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INTRODUCTION 

The work i n t h i s t h e s i s f o l l o w s t h a t done by A t k i n and 

Swi nne r t on-Dy e r [ 3 ] , and A t k i n and H u s s a i n [ 2 ]„ C o n s t a n t 

r e f e r e n c e i s made t o t h e s e p a p e r s , w h i c h we t h e r e f o r e d e n o t e 

by (ASD) and (AH) r e s p e c t i v e l y . A l l u n s p e c i f i e d n o t a t i o n i s 

t h a t o f (ASD) t o g e t h e r w i t h t h e f o l l o w i n g a d d i t i o n s , , 

We w r i t e 
co 

f ( z ) = T T ( 1 - z r ) . 
r = 1 

Then 
( q - O / 2 

f ( y ) = P ( 0 ) T T P ( a ) , 
a = l 

f (yq )= P ( O ) , 
CO 

1 / f C x ) = E p ( n ) x», 
n = o 

t a k i n g p ( 0 ) t o be u n i t y . [ T h e above n o t a t i o n , w i t h q = 1 1 , i s 

used i n ( A H ) . } O c c a s i o n a l l y we need t h e c o n g r u e n c e 

fo ( y ) = f ( y o ) (mod.q) , 

w h i c h f o l l o w s f r o m ( 1 - y ) * = 1 - y q r , modulo q. The e n c l o s u r e 

o f an o r d e r e d p r o d u c t o f a number o f v a r i a b l e s i n square b r a c k e t s 

d e n o t e s a summation o v e r a l l t h e d i f f e r e n t t e r m s o b t a i n a b l e by 

p e r m u t i n g t h e v a r i a b l e s c y c l i c a l l y i n a t y p i c a l t e r m . I n such a 
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p r o d u c t one o r more o f t h e v a r i a b l e s may have d e g r e e z e r o . 

Square b r a c k e t s , t h e n , r e p l a c e c a p i t a l sigma ( w h i c h i s r a t h e r 

an o v e r w o r k e d s y m b o l ) as used on page 186 o f ( A H ) . I t s h o u l d 

be p o i n t e d o u t t h a t i n such a c y c l i c sum t h e number o f t e r m s 

i s n o t n e c e s s a r i l y t h e same as t h e number o f v a r i a b l e s . For 

example t h e f o l l o w i n g c y c l i c sum i n v o l v i n g e i g h t v a r i a b l e s 

c o n t a i n s o n l y two t e r m s : 

t a i aa a s a
7 ] = a i a s a B a 7 + a s a* a 6 ae • 

The symbol < b , c, d> i s used t o d e n o t e t h e f o l l o w i n g r e l a t i o n , 

p r o v e d i n (ASD) (Lemma 4 ) : 

P s ( b ) P ( c + d ) P ( c - d )-pa (c ) P ( b + d )P( b-d ) + y e "<» Pa (d )P( b+c ) P( b-c ) = 0 

i f none o f b, c, d, b +. c , c +. d , b +, d , i s d i v i s i b l e by q. 

S i m i l a r l y < b , c, d, e> d e n o t e s t h e r e l a t i o n 

P(b+e ) P ( b - e ) P ( c + d ) P ( c - d )-P(b+d )P(b-d ) P ( c + e ) P ( c - e ) + 

+ y o - d p ( b + c ) P ( b - c ) P ( d + e ) P ( d - e ) = 0 

(none o f b + c, b +. d, b +_ e , c +, d , c +. e , d + e t d i v i s i b l e 

by q ) . The l a t t e r r e l a t i o n may be p r o v e d by t h e method used 

i n (ASD) f o r t h e f o r m e r ( w h i c h i s i n f a c t <b, c , d, 0 > ) , b u t i s 

however g i v e n , i n e s s e n c e , i n [14 ] [ e q u a t i o n ( L V I I ) , page 160 j . 

We n o t e t h a t e i t h e r r e l a t i o n i s homogeneous i n t h e P ( a ) . 

The t h e s i s i s c o m p r i s e d o f f i v e P a r t s , w h i c h are t o a l a r g e 



e x t e n t i n d e p e n d e n t o f one a n o t h e r and may i n f a c t be r e a d 

s e p a r a t e l y . The c o n t e n t s o f t h e s e P a r t s are as f o l l o w s . 

P a r t 1, t h r o u g h o u t w h i c h q = 13, i s d i v i d e d i n t o f o u r 

s e c t i o n s (§§ 1 t o 4 ) . I n § 1 t h e p r o c e s s employed i n § 11 
CO 

o f (AH) t o e x p r e s s £ p ( l 1 n + 6)y» i n t e r m s o f s i m p l e 
n = o (x> 

f u n c t i o n s o f y i s used t o e v a l u a t e £ p ( l 3 n + 6 ) y " i n a 
n = o 

f o r m a n a l o g o u s t o Ramanujan's r e s u l t s f o r q = 5 and q = 7; 

more e l e g a n c e o f method i s p o s s i b l e i n t h e case o f q = 13. A 

s e c o n d a r y consequence o f t h i s p r o c e s s i s t h e d e t e r m i n a t i o n o f 

what i s i n f a c t t h e s i m p l e s t , non-homogeneous r e l a t i o n b e t w e e n 

t h e P ( a ) f o r q = 13 [ e q u a t i o n ( 1 . 1 7 ) j . * § 2 c o n t a i n s t h e 
oo 

e v a l u a t i o n o f £ p ( l 3 n + s ) y n , f o r a l l v a l u e s o f s ( s = 0 t o 12) 
n = o 

e x c e p t s = 6, i n a f o r m w h i c h , w h i l e more c o m p l i c a t e d t h a n f o r 

s = 6, i n v o l v e s o n l y s i m p l e f u n c t i o n s . I n a c t u a l f a c t two 

such f o r m s a r e g i v e n , b u t t h e s e are e s s e n t i a l l y e q u i v a l e n t . 

S i m p l e c o n g r u e n c e s f o r ^ p ( l 3 n + s ) y B , s = 0, 1, 2, 12, 
n = o 

such as are g i v e n i n (ASD) f o r q = 5, q = 7, and q = 1 1 , a r e 

d e r i v e d i n ' § 3 f r o m t h e r e s u l t s o f § 2. A c o m p l e t e a c c o u n t 

• N e i t h e r o f t h e two r e s u l t s o f § 1 i s new ( s e e t e x t ) , 

a l t h o u g h such an e l e m e n t a r y , a l g e b r a i c method has n o t p r e v i o u s l y 

been e m p l o y e d . T h i s s e c t i o n i s due i n i t s e n t i r e t y t o Dr. A t k i n . 
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o f Dyson's r a n k f u n c t i o n s f o r t h e c a s e s q - 5, q = 7, and q = 1 1 , 

i s g i v e n i n (ASD) and ( A H ) . I n p a r t i c u l a r t h e v a l u e s o f t h e 

r b 0 ( d ) are o b t a i n e d f o r each o f t h e s e q. We f i n d t h e v a l u e s o f t h e 

r k c ( d ) f o r q = 13 i n § 4, by a method a k i n t o t h a t used f o r q = 1 1 . 

They a r e o f a somewhat d i f f e r e n t f o r m t h a n f o r q = 11 and r a t h e r 

more c o m p l i c a t e d , b u t a r e , on t h e o t h e r hand, a l l o f t h e same n a t u r e , 

s i m i l a r t o t h a t o f t h e e x p r e s s i o n s g i v e n by Theorem 2.2 f o r 
co 
Z p ( l 3 n + s ) y n ( s / 6 ) . I n t h e case o f q = 1 1 , t h e r b c ( 6 ) and 

n = o 
t h e r e m a i n i n g r b e ( d ) have v a l u e s n o t o f t h e same n a t u r e . We n o t e 

h e r e t h a t i n Theorem 4 . 1 , w h i c h g i v e s t h e r b ( d ) f o r q = 13, p ( 0 ) 

must be t a k e n t o be z e r o [ s e e (ASD), page 8 6 j . I t i s o f i n t e r e s t 

t o o b s e r v e t h a t t h e r e i s a s e t o f l i n e a r c o n g r u e n c e r e l a t i o n s , 

( 4 . 4 1 ) , between t h e r f c c ( d ) f o r a g i v e n v a l u e o f d when q = 13, 

c o r r e s p o n d i n g t o ( A H ) , e q u a t i o n s ( 9 . 1 6 ) , f o r q = 1 1 . 

P a r t s 2 (§ 5) and 3(§ 6) c o n t a i n t h e e v a l u a t i o n s o f 
co co 
Z p ( l 7 n + 5)y» and Z p ( l 9 n + 4 ) y B r e s p e c t i v e l y , a g a i n by t h e 

n = o n = o oo 
method used i n ( A H ) , 9 1 1 , f o r Z p ( l 1 n + 6)y». I n each case 

n = o 

b o t h t h e p r o c e s s and t h e r e s u l t are more e l e g a n t t h a n f o r q = 1 1 , 

b u t l e s s so t h a n f o r q = 13. S i m p l e c o n g r u e n c e s f o r 
CO CO 
Z p ( l 7 n + 5 ) y B and Z p ( l 9 n + 4 ) y n a r e d e r i v e d f r o m t h e s e r e s u l t s . 

n=o n=o 
The a p p a r e n t l y s i m p l e s t , non-homogeneous r e l a t i o n 
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between t h e P ( a ) f o r q = 17 and q = 19 i s embodied i n 
Theorem 5.1 ( t h i r d e q u a t i o n ) and Theorem 6.1 ( f i f t h e q u a t i o n ) 
re spec t i ve l y . 

I n p a r t 4 (§ 7) an a l t e r n a t i v e e x p r e s s i o n f o r 

p ( l 1 n + 6)y» i s d e r i v e d f r o m t h a t g i v e n i n (AH) 
n = o 
[ e q u a t i o n ( 1 1 . 9 ) ] , and we t h e n c o n j e c t u r e s i m i l a r e x p r e s s i o n s 

co 
f o r £ p ( l 1 n + s)y» ( s = 0 t o 10) when s f 6. (Such s i m i l a r i t y 

n = o 

does n o t o b v i o u s l y e x i s t i n t h e case o f q = 13.) We make no 

a t t e m p t t o p r o v e o u r c o n j e c t u r e , w h i c h i s a l m o s t c e r t a i n l y v a l i d , 

i n t h i s t h e s i s . The f o r m o f t h e e x p r e s s i o n s c o n c e r n e d i s 

q u i t e d i f f e r e n t f r o m e i t h e r o f t h e f o r m s o b t a i n e d f o r q = 13 i n 

§ 2.* I t i s w o r t h w h i l e t o n o t e t h a t e q u a t i o n ( 7 . 1 ) i s , i n 

e f f e c t , what a p p e a r s t o be t h e s i m p l e s t , non-homogeneous 

r e l a t i o n b etween t h e P ( a ) f o r q = 1 1 , and t o pause a t t h i s p o i n t 

i n o r d e r t o s t a t e t o g e t h e r t h e s i m p l e s t r e l a t i o n s f o r a l l p r i m e 

q as f a r as q = 19. The r e l a t i o n s f o r q = 5 t and q = 7 f o l l o w 

i m m e d i a t e l y f r o m [ 7 ] • ( K o l b e r g ) , e q u a t i o n s ( 4 . 1 5 ) and ( 5 . 2 0 ) 

r e s p e c t i v e l y , i f , f o r b o t h q = 5 and q = 7, t h e g, o f t h i s p a p e r 
co 

* K o l b e r g has o b t a i n e d c e r t a i n e x p r e s s i o n s f o r £ p(5n+s)y», 
n = o 

s=0, 1 , 2, 3, [ [ 7 ] , e q u a t i o n s ( 4 . 1 7 ) t o ( 4 . 2 0 ) j , and 

% p(7n+s)y», s=Ox 1 , 2, 3, 4, 6, [ [ 7 ] i e q u a t i o n s ( 5 . 2 3 ) t o ( 5 . 2 7 ) 
n = o 

and ( 5 . 2 9 ) j . The f o r m e r d e c o m p o s i t i o n i s due o r i g i n a l l y t o 

Ramanujan [ 1 2 ] . 

t T h i s r e l a t i o n a p p e a r s i n [12] ( R a m a n u j a n ) . 
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q=1 
[ d e f i n e d by f ( x ) = E 9, x' , g, = g ( y ) j are e x p r e s s e d i n t e r m s 

s = o 
o f t h e P ( a ) by means o f (ASD), Lemma 6. We h a v e , r e m e m b e r i n g 

( q - D / 2 
t h a t f(y)/f(y«) = J T p ( a ) . 

a=1 
q = S i f ° ( y)/f 6(y B) = P»(2)/P»(1) - l i y - y s P B ( 1 )/Ps ( 2 ) , 

q = 7 i f * ( y ) / f * ( y 7 ) + 8y = P 9 ( 2 ) P ( 3 )/P» ( 1 ) + y P» ( 3 ) P( 1 )/P* ( 2 ) -

- yapa ( 1 ) P ( 2 ) / P 3 ( 3 ) , 

q = 1 1 i f a ( y ) / f a ( y » l ) = P»(5)P(4) - y a p a ( i ) p ( 3 ) - y P " ( 2 ) P ( 5 ) -
- yPa ( 4 ) P ( 1 ) - yPa ( 3 ) P ( 2 ) , 

q = 13: f 9 (y ) / f a ( y i s ) = P ( 2 ) P ( 5 ) P ( 6 )/P ( 1 ) P ( 3 ) P ( 4 ) - 3y -

- Y 9 P ( 1 ) P ( 3 ) P ( 4 ) / P ( 2 ) P ( 5 ) P ( 6 ) , 

q = 17: f 8 ( y ) / f a ( y l 7 ) = P ( 2 ) P ( 8 ) P ( 6 ) P ( 7 ) - y P ( 6 ) P ( 7 ) P ( 1 ) P ( 4 ) -

- y«P(1)P(4)P(3)P(5) - y P ( 3 ) P ( 5 ) P ( 2 ) P ( 8 ) , 

q = 19: f(y)/f(yi») = 1 / P ( 2 ) P ( 3 ) P ( 5 ) - y / P ( 1 ) P ( 7 ) P ( 8 ) -

-y«/P(4)P(6)P(9). 

The r e s u l t s f o r q = 1 1 , q = 17, and q = 19, seem t o be new. 

P a r t s 1 t o 4 i n v o l v e o n l y e l e m e n t a r y a l g e b r a . I n P a r t 5 

(§ 8) r e c o u r s e i s made t o t h e t h e o r y o f t h e e l l i p t i c m o d u l a r 

f u n c t i o n s . We show t h a t t h e r e e x i s t s , f o r q = 13, a p o l y n o m i a l 

r e l a t i o n b etween x f 8 ( y ) / f a ( x ) and x'f(yi»)/f(x), o f d e g r e e s a t 
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most 7 and a t most 13 i n t h e s e v a r i a b l e s r e s p e c t i v e l y . * 
Then, w o r k i n g f o r c o n v e n i e n c e i n t e r m s o f y _ 1 f a ( y ) / f a ( y 1 3 ) 
and x ~ 7 f ( x ) / f (y 1 3 ) as new v a r i a b l e s , we show by e l e m e n t a r y 
a l g e b r a t h a t t h e r e l a t i o n ( o f d e g r e e s a t most 7 and a t most 
13 i n t h e new v a r i a b l e s r e s p e c t i v e l y * * ) i s i r r e d u c i b l e and t h a t 
t h e c o e f f i c i e n t s i n v o l v e d h a v e , i n p a i r s , a c e r t a i n symmetry. 
The r e l a t i o n i s e v a l u a t e d ( i n t e r m s o f t h e new v a r i a b l e s ) by 
c o m p a r i n g c o e f f i c i e n t s o f powers o f x i n t h e e x p a n s i o n s o f 
th e q u a n t i t i e s i n v o l v e d , use b e i n g made o f t h e symmetry 
m e n t i o n e d above t o f a c i l i t a t e t h e c a l c u l a t i o n . The r e s u l t c o u l d 
a l s o be o b t a i n e d by u s i n g t h e e x p r e s s i o n s f o r x ~ 7 f ( x ) / f ( y 1 3 ) 
and y - 1 f a (y ) / f a (y 1 3 ) i n t e r m s o f t h e P ( a ) [ e q u a t i o n s ( 1 . 1 ) and 
( l . 1 7 ) j , and t h e homogeneous r e l a t i o n s b etween t h e . P ( a ) p r e v i o u s l y 
d e s c r i b e d i n t h i s I n t r o d u c t i o n , b u t t h i s w o u l d be c o m p a r a t i v e l y 
t e d i o u s . t 

* I t i s i n f a c t shown t h a t t h e r e i s a c o r r e s p o n d i n g r e s u l t o r 
'modular e q u a t i o n " f o r a l l p r i m e q, i n w h i c h t h e d e g r e e o f t h e 
f u n c t i o n c o r r e s p o n d i n g t o x? f (y 1 3 j / f ( x) i s a t most q i n t h e ca s e s 
q = 5, q = 7, and q = 13, and i s a t most a g r e a t e r i n t e g r a l m u l t i p l e 
o f q o t h e r w i s e . We a r e i n d e b t e d t o Dr. M o r r i s Newman o f t h e 
N a t i o n a l B u r e a u o f S t a n d a r d s , W a s h i n g t o n , D.C., who c o m m u n i c a t e d 
t h e p r o o f t o us. The r e l a t i o n s f o r q = 5 and q = 7 have been 
o b t a i n e d , i n e s s e n c e , by Watson [ [15] , page 105, f o r m u l a ( 3 . 2 ) , 
and page 118, ( 5 . 2 ) j , a l t h o u g h t h e f o r m e r i s due o r i g i n a l l y t o 
Weber { [ i f c ] , page 256, f o r m u l a ( 2 7 ) } . 

*+ The d e g r e e s a r e i n f a c t 7 and 13. 

t I hope t o p u b l i s h i n t h e n e a r f u t u r e f i r s t l y a p a p e r on t h e 
work o f P a r t 5 and s e c o n d l y , i n c o n j u n c t i o n w i t h Dr. A t k i n , a 
pa p e r "Some p r o p e r t i e s o f t h e c o e f f i c i e n t s o f m o d u l a r f o r m s 
modulo powers o f 13", d e p e n d i n g upon t h e f i r s t . 
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We t a k e t h i s o p p o r t u n i t y t o o b s e r v e t h a t i t w o u l d 

p r o b a b l y be p o s s i b l e t o use t h e t h e o r y o f m o d u l a r f u n c t i o n s 
co 

t o o b t a i n e x p r e s s i o n s f o r £ p ( l 7 n + 5 ) y B and 
n = o 

co 
£ p ( l 9 n + 4)y» more e a s i l y t h a n i n t h i s t h e s i s , and i n d e e d 

n = o 

t o o b t a i n c o r r e s p o n d i n g r e s u l t s f o r s t i l l g r e a t e r v a l u e s o f 

q ( t h i s w o u l d o t h e r w i s e be a v e r y t e d i o u s m a t t e r ) , b u t t h a t 

a f u r t h e r d e v e l o p m e n t o f t h e t h e o r y w o u l d be needed. 

T a b u l a t e d v a l u e s o f p ( n ) ( a s f a r as n = 1 0 0 0 ) , needed a t 

v a r i o u s p o i n t s i n t h e t h e s i s , a r e t o be f o u n d i n [ 5 ] . The 

t a b l e o f t h e c o e f f i c i e n t s o f powers o f f ( x ) computed by 

Newman [11] i s a l s o r e q u i r e d . 

F i n a l l y , we n o t e t h a t a t a b l e o f n o t a t i o n [ n o t i n c l u d i n g 

t h a t o f (ASD) o r ( A H ) j and a l i s t o f r e f e r e n c e s a r e g i v e n a t 

t h e end o f t h e t h e s i s . Some l e t t e r s o c c u r more t h a n once i n 

t h e t e x t i n d i f f e r e n t senses ( t h i s i s p u r p o s e f u l where a n a l o g o u 

p r o c e s s e s a r e c a r r i e d o u t f o r d i f f e r e n t v a l u e s o f q ) , b u t t h e 

c o n t e x t s a r e so d i f f e r e n t as t o g i v e no d a n g e r o f c o n f u s i o n . 



PART I 

q = 13 t h r o u g h o u t t h i s P a r t 

1. We w r i t e 

a = - x " 5 P ( 2 ) / P ( l ) , P = - x " 6 P ( 6 ) / P ( 3 ) , y = x " 2 P ( 5 ) / P ( 4 ) , 

a ' 

t h e n by (ASD), Lemma 6 ( w i t h q = 13) we have 

= - x 5 P ( 3 ) / P ( 5 ) , P'= x " 7 P ( 4 ) / P ( 2 ) , W= x 1 5 P ( l ) / P ( 6 ) ; 

( 1 . 1 ) x ~ 7 f ( x ) / f ( y 1 3 ) = a + p* + r + a' + p + V + 1. 

I n ( 1 . 1 ) we r e p l a c e x by u) fx where ( r = 1 t o 13) a r e t h e 

t h i r t e e n t h r o o t s o f u n i t y , and m u l t i p l y t o g e t h e r t h e t h i r t e e n 

r e s u l t i n g e q u a t i o n s , o b t a i n i n g . 
1 3 

( 1 . 2 ) y ~ V 4 ( y ) / f 1 4 ( y 1 3 ) = TT ( * % 5 + P S ? + 7ruT 2+a-u, r + P " ~ 6 + +1 
1=1 

Now as u r u n s t h r o u g h t h e t h i r t e e n t h r o o t s o f u n i t y so does 

u i r , so t h a t t h e p r o d u c t on t h e r i g h t - h a n d s i d e o f ( 1 . 2 ) i s 

e q u a l t o 
1 3 
TT ( a u 1 5 + B ' i j " 5 + V w" 7+a'u)" 2 + B ( j 5 + I f ' u ~ 6 + l ) , 1 ' r r r r r r r r r ~ 1 

and i s t h u s unchanged i f a, P', "8", a 1 , p, and T', a r e i n t e r ­

changed c y c l i c a l l y . The p r o d u c t i s t h u s a l i n e a r c o m b i n a t i o n 
i 1 i 2 i3 i4 *5 ib 

o f t e r m s [ a P' V a' f> X' ] where i 1 t o i ̂  a r e non-
n e g a t i v e i n t e g e r s , and c o n s i d e r i n g t h e l e f t - h a n d s i d e o f ( 1 . 2 ) 

1 3 
such t e r m s as o c c u r can o n l y i n v o l v e x i n t e r m s o f y = x 

i 1 i2 i3 i 4 i 5 i 6 Thus i f a P 1 J a ' p tf"' ( o r any o t h e r t e r r a ' o f 
i 1 i ? i 3 i 4 i 5 ib [ a P' V a' P 3" ] ) o c c u r s we must have 

( 1 . 3 ) -5i« - 7 i n - 2i« + 5 1 . - 6 i _ + 1 5 i , s 0 (mod. 13) 
1 2 3 4 b o 
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( i n t e r c h a n g i n g i ^ i^, i^, i^, i ^ , and i ^ , c y c l i c a l l y g i v e s , t h e 

same c o n g r u e n c e ) . 

Now, w r i t i n g 

a = y 2 P 2 ( l ) / P ( 4 ) P ( 5 ) , a' = y " 1 P 2 ( 5 )/P( 6 )-P(-1 ) , 

b = - y " 1 P 2 ( 3 ) / P ( l ) P ( 2 ) , b' = - y P 2 ( 2 ) / P ( 5 ) P ( 3 ) , 

c = - p 2 ( 4 ) / p ( 3 ) P ( 6 ) , C = y " 1 P 2 ( 6 > / P ( 2 ) P ( 4 ) , 

i t i s e a s i l y v e r i f i e d t h a t 

a 1 3 = b ' 1 2 c 2 a ' 6 b 7 c ' \ a ' 1 3 = b 1 2 c ' 2 a 6 b ' 7 b 4 , 

(1.4) p 1 3 = c ' 1 2 a 2 b ' 6 c 7 a ' 4 , p - 1 3 = c 1 2 a - 2 b 6 c ' 7 a 4 , 

< f 1 3 = a ' 1 2 b 2 c > 6 a 7 b ' \ J ' 1 3 = a 1 2 b ' 2 c 6 a ' 7 b 4 . 

I t w i l l be n o t i c e d t h a t a l l o f t h e e q u a t i o n s ( 1 . 4 ) may be 

o b t a i n e d f r o m any one o f them by i n t e r c h a n g i n g a, b', c, a', 

b, c', and a, P', r, a', p, 3r', c y c l i c a l l y . By ( 1 . 4 ) , s i n c e 

ab' ca' be' = - 1, 

(a 1 p' 2 « 3 a 1 4 p 5 V 6 ) = 

= ( a b ' c a ' b c ' ) a b c a b c' 

where cr = 2 i . , + 4 i _ + 12i„ + 181,, + 16 i _ + 8 i ^ , an even 1 2 3 4 5 6 
i n t e g e r , and 

°"l = 4 i 2 + 7 i 3 + 6 i 4 + 2 i 5 + 1 2 i 6 ' ^2 = 4 i 3 + 7 i 4 + 6 i
5

+ 2 i
6

+ 1 2 i
1 ' 

o-3 = 4 i 4 + 7 i 5 + b i 6 + 2 i 1 + 1 2 i 2 , c r 4 = 4 i 5 + 7 i & + 6 i 1 + 2 i 2 + 1 2 i 3 , 

c r 5 = 4 i 6 + 7 i 1 + 6 i 2 + 2 i 3 + 1 2 i 4 , c r 6 = 4 i 1 +7 i 2 + 6 i 3 + 2 i 4 + 1 2 i ; 

m o r e o v e r ^ + cr^ t o cr + cr^ a r e m u l t i p l e s o f 13 by ( 1 . 3 ) , hence 

we a r r i v e a t t h e f o l l o w i n g ! 
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i l i 9 M *4 i c i ^ 
LEMMA 1.1 • Any e x p r e s s i o n o f t h e f o r m a ' p ' tf a' p iT 
f o r w h i c h ( 1 . 3 ) h o l d s i s o f t h e f o r m a 1 b ' 2 c 3 a ' 4 b 5 - ' 6 

J H J n J , . J „ J c J , 

c 

where j ^ t o a r e n o n - n e g a t i v e i n t e g e r s . 

By Lemma 1.1 e v e r y t e r m o c c u r r i n g i n t h e r i g h t - h a n d s i d e 

o f ( 1 . 2 ) i s o f t h e f o r m a 1 b• 2 c 3 a' 4 b 5 c' 6 , and such 

t e r m s o c c u r i n c y c l i c a l l y s y m m e t r i c a l s e t s o f s i x te-rm-s e a c h . 

F u r t h e r , $(-6) i s t h e c o e f f i c i e n t o f x ̂  i n l / f ( x ) r eg a r d e d 

as a p o l y n o m i a l o f d e g r e e 12 i n x w i t h c o e f f i c i e n t s i n v o l v i n g x 

i n t e r m s o f y = x 1 3 , so t h a t y " 6 f 1 4 ( y )•£ ( 6 ) / f 1 3 ( y 1 3 ) i s t h e 

c o e f f i c i e n t o f x° i n y " 7 f 1 4 (y ) / [ f 1 4 ( y 1 3 ) (a + p ' + +a ' +p+ Jf' + l ) J . 

T h i s i s a c y c l i c a l l y s y m m e t r i c p o l y n o m i a l o f d e g r e e 12 i n 

a, p 1 , "5" , a', p, and 8"' ; and t h e t e r m s w h i c h g i v e t h e 

c o e f f i c i e n t o f x° o c c u r o n l y i n s y m m e t r i c a l s e t s o f s i x 
^ 1 "̂ 2 "̂ 3 ""̂4 "̂ 6 e x p r e s s i b l e as [ a b 1 c a* b c' ] , as b e f o r e . ( T h i s 

i s n o t t r u e f o r t h e c o e f f i c i e n t o f any power o f x o t h e r t h a n 

0; t h e s i x t e r m s o f [ a ] , f o r e x a m p l e , do n o t a p p e r t a i n t o 

t h e same power o f x.) 

Thus y " V 4 ( y ) / f 1 4 ( y 1 3 ) and y~6 f 1 4 ( y )£( 6 )/f 1 3 ( y 1 3 ) a r e 

each e q u a l t o a l i n e a r c o m b i n a t i o n o f t e r m s [ a b' c a' b c' ] . 

We now w r i t e 

A = y P ( 2 ) P ( 3 ) / P ( 4 ) P ( 6 ) , B = - y " 1 P ( 4 ) P ( 6 ) / P ( 1 ) P ( 5 ) , 

C = - P ( 1 ) P ( 5 ) / P ( 2 ) P ( 3 ) ; K = y P ( 1 ) P ( 3 ) P ( 4 ) / P ( 2 ) P ( 5 ) P ( 6 ) . 
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T he n 

( 1 . 5 ) ABC = 1. 

<4, 2, 1>, <6, 3, 1>, <5, 4, 3>, <6, 5, 3>, <5, 4, 2>, and 

< 6 , 2, 1>, g i v e , r e s p e c t i v e l y , 

( 1 . 6 ) t o ( 1 . 8 ) a = A - K, b = B - K , c = C - K, 

( 1 . 9 ) t o ( 1 . 1 1 ) a' = A + 1/K, b'= B + 1./K> C' = C + l / K ; 

a l l o f t h e e q u a t i o n s ( 1 . 6 ) t o ( 1 . 1 1 ) may be o b t a i n e d f r o m any 

one o f them by i n t e r c h a n g i n g a, b', c, a', b, c', and A,B,C, 

and 1/K - K, c y c l i c a l l y . A l s o , <5, 3, 2, 1> g i v e s 

( 1 . 12) t o ( 1 . 1 4 ) AB + A + 1 = 0, BC + B + 1 = 0, CA + C + 1 = 0, 

w h i c h e q u a t i o n s a r e e q u i v a l e n t by v i r t u e o f ( 1 . 5 ) , and < 5 , 2, 1> 

g i v e s 

a + b• = CA, 

w h i c h u s i n g ( 1 . 6 ) , ( 1 . 1 0 ) , and ( 1 . 12) t o (1. 1 - 4 ) , becomes 

( 1 . 1 5 ) A + B + C=-1/K + K - 1 , 

( 1 . 1 6 ) AB + BC + CA = l/K - K - 2. 

We a r e now i n a p o s i t i o n t o p r o v e 

LEMMA 1.2 Any e x p r e s s i o n o f t h e f o r m [ a 1 b • 2 c 3 a ' 4 b 5 c • 6 ] 

i s e q u a l t o a p o l y n o m i a l i n l/K - K w i t h i n t e g r a l c o e f f i c i e n t s . 

• U s i n g ( 1 . 6 ) t o ( 1 . 1 1 ) , any [ a ^ b ' ^ c 3 a ' ^ 4 b ' 5 c ' 6 ] can be 

e x p r e s s e d as a p o l y n o m i a l i n ' A, B, C, l / K , and -K, w i t h i n t e g r a l 

c o e f f i c i e n t s , c y c l i c a l l y s y m m e t r i c i n A, B, C, and l / K , - K. 

T h i s p o l y n o m i a l i s a l i n e a r c o m b i n a t i o n o f t e r m s 
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{ ( 1 / K ) h + ( - K ) h } [ A K C^] where h, X, p., and <0 , a r e non-
n e g a t i v e i n t e g e r s , f o r i f a t e r m ( l / K ) h [ A ^ B^ C^] o c c u r s so 
does t h e t e r m ( - K ) h [ A ^ ] , and v i c e v e r s a . F u r t h e r , by 

Newton's f o r m u l a f o r sums o f powers o f t h e r o o t s o f a 

p o l y n o m i a l e q u a t i o n i n one v a r i a b l e , ( l / K ) + (-K) can be 

e x p r e s s e d as a p o l y n o m i a l i n t h e c o e f f i c i e n t s o f t h e q u a d r a t i c 

e q u a t i o n z 2 - ( l / K - K)z - 1 = 0 h a v i n g r o o t s l / K and -K, 

i . e . as a p o l y n o m i a l i n 1/K - K w i t h i n t e g r a l c o e f f i c i e n t s . 

We now a s s e r t t h a t any [ A ^ C^] i s a l s o e q u a l t o a p o l y n o m i a l 

i n T/K - K w i t h i n t e g r a l c o e f f i c i e n t s . Assume t h a t t h i s i s 

t r u e f o r a l l v a l u e s o f X, p., and O , w i t h X + \i + \?< CT where T^.1 , 

and c o n s i d e r any [ A ^ B^ C^] w i t h X + \i + -c? = T + 1 . I f any 

two o f X., (x, and \P , a r e n o n - z e r o we can e x p r e s s [A^" B^ C^] 

as a l i n e a r c o m b i n a t i o n o f s i m i l a r sums w i t h X + p, + by 

u s i n g ( 1 . 1 2 ) t o ( 1 . 1 4 ) ; and so by t h e i n d u c t i o n h y p o t h e s i s i t 

i s e q u a l t o a p o l y n o m i a l i n l/K - K w i t h i n t e g r a l c o e f f i c i e n t s . 

A l s o , u s i n g Newton's f o r m u l a , [ A ^ ] can be e x p r e s s e d as a 

p o l y n o m i a l i n 1/K - K w i t h i n t e g r a l coe f f i c i e n t s, by 

( 1 . 5 ) , ( 1 . 1 5 ) , and ( 1 . 1 6 ) . 

Thus i f o u r a s s e r t i o n i s t r u e f o r X + \i + s ? ^ c T i t i s t r u e f o r 

a l l X, \L , and \? , w i t h X + + \? = <T + 1 ; b u t i t i s c l e a r l y 

t r u e f o r T = 1, hence i t i s t r u e f o r a l l v a l u e s ^ f T by 

t h e s t r o n g f o r m o f m a t h e m a t i c a l i n d u c t i o n . T h i s c o m p l e t e s t h e 
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p r o o f o f Lemma 1.2. 

W r i t i n g 

F = y _ l f 2 ( y ) / f 2 ( y 1 3 ) , 

we have shown t h a t F 7 i s e q u a l t o a l i n e a r c o m b i n a t i o n o f t e r m s 

[ a 1 b' 2 c 3 a' 4 b 5 c' 6 ] , and hence, by Lemma 1.2, t o a 

p o l y n o m i a l i n l/K - K w i t h i n t e g r a l c o e f f i c i e n t s . F u r t h e r , 

t h i s p o l y n o m i a l i s o f d e g r e e 7 s i n c e t h e l o w e s t powers o f y 

i n t h e e x p a n s i o n s o f F 7 and t/K - K as a s c e n d i n g power s e r i e s 

i n y a r e -7 and -1 r e s p e c t i v e l y . • By c o m p a r i n g c o e f f i c i e n t s 

o f powers o f y as f a r as y° we f i n d t h a t 

F 7 = (1/K - K - 3 ) 7 , 

o r , s i n c e F and K a r e r e a l f o r r e a l y, 

( 1 . 1 7 ) F = 1/K - K - 3. * 

S i m i l a r l y y 6 f 1 4 ( y ) <$ (6 ) / f 1 3 (y 1 3 ) i s e q u a l t o a p o l y n o m i a l o f 

d e g r e e 6 i n l / K - K w i t h i n t e g r a l c o e f f i c i e n t s , o r by ( 1 . 1 7 ) , i n F. 

Com p a r i n g c o e f f i c i e n t s as f a r as y° we f i n d t h a t 

( 1 . 1 8 ) y f ( y 1 3 ) £ ( 6 ) = 11/F + 3 6 . 1 3 / F 2 + 3 8 . 1 3 2 / F 3 + 

+ 2 0 . 1 3 3 / F 4 + 6 . 1 3 4 / F 5 + 1 3 5 / F 6 + 1 3 5 / F 7 

on d i v i d i n g t h r o u g h by F 7 . ( 1 . 18) was f i r s t f o u n d by 

Zuckermann [ 1 7 ] , u s i n g t h e t h e o r y o f t h e e l l i p t i c m o d u l a r 

f u n c t i o n s . _ . 
Dr. A t k i n p o i n t s o u t t h a t t h i s i d e n t i t y i s g i v e n ( i n a 

d i f f e r e n t n o t a t i o n ) on page 326> o f [l 3] (Ramanujan) . 
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2. We s h a l l now f i n d e x p r e s s i o n s f o r a l l the- 'f('s) 

(0 < s « 12, s / 6 ) . C o n s i d e r $ ( 1 ) . y ~ 7 f 1 4 (y )I( 1-)/f1 3 ( y 1 3 ) 
g 

i s t h e c o e f f i c i e n t o f x i n 

y " V 4 ( y ) / { f 1 4 ( y 1 3 ) ( a + p- + * + o- + p + + 1 ) ] , a 

c y c l i c a l l y s y m m e t r i c p o l y n o m i a l i n a, P', V , a 1 , p, and V . 

Thus y " 7 f 1 4 ( y ) J ( 1 ) x 8 / - a f 1 - 3 ( y 1 - 3 ) i s t h e c o e f f i c i e n t of x° 

i n a p o l y n o m i a l i n a, P', If, a 1 , p, and K', w h i c h a l t h o u g h 

n o t c y c l i c a l l y s y m m e t r i c , i s a l i n e a r c o m b i n a t i o n o f t e r m s 

a p' 1 V a' P o' ( t h e i n d i c e s h e r e may be presumed 

no n - n e g a t i v e because - 1/a = P'Tf a' p 3"'), a l s o , f o r any 

such t e r m w h i c h o c c u r s i n t h e c o e f f i c i e n t o f x°, ( 1 . 3 ) must 

h o l d . Hence, by Lemma 1 . 1, y " 6 f 1 4 ( y ) P ( 1 )$ ( 1 ) / f 1 3 (y 1 3 ) P ( 2 ) i s 

e q u a l t o a l i n e a r c o m b i n a t i o n o f t e r m s a b'" c a' b c' 

We d e f i n e 0(s)» t h e " n o r m a l i s e d " f o r m o f $ ( s ) , i n t h e f o l l o w i n g 

s i x c a s e s i 

0 ( 1 ) = P(D I ( D / P ( 2 ) , 

0 ( 1 2 ) = - y P ( 2 ) I ( 1 2 ) / P ( 4 ) , 

0 ( 4 ) = - P ( 4 ) $ ( 4 ) / P ( 5 ) , 

0 ( 1 1 ) = P ( 5 ) $ ( 1 1 ) / P ( 3 ) , 

0 ( 0 ) = P ( 3 ) I ( 0 ) / P ( 6 ) , 

0 ( 8 ) = - y ' 1 P ( 6 ) £ ( 8 ) / P ( D . 
13 7 

Then we have shown t h a t y f ( y ) 0 ( 1 ) F i s e q u a l t o a l i n e a r 

c o m b i n a t i o n o f t e r m s a b' c a' b c* . We can show, 
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i n a s i m i l a r manner, t h a t t h i s i s t r u e i f 0( 1 ) i s re-place-d' by 

0 ( s ) f o r s = 12, 4, 1 1 , 0, o r 8, i f we r e p l a c e the- m u l t i p l i e r 

-1'/o by - 1 / p ' , - 1 / t f , - 1 / a 1 , -1/p, o r - l / y ' , r e s p e c t i v e l y . 

F u r t h e r , g i v e n an e x p r e s s i o n f o r any 0 ( s ) i n t h e above l i s t , 

we may o b t a i n any o t h e r s u c h - 0 ( s ) by i n t e r c h a n g i n g the- 0(s ) 

( i n t h e above o r d e r ) and a, b', c, a', b, c", c y c l i c a l l y . 

We d e f i n e 0 ( s ) i n t h e r e m a i n i n g s i x c a s e s as f o l l o w s ! 

0 ( 1 0 ) = P ( 3 ) 0 ( 1 0 ) / P ( 2 ) , 

0 ( 9 ) = - P ( 6 ) I ( 9 ) / P ( 4 ) , 

0 ( 5 ) = - y P d ) S ( 5 ) / P ( 5 ) , 

0 ( 2 ) = - P ( 2 ) $ ( 2 ) / P ( 3 ) , 

0 ( 3 ) = P ( 4 ) I ( 3 ) / P ( 6 ) , 

0 ( 7 ) - y _ 1 P ( 5 ) 1 ( 7 ) / P ( l ) . 

We may show t h a t t h e above r e s u l t h o l d s f o r t h e s e 0 ( s ) by 

c o n s i d e r i n g y " 7 f 1 4 ( y ) / { f 1 4 ( y 1 3 ) ( a + p' + tf+ a' + p + V •• + 1 ) } 

m u l t i p l i e d by p • a • , V a ' P , a'p v ' , P S" a , o"a P', and a p ' "3" , 

i n s t e a d o f -1/Q, -1/P', -1/V , -1/a ' , -1/p, and - l / - y . 
^ 1 ^ 2 ^ 3 ^ 4 ^ 5 ^6 Thus we must now examine a b' c a' b c 1 , r a t h e r 

t h a n [ a ^b' ^c 3 a ' 4 b ^c* To do t h i s we need c e r t a i n 

p r e l i m i n a r y r e s u l t s . U s i n g ( 1 . 1 7 ) , ( 1 . 1 5 ) can be w r i t t e n as 

( 2 . 1 ) A + B + C + F + 4 = 0 . 

M u l t i p l y i n g t h i s e q u a t i o n by A, s u b s t i t u t i n g f o r AB and CA 
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f r o m ( 1 . 1 2 ) and ( 1 . 1 4 ) , and t r a n s p o s i n g we o b t a i n 

( 2 . 2 ) C = A 2 + (F + 3)A - 2. 

S u b s t i t u t i n g t h i s e x p r e s s i o n f o r C i n ( 2 . 1 ) , and t r a n s p o s i n g 

we have 

( 2 . 3 ) B = -A 2 - (F + 4)A - F - 2. 

A l s o , ( 1 . 1 7 ) can be w r i t t e n i n t h e f o r m 

( 2 . 4 ) -K = -1/K + F + 3. 

Thus, by v i r t u e o f ( 2 . 2 ) , ( 2 , 3 ) , and ( 2 . 4 ) , any p o l y n o m i a l i n 

A, B, C, l / K , and -K, w i t h i n t e g r a l c o e f f i c i e n t s , can be 

e x p r e s s e d as a p o l y n o m i a l i n A, 1/K, and F, a l s o w i t h i n t e g r a l 

c o e f f i c i e n t s . • F u r t h e r , m u l t i p l y i n g ( 2 . 3 ) by A, s u b s t i t u t i n g 

f o r AB f r o m ( 1 . 1 2 ) , and t r a n s p o s i n g we o b t a i n 

( 2 . 5 ) A 3 = - ( F + 4 ) A 2 - (F + 1)A + 1 , 

and, m u l t i p l y i n g ( 2 . 4 ) by l / K , and t r a n s p o s i n g we have 

( 2 . 6 ) ( 1 / K ) 2 = (F + 3)/K + 1. 

So, by v i r t u e o f ( 2 . 5 ) and ( 2 . 6 ) , any p o l y n o m i a l i n A, 1/K, and 

F, w i t h i n t e g r a l c o e f f i c i e n t s , can be e x p r e s s e d as a l i n e a r 

c o m b i n a t i o n o f t e r m s 

( 2 . 7 ) F h ( e 1 A 2 / K + e 2 A 2 + e^A/K + e 4A + e &/K + e f i) 

where h i s a n o n - n e g a t i v e i n t e g e r and e^ t o e^ a r e p o s i t i v e , 

n e g a t i v e , o r z e r o , i n t e g e r s . We c o n c l u d e t h a t any p o l y n o m i a l 

i n A, B, C, 1/K, and -K, w i t h i n t e g r a l c o e f f i c i e n t s , i s e q u a l 

t o a l i n e a r c o m b i n a t i o n o f t e r m s ( 2 . 7 ) . 
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We n o t e h e r e t h a t by ( 1 . 5 ) , ( 1 . 1 5 ) , ( 1 . 1 6 ) , and ( 1 . 1 7 ) , 
A, B, and C, a r e t h e r o o t s o f t h e c u b i c e q u a t i o n 

( 2 . 8 ) z 3 + (F + 4 ) z 2 + (F + 1)Z - 1 = 0 ; 

t h a t by ( 1 . 1 7 ) , l/K and -K a r e t h e r o o t s o f t h e q u a d r a t i c 

e q u a t i o n 

( 2 . 9 ) z 2 - (F + 3 ) z - 1 = 0; 

and t h a t ( 2 . 5 ) and ( 2 . 6 ) f o l l o w f r o m ( 2 . 8 ) and ( 2 . 9 ) 

r e s p e c t i v e l y . 

Now, u s i n g ( 1 . 6 ) t o ( 1 . 1 1 ) any a ^ 1 b ' 2 c 3 a ' 4 b 5 c ' 6 can 

be e x p r e s s e d as a p o l y n o m i a l i n A, B, C, l / K , and -K, w i t h 

i n t e g r a l c o e f f i c i e n t s . Thus we a r r i v e a t 

LEMMA 2.1 Any e x p r e s s i o n o f t h e f o r m 
^ 1 ^ 2 ^ 3 ^ 4 ^ 5 ^6 a b' c a' b c' i s e q u a l t o a l i n e a r c o m b i n a t i o n o f t e r m s 

( 2 . 7 ) . T h i s s t a t e m e n t r e m a i n s v a l i d i f i n ( 2 . 7 ) A i s r e p l a c e d 

by any one o f A, B, C, and l/K i s r e p l a c e d by e i t h e r o f l / K , -K. 

The l a t t e r s e n t e n c e f o l l o w s because o f t h e c y c l i c p r o p e r t i e s 

o f o u r r e l a t i o n s . 

We n o t e t h a t i f we d e f i n e F by ( 1 . 1 7 ) t h e n Lemma 1.2 i s a 

consequence o f Lemma 2 . 1 , f o r by Lemma 2.1 any 
^ 1 2 3 ^ 4 ^ 5 "̂ 6 [ a b' c a' b e ' ] i s e x p r e s s i b l e as a l i n e a r c o m b i n a t i o n 

o f t e r m s 

F h { e i ( l / K - K ) [ A 2 ] + 2 e 2 [ A 2 ] + e 3 ( l / K - K ) [ A ] + 2 e 4 [ A ] + 3 e 5 ( l / K - K ) + 6 e 6 | , 

and any such t e r m , i n v i e w o f ( 1 . 1 5 ) , ( 1 . 1 6 ) , and ( 1 , 1 7 ) , i s 
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e q u a l t o a p o l y n o m i a l i n 1/K - K w i t h i n t e g r a l c o e f f i c i e n t s . 
13 7 

• Now, we have shown t h a t y f ( y ) 0 ( 1 ) F i s e q u a l t o a 
1 "^2^3 "^4^5 6 l i n e a r c o m b i n a t i o n o f t e r m s a b' c a' b c 1 , and hence 

by Lemma 2 . 1 , t o a l i n e a r c o m b i n a t i o n o f t e r m s ( 2 . 7 ) w h e r e , 

f o r a r e a s o n w h i c h w i l l a p p e a r i n §3, we choose t o r e p l a c e A 

and 1/K by C and -K r e s p e c t i v e l y . A l s o , g i v e n 0 ( 1 ) i n t e r m s 

o f C and -K we o b t a i n a l l t h e 0(s) ( s = 1 , 12, 4, 1 1 , 0, 8 ) 

i m m e d i a t e l y by i n t e r c h a n g i n g 0(s) ( i n t h e o r d e r g i v e n ) , and 

A, B, C, and 1/K, -K, c y c l i c a l l y . We have e x a c t l y t h e same 

s i t u a t i o n f o r t h e o t h e r s i x 0 ( s ) ( $ = 10, 9, 5, 2, 3, 7) w h e r e , 

a g a i n f o r a r e a s o n w h i c h w i l l a p p e a r i n §3, we choose t o 

e x p r e s s 0 ( 1 0 ) i n t e r m s o f C and -K. Thus i f f o r each o f t h e 

t w e l v e v a l u e s o f s we choose v a r i a b l e s f r o m A, B, C, and l / K , 

-K, a c c o r d i n g t o t h e f o l l o w i n g t a b l e s 

s 0 1 4 8 1 1 12 

A C B B C A 

-K -K -K 1/K 1/K 1/K 

5 2 3 5 7 9 10 

C A B B A c 

1/K -K -K 1/K 1/K -K 

T a b l e 2.1 T a b l e 2.2 
13 7 

t h e n y f ( y ) 0 ( s ) F i s e q u a l t o a l i n e a r c o m b i n a t i o n o f t e r m s 

( 2 . 7 ) i n each o f w h i c h A and 1/K a r e r e p l a c e d by v a r i a b l e s 

a p p r o p r i a t e t o t h e p a r t i c u l a r v a l u e o f s, and f o r each v a l u e 

o f h t h e c o e f f i c i e n t s e. t o e. i n ( 2 . 7 ) a r e t h e same f o r a l l 
1 o t h e s o f one g r o u p o f s i x . We f i n d t h e v a l u e s o f e^ t o 
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( f o r each value- o f h o c c u r r i n g ) i n the- two- d - i s - t i n c t ca-ses by 

c o m p a r i n g c o e f f i c i e n t s , as b & f o r e . 

• C o n s i d e r t h e case t o w h i c h Table- 2.1 a-pplies-. • Le-t- H be 

t h e h i g h e s t v a l u e o f h o c c u r r i n g , i . e . t h e h i g h e s t value- o f h 
13 7 

f o r w h i c h e^ t o e^ a r e n o t -a-11 z e r o . • Then y f ( y )$(1>2)F i s 

( w i t h o u t l o s s o f g e n e r a l i t y ) t h e sum o f t e r m s ( 2 . 7 ) w i t h 

0 ^ h ^ H. Now, s i n c e A and l/K ( e x p a n d e d as a s c e n d i n g power 

s e r i e s i n y ) b e g i n y> + ... and y + ... r e s p e c t i v e l y , t h e 

l o w e s t power o f y o c c u r r i n g i n t h e bra-cke-t of- ( 2 . 7 ) i s - 1 , and 

i t o c c u r s i n t h e t e r m e^/K (and i n none o f t h e o t h e r f i v e t e r m s 

as i t h a p p e n s ) . Thus, w r i t i n g E, t o E, f o r t h e e„ t o e z 

1 o 1 o 
a p p e r t a i n i n g t o h = H, t h e l o w e & t power o f y i n t h e a g g r e g a t e 

of t e r m s ( 2 . 7 ) i s - (H •+ 1 ) ( s i n c e F b e g i n s y +..̂ ( and i t o c c u r s 

i n t h e t e r m F HE 5/K ( o n l y ) ; b u t y f ( y 1 3 ) 0 ( 1 2 ) F 7 b e g i n s - 7 7 y " 5 + . . . , 

hence E^ = 0 i f H + 1 > 5. A p p l y i n g t h i s a r g u m e n t t o a l l o f t h e 

s i x $ { $ ) , u s i n g t h e v a r i a b l e s i n d i c a t e d i n T a b l e 2.1 i n each 

c a s e , we o b t a i n ( f r o m s = 0, 1 , 4, 8, 1 1 , and 12, r e s p e c t i v e l y ) 
E, = 0 i f H > 6, o 

E 2 - + E 6 = 0 i f H > 6, 

E 2 = 0 i f H > 4, 

' E = 0 i f H > 4, 

E - E, + E = 0 I f H > 5, 
1 3 5 

E 5 = 0 i f H > 4; 
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when 6 = 1 , o r 1 1 , y f ( y )jzJ(s)F i s e q u a l t o an e x p r e s s i o n 

i n w h i c h t h e l o w e s t power o f y o c c u r s i n t h r e e t e r m s o f t h e 

b r a c k e t p r e f i x e d by F H . Thus i f H > 6, E^ t o E & ( f o u n d 

s e r i a t i m ) a r e a l l z e r o , b u t t h i s c o n t r a d i c t s t h e d e f i n i t i o n 

o f H, hence H ^ 6. We need o n l y t o n o t i c e t h a t , f r o m t h e case 
s = 0 a b o v e , E, / 0 I f H = 6, t o c o n c l u d e t h a t i n f a c t H = 6. o 

I t may be shown, by s i m i l a r r e a s o n i n g , t h a t f o r t h e 

o t h e r g r o u p o f 0 ( s ) , H i s a g a i n 6. 

For each g r o u p o f 0 ( s ) t h e n we need t o f i n d t h e c o e f f i c i e n t s 

e 1 t o e^ f o r each h i n t h e r a n g e 0 ^ h ^ 6. C o m p a r i n g 

c o e f f i c i e n t s o f powers o f y f o r t h e f i r s t 7 powers o f y o c c u r r i n g 
13 7 

i n t h e e x p r e s s i o n f o r y f ( y ) 0 ( s ) F ( f o r each s o f t h e g r o u p i n 

q u e s t i o n ) we o b t a i n 42 e q u a t i o n s r e l a t i n g t h e 42 unknown 

c o e f f i c i e n t s . I t t u r n s o u t t h a t t h e s e e q u a t i o n s a r e s u f f i c i e n t 

t o d e t e r m i n e t h e c o e f f i c i e n t s , i n f a c t , i n each o f t h e two c a s e s , 

t h e c o e f f i c i e n t s a p p e a r s e r i a t i m . 

We s t a t e t h e r e s u l t s * i n t h e f o r m : 

THEOREM 2.1 We have 

* I n a c t u a l f a c t we c h e c k e d t h e v a l u e s o f t h e c o e f f i c i e n t s 

f o u n d , i n b o t h c a s e s , by c o m p a r i n g t h e c o e f f i c i e n t s o f t h e 

e i g h t h l o w e s t power o f y f o r s = 8 and s = 7. 
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y f ( y 1 3 ) 0 ( 1 2 ) = 1 / F + ( - 5 6 A / K - 3 3 A - l / K + 9 9 ) / F 2 + 

+ 13( -6A 2/k'-3A 2-109A/k'-31 A - 9 / k r + 1 5 9 ) / F 3 + 

+1 3 2 ( -1 1A 2/K'-4A 2 -85A/K'-16A-1 1 A + 1 05 ) / F 4 + 

+ 1 3 3 ( - 7A 2/k'-3A 2 -34A/k' -5A - 5 / * + 3 7 ) / F 5 + 

+ 1 3 4 ( - 2A 2/k' -A 2 -Ik/Y. -A -1 /kT + 7 ) / F 6 + 

+ 1 3 4 ( - 3A 2/k'-2A 2 - 8A/kf -A -1/kT + 8 ) / F 7 , 

y f ( y 1 3 ) 0 ( 9 ) = ( - 3 9 A + 3 ) / F + ( - 3 9 A 2 + 11 A/k'-985A-33A+264 ) / F 2 + 

+ 13( •2A 2/K'-b7A 2 + 13A/k'-7g6A-83/k'+348)/F 3 + 

+ 1 3 2 ( 4A 2/K'-46A 2 +10A/lC-334A-68/k'+210)/F 4 + 

+ 1 3 3 ( 3A 2/k'-16A 2 + 4A/K- 82A-28/K+ 6 & > / F 5 + 

+ 1 3 4 ( A 2/K- 3A 2 + A/k" - 11A- 6/K+ 1 2 ) / F 6 + 

+ 1 3 4 ( 2A2/*'- 3A 2 + A/k- - 8A- 8/K+ 1 2 ) / F ? , 

and t h e s e e q u a t i o n s s t i l l h o l d i f 0 ( 1 2 ) o r 0 ( 9 ) i s r e p l a c e d 

by 0 ( s ) f o r v a l u e s o f s o c c u r r i n g i n T a b l e 2.1 o r T a b l e 2.2 

r e s p e c t i v e l y p r o v i d e d t h a t A i s r e p l a c e d by A, B, o r C, and 

l/ k * i s r e p l a c e d by l/ k " or -X, a c c o r d i n g t o t h e s e t a b l e s . 

I t i s i n t e r e s t i n g t o compare t h e powers o f 13 o c c u r r i n g 

i n t h e e q u a t i o n s o f t h i s t h e o r e m w i t h t h o s e o c c u r r i n g i n 
1 3 

t h e e x p r e s s i o n f o r y f ( y ) ^ ( 6 ) g i v e n i n ( 1 - 1 8 ) . 

We p r o c e e d t o d e r i v e an a l t e r n a t i v e f o r m o f Theorem 2 . 1 . 

W r i t i n g 

1 = Y 2 P ( 3 ) / P ( 6 ) P ( 5 ) , m = y P ( 4 ) / P ( 5 ) P ( 2 ) , n = - y 2 P ( 1 ) / P ( 2 ) P ( 6 ) , 

1'= y P ( 2 ) / P ( 4 ) P ( l ) , m ' = P ( 6 ) / P ( l ) P ( 3 ) , n ' = - y P ( 5 ) / P ( 3 ) P ( 4 ) , 
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we have i m m e d i a t e l y , f r o m t h e d e f i n i t i o n s o f A, B, C, and Y, 

( 2 . 1 0 ) l / l ' = m/m' = n/n' = 

w h i c h e q u a t i o n s w i l l be used w i t h o u t e x p l i c i t m e n t i o n , and 

( 2 . 1 1 ) t o ( 2 . 1 3 ) l/m = A, m/n = B, n / l = C. 

We n o t e t h a t e q u a t i o n s ( 2 . 1 0 ) do n o t r e m a i n v a l i d i f 1/V, -X, 

and 1, m', n, 1 ' , m, n', a r e i n t e r c h a n g e d c y c l i c a l l y , b u t 

t h a t ( 2 . 1 0 ) t o ( 2 . 1 3 ) a l l r e m a i n v a l i d i f A, B, C, and 1/V, -k', 

a r e i n t e r c h a n g e d c y c l i c a l l y and 1, m', n, 1 ' , m, and n', a r e 

i n t e r c h a n g e d a c c o r d i n g t o e i t h e r 
(2 14) ,1 m' n 1' m n' } 

V -n 1' -m n' - l ' 
o r 

( 2 . 1 5 ) ( \ m ' " 1 1 m , " ' ) . 

-m'n - I ' m - n ' l 

S u b s t i t u t i n g f o r A, B, and C, f r o m ( 2 . 1 1 ) t o ( 2 . 1 3 ) , i n ( 1 . 1 2 ) 

t o ( 1 . 1 4 ) we o b t a i n i n each case 

( 2 . 1 6 ) 1/1 + 1/m + -1/n = 0. 

S i m i l a r l y ( 2 . 1 ) becomes 

( 2 . 1 7 ) l/m + 'm/n + n / l + F + 4 = 0. 

Now, ( 2 . 1 6 ) may be w r i t t e n as 

( 2 . 1 8 ) lm/n = - 1 -m, 

and ( 2 . 1 7 ) as 

l 2 / m = -lm/n - F l - 41 - n 

w h i c h u s i n g ( 2 . 1 8 ) becomes 

( 2 . 1 9 ) l 2 / m = - F l - 31 + m - n, 

and u s i n g ( 2 . 1 1 ) t h i s e q u a t i o n may be w r i t t e n as 
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( 2 . 2 0 ) mA 2 = - F l - 31 + m - n 

o r , d i v i d i n g t h r o u g h by K, 

( 2 . 2 1 ) mA 2/^ = - F l ' - 3 1 ' + m• - n'. 

A l s o we have t r i v i a l l y f r o m ( 2 . 1 1 ) 

( 2 . 2 2 ) , and ( 2 . 2 3 ) mA = 1, mk/\C= 1 ' . 

So, m u l t i p l y i n g t h e f i r s t e q u a t i o n o f Theorem 2.1 by m, and 

s u b s t i t u t i n g f o r mA , mA /k /, mA, and mA/l«r, f r o m ( 2 . 2 0 ) t o 
1 3 

( 2 . 2 3 ) , we o b t a i n y f ( y )m0(l'2) as a sum of t e r m s 

( 2 . 2 4 ) F h ( e ^ 1 + e£ m' + e^ n + e^ 1' + e^ m + e£ n ' ) . 

We chose t o t a k e m w i t h 0 ( 1 2 ) f o r a r e a s o n w h i c h w i l l a p p e a r 

i n § 3. Now we have seen t h a t t h e f i r s t e q u a t i o n o f Theorem 

2.1 s t i l l h o l d s i f we i n t e r c h a n g e 0 0 ) , 0 ( 1 2 ) , 0 ( 4 ) , 0 ( 1 1 ) , 

0 ( 0 ) , 0 ( 8 ) , and A, B, C, and l/k', -k", c y c l i c a l l y . Hence t h e 

above e q u a t i o n f o r 0 ( 1 2 ) s t i l l h o l d s i f we i n t e r c h a n g e t h e s e 

0 ( s ) c y c l i c a l l y , and i n t e r c h a n g e 1, m 1, n, 1 ' , m, and n 1 , 

a c c o r d i n g t o ( 2 . 1 4 ) o r ( 2 . 1 5 ) . We o b t a i n a s i m i l a r r e s u l t 

f o r t h e o t h e r s i x 0 ( s ) by m u l t i p l y i n g t h e second e q u a t i o n o f 

Theorem 2.1 by m. Thus m u l t i p l y i n g 0 ( s ) by 1 ' , m, n', 1, m 1, 

and n, when s = 1 , 12, 4, 1 1 , 0, and 8, or 10, 9, 5, 2, 3, and 

7, r e s p e c t i v e l y , and d e n o t i n g t h e r e s u l t by 0 * ( s ) , so t h a t 

0 ' ( 1 ) = y £ ( l ) A ( 4 ) , 0 ' ( l O ) = y P ( 3 ) ( E ( l O ) / P ( 4 ) P ( l ) , 

0 ' ( 1 2 ) = - Y
2 $ ( 1 2 ) / P ( 5 ) , 0 ' ( 9 ) = - y P ( 6 ) $ ( 9 ) / P ( 5 ) P ( 2 ) , 

(225) 0 ' ( 4 ) = y E ( 4 ) / p ( 3 ) f 0 ' ( 5 ) =y 2P ( 1 )(J) ( 5 )/P ( 3 ) P ( 4 ) , 

0 ' ( 1 1 ) = Y 2 $ ( 1 1 ) / P ( 6 ) , 0 ' ( 2 ) = - y 2 P ( 2 ) $ ( 2 ) / P ( 6 ) P ( 5 ) , 
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0'(O) = I ( 0 ) / P ( 1 ) , 

0' ( 8 ) = y $ ( 8 ) / P ( 2 ) , 

0 ' ( 3 ) = P ( 4 ) 1 ( 3 ) / P ( 1 ) P ( 3 ) , 

0 ' ( 7 ) = - y P ( 5 ) " 5 ( 7 ) / P ( 2 ) P ( 6 ) , 

we may r e - s t a t e Theorem 2.1 i n t h e f o r m : 

THEOREM 2.2 We have 

y f ( y 1 3 ) 0 * ( 1 2 ) = m/F • + ( 6 1 -m' • +22 1' +99m )/F : 

+ 13( 30 1 -15m ' +3n + 52 •1 ' +1 56m + 6n '• ) / F 3 + 

2 
+ 13 ( 35 1 -22m ' +4n+39 1 ' + I01m+11 n ' ) / F 4 + 

3 
+ 13 ( 1 7 1 -12m'+3n+13 1 ' + 3 4 m + 7 n ' ) / F 5 + 

+ 1 3 4 ( 4 1 - 3 m + n +2 1 ' + - 6 m + 2 n ' ) / F 6 + 

+ 1 3 4 ( 5 1 - 4m'+2n + 1 '+ 6 m + 3 n ' - ) / F 7 , 

y f (y 1 3 V ' ( 9 ) = 3 m / F + + ' ( 3 1 -33m ' +39n-1 5 l'+225m ) / F 2 + 

+ 13( 13 1 - 8 l m ' + 6 7 n - 45 1' +281m-2n' > / F 3 + 

+ 13 ( 12 1 -64m'+46n- 4T l 1 +164m-4n ) / F 4 + 

+ 1 3 J ( 5 1 -25m ' + 16n-18 !•+ 52m-3n ) / F 5 + 

+ 1 3 4 ( 1 - 5m'+ 3n -4 1'+ 9m- n ) / F 6 + 

+ 1 3 4 ( 1 - 6m'+ 3n -5 •1' + 9m-2n ) / F ? , 

and t h e s e e q u a t i o n s s t i l l h o l d i f 0 ' ( 1 2 ) o r 0 ' ( 9 ) i s r e p l a c e d 

by 0 ' ( s ) f o r v a l u e s o f s o c c u r r i n g i n the f i r s t o r t h e 

second row o f t h e f o l l o w i n g t a b l e r e s p e c t i v e l y p r o v i d e d 

t h a t l , m ' , n, l ' , r n , and n*, a r e interchanged a c c o r d i n g t o 

t h i s t a b l e : 
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s 1 12 4 11 0 8 

5 10 9 5 2 3 7 

n ' 1 m ' n 1 ' m 

- 1 m ' - n 1 ' -m n ' 

m ' n 1 ' m n ' 1 

-n 1 ' -m n ' -1 m ' 

1 ' . m n ' 1 m ' n 

-m n * - 1 m • -n 1 • 

We emphasise t h a t f o r any p a r t i c u l a r v a l u e o f s t h e e q u a t i o n 

g i v e n i n Theorem 2.2 i s s i m p l y t h e e q u a t i o n g i v e n i n Theorem 

2.1 m u l t i p l i e d by 1, m', n, 1 ' , m, o r n'; t h e f o r m e r e q u a t i o n , 

o f d e g r e e 0 i n t h e P ( a ) , becomes an e q u a t i o n o f d e g r e e -1 i n 

t h e P ( a ) . A l t h o u g h i n Theorem 2.1 each s) i s e x p r e s s e d i n 

t e r m s o f o n l y two v a r i a b l e s, such as A and l / k " , t h e two v a r i a b l e s 

a r e d i f f e r e n t f o r d i f f e r e n t v a l u e s o f s. I n Theorem 2.2 s i x 

v a r i a b l e s a r e needed, b u t t h e y a r e t h e same f o r a l l t h e s) , 

and m o r e o v e r , u n l i k e Theorem 2 . 1 , t h e e x p r e s s i o n s a r e 

homogeneous i n t h e s e v a r i a b l e s . 

3. I n t h i s p a r a g r a p h a l l c o n g r u e n c e s a r e modulo 13. 

We s t a t e and p r o v e i 

THEOREM 3.1 We have 

$ ( 0 ) = 6 P ( 6 ) l > ( 6 ) / P ( 3 ) - 5 y P ( 0 ) / P ( 5 ) , 

$ ( 1 ) = 6 P ( 2 ) $ ( 6 ) / P ( 1 ) + 2 y P ( 0 ) / P ( 6 ) , 
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$ ( 2 ) 3 - 5 P ( 3 ) $ ( 6 ) / P ( 2 ) + S P ( 0 ) P ( 5 ) / P ( 2 ) P ( 4 ) , 

§(3) = 5 P ( 6 ) | ( 6 ) / P ( 4 ) + 4 y P ( 0 ) P ( 3 ) / P ( 4 ) P ( 5 ) , 

$ ( 4 ) = - 6 P ( 5 ) $ ( 6 ) / P ( 4 ) + 6 P ( 0 ) / P ( 2 ) , 

$•(5) = - 5 y " 1 P ( 5 ) l ( 6 ) / P ( l ) + 3 y " 1 P ( 0 ) P ( 4 ) / P ( l ) P ( 2 ) , 

$ ( 6 ) = - 2 P ( 0 ) / f 2 ( y ) , 

£(7) = 5 y P ( 1 ) $ ( 6 ) / P ( 5 ) + 2 P ( 0 ) P ( 6 ) / P ( 3 ) P ( 5 ) , 

$ ( 8 ) = - 6 y P ( l ) $ ( 6 ) / p ( 6 ) - 4 P ( 0 ) / P ( 3 ) , 

5(-9) £ - 5 P ( 4 ) $ ( 6 ) / P ( 6 ) - 6 P ( 0 ) P ( 2 ) / P ( 1 ) P ( 6 ) , 

$(10) s 5 P ( 2 ) $ ( 6 ) / P ( 3 ) + y P ( 0 ) P ( l ) / P ( 3 ) P ( 6 ) , 

^ (1 1) = 6 P ( 3 ) $ ( 6 ) / P ( 5 ) + 3 P ( 0 ) / P ( - 4 ) , 

|(12) = - 6 y " 1 P ( 4 ) $ ( 6 ) / P ( 2 ) + y " 1 P ( 0 ) / P ( l ) . 

We n o t e t h a t t h e f o r m o f t h e s e c o n g r u e n c e s i s a n a l o g o u s 

t o t h a t o f t h e c o r r e s p o n d i n g r e s u l t s f o r q = 5, 7, and 1 1 , 

g i v e n as Theorems 1 , 2, and 3, i n (ASD). There i s a b a s i c 

d i f f e r e n c e o n l y i n so f a r as ^ 3 ( 6 ) £ °« 

Now, the- c o n g r u e n c e f o r $ ( 6 ) f o l l o w s i m m e d i a t e l y f r o m 

( 1 . 1 8 ) [ s i n c e f ( y 1 3 ) = P ( 0 ) j . S u b s t i t u t i n g f o r 0 * ( 1 2 ) f r o m 

( 2 . 2 5 ) i n t h e f i r s t e q u a t i o n o f Theorem 2.2 we o b t a i n 

- y 3 f ( y 1 3 ) $ ( 1 2 ) / P ( 5 ) = m/F + (6 1-m1' + 22 1 ' + 99m>/F 2, 

w h i c h may be w r i t t e n i n t h e f o r m 
l<*?\ - _ v " 1 P M ) P ( 0 ) . Y P3(0) 6 l-m'+22 l'+99m 
$ M 2 ; " P ( 2 ) 75f7) P ( 1 ) WW) m l ' 

Thus, c o m p a r i n g t h e c o n g r u e n c e f o r ̂ L(12) i n t h e t h e o r e m w i t h 

t h i s c o n g r u e n c e [ u s i n g t h e c o n g r u e n c e f o r $ ( 6 ) j , we see t h a t 
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t h e f o r m e r i s v a l i d i f 

y ~ 2 f 4 ( y ) / P 2 ( 0 ) = 1 / 1 - 6/m' - 9 9 / 1 ' - 22/m 

w h i c h e q u a t i o n may be w r i t t e n as 

( 3 . 1 ) y ~ 2 f 4 ( y ) / P 2 ( 0 ) 5 -5/1 + 3/m' - 6/n + l / l ' - 2/m - 4 / n ' , 

u s i n g ( 2 . 1 6 ) and ( 2 . 1 6 ) m u l t i p l i e d t h r o u g h by Y.„ By a 

s i m i l a r a r g u m e n t we may show t h a t f o r each o f t h e o t h e r f i v e 

s o f t h e g r o u p c o n t a i n i n g s = 12 t h e v a l i d i t y o f t h e 

c o n g r u e n c e i n t h e t h e o r e m depends o n l y on t h e v a l i d i t y o f 

( 3 . 1 ) m u l t i p l i e d t h r o u g h by some c o n s t a n t . F u r t h e r , f o r 

t h e r e m a i n i n g s i x s we f i n d , u s i n g t h e p r e c e d i n g p r o c e s s , t h a t 

t o p r o v e t h e c o n g r u e n c e s i n t h e t h e o r e m we need a g a i n o n l y t o 

show t h a t ( 3 . 1 ) h o l d s . We p r o v e ( 3 . 1 ) as f o l l o w s . 

W r i t i n g 

•X = -5 / 1 - 6/n - 2/m 

we have, m u l t i p l y i n g t h r o u g h by 1 and u s i n g (2 . 11 ) and ( 2 . 1 2 ) , 

•IX = -5 - 6AB - 2A 

w h i c h u s i n g ( 1 . 1 2 ) becomes 

( 3 . 2 ) IX = 4A + 1. 

S i m i l a r l y we may o b t a i n 

( 3 . 3 ) nX = - 3C - 4, 

( 3 . 4 ) mX = - B + 3. 

M u l t i p l y i n g t o g e t h e r t h e l a s t t h r e e e q u a t i o n s we have 

InmX 3 5 - ABC + 3 [ A B ] + 4 [ A ] + 1 , 



-11-

and by ( 1 . 5 ) , ( 1 . 1 5 ) , ( 1 . 1 6 ) , and ( 1 . 1 7 ) , t h e r i g h t - h a n d s i d e 

o f t h i s e q u a t i o n i s c o n g r u e n t t o -F so t h a t , s q u a r i n g b o t h 

s i d e s o f t h e e q u a t i o n , 
,2 2 2 V 6 -2,4, w D 4 , n x 1 n m X = y f ( y ) / P ( 0 ) ; 

b u t f r o m t h e d e f i n i t i o n s o f 1, n, m, and \C, 

l 2 n 2 m 2 = y 7 P ( 0 ) k - 3 / f ( y ) , 

hence 

x 6 = y " 9 f 5 ( y ) / P 5 ( o ) k - 3 , 

o r s i n c e f 1 3 ( y ) = P ( 0 ) 

x 2 = y " 3 f 6 ( y ) / P 2 ( o ) k - , 

where t h e v a l u e o f t h e c o e f f i c i e n t o f t h e l o w e s t power o f 

y i n t h e e x p a n s i o n o f each s i d e o f t h i s e q u a t i o n i s examined 

t o d e t e r m i n e t h e a p p r o p r i a t e r o o t . By v i r t u e o f ( 1 . 1 7 ) we 

may w r i t e t h e l a s t e q u a t i o n i n t h e f o r m 

x 2 = y " 2 f 4 ( y ) d / k - + 5 ) 2 , 

whence 

( 3 . 5 ) X = y " 1 f 2 ( y ) ( l / k - + 5 ) , 

where t h e s i g n o f t h e c o e f f i c i e n t o f t h e l o w e s t power o f y 

on rv*each s i d e o f t h i s e q u a t i o n i s examined t o d e t e r m i n e t h e 

a p p r o p r i a t e r o o t . Now, t h e r i g h t - h a n d s i d e o f ( 3 . 1 ) i s 

c o n g r u e n t t o (5K + l ) ( - 5 / l - 6/n - 2/m) , i . e . t o (5kT + 1)X, 

and by ( 3 . 5 ) t h i s i s c o n g r u e n t t o y f ( y ) ( l / k ' - k' - 3) w h i c h 

e q u a l s y " 2 f 4 ( y ) / P 2 ( 0 ) by ( 1 . 1 7 ) . Thus ( 3 . 1 ) h o l d s . T h i s 

c o m p l e t e s t h e p r o o f o f t h e t h e o r e m . 

I t w o u l d be p o s s i b l e t o p r o v e Theorem 3.1 by e i t h e r o f 
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t h e methods used t o p r o v e Theorems 1 and 2, and Theorem 3, i n 

(ASD). I n d e e d t h e c o n g r u e n c e s o f Theorem 3.1 were o r i g i n a l l y 

d e r i v e d f r o m o t h e r more c o m p l i c a t e d c o n g r u e n c e s w h i c h were 

f o u n d by Dr. A t k i n u s i n g t h e method o f Theorems 1 and 2. I t is 

because t h e above c o n g r u e n c e s f o r t h e ( s ) were d i s c o v e r e d 

b e f o r e t h e i d e n t i t i e s g i v e n by Theorems 2.1 and 2.2 t h a t I 

was a b l e t o a s s i g n c o n v e n i e n t v a r i a b l e s t o p a r t i c u l a r (£( s) 

f o r t h e p u r p o s e o f t h e s e two t h e o r e m s . 

4. The v a l u e s o f t h e r ^ c ( d ) f o r q = 11 p r o v e d i n (AH) 

were a c t u a l l y f o u n d e m p i r i c a l l y ; f o r q = 13 we use a s i m i l a r 

method. 

P u t t i n g b = 6, 5, 4, 3, 2, 1 , and 0, i n e q u a t i o n ( 6 . 2 ) 

o f (ASD) ( w i t h q = 1 3 ) , and b = 0 and 3 i n e q u a t i o n ( 6 . 3 ) 

o f (ASD), we o b t a i n r e s p e c t i v e l y 

S ( 6 ) = 0, S ( 7 ) = - S ( 5 ) , S ( 8 ) = - S ( 4 ) , 

(4.1) S ( 9 ) = - S ( 3 ) , S ( 1 0 ) = - S ( 2 ) , S(11) = - S ( l ) , 

S ( 1 2 ) = - S ( 0 ) , S ( 1 3 ) = - f ( x ) + S ( 0 ) + 1 , S ( l 6 ) = x " 2 f (x)+S(3)M, 

and i t i s e a s i l y seen t h a t t h e r e a r e e s s e n t i a l l y o n l y s i x 

d i s t i n c t S ( b ) , w h i c h we t a k e t o be S ( 0 ) t o S ( 5 ) . 

We w r i t e 
co 

N b = N b ^ = 2- N ( b » 1 3 » n ) x " * 
n=0 

N, = N, - N , 
be b c 

so t h a t by ( 6 . 1 0 ) o f (ASD) 
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(4.2) N b c= Z2 r b c ( d ) x < 

d =0 

Then by (2.13) and (6.1 ) of 

f ( x ) N Q 1 = ( S ( 0 ) + S ( 1 3 ) } -

• f ( x ) N 1 2 = [ S ( 1 ) + S ( l 2 ) } -

f ( x ) N 2 3 = [ S ( 2 ) + S ( 1 1 ) } • 

f ( x ) N 3 4 = [ S ( 3 ) + S(10)}-

f ( x ) N 4 5 = [ s ( 4 ) + S ( 9 ) j • 

f ( x ) N 5 6 - [ S ( 5 ) - + S(-8 )J • 

(4.s; 

ASD) , and (4.1) above, 

S ( 1 ) + S ( l 2 ) ) = - f ( x ) + 3S(0)-S(1 ) + 1, 

S(2)+S(1-1 ) } = - S ( 0 ) + 2 S ( l )-S(2) , 

S(3) + S ( 1 0 ) } = - S ( 1 ) + 2 S ( 2 ) - S ( 3 ) , 

S(4) + S ( 9 ) J = - S ( 2 ) + a S ( 3 ) - S ( 4 ) , 

S( 5)+S(8 ) ] =-S(-3)+2S( 4)-S(-5) , 

S(6) + S(-7)J =-S(-4)+2S(5), 

and p u t t i n g m = 2, 6, 3, 1, 5, and 4, i n (6.7) of (ASD) we 

o b t a i n u s i n g (4.1) the f o l l o w i n g e x p r e s s i o n s f o r S(0) t o 

S ( 5 ) , r e s p e c t i v e l y . 

5 P( 4 ) P ( 5 ) 9 
— v « ! 1 f 1 ! — v 

P(1 )P(6) 
P ^ ( 2 ) P ( 6 j " X Y P ( 2 ) P ( 4 ) P ( 5 ) + x 

12 P(5) 
P ( 2 ) P ( b ) 

c M W f , U 4 4 2(6.0 h / , ^ x D 2 / n v r 3 P ( 3 ) P ( 5 ) , S ( l ) - f ( x ) { x y p f ^ ' } - g ( b ) + P ( 0 ) [ - x P ( n ) P ( 2 ) P ( 6) + 

4 2 + x y 

P(0) 

P(2) . x 

P ( 5 ) P ( 6 ) X P(4) 
5 y_ 6 3 P ( 1 ) P ( 2 ) . 9 P(4) P ( 5 ) , 

P(5)F>2(-6 j " * P(2)P(3)P('6) 

c / n s xr 12 2 2( 3.0 ) > . / - x . D 2 / n N f . 2 P( 1 ) 4 P ( 4 ) P ( 5 ) S(2) = f ( x ) { x y p ( i ) / ] + 9 ( 3 ) + P ( 0 ) { - x y p ( ^ ( 4 ) - x p ^ ) ^ ) ^ ) 

(4.4) 
8 P(1 )P(6) 

' X y P2(3)P(4) + x 1 1 T 
•P(2) + x 1 2 P(2)P(4> 

P(1)P(3 )P(5)3 

S ( 3 ) = f ( x ) { - x 1 1 y - 1 - x 1 1 ^ ) ] - g ( l ) - 1 + p 2 ( 0 ) { x 3 j ^ j j ^ 7 jfa-

10 P ( 3 ) P ( 5 ) 1 1 - 1 P ( 2 ) P ( 4 ) 12 -1 P ( 3 ) P ( b ) , 
X P ( 1 ) P ( 4 ) P ( 6 ) + X Y P2( 1 ) p ( 3 ) X y P (1 ) P ( 2 ) P ( 4 ) J ' 

S U W f x U x v 4 Z ( 5 ' ° h - o C = l U P 2 f 0 U - x v 2 P ( 2 ) p ( 4 ) + 
Sv4;-fUH-xy p ( 0 ) J g(5;+p vo;{_ xy P ( 3 ) P ( 5 ) p ( 0 ) + 
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. 2 P ( 3 ) P ( 6 ) , 3 3 P(1 ) P ( 2 ) 6 _ J , 10 P(6) t 
+ X Y P ( 2 ) P ^ ( 5 ) + X Y P ( 4 ) P ( 5 ) P ( 6 ) ' X P ( 1 ) + X P ( 2 ) P ( 5 ) i ' 

S f ^ - f f x U - x 8 v 3 ^ l + a ( 4 ) 4 P 2 ( 0 U A P ( D P ( 6 ) - x
7 P(3)P(5? S ( 5 , - f l x H * V p ( 0 ) j + 9 i 4 J+P ( O ^ x y p ( 2 ) p ( 3 ) p ( 4 ) * P ( 1 ) P̂  ( 4 ) 

8 v , 9 P(3> , 10 2 P ( 1 ) P ( 2 ) > 
" X P ( 6 ) + X P ( 1 ) P ( 4 ) + X Y P ( 3 ) P ( 4 ) P ( 5 ) J * 

Now, as w i t h q =11, i t i s c l e a r l y c o n v e n i e n t to a v o i d the 

terms i n v o l v i n g 2(m, 0) which occur i n ( 4 . 4 ) . For example, 

from (4.3) and (4.4) c o n t a i n s a term 
. + 3 f 2 2 ( 2 , 0 ) ^ . 4 4 2(6,0 ) 
1 + 3 i y P(0) ' y P(0) ' 

2 2(2 0) 
i . e . , i n view of ( 4 . 2 ) , r Q ^ ( 0 ) c o n t a i n s a term 3y —p ( o ) ^' 

and r ^ ^ ( 4 ) c o n t a i n s a term - y 4 ^p^o^ ̂ • A l s o , the forms of 

the r i ; ) C ( c ' ) f ° r P = 5, 7, g i v e n i n (ASD), and f o r q = 11, t o g e t h e r 

w i t h the congruences f o r the ©.^(b) gi v e n i n Theorem 3.1, 

suggest t h a t the values of the r ^ c ( 0 ) , f o r example, w i l l i n v o l v e 

e i t h e r a f a c t o r P ( 6 ) / P ( 3 ) or a f a c t o r y / P ( 5 ) ; i t i s found t o 

be p r e f e r a b l e to c o n s i d e r the f a c t o r s of the former t y p e . We 

a c c o r d i n g l y ( f o l l o w i n g the case of q = 11) d e f i n e 

R b c ( d ) ( 0 < d ^ 1 2 ) , the " n o r m a l i s e d " form of r f a ( d ) , f o r q=13 

as shown; c l e a r l y , from the d e f i n i t i o n of r ^ ( d ) and the 

r e l a t i o n N(m, q, n) = N(q - m, q, n) g i v e n i n (ASD), we may 

c o n s i d e r b and c t o l i e between 0 and 6 i n c l u s i v e . 
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R Q 1 ( 0 ) = P ( 3 ) [ r 0 1 ( 0 ) - 3 y 2 Z ( 2 , 0 ) / P ( 0 ) - 2 ] / P ( 6 ) , 

R 1 2 ( 0 ) = P ( 3 ) { r 1 2 ( 0 ) + y 2 2 ( 2 , 0 ) / P ( 0 ) + l } / P ( 6 ) , 
R

3 4 ( l ) = P ( l ) [ r 3 4 ( l ) - y 4 Z ( 5 , 0 ) / P ( 0 ) } / P ( 2 ) , 

R 4 5 ( 1 ) = P ( l ) { r 4 5 ( l ) + 2 y 4 2 ( 5 , 0 ) / P ( 0 ) ] / P ( 2 ) , 

R 5 6 ( 1 ) - P ( l ) { r 5 6 ( l ) - y 4 Z ( 5 , 0 ) / P ( 0 ) ] / P ( 2 ) , 

R 0 1 ( 4 ) = - P ( 4 ) { r 0 1 ( 4 ) + y 4 Z ( 6 , 0 ) / P ( 0 ) ] / P ( 5 ) , 

R 1 2 ( 4 ) = - P ( 4 ) { r 1 2 ( 4 ) - 2 y 4 * ( 6 , 0 ) / P ( 0 ) } / P ( 5 ) , 

R 2 3 ( 4 ) = - P ( 4 ) { r 2 3 ( 4 ) + y 4 2 ( 6 , 0 ) / P ( 0 ) ] / P ( 5 ) , 

R 4 5 ( 8 ) = - y " 1 P ( 6 ) [ r 4 5 ( 8 ) - y 3 Z ( 4 , 0 ) / P ( 0 ) j / P ( l ) , 

R 5 6 ( 8 ) = - y " 1 P ( 6 ) [ r 5 6 ( 8 ) + 2 y 3 2 ( 4 , 0 ) / P ( 0 ) j / P ( l ) , 

ft23(H )= P ( 5 ) [ r 2 3 ( l 1 ) - 2 ( l , 0 ) / P ( 0 ) - y " 1 } / P ( 3 ) , 

R 3 4 ( 1 1 )= P ( 5 ) { r 3 4 ( l 1 ) + 2 Z ( l , 0 ) / P ( 0 ) + 2 y " 1 ] / P ( 3 ) , 

R 4 5 ( 1 1 )= P(5){ r 4 5 ( 1 1 ) ^ 2 ( 1 , 0 ) / P ( 0 ) - y ~ 1 ] / P ( 3 ) , 

R 1 2 ( 1 2 ) = - y P ( 2 ) { r l 2 ( l 2 ) + y 2 Z ( 3 , 0 ) / P ( 0 ) } / P ( 4 ) , 

R 2 3 ( 1 2 ) = - y P ( 2 ) [ r 2 3 ( l 2 ) - 2 y 2 2 ( 3 , 0 ) / P ( 0 ) ) / P ( 4 ) , 

R ( 1 2 ) = - y P ( 2 ) { r ( 1 2 ) + y 2 2 ( 3 , 0 ) / P ( 0 ) } / P ( 4 ) , 

and, f o r a l l o t h e r v a l u e s of b and c w i t h c = b + 1, 

R. (0) be ' = P(3) r be ( 0 ) / P ( b ) 

R u . d P 1 be 
R u . ( 2 ) P(2 

P(4 R u . 3 

R . . 4 P 4 

yP( be 
R u . 6 be be 

r b c ( D / P ( 2 ) , 

) r b c ( 2 ) / P ( 3 ) , 

r b c ( 3 ) / P ( 6 ) , 

) r b c ( 4 ) / P ( 5 ) , 

1 ) r b c ( 5 ) / P ( 5 ) , 

6 ) , 



R b c ( 7 ) = y " 1 P ( 5 ) r b c ( 7 ) / P ( l ) , 

R b c ( 8 ) = - y " 1 P ( 6 ) r b c ( 8 ) / P ( l ) , 

R b c ( 9 ) = - P ( 6 ) r b c ( 9 ) / P ( 4 ) , 

R b c ( l O ) = P ( 3 ) r b c ( l O ) / P ( 2 ) , 

R b c ( H ) = P ( 5 ) r b c ( 1 l ) / P ( 3 ) , 

R b c ( l 2 ) = - y P ( 2 ) r b c ( l 2 ) / P ( 4 ) , 

and, f o r a l l r e m a i n i n g values of b and c, we use the r e l a t i o n s 

R b c ( d ) + R e e ( d ) = R b e ( d ) , 

R c b ( d > = - R b c ( d ) ' 

I t w i l l be n o t i c e d t h a t i n the above d e f i n i t i o n s the 

c o e f f i c i e n t of any r
b c ( c ' ) ^ 5 p r e c i s e l y the c o e f f i c i e n t of 

<£(d) i n the d e f i n i t i o n of 0 ( d ) , g i v e n i n § 2. 

We might now proceed as f o r q = 11, and use (4.3) and 

( 4 . 4 ) , t o g e t h e r w i t h the congruent form of l / f ( x ) g i v e n by 

Theorem 3.1, t o o b t a i n congruent forms of a l l the R b c(^)» a s 

a f i r s t ' step i n the at t e m p t t o o b t a i n i d e n t i c a l forms. Indeed, 

i t would be p o s s i b l e t o f i n d i d e n t i c a l forms d i r e c t l y , by 

using the i d e n t i c a l form of l / f ( x ) g i v e n by Theorem 2.1 or 

Theorem 2.2. However, e i t h e r of these methods would be 

extremely t e d i o u s , and i n s t e a d we proceed as f o l l o w s . 

Using (2.13) of (ASD) we d e t e r m i n e * each of N to N ^, 
14 2 

as a power s e r i e s i n x, as f a r as x . • In view of- (4.2) t h i s 

•The d i v i s i o n s by f ( x ) were c a r r i e d out by means of a s i n g l e -
l e n g t h programme on Durham U n i v e r s i t y ' s F e r r a n t i "Pegasus" 
computer; f u r t h e r d e t a i l s are g i v e n a t the end of the t h e s i s 
(page 90 ) . 
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g i v e s us every ( d ) , as a power s e r i e s i n y, as f a r as 

y 1 ̂ , and i t i s a simple m a t t e r to f i n d the c o r r e s p o n d i n g 

t e r m i n a t e d power s e r i e s f o r the (d ) . 

We now seek congruences f o r the R ^ ^ d ) , i n the f o l l o w i n g 

manner. The f a c t o r P ( 0 ) / f ( y ) o c c u r r i n g i n the congruences 

f o r the (b) g i v e n i n Theorem 3.1, t o g e t h e r w i t h the f a c t o r 
2 

P ( 0 ) o c c u r r i n g i n the e x p r e s s i o n s f o r the S(b) g i v e n i n 
( 4 . 4 ) , suggest t h a t each R ^ ( d ) - c o n g r u e n c e w i l l i n v o l v e a 

3 2 
f a c t o r P ( 0 ) / f ( y ) . A l s o , the form of the R b c ( d ) - c o n g r u e n c e s 
f o r q = 11, g i v e n i n [ 6 ] , and the f a c t t h a t i n (4.4) the 

2 

terms i n the b r a c k e t s p r e f i x e d by P ( 0 ) are of degree -1 i n 

the P ( a ) , suggest t h a t each (d)-congruence w i l l i n v o l v e a 

l i n e a r c o m b i n a t i o n of 1 , m', n, 1 ' , m, n', and a f u r t h e r 

v a r i a b l e , the f u r t h e r v a r i a b l e being d i f f e r e n t o n l y f o r 

d i f f e r e n t v a l u e s of d and being a m u l t i p l i c a t i v e c o m b i n a t i o n 

of these q u a n t i t i e s , of degree 1. I t i s obvious t h a t we may 

c o n s i d e r t h i s f u r t h e r v a r i a b l e to be l i n e a r l y independent of 

1, m', n, 1 ' , m, and n ' . 

We f i n d , by comparing c o e f f i c i e n t s of powers of y i n the 

expansions of the a p p r o p r i a t e q u a n t i t i e s ( t h e c o e f f i c i e n t s are 

of course a l l i n t e g r a l ) , t h a t i n f a c t , each R
b c ( d ) appear s 

3 2 

t o be congruent to the p r o d u c t of P ( 0 ) / f ( y ) and a l i n e a r 

c o m b i n a t i o n of 1, m', n, 1 ' , m, n', and up t o two f u r t h e r 

v a r i a b l e s ; the f u r t h e r v a r i a b l e s found t o s u f f i c e are g i v e n i n 
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the f o l l o w i n g t a b l e 

d 0 1 2 3 4 5 6 7 8 9 10 1 1 12 

k-1 Kn n '/K Ki Km Km - m'/K m'/K l'/K Kn n'/K 1 '/V 
kfn Km - - K I - - - l'/K - - m'/K n '/Y 

Table 4.1 

We draw up a l i s t of apparent congruences f o r a l l the Rj 3 C(' c l) 

w i t h c = b + 1. • The number of terms found i n the expansion 

of each R, (d) i s s u f f i c i e n t t o determine and check the 8 be 
( o r l e s s ) c o e f f i c i e n t s i n v o l v e d i n each such congruence. 

I n s p e c t i o n of t h i s l i s t r e v e a l s no sets of congruent r e l a t i o n s 

between the R, (d) f o r d i f f e r e n t v a l u e s of d such as are be 
g i v e n f o r q = 11 i n (9.1) t o (9.14) of (AH), so t h a t we 

cannot hope t o f i n d i d e n t i t i e s f o r the R ^ c ( c l ) i n the way used 

f o r q = 11. I n s t e a d we adopt the f o l l o w i n g method. r 

The form of the i d e n t i t i e s f o r the (j)(b) g i v e n i n Theorem 

3.2 suggests t h a t each R | C ) C ( d ) m aY b e equal t o the sum of two 

l i n e a r c o m b i n a t i o n s of the type a l r e a d y i n d i c a t e d , m u l t i p l i e d 

by P 3 ( 0 ) / f 2 ( y ) and 1 3 y P 5 ( 0 ) / f 4 ( y ) r e s p e c t i v e l y . A d i f f i c u l t y 

now a r i s e s : we have not found a s u f f i c i e n t number of terms of 

any ^ ( . ( d ) to enable us t o determine the 16 ( o r l e s s ) 

c o e f f i c i e n t s i n v o l v e d i n such an i d e n t i t y . We c i r c u m v e n t 

t h i s d i f f i c u l t y i n a manner s u f f i c i e n t l y w e l l i l l u s t r a t e d by 

the f o l l o w i n g example. 
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W r i t i n g 

U = P 3 ( 0 ) / f 2 ( y ) , " V = y P 5 ( 0 ) / f - 4 ( - y ) , 
so t h a t 

(4.5) U = FV, 

and n o t i n g t h a t f o r q = 11 the n u m e r i c a l v a l u e s of the 

c o e f f i c i e n t s i n v o l v e d i n the R, ( d ) - i d e n t i t i e s are s m a l l , 
be 

we assume t h a t t h e r e i s an i d e n t i t y f o r R ., (0 ) of the form 
^ ( O ) = U(-51-3m-3n-21 '-2m' + 3k"n) + 

i 
+ 13V( f 1 + f 2m+f 3 n + f 4 l '+ f 5 m ' + f 6 n ' + f 1 + f QkTn ) , 

01 

-hand side i s o u r congruent 

c o e f f i c i e n t s a 1 1 l i e betwe 

e i n t e g e r s . The numbers of 

of R Q 1 ( 0 ) i s s u f f i c i e n t t o 

the r e s u l t i n g i d e n t i t y . 

e n t i t i e s f o r a 11 the R, (d) be 
U-bracket a 4, f o r example 

ious d i f f i c u l t y . Also, we 

i c u l a r R, (d ) be a c e r t a i n a mo 

b r a c k e t s i s po s s i b l e . For 

) we have the r e 1 a t i o n s 

we 

(4.6) and (4.7) U ( 1 3 1 ) = 13 V (-31 + 1 ' -K { ) , • U ( 1 3 n ) = 1 3 V:(-3n + n ' - kfn ) , 

found by m u l t i p l y i n g (1.17) t h r o u g h by 1 and n r e s p e c t i v e l y and 

u s i n g (4.'5). 
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We s t a t e the r e s u l t , a complete set of c o n j e c t u r a l 

v a l u e s of the R ^ ^ ) f ° r 9 = 1 3 , i n the form of a theorem, 

and then prove t h a t the values are i n f a c t c o r r e c t . 

THEOREM 4.1 We have the f o l l o w i n g ; f o r each R b c ( d ) 

g i v e n , b o t h b r a c k e t s on the r i g h t - h a n d side i n v o l v e 

1, m', n, 1', m, n', and the q u a n t i t i e s i n d i c a t e d i n Table 

4.1, o n l y . 

Roi(°> 
R o i ( 1 > 

R
0 1 ^ 

R o / 3 > 
R , 1 ( 4 > 
R o i ( 5 ) 

R p , ( 6 > 
R o / 7 > 

R 0 1 ( 9 ) 

R 0 1 d o ) = u 

R 0 1 ( n ) = u 

R 6 1 ( 1 2 ) = U 

-51-3m-3n-21* -2m ' + 3k'n ) +1 3 V ( -2 1-2m-2n+m ' +n • - k" 1 ) , 

-8 l+6m+n+l ' +m ' -2 n ' -8 k'n ) +13V ( - l + 2m+n + l'-m ' -n ' -
-k,m-2kTn), 

7m-61 ,+4m ,+4n ,+3n ,/ k0+13V(3m-21 ,+m ,+n ,+n ,/ 1O» 

5 1-9m+ 3n+m ' + 7n ' -k*l ) + 1 3V( l-m + 2 n - l ' +m ' + n' +Kl), 

31-m + 7n+l'+n ,-k*l+6k'm) + 13V(3n + k'l + 2k'm), 

5l-3m + 3n + 4l ,+n'-5k'm) + 13V(2l + m+n + n'-2k'm), 

- l + 5m-6n + ̂ l ,-m ,+2n ,)+1•3V(l+m-2n + 2 n , ) , 

- l - 3 n + bm'-6n ,+2m ,/ lO + l 3 V ( - 2 n + 3ni ,-n ,-m'/k')> 

-2m-n + 3l'-5m'-n ,+m ,/ k') + 13V(-2m-n+l'), 

3m-10n-l ,-2m'+l ,/>O + 1 3 V ( l - 3 n - l , - m , + n , + l , / l O , 

8l-8m-2n-m'+6k'n) + 13V(2l-4m-n + m,+2l<!'n), 

m + 4n + 4l ,-3m'-4n ,-4n ,/ l<')+13V(rn + n + l , - 2 m , - 2 n , - n , / l O > 

m-n-6l'+3m ,+4n ,-3l ,/^)+13V(m-n-3l ,+m ,+n'); 
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R 1 2 ( 0 ) = u ( 4 1 - m - 2 n - l ' + m ' + n , - 2 K l - K n ) + l 3 V ( l + m - l , - K n ) , 

R 1 2 ( 1) = u ( 71+m-2n-n'+ 7Kn)+13V(21-m-n+Km+2Kn), 

R 1 2 ( 2) = u( -l-4m-51 ' +m ' +n ' +2n '/kf) +1-3V ( - 1 -m- 1 ' +m ' +n ' ) , 

R 1 2 ( 3) = u( -41+bm-4n-m , + n ,+2Kl)+l3V(-l+m-2n+n ,) > 

R 1 2 ( 4) = u( 61+m-5n-m ,-n'+2l<'l-3l<'m) + 13V(l-2n + n ,-krni), 

R 1 2 ( 5) = u ( -l-3m-7n+41 *+n'+Km)+13V(-m-n+1 '+n,+k'm) , 

R 1 2 ( 6) = u( -l-3m + 5n + l-'+m ,+n ,) + 1 3 V ( - l + 2n + l ' ) , 

R 1 2 ( 7) = u ( -21+3n-l ' + om ' - n'-m ' / V ) + 1-3V ( -1+m+n-n ' ) , 

R 1 2 ( 8) = u ( m+n+41 ' +2rn ' +n 1 - m ' / V ) +1 3V ( m + n +1 ' -m ' ) , 

R12< 9) = u( -m + 9n-3l ,-2m ,+2n ,+2l'/ l< r) + 1 3 V ( - l + 3n-m, + l,/k')» 

R 1 2 ( 10 ) = u( -51+7m-n+l ' +2m ' - 6Kn ) + 1 3V( -l + 3m + n + l'-m ' - 2kTn ) , 

R 1 2 ( 11) = U( -3n^-l ,-2m ,-6n ,-n ,/ lO+13V(-m-2n-n ,), 

R 1 2 ( 12) = U( 1-m + n-l ,+3m'-3n ,-21 ••'/* + n '/K ) + 1 3V ( n+m • - n ' - l ' / K ) ; 

R 2 3 ( 0) = u( 51-m+4n+l ' -n ' ) + 13V( 21-m+n-n , +k'-rv) , 

R23 
1 ) = -61+3m-n+3n ' -6Kr>) + l3V ( -2-l + 2m+rv+-n ' -2Kn) , 

R 2 3 ( 2) = u -2m+61 ,-4m ,-6n ,-4n ,/ lO + T3V(-m+21'-2m ,-2n ,-n ,/ lO, 

R23 3) = u -41+3m+n+m '-7n'+K1)+13V ( - 1+m+l '-m ' - 2n ' ) , 

R 2 3 ( 4) = u -3 l-5m+m ' -K1 -k'm ) + 1 3 V ( -m-n ' -Km ) , 

R23 5) = u( -2l+10n-3l'-2n'+3Km)+13V(-l-m+2n-2n•), 

R 2 3 o) = •u ( - l - 4 n - l ' - 4 n , ) + 1-3V(-m-2n-n'), 

R23 '7) = u ^ l ^ n + l'-m'+Sn'+m'/fO + I S V ^ n + m ^ n ' ) , 

R 2 3 ( 8) = u -l+m-n-21 ' -4m ' )+1 3V( -n-1- ' +n ' ) , 
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R 2 3 ( 9 ) = U(-m-9n+41'-m'+ n ' ) - M 3 V ( l - m - 2 n + l ' + m ' + n ' - 1 ' / k ) , 

R 3 ( 10)= U( 7 1-5m+3n-m' + 5l^n) + 1-3V(2l-2m-l- '+m "+2l^n) , 

R 2 3 ( 11 )= U( -m+3n-61 • - 3m ' - 5n • -m ' /K+5n </k) 4-13 V ( - 1 + n - 1 ' -

-m' -n'+m'/^+2n'/k), 

R 2 3 ( 12 )= U( l + m-n-41 ' -3m ' -n ' + 1 '/k-2n '/k) + -\ 3V ( -m-n-1 ' -

-m' - n'+1'/k); 

R 3 4 ( 0 ) = U(-31-6n + l ' ) + 1 3 V ( - l - n + l , + n'-k >n) , 

R 3 4 ( 1 ) = U( 61+m + 6n-n '-km + 5k 'n) + 1 3V( 21-1 '-n '+2kn ) , 

R 3 4 ( 2 ) = U(8m+31'+m'-2n'+n'/^)+13V ( l+2m-n+n ' /^ )» 

R 3 4 ( 3 ) = U( - l-7m - n + 3n • -kl ) + 1 3V(-2m+m ' +n 1 ) , 

R 3 4 ( 4 ) = U(-51 + 3m+5n - l '-m 1+5Km)+13V(-21+n+2Km) , 

R 3 4 ( 5 ) = u ( 5l+5m-1 1 n-31 ' +n '-5Km)+1 3V( 21+2m-3n-21 ' +n ' - k m ) , 

R 3 4 ( 6 ) = U(3m+4n-21'+m ,+2n')+l3V(2m+ n - l ' ) , 

R 3 4 ( 7 ) = U ( 1 + n + l , + 3 m , - 3 n ' ) + 1 3 V ( n + l ' - n ' ) , 

R 3 4 ( 8 ) = U( l-3m+ n+61'+m'+ n'-m'/k)+13V(-m+n+21 1-n'-1'/k), 

R 3 4 ( 9 ) = u ( 2m + 8n + 61 ' +4m '-4n '-41 ' / 1 0+13V( 2m+n-2n '-1 '/k) , 

R ( 10)= U(-41 + 2m-4n-21 ' +m ' - 3 Kn ) +1 3 V ( -2 1 +m-n-2 kn ) , 

R 3 4 ( 1 1 )= U( - l+m-3n + 41 ' +5m • +n ' +2m , / V -2n '/K) + 1 3V( 1+m-n+l ' + 

+2m ,+n'-m'/K-n ,/K), 
R 3 4 ( 1 2 ) = U( - l + n-2m ' + 4n'« 1 '/k+n '/\<)+^ 3\l ( m + n-m ' +2n ' + 1 '/k) ; 
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R 4 5 ( 0 ) = U(-5l+2m+6-n+n ,+2kri-)+13V(-l+m + n+k:n), 

R„*(1) = U(-51-m+4rT^l ' ^ 2 0 ^ ^ - 3 ^ ) + 1 3V (-2 l-m+li+X'^n '-W) , 43 
R 4 5 ( 2 ) = U(l-10m-5l ,+3m ,+3n ,/^)+13V(-l-2m+n-l• ,+2m'+n ,/K), 

R 4 5 ( 3 ) = U(-61+6m+2n+5n • - kf 1) +1 3 V (-l+2m+n+n ' - K l ) , 

R„*(4) = U(-31-2m-7n+l •+n 1-7Km) + 1-3V( m-n + n 1 - i a - 2 l f m ) , 45 
R 4 5 ( 5) = U(-6l + 10n+n '+5Km) + 1-3V(-3l + 3n + l ' + 2kfm) , 

R y,.(6) = U(2l-5m-3n-m ,+3n') + 13V(-2m+m ,+n') i 4 3 
R 4 5 ( 7 ) = U ( l - n + l ' - m , - 5 n , + m , / | 0 + t3V( 1-n-n'), 

R 4 5 ( 8 ) = U(4m + 51 '-2m '-n ' -1'A)+ 1 3V (• 1+m-n-m ' ) , 

R 4 5 ( 9 ) = U(-2m-5n-21 '-2m ' +21-' A ) +1 3V ( -2m-n+1 ' ) , 

R 4 5 ( 1 0 ) = U(-2n + l • ' +m 1 +2kfn ) +1 3V ( l - n + Kn) , 

R 4 5 ( 1 1 )= U( l-m+2n + 3l•+2n ,Vm ,/l<-4n ,/ l c)+1•3V(-m+n+l ,-m'-n ,-n ,/^) 

R.J 12)= U( -m-n + 61 '+5n • ) +1 3V ( -m+21 • +m • +n 1 -1-'A) j 
43 

R * a ( 0 ) = U(-61+m+2n-21 , - n , + k - l ) + 1 3 V ( - 2 l - n ' ) , 
DO 

R C . ( 1 ) = U(2l+2m+2n + l'+2n ,-krm + k'n) + 1-3V(l+m+n + n ,+l<rn), 
DO 

R e ^ ( 2 ) = U( 7m+l '-4m'-5n '-4n'/k) + l3V( l+m-n-2m •-2n '-n'/k') » . So 
R e ^ ( 3 ) = U( 51-6m+n-6n'-ia) + T3V( l-2m-2n ' ) , 
DO 

R ^ ( 4 ) = U(-3l-2m + Sn-n ,+5Km) + 1-3V(-l-2m+n + l '-n'+kfm) , So 
R e ^ ( 5 ) = U( 31+6m-6n+51 • -2n •-3Km) + 1-3V ( 21+m-2n+l'-m'-Km) , 
DO 

R c ^ ( 6 ) = U(4m+n + 3l'+m'-4n,-)+1-3V( l+m+l'-m'-n' ) So 
R » * ( "O = -U( 31 + ns21 l+4m' + 7n ' -m • A ) + 1'3V ( n-1 ' +m '+n • ) , 50 
R. A(8) = U C - S m - n - l ' - S m ^ n ^ l V ^ + lSVC-m+n + l-'+n' ) , 
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R c , ( 9 ) = U(m + 2n + 21 '-3m'+4n'+21' /V)+ 13V(m+n-m ' + 2n ' + 1- 1/Y) » 

R 5 6 ( 10)= U( -31 + 4n+l ' -2kTn ) + 13V( -l + 2n + l ' ) , 

R 5 6 ( 1 1 )= U(tn-n-51,+5m'-(-6n,-(-5n,/l<r)+l3V(m-21'*+2m,+2n,+n,/K') > 

R 5 6 ( 12)= U(-l+m+n + 31 *+4m'+n '-4 1 '/^) + 13V(m-l '/K-n '/\t) . 

The f o l l o w i n g r e l a t i o n s w i l l be r e q u i r e d i n the proof of 

t h i s theorem f o r s y s t e m a t i c s i m p l i f i c a t i o n of e x p r e s s i o n s 

i n v o l v i n g 1, m' , n, 1', m, and n'. 

(4.8) t o (4.10) lm/n = -1-m, mn/l = -m-n, nl/m = - n - 1 ; 

(4.11) t o (4.13) l 2/m = -Fl-31+m-n, m2/n=-Fm-3m+n-1, 

n 2 / l = -Fn-3n+l-m; 

(4.14) t o (4.16) l 2 / n = Fl+21-m+n, m 2 / l => Ftn+2m-n+l, 

n /m = Fn+2n-l+m; 

(4.17) t o (4.19) Kl = - F l - 3 1 + 1', Km = -Fm-3m+m', Kn = -Fn-3n+n', 

(4.20) t o (4.22) l ' A = F l ' + 3 1 ' + 1, m'/K = Fm'+3m'+m, 

n */K = Fn * +3n'+n; 

(4.23) t o (4.25) K 21 = F ( 3 1 -k*l ) +10 1 -3 1 • , kT2m = F ( 3m-k*m.) +10m-3m ' 

• K 2n = F( 3n-Kn)+10n-3n\ 

(4.26) t o (4.28) 1 ' A 2 = F ( 3 1 ' + 1 V O + 101'+31, 

m'/k^-FOm' +m,/^) + 10fn'+3m, 

n ,/^ 2' = F ( 3 n , + n ,/^)+10n'+3n. 

(4.8) t o (4.16) f o l l o w from (2.16) and ( 2 . 1 7 ) , (4.17) t o 

(4.22) from ( 1 . 1 7 ) , and (4.23) t o (4.28) from (4.1-7) t o 

(4.22) r e s p e c t i v e l y ; (4.8) and (4.11) have a l r e a d y been g i v e n 
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as (2.18) and (2.19) r e s p e c t i v e l y . We s h a l l a l s o need the 

r e l a t i o n s 

(4.29) t o (4.31) a = l/m-K, b = m/n-k, c = n/l-kT, 

(4.32) t o (4.34) a' = . 1 ' /m' + l/k', b' = m'/n'+lA, 
c ' = n'/l ' + l/k', 

a r i s i n g from (1.6) t o (1.1-1) and (2.11) t o (2.1-3). Of course 

a l l of the e q u a t i o n s (4.8) t o (4.34) remain v a l i d when 

1, m', n, 1', m, and n', are i n t e r c h a n g e d a c c o r d i n g t o 

(2.14) or (2.15) and a, b', c, a', b, and c', are i n t e r c h a n g e d 

c y c l i c a l l y . F i n a l l y , the f o l l o w i n g w i l l be r e q u i r e d 

these r e l a t i o n s a r i s e from (ASD),- Lemma 8 ( w i t h q = 1-3), and 

(4.29) to (4.34) above, using (4.-8) t o (4.10) ( d i v i d e d 

t h r o u g h by K" i f n e c e s s a r y ) . 

The proof of Theorem 4.1 i s s i m i l a r t o those of (ASD), 

Theorems 4 and 5, and (AH), Theorem 6. I f we w r i t e 

(4.55) 

2 g d ) - g ( 2 ) + i = - P 2 ( o ) i 'b 

2 g ( 2 ) - g ( 4 ) + 1 = P 2(0)mc• 

2g(-3)-gC6) + 1 = -P 2(0)m'c 

2 g ( 4 ) + g ( 5 ) = P 2 ( 0 ) n ' a 

2 g ( 5 ) + g ( 3 ) = P 2 ( - 0 ) l b " 

2g(6)+g(-1 ) = P 2 ( 0 ) n a ' 

P 2 ( 0 ) (1 + 1'+m" ), 
P 2 ( 0 ) (-m-n+nT ) , 

P 2 ( 0 ) (m + nV +n ' ) , 

P 2 ( 0 ) ( - n - 1 ' -n' ) , 

P 2 ( 0 ) ( - l - m + l ' ) , 

P 2 ( 0 ) ( - 1 - n + n ' ) ; 
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N 0 l + [ - 3 y 2 2 ( 2 , 0 ) / P ( 0 ) - 2 } + x 4 { y 4 2 ( 6 , 0 ) / P ( 0 ) ] N ' 01 
N' = N + { y 2 2 ( 2 , 0 ) / p ( 0 ) + l } + x 4 [ -2y 4 2 ( 6 ,0 )/P (0 ) } + x 1 2[ y 2 2 ( 3 ,0 )/P(0)) 12 12 
, ' = N 23 23 NJL„ = N + x 4 { y 4 2 ( 6 , 0 ) / P ( 0 ) ] + x 1 1 [ - 2 ( l , 0 ) / P ( 0 ) - y " 1 ] + 

,12f _ [ -2y Z ( 3 , 0 ) / P ( 0 ) j , 

N34 = N 3 4 + x { - y 4 Z ( 5 , 0 ) / P ( 0 ) ] + x 1 1 { 2 2 ( l , 0 ) / P ( 0 ) + 2 y 1 j- + 
12 f 2 + x 1 ^ y ^ 2 ( 3 , 0 ) / P ( 0 ) } , 

45 45 N' = N + x { 2 y 4 2 ( 5 , 0 ) / P ( 0 ) ] + x 8 { - y 3 2 ( 4 , 0 ) / P ( 0 ) } + 

+ x 1 1 [ - 2 ( l , 0 ) / P ( 0 ) - y " 1 j , 
N 5 6 = N 5 b + x { - y 4 2 ( 5 , 0 ) / P ( 0 ) j + x 8 { 2 y 3 2 ( 4 , 0 ) / P ( 0 ) J , 

then i n view of (4.2) and the d e f i n i t i o n s of the R, (d) we 
be 

have f o r any f i x e d v a l u e s of b and c w i t h c = b + 1 

(4.36) N , = P ( 6 ) R 0 / P ( 3 ) + xP(2)R iyp( 1 ) - x 2 P ( 3 ) R2/P ( 2 ) + x 3P ( 6 ) R3/P ( 4 ) -

- x 4 P ( 5 ) R 4 / P ( 4 ) - x 5 y " 1 P ( 5 ) R 5 / P ( l ) + x 6 R 6 + x 7 y P ( 1 ) R ? / P ( 5 ) -
-x 8yP(l)R 8/P(6)-x 9P(4)R g/P(6)+x 1°P(2)R 1 0/P(3)+ 
+ x 1 1 P ( 3 ) R 1 1 / P ( 5 ) - x 1 2 y " l P ( 4 ) R 1 2 / P ( 2 ) 

where f o r convenience the s u f f i x be i s dropped, and R(d) i s 

w r i t t e n as R ,. Thus w r i t i n g 
12 

f ( x ) N ' / P ( 0 ) = 2 t .x 
d=0 d 

we can use (4.36) and the e x p r e s s i o n f o r f ( x ) / P ( 0 ) g i v e n by 

(1.1) t o f i n d each t , as a l i n e a r c o m b i n a t i o n of R, i n which 
d d 

each R̂  o c c u r r i n g i s m u l t i p l i e d by some m u l t i p l i c a t i v e 

c o m b i n a t i o n of the P ( a ) ; f o r example we f i n d t h a t 
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t 2 = - P ( 2 ) P ( 6 ) ( R o + R(| ) / P ( l ) P ( 3 ) - P ( 3 } P ( - 4 ) R 2 / P 2 ( 2 ) -

- y P ( 3 ) P ( 6 ) R 3 / P ( 4 ) P ( 5 ) + y 2 P ( l ) ( R 6 - R 8 ) / P ( b ) + 

+ y P ( 2 ) P ( 5 ) R 1 Q / P ( 3 ) P ( 4 ) . 

I f i n t h i s example we d e f i n e 1 , the " n o r m a l i s e d " form of 

t 2 , by 

T 2 = - y " 2 P ( 6 ) t 2 / P ( l ) 

then we f i n d t h a t 

T 2=-B(R Q+R 1)/K-BCbR 2-ABc'R 3-R 6+R 8-R 1 0/K, 

and the c o e f f i c i e n t of each R̂  i n t h i s e q u a t i o n i s equal t o 

a simple e x p r e s s i o n i n 1, m', n, 1 ' , m, and n', as f o l l o w s : 

-B/K = -m'/n by (2. 12)*, 

-BCb = -m(m/n-k')/l by ( 2 . 1 2 ) , ( 2 . 1 3 ) , and ( 4 . 3 0 ) , 

= - m ( - l / m - n / l - l / k - 1 ) / l by (1.17) and ( 2 - 1 7 ) , 

= m ' / l - n / l + 1 by (2 . 1o ) ; 

-ABc'= - l ' / n - 1 by ( 2 . 1 1 ) , ( 2 . 1 2 ) , and ( 4 . 3 4 ) . 

By proceeding i n the above manner f o r a l l the t ̂  , s u i t a b l y 

n o r m a l i s i n g t he t ^ i n each case, we a r r i v e at the f o l l o w i n g : 

T 0 = y " 1 t 0 =m(R 0 + R 1 2 ) / l + l - ( R 1 + R 1 1 ) / n + n(R 4+R 8>m + R6, 

T 1 = y " 2 P ( 5 ) t 1 / P ( 1 ) = - m ' R Q / l + ( - l / n - m ' / n ) ( R 1 + R 1 2 ) + 

• •+(-m/n + K)R 2 + (-l/m-l/kr)(R 5 + R g)+R 7, 

T 2 = - y " 2 P ( t ) ) t 2 / P ( l ) = -m' ( R 0 + R 1 ) / n + ( m , / l - n / l + 1 )R 2 + 

+ ( - 1'/n-1)R 3-R 6+R 8-R 1 0/K, 

T 3 = - y " 1 P ( 6 ) t 3 / P ( 4 ) = - l ' R 1 / n + ( - n / m - l ' / m ) ( R 4 + R 1 1 ) + 

+ (-l/m + k-)R7 + ( - n / l - l / k r ) (R 3 + R 2) + Rg, 
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T 4 = y " 1 P ( 3 ) t 4 / P ( 2 ) = n R 8 / m I + ( - m l / l ' + n / l 1 ) ( R 1 2 + R 4 ) + 

+ (- n ' / l ,-l/k')R3+(-m'/n ,+l<r) (R 2 + R 5 ) + R 1 0 

T 5 = y " 1 P ( 5 ) t 5 / P ( 3 ) = - n ' ( R 4 + R 0 ) / l + ( n ' / m - l / m + 1 ) R 9 + 

+ (-m l/l-1')R 5-R 6 + R11-R3/^, 

(4,37) T 6 = - P ( 2 ) t 6 / P ( 4 ) = -l'(R 1+R 4)/m+(l'/n-m/n + 1-)R7 + 

+(-n'/m-1)R 1 Q-R 6+R 1 2-R 5/^, 

T 7 = P ( 3 ) t ? / P ( 6 ) = l ( R 1 1 + R 8 ) / m ' + ( - l / n , - m I / n , + l ) R 5 + 

+ (n/m'-1 )R 2-R 6 + R0+k*R7, 

Tg = P ( l ) t Q / P ( 2 ) = n ( R Q + R 1 2 ) / l ' + ( - n / m ' - l , / m ' + l ) R 3 + 

+ (m/l '-1 )R ?-R 6+R 1 +k'R9 , 

T 9 = - P ( 2 ) t 9 / P ( 3 ) = - n , R 4 / m + ( - m / l - n ' / l ) ( R 0 + R 8 ) + ( - n / l + ^ ) R 9 + 

• •+(-m/n-l/k') ( R 1 Q + R 7)+R 2, 

T 1 Q = P ( 4 ) t 1 0 / P ( 6 ) = l R 1 1 / n ' + ( - n ' / m , + l / m ' ) ( R g + R r ) + 

+ ( - 1 , / m , - l / K ) R 5 + ( - n ' / l '+kr)(R 9 + R 1 0 ) + R 3 

T 1 1 = - P ( 4 ) t 1 1 / P ( 5 ) = m ( R 1 2 + R 1 1 ) / n ' + ( - m / l ' - n ' / l ' + 1 ) R 1 Q + 

+ ( l / n ' - t ) R 9 - R 6 + R 4 + K R 2 . 

T 1 2 = - y P ( l ) t 1 2 / P ( 5 ) = m R 1 2 / l , + (-l ,/n ,4-m/n')(R 1 1+R 0) + 

+ (-m ,/n'-i/l<r)R 1 0 + ( - i '/m'+K) (R ?+R 3)+R 5 

We observe t h a t , a p a r t from T Q, the f a l l n a t u r a l l y i n t o 

two groups of s i x g i v e n by d = 1, 3, 4, 9, 10, 12, and d = 2, 

5, 6, 7, 8, 11, r e s p e c t i v e l y , and t h a t w i t h the n o r m a l i s i n g 

f a c t o r s as chosen, i n t e r c h a n g i n g e i t h e r T^, T 4 , T 3» T ̂  2 , T 9» 

and T 1 £ ), or 1 ̂ , Tg , T &, T^, Tg, and T ?, c y c l i c a l l y 
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c o r r e s p o n d s t o i n t e r c h a n g i n g R q , Rg , R̂  , ^ 4 ' ^ 1 1 ' a n c ' 

R 2 > R 3 > R ?, R 1 Q » f* 9 > R 5> c y c l i c a l l y ( l e a v i n g R^ unc h a n g e d ) 

i f we i n t e r c h a n g e 1, m 1, n, 1', m, and n', a c c o r d i n g t o 

( 2 . 1 4 ) o r ( 2 . 1 5 ) ; t h e two g r o u p s o f s i x R^ o c c u r n a t u r a l l y 

i n T a b l e 4 . 1 . T q i s i n v a r i a n t under t h e s e i n t e r c h a n g e s . We 

m i g h t have a n t i c i p a t e d such a s i t u a t i o n as an a i d i n f i n d i n g 

t h e i d e n t i t i e s o f ( 4 . 3 7 ) (c f . t h e p r o o f s o f Theorems 2.1 and 

2.2) . 

We now f i n d a l t e r n a t i v e e x p r e s s i o n s f o r t h e T^. T h i s 

t i m e each p a i r o f v a l u e s o f b and c ( w i t h c = b + l ) i s 

c o n s i d e r e d s e p a r a t e l y , so t h a t we have 78 T ^ c ( d ) ( i n t h e 

o b v i o u s n o t a t i o n ) t o d e t e r m i n e , v i z . ^ Q I ^ ) T O ^ 5 6 ^ ^ O R 

d = 0 t o d = 12. These e x p r e s s i o n s a r e f o u n d as i n t h e 

f o l l o w i n g e x a m p l e s . 

t ^ ( 9 ) ( a g a i n i n t h e o b v i o u s n o t a t i o n ) i s by d e f i n i t i o n 

t h e c o e f f i c i e n t o f x^ i n f ( x ) N^/P (0 ) , t h u s we have 

(4.38) t Q 1 ( 9 ) = P ( 0 ) [ - 3 y P ( l ) P ( 6 )/P ( 2 ) P ( 4 ) P ( 5 )-P ( 4 ) P ( 5 )/P ( 2 ) P ( 3 ) P ( 6 )j 

f r o m t h e d e f i n i t i o n o f t h e e x p r e s s i o n f o r f ( x ) N 0 ^ g i v e n 

i n ( 4 . 3 ) , and t h e v a l u e s o f S ( 0 ) and S ( 1 ) g i v e n i n ( 4 . 4 ) ; o f 

c o u r s e t h e t e r m s i n v o l v i n g Z(m,0) a l l d i s a p p e a r . M u l t i p l y i n g 

( 4 . 3 8 ) by - y P ( 2 ) / P ( 3 ) we o b t a i n 

y T Q l ( 9 ) = P ( 0 ) ( 3 m ' a + n ' c ) , 

= P ( O ) ( 3 1 ' - 3 m + n n ' / l - n ) by ( 4 . 2 9 ) and ( 4 . 3 1 ) , 

= P(0 ) (-3m+41'-m'-n'/V) 
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by ( 4 . 1 3 ) ( d i v i d e d t h r o u g h by k') and ( 1 . 1 7 ) . The method o f 

t h i s example a p p l i e s when d / 0. When d = 0 t h e p r o c e d u r e 

i s s l i g h t l y d i f f e r e n t . 

t Q 1 ( 0 ) i s t h e c o e f f i c i e n t o f x° i n f ( x JN^/P (0 ) , and 

proceeding as i n t h e p r e v i o u s example we o b t a i n 

t Q 1 ( 0 ) = { - 3 g ( 2 ) + g ( 6 ) - 2 ] / P ( 0 ) . 

S i n c e T ^ ( - 0 ) = y ^ Q ^ O ) t h i s e q u a t i o n becomes 

yT ( 0 ) = P ( 0 ) ( - l + m + 2 n + l ,-2m ,+n' ) 

by means o f r e l a t i o n s ( 4 . 3 5 ) . 

A c o m p l e t e s e t o f a l t e r n a t i v e v a l u e s o f yT^ ( d ) / P ( 0 ) i s 

g i v e n i n T a b l e 4.2 a t t h e end o f t h i s P a r t (page 4 6 ) . 

By e q u a t i n g o u r two e x p r e s s i o n s f o r each T ^ c ( d ) we now 

h a v e , f o r any f i x e d v a l u e s o f b and c, a s e t o f 13 

s i m u l t a n e o u s l i n e a r e q u a t i o n s f o r R, ( d ) ( d = 0 t o 1 2 ) . M o r e o v e r 
be 

t h e s e e q u a t i o n s have a u n i q u e s o l u t i o n ; t h i s may be seen by 

p r o v i n g t h a t a d e t e r m i n a n t i s n o n - z e r o , b u t i t i s e a s i e r t o 

o b s e r v e t h a t t h e e q u a t i o n s a r e i n f a c t t h e n e c e s s a r y and 
12 

s u f f i c i e n t c o n d i t i o n s t h a t 2 R, ( d ) x be t h e q u o t i e n t o f 
d=0 

two g i v e n power s e r i e s . A c c o r d i n g l y t o p r o v e Theorem 4.1 a l l 

t h a t r e m a i n s i s t o show t h a t f o r ( b , c) = , 1) t o (5, ' 6) 

r e s p e c t i v e l y t h e v a l u e s o f t h e c ( d ) g i v e n i n t h e t h e o r e m 

s a t i s f y t h e s e e q u a t i o n s . I n o t h e r words we need t o show t h a t 

f o r each o f t h e 78 ( d ) t h e v a l u e f o u n d by s u b s t i t u t i n g f o r 



- 4 - 1 -

t h e R ] Q C ( C ' ) f r o m t h e t h e o r e m i n t h e a p p r o p r i a t e e q u a t i o n o f 

( 4 . 3 7 ) a g r e e s w i t h t h e v a l u e g i v e n by T a b l e 4.2. T h i s i s 

t e d i o u s b u t s t r a i g h t f o r w a r d ; we p r o c e e d as i n t h e f o l l o w i n g 

e x a m p l e . 

C o n s i d e r T ( 1 ) as g i v e n by s u b s t i t u t i n g f o r t h e R Q ̂  (-d ) 

f r o m t h e t h e o r e m i n t h e second e q u a t i o n o f ( 4 . 3 7 ) . Each 

R 0 C d) i- s e x p r e s s e d i n t h e t h e o r e m as t h e sum o f two b r a c k e t s , 

one m u l t i p l i e d by U and t h e o t h e r by 13V. We w r i t e down and 

s i m p l i f y [ b y means o f ( 4 . 8 ) t o ( 4 . 2 8 ) ) t h e t o t a l c o n t r i b u t i o n 

o f t h e U - b r a c k e t s and t h e t o t a l c o n t r i b u t i o n o f t h e V - b r a c k e t s 

s e p a r a t e l y , and combine t h e r e s u l t i n g two e x p r e s s i o n s . The 

c o n t r i b u t i o n o f t h e V'-brackets i s 

- m ' ( - 2 1 - 2 m - 2 n + m ' + n ' - X I ) / l + ( - l / n - m ' / n ) ( - l + 3 m - 2 1 ' - K m - 2 K n ) + 

+ ( -m/n + k?) ( 3m-21' +m ' +n ' +n ' / K}+( - l/m-1 /K) (31+m-2n-l'-m'+2n'-2k%i + 

+ l/k') + ( -2n+3m ' -n'-m </Y) 

= (-31 + bm-n-21'+3m'+2n ,) + (4l<'l+3k'm + l '/k'-m ' / X - 2 n ' -1 '/K 2) + 

+ ( 2 A 2 + 3/V-3 + IO ln\/n + ( - l/k^ 2+2/k')mn/l + ( -2/kT+2 ) nl/m + 

+ ( - l / k ^ 2 + l / k - - 3 ) l 2 / m + ( -4/k--2)m 2/n + ( 2/k-+1 ) l 2 / n + ( - l / K 2 + 2 / l O m 2 / l 

and t h i s e x p r e s s i o n , on s u b s t i t u t i n g f o r I ' / k ' , l m / n , m n / l , 

n l / m , 1 /m, m / n , 1 / n , and m / l , f r o m ( 4 / 8 ) t o ( 4 . 1 6 ) and 

( 4 . 2 3 ) t o ( 4 . 2 8 ) , r e d u c e s t o 

F ( 4 l + 2 m - 2 l , + o m , - m , / t O + ( 8 l + 1 1 m - n - 6 l , + 1 3 m , - 3 n ' ) + 

+ ( 3k^l+2l<rm + l '/K-5m '/K+n '/K) 
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w h i c h e x p r e s s i o n , on s u b s t i t u t i n g f o r each t e r m i n t h e t h i r d 

b r a c k e t f r o m ( 4 . 1 7 ) t o ( 4 . 2 2 ) , r e d u c e s t o 
9 

( 4 . 3 9 ) F(1-1'+m'+n'-m'/Y), 

o n l y t e r m s c o n t a i n i n g a f a c t o r F r e m a i n . The c o n t r i b u t i o n o f 

t h e U - b r a c k e t s i s 

-m ' ( - 51-3m-3n-21 ' -2m'+3Kn ) / l + ( - l / n - m '/n ) ( -8 l+7m-5 1 '+4m '+2n * -

-8kTn-31 + ( -m/n+K) ( 7m-6l '+4m * +4n ' +3n '/K)•+ ( - l/m- 1 /K) ( 5 1 -

-7n + 31 '-2m '+n '-5k?m+l '/*") + ( - 1 -3n+6m ' -6n • +2m '/K) 

= ( - 7 l + 17m+n*5l ' + 7m '+4n ' )•+( 1 3 K l + 7 K m i 3 l 'A+m '/kf-n '/Y. ) + ( - 1 '/K2 ) + 

+ ( 3/kr 3 + 5/k' 2+10/k'-7 ) lm/n + ( 3/IC-3 ) m n / l + ( -l/kT+7 ) n l / m + 

+ ( -1/kT 2-3/^-5 ) l 2 / m + ( - 4 / k r 2 - 1 l/k--7 ) m 2/n + (-3/k?2 + 5/k'+8 ) l 2 / n + 

+ ( 2/k-2 + 3/k-)m 2/l 

and t h i s e x p r e s s i o n , on s u b s t i t u t i n g f o r v/Y. , lm/n , m n / l , 
2 2 2 2 n l / m , 1 /m, m / n , 1 / n , and m / l , r e d u c e s t o 

F ( 1 3 l + 7 m + 5 l 1 +14m '+31 ,/k'+6m'/k'}+( 28 1+ 35m + 3n+9 1 ' +25m 1 - 4n '•) + 

+ ( 13k'l + 7k'm + 7 l '/K+8m '/K-3n '/><0 + ( -31 ' / k 2 - 3 m '/Y2 ) 

w h i c h e x p r e s s i o n , on s u b s t i t u t i n g f o r each t e r m i n t h e t h i r d 

and f o u r t h b r a c k e t s f r o m ( 4 . 1 7 ) t o ( 4 . 2 2 ) and ( 4 . 2 3 ) t o ( 4 . 2 8 ) 

r e s p e c t i v e l y , r e d u c e s t o 

( 4 . 4 0 ) F( 31 ' +13m '-3n ' +3m '/\()+\3{-1+m+l '+2m '-n ' ) , 

o n l y t e r m s c o n t a i n i n g e i t h e r a f a c t o r F o r a f a c t o r 13 r e m a i n . 

M u l t i p l y i n g e x p r e s s i o n s ( 4 . 3 9 ) and ( 4 . 4 0 ) by T3V and U 



- 4 3-

r e s p e c t i v e l y , and a d d i n g , r e m e m b e r i n g t h a t FV = U, we o b t a i n 

t h e f o l l o w i n g e x p r e s s i o n f o r T ( 1 ) 

FU(3l ,+l3m'-3n'+3m'/^)+13U(m+3m'-m ,/^)« 

S i n c e FU=y P('O), t h i s i s t h e same as t h e v a l u e o f ( 1 ) 

g i v e n by T a b l e 4.2. 

We p e r f o r m t h e above v e r i f i c a t i o n f o r each o f t h e 78 T ̂  c ( d ) 

t h e w o r k i n g i s a l w a y s e s s e n t i a l l y t h e same as t h e above, and 

i s t h e r e f o r e o m i t t e d . T h i s c o m p l e t e s t h e p r o o f o f Theorem 4 . 1 . 

As i n t h e case o f q = 1 1 , t h e r e a r e c e r t a i n l i n e a r 

c o n g r u e n c e r e l a t i o n s ( b u t no i d e n t i t i e s ) between t h e r, ( d ) f o r 3 ' be 
a g i v e n v a l u e of d when q = 13; i f we w r i t e 

and t h i s e x p r e s s i o n , on s u b s t i t u t i n g f o r m'/Y i n t h e second 

b r a c k e t f r o m ( 4 . 2 1 ) , r e d u c e s t o 

FU(31 '-3n'+3m'/lO . 

s„(d 

s . ( d 

s . ( d 

s E d ) 

( d ) - 4 r ( d , 23 So 

( d -5 ( d , 1 2 56 

( d -6 ( d 5o 

d )-3 ( d , 34 56 
r 4 5 ( d ) - 2 r 5 6 ( d ) > 

we have, modulo 13, 
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s 3 ( 0 ) - 6 s 4 ( 0 ) + 5 s 5 ( 0 ) = 0, 

s 2 ( 1 ) + 3 s 3 ( 1 ) - 5 s 4 ( 1 ) - 5 S 5 ( 1 ) = 0, 

s 4 ( 2 ) = 0, 

S l ( 2 ) + s 2 ( 2 ) - 5 s 3 ( 2 ) + s
5

( 2 ) = °' 

" s
3 ( 3 ) = °' 

s 2 ( 3 ) + s 3 ( 3 ) - 3 s 4 ( 3 ) - 6 s 5 ( 3 ) = 0, 

& 1 ( 4 ) - 4 s 2 ( 4 ) + 4 s 3 ( 4 ) - 5 s 4 ( 4 ) - b s 5 ( 4 ) = 0, 

S 2 ( D ) - 2 S 3 ( 5 ) - 4 S 4 ( 5 ) - 2 S 5 ( 5 ) E 0, 

S l ( 6 ) + 2 9 2 ( b ) " 5 s 5 ( 6 ) 5 °» 

s 2 ( 6 ) + 5 s 3 ( 6 ) + 3 s 4 ( - b ) + 3 s 5 ( - b ) = 0, 

S l ( 7 ) - 3 s 2 ( 7 ) + 6 s 3 ( 7 ) . = 0, 

s 2 ( 7 ) - s 3 ( . 7 ) - 3 s 4 ( 7 ) - s 5 ( 7 ) = 0, 

S l ( 8 ) + 6 s 2 ( 8 ) - 5 s 3 ( 8 ) - 5 s 4 ( 8 ) - 3 s 5 ( 8 ) = 0, 

s 2 ( 9 ) - 6 s 4 ( 9 ) = 0, 

s / 9 ) - 4 s 3 ( 9 ) + 2 s 4 ( 9 ) - 6 s 5 ( 9 ) - 0, 

s (10) + 3B 2(10) -5S^(10) = 0, 

S 2 ( 1 0 ) + 6 S 3 ( 1 0 ) + 5 S 4 ( 1 0 ) - S 5 ( 1 0 ) = 0, 

= 0, 

= o. 
S l (1 1 ) + 5 S 2 ( 1 1 ) - 3 S 3 ( 1 1 ) - 3 S 4 ( 1 1 ) - 3 S 5 ( 1 1) 

s 1 (12) + 2 S 2 ( 1 2 ) + 5 S 3 ( 1 2 ) - 5 S 4 ( 1 2 ) + 3 S 5 ( 1 2 ) 

The above c o n g r u e n c e s w i t h each r
b c ( d ) r e p l a c e d by t h e c o r r e s p o n d i n g 

R b c ( d ) f o l l o w i m m e d i a t e l y f r o m Theorem 4 . 1 , and f o r each v a l u e o f 

d we s i m p l y d i v i d e t h r o u g h by t h e n o r m a l i s i n g - f a c t o r c o n t a i n e d i n t h e 

R, ( d ) ( t h e c o e f f i c i e n t s o f t h e r, ( d ) i n t h e c o n g r u e n c e s a r e such DC be 
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t h a t t h e t e r m s i n v o l v i n g £(m, 0) d i s a p p e a r ) . 

We may n o t e t h a t s i n c e 
co co 12 

<j)(d)=£p(l3n + d ) = 2 - 2 N ( b , 13, 1 3 n + d ) y 
n=0 n=0 b=0 

co 6 co 
= 2 N ( 0 , 13, 1 3 n + d ) y n + 2 X Z N ( b,13,13n + d ) y n 

n=0 b = 1 n=0 
[ u s i n g t h e r e l a t i o n N(m, q, n) = N(q - m, q, n) g i v e n i n ( A S D ) j 

6 
= r ( d ) + 2 Z r ( d ) 

b = 1 

= r Q 1 ( d ) + 3 r i 2 ( d ) + 5 r 2 3 ( d ) + 7 r 3 4 ( d ) + 9 r 4 5 ( d ) + 1 1 r 5 6 ( d ) ( m o d . 1 3 ) 

[ u s i n g ( 6 . 8 ) and ( 6 . 9 ) o f ( A S D ) j , Theorem 4.1 may be used i n an 

a l t e r n a t i v e p r o o f o f Theorem 3 . 1 . 
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T a b l e 4.2 
• x I h r ( d ) / p ( o ) 

b,c 
d'' 

0,1 1,2 2,3 3,4 4,5 5 , 6 

0 -l+m+2n+ 
+1'-2m'+n' 

21-m+m'-
-2n ' 

-l+m-n+ 
+ m ' +2n ' 

- 1-m+n-
-2m'-n' 

• 1 + m+m'+n' -n-1 ' - n 1 

1 31'-3n* + 
+ 3m '/V 

-1 ' -m'/K 2n ' l - 2 n ' -21+2n' 1-n ' 

2 3m ' -m ' • 0 -m+1'+m' 2m-21'-2m' -m+1'+m' 

3 n-m ' -2n + 2rn ' n -m'-n ' -1 '/K -m 1+2n'+ 
+ 21 '/V 

m'-n'-l 'M 

4 -1 31 + m' -31-2m' 1+m ' 1 -m + k'n -21+2m-
-2k-n 

5 3n-3m'-4n' -n+m 1+3n' -n ' 0 0 0 

6 -1+1•+n• 2 1 - 2 1 1 - 2 n ' - 1 + 1 ' + n ' -1 • 21 ' - 1 ' 

7 0 0 - 1 21 n+1 ' - 2 1 - 2 n - 2 1 ' 

8 0 -m-n-n 1 2m+2n+2n' -m-n-n' - n 2n 

9 -3m+41* -
-m'-n'/K 

m-31'+2m•+ 
+2n'/K 

1 ' -m ' -n '/Y. • 0 1 ' -21 ' 

10 0 0 m-n+kl -3m+2n-
-2k-l 

2m-n-n'+ 
+ k"l 

m + 2n ' 

1 1 0 m 1-m+m' -2 l-m-2m' 1+m+m' 0 

12 3n • l-2n-k-m -21 + n - l ' + 
+ 2Km 

l + n + 2 1 ' -
-Km 

- n - 1 ' 0 
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PART 

q = 17 t h r o u g h o u t t h i s P a r t 

5. We w r i t e 

Q 1 = - X _ 7 P ( 2 ) / P ( 1 ) , a 2 = - x " 1 2 P ( 6 ) / P ( 3 ) , a 3 = = X 2 8 P ( 1 ) / P ( 8 ) , 

a 4 = - x 1 4 P ( 3 ) / P ( 7 ) , a 5 = x " 1 ° P ( 8 ) / P ( 4 ) , d 6 = = - x " 5 P ( 7 ) / P ( 5 ) , 

a 7 = x " 1 1 P ( 4 ) / P ( 2 ) , a 8 = x 3 P ( 5 ) / P ( 6 ) ; 

t h e n by (ASD), Lemma 6 ( w i t h q = 17) we have 

( 5 . 1 ) - x " 1 2 f ( x ) / f ( y 1 ? ) = a 1 + a 2 + a 3 + a 4 + a 5 + a 6 + a 7 + a 8 + 1 . 

I n ( 5 . 1 ) we r e p l a c e x by w^x where w ^ ( r = 1 t o 17) a r e t h e 

s e v e n t e e n t h r o o t s o f u n i t y , and m u l t i p l y t o g e t h e r t h e 

s e v e n t e e n r e s u l t i n g e q u a t i o n s , o b t a i n i n g 

( 5 . 2 ) - y " 1 2 f 1 8 ( y ) / f 1 8 ( y 1 7 ) = ff (a ̂ + a 2 ^ 2

+ a + 

r = 1 

+a, w +a_,w +a 0w + 1 ) . 6 r 7 r 8 r 
Now as w^ r u n s t h r o u g h t h e s e v e n t e e n t h r o o t s o f u n i t y so does 

w r , so t h a t t h e p r o d u c t on t h e r i g h t - h a n d s i d e o f ( 5 . 2 ) i s 

e q u a l t o 
17 
T T / 3, -7, -12, 28, 14 -1C> - 5 ^ 
I I ( a 1 w r + a 2 w r + a 3 w r

 + Q
4

w
r
 + a

5
w

r
 + a 6 W r + Q 7 W r a 8 W r + 1 ' ' 

r = 1 

and i s t h u s unchanged i f a., a_, a_, a., a t , a,, a , and Q Q , 

a r e i n t e r c h a n g e d c y c l i c a l l y . The p r o d u c t i s t h u s a l i n e a r 
i - i « i „ i i c i i - , i n 

u • ^ • r x r 1 2 3 4 5 0 7 8 i . c o m b i n a t i o n o f t e r m s l a . a 0 a „ a . a. a a a 0 J where L 1 2 3 4 5 b 7 8 
i t o i a r e n o n - n e g a t i v e i n t e g e r s , and c o n s i d e r i n g t h e l e f t -1 b 
hand s i d e o f ( 5 . 2 ) such t e r m s as o c c u r can o n l y i n v o l v e x i n 
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17 T h *1 * 2
 l3 lA S A

6 *7 l 8 t e r m s o f y = x . Thus i f a. a_ a„ a a a a a Q 1 2. O ft 0 o t o 
Ln iQ ^ / ^ r l 2 3 4 5 6 ' 8 i \ ( o r any o t h e r t e r m o f l a . a _ a „ a. a t a, a., a „ \) 

L 1 2 3 4 5 6 7 8 
o c c u r s we must have 

( 5 . 3 ) - 7 i . - 1 2 i _ + 2 8 i _ + 1 4 i . - 1 0 i _ - 5 i , - 1 1 i _ + 3 i _ = 0 1 2 3 4 5 6 / 8 
(mod.17) 

( i n t e r c h a n g i n g i , i , i , i 4 > i , i , i ? , and i g , c y c l i c a l l y 

g i v e s t h e same c o n g r u e n c e ) . " 

Now, w r i t i n g 

a 1 = P ( 1 ) P ( 6 ) / P ( 2 ) P ( 4 ) , a 2 - - y 2 P ( 3 ) P ( 1 ) / P ( 6 ) P ( 5 ) , 

a 3 = y " 2 P ( 8 ) P ( 3 ) / P ( 1 ) P ( 2 ) , a 4 = - y " 1 P ( 7 ) P ( 8 ) / P ( 3 ) P ( 6 ) , 

a 5 = y " 1 P ( 4 ) P ( 7 ) / P ( 8 ) P ( 1 ) , a 6 = P ( 5 ) P ( 4 ) / P ( 7 ) P ( 3 ) , 

a ? = - y P ( 2 ) P ( 5 ) / P ( 4 ) P ( 8 ) , a 8 = y P ( 6 ) P ( 2 ) / P ( 5 ) P ( 7 ) , 

i t i s e a s i l y v e r i f i e d t h a t 
9 5 

a 5 3 6 3 

._ . . 9 5 
U 2 = 8 3 3 4 a 5 a 6 3 - 3 

(5.4) 
9 5 

a ̂  = a . a a , a 7 a „ a 
9 5 a „ a „ a 8 1 

fr o m any one o f them by i n t e r c h a n g i n g a^t a^> a^, a 4 > a^, a^> 

a ? , a g , and a y a 2 > a 3 > a 4 >-.a , a & , a y , a , c y c l i c a l l y . By 

( 5 . 4 ) , s i n c e a 1 a 2 a 3 a 4 a & a^ a ? a g = - 1 , 

17 4 12 11 
1 3 2 a 3 a 4 
1 1 4 12 11 
2 8 3 

a * a _ 4 5 
17 
3 

4 
a 4 

12 11 
3 5 a 6 

17 
4 

4 
3 5 

12 11 
3 6 a 7 

w i l l be n o t i c e d 

1 4 1 5 1 7 4 12 1 1 9 5 14 15 
7 38 ' U 5 = = a 6 a7 a g a 1 3 2 3 3 a 4 ' 
1 4 15 1 7 4 1 2 1 1 9 5 14 15 
8 a i ' Q 6 : ^ 37 3 8 9 1 3 2 a 

3 
A A a p. 4 5 

14 1 5 1 7 4 12 1 1 9 5 14 15 
1 a 2 , a 7 = 1 a8 a i 3 2 3 3 3 4 a F. a . 

5 b 14 1 5 1 7 4 1 2 1 1 9 5 14 15 
2 a 3 ' a 8 1 = a 

1 
a 2 3 3 a 4 a 5 9 6 a 7 

1 o f t h e e q u a t i o n s (5.4) may be o b t a i n e d 
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, S l 2 4 *4 h l6 *7 ^ J ? 
( a l a 2 G 3 Q 4 Q 5 a 6 a 7 Q 8 } 

o- o-i <r2 <r3 <r4 <r& ^ cr? <rg 

( a i a 2 a 3 a 4 a 5 a 6 a 7 a 8 } 3 1 3
2
 3 3 3 4 3 5 3 6 3 7 3 

where cr= l O i . + 2 4 i . + 14i„ + 2 6 i . + 3 2 i , + 1 8 i , + 28 U + 16 i Q , 
l ^ o A D O t o 

an even i n t e g e r , and 

°"1 = 1 5 i 2 + 1 4 i 3 + 5 1 4 + 9 i 5 + 1 U 6 + 1 2 i ? + 4 V 
cr 2 = 1 5 i 3 + 1 4 i 4 + M 5 + 9 i 6 + 1 1 i 7 + 1 2 i 8 + 4 i 1 » 

*3 * 1 5 i 4 + 1 4 1 5 + 5 i 6 + 9 i 7 + 1 1 i 8 + 1 2 i 1 + 4 i 2 . 

^4 = 1 5 i 5 + 1 4 i 6 + 5 1 7 + 9 i 8 + 1 U 1 + 1 2 i 2 + 4 i 3 ' 

^5 = 1 5 i 6 + 1 4 i ? + 5 i 8 + 9 i 1 + 1 1 i 2 
+ l 2 i 3 + 4 i 4 ' 

°6 = 1 5 i ? + 1 4 i 8 + 5 i 1 + 9 i 2 + 1 U 3 + 1 2 i 4 + 4 i 5 » 

°7 = 
1 5 i 8 + l 4 i 1 + 

5 1 2 + 9 i 3 + 1 1 i 4 + I 2 i 5 + 4 i 6 ' 

°8 = 
1 5 i 1 + 1 4 i 2 + 5 i 3 + 9 1 4 + + 1 2 i 6 + 4 i ? ; 

m o r e o v e r C + a* t o CT + cTg a r e m u l t i p l e s o f 17 by ( 5 . 3 ) , hence 
- + h f ' *1 *2 *3 *4 *5 *6 S ̂  f any e x p r e s s i o n or t h e f o r m a., a„ d„ a„ a c a, a a " f o r 

1 2 3 4 5 6 7 8 
w h i c h ( 5 . 3 ) h o l d s i s o f t h e f o r m 

J 1 J 2 J 3 J 4 J 5 J j j g _ 

a 1 a 2 a 3 a 4 a & a &
u a ? a g where t o j g a r e non-

n e g a t i v e i n t e g e r s . Thus e v e r y t e r m o c c u r r i n g i n t h e r i g h t -
K A -A c f* n\ • r 4-u r ^ ^2 ^ 3 ^ 4 j 5 ^ 6 ^ 7 ^ 8 
hand s i d e o f ( 5 . 2 ) i s o f t h e f o r m a a ^ a„ a. a c a. a-, a Q > 

1 2 - j < t D O / o 

and such such t e r m s o c c u r i n c y c l i c a l l y s y m m e t r i c a l s e t s o f 

e i g h t t e r m s e a c h . 

F u r t h e r , jf) ( 5 ) i s t h e c o e f f i c i e n t o f x^ i n l / f ( x ) 

r e g a r d e d as a p o l y n o m i a l o f d e g r e e 16 i n x w i t h c o e f f i c i e n t s 

i n v o l v i n g x i n t e r m s o f y = x 1 7 , so t h a t y 1 1 f ̂  ( y 5 ) / f 1 , 7 ( y 1 7 ) 
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o 

i s t h e c o e f f i c i e n t o f x i n 

y " 1 2 f 1 8 ( Y ) / [ f 1 8 ( y 1 7 ) ( Q l + a 2 + a 3 + a 4 + a 5 + Q 6 + a 7 + a 8 + l ) } . T h i s i s a 

c y c l i c a l l y s y m m e t r i c p o l y n o m i a l o f d e g r e e 16 i n 
Q 1 ' 3 2 ' Q 3 ' Q 4 ' a 5 ' Q 6 ' a 7 ' a n c l a 8 ' 3 n t l t h G t e r m s w h i ° h g i v e 
t h e c o e f f i c i e n t o f x° o c c u r o n l y i n s y m m e t r i c a l s e t s o f e i g h t 

1 ^2 ^3 ^4 5 b 7 8 e x p r e s s i b l e as [ a . a 0 a„ a„ a a a_, a ] , as b e f o r e . 
1 ^ -i 4 O o i o 

( T h i s i s n o t t r u e f o r t h e c o e f f i c i e n t o f any power o f x o t h e r 

t h a n 0; t h e e i g h t t e r m s o f [»,], f o r e x a m p l e , do n o t 

a p p e r t a i n t o t h e same power o f x. ) 

Thus w r i t i n g 

F = y " 2 f 3 ( y ) / f 3 ( y 1 7 ) 

we have t h e f o l l o w i n g : 

LEMMA 5.1 F 6 and y f ( y 1 7 ) F 6 $ ( 5 ) a r e each e q u a l t o a 
. . . . , . r

 j 1 j 2 j 3 j 4 j 5 j 6 j 7 j 8 , l i n e a r c o m b i n a t i o n o f t e r m s L a
1
 a

2
 a 3 a 4 a ^ a £ a y aQ J ' 

We now write 

( 5 . 5 ) t o ( 5 . 8 ) b 1 = a 1 a & , b 2 = a 2 a 6 > ^ 3 = a
3

a
7 » b

4
 = a 4 a 8 ' 

so t h a t 

( 5 . 9 ) b 1 b 2 b 3 b 4 + 1 = 0 . 

<7, 6, 5, 3> and <8, 4, 2, 1> g i v e , r e s p e c t i v e l y , 

( 5 . 1 0 ) b 1 + b 3 + 1 = 0, 

( 5 . 1 1 ) b 2 + b 4 + 1 = 0, 

w h i l e < 8 , 5, 4, 3>, <8, 7, 5, 2>, <7, 6, 4, 2>, <6, 5, 4, 1>; 

<5, 3, 2, 1>, <8, 6, 3, 2>, <8, 7, 6, 1>,and <7, 4, 3, 1>, 

g i v e , r e s p e c t i v e l y , 
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( 5 . 1 2 ) t o ( 5 . 1 5 ) a 1 = b ^ a 2 + 1 , a 2 = b 2 a 3 + 1 , 

a 3 = b 3 a 4 + 1» a 4 = b 4 a 5 + 1 ' 
( 5 . 1 6 ) t o ( 5 . 1 9 ) a^ = b . ^ + 1 , a f c = b 2 a ? + 1 , 

a 7 = b 3 a 8 + 1 ' a 8 = b 4 3 1 + 1" 
I t w i l l be o b s e r v e d t h a t each o f t h e e q u a t i o n s ( 5 . 5 ) t o ( 5 . 1 9 ) 

r e m a i n s v a l i d when b^, b 2 , b^., b^, and a^, a 2 , a^, a^, a^, a^, 

a , a D , a r e i n t e r c h a n g e d c y c l i c a l l y . We a r e now i n a p o s i t i o n 
I b 

t o p r o v e 
J -j ^3 ^4 ^5 ^ LEMMA 5.2 • Any e x p r e s s i o n o f t h e f o r m [ a , a^ a a„ a c a, ' r L 1 2 -5 4 5 6 

J 7 J 8 

a a Q ] i s equa,l t o a l i n e a r c o m b i n a t i o n o f 

^ 1 ^2 ^3 ^4 
[ b 1 b 2 b^ b^ ] , where k 1 t o k^ a r e n o n - n e g a t i v e i n t e g e r s , 

E l i m i n a t i n g a 2» a^, and a^, f r o m e q u a t i o n s ( 5 . 1 2 ) t o 

( 5 . 1 5 ) , and u s i n g ( 5 . 9 ) , we have 

( 5 . 2 0 ) a.,- + a^ = b 1 b 2 b 3 .+ b 1 b 2 + ^ + 1. 

M u l t i p l y i n g t h i s e q u a t i o n t h r o u g h by a , and s u b s t i t u t i n g 

f o r a a c f r o m ( 5 . 5 ) , we have 1 5 
( 5 . 2 1 ) a 2 = ( b 1 b 2 b 3 + b 1 b 2 + b 1 + 1 ) 3 l - b r 

Now, by means o f ( 5 . 1 3 ) t o ( 5 . 1 9 ) , each o f t h e a t o a Q can be 
1 b 

e x p r e s s e d i n t h e f o r m 

( 5 . 2 2 ) Pa., + Q, 

where P and Q a r e p o l y n o m i a l s i n b ̂  t o b 4 w i t h i n t e g r a l 

c o e f f i c i e n t s . (We d o u l d o f c o u r s e have used any o t h e r o f t h e 
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& t o a Q h e r e i n s t e a d of a .) I t f o l l o w s t h a t any e x p r e s s i o n 1 o . . . . 1 . . . . 
J-j J 2 ^3 ^ A "̂ 5 "̂ 6 ^ 7 "̂ 8 o f t h e f o r m a. a 0 a a. a a, a a Q may be e x p r e s s e d 

as a p o l y n o m i a l i n a ̂  , t h e c o e f f i c i e n t s b e i n g p o l y n o m i a l s i n 

b^ t o b 4 ( w i t h i n t e g r a l c o e f f i c i e n t s ) . I n v i e " ' o f (5.21) 
. . j 1 j 2 j 3 J 4 J 5 j 6 J 7 J 8 . , t h i s means t h a t any a„ a^ a„ a. a c a, a_ a n i s e q u a l 1 2 3 4 5 6 7 8 

t o an e x p r e s s i o n o f t h e f o r m ( 5 . 2 2 ) . 
r J 1 ^2 j 3 -1 A ^5 J 6 J 7 j 8 i • Now i n l a . , a_ a_ a. a t a, a, a_ J t h e t e r m 1 2 3 4 5 6 7 8 

J 2 ^3 ^5 J-y 
a c a. a_, a„ a., a„ a_ a. » o b t a i n e d u n d e r t h e i n t e r c h a n g e s 5 6 7 8 1 2 3 4 ' 
(a1»as), (a2,ab), (a3,a7), and ( a 4 > a 8 ) , a l s o o c c u r s . F u r t h e r b.) t o 

b 4 a r e n o t a f f e c t e d by t h e s e i n t e r c h a n g e s ; so t h a t t h e sum o f 
1 "̂ 2 ^3 ^4 ^5 ^6 ^7 ^8 t h e two t e r m s of [a., a^ a„ a. a c a, a., a n ] under 

L 1 2 3 4 5 6 7 8 
d i s c u s s i o n i s e q u a l t o an e x p r e s s i o n o f t h e f o r m 

P(a < | + a & ) + 2Q, 

u s i n g t h e c y c l i c p r o p e r t i e s o f o u r r e l a t i o n s . But by (5.20) 

t h i s e x p r e s s i o n i s e q u a l t o a l i n e a r c o m b i n a t i o n o f t e r m s 
k . k ̂  k ̂  1 2 3 4 

b 1 b^ b^ b 4 . Hence Lemma 5.2 f o l l o w s , s i n c e c l e a r l y 

( a g a i n u s i n g t h e c y c l i c p r o p e r t i e s o f o u r r e l a t i o n s ) t h e 
j« J 2 J 3 1 A J 5 J 6 J ? JgJ , , , a a ^ 

k 1 k2 k 3 k 4 
c o r r e s p o n d t o t h e o t h e r t h r e e t e r m s o f each [ b ^ b^ b^ b 4 ] . 

* K • r * r r 1 2 J 3 J 4 J 5 J 6 J 7 • o t h e r t h r e e p a i r s o f t e r m s o f la„ a_ a _, a. a c a a_ a. 
L l 2 3 4 5 b 7 f 

We f u r t h e r w r i t e 

X = b 1 b3 + b2 b4» 

» = b? b 2 b 3 + b2 b 3 b 4 + b 3 b 4 b 1 + b 4 b1 b2» 
and p r o v e t h e f o l l o w i n g : 
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k 1 ^2 ^3 ^4 
LEMMA 5.3 Any e x p r e s s i o n o f t h e f o r m [ b ^ b^ b^ b 4 ] 

i s e q u a l t o 

S(X) + j x T ( X ) , 

where S (X ) and T (X.) a r e p o l y n o m i a l s i n X w i t h i n t e g r a l 

c o e f f i c i e n t s . 

By ( 5 . 1 0 ) and ( 5 . 1 1 ) any e x p r e s s i o n o f t h e f o r m 
^ 1 k ? ^3 ^4 

b^ b ' b^ b^ can be e x p r e s s e d as a l i n e a r c o m b i n a t i o n o f 

2 1 l2 

t e r m s b^ b^ where 1^ and 1^ a r e n o n - n e g a t i v e i n t e g e r s . 
C l e a r l y t h e n , p e r f o r m i n g a c y c l i c s u m m a t i o n , any 

k1 ^ 2 ^3 ^4 
[ b ^ b^ b^ b^ ] i s e q u a l t o a l i n e a r c o m b i n a t i o n o f t e r m s 

[ b 1 b^ ]» and we need o n l y c o n s i d e r t h e l a t t e r e x p r e s s i o n , 

r a t h e r t h a n t h e f o r m e r . 

W r i t i n g 
C 1 = b 1 b 3 ' C 2 = b 2 b 4 ' 

we have by m u l t i p l y i n g ( 5 . 1 0 ) and ( 5 . 1 1 ) t h r o u g h by b^ and b^ 

r e s p e c t i v e l y 

( 5 . 2 3 ) b 2 = - b 1 - c 1 , 

( 5 . 2 4 ) b 2 = - b - c . 
X 1 l2 

I n v i e w o f ( 5 . 2 3 ) and ( 5 . 2 4 ) any b^ b^ may be e x p r e s s e d 
i n t h e f o r m 

A + Bb^ + C b 2 + D b 1 b 2 , 

where A, B, C, and D, a r e p o l y n o m i a l s i n c^ and c 2 w i t h 

i n t e g r a l c o e f f i c i e n t s . Then, s i n c e c^ and c 2 a r e n o t a f f e c t e d 
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A 1 2 
by t h e i n t e r c h a n g e s ( b ^ , b^) and ( b ^ , b 4 ) , ^3 b 4 * s e Q u a l t o 

A + B b 0 + Cb. + Db_b„. 3 4 3 4 
Hence, u s i n g ( 5 . 1 0 ) and ( 5 . 1 1 ) , we have 

( 5 ' 2 5 ) b | 1 b ^ + b ^ 3 b 4
4 = E + D ( b 1 b 2 + b 3 b 4 ) , 

where E = -2A - B - C. 

Now, u s i n g t h e d e f i n i t i o n s o f and c^, t h e d e f i n i t i o n 

o f X, and ( 5 . 9 ) , may be w r i t t e n as 

( 5 . 2 6 ) c 1 + c 2 = X, 

( 5 . 2 7 ) C l c 2 = - 1 , 

r e s p e c t i v e l y . From t h e s e two e q u a t i o n s we d e r i v e 

( 5 . 2 8 ) c 2 = \ c 1 + 1 , 

( 5 . 2 9 ) 2 . 

c 2 = \ c 2 + 1. 

I n v i e w o f ( 5 . 2 7 ) , ( 5 . 2 8 ) , and ( 5 . 2 9 ) , any p o l y n o m i a l i n c 1 

and c 2 , w i t h i n t e g r a l c o e f f i c i e n t s , may be e x p r e s s e d i n t h e f o r m 
G + H C l + I c 2 , 

where G, H, and I , a r e p o l y n o m i a l s in X w i t h i n t e g r a l c o e f f i c i e n t s 

Hence we may w r i t e ( 5 . 2 5 ) i n t h e f o r m 
2 1 l9 2 1 lO 

b ^ b^ + b 3 ' b 4
z = (G + Hc 1 + I c 2 ) + (G' + H' C l + • I ' c 2 ) ( b 1 b 2 + b 3 b 4 

where G 1, H', and I * , a r e a l s o p o l y n o m i a l s in X w i t h i n t e g r a l 

c o e f f i c i e n t s . F u r t h e r s i n c e i n t e r c h a n g i n g b^, b^> b^, and b 4 > 

c y c l i c a l l y c o r r e s p o n d s t o i n t e r c h a n g i n g c^ and c 2» and l e a v i n g 
X u n c h a n g e d , we a l s o have 

b 2 1 l2 X 1 l2 
2 b^ + b 4 ' b ^ = (G + H c 2 + I C l > + ( G ' + H'c 2 + I • c., ) ( b 2 b 3 + b 4 b 1 

Thus, a d d i n g t h e l a s t two e q u a t i o n s , and u s i n g ( 5 . 2 6 ) and t h e 
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d e f i n i t i o n s o f c and c » we o b t a i n 
1 1 

( 5 . 3 0 ) [ b ^ b 2
2 ] = 2G + HX + IX + G ' [ b 1 b 2 ] + H ' [ b ^ b 2 b 3 ] + I ' [ b 1 b 2 b 2 ] . 

But 

[ b 1 b 2 ] = ( b 1 + b 3 ) ( b 2 + b 4 ) = 1 

by ( 5 . 1 0 ) and ( 5 . 1 1 ) , and 

( 5 . 3 1 ) tx + [ b 1 b 2 b 2 ] = [ b ^ b 2 b 3 ] + [ b 1 b 2 b ^ ] = ( b 1 b 3 + b 2 b 4 - ) [ b i b 2 ] = \ . 1 . 

Hence ( 5 . 3 0 ) becomes 

[ b n b 2 ] = (2G + HX + IX+G '+ 1'X ) + ^ ( H ' - I ' ) , 

and s i n c e b o t h b r a c k e t s on t h e r i g h t - h a n d s i d e o f t h i s e q u a t i o n 

a r e p o l y n o m i a l s i n X w i t h i n t e g r a l c o e f f i c i e n t s , Lemma 5.3 

f o l l o w s . 

We have t h e f o l l o w i n g r e l a t i o n b e t w e e n X and |x: 

( 5 . 3 2 ) \i2 - \\l + \ 3 + 4X 2 + 4X + 15 = 0. 
2 ^ - j ^ k k^ 

S i n c e u i s c e r t a i n l y o f t h e f o r m [ b . b_ b„ b, 1 we know 
L 1 2 3 4 

by Lemma 5.3 t h a t a r e l a t i o n o f t h e above f o r m e x i s t s , and t h e 

c o e f f i c i e n t s i n t h e e q u a t i o n a r e f o u n d by c o m p a r i n g 

c o e f f i c i e n t s o f powers o f y i n t h e e x p a n s i o n s o f t h e a p p r o p r i a t e 

q u a n t i t i e s as power s e r i e s i n y - , [ c f . t h e p r o o f o f ( A H ) , 

e q u a t i o n ( 8 . 1 3 ) . } We g i v e a d i r e c t p r o o f a l s o : we have 

H 2 - Xu = - [ b 2 b 2 b 3 ] [ b 1 b 2 b 2 ] , 

u s i n g ( 5 . 3 1 ) , 

= - { c 1 ( b 1 b 2 + b 3b 4-) + c 2 ( b 2 b 3 + b 4 b 1 » { c 2 ( b 1 b 2 + b 3b 4-) + c 1 ( b 2 b 3 + b 4 b 1 ) } 

= - c . , c 2 ( [ b 2 b 2 ] + 4 b 1 b 2 b 3 b 4 ) - ( c 2 + c ^ C t ^ b 2 b 3 ] , 

= [ b 2 b 2 ] - 4 - ( X 2 + 2 ) [ b 1 b 2 b 3 ] 
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by ( 5 . 9 ) , ( 5 . 2 6 ) and ( 5 . 2 7 ) . But 

( 5 . 3 3 ) [ b 2 b 2 ] = ( b 2 + b2
3)(b2

2 + b 2 ) , 

= ( 1 - 2 b 1 b 3 ) ( l - 2 b 2 b 4 ) 

u s i n g ( 5 . 1 0 ) and ( 5 . 1 - 1 ) , 

= ' -2X. - 3 

u s i n g ( 5 . 9 ) ; and 

( 5 . 3 4 ) [ b ^ b 3 ] = b 2 b 4 ( b ^ + b 2 ) + b 1 b 3 ( b ^ + b 2 ) 

= b
2

b 4 ( l ' 2 b 1 b 3 ) + b 1 b 3 ( l - 2 b 2 b 4 ) 

= X• + 4. 

Equation ( 5 . 3 2 ) f o l l o w s . 

Now, by Lemmas 5 . 1 , 5.2, and 5.3, Fb- and y f ( y 1 7 ) F 6 | ( 5 ) 

a r e each e q u a l t o an e x p r e s s i o n o f t h e f o r m S(X) + p.T(X). 

S i n c e t h e l o w e s t powers o f y i n t h e e x p a n s i o n s o f F D , X , and 

\i , as power s e r i e s i n y, a r e - 1 2 , - 2 , and -3, r e s p e c t i v e l y , we 

assume a f o r m f o r F^ w i t h S(X) o f d e g r e e 6 and G(X) of d e g r e e 

4. We f i n d t h e 12 c o e f f i c i e n t s i n v o l v e d i n t h e s e two 
-12 -1 1 -2 p o l y n o m i a l s by c o m p a r i n g c o e f f i c i e n t s o f y , y ,...,y , 

and y ° , ( t h e y a p p e a r s e r i a t i m ) , and check t h e v a l u e s o b t a i n e d 

by c o m p a r i n g c o e f f i c i e n t s o f y ^. The r e s u l t i n g e x p r e s s i o n 

f o r F ̂  i s f o u n d , u s i n g ( 5 . 3 2 ) , t o be a p e r f e c t c u b e , and i n 

f a c t we have 

( 5 . 3 5 ) F 2 = X 2 - 20X - 56 + 8ji , 



-6 7-

s i n c e F, X , and \i , a r e r e a l f o r r e a l y. S i m i l a r l y , 

i n t h e case o f y f ( y )F 1 . ( 5 ) , S (X. ) and J{\) a r e o f d e g r e e s 5 

and 4 r e s p e c t i v e l y , and we f i n d t h e 11 c o e f f i c i e n t s i n v o l v e d 
r r • • r "11 '10 "2 , 0 

by c o m p a r i n g c o e f f i c i e n t s o f y , y , y , and y , 

( a g a i n t h e y a p p e a r s e r i a t i m ) , and check t h e v a l u e s o b t a i n e d by 

c o m p a r i n g c o e f f i c i e n t s o f y 1 ; we o b t a i n 

y f (y 1 7 ) F 6 J ( 5 ) = - 8 3 4 \ 5 + 3 l 2 3 6X.4-34498X.-3+12 67 57K 2-14022X-
(S.iQ , 4 3 2 

-1 1 2 9 8 4 + n ( - 7 \ +9 7 56X -69280X. +162020X-164885) . 

The e q u a t i o n s ( 5 . 3 2 ) , ( 5 . 3 5 ) , and ( 5 . 3 6 ) , f o r q = 17, a r e o f 

c o u r s e a n a l a g o u s t o ( A H ) , e q u a t i o n s ( 8 . 1 3 ) , ( 1 1 . 7 ) , and ( 1 1 . 9 ) , 

f o r q = 1 1 . 

We now w r i t e 6 = b 1 b 2 " b 2 b 3 + b 3 b 4 " b 4 V 
Then 

i>2 = [ b 2 b 2 ] - 2 [ b 1 b 2 b 3 ] + 4 b 1 b 2 b 3 b 4 , 

(537) = - 4 \ - 15 

by ( 5 . 9 ) , ( 5 . 3 3 ) , and ( 5 . 3 4 ) . A l s o , by ( 5 . 3 5 ) and ( 5 . 3 7 ) , 

F 2 6 2 = (-4X - 1 5 ) ( \ 2 - 20\ - 5b + 8(1 ) , 

and, u s i n g ( 5 . 3 2 ) , i t i s e a s i l y v e r i f i e d t h a t t h e r i g h t - h a n d 

s i d e o f t h i s e q u a t i o n i s e q u a l t o 

(-2m. + 9\ + 30 ) 2 ; 

hence we have 

( 5 . 3 8 ) F6 = - 2 j i + 9\- + 30, 

where t h e s i g n o f t h e c o e f f i c i e n t o f t h e l o w e s t power o f y i n 
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t h e e x p a n s i o n o f each s i d e o f t h i s e q u a t i o n i s examined t o 

d e t e r m i n e t h e a p p r o p r i a t e r o o t . Thus, i n s t e a d o f X. and n , we 

may t a k e b and F, as new v a r i a b l e s ; i n f a c t f r o m ( 5 . 3 7 ) and 

( 5 . 3 8 ) we have 

( 5 . 3 9 ) • X = - ( 6 2 + 1 5 ) / 4 , 

( 5 . 4 0 ) \i = -(4F6 + 9 6 2 + 1 5 ) / 8 . 

S u b s t i t u t i n g f o r \ and \i f r o m ( 5 . 3 9 ) and ( 5 . 4 0 ) i n 

( 5 . 3 5 ) we o b t a i n t h e f o l l o w i n g r e l a t i o n between b and F: 

( 5 . 4 1 ) ( 6 2 - 1 7 ) 2 = 16F(F + 4j > ) . 

A l s o , s u b s t i t u t i n g f o r X and ji i n ( 5 . 3 6 ) we o b t a i n 

y f ( y 1 7 ) F t l J ( 5 ) as a p o l y n o m i a l i n 6 and F. F u r t h e r s i n c e 

( 5 . 4 1 ) i s a q u a r t i c i n 6, t h i s p o l y n o m i a l i s e q u a l t o 

a n o t h e r p o l y n o m i a l i n 6 and F o f d e g r e e 3 i n 6; i n f a c t we 

have 

8 y f ( y 1 ? ) F 6 $ ( 5 ) = 6 3 ( 8 4 . 1 7 2 F 3 + 2 0 . 1 7 5 F ) + 
2 / 4 4 2 7 \ +6 (115.17F +316.17 F +17 ) + 

( 5 4 . 2 ) c. o o ^ 

+6(28F +2476.17 F +32.17°F) + 

+ ( 6 6 7 7 . 1 7 2 F 4 + 1 2 4 . 1 7 5 F 2 - 9 . 1 7 7 ) 

[ i t i s o f c o u r s e o b v i o u s f r o m t h e f o r m o f ( 5 . 3 9 ) , ( 5 . 4 0 ) , and 

( 5 . 4 1 ) , t h a t t h e r i g h t - h a n d s i d e o f t h i s e q u a t i o n must be a 
2 2 f u n c t i o n of 6 , F6, and F , o n l y ] . 

We f u r t h e r w r i t e 

m 1 = - y P ( 2 ) P ( 8 ) P ( 3 ) P ( 5 ) - y P ( 1 ) P(4 ) P(6 ) P(7 ) , n 1 = - y 2 P ( 1 ) P ( 4 ) P ( 2 ) P ( 8 ) , 

m 2 = P ( 6 ) P ( 7 ) P ( 2 ) P ( 8 ) - y 2 P ( 3 ) P ( 5 ) P ( 1 ) P ( 4 ) , n 2 = P ( 3 ) P ( 5 ) P ( 6 ) P ( 7 ) . 
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The n 

( 5 . 4 3 ) and ( 5 . 4 4 ) m^/n^ = b-, " b
3 > m

2 / n
2
 = b 2 ~ b 4 * 

( 5 . 4 5 ) n i n 2 = - y 2 f ( y ) / f ( y 1 ? ) ; 

( 5 . 4 6 ) and ( 5 . 4 7 ) n
2 / n i = b 1 b 3 ' n i / n 2 = " b 2 b 4 ' 

A l s o , 

m 2/n 2 = ( b
1 " b

3 ) 2 = ( b
1

+ b
3 ) 2 " 4 b i b

3
 = 1 " 4 n

2 / " i ' 

u s i n g ( 5 . 1 0 ) , ( 5 . 4 3 ) , and ( 5 . 4 6 ) , i . e . 
2 2 

( 5 . 4 8 ) m1 = n 1 - - I n ^ ^ 

and c o r r e s p o n d i n g l y we may o b t a i n 

( 5 . 4 9 ) m 2 = n 2 + 4 ^ ^ . 

I n t e r m s o f t h e s e new f u n c t i o n s we have 

( 5 . 5 0 ) b = ( b 1 " b 3 ) ( b 2 - b 4 ) = - y " 2 f ( y 1 ' 7 ) m i n i 2 / f (y ) 

by ( 5 . 4 3 ) , ( 5 . 4 4 ) , and ( 5 . 4 5 ) , and a l s o 

( 5 . 5 1 ) 6 2 = - 4\ - 15 = - 4 ( b 1 b 3 + b 2 b 4 ) - 1 5 = - 4 ( n 2 / n 1 - n ^ / n 2 ) - 1 5 , 

by ( 5 . 3 7 ) , ( 5 . 4 6 ) and ( 5 . 4 7 ) . • Now ( 5 . 4 1 ) may be w r i t t e n i n t h e 
f o r m ,2 4 2 

1-6(F + 2b ) = 6 + 306 + 289, 

b u t by ( 5 . 5 1 ) t h e r i g h t - h a n d s i d e o f t h i s e q u a t i o n i s e q u a l t o 
2 

1 6 ( n 1 / n 2 + n 2 / h 1 ) , 

hence we have 

F + -26 = - ( n 1 / n 2 + r ^ / r ^ ) , 

where t h e s i g n o f t h e c o e f f i c i e n t o f t h e l o w e s t power of y on 

each s i d e o f t h i s e q u a t i o n i s examined t o d e t e r m i n e t h e 

a p p r o p r i a t e r o o t . • Now t h e r i g h t - h a n d s i d e o f t h i s e q u a t i o n i s 

e q u a l t o 
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y " 2 f ( y 1 7 ) U 2 + m 2 ) / f ( y ) 

by ( 5 . 4 5 ) , ( 5 . 4 8 ) , and ( 5 . 4 9 ) . Thus u s i n g ( 5 . 5 0 ) we have 

( 5 . 5 2 ) y 2 f ( y ) F / f ( y 1 7 ) = f 4 ( y ) / f 4 ( y 1 7 ) = (rr^ + n^2, 

whence 

( 5 . 5 3 ) f 2 ( y ) / f 2 ( y 1 7 ) = m i + m 2, 

where a g a i n c a r e i s t a k e n t o s e l e c t t h e a p p r o p r i a t e r o o t . 

F u r t h e r , i n v i e w o f ( 5 . 5 0 ) and ( 5 . 5 2 ) t h e r i g h t - h a n d s i d e o f 

( 5 . 4 1 ) i s e q u a l t o 

1 6 y " 4 f 2 ( y ) ( m 1 - m 2 ) 2 / f 2 ( y 1 7 ) , 

whence, t a k i n g t h e a p p r o p r i a t e s q u a r e r o o t o f t h i s e x p r e s s i o n , 

( 5 . 5 4 ) 6 2 - 1 7 = 4 y " 2 f ( y ) ( - m i + m 2 ) / f ( y 1 ') . 

We n o t e t h a t e l i m i n a t i o n o f 6 f r o m e q u a t i o n s ( 5 . 5 0 ) and 

( 5 . 5 4 ) g i v e s 

( 5 . 5 5 ) m 2 m 2 + 4 y 2 f 3 ( y ) ( m 1 - m 2 ) / f 3 ( y 1 7 ) - 1 7 y 4 f 2 ( y ) / f 2 ( y 1 7 ) = 0 . 

M a king a s l i g h t change i n n o t a t i o n f o r c o n v e n i e n c e , we 

now r e - s t a t e ( 5.53),- ( 5 . 55 ) , (5 . 50 ) ,• ( 5 . 4 2 ) , and ( 5 . 4 1 ) , i n 

o r d e r , as f o l l o w s . 

THEOREM 5.1 I f we w r i t e 

M1 = f 2 ( y 1 7 ) [ - y P ( 2 ) P ( 8 ) P ( 3 ) P ( 5 ) - y P ( l ) P ( 4 ) P ( 6 ) P ( 7 ) j / f 2 ( y ) , 

M 2 = f 2 ( y 1 7 ) [ P ( 6 ) P ( 7 ) P ( 2 ) P ( 8 ) - y 2 P ( 3 ) P ( 5 ) P ( l ) P ( 4 ) j / f 2 ( y ) , 

t h e n we have 

M1 + M 2 = 1, 

M 2 M 2 + 4 ( M 1 - M 2)/F - 1 7 / F 2 = 0, 
— 2 3 3 17 where F = y f ( y ) / f (y ) ; and i f we f u r t h e r w r i t e 

e = -M 1M 2, 
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t h e n we have 

8 y f ( y 1 7 ) J ( 5 ) = e 3 ( 8 4 . 1 7 2 + 2 0 . 1 7 5 / F 2 ) + 

+ e 2 ( 1 1 5 . 1 7 . + 3 1 6 . 1 7 4 / F 2 + 1 7 7 / F 4 ) + 

+ e ( 2 8 + 2 4 7 6 . 1 7 3 / F 2 + 3 2 . 1 7 6 / F 4 ) + 

+ ( 6 6 7 7 . 1 7 2 / F 2 + 1 2 4 . 1 7 5 / F 4 - 9 . 1 7 7 / F 6 ) , 

w h e r e , f r o m t h e l a s t t h r e e e q u a t i o n s b u t one, t h e r e i s t h e 

f o l l o w i n g r e l a t i o n b etween e and F 

( e 2 - 1 7 / F 2 ) 2 = 16(4e + 1 ) / F 2 . 

§We c o n c l u d e t h i s P a r t by d e r i v i n g t h e f o l l o w i n g s i m p l e 

c o n g r u e n c e 

( 5 . 5 6 ) £(5) = f 2 ( y 1 7 ) f 5 ( y ) [ 7 P ( 3 ) P ( 5 ) P ( 6 ) P ( 7 ) + 6 y 2 P ( l ) P ( 2 ) P ( 4 ) P ( 8 ) j 

(mod.17 ) . 

S i n c e t h e o n l y t e r m on t h e r i g h t - h a n d s i d e o f ( 5 . 4 2 ) w i t h o u t 

a f a c t o r 17 i s 286F , we have 

( 5 . 5 7 ) y f ( y 1 7 ) F £(5) E -36 • ( m o d . 1 7 ) . 

B u t f r o m ( 5 . 5 1 ) 

• & 2 = ~ 4 ( n 2 + 4 n 1 ) 2 / n 1 n 2 ( m o d , 1 7 ) , 

and u s i n g ( 5 . 4 5 ) 
- l / n i n 2 = y " 2 f ( y 1 7 ) / f ( y ) = y " 2 f l 6 ( y ) (mod.17) 

17 17 

s i n c e f ( y ) = f ( y ) (mod. 1 7 ) , so t h a t , t a k i n g t h e 

a p p r o p r i a t e s q u a r e r o o t , 

( 5 . 5 8 ) 6= 2 y ~ 1 f 8 ( y ) ( n 2 + 4 n 1 ) ( m o d . 1 7 ) . 

( 5 . 5 6 ) f o l l o w s i m m e d i a t e l y , f r o m ( 5 . 5 7 ) , ' ( 5 . 5 8 ) , and t h e 

d e f i n i t i o n s o f n., n 0 , and F. 



PART 3 

q = 19 t h r o u g h o u t t h i s P a r t 

6. We w r i t e 
- 8 n , n v / n / i l - 1 3 n ( i l , / n / M _ " I 4 

1 = - x " ° P ( 2 ) / P ( 1 ) , a 2 = x " ' J P ( 4 ) / P ( 2 ) , a 3 = x , H P ( 8 ) / P ( 4 ) , 

4 = x 2 0 P ( 3 ) / P ( 8 ) , a 5 = - x " 1 5 P ( 6 ) / P ( 3 ) , a 6 = x " 3 P ( 7 ) / P ( 6 ) , 

8 a 7 = - x
7 p ( 5 ) / p ( 7 ) , a Q = - x " 1 ° P ( 9 ) / P ( 5 ) , a Q = - x 3 6 P ( 1 ) / p ( 9 ) ; 

t h e n by (ASD), Lemma 6 ( w i t h q = 19) we have 

( 6 . 1 ) - x " 1 5 f ( x ) / f ( y l 9 ) = a 1 + a 2 + a 3 + a 4 + Q 5 + a 6 + a 7 + a 8 + a 9 + 1 . 

I n ( 6 . 1 ) we r e p l a c e x by w^x where w ^ ( r = 1 t o T9) a r e t h e 

n i n e t e e n t h r o o t s o f u n i t y , and m u l t i p l y t o g e t h e r t h e n i n e t e e n 

r e s u l t i n g e q u a t i o n s , o b t a i n i n g 
0 , -15,20, w , 2 0 , 19, 12, - 8 ^ -13, -14, 20^ 

( 6 . 2 ) -y f ( y ) / f (y )= ^ ( a ^ + a 2
w

r 3 W r 4 w r 
r = 1 

- 15, -3, 7 ± -^Q 3 6 x . < +a cw +a , w +a_,w +a_w +ar,w • +1 ) 5 r 6 r 7 r 8 r 9 r 
Now as w r r u n s t h r o u g h t h e n i n e t e e n t h r o o t s o f u n i t y so does 

w , so t h a t t h e p r o d u c t on t h e r i g h t - h a n d s i d e o f ( 6 . 2 ) i s 

1 9 36. -8, -13. -14 20. -15. -3. 7, ..-10 

e q u a l t o 
9 , 36 —O - | J - ' l 4 —13 —o I ~ I ̂  . ^ \ TF(a w +a„w +a„w +a„w +a cw +a,w +o,w +a_w +a nw +1 ) , I». 1 r 2 r 3 r 4 r 5 r o r 7 r 8 r 9 r r = 1 

and i s t h u s unchanged i f a^, a^, a^, a^, a^, a^, a_, , Qg, and 

cig, a r e i n t e r c h a n g e d c y c l i c a l l y . The p r o d u c t i s t h u s a l i n e a r 
, . . . , + r S l2 4 3 *4 S *6 *7 ^ ^9-i c o m b i n a t i o n o f t e r m s l a , a„ a. a, a, a_ a„ a_ J 1 2 3 4 5 6 7 8 9 

where i ^ t o i ^ a r e n o n - n e g a t i v e i n t e g e r s , and c o n s i d e r i n g t h e 

l e f t - h a n d s i d e o f ( 6 . 2 ) such t e r m s as o c c u r can o n l y i n v o l v e 



19 T h S X 2 x 3 X 4 X 5 J 6 X7 x i n t e r m s o f y = x . Thus i f a. a „ a 0 a „ a,., a, a a ' 1 2 3 4 5 6 7 
t t h t f r S ^ S *4 *5 ^ S ^ 
( o r any o t h e r t e r m o f |_a^ a ,̂  a 3 a.4 a ̂  a ̂  a a g a ̂  J ; 
o c c u r s we must have 

( 6 . 3 ) - 8 i - 1 3 i -14i„ + 2 0 i -1 5 i c - 3 i .+7 i ̂ -10 i-„ + 3 6 i ^ = 0 (mod.1 1 2 3 4 5 6 7 8 9 
( i n t e r c h a n g i n g i 1 , i , i 3 , i 4 , i , i & , i ? , i 8 , and i g , c y c l i c a l l y 

g i v e s t h e same c o n g r u e n c e ) . 

Now, w r i t i n g 

a 1 = y " 1 P ( 6 ) P ( 7 ) / P ( 2 ) P ( 9 ) , a 2 = y " 2 P ( 7 ) P ( 5 ) / P ( 4 ) P ( l ) , 

a„=-y" 1P(5)P(9)/P(8)P(2) , a =-P(9)-P( 1 ) / P ( 3 ) P ( 4 ) , 

a 5 = y 3 P ( 1 ) P ( 2 ) / P ( 6 ) P ( 8 ) , a 6 = - y P ( 2 ) P ( 4 ) / P ( 7 ) P ( 3 ) , 

a 7 = - P ( 4 ) P ( 8 ) / P ( 5 ) P ( 6 ) , a = y P ( 8 ) P ( 3 ) / P ( 9 ) ' P ( 7 ) , 

a 9 = - y " 1 P ( 3 ) P ( 6 ) / P ( l ) P ( 5 ) , 

i t i s e a s i l y v e r i f i e d t h a t 
19 16 2 7 13 5 3 12 19 16 2 7 13 5 3 12 

G 1 ° a 2 a 3 3 4 a 5 a 6 3 7 a 8 a 9 ' a
2 = 3 3 a 4 a 5 a 6 3 7 a 8 a 9 a 1 ' 

19 16 2 7 13 5 3 12 19 16 2 7 13 5 3 12 
Q 3 = 9 4 a 5 a 6 3 7 a 8 a 9 8 i a 2 • % = 3 5 a 6 a 7 3

8
a 9 3 1 3 2 a 3 ' 

(fe.4-> 
19 16 2 7 13 5 3 12 19 16 2 7 13 5 3 12 

G 5 = 3 6 a 7 a 8 3 9 a i 3 2 a 3 a 4 ' a
6
 = 3 7 a

8
a

9
a i a 2 a 3 3 4 3 5 ' 

19 16 2 7 1 3 5 3 12 19 16 2 7 1 3 5 3 1 2 
a 7 = a 8 a 9 a i a 2 9 3 a 4 a 5 a b ' a 8 = 3 9 a i a 2 3 3 3 4 a 5 3 6 3 7 ' 

19 16 2 7 13 5 3 12 
°9 = 3 1 3 2 3 3 a 4 a 5 3 6 3 7 a 8 ' 

I t w i l l be n o t i c e d t h a t a l l o f t h e e q u a t i o n s ( 6 . 4 ) may be 

o b t a i n e d f r o m any one o f them by i n t e r c h a n g i n g 
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8 a 9 

a 1 ' a 2 ' a 3 ' a 4 ' 3 5 ' a 6 ' 3 7 ' a 8 ' a 9 ' a n d a 1 ' a 2 ' a 3 ' a 4 ' a 5'' 
a 6 ' Q 7 ' a 8 ' a 9 ' c y c l i c a l l Y * BY ( b . 4 ) , s i n c e 

3 1 a 2 8 3 a 4 a 5 3 6 a 7 a 8 3 9 = " 1 » 

( a i a 2 a 3 a 4 a 5 a 6 a 7 a 8 Q 9 } = 

cr cr, o-p <r 3 <r 4 ffV, <r 7 <rfi <r g 

= ( a 1 a 2 a 3 a 4 a 5 a 6 a 7 a 8 a 9 ) - a, a 2 a 3 a 4 a,. 3 a 6 a / a -

where CT= 3 0 i 1 + 3 2 i 2 + 2 i 3 + 3 4 i 4 + 1 0 i 5 + 2 8 i & + 2 4 i ? + 8 i g + 2 0 i 9 , an 

even i n t e g e r , and 

0" = 1 2 i 2 + 3 i 3 + 5 i 4 + l 3 i 5 + 7 i 6 + 2 i 7 + i g + 1 6 i 9 , 

° 2 = 1 2 i
3
 + 3 i 4 + 5 i 5 + 1 3 i

6
 + 7 i 7 + 2 i 8 + i 9 + 1 6 i 1 ' 

(T3 = 1 2 i 4 + 3 i 5 + 5 i 6 + l 3 i 7 + 7 i 8 + 2 i g + i 1 + 1 6 i 2 , 

0* = 1 2 i c + 3 i , + 5 i _ , + 13i„ + 7 i n + 2 i . + i 0 + 1 6 i _ , 4 o 6 7 B 9 1 2. J 

°5 = 1 2 i
0

+ 3 i
7

+ 5 i
8

+ 1 3 i 9 + 7 i
1

+ 2 i 2 + i 3 + 1 6 i 4 ' 
<3"6 = 1 2 i 7 + 3 i g + 5 i 9 + 1 3 i 1 + 7 i 2 + 2 i 3 + i 4 + 1 6 i 5 , 

«T7 = 1 2 i 8 + 3 i 9 + 5 i 1 + l 3 i 2 + 7 i 3 + 2 i 4 + i 5 + l 6 i b , 

<3g = 1 2 i 9 + 3 i 1 + 5 i - 2 + l 3 i 3 + 7 i 4 + 2 i 5 + i 6 + 1 6 i 7 , 

^ = 1 2 i 1 + 3 i 2 + 5 i 3 + l 3 i 4 + 7 i 5 + 2 i 6 + i 7 + l 6 i 8 ; 

m o r e o v e r CT + CP t o cr + <Tq a r e m u l t i p l e s o f 19 by ( 6 . 3 ) , hence 

f >h < 1 1 ' 2 ' 3 "A ^ ' 6 i ? n ' 8 > 
any e x p r e s s i o n o f t h e f o r m a^ 1 a 3 a 4 a ̂  a 7 a 8 a g 

J 1 J 2 J 3 J 4 J 5 J o f o r w h i c h ( 6 . 3 ) h o l d s i s of t h e f o r m a^ a 2 a 3 a 4 a f e 

a ? a g a 9 where t o j g a r e n o n - n e g a t i v e i n t e g e r s . Thus 

e v e r y t e r m o c c u r r i n g i n t h e r i g h t - h a n d s i d e o f ( 6 . 2 ) i s o f 
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, J 1 J 2 J 3 j 4 J 5 j 0 J 7 J 8 J 9 t h e f o r m a a ^ a_ a. a t a a^ a_ a 0 , and such t e r m s 1 2 J 4 5 0 / b y 
o c c u r i n c y l i c a l l y s y m m e t r i c a l s e t s o f n i n e t e r m s each. 

F u r t h e r , (£(4) i s t h e c o e f f i c i e n t o f x 4 i n l / f ( x ) 

r e g a r d e d as a p o l y n o m i a l o f d e g r e e 18 i n x w i t h c o e f f i c i e n t s 

i n v o l v i n g x i n t e r m s o f y = x 1 9 , so t h a t y 1 4 f 2 ^ > ( y ) ' $ ( 4 ) / f ' l ^ ( y 1 

i s t h e c o e f f i c i e n t o f x° i n 

y ~ l 5 f 2 0 ( y ) / { f 2 ° ( y 1 9 ) ( Q i + a 2 + a 3 + a 4 + a 5 + a 6 + a 7 + a 8 + a 9 + 1 ) } . T h i s 

i s a c y c l i c a l l y s y m m e t r i c p o l y n o m i a l of d e g r e e 18 i n 

a ̂  , a^, a ^ j a 4 > a^» a ̂  , a^, a.g, and Q^; and t h e t e r m s w h i c h 

g i v e t h e c o e f f i c i e n t o f x° o c c u r o n l y i n s y m m e t r i c a l s e t s o f 
... r

 j 1 j 2 j 3 j 4 j 5 j b 3
j 7 Je j 9 n n i n e e x p r e s s i b l e as [ a ^ a 2 a g a 4 A 5 a 6 7 8 9 

as b e f o r e . ( T h i s i s n o t t r u e f o r t h e c o e f f i c i e n t o f any 

power o f x o t h e r t h a n 0; t h e n i n e t e r m s o f [ a ̂  ] , f o r e x a m p l e , 

do n o t a p p e r t a i n t o t h e same power o f x . ) 

Thus w r i t i n g 

f = y f (y ) / f (y ) 

we have t h e f o l l o w i n g : 

LEMMA 6.1 • F 5 and y f ( y 1 9 ) F 5 <jj(4) a r e each e q u a l t o a 
w * • c * r J l j 2 J 3 j 4 J 5 j 6 a

 j 7 J b a l i n e a r c o m b i n a t i o n o f t e r m s l a , a„ a„ a. a. a, a., a Q a 
L 1 2 3 4 5 6 7 8 

We now w r i t e 

( 6 . 5 ) t o ( 6 . 7 ) b 1 = a 1 a 4 a ? , b 2 = a 2 a a Q , b 3 = a 3 a 6 a 9 ; 

( 6 . 8 ) t o (6.10) c 1 = a 1 a 4 + a 4 a 7 + a_,a1 , c 2 = a
2

a 5 + a 5 a 8 + a 8 a 2 ' 

C 3 = a 3 a 6 + a 6 a 9 + a
9

a 3 ; 

( 6. 1 1 ) t o ( 6. 13 ) d 1 = a ^ a ^ + a ^ , d 2 = a 2 + a 5 + a 8 > d 3 = a 3 + a 6 + a 9 ; 

so t h a t 



( 6 . 1 4 ) b 1 b 2 b 3 + 1 = °-

<9, 6, 5, 3>, <9, 7, b, 1>, <7, 5, 2, 1>, <9, 5, 4, 2>, 

<9, 8, 4, 1>, <8, 3, 2, 1>, <6, 4, 3, 2>, <8, 7, 6, 4>, 

and <8, 7, 5, 3>, g i v e , r e s p e c t i v e l y , 

( 6 . 1 b ) t o ( 6 . 1 7 ) a i a 4 = a 3 + 1 ' a 2 a 5 = 9 4 + 1 ' a 3 a 6 = V ' 
( 6 . 1 8 ) t o ( 6 . 2 0 ) a 4 a 7 = a 6 + 1'- 3 5 a 8 = a 7 + 1 ' a o a 9 = a 8 + 1 , 

( 6 . 2 1 ) t o ( 6 . 2 3 ) a 7 8 1 = a 9 + 1 ' 3 8 a 2 = V 1 ' a 9 a 3 = a 2 + 1 . 

I t w i l l be o b s e r v e d t h a t each o f t h e e q u a t i o n s ( 6 . 5 ) t o 

( 6 . 2 3 ) r e m a i n s v a l i d when b^, b^» b^. and c , c 2 > c 3 , and 

d l ' d 2 ' d 3 ' a n d 3 1' 3 2 ' 3 3 ' a 4 ' a 5 ' 3 6' 3 7 ' a 8 , a 9 > a r e 

i n t e r c h a n g e d c y c l i c a l l y . We a r e now i n a p o s i t i o n t o p r o v e 

LEMMA 6.2 Any e x p r e s s i o n o f t h e f o r m 
j - l J 2

 j 3 j 4 
[ a i a 2 3 3 3 4 

J 5 J 6 J 7 j 8 J 9 n 
a 5 a 6 a 7 a 8 3 9 ] i s e q u a l t o a l i n e a r 

^1 ^2 ^3 ^4 c o m b i n a t i o n o f t e r m s [b^ b^ b^ S k 6 d 1 d 2 d 3 ] , 

where t h e s q u a r e b r a c k e t i n t h i s case d e n o t e s a summat i o n o f 

t h e t h j r e e d i f f e r e n t t e r m s o b t a i n e d by i n t e r c h a n g i n g b^ , b^ 

and c , c 0 , c„, and d , d , d , s e p a r a t e l y , and k t o k Q a r e 

n o n - n e g a t i v e i n t e g e r s . 

By e l i m i n a t i n g a 3 and a 9 f r o m e q u a t i o n s ( 6 . 1 5 ) , ( 6 . 2 1 ) , 

and ( 6 . 2 3 ) , we o b t a i n 

( 6 . 2 4 ) a 2 = a 2 + ( b 1 - d 1 )aA , 

and c l e a r l y t h i s e q u a t i o n r e m a i n s v a l i d when a^, a 2 , a 3 > a^, 

3 5 ' 3 6 ' a 7 ' a 8 ' a 9 ' a n d b l ' b 2 ' b 3 ' 3 n d d l ' d 2 ' d 3 ' 3 X 6 



- 6 7 -

i n t e r c h a n g e d c y c l i c a l l y . Thus, by means o f ( 6 . 2 4 ) and t h e 

e i g h t s i m i l a r e q u a t i o n s , each o f t h e a^ t o a^ can be 

e x p r e s s e d as a p o l y n o m i a l i n b^, b^, b^, d^, d^, d^, and 

a ^ , w i t h i n t e g r a l c o e f f i c i e n t s j and hence any e x p r e s s i o n o f 
, j 1 j 2 j 3 j 4 j 5 j 6 h j 8 j 9 . . . t h e f o r m a., a^ a„ a. a c a, a_, a 0 a„ i s e q u a l t o 1 2 3 4 5 6 7 8 9 

such a p o l y n o m i a l . (We c o u l d o f c o u r s e have used any o t h e r o f 

t h e a ̂  t o a^ h e r e i n s t e a d o f a^.) But ( i n v i e w o f t h e 

d e f F i n i t i q n s o f b ̂  , c ̂  , and d^) a ̂  ( a n d a 4 and a ̂  ) s a t i s f i e s 

a c u b i c e q u a t i o n w i t h c o e f f i c i e n t s i n t e r m s o f b , c , and 
J 1 j 2 j 3 J 4 J 5 J 6 J 7 J 8 J 9 . d ̂  . Hence any a^ a^ a^ a^ a^ a_, 3g a^ may be 

e x p r e s s e d i n t h e f o r m 

P a 2 + Qa., + R, 

where P, Q, and R, a r e p o l y n o m i a l s i n b^, b^, b^, c^, c^, c^, 

d^ , d , and d^, w i t h i n t e g r a l c o e f f i c i e n t s . 
j„ j 0 j - j„ j R 3, J\ jn J, 

Now i n [ a ^ a 2
2 a 3

3 a 4
4 a^ a 6

6 a ?
7 a g 8 a g

9 ] t h e t e r m s 

j 1 J 2 j 3 j 4 -*5 ^6 j 7 j 8 J 9 
a 4 a 5 a 6 3 7 a 8 a 9 3 1 3 2 3 3 - 3 n d 

J 1 J 2 J 3 J 4 J^, J 7 Jg JQ 

a ? ag ag a ̂  a 2 a 4 a^ a^ , o b t a i n e d u n d e r t h e 

c y c l i c i n t e r c h a n g e s (a 1 , a 4 , a ? ) , ( a 2 > a^, a Q ) , and ( a 3 , a^, a ^ ) , 

a l s o o c c u r . F u r t h e r b^, b 2 , b^, c ̂  , c 2 > c^, d ^ d 2 > and d^, 

a r e n o t a f f e c t e d by t h e s e i n t e r c h a n g e s ; so t h a t t h e sum o f 
* K *u , c r j 1 ^2 j 3 j 4 j 5 j 6 j 7 j 8 J 9 n , t h e t h r e e t e r m s o f [ a . a„ a~ a. a R a, a_, a Q a Q J under 

d i s c u s s i o n i s e q u a l t o an e x p r e s s i o n o f t h e f o r m 
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P ( a 2 + a 2 + a 2 ) + Q ( a i + a 4 + a ? ) + 3 R , 

u s i n g t h e c y c l i c p r o p e r t i e s o f o u r r e l a t i o n s . S i n c e f r o m t h e 

d e f i n i t i o n s o f c, and d, 
1 1 

a i + a 4 + a 7 = d r 
2 ^ 2 ^ 2 ,2 

a ! + a 4 + 3 7 = d 1 " 2 C 1 ' 
t h i s e x p r e s s i o n i s e q u a l t o a l i n e a r c o m b i n a t i o n o f t e r m s 

k 1 ^ i k ^ k k ^ kg 
b„ b 0 c„ c 0

3 c ^ D d, d " d, . Hence Lemma 6.2 f o l l o w s , 1 2 3 1 2 3 1 2 3 

s i n c e c l e a r l y ( a g a i n u s i n g t h e c y c l i c p r o p e r t i e s of o u r 

r e l a t i o n s ) t h e o t h e r two t r i p l e t s o f t e r m s of 
r J 1 J 2 J 3 J 4 J 5 J 6 J 7 J 8 J 9 n , . . . 
l a , a _ a» a, a, a. a., a„ a^ J c o r r e s p o n d t o t h e o t h e r 
L 1 2 3 4 5 6 7 8 9 J 

two t e r m s o f each 
r , k 1 , k 2 . k 3 k 4 . k 5 k 6 , k7 k 8 k 9 n 
[ b 1 b 2 b 3 C 1 . C 2 C 3 d 1 d 2 d 3 ] ' 

We now p r o v e 

LEMMA 6.3 Any e x p r e s s i o n o f t h e f o r m 
r k

k 1 k 2 u
k 3 k 4 S k 6 *7 k 8 k 9 n . . . l b , b 0 b„ c, c_ c_ d, d n d„ J i s e q u a l t o a l i n e a r L 1 2 3 1 2 3 1 2 3 

k ' k ' k ' • i ,, ., , , r, 1 , 2 , 3 ] , where k, t o k a r e non-c o m b i n a t i o n o f t e r m s [b^ b^ kg 1 3 
n e g a t i v e i n t e g e r s . 

C l e a r l y i t w i l l be s u f f i c i e n t t o show t h a t c , c^* Cg, 

d^, d ^ j and dg, can a l l be e x p r e s s e d as p o l y n o m i a l s i n b^, b^, 

and b_, w i t h i n t e g r a l c o e f f i c i e n t s . For t h e n any 
K 1" 1 u 2 , k 3 k 4 k 5 k 6 . K 7 , k8 , k9 . 
b b 0 b 0 c, c_ c„ d d d may be e x p r e s s e d as a i 2 J 1 2. J 1 2. J i . • i , ' i . • 

1 2 3 
l i n e a r c o m b i n a t i o n o f t e r m s b^ b^ bg , and Lemma 
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6.3 f o l l o w s f r o m c y c l i c c o n s i d e r a t i o n s . 

We have 

( 6 . 2 5 ) t o ( 6 . 2 7 ) c = d 3 + 3 , c 2 = c 3 = d 2 + 3 , 

t h e f i r s t o f w h i c h i s ( 6 . 1 5 ) + ( 6 . 1 8 ) + ( 6 . 2 1 ) , i n t h e 

o b v i o u s n o t a t i o n , and 

( 6 . 2 8 ) t o ( 6 . 3 0 ) b 2 = b 3 + c 3 + d 3 + 1 , b 2 = b J) + c 1 +d ̂  +1 , 

b 3 = b 2 + C 2 + d 2 + 1 ' 

t h e f i r s t o f w h i c h i s ( 6 . 1 5 ) . ( 6 . 1 8 ) . ( 6 . 2 1 ) . S u b s t i t u t i n g f o r 

C j , c 2 , and c 3 > i n ( 6 . 2 8 ) t o ( 6 . 3 0 ) f r o m ( 6 . 2 5 ) t o ( 6 . 2 7 ) , and 

s o l v i n g t h e r e s u l t i n g e q u a t i o n s f o r d , d , and d , we o b t a i n 

( 6 - 3 1 ) 2 d 1 = - b 2 + b 2 + b 2 - b 1 - b 2 + b 3 - 4 , 

( 6 . 3 2 ) 2 d 2 = - b 2 + b 2 + b 2 - b 2 - b 3 + b 1 - 4 , 

( 6 . 3 3 ) 2 d 3 = - b 2 + b 2 + b 2 - b 3 - b 1 + b 2 - 4 . 

We now show t h a t 

( b . 3 4 ) b 1 + b 2 + b 3 + 2 = 0. 

Then t h e r i g h t - h a n d s i d e o f ( 6 . 3 1 ) i s e q u a l t o 

• ( b 1 + b 2 + b 3 ) 2 - 2 b 1 - 2 ( b 1 b 2 + b 2 b 3 + b 3 b 1 > - ( b 1 + b 2 + b 3 ) + 2 b 3 - 4 

= - 2 b 2 - 2 ( b 1 b 2 + b 2 b 3 + b 3 b 1 ) + 2 b 3 + 2 , 

and s i n c e t h e l a t t e r e x p r e s s i o n has a f a c t o r 2 we have d^, 

and hence c 2 by ( 6 . 2 6 ) , as a p o l y n o m i a l i n b 1 , b 2» and b 3 , 

w i t h i n t e g r a l c o e f f i c i e n t s ; c l e a r l y f r o m c y c l i c c o n s i d e r a t i o n s 
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t h e same i s t r u e o f d ^ t d^, c^, and c^, and we have t h e Lemma. 

( 6 . 3 4 ) i s p r o v e d as f o l l o w s . We have 

b 1 d 1 = c 3 + 2 d 3 + 3 , 

w h i c h i s ( 6. 15) . ( 6. 18) •+ ( 6 . 1 8 ) . ( 6 . 21 ) + ( 6 . 2 1 ) . ( 6 . 1 5 ) . 

S u b s t i t u t i n g f o r c 3 f r o m ( 6 . 2 7 ) and t h e n f o r d ^ d ^ j and d 3» 

f r o m ( 6 . 3 1 ) t o ( 6 . 3 3 ) , t h e r e s u l t i n g e q u a t i o n s i m p l i f i e s t o 

b ^ ^ b ^ b ^ 1 + 4 b ^ b . ^ b ^ b 1 b 2 - b 3 b 1 + 3 b 1 + b 2 - 3 b 3 =• °» 

and o f c o u r s e we may i n t e r c h a n g e b^, b^, and b 3 > c y c l i c a l l y 

i n t h i s e q u a t i o n t o o b t a i n two o t h e r s i m i l a r r e l a t i o n s . A a d i n g 

a l l t h r e e e q u a t i o n s we a r r i v e a t 

[ b ^ ] - [ b 1 b 2 ] - [ b 2 b 2 ] + 4 [ b 2 ] + [ b 1 ] = 0. 

But i t i s e a s i l y v e r i f i e d t h a t t h e l e f t - h a n d s i d e o f t h i s 

e q u a t i o n i s e q u a l t o 

( [ b 1 ] + 2 ) ( [ b 2 ] - 2 [ b 1 b 2 ] + 2 [ b 1 ] - 3 ) , 

u s i n g ( 6 . 1 4 ) ; and t h e second o f t h e s e two f a c t o r s , expanded as 
-2 

a power s e r i e s i n y, b e g i n s 4y • "+ ... and i s t h e r e f o r e n o n - z e r o . 

Thus we a r r i v e a t t h e r e l a t i o n ( 6 . 3 4 ) , and c o m p l e t e t h e p r o o f 

o f Lemma 6.3. 

• We f u r t h e r w r i t e 

X = [ b 1 b 2 ] , 

H = [ b 2 b 2 ] , 

and p r o v e t h e f o l l o w i n g : 



' k\ k2 k 3 

LEMMA 6.4 Any e x p r e s s i o n o f t h e f o r m [ b ^ b^ ] i s 

e q u a l t o 

S ( \ ) + j i T ( \ ) , 

where S (X. ) and T (X. ) a r e p o l y n o m i a l s i n X. w i t h i n t e g r a l 

c o e f f i c i e n t s . s k 2 k ; 
By ( 6 . 3 4 ) any e x p r e s s i o n o f t h e f o r m b^ b^ b^ can be 

e x p r e s s e d as a l i n e a r c o m b i n a t i o n o f t e r m s * 1 , * 2 
b 1 b 2 

where 1^ and 1 a r e n o n - n e g a t i v e i n t e g e r s . C l e a r l y t h e n , 
k 1 k 2 k 3 

p e r f o r m i n g a c y c l i c s u m m a t i o n , any [ b b b„ ] i s e q u a l t o 

a l i n e a r c o m b i n a t i o n o f t e r m 9 [ b ^ b^ ] , and we need o n l y 

c o n s i d e r t h e l a t t e r e x p r e s s i o n , r a t h e r t h a n t h e f o r m e r . 

Now, by ( 6 . 1 4 ) y ( 6 . 3 4 ) , and t h e d e f i n i t i o n o f X, , b^ t o b 3 

a r e t h e r o o t s o f t h e c u b i c e q u a t i o n 

z 3 + 2 z 2 + \z + 1 = 0, 

so t h a t we have 

( 6 . 3 5 ) b 3 = -2b^-\b - 1 , 
( 6 . 3 6 ) b 3 = -2b^-X.b - 1 . 

1 1 1 2 
I n v i e w o f ( 6 . 3 5 ) and ( 6 . 3 6 ) any b^ b^ may be e x p r e s s e d i n 

t h e f o r m 

G + H b 1 + I b 2 + J b 2 + K b 2 + L b 1 b 2 + M b 2 b 2 + N b 1 b 2 + P b ^ b 2 , 

where G,' H, I , J , K, L,M, N, and P, are- p o l y n o m i a l s i n X. w i t h 

i n t e g r a l c o e f f i c i e n t s . • Then, s i n c e X, i s n o t a f f e c t e d when 

b^ , b^* and b^, a r e i n t e r c h a n g e d c y c l i c a l l y , we have 
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( 6 . 3 7 ) [ b 1
1 b 2

2 ] = 3 G + ( H + l ) [ b 1 ] + ( J + K ) [ b ^ ] + L [ b 1 b 2 ] + M [ b ^ b 2 ] + 

+ N [ b 1 b 2 ] + P [ b 2 b 2 ] . 

But we have ( 6 . 3 4 ) and t h e d e f i n i t i o n s o f X and (j. 

( 6 . 3 8 ) t o ( 6 . 4 0 ) [ b ^ = - 2 , [ b ^ J ^ X , [b^b^ = ji , 

and 

( 6 . 4 1 ) [ b 2 ] = [ b ^ 2 - 2 [ b 1 b 2 ] = 4 - 2X, 

( 6 . 4 2 ) [ b 1 b 2 ] = [ b 1 ] [ b 1 b 2 ] - [ b 2 b 2 ] - 3 b 1 b 2 b 3 = - 2 \ - l i + 3, 

( 6 . 4 3 ) [ b 2 b 2 ] = [ b 1 b 2 ] 2 - 2 [ b 2 b 2 b 3 } = [ b 1 b 2 ] 2 + 2 [ b 1 ] = X 2 - 4 , 

u s i n g ( 6 . 1 4 ) . Hence ( 6 , 3 7 ) becomes 
1.. U 0 

[ b 1 b ] = { 3G-2(H+I ) + ( 4 - 2 \ ) ( J + K ) +X L+ (-2X + 3 ) N+ (X -4 ) P] M - N ] , 

and s i n c e b o t h c u r l y b r a c k e t s on t h e r i g h t - h a n d s i d e o f t h i s 

e q u a t i o n a r e p o l y n o m i a l s . i n X w i t h i n t e g r a l c o e f f i c i e n t s , 

Lemma 6.4 f o l l o w s . 

We have t h e f o l l o w i n g r e l a t i o n b e t w e e n X and \i i 

( 6 . 4 4 ) n 2 + ( 2 X - 3 ) ^ i + X 3 - 1 2 X + 17 = 0 . 
o k 1 k 2 ^ 3 S i n c e i s c e r t a i n l y o f t h e f o r m [ b ^ b 2 b^ ] we know by 

Lemma 6.4 t h a t a r e l a t i o n o f t h e above f o r m e x i s t s , and t h e 

c o e f f i c i e n t s i n t h e e q u a t i o n a r e f o u n d by c o m p a r i n g 

c o e f f i c i e n t s o f powers o f y i n t h e e x p a n s i o n s o f t h e 

a p p r o p r i a t e q u a n t i t i e s as power s e r i e s i n y; [ c f . t h e p r o o f 

o f ( A H ) , e q u a t i o n ( 8 . 1 3 ) . } We g i v e a d i r e c t p r o o f a l s o : we 

have 
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H 2 +(2> . -3 )n = - [ b 2 b 2 ] [ b 1 b 2 ] 

by ( 6 . 4 0 ) and ( 6 . 4 2 ) , 

= - [ b i j b ^ ] + [ b j ] - 3 

u s i n g ( 6 . 1 4 ) . But 

[ b ^ ] = [ b ^ H b ^ ] + [ b ^ b 2 ] 

u s i n g ( 6 . 1 4 ) , 

= \ 3 - 6 \ + 3 

by ( 6 . 3 9 ) , ( 6 . 4 0 ) , ( 6 . 4 2 ) , and (6.43); and 

[ b * ] = [ b ^ b 2 ] - [ b 2 b 2 ] - b , b " ] , 

= 6X - 11 

by ( 6 . 3 8 ) , ( 6 . 4 0 ) , ( f e . 4 1 ) , and ( 6 . 4 2 ) . E q u a t i o n ( 6 . 4 4 ) 

f o l l o w s . 

Now, by Lemmas 6 . 1 , 6 . 2 , 6 . 3 , and 6 . 4 , F and 

S ( X ) + j i T ( \ ) . S i n c e t h e l o w e s t powers o f y i n t h e e x p a n s i o n s 

o f F , \, and [i , as power s e r i e s i n y, a r e - 1 5 , - 2 , and - 3 , 

r e s p e c t i v e l y , we assume a f o r m f o r F w i t h S ( \ ) o f d e g r e e 

7 and T (\ ) o f d e g r e e 6 . We f i n d t h e 15 c o e f f i c i e n t s i n v o l v e d 
-1 5 

i n t h e s e two p o l y n o m i a l s by c o m p a r i n g c o e f f i c i e n t s o f y , 

y y 2 , and y ° , ( t h e y a p p e a r s e r i a t i m ) , and check t h e 

v a l u e s o b t a i n e d by c o m p a r i n g c o e f f i c i e n t s o f y 1 . The 

r e s u l t i n g e x p r e s s i o n f o r F i s f o u n d , u s i n g ( 6 . 4 4 ) , t o be a 

p e r f e c t f i f t h power, and i n f a c t we have 

y f ( y 1 9 ) F 5 $ ( 4 ) a re each e q u a l t o an e x p r e s s i o n o f t h e f o r m 
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( 6 . 4 5 ) F = (i + b\ + 9, 

s i n c e F, X, and \i , a r e r e a l f o r r e a l y. S i m i l a r l y , i n t h e 
19 5x 

case o f y f ( y )F §).( 4) , S(X) and T ( X ) a r e o f d e g r e e s 7 and 5 

r e s p e c t i v e l y , and we f i n d t h e 14 c o e f f i c i e n t s i n v o l v e d by 

c o m p a r i n g c o e f f i c i e n t s o f y , y , ..., y , and y , 

( a g a i n t h e y a p p e a r s e r i a t i m ) , and check t h e v a l u e s o b t a i n e d 

by c o m p a r i n g c o e f f i c i e n t s o f y ^; we o b t a i n 

y f (y 1 9)F 5§>(4 )=-5\- 7 + 27 7 3 4 \ 6 - 1 0 l 8 0 2 7 X 5 + 4089364\- 4+1008 21 20X 3 -

. - 6 1 6 9 2 4 2 9 X 2 + 6 7 6 3 8 6 0 7 \ - 3 1 9 5 6 1 + n ( - 1 1 5 5 X 5 + 
(fo.46) 4 3 2 

• +259455X. -3809331\- +10287942X +2093087X-

- 1 6 5 6 0 1 0 8 ) . 

The e q u a t i o n s ( 6 . 4 4 ) , ( 6 . 4 5 ) , and ( 6 . 4 6 ) , f o r q = 19, a r e o f 

c o u r s e aaalo'gous t o ( A H ) , e q u a t i o n s ( 8 . 1 3 ) , ( 1 1 . 7 ) , and ( 1 1 . 

f o r q = 1 1 . 

We now w r i t e 

m1 = y P ( 1 ) P ( 7 ) P ( 8 ) , m 2 = - y 2 P ( 2 ) P ( 3 ) P ( 5 ) , 

m 3 = P ( 4 ) P ( 6 ) P ( 9 ) . 

Then 

( 6 . 4 7 ) m i r n 2 m 3 = ~ y 3 f ( y ) / f ( y 1 9 ) 5 

( 6 . 4 8 ) t o ( 6 . 5 0 ) m 1/m 2 = - b ^ m
2 / m 3 = ~ b 2 ' m 3 / / ' m i = " b 3 * 

A l s o , i n t e r m s o f t h e s e new f u n c t i o n s ( 6 . 3 4 ) becomes 

( 6 . 5 1 ) m 1m 2+m 2m 2 + m 3m 2 = -2y 3' f (y ) / f (y 1 9 ) , 
by ( 6 . 4 7 ) t o ( 6 . 5 0 ) . We now p r o v e t h e f o l l o w i n g r e l a t i o n 
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( 6 . 5 2 ) m 1m 2 + m 2m 3 + m 3m 1 = y f 2 ( y ) / f 2 ( y 1 9 ) . 

D e n o t i n g t h e l e f t - h a n d s i d e o f t h i s e q u a t i o n by X we have 

X / m i m 2 = 1 " V b 3 b 1 ' 

X / m 2 m 3 = 1 ~ b 1 + b 1 b 2 ' 

x/m 3m 1 = 1 - b 2 + b 2 b 3 , 

by ( 6 . 4 8 ) t o ( 6 . 5 0 ) . • M u l t i p l y i n g t o g e t h e r t h e s e t h r e e 

e q u a t i o n s we o b t a i n 

X 3/m 2m 2m 2 = " [ ^ b 2 ] + 3 0 ^ ] - 3 0 ^ + 6, 

u s i n g ( 6 . 1 4 ) . B ut by ( 6 . 3 8 ) , ( 6 . 3 9 ) , and ( 6 . 4 2 ) , t h e r i g h t -

hand s i d e o f t h i s e q u a t i o n i s e q u a l t o p. + 5X + 9, o r by 

( 6 . 4 5 ) t o F. • Hence 
v 3 2 2 2 -3,4, w , 4 , 19 ̂  3,6, w , 6 , 1 <?> X = m 1m 2m 3y f ( y ) / f (y ) = y f ( y ) / f (y ) 

u s i n g ( 6 . 4 7 ) , and ( 6 . 5 2 ) f o l l o w s , s i n c e X and f ( y ) a r e r e a l f o 

r e a l y. Next we show t h a t 

( 6 . 5 3 ) y " 2 f ( y ) ( m 1 + m 2 + m 3 ) / f ( y 1 9 ) = - \ - 5 . 

I t w o u l d be p o s s i b l e t o p r o v e t h i s r e l a t i o n by a method s i m i l a 

t o t h a t used f o r ( 6 . 5 2 ) , however t h e f o l l o w i n g p r o o f i s s i m p l e 

U s i n g ( 6 . 4 7 ) we w r i t e ( 6 . 5 2 ) i n t h e f o r m 

• l / m 1 + l / m 2 + l / m 3 = - y " 2 f ( y ) / f ( y 1 9 ) . 

Then, i n v i e w of t h i s r e l a t i o n , t h e l e f t - h a n d s i d e o f ( 6 . 5 3 ) i 

e q u a l t o 



-(m 1+m 2 + m3-) (-1/m^ + l/m + l / m 3 ) , 

= - (m1/m2+»n2/m3 + n , 3 / m l ) = ( m i / m 3 + m 2 / / m l + m 3 / m 2 ^ ~ 3 ' 
- [ b 1 J - [ b 1 b 2 ] - 3 

by ( 6 . 4 8 ) t o ( 6 . 5 0 ) , and hence i s e q u a l t o -X-5 by ( 6 . 3 8 ) and 

( 6 . 3 9 ) ; t h u s ( 6 . 5 3 ) i s p r o v e d . • Now, i f we w r i t e 

( 6 . 5 4 ) • b = y " 2 f (y ) ( m 1 + m 2 + m 3-)/f ( y 1 - 9 ) , 

t h e n i n s t e a d o f X and \i we may t a k e 6 and F, as new v a r i a b l e s , 

i n v i e w o f ( 6 . 4 5 ) and (6.53). I n f a c t f r o m t h e s e two r e l a t i o n s 

we have 

( 6 . 5 5 ) • X = -6 - 5, 

( 6 . 5 6 ) \i' => F + 56 + 16. 

• S u b s t i t u t i n g f o r X and p. f r o m ( 6 . 5 5 ) and ( 6 . 5 6 ) i n ( 6 . 4 4 ) 

we o b t a i n t h e f o l l o w i n g r e l a t i o n b e t w e e n 6 and F: 

( 6 . 5 7 ) • 6 3 =• F(F + 86 + 19) . 

A l s o , s u b s t i t u t i n g f o r \ and \i i n ( 6 . 4 6 ) we o b t a i n 
19 5x 

y f ( y • - )F $ ( 4 ) as a p o l y n o m i a l i n 6 and F. F u r t h e r s i n c e 

( 6 . 5 7 ) i s a c u b i c i n 6 , t h i s p o l y n o m i a l i s e q u a l t o a n o t h e r 

p o l y n o m i a l i n 6 and F o f d e g r e e 2 i n 6 ; i n f a c t we have 

y f ( y 1 9 ) F 5 J ( 4 ) = 6 2 ( 6 5 . 1 9 F 3 + 1137. 1 9 3 F 2 + 3 6 3 . 19^F + 7.19 7') + 

( 6 . 5 8 ) • + 6 ( 5 F 4 + 2 5 0 4 . 1 9 2 F 3 + 3 0 1 6 . 1 9 4 F 2 + 2 3 2 . 1 9 ^ F + 1 9 8 ) + 

+ ( 2 2 7 6 . 1 9 F 4 + 5431 . 1 9 3 F 3 + 7 1 7 . l 9 5 F 2 + 24.19'F+19 8). 

• M a k i n g a s l i g h t change i n n o t a t i o n f o r c o n v e n i e n c e , we 

now r e - s t a t e ( 6 .47 ) , ( 6 . 5 2 ) , - ( 6.51 ),- ( 6 . 5 4 ) , - ( 6 . 5 8 ) , and ( b . 5 7 ) , 

i n o r d e r , as f o l l o w s . 
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THEOREM 6.1 I f we w r i t e 

M 1 = y 2 f 3 ( y 1 9 ) P ( i ) P ( 7 ) P ( 8 ) / f 3 ( y ) , M 2 = - y 3 f 3 ( y 1 9 ) P ( 2 ) P ( 3 ) P ( 5 ) / f 3 ( y ) , 

M 3 = y f 3 ( y 1 9 ) P ( 4 ) P ( 6 ) P ( 9 ) / f 3 ( y ) , 

t h e n we have 

M 1M 2M 3 = -1/F2, 
M M2+M2M̂ +M3M1 - 1/F, 
M 1M 2+M 2M 2+M 3M 2 = -2/F2, 

where F = y 3 f 4 ( y ) / f 4 ( y ' 1 ^ ) ; and i f we f u r t h e r w r i t e 

1 2 3 
t h e n we have 

y f ( y 1 9 > $ ( 4 ) = e 2 ( 6 5 . 1 9 + 1 1 3 7 . 1 9 3 / F + 3 6 3 . 1 9 5 / F 2 + 7 . 1 9 V F 3 ) + 

+e(5+2504.l9 2/F+3016.19 4/F 2+23 2.19 6/F 3+19^/F^)+ 
+ ( 2 2 7 6 . 19/F + 5431 . 1 9 3/F 2 + 7 1 7 . 1 9 5/F 3+24 . 1 97/F4+1 9 8 - / F 5 ) , 

w h e r e , f r o m t h e l a s t f o u r e q u a t i o n s b u t one, t h e r e i s t h e 

f o l l o w i n g r e l a t i o n b e t w e e n e and F 

e 3 = (8e + 1)/F + 19/F2. 
We c o n c l u d e t h i s P a r t by o b s e r v i n g t h a t i n t h e l a s t 

e q u a t i o n b u t one t h e o n l y t e r m on t h e r i g h t - h a n d s i d e w i t h o u t 

a f a c t o r 19 i s 5e, so t h a t , i n v i e w o f t h e d e f i n i t i o n s o f e 

and t o M 3, we have t h e f o l l o w i n g s i m p l e c o n g r u e n c e , modulo 19, 

( 6 . 5 9 ) | ( - 4 ) = 5 f ( y l 9 ) f 1°(y ) [ P ( 4 ) P ( 6 ) P ( 9 ) + y P ( 1 ) P ( 7 ) P ( 8 )-y 2P ( 2 ) P ( 3 ) P ( 5 ) } , 

s i n c e f 1 9 ( y ) = f ( y 1 9 ) (mod. 19) . 
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PART 4 

q = 11 t h r o u g h o u t t h i s P a r t 

The n o t a t i o n i s t h a t o f ( A H ) . 

7 . The f o l l o w i n g r e l a t i o n s , n o t g i v e n i n ( A H ) , a r e needed. 

They a r e o f a t y p e w h i c h has no a n a l o g u e i n t h e cases 

q = 5, 7, and 13. 

( 7 . 1 ) [ r t ] = y f 8 ( y ) / f * ( y l x ) , . 

( 7 . 2 ) y - * f 3 ( y ) [ r s u ] / f 3 ( y 1 1 ) = X + 13, 

( 7 . 3 ) y " 3 f 5 ( y ) [ r ] / f 5 ( y 1 1 ) = -p. + 6X + 16, 

( 7 . 4 ) y " 7 f 8 ( y ) [ r s t u ] / f 8 ( y ^ ) = -X a - 1 1 ^ + 40X + 7. 

We p r o v e ( 7 . 1 ) as f o l l o w s . D e n o t i n g t h e l e f t - h a n d 

s i d e o f t h e e q u a t i o n by X we h a v e , u s i n g t h e d e f i n i t i o n s of 

a, p , y, 6, and s, 

X / r t = 6eap + 6ep + 6 0 + 6 + 1 , 

t o g e t h e r w i t h t h e o t h e r f o u r e q u a t i o n s o b t a i n e d on i n t e r ­

c h a n g i n g r , s, t , u, v, and a, p, y, 6, e, c y c l i c a l l y . 

M u l t i p l y i n g t o g e t h e r t h e s e f i v e e q u a t i o n s we see t h a t 

X 5 / ( r s t u v ) 8 , i . e . y - 1 0 f B ( y ) X 5 / f 3 ( y 1 1 ) , i s e q u a l t o a c y c l i c a l l y 

s y m m e t r i c p o l y n o m i a l i n a, p, y.» 6, and e, w i t h i n t e g r a l 

We may n o t e t h a t i n v i e w o f t h e r e l a t i o n ( 7 . 1 ) t h e f a c t o r 
D i n t h e e x p r e s s i o n s f o r t h e ( d ) f o r q = 11 i s e q u a l t o 
y-lf3(yl»)/f»(y). 



-79-

c o e f f i c i e n t s , i . e . t o a l i n e a r c o m b i n a t i o n o f t e r m s 

[ c / p m y" 6 P each o f w h i c h i s e q u a l t o an e x p r e s s i o n o f 

t h e f o r m ( ^ ( X ) + ^ Q 8 ( X ) by ( A H ) , Lemma 9. U s i n g t h e method 

employed i n (AH) t o f i n d t h e r e l a t i o n s ( 1 1 . 7 ) , ( 1 1 . 8 ) , and 

( 1 1 . 9 ) , t h a t o f c o m p a r i n g c o e f f i c i e n t s o f powers o f y i n 

power s e r i e s e x p a n s i o n s , we o b t a i n 

y - l 0 f a ( y ) X 5 / f 8 ( y 1 1 ) = Xn " 17X a - 108^ + 346X - 1 3 1 . 

But t h e r i g h t - h a n d s i d e o f t h i s e q u a t i o n i s t h e same as t h e 

r i g h t - h a n d s i d e o f ( A H ) , e q u a t i o n ( 1 1 . 7 ) . Thus, t a k i n g 

f i f t h r o o t s , ( 7 . 1 ) f o l l o w s , s i n c e X and f ( y ) a r e r e a l f o r 

r e a l y . 

( 7 . 2 ) , ( 7 . 3 ) , and ( 7 . 4 ) , may be p r o v e d i n a manner 

s i m i l a r t o t h a t used f o r ( 7 . 1 ) , and we o m i t t h e d e t a i l s , 

a l t h o u g h i t s h o u l d be p o i n t e d o u t t h a t we now need ( A H ) , 

e q u a t i o n ( 8 . 1 3 ) as w e l l as ( A H ) , e q u a t i o n ( 1 1 . 7 ) . 

From ( 7 . 2 ) , ( 7 . 3 ) , and ( 7 . 4 ) , t o g e t h e r w i t h ( A H ) , 

e q u a t i o n ( 1 1 . 9 ) , we have t h e f o l l o w i n g r e s u l t : 

( 7 . 5 ) $ ( 6 ) = - 1 1 y - 3 f a ( y l l ) [ r s t u ] / f * ( y ) + 2 . 1 1 a y f b ( y 1 1 ) [ r ] / f 

- 1 1 3 f 8 ( y l l ) L r s u ] / f 9 ( y ) + 1 1 * y 4 f ^ ( y 1 1 ) / f l s ( y ) • 

We now g i v e c o n j e c t u r a l e x p r e s s i o n s f o r t h e o t h e r t e n $ ( s ) as 

f o 1 l o w s . We w r i t e 
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0 ( 4 ) 

0(0) y " l P ( 4 ) 4 ( 0 ) / P ( 2 ) , 

P ( 3 ) * ( 4 ) / P ( 4 ) , 

0(5) 

0(2) 

y ~ l P ( 5 ) # ( 5 ) / P ( l ) 

P ( 1 ) * ( 2 ) / P ( 2 ) , 

0(9) - P ( 5 ) * ( 9 ) / P ( 3 ) , 0(1) - P ( 2 ) * ( 1 ) / P ( 4 ) , 

0(7) = - y P ( D * ( 7 ) / P ( 5 ) , 

0 ( 1 0 ) = - P(2)»(10)/P(1), 

0(8) - P ( 4 ) * ( 8 ) / P ( 3 ) , 

0(3) P ( 3 ) * ( 3 ) / P ( 5 ) . 

Then 

THEOREM 7.1 We have 

0(0) = (tv)y-»f(y»»)/f 8(y) + 

+ ( - 5 r s t u - 5 3 s t u v + 4 1 t u v r - u v r s + 2 9 v r s t ) y _ a f 3 ( y 1 1 ) / f * ( y ) + 

+ 1 1 ( - 4 5 r + 6 s + 6 3 t - 4 8 u + 2 v ) y f 6 ( y 1 1 ) / f 7 ( y ) + 

+ 1 1 8 ( - 6 r s u - 3 2 s t v + 2 0 t u r 4 - 4 u v s + 2 5 v r t ) f 8 ( y 1 1 ) / f 9 ( y ) + 

+ 1 1 a ( - r / s - 3 s / t t 2 t / u - 5 u / v - 4 v / r ) y * f l l ( y l x ) / f 1 8 ( y ) , 

0(5) = ( 7 t v ) y - a f ( y * M / f 8 ( y ) + 

+ ( - 2 r s t u - 2 1 7 s t u v - 1 0 t u v r + 1 5 u v r s - 6 v r s t ) y " 3 f 3 ( y l l ) / f 4 ( y ) + 

+ 1 1 ( - 9 r - 1 2 s + 1 7 1 t + 3 0 u - 1 5 v ) y f 6 ( y l 1 ) / f 7 ( y ) + 

+ 1 1 9 ( 6 r s u - 6 7 s t v - 2 0 t u r + 1 8 u v s + 1 9 v r t ) f 8 ( y 1 1 ) / f 9 ( y ) + 

+ 1 1 s ( 6 r / s + 7 s / t + 1 0 t / u + 8 u / v + 2 v / r ) y 4 f 1 1 ( y l l ) / f 1 8 ( y ) . 

I t i s o f i n t e r e s t t o n o t e t h a t ( 7 . 5 ) i s e s s e n t i a l l y t h e 

" r i g h t " f o r m f o r 4 ( 6 ) , b e i n g e q u i v a l e n t t o t h e e q u a t i o n 

y f ( y l l ) * ( 6 ) = 1 1 g B + 2 . 1 1 a g a + 1 1 3 g 4 + ' 1 1 * 9 5 

g i v e n by A t k i n [ 1 ] i n h i s p r o o f o f t h e Ramanujan c o n g r u e n c e 

f o r 1 1 B . 
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and t h e s e e q u a t i o n s s t i l l h o l d i f 0 ( 0 ) , 0 ( 4 ) , 0 ( 9 ) , 0 ( 7 ) , 

and 0 ( 1 0 ) , or 0 ( 5 ) , 0 ( 2 ) , 0 ( 1 ) , 0 ( 8 ) , and 0 ( 3 ) , a r e i n t e r c h a n g e d 

c y c l i c a l l y , so l o n g as r , s, t , u, and v, a r e a l s o i n t e r c h a n g e d 

c y c l i c a l l y . 

We hope t o p r o v e t h e above t h e o r e m a t a l a t e r d a t e . The 

f o l l o w i n g c o n s i d e r a t i o n s p u t i t s v a l i d i t y beyond any r e a s o n a b l e 

d o u b t . 

F i r s t l y t h e d e f i n i t i o n s o f t h e 0 ( s ) and t h e g e n e r a l f o r m 

o f t h e t h e o r e m a r e a n a l o g o u s f o r q = 11 t o t h e case o f q = 13 

(§.2). S e c o n d l y , n o t i n g ( 7 . i ) and t h e f o l l o w i n g r e l a t i o n 

r / s + s / t + t / u + u/v + v / r = 1 

w h i c h i s g i v e n i n (AH) ( p a g e 186) as [ a ] = 1 , We p o i n t o u t 

t h e c o r r e s p o n d e n c e b e t w e e n t h e e x p r e s s i o n s f o r t h e 0 ( s ) 

g i v e n i n t h e t h e o r e m and t h e e x p r e s s i o n f o r $ ( 6 ) g i v e n by 

( 7 . 5 ) . 

L a s t l y , i n f i n d i n g t h e t h e o r e m , we assumed t h a t t h e 

0 ( s ) c o u l d be e x p r e s s e d i n such a f o r m , and t h e n f o u n d and 

c h e c k e d t h e v a l u e s o f t h e c o e f f i c i e n t s i n v o l v e d by c o m p a r i n g 

c o e f f i c i e n t s o f powers o f y i n power s e r i e s e x p a n s i o n s , i n a 

manner s i m i l a r t o t h a t used f o r q = 13. I n f a c t we made f i v e 

d i s t i n c t c h e c k s i n t h e case o f each of o u r two s e t s o f 

c o e f f i c i e n t s . The powers o f 11 w h i c h a p p e a r i n t h e c o e f f i c i e n t s 

s e r v e as an a d d i t i o n a l c h e c k . 
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PART 5 

8. The f o l l o w i n g t h e o r e m i s p r o v e d i n [4-] (Theorem 

12, page s 95 and 96) : 

THEOREM 8.1 Suppose t h a t g and h are s i m p l e a u t o m o r p h i c 

f u n c t i o n s on a g r o u p G, such t h a t g has p r e c i s e l y a p o l e s i n 

t h e f u n d a m e n t a l r e g i o n o f G and h has p r e c i s e l y p p o l e s i n t h e 

f u n d a m e n t a l r e g i o n o f G. Then t h e r e i s a p o l y n o m i a l i n u and 

v, P ( u , v ) , such t h a t P ( g , h ) = 0 and d e g u P = p, d e g y P = a. 

I n o u r a p p l i c a t i o n o f t h i s t h e o r e m , q i s p r i m e and 

G = r Q(q 8)» where t h e s u b g r o u p r o ( n ) ( n a n o n - z e r o i n t e g e r ) o f 

t h e m o d u l a r g r o u p i s d e f i n e d as t h e g r o u p o f t r a n s f o r m a t i o n s 

7' = rl 1 a» b > c » d i n t e g r a l , ad - be = 1, c = 0 (mod. n 

A l s o we choose 

9 = g ( l ) = [ T i t q l V r i d ) } 1 » h = h ( j ) = T|( q aT )/Tl(T ) , 

where 7 ] ( j ) , t h e D e d e k i n d m o d u l a r f o r m , i s d e f i n e d by 

T | ( T ) = e x p ( n i j / l 2 ) . f ( x ) , x = e x p ( 2 n i j ) , i m j > 0, 

and s = s(q) i s t h e l e a s t p o s i t i v e even i n t e g e r such t h a t 

6 = s(q - l ) / 2 4 

i s i n t e g r a l . C l e a r l y 

g = x 6 f«(y)/f«(x)» h = x * f (y< ) / f ( x ) , 

whe re 

A = (q« - 1 ) / 2 4 
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[ and i s i n t e g r a l s i n c e (q, 6) = 1 j . Now, i t i s shown by Newman 
i n [ 9 ] ( g and h a r e p r e c i s e l y as i n t h i s p a p e r ) t h a t g i s an 
e n t i r e m o d u l a r f u n c t i o n * on r o ( q ) [ a n d so on r Q ( q 8 ) j » h i s an 
e n t i r e m o d u l a r f u n c t i o n on r o ( q a ) . F u r t h e r m o r e ( s e e [ 9 ] ) g 
has a p o l e o f o r d e r 6 ( i n t h e u n i f o r m i s i n g v a r i a b l e 
z q = e x p ( - 2 T T i / q j ) j a t t h e p a r a b o l i c v e r t e x j = 0 and i s r e g u l a r 
e l s e w h e r e t h r o u g h o u t t h e f u n d a m e n t a l r e g i o n o f r Q ( q ) > h has a 
p o l e o f o r d e r a a t J = 0 and i s r e g u l a r e l s e w h e r e t h r o u g h o u t t h e 
f u n d a m e n t a l r e g i o n o f r o ( q 8 ) . S i n c e r Q ( q 8 ) i s o f i n d e x q i n 
r 0 ( q ) , i t f o l l o w s t h a t g has p r e c i s e l y qfi p o l e s i n t h e f u n d a m e n t a l 
r e g i o n o f r Q ( q a ) . Thus by Theorem 8.1 t h e r e i s a p o l y n o m i a l i n 
u and v, P ( u , v ) , such t h a t P ( g , h ) ' = 0, d e g u P = d e g v P = q6-^ 

From t h i s p o i n t onwards q has t h e v a l u e 13. Then s = 2, 

6 = 1» A = 7» and we have shown t h a t t h e r e i s a r e l a t i o n 

7 > 13 
( 8 . 1 ) £ c U , m ) g * h m = 0, 

H-o m=o 

w i t h c o e f f i c i e n t s c(£, m), n o t a l l z e r o . R e p l a c i n g g and h by 

t h e v a r i a b l e s 

A = A ( j ) = g/ha = [ T| ( 1 3 j )/T| ( 1 6 9 j ) j 8 = y " i f 8 (y ) / f » (y is ) , 
b = b ( j ) - 1/h = Tl(iT')/T|( 1 6 9 j ) ^ x " 7 f ( x ) / f (y i« ) 

* The t e r m " e n t i r e m o d u l a r f u n c t i o n " i s n o t used i n [ 9 ] ; i t i s 

d e f i n e d by Newman i n [10] (page 3 5 2 ) . 

t T h i s r e s u l t was c ommun ice a t e d t o us, w i t h t h e p r o o f , by Dr. Newman. 
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f o r c o n v e n i e n c e , we have g = A/b a , h = l / b , and ( 8 . 1 ) becomes 

( 8 . 2 ) I 1J? c ( i , m ) A ^ b ' 2 i ~ m = 0. 4=0 m=o 
We now examine ( f o r a r e a s o n w h i c h w i l l a p p e a r s h o r t l y ) 

t h e e f f e c t o f t h e t r a n s f o r m a t i o n j -. -1/169J on e q u a t i o n ( 8 . 2 ) . 

As a s p e c i a l case o f t h e t r a n s f o r m a t i o n f o r m u l a ( 1 . 4 ) o f [ 9 ] 

we have 

T|(- 1/T) = ( - I T ) * T|(T). 

Whence 

A ( - 1 / 1 6 9 J ) = [ T l ( - 1 / 1 3 T ) / T l ( - 1 / T ) j 8 = 1 3{.jj( 1 3 T )/T| ( j ) j a = 1 3A/b» , 

b ( - l / l 6 9 j ) = T|(-1/169T|)/T|(-1/T) = 1 3 T| ( 1 6 9 j )/T) (T ) = 13/b, 

and so, r e p l a c i n g J by - l / l 6 9 j i n ( 8 . 2 ) , we o b t a i n 

( 8 . 3 ) £ £ 1 3 " A " B c(£,m)A £b B = 0.* 
l=o m=o 

F u r t h e r m o r e , t h i s r e l a t i o n must be i r r e d u c i b l e . We p r o v e 

t h i s i n an e l e m e n t a r y manner as f o l l o w s . C o n s i d e r t h e more 

g e n e r a l r e s u l t 

( 8 . 4 ) \ z d U . m ) A A b B = 0, 
&=o m=o 

as a r e l a t i o n i n x. We o b s e r v e t h a t A^b" b e g i n s x 1 3 ^ 7 B + ... 

and d e n o t e by - t t h e o v e r a l l l o w e s t power o f x i n t h e e x p a n s i o n s 

o f t h o s e t e r m s d(&, m)A^b B w h i c h a c t u a l l y o c c u r , i . e . f o r w h i c h 

d(£, m) / 0. Then, s i n c e t h e l e f t - h a n d s i d e o f ( 8 . 4 ) i s 

* We may n o t e t h a t A ( j ) = 1 3 g ( - l / l 6 9 j ) and b ( j ) = 1 3 h ( - 1 / 1 6 9 j ) . 
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i d e n t i c a l l y z e r o , x"*1 must be t h e i n i t i a l power o f x i n t h e 

e x p a n s i o n s o f a t l e a s t two such t e r m s . I n o t h e r words t h e r e 

e x i s t d i s t i n c t i n t e g e r p a i r s ( l x , mx ) and (j£a , mfl) such t h a t 

t = \3ix + 7mj = 1 3 i B + 7m a , d ( ix , m ̂  ) , d ( ia , mB ) / 0, 
(8.5) 

0 s £ i s \ , 0 s J e , a s X , 0 s m 1 s : j i » 0 s n i B s n . 

Now ix / ig ( o t h e r w i s e mx = mg a l s o ) k so t h a t w i t h o u t l o s s o f 

g e n e r a l i t y we may t a k e ix > £ a(s 0 ) ( g i v i n g 0 <, mx < m8 ) . But 

f r o m ( 8 . 5 ) £ 1 = ia (mod. 7 ) . Hence ix a 7. S i m i l a r l y ma a 13. 

Thus, s i n c e d(ix, m 1 ) , d ( j , a , m 8) ^ 0, t h e d e g r e e s i n A and b 

o f any r e l a t i o n o f t h e f o r m ( 8 . 4 ) must be a t l e a s t 7 and a t l e a s t 

13 r e s p e c t i v e l y . I t f o l l o w s t h a t ( 8 . 3 ) i s i r r e d u c i b l e , o f 

d e g r e e s 7 and 13 i n A and b. F u r t h e r , t a k i n g X = 7, \i = 13, so 

t h a t & s 7, m8 s 13, and r e m e m b e r i n g t h a t , w h a t e v e r t h e v a l u e s 

o f X. and \i, ix a 7, m9 a 13, we see t h a t i n t h e case o f ( 8 . 3 ) 

tx = 7 and ma • = 13} s i n c e ix > ig 2 0 and ix s ig (mod. 7 ) , 

t h i s means t h a t £ a = 0, and s i m i l a r l y mx = 0, so t h a t t = 9 1 . 

Thus 

c ( 7 , 0 ) , c ( 0 , 13) £ 0 

and c ( i , m) = 0 i f 13A + 7m > 9 1 , i.e. m > 13 - 13^/7, i . e . i f 

m > 13 - 2A(0 S i < 7 ) , m > 0 ( i = 7) . 

I t f o l l o w s t h a t we may r e w r i t e ( 8 . 2 ) and ( 8 . 3 ) r e s p e c t i v e l y 

a s 
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( 8 . 6 ) c ( 7 , 0 ) A 7 b " i * + £ 1 3 £ 2 X c U , m ) A £ b " 2 A ~ m = 0, 
l=o m=o 

( 8 . 7 ) 1 3 _ 7 c ( 7 , 0 ) A 7 + £ 1 3 £ 2 i 13"' f c" m c U , mjA^b" 1 = 0. 

i,= o m=o 

M u l t i p l y i n g ( 8 . 6 ) by I 3 ~ 7 b i * and w r i t i n g m-'for 14-24 - m i n 

t h e summation we o b t a i n 
6 14-24 „ m 

( 8 . 8 ) 1 3 _ 7 c ( 7 , 0 ) A 7 + £ £ 13"»c(x,14 - 21 - m ) A * b m = 0. 

i=o m=1 

Now i n each o f e q u a t i o n s ( 8 . 7 ) and ( 8 . 8 ) t h e h i g h e s t power 

o f A o c c u r r i n g i s 7 [ s i n c e c ( 7 , 0 ) ^ Oj and A 7 i s p r e s e n t i n 

and o n l y i n t h e i n i t i a l t e r m . A l s o , t h e s e i n i t i a l * t e r m s a r e t h e 

same and ( 8 . 7 ) i s i r r e d u c i b l e . I t f o l l o w s , s i n c e t h e r e can be 

o n l y one i r r e d u c i b l e r e l a t i o n b e t w e e n A and b, t h a t t h e l e f t -

hand s i d e s o f t h e e q u a t i o n s must be i d e n t i c a l . Hence, e q u a t i n g 
0 m 

c o e f f i c i e n t s o f A*b , we have 

c U , 14 - 24 - m) = ^31~i~m c(x, m), 

and t h e o v e r l a p p i n g o f t h e m-summation r a n g e s means t h a t e i t h e r 

s i d e o f t h i s e q u a t i o n must be z e r o whenever m = 0, so t h a t i n 

( 8 . 7 ) ( o r ( 8 . 8 ) j we may t a k e 1 s m s 13 - 21. Thus, t a k i n g 

c ( 0 , 7) = - 1 3 7 ( w i t h o u t l o s s o f g e n e r a l i t y ) and w r i t i n g d(x,m) 

f o r 13 * m c ( i , m) i n ( 8 . 7 ) , we a r r i v e a t t h e f o l l o w i n g . 
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THEOREM 8.2 L e t 

A = y i fa ( y ) / f s ( y i a ) , b = x " ' f ( x ) / f ( y » ) . 

Then t h e r e i s an i r r e d u c i b l e p o l y n o m i a l r e l a t i o n 

6 
A 7 = £ 

13-21 
E 

m=1 
d ( i , m)A*b 

w i t h i n t e g r a l c o e f f i c i e n t s d ( i , , m) w h i c h s a t i s f y 

d ( i , 14 - 2X - m) = 13 i+m-7 d ( A , m). 

The l a s t e q u a t i o n o f c o u r s e f o l l o w s f r o m t h e c o r r e s p o n d i n g 

r e s u l t f o r t h e c(x, m). The word " i n t e g r a l " i s v a l i d as f o l l o w s . 

We have seen t h a t , i n t h e p o l y n o m i a l r e l a t i o n o f Theorem 8.2, i f 
o m 

two o r more o f t h e q u a n t i t i e s A b have t h e same i n i t i a l power 

o f x, t h e n t h i s power must be - 9 1 , and t h a t x - 9 * i s t h e i n i t i a l 

power o f x i n p r e c i s e l y two o f t h e s e q u a n t i t i e s one o f w h i c h i s 

A 7. I n o t h e r w o r d s i n t h e r i g h t - h a n d s i d e no two A*b have t h e 

same i n i t i a l power o f x. Thus t h e d{i, m), d e t e r m i n e d by 

e q u a t i n g t h e c o e f f i c i e n t s o f powers o f x i n t h e e x p a n s i o n s o f 

each s i d e , a p p e a r s t r i c t l y s e r i a t i m . S i n c e i n t h e e x p a n s i o n o f 
o An 

any A b , i n c l u d i n g A 7, t h e c o e f f i c i e n t o f t h e i n i t i a l power o f 

x i s u n i t y and t h a t o f any o t h e r power o f x i n t e g r a l , i t f o l l o w s 

t h a t e v e r y d ( j & , m) must be i n t e g r a l . 

I n o b t a i n i n g t h e v a l u e s o f t h e d(£, m) o n l y t h e 28 v a l u e s 

such t h a t & + m a 7 need t o be c a l c u l a t e d } t h e r e m a i n d e r can 
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t h e n be w r i t t e n down. These 28 v a l u e s may be o b t a i n e d by 

c o m p a r i n g t h e c o e f f i c i e n t s o f x ~ 9 i , x ~ e o , ... as f a r as x~*°; 

9 o f t h e s e 43 powers ( v i z . -78, - 7 1 , -65, -64, -58, -57, -52, - 5 1 , 

-50) are n o t e x p r e s s i b l e i n t h e f o r m - 1 3 ^ - 7m ( 0 s £ s 6, 

1 s m s 13 - 2i), so t h a t no new d(£, m) i s o b t a i n e d , and 

6 ( v i z . - 7 2 , -66, -60, -59, -54, -53) g i v e , s u p e r f l u o u s l y , 

d ( j f c , m) such t h a t j> + m < 7. 

We f i n d t h a t 

A' = Aa ( 1 1 . 13b) + 

+ A5 ( 36. 13b 3 -204. 13b»+36. 13»b) + 

+ A* ( 3 8 . 1 3 bB-346. 13b* + 126. 1 3 a b 3 -346. 1 3 a b a + 3 8 . 1 3 3 b ) + 

+ A 3 ( 2 0 . 13b?-222. I 3 b a + 102. 1 3 a b B - 4 2 2 . 13 ab* + l 0 2 . 1 3 3 b 3 -

( 8.9) - 2 2 2 . 1 3 3 b a + 20.13*b) + 

+ As ( 6. 13b" -7 4. 13b 8 +38. 1 3= b» -184. 1 3 a b 8 + 5 6 . 1 3 3 b B -184. 1 3 3 b* + 

+ 38. 13* b 3 - 7 4 . 13* b a + 6. 1 3 8 b ) + 

+ A( 1 3 b i i - 1 3»b i o + 7. 1 3 a b 9 -37. 1 3 a b e +1 3* b? -5 1 . 1 3 3 b6. +1 3 B b B -

-37. 13* b*+7. 1 3 B b 3 - 1 3 6 b a + l 3 s b ) + 

+ ( b i 3 - 1 3 b i a + 7 . 1 3 b n - 3 . 1 3 a b 1 0 + 1 5 . 1 3 a b 9 - 5 . I 3 3 b a + 19. 1 3 s b^-

-5. 13* b a + 15. 13*bB-3. 1 3 B b * + 7 . 1 3« b 3 - 1 3* b a + 1 3 6 b ) 

I t t u r n s o u t t h e n t h a t t h e d{i, m) are a l l n o n - z e r o and 

t h a t t h e y c o n t a i n powers o f 13 w h i c h c o u l d n o t have been a n t i c i p a t e d 

f r o m Theorem 8.2. 
CI 

* I n a c t u a l f a c t we examined t h e c o e f f i c i e n t s o f s u f f i c e n t o f 
x - 9 1 , x " 9 o, . . , , x - * 9 , and o f x ~ * e , t o e n a b l e us t o f i n d each o f 
and t o make 12 i n d e p e n d e n t c h e c k s on t h e 28 v a l u e s . 
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We o b s e r v e , f i n a l l y , t h a t w h i l e t h e above r e s u l t i s new, 

t h e r e l a t i o n b etween A and b 8 o b t a i n a b l e by " s q u a r i n g " ( 8 . 9 ) 

i s g i v e n , i n e f f e c t , by L e h n e r i n [ 8 ] ( p a g e s 376 and 3 7 9 ) . 
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THE COMPUTER PROGRAMME (SEE PAGE lb) 

The programme was w r i t t e n t o d i v i d e t h e f i r s t o f t h e 

f o l l o w i n g two power s e r i e s by t h e second 

u
0
 + u i x + u s x 8 + ••• + u n x " + •••» 

1 + V j X + v 3 x 8 + ... + v n x a + 

b o t h s e t s o f c o e f f i c i e n t s b e i n g i n t e g r a l . D e n o t i n g t h e 

q u o t i e n t power s e r i e s by 

w
0 + w i x + w a x 8 + ••• + w

n
x ° + •••» 

we have, e q u a t i n g c o e f f i c i e n t s o f powers o f x i n t h e f i r s t o f 

t h e s e s e r i e s w i t h t h o s e i n t h e p r o d u c t o f t h e second and 

t h i r d , and t r a n s p o s i n g , 

w = u , 

o o 
w i = u i - ( v i w

0 ) > 

w s = u a - w, + v s w ) , 

W n = U B - ( v x + V A W n _ g + . . . + V„ W Q ) , 

Thus W q , W j , w a, w n, ... a r e i n t e g r a l and may be 

s u c c e s s i v e l y f o u n d by means o f t h e s e r e l a t i o n s . 

We o m i t t h e a c t u a l programme s i n c e i t s n o t a t i o n i s 

p e c u l i a r t o "Pegasus" and c o n t e n t o u r s e l v e s w i t h t h e f o l l o w i n g 

o b s e r v a t i o n s . The c a l c u l a t i o n o f t h e wB i s b a s i c a l l y a s i m p l e 

p r o c e s s and i n d e e d t h e o n l y s u b - r o u t i n e s used were a " r e a d " 
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and a " p r i n t " r o u t i n e . As each wn i f f o u n d i t i s b o t h 

s t o r e d and p r i n t e d ; t h e p r o c e s s t e r m i n a t e s a t some p r e ­

d e t e r m i n e d v a l u e o f n ( 1 4 2 i n o u r c a s e ) , w h i c h number f o r m s 

p a r t o f t h e d a t a . The c o m p u t e r was s e t t o s t o p i m m e d i a t e l y 

i f " o v e r f l o w " o c c u r r e d a t any s t a g e , b u t i n f a c t t h i s d i d 

n o t happen. The t o t a l c o m p u t e r - t i m e t a k e n f o r t h e s i x 

d i v i s i o n s was w e l l under an h o u r . 
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The pages o f d e f i n i t i o n a r e i n d i c a t e d . 

f ( z ) i 

[ ] i 

< > i i 

P a r t 1 ( g = 13) 

a , p, Y » a '» P ' i v ' 1 

a, b, c , a ' , b', c' 2 

A, B, C, K 3 

F 6 

0 ( s ) 7, 8 

l , m , n , l ' , m ' , n ' 14 

0'(s) 16, 17 

N , • N
b e 22 

R b c ( d ) 24, 25, 26 

U, V 29 

N ' 36 
b o 

36 
a 

t d 36 

T d 37, 38 

t b c ( d ) , T b o ( d ) 39 
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a s a, 47 
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F 50 

b l f b g , b, , b 4 50 

\, ji 52 

c , c 53 l ' a 

6 57 

mi» m a ' n x ' n a 5 8 

P a r t 3 (Q = 1 9 ) 

a 1 , a a , ... , a g 62 

al , a a , ..., a 9 63 

F 65 

b x , b a , b 3 , c 1 , c a , c a , d l t d 3 , d a 65 

X, ^ 70 

6 76 

P a r t 4 ( g = 1 1 ) 

0 ( s ) 80 

P a r t 5 

T ] ( T ) , g = g ( T ) , h = h ( T ) 82 

c ( 1 , m) 83 

A = A ( T ) , b = b ( T ) 83 

d ( 1 , m) 86 
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