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Abstract: We investigate the relationship between analytical quantities associated
with the Laplacian on a domain  C R? and the geometry of €. In particular, we
prove new results concerning small-time asymptotics for the heat content of polygons
contained inside larger polygons with Neumann boundary conditions imposed. We
also prove some new results concerning the asymptotic behaviour of minimisers
to spectral shape optimisation problems for Neumann, and consequently Robin,
eigenvalues of the Laplacian under perimeter and diameter constraint. Moreover,
we consider some related spectral shape optimisation problems for mixed Dirichlet-

Neumann, so-called Zaremba, eigenvalues of the Laplacian.
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Chapter 1

Introduction

This thesis focuses on problems at the interface of analysis and geometry, namely:
spectral shape optimisation and small-time heat flow asymptotics. Problems at this
interface have long been studied in the mathematical literature and can be traced
back to mythological beginnings. In Virgil’s Aeneid [Vir09, p. 23] one may read the

passage:

“At last they landed, where from far your eyes

May view the turrets of new Carthage rise;

There bought a space of ground, which (Byrsa call’d,
From the bull’s hide) they first inclos’d, and wall’d.”

— The Aeneid, Virgil

This passage refers to Queen Dido fleeing to near Carthage, nowadays a suburb of
Tunis in Tunisia, after her husband was killed by her brother. Upon arrival, after
some bargaining, she is able to obtain as much land as she may enclose within a
bull’s hide. As the tale goes, Queen Dido and her party made the hide into thin
strips to maximise the amount of land they could enclose. Mathematically, we may
reformulate this into the question: among all domains of a given perimeter, which
one has the largest area? The well-known answer is of course the ball. This is the

famous isoperimetric problem that has a long and illustrious history, which is far too
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lengthy to tell here. We refer the reader to the wonderful articles of Bandle [Banl17]

and Blasjo [Bla05] for more information on this.

A particularly interesting proof of the isoperimetric inequality in any dimension for
measurable sets of a given perimeter is by Preunkert [Pre04], who generalised the
earlier work of Ledoux [Led94]. The proof uses the heat semigroup (7})s>o on L?(R?),

for which T, f, f € L?(R%), is the unique solution to

gu(t; r) = Au(t; 1), t>0,z€Re
ot (1.0.1)

hmthu(t, ) - fHLQ(Rd) =0.

We use the analyst’s convention for the Laplacian in this thesis, that is

d
J

rather than the geometer’s Laplacian which has a minus sign in the definition. In
[MirPPP07] it is shown that for any Borel set D C R? of finite perimeter,

t1/2

T1/2

Hp(t) = /D Tilp = V(D) — P(D)"— + o(t'/?) (1.0.3)

as t | 0, where V(D) denotes the volume of D and P(D) denotes the perimeter of
D. Here, we call Hp(t) the open heat content of D. Physically, Hp(t) measures the
amount of heat in D at time ¢ > 0 given that at time ¢ = 0 the temperature is one

in D and zero outside D.

In two dimensions, if D is a polygon, van den Berg and Gittins [BerGit16] showed

that one can refine the small-time asymptotic expansion in (1.0.3) to

£1/2
Hp(t) = V(D) — P(D)"— + (Z a(a)> t + o(t™) (1.0.4)

i/ acA
as t | 0, where A is the collection of interior angles of D and a : (0,27) — R is an
explicitly known function. Other similar small-time asymptotic expansions for the
heat content of polygons for the heat equation with Dirichlet boundary conditions
have been computed in [BerSri90; BerGG20]. In this thesis, we also compute small-

time asymptotic expansions for the heat content of polygons, but instead with respect



to the Neumann heat semigroup (S;);>0 on L*(2) for a larger polygon Q D D. For

f e L3Q), S;f is the unique solution to

gtu(t; x) = Au(t; x), t>0,zeQ,

9 ) =0, >0, 0 €00, (1.05)
on

limyo||u(t; ) — fllz2@) =0,

where % denotes the inwards pointing normal derivative on the boundary. We the

define the heat content of D with respect to €2 as
HDcQ(t) = /DSt]lD. (106)

The primary result in this thesis for the heat content of polygons is Theorem 4.2.1,
which roughly reads
1/2

Hpca(t) =V(D)— P(D, Q)m + (angular contributions)t + o(t*°) (1.0.7)
ast | 0, where P(D, () is the perimeter of D inside 2. Our methods work even when
Q) is unbounded, e.g. an infinite sector. We also discuss some generalisations for
when () has interior angles of angle 27 and when D becomes more complicated, i.e.
when vertices have a large number of incident edges. These results come from the

paper [FarGit23], which was a joint work between the author and his PhD supervisor.

Another famous isoperimetric problem was put forward by Lord Rayleigh on page

284 of his book ‘A Theory of Sound’ [Str77]. In it he conjectured the following:

“If the area of a membrane be given, there must evidently be some form of
boundary for which the pitch (of the principal tone) is the gravest possible,
and this form can be no other than the circle.”

— John William Strutt, 3rd Baron Rayleigh

In modern mathematical speak, Lord Rayleigh’s conjecture may be expressed as:

the ball minimises the first Dirichlet eigenvalue over all bounded domains in R? of a
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given area. Here, for a given bounded domain  C R?, its first Dirichlet eigenvalue
A1(€2) is given by the smallest value of A > 0 such that

—Au(z) = Mu(x), =x
(@) =uiz), = e (1.0.8)

u(z) =0, x € 09,
admits a non-trivial (weak) solution. Lord Rayleigh’s conjecture was independently
proven by Faber [Fab23] and Krahn [Kra25] in the 1920’s. In fact, they showed that
the result is true in any dimension and the result is now colloquially known as the
Faber-Krahn inequality. The Faber-Krahn inequality is an example of a spectral

shape optimisation problem.

In this thesis, we consider spectral shape optimisation problems for Neumann eigen-
values of bounded convex domains 2 C R? under perimeter and diameter constraint.

These eigenvalues arise as the values u > 0 for which the partial differential equation

—Au(z) = pu(z), x€Q,

0
9 ulz) = 0
anu(x) 0, x € 09,

(1.0.9)

has a non-trivial (weak) solution. The Neumann eigenvalues form a countable
collection that only accumulates at 400 and we denote them (counting multiplicities)
by

0=11(Q) < pa(Q) < pg(2) <--- . (1.0.10)

Letting D(£2) denote the diameter of €2, we prove that the minimisation problems
min {1(Q) : @ C R? convex, P(Q) =1} (1.0.11)
and
min {1(Q) : © C RY convex, D(Q) =1}, (1.0.12)

for any d > 2, have minimisers for k£ € N sufficiently large. Moreover, we show that
any sequence of minimisers converges to the ball as k — 400 with respect to the

Hausdorff distance and give an asymptotic rate for this convergence, see Theorems
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3.1.1 and 3.1.3. Such results relate to the isoperimetric and isodiametric inequalities

via the well-known Weyl asymptotic law

wr(Q) ~ 4n? (M)M (1.0.13)

as k — +o00, where wy is the volume of the d-dimensional unit ball, in the sense
that one would want to maximise volume in order to minimise Neumann eigenvalues
under perimeter or diameter constraint. This is of course a naive assertion that is
not wholly true, as we shall discuss later on in Theorems 3.1.2 and 3.1.6. We also
show how analogous results to those in the Neumann case carry over to spectral
minimisation problems for Robin and mixed Dirichlet-Neumann, so-called Zaremba,
eigenvalues. The results on asymptotic spectral shape optimisation given in this
thesis is a mildly expanded version of the paper [Far25] written by the author of this

thesis.

Our work on the spectral shape optimisation of Neumann eigenvalues here is com-
plementary to a recent paper by Bogosel, Henrot and Michetti [BogHM24], in which
the authors give a detailed analysis of minimisation problems (1.0.11) and (1.0.12)
in dimension two. We provide a brief exposition of this paper in Section 3.2.3 due

to its relevance to our results.

1.1 Structure of this thesis

We now give an overview of the outline of the contents of this thesis. Due to
the differing literature for small-time heat content asymptotics and asymptotic
spectral shape optimisation, we defer referring to the relevant literature fully until

the appropriate chapters of the thesis.

In Chapter 2, we summarise the key components from convex geometry, partial
differential equations, probability theory and spectral theory required to understand
the proofs of the results in this thesis. Most of the material in this chapter may be

found in a standard graduate textbook on the relevant areas, and where material is
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non-standard we either provide an explicit reference or do the proof ourselves. This

chapter also contains most of the notation that is used throughout the thesis.

In Chapter 3, we study the results of [Far25] which concern the asymptotic behaviour
of minimisers of eigenvalues of the Laplacian under diameter and perimeter constraint.
This work closely relates to the papers [BucFrel3; Ber15], which study such problems
in the case of Dirichlet boundary conditions and were the initial inspiration for the
ideas in this chapter. Our primary contribution is extending some of the results in

[Berl5] to the case of Neumann boundary conditions.

In Chapter 4, we study the results of [FarGit23] concerning the small-time asymp-
totics for the heat content of bounded polygonal subdomains of larger polygonal
domains under Neumann boundary conditions. This work extends that of the papers
[BerSri90; BerGit16; BerGG20] from Dirichlet and open boundary conditions to the

case of Neumann boundary conditions.

In Chapter 5, we conclude with some further possible avenues for research related
to the problems considered in this thesis as well as some conjectural remarks on
some of the possible answers. Of particular interest in this conclusion is unifying
the ideas of shape optimisation and heat content to look into shape optimisation for

heat content.



Chapter 2

Preliminary material

We aim to keep the presentation of results self-contained as far as is reasonably
possible throughout this thesis. In this spirit, we now provide some standard reference
material that will be used throughout the following chapters. Most of the material
presented can be found in graduate textbooks on convex geometry, partial differential
equations, probability theory and spectral theory. The main basis for our exposition
here are the books [Eval0; Gru07; LevPM23; RogWil00] and the paper [GalMcK72].

Our exposition is intentionally kept light for conciseness.

2.1 Some quick spectral theory

Here we provide a quick overview of necessary pre-requisite spectral theory needed

in this thesis. For clarity to the reader, given a bounded open subset Q of R%:

o L?(Q) is the usual Hilbert space of real-valued square integrable functions

equipped with the inner product
(f.9hee) = [ Fl@)g(a) da; (2.1.1)

o H'Y(Q) is the usual Hilbert space of real-valued square integrable functions

with square integrable first order weak partial derivatives equipped with the
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inner product

(f,9) @ /Vf (z)dz + (f, 9) r2@); (2.1.2)

o« and, H} () is the subspace of H*(Q) given by the closure of the space
Ce(Q) == {¢p € C(Q) : d(supp(¢), Q) > 0} (2.1.3)

with respect to the norm on H'(2). Here supp(¢) is the support of the function
¢ defined as

supp(¢) := {x € Q: ¢(x) # 0}. (2.1.4)

One may also equivalentally define Hj(€2), when Q is Lipschitz, as functions in
H'(Q2) who trace is zero on the boundary 95 via the trace theorem for Sobolev

spaces, see for example [Eval0, §5.5].

2.1.1 Dirichlet eigenvalues

Let Q C R? be a bounded open set and consider the Helmholtz equation with
Dirichlet boundary conditions:

—Au(z) = du(z), =€,
(2.1.5)

u(z) =0, x € 0N
It is well-known in this case that the associated Dirichlet Laplacian —AL acting
on L*(Q) has discrete spectrum consisting of a countable collection of Dirichlet

eigenvalues

0<A(Q) < M) < \g(Q) < -+ (2.1.6)

that accumulates only at +00. These eigenvalues have associated eigenfunctions
Uy, Uz, uz, ... € Hy(Q), which can be chosen so they form an orthonormal basis of

L*(2), and any eigenpair (A\,(£2), uz) weakly satisfies the partial differential equation
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n (2.1.5). Dirichlet eigenvalues also admit the variational characterisation

/ vuf (2.1.7)

A:(©2) = min max =5——

iifngi ues J/ ul?
and satisfy the Weyl law
3 2/d
Me(Q) ~ 4r? <M> (2.1.8)

as k — oo, where V() denotes the d-dimensional volume of © and

/2

(e (2.1.9)

Wy =

denotes the volume of the d-dimensional unit ball.

We also define the Dirichlet eigenvalue counting function by
NP(a) = #{k e N: \(Q) < a}. (2.1.10)

The Dirichlet eigenvalue counting function satisfies the Weyl law

waV () od/?

NQD(a) ~ (27T)d

(2.1.11)

as o — +00.

There are lots of results linking the geometry of 2 to the Dirichlet eigenvalues,
see [Hen06] for a good overview, which are far too numerous to list in this thesis.
The most fundamental result to our discussion is the Faber-Krahn inequality, as
mentioned in the introduction, which asserts that the ball minimises the first Dirichlet

eigenvalue over all bounded domains of a given volume.

Theorem 2.1.1 (Faber-Krahn, see [Fab23; Kra25]). For any bounded open set

Q C RY, we have that
A(Q) - V()4 > M (BY) - (wg)??, (2.1.12)
where B® is the d-dimensional unit ball.

Dirichlet eigenvalues also have three key properties that are of importance to us
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here, namely:
« Reverse monotonicity under inclusion of domains, i.e. Ag(€1) > Ap(Q2)
whenever 2 C (y;

¢ (—2)-scaling under homothety, i.e, \p(af)) = a=2\,(Q2) for all a € (0, +00)
and k € N;

o and, invariance under isometries of R%, i.e. A\,(Q) = A\g(f(Q)) for any isometry

f:R* - R%and k € N.

All of the above properties may be obtained directly from the variational character-

isation of Dirichlet eigenvalues, see equation (2.1.7).

2.1.2 Neumann eigenvalues

Let ©Q C R be a bounded Lipschitz domain and consider the Helmholtz equation

with Neumann boundary conditions:

—Au(z) = pu(z), =€,

9
on

(2.1.13)
u(z) =0, x € 0N
It is well-known in this case that the associated Neumann Laplacian —AJ acting
on L*(Q) has discrete spectrum consisting of a countable collection of Neumann

eigenvalues

0= (Q) < () < pa() < - (2.1.14)

that accumulates only at +o00. These eigenvalues have associated eigenfunctions
Uy, Uz, uz, . .. € HY(Q), which can be chosen so they form an orthonormal basis of
L?(2), and any eigenpair (ux(2), uy) weakly satisfies the partial differential equation

n (2.1.13). Neumann eigenvalues also admit the variational characterisation

[ 1vuf
Q) = 2.1.15
11 (§2) SCI%llDQ)I}ngSX /|u\2 ( )
dim(S)=k u#
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and satisfy the Weyl law

(e () ~ 47 (wd‘fm)y/d (2.1.16)

as k — +o0.

We also define the Neumann eigenvalue counting function by
N (@) == #{k € N: 1,,(Q) < a}. (2.1.17)

The Neumann eigenvalue counting function satisfies the Weyl law

waV () od/?

Ng(a) ~ (27T)d

(2.1.18)

as a — +o00o, which is the same as for the Dirichlet eigenvalue counting function in

(2.1.11).

As in the case of Dirichlet eigenvalues, there is a plethora of literature on the interplay
between the geometry of €2 and its Neumann eigenvalues. Again, see [Hen06] for a
good overview of this. The result in this direction that is most pertinent to us is the
Payne-Weinberger inequality, which provides a lower bound on the first non-trivial

Neumann eigenvalue of a bounded convex domain in terms of its diameter.

Theorem 2.1.2 (Payne-Weinberger inequality, see [PayWei60] and [Beb03]). For a

given bounded convex domain @ C RY, one has that
p2(Q)D(Q)? > 72, (2.1.19)

where D(Y) is the diameter of ().

Three key things for us to note about the properties of Neumann eigenvalues in this

thesis are the following:

e Reverse monotonicity under inclusion of domains is not necessarily true, i.e.
we may have (1) < px(22) when Q; C Qy — see Figure 2.1 for an example

of this;
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1

Figure 2.1: Illustration of a case of lack of reverse domain monoton-
icity for Neumann eigenvalues in dimension two. Here
Q, is the unit square with ps(€;) = 72 and € is a
suitably thin rectangle of length ¢ ~ /2 contained in
Qy for which py(Qp) = 72072 &~ 72/2.

« but, they do have the same (—2)-scaling under homothety as Dirichlet eigen-

values, i.e, up(af) = a?ux(Q) for all a € (0, +00) and k € N;

« and, they are also invariant under isometries of R?, i.e. 1 (Q) = pup(f(Q)) for

any isometry f : R? — R? and k € N.

The lack of reverse domain monotonicity for Neumann eigenvalues makes them more
challenging to deal with in regards to spectral shape optimisation problems. We
remark that some recent results have been proven with respect to reverse domain

monotonicity (up to a constant) of Neumann eigenvalues, see [Fun23].

2.1.3 A few words on Pélya’s conjecture

In 1954, Pélya conjectured [P6154] that the asymptotic term in Weyl’s law is in fact
an upper bound for the Dirichlet eigenvalue counting function and a lower bound

for the Neumann eigenvalue counting function, that is

de(Q)
(2m)4

for all & > 0. In terms of the eigenvalues, this may be equivalently reformulated as

NP (@) < a®? < N () (2.1.20)

2/d
i1 (Q) < 4r (wd‘f(ﬂ)> < (D). (2.1.21)
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Pélya’s conjecture is known to hold for tiling domains, see [P6161; Kel66]. Of per-
tinence to us in this thesis is that the conjecture holds for cuboids in any dimension
as cuboids are tiling domains. More recently, in [FilLPS23], Filonov, Levitin, Polter-
ovich and Sher proved that Polya’s conjecture holds true for the Dirichlet eigenvalue
counting function of balls in any dimension and the Neumann eigenvalue counting
function of balls in two dimensions. We use the latter in the proof of Theorem 3.1.1

and estimating the value N, in Table 3.1.

In 1912, Weyl himself conjectured [Wey12] the following refinement to Weyl’s law:

V) 4 P(Q)

NP(@) = s = o SV oV, (2122)
Q P(©
NG (@) = Z;)zwdadm + 4'(2(7T)>d_1wd1a(d1)/2 + o(a4D/?) (2.1.23)

as o — +o00. In the literature, this is called the two-term Weyl asymptotic. The
conjecture is known to hold when () satisfies a certain dynamical condition, see
[Ivr80]. In particular, it is known that convex analytic domains and polygons
satisfy this dynamical condition and hence their respective Dirichlet and Neumann
eigenvalue counting functions satisfy the two-term Weyl asymptotic, see [SafVas97]
and the references therein. For such domains, we then know that their Dirichlet
and Neumann eigenvalue counting functions satisfy Pélya’s conjecture for a > 0

sufficiently large by the two-term Weyl asymptotics.

We refer the reader to [FilLPS23] for more information on Pélya’s conjecture.

2.1.4 Other boundary conditions

In this thesis we also consider eigenvalues of the Laplacian with Robin and mixed
Dirichlet-Neumann, so-called Zaremba, boundary conditions. As in the previous

subsection, let  C R be a bounded Lipschitz domain.

Firstly, consider the Helmholtz equation on €2 with Robin boundary conditions of
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constant parameter 5 € (0, +00):

—Au(x) = du(x), z €,
(2.1.24)

%u(x) = fu(z), x € 0.

The associated Robin Laplacian —Aé acting on L?(Q2) has discrete spectrum con-

sisting of a countable collection of Robin eigenvalues

0 <X (Q) <A(Q) < M) < (2.1.25)

that accumulates only at +00. These eigenvalues have associated eigenfunctions
Uy, Uz, uz, . .. € HY(Q), which can be chosen so they form an orthonormal basis of
L*(2), and any eigenpair (/\f (92), ux,) weakly satisfies the partial differential equation

n (2.1.24). Robin eigenvalues admit the variational characterisation

JyIvul 48 [ P
() = min max (2.1.26)
SCH(Q) ueS | |2
dim(S)=k U# u

Now, consider the Helmholtz equation on €2 with Dirichlet boundary conditions on a
relatively open subset of the boundary I' C 92 and Neumann boundary conditions
on OQ\I'™:

—Au(x) = Mu(z), z€Q,

u(z) =0, rel, (2.1.27)
2u(w) =0 x € OO\’
on o '

The associated Zaremba Laplacian —Af, with the aforementioned mixed Dirichlet-
Neumann boundary conditions, acting on L?*(€2) has discrete spectrum consisting of

a countable collection of Zaremba eigenvalues
0<A(Q) <A Q) <A Q) < - (2.1.28)

that accumulates only at +00. These eigenvalues have associated eigenfunctions
Uy, U, Us, ... € H(},F(Q), which can be chosen so they form an orthonormal basis of

L*(Q2), and any eigenpair (] (), u) weakly satisfies the partial differential equation
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n (2.1.27). Here H&F(Q) is the Sobolev space given by the closure of the space

or(2) == {¢ € C=(Q) - d(supp(¢), I') > 0} (2.1.29)

with respect to the norm on H'(Q). Equivalently, H&F(Q) is the space of func-

tions in H'(Q2) whose trace is zero on I'. These eigenvalues admit the variational

characterisation
[ 1vuf
Ap() = min  max 24—, (2.1.30)
SCH&F ) u€s |u|2
dim(S)= u;éO

Both Robin and Zaremba eigenvalues satisfy the Dirichlet-Neumann bracketing

relation

() < NL(Q), AL (Q) < M(9), (2.1.31)

and hence they also satisfy Weyl’s law. This bracketing relation can be proven

directly from the variational characterisations of these eigenvalues.

One may define the respective Robin and Zaremba eigenvalue counting functions
totally analogously to those of the Dirichlet and Neumann eigenvalue counting

functions, but we do not need them in this thesis.

2.2 Convex geometry and the Hausdorff distance

We now present some results from convex geometry and Hausdorff convergence of
bounded convex domains. Our exposition is somewhat non-canonical as the results
are usually stated for compact convex domains and we introduce a slightly modified
notion of Hausdorff convergence, which we call ~-Hausdorff convergence. These
choices are stylistic and make the statement of results in Chapter 3 more concise.

Most of the material presented here may be found in the book by Gruber [Gru07].

Throughout this section and in Chapter 3, A? will denote the collection of bounded

convex subdomains of R?.
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2.2.1 Geometric definitions and inequalities

The three principle geometric quantities used in this thesis are volume, perimeter
and diameter, for which we now give a formal definition. We also define the inradius

and circumradius of a convex domain here. Let € A%, then:

» The volume of €, denoted by V(£2), is the d-dimensional Lebesgue measure of
Q.

o The perimeter of €2, denoted by P(f2), is the (d — 1)-dimensional Hausdorff

measure of the topological boundary 99 of Q, i.e. P(Q) := HI1(99Q).

o The diameter of 2, denoted by D(f), is defined as
D(Q) := sup ||z — y|l2, (2.2.1)
z,yef)

where ||-||2 is the usual Euclidean norm on R¢.

o The inradius of 2, denoted by p(£2), is defined as
p(2) :=sup{r > 0: 3z € Q with B,(z) C Q}, (2.2.2)

where B, (x) is the d-dimensional open ball of radius > 0 centred at the point

r € RY.

« The circumradius of €2, denoted by R(f?), is defined as

R(Q) := inf{r > 0: 3z € R* with B,(r) D Q}. (2.2.3)

We note that volume, perimeter, diameter, inradius and circumradius are all mono-
tone with respect to the inclusion of domains in A?. The key property to highlight
here is the monotonicity of perimeter which is not true for inclusion of Lipschitz

domains generally — consider for example a dented ball. Moreover, these quantities
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satisfy the following scaling relations under homothety,

V(af) = aV(Q), P(aQ) = o' P(Q), D(aQ) = aD(Q), (2.2.4)
p(af)) = ap(), R(aQ) = aR(Q) B

for a € (0, +00) and they are all invariant under isometries of R%.

We now state two famous geometric inequalities that are the protagonists of Chapter
3 of this thesis. We will later use quantitative versions of these inequalities in the

proofs of the main results in Chapter 3 but we omit their statement for now.
Theorem 2.2.1 (Isoperimetric inequality). For any Q € A?
P(Q) > d(wg) 4V (Q)d-D/d, (2.2.5)
with equality if and only if €2 is a ball.
Theorem 2.2.2 (Isodiametric inequality). For any Q € A?
V(Q) < 2%, D(Q)?, (2.2.6)

with equality if and only if Q) is a ball.

We now state two inequalities that are of great use to us in this thesis to give lower
bounds on the inradius of a bounded convex domain. Firstly, an inequality due to

Osserman.
Proposition 2.2.3 ([Oss79, §C, Thm. 12, Cor. 2]). For any Q € A¢,

p(Q) > P(Q)"1V(Q). (2.2.7)

And, secondly an inequality derived from Osserman’s inequality by van den Berg in

[Berl5].
Proposition 2.2.4 ([Berl5, Lemma 3]). For any Q € A%,

p(92) > 297 (dwy) ' D(Q) IV (Q). (2.2.8)
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To end this subsection, we define the fattening and erosion of a convex domain in
A?. These will come of use in obtaining upper bounds for the Neumann eigenvalue

counting function of a domain Q2 € A% in Chapter 3.

For ) € A? we define its fattening! by § > 0 as
QoBY={r+y:2€Q, yc B} ={rcR: dzN) <} (2.2.9)
and its erosion by § > 0 as
Qo oB = {z: Bs(x) c Q) = {x € Q:d(zx,00) >4} (2.2.10)

We remark that both the fattening and erosion of a convex domain are themselves
convex, which can be readily seen from the definition. Of importance to us later on
is that we have a suitably good geometric control on the volume of fattenings and

erosions of bounded convex domains. We now give two results regarding this.

Theorem 2.2.5 (Minkowski-Steiner, see [Gru07, §6]). There ezist functions

Wo, Wy, ..., Wy_1 : AT — [0, +00), called the quermassintegrals of 2, such that
d—1 d '
V(Q& B =V(Q)+PQ)5+ > (j,)VVj(Q)(SJ + wad? (2.2.11)
j=1
for any 6 > 0 and any Q € A?.

The quermassintegrals are monotone with respect to inclusion of domains in 4% and
invariant under isometries of R%. Moreover, under homothety, W;(a)) = a®~W;(Q).

This will be of great importance in the proofs in Section 3.2.4.

Theorem 2.2.6 (Erosion formula). For any Q € A? and § > 0, one has that

V(Q e iBY) > V(Q) — P(Q)6. (2.2.12)

Proof. This result is seemingly folkloric in the literature. The only full reference for

this result the author is aware of is Remark 5.7 in [GitLén20], which we now outline.

'For those familiar with convex geometry, one may notice that our definition of the fattening of
a convex domain is a special case of the Minkowski sum of convex domains.
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We note in [GitLén20] the authors consider bounded C? convex domains but, as
they point out, it holds more generally for bounded convex domains.

We have that

V(QeiBY) >0, 0<6<p(Q),
(2.2.13)

V(20 0BY) =0, 5> p(%),
and so it suffices to consider the case 0 < § < p(Q2). From the work of Matheron in

[Mat78, §2], we know that

(iSV(Q o 6BY) = —P(Q © iBY) (2.2.14)

for 0 < & < p(2) and so
V(Q S iBY) = V(Q) - /0 " dr PO 6 1BY)
> V(Q) - /05 dr P(Q) (2.2.15)

—V(Q) — P(Q).

Here we have used that Q © dB? is itself convex and a subset of 2, and so P(Q &
dB?) < P(Q) by the monotonicity of perimeter under inclusion of bounded convex

domains. n

Remark 2.2.7. One may obtain Osserman’s inequality, Proposition 2.2.3, as a
corollary of Theorem 2.2.6 by taking = p(£2) and noting that V(2 & p(Q2)B?) = 0.
However, Osserman obtained their inequality by other means as a corollary of a

different inequality in [Oss79].

2.2.2 Hausdorff convergence

We now move on to defining the key notions of Hausdorff convergence and ~-

Hausdorff convergence.

Defining the equivalence relation ~ on A? by ; ~ Q, if there exists an isometry
f: RY — R? such that Q; = f(€Q,), we denote the associated quotient space of

equivalence classes [Q2] by A?/.. Any function F : A% — R that is invariant under
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any isometry of R? also naturally induces a well-defined function F: Al /~ — Rin
the obvious way, i.e. F([Q]) = F(Q) for any € € [Q]. Notationally, we will often

omit the tilde and simply write F' to also mean F.

On A%/ we can define the ~-Hausdorff distance dy : A%/ x A%/ — [0, +00) by

dr((ul, []) := inf d"(2, D), (2.2.16)
Qéeﬁlﬂ

where d : A% x A? — [0, +00) is the usual Hausdorff distance given by

d? (€, €) := min { sup d(z, ), sup d(y, Q) ¢ . (2.2.17)
z€Q) yeQ,
The moral of the definition of the ~-Hausdorff distance is that it solely detects

convergence in geometry rather than the usual Hausdorff distance which also detects

convergence in the physical distance between domains.

Definition 2.2.8. We say that a sequence (€,,),>; in A%

o ~-Hausdorff converges to Q € A% asn — +oo if dy ([Q,], []) — 0 as n — +o0.

o Hausdorff converges to Q0 € A% as n — +oo if d¥(2,,Q) — 0 as n — +oc.

We then say a function F' : A% — R is continuous if for any sequence (€,),> in A%
that Hausdorff converges to some 2 € A% as n — +o0, we have F(Q,) — F(Q) as
n — +oo. Any such continuous function which is also invariant under isometries

satisfies the following result.

Proposition 2.2.9. Any continuous function F : AY — R which is invariant under
isometries of R has that

F(Q,) = F(Q) (2.2.18)

asn — +00 if (Q)n>1 ~-Hausdorff converges to Q as n — +oc.

It is well-known that volume, perimeter, diameter, inradius, circumradius and

quermassintegrals are all continuous as functions A? — (0,+00). Moreover, it



2.2. Convex geometry and the Hausdorff distance 21

is well-known that Dirichlet and Neumann eigenvalues are continuous as functions
A — (0,+00), see for example [Berl5] and [Ros04]. As all the aforementioned
quantities are also invariant under isometries of R¢, Proposition 2.2.9 holds for these

quantities.

Alongside continuity, it is useful to have compactness when dealing with shape
optimisation problems. Effectively, in the best case scenario, the simplest way to
determine existence of optimisers is through (a version of) the extreme value theorem.
We now provide a mildly adapted statement of Blaschke’s selection theorem from
the conventional one, see [Gru07, Thm. 6.3], that is convenient for our own purposes

and give its proof.

Theorem 2.2.10 (Blaschke’s selection theorem). Any sequence (2,)n>1 in A? with
V(Q,) > ¢ and D(Q,) < C for alln € N for some constants ¢,C > 0 has a ~-
Hausdorff convergent subsequence. If in addition, 2, C B for all n € N for some

suitably large ball B then (2,)n>1 has a Hausdorff convergent subsequence.

Proof. From Proposition 2.2.4, the isodiametric inequality and the geometric con-

straints on the €2, in the statement of the proposition, we have that
p() > 27 (dwa) ' D(Q,) V() > p* (2.2.19)

for some p* > 0. Hence, as the diameters of the {2, are uniformly bounded, we can
find a suitably large compact convex set K’ C R? such that we can arrange the €,
so that

B(0;p*) C Q, C K’ (2.2.20)

for each n € N. By the classical form of Blaschke’s selection theorem, see [Gru07,
Thm. 6.3], the sequence (Qn> o1 has a Hausdorff convergent subsequence (Q”’“)kzl
converging to some compact convex set K as k — +oo. By the properties of
Hausdorff convergence of compact convex sets, we necessarily have that B(0; p*) C K

and so K has non-empty interior. Denoting the interior of K by €2, our rearranged

version of the sequence (£2,),>1 has a Hausdorff convergent subsequence (£2,, )r>1
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Figure 2.2: Two dimensional convex domain of unit volume with a
subdomain highlighted in orange for which the inequal-
ity in (2.2.21) is sharp. The analagous picture in higher
dimensions also gives sharpness.

converging to €2 as k — 4o00. It is then immediate that the unmodified sequence
(©,)n>1 has a ~-Hausdorff convergent subsequence. The last part of the theorem
follows precisely in the same way but for which we do not have to rearrange the

sequence of domains. O

We now provide a quantitative control on the Hausdorff distance between a convex
domain Q; € A% and a convex subdomain Qs C € in terms of their difference in

volume.

Lemma 2.2.11. For any Q,Qs € A? with Qy C Q)

4" (y, Q) < (j)l/d V() — V(). (2.2.21)

Moreover, this inequality is sharp in the sense that for any e > 0, one may find a
conver domain Q; € A and a convex subdomain Qs C Q1 with V(Q1) — V() = ¢

such that equality holds in (2.2.21).

Proof. Let x € ©; and let HP(z) be the set of all (d — 1)-dimensional hyperplanes II
which pass through x. Each such hyperplane II defines two disjoint open half-spaces
IT" and II~. We do not worry about how we order these two half-spaces. We define

the function g : ; — (0, +00) by

gx):= inf min{V(Q NII*),V(Q NI} (2.2.22)

II€HP (z)

By definition it is clear

g(x) > ;wdd(x, 00)* (2.2.23)
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and moreover that

Q={re:g(x)>e CQ (2.2.24)

for all Qy C Q with V(€;) — V(€Qy) < €. Then we see that

¢ 1/d
{x €Oy d(x,00) > <w) } c Q. (2.2.25)
d

Thus, for any such aforementioned 2 one must have

2% 1/d
dH(Ql,QQ)gdH(Ql,Q§)§(> . (2.2.26)

Wa
Taking € = V(1) — V(£22) gives the result. The fact that the inequality is sharp in
dimension two and higher can be seen by conjoining two half-balls with a suitably
long cylinder, see Figure 2.2. In dimension one, it is obviously sharp as any bounded

convex set is simply an interval. O

To end the subsection, we state one further good property of Hausdorff convergence
of convex sets with regards to monotonicity. This property is stated in [Berl5] but

we give a proof of it here for completeness. We first require the following proposition.

Proposition 2.2.12. Let Q € A? and suppose that 0 € Q and that B,q)(0) C Q,
then

Q@B C (1 + p(‘;)> Q (2.2.27)

for any 6 > 0.

Proof. Let x € (Q® dB?)\Q, and let y € 9Q be the unique point such that

{y} =00n{\x: X e0,1]}. (2.2.28)
By construction
lollz _ | e = vl (2.2.29)
1yl 1yl

Note that we do not necessarily have that ||z —y||2 < §, so the proof is not immediate.

Let E be the convex set

E={y+AXz—-y): A€ (0,+00), 2z € By (0)}. (2.2.30)
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Figure 2.3: Visualisation of the sets constructed in the proof of
Proposition 2.2.12.

That is, £/ is the smallest infinite open cone with vertex y that contains B,q)(0).
Further, let E’ be the reflection of E across the hyperplane II that is orthogonal to

{A\z : XA € [0,1]} and contains y, i.e.
E'={y =Mz —y): A€ (0,+00), z € Bye(0)}. (2.2.31)

See Figure 2.3 for a visualisation of these sets. By construction we know that © € F’

and that £/ N Q = (), as otherwise this would imply that ¥ lies in © and not on 0.
Let € = d(z,0F"), then we know that ¢ < d(z,00?) < §. By simple geometric
considerations we see that

Iz = ylla _ da.0E) _ &
e~ W@ T

Hence, combining (2.2.29) and (2.2.32) one obtains the result. O

(2.2.32)

We have the following consequence of this result.

Corollary 2.2.13. Suppose that (Q,),>1 is a sequence in A Hausdorff converging

to Q € A%, then the ), and Q may be arranged so that

a7 (Q,, )\ d"(Q,, Q)
(1) peme (1 g)e e

for n sufficiently large.
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Proof. The proof is immediate from the equivalent definition of the Hausdorff dis-

tance

d" (2, Q) = max {sup{d; > 0: Q, C Q@ 6B}, sup{d > 0: 2 C Q,, ® 5,B}}
(2.2.34)

and that p(€2,) > p(Q)/2 for n sufficiently large. O

Remark 2.2.14. By the scaling properties of eigenvalues under homothety it is
often to convenient to work under the assumption that if a sequence (£2,,),>1 in A?
Hausdorff converges to 2 € A% as n — +o00, then one has that Q, C Q for all n
sufficiently large. The above corollary indeed allows us to do this, up to homothety,

and we use this in Section 3.3.2.

Other equivalent definitions of Hausdorff convergence may be found in the book of

Gruber [Gru07]. One of use to us is that
dH(Ql, Qg) == dH(ﬁQl, 892) (2235)

for any Q;,Q, € A%

2.3 The heat equation

In this section, we provide the necessary pre-requisite material for the proofs in
Chapter 4 of this thesis. The most important section to make the reader aware
of is Section 2.3.2 in which we outline a geometric construction for the Neumann
heat kernel on polygonal domains given in [GalMcK72]. We then go on to give the
probabilistic interpretation of heat kernels with the necessary material needed to

understand the proofs in this thesis.

As a quick digression before going forward, a given fundamental solution to the
heat equation on an arbitrary manifold is not a priori unique. However, there is

a unique minimal fundamental solution which we refer to as the heat kernel of
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the manifold, unless we are specifically referring to a fundamental solution with

prescribed boundary conditions, e.g. Neumann boundary conditions.

Such minimal fundamental solutions are always constructable by taking a nested
sequence of relatively compact open sets which exhaust the manifold and considering
the pointwise limit of their Dirichlet heat kernels, see [Dod83]. Moreover, and
most crucially, these minimal fundamental solutions have the all important relevant
probabilistic interpretation in terms of Brownian motion, see [Hsu02, §4]. For us
in this thesis, the (Neumann) heat kernels we work with are all unique and the
subtleties of non-uniqueness shall not bother us in our work here, but is good to be

aware of this and our nomenclature.

2.3.1 Spectral theory and the heat kernel

Let Q C R? be a bounded Lipschitz domain. The unique smooth heat kernel for the
heat equation in 2 with Neumann boundary conditions is given by

o0

no(t; z,y) = Y e Dl (2)u,(y) (2.3.1)
j=1
where p1(2), u2(2), ... are the Neumann eigenvalues of Q and wuy, ug,...: Q2 — R

are an associated L?(Q)-orthonormalised basis of eigenfunctions. For any f € L*(Q),
one may obtain the unique solution wu(¢; x) to the heat equation in Q with Neumann

boundary conditions on 02 with initial datum f, i.e.

gtuf(t;x) = Auy(t; ), t € (0,400), x € Q,

aauf(t;x) =0, t € (0,4+00), x € 09, (2.3.2)
n

linyoffuy (£ ) = f ()l 220 = 0,

by

ug(t;z) = /Qnsz(t;xjy)f(y) dy = i e Dy () (f, we) 120 (2.3.3)

k=1

One gets the entirely analogous representation for the heat kernel in the case of Di-

richlet, Robin or Zaremba boundary conditions in terms of the respective eigenvalues



2.3. The heat equation 27

and eigenfunctions.

2.3.2 A geometric construction of the Neumann heat

kernel on polygonal domains

The spectral resolution of the Neumann heat kernel in equation (2.3.1) is not, a priori,
easy to work with as we generally do not explicitly know either the eigenvalues
or eigenfunctions of a given bounded domain. In this subsection, we outline a
construction of the Neumann heat kernel on polygonal domains due to Gallavotti
and McKean in [GalMcK72]. We favour this construction to others as it is bespoke for
polygonal domains and it is very geometric in flavour, which makes it more intuitive
to work with. Using this construction, we are able prove some locality principles for

solutions to the Neumann heat equation in polygonal domains in Section 4.4.

Half-plane

The simplest two-dimensional space on which one may construct the Neumann heat
kernel is the upper half-space H := {(x,y) € R? : y > 0}2. One may reflect H to

obtain R? in the sense that we have a projection ¥ : R? — H given by

Wz, y) = (2, ]yl). (2.34)

Neumann boundary conditions correspond to a fluxless boundary condition and so
we should lose no heat through the boundary. In this vein, any heat that would
bleed into R? if there was no boundary condition imposed should remain in H. Using

this logic, we see that the Neumann heat kernel for H should look like

ma(te,y) = Y pre(t;z, 2), (2.3.5)
2e¥-1({y})
where
1 eyl
pr2(t; 2, y) = el (2.3.6)

2H is not the hyperbolic space here, just the honest upper half-space.
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is the heat kernel on R?. It is easy to verify that this is indeed the Neumann heat

kernel for H.

Infinite wedge

One may apply the logic of reflection, also known as the method of images, from the
case of the half-space to the slightly more complicated case of infinite wedges. Let

Wy be the infinite wedge of angle 6 € (0, 27), which is given in polar coordinates by
Wy ={(r,¢):r>0,0< ¢ <0} (2.3.7)

One may view Wy as a submanifold of the manifold
Wy :={(r,¢) : 7 >0, —00 < ¢ < 400} (2.3.8)

endowed with the usual polar coordinate metric. Using this intepretation we can
see that W may be obtained by reflected copies of Wy in the following sense:
Wao = Urez Wy, where

WP = {(r,¢) 7 >0,k < ¢ < (k+ 1)6}, (2.3.9)
and there is an associated family of projections Wy, : We(k) — WG(O) given by

(r,¢ — k), k€27,
Uy(r, ) = (2.3.10)

(r,(k+1)0—9¢), keZ\(2Z).
Combining these projections one may construct a well-defined projection ¥ : W, —
Wi given by U(r, ¢) = Uy(r, @) if (r,¢) € W ”. The Neumann heat kernel on W,
can then be obtained from the heat kernel py,_ on W, by
G y) = Y. pwa(tz,2) (2.3.11)
zeV—1({y})

for t > 0 and z,y € W,.
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Figure 2.4: Visualisation of part of the manifold generated by an
equilateral triangle 2*. Note that conventionally we
would identify €27,,,, with Q5 but we treat them as
distinct here. (This figure is an adaptation of Figures 2
and 3 in [GalMcK72].)

Polygonal domains

Again, one may go further and use the preceding ideas to construct the Neumann

heat kernel on polygonal domains.

Let  be a, possibly unbounded, polygonal domain whose edges are labelled 1
through n. Then for each string ajas---a, with a; € {1,2,...,n} and a;41 # a;
we can obtain a copy Qg,a,..q, of Q by reflecting Q across the sides ay,as,. .., a,
successively. We also have the copy of ) obtained by carrying out no reflection and
simply denote it by €. We declare each of these copies of € to be different and the
collection K of all these copies is a covering of 2. From K, we can obtain the open
manifold M := K\{images of vertices of Q}, which we view as a flat Riemannian
manifold and call it the manifold generated by ). For M, there is the obvious
projection Wy, : M — QF := (QUOIN)\V, where V denotes the vertices of €2, given in
the same way as in the previous two cases via the natural projections €24, 4,...q, — €2

Figure 2.4 shows a visualisation of the manifold generated by an equilateral triangle.

In the same way as before, one then obtains that the Neumann heat kernel on €2 is
given by

no(tz,y) = > pultiz,z) (2.3.12)
€U ({y})
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for t > 0, x,y € Q, where p,, is the heat kernel on the manifold M.

2.3.3 A probabilistic interpretation

We briefly give the probabilistic interpretation of Neumann heat kernels on polygonal
domains and heat kernels on open manifolds. For our purposes, we do not need a
fully detailed understanding of the theory of the associated stochastic processes so
we only cover the parts relevant to us. Some particularly relevant references to which
the reader can refer here are [McK69; GalMcK72; Hsu84; Bel75; Hsu02; RogWil00].
Perhaps our greatest omission here is any theory on filtrations, that is nested families
(Fi)i>0 of o-algebras such that F; tracks all the information known about a given
stochastic process up to a time ¢t > 0. Though filtrations are interesting in their own

right, they do not yield anything of use to our analysis here.

Also, as a small but important remark, we consider stochastic processes associated
with the parabolic operator —% + A rather than the standard probabilistic parabolic
operator —% + %A. This only means that our processes run with twice the clock as

those in the usual probability literature.

Neumann heat kernels

Firstly, we consider stochastic processes associated with the Neumann heat kernel

on a polygonal domain 2.

Fix 2 € Q and define the probability space (C,([0, +00), Q), F,P$), where:

o C,([0,+00),Q) is the space of continuous paths w : [0, +00) — Q with w(0) =

Z;
o F is the o-algebra generated by all sets of the form
{w e Cu([0,+0),Q) : w(t)) € A1, w(ty) € Ag, ..., w(t,) € A}, (2.3.13)

where 0 < t; <ty < --- <t,and Ay, Ay, ..., A, CQ are Borel sets;
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o and, P9 is a probability measure on F uniquely determined by

PL({w € C,([0,400),Q) : w(ty) € Ay, w(ty) € Ag, ..., w(t,) € A})

:AAMT“A(MWMM%%MMQ_M%ﬂw“WM%_%AWWM%)
1 n

(2.3.14)

We call a stochastic process (X;);>0 on (C,([0, +00), Q), F,P) a reflecting Brownian

motion on € starting at x € Q if

PY(X, € A) = /Adynn(t;m,y) (2.3.15)

for any Borel set A C 2 and any ¢t > 0. In this case, we call (2.3.15) the law of
(X¢)t>0- The existence of such a process may be ascertained by simply taking the

canonical process X;(w) = w(t).

For an open subset £ C € in the subspace topology, we define the exit time of
(Xt)t>0 from E as

T :=1inf{t >0: X, & E}. (2.3.16)

It is well-known that, see for example Theorem 76.1 in [RogWil00],
(<t} {e>t}eF (2.3.17)

and so we have well-defined probabilities for such exit times.

Heat kernels on manifolds

Now we consider stochastic processes associated with heat kernels on an open mani-

fold M.

Fix # € M, and define the probability space (C,([0, +o0), M), G, PM) where:

o C,([0,400), M) is the space of continuous paths w : [0,+0c0) — M with
w(0) = z;
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e @ is the o-algebra generated by sets of the form
{w € C.([0,+00), M) : w(ty) € A1, w(ts) € Ay, ..., w(t,) € Ay} (2.3.18)
where 0 < t; <ty <---<t,and Ay, As,..., A, C M are Borel sets;
« and, PY is a probability measure on G uniquely determined by
PM({w € C,([0,+00), M) : w(ty) € A1, w(ts) € Ay, ..., w(t,) € A,})
= | dvolys (1) - - /An dvoly () [pM(tU x,21)pa(ta — ti; w1, 22) - - -
cpy(tn = o1 T, Ty | -

(2.3.19)

We call a stochastic process (B;);>o on (C,([0, +00),Q), F,P$) a Brownian motion

on M starting at x € M if

PM(B, € A) = /A dvolar (y) par(t; 2, y) (2.3.20)

for any Borel set A C M and any ¢t > 0. We call (2.3.20) the law of (B;);>9. The
existence of such a process again may be ascertained by simply taking the canonical

process Bi(w) = w(t).

For an open submanifold N C M we define the exit time of Brownian motion (B;):>o

starting at € M from N as
v =1inf{t >0: B, ¢ N}. (2.3.21)
As in the case of reflecting Brownian motions,
{ry <t} {rn >t} g (2.3.22)
and so we have well-defined probabilities for such exit times. Moreover, we have that
PM(B, € Ajry > t) = /AdvolM(y) an(t; z,y) (2.3.23)

for any Borel set A C M and t > 0, where qy(¢;x,y) is the Dirichlet heat kernel
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(minimal fundamental solution to the heat equation) on N, see [Hsu02, §4].

The construction of Gallavotti and McKean given in the previous subsection can
be applied to the processes themselves rather than just the kernels. In fact, this is
how they prove the whole construction does indeed work. Let M be the manifold
generated by a polygonal domain 2 and ¥,; : M — Q be the associated projection.
They prove that for an M-valued Brownian motion (B;):;>¢ its image under this
projection (W (B:))t>o is identical in law to a reflecting Brownian motion on 2.
That is to say

PYX, € A) =PM(B, € U3} (A)) (2.3.24)

for any Borel set A C Q, x € Q and t > 0. We observe that this the complete

analogue of (2.3.12).

We will not use any further probability theory until Section 4.4, where the aforemen-

tioned ideas will come into play.

2.4 Remarks on asymptotic notation

In Chapter 3 of this thesis we use the following notation for functions f,g: N — R+

or f,g:Rsq — Ry by

o f(k)~ g(k) if

fk)
Jim s = (2.4.1)
o f(k) < g(k) or f(k) = o(g(k)) if
f(k) _
Jim g = (2.4.2)
« f(k) < g(k) or f(k) = O(g(k)) if
lim sup J(k) < +00. (2.4.3)

k—+o0 g(/{,‘)
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In Chapter 4 of this thesis, we use the following asymptotic notation for functions

f,9:]0,400) = R:

. ()]
hn;;)up Fol < 400. (2.4.4)
 f(t)=o(g(t)) if
. MO
llrltlﬁ)up ros (2.4.5)

o f(t)=o(t™)if f(t) = o(t") for all n € N.

In Chapter 5 of this thesis, we will use the additional following asymptotic notation

for functions f, g : [0,4+00) — R:

o f(t) = g(t)if f(t) = O(g(t)) and g(t) = O(f(1)).



Chapter 3

Spectral minimisation problems

In this chapter, we present the results of the paper of [Far25] which is a published work
by the author of this thesis. The results concern the minimisation of eigenvalues
of the Neumann, Robin and Zaremba Laplacians under perimeter and diameter
constraint. We also briefly present complementary material from a recent paper of
Bogosel, Henrot and Michetti [BogHM24], where the same, and similar, problems
were studied. The author became aware of this paper whilst at a conference in late
2023, where he and Professor Antoine Henrot both gave presentations on some of

the material presented in this chapter and subsequently compared methods.

The prerequisite material for this chapter is covered in Sections 2.1 and 2.2, and
the notation is taken from these sections. As in these sections, we assume that € is
an open, bounded subset of R? and any other assumptions on € will be made clear

where necessary.

3.1 Motivations and related literature

3.1.1 Origins and naive assertions

The origin of the paper [Far25] comes from the author’s time as a Master’s student,

in which he studied the paper [BucFrel3]. In this paper, the asymptotic behaviour
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of minimisers to

inf {\e(Q) : Q C R?, P(Q) = 1} (3.1.1)

as k — 400 was considered and it was shown that any sequence of minimisers
~-Hausdorff converges the ball of unit perimeter in this limit. The elegance of the
proof of this result in part comes from a result in [Berlvel3], whereby it was shown
that any minimiser of (3.1.1) can be taken to be convex and so (3.1.1) can be reduced

to the minimisation problem
inf {\e(Q) : © C R? convex, P(Q) =1}. (3.1.2)

The reason that one may do this reduction is that for an arbitrary bounded open
set 2 C R? with P(Q2) = 1, one may rearrange the connected components of {2 such
that the open convex envelope Q of Q has a lower perimeter than €, see [Berlvel3].

Moreover, Q C Q and so A\x(Q) < A(Q).

Once you are in the realm of convex domains you have very good properties to work
with in terms of spectral shape optimisation problems. The proof of the result follows
from being able to exploit the reverse domain monotonicity of Dirichlet eigenvalues,

Weyl’s law and a lower bound on Dirichlet eigenvalues in terms of their volume due

to Li and Yau [LiYau83].

Taking a naive standpoint, Weyl’s law and the isoperimetric inequality suggest
that minimisers to (3.1.1) should be close to the ball for &k large. This, at least
(incredulously!) heuristically, explains the asymptotic behaviour of the minimisers

from the result of Bucur and Freitas.

A higher dimensional analogue of the result of Bucur and Freitas was proven by van
den Berg in [Berl5]. van den Berg proved that for any d > 3 fixed, there exists a
minimiser to

inf{)\k(ﬂ) :Q C RY convex, P(Q) = 1} : (3.1.3)

for all £ > 1. Moreover, any such sequence of minimisers ~-Hausdorff converges to

the ball of unit perimeter as £ — +o00. If we remove the convexity condition, we
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cannot use the idea that convexification reduces perimeter as in dimension three and
higher this is not necessarily true. As far as the author is aware, the asymptotic
behaviour of minimisers to the problem in the general case is unknown, see for

example [BucFrel3, Remark 1.3].

In [Berl5], van den Berg also considered the minimisation problem

inf {\e(Q) : @ C RY convex, D(Q) = 1} . (3.1.4)

It was shown that this problem admits a minimiser for all £ > 1 and any sequence of
minimisers ~-Hausdorff converges to the ball of unit diameter as k — +o00. A very
detailed analysis for this problem in dimension two was done by Bogosel, Henrot

and Lucardesi in [BogHL18].

Recall our aforementioned naive standpoint:

the isoperimetric/isodiametric inequality and Weyl’s law suggest that the
ball asymptotically minimises Dirichlet eigenvalues of bounded domains

under perimeter/diameter constraint.

Our primary goal in this chapter is to take this naive standpoint and determine if
one can prove analogous results to those proven in [BucFrel3] and [Berl5] in the

case of Neumann eigenvalues.

3.1.2 Main results

If we consider the analogous minimisation problem to (3.1.1) for Neumann eigenval-

ues, i.e.

inf {1x(Q) : @ C R? Lipschitz, P(Q) =1}, (3.1.5)

one immediately encounters a problem. Without any other constraints one imme-
diately obtains that this infimum is zero by the considering the disjoint union of

k balls of perimeter 1/k. This infimum is attained and there are infinitely many
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minimisers. If one instead considers this minimisation over the space of simply
connected domains, the infimum is also zero but it is not attained for £ > 2 and so
the minimisation problem has no minimisers. The fact that the infimum is zero in
this case can be shown by considering k disjoint balls of suitably small perimeter
connected by suitably thin tubes. This by virtue naturally leads us to consider the

minimisation problem
inf {uk(Q) : Q C R? convex, P(Q) = 1} (3.1.6)

in order to hope to have a well-posed minimisation problem that is non-trivial. We
note that this infimum is non-zero for £ > 2 by the Payne-Weinberger inequality since
a perimeter constraint implies a diameter constraint for bounded convex domains in
two dimensions. However, the Payne-Weinberger inequality also tells us no minimiser
exists for k = 2 so the existence of a minimiser is non-trivial! In [BerBG16], the

authors prove that for all £ > 3 there exists a minimiser to
inf{1(Q2) : Q C R? rectangle, P(2) = 1}, (3.1.7)

and any sequence of minimisers ~-Hausdorff converges to the square as k — +oc.
Our first result is that this holds more generally in the setting of bounded convex

domains.
Theorem 3.1.1. For all k > 3, there exists a minimiser to
inf{1(Q) : Q C R? convex, P(Q) = 1}. (3.1.8)

Moreover, any sequence (S0 )g>3 of such minimisers ~-Hausdorff converges to the
ball B of unit perimeter as k — +o0o. The convergence satisfies the asymptotic

estimate

du (1], [B]) = O(k™V%). (3.1.9)

In dimension three and higher, unlike in the case of dimension two, we do not have

the existence of minimisers under perimeter constraint. More formally:
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Theorem 3.1.2. Fixd > 3. Forallk > 1
inf{,(Q) : Q € R convex, P(Q) =1} =0, (3.1.10)

Hence, no minimisers exist for any k > 2.

Proof. Consider the sequence of cuboids
Qe = (0,¢) x -+ x (0,€) x (0, 555 (™ = 20)) (3.1.11)

for 0 < € < 27141 which satisfy P(Q.) = 1. It is easy to determine that

m2k?

as € L 0 for k € N fixed. The Payne-Weinberger inequality asserts that p(£2) > 0

for all &k > 2 for a given bounded convex domain 2 C R%. And, hence no minimisers

can exist for any k > 2. O

In contrast to the case of perimeter constraint, under diameter constraint one even-
tually has existence of minimisers in any dimension over the collection of bounded
convex domains. As in the perimeter case, we require the convexity condition to

make the minimisation problem well-posed.

Theorem 3.1.3. Let d > 2 be given. Then there exists a constant Ny € N such that

for all k > Ny, there exists a minimiser to
inf{u(Q) : © € R? convex, D(Q) = 1}. (3.1.13)

Moreover, any such sequence (S})k>n, of minimisers ~-Hausdorff converges to the
ball B of unit diameter as k — 4o00. The convergence satisfies the asymptotic

estimate

dy([Q5],[B]) = Ok~ (3.1.14)

Remark 3.1.4. As in the perimeter case, in dimension d = 2 we have existence for

all k > Ny = 3 by Theorem 2.4 in [BogHM24]. One may obtain indicative upper
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d 2 3 4 5 6
N, upper bound | 2.51 x 10* | 3.01 x 10Y | 2.78 x 10® | 2.71 x 10% | 1.78 x 10
Optimal Ny 3 Unknown | Unknown | Unknown | Unknown

Table 3.1: Numerical approximate upper bounds on Ng.

bounds for N4, see Table 3.1, using Proposition 3.2.3 and comparing to Neumann
eigenvalues of the ball of unit diameter. See the Appendix A for more information

on this.

The result of Theorem 3.1.2 that
inf{,() : Q C R? convex, P(Q) =1} =0 (3.1.15)

for all £ € N for any d > 3 is somewhat dissatisfying. One always can get arbitrarily
close to the infimum by taking a d-dimensional cuboid that is suitably long in one
direction. Instead, what if we don’t allow ourselves to do this but do allow an
arbitrary amount of stretching eventually, i.e. for k sufficiently large. In an effort to
formalise this idea, we state the following question. We first recall that A% is the

collection of all bounded convex subdomains of R?.

Question 3.1.5. Does there exist a nested family A% C A C A4 C --- of subsets

of A* with Uy>, Af = A such that there exists a minimiser to
inf{un(): Q€ AL P(Q) =1} (3.1.16)

for k sufficiently large? Can we give any sufficient conditions on the sets A%? And,

do these minimisers ~-Hausdorff converge to the ball of unit perimeter as k — +o00?

Such a question is non-canonical in the literature as we allow the collection of shapes
we are optimising over to evolve with k. But, the premise of it enables us to ask that:
if we do not permit domains that are ‘too degenerate’, then can we have minimisers?
Our methods in this thesis allow us to give positive answers to all aspects of this

question. We now state our main result concerning these questions.
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Theorem 3.1.6. Let d > 3 and f : N — (0,+00) with 1 < f(k) < k44~ pe
given. Then there exists a constant Nqy € N such that for all k > Ng ¢, there exists

a minimaiser to

inf{,(Q) : @ C R convex, P(Q) =1, D(Q) < f(k)}. (3.1.17)

Moreover, any such sequence (QZ)ksz,f of minimisers ~-Hausdorff converges to
the ball B of unit perimeter as k — +oo. The convergence satisfies the asymptotic

estimate

dy (4], [B]) = O(k~ /), (3.1.18)

which is independent of f in terms of rate of convergence.

Another natural minimisation problem arises when one considers optimal subdomains
of a given convex domain. This is the so-called ‘interior problem’, see [CavFHLLS23].

Using the methods presented in this chapter one may prove the following result.

Theorem 3.1.7. Fiz ) € A?. Then there exists a constant N € N, depending on

Q' such that for all k > N, there exists a minimiser to
inf{u,(9) : Q € R? convex, Q C '}, (3.1.19)

Moreover, any such sequence (2 )k>n of minimisers Hausdorff converges to € as

k — +oo. The convergence satisfies the asymptotic estimate
A7 (Qr, Q) = Ok, (3.1.20)

Remark 3.1.8. In dimension two, there are estimates on N given in Theorem 3.1.7

in terms of the geometry of (', see [CavFHLLS23] and Section 3.2.3.

3.1.3 Related literature

The asymptotic behaviour of optimisers to spectral shape optimisation problems has

also been studied in other contexts for differing geometric constraints and spectral
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functionals. Here we give a brief overview of some related results and remarks on

their differences to our own here.

Let R? denote the space of d-dimensional cuboids, that is the space of all sets of
the form (0,a1) X -+ x (0,aq), a1,...,aq € (0,+00), up to a rigid transformation.
For such domains one can gain a very strong control on the Dirichlet and Neumann
counting functions owing to the fact that they may be written as lattice point
counting problems, see [Mar20] for a good overview. This strong control has been
utilised to prove results in asymptotic spectral shape optimisation. The following

was proven by Gittins and Larson in [GitLarl7].
Theorem 3.1.9 ([GitLarl7, Adapted from Thms 1.1 & 1.2]). Let d > 2 be given.

Then:

o For any k > 1 there exists a minimiser R}, to
inf{\(R): R € R*, V(R) = 1}. (3.1.21)

Moreover, any sequence (R})i>1 of minimisers ~-Hausdorff converges to the

d-dimensional unit cube as k — +o00.

o For any k > 1 there exists a mazimiser S}, to
sup{pr(9) : S € R% V(S) = 1}. (3.1.22)

Moreover, any sequence (Si)k>1 of maximisers ~-Hausdorff converges to the

d-dimensional unit cube as k — +o00.

One should remark that prior to the work of Gittins and Larson, the above result
was known in the Dirichlet case in dimension two [AntFrel3] and in dimension three
[BerGit17] and in the Neumann case in dimension two [BerBG16]. It is also worth
noting the above theorem can be proven using the more general results of Marshall
in [Mar20].

In Theorem 3.1.9, under volume constraint one maximises Neumann eigenvalues

rather than minimises them. This in contrast to Theorems 3.1.1, 3.1.3 and 3.1.6
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where we minimise Neumann eigenvalues under perimeter and diameter constraint.

Under volume constraint, we have that
inf{1(Q) : Q € R? bounded convex, V() = 1} =0 (3.1.23)

for any £ > 1 and any d > 2 and so the minimisation problem is ill-posed. The
fact that the infimum in (3.1.23) is zero can be seen by considering the sequence of
cuboids

(0,7 x (0,¢) x --- x (0,¢) C R™. (3.1.24)

This makes the diameter and perimeter constraints more interesting as a bounded
convex domain having small volume does not necessarily imply it has large Neumann

eigenvalues, unlike in the case of Dirichlet eigenvalues.

In this thesis, our control on the Neumann and Dirichlet counting functions is not

good enough to obtain asymptotic results concerning the problems

inf{\x(Q) : Q € R? bounded convex, V() = 1}, (3.1.25)

sup{px(Q) : Q € R? bounded convex, V() = 1}. (3.1.26)

Moreover, as far as the author is aware, the asymptotic behaviour of optimisers to
these problems is unknown. However, extremal problems under volume constraint

for averages of eigenvalues have been considered in the literature.

In [Frel7], Freitas considers extremal problems for the average of the first k£ Dirichlet
eigenvalues under volume constraint, and also perimeter constraint. Due to the
relevance to the results of this paper, we also note that in the perimeter case Freitas
proves that any sequence of the associated minimisers ~-Hausdorff converges to the
ball as k — 4o0. Freitas also discusses the analogues of these problems for the

average of the first & Neumann eigenvalues in Section 5 of [Frel7].

Riesz means of eigenvalues have also been studied and results concerning the asymp-

totic behaviour of optimisers to a problem similar to (3.1.25) have been obtained.
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For v > 0 we define the Dirichlet Riesz mean by
RGTA) = Y (A= (Q) (3.1.27)
(kAR (Q)<A}
The Riesz mean R5”7(A) can be viewed as an average of the Dirichlet eigenvalue
counting function V2. Note that for v = 0, Ry = ND. Moreover, due to this,
minimising Dirichlet eigenvalues is morally the same idea as maximising the Riesz

mean.

It was shown in [FraLar20, Cor. 1.3] that for any v > 1 fixed, there exists a maximiser
Q) to

sup{R&"(A) : © € R? bounded convex, V(Q) = 1} (3.1.28)

for all A > 0. Moreover, letting (2% , denote any choice of such maximiser, one has

that €27 \ ~-Hausdorff converges to the ball of unit volume as A — +o0.

This fits with the idea that in the regime of volume constraint, one wants to minimise
perimeter to minimise large Dirichlet eigenvalues, see the two-term Weyl asymptotic
(2.1.22). For further recent results on Riesz means and their associated asymptotic

spectral shape optimisation, we refer the reader to [Larl9] and [FralLar24].

3.2 Proof of main results and other applications

In this section we prove the results stated in Section 3.1.2 and consider an application

of our methods presented to the geometric stability of Weyl’s law, see Theorem 3.2.13.

3.2.1 A warm-up with Dirichlet

We will start by considering a proof of a result concerning Dirichlet eigenvalues. The
purpose of this is to illustrate how the properties of Dirichlet eigenvalues are used in
such a proof and see where problems may arise when we wish to work with Neumann
eigenvalues. The following theorem is a slight modification of a result due to van

den Berg in [Berl5] and effectively follows the same proof.
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Theorem 3.2.1. Let d > 2 be fized. Then for all k > 1 there exists a minimiser (2},
to

inf{\,(92) : @ € R? open, D(Q) = 1}, (3.2.1)

which can be taken to be convex. Moreover, any sequence (S4)g>1 of such minimisers

~-Hausdorff converges to the ball of unit diameter as k — +o00.

Proof. Firstly, we argue that we can reduce this to the minimisation problem
inf{\.(Q) : Q C R? convex, D(Q) = 1}. (3.2.2)

Let Q C R be an arbitrary open set with D(2) = 1. The open convex envelope Q
of €, that is the smallest open convex set containing €2, also has D(€2) = 1 and that
Q C Q. Thus, by the reverse monotonicity of Dirichlet eigenvalues A,(Q) < Ax(Q).
Moreover, if Q\Q contains an open set then A\,(Q) < Ax(Q), see Proposition 3.2.2
in [LevPM23], and so the improvement is strict. If Q\Q does not contain an open
set then we do not necessarily have a strict inequality, see Remark 3.2.2. But, we
do have that for all z € Q\Q and any r > 0, B.(x) N Q # (. This gives that
dH(Q,Q) = 0. Thus, we just simply identify the two if this is the case and any

asymptotic convergence behaviour remains the same. Hence, we may reduce our

minimisation problem to the case

inf{\,(Q) : Q C R? convex, D(Q) = 1}. (3.2.3)

Existence is immediate from the continuity of Dirichlet eigenvalues under Hausdorff
convergence of convex domains, the Faber-Krahn inequality and Blaschke’s selection

theorem.

The bound of Li and Yau in [LiYau83, Cor. 1] reads as follows:

d , k 2/d
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In particular if we fix B to the be the ball of unit diameter then we know that

L-zm? <k>2/d<A Q) < A (B):47r2< h >Q/d+o(k2/d) (3.2.5)
d+2 waV(Q)) TR =R wqV (B) S

Thus, dividing through by £*¢ and taking the limsup as k — +0o we see that

g\
lim inf V' (Q) > <d—|—2> V(B) > 0. (3.2.6)

k——+o0 -

In particular, the sequence (£2;)r>1 is non-degenerate. By Proposition 2.2.4, this
implies that we have a lower bound on the inradii of the €2} for k sufficiently large
and so invoking Blaschke’s selection theorem, we have a ~-Hausdorff convergent
subsequence, which we also denote by (2} )x>1, converging to some €, € A? as
k — +o00. By the definition of ~-Hausdorff convergence, for any 4 > 0 we may
assume that

Qp C Qo @ 0B (3.2.7)

for k sufficiently large, translating the €2; if necessary. Letting B be the ball of
diameter one, using the reverse monotonicity of Dirichlet eigenvalues under inclusion
of domains

A (Qo0 @ 0BY) < A () < Mi(B) (3.2.8)

for k sufficiently large. Dividing through by k*¢ and using Weyl’s law one obtains
V(Qu @ 0BY) > V(B). (3.2.9)

Since ¢ > 0 was arbitrary, we see that V' (€) = V(B) and so €, must be a ball of
diameter one by the isodiametric inequality. Since the subsequence was arbitrary,

we are done. O

Remark 3.2.2. If ) # Q but SNZ\Q does not contain an open set, then one does

not necessarily have that Ag(€2) < A(€2). This can be seen by setting € to be

the union of the nodal domains of an eigenfunction w : Q- R corresponding to a

Courant-sharp eigenvalue A\, (£2). In this case, one has that A\, (2) = \g(€).

By a Courant-sharp eigenvalue A\, (€2) here, we mean that there exists an associated
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eigenfunction uy : Q — R such that the set
O\{z € Q: up(z) =0} (3.2.10)

has precisely k connected components. It cannot have strictly more than k connected
components by Courant’s nodal domain theorem, see [LevPM23, §4], and hence the

term Courant-sharp.

3.2.2 A bound on the Neumann counting function

We now present a family of upper bounds on the Neumann eigenvalue counting
function for bounded convex domains. The proof is originally inspired by the proof
of Proposition A.1 in [GitLén20], where the authors give an upper bound on the
Neumann eigenvalue counting function for bounded C? convex domains. Moreover,
one should note that the idea of the proof is very classical and can be attributed

back to the proof of Weyl’s law in book of Courant and Hilbert [CouHil53].

Although our bound is more general than the bound in [GitLén20], our bound is

weaker and less general than others in the literature, see Remark 3.2.6.

Before stating our family of bounds, we make a notational remark that [z] means

the smallest integer greater than or equal to z € R.

Proposition 3.2.3. For anyn € N, Q € A% and a > 0,

V(Q
M) < g™ +ra(ia), (3211
n+
where:
. d—1
(2 a) = <* " 1/2> (2, + 3)d/2P(Q)ald- /2
(:un—i-l)

i s (3.2.12)
d i/ Kon (d—j)/2 d/2
2 (G (G W )

1= n

1,1 denotes the (n+1)-th Neumann eigenvalue of the d-dimensional unit cube; k,, :=

[W‘l(du;’;ﬂ)l/ﬂ ; and, the W;(Q) are the quermassintegrals as given in Theorem 2.2.5.
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Moreover, the remainder r,(S); o) is monotone with respect to inclusion of convex

domains, i.e. 7,(Qq; ) < r,(Qo; ) for all a > 0 whenever Oy C Q.

Proof. Fix § > 0 and n € N. For m € Z%, let Q5 := 9 (m + (0, 1)d). We first note
that

NY (672 < (3.2.13)

by the definition of the Neumann eigenvalue counting function and the scaling

property of Neumann eigenvalues under homothety:.

Setting
I(S = {m € Zd : Qm,é N Q= Qm,d}a (3214)

we immediately see that
#T5 < 57V (Q) (3.2.15)
as for any m € Zs; we must have @),, s C 2. We then define Qf; = Unmez; @m.s-

Taking k, € N as in the statement of the proposition, let
Ts = {m € Z": Qusjun NV # D, Quugjmy N = S} (3.2.16)

and set

8/ = 2N ( U Qm,a/ﬁn) : (3.2.17)

meJs

As K, € N, we have (§/k,)Z D 0Z and so by construction Q5N €Q¢, = @ and

Q% U Q5,,., = 2 up to a set of measure zero.

We now argue that for any m € Js, one necessarily has that @, s/., is a subset of

the region

OV, = {x € Q:d(z,00) < (2+41/k,)0d*}U{z € R\Q : d(z,00) < 26d"/?/k,},
(3.2.18)

this will allow us to bound the cardinality of Js5. We argue this by contradiction.

Firstly, suppose that

Qms/m, Nz € Q1 d(2,00) > (2+ 1/k,)0d"*} # 2. (3.2.19)
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Then we must have that d(md/k,, Q) > 20d"/?. Letting m* € Z¢ be the unique
integer lattice point so that Q<5 D Qm.s/x,. One then can observe that |md/k, —
m*§|ly < 0d'/? and so necessarily d(m*d,0€) > d'/25. However, this implies that

m* € Zs which in turn implies that m ¢ Js5 and we arrive at a contradiction.

Secondly, suppose that
Qms/m, N {z € RN\Q : d(z,09) > 20d"? [k, } # @. (3.2.20)

Then one has that d(md/k,, ) > §d*/?/k,, but again this contradicts m € Js as

otherwise one would have @, 5/x, N = @.
Thus, we indeed must have @, 5/x, C 085, Whenever m € Js.

Using the Minkowski-Steiner formula, see Theorem 2.2.5, to estimate the volume of
{z e R\Q : d(z,00) < 26d"/?/k,,} (3.2.21)

and the erosion formula, see Theorem 2.2.6, to estimate the volume of
{z € Q:d(z,00) < (24 1/k,)6dY?}, (3.2.22)

we obtain that

V(0Q%.,,) < (24 3/k,)d?P(Q)5 + Z ( ) (4d)7* (k) TW;(Q)07

(3.2.23)
+ (4d)Y2wy(ky) 464,
We can then immediately obtain a bound on the cardinality of Jj:
#Ts < (hn) 0~V (0 1,)
< ()" (2, + 3)d" P P(Q)6 (3.2.24)

+ Z ( ) 4d J/2 )d_jo(Q)5_d+j + (4d)d/2wd

Observing that QN Q,, 5/x, is convex, by our choice of x,, and the Payne-Weinberger
inequality, see Theorem 2.1.2,

7T2< )2

MQ(QQO,é/nn) > d52

> 6720k (3.2.25)
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for any m € J5. And so N 5o (6 2uk.q) = 1 for any m € J;. By the variational

characterisation of Neumann eigenvalues, see (2.1.15), it is straightforward to verify

that

(% U QG ) < () (3.2.26)
for all £ € N, which implies

ars, (0) = N (0) (3.2.27)

for all & > 0. So, it suffice to bound the Neumann eigenvalue counting function of

QU Qg . Taking § = o Y2(uz.1)Y? and using the bounds on #Zs and #J;, we

have
évguno %N@ 5 +n§75 Qs €
<G (<M;51/2)d‘1 R
" Z < > (aay” (W)d_j Wi(Q)al =92 4 (4d) %y
B <ZV(§2)/ o 4 (@ 0)

(3.2.28)

The monotonicity of perimeter and the quermassintegrals W;(€2) with respect to
inclusion of bounded convex domains gives the monotonicity of the remainder r,,(€2; «)

with respect to inclusion of bounded convex domains, which completes the proof. [

Remark 3.2.4 (A remark a la Pdlya). As an observation, from the bound in

Proposition 3.2.3 we see that

n Wy

> (3.2.29)
(k) — (2m)
by Weyl’s law. Rearranging this gives
n A\ 2/d
iy < An? < ) . (3.2.30)
Wd

This is precisely Polya’s conjectured bound for the unit cube, see Section 2.1.3. One
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can of course modify the proof of Proposition 3.2.3 to prove Pdélya’s bound for any
convex tiling domain of unit volume, which is already known in the more general

case of tiling domains from [Kel66].

On may remove the dependence on the parameter n € N in Proposition 3.2.3 as

follows:

Corollary 3.2.5. For any convex domain 2 € A?

de(Q)

NS])V(O'/) S (27T)d

a®? £ 1r(Q; ), (3.2.31)

where r(§2; o) is monotone with respect to inclusion of bounded conver domains and

(2 a) = O(a2d-1/1),

Proof. To obtain this bound we let the free parameter n € N in the statement
of Proposition 3.2.3 vary with a. By considering upper bounds on the Neumann

eigenvalue counting function of the d-dimensional unit cube, one can observe that

_n
<M2+1)d/2

Moreover, from the definition of x,, in the statement of Proposition 3.2.3 we have

< (21)Ywy + O(n=1%). (3.2.32)

that
K d—1
<W> (26, + 3) = O(n'/%). (3.2.33)
So, taking
n(a) ~ V(Q)Y2P(Q)~42a4/* (3.2.34)

one gets the desired result as one can impart uniform control on x,, in terms of the

geometry of €2 via

2d'2V (Q)1/?

~ 1/4 1/(2d)  1/4
) ~ apE® < CaV (@) e (3.2.35)

as a — 400, where Cy > 0 is a constant depending only on only on the dimension d.
Here we have used the isoperimetric inequality to get the bound on the right-hand
side of (3.2.35). This choice of asymptotic behaviour for n(«) is natural as n(a) is

dimensionless and o~ /2 scales like a length. O
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Remark 3.2.6. Our bound in Corollary 3.2.5 is certainly not state of the art in
comparison to others in the literature. For example, in [NetSaf05, Thm. 1.3] the

authors obtain the bound

OJdV(Q)
(2m)

and for much more general domains than just convex ones. However, our bound

N () < a®? + 0(a!V?]og a) (3.2.36)

is easier to work with and the monotonicity of the remainder is very advantageous
for the proofs in Section 3.2.4. This is why we prefer to work with our own bound

rather than others in the literature.

3.2.3 Existence in dimension two

We now briefly present the work in [BogHM24] regarding the existence of minimisers

in dimension two in Theorems 3.1.1 and 3.1.3.

Understanding the existence of such minimisers relies on understanding the behaviour
of Neumann eigenvalues of bounded two-dimensional convex domains as they collapse
to a line segment. For Dirichlet eigenvalues this is essentially trivial as one can bound
the first Dirichlet eigenvalue from below by 47p(2)~2, see [Her60]. In the case of
Neumann eigenvalues, it is much more subtle. For a given 2 € A2, let I denote its
projection onto R in the first coordinate, i.e. I = V() where V(z,y) = z. As Q is

convex, I C R is simply a bounded open interval.

We define hd, hq : Io — R so that
Q={(r,y): 2 € Io, b (v) <y <h'(2)}, (3.2.37)

and set

ho(z) = h&(z) — hg(z). (3.2.38)

We call hqg the height profile of €2 and we can make the quick observation that A
is non-negative, continuous, concave and bounded. From here onwards, we will fix

Io = (0,1) for any .



3.2. Proof of main results and other applications 53

Bogosel, Henrot and Michetti in [BogHM24| introduce the function space
U={he L) :0<h<1,hconcave and continuous}. (3.2.39)

For any h € U, they define the Sturm-Liouville eigenvalues 0 < py(h) < ps(h) <

ps(h) < --- of the system

- (h@)jZ(x)) = h(@)u(h)u(e), = € In

1 1 (3.2.40)
u u
R(0) 3 (0) = A1) (1) = 0.
These eigenvalues admit the variational characterisation
AHE
pr(h) = inf  sup fojde] (3.2.41)

VCH'(Ig) uEV
dim(V)=k u#0 |u| h
VLLQI‘L

where the infimum is taken over all k-dimensional subspaces of H!(Ig) that are L?

orthogonal to h.

In Lemma 2.3 of [BogHM24]|, they show that
inf{yu(h) : h €U} = 7°k? (3.2.42)

for all £ > 1 and this infimum is attained by A = 1 in each case. Moreover, they

prove the following results.

Proposition 3.2.7 ([BogHM24, Lemma 2.2]). Let (h)eso be a sequence in U con-
verging in L*((0,1)) to some h € U as € | 0. For any decomposition h. = hT — h_

into a sum of two nonnegative bounded concave functions we set
Qan, :={(z,y): 0 <z <1, —eh_ (x) <y < eh)(x)}. (3.2.43)
Irrespective of this choice of decomposition we have

limui)nf Pt (Qeny) > px(h). (3.2.44)

This proposition shows that the u(h) asymptotically bounds pug41(€2,) from below
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for any sequence of two dimensional convex domains (€2,),>1 with Io, = (0,1) in

A? collapsing to I, as n — +00.

Combining the above proposition with (3.2.42), one has the existence of minimisers
to

inf{x(Q) : Q € A%, D(Q) =1} (3.2.45)
if there exists a domain ' € A% with D(€) = 1 such that p(Q) < 7%(k — 1)%
By explicitly choosing a domain, one may show that this is true for all £ > 3,
see Theorem 2.4 in [BogHM24]. This is indeed the best one can do as the Payne-

Weinberger shows a minimiser cannot exist for us in this case.

Similarly to the diameter case, one may show that
inf{x(Q) : Q € A% P(Q) =1} (3.2.46)
admits a minimiser for all £ > 3, see Theorem 2.5 in [BogHM24].

In two dimensions, in the case of the interior problem, see Theorem 3.1.7, using
different ideas one can show that minimisers exist if and and only if there exists a
subdomain Q C €', such that

2 (k —1)?

He(Q) < e (3.2.47)

see Theorem 2.4 in [CavFHLLS23].

3.2.4 Proof of main results

The proofs of Theorems 3.1.1, 3.1.3, 3.1.6 and 3.1.7 mainly follow from the following
proposition, regarding asymptotic lower bounds for Neumann eigenvalues, in com-
bination with Corollary 3.2.5. The proposition itself can be proven using Proposition

3.2.3 or Corollary 3.2.5. We choose to use Proposition 3.2.3 as a stylistic choice.

Proposition 3.2.8. For any A > 0 and any f : N — (0, +00) such that ¢ < f(k) <
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EYAd=1) for some ¢ > 0,

lim inf k=2/¢ [inf{uk(Q) Qe AT V(Q) < A D) < f(k;)}} > A

Proof. Let k,n € N and € > 0 be fixed, and let Q € A¢ with V(Q) < A and
D(Q) < f(k). It is straightforward to see that any such Q can necessarily be
contained in a ball of diameter 2f (k). Thus, from the bound in Proposition 3.2.3,

using the monotonicity of the remainder we see that

nV(Q)
(i) 7

where By, is the ball of diameter 2f(k). Since our choice of {) was arbitrary and

E<NY (un(Q) +¢) < (11 (Q) + Y2 + 170 (Br; () +€),  (3.2.49)

V() < A, we have

nA /2 -1 )
where
my, = inf{u,(Q) : Q € A% V(Q) < A, D(Q) < f(k)}. (3.2.51)

Setting i, = k~2/%(my, + €), writing out the right-hand side of (3.2.50),

nA _ \(d-
1€ S )+ k™ P (B )
n+1

d—1
+ > Can Wy (Bi)k ™94 (mg) 2 4 Cyb™ (3.2.52)
=2

=: D k(T ),

for some constants Cy, Cq ., Capn; > 0 whose dependence is denoted in the subscript.

By the scaling properties of perimeter and quermassintegrals,
k=Y4P(By), k7/YW,(By) — 0 (3.2.53)

as k — +o0o. Hence, for any 0 < 6 < 1 there exists ks € N such that for all k > ks

nA d i
1 < ppi(my) < W(mk)d/g + 5Z<mk)(d N2 = Qn.s(TMK). (3.2.54)
n+1 j=1

Letting 7, be the unique positive solution to g, s(z) = 1, one can immediately see
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that iy, > 7, for any k > ks as ¢, : (0, 4+00) — R is strictly monotone increasing

for each n € N and 9 > 0. Since 6 > 0 was arbitrary

o)\
it s = (0] < i 02
and so
. —2/d Pt 1
légﬁ&fk my > g2 (3.2.56)
Taking the limit as n — +oo gives the result by Weyl’s law. O]

Remark 3.2.9. The condition f(k) = o(k*/44=1)) is sharp in the statement of the

proposition. For a proof of this, see Proposition 3.2.14.

One can also prove the following result completely analogously to that of Proposition

3.2.8.

Proposition 3.2.10. For any A > 0 and any f : N — (0,+00) such that ¢ <

f(k) < kY2 for some ¢ > 0,

lim inf &~ [inf{uk(ﬂ) Qe A2 V(Q) < A PQ) < f(k)}} > 4rA~l (3.2.57)

k——+o0

We are now ready to give proofs of the results in Section 3.1.2.

Proof of Theorem 3.1.1. Existence of minimisers for all £ > 3 comes directly from
Theorem 2.5 in [BogHM24]|, as discussed Section 3.2.3. So, it suffices to prove the

asymptotic behaviour of any sequence (§25)xg>3 of minimisers as k — +o0.

Let B be the two-dimensional ball of unit perimeter. From Weyl’s law we know that

B) ~ 2.
and, from Proposition 3.2.10, for any 0 < e < V(B) and 0 < § < 1
inf {pe() : Q€ A2, V(Q) < V(B)—¢, P(Q) =1} > (1 - 5)i (3.2.59)
(V(B) —€)

for k sufficiently large. Combining (3.2.58) and (3.2.59), we see that for any 0 < € <
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V(B), for k sufficiently large
pn(B) < inf {1 () : Q € A%, V(Q) <V(B) —¢, P(Q) =1} (3.2.60)

Hence, one must have that V(€5) > V(B) — € for k sufficiently large. Since 0 <
e < V(B) was arbitrary, we see that V(Q;) — V(B) as k — 4o00. Bonnesen’s

quantitative isoperimetric inequality, see [Bon24; Kri27], asserts that
T (R(Q) — p(2))* < P(Q)* — 47V (Q) = 47(V(B) — V(Q)). (3.2.61)

for any Q € A% with P(Q) = 1. This quantitative isoperimetric inequality allows

one to deduce a bound on the ~-Hausdorff distance between {2; and B by
du ([, [B]) < R() — p(2) (3.2.62)

as we necessarily have

Bp(ap)(0) € B C Bray)(0) (3.2.63)

by the monotonicity of perimeter with respect to bounded convex domains. From,
(3.2.61) and (3.2.62), and knowing that V' (Q}) — V(B) as k — +00, we immediately
deduce that (€2} )g>1 must ~-Hausdorff converge towards the ball of unit perimeter

as k — +oo.

We now move on to estimate the rate of this ~-Hausdorff convergence. From the
bound in Corollary 3.2.5 and validity of Pélya’s conjecture for Neumann eigenvalues

of two-dimensional balls, see Section 2.1.3,

V(B)
4

V(%)

N (1(21)) —Ns])\%(ﬁbk(%)) > =

1k (2) —

pu(S2) — (s e (23))-
(3.2.64)
As this remainder is monotone with respect to inclusion of bounded convex domains
and € ~-Hausdorfl converges to B as k — 400, we may pick a function s :
[0, +00) = [0, +00) with 7(Q}; a) < s(a) for all k£ € N and a > 0 that satisfies the

asymptotic estimate s(a) = O(a**). Hence,

[V(B) = V(%)]
47

NE (1(€4)) = No: (e (25)) > () — s(u($2)) - (3.2.65)
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By the optimality of the QF, we must not have that N3 (1x(€2%)) —./\/'é\i(uk(ﬁ,”;)) >0

for any k£ € N. Thus, we may obtain

V(B) 2 VIR > V(B) — o - s(u(@) = VB) = O(")  (3:266)
as we know
L () ~ ‘j‘g). (3.2.67)

Hence, combining equations (3.2.61), (3.2.62) and (3.2.66), dx ([%], [B]) = O(k~/®)

which completes the proof. O

Proof of Theorem 3.1.3. In dimension two, the proof of existence of minimisers for
all £ > 3 and not for & = 2 follows from Theorem 2.4 in [BogHM24|, as discussed
in the Section 3.2.3. In higher dimensions, we cannot use the same trick as in
two-dimensions as collapsing sequences of convex domains of unit diameter do not
necessarily collapse to a line segment. Instead we show that minimisers must even-

tually exist from the asymptotic result in Proposition 3.2.8.
Let B be the d-dimensional ball of unit diameter. Weyl’s law tells us that

47

Wﬁ/d (3.2.68)

ik (B) ~

and from Proposition 3.2.8 we see that for any 0 < ¢ < V and 0 < § < 1, for &

sufficiently large

472

inf {ie() : Q € A, V(Q) < V(B) —¢, D(Q) <1} > (1 -0) U 6))2/dl<:2/d
(3.2.69)
Thus, for any 0 < € <V, for k sufficiently large
pk(B) < inf {(Q) : @ € A, V(Q) < V(B) —¢, D(Q) <1} 520)
<inf {ip(Q) : Q € A% V(Q) <V(B) —¢, D(Q) =1}
Hence,
inf {ux(Q2) : Q € A%, D(Q) =1} o)

= inf {u(Q) : Q € A%, V(Q) > V(B) —¢, D(Q) =1}
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By our version of Blaschke’s selection theorem and the continuity of Neumann
eigenvalues under Hausdorff convergence of domains, a minimiser must necessarily

exist for k sufficiently large.

As 0 < e < V(B) was arbitrary in (3.2.70), it is clear that one necessarily has for any
sequence (§2;)g>1 of minimisers, V() — V(B) as k — +o00. Using the quantitative

isodiametric inequality [MagPP14, Thm. 2],
du (%), [B]) = O (V(B) = V(@)""). (3.2.72)

Thus, we immediately have that (€2})g>1 must ~-Hausdorff converge to B as k —

+00.

As before, we may estimate the rate of this ~-Hausdorff convergence. From the
bound in Corollary 3.2.5, we see that

de(Qz)

@n)i (o (20)) ™2 = (5 1 (25))

(3.2.73)

N (1(2)) = Ny (1e(25)) = NG (i (7)) —

As the remainder r is monotone with respect to inclusion of bounded convex domains
and the Neumann eigenvalue counting function of the ball satisfies the two-term

Weyl asymptotic formula, we may obtain

wa(V(B) = V(%))
(2m)

NE (i () —Na: (1 () > (o (20)) 245 (ui(27)) » (3.2.74)

for some function s : [0, +00) — [0, +00) satisfying the asymptotic estimate s(a) =

1) (a(2d71)/4).

We must not have that N3 (1x(25)) — ./\/}]2\1% (1 (€2)) > 0 by the optimality of the 2.
Thus,
V(B) = V() = O (uu(2)*) = O (k~/2D) | (3.2.75)

as we know that

() ~ 4x? <omf(19)>2/d‘ (3.2.76)
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Combining equations (3.2.72) and (3.2.75), we obtain
dy ([Q], [B]) = O(k~/5) (3.2.77)

as desired. n

Proof of Theorem 3.1.6. As the assumptions on the function f : N — (0,4+00) in
Theorem 3.1.6 are the same as those in Proposition 3.2.8, following the same lines of
argument of the proof of Theorem 3.1.3, one can prove the existence part of Theorem
3.1.6 analogously. Moreover, one may show that any sequence of minimisers (7 )x>1
must necessarily have V(Q;) — V(B), where B is the ball of unit perimeter, as
k — +o0 in the same way as in the proof of Theorem 3.1.3. Hence, (€2});>1 must

~-Hausdorff converge to B as k — 400 by the isoperimetric inequality.

Our estimate on the asymptotic convergence rate clearly depends on d and our
choice of f if we try to use the bounds from Corollary 3.2.5. However, we know
limsup,,_,, o D(€;) < 400 from Proposition 2.2.3. So then we can just resort to the
same methods as in the diameter case to determine the asymptotic rate alongside

using the quantitative isoperimetric inequality result due to Fuglede in [Fug89]. O

Proof of Theorem 3.1.7. A simple application of Proposition 3.2.8 shows that for

any € > (

lim inf l{;_g/d[inf {,uk(Q) QCcQ, Qe A V(Q) < V() - e”
k—+o00

42 (3.2.78)

= V() — )

In the same way as in the proof of Theorem 3.1.3, one can show by comparing
(3.2.78) with Weyl’s law for p(€2'), that minimisers must exist for k& sufficiently
large. Moreover, Weyl’s law for ;(€') and (3.2.78) also imply that for any sequence
of minimisers (€})g>1 we have that V(Q}) — V() as k — +oo, as € > 0 was
arbitrary. Hence, using Lemma 2.2.11, one immediately deduces that (£2})g>; must

Hausdorff converge to ' as k — +o0.
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Completely analogously to the proof of Theorem 3.1.3, one may deduce that
V() = V(Q) = Ok /) (3.2.79)
and from Lemma 2.2.11 one may deduce that
d"(Q;, Q) = Ok~ /) (3.2.80)

as desired. O

3.2.5 Geometric stability of Weyl’s law

In the spirit of Theorem 3.1.6, one sees that if one has a sequence of domains (Q)g>1

in A? with V(Qz) = A > 0 and D(€;,) < kY@= then

2/d
1 (Q) > 4r? <kA> + o(k*?). (3.2.81)

Wq
The question then becomes can we replace the inequality with an equality in this
case? This is in fact true for Dirichlet and Neumann eigenvalues as we now show.
First we prove an elementary lower bound on the Dirichlet eigenvalue counting

function of a bounded convex domain.

Lemma 3.2.11. For anyn € N,Q € A? and o > 0,

D nV (§2) d/2 Qndl/Qp(Q> d—1)/2
7(0) 2 (ape” ~ payar @

n

(3.2.82)
where X! is the n-th Dirichlet eigenvalue d-dimensional of the unit cube.

Proof. Let € > 0. For m € Z% and § > 0, define Q,,5 and Zs as in the proof of
Proposition 3.2.3. It is clear that for a given m € Z% if Q,,s N {z € Q : d(x,00) >

20d'/?} # () then m € ;. Hence, we obtain that
HT5 > 67z € Q:d(z,00) > 26dV*}| > 67V (Q) — 24267 P(Q).  (3.2.83)

By the variational characterisation of Dirichlet eigenvalues, it suffices to bound the

Dirichlet eigenvalue counting function of U,,ez, @m,s from below. Hence, taking
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§ = = 2(Ar +€)Y/2, noting that NF (672(\: +€)) > n, and using the estimate on
#Ts from (3.2.83)

nV () dj2 2nd'*P(Q) (d-1)/2

D nV () 2nd'PP(Q))

N ; NQm & ) ()\* _'_ E) CY ()\* + €>(d_1)/205 (3284)
meLs n

Taking € | 0 completes the proof. O

Proposition 3.2.12. For any A > 0 and f : N — (0, 400) with ¢ < f(k) < kY9,

we have that

2
limsup k= sup {\(Q) : Q € A%, V(Q) > 4, P(Q) < f(k)} < am

im suy > < (gAY (3.2.85)

provided that the set is non-empty for k sufficiently large.

Proof. For an arbitrary Q € A? with V(Q) > A and P(Q) < f(k), observe that

1/2
b2 N O() 2 S (e - 2D (g
()\*)d/2 (\;)(@-1)/2 (3.2.86)
nA d 2nd'? f (k) d— B
2 Gy Y~ o W
using the bound from Lemma 3.2.11. Setting
My = sup {\e(Q) : Q € A%, V(Q) > A, P(Q) < f(k)}, (3.2.87)
we have that
nA d 2nd'/? f (k) (d—
b= (/\Z)d/z)‘km) - (Ay) - Doy nz M) =D (3.2.88)

by the definition of M. Now, by taking the supremum over the right-hand side of
(3.2.88) and dividing through by £,

1

v

nA ( Mk>d/2 2nd"/2 f (k) (Mk><“’/2 (3.2.89)

()\:L)d/2 k2/d o kl/d()\*> (d-1)/2 \ |2/d
Since f(k) < k¥4, we see that k~1/f(k) is a bounded sequence and so taking n = 1,

we have that there exist constants C, Cy > 0 such that

M, N2 M, \ (D)2
c (W) _ G (W> _1<o0. (3.2.90)
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From which it immediately follows that there exists a constant C' > 0 such that
M, < CE*/4, (3.2.91)

Now in view of equation (3.2.89), we have

TLA Mk d/2 2nd1/2f(k) (d*l)/?
1> <W> ~ o anEC (3.2.92)
Taking the limsup as k — 400 and rearranging yields that
lim sup k=M, < A (3.2.93)
P kS el gz =
Since n € N was arbitrary,
lim sup k~4M,, < 4n?(wqA)~ 4 (3.2.94)
k——+o0
using Weyl’s law, which completes the proof. O

We now give a formal statement of our intuition earlier.

Theorem 3.2.13. Let ()11 € A? be a sequence of bounded domains of volume

V() = A > 0 satisfying D(Q,) < (KY44=1) then

k 2/d

Proof. Noting that the condition D(Q;) < kY@@=1) as k — 400 implies that
P(Q) < kY4 as k — 400 and that by classical variational arguments j,(;) <
Ak (€2%), combining a simple application of Propositions 3.2.8 and 3.2.12 gives the

result. O

The condition on the growth of the diameter of the sequence of domains in Theorem

3.2.13 is in fact sharp as we now show.

Proposition 3.2.14. For all € > 0 there exists a sequence (Qg)r>1 in A? with

V(Q) =1 and D(,) = kU= such that (3.2.95) fails to hold.
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Proof. Tt suffices to construct a sequence of domains (€2,)q~0 with V(€,) = 1 and
D(,) = ea/?@=1 guch that

. NG (@) Wq on ()
PP Tad < (e < AR o

(3.2.96)

2/d

for any given € > 0. Indeed, if we let ay = 472(k/wy)*? we obtain that

NE (472 (K [wq)??) N (42 (K Jwq)??)
lim sup —* <1 < liminf —=
k—+o00 k k=400 k

(3.2.97)

which contradicts (3.2.95).

Our candidate for such a sequence is the sequence of cuboids given by
Qo = (0, ea?@71) ... % (0, e /24D) x (0, a1/, (3.2.98)

for which D(Q,) = d'/?ea?/ (@1,

The Dirichlet eigenvalue counting function of €2, evaluated at « is explicitly given
by

w2

Si( ):#{ Zd 17] eN: Zm—{—’ﬂj]QEQ(d 1)a<a}. (3299)

We may rewrite this as

"( d 1) 1‘| 1 de1

Q%( ) = Z #{ila---aid—l EN;ﬂ'QZZ’z<ad/(d—1)€2<1 7T2j2€2(d 1))}.
3=1 k=1

(3.2.100)

=1 = (rM)~! for some M € N, this rearranges to

M-1 ,et o/ (d=1) 2
= . #{zl,...,zdleN:w ;;Zk<(77]\4)2/(d_1)<1_]\/[2>}'

7j=1
(3.2.101)

Taking €

The summands are simply the Dirichlet eigenvalue counting function of the (d — 1)-

dimensional unit cube evaluated at (A%é% (1 MQ) and so they satisfy the Pélya



3.2. Proof of main results and other applications 65

bound, see Section 2.1.3,

‘ . 2d—l o Odd/(d_l) j2
# Zl,...,ld_leN:'ﬂ- Zlk<m 1_W

k=1
- - (d-1)/2
= d—1 2/(d—1) 2
(27) (M) M o
Wi_1 Oéd/2 j2 (d—1)/2
= —— . — |1 - = .
(2m)d=t M ( M2>

Hence, we know that

d/2 M—1 2\ (d=1)/2
D Wig—1 & J
< C— 1— = . 3.2.103
M@ < gt S X (1 3) G210
By a quick inspection,

1 M-1 j2 (d-1)/2 1 (d-1)/

Sy = — (1 — ) < [ da(1—2?)d b2 (3.2.104)
M Jz::l M? 0

as the sum strictly under approximates the integral. From equation 3.251.1 in

[GraRyz07], we have that

1 1 1 d+1
/0 do (1 - 2?02 = 2B (2, ;) , (3.2.105)
where B(x,y) is the beta function given by
B(z,y) = 11:((?‘1;‘(5)) (3.2.106)
Using that
wa L w)” (3.2.107)
Wa-1 r (g + 1)
and that I’ (%) = 71/2 we deduce
1 w
e (1- 2?)[@=D/2 = Til (3.2.108)
Thus, we know that
Nsi/(f ) ¢ Suvas - _wa (3.2.109)
« w(2m)d-1  (2m)d
and so
lim sup 2V0a(@) (3.2.110)

a—too  ad/? (2m)d
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for each M € N. Since M was arbitrary we have the result in the Dirichlet case.

The Neumann case can be done in the same way except we strictly over-estimate
the integral in (3.2.104) in this case. Indeed, using the same substitution as before,

one may obtain that

N M-1 ) d—1 ) ad/(d—1) 2
() = #{i1,---,id_1ENU{O}:7r i <<1_>}
! ]go ,;1 B (M)2/d-D) M?

_ . d—
wg1 a¥? Mzl (1 72 >( 1)/2

> R _ S
= @n)il M M?

(3.2.111)

using the Pélya bound on the Neumann counting function of the (d — 1)-dimensional

unit cube and the desired conclusion follows analogously. O]

3.3 Some results for mixed boundary conditions

Dirichlet and Neumann eigenvalues are lower and upper bounds respectively for
Robin eigenvalues with constant positive parameter and mixed Dirichlet-Neumann,
so-called Zaremba, eigenvalues. Due to this, we explore to what extent the results in
Section 3.1.2 carry over to these eigenvalues. This section is by no means a complete
analysis in this direction but rather some partial answers and indicators to some

potentially interesting future directions.

3.3.1 Robin eigenvalues

The analogous results to Theorems 3.1.1, 3.1.3, 3.1.6 and 3.1.7 hold for Robin
eigenvalues with parameter 5 € (0,400). The only difference is that we have the
existence of minimisers for all £ > 1. For the sake of exposition and brevity we omit
restatement of the results for Robin eigenvalues with positive parameter. However,

we briefly justify why we have existence of minimisers for all £ > 1.

As a remark, we restrict ourselves to the case § > 0 due to a limitation in our

methods, namely we simply use the bracketing relation A2 () > 1,(Q) and the
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results in the Neumann case to get the desired asymptotic result. In the negative
parameter case § € (—o00,0), we do not have the aforementioned bracketing relation

and we are unable to say anything for this case here.

Proposition 3.3.1. Let 5 € (0,400) be fized. Then:

e Forall k> 1, there exists a minimiser to

inf {A\/(Q): Q € A%, P(Q) =1}. (3.3.1)
e Forall k> 1, there exists a minimiser to

inf {A\/(Q): Q € A%, D(Q) =1}. (3.3.2)

Proof. We only prove the case of perimeter as the case of diameter can be done

totally analogously.

Fix k > 1, using Proposition 2.3 in [AntFK13], we see that
inf {A\J(Q) : Q € A%, V(Q) < €} 1 +o0 (3.3.3)
as € | 0. Hence, there exists ¢y > 0 such that

inf {\J(Q): Qe A P(Q) =1} =inf {N(Q): Q€ A%, P(Q) =1, V(Q) > e}
(3.3.4)
By Proposition 2.2.3 and our version of Blaschke’s selection theorem any sequence
attaining the infimum on the right-hand side of (3.3.4) has a ~-Hausdorff convergent
subsequence. Hence, using lower semi-continuity of Robin eigenvalues under ~-

Hausdorff convergence of bounded convex domains, see for example [Cit19, Prop.

3.1.], one obtains that a minimiser exists for all & > 1. O

Remark 3.3.2. One may notice that the existence is better in this case than the
Neumann case in terms of that we have minimisers under perimeter constraint in
dimension three and higher. However, using the methods presented in this thesis
we are unable to determine whether such minimisers should converge to the ball as

k — 400. We defer any further discussion until Chapter 5.
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3.3.2 Zaremba eigenvalues

A significant challenge presented by shape optimisation problems for Zaremba ei-
genvalues is having a canonical way of prescribing where to place the Dirichlet and
Neumann boundary conditions. To remedy this we consider a subset A%(M) of A%

with some given parameter M > 0.

Let o be the canonical projection R? — R which omits the final coordinate.
Throughout the rest of this chapter, p will denote this projection. Given 2 € A%,
its image under p, denoted p(2), is a convex domain in R4, For each 2’ € p(Q)

we can define two functions h*™, h™ : p(Q2) — R by
ht(z')=sup{y e R: (z,y) € Q}, h (2')=inf{yeR: (2',y) € Q}. (3.3.5)

We call h™ and h~ the upper and lower profiles of 2 and as functions they are concave
and convex respectively. These functions are well-defined as any line passing through
a bounded convex domain intersects the boundary precisely twice. Given M > 0,
we say that Q € A% is a convex M-Lip domain if AT and A~ are both M-Lipschitz
and agree on the boundary of p(2), denoted 9p(£2). We denote the collection of
all convex M-Lip domains in R? by A%(M). We define the upper boundary of Q
by I't :=T7(Q) := {(2/,hT(2')) : 2’ € p()} C 9N and define the lower boundary
'~ :=T7(Q) analogously.

We then define the Zaremba eigenvalues for € A%(M) by the eigenvalues associated
with the Laplacian acting on L?*(2) with Dirichlet boundary conditions on I'~ and

Neumann boundary conditions on I'", see Section 2.1. From here forward, we denote

these eigenvalues by

0<G() <) <GEO)<---, (3.3.6)

and they have the variational characterisation

[ 1vuf
Q)= inf . 3.3.7
() = wffr, ilés /’u|2 (3.3.7)

dim (S
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Now we have defined A%(M) and the associated Zaremba eigenvalues for domains

in A4(M), we are ready to state our main results in this extended example.

Theorem 3.3.3. Fizd > 2 and M > 0. For all k > 1 there exists a minimiser §2},
to the problem
inf{¢1(Q) : Q € AY M), P(Q) =1}. (3.3.8)

Moreover, any sequence (2;)k>1 of minimisers satisfies
V() — sup{V(Q) : Q € AYM), P(Q) =1} (3.3.9)

as k — 400 and has a subsequence (Q;;j )j=1 which ~-Hausdorff converges to a domain

attaining the supremum in (3.3.9) as j — +oo, i.e. it ~-Hausdorff converges to a

solution of the isoperimetric problem over AY(M) as j — +o00.

Remark 3.3.4. Our main problem is knowing that the solution to the isoperimetric
problem over A%(M) is unique. We give a discussion about what we know about

solutions to the isoperimetric problem over A%(M) later in this section.

In the same way as one proves Theorem 3.3.3, one can also deduce the analogous

result in the case of diameter constraint.

Theorem 3.3.5. Fiz d > 2 and M > 0. For all k > 1 there exists a minimiser §2j,
to the problem
inf{¢(Q) : Q € AYM), D(Q) = 1}. (3.3.10)

Moreover, any sequence (S2})>1 of minimisers satisfies
V(QF) — sup{V(Q) : Q € AYM), D(Q) = 1} (3.3.11)

as k — 400 and has a subsequence (sz )j>1 which ~-Hausdorff converges to a domain
attaining the supremum in (3.3.11) as j — +oo, i.e. it ~-Hausdorff converges to a

solution of the isodiametric problem over A*(M) as j — +00.

Remark 3.3.6. Again, we do not know if the solution to the isodiametric problem

over A%(M) is unique.
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Figure 3.1: An example of symmetric Zaremba boundary condi-
tions on a kite about its axis of symmetry, with Dirch-
let boundary conditions denoted in blue and Neumann
boundary conditions denoted in red.

To make our results clearer, let us illuminate Theorem 3.3.3 through an example in

two dimensions.

Example 3.3.7. Fix 0 < § < Let Q C R? be a kite of unit perimeter, let ¢ be

T
the line of symmetry of {2 and assume that the angles that ¢ passes through are less
than or equal to m — 20, see Figure 3.1 for an example of this. The collection of
such kites is closed in the Hausdorff metric. Partition the boundary of the kite into
two disjoint relatively open components I'" and I'™ which lie on either side of ¢ and,
up to a set of measure zero, cover J€2. Then one can define the Zaremba Laplacian
for kites in the way described earlier in Section 2.1. Then, arguing as in the proof
of Theorem 3.3.3, this gives that for £ > 1 there exists a minimiser €2 of the k-th
Zaremba eigenvalue among such kites with unit perimeter, and the isoperimetric

problem for kites implies that any sequence of such optimisers must ~-Hausdorff

converge to the square of unit perimeter as k — 4o00.

As a corollary, one can carry out the same for rhombii where ¢ is the line of symmetry
passing through the smallest opposite pair of interior angles. Then under perimeter
constraint, again one has existence of optimisers for £ > 1 and that the optimisers

necessarily ~-Hausdorff converge to the square of unit perimeter as k — +oo.

As we shall soon argue, for any k£ > 1 and d > 3,

inf{(k(Q) Qe |J AYM), P(Q) = 1} ~0 (3.3.12)

M>0
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and so without a uniform M-Lipschitz constraint the conclusion of Theorem 3.3.3

fails to hold. Moreover, for any k£ > 1 and d > 3,
inf { () : @ € AY(M), P(Q) =1} =0 (3.3.13)

for all £ > 1 and so the Zaremba eigenvalues behave fundamentally differently to

Neumann eigenvalues over the collection A%(M).

We now briefly illustrate (3.3.12) and (3.3.13) as an example when d = 3, the higher

dimensional cases can be done similarly.

Example 3.3.8. Let 0 < ¢ < 1 and set R, = (0,¢) x (0,¢€). Define fp;: R — R by
fure(z,y) = min{ Md((z,y),0R.),e '} and let

Qe i ={(z,y,2) : (x,y) € Re, 0 < 2 < fare(z,9)}, (3.3.14)

which lies in A3(M). Let uj(z,y,2) = sin(w(j + 1/2)ez) for 1 < j < k and let
Sy = span{uy, ..., ux}. Note that the collection {uy, ..., us} is a linearly independent
set and so S can be used as a test space in the variational characterisation of the
k-th Zaremba eigenvalue for €15, .. Then we see that

2 2
/QM,e ‘VU‘ /R3 |Vu| ]lQIW,e

Gk(Qre) £ sup = ——n = sup 5 :
0#u€eSk / |U| 0#u€eSy / |U| ]]‘Q]V[
Qar,e R3 *

(3.3.15)

By the dominated convergence theorem

2 VU 2
/R3 |Vu| ]lQIVI,e /RGX((]’El) | ‘

—  sup =2 (k + 1/2)%¢ (3.3.16)
0£u€ S} / ]u|2 1q,, 0£u€ S} / |u|2
R3 “ Rex(0,e—1)

as M — +o0o. Moreover, P(Qpr.) — 4+ 2e* as M — +o00. Since 0 < € < 1 was
arbitrary, by the properties of Zaremba eigenvalues under homothety, i.e. (j.(s2) =
s72(,(Q2) for any s > 0, we see that (3.3.12) indeed holds for any k& > 1 when d = 3.

Note that A%(M) is closed under homothety here.

Now set S, := (0,e ') x (0,¢) and set gare : Se — (0,4+00) by gue(z,y) =
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Md((x,y),0S,) and define the domain €2, by

Qc:={(2,9,2) : (2,y) € Se; —gnre(w,y) < 2 < gue(2, )} (3.3.17)

We have that Q. € A3(M) and that P(Q.) = 2v/1+ M2 for all 0 < € < 1. Letting
u;j(z,y, z) = cos(mjex) for 1 < j < k, one sees that the collection {uy,...,us} is a
linearly independent set. Denoting Sy = span{uy,...,ux}, we can use Sy as a test

space in the variational characterisation of the k-th Neumann eigenvalue for €2..

Doing this, where we L?-normalise functions in S; by assumption to remove the

denominator, we obtain

pr(€e) < sup / |Vul?
u=aquy+- +akwc€Sk
lull 22

g, (%)
= sup / dx/ dy/
u=o1ul+-+opur €Sy g, e(T,y)

||u||L2(Q€):1

2

dz |V ojuj(z,y, 2)
J

2
-1

€
< Mé? sup / dz
u=aiui+-+apu€SE 40
||u||L2(Q€):1

V> ajcos(mjex)
J

= Mr?k*e*.
(3.3.18)
Since 0 < € < 1 was arbitrary, by the scaling properties of Neumann eigenvalues
under homothety, i.e. px(s) = s 2ux(Q2) for any s > 0, we see that (3.3.13) indeed

holds for any k£ > 1 when d = 3. Again, note that A%(M) is closed under homothety

here.

We now turn our attention to proving Theorems 3.3.3 and 3.3.5.

We begin the section by showing A%(M) is closed in the Hausdorff topology provided
that one does not have degeneracy of the volume in the limit. Then we use the
definition of A%(M) to prove the continuity of these Zaremba eigenvalues in the

Hausdorff topology and then prove a Li-Yau type lower bound for these eigenvalues.

Both the proofs of the continuity and the lower bound require the use of Sobolev

extension operators and the choice of definition of A%(M) will become more apparent
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throughout this section.

Properties of AY(M)

Lemma 3.3.9. If (Q,)>1 is a sequence in AY(M) that Hausdorff converges to ) € A%

as n — +oo, then Q € AY(M).

Proof. 1t suffices to prove the result in the case of sequences (£2,),>; for which

Q, C Q for each n € N, see Remark 2.2.14.

Let bt : p(2,) — R be the upper height function of €2,, and h™ the upper height func-
tion of Q. Now fix 2,y € p(2) and let € = 3 min{d(2’, 9p(2)), d(y’, 0p(2))}. Then
©(€2,,) Hausdorff converges to p(€2) as n — 400 so we have that B(z',¢€), B(y',€) C
©(92,) for n sufficiently large. Now also for n sufficiently large, d(92,09,) < € by
(2.2.35). As Q,, C €, there exist sequences (z/,, bt (x])), (y., bt (y),)) € O, conver-

ging to (', AT (")) (v, hT (y')) € OQ as n — +oo. In particular, these sequences can

be chosen so that

1, oy () = (@' B (@) 1 (s By (9)) = (0 R (@) 2 < @7 (092, 09). (3.3.19)

n»''n

Then
(@) = BT (y)] < BT (") = By (@) + [hey (27,) = hoy ()] + [hey () — BT (/)]
< 2d" (99, 09) + M||(z7,, 0) = (4, 0)l2.
(3.3.20)
Taking the limit as n — 400 we see that h™ is M-Lipschitz. Similarly one can show

that h~, the lower height function of €2, is M-Lipschitz. The fact that A and h™

agree on the boundary dp(€) is easy to argue by contradiction. O]

Lemma 3.3.10. If (Q,),>1 is a sequence in AY(M) Hausdorff converging to a
domain Q € AYM) as n — +oo, then T, = I'"(Q,) Hausdorff converges to

'~ :=T"(Q) as n - +oc.
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Proof. As in the proof of Lemma 3.3.9, we may assume that 2,, C Q for each n > 1.

For § > 0 define the compact subset
Ks ={(,y) € p(Q xR:h (') +d <y <ht(a')—d} C Q. (3.3.21)

Then for n sufficiently large, K5 C Q,. Fix (2/,h~(2")) € ' (), then let zj be the
closest point in p(Kj) to 2. Then clearly ||z’ — 2}||2 < d¥(Ks,Q) and so
() = hyy (25)] < W7 (2") = b7 (a5)| + [B7 (25) — hy, (25)]

(3.3.22)
< Md®(Ks,Q) + 0.

Since 0 > 0 was arbitrary we see that sup,cr— ) infyer-(q,)l|z — ylla = 0 as n —
+00. One can then deduce that sup,cr-(q,) infyer-@)llz — yll2 = 0 as n — +oo

similarly. O

Continuity of the

We now move on to prove the continuity of these Zaremba eigenvalues in the Haus-

dorff topology.

In [Chs75], Chenais proved the continuity of solutions to the Neumann problem for
domains satisfying a uniform cone condition with respect to the Hausdorff metric.
A crucial part of Chenais’ proof is to show that over such a collection of domains
there exists a uniform constant such that there exists a Sobolev extension operator
HY(Q) — H'(R?) whose norm is at most this constant. Then from the continuity of
the solutions to the Neumann problem, one can prove the continuity of Neumann

eigenvalues with respect to the Hausdorff metric, see [Hen06, §3].

The issue that arises in the Zaremba problem is that one wants to extend by zero on
the Dirichlet parts of the boundary and extend non-trivially along the Neumann parts
of the boundary. This is an inherently tricky situation as these are not naturally
compatible demands. Our definition of A%(M) allows us to define an extension
operator which for any Q € A%(M) extends any u € Hj . (€2) by zero below I'" and

‘into H' above I'". Moreover, we can uniformly bound such operators over A%(M).
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For a precise formulation of this see Corollary 3.3.12. Then using these extension
operators and similar arguments to Chenais, we prove the continuity of Zaremba

eigenvalues over the collection A%(M) with respect to the Hausdorff metric.

Lemma 3.3.11 ([FraLW23, Lemma 2.91)). There ezists a constant Cps > 0 depend-
ing only on M > 0 such that for any M-Lipschitz function f : R9™! — R, there

exists a Sobolev extension operator € : H'(Q;) — H'(R?), where
Qp :={(z,y) e R xR:y < f(z)}, (3.3.23)

with || E[u]|| 2@aa,) < V20ullry and [VE[U]ll2@ag,) < CullVul 2o,y for any
u € HY(Qy). Explicitly, we have that

Elu)(x,y) = ue o), y < 1) (3.3.24)

u(@', —y +2f(2), y> f(2').

A detailed analysis of this Sobolev extension operator is not necessary for our means,

the only important point for us here is the following immediate corollary.

Corollary 3.3.12. There exists a constant Cy; > 0 depending only on M > 0 such
that for any Q € AY(M) there exists an extension operator Eq : Hyp (Q) — Hg(Qx0),
where

Qoo ={(2",y) € p(Q) xR :y > h_(2')}, (3.3.25)

with || Ealu]||l2ea0y < V2||ullr2@) and ||[VEalu]||lzmag)y < Cullullrz@) for any
ue Hyp ().

Proof. Take any ¢ € C§%-(22) N C>(2). By a theorem of McShane in [McS34], we
can extend At : p(Q) — R to an M-Lipschitz function 2t : R4! — R. Defining

O~

+, as in (3.3.23), by extending by zero ¢ € Hl(QL), and by the definition of

£ in (3.3.24) it is clear that one must have £[¢] € Hj (). Define Eg[¢] in this
way. Then by the density of Cg%.— (2) N C™(Q) in Hj (), the result immediately

follows. L
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Lemma 3.3.13. Fiz k > 1. If (0,)n>1 is a sequence in AY(M) Hausdorff converging

to Q€ AYM) asn — +oo, then (x(2,) — () as n — +oo.

Proof. Since we know that €2, Hausdorff converges to {2 as n — 400, there exists

B, — 1 such that 5,9, C €2, up to a possible translation, for n sufficiently large.

From here onwards, we follow the ideas of the proof of Proposition IV.1 in [Chs75].
Fix f € L*(Q). By the Riesz-Fréchet representation theorem there exists a unique

Uy, € H&F,(ﬂnQn) such that

10,0 Vo+ [ La000= [ Taafo, forall ¢ € G- (3,0,) (33.26)

with [|un|lm1s.0.) = 1 fll226000) < 1 fll220)-

Then we see that we can extend each u, € Hj—(8,8,) via &,, as defined in

Corollary 3.3.12, to a function u,, € H&F, () with ||t,]| g ) < Cumll fll2@)-

By the Banach-Alaoglu theorem, up to a subsequence, u,, — v in H&F(Q) asn — 4oo.

We now show that u must be the unique solution to
/QVu Ve + /Q g = /Qf¢, for all ¢ € C5 (). (3.3.27)

Fix ¢ € C53-(€2). Then by Lemma 3.3.10, we see that the support of ¢ is at a
positive distance from I'~(§2,) for n sufficiently large, and so ¢|; o € Hjp-(5.82)

for n sufficiently large. Thus, for n sufficiently large
/Q]lﬂngnwn Ve + /Q g0, Gnd = /Q]lﬁngnfgb. (3.3.28)

Following the arguments in [Chs75, Prop IV.1], if we take the limit n — +o0,

/ V- Ve +/ g = / fo. (3.3.29)
Q 0 Q0
Since ¢ € Cg1-(€2) was arbitrary, u is indeed the solution to (3.3.27) as desired.

Moreover, @, — u in L*(Q) by the Rellich-Kondrachov compactness theorem since

U, — uin Hyp (€). Now following the proof of Theorem 2.3.2. in [Hen06], we see
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that (x(8,9,) — (). Then noting that (,(3,2,) = (8.) 2¢(2,) we obtain the

result. O

Proof of Theorems 3.3.3 and 3.3.5

With the continuity of Zaremba eigenvalues over A%(M) in hand, we now prove the

existence of minimisers using the extension operator from Corollary 3.3.12.

Lemma 3.3.14. For each k > 1 there exists a minimiser S to (3.3.8).

Proof. Let Q € A4(M) and suppose § = ||hT — h™ || (o). Then one sees that,
up to a possible translation, Q C p(2) x (0,9). We can extend the first Zaremba
eigenfunction of Q2 to the Sobolev space Hg oy, 10y (9(2) X (0,6)). Hence, from the

variational characterisation of the first Zaremba eigenvalue

Ci(p(Q) x (0,6)) < CuGi(Q), (3.3.30)

where ¢ (p(€2)x (0, 8)) is the first eigenvalue of the Zaremba Laplacian on () x (0, 6)

with Dirichlet boundary conditions on (€2) x {0}.

By separation of variables one can deduce that

- 2 2
Gp(2) % (0,0) = mlp() + 15 = 155 (3.3.31)
And so we see that
2
() > GO > g5z 1 Hoo (3:3.32)

as 0 | 0. Hence, we must have that ¢ is uniformly bounded from below and so the

inradii of the sets must be uniformly bounded from below.

Let (£2,),>1 be a minimising sequence for the infimum in (3.3.8). As the inradii
are uniformly bounded from below and the volume is bounded from above by the
isoperimetric inequality, Lemma 3.3.9 and Blaschke’s selection theorem assert that
(£2,)n>1 has a ~-Hausdorff convergent subsequence which we also denote by (£2,,)5>1

~-Hausdorff converging to some Q € A%(M). Since the Zaremba eigenvalues are
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continuous with respect to the Hausdorff distance, see Lemma 3.3.13, and thus the

~-Hausdorff distance, (;.(£2,,) — (x(2) as n — +oo and we are done. O

We now give a lower bound for Zaremba eigenvalues in the spirit of the classical
Li-Yau bound, see [LiYau83, Cor. 1], for Dirichlet eigenvalues. We note that for
Qe AYM), V(p(Q)) will denote the (d — 1)-dimensional volume of p(Q2) for the

rest of this section.
Lemma 3.3.15. There exists a constant Cyqpr > 0, depending only on d > 2 and
M >0, such that for any € > 0

Cd,Mk2/d B
(V(€) + eV (p()) 4/ (4=D)2/

() > ((d—1)M?*+1) 3.3.33)

1
V(e |
for all Q € AY(M).

Proof. Let € > 0. Fix Q € A%(M) and define the set

Q={(,y) € () xR:h™ (2') <y < h'(2)) + ¢}, (3.3.34)

and further define the function y, : p(2) x R — [0, 1] by

1, y < ht(2),
Xe(zlv y) =951- M, h+(13/) <y < h+($/) + €, (3335)
0, y>ht(x)+e

Let £ := &g be the Sobolev extension operator given in Corollary 3.3.12. For any
u € Hyp (), we have that x.E[u] € Hg(2). Moreover, let Sy = {u1,...,uz}
denote the span of the first k& L?(Q)-orthonormalised Zaremba eigenfunctions of
—A&. Then the collection {x.E[u1],. .., xEur]} T HF () is linearly independent
and so we consider the span of these functions as a trial space into the variational

formulation for the k-th Dirichlet eigenvalue of Q°.

Before proceeding let us make some relevant observations. Namely that, for any u €
Hip () 1€lulll 200y > llulleqo) since €lu] = u in ;1€ fulllzemong) < vl

and, |VE[u]||p2ma\0) < Cul|Vul[z2(q) as stated in Corollary 3.3.12.
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By repeated use of the uniform bounds given in Corollary 3.3.12 and removing the
denominator from the variational characterisation of the k-th Dirichlet eigenvalue
of Q¢ by L?%-normalising functions in Sy, in the definition of the maximum, we have

that

M(Q) < sup ||V (xeElu])?
UESk Qe
H“H]ﬂ(g)zl

< 2 2
< sup {/Q]Vu] +/QE\Q IXVEu] + E[ulV x| }

u€ESk
H“HL2(Q):1

sup {/ |Vu| —1—2/ Ix.VE[u | +2/ ulV x| }

uESk
H“HL2<Q)—1

< s {/Q!VUIZﬂL?/Rd\Q!Vg[uHQ“LQ((d_1)M2+1)62/

UES Rd\ﬂ
H“HL2(Q):1

< sup {(1+20M)/Q|vu|2+2\/§((d—1)M2+1)e—2}
u€eS,
Jull 2o =1

ool

<Cy| sup {/ \Vu|2} +((d—=1)M?* +1)e?
u€ESk Q
HUHLQ(Q):l

= O (G(Q) + ((d — 1)M?* + 1)e?).
(3.3.36)

By the classical Dirichlet eigenvalue lower bound of Li and Yau [LiYau83, Cor. 1]

d 42k
Ak (Q2° . 3.
A e N ARG GOEL (3:3.57)
Now, observing that V(2) = V() + eV (p(Q2)), we obtain
Ca Lkz/d 2 -2
Q) > : —((d—1)M"+1 . 3.3.38
Taking € = V(p(Q2))@=Ye’ for some € > 0, the result immediately follows. O

Before proving Theorem 3.3.3, we now briefly look at the isoperimetric problem

sup {V(Q) : Q € AY (M), P(Q) =1} (3.3.39)
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Figure 3.2: Numerically computed optimal solutions to the isoperi-
metric problem with perimeter 27 over A2?(M) with
M = 0.5 (top left), M =1 (top right), M = 2 (bottom
left) and M = 4 (bottom right).

for domains in A%(M). Tt is clear that there exists a solution to the isoperimetric
problem over A%(M), however we cannot say too much immediately about such
solutions as balls do not lie in A%(M). We now give some remarks on properties of

solutions to (3.3.39).

By the results of Fuglede in [Fug89], for M > 0 large one can note that any solution
to the isoperimetric problem over A%(M) must be (quantifiably) close to the ball of
the same perimeter. Moreover, for any 2 € A%(M), its Steiner symmetrisation Q7

about the hyperplane {x; = 0} defined by

OF = {(2),y) € p(Q) xR : —h(2') <y < h(2)}, (3.3.40)

where h(z') := (h*(2') — h=(2))/2, also lies in A?(M). Thus by standard properties
of Steiner symmetrisation, see [Hen06, §2.2], V(Q#) = V(Q) and P(Q%) < P(Q),

with equality if and only if Q% and  are isometric. Hence, any solution to the
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isoperimetric problem over A%(M) is necessarily symmetric about the hyperplane

{xd = 0}

As far as the author is aware, it is not known whether the solution to the isoperimetric
problem over A?(M) is unique. In dimension two, it appears to be unique and the
author has numerically computed solutions to the isoperimetric problem for A?(M),

see Figure 3.2.

We now show for any Q € A4(M) that the condition P(£2) = 1 imposes constraints

on V(p(€2)), which is the final ingredient needed to prove Theorem 3.3.3.

Lemma 3.3.16. Fiz Q € AYM) and suppose that P(Q) = 1, then

L < y(p@) <

< : (3.3.41)
2V M? +

DN | —

Proof. For 2 € A%(M) observe that

2V (p(Q)VI+ M2 > P(Q) = /(m I+ VAP 414+ [Vho 2 > 2V (0(Q))
(3.3.42)

and the result immediately follows. O

Proof of Theorem 3.3.3. With our previous results in hand, we now follow the outline

of the proof of Theorem 1.1 in [BucFrel3] to prove Theorem 3.3.3.

We already know the existence of minimisers to (3.3.8) from Lemma 3.3.14 and so

it suffices to prove just the asymptotic behaviour of the minimisers as k — 400.

Let (€;)r>1 be any sequence of minimisers to (3.3.8) and let ' € A4(M) with

P() =1 be fixed. Using Lemma 3.3.15 and Lemma 3.3.16, taking € > 0,

() > Cank? —((d—1)M?*+1) !
S V(Q) + eV (p(Q))d/ D)2/ V(e oo .
Cuprk?l? (4 apzyya-n 3343)

2 @)= v (payamya ~ (4= DM+ )=
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for any Q € A4 M) with P(Q) = 1. Then observe that

Cd,Mk2/d
(V) + €V (p(S25)) 4/ @=)2/4

(4 + 4M2)1/@)

(- )R < e
< ()
A2 2/d 9
= —(de(Q’))Q/d + O(k /d)
(3.3.44)

Dividing through by &%/ and taking the limsup, we have, using Lemma 3.3.16 again,

o X € 2d #\2/d #\\d/(d—1)]%/¢
lggjgj V() + 2d/(dl)] > légligof [V(Qk) + eV(p(2)) ]
C
> 421;4 (waV (V)4 (3.3.45)
> 0.

As e > 0 was arbitrary, we see that the sequence of minimisers is non-degenerate, i.e.
liminfy o V(€2}) > 0. Knowing the non-degeneracy, by Proposition 2.2.3, we see
that

liminf p(2;) > liminf P(Q)"'V(Q}) > l}im inf V() > 0. (3.3.46)

k—+o0 k—+o00 —+o00

Proposition 2.2.4 tells us that
D(9) < 2d(wq—1) "' p(0)' IV (9), (3.3.47)

and so the diameters of the (2} are uniformly bounded from above. Thus, by Dirichlet-
Neumann bracketing, i.e. () < (x(£2), and Proposition 3.2.8, we can deduce in

the same way as in the proof of Theorem 3.1.3, that
V(Q) = sup{V(Q) : Q € AYM), P(Q) =1} (3.3.48)
as k — +oo.

Our version of Blaschke’s selection theorem then tells us that the sequence (£25)g>1
has a ~-Hausdorff convergent subsequence whose limit point is necessarily a solution

to the isoperimetric problem over A%(M) by the continuity of volume under Hausdorff
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convergence of bounded convex domains. O

The proof of Theorem 3.3.5 follows entirely analogously to the proof of Theorem
3.3.3 by noting that the condition D(2) = 1 implies that V (p(Q)) < 27 Vw,_; via

the (d — 1)-dimensional isodiametric inequality.






Chapter 4

Heat content for polygons with

reflection

In this chapter, we state and prove the results of the paper [FarGit23], which was a
joint work between the author and his supervisor. The work builds on those of van
den Berg, Gilkey, Gittins and Srisatkunarajah, see [BerSri90; BerGit16; BerGG20],
in which precise small-time asymptotics for the heat content of polygons were given
for Dirichlet and open boundary conditions. Our work here is the first case of
small-time asymptotics for the heat content of polygons with Neumann boundary

conditions imposed.

We have one piece of additional notation for this chapter that was not previously
defined. For two Lipschitz domains D, ) C R?, we define the perimeter of D inside
Q by

P(D,Q) =H'((0D)NQ), (4.0.1)

where we recall that H! is the one-dimensional Hausdorff measure here.
Unlike in the previous chapter, D will no longer to refer to the diameter of a domain

here but rather a bounded polygonal domain in R%. The diameter of domains will

not be needed in this chapter so this should not cause any confusion.
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4.1 Introduction and related literature

Let Q C R? be a bounded polygonal domain such that the interior angles @ at vertices
of 0 satisfy 0 < 6 < 2m. Let D C €2 be a polygonal subdomain. We consider the

heat equation
ou

gu A 4.1.1
5 = Au (4.1.1)

on ) with Neumann boundary condition imposed on 0f2, that is

0
—ult:x) = 0 4.1.2
anu(t,x) 0, v €0Q,1t>0, ( )

where n is the inward-pointing unit normal to 9 (defined up to a set of measure

zero), and initial datum
l}f(t)l u(t;z) =1p(z), € Q\oD. (4.1.3)

Here 1p is the indicator function of D. We denote the unique, smooth solution to
this problem by upcq. Physically, upcq(t; ) represents the temperature at = € Q at
time ¢ > 0 when the initial temperature is 1 in D and 0 in '\ D and the total heat
contained in 2 is conserved due to the Neumann (fluxless or insulated) boundary
condition. The solution upcq can be obtained from the unique Neumann heat kernel

na(t; x,y) for 2 by

upcalti) = [ dynatiey)in(y) = [ dymaltay).  (414)

We are interested in the heat content of D, that is the amount of heat inside D at

time ¢ > 0, which is given by

Hpcolt) = /D dr upcal(t; o). (4.1.5)

The function Hpcq(t) is smooth from the smoothness of upcq and other properties
can be deduced from the L?(2)-eigenfunction expansion of no(t;z,y). Let p;(),
j=1,2,..., denote the Neumann eigenvalues of {2 with corresponding eigenfunctions

u; that are orthonormalised in L?(£2). Recall that the Neumann heat kernel on 2



4.1. Introduction and related literature 87

has the following expansion:

o(t; z,y) Ze i Dty (2 )ui (y). (4.1.6)

The heat content of D inside of €2 can then be written as

Hpealt) = ie“f(mt (/D dx uj(x))Z, (4.1.7)

from which we observe that ¢t — Hpcq(t) is strictly decreasing on (0, +00),

0

ot Qe (/D dr uj(x))2 <0, (4.1.8)

|M8

Hpeo(t)

and strictly convex on (0, +00),

O Hpea(t) = S (@) ([ drw@) 0. (@19)

Since p1(Q) = 0 and u(z) = V(Q)~2, we see that

lim H = lim (/ dx uq () )2+ie—w(ﬂ)t (/ dwu~(a:)>2 _ V(D)2
t—+o00 pca(t T t5Foo ' =2 D ! V(Q) "

(4.1.10)

In the rest of this chapter, we consider the small-time asymptotic behaviour of

Hpcalt).

The heat content of polygonal subdomains in, possibly unbounded, domains 2 C R?
can be defined analogously to (4.1.5) by considering the heat equation on € with
some boundary condition imposed on 0f2 (when the latter is non-empty). The small-
time asymptotics for such cases have been obtained in [BerSri90], [BerGit16], and

[BerGG20] and we summarise these below.

In [BerSri90], the authors consider the Dirichlet case, that is 2 = D, D has initial
temperature 1 and Dirichlet boundary condition imposed on 0D for all ¢ > 0. The

Dirichlet heat content of D is defined as

Qp(t) ::/Dda:'/Ddqu(t;a:,y), (4.1.11)
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where ¢p(t; z,y) is the Dirichlet heat kernel of D, and the authors obtain that

Qp(t) = V(D) — 2]; ff Jpre (Z f(v)) t+0 (e "), (4.1.12)

yEA
where: A is the collection of interior angles at the vertices of D; C7 > 0 is a constant

depending only on D; and, f : (0,27) — R is given by

® 10 4sinh ((m — ) 0)

f0) = /0 sinh (76) cosh (76) (4.1.13)

We note that in [BerSri90], the authors include the case where interior angles can be
equal to 27. One can also introduce this for Neumann boundary conditions under a

suitable generalisation of the boundary condition, see Section 4.6.2.

In [BerGit16], the authors consider the open case, that is Q = R? D has initial
temperature 1 and R?\ D has initial temperature 0. The open heat content of D is

defined as
Hp(t) ::/ da:/ dy pr2(t; x,y), (4.1.14)
D D

where pra(t; 2, y) = (4nt) e~ l#=vll3/(40) i5 the heat kernel for R2. The authors obtain

that
Hp(t) = V(D) — PD) s (Z a(v)) t+0 (e, (4.1.15)

T1/2 =
where: A is as above; Cy > 0 is a constant depending only on D; and, a : (0,27) — R
is given by

() = —+ (1 - ;) coty, € (0,m)U(m,2m), (4116)

v =.

=

In [BerGG20], the authors consider the Dirichlet-open case, that is Q = R?\ 9D_,
where 9D_ C 9D is some collection of edges, D has initial temperature 1, R? \ D
has initial temperature 0 and Dirichlet boundary condition imposed on 0D _ for all

t > 0. The corresponding heat content of D is defined as

Gpop_(t) ¢=/Ddx/Ddqu2\aD,(t;w7y), (4.1.17)

where gr2\pp_(t;2,y) is the respective Dirichlet heat kernel. The authors obtain
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that
Gpop (t) =V (D) — [P(D) + 23'2[1(81) )] /1/2
(4.1.18)
+ (Z a(y)+ D fO)+ D> g(fy)) t+0(efcg/t),
veA yeA2 vEA3

where: A; is the collection of interior angles at vertices where two open edges
intersect; A5 is the collection of interior angles at vertices where two Dirichlet edges
intersect; Ajs is the collection of interior angles at vertices where a Dirichlet edge
and an open edge intersect; C's > 0 is a constant only depending on D; a and f are

as in (4.1.13) and (4.1.16) respectively; and ¢ : (0,27) — R is given by

+/ 48111h2 (7r - 7) — sinh? (7 — 7) 0)'

sinh? (g&) cosh (7T6’) (4.1.19)

4.2 Results for Neumann boundary conditions

From here onwards  will be a bounded polygonal domain in R? unless otherwise

stated.

In the Dirichlet, open, and Dirichlet-open cases any boundary conditions are only
imposed on a subset of 0D and so the results only ever depend on the geometry of D.
For the problem we consider here, this is not the case and we also have the relative
geometry of D with respect to € to consider (see Figure 4.1 for an example setup of
the problem we are considering). Thus, in order to state our main result, we require
some additional terminology and notation. Let ) denote the union of the vertices of
D and the vertices of € lying on dD. Moreover, let £ denote the collection of edges
of parts of the boundary of 9D between vertices in V. We call edges in £ that lie in
Q2 (except, perhaps, the endpoints of the edges) open edges and edges in £ that lie
on 0} Neumann edges. Throughout this work we assume each vertex in V is of one

of the following types.

(i) We say a vertex in V is an open vertex if it lies in © and it has two incident
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Figure 4.1: An example setup for our problem with D highlighted
in yellow and the angles formed by D and € labelled at
the vertices.

edges in €& which are open. Let A denote the collection of interior angles at all

such open vertices.

(ii) We say a vertex in V is a Neumann-Open—Neumann (NON) vertex if it lies

on 0f) and has two incident edges in &, one of which is open and the other is
Neumann. Let B denote the collection of pairs (7, 5) at all such NON vertices
where v denotes the interior angle of D at the vertex and S denotes the exterior

angle relative to Q at the vertex (see Figure 4.2).

(iii) We say a vertex in V is a Neumann-Open-Open-Neumann (NOON) vertex

if it lies on 02 and it has two or four incident edges in &, for which two are
open and the rest are Neumann. Let C denote the collection of triples (v, 8, )
at all such NOON vertices where v denotes the angle between the open edges,
which we call the middle angle at the vertex, and # and « denote the two
other angles between open and Neumann edges at the vertex (see Figure 4.2).
The ordering of o and [ does not matter but we only have one triple for each
NOON vertex. Note that NOON vertices either have that ~ is an interior angle

of D, or  and « are both interior angles of D.

(iv) We say a vertex in V is a Neumann vertex if it lies on 02 and has two incident

edges in £ which are both Neumann.
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V8

Open vertex NON vertex NOON vertex NN vertex

Figure 4.2: An example of each of the four possible types of vertices
that can arise in the problem. They are magnifications
of the vertices in Figure 4.1 (see angle subscripts). See
Figure 4.3 for an example of the other type of NOON
vertex.

Theorem 4.2.1. There exists a constant Cpcq > 0, depending only on D and §2,

such that

t1/2
12

+ (Z CL(P)/) + Z b(f}/aﬂ) + Z C(")/,ﬁ,a)) t+ 0O (eicDCQ/t> ’

Hpca(t) = V(D) — P(D,Q)——

7eA (v.B)eB (v.8,a)€C
(4.2.1)
where: a: (0,2m) — R is defined as above in (4.1.16); b(vy, B) is given by
oo cosh(Z8)cosh((y—p)0) —cosh((5—v—p3)0
b(y, B) ::/ do (56) cosh (7 = 5)) ((5 -7 -7) ) (4.2.2)
0 2sinh ((y + () #) sinh (g@)

and c(7y, B, a) is given by

c(7, B, a) := by + f, ) + b(v +a, )
cosh [cosh (B +a)f) —cosh ((8—a)b)] (4.2.3)
+ [ as . .
smh ((v+ B+ «)0) sinh (%9)

It was observed in [BerGit16] that the function a(+y), which corresponds to the con-
tribution from the angles at an open vertex, is symmetric with respect to 7. We
observe that the function b(vy, 8), which corresponds to the contribution from the
angles at a NON vertex, is symmetric in § and ~, and that the function ¢(v, g, a),
which corresponds to the contribution from the angles at a NOON vertex, is sym-

metric in a and /5 as mentioned before in (iii). By these symmetry properties of a(7y)
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and b(~y, #) we have the following consequence of Theorem 4.2.1. If Dy, Dy are two
polygonal subdomains of a bounded polygonal domain Q such that Dy = Q\ Dy,
then

[Ho,p, (t) = V(D1)] — [Ha,p,(t) = V(D2)] | = O(e™") (4.2.4)

for some constant C' > 0. Moreover, if V(D) = V(D3), then the heat contents
of D1, Dy have the same long-time asymptotic behaviour and the same small-time
asymptotic behaviour up to an exponentially small remainder. Analogous statements
also hold when D; has NOON vertices due to properties of ¢(v, 5, «) (see Theorem
45.9).

Considering reflections of NON and NOON wedges with respect to a Neumann edge

motivates the following relations between a(y), b(vy, 8), and (7, 3, «).

Proposition 4.2.2. For v, 5, a € (0,7), we have the following.
(i) If v+ B <, then c(2v, B, 8) = 2b(7, B);
(ii) b(y, ™ —7) = 3a(27);

(i) If v+ 6+ a = 7 and o < B, then 2¢(v, B, a) = 2a(y) + 2k(2a,v,7) and
2¢(7, B,a) = a(2a) + a(2B) + 2k(~,2a,2(3), where the function k(a,0,0) is
given in [BerGit16] as part of the open case when more than two open edges

meet at a vertex, and is defined as

k(a,0,0) := i[— (c+0+a—m)cot(oc+ 60+ a)— (a—m)cot(a)
2m (4.2.5)

+(0+a—7r)cot(a+a)—|—(9+oz—7r)cot(0—|—a)}
foro+0+a#m, a#7m, 0+a#m7, 0+a#mnw. Inany of the remaining cases,
such as o =, k(«, 0, 0) is defined by taking appropriate limits via I’Hdopital’s

rule.

Remark 4.2.3. The identities in the previous proposition ultimately arise from how

one can obtain Neumann heat kernels from the method of images. In particular, (ii)
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and (iii) arise from the Neumann heat kernel for the half-plane and so we have the

relation with the angular contributions in the open case.

Proof. We prove (i) by direct calculation, namely

e cosh (g@) cosh ((v — B) 0) — cosh ((g —y = 5) 0)
b(v, 8) = /0 d0 2sinh ((y + ) 0) sinh (g@)
/ cosh cosh ((v+— ) 80) — cosh ((g —y = B) «9) ~2cosh((y + 8)0)
a 2sinh ((y + 3) #) sinh (g@) 2 cosh((y + B)0)

_ / cosh (cosh(?’y@) + cosh(2460) — 1) — cosh ((f — 2y — 25) )
2sinh (2 (7 + f) 0) sinh (58)
cosh (30) [cosh (280) — 1]
2sinh (2 (v + j) 0) sinh (30)

26(27+ﬁ,5)+/000

= 2¢(2,8,6).
(4.2.6)

For (ii) and (iii) we require an additional identity. For |z| < |r|, we have that by

formula 3.511.9 in [GraRyz07]

00 h(Z@ h — 0o inh2(2
/ deCOS '(2 )(COS' ( ﬂ-) ):2/ d M:l—icot(z) (427)
0 sinh(76) sinh(70) mJo sinh“(z) © =
We observe that (ii) clearly holds for v = 7. The case v # 7 is immediate from
(4.2.7) by
cosh(56) (cosh((m — 27)0) — 1)
b(y, 7 — / df
2 sinh(76) sinh(56)
1 1
T 9 (4.2.8)
- (1~ 2 cot(29)
1
= 5@(27).

For (iii) it is sufficient to show that this identity holds when 2y 4+ 2« # 7, 2a # T,

v + 2 # 7. By four uses of (4.2.7), we see that



94 Chapter 4. Heat content for polygons with reflection

1

o(0) + K2, 7) =) + 5| = (k@ = Beot( +a - )

— (y+B—a)cot(y + B — )

+2(f — a)cot(f — )

_ /000 &0 cosh(50) (cosh((y — B8+ a)f) — 1)

2 sinh(76) sinh(30)
o cosh(50) (cosh((y+ B —a)d) —1)
* /0 b 2 sinh(76) sinh(30) (429)
o cosh(50) (cosh(m —7)6) — cosh(3 — a)f))
) sinh(x6) sinh(Z6)

=b(y+ B,a) + by + a, B)

oo cosh(50) (cosh(B + a)f) — cosh(f — a)f))
* /0 a6 sinh(70) sinh(50)

= 6(77/87 a)?

as desired. The other identity for ¢(v, 8, a) follows similarly and agian makes use of

(4.2.7). 0

Inverse problems for the small-time asymptotic expansion of the Dirichlet heat
content of polygons have been investigated in [BerDK14; MeyMcD17; Brol8|. For
the setting under consideration here, we can obtain polygonal subdomains of the unit
square which have the same small-time heat content expansion up to an exponentially

small remainder, see Figure 4.3.

Given a rectangle R with polygonal subdomain D, the idea is to reflect both of R
and D with respect to one of the edges of R. We then take the union of R with its
image under this reflection, call this R;, and the union of D with its image under
this reflection and call it D;. Then we observe that D; is a polygonal subdomain of
R; and

|Hg, p,(t) — 2Hg p(t)| = O(e~""). (4.2.10)
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Figure 4.3: Three polygonal subdomains of the square with the
same area and same small-time heat content expansion,
up to an exponentially small remainder.

4.3 QOutline of proof of main theorem

The proof of Theorem 4.2.1 follows the strategy employed in the papers [BerSri90],
[BerGit16], and [BerGG20]. The main idea is to partition D in such a way that
we can model the heat content contribution of each part of the partition by the
heat content of the same part in a different ambient space to €2 for which a suitable,

locally comparable heat kernel is known explicitly.

4.3.1 Construction of the partition

Let V be as defined in the last section and V' denote the vertices of 2. Our first goal
is to create an open sector, or the union of two open sectors at some NOON vertices,
based at each vertex in v € V given by Sg(v) := Bgr(v) N D for some R > 0, where

Bpg(v) is the open ball in R? centred at v of radius R. We define the quantities

L. : L.
2 il il =Vl =g Al O,
VFU

and set R := min{R;, R2}. The definition of R; ensures two things: Sg(u)NSg(v) =
0 for u,v € V with u # v and that Si(u) N S,(R) = () also in this case, where
Sk(v) == Bgr(v) N Q. The second point here is crucial for our comparisons. The
definition of Ry also allows us to do the required comparisons and calculations

specifically for open vertices.

The next part of the partition we want to define is that of rectangles lying inside D



96 Chapter 4. Heat content for polygons with reflection

Figure 4.4: Visualisation of the partition constructed for D near a
NON vertex. The partition looks similar for NN and
NOON vertices.

for which one of its sides lies on 0D. Let £ be as defined in the last section. For
e € € with length ¢(€), we want to have a rectangle of width ¢(€) — 2R and height
d > 0 with a side of length ¢(e) — 2R lying on e and the rectangle lying inside D.

We denote this rectangle by Tx s(e).

In order to apply our comparisons in the proceeding sections, we require that no two
of these rectangles intersect so we must define a suitable choice of § > 0. Denote
the collection of interior angles of D by A; and the collection of exterior angles of

D relative to 2 at NON and NOON vertices by As. Then define the quantities

1
vy i= —argmin (Sin %) : (4.3.2)
KEAL
and
Yo 1= largmin (sin ﬁ) . (4.3.3)
2 ked, 2

We set 07 := Rsin(y;) and dy := Rsin(7y2). Then we determine § by setting § :=
min{d;,do}. The definition of J; ensures that these rectangles do not overlap and

the definition of ¢, allows us to make our comparisons.
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Now let Dgs :={z € D :d(z,0D) > ¢ and d(z,V) > R}. We observe that

D # (U SR(U)> U (U TR’5(€)> U Dpgs (4.3.4)

VeV ece

even up to a set of measure zero so we have one final model space to consider.
The remainder is the union of disjoint cusps which up to rigid planar motions are
expressible as {x = (z1,29) € R?: 0 < 21 < R, |z| > R,0 < x5 < §}. The definition
of 0 ensures no two of these cusps overlap. Each sector Sg(v) has two such cusps
associated with it which we denote by ngs(v) and C’g%(v). Then, up to a set of
measure zero, we have that

D= (U Sr(v) U CRy(v) U cgg<v>) U (U TR75(6)> U Dps. (4.3.5)

veY ect

A visualisation of the partition we have constructed is given in Figure 4.4.

4.3.2 Results from model spaces

Now we have the partition defined in the last subsection, Theorem 4.2.1 follows
immediately from the following theorem, which is subsequently proved in detail in

Sections 4.4 and 4.5.

Theorem 4.3.1. Using the notation in Sections 4.2 and 4.3.1, we have the following

results:
(i)
/ d:v/ dyna(t;x,y) = V(Dgs) + O (6_62/&) . (4.3.6)
Drs /D

(ii) If e € &€ lies on OL), i.e. is a Neumann edge, then
/ dx/ dyna(t;z,y) =V (Tgs(€)) + O (6_62/&) . (4.3.7)
Tr,s(€) D

(iii) If € € € lies in §2, i.e. is an open edge, then

o) = oy ((E) = 2R) 1 st

(4.3.8)
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(v) If Crs is a cusp lying adjacent to an edge € € & lying on 0L), i.e. is a Neumann

cusp, then we have that

/CR’(; dx/D dyna(t;z,y) = V(Crs) + O (6’52/&) : (4.3.9)

(v) If Crs is a cusp lying adjacent to an edge € € € lying in Q, i.e. is an open

cusp, then we have that

' B /2 M
~/CR,6 dx/[)dynﬂ(t7$7y) =V (Crs) — 1/2 / / / !

+0 (6_62/&) )

m\»—t

(4.3.10)
(vi) Forv €V an NN vertex
/ dx/ dyno(t;x,y) = V(Sr(v)) + O (6_52/8t> . (4.3.11)
Sr(v) D
(vii) Forv €V a NON wvertex with interior angle v and exterior angle (3,
dr [ dyna(t:,y) = V(Sk(v)) — —o 2 1 b
€z ?/ﬂﬂ(ta%y) - ( R(“)) 1/2t + (%ﬂ)t
Sr(v) D
R 1/2 —R2y2w2/4t
et [ -yt
+ 0 (e_c2/t) ,
(4.3.12)

where Cy > 0 is a constant depending on R, v and (.

(viit) For v €V a NOON vertex with middle angle v and exterior angles (3, «
dv [ d ; =V(s _ 2
z ynQ<t,$,y> - ( R(U>> 1/2t +C(77670[)t
Sr(v) D

1/2 / / —R2y2w2/4t
7r1/2

+0 (e_03/t) ,

M\»—t

(4.3.13)

where C3 > 0 is a constant depending on R, v, 8 and a.
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The key point to note is that: sectors Sg(v) at NN vertices have two associated
Neumann cusps which have trivial contribution; sectors Sg(v) at NON vertices have
one associated Neumann cusp and one associated open cusp which cancels out the

term
itlﬂ /OO dL”U /1 dy %6—323/2102/415; (4.3.14)
/2 1 w?Jo (1—1y2)2

and, sectors Sg(v) at NOON vertices have two associated open cusps which cancel

out the term
ﬁtlm /oo dw /1 R —— (4.3.15)
7l/2 1 w? Jo (1—y?2)2

Analogous results also hold for the case of an open vertex with two neighbouring

cusps. Indeed, we recall the following results from [BerGit16].

Lemma 4.3.2 (Open vertex with two open cusps [BerGit16, Lem. 9 & §4.2]). We

have that

R 0 00 0
| e [Tdo [ dngro [ ddopss(tir,6,r0,00) +2 [ do [ dypra(tiz,y)
0 0 0 0 Cr,s D
_ 2R ~R2C, 5/t
= V(Sr(v)) +2V(Cra) = Z5t"* +a()t +0 (te ),

(4.3.16)

where C 5 > 0 is a constant depending only on 7, 9.

When one sums up all the heat content contributions from each part of the partition

we get the desired form of Theorem 4.2.1.

4.4 Locality principles

The computations in Theorem 4.3.1 are done explicitly where we replace 2 and 7q
with some other ambient space €’ and its (Neumann) heat kernel 7ng/. In order to
justify this switch rigorously, we need to prove that we can indeed do this. This is

the idea of locality principles.

Locality principles for heat kernels are well-known. In fact, for Neumann heat kernels

on polygonal domains they are already known, see for example [NurRS19]. One may
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use their methods to obtain remainders with behaviour O(t~'/2¢=¢/*)_ which are of
course superpolynomial, i.e. o(¢t>). Their proofs are very analytic in flavour and
much more general than we require. Below, we provide the mild improvement to
the remainder, that of O(e~/*), in our setting. Our proof is based on probabilistic

methods rather than any technical heat kernel estimates.

Lemma 4.4.1. Let Q be a polygonal domain and 6 > 0 fized.

(i) Let x € Q with d(x,0Q) > 6, then we have that for any Borel sets Ay C Q2 and
Ay C R? with Bs(x) N Ay = Bs(z) N Ay,

‘/A dy na(t; z, y) —/A dy pre (£ 2,y)| < de™"/™, (4.4.1)

(ii) Let e be an edge of O and x € Q with d(z,e) < 6 and d(x,0D\e) > §. Let
Hz denote the half-space with e C OHz and x € Hz. Then we have that for any

Borel sets A3 C Q2 and Ay C Hz with A3N QN Bs(x) = Ay NHz N Bs(x),

‘/ dyna(t;x,y)—/ dy na (t; x, )| < 4e™ /3 (4.4.2)
A3 A4

Here ny, (t; x,y) is the Neumann heat kernel of the half-space H.

(111) Let v be a vertex of OSY with interior angle . Let W., be the infinite wedge of
angle ~y with vertex at v and suppose that Bos(v) N Q = Bys(v) N W.,,. Then for
any Borel sets A5 C Q and Ag C W, with A5 NQ N Bys(x) = Ag N W, N Bas(x),

‘/A dy no(t; x,y) —/A dymw, (t; 2, )| < 4™ /5, (4.4.3)
5 6

Here nw, (t;z,y) is the Neumann heat kernel of the infinite sector W,

Proof. Recall from Section 2.3.2 that one may construct the Neumann heat kernel
on a polygonal domain €2 in terms of a projection of the heat kernel of a Riemannian
manifold M generated by 2. Moreover, the projection (¥, (B;))i>0 of a Brownian
motion (By);>0 on M onto € is identical in law to a reflecting Brownian motion on €.

Through this construction, we do the necessary comparisons at the manifold level.
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Let Ny € M; and Ny C My be two subdomains of some Riemannian manifolds M;

and M,. Suppose there is an isometry h : Ny — N,, then we have that
PM(BY € Ay, > t) = Pi2 (B € h(A), v, > t), (4.4.4)

where: A C M, is a Borel set, (Bgl))tzo is a Brownian motion on M; started at
x € M;; (Bt(Q))tzO is a Brownian motion on M, started at h(z) € Ms; and, 7y, and

Tn, are the first exit times of (Bgl))tzo and (Bt(z))tzo from N; and Nj respectively.
For the analyst, the reason why (4.4.4) holds is that

PM (B € A, 7y, > t) = /Aqu (t; x,y) dvolyy, (x) (4.4.5)
where gy, is the Dirichlet heat kernel on N;. Then we know that the Laplacian

commutes with isometries and (4.4.4) immediately follows.

For us, the key point is that the manifold M generated by a polygonal domain €2 is
everywhere locally isometric to R2. This means we have a direct comparison to R?

or the half-space when we are away from vertices of 2.

Throughout the rest of this proof, M; will always be the manifold generated by {2

and M, will either be R? or another manifold generated by a polygonal domain.

For notational purposes, for a polygonal domain 2 we define the set
F(y,6,Q):={z€Q:|z—y| <} (4.4.6)

and for a reflecting Brownian motion (X;);>o on  starting at z €  we define

Tx(y,0) as the first exit time of (X;);>o from F(y, d,Q), that is
Tx(y,0) :=inf{t > 0:|X; —y| > 6}. (4.4.7)

If y = x, then we simply denote this quantity by 7x(d). We define the analogous
quantities for Brownian motions on R2.

For (i), we have M, = R? and let (Bt(2))t20 be a Brownian motion on M.

Let (X})i>0 := (U © Bt(l))tzo be a reflecting Brownian motion on 2 given as the
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Figure 4.5: Local illustrations of the preimages of subsets of a poly-
gonal domain 2, whose exit times we are interested in,
on the manifold generated by 2.

projection of a Brownian motion (Bt(l))tzo on M. Via the construction of (X;)>o

we immediately have that
PY(X, € Ay, mx(6) > t) = PM (BN € Uyl (Ay), 7, > 1) (4.4.8)

where NV is the connected component of W/ (F(z,d,2)) containing z.

Now N is isometric to the ball Ny = Bs(z) C R?, see Figure 4.5(i), and so we

deduce that

Piul (Bt(l) S \IJIT411 (Al)le\h > t) = P]:;RQ(BF) S A27TN2 > t) ( )
4.4.9

=P¥(B? € Ay, 75 (8) > 1),

by the restriction of the exit time and that A; N Bs(x) = Ay N Bs(x). Hence,

P(X, € Ay, 7x(8) > t) = P (B® € Ay, 752 (8) > t). (4.4.10)

We can further deduce that
P (7x(6) < t) = PE (5 (6) < 1) (4.4.11)

by taking A; = Q and A, = R? in (4.4.10).
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From [BerSri90, §3], we know the bound P¥* (750 (6) < t) < 4e~%/3 and so

/Al dyna(t;z,y) = PL(X, € Ay)
= PY(X, € Ay, 7x(8) > 1) + PX(X, € A, 7x(5) < t)
<P (B € Ay, 15 (8) > t) + P(1x(6) < 1) (4.4.12)
<P (B € Ay) + 4/

- (/A dy pg2 (t;x,y)) + 4e=%/8t,
2

Reversing the roles of (X});>0 and (B,&(Q))tzo, we obtain the result.

For (ii) the strategy is essentially the same as for (i) except we are comparing (X¢):>o
with a reflecting Brownian motion (Y;);>¢ on the half plane Hz. The key subtlety is
that the manifold generated by Hp is simply M, = R? again and (Bt(z))tzo will again
denote a Brownian motion in the plane. Except we see that Wy} (F(z,4,(2)) is now
comprised of the disjoint union of sets which are each the union of two overlapping
balls of radius 4, see Figure 4.5(ii), and we take N; to be the connected component

of Wy} (F(8,x,€)) containing z.
Arguing in the same way as in (i),
PX, € As, 7x(6) > t) = PEe(Y, € Ay, v (8) > 1) (4.4.13)
and hence we see that P¢(7x(0) < t) = Pe(7y(§) < t). It is easy to see that
PYe (74 (8) < t) < PR (750 (6) < t) < 4e™ 078, (4.4.14)

Hence following the argument as in (4.4.12) replacing (Bt(2))t20 with (Y})i>0, we

obtain the result.

For (iii) again the strategy is essentially the same as for (i) but now M, is the
manifold generated by the wedge W,, N; and N, are the connected components of
Uy (F(v,26,9Q)) and Uy (F(v, 28, W,)) containing x respectively, see Figure 4.5(iii),
and we are comparing (X;);>o with a reflecting Brownian motion (Y;);>o on the

infinite wedge W.,. But N; and N, are clearly isometric and thus one determines
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immediately as above that
PX, € As, 7x(v,26) > t) = PV (Y, € Ag, 7y (v,26) > t) (4.4.15)

and hence P$}(7x (v,20) < t) = PV (1y(v,20) < ).

The radial component of a reflecting Brownian motion in the Neumann wedge W, is
the same as that of a Brownian motion on R2. So, since x € F(v,d, W), we see that
P (1y (v, 20) < t) < 4e~9*/%", Hence following the argument as in (4.4.12) replacing

(B,SQ))QO with (Y;):>0, one obtains the result. O

4.5 Model computations

In this section, we prove some explicit heat content calculations that will act as our
model heat content contributions. This will complete the proof of Theorem 4.3.1
and give the explicit coefficients with respect to the geometry that we are interested

in.

Full justification of why these approximations are valid was given in terms of the

locality principles in the last section.

4.5.1 Interior approximations

From the construction of the partition in Section 4.3.1, and using the same notation,
we see that Dp s is compactly contained in D and thus in 2. From Lemma 4.4.1, we
know we can replace the Neumann heat kernel np by the heat kernel pgz on R? in

our model computation.

Thus, the model content contribution for Dp s is given by

/ dm/ dy prz(t; x,y) (4.5.1)
Drs D

where pg:(t; z,y) is the heat kernel for R?.
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For any « € Dgg, we have d(z,0D) > ¢ and so

1 Z/ dprz(t;:c,y)Z/ dypmz(t;:r,y)—/
D R2 R2\

—1— (4nt)™! / dye el
RAD (4.5.2)
> 1 — (dnt) e & / | dy el i3/
R

dy pr2(t; 7, y)
D

= 1—2e7%/%,

This is the analogue of the ‘principle of not feeling the boundary’ that was introduced
in [Kac66], see also [Ber13, Prop. 9(i)]. The idea is that in small-time on the interior

we should not detect any heat loss. Hence, as in [BerGit16, Lem. 4], it follows that

/ dx/ dy pre (t; 2, y) — V(Dps)| < 2e7%, (4.5.3)
Drs JD

which, in combination with Lemma 4.4.1, gives the proof of Theorem 4.3.1(i).

4.5.2 Boundary approximations

For an edge € € £ lying in €, in small-time the rectangle Tx s(€) should almost look
like it is living in R? but instead in the case that the initial datum is the indicator
function of the half-plane containing Trs(€) whose boundary contains e. Indeed,

Lemma 4.4.1 justifies this. Up to a rigid planar motion, this reads:

Lemma 4.5.1 ([BerGit16, §4.1]). Let T' = (0,4(e) —2R) x (0,d). Then we have that

. _ (E(é) - QR) 1/2 1/2 —62/8t
/de/depRz(t,x,y) =V(T) - Tt +0 (t e ) : (4.5.4)

where H denotes the upper half-space R x Ryy.

The above gives the validity of Theorem 4.3.1(iii). The same can be done for a cusp

Cr,s lying adjacent to an open edge, which gives the result of Theorem 4.3.1(v).
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Lemma 4.5.2 ([BerGG20, Lem. 2.3]).

. . 1/2 7R2y2w2/4t
jgﬁédx];dprﬂtazy)—-V(Cﬁa /) (/ y 7172
+0 (t1/26762/4t> ‘

(4.5.5)

The formulae (ii) and (iv) in Theorem 4.3.1 follow directly from Lemma 4.4.1 and
using the same arguments above but with the Neumann heat kernel in the half-space,
which of course yields trivial heat content contributions up to an exponentially small

remainder.

4.5.3 Model computations near vertices

We now move on to compute the model computations for vertices of D that lie on
0. For 0 < v < 27, we define the infinite wedge of angle v to be W, := {(r, ¢) :
r > 0,0 < ¢ <~} in polar coordinates. The Green’s function for the heat equation

with Neumann boundary conditions on W, is the solution to

0? 10 1 02 1
_ 7 . — 25(r — 1) —
sGw, = 53Gw, = —5 Gw, — 86 Gw, =~ (r —10)d(¢ — ¢o), (£5.6)
5 5.
%GWW - 07 (b - 0777

where ¢ is the Dirac delta distribution. This Green’s function can be computed

explicitly to be

Gw, (s;7, 9,70, o) = / df Kig(rv/s) Kig(ro/s) 2+ (0, ¢, o), (4.5.7)
where

(0.0, 60) = cosh (7 — 60 — 01) ) + S (g1 ot (6 + 6w =)0

sinh ((m —~) 0)
sinh (v0)

cosh ((¢ — ¢o) 0) .

see for example [NurRS24, Appendix A] and references therein. Here the K, are

modified Bessel functions of the second kind, that is the unique solution to the
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equation

2K/!(2)+ 2K (2) — (2 +1V*)K,(2) = 0. (4.5.9)

We note that (4.5.7) expresses the Green’s function of an infinite wedge as a
Kontorovich-Lebedev transform. This approach was used by D. B. Ray to compute
the angular contribution to the small-time asymptotic expansion of the Dirichlet
heat trace for a polygon (see the footnote on page 44 of [McKSin67]) as well as in
[BerGG20; BerSri88; BerSri90].

The unique Neumann heat kernel 7y, on W, is given by the inverse Laplace transform
of GW’Y ie.

mw, (67, ¢, 10, o) = L7 {GWAY(S; T, ¢, 70, gbo)} (1), (4.5.10)

and will use this form of the Neumann heat kernel going forward to compute the

heat content contributions in small-time.

The Neumann heat kernel on W, may be expressed explicitly in terms of Bessel
functions and Neumann eigenfunctions of the interval (0, ), see for example [Che83,
p. 592], but we are unable to obtain the necessary small-time computations using

this representation of the Neumann heat kernel on W,

Neumann-Neumann (NN) vertices

By noting that the only solution to the heat equation on W, with Neumann boundary
condition and initial datum Ty, is v = Iy, it is immediate that the heat content

of Sg(v) when v is an NN vertex is V (Sg(v)).

However, this route is not as illuminating as to our method when the computations
become non-trivial. So we recall the relevant computations below to warm-up for the
more challenging computations ahead. The following lemma in combination with

Lemma 4.4.1 gives a proof of Theorem 4.3.1(vi).
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Lemma 4.5.3. Let v be a NN vertex of angle v € (0,2m). Then

/ dx/ dy nw, (t; 2, y)
Sr(v) Wy

R o o0 ¥
:/0 Td?“/O d¢/0 TodTO/O dgo nw, (t, 1, 6,70, o) (45.11)

= ;f}/RQ

forallt, R > 0.

Proof. Observe that we are computing the quantity

/oR rdr /07 do /000 ro dro /(: depo L7} {GWw (s,7, 0,70, ¢0)} (t)

-/ o [lao [roars [ dqﬁoﬁl{;z | a0 Koo v5) Ko (ron/5),. (0.6, ¢o>}<t>

(4.5.12)
and that by Fubini’s theorem we can rearrange the integrals.
One can easily compute that
/0 T do /0 "y (8, 6, o) = 207 sinh (76) (4.5.13)

and hence we now want to compute the quantity
27 4 R %) oo 6 )
e / rdr / ro dro / & Kiolrv/s) Ka(rov/s)sinh(md) p (1) (4.5.14)
T 0 0 0

This quantity has been computed before in [BerSri90, §2] and is %fyRQ as desired.

For the sake of completeness we give the calculation here.

Combining formulae 6.561.16 and 8.332.3 in [GraRyz07], we see that

70

m. (4.5.15)

/OOO drrKi(ry/s) =

Formula 6.794.2 in [GraRyz07] reads

™

/OOO 40 Kio(r/5) cosh (50) = 3. (4.5.16)
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Hence, applying (4.5.15) and (4.5.16) successively we see that

72TZ£1 {/Oerr /OOO rodre /Ooo 629 Kio(rv/5)Kig(rov/5) sinh(ﬂ'Q)} (t)

= QJ -1 1 " > 4 s
= L {s/o rdr/o dO Kig(r+/s) cosh(QG)} (1) (4.5.17)
1 (R 1
1)t 1o
=~L {s/o Tdr}(t) 27}2 ,
as desired. -

Neumann-Open-Neumann (NON) and Neumann-Open-Open-Neumann

(NOON) vertices

The case of Neumann-Open-Neumann (NON) and Neumann-Open-Open-Neumann
(NOON) vertices is much more involved and will require the following technical tools

that we shall now prove.

Lemma 4.5.4. Let T := {(o,p,\) : 0 < A< p<o<2r}. Let £ : T — R be a

function in only p and X\, denoted &(p, \), such that 0 < &(p, \) < 20.

(i) We have that the collection {An, BN} Nez.,, where
Ay ={(o,p,\) €T : |5 = (2N +1)o +&(p, V)| < o} (4.5.18)

and

By :={(o,p,A) €T : 5 +&(p,A) =2(N +1)0}, (4.5.19)

forms a covering of T. Moreover, for N > 1 fized, any (o,p,\) € Ay or

(0,p,A) € By, and any 1 <n < N, we have that 0 < § —2no +&(p, \) < 5.
(ii) If £&(p, \) > 0 then we have that the collection {Cn, Dn}nez.,, where
Cy:={(o,p,\) €T |5 —(2N —1)0 —&(p, )| < o} (4.5.20)

and

Dy :={(o,p,\) €T : 5 —&(p,\) =2No}, (4.5.21)
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forms a covering of T. Moreover, for N > 1 fized, any (o,p,\) € Cy or

(0,p,A) € Dy, and any 1 <n < N, we have that 0 < T —2(n—1)c —{(p, A) <

B

Proof. For (i) we have that (0, p, \) € Ay ifand only if —o0 < T—(2N+1)0+{(N, 0) <
o which occurs if and only if 2No < T +&(p, A) < 2(IV +1)o. Now pick an arbitrary
point (0, p, ) € T. Suppose that T 4 &(p, A) # 2(M + 1)o for any M € Z>q. Then
clearly there exists a K € Zx, such that 2Ko < 7 4+ £(p, \) < 2(K + 1)o and hence
(0,p,\) € Ag. If we have that § 4 §(p, ) = 2(K’ + 1)o for some K’ € Z>, then
(0, p, A) € Bgr. Since our choice of point (o, p, \) was arbitrary, we indeed have that

{AN, By} Nezs, 1s a covering of T.

Now fix N > 1. Let us choose an arbitrary (o, p,\) € Ay. For 1 <n < N, we have
that

T—2no+&(p,\) <5 —20+&(p,\) <% (4.5.22)

and that
T 20 +£&(p,A) > T —2No +E&(p, ) > 2No — 2No = 0. (4.5.23)
Now let us choose (0,p,A) € By. For 1 <n < N, we have that
T—2m0+&(pN) < F—20+&(pN) <3 (4.5.24)
and that
T —2no+£&(p,A) > Z —2No+£&(p,A) =2(N +1)o —2No =20 > 0. (4.5.25)

So we have proven (i).

We prove (ii) in a similar fashion. We have that (o,p,\) € Cy if and only if
2(N —1)o < 5 —¢&(p, A) <2No. Now pick an arbitrary point (o, p, \) € 7. Suppose
that § — &(p,\) # 2Mo for any M € Zx,. Then clearly there exists a K € Zxg
such that 2(K —1)0 < § —&(p, A) < 2Ko and hence (0, p, A) € Ck. If we have that

7 —&(p, ) = 2K'0 for some K' € Zsq, then (0,p,\) € Dgs. Since our choice of
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point (o, p, A\) was arbitrary, we indeed have that {Cy, Dy }nez., i a covering of T

Now fix N > 1. Let us choose an arbitrary (o, p, A) € Cy. For 1 <n < N, we have

that
5—2n—1)o—&(p,A) <5 —&(p,A) <5 (4.5.26)
and that
5—2(n—1)0—&(p,A) > 5-2(N—-1)o—&(p, A) > 2(N—1)o—2(N—1)0 = 0. (4.5.27)

Now let us choose an (o, p,\) € Dy. For 1 <n < N, we have that
7—2n—1)g—=&(p.A) <5 —&(p,A) <3 (4.5.28)
and that

T—2(n—1)0—&(p,A) = 5—2(N-1)0—&(p,\) =2No—2(N—-1)o = 20 > 0. (4.5.29)

So we have proven (ii). O

Before moving forward, let us give some known results for small-time asymptotics

for inverse Laplace transforms.

Lemma 4.5.5. (i) For a,b € R such that |a| < |b|, we have that

1 e o0 cosh(af) — 1
1

- K, SR — -
£ { / rdr /0 40 Kig (/) 0 sinh(b0)

S JR

} (t) = O (te™™/40) . (4.5.30)

(i) For —% < a < 7§, we have that

-1 } o o ) Sinh(ag) _ —R2 cos?(a)/(4t)
c {S/R rdr/o d Kig(r+/5)— (t) = O (te ).
(4.5.31)

(iii) For a > 0, we have that

tanh(af)

L {1 /oordr /Ooo df Kig(r\/E)T

S JR

} (t) = O (te ™/40) . (4.5.32)

Proof. Proofs of (ii) and (iii) can be found in [BerSri90, §2] on pages 47 and 48. For
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(i), note that if |a| < |b| then

/Ooode

and we may obtain the result following similar methods to those in [BerGG20, §4],

cosh(af) — 1
0 sinh(b0)

‘ < 400, (4.5.33)

as we now show.
From equation 3.547.4 in [GraRyz07], one has that

K(rv) = | " dw cos(wh)e VIO, (4.5.34)

Moreover, from formula 5.6.3 in [ErdMOT54]

_ 1 1/2 2 0 2
L 1{ (as) } ¢ :—/ dze ?, 4.5.35
€ () 7T1/2 (a/(4t))1/2 z€ ( )

which yields that

1 2 oo
Efl {er scoshw} (t) — ﬁ/ dz 6722
S i/ (r coshw)/(4t)1/2

(4.5.36)
= erfc ((r cosh w)/(4t)1/2) ;
where erfc is the complementary error function given by
2 0 22
erfe(z) = m/z dze™ (45.37)
Thus, we have that
(1 oo o0 cosh(af) — 1
1
L / 0 K o (i
‘E {S/R rdr ; o(rv/s) 0 sinh(b0) }< >‘
. N 0 h(af) — 1
= /R rdr/o dw erfc ((r coshw)/(4t)1/2)/0 dé cos(wﬁ)%’
00 00 12\ [~ %
< /R rdr/o dw erfc ((rcoshw)/(élt) )/0 db 0 sinh(b0)
= Cup /OO rdr /OO dw erfc ((7“ cosh w)/(4t)1/2) )
R 0
(4.5.38)
where
o lcosh(af) — 1
o / g |coshad) —1 ’ 4.5.39
b 0 6 sinh(b6) < e ( )
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by assumption. By the observation that erfc(z) < e for any z > 0, we get

/ ’I"d’l“/ dwerfc((rcoshw)/(4t)1/2>§/ Td?”/ duw e~ (7 coshw)?/(4t)
R 0 R 0

:%/‘” dw o~ (Reoshw)?/(4t)
0 (coshw)?

v (4.5.40)
< 9pe—F2/(40) / _dw
- 0 (coshw)?
~ 0 (1.
Combining (4.5.38) and (4.5.40) gives (i) as desired. O

Using the previous two lemmata we can now prove the following crucial lemma,

which is done in the spirit of the proof that the remainder is exponentially small in

[BerSrio0).

Lemma 4.5.6. Let (0,p,\) € T and £ be as in Lemma 4.5.4.

(i) Then
cosh((5 — o +&(p,\))0) — 1} (t)

6 sinh(c6) (4.5.41)
_0 <t6_Rzof’“’*/<4t>) 7

L {1/oordr /OOO df Kip(ry/s)

S JR

where C’f’p’)‘ > 0 s a constant depending only on o, p and .

(it) If £&(p, \) > 0, then
cosh((§ + 0 —&(p, A))0) — 1} 0)

0 sinh(o6) (4.5.42)
=0 <te—RZC§’”’*/(4t>> ’

L {1 /Oordr /OOO df Kip(ry/s)

S JR

where C’Qg’p”\ > 0 s a constant depending only on o, p and .

Proof. Let us prove (i). Let {Ax, By }nez., be the covering of T as given in Lemma
4.5.4(i). For (o,p,\) € Ap, the result is immediate by Lemma 4.5.5(i) and for

(0,p,\) € By we see that

cosh((5 — o +&(p,A))0) — 1 _ tanh(50)

0 sinh(c6) 0 (4.5.43)
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and the result is immediate from Lemma 4.5.5(iii). Let N > 1. Suppose (o, p, \) €

Apn and observe that

cosh((§5 —o +&(p,A))0) — 1 _ i sinh((5 — 2no + &(p, A))0)

0 sinh(o6) — 7 (4.5.44)
N cosh((§ — (2N + 1)o +&(p, N))F) — 1
6 sinh (o) ’

then the result comes from applying Lemmata 4.5.5(i) and 4.5.5(ii). Suppose

(0,p,\) € By, then we can observe that

cosh((5 — o +&(p, A))0) — N sinh((% — 2no +&(p,A))#)  tanh(40)
§sinh(06) =22 g T
(4.5.45)

n=1

and the result comes from applying Lemmata 4.5.5(ii) and 4.5.5(iii). Since

{An, By} nez-, is a covering of T we are done.

Now let us prove (ii). Let {Cx, Dx}nez., be the covering of T as given in Lemma
4.5.4(ii). For (o,p,\) € Cp, the result is immediate by Lemma 4.5.5(i) and for

(0,p,\) € Dy we see that

cosh((§ + o —&(p, N))0) — 1 _ tanh(Z0)
0 sinh(c0) 0

(4.5.46)

and the result is immediate from Lemma 4.5.5(iii). Let N > 1. Suppose (o, p, A) €

Cy and observe that

cosh((§ + 0 —&(p,A))0) — 1 _y i sinh((5 —2(n — 1)o —&(p, A))0)

0 sinh(o6) = 7 (4.5.47)
N cosh((5 — (2N —1)o —&(p,A))0) — 1
6 sinh(o0) ’

then the result comes from applying Lemmata 4.5.5(i) and 4.5.5(ii). Suppose

(o,p,A\) € Dy, then we can observe that

cosh((§ + 0 —&(p,N))f) — Y sinh((5 —2(n —1)o —&(p,A))0)  tanh(Z0)
fsinh(06) =22 g T
(4.5.48)

and the result comes from applying Lemmata 4.5.5(ii) and 4.5.5(iii). Since

{Cn,Dn}nez-, is a covering of T we are done. O
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Remark 4.5.7. From the proof it is clear that for (i) and (ii), if £(p, ) depends
only on p, then the constants C{** > 0 and C3** > 0 depend only on ¢ and p.

Moreover, in case (i) if £(p, \) = 0 then C7”* > 0 depends only on o.

With this toolbox now in hand we are ready to compute the model computations
for the NON and NOON vertex cases. First, let us state a result that was computed
in [BerSri90, §2| (see equations (2.10) and (2.14) there) and will be used in what

follows:

{/ rdr/ rgdr()/ df Ki(rv/s) K. 19(7"0\/_)28111}12( 0)}(25)

202
h(%Z6
— {/ rdr/ d0 K r\/‘)S”fl (5 )}(t) (4.5.49)
R *RQ 2w2 4
o 1/2t1/2 1/2t1/2/1 / 1/26 e,

The following Theorem in combination with Lemma 4.4.1 gives a proof of Theorem

4.3.1(vii).

Theorem 4.5.8. Let v be a NON vertex with interior angle v and exterior angle [3.
Under the variable change v = p, 8 = 0 — p, we have that 0 < p < 0 < 2w and the

model heat content contribution from Sg(v) is

R P [e's) P
/0 TdT/O d¢/0 Todro/o ddo nw, (t;7, ¢, 70, ¢o)

P;tl/Q +b(o, p)t

£1/2 —R2y%w? /4t —R2C,,, /4t
1/2 / / 1/26 Y —i—O(te p )

- v<sR<v>> inztl/z " bw Bt

o 1/2/ / y i i (te‘RQC%B/M),
7r

(4.5.50)

1

where

- o cosh(Z6)cosh((c —2p)8) —cosh ((Z —c)0
b(U,P)Z/O do (2 ) << P) ) ((2 ) )

4.5.51
2sinh(o0) sinh(30) (4.5.51)

and Cy, ,, Cy g > 0 are constants depending only on o,p > 0 and v, 3 > 0 respectively.
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Proof. As in the case of the NN wedge, we compute the angular terms first. Again we
can do this by Fubini’s theorem. With standard hyperbolic trigonometric identities,

one can show that

[ do [ dos 2.6, . 60)

= 3 s + 25 (cosh(7 = ) — cosh() + 2= (o) — 1)
m (cosh((o — 2p)0) + cosh(af) — 2 cosh((o — p)h))
2 sinh(m6) — 2 sinh?(16) + 2sinh(%0)

{ cosh (gQ) cosh((o —2p)0)

0 62

~cosh ((5-) ) }

02 sinh(o6)

(4.5.52)

We know how to treat the first two terms in the last line of the equation above from
equations (4.5.17) and (4.5.49), so we only need to treat the third term. Applying

the identity in equation (4.5.15) twice, we see that

R {2 /OOO rdr /000 7o drg /000 db Kig(rv/s) Kip(rov/s) sinh(56)
cosh (g@) cosh((o — 2p)0) — cosh ((7 — a) 9) }(t)

x 72602 sinh (o)
_ { 1 /oo ” cosh (g@) cosh((o — 2p)f) — cosh ((g - J) 9) }
252 sinh(c0) sinh(30)
/ cosh cosh((a — 2p)0) — cosh ((f - a) 9)
T2 sinh(c0) sinh(30) '
(4.5.53)
Thus, by the linearity of the inverse Laplace transform, we have that
R p e p
/0 r dr/o dqb/ o dro/ doonw, (t,r, ¢, 70, o)
= ;pR2 P; 12 £ b(o, p)t — Sy(t t1/2/ / 1/26 —REyPwR /At

(4.5.54)
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where

cosh (g@) cosh((o — 2p)0) — cosh ((g - 0') 6)

Si(t)=L"" {i /Roordr /Ooo df Kip(ry/s)

76 sinh (o)
(4.5.55)
Thus, it suffices to show that Si(t) is exponentially small as ¢ | 0.
Observe that
cosh (%9) cosh((o — 2p)0) — cosh ((g — a) 9)
76 sinh (o)
_cosh((5 — o+ 2p)0) + cosh((5 + o — 2p)f) — 2cosh((5 — 0)0)
B 270 sinh(00)
_cosh((§5 —o+2p)0) =1 cosh((5 +0—2p)f) —1
B 270 sinh(o6) 270 sinh (o)
_cosh((§ —0)f) -1
76 sinh (o)
(4.5.56)

Hence, we have that

Si(t) =L {i | rar [T do Ko(ri/s )COSh«%;S‘:n; i’; }
+ L { | rar [T do K (r+/5) OUG + 0 = 20)0
- L { / rdr/ db Ky( r\/_)COSh((_U)m—l}(t).

} (t) (4.5.57)

270 smh(09)
76 sinh (o)

Using Lemmata 4.5.6(i) and 4.5.6(ii), we see immediately that Sy (t) = O (te‘mcw/t)

where C,, , > 0 is a constant depending only on ¢ and p.

Undoing the variable substitution one sees that, b(o, p) = b(~, 8) with b as defined
in Theorem 4.2.1 and 1pR?* = 1yR? = V(Sg(v)), which concludes the proof. O

The proof of the NOON case becomes even more complicated but the idea is precisely
the same. The main difference is we get a cross-term we need to deal with but we

can still handle it using Lemma 4.5.6.

The following Theorem in combination with Lemma 4.4.1 gives a proof of Theorem

4.3.1(viii).

} 0.
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Theorem 4.5.9. Let v be a NOON vertex with middle angle v and exterior angles
B and . Under the variable change v =p — X, B =0 — p and o = A\, we have that

0<A<p<o<2m.

The model heat content contribution from Sg(v) when 7y is an interior angle of D is

R p 00 p
/0 ’r’dr/)\ d¢/0 TodTo/ ddo nw, (t;7, ¢, 70, ¢o)

1 2R
= 5(0—)\)R2 1/2 1/2+C(J pv)‘>
1/2 /2 / / 2)1/2 e R0 (te_RQCU"p’A/M)
2R
= V(SR(U)) 1/2t1/2 + 6(77 57 )
1/2 1/2/ / i Y R (te‘RQC%ﬂv‘l/“) 7
(4.5.58)

and when B and a are interior angles of D s

R o0
/ rdr / d¢/ To d’l"o / d¢0 nw, (t’ r, ¢7 To, ¢0)
0 (0,\)U(p,0) 0 (0,\)U(p,0)

1 2
= 5()\ +o0—p)R* - —Rtl/Q +¢(o, p, M)t

T1/2
7r1/2 1/2/ / y T _32y2w2/4t+0(te—RZCU,p,A/u)
= V(SR(U)) 25;” +c(7, B, a)t
1/2 1/2/ / e Y Ry (tefR%W,a/zxt) ‘
(4.5.59)

Here,

(o, p, \) = bo, p) + b(o, \)

cosh (cosh((o —p—A)0) —cosh((c — p+ N)F))
a / sinh(c0) sinh(30)

(4.5.60)

and C, 55, Cypa > 0 are constants depending only on o,p,\ > 0 and v,8,a > 0

respectively.
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Proof. First let us consider the case where 7 is an interior angle of D.

Again, as in the case of the NN and NON wedges, we begin with the integrals over
the angles and save the radial terms for later in order get the integrals into a form

where we can use Lemma 4.5.6.

We first observe that by Fubini’s theorem

p p p p A A
[ 6 [ 460 0,(0.0.00) = [ do [ oy @06, 6. 60)+ [ do [ don@(6,6,00)
A p
2 ["do [ don @,(0.6.60)
(4.5.61)

and we have treated the first two terms on the right-hand side in the NON wedge

case. So only the third term needs to be treated. We have that
A p
| [ ds coshi((r — l6 = éu])6)

- 29)\ sinh(7@) + 912[(308}1«7'( — A)0) + cosh((m — p)@) — cosh(70)
—cosh((m 4+ X\ — p)G)}

2
_ 2 sinh(76) +

; [sinh((7 + o — A)0) — sinh((m — o — \)9)

202 sinh(o0)
+ sinh((m + o — p)f) — sinh((7 — 0 — p)#) — sinh((7 + 0)0)

+ sinh((m — 0)f) —sinh((m + 0 — p+ A\)@) + sinh((r — o — p+ /\)0)},

(4.5.62)
as well as
iiﬂﬁggi /0A de /Op dpo cosh((¢ + ¢o — 0)0)
= m {cosh((a — p—A)f) + cosh(cf) — cosh((c — \)0)
" ehllr o) (4.5.63)
= m [2 sinh(76) cosh((o — p — A\)0) + sinh((7 + 0)6)

+ sinh((m — 0)0) — sinh((m + 0 — A\)f) — sinh((7m — o + \)0)

—sinh((7m + o — p)0) — sinh((7 — o + /))9)},



120 Chapter 4. Heat content for polygons with reflection

and that

sinh((m — 0)6)
sinh(c0)

/OA do /Op deo cosh((¢ — ¢g)0)

_ sinh((m — 0)0)
0% sinh(o6)

[Cosh()\e) + cosh(pf) — cosh((p — \)0) — 1}

1 (4.5.64)

- Wh(ge) [Sinh((ﬂ' — 0+ )\)9) + Sinh((ﬂ- —g— )\)0)
+ sinh((m — o + p)0) + sinh((7 — 0 — p)f) — sinh((7 — o + p — A)0)

—sinh((m — o — p+ A)0) — 2sinh((7 — 0)0)].

Summing (4.5.62), (4.5.63), and (4.5.64) we obtain that

A 2\ 1
/0 do /Op doo @y (0, b, o) = v sinh(70) + fZsinh(0d) (sinh(w@) cosh((c — p—N)0)

— S sinh((x 0~ p+ A)f) — g sinh((x — 0+ p A>9>>

sinh(7@)

2\
— 22 Gnh(r0) o+ ST
sinh(rf) + 62 sinh(o6)

- (Cosh((a = N)6)

—cosh((oc—p+ )\)9)).

(4.5.65)

Hence, using the identity (4.5.17) and the identity (4.5.15) twice, we have that

R 00 A
51{/0 rdr [rodr | d¢/0pd¢0GWG(s,r,¢,r0,¢o)}(t)

(50) (cosh((o — p — A)f) — cosh((o — p+ A)F))
2sinh(o6) sinh(%0)

|  cosh
— SAR? = Syt +t/0 o <=

(4.5.66)

Sy(t) = 5—1{1 [ [T v w6

S JR
(4.5.67)

cosh (ge) (cosh((0 — p — A)B) — cosh((0 — p+ N)B)) .
76 sinh (o) }( )
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Now observing that

cosh (g@) cosh((oc — p—MN)#)  cosh (gé’) cosh((o — p+ \)0)
76 sinh (o) a 76 sinh (o)
_cosh((§F +o—p—A)0)—1 N cosh((§ — o +p+A)0) —
270 sinh(o6) 276 sinh(o6)
cosh((5 +c —p+A)0) —1 cosh((§5 —o+p—AN)0) —
a 276 sinh(00) a 270 sinh(o6)

(4.5.68)
by using Lemmata 4.5.6(i) and 4.5.6(ii) we have Sy(t) = O (te’RQCf’vP’A/t> where
Copx > 0 is a constant depending only on o, p and A.

Now by the linearity of the inverse Laplace transform we have that

R o0
-1 {/0 rdr//\pdqﬁ/o Todro/)\pdCboGWU(SvTa¢>T0>¢0)}<t)
-1 {/ORTdT/Opd(ﬁ/OOOTodro/opd¢0GWg(57Tv¢7T07¢0)}(t>
-1 {/()RTdTAAd¢AwTOdTO/OAdQSOGWU(S?raqva()v¢0)} (t) (4569)

A [e’e]
— 25_1 {ARTdTA d¢/{) To d’f'o /Op d¢0 GWU(87T7 ¢a r07¢0)} (t)

1

T2 u 1/2+C(Op,A)

12
1/2 1/2/ / i Y R (tefqu,,p,A/u) .
7T

Undoing the variable substitution one sees that, ¢(o, p, \) = ¢(v, 5, ) with ¢ as

(p N R? —

defined in Theorem 4.2.1 and 1(p — A)R? = 17R? = V(Sg(v)).

The case where 5 and « are interior angles of D follows on from this. Note that by

Fubini’s theorem we have that

[ de e @ (0,6, 60)
ONU(po)  J(ONU(p.0)
—/ dqb/ doo @,(0, 9, ¢0)+/:d¢/;d¢0 D, (6, b, o) (4.5.70)

_2A dqﬁ/o dpo @, (0, b, do).

We see from (4.5.65) that

o 2(p— A
/:d¢/0 ddo Dy (6, b, o) = (p9 ) sinh (). (4.5.71)
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Hence by (4.5.17) we have

-1 {2/0err/:d¢/ooor0 dro /OU ddo G (5,7, 0, ro,¢0)} (t) = (=N RZ, (4.5.72)

and by Lemma 4.5.3 we have
4 R o %) o o 9
/ rdr/ d¢/ ro drg/ Aoy Gy, (5.7 6,70, 00) (1) = S R%. (4.5.73)
0 0 0 0

Thus, we have

{/ rdr/o/\u(pa d¢/ To d?“o/ Vi) doo Gw, (s, T, gzﬁ,ro’qﬁo)} (t)

2(a+p A—2(p—N)R? - j§2t1/2+5(0, P, A)t
71-1/2 1/2/ / T Y Ry (te—R2CU,,,,A/4t)
= ;(ﬁ +a)R? — 21—}/%2151/2 +c(v, B, a)t
1/2 1/2/ / y 1/2 e~ B/t 4 <t€—R2C’w,ﬁ,a/4t> ’
(4.5.74)
which completes the proof. O

4.6 Extensions of Theorem 4.2.1

In this section, we discuss some further extensions of Theorem 4.2.1. We did not
include them in the original statement of the theorem to keep the exposition of the

proof as simple as possible.

4.6.1 Vertices with an arbitrary number of incident edges

The computations in the previous section can be extended to vertices with an
arbitrary number of incident edges in £. The case of open vertices lying in ) with
an arbitrary number of incident edges which are all open is dealt with in [BerGit16]

and the case for NOON vertices with four incident edges is answered in Theorem
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4.5.9. Here we outline the case when the vertex lies on the Neumann boundary 0f).

The notation used below is the same as that used in the proofs of Theorems 4.5.8

and 4.5.9.

We choose such a vertex v € V with interior angle with respect to {2 denoted
o € (0,2m). Translating v to the origin and rotating as necessary, choose R > 0

sufficiently small so that

k
Bgr(0) N D = Bg(0) N (U ij) (4.6.1)
=1
where
W= {(r,¢) :r >0,\ < ¢ < pi} (4.6.2)
and 0 < A\ <pr <A< pp<---<\<pr<o.

Then, as in Section 4.3.1, we set Sg(v) = Br(0) N D and we model the heat content

contribution from Sg(v) by

kE k R ; oo j
ZZEA {/0 rdr//\j d¢/0 To dro /)j do GWW(S;Ty ¢>7’07¢0>} (1), (4.6.3)

i=1j=1

which, splitting the second sum, is equal to
k R pi 0o pi
=> ¢ {/ rdr [ do [T rodry [ oo Gur, (si7. 0,70, ¢0)} (t)
i=1 0 i 0 i

R i o8] J
+Z Z L1 {/0 7adr/: d(b/o rodro/;) deOGWV(S;Ty(barOa(ﬁO)}(t)'

i=11<j<k
J#i
(4.6.4)
For 0 < X\ < p < o, we define
07 A= 07 p =0,
_ b(a, p), A=0,p<o,
Flo,p,A) = (4.6.5)

~

blo,0 —A), A>0,p=o0,

élo, p, N), A>0, p<o,

where b and ¢ are defined in the statements of Theorems 4.5.8 and 4.5.9 respectively.
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Then, from Lemma 4.5.3 and Theorems 4.5.8 and 4.5.9, we know that

R p oo o
/ rdr/ d(b/ To dT‘o/ doo nw, (t;7, ¢, 70, o)
0 A 0 A

1 2~ 1y(A) — 1oy (p))R _
+ (2 _ ]1{0}()\) _ ]1{0-} th/z / 1/2 €_R2y2w2/4t
+0(e” ),

(4.6.6)

for some constant C' > 0 depending on R, o, p, and A (note that when A = 0 and

p = o we consider a Neumann vertex so there is no remainder as in Lemma 4.5.3).

We now come to deal with the cross terms which conveniently are not too difficult

to deal with from our previous work.

Suppose, without loss of generality, that 0 < A < p < X < p/ < ¢. By Fubini’s

theorem we observe that
[ o [ don@o(0.0,00) = ["do [ doos(0.0,60)+ [ o [ d¢o (0,6, 60)

[ [ o0 2.0,0.00) ~ [ do [ oo (0,0, 60)
0 0 0 0
(4.6.7)

Using (4.5.65) on each of these four double integrals, we see that

, _
[ o [ done,(6.0.00) = Gt T (cosh((o  f = p)6) = coshl(a — 5 + )0

+ cosh((a — X' = X\)f) — cosh((o — X + \)f)
— cosh((o — p' — N)8) + cosh((o — p' + \)0)

— cosh((o — X = p)B) + cosh((o — X + p)9))
sinh(70)

= mg(QQ a, 0\ p 5 N).

(4.6.8)

Using similar arguments as in the proof of Theorem 4.5.9 and repeated use of Lemma
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4.5.6, one can deduce that

1{/Oerr/pd¢/ooTod7’o/p/d%GWw(S;Ta@TO?%)}(t)

B cosh(560)g(0;0,p, A, p', N') —C'Jt 4.6.9
- / d0 2 smh(aﬁ) sinh(56) +0le ) ( )

—=: h(o, p, M, o/ N) + Oe= €1,

where C” > 0 is a constant depending on R and the angles o, A, p, X, p/

Using (4.6.6) and (4.6.9), we see that the model heat content contribution of Sg(v)
1s

V(8afe)) - L0 2L PR

k k
Z g, pz, i Z h(0-7pi7)‘i7pja)‘j) t
= —11

( <j<k
J#i
2k — 1 A 1 R 1/2 —R2y2w2/4t
+ 2k = Loy (M) = Loy (pe)) 5t | W i
+ O(e_cﬁ/t)
(4.6.10)
for some constant C” > 0 depending on R and the angles o, \1, p1, ..., Ak, k-

To extend Theorem 4.2.1 to include vertices with an arbitrary number of incident
edges in &£, one would need to construct a partition analogously to one required to

prove Theorem 4.2.1.

We remark that we believe these ideas can be used for such wedges where instead
of Neumann boundary conditions we have Dirichlet boundary conditions or mixed
Dirichlet-Neumann boundary conditions. This would give rise to analogues of The-
orem 4.2.1 in the Dirichlet-Open-Open-Dirichlet (DOOD) case, the Dirichlet-Open-
Open-Neumann (DOON) case, and so on. It would suffice to do it only in the
Dirichlet case as the mixed Dirichlet-Neumann case may be obtained by the method

of images.
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Figure 4.6: An example setup for our problem when one has interior
angles of angle 27 as a modification of Figure 4.1.

4.6.2 Interior angles of angle 27

Let © C R? be a bounded polygonal domain as before but now suppose we have an
interior angle with angle 27, see for example Figure 4.6. All the model computations
for a vertex of D lying at a vertex of {2 with interior angle 27 carry over immediately
without any need for further calculations. The only moot point is whether the

locality principles still hold.

One may construct the Neumann heat kernel on such polygonal domains via the
same construction as given in Section 2.3.2 and from this one can determine the
locality principles in the same way as before. The construction relies on viewing {2

in terms of the manifold metric
d(z,y) := inf{l(5) : v is piecewise C* from z to y} (4.6.11)

on 2 where /() denotes the length of v. The topology induced on 2 by this metric
is precisely the Euclidean topology however the completion Q of 2 in this metric
is not a subset of R?, rather an abstract space, or more conveniently a manifold.
We have a new boundary 99 := Q\ Q for which the normal derivative 7 on the

boundary can be defined almost everywhere in the obvious way. The heat equation
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with Neumann boundary conditions and initial datum f € L?(2) then becomes

@(t;x) = Au(t; ), t>0, e,

ot

du " (4.6.12)
—(t;x) =0, t>0, €00 ae.,

on

limyol|u(t;-) — f(2)|[z2() = 0.

One may use the classical energy method to determine the uniqueness of solutions
to the Neumann heat equation via a generalised Gauss-Green formula due to Chen,

see [Chn93, Thm 4.5], in this case.

One may also wish 2 to be unbounded, and possibly also have interior angles of 2.
The same manifold construction of the Neumann heat kernel works in this case and
one has all the same model computations. For more information on Neumann heat
kernels and reflecting Brownian motion in such cases we refer the reader to [Chn93]
as one requires much more probabilistic machinery than we mention in this thesis.

A remark in this direction is also given in Appendix B of [FarGit23].

4.6.3 Zaremba polygons

The methods presented in this thesis can also be used to compute small-time heat
content asymptotics for polygons with Zaremba boundary conditions. Let D be a
bounded polygonal subdomain and I' C 9D be the union of some of the edges of

OD. Let u},(¢;x) be the solution of

9)
au(t;x) = Au(t; x), t € (0,400), x € D,
u(t;z) =0, t € (0,400), z €T,
) (4.6.13)
a—u(t;x) =0, t € (0,4+00), z € 0D\I'
n
limyolju(t; ) — Lpllz2py = 0,

and define the Zaremba heat content as

Qp(t) :I/Dd:vu%(t;x)- (4.6.14)
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Recall the function

o [t

Theorem 4.6.1. We have the following small-time asymptotic expansion for the
Zaremba heat content of a polygon:

Q50 = V(D) —2H (D) o+ (Z f)+ ) ¥ f2a)

a€App OZEADN

(4.6.16)
+0(e=P1),

where: App s the collection of interior angles of D where two Dirichlet edges meet;

Apn is the collection of interior angles of D where a Neumann and a Dirichlet edge

meet; and, Cp > 0 is a constant depending on D.

Proof. The proof is a hybridisation of that of van den Berg and Srisatkunarajah in
[BerSri90] and the methods presented in this thesis. We outline the proof of the

result here but omit most of the details to avoid any repetition of previous ideas.

Firstly, we may construct a partition of D as described in [BerSri90] that allows us

to divide D into regions where we can make justifiable model computations.

Secondly, the model computations are the obvious ones, e.g. an infinite wedge with
Dirichlet boundary conditions for vertices where two Dirichlet edges meet. The only
one that is different to any presented either here or in [BerSri90] is the Dirichlet-
Neumann wedge calculation. However, by the method of images the heat content
of a Dirichlet-Neumann wedge of angle 0 < o < 27 is the precisely half that of the
Dirichlet-Dirichlet wedges with angle 2ce. The only moot point is that, of course,
0 < 2a < 47 and so the Dirichlet-Dirichlet wedge under consideration may not be
a subdomain of R?. But this is not a problem at alll And, one may obtain the

calculation for such a wedge in exactly the same way as presented in [BerSri90].

Finally, the justification of the model computations comes from an analogous proof
the locality principles in Section 4.4 in this case. Namely, one may consider the
Dirichlet heat kernel gy (¢; z,y) on a submanifold N C M, where M is the manifold

generated by D, where N is given by copies of D obtained by reflecting only over



4.6. Extensions of Theorem 4.2.1 129

sides not in I'. Then, similarly to the Neumann case, the Zaremba heat kernel
q5(t; z,y), with the appropriate mixed boundary conditions, for D may be obtained

as

ity =Y. avt;z,z) (4.6.17)

2€¥ 3 ({y})

in the same way as in the paper [GalMcK72]. Arguing as in the proof of Lemma

4.4.1 one obtains the necessary locality principles.

Important to note is that the stochastic process (X;);>o associated with ¢k (t; z, )

is a reflecting Brownian motion on D that is killed on I', i.e. the governing law is
PO(X € A >1) = [ dydb(tie,y), (4.6.18)
D

where

m=inf{t >0: X, €'} (4.6.19)

This is the subtle difference for proving the desired locality principles in this case

but the proof is effectively entirely the same. O






Chapter 5

Conclusions and further directions

In this thesis, we have considered the asymptotic behaviour of minimisers to spectral
shape optimisation problems and small-time heat-flow asymptotics for the Neumann
Laplacian. In particular, we built upon previously known results for the Dirichlet

Laplacian and considered problems relating to Zaremba Laplacians in both cases.

We now give an extended discussion of possible future directions for research arising
from the topics discussed in this thesis, and give some examples for a few of these

directions.

5.1 Spectral shape optimisation

We begin by stating some spectral shape optimisation problems that are natural
extensions to the ones we considered in Chapter 3. First we recall Remark 3.3.2,

which concerns the asymptotic behaviour of minimisers to the problem
inf {\}(Q) : @ C R? convex, P(Q) = 1} (5.1.1)

as k — +o0o when d > 3. We proved that minimisers do indeed exist for all £ > 1.
In the g = 0 case, i.e. the Neumann case, one does not have existence of minimisers

for any £ > 2 and in the § = 400 case, i.e. the Dirichlet case, we have existence for
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minimisers for all £ > 1 and the minimisers ~-Hausdorff converge to the ball of unit

perimeter as k — +oc.

In the case of rectangles and volume constraint, Freitas and Kennedy showed

[FreKen21] that despite the existence of minimisers for all £ > 1 to the problem
inf {\{(Q) : @ C R? rectangle, V(Q) =1}, (5.1.2)

the diameter of the minimisers diverges as k — +o00. So although our existence
is the same as in the Dirichlet case, we have the degeneracy of the Neumann case

appearing as k — +o0.

In dimension three and higher, for bounded convex domains, a bound on perimeter
does not imply a bound on diameter. Hence, it would be interesting to know if the
minimisers for Robin eigenvalues in the case of perimeter constraint do indeed diverge
in diameter or not. A study in the case of cuboids in dimension three following the

ideas in [FreKen21] would be a good start in this direction.

Also, as alluded to earlier in the thesis, the minimisation problem
inf {\e(Q) : Q CRY, P(Q) =1}, (5.1.3)

where we drop the convexity condition, has a minimiser but the asymptotic behaviour
of these minimisers is unknown, see Remark 1.3 in [BucFrel3]. The natural conjecture
to make is that the minimisers should ~-Hausdorff converge to the ball of unit
perimeter as k — +o00. Indeed, this result is known to hold for the average of the

first & Dirichlet eigenvalues, see [Frel7].

We note that if one replaces the perimeter constraint with a diameter constraint, we
settled this problem with a mild extension of the work of van den Berg in [Berl5],

see Theorem 3.2.1.
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5.2 Shape optimisation of heat content

In an attempt to unify the work on the topics of heat content and shape optimisation,
which were fairly distinct in this thesis, we now discuss shape optimisation for heat

content.

There is over 50 years of mathematical literature on the topic, but it is somewhat
sparsely spread out and usually comes as a consequence of much more general
inequalities. We discuss how these problems are potentially of interest in their own

right.

5.2.1 Luttinger’s inequality

For a measurable set £ C RY, we define its Schwarz rearrangement as the ball
E* with the same volume as E centred at the origin. For a measurable function
f : RY® — R we define it Schwarz rearrangement (also known as the symmetric

decreasing rearrangement), by

+o0o
Fa)i= [ dt e @) (5.2.1)

The well-known Riesz rearrangement inequality states that

/Rd de | dy f(y)k(z —y)g(y) < /Rd dz [ dy fH(@)k(z —y)g"(y) (5:2.2)

for any f,g : R? — Rsg measurable and k : R — Ry, a radially symmetric
decreasing function. For the open heat content, as observed in [Pre04], the Riesz
inequality immediately implies that
Hu(t) = [ do [ dyTo(ape(to,0)1s()
\ 5 (¢: . 5.2.3
< [ de [yt @pee(ta )i (o) (5:2:3)

for all ¢ > 0. That is to say, the ball maximises the open heat content over all

measurable sets of a given volume for all ¢ > 0. As alluded to in the introduction of
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this thesis, if you combine this result with the work in [MirPPP07], one obtains a

proof of the isoperimetric inequality for measurable sets.

For a bounded open set 2 C R%, we define its Dirichlet heat content by

Qalt) = | du [ dyqaltiz,y) (5:24)

where qq(t;z,y) is the Dirichlet heat kernel on Q. Using a generalised version
of the Riesz inequality, an inequality due to Friedberg and Luttinger proven in
[FriLut76], and representing the Dirichlet heat semigroup via a Trotter product

formula, Luttinger in [Lut73] gives a proof that

Qa(t) < Qax(t) (5.2.5)

for all £ > 0. That is to say, the ball maximises the Dirichlet heat content over

bounded open sets of a given volume for all ¢ > 0. Noting that

M (Q) = lim —t 'log Qq(t) (5.2.6)

t——+o0

one immediately obtains the Faber-Krahn inequality. Moreover, if one takes the first

moment of the Dirichlet heat content you get the torsional rigidity 7'(€2) of €, i.e.
T(Q) = /0°° Qalt). (5.2.7)
Thus, Luttinger’s inequality also implies the Saint-Venant inequality
T(Q) <T(Q), (5.2.8)

which was known earlier to be true by the work of Pélya in [P6148]. We should
digress that conventionally the torsional rigidity is defined as the L' norm over  of

the weak solution to
—Au(z) =1, z€Q,
(5.2.9)
u(z) =0, x € 0N.
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Given that v may obtained via the resolvent formula

u(z) = /de/ooo dt qo(t; z,y), (5.2.10)

one can immediately see these two definitions of torsional rigidity are equivalent by

Tonelli’s theorem.

Although the author is not aware of any explicit reference in the literature, as an
immediate corollary of Luttinger’s methods one may prove an analogue of (5.2.5)
for triangles and quadrilaterals via Steiner symmetrisation. That is, the equilateral
triangle maximises the Dirichlet heat content amongst all triangles of the same
area for all ¢ > 0 and the square maximises the Dirichlet heat content among all
quadrilaterals of the same area for all ¢ > 0. Hence, one may obtain a proof of
the analogues of the Faber-Krahn and Saint-Venant inequalities for triangles and

quadrilaterals.

Some recent attempts in the direction of proving the analogous inequality to (5.2.5)
for the class of N-gons using these heat flow ideas was done by Bogosel, Bucur and
Fragala in [BogBF24]. This would resolve the Pélya-Szegé conjecture for the first
Dirichlet eigenvalue, see [P61Szeb1, p. 159], which states that the regular N-gon

minimises the first Dirichlet eigenvalue among all N-gons of a given area.

One can go further and obtain more inequalities regarding the exit times of Brownian
motion from a domain using the ideas of Luttinger, see for example [McD13, §2],
and prove analogous results to those of (5.2.5) on spheres and hyperbolic space, see
[BurSch01]. We also remark that shape optimisation for the Dirichlet heat content
with obstacles was recently done by Li in [Li22] and other similar problems for the

open heat content were studied in the PhD thesis of Preunkert [Pre04].

We now turn our attention to the Robin heat content with positive parameter
p € (0,+00) and give a conjecture in this direction. In this case, the heat content

of a bounded Lipschitz domain £ C R? is given by

Qg(t) :z/ﬂdaz‘/gdyqé(t;x,y), (5.2.11)



136 Chapter 5. Conclusions and further directions

2+ 2+~
Height = (3 + 67)/2
7%

S

2 — 2y

Figure 5.1: Visualisation of the triangle 7', with the Dirichlet bound-
ary conditions in blue and the Neumann boundary con-
ditions in red.

where 5 (t;2,y) is the associated Robin heat kernel on €2. Given that the Faber-
Krahn and Saint-Venant inequalities hold for the Robin Laplacian with positive
parameter, see [Bos86; Dan06; BucGial5|, it is natural to make the following con-

jecture for the Robin heat content.

Conjecture 5.2.1. Fiz 3 € (0,+00). For any bounded Lipschitz domain € C R,

forallt >0
Qo(t) < Qo (1). (5.2.12)

5.2.2 Zaremba heat content

All the aforementioned heat content optimisation problems have static solutions in
the sense that one has the same maximiser for the heat content for all time ¢ > 0.
Under mixed Dirichlet-Neumann boundary conditions this not necessarily the case

and equally one may not have existence at all.

For —1/2 < v < 1, let T, the isosceles triangle with base length ¢, = 2 — 2 and
other sides of length 2 4+ . By construction we see that P(T),) = 6. We consider
the heat content of 7', denoted by ), (t), with Dirichlet boundary conditions on the
base and Neumann boundary conditions on the other two sides, see Section 4.6.3
for more information on the definition of this heat content and see Figure 5.1 for a

visualisation of 7', and the Zaremba boundary conditions imposed. For a fixed ¢ > 0,
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we consider the maximisation problem

sup{@(t) : —1/2 <~y < 1}. (5.2.13)

We recall that for v fixed, one may show that ), (t) is strictly convex and strictly
decreasing in the same manner to that of the heat content problems described in

Chapter 4.

Proposition 5.2.2. For all t > 0, the mazimisation problem (5.2.13) has a maz-

imiser Tyx. Moreover, we may choose the mazimisers such that (7)o is continu-

ous as a function [0,+00) — (—1/2,1) and letting f(t) = Qr,.(t) we have that
t

f:[0,400) = (0, +00) is strictly decreasing and convez, and limy_, ., f(t) = 0.

Proof. As in the Neumann case in Chapter 4, we may express (), () as

< Ty UJ(’Y)>L2(T.Y)
©0)

where the (;(T,) are the Zaremba eigenvalues of T, and the v;

2
, (5.2.14)

Z o~ Ci (Tt

are the associated

L?(2)-orthonormalised basis of eigenfunctions. From Bessel’s inequality we may

obtain
)t () 2
QT’Y Ze ™) < ’vj >L2(T’y)
00 2
—¢1 (Tt ()

<e 1(Ty) z:l <]1vaj7 >L2(Tw) (5.2.15)
]:

< V(T,)e” (Tt

Let Q* := Qg (t), and a; < 0 < b; such that V(T,,) = V(T},) = Q*, then we must

have any maximiser necessarily lies in [a;, b C (—1/2,1).

For each ¢ > 0, one may find M; > 0 such that T, € A?(M;) for all y € [a;, b], where
A?() is the space defined at the start of Section 3.3.2. In fact such an M > 0 exists
for any compact subset of (—1/2,1). Thus, combining the proof of Lemma 3.3.13,
in which we prove the continuity of the associated resolvents, and the First Trotter-

Kato Approximation Theorem, see [EngNag00, Thm 4.8], one gets the continuity of
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the associated heat semigroups and thus of the heat contents with respect to v for

t > 0 fixed.

Since [ay, by] is compact and Qr, (t) is continuous with respect to v for ¢ > 0 fixed, a

maximiser exists for all £ > 0 by the extreme value theorem.

The continuity of the path (7;):>0 comes immediately from the continuity of the

heat contents (), (t) with respect to 7. One argue this by contradiction.

f(t) is convex as it is the supremum of convex functions and the fact that it is strictly

decreasing condition comes directly from

ft2) = Qu; (t2) < Quy (t1) < @y (1) = f(t1) (5.2.16)

for any 0 < ¢; < 5. The limit f(¢t) — 0 as t — 400 is self-evident. O

For t = 0, the maximiser is simply 7p, i.e. 7/ = 0, by the isoperimetric inequality
for triangles. However, we may now use our small-time heat content asymptotics for
Zaremba polygons in Section 4.6.3 to deduce that for ¢ > 0 small, the equilateral

triangle is not a minimiser.

Proposition 5.2.3. We have that

8¢1/2
97‘(’1/2

*

v = + o(t'/?) (5.2.17)

ast ] 0.

Proof. From Theorem 4.6.1, we may deduce that

1/2

Qr, (t) = (1 =7)(3+69)"* = (4 = d7) 75 + 04 (), (5:2.18)

as t | 0, where the remainder can be taken to be uniform for || small. Taking the

derivative of this small-time expansion with respect to v yields

d 9y 4t1/2
el 1) = —
dyQTv( )

Grer e O (5.2.19)
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Noting that

9y 9

and any maximum of the heat content has %QTW (t) =0, we may deduce
v = —— 4 o(t'?) (5.2.21)

as desired. n

The question now arises as to what happens to 7} for ¢ > 0 large? We can answer

this as a consequence of the following lemma.

Lemma 5.2.4. Denoting the first Zaremba eigenvalue of T, under the aforemen-

tioned mized boundary conditions by (1(T%), we have

2 2
M(B) < (1) < M(BT) (5.2.22)
(247)? 3+ 6y

In particular, G (T,) | §M(B?) as v 1 1 and the minimisation problem
inf{¢;(7,) : —1/2 <y < 1} (5.2.23)

does not have a minimiser.

Proof. The proof is straightforward. By monotonicity considerations, (;(7%) is

greater than the first Zaremba eigenvalue El(Sﬂ,) of the sector

1—
S, = {(r, $):0<r<2+7,0<¢ < 2arcsin (2_‘_:0} (5.2.24)

with Dirichlet boundary conditions on the arc and Neumann boundary conditions

on the straight edges. By a separation of variables argument, one may deduce that
G(Sy) = (24 7) 72\ (B?). (5.2.25)
For the other inequality, we define the sector

' : 1—n
S = {(r, $):0<r<(3+67)% 0< ¢ < 2arcsin <2+’Y> } : (5.2.26)
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for which we can deduce, again by separation of variables and monotonicity, that

G(T) < G(S) =

: (5.2.27)

which completes the proof. 0

Corollary 5.2.5. We have that v — 1 ast — +oo.

Proof. Suppose v, € (—1/2,1 =) for all t > 0 for some 0 < § < 3/2. Using (5.2.15)

and our assertion on the 7/,

Q-+ (t) < V(T,y)e_()‘l(]BQ)t)/(S_é)Q < V/3e~ M (B))/(3-6) (5.2.28)

Moreover, from letting v/ = 1 — € we see
Qo (1) = eIt < gD/ (9=) (5.2.29)
So taking 0 < € < 3/2 sufficiently small, to be precise € < 60 — §2,

@y (1) < Qy (1) (5.2.30)

for ¢ sufficiently large. Thus, we must have 7; € (1 — §,1) for ¢ sufficiently large,

which completes the proof as 0 < § < 3/2 was arbitrary. O]

It is reasonable to conceive that the sequence (v;)¢>o should in fact be monotone,
ie, 0 <y <y, <1lforall 0 <t <t And indeed, we know this to be true in

small time.

An interesting question is: which v maximises the torsional rigidity

/OOO Q. (1) dt (5.2.31)

in this case? Also, we could ask: do different v maximise other moments of the heat

content, i.e. what about maximising

/OOO £1Q () dt (5.2.32)
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for 0 < s < +00?7 And what happens to such maximisers as s — 400? Such
moments of the heat content have meaningful probabilistic interpretations in terms
of expectation of powers of exit times, see [McD13, §2] for more information on this.

We leave these as open problems here.

The moral of the story is the optimal solutions T+ (may chosen so that they) con-
tinuously flow from the solution to the isoperimetric problem to the degenerate limit
attaining the infimum to the minimisation problem of the first Zaremba eigenvalue,
possibly flowing via maximisers of (5.2.32). And therefore shape optimisation prob-

lems for heat content marries up various well-known shape optimisation problems.

We briefly remark that if we instead consider the case where we have the same
arrangement of Zaremba boundary conditions but insist that V(7)) = 1 rather than
P(T,) = 6, the maximisation problem is ill-posed. This can be seen by taking the
Neumann sides to be arbitrarily long and carrying out some similar computations

to the ones in Lemma 5.2.4.

A boundary obstacle problem

To end this thesis, we give a suggestion of a further shape optimisation problem
concerning Zaremba heat contents. This problem arose on a walk with Professor

Michiel van den Berg through Québec city whilst at a conference in 2023.

Given a fixed smooth connected domain 2 C R?, a fixed 0 < ¢ < P(Q2) and ¢t > 0
fixed, which connected relatively open set I'; C 99 with H'(T'}) = ¢ maximises the

Zaremba heat content of Qg (t), defined analogously to (4.6.14), among all such I',?

Of course if €2 is a ball, then this problem is trivial but the ball is not the interesting
case due to its incredibly high symmetry. Instead, if {2 is an ellipse, then we should
get an interplay between where I'} is located and the curvature of 9€2. Heuristically,
the placement of I'} tells us which connected part of 92 of a given length ¢ kills (on

average) a reflecting Brownian motion on 2 the least over the time interval [0, ¢].






Appendix A

Python code for computations

In this appendix we provide the Python code used to create Table 3.1 and Figure

3.2 and give a mathematical outline for how the code works in each case.

A.1 Estimating upper bounds for N,

We now give the Python code and outline of how the estimates of N; in Table 3.1

were obtained.

If we take n = 1 in the Neumann eigenvalue counting function bound from Proposi-
tion 3.2.3, then we have p} = 7% and x; = [dl/ﬂ and the bound reads

d—1

NY (@) < VE) a2 (W) (2[d"?] +3) d"2P(0)

md T

1727\ 47 (A.1.1)
+ %Zl (j) (4d)j/2 (W) Wj(Q)a(d—j)/Q 4 (4d)d/2wd

™

for any bounded convex domain © C RY. Under the additional imposition that
D(Q) = 1, we see that €, up to a suitable translation, may be contained in the

unit ball B? of diameter two. By the monotonicity of quermassintegrals and that
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P(BY) = dw,y and W;(BY) = w, for all j, the bound becomes

(@) . (2[d"/?] +3) d*

=r1(a)

+§: (j) (4d)/2 (W)M &<d—j>/2] '

™

&)

N(a) <

a2 4,

™

(A.1.2)

=ra(a)

The Neumann eigenvalue counting function of the d-dimensional ball of unit diameter

1

B = 5183‘1 satisfies the two term-Weyl asymptotic and so for « sufficiently large we

know that

N (o) > waV(B) a2 _ (wd)zad/2 (A.1.3)

S emt YT andt
which is the conjectured Polya inequality and is known to be true for two-dimensional
balls. By virtue of the two-term Weyl asymptotic, we assume, for simplicity and
to reduce the computational expense of the calculation, that Pélya’s inequality is

indeed true for d-dimensional balls for the Neumann eigenvalue counting function.

If we know that

NE (@) > Qinjd V;?)adﬂ + wqlri (o) + ro(a)]
D=1 (A.14)

= wy[r1(a) + ra()]

for all @ > a*, then a minimiser necessarily exists for

k>N (o) > (a")4/? =; | (A.1.5)

as the Neumann eigenvalues of the ball are smaller than any collapsing sequence
of bounded domains of diameter one. So our code consists of estimating this a* to

then obtain an estimate for k* which our estimated bound on Njy.

1 #Import the relevant wvariables and functions from the 'math' module
2 from math import ceil,sqrt,pi,gamma,loglO

3
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10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

#Import the binomial coefficent nCk as bec(n,k)

from math import comb as bc

#Function to return the kappa_1 variable
def kappa(d):

return ceil(sqrt(d))

#Function to determine the volume of the d-dimensional unit ball
— omega_d
def omega(d):

return (pi**(d/2)) / (gamma(1+(d/2)))

#Function to compute the remainder r_1(alpha)
def ri(a,d):
return ((kappa(d)/pi)**(d-1)) * (2xkappa(d)+3) * (d**(3/2)) *

o (axx((d-1)/2))

#Function to compute the remainder r_2(alpha)
def r2(a,d):
return sum(bc(d,j) * ((4xd)**(j/2)) * ((kappa(d)/pi)**(d-j)) *

< (ax*x((d-j)/2)) for j in range(2,d+1))

#Function for the conjectured Pélya lower bound for the d-dimensional
- ball
def polya(a,d):

return ((omega(d)**2) * (a*x(d/2))) / (((4*pi)**d))

#Function for finding the difference epsilon(alpha)
def epsilon(a,d):

return polya(a,d) - omega(d) * (ri(a,d) + r2(a,d))
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30
31 #Function for returning an estimate alpha* with jumps of size N
— starting at a0

32 def est_alpha(d,N,a0):

33 a = a0

34 while epsilon(a,d) < O:
35 a += N

36 return a

37

38 #Function for estimating Nd by refining the search each time and then
— uses the Pélya

30 #Estimate on the final step

10 def Nd_estimate(d):

41 a0 = 0

12 for j in range(2+d):

4 N = 10%%(2 * d - j)

44 a0 = est_alpha(d,N,a0) - N

45 return int(polya(est_alpha(d,1,a0),d)) + 1

46
47 #Function convert a number n to 3 significant figures in standard
- form

48 def standard form(n):

49 r = int(logl0(n))
50 m = n/(10**r)
51 return str(round(m,2)) + " * 107" + str(r)

52

53 #Determine and print the estimates for Nd in dimensions 2 to 6.
54 for d in range(2,7):

55 print("d = " + str(d) + ",", "Nd = " +

— standard_form(Nd_estimate(d)))
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The output of the above code is as follows, which is written in Table 3.1.

1 d=2, Nd = 2.51 x 1074
2 d =3, Nd = 3.01 *x 1079
3 d=4, Nd = 2.78 * 10716
4 d=5, Nd =2.71 *x 10729

5 d =6, Nd = 1.78 x 10742

A.2 Numerically estimating isoperimetric

solutions over A%(M)

We now give the Python code for the numerical solutions to the isoperimetric problem
over A?(M) in Figure 3.2. We use the module cvxpy which is well placed to solve
such optimisation problems and (very) roughly outline how these problems are solved

numerically.

Let 0 < a < m and M > 0 be given. We consider the problem of finding a an

M-Lipschitz function f : [0,a] — R with f(0) = f(a) = 0 and

/Oa 1+ (f/(2))2de < 7, (A.2.1)

i.e. the length of the curve (z, f(x)) is at most 7, that maximises

/Oa f(x)dz (A.2.2)

among all such functions. Numerically we can do this by discretising the interval
[0,1] into n points {x;}o<j<n given by z; = j/n. Our free variables are {y;}o<j<n
and our choices of the y; define a function f : [0,a] — R via linear interpolation.
Note that we must have yy = y,, = 0 to satisfy the endpoint conditions so there are

n — 2 free variables here.
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The M-Lipschitz condition then becomes

Yl 73| < pp, (A.2.3)
0<j<n—1 n
the length condition (A.2.1) becomes
n—1 1 ) 1/2
> [ng + (Yj+1 — ¥5) ] =7 (A.24)
=0

and the function we want to maximise (A.2.2) becomes

n—1,, )
3 yﬂt{%“ (A.2.5)
=0

Once the problem is converted into this numerical setup, cvxpy has a method of

finding the numerically optimal such {y;}o<;j<n for this problem.

The aforementioned method only works for 0 < a < 7 fixed so we additionally
discretise in terms of the parameter a, i.e. consider the points {a;}i1<j<n, and
numerically compute the solution above for each a;. Then we maximise over all the
a; to obtain our numerically computed optimal set in A?(M). In code, this works

as follows:

1 import numpy as np

2 import cvxpy as cp

4 # Problem Data

5 m = 400 #number of based lengths to sample

6 n = 400 # points in interval [0,1] to discretise y at
v L = np.pi #Half the length of the boundary of the set

8 M= 1.0 #M-Lipschitz condition to impose

10 X = np.linspace(0,L,num=m,endpoint=False) #Sample lengths of base to
- try
11 Y = [0.0]

12 opt = []
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13
14 for i in range(l,len(X)):

15

16 #Define wvartables for optimisation

17 y = cp.Variable(n+l) # y[<] = y(i/n) for i=0,1,...,n
18 x = X[i]*(np.arange(n+1) / n)

19 dy = y[1:1 - y[:-1]

20 dx = x[1:] - x[:-1]

21

22 # Define objective function for optimisation problem
23 objective = X[i]*(((cp.sum(y[:-1]) + cp.sum(y[1:1)) / 2) / n)
24

25 # Define constraints for optimisation

26 constraints = [

27

28 #Fix end points

29 y[0] == 0, y[-1] == 0,

30

31 #Ensure solution has boundary at most length L

32 cp.sum(cp.norm2(cp.vstack([dy, dx]), axis=0)) <= L,
33

34 #Ensure solution is M-Lipschitz

35 cp.max(cp.abs(cp.vstack([dy/dx]))) <= M,

36 ]

37

38 # Create an instance of the problem in cuzpy

39 prob = cp.Problem(cp.Maximize(objective), constraints)
40

41 # Solve Problem

12 prob.solve(verbose=False)
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43

44 #Determine if solution with base length X[i] is best so far

45 if prob.value > np.max(Y):

46

a7 #Store (z,y) coordinates, base length and domain area

48 #For optimal problem so far

49 opt = [x,y.value,X[i],prob.value]

50

51 #Add in base length to list for later comparison

52 Y.append (X[i]*(((np.sum(y.value[:-1]) + np.sum(y.value[1:])) / 2)
~ / n))

One may then plot optimal solutions using the matplotlib module as follows:

1 import matplotlib.pyplot as plt

3 s = opt[2]1/2 #How much to shift solution to centre domain at (0,0)
4 plt.plot(opt[0]-s,opt[1],'r-"') #Plot upper boundary in red

5 plt.plot(opt[0]-s,-opt[1],'b-"') #Plot lower boundary in blue

v # Fiz azes

s plt.axis(zxmin=-1.5,xmax=1.5,ymin=-1.5,ymax=1.5)
9 ax = plt.gca()

10 ax.set_aspect('equal', adjustable='box')

11

12 #T2tle plot

13 plt.title("M = "+str(M))

14

15 #Show plot

16 plt.show()
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