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Abstract: Lattice formulations provide essential non-perturbative access to strongly
coupled QFTs but often break fundamental continuum symmetries. This violation,
particularly concerning topological currents, introduces unphysical artifacts like
dynamical vortices or monopoles. This work employs the Villain Hamiltonian frame-
work—using integer-valued auxiliary fields—to systematically restore these symmet-
ries in lattice compact scalar and gauge theories. We apply this to compact U(1)
gauge theories in 2D and 3D, demonstrating its ability to enforce microscopic Gauss’s
law, eliminate spurious topological defects, and replicate continuum symmetry struc-
tures. In 3D, the framework yields a natural operator-level electric-magnetic duality.
Crucially, we construct fracton-inspired constrained models by coupling compact
plaquette variables to higher-form gauge fields, which enforce exact higher-moment
conservation laws. A key advance establishes an exact duality between one such frac-
ton model and a transverse-field Ising model with extended interactions. Exploiting
this fracton-Ising duality, we perform large-scale Monte Carlo simulations on the dual
Ising model to study the fracton model’s phase structure. Finite-size scaling provides
numerical evidence for a continuous phase transition at a critical coupling, offering
new insights into exotic quantum system dynamics. This establishes the Villain
Hamiltonian as a powerful tool for capturing topological symmetries and enabling

precise lattice studies of confinement, duality, and constrained phenomena.
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Chapter 1

Introduction

Field Theories (QFTs) are the foundational framework for describing the fundamental
interactions of nature. Formulated in the continuum, they provide precise and pre-
dictive descriptions of a wide range of phenomena, particularly in the weak-coupling
regime where perturbative techniques apply. However, many important physical sys-
tems, such as those exhibiting confinement in Quantum Chromodynamics (QCD) or
topological phases in condensed matter, lie beyond the reach of perturbation theory.
To study these strongly coupled systems, a non-perturbative approach is necessary.
Lattice regularization offers a viable framework: by discretizing space-time, one
defines well-posed path integrals amenable to numerical techniques such as Monte

Carlo simulations, which play a central role in this thesis.

Despite its power, the lattice formulation is not without limitations. Most notably,
it can fail to preserve key symmetries present in the continuum theory. A prominent
example is chiral symmetry: the Nielsen—-Ninomiya theorem [1] demonstrates that
lattice theories with local, translationally invariant interactions and chiral symmetry
suffer from fermion doubling, complicating the construction of chiral gauge theories.

Supersymmetry is similarly difficult to realize exactly on the lattice [2].

Symmetry breaking issues are not confined to fermionic or supersymmetric theories.
Even in simpler bosonic theories, such as those involving compact scalar fields or

abelian gauge fields, the standard lattice formulations may fail to capture the full
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global symmetry structure of their continuum counterparts. Consider the 2D XY

model, defined by the action

S=—JY cos(¢z — ), (1.0.1)
(z,y)

where ¢, are angular variables and (z,y) denotes nearest-neighbor sites. In the
continuum, this model corresponds to a compact free scalar field with Lagrangian

L= %(8,,@5)2, and both share a global U(1) shift symmetry.

The distinction lies in a second topological symmetry of the continuum theory. The
standard U (1) shift symmetry is a rigid transformation, ¢ — ¢ + «, with a constant
parameter a. However, the continuum also possesses a winding symmetry, associated
with the identically conserved topological current jf; = %ewﬁ”(ﬁ. This symmetry
corresponds to more general shifts that change the field’s winding number. The
lattice model fails to preserve this specific topological symmetry. This violation
manifests as the emergence of dynamical vortices, topological defects absent in the

free scalar theory, that lead to a phase transition as J is lowered.

An analogous issue arises in pure U(1) gauge theories. In the continuum, the field
strength F),, = 0,A, — 0, A, satisfies the Bianchi identity, implying the conservation
of the topological current

1 loa
JZV - %Guupan ) (102)

which reflects a global topological symmetry. On the lattice, however, the gauge field
is discretized through link variables A; defined modulo 27, and the field strength
is encoded via periodic functions such as cos((dA);). This construction breaks the
Bianchi identity, not because d? # 0, but because the discretized and compactified
nature of the lattice gauge field modifies the field strength away from the exact
differential form F' = dA, replacing it with periodic functions such as cos((dA),),
for which the identity dF' = 0, guaranteed in the continuum by the exactness of F,
no longer applies. This modification permits nontrivial topological configurations,

specifically dynamical monopoles that act as sources or sinks of magnetic flux, thereby



violating the conservation of the topological current. These monopoles are point-like
in three dimensions and form closed loops in four dimensions, and their presence

obstructs a faithful realization of the continuum’s global structure.

Such symmetry violations are not mere technical artifacts—they reveal a deeper
limitation of standard discretization schemes. While infrared behavior may be
correctly captured in specific regimes, essential global features that govern the full
dynamics can be lost. To address this, improved formulations such as the modified
Villain approach have been developed. By introducing integer-valued auxiliary
fields, these constructions can restore certain symmetries that are absent in naive
discretizations. In the scalar case, promoting field differences to (d¢); + 2mn; with
n; € Z allows the winding current to be recovered, as long as n; is constrained. For
abelian gauge theories, similar modifications replace cos((dA),) with expressions
involving (dA), + 2mn,, where n, is an integer plaquette variable, establishing a

topologically protected conservation law and excluding monopole degrees of freedom.

In this thesis, we apply the Villain Hamiltonian formalism to a variety of systems
where the restoration of global symmetries plays a crucial role. We begin by studying
compact U(1) gauge theories in two and three spatial dimensions, using integer-
valued plaquette variables and their conjugate compact fields to enforce Gauss’s
law at the microscopic level and eliminate unphysical monopole defects. In two
dimensions, this formulation reproduces the correct continuum symmetry structure
and yields a well-defined non-perturbative model. In three dimensions, the formalism
naturally exhibits electric-magnetic duality: the plaquette variables map onto dual
compact fields, and a corresponding Gauss constraint is realized for the magnetic
sector. This provides a clean Hamiltonian-level realization of duality and a concrete

framework for studying topological features of gauge dynamics.

The framework is then extended to exotic systems inspired by fracton physics, where
excitations are constrained by subsystem symmetries and conservation laws. By
coupling compact scalar fields on plaquettes to higher-form gauge fields, we con-

struct a modified XY-plaquette model that incorporates exact winding symmetries,
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enforcing the conservation of higher-moment charges. Introducing an additional sym-
metric tensor gauge field, we obtain a further generalization which exhibits an exact
duality to a transverse-field Ising model with nearest- and next-nearest-neighbor
couplings. This dual mapping not only provides analytical insight into the phase
structure of the fracton-like system but also connects it to a well-understood class

of quantum spin models.

Leveraging this duality, we carry out Monte Carlo simulations of the dual Ising model
to study the critical behavior of the underlying fracton-inspired theory. Finite-size
scaling analysis confirms the presence of a second-order phase transition at coupling
constant g = 0.5, supporting our conjecture regarding the model’s phase structure.
These numerical results offer robust, non-perturbative validation of the duality and

provide new insight into the emergent phenomena in constrained quantum systems.

The thesis is organized as follows: we start discussing the preliminaries, i.e. all the
underlying theoretical tools needed to perform the analysis used in later chapters.
We start discussing naive discretizations of scalar theories, introduce the Villain
formulation as an alternative discretization framework, explain the Monte Carlo
methods and the error analysis necessary to its correct evaluation. We also show
fundamental concepts in finite size scaling which is also important for the analysis
and interpretation of later results. Finally, we move to exploring and understanding
U(1) gauge theories on the lattice with the modified Villain formulation, specifically
studying such theories in 2 and 3 dimensions and exotic theories in 3 dimensions.
Further, we perform and expose the results of Monte Carlo simulations of models
previously obtained and show novel important results regarding their critical beha-
viour. Finally, we summarize our work while also looking at possible future venues of
expanding the work and understanding the limitations of our results in a conclusion

chapter.



Chapter 2

Preliminaries

2.1 Lattice theory

2.1.1 Discretization of scalar fields

Discretizing the free massless scalar field provides a simple yet instructive starting
point for understanding quantum field theories on a lattice. This step is essential
not only for regularizing the theory—i.e., introducing a well-defined path integral
by removing ultraviolet divergences—but also for illustrating how the continuum
properties of a field theory are affected by discretization. In particular, issues such
as the preservation of symmetries, the approach to the continuum limit, and the
formulation of alternative discretizations like the Villain action all emerge naturally

in this setting.

We consider a real, massless scalar field ¢(z) defined in two-dimensional Euclidean
space [3], with action:

S[g] = ; [ @07 (2.1.1)

To place this theory on a lattice, we replace the continuous space-time coordinates

x by a discrete set of N points spaced by a lattice constant a, such that the total
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extent of the system is L = alV:
r—x,=na, n=01,....,N—1 (2.1.2)
Accordingly, the field ¢(z) is defined only at lattice sites:

P(x) = fn. (2.1.3)

Derivatives become finite differences between neighboring sites. For a unit vector /i

in the pu-th direction, the derivative is approximated as:

¢x+,u ¢x

Oupla) = —— (2.1.4)

The integral over space-time is replaced by a sum over the lattice, with the measure

d*>r — a®Y",. Substituting these into the action yields the discretized form:

- C;Nz_: zi: <¢’f”+“ ¢’”> . (2.1.5)

To prepare for alternative formulations like the Villain action, it is helpful to ex-
press the dynamics in Hamiltonian form. The Hamiltonian formulation provides
a canonical structure, separating spatial and temporal variables, and introduces
conjugate momenta m, for the fields ¢,. This is crucial for adapting to alternative

discretizations frameworks, such as Villain-type models, which show in later chapters.

In the Hamiltonian framework, time remains continuous while space is discretized.
The kinetic term, which depends on time derivatives of the field, becomes:
1 N-1
IO

N-1
23 4p2 (2.1.6)
=0 2 =0 2
where 7w, = ¢, is the conjugate momentum at site . The spatial derivative term
becomes the discrete analog of the gradient squared. Altogether, the Hamiltonian
reads:
N-1T_3

- a’ 1 ) 2

_ z::l [Qwﬁ 5 (6041 — ¢2) ] . (2.1.7)
This form is particularly well-suited for later generalization. For example, in the

Villain approach, one replaces the quadratic potential term by introducing auxiliary
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integer fields to better capture topological or gauge-invariant structures.

2.1.2 Discretization of gauge fields

Now we want to perform a similar task to what we just did albeit with a pure abelian

gauge field theory in Euclidean spacetime,
1 4
s[4 = 7 /d ©F P, (2.1.8)
where the field strength tensor, F),,, is written as,

F, = 0,4, — 0,A,. (2.1.9)

If one wanted to obtain a discrete version of this action, one could potentially be
tempted to try the same approach as previously, and write the gauge fields A, (x)
as living on sites x; of a hypercubic lattice A, with spacing a between sites. This

would lead F),, to be defined via finite differences of gauge fields A, (z),

F(x) = clb [A,(z +apn) — A, ()] — ! [A,(z 4+ ap) — A, (x)]. (2.1.10)

a

This expression is, in fact, gauge invariant under linearized (infinitesimal) U(1)
gauge transformations of the form A,(x) — A,(z) + d,a(x) in the continuum limit.
However, it fails to capture the full non-perturbative gauge invariance required on
the lattice, particularly in the compact U(1) theory. This is because the finite
differences do not account for the compact nature of the gauge group and can lead

to ambiguities under large gauge transformations.

To formulate a gauge-invariant discretization that remains valid beyond the linear
regime and includes the compact structure of U(1), we instead promote the gauge

fields A, (z) to link variables.

In particular, one introduces link variables [4]

U, (z) = edn®) (2.1.11)
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v tap Ui@+ad) a+a(fi+0)

Uy (x) Uy(x + afi)

. Uy(x) T+ afl

Figure 2.1: Schematic representation of a plaquette

where p indicates the direction, z is the lattice site from which the link originates,
and a is the lattice spacing. Consequently, we create the field strength tensor as a

combination of link variables,
Uw(z) =Uu(x)Uy(x + app)U,(z + a0)"U,(x)". (2.1.12)

this is also called a plaquette, the smallest non-trivial loop of link fields, made of
four link variables. A gauge field A, () is said to be invariant under U(1) gauge
group if,

A(x) = Ay(x) = Au(x) — 9\ (x), (2.1.13)

where A(z) € R, and it is clear that F},, in the continuum is invariant under such
transformation. In the lattice however, we introduced the link variables U,(z) and

they transform the gauge transformation as [3],
U, (x) = Qz)U,(2) (2 + af), (2.1.14)

where Q(x) = €@ € U(1). We can easily see the gauge invariance of the plaquette

by doing the following,
U, (x) = U, (x)U,(x + ap) U, (x + aD)U, () (2.1.15)
and using (2.1.14), we get,

U,’W(x) = Qx)U, ()Y (z + aft) Uz + aft)U, (z + aft) Q" (x + a(ft + 7))
(2.1.16)

Qz +a(p+ 2)U(z + a)Q" (v + a?)Qx + a?)Uj (2)Q2" ()
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and we can see that each gauge transformation of the links cancel each other at each

site, resulting in
U, (2) = Uz + ad)U, (x4 ap) U} (x + a)U; (z), (2.1.17)

and we see that the plaquettes are gauge invariant. Writing the plaquette expression

(2.1.12) in terms of exponentials of A, (z) we get,
Uy (z) = € Fur (2.1.18)

Taking the real part of this expression allows us to write a lattice version of (2.1.8),
known as the Wilson action,
S =533 [1— Re U (2)]. (2.1.19)
T p<v
where (§ is a dimensionless coupling parameter related to the continuum gauge
coupling g via 3 = 1/g?. This factor ensures that in the continuum limit a — 0, the
lattice action correctly reproduces the standard Yang—Mills action. Expanding the

plaquette term,

Re [1 = U, (z)] =1 — cos (a2FW(x)) ~ %Fiy(x), (2.1.20)

we recover (2.1.8). It is important to note that matching the correct continuum limit
is necessary but not sufficient. The Wilson action is not only gauge invariant at finite
lattice spacing a, but also local, depending only on neighboring links, preserves the
correct number of degrees of freedom, and provides a well-defined, non-perturbative

regularization of the path integral.

Similarly to the previous section, we now aim to write the Wilson action in a Hamilto-
nian form. We begin by transitioning to Minkowski spacetime and discretizing space
while keeping time continuous. Working in the temporal gauge Uy(x,t) = 1, the

dynamical degrees of freedom reduce to the spatial link variables:

Uj(x,t) = e (j =12 3), (2.1.21)
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where a is the spatial lattice spacing and A, is the gauge field on the link in the j-th

direction.

The Wilson action separates into time-like (u = 0,v = j) and space-like (u = j,v =

k) plaquettes:

/dtz

ZRe 1—Up;) + > Re(l—Uy)| . (2.1.22)

i<k

To isolate the kinetic and potential terms, we expand the plaquette terms. For

time-like plaquettes, the temporal gauge implies
Upj(x,t) = Uj(x,t + CLO)U}L(X, t) ~ exp (iaao/lj(x, t)) : (2.1.23)
where aq is the temporal lattice spacing. Expanding to leading order,

Re (1 — U()j) ~ (CLCLQAJ‘)Q. (2124)

N | —

Summing over all spatial links and taking the continuum limit ag — 0, we obtain

ZZRe 1 — Uyy) ~ OZA (2.1.25)

l\l)\r—A

where the sum is over spatial links [. The kinetic part of the Lagrangian is then

2 .
Lion = “Z S A2 (2.1.26)
l

For the spatial plaquettes, we write

Ujk(X) = GMQij, with Fk = (‘3 Ak - (“)kA (2127)
Expanding,
4
a
Re(1 — Uj;,) ~ EFJ?k. (2.1.28)

Using the notation of differential co-chains in appendix A,

>N Re(l—Up) ~ — ZFQ Z (dA)2, (2.1.29)

X j<k

where p labels spatial plaquettes. The notation (dA), represents the discrete exterior
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derivative of the gauge field A;, evaluated on the plaquette p. In the lattice formula-
tion, A; is defined on links (or edges), while (dA), corresponds to the oriented sum

of the gauge field around the boundary of plaquette p:
(dA>p - All + AZQ - Al3 - Al47

where [y, ..., l4 are the four links forming the perimeter of plaquette p. The signs arise
from the orientation of the plaquette: links whose direction agrees with the chosen
circulation (in this case, we choose counterclockwise) contribute with a positive sign,

while links opposing it contribute with a negative sign.

Figure 2.2: Illustration of the plaquette variable (dA),, defined as
the oriented sum of link variables around plaquette p.

The potential part of the Lagrangian is then

4
a
Loot = -7 > (dA)>. (2.1.30)
p

Combining the kinetic and potential terms, the full Lagrangian becomes

a? o at
L=—> A7 ——> (dA)>. (2.1.31)
49 45
From the Wilson action,
S[U] = gz > Re(l—Uu(z)), (2.1.32)

T pu<v

we obtain the Lagrangian written in terms of temporal and spatial parts,

L= (‘f STA? - TZ(‘M);%) : (2.1.33)

P
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The conjugate momentum to A; is

oL  Ba? .
_ 92 P4 9.1.34
T4, T 2 ( )

Solving for A; and performing a Legendre transform gives the Hamiltonian:

_ 1 2 ﬁ 2
H= zlj 252" + 53 ij(dA)p. (2.1.35)

This is the desired Hamiltonian in terms of the conjugate momentum 7m; and the

field strength encoded by (dA),.

2.2 Monte Carlo method

Monte Carlo techniques provide a direct way to deal with systems in which the
number of possible states grows exponentially with the number of degrees of freedom.
It consists on extracting meaningful statements from a small set of configurations
compared to overwhelming total number of possible configurations of a certain
system. It was first developed by the Stanislav Ulam [5] when confronted with the
fact that in order for him to know what was probability of wining in the card game
of Solitaire, he would have to compute all 52! possible configuration of organizing
the set of cards. He realized that one could achieve a very solid estimate of winning
if one computed not all possible configurations but a smaller, yet meaningful, subset
of those configurations. In other words, if he managed to sample 100 different games,
in which the cards were truly shuffled, then with this amount of samples, he could
estimate the probability of winning the game. Dubbed after the famous casino,
the Monte Carlo method consists in exactly this: a computational technique that
uses random sampling to explore a system’s possible configurations and estimate

statistical properties of said system.

Let’s start with a system describe in terms of its statistical partition function,

Z = H/dgbie’s[@], (2.2.1)
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Where we are labelling the degrees of freedom ¢ with the index 7. The weight of
each ¢; is determined by the action S[¢;]. If we wanted to measure the value of an
observable @), we would perform the average over all the possible the configurations

of the system, such that

H / e (2.2.2)

However, performing this calculation is either extremely impractical or impossible,
for most if not all realistic systems. We can instead replace the integral over all
possible states by a sum over a finite number of configurations ¢, ¢ = 1,2,..., N.
The crux of Monte Carlo lies in randomly selecting these N configurations according
to a suitable probability distribution p[¢(;], rather than sampling uniformly from

the entire configuration space. This leads to an approximation of (2.2.2) in the form

¢( )l

()
Q="+ Dl (2.2.3)
2i=1 plo)]

where p[¢(;] is the probability distribution used to generate the configuration ¢,
As the number of configurations NN increases, this estimator becomes increasingly

accurate. In the limit N — oo, we recover the exact expectation value, Q — (Q).

Choosing the correct probability distribution is essential for the effectiveness of
(2.2.3). The partition function (2.2.1) and expectation value (2.2.2) are primarily
influenced by the small number of states with the lowest action values. A good

candidate for the probability distribution is the Boltzmann distribution,

L —siel
Ploi| = =——=e 7 2.2.4
where 7 is,
N
Z =Y el (2.2.5)
i=1

The higher value of the Boltzmann weight, the more influence those states will
have on the partition function and expectation value. Biasing the sampling of

configurations based on their impact on the system is called ‘importance sampling’
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and it is a fundamental aspect of the Monte Carlo method that we employ. Using

the Boltzmann factor into (2.2.2), we simplify the result to

N

Q= ]1] > Qloa); (2.2.6)

(2
which is a simple mean of the observables. To explore the system’s configuration
space, we employ a sequential sampling method guided by the Boltzmann factor.

This process generates a sequence of configurations,

b)) = Py = - = D) = D) = - (2.2.7)

To generate configurations distributed according to the Boltzmann weight e 59!, we
employ a Markov chain sampling procedure. This means we construct a sequence of
configurations where each new configuration depends only on the previous one. If
designed correctly, this Markov chain converges to the target distribution, favoring

configurations that have a greater weight in the path integral.

In a Markov chain, the evolution of the system is governed by transition probab-
ilities, which define the likelihood of moving from one configuration to another.
Formally, the transition probability P(¢m) — ¢(n41)) represents the probability that
the system in state ¢, at step n will transition to state ¢,41) at the next step.
These probabilities encode the stochastic dynamics of the chain and determine how

configurations are explored during the simulation.

To ensure a well-defined Markov process, the transition probabilities must satisfy
the following properties: (i) Time independence — the transition probabilities
remain constant throughout the evolution; (ii) Markov property — the probability
of transitioning to ¢(,41) depends only on the current configuration ¢,), not on the
history of previous states; (iii) Range — each transition probability P(¢m)y — ¢m+1))
is a real number within the interval [0, 1]; and (iv) Normalization — for any given
configuration ¢,), the sum of transition probabilities to all possible next states ¢, 1)

equals 1.

For a Markov chain to correctly sample from the target distribution, it must be
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ergodic, ensuring that all regions of configuration space can be explored. In addition,
satisfying the detailed balance condition is often sufficient to guarantee convergence

to the desired distribution, although it is not strictly required.

Ergodicity means that it is possible to reach any configuration from any other
configuration in a finite number of steps, ensuring that the entire configuration space
is eventually explored. Without ergodicity, some regions of the space might remain

inaccessible, leading to biased sampling.

Detailed balance ensures that the Markov chain converges to the target distribu-
tion—in our case, the Boltzmann distribution. It requires that, at equilibrium, the
probability of transitioning from a configuration ¢ to another configuration ¢’ is

balanced by the reverse transition. This can be expressed as:

m(@)P(¢ = ¢) = n(¢) P(¢" — ¢), (2.2.8)

where 7(¢) is the equilibrium probability of configuration ¢, and P(¢ — ¢') is the
transition probability. This condition ensures that there is no net flow of probability
between configurations and that the Markov chain remains in equilibrium once it

reaches it.

A widely used method that satisfies detailed balance is the Metropolis—Hastings

algorithm [6, 7]. It works as follows:

« Propose a new configuration ¢ by making a small random change to the current

configuration ¢.

« Compute the acceptance ratio:

RO
=l € [0, 00), (2.2.9)

where p[¢] is the target probability distribution (i.e., the Boltzmann weight).

« Accept the proposed configuration ¢ with probability min{1, p}. If the move

is rejected, keep the current configuration.
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By repeating this process, the algorithm generates a sequence of configurations

distributed according to p[¢|, satisfying both ergodicity and detailed balance.

The Metropolis-Hastings algorithm isn’t the only option of choice for a selection
algorithm within Monte Carlo methods. Random-walk, worm, heat-bath, are only a
few that can be named [8-13]. The choice of which algorithm to choose should be
compatible with the underlying system being simulated. Since we are simulating an
Ising model, we will mainly focus on using the Metropolis algorithm, as its simplicity
and local update scheme make it particularly well suited for spin systems with

nearest-neighbor interactions.

2.3 Statistical and Error analysis

In this section, we discuss how to analyze the data produced by Markov Chain Monte

Carlo (MCMC) simulations.

We begin by considering a sequence of measurements {Q1, @2, ..., Qn} of an observ-
able (), obtained from a single MCMC run. These are random variables drawn from
a probability distribution governed by the Boltzmann weight. The expectation value

of the observable is given by the ensemble average:

(@ = [ Do QIgl ple, (23.1)

where p[¢] oc e7%19 is the target distribution.

In practice, we approximate (@) using the arithmetic mean of the sampled values:
_ 1 N
Q= ¥ > Qi (2.3.2)
i=1

If we assume that the @); are independent and identically distributed (i.i.d.) random
variables with finite variance o3, = (Q*) — (Q)?, then the expected value of the
sample mean @ is:

Q= (Q), (2.3.3)
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and the variance of () across many independent simulations (i.e., many independent
ensembles) is:

_ 1 9

o4 = {(Q~ (@) = 7% (234

Let us now show the steps leading to this result under the i.i.d. assumption. Starting

from:
g = <<;f i(@i - <Q>)> > , (2.3.5)

we expand the square:
7} = ;é«@ (@)@ — @) (2356)

This sum separates into diagonal and off-diagonal terms:
7= (g«@ (@) 2@ (@)@ - <@>>>) S @an

If the (); are uncorrelated, the cross terms vanish:

(QiQ;) = (Qi)(Qy) for i #j, (2.3.8)
leaving:
2 1 2 L,
=Nz N-og= ~oe (2.3.9)

However, this result relies on the assumption that the measurements (); are in-
dependent. In the context of MCMC, this is generally not true: the sequence of
configurations forms a Markov chain, so consecutive measurements are typically

correlated.

These correlations reduce the effective number of independent samples and increase
the variance of the sample mean beyond 022 /N. Therefore, assuming (Q;Q;) =
(Q:)(Q;) for i # j is an approximation that only holds in the limit where autocor-
relations vanish—that is, when samples are sufficiently far apart in the chain. We

will return to the role of autocorrelations in detail later.

The variance of the sample mean, 0%, provides a direct estimate of the statistical

uncertainty (or error bar) associated with our Monte Carlo result. To interpret this
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Figure 2.3: Convergence of the value of samples obtained in Monte

Carlo. The running mean approaches the true mean of a

normal distribution as the number of samples increases.
properly, we must understand how repeated measurements of Q fluctuate across many
independent runs. This is precisely the setting of the Central Limit Theorem (CLT).
The CLT states that, regardless of the underlying distribution of the individual
measurements ¢;, the distribution of the sample mean @ converges to a Gaussian
distribution in the limit of large N, provided the samples are uncorrelated. Although
a formal proof is accessible and instructive (see, e.g., [14]), we will focus here on
the practical implications of the theorem and illustrate them through representative

examples.

To illustrate the Central Limit Theorem (CLT) in practice, we implemented a simple
Monte Carlo sampling algorithm using a uniform distribution. We generated 15,000
independent estimates of the mean, where each estimate was computed from a sample

of 30 uniformly distributed random numbers.

In Fig. 2.3, we show the running average of these Monte Carlo means (red line)
compared with the mean of a normal distribution (dashed line). As the number of
samples increases, the Monte Carlo average converges toward the expected value, as

predicted by the CLT.

In Fig. 2.4, we present a histogram of the 15,000 computed means. The histogram
was constructed using 100 bins, which are subintervals dividing the full range of ob-

served values. Each bin counts how many sample means fall within that subinterval,
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CLT Demonstration (Uniform Distribution)
8<

I Sample Means
74 = CLT Prediction

Density

w
L

0.3 0.4 0.5 0.6 0.7
Sample Mean

Figure 2.4: Histogram of sample means compared with a Gaussian
distribution (in red).
providing a visual approximation of the distribution. Overlaid in red is a Gaussian
curve with the same mean and variance. As expected from the CLT, the distribution
of sample means closely follows a normal distribution, even though the original data

were sampled from a uniform distribution.

The Central Limit Theorem states that, under mild conditions, the distribution
of the sample mean @Q of independent and identically distributed (i.i.d.) random
variables ¢; approaches a Gaussian as the sample size N increases. If the g; have finite
variance aé, then the mean @ is normally distributed with mean po and variance

0(22 /N. This result justifies interpreting the standard deviation of the sample mean,

g
e5=05= va, (2.3.10)

as the statistical error (or uncertainty) in estimating the expectation value of Q.

In Monte Carlo simulations—and particularly in Markov Chain Monte Carlo (MCMC)—the
individual measurements ¢; are usually not independent, but correlated due to the
nature of the sampling process. Nevertheless, if these correlations decay fast enough

(i.e., the Markov chain is ergodic and has a finite autocorrelation time), a generalized
version of the CLT still applies. In this case, the variance of the sample mean is
larger than Jé /N and must be corrected to account for these correlations. We now

turn to this issue in the next section.
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2.3.1 Autocorrelation

The fact is that measurements obtained through Monte Carlo simulations are very
unlikely to be statically uncorrelated, specially near the phase transitions. Which
means that we result we obtained for errors in the previous section is either wrong or
incomplete. In fact we need to take into account what is called the autocorrelation
between the measurements, that is, taking into account the neglect term in (2.3.10),
resulting in,

1 1
0% = oot 3z 2(QiQs) — (Qa)(Qs). (23.11)
i#j
To simplify things a bit, we are able to perform a few massaging steps on this

expression. To do so, we first define the autocorrelation function A(k) as [15],

(QiQirk) — (Qi)(Qir)

AR =" =

(2.3.12)

and note that A(0) = 1. Let’s say a few thing about this expression first. As k

increases, A(k) decreases exponentially, and we are allowed to define,
A(k) oc e /e (2.3.13)

for k — 00. T .exp is called exponential autocorrelation time. Since Markov processes
are invariant under time translations, this function is independent of ¢, thus we can
average A(k) over multiple measurements . The integrated autocorrelation time is

defined as,
—1+iA(k) 1 g (2.3.14)
TQ,int = 9 N . LO.
The term A(k) represents the normalized autocorrelation function. The factor

(1 — %) provides a finite-sample correction that reduces bias for limited data. We

can also define the error for correlated measurements as,

202
€ = TQTQ,M. (2.3.15)

In order words, the autocorrelation between measurements decreases the total num-

ber of independent measurements we have in our simulation, and increases our
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estimation of the errors.

This means that, in a Markov process, we need 27y times more measurements
to obtain uncorrelated results. To address this, we must either adjust our original
expression to account for the autocorrelation time or discard a certain number
of Monte Carlo sweeps before recording measurements. Every observable and its
derivatives are affected by autocorrelation, leading to systematic under- or over-

estimation.

This issue is even more severe near a phase transition, the most interesting regime to
study, due to critical slowing down, a computational bottleneck caused by autocor-
relation in Monte Carlo simulations. The slowdown is inherently tied to the update
algorithm used in the Monte Carlo method: as the system approaches a phase trans-
ition, the correlation length ¢ diverges as a power law of the distance to the critical
point, £ ~ [T —T,|”". In finite systems, this leads to long-range correlations and
dramatically increased equilibration times. Although alternative update strategies,
such as cluster algorithms [16, 17], can alleviate this effect, critical slowing down is

never entirely eliminated.

Getting back to (2.3.11), we first consider the fact that the expression is invariant

under ¢ <— j and we need only to consider half of the off-diagonal terms,

N N
% = T0a+ 13 X > (00) - @) (2.3.16)
i=1j=1i

We follow by using the same argument of time translation invariance of Markov
process. We can shift the term (Q;Q;4s) by any constant 6 amount. Fixing i = 1
and realizing that the double sum can we rewritten as S j\; = Z;VZQ and

changing [ = 7 — 1, we get

N N
UZ? - ]1[ ]\2f2 ZZ — D{Q1Q11) — (Q1)(Qi11)
s (2.3.17)
_ 2022 + al (1 . 7) (Q1Q111) — <Q1><Qz+1>
N =1 N UQ
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<Q1Qz+1>*2<Q1>(Qz+1) _ (@@ —(@1){Quis1) _ 4

2 CHINTAE (1), we obtain,

and since

2
2 20@

N

g

; + %A(l) (1 — Jifﬂ , (2.3.18)

Qi

2.4 Fine size scaling theory

In general, a phase transition occurs when a physical system exhibits a non-analytic
change in its thermodynamic properties as a control parameter [18], such as temper-
ature or external field, is varied. More specifically, a system can undergo a transition
between phases with distinct physical properties, often associated with the spontan-
eous breaking of a global symmetry. In such cases, the system transitions between a
symmetric phase and a symmetry-broken phase as a parameter, such as temperature,
crosses a critical value. External fields, such as a magnetic field h # 0, explicitly

break symmetry rather than inducing spontaneous symmetry breaking [19].

A phase transition can often be characterized by an order parameter, a quantity that
is zero in the symmetric phase and nonzero in the symmetry-broken phase [20]. For
example, in a ferromagnetic system, the magnetization acts as an order parameter:
it is zero above the critical temperature (disordered phase) and acquires a nonzero

value below it (ordered phase).

Phase transitions can be classified based on the behavior of thermodynamic quantities.
A first-order phase transition is characterized by a discontinuity in the first derivat-
ives of the free energy (e.g., latent heat in a liquid-gas transition). A second-order or
continuous phase transition, on the other hand, maintains continuity in the first de-
rivatives but exhibits divergences in the second derivatives, such as the heat capacity
or susceptibility. This classification is not exhaustive, as there exist transitions that
do not fit neatly into this scheme, such as the Berezinskii-Kosterlitz-Thouless (BKT)
[21, 22], transition, which is a topological transition characterized by an essential
singularity in correlation functions rather than a simple discontinuity in derivatives

of the free energy. In the study of phase transitions, the renormalization group (RG)
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[23] provides a powerful theoretical framework. The RG approach systematically
analyzes how a system’s behavior changes across different length scales, particularly
useful for continuous phase transitions where long-range correlations emerge. By
applying RG techniques, one can identify fixed points that describe critical behavior
and universality classes. Some fixed points correspond to critical points governing

second-order transitions [24], while others represent stable or unstable phases.

In what follows, we will explore theoretical tools used to study phase transitions
and how they provide insight into critical behavior across different physical systems.
Finite-size scaling, in particular, will help explain the nature of different phases and

the mechanisms driving the transitions between them.

2.4.1 Second order Phase Transition

A phase transition is characterized when a parameter A [25], i.e. temperature,
reaches a specific value, a critical point, when all the phases of the system exist
simultaneously. We denote this point as A. and we can define the reduced critical

point as,
A— A,
A

a= (2.4.1)

which shows the relative distance to the phase transition. As mentioned before,
during second order phase transitions, the correlation length ¢ becomes a power law

when A — A, ( and thus a — 0) [24],
€~ lal™, (2.4.2)

where v is a critical exponent. This is a very important quantity that describes the
behavior of the system when near the phase transition, along with other critical
exponents. If two different theories belong to the same universality class, their critical
exponents will be identical. This means that as they approach their respective critical
temperatures (T,), their long-distance behavior becomes increasingly similar and is

described by the same scaling laws, even if their underlying Lagrangians (and/or
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Hamiltonians) descriptions are fundamentally different. The exponent v is but one of
the critical exponents and it describes the correlation length £ near the critical point.
Other important critical exponents are 3, «, 7, and v, each of which characterizes
a different aspect of the phase transition [18]. In the case of the Ising universality
class, the exponent 3 governs the behavior of the spontaneous magnetization M as
the temperature approaches the critical temperature A. from below. Specifically,

near the critical point, the magnetization behaves as
M(A) ~al?, for A< A.,. (2.4.3)

By convention, all critical exponents are defined to be positive, reflecting the fact
that the associated quantities either vanish or diverge in a controlled way near
criticality. The exponent v describes the divergence of the magnetic susceptibility x

as the system approaches A., and is defined through the scaling relation

X(A) ~ |a] 7. (2.4.4)

Each of these exponents encodes universal information about the phase transition

and plays a central role in finite-size scaling analysis.

During second-order phase transitions, finite-size scaling theory [26] is based on
the comparison between the system size L and the correlation length £&. When
¢ < L, the system is largely unaffected by its boundaries and behaves effectively as
infinite. In contrast, when £ 2 L, finite-size effects become dominant. In this regime,
the system size L replaces £ as the relevant length scale controlling the scaling of
observables, and a finite system can no longer reproduce the true singular behavior

of the infinite system.

Let us now introduce the finite-size scaling hypothesis, following the framework
presented in [27]. We begin by considering the free energy density f, which depends
on the system’s linear size L, a reduced parameter a (defined in Eq. 2.4.1), and an
additional parameter b related to the external field or another control parameter.

Thus, we write f = f(a,b, L). The free energy density can be decomposed into a
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singular and a non-singular part:
fla,b,L) = fs(a,b, L) + fns(a, L). (2.4.5)

Here, the non-singular part f,s(a, L) is assumed to be weakly dependent on b and
is often approximated as independent of it. Moreover, when periodic boundary
conditions are imposed—which is the case in all simulations discussed later—we
can approximate f,s(a, L) = f,s(a,00), as boundary contributions become negligible
in the thermodynamic limit [28]. If non-periodic boundary conditions were used,
additional finite-size contributions could arise from f,,. The functional form of
the singular part of the free energy density is not derived but postulated based on
scaling hypotheses and can be justified more rigorously via renormalization group

arguments. It takes the form:
fo(a,b, L) = L™4F(ciaLY?, cb LNV, (2.4.6)

where F is a universal scaling function, and ¢y, ¢y are non-universal metric factors.
The argument aL'/V arises from the scaling of the reduced temperature a with
the correlation length exponent v. The second argument, bL*+7)/ combines the
effects of the external field (or similar variable) and reflects how quantities like
magnetization (f) and susceptibility (7) scale near the critical point. Higher-order
corrections to scaling are neglected in this leading-order expression. This choice
is well-suited to our analysis, though it may not be applicable in other contexts.
The finite-size scaling forms of thermodynamic observables can be derived from
the singular part of the free energy density in equation(2.4.6). These observables
include the specific heat C, the order parameter O (e.g., the magnetization), and

the associated susceptibility xo. Their scaling behavior near the critical point is
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governed by critical exponents and takes the form:

C(L,a) ~ L C(aL ),
O(L,a) ~ L™V O(aL*"), (2.4.7)
xo(L,a) ~ L X (aL'"),

where C, O, and X are universal scaling functions, and «a is the reduced parameter
defined in equation (2.4.1). These forms arise from the assumption that the leading
singular behavior of each observable is determined by appropriate derivatives of the
singular part of the free energy. For instance, the susceptibility xo is related to the
second derivative of f; with respect to an external field conjugate to O, while C

comes from temperature derivatives.

In addition, there exist scaling relations that connect the critical exponents. Two

particularly important ones are:

vd =2 — a,
(2.4.8)

a+20+7v=2,

where the first is known as the hyperscaling relation. These constraints imply that
only two of the exponents («a, 3,7, ) are independent; once any two are known, the

others can be determined.

The finite-size scaling (FSS) method allows one to extract critical exponents by
analyzing how observables behave near the critical point in systems of finite size.
The key idea is that, close to the critical temperature, the correlation length &
becomes comparable to the linear system size L, and the finite volume limits the
growth of long-range correlations. This cutoff modifies the critical behavior and

allows one to infer universal properties from finite systems.

Let us focus on the susceptibility xo associated with some order parameter O. Near

the critical point in the thermodynamic limit, the correlation length diverges as

E~a?, (2.4.9)
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where a is the reduced temperature, and the susceptibility scales as

xo ~ &7, (2.4.10)

However, in a finite system of size L, the divergence of ¢ is cut off by L itself. When
¢ 2 L, the system cannot fully develop long-range correlations, and the susceptibility
no longer follows the thermodynamic limit scaling. This motivates introducing a

finite-size scaling form for xo:
xola, L) = L X (aL"), (2.4.11)

where X is a universal scaling function. This expression tells us how Yo varies with

both temperature and system size in the vicinity of the critical point.

An important consequence of Eq. (2.4.11) is that if we plot L™7/*yo as a function
of the scaling variable z = aL'/¥ for different values of L, all curves should collapse
onto the same universal function X (x), provided that the correct values of ~, v,
and the critical point are used. This is known as data collapse and serves both as
a practical tool for determining critical exponents and as a consistency check to

confirm the existence of a second-order phase transition [29].

We will use this collapse property as a diagnostic to validate our simulation results
and extract critical parameters. In particular, by tuning the exponents and the
critical coupling A, to maximize the overlap of curves for different system sizes, we

can estimate the universal behavior of the system from finite-size data.

There is more than one way to determine the transition point, and one these ways

is through the 4th order Binder Cumulant [27],

(2.4.12)

where O is the observable that we obtained (in our case, it will be mainly magnet-
ization M). This quantity can directly show the transition point for the system,

through the crossing of multiple curves, since, at such point, the binder cumulant
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is also size-independent and all curves should collapse on said point, giving us an

estimate of critical value.

2.4.2 First order Phase Transition

Another interesting and important category if phase transitions is the first order

phase transition [30], which we discuss now.

First-order phase transitions are characterized by discontinuities in the first deriv-
atives of the partition function. At the critical value A., the order parameter and
energy density exhibit a finite jump, and two phases coexist. Unlike second-order
phase transitions, first-order transitions do not exhibit a diverging correlation length,
nor do they have a critical region governed by power laws. As a result, there are no

critical exponents and no critical slowing down in the traditional sense.

However, Monte Carlo simulations of first-order phase transitions still suffer from
significant autocorrelation [28], though for different reasons. Instead of critical
slowing down, the dominant issue is phase coexistence, which leads to long-lived
metastable states. In simulations, this manifests as the system getting "stuck"
in one phase for an extended time before transitioning to the other, increasing
autocorrelation times. Additionally, at the transition, observables scale with the
system volume [31], reflecting the extensive nature of the latent heat and phase
separation,

Xo x V, (2.4.13)

where V' = L?. However, in finite systems, the sharp discontinuities expected
in the thermodynamic limit are smoothed out. Instead of a true jump, Monte
Carlo simulations will only detect a pronounced peak in the observables, which
grows proportionally to the system volume. Unlike second-order phase transitions,
where observables exhibit universal scaling behavior, first-order transitions lack such
universality. This difference in scaling properties provides a key way to distinguish

between first- and second-order transitions in numerical simulations.
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We can use the Binder Cumulant (2.4.12) to investigate the first order transition,
according to what we mentioned above. U should vanish during the disordered
phase and approach 2/3 in the ordered phase, and at transition point, a minimum

should be visible, that scales with

Uy —V, (2.4.14)

However, the location of this minimum does not necessarily coincide with the true
transition point. Instead, it tends to shift away from the critical point, defining
a ‘pseudo’ transition point Ag(V') that scales with the system size. We can then

perform a fit, that allows us to estimate the transition point as [32],
Ag(V) m Ag +cV 1, (2.4.15)

where we neglect higher order corrections, and c is some fitting constant.






Chapter 3

Quantum Villain Hamiltonians

3.1 Introduction

The preceding chapters established the foundations of lattice field theories using
the Wilson formulation. This chapter transitions to the Villain formulation, a
powerful alternative that offers a more faithful and analytically tractable lattice
regularization for theories with compact fields and gauge symmetries. The central
achievement reported here is the systematic construction and analysis of quantum
Hamiltonians for a range of theories using this approach, uncovering their deep

structural properties.

We begin by demonstrating the advantages of the Villain formulation for the compact
scalar field, where it naturally incorporates topological sectors (winding modes) and
leads to an exact solution, including the emergence of self-duality. This framework
is then extended to U(1) gauge theories in two and three spatial dimensions. A key
original contribution is the explicit derivation of the Hamiltonian self-duality in 2D
and the electric-magnetic duality in 3D directly within the operator formalism, a

perspective that is less common than the Euclidean path integral approach.

The chapter’s primary originality lies in its application of this methodology to "exotic"

theories with subsystem symmetries, specifically the quantum XY-plaquette model.
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We derive its self-duality and, by gauging its subsystem symmetry and taking a
strong-coupling limit, establish a novel duality to a transverse-field .J;-.J; Ising model.
This new lattice model features a highly degenerate ground state and a complex phase
diagram, setting the stage for future numerical investigation of its phase transitions.
Throughout, the work emphasizes the power of the Villain Hamiltonian approach to

reveal exact dualities, topological constraints, and unconventional symmetries.

3.2 Compact Free Scalar

Now let’s consider that the field ¢(z) from the Hamiltonian (2.1.7) is invariant
under ¢(z) — ¢(x) + 27 [33]. The discretization performed does not satisfy this
property. Instead, we change the finite difference such that it takes into account the

compactness of ¢(z). The traditional modification is to use a cosine function,

(¢x+,& - ¢m> — COS(¢£B+[1 - ¢z)7 (321)

which respects the periodicity of ¢(z). The action then takes the form,

Slo] = =B cos(duoipn — ¢z)- (3.2.2)

where the minus sign ensures that the action is minimized when neighboring field
values are similar, thus favoring smooth configurations. The parameter 3 is a
dimensionless coupling constant. In the statistical mechanics interpretation, § plays
the role of an inverse temperature. In the spacetime interpretation, however, (3 is
related to the bare coupling constant and controls the stiffness of the field; large
[ favors small gradients and hence smoother field configurations. This formulation
allows for a meaningful continuum limit as § — oo. This is the known lattice
regularization of the compact free scalar through the XY-plaquette model [34].

Looking at a single link of the Boltzmann weight,

B eos(bora—d) (3.2.3)
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At large coupling (3, the cosine interaction is sharply peaked around its infinite set
of minima at ¢,4; — ¢, = 2mm,. A naive approximation replaces the cosine by
its quadratic expansion near a central single minimum of m, = 0. This yields a

Gaussian action describing a non-compact free scalar field,

e—BCOS<¢m+ﬂ_¢I) ~ e_§(¢z+ﬂ_¢z)2 (324>

This approximation is only valid for small field differences and neglects the periodicity
of the original compact field. Consequently it fails to capture phenomena like
vortex excitations and winding sectors. To address these limitations, an alternative
regularization is introduced: the Villain formulation [35]. The Villain action replaces

the cosine term with a periodic Gaussian potential,

SvVillain[@] = —g > (Puip — b2 — 27”%,“)27 Ny € 7. (3.2.5)
€T,

The Villain formulation provides the correct continuum limit when the infinite set of
minima of the cosine potential is properly taken into account. As such, the Villain
action offers several advantages: it facilitates analytical progress via Poisson resum-
mation and duality transformations and provides a natural framework for describing
vortices [36-39]. Importantly, the Villain action reproduces the Gaussian theory for
a compact scalar in the appropriate regime, while also enabling a controlled analysis
of topological excitations that the Wilson formulation tends to obscure. However,
for compact scalars, a well-defined continuum limit is not always guaranteed, due to
the nontrivial role of these topological defects, particularly in two dimensions. In
this sense, the Villain action provides a more faithful lattice regularization of the

continuum compact free scalar field.

Villain Formulation

Villain approach consist in creating a periodic Gaussian approximation [35]. By
substituting the cosine function by a 27n sum, take into account all minima of the

system, rather than prioritizing a central minimum. This formulation can be modified
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by promoting the integer-valued variables to quantum operators with integer spectra.
In this formalism, one can impose gauge constraints that provide control over the
topological defects, such as vortices or monopoles, that are typically present in the

standard formulation.

Let’s look at how the Villain formulation improves the analysis of the XY -model by
looking at the Hamiltonian of a free massless scalar that we will regularize through

the Villain Approach. Its Hamiltonian is,

H = Z(W + o (Parr = @)2), (3.2.6)

where x denotes the lattice site, J is dimensionless and a has dimensions of length.
The discrete scalar and its conjugate momenta m, satisfies the usual commutation

rules,

[gbxa ﬂ-y] = Msacy (327)

We can make ¢, a compact scalar if we modify the Hamiltonian to include a ‘integer-
valued’ operator n,, i.e. an operator that has integer eigenvalues. Hamiltonian

(3.2.6) then takes the form,

H= Z<7r + — (gbxﬂ ¢x—27mx)2), (3.2.8)

To this operator we naturally associate an angle-valued operator ¢,. They commute

according to,
(62, y| = 0y, (3.2.9)

while commuting with the other operators, [¢,,n,] = [m;,n,] = {q;r,gzﬁy] =0

Moreover, we expect ¢, to shift by 27 such as,
e Ge” P = gy + 2m. (3.2.10)

and since this is supposed to be a gauge symmetry of the theory, the Hilbert space
must be invariant under the action of e??™=. This operator also needs to commute

with the Hamiltonian itself, which follows naturally, since we assumed that ¢,
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commutes with m, and ¢,.

We want to show that the Hamiltonian remains unchanged if ¢, is shifted by 27k,
where k, is an integer. We start by proposing a naive operator e*” 2, ke acting on

Hamiltonian (3.2.8),

L,

i 27 E ke —i27 E kome
e’ <=7z e @ = g (7T
—\2Ja *

+ 2{1 (Pzt1 — @u + 27 (kg1 — ko + nz))2> ;

(3.2.11)
which clearly is not invariant under its action. To remedy that, we shift n, —
ng — (kzy1 — k;) using the operator €1 2o Fo(kur1—ks) So, in order to shift ¢, by

multiples of 27 and let H remain invariant, we need to use,

eiZI(Qﬂ'ka:ﬂ’x"l‘Qgsc(szrl_kx)) (3212)

To see this, we expand the exponent in

ei Z‘,L (271”61 Tx +¢~)z (kz+1 7]‘31))

b

which gives

ZZ 27Tkz7rac + ZZ qga: (k;r+1 - kac) = ZZ (27Tk;t7rzv + Q;ackx-‘rl - q;xkz) .

Given that 7, commutes with éy, for any x and y, for any arbitrary integer k, and
shifting the summation index in the term containing k.., we can write ), gz;xkxﬂ =

S, Gui1ks, S0 that the whole exponent becomes
ZZ ka: (27”7-1’ + ggx-l—l - sz) .
And hence, the operator that shifts ¢, by 27k, is

ei Zx ks (27r7rz+¢~>x+1*¢~5z) — 1

Note that we required that the operator to be acting trivially on the Hilbert space

for any k, € Z. This implies that the exponent of (??) satisfies,

UMMy + Ppi1 — g = 2, (3.2.13)
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where n, is another operator with an integer-valued spectrum. Expressing it in

terms of m,, we have
1 /- ~ .
M=o (6 = Pasr + 277z ), (3.2.14)

which we will use in a moment. In order to keep the commutations relations consist-

ent, first we impose that [¢,,n,| = id,, and demand that [r,,n,] = 0. This leads

to,
1 ~ ~
[7T$, ny] = 4 ¢$ - gbx-{-l + 27Tnx y Ty
QZT ( ):m (3.2.15)
= o (Oay = z-1,y) + [Ma, 1y
where we used (3.2.14), and since [, n,| = 0 we have that,
. )
[Ty, ] = 5 (0py — O—1y) - (3.2.16)

If we go back to the Hamiltonian (3.2.8) and rewrite it using (3.2.14), we get

1 ~ ~ N2 J
o= ; <2Ja(27r)2 <¢x = Qut1+ 27mm) + 5 (P41 — Oz — 27m$)2> . (3.2.17)

which satisfies the following commutations relations,

[¢m7 ﬁy] = i5m,y7 (3218)
[ng ny] = idx,ya (3219)
and
- )
[Ty, My ] = 5 (0py — O—1y) (3.2.20)

Moreover, if one applies the following transformations,

1
3.2.21
J = (271')2J7 ( )
(523 — ¢$+17 ¢m — (ﬁm (3222)
My — N, Ny — Mgt (3.2.23)

we see that such transformation is the self-duality transformation, meaning that
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it maps the theory onto itself by interchanging dual variables without changing
the coupling of the system. We comment that at J = 1/(2x), applying the self-
duality transformation yields a symmetry of the system. However, if you perform
the transformation twice, you don’t get back to the original configuration directly;
instead, you end up with a shift (a translation) on the lattice. This means that at
this special coupling, self-duality is not just a standalone symmetry, it combines
nontrivially with translation, effectively acting as a square root of translation and

enhancing the symmetry structure of the theory.

This lattice self-duality is the discrete analogue of Abelian duality in the continuum,
where a scalar field theory with coupling J is dual to another theory with coupling
1/(27)?J. In the continuum limit, this correspondence mirrors T-duality in two-
dimensional compactified bosonic theories, where momentum and winding modes are
exchanged under the transformation R <> 1/R. Thus, the mapping J — 1/(2m)%J
on the lattice captures the same physical idea of interchanging weak and strong

coupling regimes while preserving the overall form of the theory.

The system (3.2.17) is completely solved and the steps to it can be found in the

appendix (B). Here, we comment its main aspects. Its spectrum is,

-2 ~ 2
H = J(S;T)QN (;) + 2{}; (2) + Zp:wp (BPB; + B;Bp) : (3.2.24)
Where 11 is the (conserved) charge due to the global shift symmetry of ¢,. Similarly,
II is the conserved charge due to the global shift of the b, operator. Moreover,
B, and Bg are time-independent operators that act as annihilation and creation,

respectively, operators of the harmonic oscillator solution, and satisfy the usual

commutation relations,

[By, Bl] = 6y, By, By] =0. (3.2.25)

2r 4w 2(N-D)m

Also, the sum over p is only over values multiples of 27 /N, such that p = 57, 77, ...,
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Finally, B, and B; commute as,

By, Bl)] = 0y, (3.2.26)
and the dispersion relation is,
W, = ————=%, (3.2.27)

The exact solution serves as a direct lattice counterpart to the continuum compact
scalar theory. A key insight is that the zeromode contributions involving II and II

emerge naturally.

3.3 U(1) Gauge theories

3.3.1 Villain Hamiltonian Formulation of Gauge Fields

Having introduced the Wilson action (2.1.19) as a lattice discretization of the Eu-
clidean action of pure U(1) gauge theory, we now turn to an alternative approach:

the Villain formulation.

Starting from the Wilson action introduced in equation (2.1.19),

S[U] = ;Z S Rel[l - Uy, (2)]. (3.3.1)

T pu<v

where U, (z) is the plaquette variable built from the link fields U, (x) = @A),

In the continuum limit, we may write
Re[l = Up(z)]~1— COS(aQFW(m)). (3.3.2)
Thus, the Wilson action takes the approximate form

S[U] ~ ;Z > (1= cos(a®Fu(2))). (3.3.3)

r pu<v

This cosine form reflects the compact nature of U(1) and ensures invariance under

large gauge transformations. However, it is analytically cumbersome, especially
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when performing duality transformations or canonical quantization. To facilitate
calculations, one can approximate the cosine potential using a sum over periodic
Gaussian weights. This approach introduces a parameter (3, which controls the
sharpness of the potential around its minima and plays the role of an effective
coupling. For large (3, the identity
el eosl) = 3" e~ 0+2m)° 4 (on-leading terms) (3.3.4)
neZ
justifies this replacement: the exponential of the cosine is approximated by a sum
over Gaussians centered at ¢ = 27n. The parameter § thus controls both the
accuracy of the approximation and the depth of the potential wells. This motivates
us to replace
cos(a2FW(x)) — > exp <_§(G2FW($) + 27mp)2> , (3.3.5)
np€Z

where n, is an integer-valued field living on plaquettes.

Absorbing @? into the coupling constant and simplifying the notation, we are led to
the Villain action:

S Villain —

N

S (B, 4 2mn,)° . (3.3.6)
p

Here, F, = (dA), is the lattice field strength, a discrete curl of the gauge field A,
over plaquette p and n, € Z is the new integer-valued plaquette field. This form
retains the 27 periodicity explicitly, since a shift F}, — F}, + 27 can be absorbed into

ny, — n, — 1.

Moreover, the Villain formulation gives finer control over magnetic monopole con-
figurations. The field B, = 27n, can be viewed as a discrete background flux, and
demanding that dB = 0 enforces the absence of magnetic monopoles. In contrast,
monopole configurations are automatically present in the Wilson formulation due to
the nontrivial winding of the cosine potential, and cannot be turned off or treated

independently.

Following the same steps to arrive in (2.1.35), we can write the Hamiltonian formu-
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lation of (3.3.6) as,

H = P_((d4). +2mn,)°, 3.3.7
;2a26+22a2 (( )p+ P) ( )

This Villain Hamiltonian naturally lends itself to formulations involving higher-
form symmetries [40]. The quantized flux variables are associated with plaquettes
(elementary surfaces) rather than links, meaning they couple to a two-dimensional
object in the lattice. Consequently, they are interpreted as conserved charges under a
2-form U(1) magnetic symmetry, whose symmetry operators act on surfaces instead
of lines. The monopole operators, which shift B, by 2w, act as charged objects
under this symmetry. This provides a powerful framework for analyzing the phase

structure of the theory, including confinement and topological order.

3.3.2 U(1) Gauge theories in 2 spatial dimensions

We now turn to the Villain Hamiltonian formulation of U(1) gauge theory in (2 +
1) dimensions. This case provides a natural next step after the scalar model: it
introduces nontrivial gauge dynamics while remaining tractable enough to explore
exact symmetry structures and constraints. In particular, we aim to construct a
non-perturbative lattice Hamiltonian that preserves both local gauge invariance and
the global topological features present in the continuum, such as magnetic flux
conservation and the absence of lattice-artefact monopoles, ensured by not including
monopole creation terms (e.g. cos @) in the Hamiltonian.! This formulation will also
serve as a stepping stone toward the richer structure of electric-magnetic duality in

three spatial dimensions, explored in the next section.
Consider the Hamiltonian of 2d U(1) gauge theory on a lattice A,

2
H= ; 22; 5T ; 252 ((dA)p + 27mp)2 : (3.3.8)

Tn (3 4 1) dimensions, one can introduce a dynamical monopole matter field explicitly coupled
to the gauge sector. In that case, monopoles are not merely lattice artefacts but become genuine
excitations carrying magnetic charge, analogous to how electrically charged matter fields couple to
the gauge field.
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where the gauge fields A; lives on the spatial links /, and p denotes the plaquettes on
the lattice. 7; is the canonical momentum conjugate to A; and the exterior derivative
acts on the gauge field such that,
(dA), = > A, (3.3.9)
ledp
The Villain operator is also included as n, and gives the gauge field A; its compactness
feature, A; — A; + 27k, where k; is an integer. The system is also subjected to the

Gauss’s law,

(6m)y = > m =0. (3.3.10)

ledp

In this expression, the symbol d denotes the boundary operator acting on elements
of the dual lattice. Specifically, 3p represents the set of dual links [ that form the
boundary of a dual plaquette p. The asterisk x denotes the Hodge dual, which maps
an object defined on the original lattice to its corresponding dual object (e.g., a
plaquette on the primal lattice maps to a site on the dual lattice). Together, these
operations allow the divergence condition (d7), = 0 to be expressed geometrically as
the vanishing of the net flux through the dual links surrounding a dual site, enforcing

a local conservation law.

dual lattice

*----o----
S S N
PO R G I

primal lattice

Figure 3.1: Illustration of the primal (black) and dual (red dashed)
lattices. Dual lattice sites are centered in the plaquettes
of the primal lattice, and dual links intersect primal
links orthogonally. The operator d acts on elements of
the dual lattice, while the Hodge dual * maps between
corresponding objects on the two lattices.
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The system also satisfies two relations, namely

A — A+ 27k,
(3.3.11)
n, — n, — 2n(dk),,
and
(P2, 1] = 104z = 10z 5p- (3.3.12)

The latter is the commutation relation between the integer valued operator n, and
its conjugate operator ¢z, that lives on the dual lattice A. In the former we are only
imposing gauge symmetries, and mention that they are generated by the operator
Ulk], giving by,

Ulk] = exp (z zlj 2rmky + i zp:(dk)qu*p) = exp (z > (2rm + (dd))*,)kl). (3.3.13)

l

To show that U[k] generates the gauge symmetry transformation A; — A; + 27k,
we use the BCH formula:
U[k?]AlU[/{Z]_l =A+i [Z (271'7'('1/ + (d(ﬁ)*y) ky, Al] + - (3314)
l/
Since [A;, mp] = 0y and [A;, (d¢)w] = 0 (as A; and ¢ are conjugate to n, and live

on different spaces), this simplifies to:
U[k’]AlU[k‘]_l = A; + 27k;. (3315)

Thus, U[k] implements the desired gauge transformation. The exponential involving
(d¢). ensures that Uk] is gauge-invariant under the dual symmetry generated by the

operator €% enforcing compatibility between the original and dual formulations.

Where in the r.h.s we used the integration by parts rule (A.7). And since every
physical state must be invariant under such symmetry, we can obtain the following

relation,

(d¢)*l
27

™+ = —My. (3316)

The quantity m,;, similarly to n, is an integer valued operator but lives on the dual

lattice links [. It acts as conjugate momentum to 4; and satisfies the commutation
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relation,

[m[, Al] = _Z.(sl,*l = Z'(;*l’[ (3317)

and we can use (3.3.16) in the first term of (3.3.8), which allows us to rewrite the

Hamiltonian as

}{::E:(2iy2«d¢h~+2wan—%§:BQ(QL4%—+2wnAf (3.3.18)

p2a

l

Since n, commutes with m; but needs to satisfy (3.3.12), it is fair to take

[np, (d¢); + 2mmy] = 0, (3.3.19)
and thus,
1
{nm mi(i,g)] =5 (0 0p — Ogxp) » (3.3.20)

Le. n, satisty the commutation rule above with an operator mj; ;) that lives in a
dual link that starts at the dual site  and ends at the dual site §. Additionally, the
Gauss’s law can be written,

(dm)z = 0. (3.3.21)

This theory is endowed with self-duality. To show that, we perform another a set of

transformation, now on the second term of (3.3.8), that is,
M, = = (Fis + 27n,5) (3.3.22)
T — 5 Lz TNz ) .O.
2m

and note that this operator will act as the conjugate momentum to ¢z and satisfies

[0z, I15] = 65 5. Furthermore, we note that II; commutes with m;. This can be seen

as follows,
1 ] .
o i | = o [Foasmie | + [maa i | = 5 [ Foas e | + ﬁ (622 — 05.2)
and,
[F*f’mf(iz?)} = > {Alami(z,g)} (3.3.23)

and taking advantage of the fact that [ € 0x T = «l € — 97 and that A= —A ),
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we get,
[F*in m[(g@)} = —1 Z 5[/’[(:5337) = —2.5537@ + 55;757 (3324)
I'edz
which results in
[Hi7 m[(:g,g)} = 0. (3325)

With this, we can insert (3.3.22) into (3.3.18), and arrive at

H= Z 6(2”>2H§ +> ((dg); + 2mm;)* . (3.3.26)

1
2 -~ B
which is the Villain Hamiltonian for a compact scalar field defined on the dual lattice.
Importantly, there is an additional constraint dn = 0, corresponding to a no-vortex
condition. The condition din = 0 enforces that the integer-valued field 7 is locally
curl-free on the dual lattice. In geometric terms, dn measures the net circulation of
n around an elementary plaquette of the dual lattice. When this quantity vanishes,

it implies that there is no topological defects or vortices present in the configuration.

At first glance, this no-vortex constraint may seem unusual. One might consider the
Hamiltonian above without imposing it. The integer-valued operator m;, defined on
dual links, has a natural conjugate momentum that is angle-valued, also residing
on the dual links [ (or equivalently on the original links /), which we denote by A;.
The constraint dm = 0 arises from requiring gauge invariance under transformations

A; — A; + (d)\); in other words, it is a Gauss-law constraint.

Why should we enforce this gauge invariance? It is possible to consider the Villain
Hamiltonian for a compact scalar without imposing gauge invariance on the link

field A;. However, the equations of motion for m; are
m; =0, (3.3.27)

meaning that m; is non-dynamical. Consequently, if a state contains a vortex on
a dual plaquette (i.e., (dm); # 0), that vortex persists at all times. Thus, the
Hilbert space naturally decomposes into superselection sectors labeled by vortex

configurations.
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One can equivalently impose the no-vortex constraint (dm); = 0, treating other
sectors with vortices as arising from temporal Wilson line insertions that select

different superselection sectors.

In the continuum, this correspondence mirrors the structure of Abelian duality: the
original compact scalar field and the emergent gauge field A; are dual descriptions
of the same degrees of freedom. The constraint dm = 0 enforces the absence of
monopole (vortex) sources, corresponding to a free “dual photon” in the continuum
limit. When this condition is relaxed, monopole events generate a mass for the
dual photon, signaling confinement or vortex proliferation in the original scalar

description.

3.3.3 U(1) Gauge theories in 3 spatial dimensions

We will now study a 3d U(1) gauge theory and in the same manner as in the last
section we will consider some properties, apply some transformation and realise
its duality, in this case it is electric-magnetic type duality. First, we consider the

Hamiltonian,
1 e\2 6 e 2
=5 Zl: (6)? + zp: 3 ((dA), + 2mn,)". (3.3.28)
Where e is a superscript to denote electric gauge fields (and their conjugate momenta).

m will denote the magnetic gauge fields. Again the Hamiltonian has a Villain variable

n, with an integer spectrum, and its associated with the magnetic gauge field A7,

(AT ] = 0y . (3.3.29)

*D)
Such magnetic gauge field is interpreted as the dual gauge field, and we postulate
the following gauge invariance,

AT s AT 4 ()], (3.3.30)

generated by

exp (z Z n*l(d)\)[) = exp (z Z(dn*l)*j)\j> . (3.3.31)

xT
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Where the condition (dn). = 0 is present, following from the gauge invariance of A™.
Because this operator must act as the identity on all physical states of the system,
regardless of the choice of Az. This requirement enforces the no-monopole constraint,
ensuring the conservation of magnetic flux and the validity of the Bianchi identity.
While it is possible to consider the insertion of a temporal monopole line operator,
doing so requires modifying the constraint to allow for a static monopole located at

a dual lattice site Z.

Before implementing the discrete gauge symmetries, we note that A7 satisfies a

Gauss’s law constraint through (07), = 0. The discrete symmetries are,
A7 — A] + 21k, (3.3.32)

n, — n, — (dk),, (3.3.33)

where the latter is introduced by exp{i Y2mkym 4 Zp(dk)pAf;,} that must be an
identity operator on the states of the system, thus the following result can be

extracted,

1
76 = — (—(dA™), + 21my) | (3.3.34)

27

Where mj; is an integer-valued operator that lives on the dual lattice plaquettes and

it follows that [Af, m,y] =0, . 7f commutes with n,, and thus, it follows that

—1

(77, np] = o [(dAm);ﬁa np] + [mﬁv np] =0, (3.3.35)
since
1 . 1 ‘ ? -
[mp g = 5= 3 AP ] = o Y idg, = 5 L(0p. 0p). (3.3.36)
leop leop

where L(0p, 0p) is the linking number between the boundary of plaquettes p and p.
A discussion regarding L(dp, dp) is reserved to the appendix of [41]. To show that

this Hamilton is self-dual, we can define,

1
= Py ((dA°),;+ 2mn,;), (3.3.37)

™

which is the momentum of A" and satisfies [A%”, 7'[';1} = 10,,. And it follows that
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75, commutes with m; and

m 1 e
g ] = o lmp, (dA9) )+ lmp, gl (3.3.38)
And,
[mg, (dA°),) = =i ) 6,50 = —iL(dp, Op), (3.3.39)
ledp

and thus |mg, = 0. Finally, using (3.3.34) and (3.3.37) into (3.3.28) and per-
p l

forming some algebra, with obtain the dual Hamiltonian,

(77" + ij 2 (2@2 ((dA™);5 + 2wmy)° (3.3.40)

Should we consider that A is a hypercubic lattice, then we can redefine the operators,

A = Ay, A=Al (3.3.41)

Wy = M), My = —Tg(p)-
where a map g was defined to take the lattice A to its dual A and vice versa. A hyper-
cubic lattice is a regular d-dimensional grid in which each site connects to 2d nearest
neighbours along orthogonal directions. This structure ensures that both A and A
share the same geometry up to a half-lattice translation, allowing a one-to-one cor-
respondence between electric and magnetic variables under g. Consequently, duality

transformations—such as interchanging fields and their duals—can be implemented

consistently across the entire lattice.[36, 42].

Observe that models of this kind can now be coupled to both magnetic and electric

matter in a conventional manner, similar to their space-time analogues [36, 42].

3.4 Exotic Theories

In this section we want to study a version of the XY model [43], which can be seen

as analogue of the Minkowski Langrangian,

L="2(¢)" ~ :1(3102@2- (3.4.1)
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This model is endowed with what is called a momentum subsystem symmetry (which

analogue to a compact symmetry), due to the shift that can be made on ¢(x!, 2?),
¢(z',2%) = o(at, 2?) + f(z') + g(a?) (3.4.2)

where f(x!') and g(2?) are arbitrary functions of ', 2. Like the XY-plaquette model
has an emergent symmetry in (1 + 1) dimensions in a particular regime, this model
has associated with the charges Q1 = 5= [ dz'(9:0:0) and Q2 = 5= [ dz?(01020) [38,
44-53]. In the next sections, we are considering the Hamiltonians version of the

models of [44].

3.4.1 XY-plaquette model and winding symmetries

The Hamiltonian of the XY-plaquette model is

1

J
_ 2 2
H= Ex (2Ja7r$ + 5 (A1A¢p, + 27ny,) > (3.4.3)

where, as before, x is the position on a 2D lattice, the index ¢ = 1, 2 represents the
horizontal and vertical directions of the lattice. A; is the finite difference operator,
in the ¢ = 1,2 directions, such that Ay¢, = ¢, +1 — ¢.,. The integer operator n,

has a canonical conjugate ¢,
[Py ny] = 00z - (3.4.4)
We propose the following transformation,
GOz — Oz + 21k,

Ny — Ny — AlAZkza

we state this is an invariance, given that £ is an integer. To promote this to a gauge
symmetry, we need to describe the operator that generates this transformation,

which must be an identity operator on the Hilbert space.

eiZm(Zfrkzﬂ'z)fiZm(AlAzk)zsoz’ (3.4.5)
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and rewriting the second term, by use of a "integration" by parts rule,

Z(Azf)wgr = Z(for% - fx)gm = Z fm(gm—i - gx) - = Z fw(Aig)xfia (346>

T T

we get,

i 2 (2mhama) =i 30 (kediBo, 1 5) (3.4.7)

This generator must act as an identity operator on the Hilbert space, thus it follows

that,
_ A1Qsp, 3

o (3.4.8)
where m, is an operator with integer spectrum and must satisfy the following

commutation relation

1
[nm my] = % (6x,y - 533’1,,@ - 51.’y,i + 6w,y717§) . (349)

Hence, the Hamilton becomes

1 2 1 9
H = ; {2Ja(27r)2 (A1A2g0x + 27me+i+é) + % (A1As0, + 27n,) } , (3.4.10)

and it is invariant under the following transformations,

Pr = Pz, Pr = Puyirs
i (3.4.11)

Mg —> Myiirs, Mg —> Ny

and J — (%) % This also implies that these commutation relations are also

invariant under the self-dual transformation, which can be easily checked.

There are two winding symmetries that this model possess, ¢, — ¢+ fo(x') + fo(2?)
and @, — &, + ga(x') + ga(2?). We leave the solution to this model to appendix

(B.1) and here we comment its main properties. The solution is of the form,

1
H = m g (HO — N1H1<I1) — NQHQ(SL’Q))Q
J - - 2
+ 2aNZNZ Ex: (Ho — N1 (1) - N2H2($2)) (3.4.12)

1
+3 w, <B;Bp + 2> :
p
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Where, the operators Iy, II;(x), and IIy(x2) correspond to the conjugate momenta
associated with the zero-mode sector of ¢,. Specifically, IIj is the momentum
conjugate to the spatially constant part of the field, while II;(z1) and IIy(z2) are
the momenta conjugate to the components of ¢, that depend solely on x; or s,
respectively. These quantities capture the contributions of the winding sectors along
each spatial direction and are constrained by Y-, II;(z1) = >, Ia(22) = IIy. Some

of the symmetries becomes obvious to notice,

Jox = o (3.4.13)

J
S = (A1826, ¢ 5+2mn, 5 ) (3.4.14)
Do JY — A1 AT = 0. (3.4.15)

and the chargers associated to these symmetries are,

Qi(z1) =) Jou (3.4.16)
Qa(2) =Y Joa (3.4.17)

3.4.2 Quantum Ising Model Duality

In this section, we show that the gauged variant of the previous model is equivalent
to an Ising model. We begin by introducing the gauge symmetries and then take the
strong gauge coupling limit. This procedure allows us to reinterpret the operators

as Pauli matrices and thereby obtain the dual Ising model.

We start from the Hamiltonian (3.4.10). We want to gauge the tensor symmetry of

the currents Jy ., J32. We introduce the following gauge symmetries,
AI,O — Ax,O + 809093 (3418)

A1z = Apia + A1Asp,. (3.4.19)

Where we expect the theory to be invariant under A, 12 — A, 12+ 27. Field strength
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tensor is defined as

Fr012 = 00A12 — A1 Az Ay, (3.4.20)
and the corresponding Lagrangian,
L — Z 62(1F:22’0712. (3.4.21)

The related Hamiltonian is then,

1
H = Z {Wni,u + (A1 A, ) Hm,lQ} , (3.4.22)

where II; 12 is the conjugate momentum of A, ;2 and similarly, II, ¢ is the conjugate
momentum of A, (, however, II, o = 0, following Dirac’s classification of constraints

[54], and thus commutes with H,
[H,1I, 0] = 0. (3.4.23)
If we manipulate the last expression further, we arrive at
A1 Aol 19 =0, (3.4.24)

which is the Gauss law constraint. Implementing this into the Hamiltonian,

1
H=Y —1II2 4.2
; 26@ x,12» (3 5)

which actually could have been achieved if we imposed a gauge invariance of A, 1o —
Az 12 + A1Agp,. Such transformation would be generated by an operator of the

form

eizz A1l2ellzaz 1 (3.4.26)

which leads to (3.4.24). Moreover, A, 19 — A, 12 + 27k, 12 for any choice of k, 12,
resulting in a integer spectrum of the operator 7, 12. Let us introduce a f—term in

the last Hamiltonian,

1 0\’
H = Xx: % (Hx,m + 27‘1’) . (3.4.27)

Which can be solved by diagonalizing II, ;o. Its ground state is given by integer
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eigenvalues my 12 of II; 12, subject to the constraint,
AlAgmx’lg =0. (3428)

If 0 takes any value different than 7, m, 12 is null everywhere. If 6 = 7 than there
are two possible values of m, 12, ¢(x1) and ¢(x2) where ¢(z12) are constrained to be

1 or 0. The ground state degeneracy is 2Vt + 22 — 2,

This model is also endowed with the symmetry,
Ooll; 12 =0, (3.4.29)

besides the Gauss’s law AjAoIl, 9. This 1-form symmetry allows II, 15 to be non-

constant, depending on x; and x,.

We now gauge the U(1) subsystem symmetry of our model, which leads to coupling

the gauge fields in the form of an XY plaquette model,

1 J e 0\
H= g ﬁﬂi s (A1A2¢ + Ay 12) + g 2Ba <Hz,12 - 27T> (3.4.30)

Let’s explore the strong gauge coupling limit, i.e. €> — oo and assuming 6 = .
In this scenario, Il 12 is constrained to be either 1 or 0. Albeit the energy is still
infinity, by constraining II, ;2 to those two values, we selecting the lowest possible
values of the energy. Any other state gets separated by an energy gap of 1/5a. Thus,

we can rewrite I, ;5 in terms of an Pauli matrix,

I, 15 = ; (3 +1). (3.4.31)

Following from that, 7, gets rewritten as

1
To = A AL, 5 5,5 — §A1A203. (3.4.32)

T

The cosine term can be written as,

1 1
cos(A1Agpy + Ay 12) — 3 (0+ + a;) = 50;. (3.4.33)
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From the first term,
1 2
DY <2A1A203) (3.4.34)

we expand the quadratic term into,

> (A1A20§)2 =2) (Jioﬂﬂg — 20i0§+i — 20§02+Q + JiJriaiJri) ,  (3.4.35)

xr
and use this expansion on the expression (3.4.30), drop some irrelevant constants

and obtain an effective Hamilton of an Ising Model,

1 3 3 3 3 3 3 3 3 J 1
Hef'f = Z m (O-xgx+i+ﬁ — 2010x+i — 20'330'30_'_@ + O-m+iax+i) — Z %O’x‘ (3436)

xT

We can rewrite this expression, grouping its term by neighboring sites,
Hyg=—h)Y oo, +Jy Y, osos —h)> o, (3.4.37)
(zy) ({zy)) e

Where we rewrote some constants as,

Figure 3.2: Schematic representation of the Lattice structure with
nearest-neighbor interactions (J; in blue) and next-
nearest-neighbor interactions (Jy in red). Dots indicate
lattice sites.

Moreover, (ry) symbolizes a sum over the next-neighboring sites, while ((zy)) the

sum runs over the next to next-neighbouring sites. A schematic view os this interac-

tions can be seen in the picture.

We will refer to this as the transverse-field J;-J5 Ising model. Since our aim is to

study the phase diagram of (3.4.30), and because in the strong gauge coupling limit
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(e? — o0) the theory lies in the same universality class as this simpler Ising model,
it is more practical to investigate its behaviour through Monte Carlo simulations,
which is our present goal. We will rewrite this Hamiltonian, using the Suzuki-Trotter
decomposition and use the resulting partition function in a Monte Carlo simulation.
To do that, we rewrite the partition of this system in terms of eigenvalues instead
of operators, i.e. to “transform" this expression into its classical equivalent. Before
that though, let’s discuss some of the characteristics of Transverse field J;-J5 Ising

Model

The ground state of this model is rather degenerate, even when the transverse field
is non-zero. The reason is as follows: if we consider two slightly different states at
h = 0, the transition probability between them is proportional to both the value
of h and the number of spin sites where they differ. In the thermodynamic limit,
when h < 1, these states have essentially no overlap, so the degeneracy is not fully
lifted. As the field strength increases, h > 1, the spins tend to align with the field
direction, leading to a unique polarised ground state and thus lifting the degeneracy.
Our conjecture is that the system must undergo a phase transition when evolving
from a highly degenerate state to a collinear phase. The central question is then: if

such a transition exists, what is its nature?.

The ground-state degeneracy reaches its maximum when J; = 2.J5 in the limit
h — 0. Recall that this model arises from expanding the cross-finite differences
in Eq. (3.4.35), and a valid ground state must minimize that contribution. This
term originates from 72 and is subject to the Gauss law constraint (3.4.24), which
admits a large set of solutions—hence the natural appearance of a highly degenerate

ground-state manifold.

When J; < 2J5, the system enters an antiferromagnetic phase, whereas for J; > 2.J5,
it adopts a striped phase (see Fig. 3.3). Neither phase, however, fully lifts the

ground-state degeneracy.
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Antiferromagnetic Phase (J; < 2.J5) Striped Phase (J; > 2J3)
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Figure 3.3: Schematic spin configurations. Left: antiferromagnetic
phase with alternating up and down spins in a check-
erboard pattern. Right: striped phase with alternating
columns of spins pointing uniformly up or down.

The phase structure of the J;—J; model reflects the competition between nearest-
neighbor (J;) and next-nearest-neighbor (Jy) interactions. When J; < 2.J,, the
next-nearest-neighbor coupling dominates, favoring an antiferromagnetic ordering
where spins alternate in a checkerboard pattern. Conversely, for J; > 2.J5, the
nearest-neighbor interaction becomes stronger, and minimizing its energy requires
aligning spins along one direction. However, to reduce the residual frustration from
the next-nearest-neighbor term, adjacent rows (or columns) of spins orient oppositely,
giving rise to a striped configuration where ferromagnetic chains alternate in sign.
The boundary at J; = 2J5 marks a highly frustrated regime where the two competing
interactions balance, leading to an extensive ground-state degeneracy and enhanced
fluctuations between competing spin patterns. At the special point J; = 2J, with
h — 0, the degeneracy is particularly large. One source of this is the charge ¢, = o2,
which is odd under charge conjugation, ¢, — —¢,. Since ¢, can take only the values
+1, the configurations {¢,} and {—g¢,} are distinct, and both qualify as ground
states. More generally, the ground states are labeled by the configurations of the
conserved charges {q, }, and charge conjugation symmetry ensures that the set {—q,}

is also part of the ground-state manifold. This reflects a mixed anomaly between
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the local charges ¢, and the global charge

C=)> ol
This observation is consistent with the previous discussion: in both the antiferro-
magnetic and striped phases, charge conjugation symmetry is spontaneously broken,

partially lifting the degeneracy.



Chapter 4

Monte Carlo Simulations

In this chapter, we will perform Monte Carlo simulations of the Fracton-inspired
model that we found to be dual to the Frustrated Ising Model. Our goal is to
understand the phase transition that this model undergoes, as we postulated in our

explanation of the highly degenerate ground state.

To do that, we will first perform a few validation runs with the well-known isotropic
3D Ising Model and the 3D Transverse Field Ising Model. These 'sanity check’ simu-
lations allow us to verify that our implementation reproduces established results and
provides reliable estimates of critical points. Once validated, we will systematically
simulate the Fracton-inspired model across a range of values for the driving para-
meter, carefully analyzing the Binder cumulant, magnetization, and susceptibility

to characterize the phase transition and construct the phase diagram.

4.1 3D Isotropic Ising verification

In this section, we focus on the limit J, — 0, where the model reduces to the
well-known isotropic three-dimensional Ising model. Our objective here is twofold:
first, to verify that our Monte Carlo implementation correctly reproduces established

results for this benchmark system, and second, to extract the critical temperature



58 Chapter 4. Monte Carlo Simulations

associated with the phase transition. This serves as a consistency check before

moving on to more complex cases.

The Hamiltonian in this limit is given by
Hypasing = —J Y (SijwSivign + SigrSigeih T SighSige+t) (4.1.1)
{si,j,k=%1}

with no external field present.

The statistical weight of a spin configuration C' is determined by the Boltzmann

distribution,

1
P(C) =~ e BO/T (4.1.2)

where Z is the partition function and E(C) is the energy associated with configura-
tion C'. The temperature 7" here is the control parameter governing the competition
between ordering and disorder: at low 7', the system minimizes its energy and favors
aligned spins (ferromagnetic order), whereas at high 7', entropy dominates and spins
become uncorrelated, leading to the disordered paramagnetic phase. The critical

temperature T, marks the point of phase transition between these regimes.

To simulate this behavior, we employ the Metropolis—Hastings algorithm. The idea
is to generate a Markov chain of configurations by proposing local updates—in this
case, flipping a single spin s; ; x, and deciding whether to accept the new configuration
C’ based on the energy change

AE =-2] ( > s]k) : (4.1.3)

(@,3" k')

If AE <0, the new configuration is always accepted, since it lowers the energy. Oth-
erwise, it is accepted with probability exp(—AFE/T), ensuring detailed balance and
convergence to the Boltzmann distribution. Repeated application of this procedure
allows us to efficiently sample the configuration space and measure thermodynamic

observables across temperatures, from which 7T, can be extracted.

For the simulations, we employ 200,000 equilibration steps and 50 decorrelation

steps to reduce autocorrelations between measurements. A total of 10° statistically
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independent configurations are collected for each parameter set. The lattice sizes
considered are L = [10, 20,40, 80], while J is fixed to unity to set the energy scale.
The temperature is varied in the interval T' € [2, 8], with steps of dT" = 0.5. Moreover,
in all of our simulations—both in this section and in those that follow—statistical
uncertainties were estimated using a combination of binning analysis [55] and the

jackknife method [56], ensuring a reliable treatment of error bars.

The first observable of interest is the magnetization, which serves as the order
parameter of the model. As expected, it shows a sharp drop around the critical
temperature T, indicating a symmetry-breaking phase transition between the ferro-
magnetic and paramagnetic regimes. This behavior is displayed in Fig. 4.1. Although
error bars were computed and included in the plot, they are not visible due to their
negligible magnitude. At low T, the magnetization is close to unity, while at high
T, it vanishes, consistent with the restoration of spin-flip symmetry. The exact
vanishing of the order parameter occurs only in the thermodynamic limit, while

finite lattice sizes yield a smooth crossover.

Magnetization for differenlt lattice sizeTs.

1.0 . L=1d'
L=20
0.8} + L=40 ]
~ * L=80
-
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©
2
g
5 0.4
©
=
0.2}
0.0, I I ¥ * & 4
2 3 4 5 6 7

Magnetic field H

Figure 4.1: Magnetization for lattice sizes 10, 20, 40, and 80. As
expected, the order parameter decreases as the temper-
ature increases and approaches zero above the critical
temperature.

We next analyze the Binder cumulant, which provides a more reliable determination
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of the critical temperature. The finite-size scaling analysis of the crossing points
yields T, ~ 4.5(3). To obtain this error, we performed a finite-size scaling analysis
with bootstrap resampling. The critical temperature was determined by minimizing
a cost function that quantifies the quality of the finite-size collapse of the Binder
cumulant curves for different lattice sizes. The uncertainty was estimated through a
bootstrap procedure, where synthetic datasets were generated by adding Gaussian
noise to the original Binder cumulant data and the minimization was repeated for
each resampled dataset. The standard deviation of the resulting distribution of

critical temperatures provides the reported error estimate.

The central value is consistent with the established literature value near 4.5 [57];
however, the statistical error is intrinsic to the crossing method with the limited
system sizes studied here. This level of precision is satisfactory for our purpose, as this
simulation serves primarily as a sanity check to verify that our model implementation
correctly reduces to the well-known Ising universality class. The estimate successfully
locates the critical region, confirming the validity of our computational framework.
A more precise determination would require analysis of larger lattices. The crossing

is visualized in Fig. 4.2.

Finally, the magnetic susceptibility is presented in Fig. 4.3. The peak position
provides another estimate for the critical temperature, yielding T, ~ 4.5(3), again

consistent with the previous results.

In summary, we have demonstrated that our Monte Carlo implementation reproduces
the critical behavior of the 3D Ising model, obtaining results consistent with the
literature. Having established the validity of our method in this classical benchmark,
we now proceed to study the more involved case of the transverse Ising model
through the Suzuki-Trotter decomposition, and the more complex J;-Jo Transverse

Ising Model.
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Figure 4.2: Binder Cumulant for lattice sizes 10, 20, 40, and 80.

The curves intersect at T, & 4.5(3), consistent with
the literature value of the critical temperature. The
methodology used for the error consisted in F'SS analysis
with bootstrap resampling.
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Figure 4.3: Magnetic susceptibility for lattice sizes 10, 20, 40, and
80. The susceptibility peaks around 7T, ~ 4.5(3), in
agreement with the critical point extracted from the
Binder cumulant. The methodology used for the error
consisted in FSS analysis with bootstrap resampling.
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4.2 From Quantum to Classical Ising

In the last section of the previous chapter, we mentioned that the system (3.4.36)
must undergo a phase transition as it evolves from a highly degenerate ground state
to an ordered phase. Analytically, characterising such transitions in frustrated and
highly degenerate systems is notoriously difficult. For this reason, we resort to Monte
Carlo simulations, which provide a non-perturbative and numerically controlled way

to probe the properties of the model.

With the goal of explaining the phase transition that the model goes through at
the highly degenerate point of g = % = 0.5, we use Monte Carlo simulations to
explore the behaviour of the system between g = 0 and g = 0.5. To achieve that, we
first perform the Suzuki-Trotter decomposition [13] to find a classical equivalent of
(3.4.37). This decomposition is a standard approach for mapping a d-dimensional
quantum system at finite temperature to an equivalent (d + 1)-dimensional classical
system. By introducing an extra (imaginary) time dimension, we can apply efficient
classical Monte Carlo techniques to study the thermodynamic behaviour of the

quantum model without having to directly simulate the full quantum dynamics.

We start by writing the partition function related to this system,

Z= Y e Pt (4.2.1)

{sj==%1}

where H.g is given by (3.4.36). The appearance of § follows directly from the
definition of the canonical ensemble in statistical mechanics. In equilibrium at
temperature T', the probability of a given configuration with energy F is proportional
to e ¥, This Boltzmann weight defines the probability of a configuration in the
canonical ensemble, ensuring that, at equilibrium, lower-energy configurations are
statistically more probable than higher-energy ones. The parameter 8 controls the
balance between energy minimization and thermal fluctuations. Its relationship with

temperature can be written as,

(4.2.2)

1
=1
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In this context, we introduce a discretisation of the § by writing
B — €N, (4.2.3)

where N is the number of imaginary-time slices and ¢ is the imaginary-time step

size. Physically, § = so € has the dimension of inverse energy and is directly

1
T

proportional to the inverse temperature, but scaled by the number of slices:

_Bs_ 1

Thus:

o For fixed T, increasing N decreases €, meaning each Trotter slice represents a

finer resolution in imaginary time.

 For fixed N, lowering T' (increasing [3) increases €, which corresponds to each

slice covering a larger imaginary-time extent.

From a physical standpoint, € controls the strength of the coupling between neigh-
bouring Trotter slices in the classical mapping: small £ corresponds to a weak
coupling (high T" or large N), while large e implies strong coupling (low 7" or small
N). In the limit N — oo, ¢ — 0 and the Suzuki-Trotter approximation becomes
exact, with the product Ne remaining constant. Introducing this discretisation of 3

into the partition function, we have

—6Heff — EHeff — .. EHeff
Z — Z e Ntimes . (425)
{sx==%1}
Or simply,
=Z= 3 T, (er). (4.2.6)
{sj==%1}

Next step is to introduce a complete set of states {s;} between each of exponential
in (4.2.5), that are eigenstates of o2, that is o2 |{s;}) = s; [{s;}). We arrive at the

expression,

Z= 3 Y {{s(0+ D (e) {550} - (4.2.7)

{sj==%1}
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Now we make the following statement,
ecHett = T, (4.2.8)

where T is the transfer matrix. The transfer matrix allows us to view the ‘spatial’
evolution as an analogue to temporal evolution in quantum mechanics, meaning that

Hg plays the role of time-evolution operator in quantum mechanics.

Taking £ ~ 0, we can decompose the non-commuting parts of T into the following,

T =T,Ts + O(e?). (4.2.9)
where T3 and T4, are given by,
Z —45J (0203 L a—2030% 20303 +03 .03 )
TS — " a z+142 z+1 z4+2 ' Tzl z+2 (4210)
and
T, = e 5 22a s, (4.2.11)
We get,

= > IL {0+ DH(TiTs) {s;(D)}) - (4.2.12)

{SJ_:tl}

where the higher order terms were discarded.

The result of T3 acting on the eigenstates |{s,(I)}) is simply,

838 —28353 —28383 + 3 g3 )

T, [sa)}) = €2 (ot o+t (4.2.13)

On the other hand, the action of T is not straightforward. To see its result, we look

at the relevant term in the partition function,

({so(l+ 1)} e 5 2o | {5,(1)}) . (4.2.14)

The result of the operator acting on T; must be a 2x2 symmetric matrix, since spins

can only be aligned or anti-aligned. We can parametrize the result such as,

{so(l+ 1) e 2 20 {5, ()}) = erseWselitlite, (4.2.15)
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Expanding the exponential on the LHS into a power series and separating it into its

even and odd part, we get,
({sz(l + 1)} (]1 cosh(A) — ol sinh(A)) {s.(1)}) = ebs=@selitlite, (4.2.16)

Where A = % Since s, = 1, we can write the matrices as,

cosh(A)  —sinh(A) ebte  embte
= (4.2.17)
—sinh(A)  cosh(A) ebte  ebte
We discard ¢, as it is an overall constant, and solve for b, arriving at,
1
e = tanh(A) = b = —5 In(tanh(A)). (4.2.18)
With this, we can rewrite (4.2.14) as,
{sa(l 4+ )Y Ty |{s2(1)}) = P20 saDsali+D), (4.2.19)
With this, we get our final result, in terms of J;,Jo and h,
7 — Z H{\i1625:1 eJo [Sisi+i+é+si+isz+é} —eJ1 [sisiri-‘rsisiré —b Zle Sz (l)s;(;(l"_l)?
{sj=+1}
(4.2.20)

where b = —3 In(tanh(e|h|)). It is important to notice that h can be both positive
and negative and we are free to substitute h — |h|. This is due to the spin inversion

symmetry that the system has. If we consider the operator below,

U=[e3, (4.2.21)

and applying this to the Hamiltonian, the terms o207 remain unchanged, since they
are eigenvalues of the operator, while the term related to the transverse field will
change according to

—iZo3 1 T3 1
e '2%g e'2% = —g . (4.2.22)

This means that regardless of the sign of the transverse-field, the system remains

unchanged and we take h > 0.
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4.2.1 Preliminaries

Before diving into the main results, we first establish some general aspects that will

be used throughout the analysis.

Our strategy begins with reducing the model to simpler, well-known limiting cases
that have been extensively studied. This allows us to benchmark our implementation
and assess the reasonableness of our results. Specifically, in Section (4.1) and Sec-
tion (4.2.2) we recover the standard isotropic 3D Ising Model and the 3D Transverse
Field Ising Model, respectively. These serve as “sanity check” runs, ensuring that
our approach reproduces established physics before addressing the more intricate

regimes of the model.

Next, we discuss the algorithm of choice for the Monte Carlo runs. For the sanity
check simulations we employ the standard Metropolis—Hastings algorithm, while
in the main analysis we make use of a more efficient “row-flipping” variant, which
will be described in detail later. As explained in Section (2.2), the Metropolis—
Hastings scheme requires an acceptance ratio between the current configuration C'
and a proposed new configuration C’. The equilibrium distribution is given by the

Boltzmann weight,

P(C) = — e BO/T (4.2.23)

where Z is the partition function (4.2.20), T is the temperature, and E(C') is the

energy of configuration C":

E(C) =Y 1 [52(D)5,45 (1) + 52(D)s, 0 (D] =2 [s0(1) 5,050y 45(1) + 5,1 1(1)s, 45 HQ}%SNH

r=1
(4.2.24)
This expression is obtained directly from (4.2.20). To update the system, we propose

o : . . ;L . . :
flipping a single spin s; jx, 1.e. 8} ;, = —s; k. The associated change in energy is

AE = E(C") — E(C), (4.2.25)
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which evaluates to

AE = sy {ln(tanh(eh))(sm,kq + Sijkt1)
—2J1e(Sij-1.k + Sijr1k T Sic1jk T Siv1k) (4.2.26)
+2J26(Si—1 -1k + Sic1 41k + Sit1,j-14k + Si+1,j+1,k;)]
or more compactly,
AFE = s;;p(tanh(eh) > s — e Y S+ Jae Y sjk] , (4.2.27)
k'e{k—1,k+1} (3" (@,3"))

where (-) denotes nearest neighbours and ((-)) next-to-nearest neighbours.

The parameter ¢ appears here because it originates from the Suzuki-Trotter de-
composition, where the quantum partition function is mapped to a classical one
by discretizing imaginary time into slices of width €. Physically, € controls the
resolution of this discretization: smaller values correspond to a finer partition of
the imaginary-time direction, which yields a more faithful representation of the
underlying quantum model. At the same time, smaller € increases computational
cost because more time slices are needed. In practice, one chooses ¢ small enough
that observables become insensitive to further decreases, ensuring convergence while

keeping the simulation efficient.

With this setup, we can now use AFE as the acceptance ratio of the Metropolis—
Hastings algorithm and perform Monte Carlo simulations. In the next section, we
turn to another validation of our model through a simpler benchmark model, the

3D Transverse Ising case, to verify the correctness of our approach.

4.2.2 Transverse field Ising Model

We also validate our model by studying the transverse-field Ising model. Setting

Jo = 0, the Hamiltonian in equation (4.2.20) reduces to

N L L
Z= > Jlexp lz —eJ; (sisiﬁ + sisir@) — b0 s.(Ds,(I+1)], (4.2.28)

{s;=%x1} =1 z=1 z=1
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which corresponds to the transverse-field Ising model.

In this case, the phase transition is driven by quantum fluctuations induced by the
transverse magnetic field h. While the interaction term proportional to J; tends
to align all spins in the same direction, the transverse field introduces fluctuations
that destabilize this order. As a result, a quantum phase transition occurs near the
critical value h. =~ 3.0 [58]. The acceptance ratio is also reduced to,

AFE = s,-yjyk[tanh(eh) Z Si k! — J1€ Z Si’,j’,k] . (4229)

k'e{k—1,k+1} (i',3")

To investigate this, we performed simulations with 5,000,000 samples, discarding the
first 100,000 steps for equilibration and introducing 50 decorrelation steps between
measurements. The lattice sizes considered are L = [10, 16, 24], while J is again
fixed to unity. Since we are working at zero temperature, thermal fluctuations are
absent and the phase transition is instead driven by quantum fluctuations controlled
by the magnetic field h. We therefore vary h in the interval h € [2.9, 3.2], with steps
of dh = 0.05.

In this zero-temperature setting, the Suzuki—Trotter decomposition introduced an
additional discretization parameter, ¢ = /N, where ( is the inverse temperature
and N the number of Trotter slices. Because f — oo in the ground-state limit, one
cannot simultaneously take N — oo while keeping e arbitrarily small in practice.
Instead, € must be fixed to the largest possible value for which physical observables
have converged and remain stable. This ensures that the discretization faithfully
captures the ground-state physics while keeping the computational cost manageable.
In our simulations, we adopt such a fixed value of ¢ = 0.05, which allows us to

consistently probe the zero-temperature regime.

The resulting Binder cumulant is shown in Fig. 4.4. The crossing of the curves yields

a critical field of

he = 3.048(32), (4.2.30)

which is in agreement with previously reported results in the literature. As explained
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for the temperature-driven transition, this value and its uncertainty were determined
via a finite-size scaling analysis of the crossing points, with the error estimated

through bootstrap resampling of the Binder cumulant data.

Binder Cumulants of (M) of different lattice sizes, with J2=0.000.
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Figure 4.4: Binder cumulant for the transverse-field Ising model.
The crossing between different system sizes occurs at
h =~ 3.05, in agreement with well-established results.

As a consistency check, we perform a finite-size scaling (F'SS) analysis of the model
to verify that our results are correct and aligned with known theoretical predictions.
In particular, we use the well-established critical exponents of the 3D Ising model to
fit the location of the critical point. As the external field H is varied, the curves of
different observables shift accordingly. Near the critical point, these curves approach
each other and eventually collapse onto a single universal curve. This behavior is

illustrated in Fig. 4.5, where data from different lattice sizes overlap.

As discussed in section 2.4, we apply finite-size scaling techniques to investigate the

phase transition. The relevant rescaled quantities are

U(H) = G(LY" h), (4.2.31)
M(H) = L8 G(LY", h), (4.2.32)
X(H) = L™ G(LY" h), (4.2.33)

where h = (H — H.)/H, is the reduced magnetic field. Where g = 0.32653, v =
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0.63012 and v = 1.2373, which are the critical exponents of the same universality
class the 3D Ising Model [59]. By tuning the rescaled parameter to its critical value,
the curves corresponding to different lattice sizes collapse onto each other, as shown
in Fig. 4.5. This confirms that the model is consistent with results from the literature.
Having established this baseline, we can now proceed to study the more interesting

case where Jy # 0.
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qulapse ofl Binder Qumulants with J2=IO.000.
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Figure 4.5: Finite-size scaling collapse of (a) the Binder cumulant,
(b) the magnetisation, and (c) the magnetic susceptibil-
ity. In all cases, the critical magnetic field is found to
be h ~ 3.05.
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4.2.3 J; # 0, Phase transitions and Infinite Degenerate

Vacua

We will now look at the (4.2.20), sometimes refered to J1 — J2 Ising Model, or Frus-
trated Transverse field Ising Model. In this model, it is also considered interactions

through the diagonals of the sites of the lattice, weighted by the constant Jy (see
figure (3.2)).

Multiple Spin flipping

For a faster simulation and more efficient use of computational resources, we decided
to change our update algorithm in the Ising Model. Our implementation of the
Metropolis algorithm would only tries to update a single spin during Monte Carlo
step. This means that it could take a great amount of sweeps for the system to be
completely uncorrelated with itself, thus requiring an even larger amount of sweeps
to gather all the necessary data for a meaningful study of its phase transitions
and critical phenomena. To avoid these difficulties, we used a multiple-spin update
algorithm, i.e. a row of spins is chosen randomly and all of the spins in that row are
flipped, according the usual Metropolis-Hastings steps. The main difference comes
into the weight (4.2.29), which now should take into account all of the spins that
are being considered to be flipped.
To derive this new modified weight, we consider that a number dk of spins can be
flipped. That is, if E’ is the energy of the configuration with dk spins flipped, the
difference between E and E’ is then given by
AFE =In(tanh(eh))(8; ;xSijh—1 + Sijk-+dkSij,(k+dk)+1)

k+dk

> Sigw {—2(]16(31-’]»_17,4 + Sijp1 e+ Sicljk + Siv1jk) (4.2.34)

K=k

+ 2J5€(Si—1j—1,0 + Si—1 410" T Sid1j-16 + 5i+1,j+1,k/)],

where we are summing over all the neighbours of the line of dk spins, and also taking

into account the neighbours of the ends points of the line of spins being flipped. This
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Figure 4.6: Schematic representation of a slice of the lattice. Each
arrow represents a spin. The red circling represents the
k + dk spins being flipped at once. In this case, k =1,
dk = 4, thus 5 spins are being flipped.

allows us to perform much faster and efficient simulations.

Simulation Results and the Nature of the Phase Transition

Our goal in this section is to determine the nature of the phase transition that occurs
at g = 0.5. To this end, we simulate the model for multiple values of the frustration

parameter
g - Jl Y

starting from the transverse Ising case (¢ = 0.0) and gradually increasing in steps
of 0.05 up to g = 0.49. The choice of g = 0.49 as the upper limit is deliberate: at
g = 0.5 the ground state is highly degenerate, and the usual magnetization ceases to
be a reliable order parameter, as stripe-ordered states yield (M) = 0. Thus, g = 0.49

represents the closest accessible point to the degenerate case.
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For clarity, we present detailed results only for ¢ = 0.1,0.2,0.3,0.4, and 0.49, each
illustrating the methodology used to extract the critical field h.. In all simulations,
we fixed J; = 1, and varied the magnetic field h, the system sizes are taken to be
L = [24,32,38], we sample 25,000,000 different configurations with 500,000 thermal-
ization steps, and 100 decorrelation steps are taken between each measurement. We
performed finite-size scaling (FSS) analysis using the known critical exponents of the
3D Ising universality class, as mentioned in the previous sections. The systematic

effects associated with € have not been investigated in this work.

Case g = 0.10. We varied h in the interval [2.65,2.75], with incremental steps of
0.01, while keeping J; = 0.1 and ¢ = 0.05. We identified a critical field h, =~ 2.7.
Binder cumulants display the expected crossing, and the scaling collapse of the

magnetization and susceptibility confirms the second-order character of the transition

(see Fig. 4.7).

Binder Cumulants of (M), with g=0.100. Collapse of Magnetization (M) with g=0.100.
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Figure 4.7: Collapse of the Binder cumulant, Magnetisation and
Magnetic Susceptibility, respectively, for ¢ = 0.10. In
all cases, the value of the magnetic field is h. ~ 2.7.
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Case g = 0.20. Keeping J, = 0.2 and € = 0.05, we varied h in the interval
[2.325,2.350], with incremental steps of 0.005. Here the transition occurs at a lower
field, h. ~ 2.34, as shown by the consistent collapse in the Binder, magnetization,

and susceptibility plots (Fig. 4.8).

Collapse of Magnetization (M) with g=0.200.
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Figure 4.8: Collapse of the Binder cumulant, Magnetisation and
Magnetic Susceptibility, respectively, for ¢ = 0.20. In
all cases, the value of the magnetic field is h. ~ 2.34

Case g = 0.30. For g = 0.3, we obtain h. = 1.9 with similarly robust FSS behavior
(Fig. 4.9). In this run, Jo = 0.3 and ¢ = 0.06, and we varied h in the interval
[1.900, 1.930], with incremental steps of 0.003
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Binder Cumulants of (M), with g=0.300.
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all cases, the value of the magnetic field is h. ~ 1.9
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Case g = 0.40. Choosing J, = 0.4 and ¢ = 0.06, and we varied h in the interval
[1.38,1.40], with incremental steps of 0.002. The critical point shifts further to
h. ~ 1.39, again with clear evidence of a second-order transition from both Binder

crossings and scaling collapses (Fig. 4.10).
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Figure 4.10: Collapse of the Binder cumulant, Magnetisation and
Magnetic Susceptibility, respectively, for g = 0.40. In
all cases, the value of the magnetic field is h. ~ 1.39.

Case g = 0.49. Finally, at g = 0.49, we identify h. ~ 0.85. Despite the proximity
to the degenerate point, the Binder cumulants still exhibit the hallmark crossing of
a continuous transition, and FSS analysis confirms consistency with the 3D Ising
universality class (Fig. 4.11). In this case, J, = 0.49 and ¢ = 0.08, and we varied h

in the interval [0.8,0.9], with incremental steps of 0.01.
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Binder Cumulants of (M), with g=0.490.
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Figure 4.11: Collapse of the Binder cumulant, Magnetisation and
Magnetic Susceptibility, respectively, for ¢ = 0.49. In
all cases, the value of the magnetic field is h. ~ 0.85.
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From these results we construct the phase diagram, shown in Fig. 4.12. FEach
critical point was obtained by finite-size scaling collapse of the magnetic susceptibility
using 3D Ising exponents. The phase boundary is smooth, with no indication of a

qualitative change in the nature of the transition up to g = 0.49.
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Figure 4.12: Phase diagram of the J;—J, Ising model. The critical
magnetic field h, is plotted as a function of g = J/.J;.

Taken together, the results up to g = 0.49 remain fully consistent with second-order
critical behavior. If a change in order were to occur as g — 0.5, it would be expected
to manifest through detectable deviations in the Binder crossings or in the F'SS trends.
Since no such deviations are observed, the data provide reasonable indication that
the transition at g = 0.5 is also second order. Nonetheless, as extrapolating a second-
order line does not strictly guarantee that the endpoint at g = 0.5 is itself second

order, this conclusion should be interpreted with appropriate caution.






Chapter 5

Conclusion

This thesis revolved around compact scalars, U(1) gauge theories, fracton models
and quantum Ising model dualities. We also investigated a new phase transition in

which the dual J;-J5 Ising model, which was unaccounted for until now.

Our first chapter focused on establishing the fundamental tools used later on. We
reviewed a basic discretization of scalar fields, derived the Wilson action for gauge
fields, and discussed why the naive discretization introduced earlier fails to preserve
gauge invariance. The lattice discretization, combined with the vast number of
degrees of freedom in path integrals, suggests that a statistical approach is best
suited for computing observables and extracting meaningful information from the
system’s partition function. Accordingly, we introduced the Monte Carlo method,
a set of statistical techniques that relies on sampling a representative subset of all
possible system configurations, typically through importance sampling, to estimate
relevant physical quantities. This approach, however, introduces certain limitations
in data quality, most notably the issue of autocorrelation. Autocorrelation measures
the similarity between successive measurements separated by a number of updates
in the system’s configuration. High autocorrelation implies that more updates are

needed to obtain statistically independent samples.

Finite-size scaling analysis is then introduced as a practical method to study finite

systems that exhibit signatures of critical phenomena characteristic of infinite sys-
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tems. At this stage, key observables such as the Binder cumulant and magnetic
susceptibility are defined. The Binder cumulant is a dimensionless quantity used
to identify phase transitions and estimate critical points. It is constructed from
moments of the order parameter and is particularly useful because it becomes inde-
pendent of system size at the critical temperature, allowing for precise location of
critical points via crossing plots. The magnetic susceptibility measures the response
of a system’s magnetization to an external magnetic field. Near a phase transition, it
diverges in the thermodynamic limit, and in finite systems, it exhibits a peak whose
height and location can be analyzed through scaling relations to extract critical

exponents and critical temperatures.

We also discussed the construction of modified Villain Hamiltonians, which allows
models to conserved the correct global symmetries and anomaly structures when
written in a lattice formalism with a Villain variable promoted to an operator with

an integer spectrum.

We have shown that coupling the compact scalar model in 1+ 1 dimensions and the
fracton compact scalar model in 2 + 1 dimensions to their respective gauge fields
(with a # = 7 term) and taking the infinite gauge coupling limit yields the quantum
Ising model in a transverse field in 1D and 2D, respectively. This is particularly
noteworthy for the gauged XY -plaquette model, where its phase structure can be

analyzed via the simpler corresponding Ising model.

Once the duality between the fracton-inspired model and the quantum Ising model
was established, we leveraged this mapping to analyze the system’s critical beha-
vior via standard statistical mechanics techniques. This allowed us to sidestep the
complexities inherent to the constrained gauge model by studying a well-understood
spin system with known numerical methods. The presence of a phase transition in
the dual theory serves as indirect but strong evidence for a similar transition in the
original model, providing insight into its non-trivial phase structure. This not only
validates the theoretical framework used but also demonstrates the practical power

of dualities in extracting meaningful physics from exotic lattice systems.
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Finally, we performed Monte Carlo simulations to construct a phase diagram of the
J1-J5 Ising Model. Using the observables that we defined in the F'SS section, we were
able to show that such model indeed presents the conjectured phase transition at
transition point g = 0.5. Such phase transition is actually responsible for lifting the
exponential number of degenerates ground states. We were also able to determine
the nature of this transition as a 2nd order phase transition, since its behaviour is

the same as the system approaches the transition point.

Taken together, the results presented in this thesis illustrate how preserving global
symmetries and anomaly structures on the lattice is not only conceptually sound
but practically fruitful. The Villain Hamiltonian framework provides a rigorous
and flexible toolset for constructing lattice models with exact symmetries, enabling
precise theoretical control and access to non-perturbative physics. Moreover, the
successful identification of a new phase transition in the dual Ising model emphasizes
the utility of duality mappings for understanding complex constrained systems,
especially in the context of fracton-like behavior and higher-form gauge theories.
These developments open the door for future investigations into lattice models with
even richer symmetry and topological structures, as well as their connections to both

high-energy and condensed matter physics.
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A Differential forms and Co-chains notation on a

Cubic Lattice

In this section we describe our choice of notation for describing links, plaquettes,
cells and their relations on the lattice and the dual lattice, following the convention
used in [36]. We consider a d-dimensional lattice A and denote the dual lattice as A,
with site spacing 1. A site is denoted by x; where ¢ = 1,2, 3, ..., N, links are denoted
with [, and cubes as ¢, and in general, an r-cell are written ¢, such that if r = 1
then ¢V =z, r = 2 then ¢! = [ and so on. We identify the sites, links, and every

r-cell periodically, that is, cgf}) = CY). We define the orientation of a r-cell such that:

given ¢{” and ¢{"” are identical except for their orientation, then ¢\ = —cl”.

We can also define operators that act on 7-cells. The boundary operator dc(™) that

acts on a r-cell is given by,

T

O () iz iy = > (-1 [C(Tl)(x +i), e = " V(z)
k=1

(A.1)

T
Where /1, means that this index is omitted. We define for sites that 9c(© (z) = dz; =
0. The co-boundary operator is given as,

8C(r) (I)Hlﬂa-..ﬂr = Z (_1)T+1 [C(Tl)(x + ﬂk)#l--#r’/
VELL.. o <A2)

— C(TH)(as — D)y | -

The boundary operator is seen as the oriented sum of the cell r-cell ¢ in the
boundary of ¢, while the co-boundary operator is seen as oriented sum of all 7 + 1
cells that contain ¢ in their boundary. We also define the co-boundary operator

acting on a 0-cell to be zero, i.e. dc® = 0.

Let’s comment a few things about the dual lattice A. Its sites lie in the center of
the lattice A d-cells. Such that T = x + % (i +2+ ... ci), and we can construct a

transformation between the lattice A and A. A transformation between an r-cell ¢
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and it’s equivalent &4 (d — r)-cell on the dual lattice can be described through

the x operator, as follows,

1 der) /1~ A N
*C(r)($>u1u2.--ur = m ,Z , eﬂl---MrM/T+1---M:ic(d T~ firgre — ﬂii)u’rﬂmuﬁi ’
Hyq1--Bg
and
_ 1 d— . .
€ = Z / €pirootirpt ooty (T A+ flrgr + B yr ot
Hry1--Hg

For even dimensions, x2c(") = (—1)"@=")¢c(") and 2" = (—1)r@d=)em),

Let’s now show some relations between the boundary and co-boundary operator
obtained through the x operator. That is, we have an equivalence between these

operator in the sense of

A = (=)D L g (), (A.3)

If we take an operator A.»), we can denote it a r-form operator and define a map
from this r-form operator to a (r 4+ 1)-form operator through a exterior derivative
given by,

d(A)sn = Y. Au. (A.4)

crede(r+l)

Similarly, we define the map between a r-form operator to a (r — 1)-operator through

the divergence operator,

§( A= S Ay (A.5)

cr€de(r=1)

Both the exterior derivative and the divergence operator are nil potent, d? = 62 = 0.

Either of these operators will satisfy the partial integration rule,

Z (dA>c(T) Bc“) = <_1)(T) Z dzqc“*1> (5B)C(T*1> ) (A6)
c(r) c(r—1)
; (dA)C(T) B*dr) = (—1)(7") (Z:) dA 1) (dé)*c(rq) , (A.7)
clr c r—1

where in the last formula the fact dx = %6 and Bu—» = (xB) -, were used.
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B Solution to the Compact Scalar

In this appendix, we solve the equations of motion for the compact scalar field theory
in (1+ 1) dimensions discretized on a spatial lattice with N sites and lattice spacing
a. The system is described by a Hamiltonian (3.2.17), which depends on the scalar
field ¢,, its canonical momentum 7., and two sets of integer-valued winding numbers

n, and 7, (to be defined precisely below).

For completeness, the Hamiltonian is given as

1 ~ ~ N2 J
H= ; <2Ja(27r)2 (¢x - ¢:c+1 + 27”7':1:) + % (¢x+1 - Cbx - 2777130)2) s (Bl)

The equations of motion derived from the Hamiltonian are:

Op = i[H,¢,] = % (B.2)
b= il ) = L (o~ 20+ Gt 270 —men), (B
b = i[H, d,) = 27;] (ws1 — Go +2705) | (B.4)
fg = i[H,n,] =0, (B.5)
Ty = i[H, 7] = 0. (B.6)

The first two equations combine into a discrete wave equation with a topological

winding source:

¢x - al2 <¢x+1 - 2¢z + ¢xfl + 27T(77/x — nx,l)) . <B7)

We move to momentum space by defining discrete Fourier transforms:

¢r =y ePay, ne =Y emy, (B.8)
p p

where the allowed momenta are p = % for k = 0,1,...,N — 1. The Fourier

coefficients satisty a, = aip and m, = mJLp.
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The equation of motion for the Fourier mode a, becomes:

2 .
iy + wia, = a—j(l — e Pymy, (B.9)

where the lattice dispersion relation is given by:
_ 2[sin(p/2)|

1 . .
Wp=————, 50 that w? = ?(1 —eP)(1—e™P). (B.10)

Since m,, is time-independent (as 1, = 0), equation (B.9) can be solved by shifting
the inhomogeneous solution and introducing oscillatory modes. Define the oscillator

mode b,(t) (for p # 0) as:

1— e
by(t) = /2aN Jw, (ap(t) — w22227rmp> : (B.11)
p

This redefinition leads to a simple harmonic oscillator equation:
b, +w2b, = 0, (B.12)
whose general Hermitian solution is
by(t) = "' Bl + e ™' B_,, (B.13)

where B, are time-independent operators. These B, arise as the mode coefficients in
the solution of the harmonic oscillator equation and serve as annihilation operators
for the corresponding momentum modes, with B; acting as creation operators. They

satisfy the canonical commutation relations
[By, Bl] =6y, By, By] =0. (B.14)

In this basis, the Hamiltonian becomes diagonal in terms of the B;Bp

For p = 0, the mode evolves linearly in time:

where ® and II are constant operators representing the zero mode of the field ¢,

and its conjugate momentum, respectively. The operator II is the conserved charge
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associated with the global shift symmetry ¢, — ¢, + const, corresponding to the
Noether charge of this symmetry. As expected for canonically conjugate variables,

they satisfy the commutation relation [®, 1] = i.

We can now write the field ¢, and its conjugate momentum 7, as:

1 IIt 2mm,,eP”
_ - T twpt+ipz —iwpt—ipz p
bo CD+ +Z 2Napr (B T Bpe )+g;0 1—e® ’
(B.16)
11 + Z JWP (BT iwpt+ipz Bpefiwptfipz) . (B17>

To satisty the canonical commutation relations [¢,, 7| = id,,, we require:

[@,11) = 4, [By, Bl\] = 6,0, [B,, By] =0, 11, B,] = 0. (B.18)

The expression ¢, 1 — ¢, + 2mn, appears naturally in the dynamics. Evaluating this

gives:
B 277 * Z 2NaJw ( eip o 1)B;€iwpt+im + (eiip - 1)Bpeiiwptiim) )
p
(B.19)

where T = > .. is a spatial winding number, interpreted as the momentum con-

jugate to the dual field zero mode ®. This identification comes from:

~ 1
II= o (pr1 — G + 2m0) (B.20)

which is a lattice version of IT = i [ dx 0,¢.

The Hamiltonian in terms of the mode expansions becomes:

Z + *Z Gui1 — Gz + 270,)?

J(27r) m 1 H2
= 9. N 2N T2 Z“”

(B,B} + BB,). (B.21)
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Using the equation gz~5x = %(qﬁxﬂ — ¢y + 2mn,), we find:

_1
o

(&x - éxfl + [A(x)a (B22>

Ty

where K, is a constant operator. Imposing the compactness constraint implies

[A(a, = 27N, with n, € Z. Define the dual field mode expansion:

G = ape™”, fiy = Y 1myeP”. (B.23)
p p
Then,
7 7 ~ ~ 1—e - ipx
G — Op1 + 21, = 2 + 27V T S e b e, (B.24)
p#0 /2N aw,
with

P \/ 2N aw,,

From the equation 7, = aJ Q.SQC, and matching with the above expansion, we identify:

a, + (B.25)

L

; 21\ J ( 211, ) |

o = ]Ié b, = : _1e_ip6p. (B.26)
Hence, Z;p also satisfies:
by = —w?b,, (B.27)
and has the solution:
by(t) = Bye ™r! 4 Bipewpt, (B.28)
with
B, — 1‘_“ZPBP, By Bl)) = b, (B.29)

To complete the quantization, we show that the zero mode ag evolves as:

C(2m)
= I1 B.30
Qo JN ’ ( )
which integrates to:
- 271)2 -~
do(t) = &+ 2 g (B.31)
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Moreover, P is canonically conjugate to the winding number operator II:

1

a0, 1] = 5= > (00 my] = i (B.32)

This confirms that II is the dual momentum to the zero mode ® of the dual field ¢,.
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B.1 Solution of the 24+1d XY-plaquette compact scalar

fracton model

We now analyze the Hamiltonian in Eq. (??). The equations of motion take the

form

1
= i[H, ¢, = — B.
¢r = i[H, ¢,] M (B.33)
frp = i[H, ] = —‘i (AIA3), 55 +27 A1Agn, 5 5) (B.34)
o]
fs = ilH. ¢s] = === (B1Dgd, + 2mn,) | (B.35)
fip = 0. (B.36)

Following the same strategy used for the 2d compact scalar, we expand the fields in

Fourier modes:
G = > aye™? (B.37)
p
Ny = > qe™? . (B.38)
P
Combining the equations for d)x and 7, yields
s + ;2 (A¥A3), 55 +27 AAgn, 5 5) =0, (B.39)

from which we obtain the mode equation

2mq,

iy +wia, = — = (1—e ™) (1 —e ), (B.40)
where
Wy = % sin& sin@
P 2 2

For modes with p; # 0 and p, # 0, it is convenient to define

2m
b, = ¢, (ap + (1= i) (1 = eim)qp> , (B.41)
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where ¢, are constants. The new variables satisfy
by +wib, =0, (B.42)
whose general solution is

b, = Ble"#' + B_,e """ . (B.43)

When either p; = 0 or p; = 0, the equation of motion for ¢, depends only on x; or

only on s, respectively. In such cases, the solution takes the form

—Ilo/(NiNo) + (1) /Na + H2(5U2)/N1t

¢ = Po + Oy (21) + Po(z2) +

aJ
+ Z - (B;ezwthr’LfE'P + Bpeflwptfm'p)
p1£0 P
p2#0
2mweiT P
B A A B.44
pgo(l—e’pl)(l—em)qp 7 .
p27#0
11 11 11
.= 0o 1(x1) n 2(72)
NlNQ N2 Nl
+ 3 L8 (ignttivg _ pemiont-inn) (B)
p#0 P
p27#0

The zero-mode sector is parametrized by three contributions: one constant term,
one depending solely on x1, and one depending solely on x5. This decomposition is
not unique—since the constant part can be absorbed into the x;- or x9-dependent

terms—but keeping all three will be convenient for later manipulations.

Imposing the canonical commutation relations [¢,, m,] = id,, leads to

[@1(z1), i (y1)] = 00214, [P2(22), I2(Y2)] = i 6as s (B.46)

C2

&, M) =i. [B,.Bl=—?2 _§, B.47
[ 05 O] 1, [ D p] 2N1N2apr PP ( )

with all remaining commutators vanishing. Choosing ¢, = |/2N; NyJaw, simplifies

the last expression to [B,, B;,] = Op -
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The decomposition (®g, Py, Py) is subject to the redundancy
Qg > P+, O —>P+0, DPy— Dy+0y, (B.48)
with 6 + 61 + 62 = 0, implying the constraint
ZHl(xl) = ZHQ(J:Q) =TI, . (B.49)
o o
Similarly, the shifts
My — Ty + NyNoA | &) — &y + NpAy , @y — By + Ny A, | (B.50)
with —A + Ay + Ay = 0 enforce

No 3" @y () = Ny S Bo() = — Ny Ny . (B.51)

x1 x2

The lattice double derivative is then

1 , ) ' .
A1A2¢x = —— l:(dpl — 1)(6”32 _ 1)B elp-ac—I—zwpt
p%;O 2N1N2Jawp p
p27#0
+ (G_ipl — 1)<€—ip2 — 1>B; —ip-T— zwpt:| 1T Z ewzp . (B52)
p17#0
p2#£0
Using
Z Qe zzp =Ny, — an an Ny (B53)
p17#0 1 x1 N N2 z
p27#0

the Hamiltonian becomes

1

2
= javan 2 (Mo = Ml (@) = Nollo(2))

J

* 2aN2N2 Z

(Ho — Nyl (2) — N2ﬁ2($2)>2
+ S (BB +3) - (B3

Diagonalizing Ily, IIj o(212) (and their tilded versions) together with the number

operators B;Bp yields the full spectrum.
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Finally, the model exhibits a tensor symmetry. The associated currents are

J

12
J()@« =Ty, J:v = —E

(A1A2¢$_i_g + 271'71156_1_@) : (B.55)

and satisfy
0o JY — A1 AT =0 (B.56)

by virtue of the equations of motion. The conserved charges are

Qi(z1) = Jou (B.57)
Q2(xs) = Z Joz (B.58)

and using Eq. (B.45) together with =, II;(z;) = Iy shows that >, Jo, = IL;(x;),

confirming their conservation.
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