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Abstract 

A mathematical analysis has been carried out for a coupled pair of Cahn-Hilliard 

equations with a double well potential function with infinite walled free energy, 

which appears in modelling a phase separation on a thin film of binary liquid mix­

ture coating substrate, which is wet by one component. Existence and uniqueness 

are proved for a weak formulation of the problem, which possesses a Lyapunov 

functional. Regularity results for the weak formulation are presented. 

Semi and fully discrete finite element approximations are proposed where existence 

and uniqueness of their solutions are proven. Their convergence to the solution 

of the continuous solutions are presented. Error bound between semi-discrete and 

continuous solutions, between semi-discrete and fully discrete solutions, and between 

fully discrete and continuous solutions are all investigated. A practical algorithm 

to solve the fully discrete finite element formulation at each time step is introduced 

and its convergence is shown. Finally, a linear stability analysis of the equations in 

one dimension space is presented and some numerical simulations in one and two 

dimension spaces are preformed. 



Declaration 

The work in this thesis is based on research carried out at the Numerical Analysis 

Group, the Department of Mathematical Sciences, University of Durham, England. 

No part of this thesis has been submitted elsewhere for any other degree or qualifi­

cation and it all my own work unless referenced to the contrary in the text. 

Copyright © 2007 by Pisuttawan Sripirom. 

The copyright of this thesis rests with the author. No quotations from it should be 

published without the author's prior written consent and information derived from 

it should be acknowledged. 

iv 





vi 

and Dr N arumon Sakprakornkarn for being really good friends and like my big 

sisters, and all member of Durham University Thai society, in particular, Duang­

duan Chaiyavej, Kittiya Wongkhan, Monsit Tanasittikosol, and Rakkiat Jitchati for 

having joyful life together in beautiful Durham city. 

Finally, there is my pleasure to thank the University Staff Development Project, the 

Royal Thai Government, for awarding me the PhD scholarship. I also appreciate 

the National Health Service (NHS) of the United Kingdom for providing me their 

kind-hearted staffs while I was suffering in Grave's disease in my last year of study. 



Contents 

Abstract 

Declaration 

Acknowledgements 

1 Introduction 

2 Evolutionary Problem 

2.1 Notation and Results 

2.2 Existence and Uniqueness 

2.3 Regularity . . . . . . . . . 

3 A Semi-discrete Approximation 

3.1 Notation and Results ... 

3. 2 Existence and Uniqueness 

3.3 Error Analysis ...... . 

4 A Fully Discrete Approximation 

4.1 Notation ......... . 

4.2 Existence and Uniqueness 

4.3 Error Analysis .... 

5 Numerical Experiment 

5.1 Practical Algorithm . 

5.2 Linear Stability Analysis: One Dimensional Case 

5.3 Numerical Simulations . . . . . ....... . 

vii 

iii 

iv 

V 

1 

10 

10 

12 

33 

37 

37 

40 

53 

58 

58 

59 

74 

98 

98 

113 

. 116 



Contents viii 

5.3.1 One Dimensional Case . 116 

5.3.2 Two Dimensional Case . 130 

6 Conclusions 139 

Bibliography 141 

Appendix 147 

A Definitions and Auxiliary Results 147 

B Faedo-Galerkin Method 150 





List of Figures x 

5.9 Uniform mesh with right-angled triangulation in each subsquare . 131 

5.10 Colour key . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132 

5.11 Numerical solution where m 1 = 0 and m2 = 0 at t = 0.0156, 0.1094, 

0.1563, 0.2500, 0.5000, 10.0000. . .................... 133 

5.12 Numerical solution where m 1 = -0.5 and m2 = 0.5 at t = 0.0625, 

0.1250, 0.2500, 0.5000, 1.0000, 10.0000 .................. 134 

5.13 Numerical solution where m 1 = -0.5 and m2 = -0.5 at t = 0.0156, 

0.2500, 0.5000, 0. 7500, 1.2500, 10.0000. . . . . . . . . . . . . . . . . . 136 

5.14 Numerical solution where m 1 = -0.25 and m2 = 0.5 at t = 0.0625, 

0.1250, 0.2500, 0.5000, 1.0000, 10.0000 .................. 137 

5.15 Numerical solution where m 1 = -0.5 and m2 = 0.25 at t = 0.0625, 

0.1250, 0.2500, 0.5000, 1.0000, 10.0000 .................. 138 

















Chapter 1. Introduction 7 

1.0 

0.0 

u2 

Figure 1.4: Homogeneous free energy under deep quench phase separation system. 

Considering a deep quenched system, the temparature T -+ 0, it is clear that f -+ 0 

the spinodal interval expands to ( -1, 1) , see Figure 1.4. The potential becomes an 

obstacle potential with homogeneous free energy 

( Tc( 2 Tc 2 
'1/J u) = 2 1- u 1 ) + 2(1- u2) + 1[- l,lJ (ul) + 1[-l,lJ(u2), 

where 1[- 1,1] (r) is the indicator function defined as 

1[-1,1J (r) 
if lr I ::; 1, 

if lrl > 1. 

(1.1.14) 

(1.1.15) 

The homogeneous free energy in this form was proposed by Oono and Puri [45] 

who performed a numerical study of a discrete cell dynamical system and has been 

extensived used by Blowey and Elliott [13], Barrett and Blowey [3], and Nochetto, 

Verdi and Paolini [41] 

Now taking Tc = 1, the Cahn-Hilliard equation system (P2) can be written as 

Problem (P3) For 1 > 0 and D > 0, find {u 1(x,t),u2 (x,t )} E lR x lR such that 

inn, t > 0, (1.1.16a) 
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and the boundary conditions 

on an. (1.1.17f) 

If D = 0, then Problem (P4) reduces to two decoupled Cahn-Hilliard equations, 

which has been discussed in the mathematical literatures, see Elliott [25], Novick­

Cohen [44], and Fife [29]. For this type of problem, we do not have liquid-vapour 

interfaces. 

We now provide a layout of the contents of this thesis. In Chapter 2 a global 

existence theorem for a weak formulation possessing a Lyapunov functional is proven. 

Regularity results are presented for the weak formulation. 

In Chapter 3 a semi-discrete finite element approximation is introduced. The exis­

tence and uniqueness is then proven. Stability bounds are obtained. Error bounds 

between the semi-discrete and continuous solutions are given as tools for the error 

analysis in Chapter 4. 

A fully discrete finite element approximation is proposed in Chapter 4. It is shown 

that the scheme possesses a Lyapunov functional. An error bound between the 

discrete and continuous solutions is given by using the error bound results in Chapter 

3. 

In Chapter 5, a practical algorithm for solving the finite element problem at each 

time step is suggested and convergence of the algorithm is proven. Some interesting 

numerical simulations in one and two space dimensions are performed which show 

the expected behaviour of the physical problem. 






























































































































































































































































































