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INTRODUCT ION.

1. Ramanujan (1) discovered, and later proved, three
beautiful arithmetical properties of p(n) where p(n) denotes

the number of unrestricted partitions of a positive integer n.

These are
p(5ntk) = o (mod 5) (1.1)
p(7n+5) = o (mod 7) (1.2)
p(lln+g) = o (mod 11) (1.3)

Later on Dyson (2) discovered empirically a remarkable
combinatorial method of dividing the partitions of 5n+k4 and
7n+5 into 5 and 7 equal classes respectively. He defined the
rank of a partition as the largest part minus the number of
parts and found that the partitions of 5n+k4 fell into 5 equally
numerous classes according to the least positive residue mod 5
of their ranks. The case of 7n+5 was similar, but the
corresponding conjecture for lln+g was false. These
conjectures together with many other similar results were
proved by Atkin and Swinnerton-Dyer (3).

We shall adopt throughout the notation of Atkin and
Swinnerton-Dyer and refer to their Paper as (ASD).

The main object of thls. thesis is to give the values of
the ch(d) when q = ll.in a form similar to that of (ASD) for
q=5and q = 7. These values were first obtained empirically;
not by a direct examination of power series (which, in view of
the results of Theorem 1, would hardly have been possible), but

as a by-product of the investigation of certain congruences.

-




2.

In fact, we observed that (1)x each th(d)/P3(o) is congruent
(mod 11) to certain rational functions of the P(a), (ii) there
are linear congruent relations betyeen the ch(d) for different
values of d, (iii) each Ry, (d) (dg6) is expressible (mod 11)
in terms P(o), P(a), and the th(6)’ and (iv) there are several
congruent relations between the various Ruc(é) and the P(a).
Some of these congruent relations appeared to be identities
when verified by power series and on this assumption we
obtained conjectural values for all the th(d), which we prove
in Theorem 1.

In addition the thesis also contains two minor results.
One is the replacement of the last parts of the proofs of
Theorems 4 and 5 (ASD) by the solution of a set of simultaneous
equations which we explain in ?3; the other, the evaluation
of three determinants of a special type corresponding to
Q=5 Q= 7, and q = 11. The first two determinants are
evaluated in § 2 in quite a straightforward manner, but the
one corresponding to q = 11 (evaluated in § 5) requires a
more elaborate treatment.

The general plan of the thesis is as follows:-
In Section 2 we obtain the values of the two determinants
corresponding to q = 5 and q = 7. Section 3 contains the
solutions of two sets of simultaneous equations. In Section 4
we obtain preliminary results for q = 11 and its corresponding

x Ry (d) is defined in §6.



3.
determinant is evaluated in Section 5. Sections 6 and 7 deal
respectively with rank congruences and rank identities for
q= 11.

We may note here that we have been obliged to use some
letters with more than one significance. For example,t\ occurs
both as the current variable in W(l - x)w (5.1), (6.56) and
inr, s, t, u, vy, relations in (4.1), .%), (&.6), (4.8),
(%.9), (4+.10) and (%.11). 1In every case, however, it will be
found that the duplicate usesare sufficiently distinct to cause

no confusion.



EVALUATION OF AgAND A,.

2. In this section we obtain the values™ of two determinants,
Dsand &y, which arise out of the simultaneous equations

(3.2) to (3.8) and (3.29) to 3.35) in § 3. They correspond

to g =5 and q = 7 respectively. The determinant corresponding
to q = 11 we evaluate in }5 by a different method. These
determinants can be factorised by a method similar to that

used for circulants.

Lemma 1.  Suppose Qg is equal to

P(2) ) 0 -x P(1 -X 1
P P(2
5
-1 P(2 o o -x P(1
P(1 P(2

W o
A
o o -%é%% -1 g 2 .

!
Then Q¢ = Pb§2) -x°P$§12 - 1% . (2.1)
P5(1) PS(2)

-1
Denote x P(2)/P(1), -1, and -xP(1)/P(2) by a, b, and ¢
2 2 2
respectively, and let A= a +b + ¢, B= ab + bec, and
C - ac. If now we multiply each row by id the determinant
can be written as
# The values have in fact been obtained previously by

Watson (4) from the forms in equations (2.2) and (2.8).
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a (o} o} cX bx
-1 3

bx a o} o cX

5
-2 -]
X cxX bx a o o
-2 -)
o cx bx a o}
- -'
0 ) cx* bx a

Multiplying the first, second, third, fourth and fifth rows

IR X > 3 I
by 1y Xwp, X W, , X L and x w, respectively, and adding,

P
it is found that (a + bwp + cWp ) is a common factor, where
Vo ( =1 to 5) is a fifth root of unity. Thus

.
Bs/f = x -]I (a + bw, + cw; ) where k is a constant, and on
=1

5
comparing the coefficients of a we obtain k = 1. Hence
Bs/x* = 3
5/ = E'(a+ bw, + cw, ),

(a+b+c)la+ bw+cw)

>
(a + bw + cwq)(a+ bw + cw)

(a + bw" + c:w3 )y (2.2)
where w ( ¢ 1) is a fifth root of unity.
§ 1 3’
Let now d = w + w ,andP:w + w § ve have
d+f = -1, (2.3)
df = -1, (2.14)
I+f a2 3. (2.5)

By combining the second and fifth and third and fourth factors
in the right-hand side of (2.2) we obtain

(a+ b+ c)A+4AB+ fC)(A +FB +AC),

(a+ b+ c)(A” =B -C" - AB - AC + 3 BC),
T
(a+ b+ e)a + b + c¥ - ab-ac+ab +ac+bece+
+2a'bc+2abc -ab -ac’ -3 abec-Dbe-
_ . > )
5 ) - be’ ),
a +b + ¢ + 5 atbd - Sab’c, (2.6)

A;/xf

which is equivalent to Lemma 1.



Lemma 2. If A,is equal to
P(2 o x7P§lg
P(1) P

- 53; P(2; o
pP(2 P(1

"o "3
51: o v o o
=
Wi~
My \
o ol o o M,
W~

-1 -P P§2§ o
P(2 P(1
o -1 - 5%;
o o -1 X P(1
P(3

!
g
o~
N

PEZE o
o) P‘l% o) -1 -P P(2
3 2 P(1

voj*o
I ™
w Yoo 2
o 1 o o o
= = )
W

then A, = p'(2) -x P (3) + % P (1 -
P7(1) P7(1) P (3)
-8x +7(xP @ - 2P - X’ (31] .
PY(1)P(3) P(2)PY(3) P(1)PY(2)
+ 14 [ x P + 2 pP@ - :?P’m] (2.7)
P*(2)P(3) P(1)- P (3) . P*(1)P(2)'"

- b .
Denote x -P(2)/P(1), -P(3)/P(2), -x, and x P(1)/P(3) by a, by c,
and 4 respectively, and let A = a +b +c + d: B =« ab + be,
C=ac+ ady and D = bd + cd. If now we multiply each row by

iJ the determinant can be written as

2 b (]
a o) dx (o} o} cX bx
-1 1 y
bx a o) dx o cf
-1 - +
cx bx a o dx o) o
'1 -l - T
X o cX bx a dx o
- - *
o o ex " bx™ a 0 ax
- -t
dx o ) cx © bx a o
- -t
0 dx o 0 ex * bx a |
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Now by a similar process to that used in Lemma 1 we can show

that
\J

M (a+ bw + cw, + dw;),

Q?/x’ 3 b

5
(a+b+c+d(a+bw+ cw +dw )

y é
(a + bwz + cw  + dw’ Y(a + bwJ + cw + dw)
y

(a + bwq + cw + dw6)(a + bv 4 cw + dw )
(a + bW + cw + dv). (2.8)
where w, (¢=1to 7) is a se\}enth root of unity and w is
one of the imaginary roots.

6 2 5 8 y
Letnowo(=w+w, Paw +w,y,and ¥ =W + W3

we have
24 = -1, (2.9)
sif= -2, (2.10)
sd = 5, (2.11)
s = by (2.12)
sdp = -b, (2.13)
£dr's 3, (2.14)
dfra 1, (2.15)

where ¢ denotes the sum of three terms obtained by permuting
the typical term in cyclic order.

By combining the second and seventh, third and sixth,
and fourth and fifth factors in the right-hand side of
(2.8) we obtain
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Do/ =« (a+b+c+d)(A+dB+PAC+ID)(A+fB +7C + AD)
(A+7B +J/C +fD),
3 3 3 3 1 2
« (a+b+c+d)(@A +B +C +Da- AB~AD+ 3 ABC +
+ 3 ABD + 3 ACD - 2 AB- - 2 AC - 2 AD + 3B"C + 3 BD +
. 1 kS
+3CD-4BD-L4Cb-4CD - BCD),

1 7 1 hl 3 3 3
a +b +c¢c +d + 7abd(ab+bd+ ad) -

y ) , 3 3 ;
- 7¢c (ak # bd+ad) - 7¢(a’ d + pa’ + ab ) -
L A 1 y . .3 1 “ T+ 3 -
-7abecd + 1+ abcd+1l4c (ad+ad +bd), (2.16
which is equivalent to Lemma 2.
We are indebted to Prof. Burchnall for suggesting an
interesting matrix treatment of the determinants discussed

5, and

[o 1]
o of ,

o o - 4 Wt
F = and U = F_ + YE 3 then, when q = 5,
?

above. We shall not only explain the cases when q

qQ = 7; but also the third case when q = 11.
Let I, be the unit matrix of the nth order, E

-

I.., o
we have

- -

a o o by cy

c a ) o by

3 y [
b ¢ a o O|= al; + byE_ + cyE. + cE + DE
o b ¢ a 0| = aIs + c0. + bUL .
3 5
2.

Lo o} b c a | (2.17)



Next, when q = 7, we have

a o by 0 0 cy dy]
d a o) by o) o cy
c d a (o} by o o]
1 5 6
o} c d a o by ol = al, + byE + cyE + dyE +
5
©o o ¢ d a o by + dF + cF, + DE,
1 5

b ° 0 ¢ d a Ol = aI + dU + cU, + bU

1 1 7 “
o) b 0 o) ¢ d a) (2.18)

Finally, when q = 11, then
a ) o o by o ¢y dy o ey fy
f a o) o o by o) cy dy o ey
e f a o o o Dby o ¢y dy .o
o] e f a o] o) o by o) cy dy

¢ dy o e f a o] o 0 by o]
(o} c dy o e f a o o} o} by
b o c dy o e f a o) (o} o]
o b o] ¢ dy o) e T a o) o]
o) o b o c dy o e f a o
(o) o] o b o c dy o e f a |

L] 6 +_1 4 lo
aI" + byE" +cyE +dy E, + eygl + ny“ +
7

1 b 5
+ fF  + e, + dyF, + ¢F + UF,

L y 5
+ U, + e, + dyU, K + cU

.
al, + “Un (2.19)
If we replace U,by x and I by I then we find that

right-hand sides of (2.17) to (2.19) are equivalent to those
right-hand sides of Lemma 6 (ASD) for q = 5, 7 and 11

respectively.



10.
SOLUTION OF SIMULTANEQUS EQUATIONS-

3. We now proceed to describe an alternative approach to
the proofs of Theorems 4 and 5 (ASD). The final stages of
their proofs involve in effect a previous knowledge of the
values of the r,, (d), obtained by empirical methods, and
then showing that these are in fact the unique solutions of
a set of simultaneous equations. In this section we replace
the last parts of their proofs by solutions of the simultan-
eous equations using standard determinantal methods. In
theory this method is of more general application, but in
practice it is ineffective for q 7 7 and in fact it could
have hardly been successful in obtaining the results in §7.

We start from the top of page 102 of their Paper and
obtain all the results of their Theorem 4 but, for convenience,
restrict ourselves to one set of results of the type rz3(d9
in their Theorem 5.
Theorem 4 (ASD) Part 1.

By Lemma 6, (2.13) and (6 10) (ASD) we have
S(0) + 5(5) - 85(2) - 8(3) = P(o) [p(z)/p<1> -x - £ P(L)/P(2)

X é S, (@) <. (3.1)

Equating the coefficients of £, x, X ’ X s and x after
substituting the values of S(o), S(2), S(3), and S5(5) given
in Table 1 (Page " ), we have
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P(2) T, (0) = yP(1)To, (3) ~ yT,, (4) = P(2) + P(o) P (2) _
P(1) P(2) ! P(1) P> (1)

- 2yP(2) £(1,0) +
‘j%éﬁgﬁf%T“l |
+y P.'(lg £(2,0) , (3.2)
P(o)P(2

-1, (0) + P(2) r,, (1) - yP(1) ro, (W) = 2y £(L,0) + 1, (3.3)

P(1) P(2) P(o)
-P(1)ry, (0) = r,, (1) + P(2) r,, (2) = P(1) -2P(o) +
P(2) P(1) P(2) "P(L)

+gzP§l; £(1,0) , (3.1)
P(o)P(2

-P(1) 1o, (1) - r,, (2) + P(2) 1,,(3) = -P(0) - yP(2)2(2,0) ,

P(2) P(1) P(ZY “Flo)P(D) (3.5)
~P(1) Top (2) - T, (3) + P(2) 1, () = ¥ £(2,0) . (3.6)
— P(2) P(1) “Plo)

/
For convenience we write r,, (o) = [rw_(o) - 2y é&l,o)/P(OQ
/
and v, (3) = [r,L(3) -y é(2,o)/P{oﬂ in the above equations
which can be rewritten as

P(2) T,, (0) - yP(L)r,, (3) - yr,, (4) = -P(2) + P(o) P7(2), (3.7)

P(1) P(2) P(1) P> (1)
- Top(0) + P(2) 1, (1) - yE(L) T, (%) = 1, (3.8)
F(1) B(2) :
=P(1) To, (0) - T, (1) + P(2) 7, (2) = P(1) - 2P(0) , (3.9
P(2) B(1) Y TP
“P(1) Ty (1) = T, (2) + P(D) 1, (3) = -P(o) (3.10)
16 Z6) ¥y |
“P(L)Tg,(2) - 1, (3) + P(AT,, () = oo (3.11)

P(2) P(1)
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Adopting now the usual determinantal method of solving

the simultaneous equations we see that r , (2) is equal to

-P(2)+P(0)P"(2)
P(1) P’(1)
1

P(1)-2P(o

P§2; ?51;
-P(o
P§2§

0

%é%}

By adding the second column to the first column and

taking out common

(i) P(2)/P(1) from the first row,

(1i) P(o)P(2)/P' (1) from the first column, and

(1ii) P(2)/P(1l) from the third column, we fird that

rQL(2) is equal to

1 1

o -1
-2 -1
—P1§12 o
P*(2)

o) o)

-yP(1) -y
P(2)
-yP(1
° 2%%?%
/Zf.
(o] (o]
P(2 (o}
P
-1 P(2)
()
-yP (1) -yP(1)
P*(2) P(2)
-vP(1)
° I?%§7
0 o | PWPF (2) .
P'(1)A¢
P(2) o)
P(L)
-1 P(2
?TT%

If we subtract the sums of the second and the third
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columns from the first column we clearly obtain¥* f,, (2) = o.

Again we have T, () is equal to

~P(2)+P(0)P*(2) P(2) o o ~yP(1)
P(1) P*(1) P(1) P(2)

1 -1 P(2§ o) o
3

P(1)-2B(o -P(1 -1 P(2 o} .

P§2§ PiI; 552; Ffi; vt‘/A
-P%og o) - él; -1 P(2
P(2 P P(1
o} o} 0 -P(1 -1

F§2§

Adding the second column to the first column and

repeating the steps (1) to (iii) we see that roz(h) is equal
to

1 1 o o} -yP (1)
P (2)
o -1 1 o 0
3

-2 -1 -1 P(2§ o |xP(a)P (2)
P(1 P“(l)AG '

-P (L) o -P (1) -1 P(2)

P*(2) P*(2) P(1)

o) o) o -P(1 -1
Pi?%

If now we subtract the sums of the second and third
columns from the first column we clearly find that

r°1(1+) = O (3013)

# Of course in choosing to evaluate T, (&) and re.. (4) we are
effectively using Dyson's conjectures but not, however,
the subsequent conjectures of Atkin and Swinnerton-Dyer.
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Using (3.12) and (3.13) in the equations (3.2) to (3.6)

we easily get the following results:

r,. (0) = P(0)P(2)/P"(1) - 1 - 2y £(1,0)/P(0), (3.14)

r,, (1) = P(0)/P(1), (3.15)

T, (3) = -y £(2,0)/P(0) (3.16)
Part 2.

From Lemma 6, (2.13) and (5.10) (ASD) we have
S(1) + () - 8(2) - 8(3) = P(o) [ P(2)/P(L)-x-F P(1)/P(2)]*
;g 4
X A:'rgl(d) X . (3.17)
We substitute the values of S(1), S(2), S(3) and S(4) from

y
Table 1 (Page™ ), and equate the coefficients of X to x
. V4
after replacing r, (o) and r, (3) by [r”_(o)+y i(l,o)/P(oﬂ
14
and (r"'(3)-2y i(2,o)/P(oﬂ respectively. We thus obtain
/

P(2)r,, (0) - yP(L)r,, (3) - yr,, (4) = yP(o)P (L) , (3.18)
P(1) P(2) P’ (2)
or/(0) + P)ry (1) -yPWra®) = o, (3.19)
P(1) P(2)
SP()Tw (0) - T, (1) + P27, (2) = Plo) , (3.20)
— D) P(D) 26))
-P(L)r (1) - 7,.(2) + P(2)r,, (3) =-2P(0) , (3.21)
17¢)) F(I) 816
“P()T, (2) - 1, (3) + (DT (1) = o. (3.22)

P(2) “P(D)



As before we have r,. (1) is equal to

15.

yP(0)P (1) P(2) o ~yP(1) -y
P> (2) P(1) P(2)
o) -1 o o -zP%l)
- P(o -P(1 P(2 o) o /
P(L P2 T s
—2P§o§ (o} -1 P(2 o)
P(2 ' . 1
o) o -P(1 -1 P(2
(2 1 .
Taking out common
(i) P(2)/P(1l) from the first TowW,
(i1) P(1)/P(2) from the third row, and
(iii) P(o)/P(2) from the first column, we obtain
r,, (1) is equal to
P> (1) 1 o -yP (1)  -yP(l)
P? (2) P*(2) P(2)
0 -1 o o -zP(lg
N
- p (2 -1 P (2) o o |y Plo)
P* (1) P* (1) P(2)As
=2 (o} -1 P(2 o)
1
o o) -P(1) -1 P(2
(1 .

If we multiply the fourth column by -P(1)/P(2) and add

to the third column then it is obvious that the new third

column and the first column are identical.

I‘n_ (l) 2 O.

Hence

(3.23)



Again we have rn_(H) is equal to

YP()P' (L)  P(2) o o
P> (2) P(1)
o) -1 '%%%% 0]
P(o -P(1 -1 P(2
F%I% ?{E& P(1
-2P(o o) -P(1) =1
‘?%5} ?éﬁ}
0 (o] (o]

A

-yP(1)
P(2)

P(2
P(1

-1

16.

Repeating the steps (1) to (iii) we see that r, (&) equals

xp’glz 1 o} o}
P3(2)
o -1 P(2) o
T
P (2) -1 -P(2) P (2)
P*(1) ' P(1) PT(1)
-2 0 —Pil; -1
(o] 0 (o]

b9

- Plgl}
P*(2)

P(o) .
P(2) A¢

If we multiply the last column by -P(1)/P(2) and add to

the fourth column, then it is clear that the new fourth

column and the first column are identical.

I',l (l+) = O.

Hence

(3.24)

By using (3.23) and 5.24) we can easily determine the

remaining results given below:
r,, (©) = ¥y £(1,0)/P(0)
T, (2) ="P(0)/P(2)

(3.25)
(3.26)

r,, (3) = ~P(o)P(1)/P (2) - 2y £(2,0)/P(0). (3.27)
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Theorem 5 (ASD) (r,, (d) only).
We shall use the i‘ollowing* three: equivalent relations

without explicit reference:«

P(3) - p?z) + yP?l) - 0,
P(2) P(1)P(3) P*(3)

P'(3) = P(2) + yP' (1)

= O,
P* (2) P(1) P(2)P(3)
P*(3) - PX2) + yP(l) = o.
P(1)P(2) P*(1) P(3)

From Lemma 6, (2.13) and (6 10) (ASD) we have

$(2) + 8(5) - 8(3) - S(4) = P(o)[P(Q)/P(l) - xP(3)/P(2) -
%+ /PG Zﬁ;,(d)
(3.28)

For convenience we write r,, (2) = [rl; (2) -y é(3,o)/P(oX
and r,, (6) = (ru/(6) + 2y ‘f.(2,o)/P(o)] in the above
equation. Now we substitute the values of S(2), S(3),
S(4) and S(5) given in Table 2 (PageTa ) and equate the
coefficients of x to X obtaining the following set of

similtaneous equations:

X Cf. Lemma 4 (ASD).
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/
P(2)ryy(0) + yP)r,,(2) - yr,, (5) -

P P @rl (6 = -yP)R(D), (3.29)
P(2) P*(2)
- g})rn §02 + P(Z)rz-, (1) + yp(l)rzs(y-
P(2) P(1) P(3)
= YTy (6) = 0 (3.30)
-r,, (@) - P()r,, (1) + P(2)r);(2) +
— P2y P(1)
+ yP(L)r,, (W) = =-yP(o)P(1) , (3.31)
P(3) P*(3)
4
-7, (1) - P(3)r,,(2) + P(r,,(3) -
B(2) P(7)
- yP()rT, (5) = P) , (3.32)
F(3) T
r, (2) - P33Ty (3) + PR, (0 +
P(2) P(1)
+ yP(L)ro, (6) - -2P(0)P(3) , (3.33)
P(3) P(2)
P(L)ry, (0 - r_ () - PQ)r, () +
P(3) B(2)
+ P(2)Tas (5) = o, (3.34)
(D)
P(l)rxg (l) - rl}(L‘-) - P(3)r13(5) +
—P@y P(2)
+ P(2)rl4(6) - 2P(o) . (3.35)

P(1) P(3)
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Now we have 115(0) is equal to

~yP(o)P(1) o yP(1) o ) -y -yP(3)
P (2) P(3) P(2)
P(2 P(l ' o =y
o 2 o xp§3g o
~-P(o)P(1) -P(3) P(2) o yP(1) o] o
P*(3) P(2) P(1) P(3)
P(og -1 - i%; P%ZE o yP§1§ o
-2P(0)P(3) o -1 -P(3) P(2) o yP(1)
P*(2) P(2)  P(1) P(3)
o] o) o -1 - é%g Pézg 0
’ 1
2P (o P(1 -1 -P P(2
w3 sef ° ° o

If we now (i) multiply the second column by y, and
(11) multiply the last column by P(2)/P(1), L;S(.;.g
and add. to the second and fourth columns
respectively, and
(iii) take out common -y and P(o0)/P(2) from the
first row and first column respectively,

we obtain r,, (o) is equal to



P(1 P
P(2 P(1
-yP(1)P(2) -yP(3)

P(3) P(2)
P(2) -y
P(1
- | -2p yP(2
P(2 P(3
o o
>
2P(2 P(2)+yP(1
45 RERS
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-P(1 P(1 fo} 1
P(3 P(2
P(2) o yP(1) o
P(1) P(3)
- ) P(2) o yP(lg
P(2 P(1 3
. ,xP(o;,
-1 -P@M¢yP (1 P(2 o) 2)o,
P P03 1
o) -1 - P(2
P(2 P(1
o} -1

3

b6

If we subtract the first column from the fourth column

and multiply the fifth column by P(2)/P(3) we find that the

new fourth and the fifth columns are identical.

rzs(o) = Oe
Again we have r,, (1) equals
~yP(o)P(1) P(2) ¥P(1) o o
p*(2) P(1) P(3)
o - (3% 0 yP(1 o
2 P(3
-yP(o)P(1) -1 P(2) o) yP(1)
P™(3) P(1) P(3)
P(o o) - P(2 o)
L ra . ORI .
%ﬁﬁ P(1 o '??’ %ﬁ
o - -
P(3 ?52;
o o) o) -1

£e

Hence
(3.36)
o -yP(3)
P(2)
o -~y
o) o)
yP(1 0 /
5% g , &,
03 '&-%%3’)
P(2 (o}
P(1
e P(2
?52; P(1
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If we

(1) multiply the second column by y,

(ii) multiply the last column by -P(3)/P(2) and P(1)/P(3)
and add to the second and fourth columns respectively,
and

(iii) take out common P(o)/P(2) and y from the first column
and first row respectively,

we obtain r,, (1) is equal to

-P(1) P(2)+P (3) PQ1) = -P(L) 0 -1
P(2) P(1) P*(2) P(3) P(2)
- yP(1)P(2 -y P(2) o yP(1) o
P*(3) P(1) P(3)
P(2 o) -P P(2 o yP(l
P(1 P(2 F§1§ P(3) [xyP(0)
op p(1L 1 p*(1) P(2 JOr
- - - -P(3)+y o
P(2) ?%5} P(2) P(3 ?éi%‘
P(1 -1 -P P(2
° yP(3§ ° _ P(2 P(1
2P(2) -p o P2 -1 -
P(3) P(1 P(3§ ﬁ%%%

Now subtracting the first column from the fourth column
and multiplying the fifth column by P(2)/P(3) we find that

the new columns thus obtained are identical. Hence

r,, (1) = o. (3.37)
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4

Also we have r,, (2) is equal to

-yP(c)P(1) P(2) o o o] -y -yP(3)
P*(2) P(1) P(2)
o) - é}; P(2 P(1) -
P(2) - P(1 yP(3) ° ° v
-yP(o)P(1) -1 -P(3) o] yP(1) o] o]
P*(3) P(2) P(3)
P(o ' o -1 P(2 o yP(Q o /
P(1 P(1 P(3 49
-2P(0)P(3) o) o) -P2(3) P(2) o yP(1)
P*(2) P(2) P(1) P(3)
o] P(l o) -1 - P(2
P(3 péz% P§1§ °
2P (o o) P(1l o) -1 - P(2
P53§ P(3 P§2; P(1 .

If we now
(i) multiply the second and third columns by y,

(ii) multiply the last column by -P(3)/P(2), P(2)/P(l)fn%%1)
3)

and add to the second, third, and fourth columnsA
respectively, and

(iii) take out common -y and P(o)/P(2) from the first row
and first column respectively,

/
we obtain T, (2) =



P(1 -P(2)-P’ (3) P(3) P(1) o 1
P(2 P(1) p*(2) P(1) P(2)
~-yP(1)P(2) -y ~-yP(3) o] yP(1) o]
P*(3) P(2) P(3)

o

P(o)| P(2 - P(2 o yP(1
° ?{T% v ?{T} P(3 x??(2);
-2P§3g -xp§1§ xpézg -P(+P @ P2 o
P(2 P(2 P(3) P(2) pr(3) P(L)
P(3 P(2 P(1
zpézg -__51} YP(1)+P(2)  P(2) -1 -P@Q3)
P(3 P(1 P(3) P*(1) P(3) P(2)

If we subtract the first column from the fourth column

and multiply the fifth column by P(2)/P(3) we find that the
/
new columns thus obtained are identical. Hence r, (2) = 0.(3.39
By using (3.36), 3.37) and (3.38) we can easily obtain

the remaining results given below:

Ty, (3) = P(o)/P(2) (3.39)
T,y (B) = =P(0)/P(3) (3.40)
r;(5) = o (3.41)

£, (6) = P(o)P(L)/P(2)P(3). (3.42)
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PRELIMINARY RESULTS FOR g = 11.
L, It is not practicable to use the P(a) themselves directly
in our work with q = 11; instead we introduce certain
rational functions of the P(2) (r, s, t, u, v,d,f57:8,€9 A
and /' below) which we regard as fundamental, and develop the
relations between the P(a) for d = 11 systematically in terms

of these new functions.

-y P(1)/P(3)P(5),

We define r

s = =yP(2)/P(1)P(5),
t = P(4)/P(L)P(2),
u = yP(3)/P(2)P(4),
v = yP(5)/P(3)P(k), (4e1)

and l=1r/s, P=s/t, ¥=t/m, §=u/v, € =v/r. (4.2)
Further we write M = [y + pd +7e + §¢ +ef,

Fo=dy +PS +ve +854 +EP.  (4.3)
From (h.g) to (4.10) and Lemma 8 (ASD) we have

t - s =su/r = PT(3)/P (L)P(4) = (2g(1)-g(2)+1)/P (o),

u -t =tv/s = -P(5)/P*2)P(3) = (g(4)-2g(2)-1)/P*(o),

v - u=ur/t = =y PY/PTCIRS) = (2g(4) + g(3))/P (o),
r-v=vs/uz-yP(2)/P(1)-P*(3) = (2g(3) + g(5))/P*(0),

s - r = rt/v = -yp (4)/P(2)- P(5) = (2g(5) + g(1))/P*(0), (4.}1)

It is clear that any equation derived from (4.%) in r,
s, t, u, and v remains valid if these quantities are permuted
cyclically. Accordingly we shall usually exhibit one
equation for each set of five symmetrical equations. The

same remarks apply to { , F s ¥ & and ¢ , and in connection
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with both sets of quantities we shall use the symbol 4 to
denote a sum of five terms obtained by permuting the typical
term cyclically. Thus X\ = 4Jy and /= % -(17’.

The following equations (each typical of a set of five)

are immediate deductions from (L.4):

r/s + t/u + uwr = o,
s/u+ wr + r/s + s/r = o,
rt/s -r -u = o,
rs/t - r+s +¥ = o. (4e5)
and we have the single equations
4rs = o, (h.g)
g(1) + g(3) + gt) + g(5) =- g(2) = o. (4.7)
and the congruence
br - 2s + t + 5u+ 3v = 1/P*(0) fmod 11). (4+.8)

We also give here, for convenience, some further
relations; (4.9) are required in 156,
(4.10) in 7, and
(%.11) in both 6 and f 7.
rs/v = -r -s - su/v,
rs/u = -s + rt/u,
rv/u =r - v - rt/u,
r*/s = -u - rt/u,
r/t = -v - rt/u,
r'/v=r-s+ rt/u,
rsu/tv = s - su/v,
rtu/v- = -s -u + su/v,

rsu/t = - s - u - uv/t, (4+.9)



rls = - v - rsu - uvs + vrt,

r't=-rv-uvs + vrt,

Fu = -tur + vrt,

stu = -rsu + stv, (%+.10)
3g(2) + g(5) + 1 = PY(o)x(-T + s + t -2U + V),

g(1)-g(2)-2g(5)+ 1 = P (0)x(r - 25 + t),
-2g(1)+g(5)-g(3)-2
g(1)+2g(3) +g(4)+1 P(o)R(r - s + t - u),

~g(3) - 2g) = P (o) K(u - V). (4.11)

P"(o) X (-r + 25 - 2t + u),

It can easily be seen that of the relations between
r, S, t, u and v in (4%.4) only three are independent.
In terms of L, 8,y 5, § , and € , the relations

between r, s, t, u, v in (4.4) and (4.5) become
6( + S. + P1 =0

1/ K =1l=-f - =1+98, (4.12)
Adding the five equations typified by o +8 + f¥ = o
we have
244+ 44P = o.
Similarly from 1 = { - df -d€ , we obtain
sd -24lf = 5.
Hence 54 =1, (4+.12.1)
and sdf = -2, (4.12,2)
Also df + 4doy = N -2, (+.12.3)
Again {3L‘a’ =-4f -pS5 ,
so that $p7 = - Uf -4 p5,

whence 4 ,(1“/1 2 =X . (k.12.4)
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Similarly 4J¢ = 2 -\ . (4.12.5)
2 1 T -
d =-df - de ,
L 1 1
b ¥ {..(P - £Ae

Also d
so that £ 4

By (%4.12.1), %.12.%), and (%.12.5), we have
£ = 5 -2\, (4.12.6)
k™
Further we have { + 4§ + df7

= o,
so that 14 + £dy idpr = o.
Hence folﬁb/ =N -5, 4.12.7)
Also 1 = d  +dAdv8,
so that 5 = £d 4 £,
whence 4dy8 = k. (4+.12.8)
Adding (4.12,7) and (%.12.8) we obtain
$APY & 4§ = n -1. (4+.12.9)
Again /5 = p(/J + a(f‘Tf ,
so that £d = 4df + A5,
and hence ﬁa(frf = 3. (%.12.10,
Finally Jfy§e = 1. (4.12,11;

From (%.12.1), (%+.12.3), (4+.12.9), %.12.10), and
(4.12.11) we see that ,P s Y 4 & and e are the
roots of the equation

zg-z.q— 2z3+zl+3z—l+ >\(z3-z1')=o.

(4+.13)

There are four independent relations between { , f‘ » ¥
§, and € ; three derived from (4.%4), and {frde= 1,

We can express any threeof I , # ,ov ,§ and € , rationally

in terms of the other two, which are themselves connected by a
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symmetrical rational equation typified by one of
Ay (d+7) - (d+7 ) +1 = o,
Cdp Y -4 b ) w2l (d+p )= o (4. 1)
We now prove that any cyclically symmetric function of
Ly s 5 § and e , can be expressed rationally in

terms of A and /' . In fact we have

w M
Lemma 3. Any expression of the form £ ,_(eﬂ- r )
where 1, my, n, p and g areﬁsitive, negative or zero

integers, is equal to
Ql( )‘ ) + /‘Ql( A ),

b v

where Q, (\) and Q,(\ ) are polynomials in X\ with integral

coefficients.

Since .LP'/ §e = 1, we may clearly suppose without loss
of generality that 1, m, n, p and q, are greater than or
equal to zero. Assume now that the Lemma is true for all

values of 1, my n, p and q with l+m+n+p+q < k where k) 1
(L wnpe two
and consider amy £ 4 P 78 € with l+m+n+p+q = k+l. If any of

d s F y T 5 and € , adjacent in the cyclic order,

s Ly b Y
have non-zero indices, we can express 44 f 7 § ¢ as a

linear combination of similar expressions with l+m+n+p+q < k
by using Pf ¢ -4d -§ and the other four similar equations;
and so by the induction hypothesis it is equal to @ (A ) +
e, (M),

Next, ile can be expressed as Q, () ), by ordinary -
equation theory applied to (4.13). Finally consider £ Ly

et

N
where 1 77 2, n 2. Since N &l ¥ 1is equal to
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plus a linear combination of cyclically symmetric sums in

d o F ' § , € , in which adjacent letters occur,

. / ’ % [
we have £2%% = Q] (W) +  £Q (N) +MQU (N) +fR7 (M),
Q, (M) + 1q. (A).
Loy S 1 (.

Moreover ¢ l7 = N=HN + 2, tlry =/ ,ib'—'-/_‘ - 3
$4¥ =\ . Thus if the Lemma is true for l+m+n+p+q < Kk,

N

it is true for all 1, my n, p and q with l+m+n+p+q = k + 1.
But the Lemma is clearly true for k = 1, and hence it is true
for all values of k by the strong form of mathematical induction.
In particular /‘Lcan be expressed in terms of / and w
powers of \ ; in fact
R 3 y
P +3) + X =8N + 1IN + 3k = o; (4+.15)
which we now prove. We have
TP 3 5
(£47 )(4dy ) =X = 4N + 2N, (%+.15.1)
But the left-hand side of (4.15.1) is equal to
p I I Y 1y b IR * L
47 +(dprTs ddver (AT S 4 24T e

= il"f,+ 2N - LA - 12; since
$UprS =44 - sl -4 -5) =4dy - td7 - 24T
1—3 3 = >\" /‘ _u 9
4drve = Ld7 ( -1+ 1/y ),
= 45 - 145,
= X -3\ -/-5,
3 3
RS ) = ¥ (-1 +1/d),
=ty - 0y
= XL-3X +r - 2, and
(ipre = tdy @ -¢ -7 ),

Sdy - 4dre - $do"
X + N/ - 1. 4+.15.2)
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Hence 4d7 = A - _éx‘ + '6>\ + 12,
Similarly we obtain from (i.LL7 ) (£ &7") == @ +) )
the relation
5_1’1) = - ,G3+ /) + 2>\L— 5N = 22, (%.15.3)

Now equating the right-hand sides of (4+.15.2 and 4%.15.3) we
obtain the required relation.

In our application of Lemma 3 we require to express
some function F(y), known to be a linear combination of sums

4 xff“{”s” e , in terms of A and f . Since the lowest

-l -
powers of y in the expansions of A and / are y and y 3

P P-1

respectively, we assume a form Cp\ + Cp N + .....n..

. tC, + /'(CP_L\P.L+ C,,_,XP'3 + eee. #C) if v*f. F(y) is a Taylor

e e-1

? -1 ’ s P2
series, and G\ + Cp N 4+ coiiiiio + G +HCLNT H G N+ L

[4
.o+ C) if y™

F(y) is a Taylor series. The values of the
constants C; and CL~' are then obtained by equating
coefficients in the expansions of F(y), N and /X in the

powers of y.

We may note here that in future L.H.S. and R.H.S. will

be used for left-hand and right-hand sides respectively.



EVALUATION OF A,, .

5 We now write
£(z) = T - z* ).
Thus f(y) = P(o)P(L)P(2)P(3)P(H)P(5),
£(y )= P(o),
1/£(x) = £p(n)x . (5.1)
We also write

a=-xP(2)/P), b=xPM/PQR), c=x P(3)/PM),

d=-%xP(5) , and & = ~x° P(L)/P(5). (5.2)
P(3
It is easily verified that _
a” _ l—s‘P'-?(J—z : b" _ F-)"/L‘rf—z- , c” _ _f)‘éle ir ,
"ol 5TV r"-L , and _Ie" = - e—’-JLf‘zr'L (5.3)
and we also have, by Lemma g (ASD) when q = 11
X5e)/e" ) =@ +brc+dre+ 1) (5.4)

In (5.4) we replace x by xwp where wo ( €= 1 to 11) is one
of the eleventh roots of unity and multiply the resulting

eleven equations, obtaining
-9 1 1" . - 2 - lo
v £ et (y” ) = T(ay + bw, + cu, + dw > + ey, + 1),
o€ (5.5)

'
(1-x% ), vhen « 3 o (mod 11), and

) —_ & o
since W (1l-x w )
P=1 f

g (1-x wP) = (1-{ )" when ¢ = o (mod 11).
<1

Now as wp runs through the eleventh roots of unity, so

N
does Wo 4 SO that the product on the right~-hand side of

1
— -5 -3 ' -4

(5.5) is also equal to lr!"(awe + bw:,' +oew, + dw:, +oew, + 1),

and is thus unchanged if a, b, ¢, d and e are interchanged

chclically. The product i1s thus a linear combination of
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terms 4 ol ¢“ "'oY , denoting as in Section % a sum of
five terms obtained by permuting the typical term cyclically.
Moreover, considering the left-hand side of (5.5), such terms as
"

occur ‘can only involve x in terms of y = X . Thus if

a xbxecxdxe occurs we must have

=41 - 5m + 2n - 3p + 10q = o (mod 11). (5.6)
e " b " -5 L .50 -t
Henoe _ (a( R BPLEIA ¢ ) = (iprSe )( el Rb-fx"'l/iae z.*rf‘y)
T o2pe 2l Sh-tv+d pine
< P Pt v+ " Y‘H

“Sp-rlp i “SV —lm et
xS " x € »

where the indices of ¢ , f , 7,8y and € on the right-hand
side are multiples of 11 by (5.6). Thus every term occurring

rd Vd

in the right-hand side of (5.5) is of the form 1‘ /9'.1“,5”6"/
where 1,, m,, n,, p, and q’ are positive, negative integers
or zero, and such terms occur in symmetrical sets of five
terms each. Now it is easily seen that

58 /et = (- 12y + 54yt - 88y - 99y + 540 ¥ ...

S 2

N=o(L+ 2y + yL+........)/YL,
A= (1 + by + éy} 4-]}n? +-37§'+ .....)/Y#,
F=-@ + 3y + 7yL + lhy3+ cenn )/yq,

and M= (e sy + 145+ 367 + 757" + 134y +.0/

Hence by Lemma 3, we have
-5 v X X
y £ (»/f (y)7 =4+ BA+Cl+ D\ +ENMN , (5.7)

where A, B, C, D and E are constants.

# This is, in fact, as will be shown in Lemma 4, the value ofdw



33.
On comparing the coefficients of powers of y on each

side of (5.7) we get

E = 1,

5E + D = -12,

14E + 5D - C = 5k,

J6E + 6E-3C - B = -88,

75E + 14D - 7€ - 2B = =99,
134E+ 37D - 14C - B + A = 540,
whence we have A = =131, B = 34%, ¢ = -108, D = =17,
and E = 1. Hence the left-hand side of:(ﬁ.?) is equal to
N - 27 +~3#8x ~ 108/ - 131. (5.8)
We can prove by a similar method that

é' I L L k/‘-'éxL + 82\ - 9/ - 297,

(5.9)
" .
We may assume that £a = AM + B\ + CN + D/ + E;
% 3 u y -
since i:'= (L-y-y - 55y - 1l0y - 3hly’ -......)/Y’.
On comparing the coefficients of powers of y in both sides

of (5.9) we have

A = 1,
54 + B = -1,
144 + 4B - D = -1,
36A + 6B - C- 3D = -55,
654 + 148 - 2C - 7D = -110,
1344 + 37B - € - 14D + E = =341,

whence we obtain A -1, B=-6, C=82, D=-9, and

E = -297.
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We are now in a position to evaluate &, referred to in
Section 2.

Lemma 4., If A,?}," is equivalent to

b o} o} o} cxu o} x‘ ex o d}? axw
ax' b o o o cx o x* ex" o dx"
dx® ax' b o 0 o cx o ¥ e o
o dx  ax' b o o o ex' o x° ex
ex' o dax' ax' b 0 o o ecx' o x°
x5 ex' o axX' ax' b o ) o ex' o
o 7 Y o &X' ax' b 0 o o cx.
x| o 2 X' o ax' ax' b o o o
o cX' o x° ex! o ax' ax' b o o
o o cx' o 2 X' o af' ax' b o
o o o ¢x' o x5 ex" o ax' ax' b
Then An/y° =\ = 170 + 346\ - 108} - 131. (5.10)

By a similar process to that used in Lemma 1 we can show
1
1

that Ay /yr = f[[,(aw',-f b + cw,

Y

1 15 5
+ dw, + ew, + W, ),

-—*” - 'y kS -3 ig
= lfj (awe + bw; + oW, + dw, + ew, + 1). (5.11)
-t

which is equal to the right-hand side of (5.5) and hence equal

to the value obtained for this in (5.8). This is Lemma .

# A, has been derived from the L.H.S. of the simultaneous
equations (7.56) to (7.66) and written in the above
form after each row has been multiplied by x5 .
The a, b, ¢, d and e occurring are those defined in

(5.2).
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| RANK CONGRUENCES FOR g = 11.
6. We now introduce some further notation. We write
R, (0) = P()(r,, (o) + 1+ 3y £(2,0)/P(0)),
R, (0) = Plo)(r,,(0) -7y £ (2,0)/P(0)),
R, M) = P@)(r,, () + ¥ £ (4,0)/P(0)),
Ry () = P@)(r, (W) - 2y % (4,0)/P(0)),
R, (7) = P3)(r, (7) - ¥ 4 (5,00/P(0)),
R, (7) = PQ3)(r, (M +27 % (5,0)/P(0)),
R,, (7) = P(r,(7) - ¥ 4 (5,0)/P()),
R, (9) = PM)(r,, (9) + ¥y £ (3,0)/P(0)),
Ry (9) = P)(z, (9) - 2y £ (3,0)/P(0)),
Rys(9) = PMD(r (9 + ¥ £(3,0)/P(0)),
R, (10) = P(5)(r, (10) - 1/y - £(1,0)/P(0)),
R,, (10) = P(5)(r, (10) + 2/y + 2 £ (1,0)/P(0)),
Ry (10) = P(5)(r,, (10) - 1/y - £(1,0)/P(0)),

and for all other values of b and c,

+

+

+

R,(0) = P(L)r, (o),

Re (1) = P(2)P(3)r, (L)/P(5),
Rg (2) = PPy (2)/P(),
R (3) = PIPQ)r, (3)/P(2),
R (W) = P2z (M),

R (5) = PP, (5)/P(Y),
R Lc(wé) = yry (6),

Re (7)) = Py, (7)),

R, (8) = PUMIPG)r (8)/yPQ),

Ry (9) = P(OIT (9,
Rq (10) = P(5)r, (10).



36.
Investigating the existence of possible congruences

between the th(d), we observed that

(1) each RLt(d)/P3(o) is congruent (mod 11) to certain
rational functions of r, s, t, u and v (these
congruences are given in Lemma 5),

(2) there are linear congruent relations between the
Rg(d) for different values of d (given in (6.57)),

(3) each R, () (# é) is congruent (mod 11) to certain
functions of P(o), r, s, t, u, v, and the RLc(é),
and

(4) there are several congruent relations between the

various RL°(6) and 7y s, t, uv.

Verification by power series of these congruences

gave conclusive empirical evidence that some of them

(given in (6.56)) were in fact identical relations. We

next found empirically five independent relations between

the RLc(é) and r, s, t, u, v, when we obtained the values
of the R¢¢(6) and consequently those of the RL¢(d)' That
these conjectural values are in fact correct we prove in

Theorem 1.

Lemma 5. Ry (o) E P}(o)(-2r-2s+5t+3v+4ut/s) (mod 11) (6.1)
R, (1) = P’ (0)(3r+2s+tiu-3v-teu/v) (mod 11) (6.2)
Ro, (2) = P,(o) (-t+hu+rt/u) (mod 11) (6.3)
Rer (3) = P (o) (4r+2s+3t+5u+3v+2ut/s) (mod 11) (é.h)
Roy () = P;(o) (-r+2s+5u-2v) (mod 11) (g.S)
Ro (5) = Ps(o) (Yr+2ue2v-5uv/t) (mod 11) (g.g)
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Ps(o)(-rt+2su—tv-2ur-2vs) (mod 11) (6.7)
Pz(o)(—hr-hs+2t—3u—5v-23u/v)(mod ll)(é.8)
Pz(o)(-4r+3t-5u-5v+vt/r) (mod 11) (8.9)
P’ (0) (~2r+t+u-3v) (mod 11) (6.10)
P’ (0) (~r-t-2u+5v) (mod 11) (6.11)
P’ (0) (2u+3r+3v-5t-5tu/s) (mod 11)  (6.12)
P}(o)(hr-3s~u-3v—2su/v) (mod 11) (é.l3)

P’ (o) (~2r+t+u-3v) (mod 11) (6.1%4)
P’ (0) (25-3t-4u-2tu/s) (mod 11) (6.15)
Ps(o)(-3r+25+t-5u—5v) (mod 11) (%.lg)
P’(o)(-Hr-25+5u—5v-5uv/t)(mod 11) (é.l?)
Ps(o)(Hrt—hsu+tv+2ur) (mod 11) (5.18)
P’ (o) (4r-t+3u+3viisn/v) (mod 11)  (6.19)
p*(0) (25-t-6u-tv/r) (mod 11) (6.20)
P)(o)(-hr+2s+hu) (mod 11) (6.21)
P’(o)(Hr+2t—4u+5v+tv/r)(mod 11) (6.22)
P’ (0) (37-28431-3v) (mod 11) (6.23)
P’(o)(hr+hs+u+3v) (mod 11) (g.ZH)

P)(O)(-2r+2s-u+3v-rt/u) (mod 11) (6.25)
P’ (0) (~br+3t-3u+2tu/s) (mod 11)  (6.26)

P’ (0) (br+2s~t+5u-v) (mod 11) (6.27)
P (0) (t-3u+2v+2uv/t) (mod 11) (6.28)
P’ (o) (Urt+4ur+5vs) (mod 11) (6.29)
P (0) (~25+t+2u+5v=250/v) (mod 11)  (6.30)
P (0) (~3r+2t-5u-3v) (mod 11) (2.3;)
P’(o)(3r+2s~hu+4rt/u) (mod 11) (8.32)
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B, (10) = P (o) (4r-2s-2t-u-2v-2tv/r) (mod 11)(6.33)
qu(o) = P?(o)(5r+23-hu+5v)(mbd 11) (8.34)
Ry (L) = P’ (0) (3r+55+5u+3v+25u/v) (mod 11)  (6.35)
R,, (2) = P3(o)(-25+u+3v+5rt/u)(mod ll) (2.32)
R,,(3) = P}(o)(-3r-2s+ht—2ur3v+4tu/s)(modiﬂ)d§37)
R,, (4) = P’ (0) (~r=25+t+3u-5v-3uv/t) (mod ll)(g.38)
R, (5) = P’ (0)(Ur+2s-t+5u-v) (mod 11) (6.39)
R,q(g) = P’(0) (~rt+2su+tv-5ur) (mod 11) (g.MO)
R$q(7) = P}(O)(-4r+25+4u)(mod 11) (%.hl)
R,, (8) = P’ (0)(-r+t+5u) (mod 11) (6.%2)
R, (9) = P (0)(r-25+t-us3v+3rt/u) (mod 11)  (6.143)
Ry, (10) = PJ(O)(3r+2s+2t+u+3v+tv/r)(mod 11) (é.hh)
Rys (0) = B’(0) (-r+2s+5u-2v) (mod 11) (6.145)
R (1) = P'(0) (4r+3s+5vedsu/v) (mod 11)  (6.16)
Rq;(2) = Pb(o)(-r+5u+5v-rt/u)(mod 11) (é.h?)
R, (3) = P (0)(3r-5k+2us3v-5tu/s) (mod 11) (6.48)
ng(ﬁ) = P (o) (-3r-4s-3v-5uv/t) (mod 11) (5.49)
Ry(5) = P (0) (-Mr+t+u-v-5uv/t) (mod 11)  (6.50)
Ry (6) = P (0) (rt+2su-tv-5vs) (mod 11) (6.51)
Ryc(7) = P’ (o) (hris+ut3v) (mod 11) (6.52)
R, (8) = P’(0)(~3r-2sm5us3v-tv/r) (mod 11) (6.53)
Ry (9) = P (0)(-r=2s-5u-3v+litr/w) (mod 11)  (6.5%)

3
Ry5(10) = P (o) (-3r-ut2v) (mod 11) (6.55)
We shall prove (6.1l) to (6.11); the other congruent
relations fall into four more sets which can be proved

similarly. We shall use the relations (4.5), (4.9) and
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(4+.11) in the proof without explicit mention.

From Lemma 6, (2.13) and (6.10} (ASD), we obtain

lo

¢ N " °omn 3 '
i r,, (d)}gL ! ﬁ (x +x J)-(x +;E )xx‘:(’“) R
dzo ’ﬁ(l_x") 1-X"“

' [ 2st -say -sw].
m(1-x*)

Now substituting the values of S(o), S(1), and S(11) from
(XY

Table 3 and using the relation 1/w (1-xX ) = éf(b) x*
o

together with the congruences in Theorem 3 (ASD) we have

to d N
é Loy (d)x = - sy ££2,02 -1 + £ o)X +
dco P(o) P(o

+ nghzxf + Yx + 6yP(l)x +
P(2)P P235 P P

+ gx + %%;7] [('_-r+s+t-2u+v) +
3

+ - P + P(P(M)x -
%%T By ‘{%p DI

- PP(Nx + 3PQRIPMDX + yR(X -
P(2)P(3)P( P*(2)P(5) P(3)P(5)

- v PQOPE@)X - x‘] (mod 11) (6.56)
P (4) P*(5) P(2)

4
On comparing the coefficients of x (d = o to 10) in

both sides of (6.56) we have



L.

b
Ro'(o) = P (o) [ (-r + &+t -~2u+v) - 2yP -
P(2)P(4)

-3x?P§l)PL§22 + P+
P(3)P(4)P*(5) P(3)P(5)
+ 15yP(1)P(3)P(4) - 12y PY(1)P(5) +

_ PX2) P(5) P(2)P*(3)P(4)
+ 67 P(P(3) - 24yP(3) + 27y 2(12] (mod 11),
P(2)P" (5) P(2)P(%) P(3)P(5)

3
P) [ (~r + s +t -2u + v) -2u - 3rs/t -5r +

+ 15 rtu/sv - l2rv/s - Gru/v - 24u - 27r]

AL

(mod 11),
) _
P(o) [ ~ 24r - 25 + 16t - 8v + 15tu/s :](mod 11)

3
P (o) x[ (- 2r - 25 + 5t + 3v + 4tu/s)] (mod 11)

R, (1) = P’(o) [ (-r+s+t-20+v) - ’P PP +
P (W)P3(5) ,
+ 7y P(2)P(W) + 21yP (3) P (W) - 18i’P‘(12 -
P’ (5) P*(2)P’(5) P (4)P(5)
- 1wP'(3) ] (mod 11),
P(1)P*(5)

k)
P (o) [ (r+s+t-2u+v) - 5rsuw/tv + 7rs/v -
- 21 rtu/vt + 18 Tu/t + 19 su/v | (mod 11),
P@)* (3qr +2s +t +u -3v - L4su/v) (mod 11).




41,

3 :
R, (2) = P (o) 2(-r + s +t - 2u + v) - 3P +
°! > ° P%I}?%ET

+3yP(LPMW)P(5) - SyP(PM) -

P(2)P3(3) P2(2)P(3)
- 7y PEQ)P() - _24y PE(L)R(5) +
P(3)P3(5) P(2)P*(3)P(4)
+ Pt ] (mod 11),
P(2)P* (5)

1
P ) 2(-%+ s+t -2u+v)-3t+3rtv/us -
- 5rt/s - 7r /v - 2% rv/s - 9rt/v)] (mod 11)
P (o) * (- + %u + rt/u) (mod 11)

1l
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3 p
P)[ 3¢r+s+t-20+v) +_P (3PN -

R, (3) =
P(1)P%(2)P(5)
- 3P(3)P(H) + 6yP(3) - :Zfol)PS})PO-Q -
P>(2) P(2)P (k) P3(2)P(5)
- 272y PY(1) + 4y P+ 12 YPQ)P(IP]
PH(2) P (k) P(3)P(5) P3(2)P(5)
(mod 11),

3
P()[ 3G-r+s+1t-2u+v) +tuv+ 3tu/s + 6u +

1l

+ 5rtu/sv - 27 ru/s - 4r | (mod 11),
3
= P(o) * (4r + 2s + 3t + 5u + 3v + 2tu/s) (mod 11).



L2,
5
P (o) 5(x% + 58 +t =2u + v) - %xPS%E + P§Hs -
Y- P(3)P P(1)P(2

R, (%) =
__6PT(3) + P () + 2y PQUPH(R)
PEL)P(4)  P(LP*(3)  P(IPHF(5)
+ 18 ¥y PCAOPR) ] (mod 11),
P(2)P*(5)
5P3(o)[ 5(-r+s+t-2u+v)-3v+t -6 sur-
- 9 sv/u +2'rs/t - 18 ru/v  (mod 11),
= P}(o) ¥ (- r+ 2s + 51 - 2v) (mod 11).
] 3
R,, (5) EP(O)[7(-r+s+t—2u+V) - yP)P (5) +
P(2)P*(3)P* (W)
2p" - 9P()P(5) - 6y PH(LIPR(2) +
P (1)P(k) PV P°() PPnPH()
+ 8YP(2) + _2uyP (mod 11),
P(3)P (W) P(2)P(k)
3
= P (o) [7(—r+s+t—2u+v) +3vz/s+2su/r-
- 9 sv/r - 6 rsu/t" - 8sv/t + 2L+u} (mod 11),
= Pl(o) * (br + 2u - 2v - S5uv/t) (mod 11).
Ry (6) = P o)-_6FB(5) + ypCn - _152Q) 4
P(2)P* (k) 7'(l)P(S) P(1)P*(2)

+ _%?JL%%QﬂLT;_ - 8y P()P@)+
P(2)P(3)P(5) P(2 P >P ) P*(W)P*(5)

+ VP2 + 279 P(s)p(u)] (mod 11),
P(3)P*(5) P%*(2)P*(5)

3
P(o) [ -6uv - 3st - 15tu - 21rt + 6ur -8rsu/t +

+ Ors - 2'7rtu/V] (mod 11),
.

= P(o) * (- rt + 2stL - tv - 2ur - 2vs) (mod 11).
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3
Ry () 2P @[ Ur+s+t-2u+v) + 3P  +

P(1)P(2)P(5)
+ yP(2) - _9yP(5) + _5PY(R)P(M4) -
P(1)P(5) P(3)P(4) P(1)P* (2)P(5)

- _21P*(3)P(M4) - _8yP(3) -
P(1)P*(2)P(5) P(2)P(4)

~ 9yp (1)P(2)P(3)] (mod 11),
3 P(4)P3(5)

=P (O)[_ (-7 + s+t «2u+v) - 13tuw/v-s - 9y

-8u - 9rst/tv ] (mod 11),
1
=P (0) X (- 4r = L4s + 2t - 3u - 5v - 2su/v) (mod 11).

e

Ro'(8) = Pl(o)[: 6 (- +s+t-2u+v) - P(2 +
P(1)P(5)
+13P(P(5) + 3P (MP(5) - 15P%(5) +
P(1)P*(3) yP(L)P3(2) P(3)P*(2)
y_ZPP () - 9B ] (mod 11),

Y P (1)P*(2)P(5) P(1)P(2)
P.’(o)[_ 6(- T +s+t-2u+7v) +s+13tv/u-3t/s+
+15 tv/s + 7 t/v - 9t] (mod 11),
P3(o) * (- 47 + 3t - 5u - 5v + tv/r) (mod 11).

3
R,,(9) = P(o) 8(-r+s+t-2u+v) - 13 P(4 + 17y P(1) A
o! [ P%le(éT ?%%Spégg

+ 2yP(2) + 6 P ()P(4)_ - 21P(1)Pjh)] (mod 11)
P(1)P(5) P(L)P*(2)P(5) P(3)P*(2)

3
P (o) [ 8 (- T+ 5+ & =2u+v) - 136 - 17r - 25 +

1l

. + 6tu/v - 21 rt/s ](mod 11),

P@®* (~-2r+t +u- 3v) (mod 11).



.,
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Ro‘(lO) = P (o) [ 9(-r + s+t - 2u+v) - P _(5) -

P (2)P(3)
- 2y P(2)P(3) + _3yP(2)  + _13p(k) -
P*(4) P(5) P(1)P*(3) P(1)P(2)

- 18yP + 24y P (mod 11)
'P'Zy'iiz p(&ﬁ Pz3)P'%) ] two ’
PJ(o) [ 9(- r + 5 + ¢t
- 3sv/u + 13t

2u + v) + tv/s + 2 su/t -

Al
1

18u + 24v ] (mod 11),

) .
=P (o) * (-7 -1t - 2u + 5v) (mod 11).

From Lemma 5 we derived some further congruences which
appeared to be identical relations, because in every one of
them the first four terms of the power series on both sides

were found to be identical. These are:

Rio(0) 2 Ry (1) 2 Ry(2) -~ Ry (2) - P0) = R, (3) = R, (%) - P(o)
TR, 0) =R, (5) 2 Rye(7) =2 Rop (8) = Ryy (8) - B(o)
TR, (9 - R (9 =R (0) - R, (lo) - Plo) =R (6)/t,
Ru‘(o) =R, (@) + R, () =R, (2 +R, (2 =R, ) - R -
- P(0) =R, (4) & P(0) z Ry (5) + P(o) =R, (7) - R (7)
+ P(o) =R (8)-R (8 -~-R (8) + P(o) =
+Ruy
= Ry, (9) + R11(9)A-u%(o) = qu(lo) = R (6)/
< -ROL (6)/3,
Ro() =R (1) -R() =R (2 -R_(2 =R, Q) +RQ) -

-R,,(3) + P(0) = R, (") = R __(5) - R, (5) = P(o)
R, (7) - B, (7) + R (7) - P(o) = R,,(8) - R, (8)

P(o) - R,, (9) + R,,(9) - R_(9) =R, (10) - R, (10)
R, (6)/t,

11



L5,
R (1) +R (1) + R (1) + P(o)
1y oy’ 23
2R, (2) + 3R (2) + R _(2) + P(o)
2R (3) + Ry, (3) + P(o)
R, () + R, () + R () - P(o)
R_(5) +R _(5) =R_(7)
R, (8) + R%.(S) - P(o)
Rya(9) + R (g + Pla)
= Rm(lo_) =-R, (6)/r,

Ro‘(o) - R“(o) + 3R‘$(o) + P(o)

W11 tlt oli il i

[l

R M) =R (5) - Re(5) + Plo) =R (6)/%,
Ry (2) = B, (9) + Ry (q) - R (9) - Plo) = R, (6)Ax,
R (1) 2 R,y(7) =R, (6)/v -P(o), ) |
R‘L(O) = R“’ (3) = "% R)_; (6) - R!:(6) - % [ qué6) - Rn_ (16:)]'*'
+s[R.‘; (é) + Rey (E;)]+ P(o)(r +t -8 =u)/t.
t r v
Ry, (8) = R,s(10) - P(o) =.Ryu(6) (6.57)

r

We may note that the first four sets of identities are
relations between the R, (d) for all values of d, whereas
the remaining five sets are odd ones.

We may observe here that Dr. Atkin had previously
obtained empirically and later proved some rank congruences;
writing

f (D
f(d)
and f(d) = r, () - 4z, (@) + 57, (d) - Uy, (4),

Tyy (d) = by (4) + Sr . (a),
T (@) = br 4 (d) + 61'.“' (d) - br,e(d),



-he obtained

(o) = o (mod 11),

/(1) - (1) = o (mod 11),

2 f(2)- £(2) - 4P(2) = o (mod 11),
2 £(3)+2 £ (3) + 26(3) = o (mod 11),
3MW+26M) - M) = o (mod 11),
f(5) + F(5) = o (mod 11),

ﬁﬂg) = o (mod 11),

F6) + 2@(8) = o (mod 11),

L B (7)+ £L7) - 6P(7) = o (mod 11),

B(8) - 6(8) - £(8) = o (mod 11),
B9+ F(9) - F(9) = o (mod 11),
L+f!,(10)-1+(’1(10) - £(10) = o (mod 11). (6.58)
A1l of these are in fact equivalent to
II - III - 51 = o (mod 11),
where I, II, and III denote respectively the first, second,
and third sets of relations in (g.57).
We next obtained the following five independent congruent
relationg between the RCc(g) and Ty S, t, Uy Vi
~VRg, (6) + tR, (6) = (v + t)R,, (6) + VRO,(é) +
+ VRoq (6) o (mod 11),
o (mod 11),

SRy (6) = tRop(6) = SRyy(6)
-UR,, (6) = uR,, (6) + tR,(6) + (2u -t)R,-(6) = o (mod 11),

VR, (6) +(v -8)R,, (6) + sH, (6) - uR (6) + uRes(8)
et v T8 e St oy é o (mod 11),

1

(r -s)Ro‘(-é) - (r +t)R_(6) + £R,(6) + sk, (6) =-rtP(o) (mod 11).
6.59)



These again appeared to be identities, and solving

them as a
R,, (6)
R, (g)
R,,(é)
Roq (6)
Ros- (6)

similtaneous set we found

= D(rsu + stv - 4 tur - 3uvs + 3vrt),

D(-rsu - 3uvs + 2vrt),
D(-rsu - 3tur - uvs + vrt),
D(-stv - 2tur - uvs + Lvrt),

D(rsu - 2tur - 3uvs + vrt),

where D = P(o)/(rt + su + tv + ur + vs).

Finally using the relations in (6.57) together with
those in (6.60) we obtained a complete set of conjectural

values of the th(d) which we prove immediately in

Section 7.

47.

(6.60)



l+8.
RANK IDENTITIES FOR g = 11.

7. Theorem 1. Bo,(o) = 5&3J'+ 5rt + su + tv -3ur + vs),(7.1)
Ry, (1) = D(-25" -2rt + 3su + tv -2ur -vs)(7.2)
Ro; (2) = D (-3r¥ - 5rt - tv + 3ur), (7.3)
R, (3) =D (-l + Tt - su + tv - bur +vs)(7.k)
Ry (4) = D(-3rt - su + ur + 3vs), (7.5)
R, (5) = D(2v + rt - 3ur + vs), (7.2)
R (é) = D(rsu + stv - 4tur -3uvs +3vrt),(7.7)
R (7) = D(-8 -Tt + Ysu +2tv - Sur +2vs),(7.8)

R, (8) = D(-f -rt +5tv - ur + 2 vs),  (7.9)

R, (9) = D(5rt + tv - 2ur - vs), (7.10)
Ry (10)= D(=3rt -tv + kur - 2vs), (7.11)
R,, (o) = D(~1¥ - 2rt - 3ur + vs), (7.12)
Ry, (1) = D(-& + rt - 2su + 2ur - vs), (7.13)
R,, (2) = D(5rt +tv - 2ur - vs), (7.14%)
R, (3) = D& - su - tv + hur), (7.15)
R, (4) = D(2rt - su + tv - ur + 2vs), (7.1;)
Ry, (5) = D(2v - 1t + su + 2ur), (7.17)
Ru_(é) = D(-2rsu - stv + 4tur - vrt), (7.18)
Ry, (7) = D(2st+ rt - Ysu - tv + Sur-+vs),(7.l9)
R, (8) = D(fL- su - 3tv + ur), (7.20)
R;.(9) = D(~-rt - su + 3ur), (7.21)

T
R (10)=D(-t + rt + Y¥tv -3ur -~ 2vs), (7.22)
Ry5(0) = D(-2rt + su + Sur - vs), (7.23)

e e e e )

# D is the same as defined in (6.60).



Ry (1) =
Ru (2) =
Ry (3) =

R (&) =

1
R],} (5) =
Ry (6) =
R‘3(7) =
R11(8) =
Ry, (9) =
R'L‘; (10)=
qu(o) =
Ry (1) =
Ry (2) =
Ry (3) =
R3q(4) =
R, (g) =
Ryy (6) =
R, (7) =
Ry (8) =

qu(9) =

qu(lO):

Rﬂf(o) =

Rﬁf (1)

1) ()

Rys(3)
RQT(H)

49.

D(rt - 2su - 2ur + vs), (7.24)
D(3;' - rt - su + 2ur + vs), (7.25)
D(-%u -Tt + tv - ur), (7.26)
D(rt - su - tv + ur - hvs), (7.27)
D(- 3v + tv - ur) , (7.28)
D(-3tur + 2uvs - vrt), (7.29)
D(-s" + 3su + tv - ur - 2vs), (7.30)
D(2rt + 2tv - ur - vs), (7.31)
D(-r =-su - 3ur), (7.32)
D(Zt:L + rt + su -étv + 2ur + 3vs),(7.33)
D(4rt - su - 3ur - 2vs), (7.34)
D(s” - 2rt + su + ur + vs), (7.35)
D(-HT} - 3rt + su - 2ur + vs), (7.32)
D(3u + 2rt + su + ur - vs), (7.37)
D(-J' - 3rt + su + tv - ur + 3vs),(7.38)
D(rt - su - tv + ur - Lvs), (7.39)
D(rsu - stv + tur + 3 vrt), (7.%40)
D(~-rt - su + 3ur), (7.41)
D(-3rt + tv + ur), (7.42)
D(2£L - rt + su + tv + 2ur + vs), (7.43)
_D(—fb - 2rt = su + W4tv = 2ur +vs), (7.44)
D(-3rt - su + ur + 3vs), (7.45)
D(éL + rt + 2su - 2vs), (7.?8)
D(3rL'+ 2rt + ur - 2vs), (7.47)
D(—ﬁ% -2rt - 3ur + vs), (7.48)
D(2fb + 2rt + 2su + ur - 3vs), (7.49)
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R, (5) = D(2V - Tt + tve ur + 5vs), (7.50)
R y(6) = D(rsu + stv - 2uvs - 3vrt), (7.51)
R (7) = D(rt - 2su - 2ur + vs), (7.52)
Rq;(8) = D(ﬁl + 2rt + su - 2tv - ur + vs), (7.53)
Ry (9) = D(-r - rt + su - ur - vs), (7.54)
R.s(10)= D(2rt + 2ur - 3vs). (7.55)

We shall base our proof on those of Atkin and Swinnerton-
Dyer for their Theorems 4 and 5, that is, we shall show that
the values of the th(d) are, in fact, the unique solutions of
five sets of simultaneous equations. We shall use the
relations in (4.10) and (4.11) without explicit reference.

From (2.,13), Lemma é (ASD) and our Table 3 we have the
following set of simultaneous equations:

P(Te (0) + yP()Ta (4 + yr, (6) - ¥ P(L)re; (7) -

P(2) P(k) P(5)
- yP(5)r,, (9) - yP(2)r,, (10) = P()(pr + s+t -~ 2u + v) -
P(3) P(1)

- 3y P§h§ 552,02 -

P(o)P(2
209, (7.56)
P(2

~P(2)Ty (0) + P()Ty (1) + yP(3)Tw (5) + yr, (7) -

P(D) P(2) P(k)
-y P(L)Ter (8) =~ YP(5)Te (10) = 3y P(2) £(2,0) + P(2) -
P(5) F(3) F(o)B(L) )

-x“ﬁégsoz * IBG), (757)
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“P(5)ra (0) ~ P(2)Ter (L) + PM)r., (2) + yP(3)Ter (6) +

P(3) B(D) (2 B ()
+yr, (8) - ¥ P@r. (9) = 3y P(5)£(2,0) + P(5) -
F(5) F(0)P(3) 16

- P O P 9
3?%I%F{%% (7.58)
-P(M)rer (1) - P§22r. §2) + Pghzro:§32 xPQ32r».§22
P(3 PI’L P(2
P 1)r <1 (10 z §%2 %E; o) + 5 ; §3§P§‘+§
P( P(o)P 2

(7.59)
SyP(L)Tar (0) = P(5)Ter (2) =~ P(2)Tes (3) + P(H)T,, (4) +
5(5) 5(3) (L) —F(2)
+ yP(3), (8) + yre (10) = 3y P(L) £(2,0) + yP(L) -
— P P(0)P(5) P(5)

- P(o)P(1L)P -
P§2§P§3§P§E§ (7.60)

r (0) - yP(l)re (1) = P(5)re (3) = P(2)Ter (4) +
P(5) P(3) P(1)
+ PODTw (5) + yP()Ter (9) = - 3y £(2,0) + Lo -
P(2) P(l) PZo§ (7.61)
r, (1) - yP(L)re (2) - P(Ezgo,(h) - P(2)rer(5) +
P(9) P(3) P(1) -
+ P()‘f)ro' (6) + yP(3)I‘.v (10) = 0. (7062)

P(2) P(k)
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PQRR)roe (o) + 1y (2) - ngl%ror§32 - P(B)rer (5) - P(ror (6) +
P P(5) P(3 Prl
+ P(W)Ter (7) = = 3y P(3) £(2,0) - P(3) + 3P(0)P(3)P(4) +
F(2) P(o) P (W) ) P2 P(5)

+ vP(o)P(2 _
%YLP 3)P ’ (7.63)

P(3)rea (1) + 1y (3) = yP(L)roy (M) - P(S)r.,(é) - P(2)re (7) +

() ; (5) B(3) B(L)
+ POOT.(8) = - ¥y P(2) £(5,0) - ¥ P()P(LIP(2), .
P(2) P(0)P(1) P(4) P (5) (7.64)
P(3)Ter (2) + Tuy (1) = YP(L)Tus (5) = P(5)Ter (7) =~ P(2)Tey (8) +
() F(5) B(3) (L)
3
+ P()re (9) = - y P(5) £(5,0) - Plo), ”
D) (o) P(3) 502) (7.65)
B(3)Ter (3) + Ty (5) = YP(L)Ter (6) = P(5)Ter (8) - P(2)T., (9) +
) 5(5) TE)) B
+ P(1+)I‘., (10) = O .
P(2) . (7.66)

We now multiply the equations (7.52) to (7.&2) by 1,
yP(1)/P(5), y/P(2), P(3)/P(2), yP(1)/P(3), PMt)/P(2), y/P(1)
y?/P(S), yt/P(h), P(4)/P(1l), and y /P(3) respectively and denote

the transformed equations by Roman letters I to XI.

It is clearly sufficient for the truth of (7.1) to (7.11)

to show that the equations I to XI are reduced to a set of
identities on the substitution of the values of R, (o) to

R,, (10) given in Theorem 1.
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Equation I is:
tR,, (0) + uR,, (4) + R, (6) + rR, (7) - VR, (9) + sR, (10) -

-(-T+s+t-2u+v) P(o) = 0.

P 8
L.H.S. D(4rt - Qurt - 3 vrt - 4 rst + su - uvs + 9 rsu -
- su + 3vrt - stv + 2 tuv - oV t + 3 Ur -4 ur+
+uvr+3vrs-3stv+2=uvs+31ft-rs‘),

= D[lf(stv

+ (tur

vrt) - 9tur - 3vrt - L(rsu - vrt) +

rsu) - uvs + 9 rsu - (rsu - rs - vrt) +

- 3vrt - stv +2)(tur - stv) - 2(uvs - stv) +
+ 3(tur - stv - Jt) - 4(vrt - uvs) + (=tur + uvs)+

+ 3(vrt - uvs) - 3(rsu - uvs) + 2 uvs + 3 ut -

.

Equation II is:
s [Ry (©) = Roy (5) + By ®)] +u R, (1) - R, (5) + R, (8) +
+ [ Ry (1) = Ry (7) = Ry (8) + Ry (10)  + 3rP(0) ¥ 0,
L.H.S. = D[r(—s"+ t~ + 2su - hvt + llur - ‘+_vs) +

k=
+s(31f —2vb-t + 3rt - su + 6tv - ur + 2vs) +

=

su( -t -2v -2 - brt + 3su + 6tv) |,

"

D'[-rsk + (stv - vrt) + 2rsu - Lvrt + 11 (vrt - tur) -
- 4(vrt - uvs) + 3(tur - rsu) - 2(uvs - v u - tur)-
- st + 3(rsu - vrt) + (rsu - s - vrt) + 6 stv -
- rsu + 2(rsu - uvs) - (stv - t s - tur - rsu) -
~2viu - 2(rsu - vrt - s r) - 4tur + 3(tur - rsu) +

+ 6 (tur—stv)] ’
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Equation III is:

= v (R (0) + Ro 1) + R, B8 = & (9] +u[R, 2 +
+ R, (8) = R, (9)] + uRa(6)/t + 3uPlo) = 0,
L.H.S. =D u(- 31 - t - 3v" - 1lrt + 2su + 6tv + 3ur +

+ 8sv) + v(tL -31.11 + 25 + 3rt - Y4su - ~€;tv + Lbur -

- BVS)] )

= D[—3(vrt - tur) -(stv - tur“— rsu - tt s) - 3uvl -

- 1ltur + 2(tur - rsu) + 6(tur - stv) +

+ 3(tur - u t - stv) )+8 uvs + (stv - t s - rsu)
- 3(tur - @'t - uvs - stv) + 2(rsu - uvs) +

+ 3 vrt - 4 uvs - l-6_(uvs - stv) + Lk(uvs - tur) -
- 3(uvs - tur - v’uﬂ,

Equation IV is:
ulR, (1) + R, (7) +R, (9 +R&, (10)] - t[R, (1) + R, (2) -
- &, )] +s[R, (@ +R, a0)] -utP)/v = o,
L.H.S.

D[S(- 3r - 7rt + su - tv + 8ur - vs) +
+ t(- bl + 25"+ 37 + 7rt - 5su - 8ur + vs) +

+ u(- 3s +83u+’+tv—h-ur-vs)] ,

_DL- 3(-F v - Tsu - uvs + vrt) - 7(-vrt + rsu) +
+ (-s'r - vrt + rsu) - stv + 8rsu - (rsu - suv) -
- bu 't + 2(-s'r - stv - vrt + rsu) +
+ 3(vrt - T v -~ uvs)+ 7(stv - vrt) -
~5(stv - rsu) =-8tur +stv - 3(-s r -vrt + rsu) +

+8 (tur - rsu) + & (tur - stv) - L(-u t - stv +tur)
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r (R, (0) + R, (3) + Ry (1) - R, (10)] = v[ R, (2) + R, (3)+
+ R, (8)] +u [R,, () + R,, (8)] + 3vrP(o)/s = 0,
L.H.S. = D[r (-0 + 3rt - 4 su - 15ur + Lvs) -

-v (=37 - 4u

+ u(-tt - 7 rt

-t - 8rt - Ysu + 2tv - 7ur)

- Ysu + 2tv - 3ur + 2vs)] ’

D [—(—ﬁ~ t - stv + tur) + 3(-r"v - uvs.+ vrt) - .

“4rsu - 15(-tur +vrt) + 4 (vrt - uvs) + 3vr  +

Equation VI is:

+ ’+(-u1t - uvs
+ 8vrt + 4 uvs
- (stv - rsu -

+ 2(tur - stv)

- stv + tur) + (stv - t's - rsu) +
- 2(uvs - stv) + 7(uvs - tur) -
tur - £ s) - 7tur - Lk(~rsu + tur)+

-3<ktur - ut - stv) + 2uvs)] R

t [R, (0) - R,y (3) = R,, ) + R, (5)] - u[ R, (1) + R, (5) -
- R, (9)] -T [R“ (1) + R, (3) + R,, (5)] = 0,
L.,H.S. =D [-r(-2s" 4+ 2v0 + 2su + 2tv -~ 1llur + vs) +

+ t (7uL + 2v" + 8rt + 3su - ur - 2sv) -

- u(-28 + 2y - 67t + 3su - 3ur + vs)J ’

D [21'51 + L+(-u."t - stv + tur) -2(-vtu - vrt - tur +

+ uvs) - 2rsu - 2vrt + 1ll(vrt - tur) - (vrt -uvs)-

+ 7t0 + 2(uvs - stv) + 8(stv-vrt) + 3(stv -rsu) -

-+

tur - 2stv + 2(rsu - vrt =~ §r) - ouv +

6tur - 3(tur - rsu) + 3(tur - ut -~ stv) -

uvs] ’
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Equation VII iss
u (R, (1) +E, (2) - Ry () = R (0] + t[-R,, (1) +
+ Ry (1) + Ry (5)] + R, (6)/s = 0,
L.H.S. = D[u(-25” -3¢ - 1t + 4su + tv - bur - 2vs) *
+ t(2v + 2% - 4u¥ ~ 3rt - Wsu - 3ur + 8vsﬂ,
==I)[—2(-§ r -vrt + rsu) =-3(vrt - tur) -tur +
+ Y(tur - rsu) + tur - stv) - H(tur - Wt - stv)-
- 2uvs + 2(uvs - stv) + 2(rsu - s r - stv - vrt)-

- Wt - 3(stv -vrt) - 4(stv-rsu) - 3¢ur + 8 stv},

Equation VIII is:
-u (R, (0) * Rar (2) = R, (5) + Ro(M] - r [R,, (3) -
“Ry (5) + R, (7)] + R, (6) + (3t - T + 3ut/s)P(o) = 0,

L.H.S. D[:r(Hut + & + 2v - Ysu - Ytv + 7ur - 3vs) +

il

+ 3t(rt + su + tv + ur +vs) + uvb2v -3t + 3r +

+ s + 57t - Ssu + 10tv -hur - 2vs)s ’

+ Crsu 4+ Stw - Qtun - duvs + dDurt)

D [h(tur -ut - stv) + rs= + 2(uvs -v u - vrt -

- tur) - hrsu - Lvrt + 7(vrt - tur) 3(vrt

-uvs) + 3(stv - vrt) + 3(stv - rsu) + 3(stv

- fbs - rsu) + 3 tur + 3 stv + ouv- 3(stv

1
-t s~ tur - rsu) + 3(vrt - tur) +
+ (rsu - ST - vrt) + S5tur - 5(tur - rsu) +
+ 10(tur - stv) - 4(tur - w t - stv) - 2uvs +

+ rsu + stv ~ 4tur - 3uvs + 3 vrﬁ] )
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Equation IX ‘is:

u (R, (1) +R, (&) - R, (8)] + s[-R, (3) +R,, (1) +
+ Ry (7) - R, (8)] =~ R, (6) + (r + rs/V)P(0) = 0,
L.H.S. =D[r(rt + st + tv +ur + vs) + s(t’ + W -1 +
+ 2s5u - ¥tv + 4 ur + 2vs) + u(-2s" + t - Lrt +
+ 2su = 4tv) )-(rsu + stv - Ytur - 3uvs + 3vrt):{ R
=D [(vrt - 'V - uvs) + rsu + vrt + (vrt - tur) +
+ (vrt - uvs) + st + L(tur - rsu) - (vrt -

1 b 9
- TrvVve-orsu-uvs) + 2(rsu -~ s r - vrt) -

Lhstv + hrsu + 2(rsu - uvs) - 2(rsu - 8§ r -
- vrt) + (stv - t s - tur - rsu) - Ltur +

+ 2(tur - rsu) - 4(tur - stv) - (rsu + stv -

Ltur - 3uvs + 3vrt)] )

Eciuation X is:

t (R, (@) + R, (") + R, (9 =R, (D] +s[-R, (@ =+

+ R, (5) +R,®] -r[R, (5 +&, (D] +tPl) =0,

L.H.S. = D[—r(-s" + 2v"+ hsu + 2tv - ?ur + 3vs) +
+ s(2v - t 430 +5rt + 6tv - 7ur + 3vs) +
+ £(-37 + s - Tt - 4su - tv + Sur + vs)] R

= D[rsL - 2(uvs - v u - vrt ~ tur) - Yrsu - 2vrt +

+ 8(vrt - tur) - 3(vrt - uvs) + 2(uvs - vu -
- tur) - st + 3(vrt - r v - rsu - uvs) +
+ 5(rsu - vrt) + gstv - 7rsu + 3(rsu - uvs) -
=3(vrt - rv - uvs) + (rsu - s"r - stv - vrt) -
- (stv - vrt) - 4(stv - rsu) - (stv - ts -

- rsu) + 8 tur + sth ’
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Equation XI is:
-5 Ry (3) + Ry (5) = Ry, (9) + R, (10)] + [ R, (5) +
+ &, @) + R, 10)] * 1R, (6)/v = 0,
L.H.S. D [r(st - fL + 2v - S5us + 3tv + Lur + vs) +

+ s(uu -~ 2V + 6rt + su + tv + 3ur - vs}] R

D[rs1 - (stv - vrt) + 2(uvs -~ v u - vrt - tur) -
- 5rsu + 3vrt + 4(vrt - tur) + (vrt - uvs) +
+ 4(tur - rsu) - 2(uvs - v u - tur) +
; T

+ 6(rsu - vrt) + (rsu - s r - vrt) + stv + 3rsu -

- (rsu ~ uvs)] ’

and the coefficients of each of the quantities r v, s r,

fts, ﬁ't, G'u, rsu, stv, tur, uvs and vrt in every one of
these expressions, which we have from the left-hand sides of
eduations I to XI,are zero.

In this proof of (7.1) to (7.11) we have had in effect
to show that certain homogeneous functions of degree 3 in
r, sy, t, u and v are zero. When these functions were
expressed in terms of rlv, er, tls, uLt, vLu, rsu, stv,
tur, uvs and vrt we found in every case that the coefficients
of these éuantities are separately zero. We shall, therefore,
in future proceed only to the point of obtaining these
homogeneous functions and leave the reader the task of
verifying that they are zero.

Adopting now a similar method to that used for the
results in (7.1) to (7.1l1l) we have the following simultaneous
equations for the next set of eleven results (7.12) to (7.22):



59

Equation 1 is:
tR,, (0) + ug,, (&) + R, (6) + rR, (7) - VR, (9) + sR,, (10)

- (r+t -~ 2s)P(o) =0,

L.H.S. = D [r(2s" - 5su -~ 2tv + Yur) + s(-t + 3rt + 2su +
+ gtv - ur) + t(-u - 3rt - su - tv - Lur) +
+ u(2rt - su + tv - ur + 2vs) + v(rt + su -

- 3ur) + (-2rsu - stv + Ltur - vrt)] ’

Equation II is:
5 [RIL (o) -

+ r[R"’ (l) - Rn_(?) -
L.H.S. = D(r(-3s"- ot + 2su + 7 tv - 8ur - 5vs) +
+ s(F =4 - 2v - rt - 2su - 3tv - bur + vs) +

R, (5) + R, (8] +u[R, (1) - R,_(5 +R,_(8)]

R, (8) + R, (10)] =(r + uP(o) = 0,

+ u(-éb + 1t - o2v  + rt - 5su - 4tv - 2vs)] ’

Equation III is:
~v[ R, () + R, (1) + R_(8) = BR,_(] + u[ R_(2) + R,_(8)

- R (D] + uR,_(6)/t - uP(o0) = 0,

L.H.S. = D u(t" + ért + su - 3tv - ur - 6vs) +

+v(sL - fL + uL + 2su + 3tv + 3ur)] ’

Equation IV is:
u{ R, Q) + R (7) + R (9) + Ry (10)] -t R, (1) +R, (2) -

- R‘L(3)] + s [R‘L(2) + R‘L(loz] + (2t - 3u - 2s)P(0) = 0,
L.H.S. = D[-_ S(=t* + 4rt - 2su + 3tv - 7ur - 5vs) +
+ t(ud + s7- h4rt + 3su + 6ur + Lvs) +

> k™
+u(s -t -rt - 10 su+ Yur - 5vs) ],
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Equation V is:
r {R, (0) + R, (3) + Ry () - R,3(10)] - v[R, (2) +
+ Ry (3) *+ R ®)] +u[R, ) + R, ®)] - vrPe)/s = 0,
L.H.S. = D[:r (t* + 30" - su - 3tv + bYur + 6sv)
+ u(f’ + 3rt - su - tv + ur + 3vs)

...V('t;L + )-H.].’L‘f' 61"t - SUu - Zt'V + Ll'ur)] ’

Equation VI is:
t (R, (©) - R, (3) = R,y () + R, (5)] - u[ R, (1) + R,,_(5)
R @] -r (R )+ RLB) *+ BL(D)] = o,

L.H.S. = D[—r(-—s" + 4y + 2v- - 2su - %v + 8ur - vs) +

+ t(-5u + 2V - 5rt + 3su - Wur - vs) -

-~ W(-S" + 2V + rt + ur - vs) J,

Equation VII is:
u Ry () + R,y (@ - Ru®) - R, Q0] + t[-R, (1) + R, (W) +
+R,_(5)] + tR(6)/s - tP(0) = O,
L.H.S. =D [t(s" + b + 2% + su -~ tv - ur + 2vs) +

+ u(-s + t + 3rt - su - 4tv + bur - 2vs)] y

Equation VIIT is:
u{Ru(0) + R, (2 - R () +R, (D] - 2[R, (3) - R, (5) +
+ R‘L(7)] + R, (6) + (2r = u + ru/s)P(o) = 0,
L.H.S. =D [—r(ZSt'+ Mul_- oy —8su -ktv + Sur - vs)
+ u(rL— 25L4 ov -Irt + Lsu - tv + bur - vs)

+ (-2rsu - stv + Ltur - vrtﬂ .
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Equation IX is:
u(R, @) +R, ) =R, (B)] +s [-Ro (3) + R, () +
+ R (7) - R, (8)] - Ry (6) - 2(r + rs/v)P(o) = O,
L.H.S. = D[:-2r(rt + su + tv + ur + vs) +
+ s(ort - £ - Yyt - 5rt + su + 4tv - 3ur + 3vs) -
+ u(—sL -t o+ 3rt - 2su + L4tv + vs)

-(~=2rsu - stv + Ltur - vrt) ],

Equation X is:
t{ R, (2 + R, ) =R, (7) +R (9] + s[ -R,, (2) +
+R () +R (B)]-r [R“_(S) + R, (7)] - 2tP(o) = o0,
L.H.S. = D[l—r(2v1 + 25 - 3su - tv + 7ur + vs) +
+ s(tT + 2V - 6Tt - Wtv + Sur + vs) +

+ £(-28 + 3Tt + tv

7ur - 2vs)J .

BEquation X1 is:
~s (R + R G) - R (9) + R, Q0) + (R, (5) +
+ R, (8) + R, (10)] + IR, (6)/v - stP(o)/u = 0,
L.H.8. = D[ r(-2s" + 2v7 + 2s5u + 3tv = 3ur - vs)
+ s(t - 4u = 2v = 2rt - 2su -4tv - ur + vs) +

+ t(rt + su + tv + ur + vsﬁ.

For the third set of results we have the following

equations:~
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Equation 1 is:

tR), (0) + uR,, () + R, (6) + rRyy (7) -VR,;(9) + sR,;(10) -
- (-r + 25 - 2t + u)P(o) = 0,
L.H.S. = D[_r(-s1 + rt + Lbsu + 2tv - 3ur - vs) +

+ s(2t" - rt - su - 8tv + vs) +

+ t(3su + 2tv + 7ur + vs) -

- u(2sv + 2tv + S5vs) + v(fL + su + 3ur) *+

+ (=3tur + 2uvs - vrt)] .

Equation II is: _
s (R, (0) - B ,(5) + R, (8)] +uf{R, (1) - R, (5) + R, (8) +
+ r{ R, (1) - R, (7) - R,,(8) + R, (10)] + 2uP(o) = 0,
L.H.S. =D [r(sL + 2t° - hsu - 9tv + Sur + 7vs) +

+s(3vL + su + tv + 5ur - 2vs) +

+u(3v + 5rt + 3tv + 2vs)] .

Equation III is:
-V [Ryy (0) + Ray (1) + Ry5(8) = Ry (D] + u Ry (2) + R (8) -
- R, (9] + R, (6)/t + (v - T - WP(o) = O,
L.H.S..= D {—r(rt + su + tv + ur + vs) +
'*u(4£' + 2V + Tt - su + tv) +

+ v(-rk + su - tv - hur + 2vs)J .
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Equation IV is:
u R, (1) + Ry (7) + Ry, (9) + Ry, (10)]
- B, (] + sk, (2 +R&,10] + (3u
L.H.S. = D[:s(3rt + 2t + rt + su - 5tv + S5ur + 5vs) +

t( R, (1) + R, (2) -
t + s)P(o) = 0,

+ t(-3£— - Lu - 2rt + 2su - 2ur - 3vs) +

+ u(-rs -~ 5 +2t + 5rt + Lsu - 2tv - Lur *'5VS}.

Eqguation V is:
r( R, (0) + R, (3) + R, (W) - R, (10)] - v [R, (2 +R_(3) +
+R,(8)] +u (R, ) +R, @8] =0,
L.H.S. = D[:r (=2t* - Yu* - 3rt - su + 6tv + 3ur - 8vs) -

- v(3r1 - by - su + 3tv) + u(3rt - su + tv - SVQy.

Equation VI is:
t( Ry (0) = Ryy (3) = Ry () + R, (5)] - u Ry, (1) + Ry (5) -
- Ry, (9] - r[ (R, (1) + B, (3) + R, (5)] - tP(o) = 0.
L.H.S. = D{ vl + 3v + 2su - 2vt + bur -vs) +
+ t(HuL - 3vL -3rt + su + 3ur + 2vs) -

1
- u(f’ -3y + rt - su + tv + vs}].

Equation VII is:
u [ By (1) + Ry (@) = Ry (4) = Ry (10)] + t[[-R,, (1) + R, (1) 4
+ Rm(5)] + tRq, (é)/s + 2tP(o) = O,
L.H.S. = D{:t(-3&' - 3v" + 3rt + 3su + 2tv + ur - 5vs) +
+ u(3£' - 2t7 - 2rt - 3su + 7tv - 3ur + 3vs)] .



Equation VIII is:
-u [Ru (0) + R, (2) - R, (5) + R, (D] - r[R, (3) -
=R, (5 + R, (7] +R, (6) - rP(o) = O,
L.H.S. = D[u(-3rz’ + & - 3V + 3rt - 3su - Yur + 2vs) -
-r(-s - 40 + 3vF + Lsu + 2tv - 3ur - vs) +

+ (=3tur + 2uvs - vrt)] .

Equation IX is:
u Ry, (1) + Ry, (4) - R,_3_(8)] + 5[ =Ry, (3) + Ry, (4) +
+ Riy (7) = Ryy(8)] = Ry (6) + (s = us/v) Plo) = O,
L.H.S. = D{_-u(3su + 3tv + 2vs) + s(3uf + rt - 3tv + 3ur -

- Lvs) +(3tur - 2uvs + vrt)] .

Equation X is:
t [{R,, (@) + R, (W) = Ry (7) + By y (9] + s[-R,u(2) +
+ R, (5) +R,0®) - r(R,;(5) + R, ()] + (2t - s + T)P(0) =0,
L.H.S. = D(:-r(-§' -3V = 7t + 2su + tv - 6ur - 3vs) +
+ s(—3£' - 3VF + 2rt + 2tv - S5ur - 3vs) +

+ et :
+ t(2r + & + 2rt - Lsu + 6ur + vs].

Equation XI is:
~s[ R, (3) + Ry (5) - By (9) + Ry (10) + o[ R, (5) + R (8) +
+ R,,(10)] + rRLs(é)/v + (2st/u + r)P(o) = O;
L.H.S. = D[:r(2tL -3v- 4+ rt - su - 4tv + 2ur + vs) -
-s(r + ot - g -3VF 2rt -gtv + ur + vs)

~2t(rt + su + tv + ur + vs)] .
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For the fourth set of results (7.34) to (7.44) we have
the following equations: V
Equation 1 is:
tR,, (0) + uRyy (M) + Ryq(6) + rRy, (7) - VRy, (9) + sR,;,(10) -
-(r - s+t - uwP() =0,
L.H.S. = D {t(3rt - 2su - tv - bur - 3vs)+
+ u(-v - 2rt + 2su + 2tv + 4vs) +
+ (rsu - stv + tur + 3vrt) +
+ r(-2rt - 2su - tv + 2ur - vs) -
- v(2£' - rt + su+ tv + 2ur + vs) +
+ s(-fL - rt + 5tv - ur + 2vs)J .
Equation II is:
s [Ry, (0) = Ry, (5) + Ry (8)] + u[Ry, (1) = R, (5) + R, (8) +
+ 1 Ry (1) = Ryy(7) = Ryy(8) + R,y (10)] - uP(o) = 0,
L.H.S. = D[_r(sL - 5— + su + 3tv - Sur + 2vs) +
+ s(2tv - 3ur + 2vs) +

+ u(sL - 7rt + su + tv + hvs)] .

Equation IIT is:
-v {_Rw(o) + Rqay(1) + Ry, (8) - R;q(9)] +u[ Ry (2) +B, (8) -
- Ry, (9)] + uRy, (6)/ - 2(v - T - WP(o) = O,
L.H.S. =D [2r(rt + su + tv + ur + vs) +
+ u(-6r - ért + su + 2tv + 5sv) -

-V (-25’ + 5’ + 2rt + su + 2tv - ur)] .
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Equation IV is:
u Ry, (1) + Ry, (7) + Ry, (9) + Ry (10)] - t[ Ry (1) + R, (2) -
- Ry, 3)] + s [R,, (2 + Ry, (10)] - uwP(o) = O,
L.H.S. =-I)[ s(-4r - t° - 5rt + 4tv - LYur + 2vs) -
~t(-4r + s - 3L - 7 rt + su - 2ur + 3vs) +

1 + 2 '
+u(2r -t + s = 7rt - su + L4tv + 3ur + 2vsﬂ .

Equation V is:
r([Byy(0) + Ry (3) + Ryq () - Ry Q0)] - v[ R, (2) + B(3) +
+ Ry (8)] + u [Ryq (%) + Ryy(8)] - rP(0) = 0,
L.H.S. =D [r(tL + 30 - v+ 2rt + su - 4tv = 2ur - 2vs) -
-v(-br  + 3u - brt + 2su + tv) +

+u(-€k - 6rt + su + 2tv + 3vs)J .

Equation VI is:
t [ Ry (0) = Ryy (3) = Ryy ) + Ry (5)] = ul Ryy (1) + Ryy(5) -
= Ryg (0] = 7[Ry (1) + Ry (3) + Ryy(5)] + (r + 26)PC0) = 0,
L.H.S. = D[-r(s" + 307 - 2tv + 2ur - 5vs) +
+ t(=3u" + v+ 8rt - 2su -6vs) -

- u(-2r +8 - su- 2tv - Wvs) ] .

Equation VII is:
u Ry (1) + Ryq (2) = By, () = R, AO)] + £ (=Ryq (1) + R, () +
+ Ryq (5)] + tRyq (6)/s + (v - u) P(o) = 0,
L.H.S. = D(;u(—hf' + s +1t +v -Tt + su -6tv + ur - 3vs) +
+ t(-sL +u -y - 3rt - su - tv + hur - 2vs) +

+ v(rt + su + tv + ur + vsj.
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Equation VIII is:
-u[ Ry, (0) + Ry, (2) = Ry, (5) + Ry, (D]~ v [R,, (3) - B, (5) +
+ Ry (7)] + Ry (6) =0,

L.H.S. = D[:-r(3uf + su + tv + 3ur + 3vs) +

+ u(4r + rt ) tv + 3ur - 3vs) +

+ (rsu - stv + tur) + 3v:t)] .

Equation IX is:
u[ Ry (1) + Ry () = Ry (8)]+ s [- Ry (3) + Ry () +
+ Ryq (7) = Ry (8)] - By (6) + uP(o) + O,
L.H.S. = D['_'u(sL - v -1t + 3su + tv + 5vs) +
+ s(=30 - Vv - 3rt - su + Lsv) -

- (rsu - stv + tur + 3vrt)] .

Equation X is:
£ [Ry (2) + Ryy () = Ryy(7) + Byq (D] + s [(-Ryy () +
+ By (5) + By, )] -r (B, (5) + Ry, ()] + 2(s =t -)P(0) = O,
L.H.S. = D[ -r(art + tv wbpr - 2vs) +
1 +1tv
+ s@pr- + 3rt .+ bur - 3vs) +

+ t(-2r - v - 8rt + 2su - 6ur + 3vsi] .

Equation XI is:
-5 [ By (3) + Ryy (5) = Ryy (9) + Ry, (10)] + [ Ry (5) + R (8)+
+ R, (10)] + rR,, (6)/v = (s - t + r)P(o) = O,
L.H.S. = D[r(s" - t° - 2rt - 2su + Wtv - 2ur - Lvs) -
1 L [
-s(=2r -t + 3u + 3rt - su + 3tv - ur - Lvs) +

+ t(rt + su + tv + ur + vs)] .



Finally, for the last set of results we have the

following equationss-

Equation I is:
tRyp(0) + uR g(4) + Ry (6) + TR (7) = VR, 5(9) + SR (10) +
+ (v - WP(o) = 0,
L.H.S. = D[r(rt - 2su - 2ur + vs) +
+ s(2rt + 2ur - 3vs) +
+t (-3rt - su + ur + 3vs) +
+ u(2v + Tt + su - tv - hvs) +
+ v(r + 2rt + tv + 2ur + 2vs) +

+ (rsu + stv - 2uvs =- 3vrt)J .

Equation II is:
s[Rye(0) = Ryg(5) + R o (8)] + u (R (1) - Ro(5) + Ry (8)] +
+ (R, () - R (7)) - R_(8) + Re (10)] = o0,
L.H.8. = D(:r(sb’-fb + 3Jsu + 2tv + Sur -~ 7vs) +
+ s(ﬁb _ov - 3tv + ur - vs) +

+ u(sL + tt'- 2§L + 4rt + 3su - 3tv - 6vs[] .

Equation III is:
v [RyC0) + Rye(1) + R (8 = Ry (9] + ulR (2) +R(8) -
- R (9] + WRG(6)/t +(v - T - WP(0) = 0,
L.H.S. = I)[-r(rt + su + tv + ur + vs)
+ usr + t - ov' o+ 7rt -2su - 3tv - Lvs) -

-v(éb +tL + 1 - 3tv + 2vsﬂ .
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Equation IV 1s:
uf[ R (1) + R (7) + R _(9) + R (10)] - t[R (1) +
* R (2 - R (D] + s [R(2) + R _(10)]= 0,
L.H.S. = D[’s(3rL'+ 4rt + 3ur - 5vs) -
-t(3rb'+ sb + U+ 5rt + 2su + Lur - 5vs) +

kg 1
+ u(-r + s + 3rt + su - ur =~ SVS)J .

Equation V is: _
r(R_(0) +R_(3) +R _() - R _10)] - v[R(2) +
+ Ry(3) + R _(8)] +u[R (1) +R _(8)] + 2rP(0) = 0,
L.H.S. = D[:r(—ul + 2v- - 3rt + 3su + 2tv - ur + 6vs) -
~v(3r + t -0 + 2rt + su - 2tv - 3ur) +

* 1
+u(t + 2v + Lrt + 3su - 2tv - 2sv)] .

Equation VI is: ‘
t (Ry(0) = R (3) = R () + R (5)] - u[Re) +
+Rye(5) - R (9] - r[Re@ +R_(3) + R (5] -
- (2r + t)P(o) = 0,
L.H.S. = D(:-r(s;L —u- o+ 2y 4 bsu + 3tv - 2ur + gvs) +
+t(u} - 5rt - 4su + ur + 9vs) -

--u(rL + s+ 2VL + rt + su + tv + hvsi] .

BEquation VII is:
u Ry (1) + R, (2) - R, () - R (10)] + t [ -Ry (1) +
+ R (W) + R\r(S)J + TR (6)/s + 2 -~ v - t)P(o) = 0,
L.H.S. = DL t(-s" + 4v + rt - 2su - 6ur + Uvs) +
+ u(3;' + sL -~ 2v + Tt + 2su + 2tv + 4vs) -

- 2v (rt + su + tv + ur + vsi].
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Equation VIIT is:-

-u (Rys (0) + Rye (@) = Rye(5) + R (N] - r[R (3) -

Ry (5) + R ()] + R (6) =0,

L.H.S. = D(:r(uf + 2vF 4 2su + tv + bur + 3vs) -
-u(3rt _2v 4 1t - 3su - tv + ur - 3vs) +

+ (rsu + stv - 2uvs - 3vrt)] .

Equation IX is:
u (R () +R ) - R (8)] + 5 [-R(3) + R (W) +
+ R (7) - R“,<83] - R (6) - 2UP(o) = 0,
L.H.S. = D[_s(-t + ﬁb + 2VL4 3rt - su + 2tv + 3ur - Lvs) +
L

g 1
+ u(s -t +2v < rt + su - 8vs) -

- (rsu + stv - 2uvs - 3vrt)] .

Equation X is:
t (Rs(2) + Ro() = R (7) + R (9] + s [~R(2) + R (5) +
+ Ry (8)] = r (R (5) + Ry (D] - (s -t = 1Pl =0,
L.H.S. =D{ -r(2v’ - rt - 3su - bur + 5vs) +
+ s(-3£’ +t o+ 2VP - 2rt + 2tv - bur + 7vs) +

+ t(2fb + oV + 3rt + 6ésu + tv + Lur - 6vs)] .

Equation XI:-
s (R (3) + R (5) = Rip(9) + Rye(QO)] + [ R (5) +
+ Ry (8) + R, (10)] + TRy (6)/v + (o) = O,
L.H.S. = D[:r(st +t7 + 2V + Tt 4 2su - tv + ur + 4vs) -

1.
- s(rF -u + 2vL - su + tv - ur + hvsl] .

This completes the Proof of the Theorem.
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Table 1. (g = 5).

This teble gives us the values of S(b) when b = O and 1. The rule is tO
(1) select the elements in the column headed by s(b),
(ii) multiply each by the power of x noted opposite to it in the first column, &nd
(1ii) finaelly edd all such producte. For instance,

s(1) = - g(2)x - ﬁmﬁov\wﬁmv + wjﬁéquMwm,oV\mAO¢ £.

The same rule holds also in the cases when q = 7 and q = 11.

s(2) =0, s(3) = -8(1), S(4) = =5(0), and S(5) =8(0) + 1 ~T(1=-x).

$(0) s(1)
2 %] (1) - sM(1-x)£(1,0)/p(0) -g(2)
+ x KA N 0 0
e X x| -F* (0)/P(1) 0
. x X o -F*(0)/p(2)~ ¥ 1-X)5(2,0),/2(0)
+ M X.u _ 0 0
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Table 2. (g = 7).

5(3) = 0, 8(4) = -8(2), 8(5) = -8(1), 8(6) = -8(0), &nd $(7) = 8(0)+1-T(1=x).
s(0) s(1) , s(2)
~1-g(1) Lf-ﬁTéMt.oM_ -g(3) “ g(2)
PO A
B (0)R(2) 0 i 0
Pe (1
0 2 0 2 _— M. , o)
_www?.ynmum uv+wﬁwww (3,0)
0 -P*(0 0
wméw
0 0 -B(0)P(3)
PY(2
-p¥(0 0 0
B2
0 0 P°(0) + yM1-x)4(2,0)
P(3) P(O) .




- Table 3.(q =11).
(W .
s(§) = 0,8(6) = -5(4),8(7) = -8(3),5(8) = -5(2),8(9)==8(1),8(10)=-8(0) ,ands( 11)=14+5(0) -fi(:-~)
. S(0) s(1) ' s(2) S(3) S(4)
N )
Moy T 4-2) £(2,0) /(0 -g(5) g(3) ~g(4)
NYMOW 0 0 0
+X N P(3
~pt )] 0 0 P (0)P(1)P(5) 0
+m, mmmv OTCTE — Emww_ -~
y =P ~yP
+~_ L .lTw wwmuw mwm.mwmw .w...mr.w
t?..?owimmw 0 0 0
: mM.memmem " )
+3 A B g 5 —p1 oW
: 0 0 P2{0)P(F) Em mﬁowmwiwu.w
+X N : -
{{ “PI(0 T B(0)P(2)/P(3 )P = mwuv 0 L
+x{ 7P P —yp* p; 3 ) C
| _EXEI BORE Y 0)75(03 : i o
+XX m W mm
o 0 wmr 0 0 TGP (2)P wwm Pls)
+X (2)PL4) :
P(2 P(1 G mG»
+7A L 1=x 40)
Ec
]
v 0 0 ..fTN:T 0} +1 ~yP* {0)P(1 0
2 'B70)” P(3)P(4
+P?(0)P(2)P(4)
yP*({1)P(3
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NOTAT ION.

o, and A, are defined in § 2.
8, is defined in § 5.
For q = 11,

r =-y P(1)/P(3)P(5),

s = -yP(2)/P(L)P(5),

t = P(4)/P(L)P(2),

u = yP(3)/P(2)P(L),
v = yP(5)/P(3)P(k),
d = r/s, P=s/t, 7 = t/u, § =u/v, € =v/r,
N=2dy , f o= fdv .
a=-x P(2/P(1), b=x"PM/P(2), c=x P(3)/PM),
d = -x’ P(5)/P(3), e =-x P(L)/P(5),

D # P@(o)/(rt + su + tv + ur + vs).

F(') is defined in fl.
Ry (d) for different values of b, ¢, and d is defined in f 6.

There are other notations which last only for the length of
the relevant proof. These are:
a, b, ¢, d, eand d ,f ,¥ ,§ , ¢ in Lemmas 1 and 2;
A, B, C, D, E in § k4;
We 1in 52, 14 ana § 53
and  P(d), 6@, 6 (@  in fé.
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