(—2n/a), (4.29)
/oo e | iRz ) (4.30)
0 (1+z/zn)2 - n a n 3 .

the following resummed expressions are obtained,
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p(QY = f; oo {er @B (o) | (o) = sni (1) = s ()

+ (4o(n) — z241(n)) }

+ T;Zn{e_zn/a(Qz)Ei (a(an2)> [a(z&) (Bo(n) + 2, B1(n)) — 2, B1(n)

— (Bo(n) + znB1(n)) } (4.31)

L2y — 2| _eoei/a@)ps (A 2/a@)p; [ 22
Kot (Q%) 9b! 8e El( a(Q2)>+26 Ei 0

+16@‘z1/“(Q2)Ei( i )—106—25/“(‘?2)&( 2 )
a(Q?) a(Q?)

Ul (Q? = i[86_21/‘1(Q2)Ei( ol )—66_22/G(Q2)Ei( 2 )

3b a(Q?) a(Q?)
272 /a(@N <_a (’gg)> ] , (4.33)

where Ei(z) is the exponential integral function (defined in section B.3) and for z > 0

we must take the PV of the integral in its definition. Ei(z) has the expansion,
Ei(z) = Injz|+ s+ O(z), (4.34)

for small z, where vg = 0.57721 ... is the Euler constant.

A crucial point is that the above expressions for the Q2-dependence apply at all val-
ues of Q2. For Q% < A? the modified Borel representation (written as an ordinary
Borel representation for an expansion in powers of |a|, as in Eq. (4.14)) corresponds to
changing a(Q?%) — —a(Q?), z, — —2zy, and adding an overall minus sign in Eqs. (4.31) -

(4.33). One can easily see that these equations are invariant under these changes. Note

132



Chapter 4: IR freezing of Euclidean QCD observables

that in Eq. (4.31) one needs to change A; — —A; and B; — —Bjy, since they contain
a hidden z, factor in their definitions. Also, in Eqgs. (4.32) and (4.33) the prefactor

proportional to 1/b also needs to change sign since it has been factorized from zj, 25.

The expressions in Egs. (4.31) - (4.33) are the leading-b components (i.e. dsln)b"a"H) of
the perturbative expansions, resummed to all-orders. Although, one might argue that
these expressions omit an infinite set of terms in the full perturbative expansion, namely
those sub-leading in b, we must remember so too do fixed-order predictions. In fixed-
order perturbation theory, we omit an infinite subset of terms which are suppressed by
powers of the coupling but which we know to be factorially divergent at higher orders.
In all-orders perturbation theory, we include the dominant divergent components of the
coefficients (the leading-b term) and omit an infinite subset of terms which, although
they do not fully include the known leading-a; terms, we know to be less divergent,
and furthermore, appear to be naturally suppressed relative to the leading-b component

(see section 3.6.2).

4.3.1 Infrared behaviour

We now turn our attention to the behaviour of the above resummed expressions at
the Landau pole. The Ei(z,/a(Q?)) functions exhibit a logarithmic divergence as their
argument goes to zero, and so it would appear that one does not obtain a finite result
at Q% = A?. Using Eq. (4.34), we have,

=5

Ei{ﬁgz)} = Ei nlog(Cf/A?)}

= Ei n(i—j—l)-&-...
= Y% +lIn [n(%—l)

for A2 ~ Q2. Note that the only terms in Egs. (4.31) - (4.33) which could possibly

contribute to any divergence are the e¥#n/ ®Ei(Fz,/a) terms, and these are present in

ro(%-1),  us

both the UV and IR components. All other terms vanish or are finite. As can be seen
from Eqgs. (4.29) and (4.30), these terms are generated exclusively by the single pole

terms in the Borel transform. The double pole terms only generate finite contributions
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at Q% = A?

Using Eq. (4.35) we obtain the Q2 — A2 limit of DI (Q?),

DR(@QY) = ~ > 22[A1(n) + Bi(n)]In 'n<f\2—z _ 1)}
n=1

Z (14 ve)(~=A1(n) — B1(n)) + zx(Ao(n) — Bo(n))]

+ o(%z- - 1). (4.36)

So the coefficient of the divergent log term in DI(DI{)(QQ) is,
o0
=) _anlAi(n) + Bi(n)), (4.37)

and for K$2(Q?) and U{E(Q?) the equivalent coefficients are (=8 + 2 + 16 — 10 = 0)

and (8 6 — 2 = 0), respectively. Cancellatlon clearly occurs in the cases of IC,(,%F) Q%)

and L{ (QQ) and in the case of D (Q2) the previously unnoticed relation
zap3Bi(n+3) = —ziAi(n), (4.38)

ensures that the potential logarithmic divergence in Eq. (4.31) cancels, and that
D (A2) is finite,

Y alAin) + Bi(n)] = 0. (4.39)
A similar relation,
Ao(n) = —Bo(n+2), (4.40)

was noted in Ref. [143]. We shall show in the next section that the relations of
Eqgs. (4.38) and (4.40) are underwritten by the continuity of the skeleton expansion
characteristic function wn(t) and its first derivative at ¢t = 1. The form of the pertur-
bative corrections, D2 (Q2), K2 (Q?) and U¥(Q?), are shown in Fig. 4.2.

Although we have shown that when summed to infinity, Eq. (4.31) is finite at Q2 = A?
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Figure 4.2: Q?-dependence of the leading-b perturbative corrections to the observables
in Eqgs. (4.21) - (4.24), resummed to all-orders in the leading-b approximation.

obviously we can only plot the expression including a finite number of terms in the n
sum. The expression can remain finite, however, if we sum the UV renormalons to finite
n = N, and the IR renormalons to n = N + 3. In this case the relation of Eq. (4.38)
will ensure that the divergent terms cancel. In Fig. 4.2 we have taken N = 50 and
assumed N; = 0 quark flavours, thus avoiding the need to match at quark flavour
thresholds (since we are only interested here in the form of the freezing behaviour, not

in a phenomenological analysis).

The plots in Fig. 4.2 demonstrate two important points about the Euclidean quantities
we are considering. Firstly, they are finite at Q2 = A2, and secondly they change sign
just above or below this point, before freezing to zero at Q2 = 0 (as noted in section
4.2). Note that although these perturbative corrections become negative, crucially the

full observable (i.e. with the parton model result included) remains positive at all values

of Q2.
The relation of Eq. (4.38) simplifies the expression for the finite part of Eq. (4.36),
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hence it becomes,
o
DR(Q* =42 = 3 z[do(n) ~ Bo(n)] - Zz [A1(n) + Bi(n)]Inn

_ 0.679938 . .. ' (4.41)

b
The values IC£,LT)(622 = A?) and L{,SI;)(QQ = A?) are given by a formula identical to
Eq. (4.41), but using values of Ag;(n) and By 1(n) appropriate to K(Q?) and U(Q?).
Although we have not given these values explicitly, they are of a much simpler form

than in the case of D(Q?), and they can easily be deduced by comparing Egs. (4.27)
and (4.28) with Eq. (4.25). From this we obtain,

(L) 2y _ _ 8
K (Q% = A?) = o In2,
(L ) 2 8

The fact that these resummed expressions are finite at the Landau pole is quite remark-
able, and is in stark contrast to the disastrous behaviour of fixed-order expressions at
this energy scale. Summing the leading-b component of the perturbative expansion to

all orders would appear to cancel the logarithmic pole in the one-loop coupling,

9 n+1
DIR(Q*=14?) = szzd (m)

_ 0.679.238 aay (4.43)

Furthermore, from the results in chapter 3 we know that the above result is asymp-
totic to the exact form of the observable, in the large-b limit. It is also interesting that
this cancellation occurs because of the conformal symmetry and other relations between

the IR and UV sectors of QCD, expressed in terms of the characteristic function.
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Figure 4.3: Light-by-light scattering diagrams, used to calculate wr(t).

4.4 The skeleton expansion and Borel representations for
the Adler D-function

In this section we show how the skeleton expansion relates to the Borel representation
and how from this relationship we can uncover the origin of the Landau pole behaviour
of Euclidean observables. We begin with the one-chain skeleton expansion result for

the vacuum polarization function I1(Q?) defined in Eqgs. (1.183) and (4.19),

o0
M@ = [ dten(aQ?), (4.4
0
where in this case the characteristic function wr(t) is given by,

t=(t) t<1l « IR
wi(t) = = (4.45)

’ 15(4) t>1 o UV

(1]

and can be obtained from the classic QED work of Ref. [132] by simply including
appropriate colour factors. In this language it is related to the Bethe-Salpeter kernel
for the scattering of light-by-light, and is the first term in a well-defined QED skeleton
expansion [154]. In contrast, the existence of the QCD skeleton expansion beyond

leading-b is more problematic [157].

The diagrams relevant to this kernel are shown in Fig. 4.3. It is easy to see how, by
connecting the ends of the renormalon chain in Fig. 3.1 to the ends of the momentum-&
external propagators in Fig. 4.3, one can reproduce the topology of the diagrams in
Fig. 3.3.
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The exact form of Z(¢) can be found in Ref. [132],

2
E) = % {1 —Int+ (g - glnt> t+ { tt) (Liz(—t) + IntIn(1 +t)]} ,
(4.46)

where Lig(z) is the dilogarithm function, defined in Eq. (B.13). Although we define

wri(t) separately in the IR and UV domains, the two regions are related by the conformal

symmetry t < %

The Adler D-function (related to II(Q?) through Eq. (4.20)) will have the following

one-chain skeleton expansion term with characteristic function wp(t),

D@ / dt wp(t)a(tQ?). (4.47)

wp(t) can be obtained from wr(t) by performing the differentiation of Eq. (4.20) on

Eq. (4.44) and then performing integration by parts on the resulting expression:

2
DRQ) = 3% e / dtw (“Q))

= Q2dQ2 / dt;t{wn(t)t] In[a(tQ?)]

= % /0 oodt[wn(t)+t5—twn(t)]a(tQ2)' (4.48)

The transformation from II(Q?) to D(Q?) therefore induces a transformation in wyy(t)

of,

Q) — Qg5M@) = - 3@,
d 4
= wn(t) — wn()+tawn(t) = §wD(t). (4.49)

This transformation spoils the conformal symmetry present in wp(t). Indeed, the ex-

pressions for wp(t) in the UV and IR regions are slightly more complicated,

R = g{(;—lnt)t+(1+t)[Li2(—t)+1ntln(1+t)]}, (4.50)
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8 3 1 1
wp'(t) = §{1+lnt+<z+§lnt>z

+ (1+1¢) [Lig(—t_l) —Intln(1 +t—1)] } (4.51)

However, a partial symmetry remains in wp(t) and this will be elucidated upon in the

following discussion.

We shall now convert the skeleton expansion form into the Borel representations of
Egs. (4.10) and (4.13) by making a change of variables. To achieve this, it is necessary
to write wry(t) as an expansion in powers of ¢. This yields expressions in both the IR

and UV regions comprising of an expansion plus an expansion times a logarithm,

witt) = g (Z Ent™ + 1ntZént"> . (4.52)
n=1 n=2

The conformal symmetry expressed in Eq. (4.45) means that the UV part can also be

written in terms of the same coefficients, &, and én,

W' (t) = f;- (Z Ent ™™ — 1nt25,,t—"> . (4.53)
n=1 n=2

From Eq. (4.46), &, and &, are found to be,

(2—6n?)(-1)"

_ 4 . 2(~1)"
€n>1 - 3 (n _ 1)2n2(n + 1)2) £n>l

(n—1n(n+1)’

4
3

~

&1 = §&1 = 0. (4.54)

e
-

Performing the transformation in Eq. (4.49) allows us to write wp(t) as a similar ex-

pansion,
WwE(t) = D _la(l+n)+ &) +1Int ) La(n + 1)EY (4.55)
n=1 n=2
W8 () = S lea(l—n) =&t + It > én(n— 1)t (4.56)
n=1 n=2

Using the expansions of Egs. (4.55) and (4.56) we can now represent D,(:I;)(Q2) in terms

of a Borel integral. We take Dg;) (@?) expressed in terms of wp(t) and then split the
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integral into IR and UV regions,

p@) = [ dtone(e?)
0

k=0 0
oo oo a 2
+ Za(cf)/1 dtw%"(t)(— b (2Q )| t>
k=0
([ ba@)\"
- s ()
2\ -

[/l dt(i[&n(l 1) + Eal(8)" + lntién(n + 1)(t)”> (Int)*
0

n=1 n=2

+ /1 N dt(Z[sn(l —n) =)+t S - 1)<t>-")<1nt)k].

n=1 n=2

(4.57)

Here we have used,

00 k
a(zy) = a(y)z (— %y—)lnw> . (4.58)

k=0

We note that [£,(1 — n) — £,] = 0 for n = 1, which allows us to omit this term from
Eq. (4.57). This expression may be transformed into a Borel integral of the form of
Eq. (4.10) by changes of variables and integration by parts. We use the change of
variables z = —a(Q?)(n + 1)Int and z = a(Q%)(n — 1)Int for IR and UV parts of
Eq. (4.57), respectively. Integration by parts is necessary for the integrals with an
extra Int term. For @? > A%, we have a(Q?) > 0, and we then obtain the standard

Borel representation, of Eq. (4.10),

140



Chapter 4: IR freezing of Euclidean QCD observables

00 _ 0 -
(L) H2y — L) [€n(1 + n) + &n] 1
Dpr' (QF) o dze Z nt 1 [ b
n=1 2(n+1
~ i Ca(n +1) 1
n+1)? b
= ) (1 - 2ni—l))
) . s _ _ ¢
A S R AN
o 2 T v
3 1

(4.59)

For Q? < A%, a(Q?) < 0, we obtain the modified Borel representation of Eq. (4.13), in

which the upper limit in z is —oo.

Having obtained the Borel transform we can now make contact with Eq. (4.25), and

this allows us to make the following identifications:

€n(l1+n) + én

1 = "Bl(n + l)zn—i—la

én(l — n) - én

— = Ai(n - 1)zp-,

for the single pole residues and,

—%%1—22 Bo(n + 1) + Bi(n + 1)2p41,
%_L(I‘_%)? = Ao(n—1)— Ay(n - )za_1,

n>1 (4.60)
n>2 (4.61)
n>2  (4.62)
n>2 (4.63)

for the double pole residues. Substituting the form of &, and &, given by Eq. (4.54),

and comparing with Eq. (4.26), verifies the above equations.

Equations (4.60) - (4.63) can be used to rewrite the wj(t) and wj¥(t) expansions of
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Egs. (4.55) and (4.56) in terms of the Ag(n), Ai(n), and By(n), Bi(n) renormalon

residues. One finds,

wpi(t) = —Z 22, Bi(n+ 1)¢"

—Int io: (n + 1)2[Bo(n -+ 1) + zpy1 B (n + 1)]tn, (464)

n=2

<o

0
wdV(t) = 52 Ai(n =1t

+ lnti (n —1)*[Ao(n — 1) — z;_141(n — D]t ™™ (4.65)
n=2

The discontinuity at t = 1 is then found to be,

wp' (1) —

l\DlG"

Z 2[A;(n) + B1(n))], (4.66)

which vanishes using Eq. (4.39). In the language of &, and &, coefficients, Eq. (4.66) is

equivalent to,

—2i<n§n+fn) = 0 (4.67)

n=1

So the relation between UV and IR renormalon residues of Eq. (4.38), which guarantees
finiteness at Q% = A?, ensures that the characteristic function wp(t) is continuous at

t = 1. Therefore, finiteness of ’D,(,[T’)(Az) would appear to stem from continuity of

wp(t =1).

4.4.1 Continuity of the Adler D-function and its derivatives at the
Landau pole

For the first derivative of wp(t), at t = 1 one finds the discontinuity,

dwR dwbv St
el B b za[Au(n) + Bi(n)]
= t=1 n=1
b2 0
-3 z3[Ao(n) + Bo(n)] + Z z[A1(n) = Bi(n)).
n=1
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(4.68)

Equation (4.39), which ensures that D(L) (A?) is finite, means that the first line of this
expression vanishes. Furthermore, the second line also vanishes, ensuring continuity
of the first derivative of wp(t). This also guarantees that the 'D,(fn})l(A2) is finite (the
prime denoting the derivative d/dInQ). Indeed, the required relation corresponding to

the vanishing of the coeflicient of the potentially divergent Ina term in ’D}(#)I(AQ) is,

00
> _[225(Ai(n) - Bi(n)) — za(Ao(n) + Bo(n)] = 0. (4.69)
n=1

So finiteness of the first derivative of Dl(,ﬁ)(Qz) at @ = A, corresponds to continuity

of the first derivative of w(t) at t = 1. Furthermore, Eq. (4.69) written in terms of &,

and fn is simply Eq. (4.67), with an extra factor of —2. Consequently, the continuity
of wp(t) and its first derivative (corresponding to finiteness of D' (A2) and D' (A2))

both stem from a single relation, Eq. (4.67).

The second and third derivatives of wp(t) are also continuous at ¢ = 1, and their
discontinuities involve additional new structures built from combinations of the Ap
and Bg 1. Furthermore, to ensure finiteness of DL’ (Q2) at Q2 = A2, one requires the

relation,

(e o]

> _Bzn(A1(n) + Bi(n)) - 223(Ao(n) — Bo(n))] = 0, (4.70)
n=1
and for finiteness of DPT (Q2) at Q% = A2, one requires the relation,

o0

> [425(A1(n) — Bi(n)) — 3z4(Ao(n) + Bo(n))] = 0, (4.71)

n=1

and these are both satisfied. Equations (4.70) and (4.71) are also the relations which
ensure that the second and third derivatives of wp(t) are continuous at ¢ = 1. Further-

more, they can both be derived from the following relation,

i (n3§n+3n2én) = 0 (4.72)

n=1

We conclude that finiteness of DS~ (Q2) and D,(,ﬁ)m(QQ) is ensured by continuity of

the second and third derivatives of wp(t) at t = 1 and that this in turn stems from the
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relation in Eq. (4.72).

The fourth and higher derivatives of wp(t) are discontinuous at ¢ = 1, as noted in
Ref. [130].

4.5 The skeleton expansion and non-perturbative effects

In this section we wish to consider in more detail, the compensation of ambiguities
between renormalons and the OPE. The regular OPE is a sum over the contributions
of condensates with different mass dimensions. As discussed in section 3.7, in the case of

the Adler D-function, the dimension-four gluon condensate is the leading contribution,

Go(a(@?) = $<0|FF|0>cac(a<Q2>>, (4.73)

where Cge(a(Q?)) is the appropriate Wilson coefficient. In general, the n'" term in
the OPE expansion of Eq. (4.3) will have the coefficient,

Ca(a(@®) = Culal@%)]”(1+ O(a)). (4.74)

The exponent J, corresponds to the anomalous dimension of the condensate operator
concerned. As was stated in section 3.7, these non-perturbative corrections cannot be
unambiguously defined and this leads to C, having an imaginary part so that C, =
C,(lR) + iC’,(II). This mirrors the ambiguity in the perturbative part. Hence the nth term

in the expansion in Eq. (3.103) will have an ambiguous imaginary part of the form,
A2
Q?

= +iCP[a(Q?))P"e 2% (1 + O(a)). (4.75)

tn(Due] = 50 la(@) ( )n(1+0(a))

Here, to obtain the second line we have used Eq. (1.113). If one considers an IR,
renormalon singularity in the Borel plane with the generic form K, /(1 — z/z,)™, then

one finds an ambiguous imaginary part arising of the form,

Tn
Im[Dpy] = ﬂ:Kn%e—%/“(Q%l“%u+0(a)]. (4.76)
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Here, the £ ambiguity comes from routeing the contour above or below the real z-axis
in the Borel plane (see Eq. (3.102)). This is structurally the same as the ambiguous
OPE term in Eq. (4.74), and if we make the identification ci = K,mz" /T(v,) and
0p = 1 — 7p, then the PT Borel and NP OPE ambiguities can cancel against each
other [147]. Taking a PV of the Borel integral corresponds to averaging over the +

possibilities.

For Q? < A? the modified expansion of Eq. (4.16) will have an n'? coefficient of the
form,

Cn(a(@%) = Cula(@)]™(1+ O(a)). (4.77)

In this case the exponent Sn is related to the anomalous dimension of four-fermion
operators with mass dimension-6, which are associated with UV renormalons [160].
IR divergences associated with these render the imaginary part ambiguous, and C, =
C~'7(1R) + iC‘,(ll). Thus the n** term in the modified expansion will have an ambiguous
imaginary part of the form,

Im[Dye] = +iC{P[a(@?)]* (%) (1+ O(a))

= #iCD[a(Q2)Pe2/%(1 + O(a)). (4.78)

The modified Borel representation of Eq. (4.13) has ambiguities arising from UV renor-

malons. Assuming that the UV, singularity is of the form K,/(1 + z/2,)™ one finds,

I AL

Im[Dpy] = +K, TG

This is structurally the same as the ambiguity in the modified NP expansion coefficient

in Eq. (4.77), and so if ¢l = Knmz" /T(%,) and 6, = 1 — 3, then the ambiguities

e/%@ g1~ 1 + O(a)). (4.79)

can be cancelled.

In the one-chain (leading-b) approximation the renormalons are single or double poles
(corresponding to v, = 1 or 7, = 2). Consequently the ambiguous imaginary parts
in Egs. (4.76) and (4.79) contain factors of al~ which are 1 or 1/a, respectively. For

the Adler D-function, Im[’D}(,g)] is obtained by making the change Ei(z) — Ei(z) & 47
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in the second term in Eq. (4.31) for Q2 > A?, and in the first term for Q% < A2. To
ensure continuity of the imaginary part at Q2 = A2, one needs to choose the sign of 57

oppositely in the two regions. We then find, for Q2 > A?,

o0 A2 (n+1)
> Bi(n+ 1)z, (@>

n=1

Im[DSR(Q%)] = Fin

QQ

= 2\ n+1
a(l 2) Z z121+1[B0(n + 1) + zn+1B1(n + 1)] (A_) ] )
n=2

(4.80)
Correspondingly, for Q? < A2 one finds,

00 2\ n—1
> Ailn-1)zk_, (%)
n=2

Im[DY(Q%)] = in

Q2 n—1
(Q2 Zzn 1[Ao(n — 1) — 25— 1A1(n—1)]( ) ]
(4.81)
Alternatively, we can obtain the same results by directly evaluating the residues

along the integration contours in Egs. (4.10) and (4.13) using the Borel transform of
Eq. (4.25).

Comparing these expressions with Eqs. (4.64) and (4.65) one then finds that the imag-

inary part may be written directly in terms of the characteristic function wp(t),

Im[DYY(Q%)] = i%gz %(%Z) (Q° > A?),
mpE (@) = +2 gi gv (gi) (O < A2).  (4.82)

Continuity of these expressions at Q2 = A2 then follows from continuity of w(t) at
t = 1. By requiring that these ambiguities are matched and cancelled by their OPE
and modified expansion counterparts, we can relate the ambiguities in 'D (QQ) to
wp(t) in both the UV and IR regions.

The C'(R) and C(R) coefficients of the OPE and the modified NP expansion are in prin-

ciple independent of the imaginary part. However, continuity at Q% = A? is dependent
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upon relations between the Ap; and By residues, such as Egs. (4.38) and (4.40), to-
gether with the more complicated structures of Egs. (4.69) - (4.71), which are required
for finiteness of the Q? derivatives. Although not strictly necessary for continuity, this

continuity follows naturally if we write,

pE@Q? = (n:&:g-;r—i) /0 me dt (wD(t)+tdw§t(t)>. (4.83)

Here, & is an undetermined overall real, non-perturbative factor and the ¢ integration

reproduces the expressions of Eq. (4.82) in the two Q? regions. If the perturbative com-
ponent is PV regulated one averages over the + possibilities. Combining Eq. (4.83)
with Eq. (4.47) for ’DE,IT')(Qz) one can then write down a result for DI (Q?) for all

values of Q2,

DLNQ?H = /Ooo dt l:wD(t)a(th) + K (wp(t) + tdw;’t(t)> B(A? - tQQ)] .
(4.84)

The Q2 evolution is then fixed by the non-perturbative constant x, and by A. The
IR limit is D)(0) = 0; we have already noted that D,(,[{w) (0) = 0, however the NP
component also freezes to zero, since on integrating the second term, one finds an IR
limit of wif (1) —wgY(1) = 0, from continuity of the characteristic function at t = 1. The
same expression holds for the other Euclidean observables ICI(;{})(Q2) and L{}SIT’)(Q2) on
replacing wp(t) by wi(t) and wy(t), respectively.® From Eq. (4.84) we can determine
that,

DAY =

. 38... 4 2
0.6799 3 (7 T ) (4.85)

b 2 3

We plot in Fig. 4.4 the overall result for D)(Q?), K{L(Q?) and UL)(Q?) for the
choices K = 0, kK = 1 and kK = —1. For the DIS sum rules, wi(t), wy(t) and their first
derivatives are continuous at ¢ = 1. In the case of L{ISI;)(QQ) there are a total of three
non-perturbative terms, and hence the continuity of the characteristic function and its

first derivative fixes the form of the function up to an overall constant factor. Thus
Eq. (4.84) does indeed hold for U%)(Q?) without conjecturing the form of Eq. (4.83).

3The characteristic functions for K(a) and U(a) can be obtained by taking the Borel transforms of
Egs. (4.27) and (4.28), substituting these into Eq. (4.10) and then reversing the changes of variables
used to obtain Eq. (4.59).
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6 8 10 12 14

Q2 / A2
Figure 4.4: Here we plot the combined perturbative plus non-perturbative corrections
to the observables, which are evaluated using Eq. (4.84). In each of the plots we adopt
three different values of the non-perturbative parameter x. The grey curves correspond

to Kk = —1 and £ = 1 and the bold curve corresponds to x = 0 (equivalent to the
expressions in Egs. (4.31) - (4.33)).

4.6 Infrared freezing behaviour of the R.:+.- ratio

We turn in this section to a consideration of the freezing behaviour of the Minkowskian
quantity R.+.- which was discussed in Ref. [48]. This treatment was criticized in
Ref. [161], which argued that in fact there is an unphysical divergence in the IR limit.

We wish to address these criticisms.

Re+e—(8) will be defined by Eq. (4.21) with the perturbative corrections D(Q?) replaced
by R(s), where /s is the ee™ c.m. energy. R(s) is related to D(—s) by analytical
continuation from Euclidean to Minkowskian space. One may write the dispersion
relation,

R(s) = —— /_ O] (4.86)

2mi g—1ie t
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If D(t) is represented by a Borel representation as in Eq. (4.10) then one arrives at,

Doy — [T z/as)sin(mbz/2) o)
Rer (s) /0 dze Tbz/2 B[Dp7](2). (4.87)

There is now an extra oscillatory factor of sin(wbz/2)/(nbz/2) arising from the analyti-
cal continuation. In consequence, each individual IR or UV renormalon contribution at
Q? = A? will be finite, and the cancellation of Eq. (4.39) is not required. One can also

analytically continue the one-chain skeleton expansion result for D,(Dﬁ)(Q2) to obtain,?

’R,ﬁfr)(s) = % /oo dt wp(t) arctan (MaT(ts)) . (4.88)
T Jo

Here, the principal branch of arctan is assumed so that it lies in the interval
[-7/2,+7/2], and arctan(0) = 0. This form is equivalent to the Borel representa-
tion of Eq. (4.87) for s > A2, and to the modified Borel representation for s < AZ.
Notice that the choice of principal branch is crucial if the PV Borel sum is to be con-
tinuous at s = A%. The result freezes to the IR limit RS,{}) (0) = 0, since arctan(0) = 0
on the principal branch. This freezing limit differs from that found in the ‘analytic
perturbation theory’ approach [162-164], where freezing to an IR limit of 2/b occurs.
This freezing limit was also erroneously claimed in Ref. [48], but unfortunately leads
to the PV Borel sum being discontinuous. In Ref. [161], unphysical singularities in the

region —A? < s < 0 lead to extra terms and they find,
(o 0]
RO = 2 / dt wp(t) arctan (“b“—(ts)>
b 0 2

9 A?/s 9 [0
+2 / dt wo(t) + 2 / dt WIE(t). (4.89)
b 0 b V_AZ/S

The extra terms may be treated as contributions to Rgf,’,)(QQ). The final term leads
to an IR divergence as s — 0, and has an expansion of the same form as the OPE.
Note however, that the Minkowskian OPE for R(Q?) is pathological and contains delta-
functions, 6(s), and their derivatives [165]. It is only when a smearing procedure in Q?
is used [166] that it makes sense. In contrast, for Euclidean quantities the regular OPE
is potentially well-defined, and no smearing is required.

We will now consider the evaluation of the PV Borel integral for ’R,S,{}) , and correct the

“Note that for R,+ .-, we cannot obtain a skeleton éxpansion representation of the form of Eq. (4.6).
The appropriate characteristic function, wg (t) does not exist.
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erroneous statements made in Ref. [48] and noted above. This can be expressed in

terms of generalized exponential integral functions Ei(n, w), defined for Re w > 0 by

[e e} —wit
Ei(n,w) = / dts—. (4.90)
1 tn
One also needs the integral,
o .
/ dze”z/“w = arctan (%ba) (4.91)
0

Here, the principal branch of the arctan is again assumed. Care needs to be taken
when Re w < 0. With the standard continuation one arrives at a function which is
analytic everywhere in the cut complex w-plane, except at w = 0, and with a branch

cut running along the negative real semi-axis. Explicitly [167],

- _ w1 B )
i(n, w) (n—1)! nw 7E+Z_1m Z{) (m—n+1)m!'(' )
B mgz—l

The In w term contributes to the branch cut along the negative real semi-axis. To obtain
the PV of the Borel integral one needs to compensate for the discontinuity across the
branch cut, and make the replacement Ei(n,w) — Ei(n,w) + i¢7sign(Im w). One then
finds that the IR renormalon contributions to Rgl;)(s) can be written in terms of the

function,

¢-(pg) = e /%) (=1)Im[Ei(p, -zq/a(s) — imbzg/2)]

e—zq/a(s) (_1)‘1qu—1
(p—1)!

The UV renormalon contributions can be written in terms of the function,

mRe[((24/a(s)) +4mb/2)P 7] 6(s — A?). (4.93)

¢+(p,g) = €/ (-1)TIm[Ei(p, z,/a(s) + imbz,/2)].

ezq/a(.sz) (_1)(12(11"1

G "Rel((=2o/a(s) — inb/2" ] 0(A% - 8). (4.94)

+

The PV regulated ’Rf:ﬁ)(s) is then given for all values of s by,
RD(s) = RED(S)lov + R (8)lmm

= 2arctan 7rba(s)
o7 2
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le N+ (L, 5) + (Ao(d) — A1(5)%) 9+ (2, 7))

2@, 32 ~(1,9) + (Bol) + Br(3)z)8- (2, 5))

b b

(4.95)

Note that the presence of the f-functions is crucial in Egs. (4.93) and (4.94). The terms
they multiply are the extra contributions necessary to obtain the PV when Re w < 0.
For s > A? the second contribution is required for the IR renormalon contribution, but
for s < A? it must be switched off, otherwise the Borel integral will not be correctly
evaluated. With a(s) < 0 for s < A%, Re w < 0 occurs for the UV renormalon
contributions and the extra term must be switched on to obtain a PV regulation of the
UV component. Leaving out the §-function in Eq. (4.93) would cause an unphysical
divergence in the IR, and leaving it out in Eq. (4.94) would cause asymptotic freedom to
fail in the UV. If the PV is correctly evaluated with arctan remaining on the principal
branch for s2 < A2, then one obtains R )(0) = (2/mb)arctan(0) = 0. Notice that
at first sight the PV result appears to be discontinuous at s = A2, as the #-function
contributions switch over. However the discontinuity is given by the ¢4 (1, ) terms,

and one finds, upon summing them, a discontinuity,
2 . j . j 2 2
= 2_Bo()(-1) + Ao(i)(-1)') = 7Bo(?) = 3. (4.96)
j=1

Here, the relation of Eq. (4.40) ensures pairwise cancellations of terms, and By(2) =1
is left over. If we remain on the principal branch, however, the arctan term has
an equal discontinuity of opposite sign, since (2/wb)arctan(+o00) = 1/b, whereas
(2/mb) arctan(—oo0) = —1/b, and overall there is continuity at s = A%, In Ref. [48) it was
wrongly claimed that the PV result is discontinuous at s = A2, and instead it was sug-
gested that a regulation in which one throws away the second terms in Egs. (4.93) and
(4.94) should be used. These terms are of the form (A%/s)?, and (s/A?)?, respectively,
and so they can simply be absorbed into the regular OPE and its modified form.

We finally discuss the ambiguous part of ’R, (s) given by Im[’Rg}) (s)]. This may be

evaluated straightforwardly as,

mREY(s)] = i Y [Bo(n) + B1(n)zn]zn(~1)" (A—z) (s > A2),

n=1 s
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) 9\ -1
WRGE] = Fin 3 lAsln) - (-7 (5) T <A
n=1

(4.97)

If one defines wp(t) = wg)(t) +Int wg)(t) (the split being into the single and double

pole renormalon contributions), then comparing with Egs. (4.64) and (4.65) one finds,

2 A2

mRE )] = 5 (2) (s> A2)
S

(L) 21 A% (9),uv [(—A? 2

Notice that only the double poles contribute since the sin{wbz/2)/(mwbz/2) analytical
continuation term in Eq. (4.87) contains zeros at z = =z, which nullify the single
pole contributions. Whilst the characteristic function wp(t) is continuous at t = 1,
the wg)(t) function is discontinuous at t = —1. The magnitude of the discontinuity is
+2/b and arises from the same sum in Eq. (4.96), which gave an apparent discontinuity
in the PV regulated ’Rg{‘)(s) component, although in the PT case this is cancelled by
the arctan term. Thus, defined in this way, Im[Rg})(s)] is discontinuous at s = A% It
would seem that the proper way to proceed is to use the dispersion relation of Eq. (4.86)
to analytically continue the expression for D(L)(QQ) arrived at in Eq. (4.84) into the
Minkowskian region. Unfortunately, the one-chain skeleton expansion form for D(Q?)
is difficult to analytically continue in a consistent fashion, which was a key motivation
for the alternative inverse Mellin representation introduced in Ref. [168]. Clearly the

issue of Minkowskian freezing is more subtle and requires further investigation.

4.7 Summary and Conclusions

We have shown in this chapter that the leading-b, all-orders resummed form of Eu-
clidean observables are finite at the Landau pole, despite the singular behaviour of
the coupling at this point. In addition, we found that perturbative corrections to the
observables remain finite below the Landau pole, and freeze to zero. Previous studies
of potentially finite behaviour of these observables at or below A2, such as the ‘analytic
perturbation theory’ approach [162-164], have focused on the use of a modified or ‘ana-
lytic’ coupling, which is itself finite all the way to Q2 = 0 and this automatically results

in finite IR behaviour. However, we have shown that this is not necessary. When one
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sums the perturbative expansion to all-orders, the logarithmic divergences in the cou-
pling at A2 cancel, leaving the full result finite. Furthermore, we have shown that this
is due to a curious relation between the IR and UV behaviour of QCD - cancellation
between UV and IR renormalons. Whilst we might have expected the full form of the
perturbative expansion® to have finite IR properties, it is surprising that we can obtain
such a result in the large-b limit, and using only the one-loop form of the coupling. The
structure of IR-UV relations between the residues of renormalon singularities in the
Borel plane appears to be much more extensive than previously thought. This finite

behaviour also confirms the leading-b expansion as being of special significance in QCD.

When we study the skeleton expansion representation of these observables, we can
relate these structures to the continuity of the characteristic function — a function
which we can interpret physically as the distribution of momentum flowing through the
renormalon chains in Figs. 3.3 and 4.1, and the form of which is dictated by the nature

of the skeleton diagram itself.

We found that before freezing to zero, the perturbative corrections change sign in the
vicinity of the Landau pole. However, when added to the parton model result, the
observable remain positive for all Q2. We also demonstrated that the skeleton ex-
pansion language provided a natural link between the standard Borel representation
(valid in the Q2 > A? region) and a modified Borel representation (applicable to the
Q% < A? region). In doing so, we established a dictionary between the residues of
renormalon singularities and the series expansion coefficients of the characteristic func-
tion. We showed that for the modified representation, the singularity structure of the
Borel plane is inverted, with UV renormalons now being the source of ambiguities.
This further highlights the strong relation between UV and IR physics embedded in

the renormalon description of QCD.

We discussed the ambiguous imaginary part of the renormalon contribution to the per-
turbative expansion, and how this differs between the UV and IR regions. We then
developed a model for non-perturbative power corrections, based on the compensa-
tion of perturbative and non-perturbative ambiguities. This was only made possible

by the newly discovered attractive IR properties of the renormalon component noted

5By this we mean the form of Eq. (4.1) including all higher-order coefficients in their exact form
and the full all-orders coupling.
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above. The result of this is an expression for the combined perturbative and non-
perturbative components of the observable, written in terms of the QCD scale param-

eter A and a single undetermined non-perturbative parameter, .

All of the above properties and results hold in general for Euclidean observables for

which a one-chain result of the form of Eq. (4.6) can be written down.

We also briefly considered the IR properties of the R+ .- ratio, for which a characteristic
function, wg(t), in the representation of Eq. (4.6) does not exist. We concluded that

the subject of IR freezing in the case of Minkowskian observables requires further study.

Having developed these theoretical predictions, an obvious next step is to apply them
to a phenomenological analysis of the observables concerned. Experimental data exists
for the GLS and polarized Bjorken sum rules and data for the Adler D-function can be
obtained indirectly via analytical continuation of data for the R.+.- ratio. A study of
this kind (in the case of the sum rules) is the subject of the next chapter. Also, it is
interesting to note that the characteristic function of the Adler D-function is continuous
only up to its third derivative. This would presumably cause problems with the conti-
nuity and finiteness of the separate perturbative and non-perturbative components of
the fourth derivative of the Adler D-function, when written in terms of Eq. (4.84). It
is unclear whether we can make any conclusions about the physical implications of this

and this subject requires further study.

One might expect that the IR properties of the one-chain result also hold for the
two-chain result. However, the relation between the two-chain form of Eq. (4.6) and
the sub-leading-Ny and -b coefficients di? ~I and dfﬁ,,"—l) is slightly more complicated.
Whereas the one-chain term corresponds exactly to the leading- N coefficient, dk’ ], only
]

part of the sub-leading- Ny coefficient, dg’ ~Y is built from two-chain contributions. This
makes it difficult to draw any conclusions on general grounds about the IR properties
of the two-chain term in the skeleton expansion. Clearly, the nature of the two-chain

term also warrants further study.
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Chapter 5

Comparison of NNLO and

all-orders estimates of corrections
to QCD sum rules

In this chapter we build upon the progress made in chapter 4 by using the results
obtained there to perform a phenomenological analysis of QCD sum rules.  We apply
CORGI perturbation theory to the all-orders leading-b resummation of the GLS and
Bjorken sum rules, and compare resulting predictions with experimental data. We also
test the proposed model for non-perturbative power corrections and perform fits to

obtain an optimal value of the non-perturbative parameter in each case.

5.1 Introduction

As we have seen, perturbation theory can only remain well-defined when supplemented
by non-perturbative corrections in the form of the OPE. Even in the limit of asymp-
totic freedom, non-perturbative corrections are needed in order to account for the exis-
tence of ambiguous imaginary components of perturbative predictions. Consequently,
for low values of Q?, not only do the convergence properties of fixed order estimates
suffer, but we also have to contend with a large theoretical error associated with the
intrinsically ambiguous nature of perturbation theory (see Egs. (3.28) and (3.102)).

The inclusion of non-perturbative contributions should act to negate this error.
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Furthermore, we can assess the likely accuracy of fixed-order predictions by comparing
them with their all-orders counterparts. In the past, this has been done for quantities
such as the R, +.- ratio at low values of the c.m. energy (where the QCD coupling is
not so small), and for its tau-decay analogue R,, where again, at the scale of the 7
mass, the coupling is relatively large [130,143,169-171]. DIS sum rules have also been
studied in Refs. [172-179]. However, in matching to the exact fixed-order perturbative
calculations (NLO and NNLO coefficients are available for R.+.-, R, and DIS sum
rules), one faces the problem that the all-orders leading-b result is only renormalization
scheme (RS) invariant if the one-loop form of the coupling is used, whereas the exact
result must involve the higher-loop coupling. The matched leading-b resummed result
consequently depends on the assumed renormalization scale at which the matching
takes place. To avoid this ambiguity it has been argued in the past that one should
remove scale dependence by a resummation of scale logs to all-orders; employing the
effective charge approach [41,42], or the CORGI approach [38,39]. The scheme invariant
quantities associated with these approaches (given in Egs. (1.158) - (1.159)) — like the
standard perturbative coefficients — can be approximated at the leading-b level and,

subsequently resummed [170,171,180].

The sum rules we will consider have only been measured for relatively small values of
Q? [97,102,181-184]. Consequently, for the reasons stated above, non-perturbative cor-
rections must be included in order to perform an accurate phenomenological compar-
ison. In light of this, we use the non-perturbative model developed in the previous
chapter to improve the accuracy of QCD predictions and to quantify the importance

of non-perturbative effects for the individual sum rules.

The work presented in this chapter is based on the research carried out in Ref. [185]

and the material is organized as follows:

We describe how the CORGI approach can be adapted to leading-b resummations
of GLS, polarized and unpolarized Bjorken sum rules. We then compare the resultant
predictions with the available data from experiment and assess the consistency between
fixed-order and all-orders approaches. In so doing it is necessary to choose a method
for evolving through quark mass thresholds and we describe the method we adopt for
this analysis, and for the remainder of this thesis. We then apply the model for power

corrections developed in the previous chapter to these observables and perform fitting
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for the non-perturbative parameter x. Finally we discuss what conclusions can be

drawn from this work.

5.2 Fixed-order and all-orders predictions

The three physical quantities we are interested in are the GLS sum rule [81], the
polarized Bjorken sum rule [90], and the unpolarized Bjorken sum rule [85]. These
quantities were defined in section 2.7.1 and can be written as a parton model result plus
perturbative corrections (denoted by calligraphic letters). The perturbative corrections

take the form of expansions in powers of the strong coupling a = a4/,

K(a) = a(Q)+ ) kna™'(Q), Ul@) = a(@)+D_ua™ (@), (5.)
n=1 n=1

with K(a) being relevant to the GLS and polarized Bjorken sum rules and U(a) to the
unpolarized Bjorken sum rule. These expressions can be evaluated at fixed-order, and
the coefficients k, and u, are known up to n = 2 (NNLO) [82-84, 86-88|.

Knnro(a) = a+k1a2+k2a3, Unnro(a) = a+u1a2+uza3. (56.2)

The leading-b approximation (previously discussed in chapters 3 and 4) arises from
fearranging the coefficients into an expansion in powers of Ny. The leading N; term
can be obtained exactly to all-orders and converting this into the leading-b term allows
us to approximate the full coefficients at all orders. The result is a Borel integral which
resums all leading-b terms kT(lL) = k,(I")b” and u%L) = u,(zn)b”. In the case of K(a), this

has the form,!
o0
BKWie) = S B = Kl / dze=**BIKM)(2), (5.3)
0
with a similar expression for Uy (a).

The Borel transforms of the above sum rules in the leading-b approximation can be

'In this chapter we have chan%ed notation slightly. We redefine the all-orders resummations as
Koo(a) = IC},I:F)(a) and U (a) = Upﬁ)(a), This emphasizes the number of terms in Eq. (5.1) included
in these predictions (relative to the NLO and NNLQ expressions) and also makes the labelling of the

plots less cluttered.
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calculated from the results in Refs. [135] and [159], and they are given in Egs. (4.27)
and (4.28). One can easily compute the PV regulated leading-b Borel sums [143] and
these are given in Eqgs. (4.32) and (4.33). Here, we denote them by, Koo(Q?) and

Uso(Q?)-

For these all-orders resummations to be RS (scale)-invariant we need to take a(Q?) as
the one-loop coupling, given in Eq. (4.2). Also, Egs. (4.32) and (4.33) are derived in
the so-called V-scheme (MS subtraction with renormalization scale u? = e~%/3Q?), and

hence A in Eq. (4.2) will refer to that in the V-scheme defined by,

Av = eSAms. (5.4)

As noted above, there is a problem if we wish to match these leading-b resummations
with exact higher-order NLO and NNLO calculations for X(a) and U(a) which involve
the higher-loop coupling. We shall avoid the matching ambiguity by employing the
CORGI approach described in section 1.8.3 [39,186]. The CORGI approach consists
of resumming to all-orders the RG-predictable terms available to a given fixed-order of
calculation (see section 1.8.3). The standard perturbative expansion is then replaced

with the following expression,
- o0
K(ag) = ao+ ) _ Xnap™, (5.5)
n=2

which removes the renormalization scale dependence of Eq. (5.1). In this chapter, we
will use a tilde to denote CORGI-ized results. Initially we shall deal with K(a) but the

results are easily generalized to U(a).

The coefficients X, are renormalization scheme invariant quantities, each of which can
be derived from an N"LO calculation of the coefficients of (), and of the beta function
equation coefficients, ¢,. They are given for n = 2 and 3 in Egs. (1.158) - (1.159) and
in the case of K(a), they have the form,

Xy = ky—k¥—cki+ocy, (5.6)
2

k 1
X3 = k3—3k1k}2+2k?+c71—k162+—2—63. (57)
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The coupling ap used in Eq. (5.5) has the same form as that given in Eq. (1.152) [35,36],

— _1 .
ao(Q) = c(l W [ B %(%)_b/%]) ; (5.8)

but in terms of the scale Ax. The relation between Ax and the MS scale can be obtained

through the expression for Xy, evaluated in MS with uw=0Q,

Xo(Q) = bln (-’i—> s (5.9)
MS
= blnA%C (5.10)

= Ax = Axs > exp(ky > /b)

Q

2.439Axss. (5.11)

Here, &} denotes the NLO perturbative coefficient in MS with scale choice u = Q
and on the second line we have assumed Ny = 4. The exponential term in the above
equation has the effect of resumming a set of RG predictable terms present in the full
perturbative expansion, it also reproduces the O(a?) term present in Eq. (5.1) but
absent from Eq. (5.5).

Equation (5.5) can easily be adapted to provide a prediction for the unpolarized Bjorken
sum rule of Eq. (4.24). We simply use the equivalent coefficients of U(a) in Egs. (5.6)
and (5.7) and the following coupling,

a(Q) = (5.12)

where,

Ay = Amsexp(ul®/b)

~  2.901Axs. (5.13)

Again, we have assumed Ny = 4 in Eq. (5.13).

Equation (4.32) can be adapted so that it resums the leading-b components of Eq. (5.5)
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and essentially becomes an all-orders CORGI result. We define the coupling a, through,

1 1 Lo
— = —+K"% 14
ay a0+ 1 ’ (5 )

where kgl) is defined through the k, analogue of Eq. 4.4; it is calculated in the V-

scheme? and has a value of 1/6. For U(a) we have ugl) = 1/2. The coupling ap in

Eq. (5.14) is that of Eq. (5.8). The all-orders CORGI result can now be obtained from
Eq. (4.32) using Eq. (5.14),

oo
Keo(@) = ao+ Y XMbraft!
n=2

= Keolay), (5.15)

with Ko (a) given by Eq. (4.32). X,(l"), in analogy with Eq. (3.70), is the leading-b part

of X, for example:
2
xP = kP - (k) (5.16)
3
X = Y -3k 2 (k). (5.17)

We can verify Eq. (5.15) by substituting for a, using Eq. (5.14) and expanding in

powers of ag. This yields,

Roo(@) = ay+ Y kNpmant?

n=1
2
= ag+adp? (kgw —2 (k) )
3
+ afp® (k§3’ — 3k 49 (k?’) ) +.o, (5.18)

which is consistent with Eqgs. (5.15) - (5.17).

Furthermore, we can also improve upon Koo by adding to Eq. (5.15) the known sub-
leading-b part of Xo,

Koot (Q) = Koo(@) + (X2 - xPb?)ad(Q)- (5.19)

2To obtain the coefficients ky, in the V-scheme, or indeed in any scheme, we use the fact that X,
are RS invariant, in conjunction with Egs. (5.9), (5.6) and (5.7).
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Equation (5.19) now contains all the information we have about the perturbative coef-

ficients for K(a) at all-orders. Analogous expressions also hold for Uuo(Q) and Use4 (Q).

In chapter 4, we noted that the one chain result of Eq. (4.32) is finite at the Landau
pole (Q = A), and remains so for values of @) below A. Remarkably, this finiteness at
@ = A holds when we use the 't Hooft coupling of Eq. (5.8). Furthermore, both of
these results have the same values at their respective Landau poles, i.e.

8
K(a) on, = K(ao) ore —§ln2. (5.20)

Similar relations apply to U(a) and also to the Adler D-function [152]. This conclusion
is altered slightly for the actual CORGI result of Eq. (5.15) because of the use of a,(Q).
In this case the result remains finite at ) = Ax, but has a different value to that in
Eq. (5.20).

Finally, we can also consider NLO and NNLO CORGI, fixed-order approximations,

Knro(ao) = ao(Q), (5.21)

Knnro(ao) = ao(Q) + X203(Q). (5.22)

By comparing these with the all-orders resummations, we can assess the reliability of

fixed-order perturbative predictions.

5.3 Comparison of fixed-order and all-orders predictions

The data available for Kg1s(Q) and Kyup;(Q) span a range of energy which includes
the bottom quark mass threshold. It is therefore necessary for us to choose a method
for evolving the above expressions through this threshold and we adopt the approach
detailed in Ref. [187]. At a particular energy scale we treat all quarks with masses less
than that scale as ‘active’ but massless and we ignore quarks with masses greater than
that scale. As a consequence, the coefficients k, and u, are now Ny-dependent and

hence they will depend on the c.m. energy scale.

We also perform matching of the coupling at @? = m{. At LO and NLO this amounts to
demanding continuity of the coupling at the threshold, but at NNLO and beyond, this

161



Chapter 5: Comparison of NNLO and all-orders estimates of sum rules

continuity is violated. The matching is governed by the decoupling theorem [188] and
leads to the following relation between the coupling above and below a quark threshold
(denoted by af41(Q?) and af(Q?) respectively) [187,189],

11 3

ap(my) = af+1(mg)+ﬁ(af+1(mg)) : (5.23)

This matching is implemented by adopting different values of the scale parameter in

different Ny regions. This is governed by the following equations [187],

Ny
2 -7
m ' f ) +4
2 _ 2 Ny+1 NLO NNLO
ANf+1 = ANf (ATNf> X exp ( 2be+1 ) , (524)
where dyr.0 and dnynLo are given by
N N N pNs+!
dnro = AV — M) Ly, - 4c f“lanf, (5.25)
6 — 8 Nf—{—l 4% Nfl L Nf-l-l 2 Nf 2
NNLO = ijLm((c — ™) N In Ly + (V) — ()
Ny Ng+l 7
+ C2 — 02 + @ . (526)

Here, ANf is the scale parameter in the region where Ny quarks are active, my, is the
pole mass of the f quark, b/, ¢™/ and cév ! are simply b, ¢ and ¢ evaluated for N f
quark flavours and L, = In (m%,f 41/ A?\,j). The above relations ensure that Eq. (5.23)
is satisfied by the three-loop coupling of Eq. (1.118). It must be noted that even for
NLO predictions (where continuity of the coupling is assured) the observable is still

discontinuous due to the coeflicients k, and u, being N;-dependent.

We must be careful how we apply this matching to the different results we have obtained.
Equation (5.24) is an MS result and hence we carry out the matching for Ays and then
convert to the various other scales we have defined in Egs. (5.4), (5.11) and (5.13).
Also, Knro is an NLO result and hence, when applying Eq. (5.24) to this result, we
omit dynro. The results in Egs. (5.15), (5.19) and (5.22) are all at least NNLO and
hence we use the full result from Eq. (5.24).

We wish to compare these results with relevant experimental data. Data is available
for the GLS sum rule [97] and the polarized Bjorken sum rule [102,181-183], where the
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Kers(Q?)

Figure 5.1: Various predictions for the GLS sum rule, superimposed on to experimental

data.

K,B;(Q%)
0.22

Figure 5.2: Various predictions for the polarized Bjorken sum rule, superimposed on

to experimental data.

points we plot are those arising from the analysis of Ref. [184]. We plot the data in

Figs. 5.1 and 5.2 along with our predictions for the full observables. No experiment has

so far measured the unpolarized Bjorken sum rule, however the possibility exists that it

may be extracted from experiments at a future neutrino factory [190]. We have taken

A% = 207 MeV, corresponding to the world average value as(Mz) =0.1176 [32].
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0.7 - Q?%/GeV?
1 2 5 10 20 50 100

Figure 5.3: Various predictions for the unpolarized Bjorken sum rule.

Within the considerable error bars we see that the different versions of CORGI all show
good agreement with the data. The important conclusion is that below Q2 ~ 5 GeV?
the all-orders and fixed-order approaches give drastically different predictions for the
GLS and pBj sum rules. This indicates that fixed-order perturbation theory cannot
be trusted for these lower energies. Even though we have no experimental data points
for U,B;(Q?) we have plotted the different versions of CORGI in Fig. 5.3. We see that
fixed-order perturbation theory cannot be trusted below Q2 ~ 2 GeV?2.

We can contrast these CORGI resummations with a leading-b resummation in the

MS scheme. If we choose the scale u = 2Q) we have, analogous to Eq. (5.15),

K¥(z) = a(zQ)+ i k™ ()b (2Q) (5.27)
n=1
= Keolay(z)). (5.28)

Here a(zQ) denotes the full higher-loop (three-loop if matching to NNLO) MS coupling
at scale u = x@, and the k,(x) coefficients are the MS coefficients with scale u = zQ.
The coupling a,(z) can be related to a(zQ) using Egs. (1.133) and (5.14),

N NN AR
ey ialere) b(l :1:+6>. (5.29)
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We can match this all-orders resummation to the exact NLO and NNLO perturbative
coefficients obtaining, in analogy with Eq. (5.19),

KB (z) = KB(z) + (ki(2) = bk (2))a%(2Q) + (ka(z) — K57 (x))a? (2Q).  (5.30)

In this equation, a(Q) is the approximated three-loop coupling, given in Eq. (1.118) [32].

Kers(Q?)

Figure 5.4: All-orders leading-b prediction for the GLS sum rule. Here we use the
MS result of Eq. (5.30) with renormalization scales of u = 2Q,Q and Q/2.

The resulting prediction is plotted in Fig. 5.4 for the GLS sum rule. Three different
matching scales corresponding to x = 2,1, % were chosen. As can be seen, the matched
resummed perturbative result is hopelessly z-dependent. The CORGI result }éoo+(Q2)

k1(z=1)/b_ Notice that no NLO matching is required in

corresponds to the choice x = e~
the CORGI approach, since an infinite set of RG-predictable terms involving k; have

been resummed to all-orders, yielding a p-independent result cf. Eq. (1.166).

5.4 Non-perturbative corrections

In addition to perturbative corrections it is expected that there will be non-
perturbative, Higher-Twist (HT') corrections to the sum rules. These were discussed in
the previous chapter in the language of the one-chain term of the skeleton expansion.

The leading-b resummations we have discussed can be written in the form derived from
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Eq. (4.6), 1 _
Keo(Q?) = /0 dtw}é‘(t)a(th)—i—/l dt w¥ (H)a(tQ?). (5.31)

Here wi(t) is the characteristic function which is piecewise continuous at ¢t = 1. As
detailed in chapter 4, the two terms respectively reproduce the IR renormalon and
UV renormalon contributions in the Borel sum. The skeleton expansion result is also

well-defined for Q2 < A% where the standard Borel representation breaks down.

By considering the compensation of ambiguities between perturbative and non-
perturbative corrections we are led to an expression for HT corrections in terms of
the characteristic function,
A? A?
2

Kn(@) = rgelt (52). (5.32)
(see Eqs. (4.82) - (4.84)). Here & is a single overall non-perturbative constant. This
result is obtained from the V-scheme result of Eq. (4.32) and hence the appropriate

scale parameter for Eq. (5.32) is Ay. A similar expression holds for Uy (Q?) in terms

of wii(t).

The characteristic functions w(t) and wy(t) can be determined from their Borel rep-
resentations (Eq. (4.10) in conjunction with Eqgs. (4.27) and (4.28)) by reversing the
changes of variables used to obtain Eq. (4.59). wk(t) has the form,

8 5
wk(t) = g-—3gb (5.33)
4 1
we'(t) = 92 o0l (5.34)
and the equivalent expression for U(a) is,
W) = 2y (5.35)
U - 3 ’ .
uv _ 1

Each term in these expansions is in one-to-one correspondence with a renormalon sin-

gularity in the Borel transforms of Eqs. (4.27) and (4.28).

In Figs. 5.5 and 5.6 we take the four expressions in Egs. (5.15), (5.19), (5.21) and
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KGLS -3 (g) KGLS A%,/Gev2 X%Ls/d.o.f.
Knro | —0.166 %+ 0.20 0.1007 & 0.12 1.256/4
Kynro | —0.217 +0.20 0.1313 + 0.12 1.238/4
Koo | —0.33£0.20 0.1997 + 0.12 1.804/4
Koot | 0.0216 % 0.20 ~0.01311 £ 0.12 2.089/4

Table 5.1: Fitted values of the non-perturbative constant kgrg, together with their
respective x? per degree of freedom (d.o.f).

KpBj -3 gf () kppj AL /GeV? ngj/d.o.f.
~’€NLO —0.06255 £ 0.26 0.002647 + 0.011 1.173/11
Kynro | —0.1085 4 0.26 0.004593 4 0.011 1.162/11
1C°° -0.2823 + 0.26 0.01195 £+ 0.011 1.456/11
Koot 0.03957 £+ 0.26 —0.001674 £ 0.011 1.662/11

Table 5.2: Fitted values of the non-perturbative constant x,p;, together with their
respective x? per degree of freedom.

(5.22), supplemented by the non-perturbative term in Eq. (5.32), and perform fitting
to experimental data for both the GLS and the polarized Bjorken sum rules separately.
We fix A%)- = 207 MeV, as before, and use x? fitting to obtain the optimal value of the
non-perturbative parameters® in each case, kgrs and kpBj. The fitted parameters are
summarized in tables 5.1 and 5.2. We note that the coefficient of a 1/Q? (twist-4) power
correction to either Eq. (4.23) or Eq. (4.22) corresponds to a value of —8A%rgLs/3 or
—%lg,q /9v|A% k,B;, Tespectively. The corresponding values in GeV? are presented in
tables 5.1 and 5.2. For comparison, the central values resulting from a three-point
function QCD sum rules fit {91-93] are —0.294 and —0.013, respectively. We see that
the power corrections in tables 5.1 and 5.2 resulting from fitting to the Kooy all-orders
resummations are significantly smaller, although with large error bars. Connections

between power corrections for the three DIS sum rules have also been explored in
Ref. [191].

3We assume that the non-perturbative parameters in the cases of Kgrs and Kpg; are independent
of each other.
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Kers(Q?)
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Figure 5.5: Predictions for the GLS sum rule, including both perturbative and non-
perturbative corrections, fitted to the data by varying the parameter kgrs.
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Kij(Q )
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Figure 5.6: Predictions for the polarized Bjorken sum rule, including both perturbative
and non-perturbative corrections, fitted to the data by varying the parameter «;,p5;.

5.5 Summary and conclusions

By comparing with leading-b resummations based on the CORGI approach we at-
tempted to infer the validity of fixed-order perturbation theory for the GLS and Bjorken
DIS sum rules at small energy scales Q2 ~3 Ge_VQ, where data has been used to extract

as(Mz) [32]. Figures 5.1 and 5.2 indicate that fixed-order perturbation theory and re-
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summed all-orders predictions start to differ drastically for energies below Q2 ~ 5 GeV?

in the GLS and pBj cases, and for energies below Q? ~ 2 GeV? in the uBj case.

The use of the CORGI approach ensures that all RG-predictable scale-dependent loga-
rithms are resummed to all-orders, avoiding the need for NLO matching, which would
otherwise make the conclusions about the validity of fixed-order perturbation theory

dependent on the chosen matching scale, as illustrated in Fig. 5.4.

We performed fits to data for power corrections using the model proposed in chapter
4 and based on the skeleton expansion characteristic function. The size of power cor-
rections inferred by fitting the all-orders CORGI resummations was much smaller than

the central values obtained from three-point QCD sum rule estimates of Refs. [91-93].
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Chapter 6

Analysis of moments of Fj in

neutrino-nucleon scattering

In this chapter we turn our attention to fixed-order predictions for moments of DIS
structure functions. We present an analysis of the moments of F3 in neutrino-nucleon
scattering, our aim being to test the accuracy of QCD predictions by comparing them
with experimental data. In particular, we are interested in how this analysis is affected
by the removal of renormalization and factorization scale dependence via the CORGI

approach to perturbation theory.

6.1 Introduction

Because of asymptotic freedom, we can apply perturbation theory to the dynamics of
quarks at high energies. When supplemented by the OPE and the factorization pro-
cedure, we have at our disposal a powerful method of investigating the behaviour of
hadron-bound quarks, via lepton-hadron scattering. In particular, factorization allows
us to avoid the explicit calculation of non-perturbative effects, and hence allows us to
obtain a result written in terms of perturbative variables, supplemented by a set of

non-perturbative constants.

Despite this, there remain several obstacles which limit both the validity and accuracy
of factorized predictions when applied to experimentally measured structure functions.

Two of these are outlined below:
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e QCD predictions for the moments are both factorization and renormaliza-
tion scheme (FRS) dependent. This is effectively a double dose of the problem of
RS dependence discussed in section 1.8. The canonical approach to dealing with
this is to set the arbitrary scales equal to some ‘physical scale’ i.e. M = u = Q,
and then to adopt some ‘best scheme’ (such as MS) for making the finite sub-
tractions in each of the cases of renormalization and factorization. However,
the resultant expressions then suffer from dependence on these arbitrary choices,
and therefore have an inherent theoretical error associated with them. Moreover,
there is a lack of physical motivation to justify any particular scheme being the

‘best’ choice.

There are certain limitations on the ranges of Q? and z (defined in Egs. (2.2)
- (2.4)) for which data for the structure functions is available. In particular,
there are upper and lower limits on the accessible range of = at low and high Q2
respectively. Experimental values for the moments at a given Q? are obtained by
integration of the structure function (measured at that Q2), over the full range of
z. In order to do this, it is necessary to model the available structure function data

over this z-range.

However, regions of z for which we have no data will leave the structure func-
tion modelling (and therefore the experimental moments) poorly constrained.
As a consequence, the result of any analysis will be dependent on the way the
structure functions are modelled (in the missing data regions). This is clearly
undesirable and we are forced to either live with this modelling dependency, or

expand the errors on the experimental values for the moments accordingly.

In this chapter, we intend to overcome these problems and to improve upon previous

analyses in the following ways:

e We use the method of Bernstein averages to overcome the above-mentioned

limitations of the structure function data. This technique was first applied in
Refs. [192,193], and was adapted for CORGI analysis in Ref. [194]. In this method,
data for a structure function at a given Q? is multiplied by a polynomial in x
(which is peaked sharply within the region for which we have data) and then

integrated over the full range of . The result is a Bernstein average — an object
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which has negligible dependence on the values of the structure functions in the
missing data regions, and can be written as a linear combination of moments.
Thus, by comparing theoretical and experimental values of the Bernstein aver-
ages (rather than the moments themselves) we can reduce any dependence of the
analysis on the way we model the structure functions in the inaccessible regions

of z.

e Until recently, only partial results for the NNLO coefficients of the anomalous di-
mension were available. This has limited any analysis of F3 to the subset of odd
moments n = 1,3,5,...13. However, due to the results in Ref. [78], we now have
analytic expressions for the non-singlet anomalous dimension for any value of n.
Hence, we no longer need to limit ourselves to odd moments, and we can also

remove the limit on the highest moment available to the analysis.

o We will adapt the CORGI approach (previously applied to the elimination of
renormalization scale dependence, in section 1.8.3) to the problem of FRS depen-
dence (in which we have two arbitrary scales), and thus reduce any dependence of
the analysis on renormalization or factorization scales. This approach was previ-
ously outlined in Refs. [39,194,195]. However, the expressions for the explicit FRS
dependence of the moments derived in those works were incorrect. We correct

these results and apply them to the analysis of moments of Fj.

The material in this chapter is derived from the research carried out in Ref. [196], and

is organized as follows:

First, we describe how the FRS dependence of moments can be parameterized and how,
as a result of this, the CORGI approach to perturbation theory may be generalized to
deal with dependence on two arbitrary scales (M and u). We show how the explicit
FRS dependence of the moments may be obtained, before deriving perturbative predic-
tions for them in the CORGI, physical scale and effective charge approaches. We then
describe how these predictions are extended to include quark mass threshold, target
mass, and higher twist effects. Next, we describe how the method of Bernstein aver-
ages allows us to overcome limitations in the data for F3 and how this approach can
be adapted to deal with both odd and even moments. Finally we present the results of

our analysis and discuss what conclusions we can draw from them.
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6.2 Factorization and renormalization scheme depen-

dence of F3 moments

The moments we are concerned with in this chapter are those derived from Fj in

(anti)neutrino-nucleon scattering. They are defined as:

(@) / dz 3" N (2, Q). (6.1)

As stated in section 2.7.2, these moments can be factorized in the following form,

NnQY) = (N|Onns(M)IN)CEN(Q, M, 1, aln)), (6.2)

where (N|Op ns(M)|N) is the NS operator matrix element of nucleon states and
7(13)(Q, M, p,a(p)) is the coefficient function. The operator matrix element is fac-
torized at the scale M into a non-perturbative component and a perturbative expres-
sion. The perturbative component is written in terms of the coupling evaluated at the

factorization scale, a = a(M). The factorization scale dependence is then governed by

the anomalous dimension equation,

Mo (NIOn s (M)IN) = (NIOp,s(M)IN) o, (), (639

where v, ns(a) is the non-singlet anomalous dimension and has the following perturba-

tive expansion,
Yons(a) = —d(n)a—di(n)a? —da(n)ad —.... (6.4)

The M dependence of the coupling is governed by the beta-function equation,

(9a _ 2 2
Ma—M— = —ba*(l+ca+cga®+...). (6.5)

These two equations determine the perturbative behaviour of the operator matrix ele-
ment. For the remainder of this chapter, we simplify our notation by dropping the sub-
and superscripts ‘vN’, ‘n’, {(3)’ and ‘NS’, from the quantities in Eqs. (6.2) and (6.3).
Also, although the coefficients d;(n) in Eq. (6.4) are n-dependent we suppress this,
again for the sake of brevity. In section 1.8.1 we described how we can parameterize
RS dependence in the case where we have a single arbitrary scale. In the case of the
moments however, we have two arbitrary scales and hence we must adapt the approach

in order to take this into account.
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A solution to Egs. (6.3) and (6.5) can be obtained in the form,

_ M) y(z) ® 4 (z)
(OM) = Anexp{ /0 T - /0 I (w)dm}, (6.6)

where () and §() denote the anomalous dimension and beta-function equation trun-
cated after 7 terms, and we have defined (O(M)) = (N|Op ns(M)|N). There is a
distinct parallel between the above equation and the solution to the beta function in
Egs. (1.110) and (1.111). The second integral in Eq. (6.6) is an infinite constant. We
are free to choose any form we wish for this term, subject to the constraint that it
must have the same singularity structure as the first term in the integrand. How-
ever, a particular choice for this constant corresponds to a particular definition of A,.
Consequently, A, can be likened to the dimensional transmutation parameter, A, in
that it defines the missing boundary condition in Eq. (6.3). A, is actually a (set of)
non-perturbative constant(s), generated by the factorization process. Their precise val-
ues cannot be calculated within perturbation theory, and hence must be obtained by

comparison with experimental data.

The coefficient function C,(Q, M, i, a(u)) depends on both the renormalization and
factorization scheme adopted, and it takes the form of an expansion in powers of the

coupling evaluated at the renormalization scale,
Co(Q, M, p,a(n)) = 14+ma+mra2+..., (6.7)

where @ = a(M = p). Using the above equation together with Egs. (6.2) and (6.6), the

moments can be written as [39],

ca
1+ ca

d/b
M(n; Q) = An( ) exp(Z(a))(1 + rd + rea + - -, (6.8)

where,

a — — 2 .
I(a) = / dxdl + (dic + dp — dea)z + (d3 + cdy — c3d)z? + ) (6.9)
0

b(1+ cx)(1+ cx + cpz? + ¢33 + -+ )

The explicit M dependence of the coupling can be obtained by solving the following

transcendental equation [33],

1 ca M er 1 1
5+C1H1+Ca = blnx—b\/o [ﬂ—(gc—j—m] (610)

174



Chapter 6: Analysis of moments of F3 in neutrino-nucleon scattering

Equation (6.8) serves as a prototypical expression for the moments, from which we
derive perturbative expansions for them using three different approaches described in
sections 1.8.2 - 1.8.4. However, we must first adapt these approaches to the two-scale

case.

6.2.1 Parameterizing FRS dependence

In the same way that the beta-function equation governs the RS dependence of the
coupling, the anomalous dimension equation governs the FS dependence of the operator
matrix element. Hence the FRS dependence of the moments is characterized by the
coefficients of these two equations. The first coefficient of the anomalous dimension is
FS invariant and therefore it is the set of parameters {M, i, ¢y, c3,...,d1,d2, ...} that
are relevant to FRS dependence [103]. Moreover, these parameters can be used to

define any particular FRS and also parameterize the FRS dependence of the moments.

The self-consistency of perturbation theory demands that the FRS dependence of an
O(a") result, MN)(n;Q?), is at least of order N + 1, hence formally,

MW N+1
aFRs) ~ Y@

(6.11)

Here, as in Eq. (1.120), we use FRS to symbolize the set of parameters defining a

particular scheme.

Inspired by the parameterization of RS dependence in section 1.8.1, we now proceed
to systematically determine the explicit FRS dependence of the coefficients ;. This is
achieved by differentiating the expressions for the moments with respect to the FRS
parameters, {M,u,cz,...,d1,ds,...} [103], and in order to do this, we will need the

following results.

We can write Z(a) as an expansion in powers of a,
.'Z(a) = Tia+ Iza2 + Igas + (’)(a4), (612)
where the coefficients are,

7, = (6.13)
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L, = 2_ & _ad (6.14)

_ d3 dzc C3d C2d1 262dC d162
L= T3 T T3 (6.15)

Also, using the beta-function equation, we can write the coupling @ as an expansion in

powers of a,
@ = a+ La®+ (L? + cL)a® + O(a%), (6.16)
and consequently,
a’ = a*+2La®+ O(a?), (6.17)
where we have defined,

L = bln[M/y. (6.18)

Factorization scale dependence

Differentiating Eq. (6.8) with respect to In M gives,

aM 1+Ca C C2a d )
M—— = _ d
A <1+ca (1+ca>2)bﬁ(a>+@1+2Iza+3faa )B(a)
aM L 4 G2pf0r a_&
aM g5p + 5-1+a 7 ’ .19
14 ra+rea2 + r3ad

where M = M(n;Q?%). Using Egs. (6.12) - (6.18), and then expanding in powers of a

gives,

oM _ ory Org or
Mc’)—M = M{ da—dla —dza +(1M8M+ (M—a—]\—j MW(L—TI))
(97‘3 87‘2
+ Mg—;—/ll <r%—-r2—2r1L+L2+cL>> +(’)(a4)]. (6.20)
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From Eq. (6.11) we know that the term in square brackets in the above equation must
vanish order-by-order in a. Thus, equating the coeflicients of powers of a, and then

setting to zero yields,

87‘1
Mee = d, (6.21)
M2 = g _dLid (6.22)
oM = 1 1 .
M'ZL]\; = dy+dir +dro—drmL —2d|L + dL? — dcL. (6.23)

Renormalization scale dependence

The log 1 dependence is somewhat easier to determine. Differentiating M(n; Q?) with

respect to log u gives,

oM _ MO )
“Bu 147+ rea? “8;1, !
Ora - =00 Ors .3 ~2 a0~ ~4
+ ua—'ua +2T2aﬂ(a)+uma + 3rza’p(a) + O (a*) |. (6.24)

Comparing orders of a is equivalent to comparing orders of a and therefore, we can

obtain,

6r1

o 0, (6.25)
u%% = b, (6.26)
u%—’z = 2rob+ bric. (6.27)
Dependence on d;
First, for d; we have,
~ 9 ~2 9 ~38
M _ o |0%e) | B5d + 3757 + 2054 (6.28)
Ody dd, 1+rma+ 7‘26,2 -+ 7‘3&3 B '
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and expanding this in powers of a gives,

oM

Equating coeflicients then yields,

on _ 1
ddq - b’
gra _ ¢
dd, 2
Ors _ en
8d; 2

Ora  On

=+ a% + a?
ddy  Od

0d,

(0520

o ri—ryg—2rL+L*+cL)| | +0(a")|.

dd;
(6.29)
(6.30)

L
b (6.31)

ro ¢ L® Lm

5 + T + - (6.32)

oM _ a:r(a)+a§—;;+a2—§—g—§+a3§3§+
8d2 8d2 1+ 7‘1& + 7‘2&2 + 7‘3~3 o

9ra
Ody

()

and equating coefficients yields,

on
dds

Ora
ddy

9ry
dda

— + a2(

9d;

87‘1
+a—dQ<rf—r2—2r1L+L2+cL)> +(9(a4)],
(6.33)
0, (6.34)

1
o (6.35)
<t lon o (6.36)

3b ' 2 " ‘
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Finally, the only term relevant to the d3 dependence is the following differential,

and therefore we infer that,

Dependence on c;

0Z(a) a_3
dds 3’
ors _ _1
dds ~  3b

(6.37)

(6.38)

Finally, we turn our attention to the dependence of the moments on the RS depen-

dent coefficients of the beta-function equation, ¢;. For this we will need the results of

Eq. (1.138),

2
802

Also, to simplify things, we state the differentials of @ and a? with respect to cs,

oa

da a

= a*+ 0 (d°), = — +0(a%).

dcs 2

da Oda

(6.39)

= (1+2La+3(L*+cL)a® + - )(a®+ ) (6.41)
= a*+2La" +0(a%), (6.42)
and for @2, we have,
da? da? da
= (2a+6La*+--)(a®+ ) (6.44)
= 2a'+0(a%). (6.45)

The derivative of @3 with respect to cy is of minimum order a® and hence can be

neglected.

Differentiating M(n; Q?) with respect to cp gives,
_ pm|d(Ltee) (e _ _ca O 9I(a)
b ca l+ca (14 ca)?/ Oco Ocy
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~ ~ - = ~2 ~3

ag—zz}+a2%§+a3g—2§ T1%+T2%+T3% N

14+ rma+mat+nra  14+ra+mra2+rad
b\a 1l+4ca 2b 3b da Ocy

Ory o =20ry 4 ~309r3

[ ta +aacz 3 4
=3 TTra + O (a*)
3

= M %‘2—2 3(%%—;:) ag—Z;nLaz(g—zerg—g(L—m))
+a° (g’; % (2/: - 7«1)
+ %(r%—TQ—QnL—FLQ%—CL) +7"1> +(’)(a4)}, (6.46)
and equating coefficients yields,
-g% = 0, (6.47)
g_% _ _%, (6.48)
o | rd i o % 0)
In the case of c3, we have,
VI ORI NI Rk <R = ]
Ocs _b a 1+4+ca/ 2 Ocs 1+ ra+ rqa? 4 r3ad

da® O

NPT
6b Jcs dcs

or
3973
oo

87"1
(9—03 (L — 'I"]))
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and equating coefficients in this case, gives,

8’!"1

87‘2 _

20~ 0, (6.52)
37‘3 _ d

des ~ 6b (6.53)

FRS invariance of A,

In the above derivations we have assumed that A,, is scheme invariant. This was shown
in Ref. [197], by means of the following argument. Using the beta-function equation we
can relate the coupling defined in two different schemes a and a (see Eq. (1.125)). We

can also do this for the operator matrix element, using the anomalous dimension. Thus,

a(p) = a(w)(1+ na(w) + va(p)® +- ), (6.54)

(OM)) = (OM))(1 +wia(p) +wad(p)? + ). (6.55)

The coeflicients v; and w; encode the finite renormalization that relates the two schemes
to each other. Taking the difference between the logarithm of Eq. (6.6), evaluated in
the two different schemes (and assuming that A, has a different value in each scheme)

yields,

In (%—n) —1In (@%—T”) = /(;a(M) g—g—; dx — /Od(M) %((—2—; dx. (6.56)

Expanding this expression in powers of a then gives,

n (42} yuwa = a(Bzh +0(a%, (6.57)
A, b b

We can evaluate this in the M — oo limit, and from this we conclude that,

In (%) = 0, (6.58)

and therefore that A, is scheme invariant. Note that this is subtly different from

A, which does depend on the subtraction procedure, as can be seen by comparing
Eq. (1.113) with Eq. (6.56).
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6.2.2 The explicit FRS dependence of r;

The partial derivatives derived above allow us to obtain the explicit FRS dependence

of the coefficients r;. Integrating Egs. (6.21) and (6.30), gives,

d dy

T = ETM - ? - XO(Q)’ (659)

where 73y = bln (M / 1~\). Xo(Q) is an FRS invariant quantity, generated as a constant
of integration. It is the equivalent of Eq. (1.133) but generalized to the case where
we have dependence on two arbitrary scales (x and M). In analogy with the one
scale problem, we can define an FRS invariant, non-universal scale parameter, A 4, via
Xo(Q). Thus,

S — 2o = Xo(Q) = dln <%> : (6.60)

In the case of r, systematically integrating the partial derivatives in Egs. (6.22), (6.26),
(6.31), (6.35) and (6.48) gives,

1 b 2 b . d] d62 d% Cd1 d2
- (1_0 4 G, der di  cdi da 61
2 (2 2d)r1 tonhit g gt gty — gt X2 (661)

where we have defined,

1= (M =yp) (6.62)
Sr— 2 - Xo(@) (6.63)

Again, X5 is an FRS invariant constant of integration, and is the analogue of the X,
in Eq. (1.158).

Finally, for r3 we have,

C2dC ng Cdg d3 2Cl:]3 Cd% C2d1 d1d2 Cle

TR = @ ——— "+ — o T = —

3b 6b 3b 3b 3bd? 2bd 3b bd 3b

2d?rq _ dir? b2 13 B ber?  dory

d? d 3d? 3 2d d

2bd17‘17'.1 bzrlff b’l‘%’f‘] bcrlﬁ

2 & T4 T
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2br 2d
T172 n 172

Xs. 6.64
P d +riro + X3 ( )

Using Eq. (6.61), we can write this as a multinomial in r; and 7, in analogy with

Eq. (1.143). We can also derive similar equations for r;-3.

References [39,195] contained errors in the equations obtained for the following deriva-
iveg: MOra 9ra Orz Org Ory Or Or3 0551
tives: M 532, 50 00 Bdor Do 3;% and 7 ot Consequently, the expressions for ry, r3,

X, and X3 presented in those works, and also in Ref. [194], are incorrect.

6.3 Theoretical predictions for the moments

We adopt three different approaches to obtaining theoretical predictions of the mo-
ments, each of which endorses a different philosophy for dealing with FRS dependence.
In CORGI, we do not explicitly set the renormalization scales M and u. Rather, the
relation between these scales is embedded in the FRS invariant Xg. As a result of this,
a set of unphysical logarithms (of M and u) are resummed. These cancel each other
out and in so doing, they build the physical log @@/A s dependence automatically (see
Egs. (1.163) - (1.166)). Consequently we can remove the dependence of the result on
factorization and renormalization scales. This is a natural generalization of the CORGI
approach of section 1.8.3 to the case where we have dependence on two arbitrary scales
(M and p), see Ref. [39].

By contrast, in the physical scale (PS) approach, the scales are explicitly set to Q. The
third approach we use lies halfway in between PS and CORGI. We treat the moments
as a single effective charge, setting M = . We then ‘CORGI-ize’ this expression, as in

the single-scale case, viz section 1.8.3.

6.3.1 CORGI predictions

In analogy with section 1.8.3, we can use the FRS invariant quantities appearing in
Egs. (6.59), (6.61) and (6.64), to obtain an expression in which all RG-predictable
terms are resummed. In this way, the physical Q-dependence of M(n;Q?) is built
automatically via the resummation of unphysical logs {39]. The result of this resumma-
tion is simply equivalent to Eq. (6.8) (with the expressions for r; given in Egs. (6.61)

and (6.64)), evaluated in the 't Hooft scheme. Previously, we stated that the values
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of the parameters {M, y, ca,...,d1,ds, ...} can be used to define any particular FRS.
However, using Egs. (6.59) and (6.63) we can swap the first two of these parameters

for r; and 7;. Consequently, the 't Hooft scheme corresponds to the case in which the

set of coefficients {ry,71,c,...,d1,ds,...} are all set to zero. Thus, from Eq. (6.8) we
have,!
2 cap \¥* 2 3
M(an ) = A, <1+ca0> (1+X26L0+X300+...). (665)

In this expression, the second term resums an infinite set of terms which are RG-
predictable at NLQO; specifically, these are all the terms in the full perturbative ex-
pansion which do not include factors of X;. In the third term, each successive Xiaf)“
component we include resums a further subset of terms which are RG-predictable at
N’LO. As noted above, this has the effect of resumming the RG-predictable set of un-
physical logarithms (In M and Inpy), and through Egs. (6.59) and (6.63), builds the

physical Q?-dependence automatically.

Setting r; = 7, = d; = 0 also implies a = a = ag, where ag is equivalent to the coupling

evaluated in the 't Hooft scheme,

-1
a(Q) = AW @ (6.66)
with,
—b/c
2(Q) = —-:; (%) , (6.67)

and W_,(z) defined in Eq. (1.116). The scale A, can be related to the scale parameter
for any particular scheme using Eq. (6.60). This expression is FRS invariant and hence

to relate it to the MS scale, we simply evaluate it in this scheme,

2c —e/b dl T
A = A (?> exp{(—iBnLE}, (6.68)

with 71 and d; calculated in MS with M = p = Q.

!Note that in the 't Hooft scheme we have Z(a) = 0, 751 = Xi»1 and r = 0.
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The FRS invariant X5 can be obtained from Eq. (6.61),

B 1 b\, b . d dca d? cdi  dy
X2 = ”‘(“ )"1’ iyt g T 669

Again, this can be evaluated in any scheme. In MS with M = u = Q, we have r; =7,

and hence,
1 b d d d? d d
Xy = r2—<—+—)r%——1r1+ﬂ——l—c—l+—2 . (6.70)

This can then be evaluated from the MS two-loop coefficients of the anomalous dimen-

sion and coefficient functions.

For the n = 1 case we have d = 0. This would appear to make Eq. (6.65) invalid, due
to the 1/d terms in Egs. (6.68) and (6.70). However, using Eq. (6.60) we can show that
the coefficients of the 1/d terms are themselves proportional to d, and hence Aprq/Aws
and X5 are in fact non-singular. The question remains however, how may we write the

n = 1 moment in the CORGI form?

Expanding Eq. (6.8) in powers of a with d = 0 yields a result which resembles a single-

scale perturbation series. Setting a = & then gives,
M(1L,Q%) = Ay (14 Ria+ Ryd?), (6.71)

with Ry = —1 for all n. Ry is obtainable from Eq. (6.8) and is given in Eq. (6.76).

CORGI-izing the above expression as in the single-scale case then yields:
M1;Q%) = A, (1-ao), (6.72)

where ag is the coupling in Eq. (6.66) but with Axq now given by,

—c/b
A = Awgs (%) exp {— %2-} . (6.73)
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6.3.2 Physical scale predictions

In the standard physical scale approach, we set Q@ = M = p and adopt MS. Setting

M = p implies that ¢ = @, and hence the moments have the form,

d/b
.02y — ca 2
M(n; Q%) = Ap (1+ca) (1+ Ria+ Rya® +...). (6.74)
The coeflicients R; can be determined by expanding Eq. (6.8) in powers of a,
d
Ry = r+- (6.75)

d_% Cd] T1 d1 d62 dg

W Tt e T T (6.76)

Ry = 719+

and the coupling in this expression is that of Eq. (1.118) with scale parameter Ags. For

d/b
the n = 1 case, the PS prediction is still given by Eq. (6.74) but with the (lfr“ca)

term absent.

6.3.3 Effective charge predictions

We can also ‘CORGI-ize’ the expression for the moments as a single-scale problem.
This is done by explicitly setting 4 = M and treating the resultant expression as an
effective charge (see section 1.8.4 and Refs. [41,42]) in which we have only one arbitrary

scale. By resumming Eq. (6.74), we can obtain the moments in the form,
. d/b
M@n;iQY) = An(cR(@)" (6.77)

where,

R(@) = a+ Ria®+ Rya® + ..., (6.78)

is our effective charge and the coefficients R; have the form,

- bR
R] = TI—C

bCTl dlc 2

p 7 (6.79)

= _ sz bzR% bR% lec 2
3@ " 3d " 4 T
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berg  bdiric  doc o

d T2 Yt

biric bric dic brict  3dic?

S L L 6.80
T % T YT a4 2 € (6.80)
We can then ‘CORGI-ize’ R(a) such that the moments have the form,
- d/b
M(n;QY) = Apct/ <ao +Xaad+. ), (6.81)

where the coupling aq differs from that in Eq. (6.66). In this case, the Xz- coefficients
are the single-scale RS invariants of Egs. (1.158) and (1.159). They have the form,

Xy = Ry—R}—cRy+cy, (6.82)

. - L . R? - 1
Xy = R3—3RlR2+2R§‘+CTI—R1cQ+§c3. (6.83)

The coupling in Eq. (6.81) is that of Eq. (6.66) but with the scale A}J now defined by,

2 —c/b 0
Ay = (f) exp (%) Axs, (6.84)

(see Eq. (1.134)). For the n = 1 case, the EC prediction for the moments is identical
to the CORGI prediction, given in Eq. (6.72)

The coeflicients of the three predictions in Eqs. (6.65), (6.72), (6.74) and (6.81) are all
built from the coefficients for the anomalous dimension and of the coeflicient function,
which are obtainable (up to NNLO) from Refs. [78] and [113] respectively. In appendix
C can be found the values for the NNLO coefficients X5, Ry and X, the NLO coefficient
Ry, and the NLO information relevant to the CORGI and effective charge approaches
i.e. Am/Awms and ARG/Ans. We state their values for Ny = 4 and Ny = 5, and for the
range 1 <n < 20.

6.3.4 Target mass corrections and higher twist contributions

The perturbative expressions derived above will be subject to non-perturbative correc-
tions in the form of O (1/Q2) terms. The two principal sources of these terms are:
higher twist terms (of the type neglected in the OPE analysis of section 2.4) and effects

due to the mass of the target hadron.
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Target mass corrections

The perturbative form of the moments is derived under the assumption that the mass
of the target hadron is zero (in the limit @ — o). At intermediate and low Q? this
assumption will begin to break down and the moments will be subject to potentially
significant power corrections of order O (m%/Q?), where my is the nucleon mass.
These are known as target mass corrections (TMCs) and when they are included, the
F3 moments have the form [198,199],

2 4
MO Q) = M Q)+ SN T A 2107 4 0 (T ) (039)

Higher twist corrections

The moments will also be subject to corrections from sub-leading twist contributions to
the OPE. These effects are poorly understood and hence we only estimate them. This

is done by means of an unknown parameter, Ayr. The estimate has the form [192],

MT0QY) = (4T ) M Q?), (6.86)
and the value of A"T is obtained by fitting to data. Due to the poorly understood
nature of these effects, we do not include the above term in the full analysis. Rather,
we perform the analysis with and without this term included, and take the difference in
the results as an estimate of the error associated with our ignorance of the true nature

of these effects.

6.3.5 Quark mass thresholds

The bottom quark mass threshold is within the range of Q? that is spanned by the
available data for Fj. It is therefore necessary to evolve the expressions for the moments
over this threshold and for this, we adopt the approach previously detailed in section
5.3. We use massless QCD with 4 quarks (Ny = 4) for Q% < m? and massless QCD
with 5 quarks (Ny = 5) for @ > m2. Here, m, is the pole mass of the b-quark,
and mp = 4.85 £ 0.15 GeV [32]. We also perform matching of the coupling, resulting
in the use of different values of the scale parameter above and below the threshold,
(4)
™S

denoted A% and A% respectively. The relation between A% and A

the expressions in Eqgs. (5.24) - (5.26).

is governed by
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Further to this, we also demand continuity of the moments at the threshold, i.e.
./\/i(n;mg)bvf:4 = M(n;m§)|Nf:5. (6.87)

As a consequence of this, the parameters A, also have different values in the Ny = 4

and Ny = 5 regions and their values are related by,

A® = [ An M(n;mi)
n M(n;m2) Nj=5 A,

6.4 An alternative derivation of X;(n)

AW, (6.88)
Ny=4

We can derive the FRS invariants X; via a simpler method to that used in section 6.2.
If we set M = p in Eq. (6.8), then the moments reduce to a single-scale problem viz
section 1.8.3. We can then rearrange the resultant expression in terms of an effective

charge, R(a),

A d/b
M = a,|-Fa (6.89)
1+ cR(a)
R(a) has the form,
R(a) = a4+ Ria®+ Rya®+.... (6.90)

The coefficients R; can be determined by expanding Egs. (6.8) and (6.89) in powers of

a and then equating coeflicients. They are found to be,

R = 9R1, (6.91)
d
5 b R? bR}

where R; and Rp are given by Egs. (6.75) and (6.76). If we then CORGI-ize this
effective charge, we have (from Eqs. (1.133) and (1.158)) a new set of FRS invariants,

M A
Xo = bln— - Ry, (6.93)

Xy = Rg - R? — CRl + ¢y (6.94)
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and the moments become,

. d/b
c (ao + Xgag)
M = A, - (6.95)
l1+c¢ (ao + Xgag)
Expanding this into a form which we can compare with Eq. (6.65), gives,
d/b

_ cag g 5 9

Mo (1 ) (). o)

Isolating the O(a?) term in the right hand bracket of the above equation, and then
using Eqgs. (6.94), (6.91), (6.92), (6.75) and (6.76), gives,

d. P
cX = = (Rg—Rf—cR1+cQ) (6.97)
. 1 b 9 dl d02 d% Cd1 dz
= T (2 + 2d>rl a7 % T md T3 (6.98)

So we see that the coefficient of the O(a?) term in Eq. (6.96) is the FRS invariant X,
of Eq. (6.69) with u = M i.e. r; = 7;. Isolating the a3 term will yield X3, and so on
for higher X;.

The coupling in Eq. (6.96) is the 't Hooft coupling of Eq. (6.66), but with the scale
parameter determined by Eq. (6.93). Evaluation of Eq. (6.93) in MS with M = p = Q

gives,

Xo = bhn A (6.99)
Am
= bln% - Ry. (6.100)

Using Eqgs. (6.91) and (6.75) we can then relate Apq to Ay,

Apm = Aggef/t (6.101)

" d
= Agsexp {3% n %} , (6.102)

which is in agreement with Eq. (6.68).

This gives us a means by which we can obtain the CORGI coefficients without having to
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calculate the partial derivatives of section 6.2.1. Moreover, we can now obtain CORGI
predictions from expressions in which p has already been set to M. This will be useful

when we come to consider singlet components of moments of F3 in the next chapter.

6.5 The method of Bernstein averages

When comparing theoretical predictions for moments of structure functions with exper-
imental data, we are faced with the long-standing issue of missing data regions at high
and low z for low and high Q2 respectively. This is demonstrated in Fig. 6.1 in which
we plot the Columbia-Chicago-Fermilab-Rochester (CCFR) data [200] for 12 different
values of Q2. We can see that at the lower range of Q2 we are limited to low-z data,

and that at high-Q? we are limited to the high-z range.

In order to reliably evaluate a moment at a particular Q?, we require data for the whole
range of z. This being unavailable, we are forced to make some guess about how the
structure function behaves in the missing data region. That is to say, we have to choose
some method of modelling (extrapolating and interpolating) the data to cover the full
range of xz. We could use some QCD inspired method for this modelling, such as MRST
[201] or CTEQ [202]. However, we wish to keep our experimental input as free from
QCD assumptions as possible ~ the intent being to make the comparison of theoretical
predictions for the moments with experiment, as direct as possible. Therefore we carry
out this comparison indirectly, via Bernstein averages — objects which, though related
to the moments, have negligible dependence on the modelling method adopted (and

hence on the behaviour of the structure function in the missing data regions).

We define the Bernstein polynomials as follows [203],

F(?’L+ %) $2k(

1— g2k kel (6.103
T+ )T (n-k+1) =) " (6.103)

pnk(mQ) = 2

These functions are constructed such that they are zero at the endpoints £ = 0 and
x = 1, and they are also normalized such that fol Pnk(z)dz = 1. Furthermore, if we
constrain n and k such that n > k > 0, then pn(z) are peaked sharply in some region

between the two endpoints.
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Figure 6.1: Data for zF; plotted against z for the 12 different Q? bins of the CCFR
data [200].
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The Bernstein polynomials can be treated as a distribution, with a mean,

1
Tnk = / T pri(z) dz (6.104)
0
I'(k+1)T 3
_ L+ 1) (n+3) (6.105)
'k + §)F(n + 2)
and variance,
! 2
Aznp = /0 (x — Tnk)” prk(z) dz (6.106)
2
k+ 1 L(k+ 1) 3
_ ktg (DHDInta)) (6.107)
n+3 Lk + 5)(n+2)
The Bernstein averages of F3 are then defined by,
1
Fu@) = [ pusle?)Fae, @)da, (6.108)
0

Thus F},), is the average of the structure function weighted such that the region around
Tk is emphasized. By picking the values of n and k wisely, we can construct a set of
averages which enhance the region for which we have data for F3, and de-emphasize
the regions where there are gaps. Therefore, in the resultant averages, the dependence

on the missing data regions will be heavily suppressed.

Defining this more rigorously: for a given value of Q2, we only consider averages for

which the range,

1 1
Tnk — 5V OInk < & S Tnp + 5V Bak, (6.109)

lies entirely within the region for which we have data. The only exception to this is
if the highest-r data point lies within this range, then we do accept this average, but

only if the data suggests that zF3 vanishes very rapidly beyond this point.
The construction of an acceptable average, and the resultant suppression of the missing

data region is demonstrated in Fig. 6.2. We see that the red missing data regions

disappear almost completely in the right hand plot.
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regions, and quantify the error associated with any residual dependence.

The four extrapolation methods we use are described below:

I

1I

111

v

In the first method, we fit the function,
tFy(z) = AzB(1—2)°, (6.111)

to the data for each fixed value of Q2. The parameters A, B and C are obtained
by performing x? fitting of Eq. (6.111) to data for F3. They are Q% dependent
quantities, and errors on their values are obtained by performing the fitting with

the data for Fj shifted to the two extremes of the error bars.

A justification for the particular form of fitting function in Eq. (6.111) can be
found in Ref. [204]. However, the simple fact that this function fits the data
well is justification enough, since the Bernstein averages are independent of the

extrapolation method.

The second method we use is linear interpolation between successive data points.
We also extrapolate beyond the data range, to the endpoints zF3(2)|p=0 =

zF3(x)|z=1 = 0, in order to be consistent with method I.

The third method consists of using the fitting function of Eq. (6.111), but setting

zF3(x) = 0 everywhere outside the region for which we have data.

In analogy with III, in this method we use the linear interpolation of method II

but setting zF3(z) = 0 everywhere outside the data region.

The deviation between the results obtained from the above methods (in particular,

the difference between the first two and the last two) will be a good measure of the

effectiveness of the Bernstein average method.

In Fig. 6.3 we show each of the four modelling methods applied to F3 measured at

Q? = 79.4 GeV?2. Also shown on these figures (in grey) are the fits which are used to

determine the statistical error on the form of Fj, which then propagates through to

errors on the averages. The systematic errors are determined in the same way.
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II1 v

Figure 6.3: The four methods used for modelling the structure functions. Here we show
the measured values of zF3 at Q% = 79.4 GeV?2. The statistical errors are determined
by re-performing the fitting for the data shifted to the extremes of the (statistical) error
bars, and this is denoted by the grey lines.
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6.5.1 Modified Bernstein averages

Due to the unavailability of results for dy for even n, previous NNLO analyses of this
kind have been limited to the inclusion of only odd F3 moments. As an artefact of this,
the Bernstein polynomials of (6.103) are constructed such that the resultant Bernstein

averages depend only on odd moments, as can be seen from Eq. (6.110).

However, now that the NNLO calculation of the NS anomalous dimension is complete
[78], we are no longer constrained in such a way. In light of this, we define a new set of

modified Bernstein polynomials,

. I'(n+2) -
2y _ 2k+1eq _ 2yn—k I
Prk(T?) 2I‘(k+ DLkt l)m (1—z%)"", n,k € 1,(6.112)

which include only odd powers of £ and hence whose averages are related to even
moments. These modified Bernstein polynomials are simply the original polynomials
of Eq. (6.103), multiplied by z, and then “re-normalized” such that they still satisfy

fo Pnk(z)dz = 1. We can calculate the mean and variance of ppi(z),

= Ik + 5)I( )
z = ) 6.113
L(k+ 1)I(n+ 3) (6.113)
2
L'k +3)r 2
Ap = k+1 o (Tlk+3) (n+5) (6.114)
n+2 [T(k+1)I'(n+3)
and in analogy with Eq. (6.108), we define the modified Bernstein averages,
. 1
Fu(@) = /0 Prk(z?)F3(zx, Q%)dz. (6.115)

Again, we only accept experimental modified averages for which the range,

.1 _ 1
xnk_é’VAfcnlc <z < mnk+§VAznk3 (6116)

lies within the region for which we have data, with the same exception as that we
applied to the standard averages. We obtain theoretical predictions for the modified

averages using the equation,

(@) = 2r (nt2)§ Z T % l_ M2k +D)+2:Q%,  (6.117)
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Figure 6.4: Diagram depicting the z-ranges covered by the CCFR data, at different
Q°.

and the expressions in Egs. (6.65), (6.72) (6.74) and (6.81).

6.5.2 Experimental input

Data for zF3 in neutrino-nucleon scattering is available from the CCFR collaboration
[200]. The data was obtained from the scattering of neutrinos off iron nuclei and the
measurements span the ranges 1.26 GeV? < Q? < 199.5 GeV? and 0.015 < = < 0.75.

The z-ranges covered at each Q? are depicted in Fig. 6.4.

From this data (and using the methods I - I'V outlined above) we can obtain expressions
describing the behaviour of the structure function over the full range of z, for each
value of Q2. It is then possible to extract experimental values of the averages, using

the methods outlined below:

In the case of method I, obtaining the averages is particularly simple. Substituting
Eq. (6.111) into Egs. (6.108) and (6.115) gives,

MWn+d)d (-~
F(exp) = 2 B 9 .
" ATEr D) ; Hin—k —piocte@E+0+B,C+1), (6.118)
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for the Bernstein averages and,

—k
- 2I'(n +2) 5 (1)t
PRl = 4 Beta(2(k +1) + B+1,C + 1), (6.
e TE ) ;u(n_k_l)! eta(2(k + 1) + B+ 1,C + 1), (6.119)
for the modified Bernstein averages. Here, Beta(z,y) is the beta function, defined in
Eq. (B.5). Once values for A, B, and C have been obtained, substitution into the above

expressions leads directly to the averages.

In the case of method II, each of the averages is split into j + 1 sections (where 7 is
the number of data points at a particular Q?), and each section is an integral of a
polynomial of order 2n + 1. It is then reasonably simple to evaluate the averages by
computing this set of integrals. This approach also applies to method IV, but in this

case there are only j — 1 integrals.

For method III we simply integrate the fitting function, multiplied by the Bernstein
polynomials, with the integration limits being the values of x at the first and last data

points.

Choosing appropriate averages

Having outlined the method for obtaining the experimental averages we now turn our
attention to which averages are acceptable at which energies. The highest moment we
use is the 18th moment and the lowest the 1st. Inclusion of higher moments than this
leads to no significant increase in the number of acceptable Bernstein averages and

hence will lead to no improvement on the precision with which we can predict Ays.

The upper limit of » = 18 implies that the highest Bernstein averages included are Fy
and ng and that the lowest used are Fiy and Fjg. We exclude the averages for which
n = k as they simply correspond to individual moments themselves. This leaves us
with a total of 72 (36 + 36) potential averages at our disposal for each value of Q2.
This number will be reduced when we come to exclude averages on the basis of the

acceptance criteria.

In Fig. 6.5 we plot the dominant regions of the Bernstein polynomials (given by

Eq. (6.109)) for each of the used averages. This is superimposed onto the data-range
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criteria.

The CCFR data includes statistical errors and 18 different sources of systematic error.
These errors cannot be added in quadrature, and so we perform the analysis for each
of these 19 sources of error separately and then add the variation in the results in
quadrature to obtain the final total error on the Bernstein averages. We also include,
as additional sources of error: the deviation in results associated with using the four
different modelling methods (this forms the ‘modelling error’ in our final result) and
the deviation in the results obtained by performing the analysis with and without HT

corrections included (forming the ‘HT error’).

Determination of errors

The optimum value of Ayz is obtained by minimizing the following x? function with

respect to all parameters,

8 8 theory exp
USSR H 3> (Z (Qilpf; (Q2))
n= kkz QG{Q?} (Q)

8 8 F"a;;hcory Q2 F:pr QQ 2
FYY Y ( A <BZP(Q2),C< ))

n=1k=0Q2e{Q}}
n>k

(6.120)

Here, {Q?} is the set of values of Q2 for which we have experimental values for the
averages. aF;’,‘C"(QQ) represents the experimental error on the averages and is obtained

by adding the statistical, systematic and modelling errors in quadrature:

2
stat

2

(0Fz)? = (0Fs)2 + (0Fn)2 + (oFsm)2 (6.121)

We isolate the individual contribution of these three sources of error to the value of
the total error on Axs using the following method: For the statistical error, we set
(UF‘”“’)2 = (UF;’,‘C")2 and then minimize x? with respect to the fitting parameters, to
obtain the optimal value of Az relative to the statistical errors. We then search for the
maximum amount Awps can deviate by (in both the positive and negative directions),

subject to the constraint that x? = x2,. + 1. This yields a value for (cAxz),... We

stat
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then repeat this procedure for the systematic and modelling errors to obtain values
for (0Aws),,, and (0Ays)

values in quadrature.

The total error on Ays is then obtained by adding these

8yS mod’

Correlation of errors

When fitting theoretical predictions to experimental data using x? minimization, care

must be taken in order to take into account fully the correlation between data points.

The raw data for £F3 is uncorrelated. However, we are not comparing predictions for
the structure functions themselves with data directly; rather we are doing so indirectly
via the Bernstein averages. For a given value of Q?, the full set of Bernstein averages
(and modified Bernstein averages) we obtain will be correlated, due to their being
derived from the same set of (zF3) data points (see Fig. 6.2). Furthermore, we can
expect this correlation to be significant, since for a given value of Q2 the averages
which satisfy the acceptance criteria are all derived from Bernstein polynomials that

are peaked within a fixed region in z.

In the case where data are correlated, the form of x2 given in Eq. 6.120 is not sufficient.
In order to take into account the correlation, a more general form of x? involving the

covariance matrix V must be used (see Ref. [205] for details).

Previously, to construct x? from a set of N uncorrelated data points {f{™} (i =

1,... N), with errors {0, } and corresponding theoretical predictions {f/**}, we had,

2 = i(ﬁ_p_—_f_zly (6.122)

gf.
i=1 f

However, for the case where {f;**} are correlated we have,

N N
X2 — Z Z (fiexp- _ itheo.) ‘/l;l (f;xp. _ },heo.)
i=1 j=1
— (fexp. _ ftheo.)T V-—l (fexp. _ ftheo.) ) (6123)

In the second line of the above equation we have constructed vectors from the data

points and their predictions.
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The covariance matrix encodes the correlation between each of the data points; its

elements are obtained as follows,
‘/'L] = Cov(fi,fj)
= {fify) — (Fi (/) (6.124)

However, in the case where the f; are functions of M variables z; (representing the

‘raw’ data), we have,

cov (fi, fi) = fi(gi’“) (-gif) cov (24, T;) . (6.125)

Zj

If the data for z; are uncorrelated, this reduces to,

M
cov (fis fi) = Y (g%’:) (%) Oz (6.126)

i=1

To apply this to data for the Bernstein averages, we first form vectors out of the data.
The averages are uncorrelated between different values of 2, therefore we can separate
the data out into seven separate vectors; one for each value of Q? between 7.9 and 125.9
GeV?. For example, for Q? = 7.9 and 12.6 GeV? we have,

Fzo(12.6)
Fro(12.6)
Fg0(7.9) F0(12.6)
F7g = | Fs(7.9) Fi3% = : - (6.127)
Fyo(7.9) Fx5(12.6)
F3(12.6)
Fr3(12.6)

We then construct similar vectors, Fg:‘"', from the theoretical predictions for the aver-

ages.
Finally, the elements of the covariance matrix must be determined. Like the vectors,

there are seven separate matrices, one for each value of Q2. To obtain the elements of

these matrices, it is necessary to approximate the averages (using the trapezium rule)
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in the following form,

Z

(prk(25) F3(z5; QF) + pri(zi41) Fa(zi41; Q7)) (zj41 — T5)

[N

Fnk(Q?) =

.
=2 Il
o

N[ =

Prk(z;) F3(253 QF) (41 — Tj—1), (6.128)
1

.
Il

where Nj; is the number of zF3 data points available for @? = @?. The j = 0 and
J = N;i + 1 terms are simply the £ = 0 and z = 1 endpoints (see parts I and II
of Fig. 6.3). To obtain elements of the covariance matrices, we require the following
derivatives,

e = = j i+l — Tj—1)- 129

9 (Fg(III])) 2 (pnk(m]))l (‘T]‘H L 1) (6 12 )
This is the differential of the /th element of the vectors in Eq. (6.127) with respect
to the jth data point for F3. The elements of the covariance matrices can then be
obtained as follows,

N,
Vim(QF) Z (P (25)); (Prk (@), (T541 = T5-1)2 Oy (py- (6.130)

ublr—‘

Hence, the V(Q?) matrices can be obtained for each value of Q? directly from the data
for zF3. Using the same method we can also obtain the covariance matrices for the
modified Bernstein averages. In this case there are only 6 matrices, due to there being

no acceptable modified Bernstein averages for Q% = 7.9 GeV2.

With the covariance matrices included, x? becomes,
X2 ({An}a Aws, AHT) =

> (P @) - Fr @) V@) (R @) - (@)
Q*e{Q?}
Y (B@)-Fr@) V@) (B @) - Fre).
Q?e{Q?}
(6.131)

All that remains is to invert the covariance matrices. However, upon attempting to do
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so, we find that these matrices are ill-conditioned, with some of their eigenvalues being
close to zero. Hence their inverses are intractable. As a result of this, it is impossible to

perform a reliable x? analysis of the averages with their correlation taken into account.

We believe that this is mainly due to the fact that the correlation between averages is
significant in some cases, and this in turn is an artefact of the fact that the selection
criteria systematically select Bernstein polynomials which are peaked in the same region
and hence are of fairly similar shape. This situation arises because the intent behind
the inclusion of more averages in the analysis is not to increase the amount of ‘data’,

rather it is to further ensure that the missing data regions are suppressed.

In light of this, we settle for the method adopted in Refs. [192,193], in which the
naive x? function of Eq. (6.120) is used, but the error bars on the averages are modified

in order to account for the ‘over-counting of degrees of freedom’.

For example, for the standard averages, at each value of Q2 we have theoretical infor-
mation on 9 moments, but the number of experimental Bernstein averages we use is
often more than this; e.g. for Q% = 20 GeV? we use 27 standard Bernstein averages. To
remedy this, we adopt the following approach. For each value of Q2 we count the num-
ber of averages above 9 as duplicate information. The number of duplicates we have
altogether is 73 and so for the values of Q2 for which we have more Bernstein aver-
ages than moments, we rescale the error on these averages by \/fm = 1.510.
Correspondingly, for the modified Bernstein averages we rescale the errors by a factor of
\/m = 1.616. This rescaling has the effect of suppressing the contribution
of the duplicate data points to x?, relative to those values of Q? for which we have

fewer Bernstein averages than moments.

Despite this modification, the use of the naive form of x? given in Eq. (6.122) rather than
the form given in Eq. (6.123) is still incorrect; as a result of this, it will yield unreliable
estimates of a;(Mz) and Ays. Correspondingly, the errors on these quantities will also
be unreliable, and it is possible that they will be underestimated. However, it is worth
stressing that the analyses of Refs. [192-194] also used the naive form of x2, and hence

the results presented there are equally as unreliable.
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6.6.1 Positivity constraints

The fact that zF3 is a positive definite function, and that the moments are simply
integrals over these functions multiplied by a single power of z, means that we can

impose certain positivity constraints on the parameters A,, as follows:

We construct the following matrices from the moments,

Ml M2 e Mg
My Ms
M = | am, , (6.132)
Mg Mz
and
AM; AMy .. AMg
AMy AMsj
AM = AM; , (6.133)
AMgy AMyyq

where M,, = M(n;Q?) and AM,, = M, — My;1.

In order for M(n;Q?) to be moments of positive definite functions (as the structure
functions must be), the determinants of the above matrices, and of all their minors,
must be positive, for all values of Q2 [193]. Evaluating these determinants at fixed
@? will translate to conditions on the parameters A,. We do not implement these
constraints as part of the fitting procedure. Rather, we perform checks on the values of
the fitting parameters resulting from the x? minimization in order to ensure that they

obey the above constraints.

However, we do impose positivity constraints on the moments themselves. As a result
of the determinantal constraints described above, and from the general form of the

moments in Eq. (6.1), we can infer that the following inequalities must be satisfied,

M(n;Q% > 0, (6.134)
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M(n;Q%) > M(n+1;Q%), (6.135)

for fixed Q2. Furthermore, we can implement these constraints by defining our fitting
parameters A, in terms of a new set of parameters and then minimizing x? with respect

to these new parameters.

We begin by picking some value of Q% at which to implement the conditions. We
then take the last moment used in the analysis (n = 20) and rewrite the constraint in
Eq. (6.134) as,

0 N2
M(20;Q5) = (Azo) : (6.136)
where Ay is a real number. The constraints in Eq. (6.135) can also be rewritten as,
2 2 i )\?
Mn:@3) = Mn+15Q8) + (4a) (6.137)

for 1 < n < 20, where A,, are all real numbers. The LHSs of Eqs. (6.136) and (6.137)
are simply a fitting parameter times a number. For example, in the case of n = 2 and
Q% = 12.6 GeV? we have,

M(2;12.6 GeV?) = 0.3932 Ag. (6.138)

From this, and equivalent expressions for the rest of the A,, we can obtain an expression
for each A, in terms of the parameters A, - Ayp. This means that we can replace
the parameters A; - Ay with A; - Ay in the x? function. By doing this and then
minimizing with respect to the A, parameters, we can find a minimum in x? for which
the constraints in Egs. (6.134) and (6.135) are automatically satisfied. In effect, the
reparameterization embedded in Eqs. (6.136) and (6.137) restricts the parameter space

to exclude solutions for which the constraints are not satisfied.

To implement this reparameterization we must choose a value of Q% at which to impose
the constraints, whereas in reality, they must be satisfied for all Q2. Because of this,
we perform the analysis for several different values of Q2 and check that the results

remain stable.
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6.7 Results

We focus principally on the results from the CORGI analysis in which both odd and
even moments are included, and in which we include target mass corrections. This

analysis results in a prediction for the QCD scale parameter of,

~—

AL = 219117236 Mev, (6.139)

S

which corresponds to a value of A% = 302.2“:%?:2 MeV in the Ny = 4 region. The error

on this result can be broken down into four different sources,

AL — 21911 +1836 (gtar) *836 gy ) H1447 (1104) £ 8.97 (HT) MeV.
(6.140)

We have used method I to obtain experimental values of the averages. The deviation
between the results obtained using methods I and IV is used to evaluate the modelling

error since these are the two methods which exhibit the largest deviation.

This result for Ayz corresponds to a value of the strong coupling constant (evaluated

at the mass of the Z particle) of,

as(Mz) = 0.1189075:00191 (6.141)

These values show excellent agreement with the current global averages of AE‘Ai =

E]
207.2 £ 23 MeV and as(Mz) = 0.1176 £ .002 [32].

~

The x?/d.o.f. for this result is as follows,

x? 20.37
dof. = 271 - (20+1)

= 0.0815. (6.142)

In Fig. 6.7 we plot the CORGI predictions for the Bernstein averages (with TMCs -
included) fitted to the experimental values. Figure 6.8 shows equivalent plots for the

modified averages.
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AD(MeV) | ay(Mz) | ¥2/d.o.f.
+23.6 +0.0019
All moments 219.1+23% 1 0.1189729019 | 20.37/(271 — (20 + 1))
+35.0 +0.0029
Odd moments 21051359 1 0.1182709%29 1 10.94/(130 — (10 + 1))
+64.7 +0.0048
Even moments 229.57 ) 1 0.11987 "oie | 9-24/(141 — (10 + 1))
All moments: Q% > m} only || 232.473% | 0.1200%00077 | 15.59/(228 — (20 + 1))

Table 6.1: In this table we present the result of the analysis performed using the
CORGI approach to perturbation theory with target mass corrections included. We
compare the results obtained when we include all moments (up to n = 20) with those
obtained when we restrict the analysis to even or odd moments only. We also show the
results from performing the analysis with only data points for which Q2 > mg (Ny =5)
included.

In table 6.1 we present the full set of results from the CORGI analysis. This table
shows the results obtained when we include both odd and even moments (standard and
modified Bernstein averages) together, and also those obtained when we restrict the
analysis to either odd or even moments only. These results allow us to check consistency

between the odd, even and ‘all moments’ analyses.

We can also use the results of the ‘odd moments’ analysis to check consistency with
previous analyses.? In the PS analysis of Ref. [193] (in which only the n = 1,3,5,7,9, 11
and 13 moments were included) a value of A% = 255+72MeV was found, corresponding
to A% = 17813 MeV, with a value of x?/d.o.f. = 0.007. Using the same set of moments,
the CORGI analysis of Ref. [194] found a value of A% = 228132MeV, although it must
be noted that this analysis used incorrect values of the coefficients X5, and therefore
the result must be regarded as unreliable. Both of those results are indeed consistent

with the ‘odd moments’ analysis performed here.

We also perform the analysis in which we restrict the CCFR data to Q2 > mg only;
this will serve as a consistency check on our method of evolving though the b quark

threshold. The results of this are also included in table 6.1.

2Because the NNLO anomalous dimension coefficients for even n have only recently become available,
previous analyses of this kind have included only odd moments. Therefore it is more appropriate to
use the results of our ‘odd moments’ analysis for comparison, rather than the even or ‘all moments’
results.
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n AP M(n;8.75GeV?) | M(n;12.6 GeV?)
1 2.346 2.494 2.525

2 0.8814 0.3557 0.3466

3 0.4133 0.1002 9.545x10~?
4 0.2217 3.835%1072 3.584x10~2
5 0.1292 1.744x1072 1.603%x10~2
6 || 8.134x1072 9.048x1073 8.191x1073
7 || 5.241x1072 4.988x1073 4.452x1073
8 | 3.639x10~2 3.044x 1073 2.681x10°3
9 || 2.434x10~2 1.826x1073 1.588%1073
10 || 1.822x10~2 1.246x1073 1.07x1073
11 || 1.202x10~2 7.588x 104 6.438x10714
12 f| 9.64x1073 5.677x10~7 4.76x1074%
13 || 5.935x1073 3.289x 1074 2.726x104
14 || 5.119x1073 2.69x10~4 2.204x1074
15 || 2.702x1073 1.355x10~7 1.098x10~ %
16 || 2.535%x1073 1.22x10~4 9.768x10~°
17 || 9.362x10~4 4.343x1075 3.44x107°
18 [ 9.739x1077 4.376x107° 3.426x10°°
19 || 9.807x10~10 4.284x10~11 3.317x10° 11
20 || 7.69x10-10 3.277x10~11 2.509x 10~ 11

Table 6.2: The fitting parameters Ag) together with the moments evaluated at Q? =
8.75 and 12.6 GeV?.

In table 6.2 we present the values of the parameters A; - Aoy resulting from the CORGI
‘all moments’ fit with TMCs included, shown in Figs. 6.7 - 6.8. This table also shows
the corresponding values of the moments at Q2 = 8.75 and 12.6 GeV?2.

In table 6.3 we compare the CORGI results with those obtained using the PS and EC
approaches. We also present results obtained from performing these analyses with and

without target mass corrections.

6.8 Summary and conclusions

In this chapter we used three different approaches to perturbation theory to perform a
phenomenological analysis of moments of F3 using the method of Bernstein averages.

The three approaches differ in how they deal with the FRS dependence. In the CORGI
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AD (Mev) as(Mz) ¥%/d.of.
CORGI with TMC | 219.1723 | 0.11891000'% | 20.37/(271 — (20 + 1))
no TMC || 280.3%23% | 0.123570001" | 24.76/(272 — (18 + 1))
bg with TMC || 2004258 | 0.1173+29038 [ 51 73/(273 — (20 + 1))
no TMC || 257.5727'% | 0.1219#000%0 | 25.20/(273 — (18 + 1))
EC with TMC || 204.5%199 | 0.1177120017 | 22.71/(273 - (20 + 1))
no TMC || 261.57199 | 0.1222%0001 | 26.04/(273 — (18 + 1))

Table 6.3: In this table we compare the results of the analysis performed with the three
different approaches to perturbation theory described in section 6.3, CORGI, PS and
EC. We also show the results from these analyses performed with and without target
mass corrections.

approach, we allow the FRS invariant quantity Xo(Q) to determine the relationship
between M, u and @) for each moment. In so doing, we automatically resum the subset
of terms present in the full perturbative expansion which are RG-predictable at NNLO.
In the physical scale approach we set M = u = Q and adopt the MS scheme for the
subtractions in the renormalization and factorization procedures. In the effective charge
approach, we set M = y and act as though we have only one arbitrary scale. Predictions
were then obtained by proceeding as we did in the single-scale case in section 1.8.3. We
described how predictions are derived in these three approaches and corrected errors
in the CORGI results presented in Refs. [39,194].

We described how target mass and higher twist corrections affect these theoretical
predictions and also how we evolve expressions for the moments through the b-quark
threshold. We explained how the Bernstein averages method eliminates any potential
dependence of the analysis on missing data regions in £ and Q? and we also described
how this method is generalized to treat both odd and even moments. We described
the fitting procedure used to extract the optimal values of the QCD scale parameter
and how we can implement various constraints which ensure that the results of this
fitting are consistent with the structure functions being positive definite functions. We
also presented an alternative, and slightly easier method for deriving the FRS invariant

quantities Xj.
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The results of the CORGI analysis presented in table 6.1 show excellent agreement with
the current global average for the strong coupling evaluated at Q? = M2 [32]. From
this we conclude that CORGI perturbation theory performs well when applied to the

analysis of moments.

Although the minimum value of x? per d.o.f. quoted in Eq. (6.142) is an order of
magnitude larger than that obtained in Ref. [193], it is still significantly smaller than
one would expect. Indeed, in the MRST analysis of Ref. [206], fits are performed to
the CCFR zF¥" data, resulting in a value of x%/d.o.f. ~ 110/105. This suggests that
the errors on the Bernstein averages in our analysis have been overestimated. However,
as discussed in section 6.6, the x? function we are using does not take into account
the correlation between data points. Indeed, if correlation was taken into account, one

might expect that a more reasonable value of x? would be obtained.

In the x? function we eventually used, the errors on the Bernstein averages were rescaled
in order to take into account the ‘over-counting of degrees of freedom’. As a result,
the number of Bernstein averages is not representative of the true number of degrees
of freedom in this particular x? function. Indeed, the Bernstein averages in the plots
in Fig. 6.7 can be constructed from just 58 different moments at different values of Q2
(via Eq. (6.110). Similarly, the modified Bernstein averages in Fig. 6.8 can be built

from 53 different moments. Hence,

2
Y 20.37

= = (.22 .
dof, ~ Tii—o1 - %6 (6.143)

is more representative of the true value of x?/d.o.f. in this approach. This is a more
acceptable value (although it is still a factor of 4.6 smaller than the MRST value),
however we stress that the true minimum in x2? can only be determined by taking
correlation fully into account. Determining which averages are most strongly correlated,

and then excluding these from the fit may be a possible way to do this.

The analyses in which we include only odd or even moments are consistent with each
other and with the full (all moments) analysis. Furthermore, in the analysis in which we
include all moments, the errors are greatly reduced. This improvement is made possible
by the availability of the full NNLO anomalous dimension calculation and represents

significant improvement on previous analyses.
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Excluding data points for which Q? < mg leads to no significant change in the results
and from this we conclude that the quark mass threshold method we have applied is
suitable to the moment analysis. The error associated with the exclusion of higher
twist effects, given in Eq. (6.140), is relatively small, signifying that these effects are
not particularly important at scales Q2 > 7.6 GeV2.

We include in the analysis, positivity constraints on the moments (Egs. (6.134) and
(6.135)), via the parameter redefinitions of sections 6.6.1. We find that this implemen-
tation has little affect on the prediction of Ays (~ 10 Mev), but does make a difference

to the predicted values of A,.

The CORGI predictions for the Bernstein averages (with TMCs included) are plotted
in Figs. 6.7 and 6.8 and show excellent agreement with experimental values. This is

reflected by the low value of x? associated with this fitting, given in Eq. (6.142).

The results also show consistency between the CORGI, PS and EC approaches. The PS
analysis leads to values of Ags and as(Mz) slightly lower than in the CORGI analysis,
and the EC results are lower still. However, this variation is well within the error bars

on the associated quantities.

Although the errors quoted in table 6.3 for the CORGI, PS and EC analyses are of
comparable magnitude, it is expected that when the theoretical error due to RS de-
pendence and the unknown higher order corrections is included, the errors on the PS
quantities will be much larger. By comparison, in the CORGI and EC cases this source

of error is greatly reduced.

Inclusion of HT corrections generally results in a small shift in Ayg of about 10 MeV.
However, when target mass corrections are included, we see a shift of approximately 60
MeV in the predicted value of Ays, and from this we conclude that these contributions

are significant in the case of F3.
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Chapter 7

Analysis of moments of F5 in

electron-proton scattering

In this chapter, we present an analysis of moments of F, in electron-proton scattering,
within CORGI perturbation theory. We wish to build upon the progress made in the
previous chapter by extending the analysis to moments which have a flavour-singlet
component. The result of this analysis will be a prediction for the QCD scale parame-
ter, Ays from Fy data, with the reduced theoretical error associated with the CORGI

approach to perturbation theory.

7.1 Introduction

The principal difference between F; and F3 moments is the existence, in the F; case, of a
singlet contribution to the equations governing their ?-dependence. This corresponds
to the fact that for the Fy component of the OPE in Eq. (2.37), there exist lowest-twist
operators of each of the types in Eqgs. (2.38) - (2.40). The non-singlet (NS) contribution
is almost identical to that of F3 and consequently the Q?-dependence of this component
is described by Eq. (6.65). However, the quark and gluon operators which form the
singlet (S) contribution mix under renormalization (factorization). As a result of this,
obtaining perturbative predictions for the singlet component of £, moments is more

troublesome.
In Ref. [192], NNLO expressions for the non-singlet and singlet components of Fj
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moments were obtained, and subsequently a physical scale perturbation theory analysis
of these moments was carried out. However, we use as our starting point the NLO
expressions for F, derived in Ref. [207], extending them to NNLO. This derivation
is more easily adapted to the study of the explicit factorization and renormalization
scheme (FRS) dependence of the moments, and therefore allows us to obtain predictions
in the CORGI form. In this way, we can perform an analysis of F3 moments in which
the renormalization and factorization scale dependence of the result is reduced, and so

improve upon previous analyses.

The existence of a singlet component for F3 introduces two new sets of free parameters
in the expressions for the moments, whose values are to be determined by comparison
with data. This effectively triples the number of fitting parameters, and results in the
x? minimization procedure becoming more complicated and more subtle. As a con-
sequence of this, the positivity constraints introduced in section 6.6.1, become crucial
to the fitting procedure. Only when they are implemented can we eliminate spurious,

unphysical minima from 2.

As was the case for F3, the completion of the NNLO calculation of the non-singlet and
singlet anomalous dimensions [78,79] extends the set of moments available to us at this
order. Hence, we can improve upon previous analyses (limited to even F3 moments)

by including both odd and even moments and extending the highest moment used.

The work presented in this chapter draws mainly on the introductory material covered
in chapter 2, and is based on the research carried out in Ref. [208]. The material is

organized as follows:

We begin by describing the nature of the singlet contribution to F; moments, and
detail how we obtain a CORGI prediction for it. We then describe how the method of
Bernstein averages may be applied to F3, including how our approach to modelling F;
must be modified. We then give details of the fitting procedure and discuss how the
positivity constraints, introduced in the last chapter, play a more important role in this
analysis. Finally, we present the results of the analysis and discuss what conclusions

can be drawn from this work.
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7.2 Moments of F,

In this chapter we are concerned with moments of F, in electron-proton scattering, as
defined below,

MEP(n; Q?) / de 2" 2FEP (z, Q). (7.1)
These moments can be decomposed into singlet and non-singlet components,
MF Q%) = M3(n; Q%) + M3®(n; Q). (7.2)

The origin of the difference between these two components lies in the nature of the

operators from which they are derived (Egs. (2.38) - (2.40)).

The non-singlet component is virtually identical to that of F3 and therefore we can

write down a CORGI prediction for its Q?-dependence. From Eq. (6.65) we have,

ca dNS(n)/b
MY(n; Q%) = AN (1_1_69;> (14 X38(n)ad + X35(n)ad +...). (7.3)
0

Here, d"5(n) is the first coefficient of the non-singlet anomalous dimension (identical
to that used in the Fj analysis) and X3%(n) is an FRS invariant quantity — the Fj
equivalent of Eq. (6.69). Values for X)%(n) can be obtained using Eq. (6.70), but
with the appropriate Fy values for the coefficients r; and 7 used (these can be found
in Ref. [113]). The coupling ag is the same as that defined in Eq. (6.66), with the
appropriate scale parameter, A}5, given by Eq. (6.68), but with r; now being that
of the Fy coefficient function. The coefficients d"3(n), A)/Aws and X3'°(n) can be
calculated from the results in Refs. {78,113]; in appendix D we quote their values for
Ny = 4 and 5, and for the range 2 < n < 20. Henceforth, we suppress the notation

indicating the n dependence of these parameters.
Knowing that we can obtain an expression for the non-singlet component of the F; mo-

ments in the CORGI form, we now turn our attention to obtaining similar expressions

for the singlet component.
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7.2.1 The singlet component

The quark and gluon operators of Egs. (2.39) and (2.40) mix under renormalization (due
to Eq. (2.55)). Consequently, the factorized form of the singlet component (the equiv-
alent of Eq. (6.2)) has contributions from both of these operators,

M5 Q%) = ) Ch o(Q,a(w), u, M){p|O} 5(M)|p) (7.4)
i=q,g
= Cn,s(Q,a(p), p, M)(p|Oy(M)|p). (7.5)

Here, C,, 5(Q,a(u), p, M) and (p|O35(M)|p) are the singlet coefficient function and op-
erator matrix element respectively and |p) represents a proton state vector. Boldface
type denotes the matrix or vector nature of these components and henceforth, we sim-

plify the notation by defining,

o
3
il

Cr(Q, alp), 1, M), (7.6)

(On(M)) = (plOZ(M)Ip). (7.7)

The perturbative behaviour (specifically the factorization scale dependence) of the op-
erator matrix element is governed by the singlet anomalous dimension equation. From
Egs. (2.55) and (2.59), we have,

9(On(M))

M8M

= 7"(a)(On(M)). (7.8)

Here, v™(a) is the singlet anomalous dimension and is a 2x2 matrix, with quark and

gluon components,’

@) = <,qu(a) 799 (a) ) (7.9)

7(a) ¥99(a)

Like the non-singlet anomalous dimension, this can be written as an expansion in powers

of the coupling, but with each coefficient being a matrix,

~(@) = —da—dia®—dyad+.... (7.10)

INote that our definition of (a) is the transpose of that in Ref. [207]. This is due to the fact that in
our version of Eq. (7.5), the two components are swapped so that C, comes first. For other differences
between our notation and that adopted in other works, see section D.1.
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In the above equation, the relevant coupling is that defined as a function of factorization
scale, a = a(M). Similarly, the coefficient function can also be written as an expansion

in powers of the coupling,

C. = (€4,c9), (7.11)

where,
Ci o= 1+r] a+rl,a@+..., (7.12)
Cd = rdja+riat+.... (7.13)

Here, @ = a(M = p) is the coupling evaluated at the renormalization scale. Note that

the LO coefficient of the gluon component vanishes.

A solution to Eq. (7.8) can be written in the form,

_ ex *v(z) > zd
(O(M)) = p{ A ,B(x)dm_‘_/o ﬂ(2)($)d:c}An

= W(a)A. (7.14)

Here, the components of A, are sets of non-perturbative parameters,

q
A, = (ﬁ;‘); (7.15)
n

they are the analogues of A)® and are generated by the factorization process. W(a) is

a 2 x 2 matrix defined implicitly via Eq. (7.14).

In order to isolate contributions to W(a) at successive orders of a, we separate it into

its LO component and a matrix containing the higher-order components,?

W) = exp{/oa%dw-{- Ooo ﬂ(f)—‘éc)dx} (7.16)
= V(a)exp {—‘g log (%) } . (7.17)

The form of V(a) is determined by «(a) and (a); it can be written as an expansion

2See Ref. [207] p.252 for the origin of the following derivation.
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in powers of a,
V() = 1+Vaa+Viza®+.... (7.18)

The coefficients V, and V3 contain the NLO and NNLO information encoded in W (a),
and hence our aim must be to evaluate these matrices. To achieve this, we take the
derivative of W{(a) with respect to a using Egs. (7.16) and (7.17) separately. This
yields,

W(a) = %%V(a) exp {%’ log ( - i“ca) } , (7.19)

BW(a) = (6aV(a) + V(a)ﬁ) exp {% log (1 f:‘ca) } . (1.20)

Equating these two differentials gives the following equation for V(a),

1 _ ~v(a) d
oWt VO = (30t Ve 02

where [z, y] denotes the commutator of = and y. By expanding this expression in powers

of a and then equating coeflicients, we can obtain equations for V, and V3,

bVa + [V2, d] = d, (7.22)

26V 3 + [V3 — cVa, d] = dyg—cdy —cod+diVa. (723)

Solving these equations will yield expressions for the individual components of V, and
V3. In order to achieve this it is necessary to diagonalize the first coefficient of the
anomalous dimension matrix, d. There is some freedom in the choice of diagonalization

procedure. We use the matrix,

1 -1
U = ( A_—d99  dU9-)y )7 (7-24)
d99 da9
to diagonalize d thus,
-1 Ao 0
U dU = (A > A >0). (7.25)
0 A4
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Here, A3 are the eigenvalues of d and have the form,

A =

1

Ay = 3 (dqq + dgg + \/(dgg —dgg)” + 4dqydgq) :

1
5 (dqq +dgg — \/(dgg — dgg)’ + 4dqu9q> ;

We also define V(a) when acted upon by U as,

U~ 'V(a)U

(

and for the coefficients of V(a),

Ulv,u =

Similarly, for d,, we define,

U d,U =

(7.26)

(7.27)

= V@, (7.28)
1‘;:: K:: ) = Vi (7.29)
j?; ZZ: ) = dy. (7.30)

By acting on equations (7.22) and (7.23) with the diagonalization matrices we obtain

four equations for each of the coefficients V4 and V3. Solving these yields,

dy~ P
Voo o= 2L a4t
2 b v, Sy
(7.31)
- di” ++ dit
G o v o= A
and,
_ L S
1/3 = EE (d2 - Cdl - Cg)\_ + dl ‘/2 + dl +V2+ ) ,
_ 1 B . ) - ]
s - m (CV2 +(/\+_/\_)+d2+_0d1++d1 V, ++d1+V2++)a
— 1 B B ) - )
V3 = m (CV2+ ()\_ - /\+) + d; — Cdf_ + d?‘ V2 + d?.+V2+ ) ’
1
W= 2b (d3 —edi™ —cadi +df TV a7V (7.32)
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These form the vital components of the NLO and NNLO expressions for the singlet mo-
ments, as we now show. Inserting factors of 1 = UU™! into Eq. (7.5), via Egs. (7.14),
(7.17) and (7.29), yields,

MS(m;Q?) = CnUVD(a)U_lexp{c—llog( ca >}UU‘1A (7.33)

b 1+ ca
A_/b
ca
_ 0 _
o (%)
Here,
- A
— y1-1A —
A=1U A:(A+), (7.35)
and C,, is a transformation of the coefficient function,
C = CU (7.36)
= (1+matrga+ . —l-rfa-rfat- ), (7.37)
with,
pW—
T‘?: = ’r‘g + T‘f—dT (7.38)

At this point we set a = @ and expand equation (7.34) in powers of a. Although it
is necessary to make this identification at this stage, it will still be possible to recover
expressions in the CORGI form from the eventual result, through the method outlined

in section 6.4.

The diagonalization carried out in Eq. (7.34) causes the singlet moments to decouple

into (4) and (—) components. Expanding Eq. (7.34) gives,

A_/b
Sl O2Y — A— ca - )
M3(n; Q%) A (1+ca) (1+ Rya+ Rya?)
- ca \ M/
—At (1 — ca) (1+ Rfa+ Rfa?) (7.39)
= M (n;Q% - M*(n;Q?), (7.40)
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where,

R = rF+ VT - V57, (7.41)
RE = rf +r7ViT = iV 4 VT - Vi (7.42)
The constants AT are related to the original parameters by an FRS independent trans-
formation and hence, are equally valid fitting parameters of the analysis. Setting
@ = M at this stage, and then adopting the three loop coupling of Eq. (1.118), would
correspond to the PS approach, detailed in sections 1.8.2 and 6.3.2. However, we wish

to adapt Eq. (7.39) to CORGI perturbation theory, and we describe how this is done

in the next section.

7.3 CORGI predictions for F5; moments

Equation (7.39) can be rewritten in the form of two effective charges R*(a) and R~ (a)
[41],

MS(n; Q) = A- (cR‘(a))/L/b—AJr (ci*(@)) ™", (7.43)

where,
R(a) = a+Ria>+REd+.... (7.44)

However, we can relate this form of the moments to the CORGI approach by instead

rewriting this in terms of two new effective charges, R¥(a),
. A_/b - As/b
M3(n;Q%) = A ——C—}ET(C—Q— — Af M (7.45)
1+ cR(a) 1+ cR*(a)
with

~

R*() = a4+ Ria’+ I:’.;ta,3 +.... (7.46)

The coefficients Rf and RF can be obtained by comparing Eqgs. (7.43) and (7.45) with
Eq. (7.39). Using the method described in section 6.4, we can then write,

. e N\ o, :
M(n;QQ) = A, (14‘206) (1+X2 (ao) +)
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_ A+<£L>A+/b(1+x+(a+)2+...). (7.47)
" \1+caf 2

The coefficients X5 are obtainable from Eq. (6.97) and they have the form,

Ae [ - N2
XF - T*(R;F-(Rf) —cR;F+cQ)

s (RF) b
_ p¥F F_ U4y
R +co 3 5 (1 + —)\¥> . (7.48)
The coupling in Eq. (7.47) is the familiar 't Hooft coupling of Eq. (6.66). However the

scale Apq has a different form for the (+) and (—) component. The relation between

Afd and Ays can be obtained from Eq. (6.101) and is given in the summary below.

From the above results we can write down a CORGI prediction for both the non-

singlet and singlet components of the F, moments. The full result has the form,

NS dNS/b
M(m;Q%) = AN ( sl ) (1 + X3S (ad®)® + .. )

1+ cap®

+ A;( g )A_/b(1+X2‘(a5)2+...)

1+ ca,

_ oAt <ﬂ>A+/b<1+X+(a+)2+.,.). (7.49)
" \1+cad 2\

Due to the relation between the scales Axs and Ays being dependent on which compo-
nent of Eq. (7.49) we are referring to, the coupling has a different form in each case.
Thus,

10) = -1 iy L@\
W0 - e 9w () o 0

with ¢ =NS, () and (4). Finally, the scales A, are given by,

A q s e
M = Ms EXp E\I—S—b—f-ﬁ ) (7.51)
- ¥
A}, = A—sexp{gl—}. (7.52)
)‘:F

The coefficients in Eq. (7.49) and those in Eq. (7.39) are derived from the coefficients
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of the singlet and non-singlet anomalous dimensions (78, 79] and the F3 coefficient
functions [113]. We quote their values in appendix D, for Ny = 4 and Ny = 5, and for
the range 2 < n < 20.

7.4 Additional effects

As was the case in the Fj analysis, it is necessary to include a number of other effects
to supplement the perturbative prediction of Eq. (7.49). These are effects due to the

b-quark mass threshold, target mass corrections and higher twist operators.

Matching of the coupling at the mass of the b-quark leads to a relation between A(—Q
and AM—g, as given by Eq. (5.24). From this, we can derive values for the scales A} Yy in
the two regions. Continuity of the moments themselves is ensured by relating the A%,

parameters in these two regions by,

. Al
A;i(5) — __‘n
(M’(n;mﬁ)

where 7 =NS, (+) and ().

) ALA) (7.53)

Target mass corrections for Fy have the form [198,199],

nn—1)m

M Q) = Mm@+

M( +2;Q%), (7.54)

where m,, is the mass of the proton. We apply this expression to both the non-

singlet and singlet components.

Higher twist effects are estimated by means of the following expression,

Q2

We only include this term in order to estimate the error associated with our poor

MUT(n; Q%) = <A“TA§‘S>M(n;Q2). (7.55)

understanding of these effects. The deviation between the result of the analysis with
and without Eq. (7.55) included will form the ‘HT error’. The final quoted results will

be obtained with this term omitted.
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7.5 Bernstein averages of Fj

The definition of the Bernstein averages of Fy is identical to that for F3,

1
Fur(@®) = /0 pok (22 Fa(z, Q*)d, (7.56)

1
F(@) = /0 Pt (22) Fa(z, Q%) (7.57)

We wish to study both odd and even moments and so we include both standard and
modified averages in our analysis. The functions p,i(z) and ppi(x) are defined in
Egs. (6.103) and (6.112) and the ranges of x enhanced by the averages are the same
as before (Egs. (6.109) and (6.116)). We also use the same acceptance criteria as that

described in section 6.5.

7.5.1 Modelling F;

To obtain values of the averages from experimental data it is necessary to model the
structure functions over the whole range of z, for each value of Q2. The result is
expected to be independent of this modelling, due to the nature of the Bernstein poly-
nomials. Nonetheless, we must first choose a method of extrapolating and interpolating
the moments. We use the methods I - IV described in section 6.5, modified in the fol-

lowing ways:

1’ To account for the fact that F; has a singlet contribution, we modify the fitting
function of Eq. (6.111) to,

Fy(z) = Fs(z,Q% + Fus(z,Q), (7.58)

where,
Fs(z,Q%*) = (Az~* +B)(1 - z), (7.59)
Fys(z, Q%) = Cz'?(1—x)* (7.60)

The parameters {A, B, C, u, v} are obtained by fitting to the data. A theoretical
justification for the use of this function can be found in Ref. [204]. However, we

once again stress that the final result will be independent of the fitting method
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used. We find that Egs. (7.58) - (7.60) fit the data well in almost all cases.

II’ The only modification we make to method II is to change the extrapolation
between z = 0 and the first data point. Instead of extrapolating to the point
Fy(z = 0) = 0, we use the gradient between the two lowest-z data points to

extrapolate back to z = 0. This makes method II’ consistent with I’.

ITI’ For method III the only modification we make is to use the fitting function of
Egs. (7.58) - (7.60) instead of Eq. (6.111).

IV’ Method IV is left unaltered.

In method I', the experimental averages can be obtained directly, once we have fitted
values of A, B, C, u and v at each value of Q2. Substituting Eq. (7.58) into Eqs. (7.56)
and (7.57), and using the definition of the beta function given in Eq. (B.5) yields,

21( n+
F® = Z T = A Beta(2(k + 1) + 0.56,v + 1)

+ B Beta(2(k+ 1)+ 1,v + 1) + C Beta(2(k + 1) + 1.5, + 1) [, (7.61)
-2 _ 2T(n+2)% (-1}
Fy = T ) un— p— A Beta (2(k +1) + 1.56,v + 1)

+ B Beta(2(k + 1) + 2,v + 1) + C Beta(2(k + {) + 2.5, + 1)|. (7.62)

For method III’, the averages are obtained by evaluating the integrals in Egs. (7.56)
and (7.57) between the appropriate limits of integration, and in methods IT’ and IV,

the averages are obtained in the same way as they were in the Fj analysis.

7.5.2 Experimental input

Data for F;? is available from a number of different sources. We use data from SLAC
[209], BCDMS (210}, E665 [211]), ZEUS [212], H1 [213, 214] and NMC [215]. The
principal difficulty in organizing this data into a practicable form stems from the fact

that different experiments have chosen different sets of Q? values at which to perform
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measurements. If two experiments have measured F at values of Q2 that are in the
immediate vicinity of each other, then we amalgamate these data sets and assign them
to a single Q2 value. Thus, in the final result, we include an error associated with the
uncertainty in the value of Q2. In this way we can extend the range of z covered at

each value of Q2.

7.6 The fitting procedure and positivity constraints

We use x? minimization to fit the predictions of Eq. (7.49) to experimental data. The

x? function has the following form,

3 ("max 1

s ~ B Frtlheory(Q2) _ F;xp(Q2) 2
X2 ({An }> {An }’ {Ar—t}’ AMS» AHT Z Z Z ( : GF:;CP(QQ)]C )

n—l k=0 Q2e¢{Q?}
>k

(Tlmax 1) rtheor rex 2

P Yy y (BTEohen)
n=1k=0 QZG{QZ GF:LZP(QQ)
n>k

(7.63)

where {Q?} is the set of values of Q2 for which we have experimental values for the
averages. The errors on the averages, o F°7(Q?), are obtained by summing statistical,

systematic and modelling errors in quadrature.

As was the case in the F3 analysis, the x? function given in Eq. (7.63) does not take into
account the correlation between data for the averages. Hence it is considered rather
too naive and will lead to an unreliable extraction of as(Myz) and Ayxs. However, the
covariance matrices for the F, averages are, like their F3 counterparts, ill-conditioned.
As a result, it is impossible to perform a x2 minimization with the correlation taken

into account.

In light of this we settle for the approach taken in chapter 6 of rescaling the errors
on the averages in order to take into account the ‘over-counting of degrees of free-
dom’. This results in the experimental errors on the Bernstein averages and mod-
ified Bernstein averages being rescaled by factors of /789/(789 — 524) = 1.73 and
\/1058/(1058 — 694) = 1.70 respectively.
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The lowest moment we include is n = 2 and the highest is n,.c = 17. Including
moments higher than this leads to no significant increase in the number of acceptable
averages, and hence will not lead to any increase on the precision of the prediction for
Axs. Limiting the number of moments also ensures that the computing time taken to
minimize x? is not unreasonably large. When target mass corrections are included, we
have a total of 3n,., + 3 + 1 = 55 fitting parameters, consisting of 18 parameters for
each of the components of Eq. (7.49) plus the scale parameter Axs. Including higher

twist corrections expands this set to 56 parameters.

The large number of free parameters means that the minimization of x? is a rather
complicated exercise. The most complicated part of x? is its dependence on Aws,
and things are simplified greatly if we fix this parameter and minimize with respect

2 is simply an order-2 multinomial in AY.

to the remaining parameters. In this case, x
Consequently, minimization can be achieved by setting to zero the differentials of x?
with respect to each of the fitting parameters, and then solving the resultant system of
simultaneous equations. This is still a far from trivial exercise. However it is an order
of magnitude simpler than minimization with respect to Axs. In light of this, we adopt

the following approach to minimizing x?:

We minimize x? for fixed Az via the method described above, and then repeat this
procedure for a range of Ays values. The result of this is a set of values of the minimum
possible x2, for each value of Ags. From this we can directly identify the optimal value
of Az (the minimum in x?), as well as the level of precision associated with this value

(the values of Ags corresponding to x2,, + 1).

Positivity constraints

The increase in the number of fitting parameters (relative to the F3 analysis) increases
the importance of implementing the positivity constraints on the moments. Without
them, it is possible that spurious, unphysical minima may occur in the x? function,

and we wish to eliminate these.

In the F3 analysis we performed a redefinition of our fitting parameters, which had the
effect of restricting the parameter space such that certain positivity constraints on the

moments (Eqs. (6.134) and (6.135)) were satisfied automatically. We then checked that

231



Chapter 7: Analysis of moments of F, in electron-proton scattering

the values of A, resulting from the fit, satisfied the full set of determinantal constraints
(see Egs. (6.132) and (6.133)). In the F, analysis, we shall proceed as we did for F3,
but we wish to make this more sophisticated by including some of the determinantal

constraints as part of the fitting procedure.

7.6.1 Positivity of the singlet and non-singlet moments

The moments of F, have two separate components, each of which must independently

satisfy constraints of the type described in section 6.6.1. Therefore we have,

MM (m;QY) > 0, (7.64)
ME(n; Q%) > 0, (7.65)
MM Q%) > MM(n+1;Q%), (7.66)
M(;Q%) > MP(n+1;Q%). (7.67)

We discuss how these constraints are implemented first, before dealing with the rather

more complicated determinantal constraints.

The non-singlet component
For the non-singlet component we proceed as we did for F3 by defining a new set of

parameters, AN°,

Nmax+2 2

> (Ax), (7.68)

i=n

M (n, QF)

where Q3 is some reference energy scale. This redefinition ensures that Eqs. (7.64) and
(7.66) are satisfied automatically for all real values of ANS at Q2 = Q2. In analogy
with Eq. (6.138), for fixed n the LHS of the above equation is simply a number times
ANS. Hence we can replace the set of parameters Ay - Ap,., 42 with Ay - A, __ 1o and
minimize x? with respect to the latter set. In this way, we can guarantee that the
results of the x? minimization will correspond to values of the moments which satisfy
Egs. (7.64) and (7.66) at Q* = Q2.
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The singlet component

The singlet component can be split into (4+) and (=) components. From Eq. (7.47),
M, Q%) = M~ (n,Q% — M*(n,Q%). (7.69)

We can use the small and large Q? behaviour of the moments to infer constraints
on the individual (+) and (—) components. At large Q?, the smallest power of a in
Eq. (7.49) will dominate the behaviour of the moments. From appendix D we can see
that A_ < d™ < A4, for all n and therefore the dominant term in Eq. (7.49) is the LO

(—) component,

M(n; Q) M~ (n; Q). (7.70)

3
Q?—o00

Hence, in order for the moments to remain positive in the limit of asymptotic freedom

we must demand,

M~ (n;Q%) > 0, (7.71)

= A, > 0, (7.72)

n

for all Q2.

At small Q?, the highest power of a will dominate, and hence,

M(n;Q?) o AT X el (7.73)

27,

This would appear to suggest that we should demand that A} < 0. However, due to
the uncertainty in the sign of the beyond NNLO coefficients, we cannot draw any firm

conclusions about the sign of A}.

In light of the above constraint on A;,, we now define two new sets of parameters, fii

and A;,
Mm@ = (47)", (7.74)

Nmax+2

MEmQY) = Mm@} - Y. (4)". (7.75)
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The above equations ensure that Eqgs. (7.65), (7.67) and (7.71) are satisfied for all real
values of the new parameters, at Q2. Using the relationship between M*(n;Q?) and
A, together with the above equations, we can replace the original fitting parameters
AF - AF ., with A§- AS ., and A7 - A, ., in x2 for all n. Minimizing with
respect to these new parameters will force the minimum in x? to correspond to values

of the singlet component of the moments which satisfy Egs. (7.65), (7.67) and (7.71).

7.6.2 Determinantal constraints

In addition to the positivity constraints on the values of the moments, demanding
that the structure functions are positive definite functions implies a further set of
constraints, in the form of inequality relations on the determinants of matrices of the
type in Egs. (6.132) and (6.133). In the case of Fy, we can apply these constraints
to the singlet and non-singlet components separately. Furthermore, we find that the

crucial components of these constraints involve the following matrices,

(7.76)

M Q%) Mi(n+1;Q%)
Min+1;Q%) Min+2;Q2) /'’

where ¢ =NS or S. We find that demanding that these matrices have positive determi-
nants, causes most of the rest of the constraints to be satisfied automatically. In order
to implement the above constraints as part of the fitting procedure, we adopt a pa-
rameter redefinition similar to that of the last section. In practice, we only implement

Eq. (7.76) for the first two values of n. Therefore we have,

MIZQY) M3QY
M5 Q) M Q)

MIEQ) M&QY)

det . )
M (4Q%) M(5;Q%)

(7.77)

where ¢ = S or NS.

The non-singlet component

For the non-singlet component, we define the non-singlet version of the determinants in

Eq. (7.77) in terms of two new parameters, fifgs and AgS. We then apply the necessary
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constraints at the reference energy Q3,

(4°)" = MEEQIMS® Q) - (Me3Q)’ 20, (178)
(A°) = MeERAMS50) - (MeQ)* > 0. (779)
Rearranging the above yields,
-~ 2
(M™(3,08)° + (4°)
NS/o. N2 _

M (2’Q0) - MNS(4,Q3) 3 (780)

- 2

MNS(4;Q2 2+ ANs
M¥S(3,Q8) = ( )"+ (45) (7.81)

MNS(5;,QR)

The LHSs of Egs. (7.80) and (7.81) are simply multiples of the parameters AY® and
AY® respectively. Hence we can use these equations together with Eq. (7.68) to replace
the set of parameters A}° - AY® ., with a new set: AYS, AYS and A}S - A,’;’iaxw.

Minimizing with respect to this new set of parameters will restrict the parameter space

such that Egs. (7.64), (7.66) and (7.77) are satisfied automatically at Q? = Q2.

The singlet component

For the singlet component we proceed in the same manner by defining the singlet de-

terminants of Eq. (7.77), evaluated at Q2, in terms of two new parameters, AS and

R
(&) = MERM G - (M) 2 o (7.82)
(&) = MGRM SR - (M)’ 2 o (7.83)
Rearranging the above yields,

~\2

. (M(3;08))" + (43)
M3(2;QF) = A& QF) ) (7.84)

MS 4; 2 2+ AS 2
M3(3;,Q5) = M <5) ( 3) (7.85)

MS(5;Q3)
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The LHSs of these equations are simply linear combinations of Ag: and Agh respectively.
Hence we can use these equations together with Egs. (7.74) and (7.75) to replace the
parameters A3 - AT . with A§, A, AS - AS . ,and A7 - A, ., . Minimizing
with respect to this new set of parameters will restrict the parameter space such that

Egs. (7.65), (7.67) and the singlet component of Eq. (7.77) are satisfied automatically
at Q? = Q2.

In summary, by defining new sets of fitting parameters, we can restrict the parameter
space such that chosen sets of positivity conditions are satisfied automatically at a given

value of Q3.

7.7 Results

In Fig. 7.1 we plot the CORGI predictions for the Bernstein averages (with TMCs
included) fitted to experimental values. Figure 7.2 shows equivalent plots for the modi-
fied averages. The plots show excellent agreement between theory and experiment, and
result in a prediction for the QCD scale parameter of,

(5
MS

~

Al = 267.3Y31 MeV. (7.86)

The corresponding value of the strong coupling constant (evaluated at the mass of the

Z particle) is,

as(Mz) = 0122675557, (7.87)

These values are within 2 — 3 standard deviations of the current global averages of
A% = 207.2 £ 23 MeV and as(Mz) = 0.1176 + 0.002 [32]. However, this deviation is
not unreasonable, due to the differences between the analysis performed here and those

which contributed to the results in Ref. [32].

The corresponding value of x? per degree of freedom is,

X2 752.665
dof. ~ 1847— (54+1)
= 0.420, (7.88)
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A MeV) | a,(M2) x2/d.of.
All moments || 267.37%4 | 0.1226709012 | 752.665/(1847 — (54 + 1))
Even moments || 236.4*3%2 | 012030002 | 334.339/(789 — (27 + 1))
Odd moments || 285.3*234 | 0.1239+00015 | 415.28/(1058 — (27 + 1))

Table 7.1: In this table we present the results of the analysis performed with all mo-
ments included and with only odd or even moments included.

which is comparable to the value of 0.68 found in Ref. [193]. We also perform the
analysis separately for even and odd moments only, and these results are presented

together with the result for all moments in table 7.1.

Note that in the results in Egs. (7.86) and (7.87) we have not included the theoretical
error due to RS dependence and the unknown higher order corrections. However, due
to its CORGI nature, this error is expected to be significantly lower in our analysis

than that of the equivalent PS analysis of Refs. [192,193].

In table 7.2 we present the values of the fitting parameters AYS and A} corresponding
to the CORGI fits in Figs. 7.1 and 7.2. We see that the A} parameters are all positive,
corresponding to an overall negative contribution of the (4+) component in Eq. (7.49).
Using the values of the fitting parameters in table 7.2 together with Eq. (7.49) we can
obtain values for the individual non-singlet, (+) and (—) components of the moments,
as well as the combined singlet contribution, at any Q2. In table 7.3 we present val-
ues for these components at Q2 = 14.9GeV?2. From these values we can obtain the
determinants in Eq. (7.77). We find that most of these are positive, and those that are

negative are extremely small in magnitude (< 1079).

We find that applying the constraints in Eqs. (7.64) - (7.67) and (7.71) is crucial to
obtaining a physical minimum in x? (by which we mean a minimum which corresponds
to an acceptable value of Aygg). In contrast, the determinantal constraints are of less
importance, in the sense that implementing them has little effect on the resultant value
of Aws. However, without these constraints we find that the values of the fitting pa-
rameters resulting from the fit are such that a substantial number of the determinantal

constraints are violated.
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n Ass» (4) Ay (4) A:l‘, (4)

2 0.3108 4.193x102 0.2451

3 0.1265 2.271x10~2 0.1414

4 | 6.719x1072 | 8.342x10~3 | 7.488x10~2
5 | 4.008x1072 | 3.569x10~3 | 5.609x1072
6 | 2.562 x1072 | 2.273%x10~3 | 4.655 x10—*
7 || 1.744x1072 | 1.212x1073 | 3.103x 102
8 || 1.22x1072 | 9.946x10~% | 2.924x10~2
9 [[9.053 x10~3 | 5.446x10~? | 1.848 x10~7
10 || 6.693x10732 | 4.968x10~* | 1.824x10~*
11 || 5.334x10~% | 2.71x10~% | 1.101x102
12 || 4.089 x1073 | 2.539x10~% | 1.083 x10~2
13 [| 3.486x1073 | 1.437x10~* | 6.369x10~3
14 || 2.726x107° | 1.395 x10~* | 6.486x10~°
15 || 2.481x107% | 9.303x10~° | 4.571x 1073
16 || 1.966 x1073 | 8.181x107° | 4.066 <103
17 || 1.908x1073 | 7.334x107° | 3.789x1073
18| 1.5x1073 5.31x107° | 2.745x107°
19 || 1.544 x107° | 6.35x10~° | 3.375 x10~*

Table 7.2: In the table above, we present the values of the fitting parameters A

and A, in the Ny = 4 region corresponding to the CORGI fits in Figs. (7.1) and (7.2).

The results in tables 7.1 - 7.3 and in Figs. 7.1 and 7.2 correspond to the analysis
performed with TMCs included. When we remove these corrections from the analysis,
we find a shift in the predicted value of Ayg similar to that obtained in the F3 analysis.
For example, in the ‘all moments’ analysis without TMCs we obtain A,(w—ag = 306.0 £ 17
MeV with a x? value of 795.3. Including HT corrections results in a smaller shift in the
scale parameter of &~ 10 MeV, and this is included in the error quoted in Egs. (7.86)

and (7.87). We also include a modelling error in these results, as we did for Fj.

We also perform a PS analysis of the F, moments in order to check consistency with
previous analyses. A PS expression for F; moments can be assembled from the expres-
sion for the singlet component given in Eq. (7.39) and by modifying the non-singlet F3
expression of Eq. (6.74) so that it applies to Fy. Unfortunately, when we perform the
analysis using these expressions we find no stable minima in x? for values of A% < 590

MeV. We discuss possible reasons for this in the next section.
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Chapter 7: Analysis of moments of F5 in electron-proton scattering

n || M¥0;Q8) | M~ (n;Q8) | MT(n;,Q5) | MS(n; QF)

2 0.1696 6.338 x10~2 | 6.248 x10~2 | 8.997 x10~4
3 | 4.056 x107? | 8.43 x10~° | 8.398 x10~3 | 3.2 x107°

4 || 1512 x1072 | 1.622 x10~3 | 1.621 x10~° | 1.138 x107°
5 | 6.946 x1073 | 6.239 x10~% [ 6.228 x10~% | 1.103 x10~®
6 [ 3.621 x1073 | 3.237 x10~% | 3.226 x10~% | 1.095 x10~°
7 [ 2.089 x1073 [ 1.461 x10~7 | 1.461 x10~% | 1.163 x10~%
8 [ 1.274 x1073 | 1.044 x10~% | 1.044 x10~% [ 9.363 x10~ 10
9 || 8.413 x107* | 5.084 x10~° | 5.084 x10~° | 9.363 x10~ 10
10 |[ 5.628 x10~% | 4.196 x107° | 4.196 x10~° | 9.363 x10~ 10
11 || 4112 x107% | 2.099 x107° | 2.099 x107° | 9.363 x10~10
12 {1 2.922 x107% | 1.829 x107° | 1.829 x10~° | 9.363 x10~ 10
13 | 2.329 x10~* | 9.35 x107% | 9.35 x107® | 4.7 x10~15

14 | 1.716 x10~% | 8.754 x107° | 8.754 x107° | 4.694 x10~ 1
15 || 1.482 x10~% | 5.548 x107% | 5.548 x10~% | 4.685 x10~T°
16 || 1.12 x10~7 | 4.657 x107% | 4.657 x107% | 2.195 x10~ T
17 || 1.042 x10=% | 4.003 x107% | 4.003 x10% | 2.195 x10~ 15
18 || 7.89 x1075 [ 2.791 x107% [ 2.791 x107% | 2.421 x10~ %
19 || 7.849 x1075 | 3.227 x1078 | 3.227 x107% | 1.991 x10~%

Table 7.3: In this table we give the values of the non-singlet, (—), (+) and singlet com-
ponents of the moments resulting from the CORGI fits, evaluated at Q3 = 14.9 GeV2,

7.8 Summary and conclusions

In this chapter we attempted to expand the foundation of CORGI phenomenology by
applying an analysis of the type carried out in chapter 6 to moments of Fy. We showed
how NNLO expressions for the singlet component of the F, moments can be obtained
and how this component can then be ‘CORGI-ized’. We described how the Bernstein
averages method can be adapted to F, and how the positivity constraints introduced in

chapter 6 can be applied to the non-singlet and singlet components of F5 individually.

The results of the CORGI analysis are presented in tables 7.1 - 7.2 and the fits to the
data are shown in Figs. 7.1 and 7.2. The values of Aygs and a3(Mz) corresponding to
these fits are higher than the current global averages, but are still within acceptable

proximity. There is also good consistency between odd and even sets of moments.

As was the case for the Fj analysis, the value of x%/d.o.f. in Eq. (7.88) is rather

lower than one might expect. However, this is consistent with the value found in
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Chapter 7: Analysis of moments of F, in electron-proton scattering

Refs. [192,193]. Furthermore, with regard to the correlation of the data for the averages,
the same caveats apply to this analysis as to that of chapter 6; the true x? minimum
can only be obtained when the correlation is taken into account. Here we give a value
of x%/d.o.f. corrected for the rescaling of errors applied in the x? function. In analogy

with Eq. (6.143),

x> 752665
dof. ~ 270+ 347 — 55

= 1.34, (7.89)

is more representative of the true x2 per d.o.f.

Target mass corrections appear to be as important for Fy as they are for F3. Omitting
these corrections results in a ~ +40 MeV shift in the predicted value of Ays. Higher
twist corrections also appear to be of equal importance to F; and F3. The values of
the singlet and non-singlet components of the moments at Q2 = 14.9 GeV? are given in
table 7.3, and these values automatically satisfy the constraints in Egs. (7.64) - (7.67)
and (7.71). They also satisfy most of the determinantal constraints — only some of

these constraints are violated and only by negligible magnitudes (< 1079).

For the PS analysis, we find there is no stable minimum in x? that corresponds to a
physical value of Ays. This is in contradiction to previous analyses [192,193] in which
stable minima were found for values of Ags in good agreement with the global average.
It is curious that the CORGI analysis succeeds where the PS analysis fails. Clearly we
cannot claim this to be an endorsement of the CORGI approach over the PS approach,
since previous PS analyses have been successful. Furthermore, the fact that the results
of the non-singlet analysis in the previous chapter were perfectly consistent suggests

that it is the singlet component which causes problems in the F; case.

An algebraic error would seem to be an obvious candidate for the reason the CORGI
and PS analyses differ so drastically. However, the PS and CORGI coefficients are
related by fairly simple relations, and having carried out checks on the algebra, we are

confident that this is not the cause of the problem.
The main difference between the CORGI and physical scale expressions is the re-scaling

of Ays in the CORGI case via Egs. (7.51) and (7.52). This re-scaling represents the

resumming of an infinite set of terms which are RG-predictable at NLO, but the prac-
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Chapter 7: Analysis of moments of I3 in electron-proton scattering

tical effect of this is to push the Landau pole in ag to higher scales as n increases (as
can be seen from the table in section D.3). One can see how this might have the effect
of favouring a lower value of Axg in the CORGI case, since pushing it too high would
result in ag and therefore, the moments being of large magnitude at Q% ~ 2GeV?,
making agreement with the data difficult. However, the PS result does contain a trun-
cated set of the resummed terms which give rise to the re-scaling in the CORGI case
(see Eq. (1.161)), and therefore one would expect these terms to mimic the re-scaling.
Furthermore, the F3 analysis showed no significant difference between the results of the
PS and CORGI analysis, even though the re-scaling of Ayz is of similar magnitude in
the Fy and F3 cases.®> This makes it difficult to argue that there should be some natural
mechanism by which the CORGI and PS approaches might generate such drastically
different results. Indeed, it is more likely to be some subtlety of the fitting procedure
that we have not taken into account that is causing this impasse. Work is continuing

on this analysis and we intend to report on it in a future publication.

3This can be seen by comparing the values of A /Axs in the tables in sections C.1 and D.3 and
noting that they are of similar magnitude.
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Chapter 8

Summary and conclusions

In this thesis, we attempted to improve the predictive power of QCD by investigat-
ing how the large-order behaviour of perturbation theory affects the IR properties of
observables, and also how the renormalization scheme dependence problem may be

solved.

In chapter 1 we presented an introduction to perturbative QCD, focusing on the RS
dependence of perturbative predictions. We introduced three proposed solutions to

overcoming this problem: the PS, CORGI and EC approaches.

In chapter 2 we introduced the subject of deep inelastic lepton-hadron scattering. We
described the parton model and how QCD corrections to it can be calculated. We then
introduced structure functions and their Mellin moments, and described how the scale
dependence of the moments can be determined by applying RG methods to composite
operators. We also briefly described how the factorization process allows us to separate
non-perturbative and perturbative effects and how, in analogy with renormalization,

this leads to an F'S dependence of factorized observables.

In chapter 3 (the last of the introductory chapters), we discussed the behaviour of
perturbative QCD at large orders of the coupling. We described Dyson’s original ar-
gument for the divergence of QED and detailed the two known sources of divergence

in QCD: renormalons and instantons. We then studied renormalons in more detail and
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Chapter 8: Summary and conclusions

described how their existence has inspired a series of all-orders leading-N; /leading-b
calculations for QCD observables. We then explained how, in the context of the Borel
transform, we can separate the large-order influence of renormalons into UV and IR
components and how it is the IR renormalons which cause ambiguities in the perturba-
tive definition of an observable. We then discussed how such ambiguities can be linked
to non-perturbative physics and how renormalon singularities in the Borel plane are in

one-to-one correspondence with QCD condensates.

In chapter 4 we studied the IR properties of all-orders leading-b resummations for
Euclidean observables. Our principle aim was to investigate the behaviour of these
resummations at and below the Landau pole. From the singular behaviour of fixed-
order predictions, and individual renormalon contributions at the Landau-pole, we
would expect that the full all-orders expansion is singular too. Remarkably, this is
not the case and cancellations between individual renormalons ensure that when we
sum over the full set (or over special subsets) we recover a finite result. Although
we might have expected the full perturbative expansion (written in terms of the all-
orders coupling) to be finite at this point, the fact that a subset of this full set of terms
(the leading-b components) sums to a finite result is very surprising. Indeed, this is the
first example of a finite result being obtained at the Landau pole without some form

of analytical continuation procedure being carried out in order to ensure finiteness.

We also found that below the Landau pole the all-orders predictions remain finite and
freeze to zero in the Q% — 0 limit. Hence, at Q2 = 0 the value of the observable
is simply the parton model result. We can understand this IR behaviour in terms of
the skeleton expansion representation. When the one-loop coupling is used we find
that the skeleton expansion separates naturally in to a UV region in which the Q*
dependence can be obtained via the standard Borel representation, and an IR region
in which the Q2-dependence is given by means of a modified Borel representation. In
the standard representation, ambiguities are generated by IR renormalons, however in
the modified representation the singularity structure of the Borel transform is inverted
and it is the UV renormalons that generate ambiguities. We evaluated the form of
these ambiguities in the two regions, and by demanding that they are compensated by
their non-perturbative counterparts, we were led to a new model for power corrections.
This results in our being able to write down a single, simple expression for both the

perturbative and non-perturbative components of an observable in terms of the QCD
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Chapter 8: Summary and conclusions

scale parameter A and a single non-perturbative parameter .

In chapter 5 we applied the results of chapter 4 to a phenomenological analysis of the
GLS, polarized Bjorken and unpolarized Bjorken sum rules. We adapted the leading-b
resummations to CORGI perturbation theory and from this we obtained predictions
written in terms of the 't Hooft coupling which resummed the leading-b components of
the RS invariant quantities X, to all orders. We compared these results with the NLO
and NNLO CORGI predictions, in order to assess the validity of fixed-order perturba-
tion theory. We found that the fixed-order and all-orders estimates differ drastically for
the GLS and polarized Bjorken below ~ 5GeV? and for the unpolarized Bjorken below
~ 2GeV?. We also compared the fixed-order and all-orders predictions with the avail-
able data. All predictions were in reasonably good agreement with experiment, but
the sizeable error bars limit the significance of any conclusions we can draw from this
comparison. We also tested the model! for non-perturbative power corrections proposed
in chapter 4 on these sum rules and found that the data favours power corrections of

reasonably small magnitude.

In chapter 6 we turned our attention to the FRS dependence of fixed order predictions
for moments of structure functions, performing a phenomenological analysis of F3 mo-
ments in neutrino-nucleon scattering. We adopted the three different approaches to
solving the RS dependence problem that were outlined in chapter 1. We showed how
these approaches are generalized to deal with FRS dependence and we used the method
of Bernstein averages in order to overcome the problems associated with regions of z and
Q? for which structure function data is unavailable. We also improved upon previous
analyses of this kind by including both odd and even moments and also by including
higher moments. We found that the CORGI, PS and EC approaches all predicted
similar values of the QCD scale parameter and that these were in excellent agreement
with the current global average (see tables 6.1 and 6.3). The errors on these values
were greatly reduced in comparison with previous analyses. We also found consistency
between analyses in which we included only odd or even moments. We attempted to
quantify the success of the Bernstein average method by measuring the deviation in the
final result generated by changing the method used to obtain the experimental averages
and found that this deviation is reasonably small. We also found that whereas target

mass corrections appear to be significant for Fj, higher twist corrections are less so.
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In chapter 7 we performed a phenomenological analysis of moments of F3. As for
the F3 analysis, we used the method of Bernstein averages, whilst recent results also
allowed us to extend the set of moments used relative to previous analyses. In the case
of Fy, matters are complicated by the presence of a singlet contribution. We showed
how an NNLO expression for this component can be derived and how we can then
apply CORGI perturbation theory to it. From the CORGI analysis we found that
the Fy data favours a value of the QCD scale parameter which is in reasonably good
agreement with the current global average (see table 7.1). We found good consistency
between odd and even moments and also that TMCs and HT effects have a similar
impact on the outcome of the analysis as they did in the Fj case, shifting the predicted
value of Aygs by &~ 40 and ~ 10 MeV respectively. In the PS analysis we found that
a value of the QCD scale parameter of A](Mig > 590 MeV was favoured, which is clearly
unphysical. We believe that this is due to subtleties of the fitting procedure related to
the presence of the singlet contribution (the F, analysis has triple the number of fitting
parameters of the Fj analysis). It is curious that the CORGI approach is successful
where the PS approach fails. However we cannot claim that this is an endorsement of
CORGI over PS since previous PS analyses have found perfectly physically valid values

of Axs. Work is continuing on this analysis.

247



Appendix A

Group theory relations for
SU(Nc)

A matrix representation of the generators of SU(3) is provided by the eight Gell-Mann
matrices, A,. These matrices can be found in many textbooks, including Ref. [3]. By

convention, the normalization of these matrices is chosen such that,
Tr(TaTb) = Tré?, ZTS ]qk = Crijk. (A1)
a

As a result, the matrices obey the following relations,

(T°,T%) = Niaabu dovere, (A.2)
[+
Z dabcdabd — Nc2 — 45cd’ daad = 0’ (A.3)
a,b NC
@ ToTe) = T (cF - %’1> . (A.4)

Ca and CF are group theory factors. Their values, in SU(N,) are,

N2 -1

— N -
Ca e Cr N,

(A.5)
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Appendix B

Special functions

In this appendix we define some of the special functions used in this thesis.

B.1 The Gamma function

The Gamma function is defined as,

il

oo
['(2) / t*~le " dt. (B.1)
0
For integer n, it satisfies

n! = T'(n+1), (B.2)

and is therefore a generalization of the factorial function to non-integer values of n.

The Gamma function can be used to determine the large n behaviour of the factorial

function via Stirling’s formula:
n
n! = 2mn (E) . (B.3)

For negative integer values of z, and also at z = 0, the Gamma function is singular. In

the small z limit we have,

Me) = —-w+00), (B.4)
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where g is the Fuler-Mascheroni constant, and vz = 0.577215665 .. ..

B.2 The beta function

The beta function (not to be confused with the beta-function equation) is defined in

terms of gamma functions,

I'(z)l
Beta(z,y) = F((“;)—g (B.5)
B.3 The exponential integral function

The exponential integral function is defined as,

[e¢] —t
Ei(z) = —/_ dtft—, (B.6)

for x < 0, and can be defined for z > 0 by taking the principal value of the above

integral.

B.4 The Riemann zeta function

The Riemann zeta function is defined as,
((s) = > —. (B.7)

This sum converges for all s with Re(s) > 1, and for the first few integer values of s

has the following values,

(@ = % (B8)

¢(3) = 1.20206..., (B.9)
l

@ = 55 (B.10)

¢(5) = 1.03693..., (B.11)
7T6

€6 = 5= (B.12)
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B.5 The dilogarithm function

The dilogarithm function can be defined via the integral,

0 —_—
Lig(2) = /&tgdt,

or by the sum,

Il

Lig(z)

:wl Nﬁ

[e's)
n=1

At the point z = 1, this is simply equal to {(2).
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Appendix C

NLO and NNLO coefflicients for
moments of Fj structure

functions

In this appendix we present the coeflicients for the NNLO predictions of F5 moments
in CORGI, PS and EC perturbation theory. These predictions are given in Egs. (6.65),
(6.74) and (6.81).
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C.1 CORGI coefficients

In the table below, we present the information required to construct an NNLO CORGI
prediction for the moments of F3. The coefficient d/b is relevant to all three approaches,
A /Aws represents the NLO contribution to Eq. (6.65) (or Eq. (6.72) in the case of
n = 1), and X3 is the NNLO coefficient.

n /b | Am/Aws Xo a/b | Am/Aws | Xo

1 0. 2.439 n/a 0. 2.456 n/a
2 || 0.4267 1.578 —2.448 || 0.4638 1.609 -3.01
3 || 0.6667 2.239 —2.203 0.7246 2.269 —-3.28
4 | 0.8373 2.655 —2.069 | 0.9101 2.68 —3.485
o || 0.9707 2,977 —1.933 1.055 3. —3.627
6 1.08 3.242 ~1.797 1.174 3.262 —3.713
7 1.174 3.472 —1.661 1.276 3.489 —3.766
8 1.255 3.674 —-1.521 1.364 3.69 —3.792
9 1.327 3.857 —1.381 1.442 3.871 -3.8
10 || 1.392 4.023 -1.24 1.513 4.036 -3.793
11 1.45 4.177 -1.1 1.576 4.188 -3.776
12| 1504 | 432 | —09598 || 1.635 | 4.33 | —3.749
13 || 1.554 4.454 —0.8213 1.689 4.463 -3.716
14 || 1.599 4.579 —0.6841 1.739 4.587 —-3.677
15 | 1.642 4.698 —0.5483 1.785 4.705 —3.633
16 || 1.682 4.811 —0.4142 1.829 4.817 —3.586
17 1.72 4.918 —0.2816 1.87 4.924 —3.536
18 || 1.756 5.021 —0.1507 1.909 5.026 —3.483
19 1.79 5.119 —0.02136 || 1.945 5.123 —3.428
20 || 1.822 5.213 0.1062 1.98 5.217 —-3.372
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C.2 Physical scale coefficients

In the table below, we present the information required to construct an NNLO PS
prediction for the moments of F3. R; and Ry are the NLO and NNLO coefficients
respectively in Eq. (6.74).

Ny=4 Ny=5

Ry Ry R, Ry

-1. —-3.25 —1. —2.917
0.6119 | —3.123 || 0.6006 —3.125
1.928 | 0.4136 || 1.893 | —0.08583
3.017 | 5.373 2.959 4.363
11.03 3.886 9.523
4.792 17.02 4.702 15.03
5.541 23.19 5.438 20.73
6.221 29.42 || 6.107 26.51
6.846 35.67 6.722 32.33

Q| N oo lw|Nn| =S
w
O
(=]
—

10 §| 7.424 | 41.88 7.292 38.13
11 || 7964 | 48.06 || 7.823 | 4391
12 || 8.47 54.17 8.321 49.64
13 | 8946 | 60.22 8.79 55.31
14 || 9.396 | 66.18 9.234 60.92
15| 9.823 | 72.07 9.655 66.46
16 || 10.23 | 77.88 10.06 71.93
17 || 10.62 | 83.61 10.44 77.33
18 || 10.99 | 89.26 10.81 82.66
19 || 11.34 | 94.83 11.16 87.93
20 || 11.69 | 100.3 11.49 93.12
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C.3 Effective charge coeflicients

In the table below, we present the information required to construct an NNLO EC

prediction for the moments of Fj.

Ny =4 Ny =
n || ABS/Aws X AES/Asts X
1 2.439 n/a 2456 | n/a
2 1.09 —3.366 1.158 | —4.901
3 1.547 | —0.9329 1.633 | —2.937
4 1.834 | —0.08705 || 1.929 | —2.239
5 2.057 0.3803 2.159 | —1.848
6 2.24 0.7083 2.348 | —1.572
7 2.399 0.9563 2.511 —1.362
8 2.539 1.16 2.656 —~1.19
9 | 2665 1.331 || 2786 | —1.045
10 2.78 1.481 2.905 | —0.918
11| 2.886 1.613 3.014 | —0.8054
12| 2.985 1.733 3.116 | —0.7037
13| 3.077 1.843 3.212 | —0.6108
14 | 3.164 1.944 3.302 | —0.5251
15| 3.246 2.038 3.386 | —0.4456
16| 3.324 2.125 3.467 | —0.3712
17| 3.399 2.208 3.544 | —0.3012
18 3.47 2.286 3.617 | —0.2352
19 || 3.537 2.36 3.687 | —0.1726
20 || 3.603 2.43 3.755 | —0.113
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Appendix D

LO, NLO and NNLO coefficients

for moments of F5

D.1 Differences in notation between this thesis and other

works

There are several differences in convention between the way we define the anoma-
lous dimension and the ways it is defined by Yndurain (in Ref. [192]) and by Buras (in
Ref. [207]). Firstly, the definition of the anomalous dimension itself differs. We have,

(Us]

'7s,-n(a) = _;Y[néur.](g) = ’Y[Ynd.](a)- (D.1)

Also, due to our definition of a, the individua! coefficients of the anomalous dimen-

sion differ:
4i+1dius] = 7[(\1})nd‘] = ’Yl(l;z:';;' (D-2)

Finally, the eigenvalues of the first coefficient matrix of the anomalous dimension are

different.

AP = pdlP) = —pdly, (D.3)
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D.2 LO coeflicients

Here, we present the leading order coeflicients relevant to the non-singlet component,

and the (4) and (—) singlet components of the F3 moments.

Ny=4 Ny=5
no|[ d¥(m)/b | A_/b | Ag/b || d¥S(n)/b | A_/b | Ay/b
2 || 0.4267 0. |0.7467 || 0.4638 0. | 0.8986
3 || 0.6667 | 0.6085 | 1.386 || 0.7246 | 0.6542 | 1.601
4 || 0.8373 | 0.817 | 1.852 || 0.9101 | 0.8846 | 2.104
5 || 0.9707 | 0.9604 | 2.192 1.055 | 1.042 | 2.471
6 1.08 1.074 | 246 | 1174 | 1.166 | 2.762
7 1.174 1.17 | 2.683 1276 | 1.271 | 3.005
8 || 1255 | 1.252 | 2.875 1.364 | 1.36 | 3.212
9 1.327 | 1.325 | 3.043 1.442 1.44 | 3.395
10] 1392 | 1.39 | 3.192 || 1.513 | 1.511 | 3.557
11 1.45 1.449 | 3.328 1576 | 1.575 | 3.704
12| 1504 | 1.503 | 3.451 1.635 | 1.633 | 3.838
13 ]| 1554 | 1553 | 3.564 || 1.689 | 1.687 | 3.961
14| 1599 | 1.599 | 3.669 1.739 | 1.738 | 4.075
15 || 1.642 | 1.642 | 3.767 1.785 | 1.784 | 4.181
16 || 1.682 | 1.682 | 3.858 || 1.829 | 1.828 | 4.281
17 1.72 1.72 | 3.944 1.87 1.869 | 4.374
18 || 1.756 | 1.756 | 4.025 1.909 | 1.908 | 4.462
19 1.79 1.789 { 4.101 1.945 | 1.945 | 4.545
20 || 1.822 | 1.821 | 4.174 1.98 1.98 | 4.624
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D.3 NLO CORGI coefficients

In the table below we present the NLO information relevant to the CORGI predictions
for the non-singlet, (—) and (+) components of F;, moments, given in Egs. (7.49) -
(7.52).

Ny = Ny =
no || ANS/Ass | Any/Aws | Al /Aws || ANS/Ams | Arg/Aws | Aly/Aws
2 2.156 1.804 2.38 2.199 1.909 2.517
3 2.575 2.671 2.819 2.609 3.731 2.886
4 2.893 | 1.698 2.903 2.921 2.565 2.922
5 3.163 3.05 3.313 3.187 3.001 3.326
6 3.394 3.343 3.501 3.415 3.364 3.502
7 3.601 3.576 3.806 3.619 3.502 3.805
8 3.786 | 3.771 3.982 3.803 3.785 3.975
9 3.956 3.946 4.223 3.971 3.959 4.214
10| 4.113 4.106 4.38 4.126 4.117 4.366
11 || 4.258 4.253 4.579 4.27 4.264 4.564
12 || 4.394 439 | 4719 || 4.404 44 4.701
13| 4522 4.519 4.89 4.531 4.528 4.87
14 || 4.643 4.641 5.016 4.651 4.648 4.994
15 | 4.758 4.756 5.165 4.765 4.763 5.142
16 || 4.867 4.865 5.28 4873 | 487 5.256
17| 4971 4.97 5413 | 4.977 4.975 5.387
18 | 5.071 5.07 5.519 5.076 5.074 5.492
19 | 5.166 5.166 5.639 5.171 5.17 5.611
20 || 5.258 5.258 5.737 5.262 5.261 5.707
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D.4 NNLO CORGI coeflicients

In the table below we present the NNLO coeflicients of the CORGI predictions for the
non-singlet, (—) and (+) components of F» moments, given in Egs. (7.49) - (7.52).

Ny=4 N;=5
n |l xps X5 x5 oxy | x5 | xS
2 | -07744 | -1.991 | -2485 || -1.557 | -4.398 | -41.32
3| -1145 | -1.075 | -5.596 | -2.378 | -8.502 | -3.738
4 | -1274 | -2126 | -3.547 || -2.823 | -6.93 |-2.363
5| -1312 | -1.094 | -5.608 || -3.109 | -9.611 | -2.875
6 | -1284 | -1.136 | -3.13 | -3.289 | -7.468 | -3.067
7 | -1228 | -1.128 | -4.305 | -3.411 |-9.062 | -3.199
8 || -1146 | -1.055 | -2.07 [ -3.487 |-7.079 | -3.195
9 | -1083 | -0.9668 | -2.807 || -3.536 | -8.135 | -2.798
10 | -0.9479 | -0.8514 | -0.884 | -3.56 |-6.418 | -4.141
11 || -0.8384 | -0.7128 | -1.368 | -3.568 | -7.161 | -3.743
12 || -0.7234 | -0.4785 | 0.2864 | -3.563 | -5.684 | -3.658
13 || -0.6065 | -1.549 |-0.0352 || -3.548 | -6.224 | -3.61
14 | -0487 | -0.621 | 1403 | -3.524 | -4.942 | -3.568
15 || -0.3672 | -0.4336 | 1.192 | -3.494 | -5.343 | -3.527
16 || -0.2464 | -0.2884 | 2.458 | -3.457 | -4.216 | -3.484
17 || -0126 | -0.1557 | 2.326 | -3.417 | -4.517 | -3.439
18 || -0.005423 | -0.02787 | 3.454 || -3.373 | -3.516 | -3.391
19 | 01143 | 0.09657 | 3.38 | -3.326 |-3.742 | -3.342
20 || 0.2337 | 02193 | 4.395 || -3.277 |-2.843 | -3.29
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D.5 NLO physical scale coefficients

In the table below we present the NLO coefficients of the PS predictions for the non-
singlet, (=) and (4) components of F» moments, given in Egs. (6.74) - (7.39).

Nf=4 Ny=5

n || RY® Ry Rf R}® Ry R}

2 || 1.167 | -2.029 | 2.35 || 1.156 | 2.705 | -6.206
3 || 2.317 | 2.208 | 5.341 || 2.282 | 5.659 | 2.956
4 || 3.317 | 1.423 | 7.364 || 3.259 | 7.537 | 2.727
5 || 4.205 | 4.015 | 9.919 || 4.13 | 10.08 | 3.957
6 |f 4998 | 4902 | 11.7 || 4909 | 11.81 | 4.808
7 || 5.719 | 5.666 | 13.7 || 5.617 | 13.8 | 5.557
8 || 6.378 | 6.342 | 15.21 || 6.264 | 15.3 | 6.222
9 || 6.987 | 6.962 | 16.85 || 6.863 | 16.92 | 6.833
10 |} 7.552 | 7.533 | 18.16 | 7.419 | 18.22 | 7.396
11 || 8.08 | 8.066 | 19.55 || 7.939 | 19.6 | 7.922
12 || 8.576 | 8.565 | 20.7 || 8.428 | 20.75 | 8.414
13 | 9.045 | 9.036 | 21.91 | 8.889 | 21.95 | 8.878
14 || 9.488 | 9.481 | 22.95 || 9.326 | 22.97 | 9.317
15 | 9.909 | 9.903 | 24.02 || 9.741 | 24.04 | 9.734
16 || 10.31 | 10.31 | 24.95 || 10.14 | 24.97 | 10.13
17 || 10.69 | 10.69 | 25.92 || 10.52 | 25.93 | 10.51
18 || 11.06 | 11.06 | 26.77 || 10.88 | 26.78 | 10.87
19 || 11.41 | 11.41 | 27.65 || 11.22 | 27.65 | 11.22
20 || 11.75 | 11.75 | 28.44 || 11.56 | 28.43 | 11.56
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D.6 NNLO physical scale coefficients

In the table below we present the NNLO coefficients of the PS predictions for the
non-singlet, (—) and (+) components of F» moments, given in Egs. (6.74) - (7.39).

Nf=4 Nf=5
n || RYS Ry RY RYS R; R}
2 || 0.2038 | -4.045 | 1.698 || -0.1318 | 2.004 | -12.11
3 || 3.535 | 3.514 | 14.74 || 2.748 | 15.15 | 6.348
4 || 8.243 | -2.365 | 32.55 || 6.983 | 31.87 | 4.253
5 || 13.68 | 12.43 | 59.35 || 11.95 | 58.09 | 10.93
6 || 1948 | 18.79 | 85.64 || 17.29 | 83.51 | 16.68
7 || 25.48 | 25.08 | 116.3 || 22.84 | 113.5 | 22.52
8 || 31.58 | 31.3 | 1452 | 285 |141.6 | 28.39
9 || 377 | 3752 | 1765 || 34.21 | 172.3 | 34.65
10 || 43.81 | 43.7 | 206. || 39.92 | 201. | 39.09
11| 49.9 | 49.85 | 237. || 45.61 | 2314 | 45.24
12 || 55.92 | 56.03 | 266.2 | 51.27 |259.9 | 51.
13 || 61.89 | 60.83 | 296.5 || 56.87 | 289.6 | 56.67
14 || 67.79 | 67.56 | 325.2 || 62.42 | 317.7 | 62.25
15 || 73.62 | 73.47 | 354.7 | 67.9 | 346.5 | 67.76
16 || 79.37 | 79.25 | 3827 || 73.32 | 374. | 73.2
17 || 85.05 | 84.95 | 411.3 || 78.68 | 402. | 78.57
18 || 90.65 | 90.57 | 438.7 | 83.96 | 428.7 | 83.87
19 || 96.18 | 96.11 | 466.4 || 89.19 | 455.9 | 89.11
20 || 101.6 | 101.6 | 493. || 94.34 | 481.9 | 94.27
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