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Abstract 

A mathematical analysis has been carried out for a coupled pair of Cahn-Hilliard 

equations with a double well potential function with infinite walled free energy, 

which appears in modelling a phase separation on a thin film of binary liquid mix

ture coating substrate, which is wet by one component. Existence and uniqueness 

are proved for a weak formulation of the problem, which possesses a Lyapunov 

functional. Regularity results for the weak formulation are presented. 

Semi and fully discrete finite element approximations are proposed where existence 

and uniqueness of their solutions are proven. Their convergence to the solution 

of the continuous solutions are presented. Error bound between semi-discrete and 

continuous solutions, between semi-discrete and fully discrete solutions, and between 

fully discrete and continuous solutions are all investigated. A practical algorithm 

to solve the fully discrete finite element formulation at each time step is introduced 

and its convergence is shown. Finally, a linear stability analysis of the equations in 

one dimension space is presented and some numerical simulations in one and two 

dimension spaces are preformed. 
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Figure 1.4: Homogeneous free energy under deep quench phase separation system. 

Considering a deep quenched system, the temparature T -+ 0, it is clear that f -+ 0 

the spinodal interval expands to ( -1, 1) , see Figure 1.4. The potential becomes an 

obstacle potential with homogeneous free energy 

( Tc( 2 Tc 2 
'1/J u) = 2 1- u 1 ) + 2(1- u2) + 1[- l,lJ (ul) + 1[-l,lJ(u2), 

where 1[- 1,1] (r) is the indicator function defined as 

1[-1,1J (r) 
if lr I ::; 1, 

if lrl > 1. 

(1.1.14) 

(1.1.15) 

The homogeneous free energy in this form was proposed by Oono and Puri [45] 

who performed a numerical study of a discrete cell dynamical system and has been 

extensived used by Blowey and Elliott [13], Barrett and Blowey [3], and Nochetto, 

Verdi and Paolini [41] 

Now taking Tc = 1, the Cahn-Hilliard equation system (P2) can be written as 

Problem (P3) For 1 > 0 and D > 0, find {u 1(x,t),u2 (x,t )} E lR x lR such that 

inn, t > 0, (1.1.16a) 
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and the boundary conditions 

on an. (1.1.17f) 

If D = 0, then Problem (P4) reduces to two decoupled Cahn-Hilliard equations, 

which has been discussed in the mathematical literatures, see Elliott [25], Novick

Cohen [44], and Fife [29]. For this type of problem, we do not have liquid-vapour 

interfaces. 

We now provide a layout of the contents of this thesis. In Chapter 2 a global 

existence theorem for a weak formulation possessing a Lyapunov functional is proven. 

Regularity results are presented for the weak formulation. 

In Chapter 3 a semi-discrete finite element approximation is introduced. The exis

tence and uniqueness is then proven. Stability bounds are obtained. Error bounds 

between the semi-discrete and continuous solutions are given as tools for the error 

analysis in Chapter 4. 

A fully discrete finite element approximation is proposed in Chapter 4. It is shown 

that the scheme possesses a Lyapunov functional. An error bound between the 

discrete and continuous solutions is given by using the error bound results in Chapter 

3. 

In Chapter 5, a practical algorithm for solving the finite element problem at each 

time step is suggested and convergence of the algorithm is proven. Some interesting 

numerical simulations in one and two space dimensions are performed which show 

the expected behaviour of the physical problem. 






























































































































































































































































































