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Abstract

A new class of models which does not require an additional operator
on the Boolean algebra of formulas to capture some notion of neces-
sity, possibility, and impossibility is introduced and investigated. These
models permit to combine efficiently logic and probability via a bridge
principle. In particular, a second intension to the mode of impossibil-
ity resolves, canonically, the problem of the existence of almost iden-
tical events, which are wusually considered equivalent. In fact, these ev-
ents reveal a critical aspect of wuncertainty; their systematic study in

relation to uncertainty modelling is the domain of formal agnoiology.
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Chapter 1

Introduction

1.1 Motivation

This study presents a tentative solution to the problem of combin-
ing efficiently logic and probability. The adverb ‘efficiently’ is to be
taken seriously. For logic and probability need mnot merely be com-
bined; they need to be combined in a way which is primarily sat-
isfactory to the probabilist, that is to say, the mathematician. For
if the logician, especially, the philosophical logician, is always keen
to combine logic and probability, few mathematicians venture into
the foundations of probability beyond those established by Kolmogo-
rov, the general consensus being that a revamping of those found-
ations 1is, to paraphrase Tarski, neither necessary nor desirable.
Accordingly, any viable attempt to combine logic and probabili-
ty must leave the axiomatic treatment of the calculus of proba-

bility formulated by Kolmogorov [16,17] unscathed; in particular, any
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viable attempt to combine logic and probability must be carried
out wusing the tools and methods of measure theory. Only if these
requirements are met will a mathematician be interested in further
investigations into the foundations of probability. Of course, if, in
passing, a problem relating to those foundations is resolved, or the
importance of a neglected chapter of the calculus of probability is

revealed, such investigations will be viewed more favourably.

Investigations into the foundations of probability essentially aim
at answering two questions: What are events? What are probabilities?
Following Kolmogorov [17], events form a field of sets with respect
to the set-theoretic operations of wunion, intersection, and complemen-
tation. A probability is a normed measure on a field of sets. In
all empirical cases, probabilities can be considered finitely additive.
For mathematical reasons, however, it is more convenient to assume
that probabilities are countably additive. This can always be achiev-
ed via Kolmogorov’s axiom of continuity so that, by the extension
theorem, the study of events and probabilities can be reduced to

that of countably additive, normed measures on o-fields of sets.

This set-theoretic approach has become standard. A second model,
closer to the empirical origins of the subject, 1is, however, possible.
Hence, following Kolmogorov [16], alternatively, events form a Boo-
lean algebra with respect to the lattice operations of join, meet,
and complementation. A probability is a normed measure on a Boo-

lean algebra of events. Probabilities are finitely additive and strict-
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ly positive in the sense that they vanish at the impossible event
only. The countable additivity of probability measures, finally, is a-
chieved via a metric extension so that the study of events and
probabilities can be reduced to that of countably additive, strict-

ly positive, normed measures on o-complete Boolean algebras.

The question arises whether the Boolean model is more suitable
than the set-theoretic one. In fact, since every Boolean algebra is,
by the Stone representation theorem, isomorphic to a field of sets,
the study of finitely additive probability measures on Boolean alge-
bras can be reduced to that of finitely additive probability mea-
sures on fields of sets. And since every o-complete Boolean algebra
is, by the Loomis—Sikorski theorem, isomorphic to the quotient of a
o-field of sets by a o-ideal, the study of countably additive prob-
ability measures on o-complete Boolean algebras can the reduced to
that of countably additive probability measures on o-fields of sets by
identifying the probability of every set with that of its equivalence
class of measurable sets. Hence, the two models are equivalent, and

a generalisation to o-complete Boolean algebras is not essential.

This is, of course, abstraction made of probability logic, whose
usual approach to directly ascribe probabilities to sentences reduces
to ascribe probabilities to elements of a Boolean algebra [8,27]. In
particular, ordinary Boolean algebras constitute the algebraic semantics
of classical sentential logic. It is mnot clear, however, whether ev-

ents truly abide by the rules of that logic. For if, intuitively, an
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event is something which can occur or not, that is to say, some-
thing which is possible, then events rather abide by the rules of
modal sentential logic, an argument supported by the fact that the

meet of two possible events need mnot be possible in general.

Modal sentential logic has a long tradition in mathematics and
philosophy. The current view, inherited from the work of Lewis [19]
and Godel [9] (the ‘Lewis-Godel paradigm’), consists in adding to
the language of classical sentential logic an operator O to capture
the meaning of the predicate is mnecessary and an operator < to
capture the meaning of the predicate 1is possible. Various axiomatic
systems based on Lewis’s insight and, later, that of other logicians,
are then postulated and investigated using different methods. It must
be emphasised that this paradigm has been tremendously successful
not only in philosophical logic but also in mathematics, with the
advent, for example, of the «class of Boolean algebras with opera-

tors for which purely mathematical results have been established.

Yet no serious attempts have been made by mathematicians to
develop the calculus of probability on, say, McKinsey and Tarski’s
closure algebras [22], which constitute the algebraic semantics of Le-
wis’s modal system S4, or Halmos’s monadic Boolean algebras [11],
which  constitute the algebraic semantics of Lewis’s modal system
S5. This is, of course, not surprising. For ordinary Boolean alge-
bras are more general and easier to handle than DBoolean algebras

with operators; moreover, it is unlikely that the specialist in, say,
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stochastic processes will ever abandon ordinary Boolean algebras for,
say, closure algebras. This suggests, a bit provocatively and, given
the inexperience of the author, a bit impertinently, that, if, indeed,
events truly abide by the rules of modal sentential logic whilst
forming an ordinary Boolean algebra, then, perhaps, a mistake has
been made and that a reconsideration of the foundations of modal

logic in light of the foundations of probability is in order.

The rest of the thesis consists in one section and two work-
ing chapters. The next section is an extended abstract of the the-
sis. Readable in less than one hour, this abstract presents, with
additional context the author found helpful during his own investi-
gations, the main ideas of the subsequent chapters. Chapter 2 and
Chapter 3 are concerned with the foundations of modal logic and
the foundations of probability, respectively. More precisely, Chapter 2
introduces a mnew class of models for modal sentential logic which
does not require an additional operator on the Boolean algebra of
formulas to capture some mnotion of necessity, possibility, and im-
possibility, whilst Chapter 3 shows how these models can be used
to combine efficiently logic and probability via a bridge principle. In
particular, the problem of the existence of almost identical events,
which have no probabilistic interpretation, is resolved canonically via
a second intension to the mode of impossibility; this in turn lays

the foundations of a field of research called formal agnoiology.

Note that Chapter 2 and Chapter 3 both contain a preliminary
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section where some results in algebra, topology, and measure theory
are stated with full proofs. All these results are corollaries of well-
known theorems, and no claim of originality in their proofs, which
all proceed from equally well-known and well-documented arguments, is
made. An effort, however, has been made to present these proofs in
a way which is accessible to a broad audience; an effort has also
been made to attribute these theorems to the author(s) who dis-
covered them, with the exception of Theorems 3.1.8 and 3.1.10,
which, although attributed to Fremlin, are part of the general folk-

lore. Sections 2.2, 2.3, and 3.2, on the other hand, are original.

1.2 Extended abstract

Investigations into systems of logic invariably start with the specifica-
tion of the language to be considered. In this study, the language
of interest is one of infinitary sentential logic. The adjective ‘senten-
tial’ is clear: If L is the language under consideration, then all the
formulas of L, that is to say, all the well-formed expressions built
up from the sentential variables and operations of L, are senten-
ces; in other words, the formulas of L contain no free variables.
The adjective ‘infinitary’ is less transparent. A classification based on
the quantity of sentential variables and the length of formulas is,
however, possible [26]. Hence, if k,\A are cardinals, then the language
LY has a supply of &k distinct sentential variables and permits the

formation of disjunctions and conjunctions of all lengths < A
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In this study, it is assumed that k > w and that A = w;
(cardinals are identified with the initial ordinal of their number
class); in other words, the language L of infinitary sentential logic
discussed herein, namely, that of countable sentential calculi, has a
supply of at least w distinct sentential variables and permits the
formation of disjunctions \/ and conjunctions A of finite or denu-
merable lengths. Of course, the wusual operations of negation — and
material implication — as well as parentheses ( and ), whose role

is to disambiguate syntactic constructions, also belong to Lf .

Let & be the least set of formulas of L, or L for conve-
nience, no other languages being investigated henceforward. Remarkably,
some formulas of L are tautologies (they are true whatever the
truth-value of their components), whilst, conceivably, others are, in
some sense to be made precise, logically equivalent. For example, if

F  denotes a formula of L, then F V —F is a tautology, whilst

no logicians will object if F V F is reduced to F simpliciter.

In fact, consider a deductive system for countable sentential cal-
culi, that is to say, some set of distinguished tautologies of L and
rules of inference, and define an equivalence relation = on S, any
two formulas Fj,F, of L being logically equivalent if and only if

they materially imply each other, that is to say,

F, = K if and Ol’lly if Fi — Fy and F, — Fy.

Then the structure 6 /= = (S/=;—-,—=,V, /), where §/ = is the

set of formulas of the language £ modulo logical equivalence, — is
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the lattice operation of complementation, — is the Ilattice operation of
relative pseudo-complementation, \/ is the lattice operation of finite or
denumerable join, and A is the lattice operation of finite or denu-
merable meet, is a o-complete Boolean algebra called the Lindenbaum—

Tarski algebra of the language L of countable sentential calculi.

Lindenbaum-Tarski algebras & / = have interesting properties. For
example, an infinite & / = is atomic with cardinality exactly that
of the continnum ¢ = 2% if and only if it is countably generat-

ed and atomless with cardinality > ¢ if and only if it is uncount-
ably generated. More importantly, and concomitantly, the axioms (or
axiom schemas) of the deductive system in question being tautolo-
gies, and tautologies only, & / = is free in the «class of all sim-
ilar Boolean algebras, every mapping of the set of sentential vari-
ables generating & / = into a Boolean algebra 9B similar to &/ =

having at most one homomorphic extension of & / = into B.

This last property is fundamental in mathematical logic. For if a
logician is capable of assigning a truth-value to each sentential vari-
able, then, certainly, by freeness, he can evaluate the truth-value of
every formula of £ with no danger of encountering a contradiction.
From the standpoint of the foundations of probability, however, the
freeness of & / = is mnot desirable, every Boolean algebra carrying
a strictly positive, countably additive probability measure being com-
plete, whilst no infinite free complete Boolean algebra exists in Zer-

melo—Fraenkel set theory with the axiom of choice (ZFC) [7,10].
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By an almost measurable Lindenbaum—Tarski algebra of the lan-
guage L of countable sentential calculi, in this study, is meant a
Lindenbaum-Tarski algebra & / = which satisfies the countable chain
condition, or is c.c.c. for short, and is weakly countably distribu-
tive. Clearly, by definition, every almost measurable Lindenbaum-Tars-
ki algebra is a Lindenbaum-Tarski algebra, but not conversely. Almost

measurable Lindenbaum—Tarski algebras are denoted by &*/ =.

The countable chain condition and the property of weak counta-
ble distributivity are necessary for the existence of a strictly positive,
countably additive probability measure on a o-complete Boolean alge-
bra [23]. Incidentally, the weak countable distributivity of & / = in
the definition of an almost measurable Lindenbaum-Tarski algebra is
redundant. For every free o-complete Boolean algebra being isomorphic
to the o-field of Baire subsets of a Cantor space [25], every Lin-
denbaum-Tarski algebra & / = is countably distributive, hence weakly
countably distributive. The countable chain condition and the property
of weak countable distributivity, however, because of their necessary
character, are considered here indissociable. Of course, every c.c.c.

o-complete Boolean algebra being complete, &* / = is not free.

Almost measurable Lindenbaum-Tarski algebras are the primary ob-
ject of contemplation in Chapter 2, where a new class of models for
modal sentential logic is introduced and investigated. Note in passing,
as the reader may suspect, that an almost measurable Lindenbaum-—

Tarski algebra may not be measurable, the countable chain condition
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and the property of weak countable distributivity being not sufficient
for the existence of a strictly positive, countably additive probability

measure on &* / = [32]. This remark is revisited in detail later.

Consider now a set Z of maximal filters of &*/ =, and let
v be a Boolean homomorphism of &*/ = into the power set P(Z)
such that, for every equivalence class [F] of formulas of L, ~([F])
= {F € Z : [F] € F}. Then Z equipped with the topology for

which the ~([F])’s form an open base is a zero-dimensional compact

Hausdorff space called the Stone space of &*/ =. In fact, since
G*/ = is cc.c.,, hence complete, Z is extremally disconnected; and
since &*/ = is c.c.e. and weakly countably distributive, every mea-

gre set in Z is nowhere dense. In other words, the Stone space
Z of an almost measurable Lindenbaum-Tarski algebra &*/ = of
the language L of countable sentential calculi can be described as
an extremally disconnected compact Hausdorff space, or Stonean space,
i which every meagre set is mnowhere dense. Of course, every ex-
tremally disconnected compact Hausdorff space 1is zero-dimensional.

Let Clop(Z) = {y([F]) : [F] € 6"/ =} be the field of open-
closed subsets of Z (that Clop(Z) coalesces with the set {v([F])
[F] € 6"/ =} of basic open sets is a direct consequence of the
zero-dimensionality and compactness of Z). Then every almost mea-
surable Lindenbaum-Tarski algebra &*/ = is, by the Stone represen-
tation theorem for Boolean algebras [29, 30], isomorphic to Clop(Z%),

which is, therefore, an example of a field of sets which is al-
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so a complete Boolean algebra. Note, however, that Clop(Z) 1is not
a complete field of sets. For if {y([F,]) : n € w} is an index-

ed family of open-closed sets, then |J,., v([F,]) is not closed.

In fact, let Ba(Z) be the o-field of Baire subsets of Z, that
is to say, the least o-field of sets containing Clop(Z). Then (J,,
v([Fy]) is an open Baire set which symmetrically differs from its
closure «cl J, o, 7([F]), which is open-closed because Z is extremally
disconnected, by its boundary cl J,c, Y([Fn]) \ Uneo 7([Fn]), which is
nowhere dense or, more generally, meagre. By the Baire -category
theorem for compact Hausdorff spaces [4], which guarantees that each
equivalence class of Baire subsets of Z has at most one open-

closed representative, &*/ = is isomorphic to the quotient algebra

Ba(Z) | M, where M C Ba(Z) is the o-ideal of meagre sets.

The representation of almost measurable Lindenbaum-Tarski algebras
as the quotient of a o-field of Baire sets by a o-ideal of meagre
sets is a instance of the Loomis-Sikorski theorem [20,28]. In the
present context, however, the representation can be strengthened. For
recall that every meagre set in Z is nowhere dense. Since every
nowhere dense set is meagre, it follows immediately that every al-
most measurable Lindenbaum-Tarski algebra &*/ = is isomorphic to
the quotient algebra Ba(Z) / N, where N C Ba(Z) is the o-ideal of
nowhere dense sets; Ba(Z) /N is called the algebra of Baire sub-
sets of Z modulo mnowhere dense sets and plays an important role

in the upcoming models for classical and modal sentential calculi.
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By a model for the classical (two-valued) sentential —calculus, in
this study, is meant an ordered system (2,72, F,§), where A =
G&*/ = is an almost measurable Lindenbaum-Tarski algebra of the
language L of countable sentential calculi, Z is its Stone space,
F = {0,Z} / N is the trivial algebra of Baire subsets of Z mod-

ulo nowhere dense sets, and ¢ is a Boolean epimorphism of 2 in-

to F such that, for every equivalence class [F] of formulas of L,
(I) int cl {([F])* = 0 if and only if &([F])* = 0,

the open-closed representative &([F])* of the image &([F]) of [F] be-

ing nowhere dense in Z (‘false’) if and only if it is empty.

Schema (I) probably deserves an explanation. For if it is clear
that the property of ‘nowhere denseness’ rather applies to sets than
equivalence classes of sets, that is to say, sets of sets, the reader
may wonder why the representative &([F])* of &([F]) is open-closed at
all. The point, of course, is that &([F])* must be uniquely deter-
mined for Schema (I) to be mnecessary and sufficient. And, by def-
inition, each equivalence class &([F]) of Baire subsets of Z has

at most one open-closed representative because F C Ba(Z) / N.

Suppose now, for convenience, that &(—[F])* is nowhere dense
in Z (‘false’) if and only if it is empty. Since ¢ is a Boolean
homomorphism, and the complement of a nowhere dense set is mnon-
boundary [35] (i.e. open and dense); and since, moreover, a sen-
tence is true if and only if its negation is false, it follows im-

mediately that, for every equivalence class [F] of formulas of L,
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(II) cl int £([F))* = Z if and only if &([F])* = Z,

the open-closed representative &([F])* of the image &([F]) of [F] be-
ing non-boundary in Z (‘true’) if and only if it is Z.

At this point, a reader familiar with model theory probably re-
cognised in Schema (II) the epitome of a T-schema and, more gen-
erally, Tarski’s semantic conception of truth [33]. Hence, Schema (II)
is mnot formula of L£ but a formula of a stronger language which
contains £, namely, that L£F of mathematical English viewed as an
informal version of the first-order language of Zermelo—Fraenkel set
theory with the axiom of choice (ZFC). In particular, for every e-
quivalence class [F] of formulas of £, ¢([F])* in the definiendum of
Schema (II) is the name of [F] to which a predicate applies, cl
int -+ = Z is the predicate itself (here: is true), and (([F])* = Z,
the definiens, is the translation of [F] into L£F. In Tarski’s phra-

seology, constructions of that kind are called formally correct.

Formal correctness is essential to resolve the Liar paradox and
other similar semantic antinomies [33, pp. 157-158]. More important-
ly, however, is Tarski’s Convention T [ibid. pp. 187-188], a defini-
tion of the predicate is true, formulated in the metalanguage LF
of mathematical English, being materially adequate if it implies all
instances of a T-schema, that is to say, in the present context,
all instances of Schema (II). Note in passing that the condition of
material adequacy can only be satisfied using the recursive meth-

od; this follows, of course, from the fact that the language L of
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countable sentential calculi contains infinitely many sentences.

Let (A, Z,F,§) be a model for the -classical sentential calculus.
The following schemas constitute, as a whole, a formally correct and

materially adequate definition of the predicate is true:

c int &([F])* = Z if and only if &([F])* = Z;

cl int {(—[F))* = Z if and only if int cl &([F])* = 0;

cl int &(V,e, [Fn])* = Z if and only if cl int £([F,])* = Z for some n;
cl int &(A,e, [Fn])* = Z if and only if cl int {([F,])* = Z for every n;
cl int £([Fy] — [Fy])* = Z if and only if

d int &(—[A)" = Z or o int &(R) = Z,

the open-closed representative &([F])* of the image &([F]) of [F] be-
ing mnon-boundary in Z if and only if it is Z; or &(—[F])* is
non-boundary in Z if and only if &([F])* is nowhere dense in Z;
or  &£(V,e, [Fn])* is mnon-boundary in Z if and only if at least
one &([Fo])*, E([F1])* E([F2])*, ... is mnon-boundary in Z; or &(A,c, [Fn])*
is non-boundary in Z if and only if all &([Fb))*, E([F1)" E([FR))T, ...
are non-boundary in Z; or &([F1] — [Fp])* is non-boundary in Z
if and only if &(—[F1])* or &([F3])* is non-boundary in Z.

The material adequacy of the above definition of truth presents
no particular difficulties. It should be noted, however, that although
a countable wunion of non-boundary sets is always non-boundary, a
countable intersection of non-boundary sets may mnot be non-bound-
ary in general; in fact, it can even be codense (i.e. have empty

interior), the set R \ Q of irrationals in R equipped with the
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usual topology being a classic example. In other words, the top-
ology of Z induced by the algebraic properties of 2@ is here

essential. These intricacies are discussed in detail in Chapter 2.

By a model for the modal sentential calculus, in this study, is
meant an ordered system (2A,Z,£,(), where A = &/ = is an al-
most measurable Lindenbaum-Tarski algebra of the language L of
countable sentential calculi, Z is its Stone space, & = Ba(Z) /N
is the algebra of Baire subsets of Z modulo nowhere dense sets,
and ( is the canonical Boolean isomorphism of 2 into & such

that, for every equivalence class [F] of formulas of L,
(III) int cl (([F])* = 0 if and only if (([F])* = 0,

the open-closed representative (([F])* of the image (([F]) of [F] be-
ing nowhere dense in Z (‘impossible’) if and only if it is empty.

That Schema (III) 1is, like Schema (I), a theorem of the me-
talanguage L£F of mathematical English if and only if (([F])* is
open-closed is clear. For suppose to dispel any remaining doubts
that (([F])* is closed. Then the sufficiency of Schema (III) certainly
holds because the empty set is a closed, nowhere dense Baire sub-
set of Z, whilst its necessity fails because the empty set is not
the only subset of Z which satisfies these properties, the homeo-
morphic copy of the Cantor set in Z being a classic example.

Suppose now, for convenience, that ((—[F])* is nowhere dense
in Z (‘impossible’) if and only if it is empty. Since (¢ is a Boo-

lean homomorphism, and, once again, the complement of a nowhere
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dense set is mnon-boundary; and since, moreover, a sentence is nec-
essary if and only if its mnegation is impossible, it follows imme-

diately that, for every equivalence class [F]| of formulas of L,
(IV) cl int (([F])* = Z if and only if (([F]))* = Z,

the open-closed representative (([F])* of the image (([F]) of [F] be-
ing non-boundary in Z (‘necessary’) if and only if it is Z.

In fact, recall that (([F])* is nowhere dense in Z (‘impossible’)
if and only if it is empty. Since ( is, more precisely, a Boolean
isomorphism, every equivalence class [F] of formulas of L having,
therefore, at least two possible truth-values, and a set 1is some-
where dense if and only if it is mnot nowhere dense; and since,
moreover, a sentence is possibly true if and only if it is not im-

possible, for every equivalence class [F] of formulas of L,
(V) int cl C([F])* # 0 if and only if (([F])* # 0,

the open-closed representative (([F])* of the image (([F]) of [F] be-
ing somewhere dense in Z (‘possibly true’) iff it is non-empty.

Schema (V) captures the meaning of the predicate s possible
as usually understood by logicians and philosophers alike. It is con-
venient, however, to have a second definition of possibility. Hence,
recall that (([F])* is non-boundary in Z (‘necessary’) if and only if
it is Z. Since ( is a DBoolean isomorphism, and a set 1is some-
where codense if and only if it is not non-boundary; and since,
moreover, a sentence is possibly false if and only if it is not

necessary, for every equivalence class [F] of formulas of L,
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(VI) cl int (([F])* # Z if and only if (([F])* # Z,

the open-closed representative (([F])* of the image (([F]) of [F] be-

ing somewhere codense in Z (‘possibly false’) iff it is not Z.

Schemas (III)~(VI) are noteworthy. For, contrary to the Lewis—
Godel paradigm [9,19] currently operating in full force, no addition-
al symbol to the language L of countable sentential calculi, that is
to say, mno additional operator on the Lindenbaum—Tarski algebra A,
was required to capture some mnotion of necessity, possibility, and im-
possibility. This follows, of course, from the fact that the aforemen-
tioned modes of truth, in a Tarskian fashion, were defined at the

level of the metalanguage L£¥ of mathematical English instead.

In particular, for every equivalence class [F] of formulas of L,
E([F])* is non-boundary in Z whenever (([F])* is non-boundary in
Z, but mnot conversely; (([F])* is somewhere dense in Z whenev-
er (([F])* is non-boundary in Z, but not conversely; and (([F])*
is somewhere dense in Z whenever £([F])* is non-boundary in Z,
but not conversely. In other words, mnecessity implies truth, but not
conversely; necessity implies possibility, but mnot conversely; and truth
implies possibility, but not conversely. These properties are common
desiderata in modal logic. Interestingly, in the Lewis-Godel paradigm
[9,19], the first two are axioms (or axiom schemas) formulated in
the customised language of modal logic, whilst, in this study, they

are theorems of the metalanguage L£F of mathematical English.

Let (2A,7Z,£,() be a model for the modal sentential calculus.
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The following schemas constitute, as a whole, a formally correct and,
in the sense that they only imply some instances of Schema (IV),

weakly materially adequate definition of the predicate is necessary:

c int (([F])* = Z if and only if (([F]))* = Z;
cl int ((—[F])* = Z if and only if int cl (([F])* = 0;

cl int ((V,eo [Fn])* = Z whenever cl int (([f5,])* = Z for some n;

cl int ((A,eo [Fn])* = Z if and only if cl int (([F,])" = Z for every n;
cl int (([Fi] — [F3])* = Z whenever

c int {(—[F])* = Z or «cl int (([F])" = Z

Y

the open-closed representative (([F])* of the image (([F]) of [F] be-
ing mnon-boundary in Z if and only if it is Z; or ((—[F])* is
non-boundary in Z if and only if (([F])* is nowhere dense in
Z; or ((V,eoFn])* is non-boundary in Z whenever at least one
C([Fo))*, C([FA])*, C([F2])*,... is mon-boundary in Z; or ((A,g, [Fn])* is
non-boundary in Z if and only if all {([Fo])*, C([Fi])*, C([Fa)), ...
are non-boundary in Z; or (([Fi] — [F])* is non-boundary in Z
whenever ((—[Fi])* or (([F3])* is non-boundary in Z.

In the same vein, the following schemas constitute, as a whole,
a formally correct and, in the sense that they are only implied
by some instances of Schema (V) (compare with necessity), weakly

materially adequate definition of the predicate s possible:
int ol C([F])* # 0 if and only if C([F])* # 0
int cl ((=[F])* # 0 if and only if cl int (([F])" # Z;

int cl ((V,eo [Fn])® # 0 if and only if int cl (([F,])" # 0 for some n;
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int cl (([Fn))* # 0 for every n whenever int cl ((A,c, [F0])* # 0
int cl (([F1] — [Fa])* # 0 if and only if

int cl ((—=[F])* # 0 or int cl (([F)])* # 0,

the open-closed representative (([F])* of (([F]) being somewhere dense
in Z if and only if it is non-empty; or ((—[F])* is somewhere
dense in Z if and only if (([F])* is somewhere codense in Z; or
C(Vyeo [Fn])* is somewhere dense in Z if and only if at least one
C([FoD)*, C([FA)*, C([Fo))*, ... is somewhere dense in Z; or all (([Fp])*,
C([F])*, C([Fo]), ... are somewhere dense in Z whenever ((A,c, [Fn])*
is somewhere dense in Z; or (([F1] — [Fb])* is somewhere dense

in Z if and only if ((—[Fi])* or (([F3])* is somewhere dense in Z.

The weak material adequacy of the above definitions of necessity
and possibility conforms with the intuition. For if a conjunction of
sentences is necessary if and only if all the sentences forming the
conjunction are necessary, a disjunction of sentences may be necessary
although none of the sentences forming the disjunction are neces-
sary, a result naturally extending, wmutatis mutandis, to material im-
plication (note that the formula ¢l int (([Fi] — [F])* = Z does
not capture Lewis’s strict implication [19] but a weak form of ma-
terial implication). And if a disjunction of sentences is possible if
and only if at least one of the sentences forming the disjunction
is possible, a result naturally extending, mutatis mutandis, to ma-
terial implication, a conjunction of sentences may not be possible

although all the sentences forming the conjunction are possible.
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It is tempting, at this point, to conclude that the analysis is
complete. This is not, however, quite yet the case. For recall that
any two Baire subsets of Z Dbelong to the same equivalence class
(of Baire sets) if and only if their symmetric difference is nowhere

dense. Then, for every equivalence class [F] of formulas of L,
(VII) int cl (C([F])* A B) = 0 if and only if B € (([F)),

the symmetric difference of the open-closed representative (([F])* of the
image (([F]) of [F] with an arbitrary Baire set B being nowhere

dense in Z (‘impossible’) if and only if B belongs to (([F]).

At first glance, the reader may contend that Schema (VII) is
inconsequential:  (([F])* A B is nowhere dense in Z, that 1is to
say, C([F])* and B are impossible to discriminate from each oth-
er, if and only if (([F])* and B Dbelong to the same equiva-
lence class of Baire sets, and the equivalence relation defined on
Ba(Z) naturally inducing a congruence relation on & = Ba(Z) /N,

they are interchangeable, in Leibniz’s phraseology, salva wveritate.

But the present state of affairs is more subtle. For recall, as
previously illustrated, that Schemas (III)-(VI) are theorems of the
metalanguage L of mathematical English if and only if (([F])*
is open-closed. Then although (([F])* A B is nowhere dense in Z,
that is to say, although (([F])* and B are impossible to discrim-

inate from each other, they are mnot interchangeable salva wveritate.

Schema  (VII) wuncovers, therefore, a particularly acute problem:

Unbeknown to the logician, Schemas (III)-(VI) can be false in the
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sense that they are not theorems of LF. Moreover, no remedy is
available. For suppose that £F° is a meta-metalanguage capable of
assessing the truth-value of each schema. Then this assessment must
be indubitably true to be conclusive. A contradiction because JF and,

indeed, every isomorphic copy thereof are subalgebras of &.

The impossibility to discriminate a true or false or mnecessary or
possible or impossible sentence which is ‘true’ from a true or false
or mnecessary or possible or impossible sentence which is ‘false’ is
called agnoia (from Ancient Greek d&yvown, ‘ignorance’). The systematic
study of agnoia in relation to uncertainty modelling is the domain
of formal agnoiology (the term ‘agnoiology’ was coined by Ferrier [5],
who saw in agnoiology, the theory of ignorance, one of the key
divisions of metaphysics alongside epistemology and ontology). Inci-
dentally, agnoia introduces an asymmetry in the general definition of
impossibility; this is formally acknowledged in Chapter 2.

Recall that a model for the modal sentential calculus, in this
study, is an ordered system (2, Z,£,(), where 2 = &*/ = is an
almost measurable Lindenbaum-Tarski algebra of the language L of
countable sentential calculi, Z is its Stone space, & = Ba(Z) /N
is the algebra of Baire subsets of Z modulo nowhere dense sets,
and ( is the canonical Boolean isomorphism of 2 into & such

that, for every equivalence class [F] of formulas of L,
(I11) int cl (([F])* = 0 if and only if (([F])* = 0,

the open-closed representative (([F])* of the image (([F]) of [F] be-
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ing nowhere dense in Z (‘impossible’) if and only if it is empty.

The question arises as to what extent (A, Z,€,() is compatible
with the axiomatic treatment of the calculus of probability formu-
lated by Kolmogorov [16,17]. Clearly, since 2 and &, as Boolean
algebras, are isomorphic, this question immediately reduces to that
of the existence of a strictly positive, countably additive probabil-
ity measure p on 2, which, it is recalled, satisfies the counta-
ble chain condition (c.c.c.) and is weakly countably distributive. Von
Neumann [23] famously asked whether these conditions are sufficient
for the existence of a strictly positive, countably additive measure
on a o-complete Boolean algebra; by a theorem of Talagrand [32],

it is now acknowledged that this is not the case in general.

Let (A,7,£,() be a model for the modal sentential calculus.
There exists, therefore, an almost measurable Lindenbaum—Tarski al-
gebra 2A of the language L of countable sentential calculi which
does mnot carry a strictly positive, countably additive probability mea-
sure p so that the question of the compatibility of (2, Z,&,()
with the calculus of probability, which first morphed into that of
the existence of a strictly positive, countably additive probability mea-
sure p on %A, can yet be reformulated as that of the identifica-

tion of a mnecessary and sufficient criterion for the existence of p.

In particular, it is known that every complete Boolean algebra
carrying a strictly positive, finitely additive probability measure car-

ries a strictly positive, countably additive probability measure if and
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only if it is weakly countably distributive [15]. Hence, since every
almost measurable Lindenbaum-Tarski algebra 20 is, as previously re-
called, c.c.c. and weakly countably distributive, it certainly carries a
strictly positive, countably additive probability measure p if and on-
ly if it carries a strictly positive, finitely additive probability mea-
sure q. This result, however, although workable, is not entirely sat-
isfactory, for it leaves open the question of the existence of a

necessary and sufficient criterion for the existence of q on 2.

In fact, technical details aside, for every subset A C A of e-
quivalence classes of formulas of L, define, combinatorially, a quan-
tity #(A) called the intersection number of A. Then, by a the-
orem of Kelley [15], 2 carries a strictly positive, finitely addi-
tive probability measure g if and only if A \ {[0]} is the wu-
nion of countably many sets of equivalence classes of formulas of
L, each of which has a positive intersection number. That 1is to
say, an almost measurable Lindenbaum—Tarski algebra 2f of the lan-
guage L of countable sentential calculi carries a strictly positive,
countably additive probability measure p if and only if A \ {[0]}
is the wunion of countably many sets of equivalence classes of for-

mulas of L, each of which has a positive intersection number.

An almost measurable Lindenbaum—Tarski algebra 2 which satis-
fies Kelley’s criterion is called measurable. By definition, every mea-
surable Lindenbaum-Tarski algebra is almost measurable, but not con-

versely; in particular, every measurable Lindenbaum—Tarski algebra is
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complete. Measurable Lindenbaum—Tarski algebras are denoted by 2A*.
An ordered system (2A*,p), where 2A* is a measurable Lindenbaum-—
Tarski algebra, and p 1is a strictly positive, countably additive prob-
ability measure on A*, is called a Lindenbaum—Tarski probability al-
gebra of the language L of countable sentential calculi. Lindenbaum-—
Tarski probability algebras (*,p) are the primary object of con-
templation in Chapter 3, where a tentative solution to the prob-

lem of combining efficiently logic and probability is presented.

Consider now a set Z* of maximal filters of 2*, and, using,
for convenience, the same mnotation as for almost measurable Linden-
baum-Tarski algebras 2, let + be a Boolean homomorphism of *
into the power set P(Z*) such that, for every equivalence class
[F] of formulas of L, ~([F]) = {F € Z* : [F] € F}. Then Z*
equipped with the topology for which the ~([F])’s form an open
base is a zero-dimensional compact Hausdorff space called the Stone
space of A*. Of course, since 2A* is c.c.c. and weakly countably
distributive, Z* is extremally disconnected, and every meagre set in
Z* is nowhere dense. As previously noted, an extremally disconnect-

ed compact Hausdorff space is also called a Stonean space.

Clearly, at this point, a representation theorem for Lindenbaum-—
Tarski probability algebras (2*,p) would be wuseful. Let (Ba(Z*) / Np,
P), where Ba(Z*) / Np is the algebra of Baire subsets of Z* mo-
dulo P-negligible sets, be the probability algebra of the probabili-

ty space (Z*,Ba(Z*),P) naturally associated with (* p). Since every
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measurable Lindenbaum-Tarski algebra 2A* is, by the Loomis—Sikorski
theorem [20, 28], isomorphic to the algebra Ba(Z*) /N of Baire sub-
sets of Z* modulo nowhere dense sets, it suffices to construct a
measure-preserving Boolean isomorphism of 2* into Ba(Z*) / N such
that Np = AN to obtain the desired representation. The interaction
between the Stone topology 7T¢ on Z* that is to say, the topol-
ogy generated by the sets of the form {F € Z* : [F] € F}, and
the probability measure P on Ba(Z*) in the construction of that
Boolean isomorphism, however, is mnot clear. In particular, it is not

clear in what sense 7g and P are compatible with each other.

In fact, let (Z*,75) be the Stone space of 2A*. Then the or-
dered system (Z*,7¢,Ba(Z*),P) resulting from combining (Z* 74) and
(Z*,Ba(Z*),P) is a Radon probability space. Indeed, since Z* is
zero-dimensional, and Ba(Z*) is the least o-field of sets containing
the open-closed subsets of Z* every open set in Z* is P-mea-
surable; and since every Baire set in Z* is P-negligible if and on-
ly if it is nowhere dense, and nowhere dense sets form a o-
ideal in Z* (Z*,Ba(Z*),P) 1is Carathéodory complete; finally, P is
inner regular with respect to the compact sets because every Baire

subset of Z* is approximable from within by compact sets.

Let (Z*,7¢,Ba(Z*),P) be the Radon probability space naturally
associated with the Lindenbaum-Tarski probability algebra (4%, p). A
Radon probability measure on (Z*,Ba(Z*)) is called mnormal if and

only if every nowhere dense Baire set in Z* is negligible [2]. A
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Stonean space in which the union of the supports of all normal
probability measures is dense is said to be hyperstonean (in French:
espace hyperstonien [2]). Tt 1is easy to see that Z* is hyperstonean.
The Radon probability space (Z*,7T4,Ba(Z*),P) is called the Stone
probability space of (A*,p). Of course, in the final analysis, every
Lindenbaum-Tarski probability algebra (24*,p) of the language L of
countable sentential calculi is isomorphic to the probability algebra
(Ba(Z*) /| N,P) of its Stone probability space (Z* T, Ba(Z*),P).

By a model for the calculus of probability, in this study, is
meant an ordered system (A, Z,E,(), where 2@ = (A*,p) is a Lin-
denbaum—Tarski  probability algebra of the language L of counta-
ble sentential calculi, Z = (Z*,74,Ba(Z*),P) 1is its Stone probability
space, & = (Ba(Z*) / N,P) is the probability algebra of Z, and (
is the canonical Boolean isomorphism of 2 into & such that, for

every equivalence class [F] of formulas of the language L,
(VIII) P([F))*) = 0 if and only if int cl (([F])* = 0,

the probability of the open-closed representative (([F])* of (([F]) being

0 if and only if (([F])* is nowhere dense in Z* (‘impossible’).

That Schema (VIII) is, like Schemas (I) and (III), a theorem
of the metalanguage L£¥ of mathematical English hardly needs an
explanation and follows immediately from the representation of Lin-
denbaum—Tarski probability algebras, every Baire subset of the Stone
space  Z* of 2A*, hence every open-closed subset thereof, being P-

negligible if and only if it is nowhere dense as already noted.
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Suppose now, for convenience, that P({(—[F])*) = 0 if and on-
ly if ((—[F])* is nowhere dense in Z* (‘impossible’). Since (¢ is a
Boolean homomorphism, and the complement of a nowhere dense set
is non-boundary; and since, moreover, P is a probability measure,
that is to say, a measure whose total mass is 1, it follows im-

mediately that, for every equivalence class [F] of formulas of L,
(IX) P(([F])*) = 1 if and only if cl int (([F])* = Z*,

the probability of the open-closed representative (([F])* of (([F]) being
1 if and only if (([F])* is non-boundary in Z* (‘necessary’).

In fact, recall that P(C([F])*) = 0 if and only if (([F])* is
nowhere dense in Z* (‘impossible’). Since (¢ is, more precisely, a
Boolean isomorphism, and a set is somewhere dense if and only if
it is not mnowhere dense; and since, moreover, P is a non-negative

measure, for every equivalence class [F] of formulas of L,
(X) PC([F))*) > 0 if and only if int cl (([F])* # 0,

the probability of the open-closed representative (([F])* of (([F]) being

> 0 iff (([F])* is somewhere dense in Z* (‘possibly true’).

Schema (X) associates every statement of probability whose val-
ue is > 0 with something which can occur. Echoing a previous ar-
gument for possibility, it is sometimes convenient to associate every
statement of probability whose value is < 1 with something which
can not occur. Hence, recall that P({([F])*) = 1 if and only if
C([F])* is mnon-boundary in Z (‘necessary’). Since (¢ is a Boolean

isomorphism, and a set is somewhere codense if and only if it is
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not non-boundary; and since, moreover, P is a measure whose total

mass is 1, for every equivalence class [F]| of formulas of L,
(XI) P(C([F])*) < 1 if and only if cl int (([F])* # Z%,

the probability of the open-closed representative (([F])* of (([F]) being

< 1 iff {([F])* is somewhere codense in Z* (‘possibly false’).

Schemas  (VIII)=(XI) define the probability of every (([F])* in
terms of its mode of truth. Since Schemas (III)-(VI) define the
mode of truth of every (([F])* in terms of sets, every statement
of probability P((([F])*), as a sentence of the metalanguage LF¥, can
be decomposed into a statement of probability and a statement
of modal logic by combining Schemas (VII)-(XI) and (III)-(VI).
For example, combining Schemas (VIII) and (III), it follows im-
mediately that P({([F])*) = 0 if and only if int cl (([F])* = 0
if and only if (([F]))* = 0. Of course, in the ordinary conduct
of his affairs, a probabilist will simply say that P(() = 0.

Let (A,Z,£,() be a model for the calculus of probability. A
semantic bridge is a finite sequence of logical equivalences, formu-
lated in the metalanguage L£F of mathematical English, combining a
statement of probability and a statement of modal logic. A seman-
tic decomposition is a finite sequence of semantic bridges. An event
is an element of the o-field Ba(Z*) of Baire subsets of Z* In
particular, for every equivalence class [F] of formulas of the lan-

guage L, (([F])* is called the event corresponding to [F].

In fact, combining Schemas (VIII) and (III), Schemas (IX) and
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(IV), and Schemas (X) and (V), and by the material adequacy of
impossibility and possibility for countable joins, there exists a se-

mantic decomposition for each of the axioms of probability

(P1) P(C([F])") > 0 for every C([F])* € Ba(Z");
(P2) P(Z*) = 1
(P3) BC(V e [F)7) = Y00 BIC(E)).

the probability of every event (([F])* corresponding to an equiva-
lence class [F] of formulas of L being non-negative; the probability
of the necessary event being 1; and the probability of every event
C(V,en [F])"  corresponding to the join of an indexed family {[F,] :
n € N} of pairwise disjoint equivalence classes of formulas of L
being the sum of the probabilities of each event (([F,])* corres-
ponding to each equivalence class of formulas (countable additivity)

In the same vein, combining Schemas (IX) and (IV) and Sche-
mas (XI) and (VI), and by the material adequacy of necessity and
possible falsity for countable meets (compare with the previous ar-

gument), there exists a semantic decomposition such that

(P4) P(C(Anen [Fal)?) = TTnzo PC(EA]"),

the probability of the event ((A,cy[fn])* corresponding to the meet
of an indexed family {[F,] : n € N} of equivalence classes of for-
mulas of L, the occurrence of any of which unaffecting that of
any other, being the product of the probabilities of each event
C([F.])* corresponding to each equivalence class of formulas.

Finally, combining Schemas (XI) and (VI) and, once again, by
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the material adequacy of possible falsity for countable meets, there

certainly exists a semantic decomposition such that

(P5) P(C(Anen [Ful)?) # TTnzo PC(EL])"),

the probability of the event ((A,cy[Fn])* corresponding to the meet
of an indexed family {[F,] : n € N} of equivalence classes of for-
mulas of L differing, in general, from the product of the proba-
bilities of each event (([F,])* corresponding to each equivalence class

of formulas whenever the probability of ((A, .n[Fn])* is < L

neN

Note in passing that the existence of a semantic decomposition
for each of the axioms of probability (P1)-(P3) immediately implies
the existence of a semantic decomposition for the complement rule,
monotonicity, and the addition rules. Likewise, the existence of a se-
mantic decomposition for (P4) immediately implies the existence of a
semantic decomposition for independence and mutual independence. Fi-
nally, the existence of a semantic decomposition for (P5) immediate-
ly implies the existence of a semantic decomposition for dependence
and, provided the ad hoc introduction of the mnotion of conditional
probability, conditional dependence and the product rule. These prop-
erties are formally proved in Chapter 3; their only interest is to

show how modal logic and probability are combined in practice.

Semantic decompositions bring to the fore the inner modal logic
of the calculus of probability. One remaining aspect of the calculus
of probability, however, needs attention. For recall that every Baire

subset of Z* is [P-negligible if and only if it is nowhere dense.
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Since the symmetric difference of two Baire sets is Baire,
(XII-a) P(C([F])* A B) = 0 if and only if int ¢l (¢([F])* A B) = 0,

the probability of the symmetric difference of the open-closed repre-
sentative (([F])* of (([F]) with an arbitrary Baire set B being 0
if and only if (([F])* A B is nowhere dense in Z* (‘impossible’),

whence, combining Schema (XII-a) and Schema (VII),
(XII-b) P((([F])* A B) = 0 if and only if B € (([F]),

the probability of the symmetric difference of the open-closed repre-
sentative  (([F])* of the equivalence class (([F]) with an arbitrary

Baire set B being 0 if and only if B belongs to (([F)).

Schema  (XII-b) is the probabilistic version of Schema (VII).
Likewise, at first glance, the reader may contend that it is incon-
sequential:  (([F])* A B is P-negligible, that is to say, (([F])* and
B are P-impossible to discriminate from each other, if and only
if (([F])* and B belong to the same equivalence class of P-mea-
surable sets (in which case, P({([F])*) = P(B)), and the equiva-
lence relation defined on Ba(Z*) naturally inducing a congruence re-
lation on Ba(Z*) / N, they are interchangeable salva veritate.

But the present state of affairs is, once again, more subtle.
For recall that every statement of probability P((([F])*), as a sen-
tence of the metalanguage L of mathematical English, can be de-
composed into a statement of probability and a statement of mo-
dal logic by combining Schemas (VIII)~(XI) and (III)-(VI). Then

P(C([F])*) is a theorem of LF if and only if (([F])* is open-clos-
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ed because Schemas (III)-(VI) are theorems of L£F if and only if
C([F])* is open-closed. Hence, although (([F])* A B is P-negligible,
that is to say, although (([F])* and B are P-impossible to discrim-

inate from each other, they are not interchangeable salva wveritate.

Schema (XII-b) uncovers, therefore, a probabilistic version of ag-
noia: Unbeknown to the probabilist, every statement of probability
P(¢([F])*), as a sentence of the metalanguage L¥, can be false in
the sense that its semantic decomposition is not a theorem of LF,
in  which case P((([F])*), as a probability measure, is meaningless.

For example, consider the following semantic decomposition

P((([F])*) = 0 if and only if int cl (([F])* = 0

if and only if (([F])* = 0,

and suppose that (([F])* is closed. If (([F])* is closed and empty
(i.e. the empty set), then it 1is nowhere dense in Z*, hence P-
negligible;  whilst if (([F])* is closed and P-negligible, then it is
nowhere dense in Z*, although not necessarily empty, the homeo-

morphic copy of the Cantor set in Z* being a classic example.

The analysis, however, 1is still incomplete. For the question a-
rises whether a finer measure of agnoia than P exists. In fact, let
(A,Z,E,{) be a model for the calculus of probability. Then there
exist mno finer measures of agnoia than P, that is to say, if P
is a probability measure on the o-field Ba(Z*) of Baire subsets of
the Stone space Z* of a measurable Lindenbaum—Tarski algebra 21*,

then P is absolutely continuous with respect to P. This result is
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to be considered the first theorem of formal agnoiology.

This concludes the author’s investigations into the modal logic of
the calculus of probability. The reader may wonder where do these
investigations leave him and what would future work look like. It
is immediately clear that the lack of a completeness theorem for the
classical sentential calculus and the modal sentential calculus as con-
ceived herein must be addressed in priority. The completeness of the
classical sentential calculus presents no particular difficulties; that of
the modal sentential calculus is a bit more intricate, but the author
is confident that a proof can be found. More importantly, however,
is the development of formal agnoiology for which everything remains
to be done. Mathematically, the study of agnoia reduces to that
of probability measures with nowhere dense support in the Stone
space of almost measurable algebras (i.e. Stonean spaces in which
meagre sets are nowhere dense). This may potentially pave the way
to the discovery of interesting results in uncertainty modelling, espe-

cially in relation to decision theory and topological games.



Chapter 2

Foundations of modal logic

2.1 Preliminaries

Let k > w be an infinite cardinal. The language L of countable
sentential calculi discussed in this study has a supply of &k dis-
tinct sentential variables and permits the formation of disjunctions
and conjunctions of all lengths < w;. In other words, by definition,
in addition to the wusual operations of negation — and material
implication — common to all sentential calculi, finite or denumera-
ble disjunctions \/ and finite or denumerable conjunctions A are
well defined in L. Auxiliary parentheses ( and ), whose role is to
disambiguate syntactic constructions, are also used unreservedly.

Let & be the least set of well-formed expressions built up from
the sentential variables and operations of L. Elements of S are
called formulas of the language L of countable sentential calculi, or

simply  formulas of L, and will be denoted by F with a sub-

34
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script if necessary. In particular, the following rules hold:
(i) Every sentential variable is a formula of £L;
(i) If F is a formula of L, then so is —F;
(iii) If Fy,F» are formulas of £, then so is F| — Fb;
(iv) If Fo,Fy, F,,... are formulas of L, then so is \/, ., Fu:

(v) If Fy,Fi,F,... are formulas of £, then so is A, ., Fn.

2.1.1 Theorem (Lindenbaum [unpublished]|, Tarski [34]) The struc-
ture & = (§;—, =, \, \), where S s the least set of formulas of
the language L of countable sentential calculi, — is the operation of
negation, — s the operation of material implication, \/ is the oper-
ation of finite or denumerable disjunction, and )\ is the operation of

finite or denumerable conjunction, 1is a generalised abstract algebra.

PROOF As an immediate consequence of the definition of L. |1

The generalised abstract algebra & = (S;—, —,V, A) described
in Theorem 2.1.1 is called the algebra of formulas of the language
L of countable sentential calculi. Of course, there is nothing spe-
cial about &; it is just an abstract algebra in which finite or

denumerable disjunctions \/ and conjunctions /A are well defined.

2.1.2 Definition (Karp [14], Rasiowa and Sikorski [24]) The de-
ductive system for countable sentential calculi comprises the follow-
ing axiom schemas (tautologies) and rules of inference:

Al. F — F;

A2. (Fi —» FB) = (F» —» F3) = (Fi = F));
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A3. For every index m = 0,1,2,..., F, — V, o, Fu;
Ad: (Nyeo (e = F)) = (Vpew o — F);
A5. For every index m = 0,1,2,..., Ao, Frn — Fu;

A6. (N, (F = E)) = (F = A,eo Fo);

A7. (F, —» (F, —» F3)) = ((F1 N Fy) — F3);

AS. (FL N ) = F3)) — (Fy —» (F, = F));

A9. (F, N —F) — Fy;

A10. F VvV —F;

R1. From F; — F, and Fy, infer Fy, (modus ponens);

R2. From Fy, Fy, Fs,..., infer A, ., F, (conjunction rule).

2.1.3 Theorem (Lindenbaum [unpublished], Tarski [34]) Let S be
the least set of formulas of the language L of countable senten-
tial calculi and = be an equivalence relation defined on S, any two
formulas Fy, Fs of L being logically equivalent if and only if they

materially imply each other, that is to say,
(1) F, = F if and only if Fy — F» and Fy, — F}.

If all instances of Schemas Al1-A10 are theorems of L, then the
structure 6 /= = (§/)=;—,—,V,\), where S/ = 1is the set of
formulas of the language L of countable sentential calculi modulo lo-
gical equivalence, — 1s the lattice operation of complementation, — is
the lattice operation of relative pseudo-complementation, \/ is the lattice
operation of finite or denumerable join, and )\ is the lattice operation

of finite or denumerable meet, is a o-complete Boolean algebra.
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PROOF For clarity, the argument is split into five lemmas.

Lemma 1 For every formula Fy,Fy, of L, write
(2) Fi. < F if and only if F\ — Fs.

If all instances of Schemas A1-A2 are theorems of L, then the re-
lation <, to be read ‘is contained in’ or ‘is a part of’, s reflex-

we and transitive, that is to say, < is a quasi-ordering on S.

PROOF Clearly, ' < F because F' — F by Schema Al.

Suppose now that F; < F, and that F, < F3, that is to
say, that F; — F, and that F, — F3; by (2). If F; — Fy, then
(F, — F3) — (F1 — F3) by Schema A2 and modus ponens, which
implies, once again, by modus ponens, that F; — F3 because Fj

— F3. Hence, F; < F3 by (2), which completes the proof. 1

Lemma 2 For every formula Fy,Fy, of L, write
(3) [F1] < [F] if and only of Fy < P

If all instances of Schemas A1-A2 are theorems of L, then the re-
lation < on the quotient set S/ = s antisymmetric, every quasi-

ordering on S naturally inducing a partial ordering on S/ =.

PROOF Clearly, < is a quasi-ordering on & / = by Lemma 1.

Suppose now that [Fy] < [Fy] and that [Fy] < [Fi]. Then F; <
Fy, and F, < F; by (3) if and only if Ff — F, and F, — F
by (2). Hence, F; = F, by (1), that is to say, by the method of

identification of equivalent elements, [Fj] = [Fy] as required. |
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Lemma 3 If all instances of Schemas Al1-A2 and A3-A6 are theo-
rems of L, then the partial ordering < on S /= is a o-complete
lattice  ordering, and (S / =;\, \) is a o-complete lattice. Moreover,

for every indexed family {F, : n € w} of formulas of L,

(4) \/new [Fn] = [\/new Fn] and /\new [Fn] = [/\new Fn]>

= being a congruence relation with respect to the operations of dis-

gunction \/ and conjunction )\ in the algebra & of formulas of L.

PROOF Let {[F,] : n € w} be an arbitrary indexed family of e-
quivalence classes of formulas of L. Then \/, . [F,] is certainly an
upper bound for {[F,] : n € w} because, for every index m =

0,1,2,..., F, — V.., 6 F, by Schema A3 if and only if [F,] <

new
Vipew Fnl by (2) and (3) if and only if [F,] < V,o [Fa] by (4)
(that the relation = is a congruence relation on &, that is to say,
that = satisfies the Substitution Property, is a routine verification).

In fact, let F be a formula of L such that Fy — F, F;, — F,
F, — F,.... Then A, (F, — F) by the conjunction rule, whence
Voew o — F by Schema A4 and modus ponens if and only if
Vioeo Fol < [F] if and only if \/, . [F.] < [F]. This implies that
Vieo [Fn] is the least upper bound of {[F,] : n € w} as claimed.

Of course, by Schemas A5-A6, a contradual argument shows
that A, [Fn] is the greatest lower bound of {[F,] : n € w}. It

follows that every indexed family of equivalence classes of formulas

of £ has a least upper bound and a greatest lower bound be-
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cause {[F,] : m € w} is arbitrary. By definition, < is a o-com-

plete lattice ordering and (S / =;V, A) a o-complete lattice. I

Lemma 4 If all instances of Schemas Al1-A6 and AT-A8 are theo-
rems of L, then (S /=;—,\/,\) is a relatively pseudo-complemented,

o-complete lattice. Moreover, for every formula Fi,Fy of L,
(5) [F] = [F] = [F1 — B,

= being a congruence vrelation with respect to the operation of mate-

rial implication — in the algebra & of formulas of L.

PROOF Recall that the pseudo-complement of [Fy] relative to [F3], de-
noted by [Fi] — [Fy], is the largest equivalence class [F] of formu-
las of L, if it exists, such that [Fi] A [F] < [Fy]. In practice, it

is shown that, for every equivalence class [F3] of formulas of L,
[F] < [F] — [F2] if and only if [Fi] A [F5] < [F).

Indeed, suppose that [F3] < [Fi] — [Fy], that is to say, that
[F5] < [FA — F) by (5) if and only if F3 — (Fi — Fy) by
(3) and (2). Then, certainly, (F3 A Fy) — F, by Schema A7 and
modus ponens if and only if [F3 A Fj] < [Fy] by (2) and (3) if
and only if [F3] A [Fi] < [Fy] by (4). Since the operation of meet
A is commutative in every lattice, [Fj] A [F3] < [Fy] as required.

Conversely, suppose that [F3] A [Fy] < [Fy], that is to say, that
[Fs N Fi] < [Fy] if and only if (F3 A Fy) — F,. Then F; — (F

— Fy) by Schema A8 and modus ponens if and only if [F3] <
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[Fi — Fy] if and only if [F3] < [Fi] — [Fy]. It follows that the
pseudo-complement of [Fy] relative to [Fh] exists; since [Fi],[Fy] are

arbitrary, (S / =;—,\/, A\) is relatively pseudo-complemented. I

Lemma 5 If all instances of Schemas A1-A8 and A9-A10 are theo-
rems of L, then (S/=;— —,\V,\AN) = & /= is a o-complete Boo-

lean algebra. Moreover, for every formula F of the language L,
(6) —[F] = [-F],

= being a congruence relation with respect to the operation of neg-

ation — in the algebra & of formulas of the language L.

PROOF Notice first that (S / =;—,\, /), as a relatively pseudo-com-
plemented lattice, contains the wunit element [1]. Indeed, by definition,
and for every equivalence class [Fi],[F,] of formulas of L, [F] <
[Fi] — [Fi] if and only if [Fi] A [Fy] < [Fi]. Hence, in particular,
if [Fi] A [Fy] < [Fi], which holds in every lattice, then [Fy] < [F]
— [Fi], whence [Fi] — [Fi] = [1] because [Fy] is arbitrary.

In fact, since (F; A —F;) — F, by Schema A9 if and only
if [ AN —F < [F5] by (2) and (3) if and only if [Fi] A —[F] <
[F5] by (4) and (6), (S/=;—,V, /) also contains a zero element
[0] and, consequently, is a pseudo-Boolean algebra with pseudo-comple-
ment defined as —[F] = [F] — [0] for every equivalence class [F]
of formulas of L. Of course, this new algebra (S / =;—, —, V, A\
inherits the structure of (S / =; —,\, A) and is o-complete.

Finally, suppose that a formula of L is identifiable with the u-
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nit element 1 in & = (§;—, —,V,A) if and only if it is a theo-

rem of L. Then F V —F = 1 because F V —F by Schema A10.

It follows immediately that [F] vV —[F] = [1] in the pseudo-Boolean
algebra (S / =; —, =, \/, \), which implies that the pseudo-complement
—[F] in (§/=;-,—,V,/\) is the complement of [F]. By definition,
S/=;—,—=>V,AN) = 6/ = 1is a o-complete Boolean algebra. I

This completes the proof of Theorem 2.1.3. 1

The o-complete Boolean algebra & / = of formulas of £ mod-
ulo logical equivalence of Theorem 2.1.3 is called the Lindenbaum-—

Tarski algebra of the language L of countable sentential calculi.

2.1.4 Definition Let & / = be the Lindenbaum-Tarski algebra of
the language L of countable sentential calculi. Then & / = satisfies
the countable chain condition (or is c.c.c.) if every disjoint family

of equivalence classes of formulas of £ is at most denumerable.

2.1.5 Definition Let & / = be the Lindenbaum-Tarski algebra of
the language L of countable sentential calculi. Then & / = is weak-
ly countably distributive if, for every indexed family {[F,.] : m,n
€ w X w} of equivalence classes of formulas of the language L
such that [Fo..] < [Fanql, the join V. [Fnn] as well as the

meets /\mau [Frnpm)]  and /\mad \/nEw [Finn) exist in &/ =, and

(7) Nmews Vnew Fmnl = Voews Amew Fmem],

where w“ denotes the set of all mappings ¢ of w into w.
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2.1.6 Theorem (von Neumann [23]) The Lindenbaum—-Tarski algebra
S /= of the language L of countable sentential calculi carries a strict-
ly positive, countably additive probability measure p only if it satisfies

the countable chain condition and s weakly countably distributive.

PROOF Clearly, & / = is c.c.e. For a disjoint family of equivalence
classes of formulas of L cannot contain, for every integer n > 1,
as many as n elements whose probability is greater than 1 / n.

To see that &/ = must also be weakly countably distributive,
let {[Fnn : mn € w x w} be an indexed family of equivalence
classes of formulas of £ such that [F,, < [Fmn+1), and  sup-
pose that every relevant join and meet exists in & / =. Clearly,
Amcw Vinew [Fmnl = Voewo Nnew [Fmpemy]  holds, so it suffices to show
that  A,c, View [Fnnl < Viocoo Amew [Fingom)]  whenever & / = carries
a strictly positive, countably additive probability measure p [12].

In fact, since p is countably additive, and, by definition, [F,,)]
< [Fonsl, PVpeo Fmp)) = limy o P([Fnp]). Hence, there exist a ¢
and an e > 0 such that p(V,c, [Fnn)) — 27" e < p([Frpm)) if

and only if PV, [Fnnl A —[Fnem)) < 27" e, whence
(8) p(/\mEW \/nEw [Fman] /\ \/me _[Fmvso(m)]) < €

Indeed, it follows immediately from the infinite distributive law

/\me vnEw [me] A \/me _[Fm#’(m)]

= vaw (/\mew \/new [me] N _[Fm:<»0(m)])
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[18, Lemma 1.33(b), p. 22] that p(A,.co Vieo Fmnl A View —[Fmpemm)])
= p<\/m€w (/\mew \/nau [me] A _[Fm,ip(m)])) = Zij:o p(/\mew \/new [me]
A _[Fmvw(m)]) < Zi:o p(\/new [an] A _[Fm,cp(m)]) < Z;OZO 27m-le = ¢

~m=1 converges to 1. This proves (8).

because the series >~ 2
Suppose now that there exists a [Fy] € &/ = such that [F)
is an wupper bound for all the A . [Femls (e [Fo] > Aneo

[Frnpm)) for every ¢), and set [F| = A,co View [Fmnl- Then

p([Fo]) = p(F]) — p(F]) + P(Anew Fmemm])

> p([F]) — p([F] A = Npew [Frnomm))
> p([F]) — P(IF] A Vipew —[Frngpm)])
> p([F]) — e

by (8), whence p([Fy]) > p([F]) because € is arbitrary. It follows
that  p([Fo] A [F]) = p([F]) because p([Fy] A [F]) = p([F] A [F])
> p([F] A [F]), which implies, since p is strictly positive, that
[Fo] N [F] = [F] if and only if [F] < [Fy]. Hence, there exists
no upper bound [Fy] for the A [Fnemls such that [Fo] < [F],

whence A, Ve, [Fnnl < Voewo Amew [Fmpem)]  as  required. 1

A Lindenbaum-Tarski algebra & / = of the language £ of count-
able sentential calculi which is both c.c.c. and weakly countably dis-
tributive is called almost measurable. FEvery almost measurable Lin-
denbaum—Tarski algebra is a Lindenbaum—Tarski algebra in the sen-
se of Theorem 2.1.3, but not conversely. Almost measurable Linden-

baum-Tarski algebras are denoted by &*/ =. Of course, being c.c.c.,
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every almost measurable Lindenbaum—Tarski algebra is complete.

2.1.7 Theorem (Stone [30]) Let &*/ = be an almost measurable
Lindenbaum—Tarski algebra of the language L of countable sentential cal-
culi, Z be a set of mazimal filters of &*/ =, and v be a Boolean
homomorphism of &*/ = into the power set P(Z) such that, for ev-
ery equivalence class [F] of formulas of L, ~([F]) = {F € Z : [F]
€ F}. Then Z equipped with the topology for which the ~([F])’s form

an open base is a zero-dimensional compact Hausdorff space.

PROOF Of course, since < is a Boolean homomorphism, for every
equivalence class [F] of formulas of L, ~([F]) = Z \ ~(—[F]) is
also closed in Z. Tt follows that every basic open set ~([F]) is
open-closed, which in turn implies that Z 1is zero-dimensional.

To see that Z is compact, let E be a filter of closed subsets
of Z (note that E has the finite intersection property); it is shown
that (VE # 0, that is to say, that E has non-empty intersection.
Indeed, write E = {y([F]) : 7([F]) 2 E for some E € E}. Since
the ~([F])’s form a closed base for the topology, (ME = N{v([F])
Y([F]) € E}; and since E is a proper filter in Z, it is contain-
ed in a maximal filter F by the Ultrafilter Lemma [18, Proposition
2.16, p. 33]. It follows that F € [JE because F € ~([F]) for every
v([F]) € E, whence E has non-empty intersection as required.

Finally, let F;,Fs be maximal filters in Z such that F; # Fo,

and suppose, without loss of generality, that [F] € F; \ Fy. Then,
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certainly, —[F] € Fy because [F] ¢ Fy. Since F; € ~([F]) and Fy
€ 7v(—[F]); and since, moreover, ~([F]) and ~(—[F]) are disjoint o-

pen sets, Z is Hausdorff as claimed. The proof is complete. 1

The zero-dimensional compact Hausdorff space Z of Theorem 2.1.7
is known as the Stone space of &*/ =. Stone spaces Z are es-
sential to a deeper understanding of the structure of almost mea-
surable Lindenbaum-Tarski algebras. Theorems 2.1.9 and 2.1.11 below
describe two important properties of Z; the mnext result is an in-

stance of the Stone representation theorem for Boolean algebras.

2.1.8 Theorem (Stone [29,30]) Let Z be the Stone space of an
almost  measurable Lindenbaum—Tarski algebra &*/ = of the language
L of countable sentential calculi. Then &*/ = is isomorphic, as a

Boolean algebra, to the field Clop(Z) of open-closed subsets of Z.

PROOF It is first verified that the open-closed subsets of Z are
exactly the basic open sets of Z. Indeed, since Z is zero-dimen-
sional, {y([F]) : [F] € &*/ =} C Clop(Z). Conversely, let C be an
open-closed subset of Z. Since C is open, and the ~([F])’s form
a base, there exists a family C C &*/ = of equivalence classes
of formulas of £ such that C = YU{y([F]) : [F] € C}; and since
C is closed, hence compact, there exists a finite family D C C
of equivalence classes of formulas of £ such that C = [J{~([F])

[F] € D}. It follows that C = ~(\/{[F] : [F] € D}) because <~

is a (finite) Boolean homomorphism of &*/ = into P(Z), whence
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Clop(Z) € {~([F]) : [F] € &*/ =} because C 1is arbitrary.

To see that 7 is a Boolean isomorphism into Clop(Z), let [Fi],
[F3] be equivalence classes of formulas of £ such that [Fi] # [Fy].
It is shown that ~([F1]) # ~([F:]), that is to say, that ~ is a
bijective Boolean homomorphism. Indeed, since [Fi] A —[Fy] # [0], let
E = {[F] €¢ 6/ = : [F] > [FA] AN —=[F]}. Then E is a filter of
G*/ = which, by the Ultrafilter Lemma, 1is contained in a maxi-
mal filter F. Since [Fi] > [Fi] A —[F] and —[F] > [Fi] A —[F,
it follows that [F;] € F and —[Fy] € F. This implies that F €

v([F1]) and F ¢& ~([Fy]), whence ~([Fi]) # ~([F:]) as required. 1

2.1.9 Theorem (Stone [31]) The closure of every open subset of
the Stone space Z of an almost measurable Lindenbaum—Tarski algebra

G*/ = of the language L of countable sentential calculi is open.

PROOF Let Clop(Z) be the field of open-closed subsets of Z and
{V([F.) : n € w} be an indexed family of open-closed sets in
that same space Z. Clearly, J,c, 7([Fn]) is open, with \/ . 7([F.))
being the least wupper bound of Clop(Z) because Clop(Z) is c.c.c.
as an isomorphic copy of 2 by Theorem 218 Let U = J,g,
Y([Fn]) and V. = Vo, 7([F]). It is shown that ¢ U = V.
Indeed, since V is an upper bound for the family {v([F,])

n € w}, U C V, whence ¢l U C V Dbecause V is (open-)closed.
Suppose now that V \ ¢l U is non-empty. Then it must contain

an open-closed set W because Z is zero-dimensional. It follows that



2 Foundations of modal logic 47

cd U C W C V, which contradicts the premiss that V is the

least upper bound of U. Hence, ¢l U = V as required. 1

A topological space in which the closure of every open set
is open is said to be extremally disconnected. An extremally discon-
nected compact Hausdorff space is also called a Stonean space. Of

course, every Stonean space is a Stone space, but mnot conversely.

2.1.10 Definition In every topological space, a set is
(i) nmowhere dense if the interior of its closure is empty;

(ii) meagre if it is a countable union of nowhere dense sets.

2.1.11 Theorem (Kelley [15]) FEvery meagre subset M of the Stone
space Z of an almost measurable Lindenbaum—Tarski algebra &* /) =

of the language L of countable sentential calculi is nowhere dense.

PROOF Let Clop(Z) be the field of open-closed subsets of Z. The
point is to notice first, following Kelley’s ingenious insight, that a
set N in Z is nowhere dense if and only if the greatest lower
bound of all open-closed subsets of Z containing N is empty, that
is to say, since Clop(Z) is c.cc., if and only if for some in-
dexed family {y([F,]) : n € w} of open-closed subsets of Z such
that ~([F.]) 2 N, A, V([F]) = int N,o, 7([Fa]) = 0. Of course,
the aforementioned family may be assumed to be decreasing.

Now, since Clop(Z) is also weakly countably distributive, there

exists a decreasing indexed family {y([F..]) : mn € w X w} of o
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pen-closed subsets of Z such that, whenever A ., Y([Fnn]) as well

as Vmew 7([Fm:¢(m)]) and \/mEUJ /\new 7<[Fm,n]) eXiSt in ClOp(Z),

(9) \/me /\nEw 7([Fm7n]) = /\@Eww \/me 7([Fm7¢(m)])’
where w® denotes the set of all mappings ¢ of w into w.

Let M = | N,, be a meagre subset of Z. Since each N, is

mew
nowhere dense, there exists a decreasing indexed family {v([Finn))

m,n € w x w} of open-closed subsets of Z such that ~([F,.]) 2
Ny, and Ao, Y([Fnn]) = 0. It follows that \, ., Y([Fnnl) 2 Uneo
N and Ve Anew V([Fmnl) = 0, whence Ao Vipew V([ Fmemm]) =

0 by (9). Since Ve, YW([Fmeem)) 2 Unew N with Voo v ([Foom)])

open-closed because Z is extremally disconnected, every meagre subset

M of Z is nowhere dense as claimed. The proof is complete. I

Note that Clop(Z) in the proof of Theorems 2.1.9 and 2.1.11,
although a complete Boolean algebra, is not a complete field of sets.
For if {~([F,]) : n € w} is an indexed family of open-closed sub-
sets of Z, then J,o, 7([fn]) is certainly not open-closed; yet, in
some sense, it can be considered open-closed, as the next result,

which is an instance of the Loomis—Sikorski theorem, shows.

2.1.12 Definition A DBaire set in Z is an element of the least

o-field of sets containing the open-closed subsets of Z.

2.1.13 Theorem (Loomis [20], Sikorski [28]) FEvery almost measur-

able Lindenbaum—Tarski algebra &*/ = of the language L of count-
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able sentential calculi is isomorphic to the quotient algebra Ba(Z) | N,
where Ba(Z) is the o-field of Baire subsets of the Stone space Z of

S*/ =, and N C Ba(Z) is the o-ideal of nowhere dense sets.

PROOF Let Clop(Z) be the field of open-closed subsets of Z. Since
Clop(Z) is an isomorphic copy of &*/ = it suffices to show that
Ba(Z) /] N is isomorphic to Clop(Z). Let A(Z) be the set of all
subsets S of Z whose symmetric difference A with an open-closed
set is meagre. It is first shown that A(Z) is a o-field of sets.

Indeed, 0 A O = 0 and Z \ (S A ~([F]) = (Z \ S) & ~([F])
for every S in A(Z), whence A(Z) contains the empty set and is
closed under the formation of complements. Consider now two index-
ed families {S, : n € w} and {y([F.])) : n € w} of arbitrary and
open-closed subsets of Z, respectively, and suppose that S, A ~([F,])
is meagre for every n. Since U,o, Sn A Upeo 7([Fn]) € Upen (Sn A
Y([Fn])), and meagre sets form a o-ideal, |J,c, Sn A U,eo 7([Fn]) s
certainly meagre. Recalling that cl U, ., 7([Fn]) is, by Theorem 2.1.9,
open, hence open-closed, and that J, ., Y([£%]) A c U, 7([Fr]), as
a boundary set, is nowhere dense, that is to say, meagre, A(Z)
is closed under the formation of countable unions as required.

Note that A(Z) contains all the open-closed and, consequently,
all the Baire subsets of Z, the former generating the latter by def-
inition. In fact, to every Baire set B corresponds exactly one open-

closed set ~([F]) such that B A ~([F]) is meagre. For suppose that
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there exists another open-closed set ~([F']) such that B A ~([F']) is
meagre. Then so is A([F]) A ([F"]) € (B A ~([F])) U (B A ~([F])),
which contradicts the Baire category theorem for compact Hausdorff
spaces [4, Theorem 3.9.3, p. 197], whereby the interior of meagre
sets is empty, because Y([F]) A ~([F']) has no empty interior.

Hence, since (Z \ B) A ~([F]) and, for every family {B, : n €
wt and {y([F.]) : » € w} of Baire and open-closed subsets of Z,
Unew Bn & ' U,eo, 7([Fr]) are meagre; and since, moreover, every o-
pen-closed set is Baire, the mapping which sends every Baire set B
to an open-closed set ~«([F]) is a Boolean epimorphism whose kernel
is exactly the o-ideal M of meagre sets. By the Homomorphism
Theorem [18, Proposition 5.23, p. 77|, Ba(Z) / M is isomorphic to

Clop(Z). A glance at Theorem 2.1.11 completes the proof. 1

2.2 Semantic theory of truth

2.2.1 Definition A model for the classical (two-valued) sentential cal-
culus is an ordered system (2,7, F,§), where A = &/ = is an
almost measurable Lindenbaum—Tarski algebra of the language L of
countable sentential calculi, Z is its Stone space, F = {0,Z} /N
C Ba(Z) /N is the trivial algebra of Baire subsets of Z modulo
nowhere dense sets, and ¢ is a Boolean epimorphism of % into

F such that, for every equivalence class [F] of formulas of L,

(I) int cl E([F]))* = 0 if and only if &([F])* = 0,
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the open-closed representative &([F])* of the image &([F]) of [F] be-

ing nowhere dense in Z (‘false’) if and only if it is empty.

Schema (I) probably deserves an explanation. For if it is clear
that the property of ‘nowhere denseness’ rather applies to sets than
equivalence classes of sets, that is to say, sets of sets, the reader
may wonder why the representative &([F])* of &([F]) is open-closed at
all. The point, of course, is that &([F])* must be uniquely deter-
mined for Schema (I) to be necessary and sufficient. And, by def-
inition, each equivalence class &([F]) of Baire subsets of Z has

at most one open-closed representative because F C Ba(Z) / N.

2.2.2 Definition In every topological space, a set is
(i) non-boundary if the closure of its interior is the space;
(ii) comeagre if it is a countable intersection of mnon-boundary sets.

(Non-boundary sets were first investigated by Wallace [35].)

2.2.3 Theorem Let (A, Z,F,&) be a model for the classical senten-

tial calculus. For every equivalence class [F] of formulas of L,
(II) c int &([F))" = Z if and only if &([F])" = Z,

the open-closed representative &([F|)*  of the image E([F)]) of [F] be-

ing mnon-boundary in Z (‘true’) if and only if it is Z.

PROOF  Suppose that int cl &(—[F])* = 0 if and only if &(—[F])*
= (), that is to say, that &(—[F])* is nowhere dense in Z (‘fal-

se’) if and only if it is empty. Since int &(—[F))* = Z \ c Z \
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E(—[F])*, and ¢ is a Boolean homomorphism, it follows that

Z \ int c &—[F)* = Z if and only if Z \ &{(—[F))" = Z
<~ o Z \ o &—[F])" = Z if and only if Z \ &(—[F)* = Z
<~ o int Z \ {—[F])" = Z if and only if Z \ {(—[F])" = Z

= cl int {([F])* = Z if and only if &([F])* = Z,

whence if a sentence is true if and only if its negation is false
(principle of bivalence common to all two-valued calculi), then &([F))*
is non-boundary in Z (‘true’) if and only if it is the space Z

as claimed, which completes the proof of the theorem. I

At this point, a reader familiar with model theory probably re-
cognised in Schema (II) the epitome of a T-schema and, more gen-
erally, Tarski’s semantic conception of truth [33]. Hence, Schema (II)
is mnot formula of L£ but a formula of a stronger language which
contains £, namely, that L£F of mathematical FEnglish viewed as an
informal version of the first-order language of Zermelo—Fraenkel set
theory with the axiom of choice (ZFC). In particular, for every e-
quivalence class [F]| of formulas of £, &([F])* in the definiendum of
Schema (II) is the name of [F] to which a predicate applies, cl
int - = Z is the predicate itself (here: is true), and E([F])* = Z,
the definiens, is the translation of [F] into LF. In Tarski’s phra-

seology, constructions of that kind are called formally correct.

2.2.4 Theorem Let (A, Z,F,&) be a model for the classical senten-

tial calculus. For every equivalence class [F] of formulas of L,
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cl int &(—[F])* = Z if and only if int cl &([F])* = 0,

the open-closed representative &(—[F|)* of the image &(—[F]) of —[F]
being mnon-boundary in Z if and only if the open-closed representative

E([F])* of the image &([F)]) of [F] is nowhere dense in Z.

PROOF  Clearly, cl int £(—[F])* = cl int Z \ &([F])* because ¢ is a
Boolean homomorphism. And, certainly, cl int Z \ &([F])* = ¢ Z \
cd ((F)* = Z \ int cl &([F])* by the dual interdefinability of the
operations of closure and interior of a set. Hence, cl int &(—[F])*
= Z \ int cl &([F])* from which it follows immediately that cl int

E(-[F)* = Z if and only if int cl ([F])* = 0 as required. |

2.2.5 Theorem Let (A, Z,F,&) be a model for the classical senten-
tial  calculus. For every equivalence class [Fo), [F1], [Fs],... of formulas

of the language L of countable sentential calculi,

cl int &(V,eo [Fn])* = Z if and only if

cl int £([F.))* = Z for some n € w,

the open-closed representative &(\/, o, [Fn])* of the image &(V,, [Fn]) of
View [Fn]  being non-boundary in Z if and only if at least one open-
closed representative E([Fo))*, E([F1])*, E([Fo))*, ... of at least one image

E([Fo]), E([F1]), E([Fs)), ... of [Fol, [F1), [F2],... s mon-boundary in Z.

PROOF The sufficiency poses no difficulties. For suppose that ¢l int
E([F)* = Z for some n. Then, certainly, cl int &§(\/,., [Fn])* = Z

because {([F])" € U,ew S([Fn])® for every n if and only if cl int
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E([F)* € o int U, §([Fn])* if and only if cl int &([F,])* € «dl

int £(V,c, [Fn])* because ¢ is a Boolean homomorphism.

Conversely, suppose that cl int &(V,o, [Fu])" = Z. It is shown
that ¢l int &([F,])* = Z for some n. For suppose, reductio ad ab-
surdum, that this is not the case. Then int cl &([F,])* = 0 for
every n, whence int cl U,., E([F.])* = int c &(V,e, [Fn])* = 0 by
Theorem 2.1.11. A contradiction. Hence, cl int &(V, o, [F2])" = Z if

and only if cl int £([F.))* = Z for some n as claimed. |

Note that the Stone topology generated by the countable chain
condition and the weak countable distributivity of 2 is essential
to the proof of Theorem 2.2.5, a countable wunion of nowhere
dense sets being mnot nowhere dense in general; in fact, it can
even be (everywhere) dense, the set @Q of rationals in R equipped
with the wusual topology being a classic example. Moreover, a set
which is not mnon-boundary is not nowhere dense in general; in
other words, that ¢ is a Boolean epimorphism of 2 into F =

{0,Z} /| N is equally essential to the proof of Theorem 2.2.5.

2.2.6 Theorem FEvery comeagre subset M of the Stone space Z of
an almost measurable Lindenbaum—Tarski algebra 2A = &*/ = of the

language L of countable sentential calculi is non-boundary.

PROOF Let Clop(Z) be the field of open-closed subsets of Z. The

point is to notice first that, contradually to Theorem 2.1.11, a

set N in Z is mnon-boundary if and only if the least upper
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bound of all open-closed subsets of Z contained in N is Z, that
is to say, since Clop(Z) is c.cc, if and only if, for some in-
dexed family {y([F,]) : n € w} of open-closed subsets of Z such
that ([F.]) € N, V,eo Y[Fo)) = o U, v([F]) = Z. Of course,

the aforementioned family may be assumed to be increasing.

Let M = (e Nm be a comeagre subset of Z. Since each
N,, is non-boundary, there certainly exists an increasing indexed fam-
ily {v([Fmn]) @ mn € w x w} of open-closed subsets of Z such

that Y([Fnn]) € Nm and Vo, Y([Fnnl) = Z. It follows immedi-

ately that A, Y([Fnal) © Mpew N and - Ay, Vie, Y([Fmal) =
Z, whence 'V o Npew V([Fmpm]) = Z because Clop(Z) is weak-
ly countably distributive. Since A, V([Fnpim)) S Npew Nm, with
Amew V([Empam)]) open-closed because Z is extremally disconnected, ev-

ery comeagre subset M of Z is non-boundary as claimed. 1

2.2.7 Theorem Let (A, Z,F,&) be a model for the classical senten-
tial  calculus. For every equivalence class [Fo|, [F1], [Fs],... of formulas

of the language L of countable sentential calculi,

cl int §(N\,eo [Fn])* = Z if and only if

cl int £([FL])* = Z for every n € w,
the open-closed representative E(N,c, [Fn])* of the image &(N,c, [Fn]) of

Nnew [Fn]  being  non-boundary in Z if and only if all open-closed

representatives  E([Fol)*, E([F1])*, E([Fe])*, ... of all images &([Fol), E([F1))*

S([Fa]), ... of [Fol,[F1],[Fs],... are mnon-boundary in Z.
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PROOF The argument is similar to that of Theorem 2.2.5. For sup-
pose that «cl int §(A,., [Fn])* = Z, that is to say, that cl int
Mhew SUFR)* = Z. Then cl int {([F,])* = Z for every n because

Mheo E(EFR])D)* € &([F])* for every n if and only if «cl int ()

new

E([F)) € o int &([Fu])* if and only if ol int (A, [Fn])® C©
int &([F,])*. The converse follows immediately from Theorem 2.2.6,
every comeagre subset of Z, that is to say, every countable inter-

section of mnon-boundary subsets of Z, being non-boundary. 1

2.2.8 Theorem Let (A, Z,F,&) be a model for the classical senten-

tial calculus. For every equivalence class [Fi],[Fs] of formulas of L,

cl int {([F1] — [F2])" = Z if and only if

cl int {(=[F1])* = Z or cl int &([F])* = Z,

the open-closed representative &([Fy] — [Fy])* of the image E([Fi] —
[Fy]) of [Fi] — [Fa] being mnon-boundary in Z iff at least one o-
pen-closed  representative &(—[Fi])*  or &([Fa])*  of at least one image

E(—=[F1]) of —[Fi] or &([F]) of [Fi] is mnon-boundary in Z.

PROOF Recall that, in every Lindenbaum-Tarski algebra %[, the rela-

tive pseudo-complement [Fy] — [F,] is the largest equivalence class

[F] of formulas of L such that [Fi] A [F] = [Fy]. It follows im-
mediately that [Fy] A [F] = [Fy] if and only if [F] A [F] A —[F)]
= [0] if and only if ([Fi] A —[F2]) A [F] = [0] if and only if [F]

= —([Fi] N —[F]) if and only if [F] = —[Fi] V [Fy] by De Mor-
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gan’s laws. A glance at Theorem 2.2.5 completes the proof. 1

2.2.9 Convention T (Tarski [33]) A formally correct definition of
the predicate is true, formulated in the metalanguage L£F of math-
ematical English, is materially adequate if it implies all instances of

a T-schema, that is to say, all instances of Schema (II).

2.2.10 Theorem Let (A, Z,F,&) be a model for the classical senten-
tial calculus.  The  following schemas constitute a formally correct and

materially adequate definition of the predicate is true:

c int E([F))* = Z if and only if &([F))* = Z;

c int &(—[F))* = Z if and only if int cl E([F])* = 0;

cd int &V, [F)* = Z if and only if ¢ int &(F.)) = Z for some n;
cl int (Ao, [Fal)* = Z if and only if cl int E([F,))* = Z for every n;
d int &(F] — [B)* = Z if and only if

cl int &(—=[F1)* = Z or c int ([F]) = Z,

the open-closed representative E([F])* of the image &([F]) of [F] be-
ing mnon-boundary in Z if and only of it is Z; or E(—[F])* s
non-boundary in Z if and only if &([F])* is nowhere dense in Z;
or  &(V,ew [FR])*  is  non-boundary in Z if and only if at least
one &([Fo))*, ([F1])", E([FR))*, ... s monm-boundary in  Z; or &§(\,ec. [Fn])*
is non-boundary in Z if and only if all E([Fol)*, E([FA))*, E([FR])F, - .
are non-boundary in Z; or &([Fi] — [F])* is non-boundary in Z

if and only if &(—[F1))* or &([Fs])* is non-boundary in Z.
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PROOF By Theorems 2.2.3, 2.2.4, 2.2.5, 227, and 2.2.8.

More precisely, formal correctness follows immediately from Theo-
rem 2.2.3, whilst material adequacy follows from Theorems 2.2.4, 2.2.
5, 2.2.7, and 2.2.8. That the predicate is non-boundary in Z, final-
ly, has the same extension as the predicate s true is an imme-
diate consequence of the existence of a canonical Boolean isomor-

phism of F into the two-element Boolean algebra 2 = {0,1}. 1

2.3 Modal extension

2.3.1 Definition A model for the modal sentential calculus is an
ordered system (2,Z,E,(), where 204 = &*/ = is an almost mea-
surable Lindenbaum—Tarski algebra of the language L of counta-
ble sentential calculi, Z is its Stone space, & = Ba(Z) /N is
the algebra of Baire subsets of Z modulo nowhere dense sets,
and ( is the canonical Boolean isomorphism of 2 into & such

that, for every equivalence class [F] of formulas of L,
(I11) int cl (([F])* = 0 if and only if (([F])* = 0,

the open-closed representative (([F])* of the image C(([F]) of [F] be-

ing nowhere dense in Z (‘impossible’) if and only if it is empty.

That Schema (III) 1is, like Schema (I); a theorem of the me-
talanguage L£F of mathematical English if and only if (([F])* is
open-closed is clear. For suppose to dispel any remaining doubts

that (([F])* is closed. Then the sufficiency of Schema (III) certainly
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holds because the empty set is a closed, nowhere dense Baire sub-
set of Z, whilst its necessity fails because the empty set is not
the only subset of Z which satisfies these properties, the homeo-

morphic copy of the Cantor set in Z being a classic example.

2.3.2 Theorem Let (A, Z,E,() be a model for the modal sentential

calculus.  For every equivalence class [F] of formulas of L,
(IV) cl int (([F])* = Z if and only if (([F))" = Z,

the open-closed representative (([F])* of the image C(([F]) of [F] be-

ing non-boundary in Z (‘necessary’) if and only if it is Z.

PROOF The argument is similar to that of Theorem 2.2.3. For sup-
pose that int cl ((—[F])* = @ if and only if ((—[F])* = 0, that is
to say, that ((—[F])* is nowhere dense in Z (‘impossible’) if and
only if it is empty. Since int ((—[F])* = Z \ c Z \ {(—[F])*, and

¢ is a Boolean homomorphism, it follows immediately that

Z \ int cl ((—[F])* = Z if and only if Z \ ((—[F])* = Z
= cd Z \ o ((—~[F)* = Z if and only if Z \ {(—[F])" = Z
< c int Z \ {(—[F))" = Z if and only if Z \ ((—[F])" = Z

= cl int (([F])* = Z if and only if (([F])* = Z,

whence if a sentence is necessary if and only if its negation is im-
possible (principle of duality common to all classical modal calculi),
then (([F])* 1is non-boundary in Z (‘necessary’) if and only if it

is the space Z, which completes the proof of the theorem. 1
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2.3.3 Definition In every topological space, a set is
(i) somewhere dense if and only if it is not nowhere dense;

(ii)) somewhere codense if and only if it is not non-boundary.

2.3.4 Theorem Let (A,Z,E,() be a model for the modal sentential

calculus.  For every equivalence class [F] of formulas of L,

(V) int cl (([F])* # O if and only if (([F])* # 0,

the open-closed representative (([F])* of the image C(([F]) of [F] be-

ing somewhere dense in Z (‘possibly true’) iff it is non-empty.

PROOF Recall that int cl (([F])* = 0 if and only if (([F])* =
0. Then int cl (([F])* # 0 if and only if C(([F])* # 0. Hence,
since a set is, by Definition 2.3.3(i), somewhere dense in Z if
and only if it is mnot nowhere dense, and a sentence is possibly
true if and only if it is not impossible, (([F])* is somewhere

dense in Z (‘possibly true’) if and only if it is non-empty. 1

2.3.5 Theorem Let (A, Z,E,() be a model for the modal sentential
calculus.  For every equivalence class [F] of formulas of L,
(VI) c int (([F]))* # Z if and only if (([F])* # Z,

the open-closed representative (([F])* of the image C(([F]) of [F] be-

ing somewhere codense in Z (‘possibly false’) iff it is not Z.

PROOF Recall that ¢l int (([F])* = Z if and only if (([F])* =
Z. Then ¢l int (([F))* # Z it and only if (([F])* # Z. Hence,

since a set is, by Definition 2.3.3(ii), somewhere codense in Z if
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and only if it is not non-boundary, and a sentence is possibly
false if and only if it is not necessary, (([F])* is somewhere co-

dense in Z (‘possibly false’) if and only if it is not Z. 1

Schemas (III)-(VI) are noteworthy. For, contrary to the Lewis—
Godel paradigm [9,19] currently operating in full force, no addition-
al symbol to the language L of countable sentential calculi, that is
to say, mno additional operator on the Lindenbaum-Tarski algebra A,
was required to capture some mnotion of necessity, possibility, and im-
possibility. This follows, of course, from the fact that the aforemen-
tioned modes of truth, in a Tarskian fashion, were defined at the

level of the metalanguage L£F of mathematical English instead.

2.3.6 Theorem Let (A,Z,E,() be a model for the modal sentential

calculus.  For every equivalence class [F] of formulas of L,
cl int &([F])" = Z whenever cl int (([F)* = Z,

the open-closed representative &([F|)*  of the image E([F)]) of [F] be-
ing non-boundary in Z whenever that C(([F])* of the image C(([F]) of

the same [F] is non-boundary in Z, but not conversely.

PROOF Recall that ( is a Boolean isomorphism of 2 into & and
that & is a Boolean epimorphism of % into JF; moreover, let 6
be a DBoolean epimorphism of & into F & &. Then the composi-
tion # o ( is a Boolean epimorphism of 2 into JF because ev-

ery Boolean isomorphism is a Boolean epimorphism, and the compo-
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sition of two Boolean epimorphisms is a Boolean epimorphism.

In fact, set 6 o ( = ¢ so that, for every equivalence class
[F] of formulas of L, (6 o {)([F]) and &([F]) denote the same ele-
ment in F, and suppose that cl int (([F])* = Z, that is to say,
by Theorem 2.3.2, that (([F])* = Z. Then ([F])* = (0 o ([F))*
= O(([F))*) = 0(Z) = Z, whence cl int &([F])* = Z by Theorem
2.2.3 as required. That the converse fails follows immediately from

the fact that 6, as a Boolean epimorphism, is not invertible. 1

2.3.7 Theorem Let (A,Z,E,() be a model for the modal sentential

calculus.  For every equivalence class [F] of formulas of L,
int cl (([F])* # 0 whenever cl int (([F])* = Z,

the open-closed representative (([F])* of the image C(([F]) of [F] be-
ing somewhere dense in Z whenever that (([F])* of the image (([F))

of the same [F] is non-boundary in Z, but not conversely.

PROOF Indeed, it follows immediately from the rules of the topo-
logical calculus that ¢l int (([F])* = Z if and only if int cl int
C([F])* = int Z if and only if int cl (([F])* = Z because C(([F])*
is open(-closed) and int Z = Z. This in turn implies that int cl

C([F))* # 0 as required. That the converse fails is obvious. |

2.3.8 Theorem Let (A, Z,E,() be a model for the modal sentential

calculus.  For every equivalence class [F] of formulas of L,

int ¢l (([F])* # 0 whenever cl int £([F])* = Z,
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the open-closed representative (([F])* of the image C(([F]) of [F] be-
ing somewhere dense in Z whenever that &([F])* of the image &([F))

of the same [F] is non-boundary in Z, but not conversely.

PROOF Recall that 6 is a DBoolean epimorphism of & into F ¢ &
so that the composition 6 o ¢ is a Boolean epimorphism of A
into F, and set 0 o ( = ¢ so that (6 o O)([F]) and &([F]) de-
note the same element in J; moreover, suppose that JF is non-
degenerate and that ¢l int &([F])* = Z, that is to say, by Theo-
rem 2.2.3, that &([F])* = Z. Then Z = (0 o {)([F)* = 60(([F])*),
which immediately implies, despite the fact that 6 is not inver-
tible, that (([F])* # 0 because 6((([F])*) = 0 whenever (([F])*
= (. Hence, int cl (([F])* # 0 by Theorem 3.24 whenever cl int

E([F])* = Z as claimed. That the converse fails is obvious. |

It follows immediately from Theorems 2.3.6, 2.3.7, and 2.3.8 that
a sentence which is necessary is true, but not conversely; that a
sentence which is necessary is possible (i.e. possibly true), but not
conversely; and that a sentence which is true is possible, but
not conversely. These results conform with the intuition and cap-
ture the fundamental properties of mnecessity and possibility.

Note, in particular, that Theorems 2.3.6 and 2.3.8 rely on the
relatively — strong assumption that 6 o ¢ = ¢ that is to say,
for every equivalence class [F] of formulas of L, that 6((([F]))

and ¢([F]) denote the same element in F = {0,Z} /N. This as-
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sumption is, of course, not true in general but is essential here

to guarantee that O(C([F])*) and &([F])* are comparable.

2.3.9 Theorem Let (A, Z,E,() be a model for the modal sentential

calculus.  For every equivalence class [F] of formulas of L,
c int ((=[F))* = Z if and only if int cl (([F])* = 0,

the open-closed representative ((—[F|)* of the image ((—[F]) of —[F]
being non-boundary in Z if and only if the open-closed representa-

tive C([F))* of the image C(([F]) of [F] is nowhere dense in Z.

PROOF The argument 1is similar to that of Theorem 2.2.4. For cl
int ((—[F])* = ¢ int Z \ (([F])* because (¢ is a Boolean homo-
morphism.  And, certainly, cl int Z \ (([F])* = Z \ int c (([F))*
by the dual interdefinability of the operations of «closure and inte-

rior of a set from which the conclusion follows immediately. |

2.3.10 Theorem Let (A, Z,€,() be a model for the modal senten-
tial  calculus. For every equivalence class [Fo|, [F1], [Fs],... of formulas

of the language L of countable sentential calculi,

cl int ((V,e, [Fn])* = Z whenever

cl int (([F.)" = Z for some n € w,

the open-closed representative ((\/, ., [Fn])® of the image ((\/,, [Fn]) of
View [Fn]  being  non-boundary in Z whenever at least one open-closed
representative  (([Fol)*, C([F1])*, C([Fa])*,... of at least one image (([Fpl),

S([F1)), C([Fa)), ... of [Fol,[F1],[Fs],... is mnon-boundary in Z.
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PROOF The sufficiency part of the argument 1is similar to that of
Theorem 2.2.5. For suppose that cl int (([F,])* = Z for some n.
Then ol int ¢(\,.,[F))* = Z because C(([F.))* € U,e, C([F))*  for
every n if and only if cl int (([F,])* € cl int U, C([Fu])*

To see that the mnecessity fails in general, suppose that (([F])*
is neither non-boundary nor nowhere dense in Z, that is to say,
that ¢l int (([F])* # Z and int ¢l (([F])* # 0. Then ((—[F])* is,
by Theorem 2.3.15 below, neither nowhere dense nor non-boundary
in Z. Yet the set (([F))* U C((—[F)* = C(([F] Vv =[F)* = Z is
clearly non-boundary. Hence, cl int ((\/,, [Fn])" = Z does mnot nec-

essarily imply that cl int (([F])* = Z for some n as claimed. 1

2.3.11 Theorem Let (A, Z,E,() be a model for the modal senten-
tial  calculus. For every equivalence class [Fo), [F1], [Fs],... of formulas

of the language L of countable sentential calculi,

cl int C(A,eo [Fn))* = Z if and only if

cl int (([F.)* = Z for every n € w,

the open-closed representative (N, [Fn])* of the image ((\,c, [Fn]) of
Nnew [Fn] - being  non-boundary in Z if and only if all open-closed

representatives  C([Fol)*, C([F1))*, C([Fa])*, ...  of all images (([Fo)), C([Fi])*

C([Fa]),... of [Fol,[Fi],[Fs],... are mnon-boundary in Z.

PROOF The argument is similar to that of Theorem 2.2.7. For sup-

pose that «cl int ((A,, [Fn])* = Z, that is to say, that cl int
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Mhew CUFR])* = Z. Then cl int (([F,])* = Z for every n because
Mhew CUELD" € C([Fu])* for every n. The converse follows immedia-

tely from Theorem 2.2.6, every countable intersection of non-boundary

subsets of Z being non-boundary. The proof is complete. I

2.3.12 Theorem Let (A, Z,E,() be a model for the modal senten-

tial calculus. For every equivalence class [F] of formulas of L,

cl int (([Fi] — [F2))* = Z whenever

cl int ((—[Fi])* = Z or cl int (([F])" = Z,

the open-closed representative (([F1] — [F»])* of the image (([F1] —
[Fy])  of [Fi] — [F»] being non-boundary in Z whenever at least
one open-closed representative ((—[F1])* or (([F3])* of at least one

image C(—[F1]) of —[Fi] or (([F3]) of [F3] is non-boundary in Z.

PROOF The sufficiency part of the argument 1is similar to that of
Theorem 2.2.8. For recall that the relative pseudo-complement [F] —
[F3] is the largest equivalence class [F] of formulas of £ such that
[F] = —[Fi] Vv [F). Then ¢l int (([F1] — [F:))* = Z whenever cl
int ((—[F1])* = Z or c int {([F3])" = Z by Theorem 2.3.10.

To see that the mnecessity fails in general, suppose that (([F])*,
in a similar vein to Theorem 2.3.10, is neither non-boundary nor
nowhere dense. Then ((—[F])* is neither nowhere dense nor non-
boundary. Yet C(—[F))* U C(F))* = C(—[F] v [F))* = C(F] — [FIy

is non-boundary in Z because [F] — [F] is a tautology. |
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2.3.13 Definition A formally correct definition of the predicate s
necessary, formulated in the metalanguage LF of mathematical En-
glish, is said to be weakly materially adequate if it implies some

instances of Schemas (IV). (Compare with Definition 2.2.9.)

2.3.14 Theorem Let (A, Z,E,() be a model for the modal senten-
tial calculus. The following schemas constitute a formally correct and

weakly materially adequate definition of the predicate is necessary:

ol int (([F))* = Z if and only if (([F])* = Z;

cl int ((=[F))* = Z if and only if int cl C([F))* = 0

cl int ((V,e, [Fu])* = Z whenever ¢l int (([F,))" = Z for some n;

cl int C(A,o, [F) = Z if and only if < int (([F)) = Z for every n;
d int (([F] — [R])* = Z whenever

cl int ((—[Fi])" = Z or c int (([F])" = Z,

the open-closed representative (([F])* of the image C(([F]) of [F] be-
ing non-boundary in Z if and only if it is Z; or ((=[F])* s
non-boundary in 7 if and only if C(([F])* is nowhere dense in
Z; or ((V,eo [Fn])* is non-boundary in Z whenever at least one
C([Fo))*, C(AD)  C([F2])*, ... is mon-boundary in  Z; or ((N,e, [Fn])* s
non-boundary in Z if and only if all C([Fo))*, C([F1])F, C([FR])F, - ..
are  non-boundary in Z; or (([Fi] — [F])* is mnon-boundary in Z

whenever ((—[Fi])* or (([Fs])* is non-boundary in Z.

PROOF By Theorems 2.3.2, 2.3.9, 23.10, 2.3.11, and 2.3.12. |
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The definition of necessity formulated in Theorem 2.3.14 con-
forms with the intuition. Hence, it follows from Theorem 2.3.9 that
a sentence is mnecessary if and only if its mnegation is impossible
(i.e. mnot possible) and from Theorem 2.3.11 that a conjunction of
sentences is necessary if and only if all the sentences forming the
conjunction are necessary. By Theorem 2.3.10, however, a disjunction
of sentences may be necessary although none of the sentences
forming the disjunction are mnecessary, a result naturally extending,

mutatis mutandis, to material implication by Theorem 2.3.12.

2.3.15 Theorem Let (A, Z,E,() be a model for the modal senten-

tial calculus. For every equivalence class [F] of formulas of L,

int cl ((—[F])* # 0 if and only if cl int (([F])* # Z,
the open-closed representative ((—[F|)* of the image ((—[F]) of —[F]
being somewhere dense in Z iff the open-closed representative (([F])*

of the image C(([F]) of [F] is somewhere codense in Z.

PROOF The argument is similar to that of Theorem 2.2.4. For int
c ¢((—[F])* = int ¢ Z \ (([F])* because (¢ is a Boolean homo-
morphism.  And, certainly, int c Z \ (([F])* = Z \ cl int (([F])*
by the dual interdefinability of the operations of closure and inte-

rior of a set from which the conclusion follows immediately. I

2.3.16 Theorem Let (A, Z,E,() be a model for the modal senten-

tial  calculus. For every equivalence class [Fo|, [F1], [Fs],... of formulas
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of the language L of countable sentential calculi,

int cl ((V,eo [Fn])" # 0 if and only if

int cl (([F.])* # 0 for some n € w,

the open-closed representative ((\/, o, [Fn])* of the image ((V,c, [Fn]) of
Veo [Fn]  being  somewhere dense in  Z iff at least one open-closed
representative  (([Fol)*, C([F1])*, C([Fa])*,... of at least one image (([Fp)),

E([F), C([F), ... of [Fol,[F\],[Fs],... is somewhere dense in Z.

PROOF The argument is similar to that of Theorem 2.2.5. For sup-
pose that int cl (([F,])* # 0 for some n. Then int cl ((\,, [Fn])*
# 0 because (([F.])* € Uye, C([Fu])* for every n if and only if
int cl (([F,])* € int c U,e, (([Fu])" = int cl ((V,e, [Fn])
Conversely, suppose that int cl ((\,o, [Fa])® # 0. It is shown
that int cl (([F,])* # 0 for some n. For suppose, reductio ad ab-
surdum, that this is not the case. Then int cl (([F,])* = 0 for
every n, whence int cl U,o, C([F])* = it c (Ve [Fu])* = 0 by
Theorem 2.1.11. A contradiction. Hence, int cl ((V,e, [Fn])® # 0 if

and only if int cl &([F,])* # 0 for some n as claimed. 1

2.3.17 Theorem Let (A, Z,E,() be a model for the modal senten-
tial  calculus. For every equivalence class [Fo|, [F1], [Fs],... of formulas

of the language L of countable sentential calculi,

int cl (([F.))* # 0 for every n € w

whenever int cl (A, [Fn])* # 0,
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all  open-closed  representatives  C([Fo))*, C([F1])*, C([Fe])*, ... of all images
C([Fo)), E([F1)), C([Fs]), ... of [Fol,[Fi], [Fs],... being somewhere dense in
Z  whenever the open-closed representative ((\,c, [Fn])® of the im-

age C(Nneo [Fn]) of Apeo [Fn] is somewhere dense in Z.

PROOF The sufficiency part of the argument 1is similar to that of
Theorem 2.2.7. For suppose that int cl ((A,c, [Fn])® # 0, that is
to say, that int o (o, C([Fa])* # 0. Then int cl (([F.])* # 0

for every n because [ ., C([F.])* C (([F.])* for every n.

new

To see that the mnecessity fails in general, suppose that (([F1])*,
(([F3])* are somewhere dense in Z, that is to say, that int cl
C([F1])* # 0 and int cl (([Fs])* # 0, and suppose that (([F1])%,
(([F])" are disjoint.  Then (([F])* N C([F2))" = C(A] A [F]) = 0.
A contradiction. Hence, int cl (([F,])* # 0 for every n does not

necessarily imply that int cl (A . [F.]))* # 0 as claimed. 1

new

2.3.18 Theorem Let (A, Z,E,() be a model for the modal senten-

tial calculus. For every equivalence class [F] of formulas of L,

int cl C([F1] — [R])" # 0 if and only if
int cl C(—[F])* # 0 or int cl (([F])* # 0,
the open-closed representative (([Fy] — [F))* of the image C([Fi] —
() of [Fi] — [Fs] being somewhere dense in Z iff at least

one open-closed representative ((—[F1])* or (([F3])* of at least one

image ((—[F1]) of —[Fi] or (([Fs]) of [Fi] is somewhere dense in Z.
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PROOF The argument is similar to that of Theorem 2.2.8. For re-
call that the relative pseudo-complement [Fy] — [Fy] is defined as
the largest equivalence class [F] of formulas of £ such that [F] =

—[Fi] VvV [Fy]. A glance at Theorem 2.3.16 completes the proof. 1

2.3.19 Definition A formally correct definition of the predicate s
possible, formulated in the metalanguage L£F of mathematical En-
glish, is said to be weakly materially adequate if it is implied by

some instances of Schema (V). (Compare with Definition 2.3.13.)

2.3.20 Theorem Let (A, Z,E,() be a model for the modal senten-
tial calculus. The following schemas constitute a formally correct and

weakly materially adequate definition of the predicate is possible:

int ol C([F)* # O if and only if C([F))* # 0;

int ol C(—[F))* # 0 if and only if ol int C([F])* # Z:

int ol (Vo [F))* # 0 if and only if int o C([F,]))* # 0 for some n;
int ol C((F))* # 0 for every n whenever int ol C(A,o, [Fa))* # 0;

int o (([F] — [F)* # 0 if and only if

int ol C(=[A])* # 0 or int c C([F])* # 0,

the open-closed representative (([F]))* of C(([F]) being somewhere dense
in Z if and only if it is non-empty; or ((—[F])* is somewhere
dense in Z if and only if (([F])* is somewhere codense in Z; or
C(Vyeo [FR])* is  somewhere dense in Z if and only if at least one

C([FoD)*, C([FA)*, C([Fa))s, ... is somewhere dense in Z; or all (([Fp])*,
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C([F]) C([Fo]), ... are somewhere dense in Z whenever ((/\,c, [Fn])*
is somewhere dense in Z; or (([Fi] — [F])" is somewhere dense

in Z if and only if ((—[Fi])* or (([F2])* is somewhere dense in Z.

PROOF By Theorems 2.3.4, 23.15, 23.16, 2.3.17, and 2.3.18. 1

The definition of possibility formulated in Theorem 2.3.20, like
that of mnecessity earlier, conforms with the intuition. Hence, it fol-
lows from Theorem 2.3.15 that a sentence is possible (i.e. possi-
bly true) if and only is its negation is not necessary (i.e. possibly
false) and from Theorem 2.3.16 that a disjunction of sentences
is possible if and only if at least one of the sentences form-
ing the disjunction is possible, a result naturally extending, mutatis
mutandis, to material implication by Theorem 2.3.18. By Theorem
2.3.17, however, a conjunction of sentences may not be possible

although all the sentences forming the conjunction are possible.

2.3.21 Theorem Let (A, Z,£,() be a model for the modal senten-

tial calculus. For every equivalence class [F] of formulas of L,
(VII) int cl (C([F])* A B) = 0 if and only if B € (([F)),

the symmetric difference of the open-closed representative (([F]|)* of the
image C(([F]) of [F| with an arbitrary Baire set B being mnowhere

dense in Z (‘impossible’) if and only if B belongs to (([F]).

PROOF Suppose that B € (([F]). Then (([F])* A B is certainly no-

where dense in Z, by definition. Conversely, suppose that (([F])* A
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B is nowhere dense in Z; it is shown that B € (([F]). For sup-
pose that this is mnot the case. Then there exists an equivalence
class [F'] of formulas of £ such that B € (([F']). It follows that
C([F')* A B is mnowhere dense in Z as well as (([F])* & (([F'])*
because  C([F])* A C(F))" € (C(F) & B) U (C(IF)° A B), contra
dicting the Baire category theorem for compact Hausdorff spaces [4,
Theorem 3.9.3, p. 197] whereby the interior of meagre sets, hence,
here, that of nowhere dense sets, is empty because (([F])* A (([F'])*

has no empty interior. Hence, B € (([F]) as required. H

At first glance, the reader may contend that Schema (VII) is
inconsequential:  (([F])* A B is nowhere dense in Z, that 1is to
say, C([F])* and B are impossible to discriminate from each oth-
er, if and only if (([F])* and B Dbelong to the same equiva-
lence class of Baire sets, and the equivalence relation defined on
Ba(Z) naturally inducing a congruence relation on & = Ba(Z) / N,
they are interchangeable, in Leibniz’s phraseology, salva wveritate.

But the present state of affairs is more subtle. For recall, as
previously illustrated, that Schemas (III)-(VI) are theorems of the
metalanguage L of mathematical English if and only if (([F])*
is open-closed. Then although (([F])* A B is nowhere dense in Z,
that is to say, although (([F])* and B are impossible to discrim-

inate from each other, they are mnot interchangeable salva wveritate.

Schema (VII) wuncovers, therefore, a particularly acute problem:
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Unbeknown to the logician, Schemas (III)-(VI) can be false in the
sense that they are not theorems of LF. Moreover, no remedy is
available. For suppose that £F° is a meta-metalanguage capable of
assessing the truth-value of each schema. Then this assessment must
be indubitably true to be conclusive. A contradiction because F and,

indeed, every isomorphic copy thereof are subalgebras of £&.

2.3.22 Definition Let (A, Z,£,() be a model for the modal sen-
tential calculus. The impossibility to discriminate a true or false or
necessary or possible or impossible sentence which is ‘true’ from a
true or false or mnecessary or possible or impossible sentence which
is ‘false’ is called agnoia. The systematic study of agnoia in rela-

tion to uncertainty modelling is the domain of formal agnoiology.

2.3.23 Definition A formally correct definition of the predicate is
impossible, formulated in the metalanguage L, is said to be weak-
ly materially adequate if it implies some instances of Schema (III)

plus Schema (VII). (Compare with Definitions 2.3.13 and 2.3.19.)

2.3.24 Theorem Let (A, Z,E,() be a model for the modal senten-
tial calculus. The following schemas constitute of formally correct and

weakly materially adequate definition of the predicate is impossible:
int cl (([F])* = 0 if and only if (([F])* = 0;
int cl ((—[F])* = 0 if and only if cl int (([F])* = Z;

int el ((V,eo [Fu])* = 0 if and only if int cl (([F])* = 0 for every n;
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cl ((Apeo [FR])* = 0 whenever int cl (([FL])* = 0 for some n;
c (([Fy] — [F)* = 0 i and only if
int ¢l ((—[F])* = 0 and int c (([F])* = 0;

c (C([F])* A B) = 0 if and only if B € (([F)),

open-closed  representative (([F])* of (([F]) being mnowhere dense
Z if and only if it is empty; or ((—[F])* is nowhere dense
Z if and only if C([F])* is non-boundary in Z; or ((\,e, [Fn])*
nowhere dense in Z if and only if all C([Fo))*, C([F1])F, C([Fa])*,
are  nowhere dense in Z; or ((\,e.[Fn])" is nowhere dense in
whenever at least one C(([Fo))*, C([F1])*, C([FL])*, ... is mnowhere dense
Z; or (([F1] — [F2])* is nowhere dense in Z if and only if

[F1])* and (([F3])* are nowhere dense in Z; or (([F])* A B s

nowhere dense in Z if and only if B belongs to (([F]).

PROOF By Definition 2.3.1 and the contraduals of Theorems 2.3.9,

2.3.10, 2.3.11, and 2.3.12; Theorem 2.3.21 completes the proof. |



Chapter 3

Foundations of probability

3.1 Preliminaries

Recall that by a model for the modal sentential calculus, in this
study, is meant an ordered system (2, Z,E,(), where A = &*/ =
is an almost measurable Lindenbaum-Tarski algebra of the language
L of countable sentential calculi, Z is its Stone space, & = Ba(Z)
/N is the algebra of Baire subsets of Z modulo nowhere dense
sets, and ( is the canonical Boolean isomorphism of % into &

such that, for every equivalence class [F] of formulas of L,
(I1T) int cl (([F])* = 0 if and only if (([F])* = 0,
the open-closed representative (([F])* of the image (([F]) of [F] be-
ing nowhere dense in Z (‘impossible’) if and only if it is empty.
The question arises as to what extent (A, Z,€,() is compatible

with the axiomatic treatment of the calculus of probability formu-

76
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lated by Kolmogorov [16, 17]. Clearly, since 2 and &, as Boolean
algebras, are isomorphic, this question immediately reduces to that
of the existence of a strictly positive, countably additive probabil-
ity measure p on A, which, it is recalled, satisfies the counta-
ble chain condition (c.c.c.) and is weakly countably distributive. Von
Neumann [23] famously asked whether these conditions are sufficient
for the existence of a strictly positive, countably additive measure
on a o-complete Boolean algebra; the mnext result shows, in the

context of this study, that this is not the case in general.

3.1.1 Theorem (Talagrand [32]) There exists an almost measurable
(i.e. a c.c.c. and weakly countably distributive) Lindenbaum—Tarski —al-
gebra A of the language L of countable sentential calculi which does

not carry a strictly positive, countably additive probability measure.

SKETCH OF PROOF The argument is based on two lemmas.

Let B be a Boolean algebra. A probability submeasure on B is
a function v : B — [0,1] such that (i) »(0) = 0 and v(1) = 1;
(i) If a,b € B and a < b, then v(a) < v(b) (monotonicity); (iii)
if a,b € B, then v(a vV b) < v(a) + v(b) (subadditivity). In partic-
ular, if v(a vV b) = v(a) + v(b) for every pairwise disjoint elements
a,b € B (finite additivity), then v is called a probability measure.

A probability submeasure v is (i) strictly positive if wv(a) > 0
if and only if a # 0; (ii) ezhaustive if lim, o v(a,) = 0 for ev-

ery indexed family {a, : n € N} of pairwise disjoint elements of
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B; (iii) wuniformly erhaustive if, for every e > 0, there is a n
such that no indexed family {ag,a1,...,a,} of pairwise disjoint el-
ements of B with wv(a;)) > € for every i < n, exists. Clearly,
every uniformly exhaustive probability submeasure is exhaustive.

Still in the same vein, a probability submeasure vy is (i) contin-
wous if lim, ,o 1(a,) = 0 whenever {a, : n € N} is a decreas-
ing family of elements of 9B such that A, .ya, = 0; (ii) absolutely
continuous —with respect to a probability submeasure vy if v(a;) = 0
whenever v(ay) = 0. In particular, two probability submeasures vy, 15
are said to be equivalent if vy is absolutely continuous with respect
to 19, and vy is absolutely continuous with respect to w.

It is known that a probability submeasure is absolutely continuous
with respect to a probability measure if and only if it is uniform-
ly exhaustive [13]. Since every uniformly exhaustive probability submea-
sure is exhaustive, the question arises whether an exhaustive proba-
bility submeasure is absolutely continuous with respect to a probabil-

ity measure. The next result shows that the answer is negative.

Lemma 1 There exists a mnon-zero, exhaustive probability submeasure v
on the field Clop(2Y) of open-closed subsets of the Cantor space 2N
which is not wuniformly exhaustive, hence mnot absolutely continuous with
respect to a probability measure. Moreover, no mnon-zero probability mea-

sure pu on Clop(2V) s absolutely continuous with respect to v.

PROOF See Talagrand [32, Sections 2-6, pp. 985-1006]. 1
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An  ordered system (2B,7), where B is a o-complete Boolean
algebra, and 7 is a strictly positive, continuous probability submea-
sure on B, is called a subprobability algebra. In particular, if v
is a probability measure, then (B,7) is a probability algebra. Ev-
ery probability algebra is a subprobability algebra; D. Maharam [21]
asked whether, in general, the converse 1is true, that is to say,
whether every submeasure algebra is a measure algebra. The next

result shows, in probabilistic terms, that this is not the case.

Lemma 2 There exists a subprobability algebra (B,v) which is not
a probability algebra. In fact, neither a strictly positive probability mea-

sure nor a non-zero, continuous probability measure exists on ‘B.

PROOF By Lemma 1, there exists an exhaustive probability submea-
sure v on Clop(2Y) which is not equivalent to a probability measure
i, mneither of them being absolutely continuous with respect to the
other. It is first shown that v extends to a strictly positive, contin-
uous probability submeasure 7 on a o-complete Boolean algebra.

For every open-closed subset A;, Ay of 2N, write
p(Al,AQ) = V(Al A AQ)

It is easy to wverify that p is a pseudometric and, since v is
strictly positive, that (Clop(2Y),p) is a metric space. Let (B,p) be
its completion. Then 9B is a Boolean algebra (the operations being
defined by continuity), with the extension 7 of v on ‘B being

strictly ~positive because ©(B; A By) = 0 if and only if p(By, B))
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= 0 if and only if By = By if and only if By A By, = 0.

In particular, 7 is exhaustive. For let {E, : n € N*} be an
indexed family of pairwise disjoint elements of B, and, for every
n > 1, find an element A, in Clop(2¥) such that (4, A E,) <
27"¢ for some € > 0; moreover, write A/ = A, — (A V Ay V

-V Anfl). Since En = En — (El V E2 Voo Vv Enfl),
PAL A E) < S (A A Ey) <3 2Me <

whence lim sup,_,. 7(A, A E,) = 0 because € > 0 1is arbitrary.
Since lim, o 7(A!) = 0 as an immediate consequence of {A]
n € N*} being a disjoint family of open-closed subsets of 2N (in
which case 7 and v coalesce), lim, .., 7(E,) = 0 as required.

In fact, since » is exhaustive, every indexed family {B, : n €

N*} of elements of B is a Cauchy sequence (otherwise, there would

exist indices m(k) < n(k) < m(k + 1) < n(k + 1) --- and an ¢
> 0 such that (B,w — Bmm) = € which contradicts exhaustivity).
Hence, lim, o 7(B,) = 0 whenever {B, : n € N} is a decreasing
family of elements of B such that A . B, = 0, which immedi-

ately implies that © is continuous and that 8 is o-complete.
Note, in passing, that © is countably subadditive. This follows
from the fact that, for every Cauchy sequence {B, : n € N} of

elements of B, if B, = V v Bn — Vicucm Bn, then

VMnerwe Bn) = 7(B, V' Vicuam Bn) < 7(B) + 2.2 #(By)

= limy, o0 (D(B;n) + 22121 D(Bn)) = 2211 D(Bn)
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because 7 is subadditive, continuous, and the indexed family {B],
m € N*} is a decreasing Cauchy sequence of elements of 9B such

B! = 0. This proves the first part of Lemma 2.

that A,,cne B
Let p be a probability measure on Clop(2Y). Since p is not
absolutely continuous with respect to v, there is an € > 0 such
that, for every n > 1, wu(A,) > € and v(A4,) < 27", where A, is
an open-closed subset of 2N. Let B, = \/mZn A, and U be the
continuous extension of v on B. Since v is countably subadditive,
v(By,) < Yoo 27m < 27" whence if B = A,y Bn, then #(B) =
0, and B = 0 because v is continuous. Yet wu(B,) > € for every
n. Hence, pu(A,cne Bn) = wu(B) > 0, which implies that g cannot be
extended to a continuous probability measure on ‘B as claimed.
Likewise, since v is not absolutely continuous with respect to p,
there exists an € > 0 such that, for every n > 1, v(A,) > € and
wA,) < 27" Let B, = V5, An, B = Njen Ba, and 7 be  the
continuous extension of v. Then ©(B,) > € and v(B) > e In fact,
let B < B, B # 0, and suppose that B’ can be covered by a fi-
nite subset of {A, : m > n}. Then p(B') < > ° 2™, which im-

mediately implies that wu(B’) = 0 as n grows. It follows that p is

not strictly positive, which concludes the proof of the lemma. I

It follows from Lemma 2 that there exists a o-complete Boolean
algebra B  which does not carry a strictly positive, continuous prob-

ability measure. Since every o-complete Boolean algebra is the Lin-
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denbaum—Tarski algebra of some language of countable sentential cal-
culi, and every continuous, finitely additive probability measure has a
unique countably additive extension, it suffices to show that B is
c.c.c. and weakly countably distributive to prove Theorem 3.1.1.
Indeed, since the probability submeasure © is strictly positive and
exhaustive, 6 is c.c.c., for there can only exist finitely many B
€ %B such that »(B) > 1/n for some n > 1. That B, fi-
nally, is weakly countably distributive whenever it carries a strict-
ly positive, countably subadditive probability submeasure ©  follows,
mutatis mutandis, from the same argument as that in Theorem 2.1.6

for a strictly positive, countably additive probability measure. |

Theorem 3.1.1 shows that mnot every almost measurable Linden-
baum-Tarski algebra 2l carries a strictly positive, countably additive
probability measure p. It follows that the question of the com-
patibility of any model (A, Z,E,() for the modal sentential calculus
with the calculus of probability, which first morphed into that of
the existence of a strictly positive, countably additive probability mea-
sure p on A, can yet be reformulated as that of the identifica-

tion of a mnecessary and sufficient criterion for the existence of p.

3.1.2 Theorem (Kelley [15]) An almost measurable Lindenbaum—Tarski
algebra A of the language L of countable sentential calculi carries a
strictly positive, countably additive probability measure p iof and only if

it carries a strictly positive, finitely additive probability measure q.
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PROOF That every almost measurable Lindenbaum-Tarski algebra carry-
ing a strictly positive, countably additive probability measure carries
a strictly positive, finitely additive probability measure is clear. Con-
versely, let q be a strictly positive, finitely additive probability mea-
sure on A, and, for every equivalence class [F] of formulas of L,

set [F] = [R] V [F) V -+, [A] A [F)] A -~ = [0]. Then

p([F]) = inf (q([A]) + a([F2]) + ---)

defines a countably additive probability measure, more precisely, the
greatest countably additive probability measure p < q on 2 (This
construction is due to Ryll-Nardzewski [15, Addendum, p. 1176].)

In fact, since p([0]) = 0, [F] # [0] whenever p([F]) > 0, by
definition. To wverify the converse and, consequently, that p is strict-
ly positive, suppose that [F] # [0], and, without loss of generality,
set  Apmen Vien Ema) = [1] for some increasing family {[F,.] : m,n
€ N x N} of equivalence classes of formulas of L. Then, certainly,
Voentt Amen Fmgem] = [1] because 2 is weakly countably distributive.
There exists, therefore, at least ome ¢ such that A _y[Fnem) #
0] if and only if [F] A A,en[Fmem)] # [0, whence p([F] A A,.en

[Fremm]) # p(0]) if and only if p([F]) X p(Anen [Fmem)]) > 0.

This implies that p([F]) > 0, which completes the proof. §

Theorem 3.1.2 offers a workable criterion for the existence of a

strictly positive, countably additive probability measure p on an al-
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most measurable Lindenbaum—Tarski algebra 2. This result, however,
is not entirely satisfactory, for it leaves open the question of the
existence of a mnecessary and sufficient criterion for the existence of

a strictly positive, finitely additive probability measure q on £l

3.1.3 Definition (Kelley [15]) Let A C 2 be a non-empty set of
equivalence classes of formulas of L. For each indexed family [F] =
{[F],[Fz),...,[Fa]} € A of (not mnecessarily disjoint) equivalence clas-
ses thereof, let n([F]) be the number n of elements in [F] and
m([F]) be the maximum number of elements of [F] having non-emp-

ty intersection. The intersection number of A is the quantity

#(A) = inf {m([F]) / n([F]) : [F] is a finite family in A}.

3.1.4 Theorem (Kelley [15]) An almost measurable Lindenbaum—Tarski
algebra A of the language L of countable sentential calculi carries a
strictly  positive, finitely additive probability measure q if and only if
2A \ {[0]} is the wunion of countably many sets of equivalence classes

of formulas of L, each of which has a positive intersection number.

PROOF Let Z be the Stone space of 2, Clop(Z) be the field of
open-closed subsets of Z, and 7 be the Stone map (Boolean isomor-
phism) of 2 into Clop(Z); moreover, set q(v([F])) = q([F]) so that

~v is measure-preserving. The argument is based on two lemmas.

Lemma 1 If q s a finitely additive probability measure defined on

the field Clop(Z) of open-closed subsets of the Stone space Z of A,
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and B is a mnon-empty subset of Clop(Z), then inf {q(y([F])) : ~([F])

€ B} < #(B), where #(B) is the intersection number of B.

PROOF Note at the outset that if B C Clop(Z) is a non-empty set
of open-closed subsets of Z, then, for every indexed family ~([F])
= {v([A]),y([Fz]),---,7([F.])} € B of (not necessarily disjoint) open-
closed subsets of Z, the maximum number of elements of ~([F])

having non-empty intersection can be defined as the quantity
m(y([F])) = sup {> 1, 1,qrp(E) : E is a maximal filter in Z},

where 1,z (E) denotes the indicator function of ~([F}]).

For convenience, write T = inf {q(y([F])) : v([F]) € B}. Then

[ St ®) da = T a(F) =

whence Y ", 1,qmp(E) > nf for some E in Z. It follows that the
maximum number m(y([F])) of elements of ~([F]) which intersect is
at least nT and, consequently, that m(y([F])) /n(y([F])) > T By

taking the infimum for all the ~([F])’s, #(B) > T as claimed. }

Lemma 2 If B C Clop(Z) is a mnon-empty set of open-closed sub-
sets of the Stone space Z of A, then there exists a finitely addi-
tive probability measure q on Clop(Z) such that inf {q(y([F])) : v([F))

€ B} = #(B), where #(B) 1is the intersection number of B.

PROOF It has already been established that inf {q(v([F])) : ~([F])
€ B} < #(B). To see the converse, let C(Z) be the class of all

real-valued, continuous functions defined on Z equipped with the u-
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sual supremum norm || - ||, Ind(B) be the «class of all indicator
functions of members of B, and H be the least convex set of
Ind(B). It is first shown that if h € H, then |h| > #(B).

For suppose, using the same notation as in the proof of Lemma
1, that || >0, t;Lqrp(E)|[| = F, where 0 < ¢ < 1 and Y7 ¢ =
1. Then, for some ¢ > 0, [1/n|||>X%L, pilyrpE)| < T + € when-
ever pi,ps,...,p, are positive integers such that > 7, p; = n. Con-
sidering the family in B obtained by counting each ~([F;]) p; times,
it follows that at least n x #(B) of its elements intersect, whence
#B) < |1/ nl|| XL, pilyrpE)|| and #(B) < T as required.

Let Bym(0) = {b : ||b] < #(B)} be the open ball in C(2)
of radius #(B) centred at 0. Since |h|| > #(B) for every h € H,
each member of the sum H + Byg)(0) is positive. Let C*(Z) be
the class of positive, continuous functions on Z and G C H be
the convex cone {a(h + b) + Bc : a,8 > 0, h € H, b € Byp)l(0),
¢ € C*(Z)}. Then no member of G 1is negative; moreover, by the
Hahn-Banach theorem [3, Theorem 10, p. 62|, there certainly exists
a linear functional ¢ such that ¢(—1) < ¢(g) for every g € G.

For convenience, and without loss of generality, set ¢(—1) = —1,
and suppose that ¢(g) > 0 (such a ¢ always exists because ¢ is
closed under positive scalar multiplication). Then, for every h € H
and every —#(B) + € € Byp(0), where ¢ > 0, h — #(B) + € €

G, whence ¢(h — #(B) + ¢ > 0 if and only if ¢(h) — #(B) + €
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> 0 if and only if (h) > #(B). Setting G(O(F)) = o(Lymy(E)
for every ~([F]) € Clop(Z), @ 1is a finitely additive probability mea-

sure with inf {q(y([F])) : ~([F]) € B} = #(B) as claimed. }

Suppose now, in the final analysis, that Clop(Z) \ {0} is the
union of countably many sets B, of open-closed subsets of Z, each
of which has a positive intersection number, that 1is to say, such
that #(B,) > 0 for every n. Then @ = > 2, @, such that inf
{@n(y([F]) : ~([F]) € B,} = #(B,) for every n 1is a strictly pos-
itive, countably additive, hence finitely additive, probability measure
on Clop(Z) by Lemma 2. Conversely, if q is a strictly positive,
finitely additive probability measure on Clop(Z), then Clop(Z) \ {0}
can be written as the wunion of countably many sets B, of open-
closed subsets of Z, each of which has a positive intersection num-

ber by Lemma 1. The proof of Theorem 3.1.4 is complete. I

3.1.5 Theorem (Kelley [15]) An almost measurable Lindenbaum—Tarski
algebra A of the language L of countable sentential calculi carries a
strictly positive, countably additive probability measure p iof and only if
2\ {[0]} is the wunion of countably many sets of equivalence classes

of formulas of L, each of which has a positive intersection number.

PROOF Immediate by combining Theorems 3.1.2 and 3.1.4. 1

An almost measurable Lindenbaum—Tarski algebra of the language

L of countable sentential calculi which satisfies either Theorem 3.1.2
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or 3.1.4 is called measurable. Every measurable Lindenbaum—Tarski al-
gebra is almost measurable, but not conversely; in particular, ev-
ery measurable Lindenbaum—-Tarski algebra is c.c.c., hence complete.

Measurable Lindenbaum-Tarski algebras are denoted by 2*.

3.1.6 Definition An ordered system (2A*,p), where 2A* is a measur-
able Lindenbaum—Tarski algebra of the language L of countable sen-
tential calculi, and p is a strictly positive, countably additive prob-
ability measure defined on 2A*, is called a Lindenbaum—Tarski proba-

bility algebra of the language L of countable sentential calculi.

3.1.7 Theorem (Stone [30]) Let 2A* be a measurable Lindenbaum—
Tarski algebra of the language L of countable sentential calculi, Z* be
a set of mazimal filters of A*, and v be a Boolean homomorphism of
A% into the power set P(Z*) such that, for every equivalence class
[F] of formulas of the language L, ~([F]) = {F € Z* : [F] € F}.
Then the set Z* equipped with the topology for which the ~([F])’s

form an open base is a zero-dimensional compact Hausdorff space.

PROOF The argument is identical to that of Theorem 2.1.7. Indeed,
the zero-dimensionality of Z* follows immediately from the fact that
v is a Boolean homomorphism. To see that Z* 1is compact, consid-
er a filter F of closed subsets of Z* and notice that F has non-
empty intersection. Finally, Z* 1is Hausdorff because any two maximal

filters in Z* are separated by disjoint open(-closed) sets. 1
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The zero-dimensional compact Hausdorff space Z* of Theorem 3.
1.7 is called the Stone space of A*. Of course, in the same way
that every measurable Lindenbaum-Tarski algebra 2A* of the language
L of countable sentential calculi is almost measurable, every Stone
space Z* of A* is, by definition, an extremally disconnected com-
pact Hausdorff space in which every meagre set is mnowhere dense
(since A* is c.c.c. and weakly countably distributive). As previously
noted in the preliminaries of Chapter 2, an extremally disconnect-

ed compact Hausdorff space is also called a Stonean space.

3.1.8 Theorem (Fremlin [6]) FEvery Lindenbaum—Tarski probability al-
gebra (A*,p) of the language L of countable sentential calculi is iso-
morphic, as a probability algebra, to the probability algebra (Ba(Z*) /
N,P) of the probability space (Z*,Ba(Z*),P), where Z* is the Stone
space of A*, Ba(Z*) is the o-field of Baire subsets of Z*, and TP

is a countably additive probability measure on Ba(Z*).

PROOF Since every measurable Lindenbaum-Tarski algebra 2A* of the
language L of countable sentential calculi is o-complete, by Theorem
2.1.13, it is isomorphic to the algebra Ba(Z*) /N of Baire subsets
of Z* modulo nowhere dense sets. Let (! be the canonical Boo-
lean isomorphism of Ba(Z*) /N into 2*, and, for every Baire set
B, write n(B) = ('¢([F])). Then n is a Boolean epimorphism of
Ba(Z*) into 2A* whose kernel is the o-ideal of mnowhere dense sets,

that is to say, ker n = {B € Ba(Z*) : n(B) = [0]} = N.
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Suppose now that P(B) = p(n(B)) for every B € Ba(Z*). Then

P@®) = p(n®) = p(0)) = 0, P(Z*) = p(n(Z*)) = p([1]) = 1, and,

for every indexed family {B, : n € N} of Baire subsets of Z*,

P(Unen Bn) = PUnen Bn)) = P(Vyen 1(Bn)) =

P(Vnen [Fnl) = 22020 PUE]) = 22020 P(1(Bn)) = 22020 P(B),

whence P is a countably additive probability measure on Ba(Z*), and
the ordered system (Z*, Ba(Z*),P) is a probability space.

In fact, since P(B) = 0 if and only if p(n(B)) = 0 if and
only if n(B) = [0] if and only if B € N, a Baire set B in
Z* is [P-negligible if and only if it is nowhere dense. It follows
that the probability algebra of (Z*, Ba(Z*),P) can be identified with
the ordered system (Ba(Z*) / N,P) by setting P({([F]) = P(B) =
p(n(B)) = p([F]). This implies that ¢ is a measure-preserving Boo-
lean isomorphism and, consequently, that (A*,p) and (Ba(Z*) / N,P),

as probability algebras, are isomorphic. The proof is complete. |

Theorem 3.1.8 can be regarded as the preliminary version of a
Stone-like representation theorem for Lindenbaum—Tarski probability al-
gebras (20*,p). The interaction between the Stone topology 74 on Z*,
that is to say, the topology generated by the sets of the form
{F € Z* : [F] € F}, and the probability measure P on Ba(Z*)
in the construction of the measure-preserving Boolean isomorphism (
in Theorem 3.1.8, however, is mnot clear. In particular, it is not

clear in what sense 7g and P are compatible with each other.
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3.1.9 Definition Let Z* be the Stone space of a measurable Lin-
denbaum-Tarski algebra 2A* of the language L of countable senten-
tial calculi, T¢ be the Stone topology on Z* Ba(Z*) be the o-field
of Baire subsets of Z* and P be a countably additive probability
measure on Ba(Z*). Then the ordered system (2% 7¢,Ba(Z*),P) =
(Z2*,T¢) @& (Z*,Ba(Z*),P) is a Radon probability space if

(i) 7¢ C Ba(Z*) (every open set in 7T is P-measurable);

(i) (Z*,Ba(Z*),P) is Carathéodory complete (every subset of ev-
ery P-negligible set is P-measurable and has probability 0);

(iii) P(B) = sup{P(K) : K C B, K compact} for every Baire

set B (P is inner regular with respect to the compact sets).

3.1.10 Theorem (Fremlin [6]) Let Z* be the Stone space of a mea-
surable — Lindenbaum—Tarski algebra of the language L of countable
sentential calculi, Tg be the Stone topology on Z*, Ba(Z*) be the o-
field of Baire subsets of Z*, and P be a countably additive prob-
ability measure on Ba(Z*). Then the ordered system (Z*,T¢,Ba(Z*),P)

= (Z57) @ (Z*,Ba(Z*),P) is a Radon probability space.

PROOF Since every basic open set ~([F]) = {F € Z* : [F] € F}
is open-closed, and a Baire set is an element of the least o-
field of sets containing the open-closed subsets of Z*, it follows
immediately that 7¢ C Ba(Z*); and since every Baire subset of
Z* is, by Theorem 3.1.8, P-negligible if and only if it is nowhere

dense, and nowhere dense sets form a o-ideal in Z*, the proba-



3 Foundations of probability 92

bility space (Z*,Ba(Z*),P) 1is certainly Carathéodory complete.
Finally, to see that [P is inner regular with respect to the
compact subsets of Z*, write D = {[F] € 2A* : ~([F]) < B} for

some B € Ba(Z*). Then there exists an [F] € D such that
subiprep BO(F]) < sup {P(K) : K C B, K compact} < P(B)

(recall that a compact set in a Hausdorff space is closed). Suppose
now that supyep P(y([F])) < P(B), and write [F'] = \/ D. Since
D is an wupward directed set, P(y([F"])) = supyep P(v([F])), whence
P(v([F'])) < P(B). There exists, therefore, an equivalence class [Fp]
of formulas of £ such that ~([Fo]) € B \ ~([F']), contradicting the
premiss that P(y([F'])) is a least upper bound. It follows that P(B)
= sup {P(K) : K C B, K compact}, that is to say, that P s

inner regular with respect to the compact sets as required. l

3.1.11 Definition (Dixmier [2]) Let Z* be the Stone space of a
measurable Lindenbaum-Tarski algebra 20*. A Radon probability mea-
sure on (Z*,Ba(Z*)) is called normal if and only if every no-
where dense Baire set in Z* is negligible. A Stonean space in which
the wunion of the supports of all normal probability measures is

dense is said to be hyperstonean (in French: espace hyperstonien).

3.1.12 Theorem (Dixmier [2]) Let A* be a measurable Lindenbaum—
Tarski algebra of the language L of countable sentential calculi and

Z* be its Stone space. Then Z* 1is a hyperstonean space.
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PROOF It suffices to show that the union of the supports
supp(P) = Z* \ U{G C Z*, G open : P(G) = 0}

is dense in Z*. Indeed, since every Baire set in Z* is, by The-
orem 3.1.8, P-negligible if and only if it is nowhere dense, P is
normal, and all P-negligible open sets in Z* are nowhere dense as
well as their union by Theorem 2.1.11. And since the complement
of a mnowhere dense set is mnon-boundary, hence dense, all supports
of all normal probability measures P are dense in Z* as well as

their union because every superset of a dense set is dense. |

Of course, by definition, every hyperstonean space is Stonean,
but not conversely. In particular, let Z be the Stone space of
an almost measurable Lindenbaum-Tarski algebra 2. Then there ex-
ists a unique disjoint decomposition Z = Z* U Z* such that

(i) Z* is hyperstonean. Every meagre set is nowhere dense, and
every mnormal probability measure has dense support;

(ii) Z* is not hyperstonean. Meagre sets remain nowhere dense,
but every probability measure has nowhere dense support (whence
no probability measure is normal but that which is identically 0).

For an example of a Stonean space Z**, see Dixmier [2].

3.1.13 Definition Let (2A*,p) be a Lindenbaum-Tarski probability al-
gebra of the language L of countable sentential calculi. The Radon
probability space (Z*, 7§, Ba(Z*),P), where Z* is the Stone space of

2%, is called the Stone probability space of (A*,p).
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3.1.14 Theorem FEvery Lindenbaum—Tarski probability algebra (2A*,p)
of the language L of countable sentential calculi is isomorphic, as a
probability  algebra, to the probability algebra (Ba(Z*) | N,P) of its
Stone probability space (Z*,T&,Ba(Z*),P), where Z* is the Stone space
of A* (which, it is recalled, is hyperstonean), T is the Stone top-
ology on Z*, Ba(Z*) 1is the o-field of Baire subsets of Z*, and P

is a countably additive probability measure on Ba(Z*).

PROOF By combining Theorems 3.1.8, 3.1.10, and 3.1.12. 1

3.2 Modal probability spaces

3.2.1 Definition A model for the calculus of probability is an or-
dered system (A, Z,E,(), where 2 = (A*,p) is a Lindenbaum-Tars-
ki probability algebra of the language £ of countable sentential cal-
culi, Z = (Z*,7¢,Ba(Z*),P) 1is its Stone probability space, &€ =
(Ba(Z*) / N,P) is the probability algebra of Z, and ( is the
canonical Boolean isomorphism of 2 into & such that, for ev-

ery equivalence class [F] of formulas of the language L,
(VIII) P((([F])*) = 0 if and only if int cl (([F])* = 0,

the probability of the open-closed representative (([F])* of (([F]) being

0 if and only if (([F])* is nowhere dense in Z* (‘impossible’).

That Schema (VIII) is, like Schemas (I) and (III), a theorem
of the metalanguage L¥ of mathematical English hardly needs an

explanation and follows immediately from the representation of Lin-
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denbaum—Tarski probability algebras, every Baire subset of the Stone
space  Z* of 2A*, hence every open-closed subset thereof, being P-

negligible if and only if it is nowhere dense as already noted.

3.2.2 Theorem Let (A,Z,E,() be a model for the calculus of prob-

ability. For every equivalence class [F] of formulas of L,
(IX) P(C([F)*) = 1 if and only if cl int (([F))* = Z*,

the probability of the open-closed representative (([F))* of C(([F]) being

1 if and only if (([F]))* is non-boundary in Z* (‘necessary’).

PROOF  For suppose that P(((—[F])*) = 0 if and only if int cl
C(=[F]))* = 0, that is to say, that P(C(—[F])*) = 0 if and only if
C(—=[F])* is nowhere dense in Z* (‘impossible’). Since int ((—[F])* =
Z*\ c zZ*\ ((—[F])*, and ( is a Boolean homomorphism; and since,
moreover, P is, by definition, a probability measure, that is to say,

a measure whose total mass is 1, it follows immediately that

1 — PC(—[F)*) = 1 if and only if Z* \ int cl ((—[F])* = Z*
— P(Z*\ ((—[F])") = 1 if and only if ¢ Z*\ c ((—[F])* = Z*
— P(Z*\ ((—[F])*) = 1 if and only if cl int Z* \ {(—[F))* = Z*

— P(C([F])*) = 1 if and only if cl int (([F))* = Z*

whence if a sentence is mnecessary if and only if its negation is im-
possible (principle of duality common to all classical modal calculi
as already mnoted), then (([F])* has probability 1 if and only if it

is non-boundary in Z* (‘necessary’). The proof is complete. 1
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3.2.3 Theorem Let (A,Z,E,() be a model for the calculus of prob-

ability. For every equivalence class [F] of formulas of L,
(X) P(C([F])*) > 0 if and only if int cl (([F])* # 0,

the probability of the open-closed representative (([F))* of C(([F]) being

> 0 iff C([F])* is somewhere dense in Z* (‘possibly true’).

PROOF Recall that, by Definition 3.2.1, P({([F])*) = 0 if and only
if int ¢l (([F])* = 0. Then P(¢([F])*) # 0 if and only if int ¢l
C([F))* # 0, that is to say, since P is a non-negative measure,

P(C([F])*) > 0 if and only if int cl (([F])* # 0 as claimed. 1

3.2.4 Theorem Let (A, Z,E,() be a model for the calculus of prob-

ability. For every equivalence class [F] of formulas of L,
(XI) P(C([F])*) < 1 if and only if cl int (([F])* # Z*,

the probability of the open-closed representative (([F))* of C(([F]) being

< 1 4ff C([F])* is somewhere codense in Z* (‘possibly false’).

PROOF The argument is similar to that of Theorem 3.2.3. For re-
call that, by Theorem 3.2.2, P((([F])*) = 1 if and only if cl int
C([F))* = Z*. Then P(C([F]))*) # 1 if and only if cl int (([F])* #
Z*, that is to say, since P is a measure whose total mass of 1,

P(C([F])*) < 1 if and only if cl int (([F])* # Z* as claimed. }

Schemas (VIII)—(XI) define the probability of every (([F])* in
terms of its mode of truth. Since Schemas (III)~(VI) define the

mode of truth of every (([F])* in terms of sets, every statement
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of probability P((([F])*), as a sentence of the metalanguage L¥, can
be decomposed into a statement of probability and a statement
of modal logic by combining Schemas (VIII)~(XI) and (III)-(VI).
For example, combining Schemas (VIII) and (III), it follows im-
mediately that P(C([F])*) = 0 if and only if int c (([F])* = 0
if and only if (([F])* = 0. Of course, in the ordinary conduct

of his affairs, a probabilist will simply say that P(})) = 0.

3.2.5 Definition Let (2A,Z,€,() be a model for the calculus of
probability. A semantic bridge is a finite sequence of logical equiva-
lences, formulated in the metalanguage L£F of mathematical English,
combining a statement of probability and a statement of modal logic.

A semantic decomposition is a finite sequence of semantic bridges.

3.2.6 Definition Let (2A,Z,€,() be a model for the calculus of
probability. An event is an element of the o-field Ba(Z*) of Baire
subsets of Z*. In particular, for every equivalence class [F] of for-
mulas of the language L, the open-closed representative (([F])* of

the image (([F]) of [F] is called the event corresponding to [F].

Of course, as an immediate corollary of Theorem 2.1.13, to
every equivalence class [F] of formulas of £ corresponds exactly one
event (([F])*; and, conversely, to every event (([F])* corresponds ex-
actly one equivalence class [F] of formulas of L. Note also that,
* and [F]

¢ being a measure-preserving Boolean homomorphism, (([F])

are equal in probability, that is to say, P({([F])*) = p([F]). In-
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deed, since every open-closed set is Baire, and & is the proba-
bility algebra of Z, P(¢([F])*) = P({([F])); and since, moreover, &
and A, as probability algebras, are, by Theorem 3.1.14, isomorphic,

P(C([F])) = p([F]), whence the conclusion follows immediately.

3.2.7 Theorem Let (A,Z,E,() be a model for the calculus of prob-

ability. Then there exists a semantic decomposition such that
PC([FD)*) = 0 for every (([F])* € Ba(Z*),

the probability of every event (([F])* corresponding to an equivalence

class [F]| of formulas of the language L being non-negative.

PROOF As previously mnoted, P((([F])*) = 0 if and only if int cl
C([F]) = 0 if and only if (([F))* = 0 by Schemas (VIII) and
(IIT).  Similarly, P(C([F])*) > 0 if and only if int cl (([F])* # 0
if and only if (([F])* # 0 by Schemas (X) and (V). There exist,
therefore, semantic bridges such that P(@) = 0 and P({([F])*) > 0
if and only if (([F])* # 0, whence there exists a semantic decom-

position such that P((([F])*) > 0 for every (([F])* € Ba(Z*). I

3.2.8 Theorem Let (A, Z,E,() be a model for the calculus of prob-

ability. Then there exists a semantic decomposition such that
P(Z*) = 1,

the probability of the mnecessary event (or sure event) being 1.

PROOF Indeed, it follows immediately from Schemas (IX) and (IV)

that P(C([F])*) = 1 if and only if ¢ int (([F])* = Z* if and
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only if (([F])* = Z*, whence there exists a semantic bridge, hence

a semantic decomposition, such that P(Z*) = 1 as claimed. 1

3.2.9 Theorem Let (UA,Z,E,() be a model for the calculus of prob-

ability. Then there exists a semantic decomposition such that

PC(Vpen [Fa])?) = 2020 PC(FR])),

the probability of the event ((\,en[Fnl])* corresponding to the join of
an indexed family {[F,] : n € N} of pairwise disjoint equivalence
classes of formulas of L being the sum of the probabilities of each

event (([F,])* corresponding to each equivalence class of formulas.

PROOF For suppose first that P(C(\,cn[FR])) = 0. It follows im-
mediately from Schemas (VIII) and (III) plus Theorem 2.3.24 for
countable joins that P(((V,en[Fn])*) = 0 if and only if int cl

C(Vpen [Fo])* = 0 if and only if int cl (([F.])* = 0 for every n

if and only if (([F.))* = 0 for every n if and only if int cl
C([Fu]) = 0 for every n if and only if P(([F,))*) = 0 for
every n if and only if > 7 P((([F.])") = 0 because P is a

non-negative measure. Hence, there exist semantic bridges such that

PC(Vpen [F0])") = 22020 PC([Fu])")  whenever  P(C(V,en [Fn])") = 0.

Suppose now that P(C(\/, .x[Fn])*) > 0. Similarly, it follows from

neN

Schemas (X) and (V) plus Theorem 2.3.20 for countable joins that

P(((V,en [Fu])*) > 0 if and only if int o ((V,en[Fn])® # 0 if and

only if int ¢l (([F.))* # 0 for some n if and only if (([F,])* # 0
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for some n if and only if int cl (([F,])* # @ for some n if and
only if P({([F,])*) > 0 for some n if and only if Y > P((([F.])*)
> (0 because P is a non-negative measure. Hence, there exist se-

mantic bridges such that P(C(\V,cn [Fn))*) = Yooy P(C([Fn])*) whenever
P(C(V,en [FR])*) > 0 because {[F,] : n € N} is an indexed family

of pairwise disjoint equivalence classes of formulas of L. A glance at

the definition of a semantic decomposition completes the proof. I

Theorem 3.2.7, 3.2.8, and 3.2.9 establish the existence of a se-
mantic decomposition for the axioms of probability [17]. Some level
of pedantry in the proofs was mnecessary to show how logic and
probability are combined. Note, in particular, that these theorems
did not aim at proving that P is a non-negative, countably addi-
tive measure whose total mass is 1 (a definition which held «a
priori), but that the class of models for modal sentential logic
described in Chapter 2 is consistent with the calculus of prob-

ability, that is to say, that it does not lead to a contradiction.

3.2.10 Theorem Let (A,Z,E,() be a model for the calculus of prob-

ability. Then there exists a semantic decomposition such that

PC(=[F])) = 1 — PC(E)),
the probability of the event ((—[F])* corresponding to the complement

of an equivalence class [F| of formulas of L being the difference to

1 of the probability of the event (([F])* corresponding to [F].
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PROOF Of course, since (([F] V —[F])* = Z*, there exists a seman-
tic bridge such that P((([F] vV —[F])*) = 1 by Theorem 3.2.8; and
since [F] and —[F| are disjoint, that is to say, since [F] A —[F]
= [0], there exist semantic bridges such that P((([F] Vv —=[F])*) =
P(C([F])*) + P(C(—[F])*) by Theorem 3.2.9. Hence, there exists a
semantic decomposition such that 1 = P({([F] v —[F])") = P((([F])")

+ P(¢(—[F])*), whence the conclusion follows immediately. N

3.2.11 Theorem Let (A,Z,E,() be a model for the calculus of prob-

ability. Then there exists a semantic decomposition such that

PC([F])7) < P(C([F2])) whenever (([Fi])" S C([F2))",

the probability of the event (([F1])* corresponding to an  equivalence
class [Fi] of formulas of L being at most that of the event
C([F3])*  corresponding to an equivalence class [F»] of formulas of the

same language L whenever (([F1])* is a subset of (([F3])*.

PROOF The point is to mnotice first that (([F1])* C (([F])* if and
only if Z* \ (([£1])* U (([FL)" = Z* if and only if ((—[Fi] V [F))*
= Z* if and only if (([Fi] — [F])" = Z* by definition of — in
A if and only if ol int (([F1] — [F])* = Z* by Schema (IV) if
and only if (([Fi] — [F])* = Z* if and only if [F] — [F] = [1]
because (¢ is a Boolean isomorphism if and only if [F] < [Fy].

In fact, write [F3] = [Fo] A —[Fi]. Then [Fi] A [F3] = [0] and

[F1] V [F3] = [Fy], whence there certainly exist semantic bridges such
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that P(C([F2])") = P(C([F] Vv [E5])7) = P(C([F])7) + PC([F5])7) by The-
orem 3.2.9. Since there exist semantic bridges such that P({([F35])*
> 0 by Theorem 3.2.7, there exists a semantic decomposition such

that P(C([F])") < P(C([F2])7) whenever (([F])" € (([F2])". B

Theorems 3.2.10 and 3.2.11 establish the existence of a seman-
tic decomposition for the complement rule and monotonicity. In par-

ticular, Theorem 3.2.11 can be reformulated as follows:
P((([F1])*) < P(¢([F3])*) whenever ¢l int (([Fi] — [F])* = Z*,

the probability of the event (([F1])* corresponding to an equiva-
lence class [Fy] of formulas of L being at most that of the ev-
ent (([Fy])* corresponding to an equivalence class [Fy] of formu-
las of £ whenever the event (([Fi] — [F2])* corresponding to the
pseudo-complement of [Fj] relative to [Fy] is non-boundary in Z*

(‘necessary’). This result is easily derived from Theorem 3.2.11.

3.2.12 Theorem Let (A,Z,E,() be a model for the calculus of prob-

ability. Then there exists a semantic decomposition such that

PC([F] v [F2])) = PCRDY) + PE(RDY) — PE(IA] A [F2])),

the probability of the event C(([Fi] V [F2])* corresponding to the join
of two arbitrary equivalence classes [Fi],[Fz] of formulas of L being
the sum of the probabilities of each event C(([F1])*,(([Fs])* corresponding
to each equivalence class of formulas minus the probability of the ev-

ent (([Fi] A [F3])* corresponding to the meet of [Fi] and [F].
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PROOF For write [F] V [B] = ([B] A —(F] A [B) V (F] A [F)
Vo([F] A =[] A [F]). Since  ([B] A (1] A [E]), ([FB] A [F),
and ([F] A —([F}] A [R]) are disjoint, there exist semantic bridges
such that P(C([F1] v [F])") = P(C([A] A —([F] A [F2])") + P(C([FA] A
B + PC(F) A —(F] A [B])*) by Theorem 32.9; and since [F}]
AR < [F] and [R] A [R] < [Fs, there exist semantic bridges
such that P(C([F] A —([FA] A [F])7) + PC(F] A [F])7) + PC([FR] A
~(R] A [BD)) = PEEDY - PC(R] A [B)Y) + BCIR] A [B))
+ P(C([R)") — P(F] A [F))*) by the same Theorem 3.2.9. Hence,
there exists a semantic decomposition such that P(C([Fy] V [F])*) =

PC([F])7) + PC([F2])7) — PEC(RA] A [F])7) as claimed. B

3.2.13 Theorem Let (A, Z,E,() be a model for the calculus of prob-

ability. Then there exists a semantic decomposition such that

P(C(Vicken FR])7) = 22 PC(ED) — 2ie; PICUE] A [E5])T) +

Dicjer PCUF] A [F] AT = oo+ (CD)™RCR] A - A [ER])Y),

the probability of the event ((\,cp<, [Fk]) corresponding to the join of
a finite family {[Fi],...,[F.]} of arbitrary equivalence classes of for-
mulas of L being the sum of the probabilities of each event (([F;))*
corresponding to each equivalence class of formulas minus the sum of
the probabilities of the events C(([F;] N [Fj])* corresponding to the meet
of [Fi] and [Fj] for every i < j, plus the sum of the probabilities

of the events C(([Fi] N [Fj] N [Fi])* corresponding to the meet of [F],
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[F}], [Fkx] for every i < j < k, etc. plus or minus, depending on the
cardinality —of the family {[Fi],...,[F,]}, the probability of the event

C([FA] N --+ N [F.])* corresponding to the meet of [Fi],...,[Fn].

PROOF For there certainly exist semantic bridges for n = 2 by The-
orem 3.2.12. Suppose now that there exist semantic bridges at rank

n. Since Vipcpir [Pl = Vicpen [Fr] V [Fuqa], it follows that

P(C(Vlgkgnﬂ [Fk])*) = P(C(\/lgkgn [Fkb*) +

PC([Fan])?) = PNV chen [FR] A [Faia])?),

whence, by applying the induction hypothesis twice,

P(C(Vlgkgnﬂ [Fk])*) = Zz ]P’(C([E])*) - ZK]‘ ]P’(C([E] N [FJ])*) +
Diciar PCUE]D A [F] A [FRD)Y) = -+ (ZD™PC(A] A - AR +
PC(Fna])?) — 22 PEUE] A [Fona])”) + 2oy PE(E] A [E] A [Faa])?) —

C A (CD)MPCR] A e A [Faa]))

Hence, there exist, after arrangement and simplification, semantic brid-
ges at rank n + 1 by Theorem 3.2.9, which implies that there ex-

ists a semantic decomposition for every n as required. 1

3.2.14 Theorem Let (A,Z,E,() be a model for the calculus of prob-

ability. Then there exists a semantic decomposition such that

PC(V <en [FE])) < 32z PIC([ER])),
the probability of the event ((\ <<, [F])* corresponding to the join of
a finite family {[F\],...,[F.]} of arbitrary (i.e. not necessarily pair-

wise disjoint) equivalence classes of formulas of the language L be-



3 Foundations of probability 105

ing at most the sum of the probabilities of each event (([Fi])*,...,

C([FL)*  corresponding to each equivalence class of formulas.

PROOF Indeed, as a wvariation on the same theme, there certainly
exist semantic bridges for n = 2 by Theorem 3.2.12. Suppose now

that there exist semantic bridges at rank n. It follows that

P(C<v1§k§n+1 [Fk;])*) = P(g(\/lgkgn [Fk])*) + P(C([Fnﬂ])*) -
PV 1chen [E] A [Foa])®) < POV 1cpen FrD)7) + PC([Fasa])7) <

Yot PCED)T) + PE(Fnl)?) = 205 PEC(E)).

Hence, in the same vein as Theorem 3.2.13, there exist semantic
bridges at rank n + 1 by Theorem 3.2.9, which implies that there

exists a semantic decomposition for every n as required. 1

Theorem 3.2.12 is called the addition rule, whilst Theorem 3.2.13
is called Poincaré’s identity or the inclusion-exclusion formula; Theo-

rem 3.2.14, for its part, is known as Boole’s inequality.

3.2.15 Theorem Let (A,Z,E,() be a model for the calculus of prob-

ability. Then there exists a semantic decomposition such that

PC(Anen [Ful)") = TTnzo PC(FA])),

the probability of the event ((A\,cy[Fn])* corresponding to the meet of
an indexed family {[F,] : n € N} of equivalence classes of formulas of
the language L, the occurrence of any of which wunaffecting that of
any other, being the product (multiplication) of the probabilities of each

event (([F,])* corresponding to each equivalence class of formulas.
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PROOF For suppose first that P(C(A,cn[Fn])) = 1. It follows im-
mediately from Schemas (IX) and (IV) plus Theorem 2.3.14 for
countable meets that P(C(A,en[F2))*) = 1 if and only if cl int

CNpen [F2])" = Z* if and only if cl int (([F,])* = Z* for every n

if and only if (([F.])" = Z* for every n if and only if cl int
C([F.)* = Z* for every n if and only if P((([F.])*) = 1 for
every n if and only if [[2,P((([F.])*) = 1 because P has a

total mass of 1. Hence, there exist semantic bridges such that
PC(Anen [Fal)") = TTnzo PIC(IFR])")  whenever  P(C(A,en [Fn])?) = 1.
Suppose mnow that P(C(A,cy[Fr])") < 1. Similarly, it follows from
Schemas (XI) and (VI) plus the contradual of Theorem 2.3.20 for
countable meets that P(C(A,cn[F2])*) < 1 if and only if cl int
CN\pen [F2])" # Z* if and only if cl int (([F,])* # Z* for some n
if and only if (([F.])* # Z* for some mn if and only if cl int
C([Fu)* # Z* for some n if and only if P((([F.])*) < 1 for some
n if and only if [, P((([F.])*) < 1 because P has a total mass
of 1. Hence, there exist semantic bridges such that P(C(A,cn[Fn])*)
= [L2 P(C([Fn])*) whenever P(C(A,cn[Fnl)*) < 1 because {[F,] : n
€ N} is an indexed family of equivalence classes of formulas of

L, the occurrence of any of which unaffecting that of any other.

A glance at Definition 3.2.5 completes the proof of the theorem. I

3.2.16 Theorem Let (A,Z,E,() be a model for the calculus of prob-

ability. Then there exists a semantic decomposition such that
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PC(LA] A [F)7) = PC(F])7) < P(C([F2])7),

the probability of the event C(([F1] A [Fz])* corresponding to the meet
of two equivalence classes [Fi],[Fs] of formulas of the language L,
the occurrence of any of which wunaffecting that of the other, being
the product (multiplication) of the probabilities of each event (([F1])*,

C([Fa])*  corresponding to each equivalence class of formulas.

PROOF As an immediate consequence of Theorem 3.2.15. 1

3.2.17 Theorem Let (A, Z,E,() be a model for the calculus of prob-
ability. Then there exists a semantic decomposition such that, for every

family {[F1],...,[Fn]} of equivalence classes of formulas of L,
PC([EFR] A - A [FD)7) = PIC(ERDT) X - x PIC([F,])Y),

the probability of the event (([Fy,] A --- N [Fy,])* corresponding to the
meet, for every 2 < j < mn and every 1 < ki < --- < ki < n,
of each finite subfamily {[Fy,],...,[Fy]} € {[Fi],...,[Fal} of equivalence
classes of formulas of L, the occurrence of any of which unaffecting
that of any other, being the product (multiplication) of the probabil-
ities of each event (([Fy])",...,C([Fy,])* corresponding to each equiva-

lence class of formulas in each finite subfamily {[Fy],...,[Fy,]}.

PROOF As an immediate consequence of Theorem 3.2.16. 1

Theorem 3.2.16 captures the notion of independence. Theorem 3.
2.17, which generalises Theorem 3.2.16 to the case of any (finite

family  {[F1],...,[Fn]} of equivalence classes of formulas of L, is
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sometimes called mutual independence to highlight that every finite
subfamily  {[Fy,],...,[Fi]}, 2 < j < n, 1 < kb < -+ < k <
must be independent. This amounts, in practice, to verify that in-

dependence holds for 77, (’;) = 2" — n — 1 finite subfamilies.

3.2.18 Theorem Let (A,Z,E,() be a model for the calculus of prob-

ability. Then there exists a semantic decomposition such that

PC(Anen [Fn])?) # Tlazo PCFR])),

the probability of the event ((\,cy[Fn])* corresponding to the meet
of an indexed family {[F,] : n € N} of equivalence classes of for-
mulas of L differing, in general, from the product of the probabil-
ities of each event C(([F,])* corresponding to each equivalence class of

formulas whenever the probability of ((N,cy [Fn])* is less than 1.

PROOF That P(((A,cy[Fr))*) must be less that 1 is obvious.

Suppose now that P(((A,cy[Fr])*) < 1. Then, similarly to The-
orem 3.2.15, P(C(A,en [F2])*) < 1 if and only if ol int ((A,cn [Fn])*
# Z* if and only if cl int (([F,])* # Z* for some n if and on-
ly if (([F.)* # Z* for some n if and only if cl int (([F,])* # Z*
for some mn if and only if P((([F,)*) < 1 for some n if and
only if J[2,P(C([F.])*) < 1, which is not a sufficient condition to
conclude that P(C(A,cn [Fn])*) = Il P(C([F,])*) in general. Hence,
there exists a semantic decomposition such that P(C(A,cn[Fn])*) #

[0 P(C([Fn])*) whenever P(C(A,en [Fn])) < 1 as claimed. 1
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3.2.19 Theorem Let (A,Z,E,() be a model for the calculus of prob-

ability. Then there exists a semantic decomposition such that

P[] A [F2])7) # PCEDT) x PC(E])"),

the probability of the event C(([F1] A [F2])* corresponding to the meet
of two equivalence classes [Fi|,[Fs] of formulas of the language L
differing, in  general, from the product of the probabilities of each
event  (([F1])*, (([Fs])*  corresponding to each equivalence class of  for-

mulas whenever the probability of C(([Fi] N [F])* is less than 1.

PROOF As an immediate consequence of Theorem 3.2.18. 1

3.2.20 Definition Let (A, Z,€,() be a model for the calculus of
probability and (([Fi])*, (([F5])* be two events corresponding to two
equivalence classes [Fi],[Fy] of formulas of £ such that the prob-

ability of (([F3])* corresponding to [Fy] is positive. Then

P A [F2))7)
P(C([F2])")

PCED [ C([F2])7) =

is a probability called the conditional probability of the event (([Fi])*

corresponding to [Fi| given the event (([F3])* corresponding to [Fb].

3.2.21 Theorem Let (A,Z,E,() be a model for the calculus of prob-
ability. Then there exists a semantic decomposition such that
P(C([F] A [F])*) = PCED* | C([Fa])*) x P(C([Fa])"),

the probability of the event C(([F1] A [F])* corresponding to the meet

of two mnot necessarily independent equivalence classes [Fil],[Fz] of for-
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mulas of the language L  being the conditional probability of the
event (([F1]))* corresponding to [Fi| given the event (([Fy])* corres-
ponding to [Fy|, provided that the probability of (([F3])* is positive,

times the probability of the event (([F3])* corresponding to [Fy).

PROOF Suppose that P(C([F))*) > 0. If [F] and [F are inde-
pendent equivalence classes of formulas, then P(C([F))* | C([F))") =
P(C([F1])7),  whence P(C([Fi] A [F2])") = P(C([F1])") x P(C([F2])7), which
implies that there exist semantic bridges such that P(C([Fi] A [F]))
= PC([1]) | ¢([F2]))7) x P(C([F2])) by Theorem 3.2.16.

On the other hand, if [F] and [Fy are not independent, then
PC(R])* | C([F)") # PC([F])*), whence there exist semantic bridges
such that  P(C([F] A [F2])7) # P(C([F])7) x P(C([F2])") by Theorem
3.219 provided that P(C([FA] A [B])*) < 1. Assuming that [F] #
[1] so that this last condition is satisfied, there exists a seman-
tic decomposition such that P(C([F] A [B])*) = PC(F)D* | C([F))

x P(C([F»])*) as a particular case. The proof is complete. 1

3.2.22 Theorem Let (A,Z,E,() be a model for the calculus of prob-

ability. Then there exists a semantic decomposition such that
PC(IE] A - AR = P x PC([E]" | C([F])7) x
PCES]D™ | C([F] A [E2])7) x - x POC(ERD™ | C([FA] A oo A [Faa])"),

the probability of the event C(([Fi] A --- A [F.])* corresponding to the

meet of a finite family {[Fi],...,[F.]} of mnot mnecessarily independent
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equivalence classes of formulas of the language L being the probabil-
ity of the event (([F1])* corresponding to [Fy| times the probability of
the event (([Fy])* corresponding to [Fy] given the event (([Fi])* cor-
responding to [Fi], times the probability of the event (([F3])* corres-
ponding to [F3] given the event (([F1] N [Fy])* corresponding to the
meet of [Fi] and [Fy], etc. times the probability of the event (([F,))*
corresponding to [F,] given the event C(([F1] A -+ AN [Fn._1])*  corres-
ponding to the meet of [Fi],...,[Fn_1], provided that the probability

of the event (([F1] N --- A [Fh-1])* in question is positive.

PROOF There certainly exist semantic bridges for n = 2. Suppose
now that there exist semantic bridges at rank n. Since [Fj] A ---

A [Fni] = ([FA] A -+ AN [FW]) A [Faga], it follows that

PC(E] A - A [Fan])?) = PICE] A oo AR A [Ea])?) =
PCE] A - A7) > PCE )™ [ S A - A TF])T) = P(C([F])7)
x PC(FRD™ | CIF])7) > - PICED" | C(E] A oo A [Faa])?)

X PC([Fun])” | C(EA] A oo A [E])),

provided that the probability of (([F1] A --- A [F,])* is positive. Hence,
there exist semantic bridges at rank n + 1, which implies that there

exists a semantic decomposition for every n as required. 1

Theorem 3.2.19 captures a general notion of dependence, whilst
Theorem 3.2.21 makes it precise via the notion of conditional prob-

ability; Theorem 3.2.22, for its part, is known as the product rule.
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Other properties can be derived (e.g. Bayes’ theorem); since they a-
rise as corollaries of corollaries, they are mnot reproduced here. Note
that the mnotion of conditional probability has been introduced by
definition. This follows from the fact that although the quotient of
two probability measures is well defined in R, that of two equiv-
alence classes of formulas in 2A* (or two events in Ba(Z*)) is not,
conditional probabilities appearing, therefore, as a surconstruction of
probability theory. Yet this does mnot impair the existence of, say,
a semantic decomposition for the product rule because its exist-

ence does mnot depend on the definition of conditional probability.

3.2.23 Theorem Let (A, Z,E,() be a model for the calculus of prob-

ability. For every equivalence class [F| of formulas of L,
(XIl-a) P(C([F])* A B) = 0 if and only if int cl (C([F])* A B) = 0,

the probability of the symmetric difference of the open-closed repre-
sentative  (([F))* of C(([F]) with an arbitrary Baire set B being 0

if and only if (([F])* A B is nowhere dense in Z* (‘impossible’).

PROOF That the set (([F])* A B = ((([F)* U B) \ ((([F])* n B) =
(C([F])* \ B) U (B \ C([F])*) is a Baire subset of Z* is clear; that
it is, moreover, P-negligible if and only if it is nowhere dense is

an immediate corollary of Theorem 3.1.8 or Theorem 3.1.14. I

3.2.24 Theorem Let (A,Z,E,() be a model for the calculus of prob-

ability. Then there exists a semantic decomposition such that
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(XII-b) P(C([F])* A B) = 0 if and only if B € (([F)),

the probability of the symmetric difference of the open-closed repre-
sentative  C([F])* of the equivalence class (([F]) with an arbitrary

Baire set B being 0 if and only if B belongs to (([F]).

PROOF Indeed, combining Schemas (XII-a) and (VII), there certainly

exists a semantic bridge, hence a semantic decomposition, such that

P((([F)* A B) = 0 if and only if B € (([F]) as claimed. }

Schema  (XII-b) is the probabilistic version of Schema (VII).
Likewise, at first glance, the reader may contend that it is incon-
sequential:  (([F])* A B is P-negligible, that is to say, (([F])* and
B are P-impossible to discriminate from each other, if and only
if (([F])* and B belong to the same equivalence class of P-mea-
surable sets (in which case, P((([F])*) = P(B)), and the equiva-
lence relation defined on Ba(Z*) naturally inducing a congruence re-
lation on Ba(Z*) / N, they are interchangeable salva wveritate.

But the present state of affairs is, once again, more subtle.
For recall that every statement of probability P((([F])*), as a sen-
tence of the metalanguage L£F of mathematical English, can be de-
composed into a statement of probability and a statement of mo-
dal logic by combining Schemas (VIII)~(XI) and (III)-(VI). Then
P(¢([F])*) is a theorem of LF if and only if (([F])* is open-clos-
ed because Schemas (IIT1)-(VI) are theorems of L£F if and only if

C([F])* is open-closed. Hence, although (([F])* A B is P-negligible,
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that is to say, although (([F])* and B are P-impossible to discrim-
inate from each other, they are not interchangeable salva wveritate.
Schema (XII-b) uncovers, therefore, a probabilistic version of ag-
noia: Unbeknown to the probabilist, every statement of probability
P(¢([F])*), as a sentence of the metalanguage L¥, can be false in
the sense that its semantic decomposition is not a theorem of LF,
in which case P(C([F])*), as a probability measure, is meaningless.

For example, consider the following semantic decomposition

P((([F])*) = 0 if and only if int cl (([F])* = 0

if and only if (([F])* = 0,

and suppose that (([F])* is closed. If (([F])* is closed and empty
(i.e. the empty set), then it is nowhere dense in Z* hence P-
negligible;  whilst if (([F])* is closed and P-negligible, then it is
nowhere dense in Z*, although not necessarily empty, the homeo-

morphic copy of the Cantor set in Z* being a classic example.

3.2.25 Definition Let Z = (Z*,7¢,Ba(Z*),P) be the Stone proba-
bility space of a Lindenbaum-Tarski probability algebra 2 = (2*, p)
and P be a probability measure defined on Ba(Z*). Then

(i) P is absolutely continuous with respect to P if, for every
Baire subset B of Z*, P(B) = 0 whenever P(B) = 0;

(i) P and P are singular with respect to each other, or mu-
tually  singular, if, for every Baire subset Bi,Bs of Z* such that

Bl N B2 == @ and Bl U B2 == Z*7 P(Bl) == ]P(BQ) = 0.
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3.2.26 Theorem Let (A,Z,E,() be a model for the calculus of prob-
ability. Then there exist no finer measures of agnoia than P, that
is to say, if P is a probability measure on the o-field Ba(Z*) of
Baire subsets of the Stone space Z* of a measurable Lindenbaum—Tars-

ki algebra A*, then P s absolutely continuous with respect to P.

PROOF Since P and P are probability measures, there exists a u-
nique Lebesgue decomposition [1, Theorem 8.11, p. 8] P = P; +
P, such that P; is absolutely continuous with respect to P, and
P, is singular with respect to P. In particular, if P, and P are
mutually singular, then, for every Baire subset B of Z* Py(B) =
P(Z*\ B) = 0. A contradiction because every Baire set in Z* is
negligible if and only if it is nowhere dense, and, in every topol-
ogical space, the complement of a mnowhere dense set is non-bound-
ary. It follows that mno singular probability measure P, with re-
spect to P exists on Ba(Z*), whence P = P; is absolutely contin-

uous with respect to P as claimed. The proof is complete. 1
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