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Abstract: In this thesis we will construct novel non-invertible symmetries by

gauging finite invertible symmetries, discuss the various formalisms for performing

this construction using one and two dimensions as motivating examples, and invest-

igate what the most general notion of gauging is in three dimensions. While unitary

fusion categorical symmetries are now well under control for describing symmetries

of oriented unitary quantum field theories in two dimensions, the same cannot be

said for unitary fusion 2-categorical symmetries in three dimensions. It is our hope

that by conjecturing that all such underlying fusion 2-categories are group-theoretic,

that we can systematically construct all examples and describe how they should lift

to unitary fusion 2-categories.
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Chapter 1

Introduction

The role of symmetries in physics is deeply woven into our understanding of the

field; appearing in all fields ranging from classical mechanics and general relativity,

to particle and condensed matter physics, often providing deep insight into those

theories. From a classical perspective they are responsible for conservation laws via

Noether’s theorem, and the Poincaré symmetry group forms the basis of our under-

standing of space-time. In the context of quantum field theory these insights include

spontaneous symmetry breaking, the Goldstone theorem and the Higgs mechanism,

famously leading to the recent discovery of the Higgs boson, but also responsible

for our understanding of Pion physics and various quasiparticles appearing in con-

densed matter systems. Global symmetries in quantum field theories can also carry

additional data in the form of anomalies; ’t Hooft anomalies in particular are in-

variants of the renormalisation group flow and as such are matched in the UV and

IR limits of a theory; such calculations form a subset of the small number of truly

non-perturbative calculations one can perform in a renormalisable QFT.

Indeed the since the inception of generalised symmetries in [3], there has been cause

for much excitement as we have observed a precipitation of novel forms of symmetry,

including higher-form and non-invertible symmetries, providing powerful new tools

and insights as well as generalisations to those we mentioned that already exist

generating new and exciting results [4–17]. From a mathematical viewpoint, these
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symmetries herald the beginning of a new era, one in which the tools and techniques

of category theory have become not only necessary, but commonplace, to those

intending to study the structure of symmetries in QFT.

One way to construct novel examples of generalised symmetries in two dimensions

is to gauge a finite invertible symmetry [18–21]. More recent work, including that

which we exposit in this thesis, has shown that these constructions admit categorical

lifts to three dimensions [1, 2, 22, 23]. The aim of this thesis is to collect and review

these constructions in various low dimensions and further demonstrate a remarkable

fact that in three dimensions, a very large class of generalised symmetries (in truth

almost all of them) can be constructed through a generalisation of gauge theory.

The role of topological defects, and more generally topological quantum field theories,

cannot be understated in the study of symmetries. It is possible to derive the

category-theoretic structure needed to describe symmetries by simply considering

the calculus of topological defects; their fusion, addition, and the possible topological

manipulations thereof. In this way we say that, in two dimensions for example, that

the topological extended operators that describe symmetries form a graphical calculus

for unitary (multi-)fusion categories [24, 25]. Another exciting view point is that

the symmetry of a d-dimensional QFT can be captured entirely by the data of

(d + 1)-dimensional TQFT called the symmetry TFT [26]. Understanding these

TQFTs and their boundaries has lead to many new invaluable tools for studying

symmetries [27–34], including some that appear frequently in this work.

In this first chapter we shall introduce some basic concepts concerning generalised

symmetries using quantum mechanics first as a baseline example. Then we will

move on to symmetries in two-dimensional QFTs, introducing some core concepts

from category theory and setting them in the context of non-invertible symmetries,

followed by a canonical example of non-invertible symmetry that appears in the

two-dimensional critical Ising model. Finally we will conclude this introduction by

reviewing some basic features of topological quantum field theories in low dimensions,

which will appear frequently in the work to come.



3

In the latter chapters 2, 3, and 4 we will study the formalisms used to describe

the gauging of finite invertible symmetries to produce group-theoretic symmetries

in one, two and three dimensions, respectively. These chapters all share a similar

structure, starting first with a discussion of the general categorical structure of

symmetries including invertible symmetries, then moving to the construction of non-

invertible symmetries through gauging invertible ones following [1, 2], concluding

with a discussion of various formalisms that seek to generalise that process.
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1.1 Symmetry in Quantum Mechanics

To introduce some of the core ideas of generalised symmetries, we shall start with the

simple example of a one-dimensional QFT, or quantum mechanics. Such quantum

mechanical systems are characterised by a Hilbert space H, together with a Hermitian

linear map H : H → H called the Hamiltonian.

We define a Hilbert space in the usual fashion as a complex vector space H, equipped

with an inner product ⟨·, ·⟩ : H × H → C satisfying

• Conjugate symmetry:

⟨x, y⟩ = ⟨y, x⟩∗ (1.1.1)

for all x, y ∈ H.

• Linearity in the second argument:

⟨x, y + λz⟩ = ⟨x, y⟩ + λ⟨x, z⟩ (1.1.2)

for all x, y, z ∈ H and λ ∈ C.

• positive definiteness:

⟨x, x⟩ ≥ 0 (1.1.3)

for all x ∈ H, with equality holding if and only if x = 0.

• Completeness:

lim
m,n→∞

|
n∑

i=m
xi|2 = 0 =⇒ ∃! S =

∞∑
i=0

xi ∈ H (1.1.4)

where |x|2 = ⟨x, x⟩, for every converging infinite set {xi ∈ H}i.

Given two Hilbert spaces H,H′, we define homomorphisms f ∈ Hom(H,H′) as

bounded linear maps 1

f : H → H′ . (1.1.5)

1That is, linear maps with finite norm. In the literature sometimes the stronger condition of
short is taken, where the norm is at most one.
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Given a single Hilbert space H, the set of automorphisms Aut(H) has the structure

of a group, while the full space of endomorphisms End(H), together with transpose

complex conjugation on linear maps, has the structure of a C*-algebra.

We define a C*-algebra as a complex associative (Banach) algebra A, equipped with

a norm ∥ · ∥ : A → C and anti-linear involution ∗ : A → A such that

∥x∗x∥ = ∥x∗∥ ∥x∥ ∥x∗x∥ = ∥x∥2 , (1.1.6)

for all x ∈ A. For our purposes however, and for intuition, we can adopt a simpler

definition: the Gelfand-Naimark theorem states that every C*-algebra can be ex-

pressed as the algebra of bounded linear endomorphisms of some appropriate choice

of Hilbert space.

The Hamiltonian H generates a one-parameter family of automorphisms called time-

translation operators

U(t) = exp(−iHt) : H → H , (1.1.7)

for finite times t ∈ R. Hermicity of the Hamiltonian H = H∗ implies that these

automorphisms are bounded and unitarity:

U(t)−1 = U(−t) = U(t)∗ . (1.1.8)

Given a quantum mechanical theory with Hilbert space H, we identify normalised

vectors x, y ∈ H with physical states, and their inner products ⟨x, y⟩ with amplitudes.

We define the cross-section to be

P (x → y) = ⟨x, y⟩⟨y, x⟩
⟨x, x⟩⟨y, y⟩

. (1.1.9)

Physically this captures the probability for a system starting in state x ∈ H to be

measured in state y ∈ H. These cross-sections are (by design) independent of the

choice of normalisation, meaning that the physical content of the quantum mechanics

is actually captured by the projective Hilbert space

HP = H/C× , (1.1.10)
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and that we should identify those linear operators related by rescaling the normalisa-

tion. One definition for a symmetry in quantum mechanics then, is an automorphism

S ∈ Aut(H) of the Hilbert space (up to rescaling) that preserves the cross-sections:

P (Sx → Sy) = P (x → y) , (1.1.11)

and commutes with the Hamiltonian. However, this restriction to invertible symmet-

ries is too strict. By extending linearly from automorphisms to all endomorphisms

we can discuss more general symmetries, whose mathematical description comes in

the form of C*-algebras. We should say that in this context, this is not really a "new"

idea; algebraic structures appear frequently going all the way back to the Dirac-von

Neumann axiomatisation of quantum mechanics. Viewed in the larger context of

quantum field theory however, the notion of non-invertible symmetries in general

dimension (most notably dimensions greater than two) is certainly more recent.

1.1.1 Non-invertible Symmetry in Quantum Mechanics

We can pinpoint the source of non-invertible symmetries in quantum mechanics as

being due to the projectivity of the Hilbert space. Were it not the case that physical

states are independent of normalisation, we might have alternatively defined cross-

sections by the square modulus of the inner product. In that case, a symmetry

S is non-invertible if there is a non-zero vector x ̸= 0 in its kernel Sx = 0. Our

assumption that S is a symmetry then implies

⟨x, x⟩ = ⟨Sx,Sx⟩ = 0, , (1.1.12)

violating the positive-definiteness assumption ⟨x, x⟩ > 0 for x ̸= 0. This shows that

without projectivity, there can be no non-invertible symmetry.

To better understand the origin of non-invertible symmetries in quantum mechanics,

we will now adopt a more general definition of symmetry that better uses the

projectivity of the cross-section. We consider the case of oriented quantum mechanics,
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that is, a quantum mechanics whose states are all bosonic and whose partition

function is defined on a oriented 1-manifold. We define a global symmetry as an

endomorphism 2 (up to rescaling) of the Hilbert space S ∈ End(H), such that there

exists a (non-zero complex) one-parameter family of automorphisms Sτ ∈ Aut(H)

for τ ∈ C× satisfying:

1. Invariance under time-translations:

[H,Sτ ] = 0 , (1.1.13)

for all τ ∈ C×.

2. Preservation of the cross-section:

P (Sτx → Sτy) = P (x → y) , (1.1.14)

for all x, y ∈ H and τ ∈ C×.

3. The limit τ → 0 is well defined:

lim
τ→0

Sτ = S . (1.1.15)

This circumvents the need for a symmetry S to be invertible by recognising that an

endomorphism of H that preserves the cross-section in some appropriately defined

limit is still a symmetry. In this way we have extended linearly from the subgroup of

automorphisms Aut(H)/[H,−], to the subalgebra End(H)/[H,−] of endomorphisms,

that commute with the Hamiltonian. This subalgebra forms a C*-algebras.

In this thesis, we are largely concerned with finite symmetries. In the setting

of quantum mechanics, finite symmetries are described by finite-dimensional C*-

algebras. In a quantum mechanics with finitely many physical states, and hence

a finite-dimensional Hilbert space, this is automatic. In general we do not expect

such a simplification however, instead we only ask that there are finitely many

2In the unoriented case, we should include also anti-linear maps.
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isomorphism classes of physical states identified by the passage of time, this implies

that the subalgebra of endomorphisms that commutes with the Hamiltonian is finite-

dimensional.

By definition, any unitary operator S∗S = 1 satisfies

⟨Sx,Sy⟩ = ⟨x, y⟩ , (1.1.16)

for every x, y ∈ H, and if that operator commutes with the Hamiltonian it will

automatically describe a symmetry. Going the other way, there is a famous result of

Wigner that states any invertible symmetry is equivalent via a rescaling to a unitary

symmetry 3.

More generally we can apply this result to block unitary (or semi-unitary) operators

that satisfy

S∗S = 1Im(S) , (1.1.17)

where 1Im(S) is understood to be a projector onto the image of S in H. We can build

a 1-parameter family of unitary operators Sτ = S + τ1Ker(S) such that

S∗
τSτ = 1Im(S) + (τ ∗τ)1Im(S) (1.1.18)

defines a non-zero rescaling of the subspace Ker(S) for τ ∈ C×: these are equivalent

to the identity up to rescaling and automatically preserve the cross-section. Then,

if S commutes with the Hamiltonian, so too do all the Sτ , defining a symmetry for

each τ ∈ C×. In reverse, Wigner’s theorem holds for each symmetry Sτ , and so we

have generalised Wigner’s theorem to non-invertible symmetries:

every symmetry of a quantum mechanical system is equivalent to a block unitary

endomorphism up to rescaling.

All this discussion of non-invertible symmetries is not to say that invertible, group-

like, symmetries are uninteresting. To define a finite group G symmetry we first give

3For an unoriented quantum mechanics, we also have a similar result for anti-linear anti-unitary
symmetries.
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an assignment

ρ : G → U(H) , (1.1.19)

where U(H) ⊆ Aut(H) is the subgroup of unitary automorphisms, such that [ρ(g), H] =

0 for all g ∈ G. We further ask that this map defines a group homomorphism after

passing to the projective Hilbert space HP ≃ H/C×. This is one way to define a

unitary projective representation of G on H satisfying

ρ(e) = 1 ρ(g)∗ = α(g, g−1)−1ρ(g−1) ρ(g)ρ(h) = α(g, h)ρ(gh) (1.1.20)

for some (normalised) projective 2-cocycle α ∈ Z2
grp(G,U(1)) such that

δα(g, h, k) = α(h, k)α(g, hk)
α(gh, k)α(g, h) = 1 . (1.1.21)

Equivalence classes of homomorphisms identify different choices of α up to a 2-

coboundary, suggesting that the different ways of implementing a finite G symmetry

in quantum mechanics are labelled by classes in the group cohomology

[α] ∈ H2
grp(G,U(1)) . (1.1.22)

This class is invariant under renormalisation group flow and represents a ’t Hooft

anomaly. Shifting the representative α corresponds to the addition of local counter-

terms [35].

1.1.2 Another Perspective: Topological Operators

We now turn to an alternative perspective that we will adopt when we move to

higher dimensions. Viewed as a local operator inserted on a (0 + 1)-dimensional

QFT, a global symmetry S corresponds to a topological local operator. By topological

we mean that due to [H,S] = 0, in the absence of other local operators, we can

freely translate S across the underlying 1-manifold. When we do meet another local

operator, O say, the symmetry S will act upon it by time-ordered conjugation

SO = SOS∗ , (1.1.23)
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by inserting the projection idIm(S) onto a subspace and following equation (1.1.17),

as illustrated in figure 1.1. The insertion of this projector should be viewed as

restricting ourselves onto one of the twisted sectors of the theory 4, in the case where

S is invertible it reduces to the identity.

O

S idIm(S)
=

SOS∗

S

Figure 1.1

The association of symmetries with topological operators in QFT is not an uncom-

mon idea, the most obvious example comes courtesy of Noether’s theorem, which

relates (continuous) global symmetries to conserved currents that generate exten-

ded topological operators. In the study of generalised symmetries we assert that

this correspondence is fundamental in nature and that we should adopt as a new

definition:

global symmetries in QFT are topological operators.

This is a very powerful organising principle it turns out; the consistency conditions

we place on the mathematical structure that describes topological operators do not

restrict us to groups. In one dimension we find C*-algebraic symmetries as we

have already described, and in higher dimensions we will find higher categorical

symmetries.

To further illustrate this correspondence for quantum mechanics, let us now return

to the example of a group G symmetry with ’t Hooft anomaly α ∈ Z2
grp(G,U(1)).

For each group element g ∈ G, there is an associated topological local operator

4This interpretation becomes clearer when compared to the higher-dimensional analogue in
subsection 1.2.2.
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that we will label the same way. We can also take C-linear combinations of these

operators, so the full spectrum of local symmetries is the vector space CG.

Since the local operators g, h ∈ G are topological, their product admits a natural

and well-defined (topological) regularisation at short distances. This in turn defines

a well-defined bilinear product

⊗ : (g, h) 7→ g ⊗ h = α(g, h) gh , (1.1.24)

depicted in figure 1.2.

g h
=

α(g, h) gh

Figure 1.2

g
=

α(g, g−1)−1g−1

Figure 1.3

Including this product gives us the structure of a twisted group algebra αCG. In

addition to this structure, the topological operators also carry an orientation. The

action of flipping this orientation, as illustrated in figure 1.3 5, defines an anti-linear

involution

∗ : g 7→ g∗ = α(g, g−1)−1g−1 . (1.1.25)

This involution further endows αCG with the structure of a C*-algebra. The action

of this symmetry on local operators in the quantum mechanics is defined as before in

equation (1.1.23) and defines a unitary projective representation of G with projective

2-cocycle α.

One notion of equivalence for quantum mechanics stems from the question of whether

or not two quantum mechanical theories share a gapped interface 6 in the form

of a topological local operator that sits between them. The set of topological

operators that sit at the interface do not generically define a symmetry in either

5In discussing orientation it becomes necessary to set a convention: in all figures in this work,
unless otherwise indicated, time is assumed to proceed either from left to right, or from bottom to
top, and the orientation of a defect is assumed to be in that direction.

6The adjectives "gapped" and "topological" are synonymous in this context, and will be used
interchangeably throughout this work.
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of the two theories, but instead forms a (A,A′)-bimodule of the two associated

C*-algebras A and A′. Transpose complex conjugation further defines an adjoint

(A′,A)-bimodule and these taken together define a Morita equivalence between C*-

algebras. This means if we are interested in quantum mechanical systems only up

to gapped interface, then the correct mathematical object to study in relation to

symmetry is a Morita equivalence class of C*-algebras.

Before continuing, we should mention that in the same spirit, the situation for

describing finite symmetries in 0 + 1 dimensions is very degenerate. Every finite-

dimensional C*-algebra A is semi-simple and admits a decomposition

A = Mr1(C) ⊕ · · · ⊕Mrn(C) , (1.1.26)

where each simple summand Mrj(C) is a matrix algebra describing the r2
j -dimensional

algebra of complex linear matrices action on Crj , with canonical C*-structure given

by the operator norm and transpose complex conjugation. This is demonstrated in

any of our finite group A = αCG examples, where the coefficients rj are determined

by the dimensions of the irreducible α−1-projective representations of G. These

matrix algebras are all Morita equivalent to one-another, and this equivalence class

contains in particular the trivial algebra M1(C) ≃ C.

From a physical perspective this demonstrates an important principle: the exist-

ence of non-trivial topological local operators in a quantum mechanics, and more

generally in any quantum field theory, implies a decomposition of that theory into

super-selection sectors. There is one super-selection sector for each matrix algebra

component and in this way an "indecomposable" quantum mechanical system can

only have a trivial symmetry (up to Morita equivalence).
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1.2 Symmetry in Quantum Field Theory

The notion of describing symmetries in terms of topological defects naturally gen-

eralises to all dimensions. To exemplify this we now move to quantum field theory

in 1 + 1 dimensions, and rather than belabour an attempt at a rigorous definition

thereof, we will take the point of view that the data of a theory T includes at

least a space of operators OT which may be extended or local, an operator product

expansion (OPE) that defines a notion of multiplication on OT , and a correlation

function

⟨ · ⟩ : OT → C (1.2.1)

that respects the additive and multiplicative structures on OT . The structure of

symmetries is then captured by the topological sector Otop
T , where the most immediate

difference from quantum mechanics is that the symmetry action on local operators

is now implemented by topological lines wrapped around them.

Given a 1-submanifold γ we one way to define a topological line operator S supported

on it by a (path-ordered) exponential

S(γ) = exp
(
i

∫
γ

S̃
)
. (1.2.2)

By considering smooth deformations to γ it can be concluded from Stokes’ theorem

that this defect is topological if and only if the associated 1-form S̃ is closed

dS̃ = 0 . (1.2.3)

Not all defects arise in this way however, one example is the on-invertible Kramers-

Wannier defect appearing in the two-dimensional critical Ising model, which we will

return to momentarily in subsection 1.2.2.

One way to define the action of a line S(γ) on a local operator O(x) is by fixing

a foliation of space-time and considering time ordered conjugation, in analogy to

subsection 1.1.2. It is equivalent however, and somewhat more natural, to define it
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as a wrapping
SO(x) = S(γx)O(x) = exp

(
i

∮
γx

S̃
)
O(x) , (1.2.4)

where γx is chosen to be a closed curve that winds once clock-wise around O(x), as

illustrated in figure 1.4.

S
O

Figure 1.4

In addition to topological line operators, these theories can also have topological

local operators. As we remarked at the end of the last section, these are trivial in an

indecomposable theory with only one super-selection sector, but if we truly adopt

this perspective that topological operators are symmetries, we cannot altogether

exclude them. The result is that the mathematical structure needed to describe

symmetries in 1 + 1 dimensions is much richer than that of C*-algebras seen in the

setting of quantum mechanics:

symmetries in a (1 + 1)-dimensional QFT are described by category theory.

1.2.1 Category Theory for Symmetries

In this subsection we will review some definitions from category theory, providing

physical interpretations that cast them in the context of symmetries of a unitary

oriented QFT T with operators OT and correlation function ⟨·⟩T . We use unit-

ary/oriented here to reflect that we are considering a unitary theory whose local

excitations are all bosonic, and whose partition function can be defined on an oriented

2-manifold.

For more contemporary constructions concerning (higher) dagger categories and

unitarity one can turn to [24, 25], and for the role of category theory in describing

symmetries and TQFTs see [36–38].
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A category C is a collection of objects X ∈ C and morphisms 7 f ∈ HomC(X, Y ) for

every pair of objects X, Y ∈ C, together with a composition

◦ : HomC(Y, Z) × HomC(X, Y ) → HomC(X,Z) (1.2.5)

such that:

• The composition is associative:

(f ◦ g) ◦ h = f ◦ (g ◦ h) , (1.2.6)

for all morphisms f ∈ HomC(Z,W ), g ∈ HomC(Y, Z), h ∈ HomC(X, Y ), and

objects X, Y, Z,W ∈ C.

• The composition has a unique identity:

idY ◦ f = f ◦ idX = f , (1.2.7)

for all morphisms f ∈ HomC(X, Y ) and objects X, Y ∈ C.

Given a category C and objects X, Y ∈ C, a morphism f : X → Y is:

• A monomorphism f : X ↪→ Y , or mono, if

f ◦ g = f ◦ h =⇒ g = h (1.2.8)

for all morphisms g, h ∈ HomC(Z,X) and objects Z ∈ C. This can be thought

of as a more general notion of injective.

• An epimorphism f : X ↠ Y , or epic, if

g ◦ f = h ◦ f =⇒ g = h (1.2.9)

for all morphisms g, h ∈ HomC(Y, Z) and objects Z ∈ C. This can be thought

of as a more general notion of surjective.

7Often we will also write f : X → Y .
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• An isomorphism f : X ≃ Y , or invertible, if there exists f−1 : Y → X such

that

f−1 ◦ f = idX f ◦ f−1 = idY . (1.2.10)

This implies f, f−1 are both mono and epic, but not vice-versa.

• An endomorphism if X ≡ Y .

• An automorphism if it is both invertible and an endomorphism.

We define a functor F : C → D between categories C and D as an assignment

F : X 7→ FX, together with maps

F : HomC(X, Y ) → HomD(FX,FY )

: f 7→ Ff
(1.2.11)

such that the composition agrees:

F(f ◦C g) = (Ff) ◦D (Fg) (1.2.12)

for all morphisms f ∈ HomC(Y, Z), g ∈ HomC(X, Y ) and objects X, Y, Z ∈ C.

We define a natural transformation η : F → G between functors F ,G : C → D as a

collection of morphisms

ηX : FX → GX , (1.2.13)

satisfying

ηY ◦ Ff = Gf ◦ ηX (1.2.14)

for all morphisms f : X → Y and objects X, Y ∈ C.

In this way, we define a category Fun(C,D) of functors from C to D, with morphisms

given by natural transformations and composition inherited from the composition

of morphisms in D.

For any category C, we may always define an identity functor idC : C → C that

assigns each object and morphism to itself. Further to this, functors also admit their
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own notion of composition

◦Cat : Fun(D,F) × Fun(C,D) → Fun(C,F) , (1.2.15)

where we have included the subscript Cat both to avoid confusion with the regular

notion of composition on categories, and to emphasise that functors (up to natural

isomorphism) form morphisms in the category of categories 8.

In 1 + 1 dimensions, the subset Otop
T of topological lines and local operators has the

structure of a category that we denote CT . The topological lines form the objects

of this category and topological local operators sitting at the junction between two

lines describe the morphisms. This picture of topological defects is illustrated further

in figure 1.5.

X ∈ C Y ∈ C

f ∈ HomC(X, Y )

Figure 1.5

This alone is not enough structure to describe the symmetry of a quantum field

theory however. Schematically, the correlation function is C-linear

⟨aS1 + bS2⟩ = a⟨S1⟩ + b⟨S2⟩ (1.2.16)

for all operators S1,S2 and complex numbers a, b ∈ C, and can support multiple

insertions of defects that generate an operator product expansion

⟨S1(γ1)S2(γ2)⟩ =
∑
j

aj12⟨Sj(γ2)⟩ . (1.2.17)

The correlation function hence describes extra additive and multiplicative structure

that the ordinary categorical structure does not account for, nor does it capture

the orientation of topological defects or manipulations thereof. We now move on to

8This notion is improved by higher category theory, where Cat is properly understood as a
2-category with categories for objects, functors for 1-morphisms and natural transformations for
2-morphisms.



18 Chapter 1. Introduction

describing extra structure on the symmetry category CT , starting with the additive

structure.

A (C-)linear category is defined as a category C such that:

• The set HomC(X, Y ) is a finite dimensional complex vector space for all objects

X, Y ∈ C.

• The composition defines a linear map between vector spaces

◦ : HomC(Y, Z) ⊗ HomC(X, Y ) → HomC(X,Z) , (1.2.18)

for all objects X, Y, Z ∈ C.

A prototypical example is Vec the category of finite-dimensional complex vector

spaces, it is common to also see a linear category called a category enriched over

Vec.

Given a linear category C, we define a summand of an object X ∈ C as an object

Y ∈ C equipped with an inclusion monomorphism ι : Y ↪→ X, and a projection

epimorphism π : X ↠ Y , satisfying

π ◦ ι = idY . (1.2.19)

We define an empty/zero object as an object ∅ such that (∅, 0, 0) is a summand for

every other object in C.

We further define the direct sum of two objects X, Y ∈ C as an object X ⊕ Y ∈ C

(unique up to isomorphism) such that (X, ιX , πX) and (Y, ιY , πY ) are summands

satisfying

πY ◦ ιX = πX ◦ ιY = 0 (1.2.20)

and

ιY ◦ πY + ιX ◦ πX = idX⊕Y . (1.2.21)

We define an object X to be simple if every non-zero monomorphism ι : Y ↪→ X

defines an isomorphism ι : Y ≃ X. This implies summands of a simple object are
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isomorphic to that object. By definition then, simple objects cannot be written as a

direct sum of non-zero objects. We define a linear category to be semi-simple if:

• The direct sum is closed:

X ⊕ Y ∈ C (1.2.22)

for all objects X, Y ∈ C.

• Every object is isomorphic to the direct sum of finitely many simple objects.

• There is a (unique) zero object ∅ that is an additive identity:

∅ ⊕X ≃ X ⊕ ∅ ≃ X (1.2.23)

for all objects X ∈ C.

We define a category to be finite semi-simple if it is semi-simple and contains finitely

many simple objects (up to isomorphism).

Returning briefly to the context of (1+1)-dimensional QFT T , the symmetry category

CT should be considered linear, where for objects X, Y ∈ CT and X ⊕ Y ∈ CT we

identify

⟨X ⊕ Y ⟩T = ⟨X⟩T + ⟨Y ⟩T . (1.2.24)

While it is perhaps natural to assume this direct sum is closed, and that we have

a zero object ⟨∅⟩T = 0, semi-simplicity is somewhat less natural. Indeed there are

examples of symmetries in 1 + 1 dimensions that do not exhibit semi-simplicity,

a canonical example are those with twisted supersymmetry like the A/B-models

appearing in topological string theories, and Landau-Ginzburg deformations thereof,

where the non-trivial topological local operators form a chiral ring [39]. That said,

those theories are not unitary, and the notion of unitarity we will adopt for categories

in a moment actually enforces semi-simplicity [24].

There is a version of Schur’s lemma for simple objects. Consider a morphism f :

X → Y between simple objects X, Y ∈ C, then let (Kerf , ιf , πf) be a summand of
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X such that

f ◦ ιf = 0 . (1.2.25)

If this summand is non-zero, then by assumption ιf : X ≃ Kerf is an isomorphism,

and f = 0. If such a non-zero summand does not exist, then f : X ≃ Y must be

mono and hence an isomorphism. A similar argument for f ′ = f − λidY : X → Y

for λ ∈ C demonstrates that the space of isomorphisms is one-dimensional, ergo:

HomC(X, Y ) =


C , X ≃ Y .

0 , otherwise.
(1.2.26)

This demonstrates an important point about decomposition: if the trivial line op-

erator in CT is simple, there are no non-trivial local operators and the QFT will

not decompose into super-selection sectors. We now move onto the multiplicative

structure.

We define a monoidal category as a category C equipped with a functor

⊗ : C × C → C (1.2.27)

and unit object 1 ∈ C, together with left/right unitor and associator natural iso-

morphisms
l : (1 ⊗ idC) → idC r : (idC ⊗ 1) → idC

a : (idC ⊗ idC) ⊗ idC → idC ⊗ (idC ⊗ idC) ,
(1.2.28)

satisfying a triangle identity

(lX ⊗ idY ) ◦ aX,1,Y = idX ⊗ rY , (1.2.29)

and a pentagon identity

(idX ⊗ aY,Z,W ) ◦ aX,Y⊗Z,W ◦ (aX,Y,Z ⊗ idW ) = aX,Y,Z⊗W ◦ aX⊗Y,Z,W , (1.2.30)

for all objects X, Y, Z,W ∈ C. These conditions are illustrated schematically in

figures 1.6 and 1.7.

By convention we will choose to suppress the left and right unitor data, by choosing
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(X1)Y X(1Y )

XY

aX,1,Y

lX
rY

Figure 1.6

((XY )Z)W (XY )(ZW )

(X(Y Z))W

X((Y Z)W ) X(Y (ZW ))

aX,Y,Z

aXY,Z,W

aX,Y,ZW

aX,Y Z,W
aY,Z,W

Figure 1.7

them to be lX = idX = rX up to a choice of natural isomorphism on ⊗. We will

define a monoidal functor as a functor F : C → D between monoidal categories

(C,⊗C, a
C) and (D,⊗D, a

D) together with a natural isomorphism

µX,Y : F(X ⊗ Y ) ≃ (FX) ⊗ (FY ) (1.2.31)

that is compatible with the associativity in such a way that:

µX,Y⊗Z ◦D (idFX ⊗D µY,Z) ◦D a
C
X,Y,Z

= aD
X,Y,Z ◦ µX⊗Y,Z ◦D (µX,Y ⊗D idFZ) .

(1.2.32)

In the context of our symmetry category CT , this monoidal structure captures the

operator product expansion of two topological lines as illustrated in figure 1.8. This

product is well-defined in the sense that it is naturally (topologically) regularised.

The trivial line defect automatically defines a unit object and the associator data is

captured by the phases aX,Y,Z appearing in figure 1.9.

Thinking of the symmetry category CT as a finite semi-simple monoidal category

begins to capture the structure of addition and multiplication for topological lines.

Next we will discuss how to incorporate the orientation of topological defects.

Given a monoidal category (C,⊗, a), we define the left dual of an object X ∈ C as
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X Y

X ⊗ Y

Figure 1.8

X ZY

X ⊗ (Y ⊗ Z)

= α(g, h, k)×

X ZY

(X ⊗ Y ) ⊗ Z

Figure 1.9

an object X∗ ∈ C together with evaluation and coevaluation morphisms 9

evlX : X∗ ⊗X → 1 coevlX : 1 → X ⊗X∗ , (1.2.33)

such that they satisfy snake relations

(idX ⊗ evlX) ◦ aX,X∗,X ◦ (coevlX ⊗ idX) = idX ,

(evlX ⊗ idX∗) ◦ a−1
X∗,X,X∗ ◦ (idX∗ ⊗ coevlX) = idX∗ .

(1.2.34)

This is entirely equivalent to defining X as a right dual of X∗.

Notice this immediately sets up an isomorphism

(X ⊗ Y )∗ ≃ Y ∗ ⊗X∗ (1.2.35)

for all objects X, Y ∈ C admitting left duals.

An object X ∈ C is called dualisable if it admits both left and right duals. That

monoidal category is further called rigid/autonomous if every object is dualisable.

We define a multi-fusion category to be a rigid finite semi-simple monoidal category,

and a fusion category to be a rigid finite semi-simple monoidal category whose unit

object is simple.

Thinking of T as a (indecomposable) framed quantum field theory in 1+1 dimensions,

that is, a theory defined on a framed 2-manifold (which are considered somewhat

unphysical), the minimal data needed to describe the symmetry category CT is that

9These morphisms can be thought of as implementing a category-theoretic generalisation of
semi-unitarity as seen in equation (1.1.17).
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of a fusion category.

We define a pivotal category as a rigid monoidal category C where for each object

X∗ ∈ C, the left and right duals X,X∗∗ ∈ C are unique up to isomorphism and are

identified by

SX : X ≃ X∗∗ , (1.2.36)

such that the morphisms

evrX := evlX∗ ◦ (SX ⊗ idX∗) : X ⊗X∗ → 1

coevrX := (idX∗ ⊗ S−1
X ) ◦ coevlX∗ : 1 → X∗ ⊗X

(1.2.37)

identify X∗ as a right dual of X.

Given an object X ∈ C in a pivotal category, the left/right trace of an endomorphism

f ∈ EndC(X) are defined as:

Trl(f) : evlX ◦ (f ⊗ idX∗) ◦ coevlX : 1 → 1 ,

Trr(f) : evrX ◦ (idX∗ ⊗ f) ◦ coevrX : 1 → 1 .
(1.2.38)

We define a spherical category as a pivotal category where these traces coincide:

Trl(f) = Trr(f) , (1.2.39)

for all endomorphisms f ∈ EndC(X) and objects X ∈ C.

In our QFT T , the inclusion of left and right duals corresponds to "bending" the

topological lines in CT , as illustrated in figure 1.10.

X

X∗

evlX

X

X∗

coevlX

Figure 1.10: directed left to right

The consistency conditions in equation (1.2.34) correspond physically to our ability

to straighten these bends as illustrated in figure 1.11.
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X

evlX

X

coevlX

=
X

X

coevlX

X

evlX

=

Figure 1.11: directed left to right

With the existence of left/right duals we are asking that the symmetry category

CT is rigid, making it a multi-fusion category. Further asking that the theory does

not decompose into super-selection sectors we have that the monoidal unit must be

simple and hence the structure of CT is a fusion category.

We can take this further though: we expect the defects produced by bending a defect

either to the left or to the right to be identified, further inducing a pivotal fusion

structure on the symmetry category. The left and right traces correspond to oriented

loops with the insertion of an endomorphism as illustrated in figure 1.12.

Trl(f) = coevlX evlX

X∗

f : X → X

Trr(f) = coevrX evrX

X∗

f : X → X

Figure 1.12: directed left to right

It is not immediately clear from topological manipulations that these traces should

coincide until we consider placing the theory T on a 2-sphere. In that case stretching

the loop over the equator of the sphere identifies the two traces and restricts us to

spherical fusion categories.

Thinking of T as an (indecomposable) oriented quantum field theory T in 1 + 1

dimensions, the minimal data needed to describe the symmetry category CT is that

of a spherical fusion category.
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If we want to describe the symmetry of a unitary oriented quantum field theory, we

need further structure still.

We define a dagger category as a category C equipped with an anti-linear involution

† such that for each morphism f : X → Y , there exists a morphism

f † : Y → X , (1.2.40)

satisfying

id†
X = idX (f ◦ g)† = g† ◦ f † f †† = f (1.2.41)

for all morphisms f : X → Y , g : Z → X and objects X, Y, Z ∈ C.

We define a dagger functor as a functor F : C → D between dagger categories C and

D, that preserves the dagger structure:

F(f †) = (Ff)† (1.2.42)

for all morphisms f : X → Y and objects X, Y ∈ C.

We define a unitary fusion category C is a dagger fusion category such that:

• The dagger is compatible with the fusion:

(f ⊗ g)† = f † ⊗ g† (1.2.43)

for all morphisms f : X → Y , g : W → Z and objects X, Y, Z,W ∈ C.

• The daggered (co-)evaluation morphisms

(evlX)† =: coevrX (coevlX)† =: evrX (1.2.44)

satisfy the identities (1.2.34), identifying each X∗ as a right dual for all X ∈ C,

making C a pivotal fusion category.

• The pivotal structure is spherical:

Trl = Trr =: Tr , (1.2.45)
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and the trace

⟨f, g⟩ := Tr(f † ◦ g) (1.2.46)

defines a consistent inner product for all morphisms f, g ∈ HomC(X, Y ), indu-

cing the structure of a finite-dimensional Hilbert space for each pair of objects

X, Y ∈ C 10.

In the context of our quantum field theory T , each line defect can be thought of

equivalently as the insertion of a (topological) quantum mechanical theory on a

choice of 1-submanifold. In the last section we explained that the topological local

operators in a quantum mechanics are described by a finite-dimensional C*-algebra.

Considering the symmetry category CT as a unitary fusion category makes this notion

precise; the endomorphisms EndCT (X) of a given topological line X ∈ CT describe a

finite-dimensional C*-algebra with inner-product given by (1.2.46). The condition

that the †-operation defines consistent right duals is illustrated for line defects in

figure 1.13.

XX∗

evlX

Ce

=

† XX∗

coevrX

Ce

Figure 1.13: directed bottom to top

Another way to interpret the condition that the trace (1.2.46) defines a consistent

inner product, is from the perspective of reflection-positivity [40]. Restricting our

attention to a trivial defect loop 1 ∈ CT centred on and perpendicular to some

chosen line, then for some morphism f : 1 → 1, the corresponding inner product

with itself can then be identified as the correlation function for two (topological)

local operators f, f † whose locations are identified by reflection in the line. The

10Recent literature instead proposes a weaker constraint that the endomorphisms of a given
object should form a C*-algebra. In the finite semi-simple setting of finite-dimensional Hilbert
spaces we expect these definitions to coincide.
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statement of reflection positivity is then just the positive-definiteness condition

⟨f, f⟩ = Tr(f † ◦ f) ≥ 0 . (1.2.47)

For a (indecomposable) unitary oriented quantum field theory in 1 + 1 dimensions,

the minimal data needed to describe the symmetry category is that of a unitary

fusion category. We will return to this construction more concretely for a group-like

symmetry in subsection 3.1.1.

1.2.2 Non-Invertible Symmetries in QFT : Critical Ising

Model

Just as we saw in quantum mechanics, identifying symmetries with topological

operators lends the opportunity for more vibrant structure than that of group theory.

In the rest of this thesis we will demonstrate the extent of this structure in a large

class of examples obtained by starting with a finite group symmetry and gauging.

In this section however, to illustrate the existence of non-invertible symmetries in

QFT we will consider a much simpler example that specifically does not arise in

this way: a conformal field theory (CFT) with central charge c = 1
2 , known as the

critical Ising model.

Historically, the (1 + 1)-dimensional Ising model arose as a lattice QFT used to de-

scribe the physics of a (1+1)-dimensional ferromagnet [41]. These systems undergo a

phase transition [42, 43] from ferromagnetic to paramagnetic as the temperature ap-

proaches the Curie temperature, and enjoy a Kramers-Wannier duality that identifies

highly-ordered states at temperatures below the Curie temperature, with low-ordered

states at temperatures above. The critical Ising model exists at the Curie temperat-

ure, where the physics become scale invariant, and describes a (1 + 1)-dimensional

conformal field theory. In this critical limit, the Kramers-Wannier duality takes

the critical Ising state to itself, describing a genuine symmetry of the underlying

CFT [30, 44–47].
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In our language of topological defects, we can imagine bifurcating a (1+1)-dimensional

space and inserting a low-ordered state on one half, and a dual highly-ordered state

on the other, identifying the observables on the interface with their Kramers-Wannier

duals. Since these two states are dual to one-another and describe the same physics,

the interface cannot be a measurable feature of the theory; it must be topological.

In the critical case the two halves are automatically identified, making the interface

a genuine topological defect of the theory that we call the Kramers-Wannier line

defect.

We can equivalently construct the symmetry category by studying the Verlinde

lines [48] corresponding to conformal primaries in the underlying CFT. This results

in three simple line defects: two defects 1 ∈ Z2 and g ∈ Z2 that describe a Z2

symmetry, and the non-invertible Kramers-Wannier line that we denote by N . We

then have fusion rules inherited from the operator product expansion (OPE) given

by:

g ⊗ g ≃ 1 ,

g ⊗ N ≃ N ,

N ⊗ N ≃ 1 ⊕ g .

(1.2.48)

Formally, this mathematical structure is that of a Z2 Tambara-Yamagami fusion

category. The last of these fusion rules identifies the Kramers-Wannier line as being

non-invertible. This non-invertibility carries interesting implications for the action

on local operators; the resulting local operator is twisted in the sense it lives at the

end of the line corresponding to g ∈ Z2 as depicted in figure 1.14 [46].

N

O

N

g

NO

Figure 1.14
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In the language of conformal primaries, this describes the mapping of the spin

operator O = σ to its dual the disorder operator NO = µ in the twisted sector

for g ∈ Z2. In this sense the non-invertibility of N is necessary to capture the

non-trivial mapping Kramers-Wannier duality describes between states occupying

different twisted sectors. This behaviour is analogous to that we saw in quantum

mechanics in subsection 1.1.2.

We note that the construction of topological defects we described is general; for any

duality of a theory admitting a fixed point at which the theory becomes self-dual, the

topological interface construction at the fixed point will result in a genuine symmetry.

Furthermore if that duality non-trivially mixes twisted sectors of the theory, then

the resulting symmetry must be non-invertible.

We also note that from a different point of view, the topological interfaces away from

the critical point can be interpreted as domain walls, and that a small perturbation

to the temperature away from the Curie temperature can be analogously interpreted

as a (non-conformal) deformation to the action that spontaneously breaks the non-

invertible Kramers-Wannier symmetry. This deformation can be interpreted more

precisely as a Yukawa-type coupling to a scalar field, whose sign changes under the

Kramers-Wannier symmetry, and whose vacuum generates a non-zero fermionic mass

term that controls the temperature [49].

More generally we might expect the following generalisation:

dualities that have a self-dual point can be recast as the spontaneous breaking of a

symmetry living in the self-dual theory, and if that duality non-trivially mixes the

twisted sectors of a theory, then the corresponding symmetry must be non-invertible.

Recent work has focused on generalising these Tambara-Yamagami structures to

higher dimensions [50–52]. A particularly interesting application of this mathematical

structure appears in four dimensions, where Kramers-Wannier-like defects describe

the nature of non-invertible symmetries known as duality defects appearing in self-

dual gauge theories [5, 6].
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In chapter 4 we will argue one of the central points of this thesis: that in three-

dimensional (oriented) quantum field theories there are no symmetries of this sort.

More precisely, we conjecture that the symmetries of all such theories are group-

theoretic in the sense that they can be obtained by gauging a finite subgroup, and

that their structure is determined entirely from finite group and representation

theory [53].

1.2.3 Higher Dimensions and Higher Category Theory

A similar categorification story occurs in higher dimensions, with the key difference

that from 1 + 1 to 2 + 1 dimensions we are categorifying categories to obtain 2-

categories, and in general from d+ 1 dimensions to d+ 2 dimensions we categorify

from a d-category to a (d + 1)-category. These subsequent categorifications are

known as higher categories.

To start, we define an 2-category (or bicategory) C analogously to a category:

• There are objects X ∈ C (sometimes fashioned as 0-morphisms) that form the

top level of the 2-category.

• There are 1-morphisms f : X → Y between objects X, Y ∈ C that form the

second level of the 2-category.

• There are 2-morphisms θ : f → g between 1-morphisms f, g ∈ HomC(X, Y )

that form the final level of the 2-category.

• There is a composition of 1-morphisms

◦ : HomC(Y, Z) × HomC(X, Y ) → HomC(x, Z) (1.2.49)

for each triple of objects X, Y, Z ∈ C, together with:

− A (unique up to 2-isomorphism) identity 1-morphism idX ∈ EndC(X) and
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unitor natural 2-isomorphisms

lf : idY ◦ f ⇒ f rf : f ◦ idX ⇒ f , (1.2.50)

for all 1-morphisms f : X → Y and objects X, Y ∈ C.

− An associator natural 2-isomorphism

af,g,h : (f ◦ g) ◦ h ⇒ f ◦ (g ◦ g) (1.2.51)

for all 1-morphisms h : X → Y , g : Y → Z, f : Z → W and objects

X, Y, Z,W ∈ C.

satisfying triangle and pentagon relations analogous to those illustrated in

figures 1.6 and 1.7.

• There is a vertical composition of 2-morphisms

◦ : HomC(f, h) × HomC(g, k) → HomC(f ◦ g, h ◦ k) (1.2.52)

for each quadruple of 1-morphisms f, g : X → Y and h, k : Y → Z and triple

of objects X, Y, Z ∈ C, satisfying associativity:

(θ ◦ γ) ◦ κ = θ ◦ (γ ◦ κ) (1.2.53)

for all 2-morphisms θ : f → h, γ : g → k, κ : m → n, 1-morphisms f, h : Z →

W , g, k : Y → Z, m,n : X → Y , and objects X, Y, Z,W ∈ C.

• There is a horizontal composition of 2-morphisms

· : HomC(g, h) × HomC(f, g) → HomC(f, h) (1.2.54)

for each triple of 1-morphisms f, g, h : X → Y and pair of objects X, Y ∈ C,

that is associative:

(θ · γ) · κ = θ · (γ · κ) , (1.2.55)
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and has a unique identity 2-automorphism idf ∈ EndC(f) such that

idg · θ = θ · idf = θ , (1.2.56)

for all 2-morphisms θ : h → k, γ : g → h, κ : f → g, 1-morphisms f, g, h :

X → Y , and objects X, Y ∈ C.

One immediate result of this definition is that the category EndC(X) of any object

X ∈ C is monoidal.

In the context of a (2 + 1)-dimensional quantum field theory, the objects represent

topological surface operators, the 1-morphisms are topological line operators between

surfaces, and 2-morphisms topological local operators between lines.

Continuing the analogy, one can define linear, monoidal, rigid, pivotal and (multi-

)fusion 2-categories. More recently there has been progress on generalising the

notions of spherical [54], and unitary [25] to fusion 2-categories. In chapter 4 we

will study 2-categories in more detail, focusing on concrete examples of fusion 2-

categories in section 4.1. In fact, better understanding unitary fusion 2-categories

forms part of the motivation for this thesis: our conjecture that all fusion 2-categories

are group-theoretic provides a concrete platform to discuss unitarity, and we shall

do so in subsection 4.3.3.

Similarly, one can also define higher (n+ 1)-categories in an iterative fashion, where

the 1-endomorphisms with their composition form monoidal n-categories. In this

way, in a (d+ 1)-dimensional QFT the objects of the symmetry n-category capture

d-dimensional or codimension-1 topological defects, and in general the k-morphisms

capture codimension-k topological defects, and we generalise the statement made at

the beginning of this section:

symmetries in a QFT are described by (higher) category theory.

More introductory details on higher categories can be found in [55], and for more

contemporary work on unitary and (∞, n)-constructions one can look in [24, 25, 56].
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1.3 Topological Quantum Field Theories

In the previous section we remarked that topological line defects in a (1 + 1)-

dimensional QFT can be recast as insertions of a quantum mechanics. Of course it

is not the case that we can couple any choice of quantum mechanics and expect it

to describe a topological defect; the quantum mechanics we couple to must itself be

topological in that it should not depend on anything more than the orientation 11

of the 1-submanifold we insert it on. Viewed as a (0 + 1)-dimensional QFT, this

restricts our focus to (oriented) topological quantum field theories, or TQFTs.

In a more mathematical setting there is the Atiyah-Segal axiomatisation of TQFTs [57],

which casts an oriented (d+1)-dimensional TQFT in the language of category theory

as a monoidal functor

Z : Cobord+1 → Vec , (1.3.1)

where Cobfrd+1 is the (symmetric) monoidal category of oriented d-manifolds with the

disjoint union and morphisms given by oriented (d+ 1)-dimensional (co)bordisms 12

between them. The idea being to assign to each d-manifold Md a complex vector

space Z(Md) of states that characterises the QFT, and to each cobordism c : Md →

M′
d a linear map

Z(c) : Z(Md) → Z(M′
d) , (1.3.2)

that interpolates between those spaces of states, formalising how excitations of the

theory propagate over time. This is illustrated further in figure 1.15.

More generally we can talk about n-extended TQFTs which generalise the target

11In particular the theory should not depend on a choice of (induced) metric, as is often remarked
in the physics literature.

12Cobordism and bordism are synonymous. This odd disparity in naming convention arises from
the French word "bord" for "boundary", in the context of which "co-" actually refers to a "shared"
boundary rather than a contravariant version thereof. That said, in the literature the notation Cob
is often used to denote a category of manifolds and bordisms between them, while the notation
Bord is usually reserved for the extended (∞, n)-categorical description of bordisms, which we will
not study in detail here.
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Md, Z(Md)

M′
d, Z(M′

d)

Z(c) : Z(Md) → Z(M′
d)

Figure 1.15: directed left to right

and replace this functor for one between (symmetric) monoidal (n+ 1)-categories 13

Z : Bordord+1,n → C . (1.3.3)

Here, C can be any symmetric monoidal (n+ 1)-category where the theory is said to

be valued. The (n+1)-category Bordord+1 meanwhile contains objects corresponding to

oriented (d−n)-manifolds, and k-morphisms corresponding to (d−n+k)-dimensional

oriented cobordisms between (k−1)-morphisms. In the context of topological defects,

we need the TQFTs living on those defects to be compatible with the inclusion

of edges and corners and so on, and so we naturally expect some of them to be

extended. When n = d, the theory is said to be fully extended. For more details on

this construction one can turn to [36, 37].

In this section however, we will restrict ourselves to discussing only some latent fea-

tures of this construction relevant to classifying (oriented) TQFTs in low dimensions,

due to [58, 59], and describing where and how they fit into the language of category

theory.

1.3.1 TQFTs in 1 + 1 Dimensions

Oriented (unextended) TQFTs in 1 + 1 dimensions are described by commutative

Frobenius algebras. The reasoning for this becomes clear from the functorial de-

scription above by considering the finite-dimensionsal vector space assigned to the

circle A := Z(S1). This vector space is automatically equipped with the structure

13Or more formally, (∞, n + 1)-categories.
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of a Frobenius algebra by the assignment of pair-of-pants and cap/cup bordisms as

illustrated in figure 1.16.

A C

C A

A⊗ A A A⊗ AA

Figure 1.16: directed left to right

The pair-of-pants bordisms equip A with a multiplication and co-multiplication

m : A⊗ A → A ∆ : A → A⊗ A , (1.3.4)

and the cup/cap bordisms further equip A with a unit and co-unit

i : C → A p : A → C . (1.3.5)

The pair-of-pants bordisms are equivalent under the swapping of the legs, making

these (co-)multiplications commutative, and the composition of these bordisms up to

equivalence further demonstrate the associativity, unitality and Frobenius conditions

(discussed in more detail in subsection 3.3.1).

Considering the space of states on S1 is an important part of this construction as

there is a state-operator correspondence: shrinking the circle to a point corresponds

to replacing a boundary on which the states of the theory live, with the insertion of

a topological local operator. In this way the algebra A living on S1 admits a dual

interpretation as the commutative Frobenius algebra of topological local operators

living in the theory. From this perspective it is obvious why the product must

be commutative: the topological local operators can wind around each other in

1 + 1-dimensions.

The extra data that lifts these algebras to fully extended TQFTs is that which lifts

A to a full (not necessarily commutative) Frobenius algebra A. This is related to
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the previous construction by the centre

A = Z(A) . (1.3.6)

In the setting of unitary TQFTs these are upgraded to Frobenius C*-algebras; A

captures the local operators in the bulk of the (1 + 1)-dimensional TQFT, while

the choice of A captures the local operators living on some corresponding choice

(0 + 1)-dimensional topological boundary.

Just as we noted at the end of section 1.1.2, the choice of algebra A similarly admits

a decomposition into matrix algebras. At the level of the centre this simplifies further

to

A ≃ C⊕n , (1.3.7)

for some n ∈ N. Hence, if we are to have an indecomposable (1 + 1)-dimensional

TQFT, there is only one choice corresponding to A ≃ C.

Something less trivial we can consider however, is central extensions of a finite group

G by this trivial algebra A ≃ C. These result in (1+1)-dimensional Dijkgraaf-Witten

TQFTs with gauge group G and topological action determined by the extension class

[ψ] ∈ H2
grp(G,C×) . (1.3.8)

These types of theories describe (1 + 1)-dimensional symmetry protected topological

(SPT) phases, and we will study them in more detail in subsection 2.3.3.

1.3.2 TQFTs in 2 + 1 Dimensions

In the previous subsection we saw that fully extended oriented TQFTs in 1 + 1

dimensions correspond to Frobenius algebras of local operators living on the (0 + 1)-

dimensional boundary, and whose centre captured local operators living in the bulk.

There is an analogous formulation of a class of fully extended oriented TQFTs in

2 + 1 dimensions known as Turaev-Viro TQFTs, which are described by (spherical)

(multi-)fusion categories of topological line defects living on the (1 + 1)-dimensional
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boundary [60–62]. To describe this labelling further we must introduce some addi-

tional technology.

We define a braided monoidal/(multi-)fusion category to be a monoidal/(multi-

)fusion category (B,⊗, a) equipped with a set of half-braiding natural isomorphisms

bX,Y : X ⊗ Y ≃ Y ⊗X (1.3.9)

satisfying hexagon identities:

a−1
Y,Z,X ◦ (idY ⊗ bX,Z) ◦ aY,X,Z ◦ (bX,Y ⊗ idZ) = bX,Y⊗Z ◦ aX,Y,Z

(bX,Z ⊗ idY ) ◦ a−1
X,Z,Y ◦ (idX ⊗ bY,Z) ◦ aX,Y,Z = a−1

Z,X,Y ◦ bX⊗Y,Z ,

(1.3.10)

for all objects X, Y, Z ∈ B.

A braided (monoidal) functor is a monoidal functor F : B → B′ compatible with the

half-braidings b and b′ such that

µX,Y ◦B′ FbX,Y = b′
X,Y ◦B′ µX,Y . (1.3.11)

We define a symmetric (braided) monoidal/(multi-)fusion category as a braided

monoidal/(multi-)fusion category B such that the half-braiding is symmetric

bX,Y = b−1
Y,X , (1.3.12)

for all objects X, Y ∈ B.

We define the Müger centre of a braided monoidal/(multi-)fusion category B to be

the full (symmetric fusion) subcategory Z2(B) ⊆ B of objects X ∈ B such that

bX,Y = b−1
Y,X , (1.3.13)

for all objects Y ∈ B. We define a braided fusion category B to be non-degenerate if

it has trivial Müger centre

Z2(B) ≃ Vec (1.3.14)

as symmetric fusion categories. Following [24, 63] we can define further structure on

a non-degenerate braided fusion category turning it into a unitary modular tensor
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category (UMTC), however we have no need for the details of this construction and

will not exposit it here.

We define the Drinfeld centre of a monoidal/(multi-)fusion category (C,⊗, a) as the

monoidal/(multi-)fusion category Z(C) whose categorical structure is given by:

• Objects X ∈ Z(C) are objects X ∈ C together with a half-braiding implemen-

ted by isomorphisms

βY : X ⊗ Y ≃ Y ⊗X (1.3.15)

such that

βY⊗Z = a−1
Y,Z,X ◦ (idY ⊗ βZ) ◦ aY,X,Z ◦ (βY ⊗ idZ) ◦ a−1

X,Y,Z , (1.3.16)

for all objects Y, Z ∈ C. Their fusion (X, βX) ⊗ (Y, βY ) ≃ (X ⊗ Y, βX⊗Y ) is

inherited from C, where

βX⊗Y
Z = aZ,X,Y ◦ (βXZ ⊗ idY ) ◦ a−1

X,Z,Y ◦ (idX ⊗ βYZ ) ◦ aX,Y,Z . (1.3.17)

• Morphisms f : (X, βX) → (Y, βY ) are morphisms f : X → Y such that

(f ⊗ g) ◦ βX,Z = βY,W ◦ (f ⊗ g) (1.3.18)

for all g : Z → W and objects Z,W ∈ C, and composition inherited from C.

The Drinfeld centre is automatically a braided monoidal/(multi-)fusion category with

the supplied half-braidings. When C is fusion, Z(C) is a non-degenerate braided

fusion category. Further to this, when C is a unitary fusion category we expect Z(C)

to have the structure of a UMTC [24, 63].

The existence of the Drinfeld centre naturally suggests a notion of equivalence

between monoidal/(multi-)fusion categories

C ∼ C′ ⇐⇒ Z(C) ≃ Z(C) . (1.3.19)

This notion coincides with the notion of Morita equivalence for monoidal/(multi-

)fusion categories, which we will study in more detail in chapter 3.
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We define the forgetful functor to be the monoidal functor

F : Z(C) → C (1.3.20)

obtained by "forgetting" about the braiding information on each object in Z(C).

In analogy to the previous section, the (spherical) (multi-)fusion category C describ-

ing topological defects on the (1 + 1)-dimensional boundary is the natural lift of

the Frobenius algebra A, whereas its Drinfeld centre Z(C) describes the category of

topological line defects living in the (2 + 1)-dimensional bulk, and is the natural lift

of the algebraic centre A = Z(A). The braided structure of this category captures

the phases accrued by winding one line defect around another. As we mentioned

above, the Drinfeld centre is an invariant over a Morita class of fusion category,

each of these representative fusion categories corresponds physically to a different

choice of topological boundary condition, with bulk-boundary map given by the

corresponding forgetful functor F : Z(C) → C. It has been shown that the TQFT

resulting from this construction is fully extended, and is indecomposable if and only

if the category C is fusion [60–62].

This said, not all (2+1)-dimensional TQFTs are expected to be Turaev-Viro. A more

general class of TQFTs known as Reshetikhin–Turaev TQFTs can be constructed

starting from any UMTC [64, 65]. For our purposes, this includes indecomposable

(2 + 1)-dimensional TQFTs, the topological lines of which are described by non-

degenerate braided fusion categories. While it is not clear if such TQFTs can be

fully extended, we can at least identify that the class of Turaev-Viro TQFTs are

contained within the class of Reshetikhin–Turaev TQFTs by picking those theories

with non-degenerate braided fusion category

B ≃ Z(C) . (1.3.21)

In section 4.3 we will see that different notions of gauging are captured by different

classifications of TQFTs; in subsections 4.3.1 and 4.3.2 we will present formalisms

that gauge a finite group coupled only to a choice of Turaev-Viro TQFT, whereas
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in subsection 4.3.3 we will see more general couplings to TQFTs corresponding to

any Reshetikhin–Turaev TQFT.

It is a folklore result of condensed matter physics that fractional quantum Hall

systems, that is, topological phases of matter that exhibit anyonic excitations [66–

68], are described by (unitary) braided fusion categories (or UMTCs) [69, 70]. A

simple example of this correspondence is illustrated by two-dimensional system with

abelian anyons labelled by elements of an abelian group a ∈ A, each of whose space

of states Ca satisfies statistics

eiB(a,b) : Ca ⊗ Cb → Cb ⊗ Ca , (1.3.22)

for some characteristic symmetric bilinear form B : A × A → U(1) admitting a

quadratic refinement

B(a, b) = θ(ab, ab) − θ(a) − θ(b) (1.3.23)

by some quadratic form θ : A → U(1). The spaces Ca are then precisely the simple

objects of the braided fusion category B ≃ VecBA of A-graded vector spaces, with

half-braiding determined by the bilinear form B, which is further non-degenerate if

and only if B is non-degenerate [71–73].

The choices of quadratic form θ up to equivalence determine a class in the group

cohomology

[θ] ∈ H2
grp(ΓA,U(1)) , (1.3.24)

where ΓA denotes the universal quadratic group of A. This structure of abelian

anyons has a different interpretation in three dimensions; the topological lines la-

belled by simple objects of B ≃ VecBA generate a 1-form A symmetry. Later in

subsection 4.1.1 we will see that this classification admits a dual description as the

’t Hooft anomaly of A as a 1-form symmetry [74].

In analogy to the last subsection, we can also consider finite G-extensions of these

TQFTs. For the trivial TQFT B ≃ Vec this produces a class of invertible Turaev-Viro

TQFTs known as (2 + 1)-dimensional Dijkgraaf-Witten theories, these correspond
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to (2 + 1)-dimensional SPT phases completing the analogy, but by repeating this

for more general TQFTs in 2 + 1 dimensions, we can then obtain a rich collection of

so-called symmetry-enriched topological (SET) phases. We will study these in more

detail in subsection 3.3.3.





Chapter 2

Gauging Finite Symmetries in 0 + 1

Dimensions

We begin discussing finite symmetries and gauging in (0 + 1)-dimensional quantum

field theory, or quantum mechanics. As we have already remarked at the end of

section 1.1, this example is a slightly peculiar one in comparison to its higher-

dimensional counterparts. This is because the only topological objects to speak of

are local operators and we take the existence of such things to imply that there is a

decomposition of our theory into super-selection sectors.

In spite of this subtlety, symmetry in quantum mechanics is still interesting to study

as an introductory example, and studying the gauging of invertible symmetries in

quantum mechanics will lay the foundations for work discussions in later chapters.

An essential idea for gauging a finite group in a quantum mechanics is that it is

equivalent to inserting a space-filling Wilson line, which is in some sense badly or

improperly quantised, because it lives at the boundary of some two-dimensional

TQFT (namely, a Dijkgraaf-Witten theory). The classification of such gauged

theories for a particular choice of group then reduces to studying local operators

on which these Wilson lines can end, which transform in projective representations.

Working out the details of this classification for group-like symmetries in the setting
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of quantum mechanics will illustrate simple working analogues to ideas we will

encounter in higher-dimensional settings.
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2.1 Finite Global Symmetries

As was discussed in the introduction, the most general mathematical structure for

describing (oriented, unitary) finite symmetries in (0 + 1) dimensions is that of a

finite dimensional C*-algebra. Such a C*-algebra A can always be expressed as a

finite direct sum of finite-dimensional matrix algebras

A = Mr1(C) ⊕ · · · ⊕Mrn(C) , (2.1.1)

with the operator norm on matrices and anti-linear ∗-involution given by transpose

complex conjugation on those matrices. This decomposition is precisely equivalent

to that of the associated quantum mechanics into super-selection sectors briefly

mentioned in section 1.1.

On the surface it might then appear as though we still possess a great deal of freedom

in the choices of matrix algebras Mr(C), but in fact, our choice of matrix algebras

doesn’t matter all that much, since as we alluded to in section 1.1, they are all

Morita equivalent to one-another, and in particular they are Morita equivalent to

the trivial algebra M1(C) ≃ C.

In this sense it it might be sensible to conclude that, up to gapped interface, there

are no interesting symmetries in an indecomposable quantum mechanics. To keep

things interesting then, and to provide a quantum mechanical analogy for later

chapters, we will specifically consider those theories that do have non-trivial topolo-

gical local operators and do admit a decomposition into super-selection sectors. In

later chapters 3 and 4 however, we will make no such concession.

Dropping unitarity and working instead in a framed setting corresponds to forgetting

C∗-structure and regarding A as a finite-dimensional semi-simple algebra. We might

be concerned that in forgetting this structure we might lose some information, we

are saved however by the fact that any finite-dimensional semi-simple algebra has

the form (2.1.1) and thereby admits a unique canonical C∗-structure.
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2.1.1 Invertible Symmetries

An finite invertible symmetry in (0+1) dimensions contains the underlying structure

of a finite group G. As we argued in subsection 1.1.1, the C*-algebras with such a

structure are classified up to equivalence by classes in group cohomology

[α] ∈ H2
grp(G,U(1)) . (2.1.2)

This class describes the ’t Hooft anomaly which is invariant along the renormalisation

group flow, and shifting the representative α corresponds to adding a local counter-

term. A theory T with symmetry (G,α) is described by the twisted group (C*-

)algebra

A = αCG . (2.1.3)

A general element is now an arbitrary complex linear combination of basis vectors

eg labelled by g ∈ G which satisfy

egeh = α(g, h)egh , e†
g = α(g, g−1)−1eg−1 . (2.1.4)

The summands in the matrix decomposition (2.1.1) for A = αCG are in 1-1 cor-

respondence with irreducible unitary representations of αCG as a C*-algebra, or

equivalently, α−1-projective unitary representations of G.

Choosing a basis λj of irreducible projective representations of G, the decomposi-

tion (2.1.1) becomes
αCG ∼=

⊕
j

Mdj(C) (2.1.5)

where dj = dim(λj) is the dimension of the corresponding representation. This

decomposition describes super-selection sectors containing states transforming in

irreducible unitary projective representations of G. It is clear that dropping the

C∗-structure is not a loss here: finite-dimensional projective representations of a

finite group are (up to equivalence) always unitary.
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2.2 Symmetries From Gauging

One way to construct more general symmetries is to start with a (0 + 1)-dimensional

theory T with an invertible (G,α) symmetry and gauge a non-anomalous sub-

symmetry. In 0 + 1 dimensions this construction is somewhat trivial, once again due

to the fact that there is only one Morita class of simple C*-algebra.

2.2.1 Gauging G With Trivial Anomaly

The most straightforward example is to take a quantum mechanical theory T with

an invertible (G,α) symmetry such that the anomaly class [α] = 0 is trivial. In this

case, we can choose to gauge the full G symmetry, and to do so we should pick a

trivialisation

δψ = α−1 . (2.2.1)

Equivalence classes of solutions up to co-boundaries naturally define an abelian

group T . Any two solutions to this condition ψ, ψ′ differ by a cocycle

δ(ψ − ψ′) = 0 , (2.2.2)

and as result there is a natural action from the cohomology group H1
grp(G,U(1))

a : H1
grp(H,U(1)) × T → T

(ϕ, ψ) 7→ ϕ+ ψ ,

(2.2.3)

such that the shear map

a× id : (ϕ, ψ) 7→ (ϕ+ ψ, ψ) (2.2.4)

is an isomorphism. This defines the space of trivialisations T to be a torsor over

H1
grp(G,U(1)), with representatives ψ corresponding to SPT phases or discrete tor-

sions for G.

An equivalent interpretation is to identify each choice of trivialisation as a one-

dimensional unitary projective representation of G. They can then in turn be
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thought of as Wilson lines for G that are badly/improperly quantised in the sense

that they live at the boundary of a two-dimensional Dijkgraaf-Witten theory.

Usually when we speak of gauging a group G we mean coupling to and summing

over principal G-bundles. For a finite group, these bundles are all necessarily flat,

and a given set of transition functions can be replaced by topological defects labelled

by elements of the group. This is a (0 + 1)-dimensional analogue of the picture

presented in [21], and given a choice of trivialisation ψ, we gauge G by inserting a

sufficiently fine 1 network of defects

eψ = 1
|G|

∑
g∈G

ψ(g) eg , (2.2.5)

that implements the sum over flat G-bundles twisted by ψ. Notice this defect is an

idempotent e2
ψ = eψ, this feature is important as it ensures the gauging procedure is

insensitive to topological manipulations of the network as illustrated in figure 2.1.

eψ eψ eψ ==
eψ eψ eψ

Figure 2.1

The correlation functions in the gauged theory T /ψ G are then constructed from

correlation functions in the original theory T together with the insertion of projection

operators. Expanding such expressions using (2.2.5) generates weighted sums of

correlation functions in T with the insertions of the generators eg ∈ αCG.

The resulting global symmetry after gauging is described by topological local oper-

ators x ∈ αCG that are compatible with the network of defects eψ in the sense

eψx = xeψ = x . (2.2.6)

If we decompose x as

x =
∑
g∈G

xg eg , (2.2.7)

1Working over one-dimensional compact manifolds, this just means inserting at least one copy
of eψ on each connected component. In higher dimensions this will become more involved, and is
described in general in subsection 3.2.1.



2.2. Symmetries From Gauging 49

then this condition becomes

xg = ψ(g)
|G|

∑
h∈G

xh
ψ(h) , (2.2.8)

for each g ∈ G, which is clearly only solved by x ∈ Ceψ. Another way to see this is

to note that since ψ describes an irreducible (projective) representation of G, the

idempotent eψ is automatically primitive, and so by Schur’s lemma we can only have

x ∈ Ceψ. In any case, the symmetry after gauging G with trivial ’t Hooft anomaly

is described by topological local operators labelled by complex numbers C.

2.2.2 Gauging a Subgroup of (G,α)

A more general thing to do when given an invertible (G,α) symmetry where the

anomaly class might not vanish, is to identify a subgroup H ⊆ G whereupon the

restriction of the anomaly class vanishes. In this case, we can choose to gauge only

the subgroup H, and to do so we should once again pick a trivialisation

δψ = α|−1
H . (2.2.9)

This space of trivialisations is again enumerated up to equivalence by a torsor over

H1
grp(H,U(1)), corresponding to inserting onto the theory a space-filling (improperly

quantised) Wilson line labelled by a projective G-representation IndGHψ, obtained by

induction from the 1-dimensional projective H-representation specified by ψ.

Given a choice of ψ, we gauge H by inserting a sufficiently fine network of defects

eψ = 1
|H|

∑
h∈H

ψ(h)h , (2.2.10)

that implements the sum over flat H-bundles twisted by ψ.

This defect is once again an idempotent e2
ψ = eψ, but is no longer primitive in

general since for a proper subgroup H ⊂ G the induced representation IndGHψ is

not irreducible. A direct result of Mackey’s restriction formula is that this induced
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representation has dimension

dim(IndGHψ) = |H\G/H| (2.2.11)

given by the number of double cosets over H.

Indeed the compatibility condition on topological local operators x ∈ αCG

eψx = xeψ = x (2.2.12)

implies x must have support on at least a double coset [g] ∈ H\G/H. Hence we

see that the symmetry resulting from gauging a subgroup H ⊆ G with SPT phase

ψ consists of topological local operators labelled by CH\G/H , with algebra structure

inherited from the double coset ring, twisted by α. For H = G this recovers C as

from before, and for H = 1 this recovers the full algebra αCG.
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2.3 Generalised Gauging in 0 + 1 Dimensions

We now turn our attention to the most general notion of gauging a finite group

symmetry in 0 + 1 dimensions, with the aim of presenting three equivalent methods

for describing the possible gaugings of a theory T with symmetry algebra αCG.

2.3.1 General Algebras Internal to αCG

In the previous section, we saw that gauging is implemented by summing over

a network of defects. We remarked there that the defect we insert needs to be

an idempotent in order for the theory we produce to be immune to topological

manipulations of the network. Something we did not remark however is that from a

unitary perspective those topological operators were Hermitian, removing also the

dependence on their orientation.

More generally, we may consider any Hermitian topological local operator eλ that

can duplicate freely on the line, implying that they are projectors

e2
λ = eλ , e∗

λ = eλ , (2.3.1)

of the C*-algebra αCG. As a helpful analogy for later chapters, we note that we

could also call these operators (Hermitian) (0-)algebras internal to αCG.

Continuing this analogy we define the space λ = ModαCG(eλ) of (right) (0-)modules

over eλ internal to αCG as the subspace of stable points x ∈ αCG such that

xeλ = x . (2.3.2)

The space λ naturally admits a natural (left) module action from αCG, identifying

λ as a unitary representation of αCG as a C*-algebra, or equivalently as a unitary

projective representation

λ ∈ Rep†,α−1(G) . (2.3.3)

We define Morita equivalence of (0-)algebras eλ ∼ eλ′ internal to αCG as an equival-
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ence of unitary (projective) representations λ ≃ λ′.

A projector is said to be primitive if ModαCG(eλ) is irreducible as a (projective)

representation. In this sense, the indecomposable gaugings of (G,α) in the theory

T are classified up to Morita equivalence by irreducible projective representations

of G with projective 2-cocycle α−1.

To see this labelling more concretely, we note that given the matrix algebra decom-

position
αCG ∼=

⊕
j

Mdj(C) , (2.3.4)

for each irreducible projective representation λj, there are dj Morita equivalent

primitive projectors that act as eij : Mdj(C) → λj for i = 1...dj. Each eij is given as

a matrix in in Mdj(C) by setting just one of the diagonal elements to 1 and all other

elements to 0.

2.3.2 Gapped Interfaces and Modules over αCG

Another equivalent labelling of finite gauge theories in 0 + 1 dimensions comes from

looking at gapped interfaces between theories. This labelling is not far from what

we might expect on physical grounds since the gapped interfaces between theories

can be thought of as topological local operators on which badly quantised Wilson

lines can end.

eg

T T /λGM ∈ λ

Figure 2.2

We start with a theory T with a (G,α) symmetry αCG, and consider those theories

that we will suggestively denote T /λG, with which it shares a space λ of gapped

interfaces.

Bringing local operators eg ∈ G to a junction M ∈ λ between T and T /λG as in

figure 2.2 describes a (left) module action of αCG on λ giving it the structure of a
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unitary projective representation λ ∈ Repα(G). Identifying equivalence classes of

theories T /λG with equivalence classes of unitary representations then induces a

classification of gaugings of (G,α) by projective representations of G with projective

2-cocycle α.

The equivalence between this classification and the one derived from algebras can

be made precise. Defining T /λG as T with the insertion of a network of projectors

eλ, having a gapped interface with T means we have local operators in T for which

eλ vanishes upon fusion as depicted in figure 2.3.

T T /λGx

eλ
=

T T /λGx

Figure 2.3

The local operators in αCG that have this behaviour are precisely those living in

λ = ModαCG(eλ), and so the unitary (projective) representation of gapped interfaces

constructed in this way is identified with λ.

2.3.3 Symmetry TFTs and Lagrangian Algebras

These descriptions of gauging for αCG can be reformulated in terms of gapped

boundary conditions in the associated sandwich construction in two dimensions [27,

28].

The starting point is the 2-dimensional unitary oriented Dijkgraaf-Witten theory

labelled with gauge group G and a class

[α] ∈ H2
grp(G,U(1)) . (2.3.5)

These can be thought of as a generalisation of Chern-Simons theory to finite groups,

but historically they were understood first from the perspective of orbifolding the

Drinfeld/quantum double of G in 1 + 1 dimensions [75, 76].
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For our purposes, they are topological finite gauge theories supported on a 2-manifold

M2, described by a finite gauge field

a : M2 → BG , (2.3.6)

whose action is determined by a representative α ∈ Z2
grp(G,U(1)) satisfying

δα(g, h, k) = α(h, k)α(g, hk)
α(gh, k)α(g, h) = 1 , (2.3.7)

via the pull-back

exp
(
i

∫
M2

a∗α
)
, (2.3.8)

and is hence manifestly topological.

On a 1-submanifold M1 ⊂ M2 we have the restriction

a|M1 : M1 → BG . (2.3.9)

Given a unitary representation λ over a vector space V , we can identify up to

homotopy a map

λ : BG → Aut(V ) , (2.3.10)

whose (traced) pull-back

exp
(
i

∫
M1

Tr(λ∗a)
)

(2.3.11)

defines a topological Wilson line corresponding to the representation λ in the

Dijkgraaf-Witten theory. If we allow M2 to have non-empty boundary ∂M2, we

must be more careful; picking M1 = ∂M2, we must instead pick the representation

λ over V to be projective such that

δλ = α−1idV . (2.3.12)

In this way the contribution from (2.3.11) to action makes it fully topological. In

this way we can see that the gapped boundaries Bλ of (1 + 1)-dimensional Dijkgraaf-

Witten theory are labelled by unitary projective representations of G with projective

2-cocycle α−1.
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We will define the Dirichlet boundary condition D as the one that totally fixes a

on the boundary. This corresponds to a 0 + 1-dimensional topological boundary

supporting a (G,α) symmetry described by

CD = αCG . (2.3.13)

The existence of this canonical topological Dirichlet boundary reflects the fact that

the Dijkgraaf-Witten theory is decomposable and that its topological local operators

are described by the centre

DWG,α ≃ Z(αCG) , (2.3.14)

as a commutative (Frobenius) C*-algebra. This is equipped with the Frobenius

structure normalised such that Z(S2) = n is the number of irreducible unitary

projective representations.

The symmetry of a QFT in d dimensions can be recast as the data of a (Turaev-Viro)

topological field theory living in d + 1 dimensions, called the symmetry TFT (or

symTFT) [26, 27, 29]. From the discussion above we can see that for a quantum

mechanical theory T with a (G,α) symmetry, the corresponding symmetry TFT

is the (1 + 1)-dimensional (G,α) Dijkgraaf-Witten theory. The dynamics of the

theory T are captured by a relative (non-topological) boundary condition BT , and

the theory itself can be recovered by interval compactification with the canonical

gapped Dirichlet boundary condition D. This is illustrated in figure 2.4.

T

=

BTD

DWG,α

Figure 2.4

Interval compactification of BT with other choices of gapped boundary condition Bλ

reproduces the gauged theories T /λG. This is illustrated in figure 2.5.

Another perspective in this setting is that indecomposable gapped boundary condi-
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T /λG

=

BTBλ

DWG,α

Figure 2.5

tions Bλ of the Dijkgraaf-Witten theory are labelled by primitive projectors internal

to Z(αCG) that condense on the boundary:

ê2
λ = êλ ê∗

λ = êλ . (2.3.15)

Such objects are precisely the primitive central projectors of αCG, and correspond

to irreducible projective representations. We can spell out the details of this corres-

pondence concretely using the standard formula for primitive central projectors

êλ = dim(λ)
|G|

∑
g∈G

χλ(g−1)eg , (2.3.16)

where χλ : G → U(1) is the projective character of the corresponding projective

representation λ.

In checking (2.3.15), the following properties of projective characters are important:

• Complex conjugation: χλ(g−1) = χλ(g).

• Twisted class function: χλ(hg) = τg(α)(h)χλ(g).

• Orthonormality:
∑
g∈G

χλ1(g)χλ2(g) = |G|δλ1,λ2 .

The phases

τg(α)(h) := α(hg, h)
α(h, g) (2.3.17)

are components of the transgression τ(α) ∈ Z1(G//G,U(1)) of the ’t Hooft anomaly.2

The twisted class function property implies that χλ(g) vanishes unless α(g, h) =

α(h, g) for all h ∈ CG(g).

2Equivalently, τg(α) ∈ Z1(Cg(G), U(1)) on restriction to h ∈ Cg(G).
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Once again we can see the correspondence more concretely using the matrix decom-

position
αCG ∼=

⊕
j

Mdj(C) , (2.3.18)

and primitive idempotents eij for each irreducible representation λj. In this case the

Morita class {eij}i is lifted to a primitive central idempotent via the sum

êj =
dj∑
i=1

eij , (2.3.19)

or equivalently by the identity matrix in Mdj(C).

We see then, that the gapped boundary conditions of the symmetry TFT, and hence

the gaugings of (G,α) in the theory T , are labelled by projective representations of G

with projective 2-cocycle α. We point out that the canonical Dirichlet boundary con-

dition D itself is reproduced by choosing the regular unitary projective representation

of G

λreg :=
⊕
j

λ
⊕dj
j . (2.3.20)

Thus D is not irreducible and decomposes into super-selection sectors, this is a

feature unique to one dimension related to the subtlety we observed at the outset of

this chapter.

In the spirit of continued helpful analogies to later chapters, these primitive central

idempotents can also be thought of as (0-)algebra objects internal to Z(αCG). In

particular they are Lagrangian algebras, in that the space of local (0-)modules

described by commuting stable points

êλ x = x êλ = x , (2.3.21)

all lie within a 1-dimensional subspace generated by êλ. Here in one dimension this

condition is trivially satisfied, however in higher dimensions we will see that this is

not always the case.



58 Chapter 2. Gauging Finite Symmetries in 0 + 1 Dimensions

2.4 Defects After Generalised Gauging

We now turn our attention to identifying the symmetry algebra in the gauged theories

where a choice of (projective) representation has been made. Though we do not

expect the results of these calculations to be very interesting, as the symmetry

algebra of any indecomposable theory should just be (perhaps Morita equivalent

to) C, they are once again simpler illustrative analogues of calculations to come in

higher dimensions.

2.4.1 0-Bimodules Over 0-Algebras

Given a representative idempotent eλ for some projective representation λ ∈ Repα(G),

we expect topological local operators in the theory after gauging to be compatible

with the network of idempotents. In practice an operator x ∈ αCG is compatible if

eλx = xeλ = x . (2.4.1)

Such elements of αCG describe linear maps on ModαCG(eλ) that commute with

the αCG-action. In the case that the corresponding projective representation λ

is irreducible, Schur’s lemma tells us that such operators can only be of the form

x ∈ Ceλ, meaning the topological local operators of the gauged theory T /λG are

labelled by C for λ irreducible.

2.4.2 0-Modules Over Primitive Central Idempotents

We can also obtain the algebra of topological local operators from the symmetry

TFT perspective. We recall that in addition to a gapped boundary condition Bλ, a

primitive central idempotent êλ also specifies a topological local operator in a (1+1)-

dimensional symmetry bulk TFT. Further to this we will adopt the perspective

that this local operator should condense on the (0 + 1)-dimensional boundary it

corresponds to.
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Bλ

O êλ
=

Bλ

O′ = Oêλ

Figure 2.6

To make this more precise, an indecomposable boundary for the (1 + 1)-dimensional

(G,α) Dijkgraaf-Witten theory describes a bulk-boundary map between algebras

Fλ : Z(αCG) → C . (2.4.2)

The statement that the bulk topological local operator corresponding to the primitive

central idempotent êλ condenses on this boundary is equivalent to asking that

Fλ(êλ) = 1 . (2.4.3)

It follows then that bulk topological operators O′ − Oêλ, related by a factor of êλ,

will map to the same boundary operator

Fλ(O′) = Fλ(O) , (2.4.4)

as illustrated in figure 2.6.

Equivalence classes of bulk topological operators identified in this way are labelled

by (0-)modules x ∈ Z(αCG) such that

êλx = x . (2.4.5)

Since the idempotent êλ is assumed primitive in Z(αCG), its space of 0-modules

describes a simple Z(αCG)-module, and Schur’s lemma tells us once again that we

can only have

x ∈ Cêλ , (2.4.6)

meaning topological local operators on the boundary for irreducible representations

λ are just labelled by C.





Chapter 3

Gauging Finite Symmetries in 1+1

Dimensions

We now move to quantum field theories in 1 + 1 dimensions. Historically we can

see that early examples of non-invertible symmetries were first observed in the

context of (1 + 1)-dimensional conformal field theory; Verlinde lines catalogued by

conformal primaries are topological, and inherit fusion rules from the associated

operator product expansion [48, 77–79]. These observations foreshadowed a much

more general point of view that the symmetry of any (unitary) (1 + 1)-dimensional

quantum field theories is described by a (unitary) fusion category [3, 24].

A better known class of examples, and indeed the focus of this work, are group-

theoretic symmetries obtained by gauging a finite group; Wilson lines labelled by

representations of a finite group are topological, and fuse according to the tensor

product of those representations [18–21]. The process of gauging a finite symmetry

can be generalised by including additional degrees of freedom that admit a number

of equivalent physical descriptions:

• Orbifolding a non-anomalous subgroup with a choice of discrete torsion [29,

80, 81].
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• Stacking the theory with a 1 + 1-dimensional TQFT that cancels the anomaly

on a subgroup [2, 21].

• Choosing an opposing topological boundary for the (2 + 1)-dimensional sym-

metry TFT [27, 28].

In this chapter we demonstrate that these descriptions can all be recast in the lan-

guage of higher representation theory; gauging a finite group symmetry is equivalent

to inserting a badly quantised space-filling Wilson surface, the topological lines that

these surfaces can end on then transform in unitary projective 2-representations.

Likewise there equivalent ways to describe the topological line defects that inhabit

the resulting group-theoretic unitary fusion category after gauging:

• They are gauge-invariants defects of the original symmetry, together with

Wilson lines of the finite gauge symmetry [18–21].

• They are equivalence classes of line defects in the (2+1)-dimensional symmetry

TFT that are identified on the topological boundary.

These interpretations all represent direct categorifications to the ideas presented in

chapter 2, and this additional categorical structure we have introduced leads to a

much richer variety of symmetries in 1 + 1 dimensions.

In this chapter we will first discuss the structure of finite unitary global symmetries in

1 + 1 dimensions, paying special attention first to those that are invertible. Then we

will construct more general non-invertible group-theoretic symmetries starting in the

framed setting by gauging these finite groups, and explore some motivating examples.

After that we will explore the various equivalent descriptions of finite invertible

symmetries in the unitary setting, before finally returning to the construction of

topological defects in this generalised gauging picture.
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3.1 Finite Global Symmetries

We restrict our focus to oriented theories whose local excitations are purely bosonic,

and whose partition function is defined on oriented 2-manifolds. Finite symmetries of

unitary oriented (1 + 1)-dimensional quantum field theories are described by unitary

fusion categories, as we defined them in subsection 1.2.1.

Unitarity in this context is meant more specifically that we are interested in O†-

fusion categories that have a well defined notion of unitary duals on objects [24, 25].

The O†-fusion structure appears here because we are working in the oriented setting;

more generally we expect a Ĥ†-fusion structure where Ĥ is the extended tangential

structure [24, 25, 40].

Unlike in 0 + 1 dimensions, the symmetries here are assumed to have a simple

unit object and as such do not admit a decomposition into super-selection sectors.

This is equivalent to assuming there are no non-trivial topological local operators;

unlike in chapter 2, we can make this assumption here without trivialising the entire

symmetry.

In principle we could allow non-trivial topological local operators and widen our

interpretation to allow multi-fusion categories. These categories, up to Morita

equivalence, admit a decomposition into fusion categories enumerated over super-

selection sectors, but such symmetries are not the objects of interest for this chapter.

Dropping unitarity and working in an oriented setting corresponds to forgetting the

unitary structure and regarding the symmetry category as a spherical fusion category.

We can further drop orientation and work in the framed setting which corresponds

to forgetting the spherical structure and working with ordinary fusion categories.

3.1.1 Invertible Symmetries

A finite invertible symmetry in 1 + 1 dimensions is described by a unitary fusion

category with simple objects labelled by elements g ∈ G of a finite group. The various
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unitary fusion structures compatible with the group multiplication are classified up

to equivalence by group cohomology classes

[α] ∈ H3
grp(G,U(1)) . (3.1.1)

This class is an invariant of the renormalisation group flow and corresponds to a ’t

Hooft anomaly. We take the perspective that specifying a theory includes specifying a

representative 3-cocycle α; shifting the representative by a 3-coboundary corresponds

to adding local counter-terms [35].

A theory T with symmetry (G,α) is described by the unitary fusion category

CT = HilbαG , (3.1.2)

consisting of finite-dimensional G-graded Hilbert spaces

X =
⊕
g∈G

Xg , (3.1.3)

and homogeneous linear maps between them. Simple objects in this category are

1-dimensional Hilbert spaces Cg labelled by g ∈ G, their fusion is given by the

G-graded tensor product of Hilbert spaces depicted in figure 3.1.

Cg Ch

Cg ⊗ Ch ≃ Cgh

Figure 3.1

The associativity structure for this fusion is determined by α as depicted in figure 3.2.

The unitary structure incorporates both duals X∗ of Hilbert spaces X acting on

simple objects as

∗ : Cg 7→ (Cg)∗ ≃ C∗
g−1 (3.1.4)

for each g ∈ G, and adjoints f † : Y → X of homogenous linear maps f : Y → X,
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CkCg Ch

Cghk

= α(g, h, k) ×

CkCg Ch

Cghk

Figure 3.2

together with the unitary dual condition that identifies left duals as right duals via

coevrX := (evlX)† : 1e → X∗ ⊗X evrX := (coevlX)† : X ⊗X∗ → 1e , (3.1.5)

as depicted schematically in figure 3.3.

XX∗

evlX

Ce

=

† XX∗

coevrX

Ce

Figure 3.3

In addition to this structure, the unitary duals condition induces a canonical spherical

structure [24, 25]

SX = (evrX ⊗ idX∗∗) ◦ (idX ⊗ coevlX∗) : X → X∗∗ , (3.1.6)

as described in subsection 1.2.1.

Working in the oriented setting corresponds to forgetting all but the unique spherical

structure and working with the underlying spherical fusion category

CT = VecαG (3.1.7)

of finite-dimensional G-graded vector spaces and linear transformations 1. The

1It is then more appropriate to consider α ∈ Z3
grp(G,C×). However, H3

grp(G,C×) ≃
H3
grp(G, U(1)) for finite G as it is always possible to choose a representative α to be a phase.
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unique spherical structure reduces to precisely the canonical one for Vec. In same

way, working in the framed setting corresponds to forgetting the spherical structure

and considering VecαG as an ordinary fusion category.
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3.2 Symmetries from Gauging

One way to construct more general symmetries in 1 + 1 dimensions is to start with

a theory T with an invertible (G,α) symmetry, and gauge a non-anomalous sub-

symmetry. This construction produces novel examples of non-invertible symmetries

that are not group-like, but are still controlled by the properties of the underlying

group and its representations; we refer to such symmetries as group-theoretic.

To see how this leads to non-invertible symmetries, we will opt to work in the framed

setting of fusion categorical symmetries

CT = VecαG , (3.2.1)

returning to the more general unitary construction later in section 3.3. The gauging

of a non-anomalous sub-symmetry is then well understood in 1 + 1 dimensions to be

equivalent to populating the space with a network of topological defects describing

algebra objects internal to VecαG [21, 35].

Before continuing however, we should mention that it is an important result in 1 + 1

dimensions that there exist non-trivial fusion-categorical symmetries that are not

group-theoretic. A famous demonstrative class of these are the so-called Tambara-

Yamagami fusion categories [82], an example of which arose in the form of the critical

Ising model discussed in section 1.2.2. Nonetheless, group-theoretic symmetries still

represent a large class of symmetries in 1 + 1 dimensions and provide a direct

construction of non-invertible symmetries that will have important generalisations

in higher dimensions.

3.2.1 Gauging G With Trivial Anomaly

The most straightforward example is to take an invertible (G,α) symmetry such

that the anomaly α = 0 is trivial. In this case, we can choose to gauge the full G

symmetry to produce a new theory T /G with group-theoretic symmetry category
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that we denote C(G|G). We do this by inserting a sufficiently fine network of line

defects

A =
⊕
g∈G

Cg , (3.2.2)

that implements the sum over flat G-bundles [8, 21].

We now take a moment to make more precise the notion of "sufficiently fine" in

a way that naturally extends to all dimensions. Given a compact manifold and a

corresponding triangulation by simplices, we construct a sufficiently fine network by

taking the one dual to the simplicial complex. The vertices of this network sit at the

centre of codimension-0 simplices, the edges at codimension-1 simplices, and so on.

In practice one actually often takes a pseudo-triangulation; for example, the finest

"sufficiently fine" network on the 2-torus is dual to a triangulation whose vertices

are identified in a non-trivial way. For the purposes of intuition however, properly

triangulated networks are always as fine or finer than these.

Here in two dimensions, given a network dual to some triangulation, we insert the

defect A on the edges, and at the vertices we specify topological local operators

m : A⊗ A → A that decompose as

idCgh : Cg ⊗ Ch → Cgh , (3.2.3)

for each g, h ∈ G. The inclusion of these junctions categorifies the notion of idem-

potents studied in chapter 2 and ensures the gauging procedure is insensitive to the

choice of network.

In addition to this data we also have a canonical unit map given by the inclusion

Ce ↪→ A which naturally endows A with the structure of a finite dimensional G-

graded associative algebra. We can further equip it with a normalised Frobenius

(or separable) algebra in the oriented setting [83], and a normalised special dagger-

Frobenius algebra (or Q-system) in the unitary setting [84–86].

The resulting global symmetry C(G|G) after gauging is known to be described by

topological Wilson lines labelled by representations of G. To replicate this we
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consider defects V ∈ VecαG compatible with the insertion of a network of defects.

The compatibility data of a topological defect

V =
⊕
g∈G

Vg , (3.2.4)

amounts to us specifying left and right morphisms

ℓ : A⊗ V → V r : V ⊗ A → V , (3.2.5)

giving V the structure of a bimodule over A internal to CT = VecG; this identifies

the symmetry with a fusion category of bimodule objects over A

C(G|G) ≃ BimodCT (A) , (3.2.6)

we will return to this perspective in more detail later in section 3.4. These left and

right morphisms decompose to

ℓh|g : Ch ⊗ Vg → Vhg rg|h : Vg ⊗ Ch → Vgh , (3.2.7)

for each pair g, h ∈ G. This compatibility is illustrated further in figure 3.4. These

1-morphisms are subject to their own compatibility conditions.

Vh

ℓg|h

Vgh

Cg Vh

rh|g

Vhg

Cg

Figure 3.4

First we ask that the left and right 1-morphisms satisfy normalisation conditions

that ensure compatibility with the bulk unit

ℓe|g = rg|e = Vg . (3.2.8)

where we have used a short-hand notation that Vg denotes the identity 1-automorphism
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on the same object. Next we ask that they satisfy compatibility conditions with the

bulk fusion

ℓh1h2|g = ℓh1|h2g ◦ (1h1 ⊗ ℓh2|g) , (3.2.9)

rg|h1h2 = rgh1|h2 ◦ (rg|h1 ⊗ 1h1) . (3.2.10)

Finally we ask that the two module actions commute as

rh1g|h2 ◦ (ℓh1|g ⊗ 1h2) = ℓh1|gh2 ◦ (1h1 ⊗ rg|h2) , (3.2.11)

turning the left and right morphisms into compatible bimodule actions.

One way to present solutions to these criteria is to note that the left and right

morphisms are each invertible, giving isomorphisms Vg ≃ Vh for all g, h ∈ G. Re-

stricting our focus then to the trivially-graded component Ve, we see it carries a

representation Φ of G that is constructed from the left and right morphisms as

Φ(g) := rg|g−1 ◦ (ℓg|e ⊗ 1g−1) . (3.2.12)

The interpretation of this combination of morphisms is a symmetry defect intersecting

V as illustrated in 3.5.

Cg

Φ(g)

Cg

Ve

Ve

Figure 3.5

A straightforward consequence of the consistency conditions (3.2.9), (3.2.10) and

(3.2.11) is that this combination of morphisms indeed defines a representation in the

sense that

Φ(gh) = Φ(g) ◦ Φ(h) (3.2.13)

for all elements g, h ∈ G, illustrated with intersections in figure 3.6.
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Ch

Cg

Φ(gh)

Cgh

=

Ch

Cg

Cgh

Φ(g)

Φ(h)

Figure 3.6

This construction concretely demonstrates the equivalence

C(G|G) ≃ Rep(G) . (3.2.14)

More generally one could gaugeG with a non-trivial discrete torsion [ψ] ∈ H2
grp(G,U(1)).

For a given representative ψ this just corresponds to a different choice of junctions

m : A⊗ A → A given by

ψ(g, h) ◦ idgh : Cg ⊗ Ch → Cgh , (3.2.15)

producing the gauged theory T /ψG. Including such a phase acts on the resulting

symmetry category by an auto-equivalence, one way to see this is to consider inter-

faces between a pair of theories T /ψ1G and T /ψ2G with mismatched phases ψ1 and

ψ2. In that case the picture we had in figure 3.6 changes to that of figure 3.7, and

equation (3.2.13) becomes

Φ(gh) = ψ2(g, h)
ψ1(g, h)Φ(g) ◦ Φ(h) . (3.2.16)

Hence interfaces between T /ψ1G and T /ψ2G are labelled by projective representa-

tions of G with projective 2-cocycle ψ1/ψ2. This projective 2-cocycle vanishes when

ψ1 = ψ2, returning us once again to the ordinary representations of G.
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Ch

Cg

Φ(gh)

Cgh

× ψ1(g, h) = ψ2(g, h) ×

Ch

Cg

Cgh

Φ(g)

Φ(h)

Figure 3.7

3.2.2 Gauging a Subgroup of (G,α)

A more general thing to do when given an invertible (G,α) symmetry where the

anomaly class might not vanish, is to identify a subgroup H ⊆ G whereupon the

restriction of the anomaly class vanishes. In this case, we can choose to gauge only

the subgroup H, and to do so we should pick a trivialisation

δψ = α|−1
H . (3.2.17)

Equivalence classes of trivialisations are, in analogy to subsection 2.2.2, classified by

a torsor over H2
grp(H,U(1)), with representatives ψ corresponding to SPT phases or

discrete torsions for H. This theory produced by performing this gauging then has

the group-theoretic symmetry category C(G,α|H,ψ).

Given a choice of ψ, we gauge H by inserting a sufficiently fine network of defects

A =
⊕
h∈H

Ch , (3.2.18)

that implements the sum over flat H-bundles. At the junctions, we specify a topolo-

gical local operators m : A⊗ A → A that decompose as

ψ(g, h) · idCgh : Cg ⊗ Ch → Cgh , (3.2.19)

for each g, h ∈ H. The inclusion of these junctions ensures the theory is insensitive
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to changes to the network of defects, contingent on the condition

δψ(g, h, k) = ψ(h, k)ψ(g, hk)
ψ(gh, k)ψ(g, h) = α|−1

H . (3.2.20)

This is just the trivialisation condition we observed in (3.2.17).

Once again in addition to this data we also have a canonical unit map given by

the inclusion Ce ↪→ A which naturally endows A with the structure of a G-graded

associative algebra. We can further equip it with a normalised Frobenius algebra in

the oriented setting, and a normalised special dagger-Frobenius algebra (or Q-system)

in the unitary setting.

Defects corresponding to objects in C(G,α|H,ψ) are then described by topological

defects V ∈ VecαG compatible with the insertion of a network of defects. Given a

choice of gauging λ = (H,ψ) with associated algebra object A, the compatibility

data of a topological defect

V =
⊕
g∈G

Vg , (3.2.21)

amounts to us specifying left and right morphisms

ℓ : A⊗ V → V r : V ⊗ A → V , (3.2.22)

giving V the structure of a bimodule over A internal to CT ; like before this identifies

C(G,α|H,ψ) ≃ BimodCT (A) (3.2.23)

as fusion categories. These left and right morphisms decompose to

ℓh|g : Ch ⊗ Vg → Vhg rg|h : Vg ⊗ Ch → Vgh , (3.2.24)

for each pair of h ∈ H and g ∈ G as was illustrated in figure 3.4.

We again ask that the left and right module actions are normalised in the sense

ℓe|g = rg|e = 1 , (3.2.25)
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however their compatibility conditions with the bulk fusion

ℓh1h2|g ◦ ψ(h1, h2) = ℓh1|h2g ◦ (1h1 ⊗ ℓh2|g) ◦ α(h1, h2, g) , (3.2.26)

rg|h1h2 ◦ ψ(h1, h2) = rgh1|h2 ◦ (rg|h1 ⊗ 1h2) ◦ α(g, h1, h2)−1 , (3.2.27)

and the commutation compatibility condition

rh1g|h2 ◦ (ℓh1|g ⊗ 1h2) = ℓh1|gh2 ◦ (1h1 ⊗ rg|h2) ◦ α(h1, g, h2) , (3.2.28)

are now twisted by α.

From the form of the left and right morphisms in (3.2.24), it is clear that any solution

to these constraints will decompose as a direct sum of solutions supported on double

H-cosets in G. Let us therefore restrict our attention to a solution supported on a

single double coset [g] ∈ H\G/H with representative g ∈ G.

The left and right morphisms are each invertible, giving isomorphisms Vg1 ≃ Vg2 for

all g1, g2 ∈ H\G/H, hence we may restrict our focus to the component Vg, which

carries a projective representation Φg of the subgroup Hg := H ∩ gHg−1 that is

constructed from the left and right morphisms as

Φg(h) := rhg|(hg)−1 ◦ (ℓh|g ⊗ 1(hg)−1) , (3.2.29)

where h ∈ Hg and hg := g−1hg. The interpretation of this combination of morphisms

is a symmetry defect intersecting V as illustrated in figure 3.8.

Ch

Φg(h)

Chg

Vg

Vg

Figure 3.8

A straightforward consequence of the consistency conditions (3.2.26), (3.2.27) and

(3.2.28) is that this combination of morphisms indeed defines a projective represent-
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ation in the sense that

Φg(h1h2) = cg(h1, h2) · Φg(h1) ◦ Φg(h2) (3.2.30)

for all elements h1, h2 ∈ Hg, where the 2-cocycle cg ∈ Z2
grp(Hg, U(1)) is given up to

co-boundary by

cg(h1, h2) := ψ(hg1, hg2)
ψ(h1, h2)

· α(h1, h2, g)α(g, hg1, hg2)
α(h1, g, h

g
2) . (3.2.31)

It is known that conversely such a projective representation determines a solution

to the compatibility constraints for left and right morphisms [87, 88]. The above

construction then sets up a bijection between isomorphism classes of simple objects

in C(G,α|H,ψ) and isomorphism classes of pairs (g,Φg) consisting of

1. A double coset [g] ∈ H\G/H with representative g ∈ G.

2. An irreducible projective representation Φg of Hg with 2-cocycle

cg(h1, h2) = ψ(hg1, hg2)
ψ(h1, h2)

· α(h1, h2, g)α(g, hg1, hg2)
α(h1, g, h

g
2) . (3.2.32)

The isomorphism class of a simple object depends on the double coset representative

g and the 2-cocycle cg only up to isomorphism.

The above description of simple topological lines allows for the following alternative

physical interpretation: Let us consider the line g ∈ G in T . This is left invariant

under the action of Hg ⊂ H and therefore supports a Hg symmetry group. However,

due to the bulk ’t Hooft anomaly and its trivialisation, the topological line has an

anomaly captured by the representative 2-cocycle cg ∈ Z2
grp(Hg, U(1)). In order to

define a consistent topological line when gauging H ⊂ G, this anomaly must be

cancelled by dressing with a 1-dimensional TQFT with Hg symmetry and ’t Hooft

anomaly cg. This is precisely specified by a vector space supporting a projective

representation of Hg with 2-cocycle cg. It may simultaneously be regarded as a badly

quantized Wilson line for Hg whose anomalous transformation cancels that of the

symmetry defect.
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3.2.3 Examples

To conclude this section, let us study some examples of symmetries constructed in

the ways we have just described.

Example 1 : G = Z4

First we consider a theory T with symmetry group G = Z4 and trivial ’t Hooft

anomaly, viewed as an extension of A = Z2 by K = Z2

1 → Z2 → Z4 → Z2 → 1 , (3.2.33)

with non-trivial class [e] ∈ H2
grp(Z2,Z2) ≃ Z2. If we denote the generators of A = Z2

and K = Z2 by x and y respectively, the normalised 2-cocycle e is completely

determined by the condition e(y, y) = x.

There is no possibility for discrete torsion since H2
grp(Z4, U(1)) = 0. Gauging the

whole symmetry G leads to a theory T /G with symmetry category

C(Z4 |Z4) = Rep(Z4) ≃ VecZ4 . (3.2.34)

Alternatively, we may gauge the symmetry in steps by first gauging the subgroup

A = Z2 and subsequently gauging K = Z2 in T /A.

• First gauging A = Z2 results in a theory T /A with symmetry group G̃ =

Â×K = Z2 × Z2 and mixed anomaly α ∈ Z3
grp(Z2 × Z2, U(1)) determined by

the extension e [35]. This anomaly may be represented by the SPT phase

1
2

∫
X

â ∪ k ∪ k (3.2.35)

in terms of the background fields â, k ∈ H1
grp(X,Z2) for G̃. There is no possib-

ility for discrete torsion since H2
grp(Z2, U(1)) = 1. The symmetry category of

T /A is thus

C(Z4 |Z2) ≃ Vecα(Z2 × Z2) . (3.2.36)
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• Now consider subsequently gauging K = Z2, which again does not allow for

discrete torsion. The simple objects are labelled by pairs (χ,Φ), where χ ∈ Â

and Φ is an irreducible projective representation of K with 2-cocycle ⟨χ, e⟩.

Let us denote the generators of Â = Z2 and K̂ = Z2 by x̂ and ŷ, respectively.

For χ = 1, we obtain two simple objects

U0 := (1, 1) and U2 := (1, ŷ) . (3.2.37)

For χ = x̂, we obtain two additional simple objects

U3 := (x̂, f) and U1 := (x̂, f · ŷ) , (3.2.38)

where the normalised 1-cochain f : K → U(1) is defined by f(y) = i. Using

f 2 = ŷ, the fusion of the simple objects can then be determined to be

(U1)n = Unmod 4 . (3.2.39)

This reproduces the symmetry category C(Z2 × Z2, α |Z2) = VecZ4 , which

agrees with that of T /G.

Example 2 : G = D2n

Next we consider a theory T with a non-anomalous finite dihedral symmetry group

G = D2n ≃ A⋊H ≃ Zn ⋊ Z2 , (3.2.40)

with n even. The normal subgroup H ≃ Z2 with group elements {1, h} acts on

A ≃ Zn with group elements {1, a, . . . , an−1} through h : a 7→ a−1. Gauging the

subgroup A generates another theory T̂ with isomorphic symmetry group

Ĝ = D2n ≃ Â⋊H , (3.2.41)

whereA has been replaced by its Pontryagin dual Â ≃ Zn with elements {1, χ, . . . , χn−1}

and H-action h : χ 7→ χ−1.

Gauging H ∼= Z2 produces a pair of theories with symmetry category Rep(D2n), as
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<latexit sha1_base64="vwEprrKtWe7uKadz4c3kGLRZl7g=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT1JQQ8eK9gPaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MdvuQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NYyUYS2iORSdQOsKWeCtgwznHZjRXEUcNoJJjeZ33miSjMpHsw0pn6ER4KFjGBjpfbtIK2J2aBccavuHGiVeDmpQI7moPzVH0qSRFQYwrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYsFTii2k/n187QmVWGKJTKljBorv6eSHGk9TQKbGeEzVgve5n4n9dLTHjlp0zEiaGCLBaFCUdGoux1NGSKEsOnlmCimL0VkTFWmBgbUMmG4C2/vEratap3Ua3f1yuN6zyOIpzAKZyDB5fQgDtoQgsIPMIzvMKbI50X5935WLQWnHzmGP7A+fwBUVaO9g==</latexit>

D2n
<latexit sha1_base64="vwEprrKtWe7uKadz4c3kGLRZl7g=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT1JQQ8eK9gPaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MdvuQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NYyUYS2iORSdQOsKWeCtgwznHZjRXEUcNoJJjeZ33miSjMpHsw0pn6ER4KFjGBjpfbtIK2J2aBccavuHGiVeDmpQI7moPzVH0qSRFQYwrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYsFTii2k/n187QmVWGKJTKljBorv6eSHGk9TQKbGeEzVgve5n4n9dLTHjlp0zEiaGCLBaFCUdGoux1NGSKEsOnlmCimL0VkTFWmBgbUMmG4C2/vEratap3Ua3f1yuN6zyOIpzAKZyDB5fQgDtoQgsIPMIzvMKbI50X5935WLQWnHzmGP7A+fwBUVaO9g==</latexit>

D2n

Figure 3.9

shown in figure 3.9. We can reproduce the symmetry category of T /D2n by starting

from T̂ and gauging the subgroup H. We can view this by-steps gauging procedure a

physical version of Mackey’s construction for representations of semi-direct product

groups.

There are the following simple objects:

• The 1-dimensional orbit 1 = {1} may be supplemented by irreducible repres-

entations 1, w of its stabiliser Z2. We denote the corresponding simple objects

by 1, w. 2

• The 1-dimensional orbit o = {χn
2 } may be supplemented by irreducible repres-

entations 1, w of its stabiliser Z2. We denote the corresponding simple objects

by o, ow.

• The 2-dimensional orbits {χi, χn−i} with j = 1, . . . , n2 −1 have trivial stabilisers.

We denote the corresponding simple objects by Oj, j = 1, . . . , n2 − 1.

The fusion rules for irreducible representations may be computed following the recipe

above and are given by

w ⊗ w = 1 o⊗ o = 1 o⊗ w = ow (3.2.42)

w ⊗ Oj = Oj o⊗ Oj = Oj (3.2.43)

Oi ⊗ Oj = Oi+j ⊕ Oi−j , (3.2.44)

2They are pure topological Wilson lines for H ∼= Z2.
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where in the final line it is understood that O0 = 1 ⊕ w and On
2

= o ⊕ ow and

Oj = On
2 +j for j ̸= 0, n2 mod n.

Example 3 : G = D8

Finally lets restrict our focus from G = D2n to G = D8, so that we might fully

exposit the gauging of subgroups. In 1 + 1 dimensions, an example is the c = 1

CFT or Z2-orbifold theory. In addition to the symmetry group G = D8 considered

here, this theory has a rich spectrum of non-invertible topological defects due to

the fact that it is invariant under gauging of various subgroups [89]. We therefore

emphasise that the symmetry categories discussed below form only part of the full

fusion category symmetry in this example.

It is convenient to introduce generators r, s of D8 corresponding to rotation by π/2

and reflection such that

D8 = ⟨r, s | r4 = s2 = 1, srs−1 = r−1⟩ , (3.2.45)

which manifests its presentation as a semi-direct product Z4 ⋊Z2. Alternatively, one

may introduce generators a := rs and b := sr such that

D8 = ⟨a, b, s | a2 = b2 = s2 = 1, ab = ba, sas−1 = b⟩ , (3.2.46)

which manifests its presentation as a semi-direct product D4 ⋊Z2, where we denoted

by D4 = Z2 × Z2 the dihedral group of order four.

The automorphism group of D8 is again D8: There is a D4 subgroup of inner

automorphisms generated by the conjugations x 7→ rsx and x 7→ sx as well as a

Z2 subgroup of outer automorphisms generated by the automorphism that sends

r 7→ r3 and s 7→ rs. The latter acts on D4 by sending rs(.) 7→ s(.), so that the total

automorphism group is indeed given by D4 ⋊ Z2 ∼= D8.

There are 10 subgroups H ⊂ D8 forming 8 conjugacy classes, whose structure is

summarised in figure 3.10. The subgroups are organized in rows according to their
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orders 1, 2, 4 and 8 from bottom to top. Normal subgroups are coloured in red

whereas non-normal subgroups are coloured in black with red arrows indicating their

transformation behaviour under conjugation. The encircled subgroup is the centre

of D8 and grey arrows denote inclusion as a normal subgroup. The blue arrow

indicates the transformation behaviour of subgroups under the generator of outer

automorphisms, which acts by reflection of the diagram.

Figure 3.10

The starting point is the symmetry category C(D8 | 1) = VecD8 . We consider the sym-

metry categories that result from gauging subgroups with discrete torsion, beginning

with subgroups of the smallest order and working upwards in figure 3.10.

Order two subgroups

We begin by gauging order 2 subgroups H ∼= Z2. There is no possibility of discrete

torsion since H2
grp(Z2, U(1)) = 1. There are 5 order 2 subgroups forming 3 conjugacy

classes, two of which are related by an outer automorphism. Thus there are only

two substantive cases to consider.

• The center H = ⟨r2⟩ ∼= Z2 of D8 forms a non-split extension

1 → Z2 → D8 → D4 → 1 (3.2.47)



3.2. Symmetries from Gauging 81

with non-trivial extension class [e] ∈ H2
grp(D4,Z2). Gauging the center there-

fore leads to a symmetry group Z2 ×D4 with ’t Hooft anomaly determined by

[e], which can be represented by the cubic SPT phase

1
2

∫
X

â ∪ a1 ∪ a2 (3.2.48)

in terms of the background fields for Z2 ×D4. More concretely, we can describe

the simple objects as follows: there are four double H-cosets [1], [r], [s] and

[rs], all of whose stabilisers are given by H. The double coset ring is given by

[r]2 = [s]2 = [1] [r] ∗ [s] = [rs] . (3.2.49)

There are therefore 8 simple objects corresponding to the following pairs of

double cosets and irreducible representations

([1], χn) , ([r], χn) , ([s], χn) , ([rs], χn) , (3.2.50)

where n = 0, 1 and χ denotes the generator of Ĥ ∼= Z2. The fusion ring

contains a Z2 subgroup generated by C = ([1], χ) as well as a D4 subgroup

generated by Y = ([r], 1) and Z = ([s], 1), which commute with each other

C ⊗ Y = Y ⊗ C C ⊗ Z = Z ⊗ C. (3.2.51)

The symmetry can thus be identified with the product group Z2 × D4 as

stated above. The corresponding symmetry category is given by C(D8 | ⟨r2⟩) =

VecαZ2×D4 .

• Now consider the two non-normal subgroups H = ⟨s⟩, ⟨r2s⟩ ∼= Z2, which

are related to each other by conjugation. For concreteness, consider gauging

H = ⟨s⟩. There are three double cosets [1], [r], [r2] with stabilisers H, 1, H

respectively. The double coset ring is given by

[r] ∗ [r] = [1] + [r2] [r] ∗ [r2] = [r] [r2] ∗ [r2] = [1] . (3.2.52)

There are therefore 5 simple objects corresponding to the following pairs of
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double cosets and irreducible representations

1 = ([1], 1) , U = ([r2], 1) , V = ([1], χ) , W = ([r2], χ) , X = ([r], 1) ,

(3.2.53)

where χ denotes the generator of Ĥ ∼= Z2. The fusion ring contains a D4

subgroup generated by U and V with U ⊗ V = W and additional relations

U ⊗X = X V ⊗X = X X ⊗X = 1 ⊕ U ⊕ V ⊕W . (3.2.54)

The symmetry category is therefore a Tambara-Yamagami category of type

D4. A computation of the associator shows that C(D8 | ⟨s⟩) = Rep(D8).

• Now consider the non-normal subgroups H = ⟨rs⟩, ⟨r3s⟩ ∼= Z2. They are

related to each other by conjugation and to the subgroups in the previous

bullet point by an outer-automorphism. The computation of the symmetry

category is therefore the same up to relabelling, which implies C(D8 | ⟨rs⟩) =

C(D8 | ⟨r3s⟩) = Rep(D8).

Order four subgroups

There are three order 4 subgroups: one is isomorphic to Z4 and invariant under the

outer automorphism, and the remaining two are isomorphic to D4 and exchanged

by the outer automorphism. In the latter case, there is the potential for discrete

torsion because H2
grp(D4, U(1)) = Z2. There are therefore only two substantive cases

to consider.

• Consider gauging the normal subgroup H = ⟨r⟩ ∼= Z4. There are two double

cosets, [1] and [s], both of which have H as their stabiliser. The double coset

ring is

[s] ∗ [s] = [1] . (3.2.55)

There are therefore 8 simple objects corresponding to the following pairs of
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double cosets and irreducible representations

([1], χn) , ([s], χn) , (3.2.56)

where n = 0, ..., 3 and χ denotes the generator of Ĥ ∼= Z4. The fusion ring is

generated by R := ([1], ω) and S := ([s], 1) subject to the relations

R4 = S2 = 1 S ⊗R ⊗ S−1 = R−1 . (3.2.57)

The symmetry can therefore be identified with the semi-direct product Z4 ⋊

Z2 ∼= D8, so that the corresponding symmetry category is given by C(D8 | ⟨r⟩) =

Vec(D8).

• Now consider the normal subgroup H = ⟨r2, s⟩ ∼= D4. There are again two

double cosets [1] and [r], both of which have H as their stabiliser. The double

coset ring is

[r] ∗ [r] = [1] . (3.2.58)

There are therefore 8 simple objects corresponding to the following pairs of

double cosets and irreducible representations

([1], χnωm) and ([r], χnωm) , (3.2.59)

where n,m = 0, 1 and χ, ω denote the generators of Ĥ ∼= D4. The fusion ring

is generated by A := ([1], χ), B := ([1], ω) and D := ([r], 1) subject to the

relations

A2 = B2 = D2 = 1 D ⊗ A⊗D−1 = B . (3.2.60)

The symmetry can therefore be identified with D4⋊Z2 ∼= D8 and the symmetry

category is again given by C(D8 | ⟨r2, rs⟩) = VecD8 .

Adding a discrete torsion element ψ ∈ H2
grp(D4, U(1)) = Z2 leads to the

same result, i.e. acts as an auto-equivalence of symmetry categories. This

can be understood from the point of view of spectral sequences, interpreting

H2
grp(D4, U(1)) as H0

grp(Z2, H
2
grp(D4, U(1))). There are then no non-trivial
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differentials in the spectral sequence, which collapses at the second page. In

particular, there is no obstruction in lifting ψ to a class in H2
grp(D8, U(1)).

• The normal subgroupH = ⟨r2, rs⟩ ∼= D4 is obtained from the bullet point above

by an outer automorphism and therefore the computation of the symmetry

category is the same up to relabelling. Adding discrete torsion again acts by an

auto-equivalence of the symmetry category. We conclude that C(D8 | ⟨r2, s⟩) =

VecD8 .

Note that gauging both order four subgroups, including with discrete torsion, results

in an identical symmetry category VecD8 , up to equivalence. It is therefore possible

that a theory T is invariant under gauging these subgroups, resulting in a rich

spectrum of additional non-invertible duality defects that we have not not considered

here. It was shown that this scenario is indeed realised when T is the Z2-orbifold

CFT in [89].

Whole group

Finally, we gauge the entire symmetry group leading to the symmetry category

Rep(D8). Plugging in n = 4 to the previous example simplifies C(G|G) to

w ⊗ w = 1 o⊗ o = 1 o⊗ w = ow (3.2.61)

w ⊗ O = O o⊗ O = O (3.2.62)

O ⊗ O = 1 ⊕ w ⊕ o⊕ ow (3.2.63)

and so we see the symmetry category C(G|G) ≃ Rep(D8) is a Tambara-Yamagami

fusion category based on the abelian group Z2 × Z2 [82].

Adding a discrete torsion element ψ ∈ H2
grp(D8, U(1)) ∼= Z2 results in the same

symmetry category up to equivalence. The results are summarised in figure 3.11.

There are various consistency checks on these results that correspond to taking

different routes from bottom to top in figure 3.11. Due to the reflection symmetry

of the diagram, it is sufficient to perform these checks for left hand side:
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Figure 3.11

• Starting from the theory T with symmetry category Vec(D8) we can gauge

the central subgroup ⟨r2⟩ ∼= Z2 to obtain the theory T / ⟨r2⟩ whose symmetry

category is given by VecαZ2×D4 as described in the first bullet point in 3.2.3.

This contains a D4 ∼= Z2 × Z2 subgroup generated by defects Y , Z, whose

factors may be gauged independently:

◦ Gauging ⟨Y ⟩ ∼= Z2 reproduces the theory T / ⟨r⟩ with symmetry category

given by VecD8 . The latter contains a Z2 subgroup generated by the

defect S, whose gauging reproduces the theory T / ⟨r, s⟩ with symmetry

category Rep(D8).

◦ Gauging ⟨Z⟩ ∼= Z2 reproduces the theory T / ⟨r2, s⟩ whose symmetry

category is also VecD8 . The latter contains a Z2 subgroup generated

by the defect D, whose gauging reproduces the theory T / ⟨r, s⟩ with

symmetry category Rep(D8).

• Starting from T we can gauge the non-normal subgroup ⟨s⟩ ∼= Z2 to obtain

the theory T / ⟨s⟩ with symmetry category Rep(D8) as described in the second

bullet point in 3.2.3. The latter contains a Z2 subgroup generated by the defect

U , whose gauging reproduces the theory T / ⟨r2, s⟩ with symmetry category
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VecD8 .
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3.3 Generalised Gauging in 1 + 1 Dimensions

In the previous section we studied the defects after gauging a finite subgroup with

discrete torsion in the framed setting, now we turn our attention to general notions of

gauging a finite group symmetry of a (1 + 1)-dimensional unitary oriented quantum

field theory.

The three equivalent methods presented in section 2.3 all admit natural lifts in one

dimension higher, producing three equivalent methods for gauging a theory T with

symmetry category HilbαG, or VecαG in lieu of unitarity.

The key takeaway from this section will be that these lifts are in fact categorifications

of those in 2.3, as we shall see in each case the gaugings are labelled by unitary

projective 2-representations of G that categorify unitary projective representations.

3.3.1 Gauging and Algebras internal to Hilbα
G

First we consider a more general version of the algebra picture presented in the last

section, as a generalisation to section 2.3.1, where gauging corresponds to summing

over networks of symmetry defects. In the unitary setting this is implemented by

choosing a (normalised) special dagger-Frobenius (1-)algebra object in

CT = HilbαG . (3.3.1)

In the framed setting, this reduces to the study of (1-)algebra objects in

CT = VecαG , (3.3.2)

or normalised Frobenius algebra objects in the oriented setting.

An algebra object A ∈ CT is equipped with multiplication and unit morphisms

m : A⊗ A → A i : C → A , (3.3.3)

subject to associativity and unitality conditions summarised by the commuting

diagrams in figures 3.12 and 3.13.
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A⊗ (A⊗ A) (A⊗ A) ⊗ A

A⊗ A A⊗ A

A

αA,A,A

idA⊗m m⊗idA

m
m

Figure 3.12

C ⊗ A A⊗ A

A

i⊗idA

idA m

A⊗ C A⊗ A

A

idA⊗r

idA m

Figure 3.13

This preliminary data equips A with the structure of a finite-dimensional α−1-twisted

associative G-graded algebra, much like the structure we used in the previous sec-

tion 2.2.

The dagger structure on morphisms then determine a co-multiplication and co-unit

m† : A → A⊗ A i† : A → Ce , (3.3.4)

satisfying analogous co-associativity and co-unity conditions. We also ask that they

satisfy a Frobenius condition that all maps

A⊗m+1 → A⊗n+1 (3.3.5)

that can be built from m copies of the mulitplication and n copies of the co-

multiplication are equivalent, equipping A with the structure of a finite-dimensional

Frobenius algebra.

The combination i† ◦m : A⊗A → Ce forms a bilinear product which further defines

two 1-morphisms

σl := ((i† ◦m) ⊗ idA∗) ◦ α−1
A,A,A∗ ◦ (idA ⊗ coevA) : A → A∗

σr := (idA∗ ⊗ (i† ◦m)) ◦ αA∗,A,A ◦ (ev†
A ⊗ idA) : A → A∗ .

(3.3.6)

We ask that these two morphisms are equivalent σl = σr, then unitary duals imply

that σ†
l ◦ σl = σ†

r ◦ σr = idA. In particular this makes σl : A → A∗ an isomorphism,

defining an anti-linear involution on A and giving it the structure of a (normalised 3)

3We expect the normalisation to be uniquely determined by the constraint that the algebra is
special/symmetric, which by definition strongly constrains the choice of bilinear form.
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symmetric or special dagger-Frobenius algebra [84], or equivalently a (normalised)

Q-system [85, 86].

In analogy to section 2.3.1, we define the Morita equivalence of special dagger-

Frobenius algebras A,A′ internal to CT = HilbαG as an equivalence of (left) unitary

module categories ModCT (A) ≃ ModCT (A′) of dagger-Frobenius module objects over

A,A′, internal to CT . These comprise of objects M ∈ CT together with a (right)

module action from A

µ : M ⊗ A → M , (3.3.7)

satisfying compatibility conditions with the multiplication and unit of A summarised

in figures 3.14 and 3.15.

(M ⊗ A) ⊗ A M ⊗ (A⊗ A)

M ⊗ A M ⊗ A

M

αM,A,A

µ⊗idA idM⊗m

µ

µ

Figure 3.14

M ⊗ C M ⊗ A

M

idM⊗i

idM µ

Figure 3.15

This preliminary data equipsM with the structure of a finite-dimensional α−1-twisted

G-graded module over A.

The dagger structure on morphisms determines a co-module action which must

satisfy analogous conditions. We also ask that they satisfy a Frobenius condition

that all the maps

M ⊗ A⊗n → M ⊗ A⊗m , (3.3.8)

that can be built from n copies of the action and m copies of the co-action are

equivalent, equipping M with the structure of a Frobenius module over A.

The combination of 1-morphisms

(idM ⊗ (i† ◦m)) ◦ αM,A,A ◦ (µ† ⊗ idA) : M ⊗ A → M (3.3.9)

also defines a right action of A on M ; to make M a dagger-Frobenius module over
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A, we demand that this is equivalent to the given module action µ. This condition

can be equivalently viewed as constraining

µ∗† ◦ (σl ⊗ idM∗) : A⊗M∗ → M∗ (3.3.10)

to be a consistent left module action of A on M∗.

In the framed setting, the space of (right) modules λ = ModVecαG(A) over an as-

sociative algebra object A forms a (left) module category over CT = VecαG: this is

precisely how we define an α−1-projective 2-representation of G [90, 91]. This induces

a labelling of Morita equivalence classes of associative algebras internal to VecαG by

simple/irreducible projective 2-representations with projective 3-cocycle α−1, which

in turn are are classified by [92, 93]:

• A conjugacy class of subgroup [H ⊆ G].

• A class ψ in a torsor over H2
grp(H,C×) such that δψ = α−1.

This classification overlaps with the gaugings studied in section 3.2; the minimal

choices of gauging of an anomalous G symmetry in 1 + 1 dimensions are given by

a choice of non-anomalous subgroup H ⊆ G to gauge, together with a choice of

trivialisation δψ = α−1.

Similarly, in the unitary setting the category λ = ModCT (A) of (right) dagger-

Frobenius A-modules then admits a natural (left) unitary module action from CT =

HilbαG: this is precisely how we define unitary projective 2-representation G with

projective 3-cocycle α−1. This induces a labelling of Morita equivalence classes of

special dagger-Frobenius algebras by unitary projective 2-representations

λ ∈ 2Rep†,α−1(G) . (3.3.11)

We now construct these special dagger-Frobenius algebras concretely. Given a rep-

resentative subgroup H ⊆ G, the corresponding algebra objects are faithfully graded
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and decompose as

A =
⊕
h∈H

C · eh , (3.3.12)

where we have elected to define a basis {eh}h∈H . The choice of multiplication

m : A⊗ A → A is specified by a 2-cochain ψ ∈ C2
grp(H,C×)

m : eh1eh2 7→ ψ(h1, h2)eh1h2 , (3.3.13)

and the associativity constraint 3.12 enforces the trivialisation condition

δψ = α|−1
H . (3.3.14)

We equip A with a dagger-Frobenius structure by adding a non-degenerate bilinear

form β : A⊗ A → C with non-vanishing components

β(eh, eh−1) = ψ(h, h−1) , (3.3.15)

and an anti-linear involution

e∗
h = ψ(h, h−1)−1eh−1 . (3.3.16)

This structure will be special/symmetric if and only if ψ is such that

ψ(1, h) = ψ(h, 1) = 1 ⇐⇒ ψ(h, h−1) = ψ(h−1, h) . (3.3.17)

Notice that from the framed perspective this is just a choice of normalisation for

ψ that we can always make when G is finite. This categorifies the statement that

all representations of finite groups are equivalent to unitary representations: all

(projective) 2-representations of finite groups can be lifted to unitary (projective)

2-representations by picking the appropriate normalisation for α.

3.3.2 Gapped Interfaces and Module Categories over Hilbα
G

As we just saw, classifying gaugings as Morita classes of algebra objects is equival-

ent to classifying projective 2-representations. We can arrive at this result in an
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equivalent way by considering gapped interfaces between T and the gauged theory

T /λG.

M ∈ λ

T T /λG

X ∈ CT

Figure 3.16

The gapped interfaces between T and T /λG form a finite semi-simple category

λ, whose objects M ∈ λ are gapped/topological interfaces, and morphisms are

topological local operators supported on junctions between interfaces.

In the framed setting, the action from fusing topological lines in T onto the interface

as depicted in figure 3.16 endows λ with the structure of a (left) module category

over

CT = VecαG . (3.3.18)

This is precisely how we define α−1-projective 2-representations of G, directly categor-

ifying the notion of projective representations in section 2.3.2 as modules/representations

over αCG.

An alternative formulation of these module categories is in terms of functors of the

form

R : BG → 2Vec , (3.3.19)

where BG of G denotes the delooping of G thought of as a fusion 2-category with

a single simple object ⋆, and endomorphisms End(⋆) = VecG [90–93]. For α = 0

these functors are monoidal, otherwise they are monoidal up to α−1 which twists its

compatibility with the associator, we call this an α−1-projective monoidal functor.

We define the 2-vector spaces that make up the fusion 2-category 2Vec as module

categories over Vec equivalent to Vec⊕n for some n ∈ N. This definition can be
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interpreted in two different ways:

1. A 2-vector space equivalent to Vec⊕n can be thought of as a finite semi-simple

category with n simple objects.

2. The objects of a module 2-category over Vec up to equivalence can be thought of

as modules over a (Morita class of) algebra object internal to Vec corresponding

to an associative algebra.

Thought of as a finite semi-simple category, the 2-vector space R(⋆) is equipped with

a module action from VecαG via the assignment of elements g ∈ G to automorphisms

of R(⋆). This reproduces a module category from a choice of projective monoidal

functors.

To relate this picture to the previous one in terms of algebras, we note that to

construct an interface between T and T /λG obtained by gauging an algebra object

A, we must first choose an object M ∈ CT and then specify how the algebra object

ends on it. The data that implements this is precisely that of a module over A,

identifying the category of gapped interfaces with the earlier module category

λ = ModCT (A) . (3.3.20)

In the oriented setting we can formulate a direct argument for the reverse statement

by considering T /λG with insertions of the identity operator and resolve them into

oriented loops containing T . Expanding the loops, eventually the interfaces will

collide and produce a network of topological defects Aλ in T . In order for the

resulting theory to be independent of the way the expansion is performed, the

topological defects A must describe normalised Frobenius algebra objects internal

to CT [94].

In the unitary picture, the category λ of interfaces is now a finite semi-simple dagger

category. The action from fusing topological lines in T onto the interface depicted
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in figure 3.16 endows λ with the structure of a (left) module category over

CT = HilbαG . (3.3.21)

This action is compatible with the unitary structure of HilbαG in the sense that:

1. For each pair of morphisms γ : a → b in λ and f : X → Y in CT , the module

action f ▷ γ satisfies

(f ▷ γ)† = f † ▷ γ† . (3.3.22)

making λ a dagger-module category over HilbαG.

2. Pre-composing the (left) module action with the unitary dual ∗ defines a consist-

ent (right) module category, making λ a unitary module category over HilbαG.

This property may be thought of physically as capturing the identification

between two gapped interfaces related by a reflection.

This is how we expect to define unitary α−1-projective 2-representations of G, directly

categorifying the notion of unitary projective representations from section 2.3.2 as

unitary representations over αCG as a C*-algebra. Alternatively we expect that

we can also formulate these unitary module categories as unitary α−1-projective

monoidal functors

R : BG → 2Hilb , (3.3.23)

where we would define 2Hilb analogously to 2Vec as the unitary fusion 2-category 4

of module categories over Hilb equivalent to Hilb⊕n.for some n ∈ N.

3.3.3 Symmetry TFTs and Lagrangian Algebras

Now we consider the same gauging procedures from the perspective of gapped

boundary conditions in the sandwich construction [27, 28]. The starting point is

4We will return to these objects in chapter 4, for now it suffices to say that a generally accepted
definition of these objects is still lacking.
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2+1-dimensional unitary oriented Dijkgraaf-Witten theory labelled by a gauge group

G and a class

[α] ∈ H3
grp(G,U(1)) . (3.3.24)

These are gauge theories supported on a 3-manifold M3, described by a finite gauge

field

a : M3 → BG , (3.3.25)

whose action is determined by a representative α ∈ Z3
grp(G,U(1)) satisfying

δα(g, h, k, l) = α(h, k, l)α(g, hk, l)α(g, h, k)
α(gh, k, l)α(g, h, kl) = 1 , (3.3.26)

via the pull-back ∫
M3

a∗α , (3.3.27)

and is hence manifestly topological. When the boundary ∂M3 is non-empty, we can

specify topological boundary conditions by fixing the restriction

a|∂M3 : ∂M3 → BH , (3.3.28)

for some subgroup H ⊆ G such that α|−1
H = δψ trivialises. The pull-back

∫
∂M3

ψ∗a (3.3.29)

then defines a consistent contribution to the topological action on the boundary

that makes the total theory topological. This construction accounts for all possible

topological boundary conditions for (2 + 1)-dimensional Dijkgraaf-Witten theories.

We will define the Dirichlet boundary condition D as the one that totally fixes a on

the boundary by setting H = 1 to be the trivial subgroup. In the framed setting

this corresponds to a 1 + 1-dimensional topological boundary supporting a (G,α)

symmetry described by

CD = VecαG . (3.3.30)

The existence of this canonical topological Dirichlet boundary reflects the fact that

the Dijkgraaf-Witten theory is a Turaev-Viro type TQFT whose symmetry in the
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(2 + 1)-dimensional bulk contains topological lines described by the Drinfeld centre

DWG,α ≃ Z(VecαG) . (3.3.31)

This is a braided fusion category whose objects are objects X ∈ VecαG together with

a half-braiding that comes in the forms of 1-isomorphisms

bX,Y : X ⊗ Y → Y ⊗X , (3.3.32)

for each other object Y ∈ VecαG, together with a fusion compatibility condition,

as we defined in subsection 1.3.2. We can think of these isomorphisms physically

as capturing how the topological lines braid with one-another in 2 + 1 dimensions.

Concretely these objects are characterised by the following data:

1. A finite-dimensional G-graded vector space

X =
⊕
g∈G

Xg . (3.3.33)

2. A G-action by automorphisms ρg,h : Xh → Xghg−1 satisfying twisted composi-

tion

ρg,hf ◦ ρh,f = τf (α)(g, h)ρgh,f (3.3.34)

and twisted distributivity

ρf,g ⊗ ρf,h = τ̃f (α)(g, h)ρf,gh , (3.3.35)

for all g, h, f ∈ G.

The collections of phases

τf (α)(g, h) := α(g, hf, h)
α(ghf, g, h)α(g, h, f) τ̃f (α)(g, h) := α(fg, f, h)

α(f, g, h)α(fg, fh, f)
(3.3.36)

define groupoid 2-cocycles

τ(α), τ̃(α) ∈ Z2
grp(G//G,U(1)) , (3.3.37)
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or equivalently a collection of group 2-cocycles τf(α), τ̃f(α) ∈ Z2
grp(Cf(G), U(1))

upon restriction to arguments in the centralizer g, h ∈ Cf(G). These satisfy the

same properties as the transgression of α, and in particular they identifies the

Drinfeld centre with projective representations of the Drinfeld double

Z(VecαG) ≃ Repα−1(G//G) . (3.3.38)

The symmetry of a (1+1)-dimensional quantum field theory can be recast as a (2+1)-

dimensional symmetry TFT. For a (G,α) symmetry the corresponding symmetry

TFT is the (G,α) Dijkgraaf-Witten theory. The dynamics of T are captured by a

relative (non-topological) boundary condition, and the theory itself can be recovered

by interval compactification with the canonical gapped Dirichlet boundary condition

D.

For other choices of gapped boundary λ = (H,ψ), interval compactification produces

the theory T /λG. This has an alternative description of starting from the canonical

Dirichlet boundary condition D and gauging an anomaly free subgroup H ⊂ G with

trivialisation ψ.

The statement that the Drinfeld centers of CT , CT /λG coincide is equivalent to the

statement that they are Morita equivalent. This is general: two unitary fusion

categories are unitarily Morita equivalent if and only if their Drinfeld centers are

unitarily equivalent. In the sandwich construction, this is the statement that all

gapped boundary conditions admit invertible junctions between them. We will see

that the analogous statement fails in higher dimensions in chapter 4.

We now connect to another description that sets gapped boundary conditions in the

language of Lagrangian algebras; it is known that the gapped boundary conditions of

a (2 + 1)-dimensional TQFT of Turaev-Viro type built from a fusion category C can

be identified with Lagrangian algebras in Z(C) [95, 96]. These represent topological

line defects in the symmetry bulk that condense on their corresponding topological

boundary.
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An algebra object A in Z(VecαG) as a braided fusion category is said to be braided

(or commutative) if its multiplication is compatible with that braiding in the sense

of figure 3.17.

A⊗ A A⊗ A

A

bA,A

m
m

Figure 3.17

M ⊗ A A⊗M

A⊗M M

bM,A

µbA,M

µ

Figure 3.18

The Lagrangian condition can be formulated in terms of local modules. A module

object M over A in CT ≃ VecαG is local if its module action is compatible with the

braiding in the sense of figure 3.18. We say then that a connected braided algebra

object A is Lagrangian if the category of local modules over A trivialises to

ModlocZ(CT )(A) ≃ Vec (3.3.39)

as a braided fusion category.

A braided algebra object in Z(VecαG) is an α−1-twisted G-crossed commutative

extension of an associative algebra in Vec. The data of such an object is as follows:

1. A finite-dimensional G-graded vector space A = ⊕
g∈GAg.

2. A G-action by automorphisms ρg,h : Ah → Aghg−1 satisfying twisted composi-

tion

ρg,hf (ρh,f (x)) = τf (α)(g, h) ρgh,f (x) (3.3.40)

for all x ∈ Af and g, h, f ∈ G.

3. A G-graded multiplication AgAh ⊆ Agh satisfying:

• Twisted associativity

(xy)z = α(g, h, k)x(yz) (3.3.41)

for all x ∈ Ag, y ∈ Ah, z ∈ Ak, and g, h, k ∈ G.
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• G-crossed commutativity

xy = ρg,h(y)x (3.3.42)

for all x ∈ Ag, y ∈ Ah, and g, h ∈ G.

• Twisted distributivity

ρf,gh(xy) = τ̃f (α)(g, h)ρf,g(x)ρf,h(y) (3.3.43)

for all x ∈ Ag, y ∈ Ah and g, h, f ∈ G.

It is important for us to stop here for a moment and appreciate that if we forget the

multiplicative structure, this data is that of a projective 2-character which categorifies

that of the projective characters seen in section 2.3.3:

• We have an assignment X : G → Vec, this lifts the assignment of χ : G → C

for projective characters.

• We have isomorphisms ρg,h : Xh → Xgh that lift the projective class function

property for projective characters.

We will now show that for a Lagrangian algebra internal to 2VecαG, this is the data

of an irreducible/simple α−1-projective 2-character.

It is known that Lagrangian algebra objects in Z(C) correspond to full centres of

indecomposable algebra objects in C [83]. These are braided algebra objects Z(A) in

Z(C) together with a 1-morphism Z(A) → A that restricts to an indecomnposable

algebra object A in C. We will not construct these objects in full generality but

instead restrict our attention back to the group-theoretic setting by constructing

explicit examples.

The Lagrangian algebras in Z(VecαG) then are described by indecomposable algebra

in VecαG labelled by simple α−1-projective 2-representations of G, coinciding with our

previous analyses. To do this concretely, recall that indecomposable algebra objects



100 Chapter 3. Gauging Finite Symmetries in 1+1 Dimensions

in VecαG corresponding to a projective 2-representation λ = (H,ψ) are written

Aλ =
⊕
h∈H

Ch, (3.3.44)

with multiplication twisted by the 2-cochain ψ ∈ Z2
grp(G,U(1)) satisfying δψ =

(α|H)−1. Computation of the full centre requires promoting Aλ to a Lagrangian

algebra Z(Aλ) in Z(VecαG). To this end, we start choosing coset representatives aiH

that determine a permutation representation σ on the quotient G/H by

g · ajH = aσg(j)H (3.3.45)

with compensating transformations

ℓg,j = a−1
σg(j) · g · aj . (3.3.46)

The 2-cochain ψ then induces a 2-cochain {c1, ..., cn} ∈ C2
grp(G,U(1)G/H) that trivi-

alises α−1 via the Shapiro isomorphism,

cj(g1, g2) = ψ(ℓg1,σ
−1
g1 (j), ℓg2,σ

−1
g1g2 (j)) . (3.3.47)

We then construct the full centre by summing

Z(Aλ) =
⊕

i∈G/H
A(aiH,ψai ) , (3.3.48)

where aiH = aiHa
−1
i and

ψai(h1, h2) = ψ(a
−1
i h1,

a−1
i h2) , (3.3.49)

overlaps with ci(h1, h2) on h1, h2 ∈ aiH. In doing this we capture all equivalent

choices of subgroup H for a given irreducible projective 2-representation λ, making

Z(Aλ) central by construction. To equip Z(Aλ) with a half-braiding we introduce

generators

Z(Aλ) =
⊕

i∈G/H

⊕
g ∈ aiH

C · eig (3.3.50)
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indexed by i ∈ G/H and g ∈ aiH, then the half-braiding takes the form of a G-action

ρg,h(eih) = ci(g, h)
ci(gh, g)

e
σg(i)
ghg−1 . (3.3.51)

We further equip Z(Aλ) with the structure of a braided algebra in Z(VecαG) by

equipping it with an α−1-twisted associative G-crossed commutative multiplication

eih1e
i
h2 = ψai(h1, h2) eih1h2 (3.3.52)

for each i ∈ G/H and h1, h2 ∈ aiH.

In the oriented setting we can further equip this braided algebra with a normalised

Frobenius structure by defining a bilinear map

β(eih, eih−1) = ψai(h, h−1) . (3.3.53)

Unitarity

This entire story admits a natural lift to the unitary setting; the (G,α) Dijkgraaf-

Witten theory has a natural unitary structure. the Dirichlet boundary condition D

supports a global (G,α) symmetry described by

CD = HilbαG . (3.3.54)

The (2 + 1)-dimensional bulk symmetry now contains topological lines described by

the Drinfeld centre

DWG,α ≃ Z(HilbαG) , (3.3.55)

now thought of as a unitary braided fusion category. The objects of this category

are characterised concretely by the following data:

1. A finite-dimensional G-graded Hilbert space

X =
⊕
g∈G

Xg . (3.3.56)
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2. A G-action by ∗-automorphisms ρg,h : Xh → Xghg−1 satisfying twisted compos-

ition and twisted distributivity.

In this setting the Drinfeld centre is identified with unitary projective representations

of the Drinfeld double

Z(HilbαG) ≃ Rep†, α−1(G//G) . (3.3.57)

We can further extend the full-centre construction to the unitary setting by normal-

ising ψ(1, g) = ψ(g, 1) = 1 and equipping Z(Aλ) with an anti-linear involution

(eih)∗ = ψai(h, h−1)−1eih−1 . (3.3.58)

This ∗ operation is automatically compatible with the G-action and multiplication,

making Z(Aλ) a (normalised) braided special dagger-Frobenius algebra object in

Z(HilbαG).



3.4. Defects After Generalised Gauging 103

3.4 Defects After Generalised Gauging

We now revisit the study of symmetry defects that result from this more general

picture of gauging a (G,α) symmetry in 1 + 1 dimensions.

3.4.1 Bimodules Over Algebras

Earlier in section 3.2 we showed that the defects obtained after gauging an algebra

object A internal to VecaαG were described by bimodule objects over A

C(G,α|H,ψ) ≃ BimodCT (A) . (3.4.1)

We will now return to this perspective in greater generality.

Starting in the framed setting, given an algebra object A internal to VecαG, we can

construct the corresponding fusion category of bimodule objects over A. A Bimodule

object over A is an object M ∈ VecαG together with left and right module actions

implemented by 1-morphisms

µl : A⊗M → A µr : M ⊗ A → M , (3.4.2)

satisfying compatibility conditions like those appearing in figures 3.14 and 3.15, and

now additionally a commutation relation depicted by the commuting diagram in

figure 3.19.

(A⊗M) ⊗ A A⊗ (M ⊗ A)

M ⊗ A A⊗M

M

αA,M,A

µl⊗idA idM⊗µr

µr
µl

Figure 3.19

For an indecomposable algebra object A corresponding to a simple projective 2-

representation λ, these conditions coincide with the earlier ones from section 3.2.2

stated in equations (3.2.26), (3.2.27) and (3.2.28).
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In the unitary setting with a special dagger-Frobenius structure on A, we further

make these objects special dagger-Frobenius bimodules by imposing similar condi-

tions to those described in section 3.3.1. Importantly since we are working in the

finite setting, this does not change the earlier construction of defects; all equivalence

classes of representations over a finite group admit a basis that makes them unitary.

3.4.2 Modules Over Lagrangian Algebras

We can now also recover the symmetry defects after gauging by considering the sym-

metry category on the topological boundary corresponding to T /λG in the sandwich

construction.

Starting in the framed setting, with the Dijkgraaf-Witten TQFT with gauge group

G and topological action α, we take the perspective that a Lagrangian algebra Lλ

labelled by projective 2-representations λ = (H,ψ) specifies a topological line in the

symmetry bulk that condenses on its corresponding topological boundary condition

Bλ. To state this precisely, we note that the boundary condition Bλ determines a

monoidal functor

Fλ : Z(VecαG) → C(G,α|H,ψ) (3.4.3)

corresponding to bringing bulk topological lines to the boundary. By identifying

Z(VecαG) ≃ Z(CT /λG) and CT /λG ≃ C(G,α|H,ψ), we can recast this functor as the

forgetful functor defined in subsection 1.3.2

Fλ ∼ Fλ : Z(CT /λG) → CT /λG . (3.4.4)

The statement that Lλ condenses on the boundary means that its image under Fλ

is the trivial line/monoidal unit

Fλ Lλ ≃ 1 (3.4.5)

in CT /λG.

We next consider pairs of bulk topological lines l, l′ ∈ Z(HilbαG) that map to the
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same boundary line

Fλ l ≃ Fλ l
′ ≃ l0 ∈ CT /λG . (3.4.6)

The boundary condition hence induces an equivalence relation l ∼ l′ which in

particular implies the existence of a morphism

µl,l′ : l ⊗ Z(Aλ) → l′ , (3.4.7)

that specifies how to consistently end Lλ on the junction, as depicted in figure 3.20,

together with compatibility conditions with the algebra structure.

∂X

l0 ∈ CT /λG

l ∈ Z(VecαG)

l′ ∈ Z(VecαG)

Lλ

µl,l′

Figure 3.20

Topological lines on the boundary Bλ are hence identified with lines in the bulk

modulo this equivalence relation. These equivalence classes correspond to modules

over Lλ in Z(VecαG) and so we identify the symmetry category on the boundary as

CT /λG = ModZ(VecαG)(Lλ) . (3.4.8)

This identification replicates our earlier construction from bimodules. In particular,

we conjecture that for any associative algebra object internal to a fusion category C,

should it admit a full-centre lift to a braided algebra object Z(A) internal to Z(C),

then there should be a general equivalence of fusion categories

BimodC(A) ≃ ModZ(C)(Z(A)) . (3.4.9)
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We do not aim to prove this statement in generality here, rather we will demonstrate

it in the group-theoretic setting with an explicit example.

First recall that from the full-centre construction, a Lagrangian algebra Lλ can be

expressed in terms of generators eig indexed by cosets with representatives ai ∈ G

and group elements g ∈ aiH. The G-graded multiplication, twisted G-action and

G-crossed braiding are all determined as before.

A (right) module over Lλ internal to Z(VecαG) is specified by the following data:

1. A finite-dimensional G-graded vector space V = ⊕
g∈G Vg.

2. A G-action by unitary linear maps ωg(h) : Vh → Vgh satisfying twisted com-

position

ωg,hf ◦ ωh,f = τf (α)(g, h)ωgh,f . (3.4.10)

3. A right module action r from the generators eig satisfying

r(eih2) ◦ r(eih1)|Vf = ψai(h1, h2)α(a, h1, h2)r(eih1h2)|Vf , (3.4.11)

and

ωg,hf ◦ r(eih) = r(ρg,h(eih)) ◦ ωg,f , (3.4.12)

for each graded component Vf and f ∈ G, and

∑
i∈G/H

r(ei1) = idV . (3.4.13)

Using the braided structure of Z(VecαG) we can absorb the ω action and induce from

the right action r, a left action

l(eih)|Vf = r(ρf−1,h(e
σf (i)
h )) (3.4.14)

satisfying

l(eih1) ◦ l(eih2)|Vf = ψ(h1, h2)
α(hf1 , hf2 , f)

l(eih1h2)|Vf (3.4.15)

and

r(eih2) ◦ l(eih1)|Vf = α(h1, f, h
f
2)l(eih1) ◦ r(eih2)|Vf , (3.4.16)
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for each f ∈ G. These formulae should be compared with the earlier ones appearing

in section 3.2.2 in the form of equations (3.2.26), (3.2.27) and (3.2.28), with which

they coincide; this demonstrates the equivalence (3.4.9) for indecomposable algebra

objects internal to VecαG.

In particular, given a choice of double coset with representative g ∈ G, the combina-

tion

Φ(h) = r(eH(hg)−1) ◦ l(eHh ) , (3.4.17)

for h ∈ Hg = H ∩ gH reconstructs the projective representation of Hg. The defects

after gauging are hence labelled by

1. A double coset [a] ∈ H\G/H.

2. A projective representation Φ of Ha = H ∩ aH with projective 2-coycle cg ∈

Z2
grp(Ha, U(1)) defined by the formula

cg(h1, h2) := ψa(h1, h2)
ψ(h1, h1)

α(h1, h2, a)α(a, ha1, ha2)
α(h1, a, ha2) . (3.4.18)

reproducing precisely the expected structure of a group-theoretic symmetry category

CT /λG = C(G,α|H,ψ) obtained earlier.

In the unitary setting with a special dagger-Frobenius structure on Lλ, we further

make these objects special dagger-Frobenius modules by imposing similar conditions

to those described in section 3.3.1. Once again since we are working in the finite

setting, this does not change the earlier construction of defects; all equivalence classes

of representations over a finite group admit a basis that makes them unitary.





Chapter 4

Gauging Finite Symmetries in 2+1

Dimensions

We now move to symmetries of quantum field theories occupying 2 + 1 dimensions.

The construction of non-invertible symmetries in 2 + 1 dimensions has seen many

advancements in recent years, and is still an area of active development [1, 2, 8, 22,

53].

In analogy to chapter 3, the most general process of gauging a finite group symmetry

includes additional degrees of freedom that we can describe physically in a few ways:

1. Orbifolding a non-anomalous subgroup with a choice of discrete torsion and

symmetry fractionalisation [97, 98].

2. Stacking the theory with a 2 + 1-dimensional TQFT that cancels the anomaly

on a subgroup [2, 8].

3. Choosing an opposing topological boundary for the (3 + 1)-dimensional sym-

metry TFT [27, 28, 53].

In this chapter we will demonstrate that the findings of chapter 3 generalise to 2 + 1

dimensions, and that these descriptions can all be recast in the language of higher

representation theory; gauging a finite group symmetry corresponds to inserting
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a badly quantised space-filling Wilson volume/hyper-surface, and the topological

surfaces these volumes can end on transform in a projective 3-representation.

Topological line defects in 2+1 dimensions continue to be labelled by representations,

however in addition to these we also observe topological surface defects that have a

couple of equivalent descriptions:

• They are insertions of extended (1 + 1)-dimensional TQFTs that transform

under the finite gauge symmetry [8].

• They are surface defects of the original symmetry, together with additional

data that makes them compatible with the insertion of a network of defects [1,

2].

• They are equivalence classes of surface defects in the (3 + 1)-dimensional

symmetry TFT that are identified on the topological boundary 1.

These interpretations represent further categorifications to the ideas presented in

chapters 2 and 3. The appearance of non-trivial topological lines together with

topological surfaces that can act on them in a non-trivial way leads to a far richer

variety of symmetries in 2 + 1 dimensions. We can see one aspect of this richness

immediately from the class of invertible 2-group symmetries, which categorify the

notion of a group and have been the topic of research for many recent lines of

research [74, 99–102].

In this chapter we will first discuss the structure of finite global symmetries in 2 + 1

dimensions 2, focusing our attention on invertible symmetries described generally

by 2-groups. Then we will construct more general non-invertible group-theoretic

symmetries in the framed setting by gauging groups and 2-groups, and explore

some motivating examples. Finally, we will explore the most general way to gauge

1We will not discuss this perspective in full detail in this chapter, we will return to in in chapter 5.
2In truth we would like to perform this exposition for unitary symmetries, but as we will note

again in a moment, this is presently still an area of ongoing research.
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a symmetry in 2 + 1 dimensions, in an attempt to construct all oriented fusion

2-categorical symmetries via a generalised notion of gauging finite subgroups.
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4.1 Finite Global Symmetries

We restrict our focus to oriented theories whose local excitations are purely bosonic,

and whose partition function is defined on oriented 3-manifolds. Finite symmetries

of unitary oriented (2 + 1)-dimensional quantum field theories are expected to be

described by unitary fusion 2-categories.

However, while we certainly expect that unitary fusion 2-categories can be defined

consistently, and also that we can do so in a manner conducive to categorifying the

arguments we had in chapter 3, a precise description of their structure is still very

much a topic of active research in the field. Recent developments point towards

constructions of O† unitary structures for oriented fusion 2-categories, and more

generally for fusion n-categories [25], which generalises the notion of unitary dual

functors set out in [24], and the notion of unitary fusion category we exposited in

subsection 1.2.1.

Dropping unitarity and working in an oriented setting corresponds to regarding

the symmetry as a spherical fusion 2-category, which by comparison are very well

understood [54]. Further dropping orientation and working in a framed setting

corresponds to regarding the symmetry category as an ordinary fusion 2-category.

4.1.1 Invertible Symmetries

Group Symmetries

We start with the simpler case of a 0-form invertible symmetry in 2 + 1 dimensions

with no non-trivial topological line defects. We expect the various unitary fusion

2-categorical structures compatible with the group multiplication to be classified up

to equivalence by group cohomology classes

[α] ∈ H4
grp(G,U(1)) . (4.1.1)
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This class is an invariant of the renormalisation group flow and corresponds to a ’t

Hooft anomaly. As usual, we take the perspective that specifying a theory includes

specifying a representative 4-cocycle α, and that shifting the representative by a

4-coboundary corresponds to adding local counter-terms [35].

Working in the framed/oriented setting, the symmetry of a theory T with symmetry

(G,α) is described by the (spherical) fusion 2-category

CT = 2VecαG , (4.1.2)

of G-graded 2-vector spaces 3, whose structure is summarised as follows:

• Simple objects are denoted by 1g for g ∈ G, and fuse according to 1g⊗1h = 1gh

as illustrated in figure 4.1. They correspond to the two-dimensional topological

surfaces generating the finite group symmetry G.

• The 1-morphisms form categories Hom(1g, 1h) = δg,hVec; there are no non-

trivial topological lines in the theory, nor any topological interfaces between

inequivalent surface defects.

• The pentagonator for the fusion of four simple objects 1g, 1h, 1k, 1l is twisted

by the phase α(g, h, k, l) as illustrated in figure 4.2. This phases satisfies a

consistency condition described abstractly by an associahedron diagram and

here concretely by the cocycle condition

δα(g, h, k, l,m) = α(h, k, l,m)α(g, hk, l,m)α(g, h, k, lm)
α(gh, k, l,m)α(g, h, kl,m)α(g, h, k, l) = 1 . (4.1.3)

3It is then more appropriate to consider α ∈ Z4
grp(G,C×). However, H4

grp(G,C×) ≃
H4
grp(G, U(1)) for finite G as it is always possible to choose a representative α to be a phase.
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1h

1g

1g ⊗ 1h ≃ 1gh

Figure 4.1

1l

1ghkl

1h

1k

1g

= α(g, h, k, l)×

1l

1ghkl

1h

1k

1g

Figure 4.2

We define 2-vector spaces in the same way as we did in subsection 3.3.2, and in the

same way, we can consider G-graded 2-vector spaces as finite semi-simple G-graded

categories with endomorphisms given by homogeneous functors.

A new interpretation we will now consider is that a 2-vector space equivalent to

Vec⊕n can be thought of as a set of n elements with automorphisms described by

permutations. In the setting of G-graded 2-vector spaces, this identifies objects with

G-graded sets with automorphisms described by homogeneous permutations.

2-Group Symmetries

More generally, an invertible symmetry in 2 + 1 dimensions may be described by a

2-group G. These symmetries represent a small generalisation of group symmetries

in that they have non-trivial categorical structure while still being invertible.
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The data of a finite 2-group G = (G,A, ρ, e) includes:

• A finite (0-form) group symmetry G.

• A finite abelian (1-form) group symmetry A.

• An action ρ : G → Aut(A).

• A Postnikov extension class classified by group cohomology [e] ∈ H3
grp,ρ(G,A),

where A is thought of as a G-module such that

δe(g, h, k, l) := ρg−1e(h, k, l)−e(gh, k, l)+e(g, hk, l)−e(g, h, kl)+e(g, h, k) = 0 ,

(4.1.4)

for all g, h, k, l ∈ G.

We construct the classifying space BG of G via a Serre fibration, or Postnikov system

1 → B2A → BG → BG → 1 , (4.1.5)

with characteristic map BG → B3A determined up to homotopy by [e]. The possible

’t Hooft anomalies are classified by

[α] ∈ H4
grp(G, U(1)) ≃ H4(BG, U(1)) , (4.1.6)

where we are extending the definition of group cohomology to 2-group cohomology

via the singular cohomology over the fibration BG [74].

We can construct these classifying cohomology groups explicitly using a Serre spectral

sequence

Ep,q
2 = Hp

grp,ρ(G,Hq(B2A,U(1))) ⇒ Hp+q
grp (G, U(1)) , (4.1.7)

for p+ q = 4. If the 2-group extension e = 0 vanishes, the sequence (4.1.5) splits and

we expect the spectral sequence above to collapse at the second page. In that case

H4
grp(G, U(1)) decomposes into components. The spectral components E3,1

2 and E1,3
2

vanish automatically, but those remaining admit various physical interpretations:



116 Chapter 4. Gauging Finite Symmetries in 2+1 Dimensions

1. The component

E4,0
2 (α) ∈ Z4

grp(G,U(1)) (4.1.8)

captures the ’t Hooft anomaly of the 0-form symmetry G as we had in the

previous subsection.

2. The component

E2,2
2 (α) ∈ Z2

grp,ρ(G,H2(B2A,U(1))) ≃ Z2
grp,ρ(G, Â) (4.1.9)

captures the mixed ’t Hooft anomaly between G and A[1]. This corresponds

to the four-dimensional SPT phase

∫
M4

a ∪ k∗E2,2
2 (α) (4.1.10)

on a 4-manifold M4 supporting background fields a ∈ H2(M4, A) and k : M4 →

BG.

3. The component

E0,4
2 (α) ∈ Z4(B2A,U(1))G , (4.1.11)

captures the 1-form ’t Hooft anomaly of A. The cohomology group in this case

admits a dual description

H4(B2A,U(1)) ≃ Hom(ΓA,U(1)) , (4.1.12)

where ΓA is the universal quadratic group of A. As we remarked in subsec-

tion 1.3.2, this classifies the space of quadratic forms on A, and hence identifies

the 1-form ’t Hooft anomaly with a choice braiding for the abelian anyons

labelled by A, equipping the endomorphism category VecA with the structure

of a braided fusion category [74, 103].

In principle the more general case with non-vanishing Postnikov extension class

[e] ∈ H3
grp,ρ(G,A) will induce obstructions to this decomposition that come in the

form of higher derivatives in the spectral sequence. This merely restricts for us
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the space of possible ’t Hooft anomalies for a particular choice of 2-group, but the

essential physical interpretations remain the same.

The symmetry of a theory T with symmetry (G, α) = (G,A, ρ, e, α) is described by

the fusion 2-category

CT = 2VecαG , (4.1.13)

whose structure is summarised as follows:

• Simple objects are denoted by 1g for g ∈ G, and fuse according to 1g⊗1h = 1gh.

They correspond to the two-dimensional topological surfaces generating the

finite 0-form group symmetry G.

• The 1-morphisms form braided fusion categories Hom(1g, 1h) = δg,hVecA, with

simple objects Ca labelled by elements a ∈ A and half-braidings determined

by E0,4
2 (α), as we set out in subsection 1.3.2.

• The associator for the fusion of three simple objects 1g, 1h, 1k is determined

by the Postnikov extension Ce(g,h,k).

• The linking of a line Ca with the junction 1g ⊗ 1h → 1gh is determined by

E2,2
2 (g, h)(α).

• The pentagonator for the fusion of four simple objects 1g, 1h, 1k, 1l is twisted

by the phase E4,0
2 (α)(g, h, k, l).
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4.2 Symmetries From Gauging

We can begin to construct more general symmetries in 2 + 1 dimensions by starting

with a theory T with an invertible 0-form (G,α) symmetry, and gauging a non-

anomalous sub-symmetry. To see how this produces novel examples of non-invertible

symmetries, we will opt to work in the framed setting of fusion 2-categorical sym-

metries

CT = 2VecαG , (4.2.1)

leaving any details concerning spherical or unitary fusion 2-categories for later sec-

tions.

Unlike in chapter 3 however, there is much greater freedom in how we choose to

gauge a finite symmetry. The reasoning for this can be traced back to a single

important difference: in subsection 3.3.3 we noted that in 1 + 1 dimensions, stating

the Morita equivalence of two fusion categories C1 ∼ C2 is equivalent to instead

stating their Drinfeld centres coincide

Z(C1) ≃ Z(C2) (4.2.2)

as braided fusion categories. The analogous statement fails in 2 + 1 dimensions for

fusion 2-categories, where instead the former implies the latter

C1 ∼ C2 =⇒ Z(C1) ≃ Z(C2) , (4.2.3)

but the reverse statement is false. The space of counter-examples is spanned by

fusion 2-categories built from non-degenerate braided fusion categories. Physically

these are oriented (2 + 1)-dimensional TQFTs containing topological lines that braid

non-trivially, and which in particular do not admit a gapped boundary.

The degrees of freedom in gauging a finite symmetry in 2 + 1 dimensions then

correspond precisely to TQFTs of this type that we may couple the theory to prior

to gauging. Group-theoretic symmetries for example are obtained by taking a QFT

with an invertible (G,α) symmetry, coupling to a (2+1)-dimensional TQFT with a G
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symmetry that cancels α on a subgroup, and gauging the subgroup. More concretely,

we define a fusion 2-category C to be group-theoretic if we have an equivalence

Z(C) ≃ Z(2VecαG) (4.2.4)

as braided fusion 2-categories, for some (G,α). At face value this extra variety in

gauging procedures might appear to imply that the classification problem is more

complicated. However, unlike in 1 + 1 dimensions where it was not the case that all

symmetries were group-theoretic, in 2 + 1 dimensions we are afforded a remarkable

simplification in that we expect the symmetry of an oriented quantum field theory

to always be group-theoretic.

To be more precise, while there is a rich variety of oriented TQFTs in 2+1 dimensions,

in 3 + 1 dimensions there are comparatively fewer oriented TQFTs, which under

reasonable assumptions can all be described up to equivalence by a (3+1)-dimensional

Dijkgraaf-Witten model [104, 105]. From the perspective of an oriented QFT in

2 + 1 dimensions, this means the associated (oriented) symmetry TFT in 3 + 1

dimensions is equivalent to a Dijkgraaf-Witten theory for some choice of finite group

and topological action, and that we must have an equivalence like that seen in (4.2.4),

we hence conjecture:

Conjecture 4.2.1. Every fusion 2-category is group-theoretic.

That said, since we are working in 2 + 1 dimensions we can in principle also consider

gauging a theory with an invertible 2-group symmetry (G, α) = (G,A, ρ, e, α) and

work with the fusion 2-category

CT = 2VecαG . (4.2.5)

We might imagine such a choice would result in "2-group-theoretic" fusion 2-categories;

but we have just argued that group-theoretic should be sufficient to describe all fusion

2-categories.

From the perspective of 2-group symmetries, we might take this naively to imply
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that for an oriented QFT we only have access to those anomalies for which the

1-form anomaly E2,2
2 (α) = 0 vanishes, such that we can "gauge away" the 1-form

symmetry, but in fact even when this class does not vanish we can show that the

corresponding fusion 2-category is still group-theoretic.

Indeed, starting then from a theory T with (G, α) symmetry for which the 1-form

anomaly vanishes, we may gauge the 1-form A symmetry to produce a theory T /A

with a pure 0-form group symmetry Γ given by the extension

1 → Â → Γ → G → 1 , (4.2.6)

of G by the Pontryagin dual Â. The action ρ induces an action ρ̂ : G → Aut(Â),

and the spectral component

E2,2
2 (α) ∈ Z2

grp,ρ(G,H2
s (B2A,U(1))) ≃ Z2

grp,ρ̂(G, Â) , (4.2.7)

induces the extension class of Γ. The spectral component

E4,0
2 (α) ∈ Z4

grp(G,U(1)) (4.2.8)

continues to describe a pure anomaly on G, and the original Postnikov class

e ∈ Z3
grp,ρ(G, Â) (4.2.9)

induces a new mixed anomaly between G and Â [35]. From an anomaly-inflow

perspective this corresponds to the four-dimensional SPT phase

∫
M4

â ∪ k∗e (4.2.10)

on a 4-manifold M4 supporting background fields â ∈ H1(M4, Â) and k : M4 → BG.

In this way, we have returned to the setting of an ordinary 0-form group symmetry

and so we see that those 2-group symmetries with vanishing 1-form anomaly are all

group-theoretic examples of fusion 2-categories.

More generally however, we can imagine a situation where the 1-form anomaly does

not completely vanish, and is instead only non-trivial on a subgroup. We then write
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the 1-form symmetry A as an extension

1 → C → A → B ≃ A/C → 1 , (4.2.11)

where C is the maximal subgroup for which the 1-form anomaly E0,4(α) trivialises.

In that case, interpreted as a quadratic form on B ≃ A/C, E0,4(α) defines a non-

degenerate braiding on the corresponding fusion category VecB. The rest then follows

as before, we can gauge C to produce a 0-form group symmetry Γ′, now extended

by a non-degenerate braided fusion category

Mod(VecαB) → CT /C → 2VecαΓ′ , (4.2.12)

where we have used a shorthand notation that VecαB is the braided fusion category

with braiding coming from E0,4
2 (α)|B. This suggests every finite 2-group symmetry

can be obtained via the following steps: Start from a theory containing an ordinary

0-form group symmetry, couple to a certain (2 + 1)-dimensional TQFT characterised

by a non-degenerate braided fusion category as above, and gauge a subgroup.

This result demonstrates our earlier conjecture 4.2.1 for all 2-groups. We will see

later on in subsection 4.3.3 in more detail how these types of situations are accounted

for within this new framework of generalised gauging.

In this section however, to simplify matters for the time being, we will restrict our

attention to those symmetries produced by coupling to invertible TQFTs and gauging

a finite subgroup. Starting from a 0-form group symmetry this means coupling only

to (2 + 1)-dimensional SPT phases, starting from a 2-group this means assuming

the 1-form anomaly vanishes. While all the fusion 2-categories produced this way

will be strictly Morita equivalent to 2VecαG for some G, this is in principle a much

stronger restriction that rules out also non-trivial Turaev-Viro TQFTs which admit

gapped boundaries but are not invertible.
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4.2.1 Gauging G With Trivial Anomaly

Now consider gauging the finite symmetry G of a theory T in which the ’t Hooft

anomaly α vanishes. In addition to topological Wilson lines labelled by representa-

tions of G, the symmetry that results from gauging also contains topological surfaces

labelled by simple objects in the fusion 2-category of 2-representations

CT /G = 2Rep(G) . (4.2.13)

One perspective is that these surfaces are condensation defects, which appear in

condensed matter physics in the context of transitions between topologically ordered

phases [106–108]. More recently these condensation have been described in terms of

gauging higher-form symmetries [7, 109], a perspective we can see here in steps:

1. First, we take a trivial surface defect and regard the Rep(G) symmetry gener-

ated by Wilson lines supported on the surface as a localised 0-form symmetry.

From the perspective of (1+1)-dimensional QFTs this is the symmetry obtained

by gauging a 0-form G symmetry.

2. Second, continuing to regard the surface as its own QFT in 1 + 1 dimensions,

we can "un-gauge" to produce topological lines labelled by VecG supported on

the surface.

3. Finally, we may gauge the resulting G symmetry localised on the surface as

we did in chapter 3.3; the various possible ways to do this produce distinct

topological defects labelled by 2-representations 2Rep(G) of G.

This process makes apparent that the Wilson surfaces fill the role of condensation

defects built from Wilson lines 4. More mathematically we can see this fact from

the equivalence of fusion categories

2Rep(G) ≃ Mod(Rep(G)) , (4.2.14)

4In physics it has been common to only identify the trivial SPT phases as condensations, in
contrast mathematicians consider all 2-representations to be condensations.
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which captures how 2-representations arise from the condensation completion 5

of Rep(G) [94, 109]. Following this process through to its conclusion suggests

isomorphism classes of topological surfaces should be labelled by:

• A conjugacy class of subgroup [H ⊆ G].

• A cohomology class [ψ] ∈ H2
grp(H,U(1)).

These objects can be thought of equivalently as surfaces on which the finite gauge

group is broken to a subgroup H ⊆ G, dressed with a gauge-invariant invertible

TQFT corresponding to a discrete torsion, or SPT phase. The appearance of group

cohomology in this classification lends another analogy to Wilson lines; Wilson lines

valued in 1-dimensional representations of G are labelled by H1
grp(G,U(1)).

More generally we can also consider theories T /ψG obtained by gauging G with the

inclusion of a discrete torsion

ψ ∈ Z3
grp(G,U(1)) . (4.2.15)

Similarly to subsection 3.2.1, the addition of such a phase acts on the resulting

symmetry category by an auto-equivalence. Topological surfaces that sit at the

interface between two theories T /ψ1G and T /ψ2G with different SPT phases can

be constructed in a similar manner to above, except now the 0-form G symmetry

localised on the surface picks up an anomaly ψ2 − ψ1. The defects that result from

gauging non-anomalous sub-symmetries on the surface are then classified in the same

way as section 3.3 by projective 2-representations

2Repψ1−ψ2(G) . (4.2.16)

We will now reproduce this classification by considering topological defects in CT =

2VecG that are compatible with the insertion of a network of defects. To compute

the symmetry category of T /G more concretely, we begin by inserting a sufficiently

5Also called Karoubi/idempotent/orbifold completion in the literature
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fine network of surface defects

A =
⊕
g∈G

1g , (4.2.17)

that implements the sum over flat G-bundles. At the junction of surfaces, we specify

topological line operators m : A⊗ A → A that decompose as

id1gh : 1g ⊗ 1h → 1gh , (4.2.18)

for each g, h ∈ G, and at the junction of lines we specify topological local operators

a : m(m⊗ idA) → m(idA ⊗m) that decompose as

idid1ghk
: id1ghk ◦ (id1g ⊗ id1hk) → id1ghk ◦ (id1gh ⊗ id1k) , (4.2.19)

for each g, h, k ∈ G. The inclusion of these junctions categorifies the notion of

algebra objects studied in subsection 2.3.1, which itself was a categorification of the

idempotents studied in chapter 2, and ensures the gauging procedure is insensitive

to the choice of network.

In addition to this data we also have a canonical unit map given by the inclusion

1e ↪→ A, which together with canoncial unitor data from 2VecG naturally endows

A with the structure of a finite semi-simple G-graded monoidal category. We can

further equip it with a G-graded fusion structure in the framed setting [110], a

spherical G-graded fusion structure in the oriented setting [110, 111], and we expect

to be able to equip it with a unitary G-graded fusion structure in the unitary setting.

Topological surfaces in T /G then correspond to surface defects in T labelled by

objects of

CT = 2VecG , (4.2.20)

together with compatibility data for how networks of symmetry defects end on them.

A surface defect corresponding to a G-graded 2-vector space

SG =
⊕
g∈G

Sg ≃
⊕
g∈G

1⊕ng
g , (4.2.21)

can be thought of equivalently as a G-graded set with ng ∈ N elements for each
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g ∈ G. The compatibility data is then implemented by 1-morphisms in CT

ℓ : A⊗ SG → SG r : SG ⊗ A → SG (4.2.22)

corresponding to topological lines supported on SG that the surfaces A can end on

from the left and right, together with further compatibility data that, in analogy

to subsection 3.2.1 gives SG the structure of a (2-)bimodule over A internal to

CT = 2VecG. In this way we have identified the symmetry category with a category

of bimodule objects

CT /G ≃ C(G|G) ≃ BimodCT (A) , (4.2.23)

categorifying the construction we saw in subsection 3.4.1. We will now compute the

properties of this fusion 2-category.

Objects

The objects we are computing are G-graded bimodule categories over the G-graded

fusion category corresponding to A. As we saw earlier the topological surfaces they

correspond to are also labelled by 2-representations of G, we will now show that this

description is correctly reproduced by the bimodule construction.

Over the G-grading, the bimodule 1-morphisms decompose to

ℓh|g : 1h ⊗ Sg → Shg rg|h : Sg ⊗ 1h → Sgh , (4.2.24)

for each pair g, h ∈ G. These actions are illustrated further in figures 4.3.

In section 3.2, we observed that the analogous junctions had to satisfy some com-

patibility conditions to ensure consistency with topological manipulations of the

gauging network. In 2 + 1 dimensions we instead have that these conditions are

not equalities, but extra compatibility data in the form of 2-isomorphisms in CT ,

implemented by invertible topological local operators:
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Sh

Sgh

1g

ℓg|h

Sh

Shg

1g

rh|g

Figure 4.3

• There are normalisation 2-isomorphisms

Ψℓ
g : Sg ⇒ ℓe|g Ψr

g : Sg ⇒ rg|e , (4.2.25)

that capture topological local operators on which the lines le|g, rg|e that the

trivial surface 1e ends on may end.

• There are left and right multiplication 2-isomorphisms

Ψℓ
h,h′|g : ℓh|h′g ◦ (1h ⊗ lh′|g) ⇒ ℓhh′|g Ψr

g|h,h′ : rgh|h′ ◦ (rg|h ⊗ 1h′) ⇒ rg|hh′ ,

(4.2.26)

that capture the fusion of symmetry defects.

• There are commutator 2-isomorphisms

Ψℓr
h|g|h′ : ℓh|gh′ ◦ (1h ⊗ rg|h′) ⇒ rhg|h′ ◦ (ℓh|g ⊗ 1h′) , (4.2.27)

that capture the commutativity of the left and right actions.

We are using a shorthand notation here that Sg denotes the identity 1-isomorphism

on the same surface. The interpretation of the multiplication 2-isomorphisms is

illustrated in figure 4.4. For clarity, we have flattened the surfaces and the attached

symmetry defects are omitted: one must imagine symmetry defects attached to

lh,g/rg,h pointing out of/into the page.
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ℓh′|g

Ψℓ
h,h′|g

ℓh|h′g

ℓhh′|g

Sg

Shh′g

Sh′g

rg|h′

Ψr
g|h,h′

rgh|h′

rg|hh′

Sg

Sghh′

Sgh

Figure 4.4

The 2-morphisms must themselves satisfy further compatibility conditions. The first

set of conditions may be viewed as a normalisation condition for the 2-isomorphisms

in equation (4.2.25) and take the form

Ψℓ
h,1|g = ℓh|g ◦ Ψℓ

g Ψℓ
1,h|g = Ψℓ

hg ◦ ℓh|g ,

Ψr
g|1,h = rg|h ◦ Ψr

g Ψr
g|h,1 = Ψr

gh ◦ rg|h .

(4.2.28)

The second set of conditions ensure compatibility of the 2-isomorphisms with asso-

ciativity of the fusion of symmetry defects in equation (4.2.26),

Ψℓ
h1h2,h3|g · (Ψℓ

h1,h2|h3g ◦ (1h1h2 ⊗ ℓh3|g)) = Ψℓ
h1,h2h3|g · (ℓh1|h2h3g ◦ (1h1 ⊗ Ψℓ

h2,h3|g)) ,

Ψr
g|h1,h2h3 · (Ψr

gh1|h2,h3 ◦ (rg|h1 ⊗ 1h2h3)) = Ψr
g|h1h2,h3 · (rgh1h2|h3 ◦ (Ψr

g|h1,h2 ⊗ 1h3)) .

(4.2.29)

The final set of conditions ensure compatibility between the fusion and commutativity

2-isomorphisms in equation (4.2.27),

Ψℓr
h1h2|g|h′ ·

[
Ψℓ
h1,h2|gh′ ◦ (1h1h2 ⊗ rg|h′)

]
=

[
rh1h2g|h′ ◦ (Ψℓ

h1,h2|g ⊗ 1h′)
]

·
[
Ψℓr
h1|h2g|h′ ◦ (1h1 ⊗ ℓh2|g ⊗ 1h′)

]
·

[
ℓh1|h2gh′ ◦ (1h1 ⊗ Ψℓr

h2|g|h′)
]
,

Ψℓr
h′|g|h1h2 ·

[
(ℓh′|g ⊗ 1h1h2) ◦ Ψr

h′g|h1,h2

]
=

[
Ψr
h′g|h1,h2 ◦ (ℓh′|g ⊗ 1h1h2)

]
·

[
rh′gh1|h2 ◦ (Ψℓr

h′|g|h1 ⊗ 1h2)
]

·
[
Ψℓr
h′|g|h2 ◦ (1h′ ⊗ rg|h1 ⊗ 1h2)

]
.

(4.2.30)
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We are using a similar shorthand notation to earlier here where lh|g, rg|h and 1g

all denote identity 2-isomorphisms on their corresponding topological lines. The

interpretation of these conditions for the left and right multiplication 1-morphisms

is illustrated in figure 4.5.
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ℓh1h2|h3g

ℓh1|h2h3g

ℓh1h2h3|g

ℓh2|h3g Ψℓ
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Ψℓ
h1,h2|h3g

=

ℓh3|g

ℓh2h3|g

ℓh1|h2h3g

ℓh1h2h3|g

ℓh2|h3g Ψℓ
h1,h2h3|g

Ψℓ
h2,h3|g

rg|h1
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rgh1h2|h3
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=
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Figure 4.5

The existence of 2-isomorphisms in (4.2.25) and (4.2.26) imply the 1-morphisms lh|g,

rg|h are weakly invertible with inverting 2-isomorphisms

Ψℓ
h−1,h|g ◦ Ψℓ

g : lh−1|hg ⊗ lh|g ⇒ Sg ,

Ψr
h,h−1|g ◦ Ψr

g : rgh|h−1 ⊗ rg|h ⇒ Sg .
(4.2.31)

These hence identify Sg ≃ Se =: S as sets of size |S| = ne =: n for all g ∈ G. We

can hence restrict our focus to S with compatibility 1-morphisms lg|e, re|g and the

remaining component 1-morphisms may be constructed using combinations of the

2-isomorphisms in equations (4.2.25) (4.2.26) and (4.2.27).
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We formulate the remaining data on lg,e, re,g using the combination

ρg := rg|g−1 ◦ (ℓg|e ⊗ 1g−1) ∈ Hom(S,S) . (4.2.32)

This captures the topological line sitting at the intersection of the trivially-graded

component S and a symmetry defect 1g, as is illustrated in figure 4.6.

1g

S

S

1g

ρg

Figure 4.6

The remaining 2-isomorphisms may be organised into combinations of the form

Ψe : S ⇒ ρe Ψg,h : ρgh ⇒ ρg ◦ ρh , (4.2.33)

subject to the conditions

Ψe,g = Ψe ◦ ρg Ψg,e = ρg ◦ Ψe

Ψh1h2,h3 · (Ψh1,h2 ◦ ρh3) = Ψh1,h2h3 · (ρh1 ◦ Ψh2,h3) .
(4.2.34)

We illustrate the multiplication condition in figure 4.7. These exhaust the remaining

1-morphisms, 2-isomorphisms and the conditions they satisfy.

In summary, a topological surface in T /G is specified by the following data:

1. A set S ≃ {1, . . . , n} ∈ 2Vec corresponding to a 2-vector space.

2. A collection of 1-morphisms ρg ∈ Hom(S,S) that act as permutations.

3. A 2-isomorphism Ψe : 1S ⇒ ρe subject to the conditions (4.2.34).
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ρh3

ρh1h2

ρh1

ρh1h2h3

ρh2 Ψh1h2,h3

Ψh1,h2

=

ρh3

ρh2h3

ρh1

ρh1h2h3

ρh2 Ψh1,h2h3

Ψh2,h3

Figure 4.7

4. 2-isomorphisms Ψg,h : ρgh ⇒ ρg ◦ ρh subject to the conditions (4.2.34).

As expected from our earlier analysis, this labelling of surface defects is precisely the

data of a 2-representation of the finite group G in 2Vec [92, 93, 112, 113].

To see this in more detail, let us now summarise the classification of 2-representations

following [93]. First, the 2-isomorphisms imply that the 1-morphisms ρg ∈ Hom(S,S)

are weakly invertible, with inverting 2-isomorphisms

Ψg,g−1 · Ψe : 1S ⇒ ρg ⊗ ρg−1 . (4.2.35)

As a consequence, they endow S with the structure of a G-set with action

σ : G → Aut(S) . (4.2.36)

More concretely, writing S = {1, . . . , n}, the 1-isomorphisms ρg should be understood

as n × n permutation 2-matrices whose non-zero entries are 1-dimensional vector

spaces up to isomorphism. It is therefore entirely determined by the associated

permutation representation σ : G → Sn. This is an analogue of topological Wilson

lines being labelled by linear representations.

In the same way, the 2-isomorphisms

Ψg,h : ρgh ⇒ ρg ◦ ρh (4.2.37)

should be understood as a collection of linear isomorphisms for each entry of in
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the 2-matrix. Since ρgh and ρg ◦ ρh are both n × n permutation 2-matrices, they

have only one non-zero entry per row and column, which is a 1-dimensional vector

space. The 2-isomorphism Ψg,h is therefore completely determined by a sequence of

n non-zero complex numbers {cj(g, h) ∈ C×} specifying the isomorphism between

the 1-dimensional vector spaces in the j-th row. By varying the group elements g

and h, we can think of this sequence as a 2-cochain

c : G×G → (C×)n. (4.2.38)

Condition (4.2.34) then translates into the 2-cocycle condition

cσ−1
g (j)(h, k) − cj(gh, k) + cj(g, hk) − cj(g, h) = 0 (4.2.39)

for all group elements g, h, k ∈ G and i = 1, . . . , n. Thus, c defines a class

[c] ∈ H2
grp,σ(G, (C×)S) , (4.2.40)

where (C×)S is the abelian group (C×)|S| supplemented with the structure of a

G-module via the permutation representation σ.

Simple topological surfaces correspond to simple/irreducible 2-representations. Simple

2-representations are those (S, c) for which the action σ : G → Aut(S) is transitive,

making S a G-orbit. In that case we may ivoke the orbit-stabiliser theorem to

identify S with conjugacy class of subgroup [H ⊆ G] via

S ≃ G/H σg : kH 7→ gkH , (4.2.41)

for all g ∈ G, kH ∈ G/H. These simple 2-representations can be thought of

equivalently as inductions from 1-dimensional 2-representations of a subgroup. The

1-dimensional 2-representations of the subgroup H ⊆ G are labelled up to equivalence

by cohomology classes that we can see concretely by the Shapiro isomorphism

H2
grp,σ(G, (C×)G/H) ≃ H2

grp(H,C×) . (4.2.42)

In contrast to ordinary irreducible representations, we see here that all simple 2-
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representations arise from induction in this way.

In summary, topological surfaces in T /G are 2-representations of the finite group G,

which can be labelled by pairs (S, c) consisting of

• a G-set S.

• a cohomology class c ∈ H2
grp,σ(G, (C×)S).

The dimension of a 2-representation (S, c) is |S| = n.

Simple topological surfaces in T /G are simple 2-representations, labelled by

• a conjugacy class of subgroup [H ⊆ G].

• a cohomology class ψ ∈ H2
grp(H,U(1)).

This construction thus reproduces the classification of 2-representations described

in chapter 3.

1-Morphisms

Topological lines sitting at the junctions between topological surfaces are described by

1-morphisms between 2-representations. The 1-morphisms between two topological

surfaces in T /G may be constructed from 1-morphisms between parent topological

surfaces together with instructions on how they interact with networks of symmetry

defects in T .

Let us first consider a 1-morphism category to a trivial 2-representation

HomCT /G(1, (S, c)) , (4.2.43)

which describes topological lines bounding or screening a topological surface (S, c).

The starting point is then the 1-morphisms of the parent topological surface in T

HomCT (1e,S) , (4.2.44)
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These are S-graded vector spaces or equivalently collections of vector spaces {Wj}

indexed by j ∈ {1, . . . , n}.

The component 1-morphisms must satisfy compatibility conditions involving the

topological lines ρg ∈ Hom(S,S) arising from the intersection with symmetry defects.

In particular, these topological lines may end at the boundary on topological local

operators corresponding to 2-isomorphisms in T ,

Φg : HomCT (1e,S) ⇒ HomCT (1e,S) . (4.2.45)

Concretely, such a 2-isomorphism is a collection of linear maps Φg,j : Wj → Wσg(j)

for all j = 1, . . . , n. This is illustrated in figure 4.8.

ρg

S
Wσg(j)

Wj

Φg,j

Figure 4.8

The compatibility with the fusion of symmetry defects intersecting the parent topo-

logical surface in T requires that the 2-morphisms compose as

Φgh,j = cj(g, h) · Φg,σh(j) · Φh,j . (4.2.46)

The additional phase arises due to the same anomaly inflow mechanism described

toward the end of subsection 3.2.1. This condition is illustrated further in figure 4.9.

In adddition to this we also require a normalisation

Φe,j = idWj
, (4.2.47)

making each Φg,j invertible.

To summarise, an object in the 1-morphism category HomCT /G(1, (S, c)) is determined

by the following data:



134 Chapter 4. Gauging Finite Symmetries in 2+1 Dimensions

ρh

ρgh

ρg

S
Wσgh(j)

Wj

Φgh,j = cj(g, h) ×

ρh

ρg

S Wσgh(j)

Wσg(j)

Wj

Φg,σh(j)

Φh,j

Figure 4.9

• A collection of vector spaces {W1, . . . ,Wn} indexed by S ∼= {1, . . . , n},

• a collection of linear maps Φg,j : Wj → Wσg(j) satisfying

Φgh,j = cj(g, h) · (Φg,j · Φh,j)

and

Φe,j = idWj
.

We call this an S-graded projective representation of G.

For a simple representation with representatives (H,ψ), the vector spaces Wj ≃ Cj

are 1-dimensional for all j ∈ G/H. Further to this, since the action σ is now

transitive on S ≃ G/H, they are all identified. The remaining information is then

exhausted by

Ψh,i : Ci → Ci , (4.2.48)

for h ∈ H and i corresponding to the trivial coset H, and the fusion condition

reduces to

Ψgh,i = ψ(g, h) · (Ψg,i · Ψh,i) , (4.2.49)

for all g, h ∈ H. This data specifies a projective representation of H with projective

2-cocycle c. Physically we interpret this as a badly quantised Wilson line on which

the Wilson surface (H,ψ) supporting the H gauge symmetry can end.

In summary, we have found that

HomCT /G(1, (S, c)) ≃ Rep(S,c)(G) (4.2.50)
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is the category of S-graded projective representations of G with cocycle c, and that

for simple 2-representations

HomCT /G(1, (H,ψ)) ≃ Repψ(H) . (4.2.51)

We can now generalise these results to 1-morphisms between arbitrary pairs of

topological surfaces, with the result

HomCT /G((S, c), (S ′, c′)) ≃ Rep(S⊗S′, c′−c)(G) , (4.2.52)

or for simple surfaces

HomCT /G((H,ψ), (K,ϕ′)) ≃
⊕

[g]∈H\G/K
Repϕg−ψ(H ∩ gK) , (4.2.53)

where ϕg(k1, k2) = ϕ(kg1 , kg2) and gK = gKg−1. These may be computed directly

by generalising the line of reasoning above, or alternatively using a folding trick to

equate the result with 1-morphisms from the trivial topological surface to the tensor

product of 2-representations (S, c)∗ ⊗ (S ′, c′).

Fusion

Thus far we have demonstrated the structure of 2Rep(G) as a 2-category, now we

will show that it inherits the structure of a fusion 2-category from CT . The fusion

and sum of topological surfaces in T /G are inherited from those of parent topological

surfaces in T and correspond to the direct sum and tensor product in the symmetry

category 2VecG. They correspond to natural ways in which to combine the data

labelling 2-representations fo G and are described in generality below.

First, given two G-sets S and S ′, we define their direct sum and tensor product via

disjoint union and Cartesian product respectively, i.e.

S ⊕ S ′ = S ⊔ S ′

S ⊗ S ′ = S × S ′
(4.2.54)
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with the appropriate induced G-actions. More concretely, let us write S = {1, . . . , n}

and S ′ = {1, . . . , n′} with permutations σ, σ′ : G → Sn, Sn′ . Then

(σ ⊕ σ′)g(j) =


σg(j) j ∈ S

σ′
g(n− j) + n j − n ∈ S ′

(σ ⊗ σ′)g(j) = (σg(i), σ′
g(i′)) j = (i, i′) ∈ S × S ′ .

(4.2.55)

provide explicit permutation actions on S ⊕ S ′ and S ⊗ S ′.

These definitions provide motivation for our earlier statement that a defect (S, c) is

simple if and only if its G-action is transitive; were this not the case, we would be

able to further decompose (S, c) = (S1, c1) ⊕ (S2, c2) into simple objects.

Similarly, given two classes c ∈ H2
grp(G,U(1)S) and c′ ∈ H2

grp(G,U(1)S′), we define

their direct sum and tensor product

c⊕ c′ ∈ H2
grp(G,U(1)S⊕S′)

c⊗ c′ ∈ H2
grp(G,U(1)S⊗S′)

(4.2.56)

by setting for each g, h ∈ G

(c⊕ c′)j(g, h) =


cj(g, h) j ∈ S

c′
j−n(g, h) j − n ∈ S ′

(c⊗ c′)j(g, h) = ci(g, h) + c′
i′(g, h) j = (i, i′) ∈ S × S ′ .

(4.2.57)

It is straightforward to check that these satisfy the appropriate 2-cocycle conditions.

Combining these formulae provides a combinatorial definition of the direct sum and

fusion of topological surfaces (S, c) and (S ′, c′) in T /G.

The direct sum and tensor product give CT /G = 2Rep(G) the structure of a fusion 6

category, with duals given for each object by the conjugate 2-representation (S, c)∗ :=

(S,−c) [114].

6Specifically fusion and not multi-fusion since the unit 1 = ({1}, 1) ≃ (G, 1) is simple.
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4.2.2 Gauging a Subgroup of (G,α)

A more general thing to do when given an invertible 0-form symmetry (G,α) where

the anomaly class might not vanish is to identify a subgroup H ⊆ G whereupon the

restriction of the anomaly class vanishes. In this case, we can choose only to gauge

the subgroup H, and to do so we must specify a trivialisation

δψ = α|−1
H . (4.2.58)

Any two solutions ψ, ψ′ to this condition differ by a 3-cocycle

δ(ψ − ψ0) = 0 , (4.2.59)

and so we see the space of trivialisations is enumerated up to equivalence by a torsor

over H3
grp(H,U(1)). This corresponds physically to a choice of discrete torsion for

the H gauge symmetry.

Given a choice of ψ, we gauge H by inserting a sufficiently fine network of defects

A =
⊕
h∈H

1h , (4.2.60)

that implements the sum over flat H-bundles. At the junction of surfaces, we specify

topological line operators m : A⊗ A → A that decompose as

id1gh : 1g ⊗ 1h → 1gh , (4.2.61)

for each g, h ∈ H, and at the junction of lines we specify topological local operators

a : m(m⊗ idA) → m(idA ⊗m) that decompose as

ψ(g, h, k) · idid1ghk
: id1ghk ◦ (id1g ⊗ id1hk) → id1ghk ◦ (id1gh ⊗ id1k) , (4.2.62)

for each g, h, k ∈ H. The inclusion of these junctions categorifies the notion of algebra

objects studied in chapter 3, which itself was a categorification of idempotents from

chapter 2, and ensures the gauging procedure is insensitive to the choice of network
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provided

δψ(g, h, k, l) = ψ(h, k, l)ψ(g, hk, l)ψ(g, h, k)
ψ(gh, k, l)ψ(g, h, kl) = α(g, h, k, l)−1 (4.2.63)

for all g, h, k, l ∈ H., this is just the trivialisation (4.2.58).

As before, in addition to this data we also have a canonical unit map given by the

inclusion 1e ↪→ A, which together with canoncial unitor data from 2VecαG naturally

endows A with the structure of a finite semi-simple α−1-twisted G-graded monoidal

category. In analogy to the previous subsection, we expect that we can further

equip A with an α−1-twisted G-graded fusion structure in the framed setting, an

α−1-twisted spherical G-graded fusion structure in the oriented setting, and an

α−1-twisted unitary G-graded fusion structure in the unitary setting.

The result of this gauging is a new theory T /ψH whose symmetry is captured by a

group-theoretic fusion 2-category we denote by

C(G,α |H,ψ) . (4.2.64)

We will now describe the structure of these fusion 2-categories in greater detail.

Objects

Topological surfaces in T /G correspond to surface defects in T labelled by objects

of

CT = 2VecαG , (4.2.65)

together with compatibility data for how networks of symmetry defects end on them.

A surface defect

SG =
⊕
g∈G

Sg ≃
⊕
g∈G

1⊕ng
g , (4.2.66)

can be thought of equivalently as a G-graded set with ng ∈ N elements for each

g ∈ G. The compatibility data is then implemented by 1-morphisms in CT

ℓ : A⊗ SG → SG r : SG ⊗ A → SG (4.2.67)
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corresponding to topological lines supported on SG that the surfaces A can end

on from the left and right, together with further compatibility data that gives SG

the structure of a (2-)bimodule over A internal to CT = 2VecαG. These morphisms

decompose to

ℓh|g : 1h ⊗ Sg → Shg rg|h : Sg ⊗ 1h → Sgh , (4.2.68)

for each pair h ∈ H and g ∈ G.

The compatibility data for these defects is implemented by 2-morphisms:

• There are normalisation 2-isomorphisms

Ψℓ
g : Sg ⇒ ℓe|g Ψr

g : Sg ⇒ rg|e , (4.2.69)

that capture topological local operators on which the lines le|g, rg|e that the

trivial surface 1e ends on may end.

• There are left and right 2-isomorphisms

Ψℓ
h,h′|g : ℓhh′|g ⇒ ℓh|h′g ◦ (1h ⊗ lh′|g) Ψr

g|h,h′ : rg|hh′ ⇒ rgh|h′ ◦ (rg|h ⊗ 1h′) ,

(4.2.70)

implementing compatibility with fusion of symmetry defects.

• There are 2-isomorphisms

Ψℓr
h|g|h′ : ℓh|gh′ ◦ (1h ⊗ rg|h′) ⇒ rhg|h′ ◦ (ℓh|g ⊗ 1h′) , (4.2.71)

implementing the commutativity of left and right 1-morphisms.

These 2-morphisms must themselves satisfy further compatibility conditions. The

first set of conditions may be viewed as a normalisation condition for the 2-isomorphisms

in equation (4.2.69) and take the form

Ψℓ
h,1|g = ℓh|g ◦ Ψℓ

g Ψℓ
1,h|g = Ψℓ

hg ◦ ℓh|g ,

Ψr
g|1,h = rg|h ◦ Ψr

g Ψr
g|h,1 = Ψr

gh ◦ rg|h .

(4.2.72)
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The second set of conditions ensure compatibility of the 2-isomorphisms with asso-

ciativity of the fusion of symmetry defects in equation (4.2.70),

ψ(h1, h2, h3) · Ψℓ
h1h2,h3|g · (Ψℓ

h1,h2|h3g ◦ (1h1h2 ⊗ ℓh3|g)) = α(h1, h2, h3, g) · Ψℓ
h1,h2h3|g

· (ℓh1|h2h3g ◦ (1h1 ⊗ Ψℓ
h2,h3|g)) ,

α(g, h1, h2, h3) · Ψr
g|h1,h2h3 · (Ψr

gh1|h2,h3 ◦ (rg|h1 ⊗ 1h2h3)) = ψ(h1, h2, h3) · Ψr
g|h1h2,h3

· (rgh1h2|h3 ◦ (Ψr
g|h1,h2 ⊗ 1h3)) .

(4.2.73)

The final set of conditions ensure compatibility between the fusion and commutativity

2-isomorphisms in equation (4.2.71),

Ψℓr
h1h2|g|h′ ·

[
Ψℓ
h1,h2|gh′ ◦ (1h1h2 ⊗ rg|h′)

]
= α(h1, h2, g, h

′) ·
[
rh1h2g|h′ ◦ (Ψℓ

h1,h2|g ⊗ 1h′)
]

·
[
Ψℓr
h1|h2g|h′ ◦ (1h1 ⊗ ℓh2|g ⊗ 1h′)

]
·

[
ℓh1|h2gh′ ◦ (1h1 ⊗ Ψℓr

h2|g|h′)
]
,

α(h′, g, h1, h2) · Ψℓr
h′|g|h1h2 ·

[
(ℓh′|g ⊗ 1h1h2) ◦ Ψr

h′g|h1,h2

]
=

[
Ψr
h′g|h1,h2 ◦ (ℓh′|g ⊗ 1h1h2)

]
·

[
rh′gh1|h2 ◦ (Ψℓr

h′|g|h1 ⊗ 1h2)
]

·
[
Ψℓr
h′|g|h2 ◦ (1h′ ⊗ rg|h1 ⊗ 1h2)

]
.

(4.2.74)

From the form of the left and right morphisms (4.2.68), it is clear that any solution

SG will decompose as a direct sum of solutions supported on double H-cosets in G.

As before the left and right 1-morphisms are invertible, so let us restrict our focus

to a solution supported on a single double coset [g] ∈ H\G/H with representative

g ∈ G and its corresponding g-graded component Sg.

The associated set Sg carries a projective 2-representation Ψg of the subgroup Hg :=

H ∩ gH ⊂ H that is constructed from the left and right 1- and 2-morphisms as

follows. First, we define 1-morphisms

ρgh := rhg|(hg)−1 ◦ ℓh|g ∈ Hom(Sg,Sg) (4.2.75)



4.2. Symmetries From Gauging 141

with h ∈ Hg and hg := g−1hg, which describe how symmetry defects pierce through

Sg as illustrated in figure 4.10.

1hg

Sg

Sg

1h

ρgh

Figure 4.10

The remaining 2-isomorphisms may then be organised into combinations of the form

Ψg
e : Sg ⇒ ρge Ψg

h,h′ : ρghh′ ⇒ ρgh ⊗ ρgh′ , (4.2.76)

subject to conditions that define a projective 2-representation on Hg on Sg in the

sense that

Ψg
e,h = Ψg

e ◦ ρgh Ψg
h,e = ρgh ◦ Ψg

e

(Ψg
h1,h2 ⊗ ρgh3) ◦ Ψg

h1h2,h3

= cg(h1, h2, h3) ·
[

(ρgh1 ⊗ Ψgh2, h3) ◦ Ψgh1, h2h3
]
,

(4.2.77)

where the 3-cocycle cg ∈ Z3
grp(Hg, U(1)) depends on the anomaly α and its trivi-

alisation ψ. Upon renormalising Ψg → γg · Ψg by an appropriate 2-cochain γg ∈

C2
grp(Hg, U(1)), the 3-cocycle cg can be brought into the canonical form [2]

cg(h1, h2, h3) = ψ(hg1, hg2, hg3)
ψ(h1, h2, h3)

· α(h1, h2, h3, g)α(h1, g, h
g
2, h

g
3)

α(h1, h2, g, h
g
3)α(g, hg1, hg2, hg3) . (4.2.78)

The interpretation of the projective 2-representation is illustrated in figure 4.11,

where it is shown to represent the compatibility with topological moves of the
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network of H-defects.

ρgh3

ρgh1h2

ρgh1

ρgh1h2h3

ρgh2
Ψg
h1h2,h3

Ψg
h1,h2

= cg(h1, h2, h3) ×

ρgh3

ρgh2h3

ρgh1

ρgh1h2h3

ρgh2
Ψg
h1,h2h3

Ψg
h2,h3

Figure 4.11

We claim that conversely any such projective 2-representation determines a solution

to the compatibility constraints for left and right morphisms. The above construc-

tion then sets up a bijection between isomorphism classes of simple objects and

isomorphism classes of pairs (g,Ψg) consisting of

1. A representative g ∈ G of a double coset [g] ∈ H\G/H.

2. An irreducible projective 2-representation Ψg of Hg with 3-cocycle

cg(h1, h2, h3) := ψ(hg1, hg2, hg3)
ψ(h1, h2, h3)

· α(h1, h2, h3, g)α(h1, g, h
g
2, h

g
3)

α(h1, h2, g, h
g
3)α(g, hg1, hg2, hg3) . (4.2.79)

The isomorphism class of a simple object depends on the double coset representative

g and the 3-cocycle representative cg only up to isomorphism.

We can give an alternative description of simple objects using induction of projective

2-representations: In this context, every irreducible projective 2-representation of

Hg may be seen as being induced by a 1-dimensional 2-representation of a subgroup

of K ⊂ Hg. The latter is completely determined by a choice of 2-cochain ϕ ∈

C2
grp(K,U(1)) satisfying δϕ = cg|K , which slightly generalises the considerations

in [93, 113].

In summary, simple objects are classified by

1. A representative g ∈ G of a double coset [g] ∈ H\G/H.
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2. A subgroup K ⊂ Hg.

3. A 2-cochain ϕ ∈ C2
grp(K,U(1)) satisfying δϕ = cg|K .

The above description of simple topological lines again allows for an alternative

physical interpretation: The topological surface labelled by g ∈ G in T is invariant

under the action of Hg ⊂ H and therefore supports a Hg symmetry group. However,

due to the bulk ’t Hooft anomaly and choice of trivialisation, it has an anomaly

c−1
g ∈ Z3

grp(Hg, U(1)). To define a consistent topological surface when gauging, the

anomaly must be cancelled by dressing with an irreducible 2-dimensional TQFT with

Hg symmetry and opposite ’t Hooft anomaly. This is a projective 2-representation

of the above type.

1-morphisms

The 1-morphisms in the gauged theory T /ψH are obtained from morphisms in the

ungauged theory T together with compatibility conditions for how they intersect

with networks of H-defects. Unlike in the previous subsection however, we are no

longer afforded the simplification that every defect admits a morphism to the identity

object; we need to be more general.

Concretely, given two simple objects (g,Ψg) and (g′,Ψg′), a 1-morphism between

them is obtained from a 1-morphism V : Sg → S ′
g′ in 2Vecα(G). Since this must

preserve the grading of the 2-vector spaces Sg and S ′
g′ , such a morphism can only

exist when g = g′.

In addition, the 1-morphism V needs to be equipped with 2-isomorphisms

Φg
h : ρ′g

h ◦ V → V ◦ ρgh (4.2.80)

in 2Vecα(G) that describe the intersection of V with networks of H-defects as illus-

trated in figure 4.12.
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ρgh ρ′g
h

Sg S ′
g

V

V

Φg
h

Figure 4.12

These 2-morphisms must be compatible with topological manipulations of H-defects

intersecting Sg and S ′
g in the sense that

Φg
hh′ =

Ψ′g
h,h′

Ψg
h,h′

·
[
(ρ′g
h ⊗ Φg

h) ◦ (Φg
h′ ⊗ ρgh)

]
(4.2.81)

for all h, h′ ∈ Hg, which is illustrated in figure 4.13. This allows us to identify

1-morphims in T /ψH with graded projective representations, or equivalently 1-

intertwiners between 2-representations [115]. For our purposes, any simple graded

projective representation ofHg can be seen as being induced by an ordinary projective

representation of a subgroup K ⊂ Hg.

ρgh′

ρghh′

ρgh

ρ′g
hh′

Sg

S ′
g

V

Φg
hh′

Ψg
h,h′ =

ρgh′

ρ′g
h′

ρgh
ρ′g
h

ρ′g
hh′

Sg

S ′
g

V
Φg
h

Φg
h′

Ψ′g
h,h′

Figure 4.13

In summary, we obtain a decomposition

C(G,α |H,ψ) ∼=
⊕

[g] ∈H\G/H
2Repcg(Hg) . (4.2.82)

at the level of 2-categories. A generic object will thus be given by a collection of

projective 2-representations of subgroups Hg ⊂ H with 3-cocycles cg indexed by

representatives of double cosets [g] ∈ H\G/H.
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Similarly to the two-dimensional case, taking both H and ψ to be trivial reproduces

the expected result

C(G,α | 1) = 2Vecα(G) (4.2.83)

at the level of categories. On the other hand, taking H = G with trivial anomaly

gives

C(G |G,ψ) = 2Rep(G) (4.2.84)

at the level of categories as anticipated from the discussion in subsection 4.2.1.

Fusion

The fusion of objects is determined by the tensor product of 2-bimodules for the

2-algebra object A in 2VecαG associated to H and ψ. We will not present the general

formula, but restrict ourselves to some salient features.

Consider two simple objects SG,1 and SG,2 supported on double cosets [g1] and [g2]

respectively. As defects in CT ≃ 2VecαG they have the form

SG,i ≃
⊕

g∈H\gi/H
1⊕dim(Ψgii )
g , (4.2.85)

and so their fusion should hence be supported on the decomposition of [g1] · [g2] into

double cosets.

We define the support of a generic object SG inside the double coset ring Z[H\G/H]

by

Supp(S) :=
∑

[g] ∈H\G/H
dim(Ψg) · [g] , (4.2.86)

where we regarded S as a collection {Ψg} of projective 2-representations indexed by

double cosets [g] ∈ H\G/H as above. The fusion of two objects S and S ′ must then

preserves their support in the sense that

Supp(S ⊗ S ′) = Supp(S) ∗ Supp(S ′) , (4.2.87)

where ∗ denotes the ring product on Z[H\G/H].
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In this way, the double coset ring forms the backbone of fusion with respect to

the sum decomposition (4.2.82). The remaining fusion structure corresponds to

decomposing and combining projective 2-representations.

4.2.3 Gauging a 2-Subgroup of (G, α) With Trivial 1-Form

Anomaly

Let us now finally consider a (2 + 1)-dimensional theory T with a finite 2-group

symmetry G = (G,A, ρ, e), with anomaly [α] ∈ H4
grp(G, U(1)). This is specified by a

0-form symmetry group G, an abelian 1-form symmetry group A[1], a group action ρ :

G → Aut(A) and a Postnikov class [e] ∈ H3
grp,ρ(G,A). In our conventions, specifying

local counter terms in the background fields amounts to choosing a representative

e ∈ Z3
grp(G,A) of the Postnikov class. If the Postnikov class vanishes, one must

choose a trivialisation. In this case, shifts of the trivialisation correspond to a choice

of symmetry fractionalisation and form a torsor over H2
grp(G,A).

Our ambition is to gauge an anomaly-free 2-subgroup H ⊂ G. This consists of

subgroups L ⊂ K and B ⊂ A such that the group action ρ : G → Aut(A) restricts

to a group action ρ : L → Aut(B) and e|L ∈ Z3
grp(L,A) is valued in B. The

condition that H be anomaly-free requires α|−1
H = (δψ) for some trivialisation ψ ∈

C3
grp(H, U(1)). This gauging will result in a 2-group-theoretical fusion 2-category

C(G, α | H, ψ) . (4.2.88)

As we explained earlier, we will restrict our attention here to cases where the ’t Hooft

anomaly does not obstruct gauging the whole 1-form symmetry A[1]. In this case,

A[1] may be gauged first to obtain an ordinary 0-form group symmetry Γ given by

an extension of G by the Pontryagin dual of A

1 → Â → Γ → G → 1 , (4.2.89)

with action ρ̂ : G → Aut(Â) and Postnikov class ê = E2,2
2 (α) ∈ Z2

grp(G, Â). In the
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case that ê vanishes, we see that the sequence splits and describes a semi-direct

product group

Γ = Â⋊ρ̂ G . (4.2.90)

As we explained earlier, we determine the ’t Hooft anomaly of Γ in components;

1. There is a pure G anomaly

E4,0
2 (α) ∈ Z4

grp(G,U(1)) . (4.2.91)

2. There is a mixed anomaly

e ∈ Z3
grp(G, Â) . (4.2.92)

We can then apply the machinery from previous section to the 0-form Γ symmetry.

To illustrate this procedure we now turn to the example of gauging a 2-subgroup

H ⊂ G of an anomaly-free 2-group without discrete torsion.

• First, we gauge A without discrete torsion to obtain a theory T /A with sym-

metry group Γ = Â ⋊ρ̂ G. In the presence of a non-trivial Postnikov class,

this symmetry has a ’t Hooft anomaly [γ] ∈ H4
grp(Γ, U(1)) with 4-cocycle

representative

γ
(
(χ1, k1), (χ2, k2), (χ3, k3), (χ4, k4)

)
= ⟨ ρ̂k1k2k3(χ4) , e(k1, k2, k3) ⟩ , (4.2.93)

where we have used ⟨·, ·⟩ to denote the evaluation of Â on A. The symmetry

category of T /A is given by

C(G|A) = 2Vecγ(Γ) . (4.2.94)

• Next, we note that we can relate the 2-subgroup H ⊂ G in T to a corresponding

ordinary subgroup H ⊂ Γ in T /A as follows:

◦ Given a 2-subgroup H = (L,B) of G, there is an associated short exact

sequence for the 1-form parts

1 −→ B
ı−→ A

π−→ C := A/B −→ 1 , (4.2.95)
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which can be dualised to obtain a short exact sequence

1 −→ Ĉ
π̂−→ Â

ı̂−→ B̂ −→ 1 (4.2.96)

for the corresponding Pontryagin dual groups. Let now l ∈ L and χ ∈ Ĉ.

Using that by assumption the group action ρ restricts to a group action

of L on B, it is then straighforward to check that

⟨ ı̂ ◦ ρ̂l ◦ π̂(χ), b ⟩ = ⟨χ, (π ◦ ı ◦ ρl−1(b) ⟩ ≡ 1 (4.2.97)

for all b ∈ B, which implies that ρ̂l ◦ π̂(χ) ∈ ker(ı̂) = im(π̂). Thus, the

Pontryagin dual action ρ̂ restricts to an action of L on π̂(Ĉ) ⊂ Â, which

allows us to define a subgroup H := π̂(Ĉ) ⋊ρ̂ L of Γ. Furthermore, since

e|L is valued in B by assumption, we have that

⟨ π̂(χ), e(l1, l2)⟩ = ⟨χ, (π ◦ ı)(e(l1, l2))⟩ ≡ 1 (4.2.98)

for all χ ∈ Ĉ and l1, l2 ∈ L, which is equivalent to saying that the anomaly

γ from (4.2.93) becomes trivial upon restriction to H ⊆ Γ.

◦ Conversely, running through the above arguments backwards shows that

any subgroup H ⊆ Γ with γ|H = 1 uniquely determines a 2-subgroup H

of G.

In summary, there is a 1-1 correspondence between 2-subgroups H ⊂ G and

subgroups H ⊂ Γ with γ|H = 1 given by

H = (L,B) ↔ H = Â/B ⋊ L . (4.2.99)

Gauging the 2-subgroup H ⊆ G in T is achieved by gauging the subgroup H ⊆ Γ

in T /A using the machinery from the previous section. The symmetry category of

T /H is therefore given by

C(G | H) = C(Γ, γ |H) . (4.2.100)

We can point out some immediate results of this for some basic choices of 2-subgroup:
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• Gauging the trivial 2-subgroup H = (1, 1) ⊂ G in T means not gauging at

all, and corresponds to gauging the subgroup Â ⊂ Γ in T /A, reproducing the

1-form A symmetry.

• Gauging the 2-subgroup H = (1, A) in T means gauging only the 1-form A

symmetry, and corresponds to gauging the trivial subgroup 1 ⊂ Γ in T /A,

which means not gauging at all.

• Gauging the 2-subgroup H = (G, 1) ⊂ G in T means gauging only the 0-form

symmetry G, this is possible only when e vanishes and corresponds to gauging

the full group Γ in T /A.

• Gauging the full 2-group H = G in T corresponds to gauging the subgroup

G ⊂ Γ in T /A, which completes the gauging sequence for gauging all G.

4.2.4 Examples

To conclude this section, let us now take a moment to study some examples of

symmetries constructed in the way we have described.

Example 1 : G = Z2

Let us consider the simplest example G = Z2. The resulting "pure" Z2-gauge theory

should not be confused with similarly named theories appearing in the literature [116,

117] which can be thought of as "Z2-gauge theories coupled to ’t Hooft defects", and

differ by the appearance of an addition Z2 1-form symmetry that comes from coupling

a singular Z2 gauge field [35].

The theory T has symmetry category 2VecZ2 with two simple objects 1, s with fusion

s⊗ s = 1 and non-trivial 1-morphism categories HomT (1, 1) = HomT (s, s) = Vec.

Upon gauging the symmetry G, the resulting theory T /G has topological Wilson

lines generating the Pontryagin dual Z2 1-form symmetry. However, there is also
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condensation surface defect for the topological Wilson lines and the full symmetry

category is the fusion 2-category 2Rep(Z2).

The simple objects are irreducible 2-representations. There are only two Z2-orbits:

the trivial orbit with stabiliser Z2, and the maximal orbit with trivial stabiliser. There

are no SPT phases because H2
grp(Z2, U(1)) = 0. Let us denote the corresponding

simple objects by 1, X, respectively. The physical interpretation of these objects is

clear: 1 is the identity surface, while X is the condensation defect for the Z2 1-form

symmetry.

Their fusion is determined by

X ⊗X = 2X , (4.2.101)

which follows from the fact that the cartesian product of two maximal orbits decom-

poses as a sum of two orbits. The 1-morphism categories are

EndT /G(1) ≃ Rep(Z2) ≃ VecZ2 (4.2.102)

HomT /G(1, X) ≃ HomT /G(X, 1) = Vec (4.2.103)

EndT /G(X) ≃ VecZ2 . (4.2.104)

This symmetry category can be interpreted alternatively as the condensation com-

pletion of the 1-form symmetry

CT /G ≃ 2VecG , (4.2.105)

with the 2-group G = (1,Z2, 1, 1) equivalent to a pure 1-form Z2 symmetry.
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Example 2 : G = Z2 × Z2

As a slightly more involved example, let us consider G = Z2 × Z2. The theory T

has symmetry category 2VecZ2×Z2 with four simple objects 1, s+, s0 and s−, fusion

s2
+ = s2

0 = s2
− = 1

s± · s0 = s∓

s+ · s− = s0

(4.2.106)

and non-trivial 1-morphisms Hom(1, 1) = Hom(s±, s±) = Hom(s0, s0) = Vec.

Upon gauging the symmetry G, the symmetry category of the resulting theory T /G

is the fusion 2-category 2Rep(Z2 × Z2). There are now five orbits, corresponding to

the five subgroups of Z2×Z2 acting as stabilizers of the orbits: the group G = Z2×Z2

itself, three subgroups of order 2, and the trivial subgroup. In particular, the trivial

orbit with stabilizer G = Z2 × Z2 can be supplemented by an SPT phase

α ∈ H2
grp(Z2 × Z2, U(1)) ∼= Z2 . (4.2.107)

Let us denote the corresponding simple objects by 1α, Xi and Y respectively (where

i = 1, 2, 3). Their fusion is determined by

1α ⊗ 1β = 1α+β , (4.2.108)

Xi ⊗Xj =


2Xi if i = j,

Y if i ̸= j,

(4.2.109)

Xi ⊗ Y = 2Y , (4.2.110)

Y ⊗ Y = 4Y . (4.2.111)

As before, we can interpret this symmetry category alternatively as the condensation

completion of the 1-form symmetry

CT /G ≃ 2VecG , (4.2.112)

with the 2-group G = (1,Z2 ×Z2, 1, 1) equivalent to a pure 1-form Z2 ×Z2 symmetry.
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Example 3 : G = D8

As a final example, let us consider a theory T with anomaly free symmetry G = D8

and systematically gauge all possible subgroups H ⊂ G with discrete torsion.

Our primary example will be (2 + 1)-dimensional Yang-Mills theory with gauge

group PSO(N) with N even, whose magnetic and charge conjugation symmetries

combine to form D8. Gauging subgroups of this symmetry will provide a systematic

analysis of the fusion 2-category symmetries of various global forms of gauge theories

based on the Lie algebra so(N), including those with disconnected gauge groups and

discrete theta angles [118].

If N = 4k + 2, we introduce standard generators r and s and present D8 as

D8 = ⟨r, s | r4 = s2 = 1, srs−1 = r−1⟩ , (4.2.113)

which identifies the symmetry group with the semi-direct product Z4 ⋊ Z2. In this

formulation, Z4 corresponds to the magnetic symmetry π1(PSO(N))∨ and Z2 to the

charge conjugation symmetry Out(PSO(N)).

If N = 4k, we introduce generators a = rs and b = sr and present D8 as

D8 = ⟨a, b, s | a2 = b2 = s2 = 1, ab = ba, sas−1 = b⟩ , (4.2.114)

which identifies the symmetry group with the semi-direct product

D8 ≃ (Z2 × Z2) ⋊ Z2 . (4.2.115)

In this formulation, the normal subgroup Z2 × Z2 corresponds to the magnetic

symmetry given by the fundamental group π1(PSO(N))∨, while the subgroup Z2

corresponds to the charge conjugation symmetry given by outer-automorphisms

Out(PSO(N)).

Recall that we summarised the subgroup and automorphism structure of D8 in

figure 3.10. We now consider the symmetry categories that result from gauging

subgroups with discrete torsion, beginning with subgroups of the smallest order and
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working upwards.

Order two subgroups

We begin by gauging the order 2 subgroups isomorphic to H ≃ Z2. In this case, it

is possible to gauge with discrete torsion corresponding to the non-trivial class in

H3
grp(Z2, U(1)) ≃ Z2, which on a 3-manifold M3 corresponds physically to adding a

local counter-term of the form

∫
M3

a ∪ a ∪ a , (4.2.116)

in terms of the background field a ∈ H1(M4,Z2) for the Z2 symmetry. There are

5 order two subgroups forming 3 conjugacy classes, two of which are related by an

outer automorphism. There are therefore only two substantive cases to consider:

• The center H = ⟨r2⟩ ≃ Z2 of D8 forms a non-split extension

1 → Z2 → D8 → D4 → 1 (4.2.117)

with non-trivial extension class [e] ∈ H2
grp(D4,Z2). Gauging the centre will

result in an SO(N) gauge theory. However, the global structure and symmetry

category will depend on the choice of discrete torsion. We denote the choice of

discrete torsion by ψ ∈ Z2 and the resulting global form may be expressed as

SO(N)ψ = SO(N) × DWZ2,ψ

Z2[1] , (4.2.118)

where the quotient means gauging the diagonal Z2 1-form symmetry [118, 119].

Here we have denoted by DWH,ψ the (2 + 1)-dimensional Dijkgraaf-Witten

theory associated to ψ ∈ H3
grp(H,U(1)) as discussed in subsection 1.3.2.

◦ In the absence of discrete torsion (ψ = 0 mod 2), gauging H ≃ Z2 results

in a split 2-group symmetry Z2[1]×D4 with ’t Hooft anomaly determined

by the extension class [e], which can be represented by the cubic (3 + 1)-
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dimensional SPT phase

∫
M4

â ∪ a∗
1,2e = 1

2

∫
M4

â ∪ a1 ∪ a2 , (4.2.119)

where â ∈ H2(M4,Z2) is the background for the Z2[1] symmetry, and

a1, a2 ∈ H1(M4,Z2) are the backgrounds for the 0-form Z2 ×Z2 symmetry.

The corresponding global form is the plain SO(N)0 gauge theory.

◦ Now consider gauging with non-trivial discrete torsion (ψ = 1 mod 2).

This can be understood via the Lyndon-Hochschild-Serre spectral se-

quence associated to the short exact sequence of groups (4.2.117). In

this instance, the first obstruction vanishes and the second obstruction

corresponding to the differential

d 0,3
3 : H3

grp(Z2, U(1)) → H3
grp(D4, U(1)) (4.2.120)

sends the discrete torsion to an additional contribution to the ’t Hooft

anomaly represented by the SPT phase

1
2

∫
M4

P(a1 ∪ a2) , (4.2.121)

where P : H2
grp(−,Z2) → H4

grp(−,Z4) is the Pontryagin square operation.

The spectral sequence computation is performed explicitly in [120]. The

same computation is performed in [118] using an explicit Chern-Simons

theory representation. This corresponds to a distinct global form SO(N)1.

In summary, gauging the centre H = ⟨r2⟩ with discrete torsion ψ ∈ Z2 leads

to the global form SO(N)ψ with symmetry category

C(D8 | ⟨r2⟩, ψ) = 2VecαψZ1[1]×D4
, (4.2.122)

where the anomaly αψ is represented by the SPT phase

1
2

∫
X

â ∪ a1 ∪ a2 + ψ

2

∫
X

P(a1 ∪ a2) . (4.2.123)

The result of adding discrete torsion is thus to shift ’t Hooft anomaly in the
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resulting symmetry category.

• Now consider the two non-normal subgroups H = ⟨s⟩, ⟨r2s⟩ ∼= Z2, which are

related to each other by conjugation. For concreteness, consider gauging charge

conjugation H = ⟨s⟩. Gauging this subgroup results in a PO(N) gauge theory.

However, the specific global form and symmetry category will depend on the

choice of discrete torsion when gauging.

◦ First consider the case without discrete torsion. The simple objects can

be determined as follows. There are three double cosets [1], [r], [r2] with

stabilisers H, 1, H respectively and double coset ring

[r]∗ [r] = [1]+ [r2] [r]∗ [r2] = [r] [r2]∗ [r2] = [1] . (4.2.124)

There are therefore 5 simple objects corresponding to the following pairs

of double cosets and irreducible representations

1 = ([1], 1) ,

V = ([r2], 1) ,

X = ([1], ω) ,

X ′ = ([r2], ω) ,
D = ([r], 1) , (4.2.125)

where ω denotes the non-trivial irreducible 2-representation (or condens-

ation defect) of Z2. The fusion ring takes the following form:

V ⊗ V = 1

V ⊗D = D

V ⊗X = X ′

D ⊗D = X ⊕X ′

X ⊗D = D ⊕D

X ⊗X = 2X .

(4.2.126)

The symmetry category is identified with

C(D8 | ⟨s⟩) = 2Rep(Z4[1] ⋊ Z2) . (4.2.127)

To understand this result, note that one may first gauge the subgroup

⟨r⟩ ≃ Z4 to obtain a dual 2-group symmetry Z4[1] ⋊ Z2. Then, gauging

the entire 2-group symmetry reproduces the PO(N) theory and symmetry

category 2Rep(Z4[1] ⋊ Z2). An analogous statement holds if we replace
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⟨r⟩ ≃ Z4 by ⟨rs, r3s⟩ ≃ D4, making use of the fact that

2Rep(Z4[1] ⋊ Z2) ≃ 2Rep(D4[1] ⋊ Z2) . (4.2.128)

The above results are compatible with the fusion rules derived in [5].

The non-invertible defect N1 there is identified with the 2-dimensional

2-representation D, while the symmetry defect W is identified with the

1-dimensional 2-representation V , and X is the condensation.

◦ Adding a non-trivial discrete torsion when gauging results in a PO(N)

gauge theory with a discrete theta angle

1
2

∫
w1 ∪ w1 ∪ w1 , (4.2.129)

where w1 denotes the first Stiefel-Whitney class obstructing the restriction

of a PO(N) bundle to a PSO(N) bundle [119]. Since H = ⟨s⟩ is not a

normal subgroup of D8, we cannot utilise a spectral sequence construction

to determine the symmetry category.

• Now consider the two non-normal subgroups H = ⟨rs⟩, ⟨r3s⟩ ≃ Z2, which are

related to reach other by conjugation. Gauging these subgroups results in

Ss(N) and Sc(N) gauge theories respectively. The two subgroups are related

to those considered in the previous bullet point by an outer automorphism and

therefore the construction of the symmetry category is identical to above.

Order four subgroups

Recall that there are three order four subgroups, all of which are normal: one is

isomorphic to Z4 and invariant under the outer automorphism and the remaining

two are isomorphic to D4 and exchanged by the outer automorphism. In both cases

there is the opportunity to add discrete torsion since

H3
grp(Z4, U(1)) = Z4 ,

H3
grp(D4, U(1)) = Z3

2 .

(4.2.130)
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We consider the resulting symmetry 2-categories in turn:

• Let us first consider the normal subgroup H = ⟨r2, s⟩ ∼= D4. Gauging this

subgroup results in a 2-group symmetry D4[1]⋊Z2. Since H forms a split short

exact sequence with D8, there are no obstructions and discrete torsion acts on

the resulting symmetry 2-category by an auto-equivalence. In summary,

C(D8 |D4, ψ) = 2VecD4[1]⋊Z2 . (4.2.131)

In our running example, this results in an O(N)0 gauge theory and the effect of

adding discrete torsion is to alternate between different global forms. On the

one hand, introducing discrete torsion for the Z2 subgroup ⟨s⟩ ⊂ H corresponds

to adding a discrete theta angle

1
2

∫
w1 ∪ w1 ∪ w1 , (4.2.132)

where w1 now denotes the first Stiefel-Whitney class obstructing the lift of an

O(N)-bundle to an SO(N)-bundle. On the other hand, introducing discrete

torsion for the Z2 subgroup ⟨r2⟩ ⊂ H corresponds to the global form

O(N)ψ = O(N) × DWZ2,ψ

Z2[1] . (4.2.133)

There is one further generator of discrete torsion and 8 possible global forms

given the Z3
2 classification in (4.2.130). Our analysis shows that all of these

global forms share the same symmetry category up to equivalence.

• The remaining normal D4 subgroup H = ⟨r2, rs⟩ is related to the one above

by an outer automorphism and therefore leads to an identical analysis for

the symmetry categories. They correspond to Spin(N) gauge theories with

discrete torsion resulting in different global forms

Spin(N)ψ = Spin(N) × DWD4,ψ

D4[1] , (4.2.134)

where ψ ∈ H3
grp(D4, U(1)) ∼= Z3

2.
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• Finally, consider the normal subgroup H = ⟨r⟩ ∼= Z4. Gauging this sub-

group leads to a split 2-group symmetry Z4[1] ⋊ Z2. Since H forms a split

short exact sequence with D8, there are no obstructions and discrete torsion

[ψ] ∈ H3
grp(Z4, U(1)) acts on the resulting symmetry 2-category by an auto-

equivalence. In summary,

C(D8 |Z4, ψ) = 2VecZ4[1]⋊Z2 . (4.2.135)

In our running example, gauging H = Z4 leads to a O(N)1 gauge theory, where

the superscript 1 denotes the presence of the discrete theta angle

1
2

∫
w1 ∪ w2 . (4.2.136)

Here, w1 and w2 are the first and second Stiefel-Whitney class of O(N)-bundles.

One way to understand this interpretation is to gauge in steps. Recall that first

gauging the central subgroup ⟨r2⟩ reproduces an SO(N) gauge theory. The

remaining 0-form symmetries correspond to the magnetic symmetry ⟨rs⟩ ∼=

Z2 and charge conjugation ⟨s⟩ ∼= Z2. Subsequently gauging the diagonal

combination of these symmetries, which in our notation corresponds to gauging

⟨r⟩, reproduces the O(N)1 theory [119].

The effect of adding discrete torsion ψ ∈ H3
grp(Z4, U(1)) = Z4 corresponds to

different global forms of an O(N)1 gauge theory

O(N)1
ψ = O(N)1 × DWZ4,ψ

Z2[1] . (4.2.137)

Our analysis shows that these global forms share the same symmetry 2-category

up to equivalence.

Gauging the whole group

Finally, we may gauge the entire symmetry group H = D8 together with discrete

torsion

[ψ] ∈ H3
grp(D8, U(1)) ≃ Z2 × Z2 × Z4 . (4.2.138)
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The resulting symmetry 2-category is given by C(D8 |D8, ψ) ≃ 2Rep(D8).

In our running example, this corresponds to a Pin±(N) gauge theory, where the

choice of ± and specific global form depends on the choice of discrete torsion. In

order to enumerate the possibilities and understand their physical interpretation, it

is convenient to use as an organisational tool the Lyndon-Hochschild-Serre spectral

sequence to enumerate possible discrete torsion. This does not necessarily reproduce

the group structure on (4.2.138), but it is a convenient way to identify specific

discrete torsion elements and their physical interpretation. There are many ways to

do this and we provide two illustrative examples below.

Let us first consider the split short exact sequence

1 → D4 → D8 → Z2 → 1 (4.2.139)

that is associated to the semi-direct product structure D8 ∼= D4 ⋊ Z2. One discrete

torsion element of interest arises from the term

E 3,0
2 = H3

grp(Z2, U(1)) ∼= Z2 . (4.2.140)

This corresponds to gauging the Z2 charge conjugation symmetry of Spin(N) gauge

theory with discrete torsion and reproduces the Pin+(N) gauge theory with discrete

theta angle
1
2

∫
w1 ∪ w1 ∪ w1 , (4.2.141)

where w1 denotes the first Stiefel-Whitney class that obstructs lifting a Pin+(N)-

bundle to a Spin(N)-bundle.

Now consider instead the short exact sequence

1 → Z4 → D8 → Z2 → 1 (4.2.142)

associated to the semi-direct product structure D8 ∼= Z4 ⋊Z2. We now consider the

discrete torsion element arising from the term

E 2,1
2 = H2

grp(Z2,Z4) ∼= Z2 , (4.2.143)



160 Chapter 4. Gauging Finite Symmetries in 2+1 Dimensions

where Z4 is understood as a non-trivial Z2-module. This corresponds to first gauging

the Z4 symmetry of the PSO(N) theory with a local counter term

1
4

∫
k∗(ψ) ∪ a , (4.2.144)

where a is the dynamical Z4 background and k denotes the background for the

remaining Z2 symmetry. The result is a O(N)1 gauge theory where the background

â for the emergent Z4[1] symmetry is shifted by

â → â + k∗(ψ) . (4.2.145)

If ψ is non-trivial, this corresponds to adding a non-trivial symmetry fractionalisation.

Subsequently gauging the remaining Z2 symmetry then results in a Pin−(N) gauge

theory [119].
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4.3 Generalised Gauging in 2 + 1 Dimensions

In the previous section we restricted ourselves to those theories obtained by gauging

a finite subgroup after coupling to an invertible TQFT, or discrete torsion. Now

we turn our attention to general notions of gauging a finite group symmetry of a

(2 + 1)-dimensional quantum field theory.

In general we wish to consider theories obtained by gauging a finite subgroup coupled

to any (2+1)-dimensional TQFT. Starting from a theory T with a (G,α) symmetry,

the data of such a gauging is captured by:

• A (conjugacy class of) subgroup H ⊆ G.

• A (2+1)-dimensional TQFT corresponding to a non-degenerate braided fusion

category B.

• Some additional higher data that captures how we couple B to the H symmetry.

The data of this coupling can be interpreted physically as an action of the surface

defects labelled by h ∈ H on the line defects b ∈ B, as depicted in figure 4.14,

together with a symmetry fractionalisation of H by invertible lines B×, as depicted

in figure 4.15, and a discrete torsion corresponding to a choice of trivialisation for

the combined anomaly of the original theory T and the TQFT on a subgroup.

1h

l ∈ B

Figure 4.14
1h

1g

1gh

φ(g, h) ∈ B×

Figure 4.15

The data we are describing is precisely that of a H-symmetric topological order, with

topological lines labelled by objects of B; these topological orders have been studied
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extensively in the maths and physics literature and are known to be described by

H-crossed braided extensions of B classified up to equivalence by [98, 121]:

• A H-action ρ : H → Aut(B).

• A class [φ] in a torsor over H2
grp,ρ(H,B×), where B× is the group of invertible

objects thought of as a H-module.

• A class [ψ] in a torsor over H3
grp(H,C×).

The algebra and module pictures that generalise those we studied in subsections 3.3.1

and 3.3.2 reproduce this labelling only for those (2 + 1)-dimensional TQFTs that

admit a gapped boundary, called Turaev-Viro TQFTs. Mathematically, this means

restricting the data above to those non-degenerate braided fusion categories that

admit an equivalence

B ≃ Z(C) , (4.3.1)

for some fusion category C, and for a choice of subgroup H ⊆ G corresponds to

classifying H-extensions of C [121]. We will argue in subsections 4.3.1 and 4.3.2 that

this classification is equivalent to a labelling by α−1-projective 3-representations of

G valued in 3Vec. In the unitary setting we expect this labelling to be replaced by

unitary projective 3-representations valued in 3Hilb.

The symmetry TFT perspective meanwhile, which generalises the picture from

subsubsection 3.3.3, faithfully reproduces this labelling of gaugings in its entirety;

Lagrangian algebra objects in the Drinfeld centre Z(2VecαG) correspond precisely to

G-crossed braided extensions of non-degenerate braided fusion categories. We will

argue in subsection 4.3.3 that these are equivalently described by α−1-projective

3-representations of G valued in a certain fusion 3-category whose simple objects

are non-degenerate braided fusion categories. In the unitary setting we expect this

labelling to be replaced by unitary 3-representations values in a certain unitary fusion

3-category whose simple objects are given by unitary braided fusion categories 7.

7With, as we will address in further detail in subsection 4.3.3, vanishing central chiral charge
(mod 8).
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4.3.1 Gauging and 2-Algebras internal to 2Vecα
G

We return to the algebra construction presented in the previous section, which

categorifies those constructions seen in subsections 2.3.1 and 3.3.1 where gauging

corresponds to summing over a network of topological defects.

The goal then is to classify theories T /λG obtained by starting with a theory T with

a finite (G,α) symmetry, coupling to a (2 + 1)-dimensional Turaev-Viro TQFT, and

gauging a non-anomalous subgroup. In the unitary setting we expect this gauging

to be implemented by picking a (2-)algebra object in

CT ≃ 2HilbαG , (4.3.2)

and for this to be equivalent to classifying those unitary fusion 2-categories which

lie in the same Morita class.

In the framed setting, this reduces to studying (2-)algebra objects in

CT ≃ 2VecαG , (4.3.3)

and corresponds to classifying fusion 2-categories in the same Morita class.

An algebra object consists of an object in CT

A =
⊕
g∈G

Ag (4.3.4)

together with multiplication and unit 1-morphisms

m : A⊗ A → A i : 1e → A , (4.3.5)

and before in subsection 3.3.1 these were subject to further compatibility constraints

that captured how to make sense of A as a network of defects. Here in the 2-

categorical setting these constraints are replaced by higher compatibility data in the

form of unitor and associator 2-isomorphisms

ul : m ◦ (i⊗ idA) ⇒ idA ur : m ◦ (idA ⊗ i) ⇒ idA

a : m ◦ (idA ⊗m) ⇒ m ◦ (m⊗ idA)
(4.3.6)
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that control the commutativity of diagrams analogous to those in figures 3.12 and 3.13.

This extra compatibility data is then subject to further constraints

[idm ◦ (a⊗ ididA)] · [a ◦ (ididA ⊗ idm ⊗ ididA)] · [idm ◦ (ididA ⊗ a)]

= [a ◦ (ididA ⊗ idm)] · α−1
A,A,A,A · [a ◦ (idm ⊗ ididA)] ,

(4.3.7)

and

[idm ◦ (ur ⊗ ididA)] · [a ◦ (ididA ⊗ idi ⊗ ididA)] = idm ◦ (ididA ⊗ ul) . (4.3.8)

From the point of view of A being an object in 2VecαG, these conditions can be

expressed abstractly as two tetrahedral and one associahedral commuting diagram,

twisted by α−1. Alternatively, thinking of A as a finite semi-simple G-graded cat-

egory, these conditions can be expressed more concretely as a pentagon and triangle

identities, twisted by α−1. This latter point of view gives A the structure of what

we will call a finite semi-simple G-graded α−1-twisted monoidal category.

It was at this point in subsection 3.3.1 we remarked that in the unitary setting,

the dagger structure of HilbαG led naturally to a co-algebra structure, and further

more a special dagger-Frobenius structure. We expect that in 2 + 1 dimensions we

should have a similar result, and that 2HilbαG as a dagger fusion 2-category should

likewise automatically equip a natural co-algebra structure satisfying analogous

dagger-Frobenius compatibility conditions. We further expect the full unitary fusion

2-categorical structure to endow A with the structure of a unitary multi-fusion

category.

In analogy to subsections 2.3.1 and 3.3.1, we define the Morita equivalence of rigid

algebra objects A,A′ internal to CT ≃ 2VecαG as an equivalence of (left) module

2-categories ModCT (A) ≃ ModCT (A) of (2-)module objects over A,A′, internal to CT .

These comprise of objects M ∈ CT together with a (right) module action from A

µ : M ⊗ A → M , (4.3.9)
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and higher compatibility data comprising of 2-isomorphisms

aµ : µ ◦ (idM ⊗m) ⇒ µ ◦ (µ⊗ idA) uµ : µ ◦ (idM ⊗ i) ⇒ idM , (4.3.10)

that lift those conditions we depicted back in figures 3.14 and 3.15. These must

satisfy further compatibility conditions

[idµ ◦ (aµ ⊗ ididA)] · [aµ ◦ (ididM ⊗ ididM ⊗ ididA)] · [idµ ◦ (ididM ⊗ a)]

= [aµ ◦ (idµ ⊗ ididA)] · α−1
M,A,A,A · [aµ ◦ (ididM⊗A ⊗ ididM )]

(4.3.11)

and

[idµ ◦ (uµ ⊗ ididA)] · [aµ ◦ (ididM ⊗ idi ⊗ ididA)] = idµ ◦ (ididM ⊗ ul) , (4.3.12)

that give M the structure of what we will call a finite semi-simple G-graded α−1-

twisted module category over A.

The full 2-category of (right) module objects λ = ModCT (A) naturally forms a (left)

module 2-category over CT ≃ 2VecαG which, in analogy to subsections 3.3.1 and 3.3.2,

is how we define finite-dimensional α−1-projective 3-representations of G. In the

framed setting this identifies Morita equivalence classes of algebra objects internal

to 2VecαG with projective 3-representations

λ ∈ 3Repα−1(G) . (4.3.13)

In the unitary setting we expect this to lift to a labelling by unitary projective

3-representations.

To classify these 3-representations, we need a slight enhancement on the structure

available to us in the framed setting; we will opt to include the co-algebra structure

that we expect to come for free in the unitary setting, by hand. Concretely we ask

that A as an algebra object in 2VecαG admits a compatible co-algebra structure

∆ : A → A⊗ A p : A → 1e , (4.3.14)

with higher compatibility data analogous to above that makes A a co-algebra object.
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We ask also for additional higher compatibility data in the form 2-morphisms

ϵ : ∆ ◦m ⇒ idA η : idA⊗A ⇒ m ◦ ∆ , (4.3.15)

and two 2-isomorphisms that lift the Frobenius conditions from subsection 3.3.1.

This extra data must then satisfy further compatibility conditions, the total sum of

which makes A a rigid 8 algebra object in 2VecαG [122].

Let’s summarise: to better understand this extra data, let us simplify to G = 1 for a

moment. An algebra object A in CT = 2Vec describes a finite semi-simple monoidal

category, and the usual notion of Morita equivalence for these categories is precisely

that which we have described for algebras internal to 2Vec. The compatibility data

and conditions for rigid algebra objects can be summarised as a promotion of A to

a multi-fusion category by consistently defining left and right duals. The Morita

equivalence of (rigid) algebras internal to 2Vec coincides with the usual notion of

Morita equivalence for monoidal/multi-fusion categories.

Returning to (G,α) then, an algebra object A in CT ≃ 2VecαG describes a finite

semi-simple G-graded α−1-twisted monoidal category. The compatibility data and

conditions for rigid algebra object promote A to a G-graded α−1-twisted multi-

fusion category [122]. The Morita equivalence of (rigid) algebras internal to 2VecαG

implies the usual notion of Morita equivalence on the trivially-graded component as

a monoidal/multi-fusion category.

Indecomposable gauge theories T /λG correspond to connected rigid algebra objects,

which are characterised by having a simple unit morphism:

End(i) ≃ C . (4.3.16)

A connected rigid algebra object in 2Vec corresponds to a fusion category, and all

multi-fusion categories decompose into a direct sum of fusion categories up to Morita

equivalence. A connected rigid algebra object in 2VecαG describes a G-graded α−1-

8For the fusion 2-category 2VecαG this is actually equivalent to separable algebra objects, which
are the natural ones to talk about in the oriented setting of spherical fusion 2-categories [111, 122].
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twisted fusion category [122]. The reason for needing this extra data now becomes

clear: the property of A having left and right duals implies the grading of A includes

inverses, and further forms a subgroup H ⊆ G.

For the case α = 0, the connected rigid algebra objects are faithfully H-graded fusion

categories for some H ⊆ G, also known as H-extensions of fusion categories in the

literature. The classification for a given (Morita class of) fusion category Ae ≃ C

that describes the trivially graded component follows from [121]:

• An action ρ : H → Aut(Z(C)), where Z(C) is the Drinfeld centre.

• A class [φ] in a torsor over H2
grp,ρ(H,Z(C)×), where the abelian group of

invertible objects Z(C)× is thought of as a H-module.

• A class [ψ] in a torsor over H3
grp(H,C×).

The choice of fusion category C up to Morita equivalence corresponds physically

to a choice of (2 + 1)-dimensional Turaev-Viro TQFT with topological lines given

by Z(C). The appearance of torsors over group cohomology arise as a consequence

of obstructions to constructing a H-graded fusion category with trivially graded

component Ae ≃ C, which admit their own physical interpretations:

1. A choice of fusion category C and action ρ determines an obstruction class

[O3(C; ρ)] ∈ H3
grp,ρ(H,Z(C)×). This is an obstruction to constructing a H-

extension and needs to be trivialised via

δφ = O3(C ; ρ) . (4.3.17)

Different choices of trivialisation are then distinguished by 2-cocycles and are

classified up to equivalence by a torsor over H2
grp,ρ(H,Z(C)×). Physically we

should interpret these classes as determining a symmetry fractionalisation of

H by the lines in Z(C) as depicted in 4.15.
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2. The choice of trivialisation [φ] further determines a second obstruction class

[O4(C; ρ, φ)] ∈ H4
grp(H,C×). This is yet another obstruction to constructing a

H-extension that needs to be trivialised via

δψ = O4(C ; ρ, ψ) . (4.3.18)

Different choices of trivialisation are then distinguished by 3-cocycles and are

classified up to equivalence by a torsor over H3
grp(H,Z(C)×). Physically we

should interpret these classes as determining a discrete torsion for H.

As a G-graded fusion category, the 3-cocycle ψ plays the role of the associator [121].

This means for the case α ̸= 0, it must satisfy equation (4.3.7). This has the effect

of shifting the O4 obstruction to

δψ = α|−1
H O4(C ; ρ, φ) . (4.3.19)

The appearance of the O4 obstruction in this more general setting suggests that in

contrast to chapter 3 where we could only gauge a truly non-anomalous subgroup,

here we can in fact gauge an anomalous subgroup, provided we can find a TQFT to

couple to with a H-symmetry that cancels that of the subgroup.

To summarise, the ways to gauge a (G,α) symmetry corresponding to connected

rigid algebras up to Morita equivalence are labelled by:

• A (conjugacy class of) subgroup H ⊆ G, corresponding to a choice of subgroup

to gauge.

• A (Morita class of) fusion category C, corresponding to a Turaev-Viro TQFT

with line defects in Z(C).

• An action ρ : H → (Aut)(Z(C)), corresponding to H-defects wrapping lines,

as depicted in figure 4.14.

• A class of 2-cochain φ ∈ C2
grp,ρ(H,Z(C)×) satisfying δφ = O3(C; ρ), correspond-

ing to a symmetry fractionalisation of H by Z(C)×, as depicted in figure 4.15.
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• A class of 3-cochain ψ ∈ C3
grp(H,C×) satisfying δψ = α|−1

H O4(C; ρ, φ), corres-

ponding to a choice of discrete torsion for H.

We can restrict to invertible TQFTs by choosing C ≃ Vec, in this case the Drinfeld

centre Z(Vec) = Vec, automorphism group Aut(Vec) = 1, and invertible lines

Vec× = 1, all trivialise. This means the action ρ and obstructions O3 and O4

automatically vanish, and further trivialises the choice of symmetry fractionalisation

φ. The only remainind data then is the discrete torsion ψ, for which the trivialisation

condition (4.3.19) reduces to that of (4.2.58) observed in subsection 4.2.2.

4.3.2 Gapped Interfaces and Module Categories over 2Vecα
G

As we just saw, classifying gaugings as Morita classes of (2-)algebra objects is

equivalent to classifying module 2-categories over

CT ≃ 2VecαG , (4.3.20)

which is how we define projective 3-representations. We can arrive at this result

in an equivalent way by considering gapped interfaces between T and the gauged

theory T /λG.

M ∈ λ

T T /λG

X ∈ CT

Figure 4.16

The gapped interfaces between T and T /λG form a finite semi-simple 2-category

λ, whose objects M ∈ λ are gapped interfaces, 1-morphisms are topological lines
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supported on junctions between interfaces, and 2-morphisms are topological local

operators supported on junctions between the lines.

In the framed setting, the action from fusing topological surfaces in T onto the

interface as depicted in figure 4.16 endows λ with the structure of a (left) module

2-category over

CT = 2VecαG . (4.3.21)

This is precisely how we define α−1-projective 3-representations of G, categorifying

the notion of projective 2-representations in subsection 3.3.2, which themselves were

categorifications of modules/representations in subsection 2.3.2.

An alternative formulation of these module 2-categories is in terms of functors of

the form

R : BG → 3Vec , (4.3.22)

where BG is the delooping of G thought of as a fusion 3-category. For α = 0

these functors are monoidal, otherwise they are monoidal up to α−1 which twists

its compatibility with the pentagonator, we call this an α−1-projective monoidal

functor.

We define the 3-vector spaces that make up the fusion 3-category 3Vec analogously

to Kapronov-Voevodsky 2-vector spaces [123] as module 2-categories over 2Vec equi-

valent to 2Vec⊕n for some n ∈ N. This definition can be interpreted in two different

ways:

1. A 3-vector space equivalent to 2Vec⊕n can be thought of as a finite semi-simple

2-category with n simple objects.

2. The objects of a module 2-category over 2Vec up to equivalence can be thought

of as module categories over a Morita class of (rigid) algebra object internal

to 2Vec corresponding to a monoidal/(multi-)fusion category.

Thought of as a finite semi-simple category, the 3-vector space R(⋆) is equipped with

a module action from 2VecαG via the assignment of elements g ∈ G to automorphisms



4.3. Generalised Gauging in 2 + 1 Dimensions 171

of R(⋆). This reproduces a module 2-category from a choice of projective monoidal

functor.

Thought of instead as a Morita class of multi-fusion category C, we can reconstruct

the classification from [121] detailed in the previous subsection. We formulate the

remaining data of R : ⋆ 7→ [C] as a homomorphism between 3-groups

λ : G̃ −→ Aut(C) . (4.3.23)

The domain and codomain have the following descriptions:

• The domain G̃ is a 3-group extension with homotopy groups

π0 = G

π1 = 1

π2 = C×

(4.3.24)

and Postnikov invariant α−1 ∈ H4
grp(G,U(1)).

• The codomain Aut(C) is the automorphism 3-group of C with

π0 = Aut(Z(C))

π1 = Z(C)×

π2 = (C×)|C| .

(4.3.25)

There is potential Postnikov data given by

[O3] ∈ H3
grp(Aut(Z(C)),Z(C)×) ,

[O4] ∈ H4
grp(π≤1, (C×)|C|) ,

(4.3.26)

where π≤1 is shorthand for the 2-group truncation of Aut(C) determined by

Aut(Z(C)),Z(C)×, and [O3]. The possibility of non-trivial Postnikov data is

novel compared to the corresponding construction for 2-representations in 1+1

dimensions.

An α−1-projective 3-representation on [C] is then determined by:
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1. A homomorphism ρ̃ : G → Aut(Z(C)).

2. A 2-cochain φ̃ ∈ C2
grp,ρ̃

(G,Z(C)×) satisfying δφ̃ = ρ̃∗O3.

3. A 3-cochain ψ̃ ∈ C3
grp(G, (C×)|C|) satisfying δψ̃ = α−1 (ρ̃, φ̃)∗O4.

where we view the combination (ρ̃, φ̃) : BG → π≤1.

To restrict to simple projective 3-representations we ask that ρ̃ : G → Aut(Z(C))

determines a transitive action on Z(C), which via the orbit stabiliser theorem cor-

responds to picking a conjugacy class of subgroup [H ⊆ G] and setting

C ≃ c⊕G/H Z(C) ≃ Z(c)⊕G/H , (4.3.27)

for some fusion category c, together with a choice of ρ : H → Aut(Z(c)). Using the

Shapiro isomorphism we then surmise that a simple α−1-projective 3-representation

of G is determined by:

1. A (conjugacy class of) subgroup H ⊆ G.

2. A (Morita class of) fusion category c.

3. A homomorphism ρ : H → Aut(Z(c)).

4. A 2-cochain φ ∈ C2
grp,ρ(H,Z(c)×) satisfying δφ = [ρ̃∗O3]H .

5. A 3-cochain ψ ∈ C3
grp(H, (C×)) satisfying δψ = α|−1

H [(ρ̃, φ̃)∗O4]H .

which reconstructs the classification from the previous subsection.

To further relate this picture to the previous one in terms of algebras, we note that to

construct an interface between T and T /λG obtained by gauging an algebra object

A, we must first choose an object M ∈ CT and then specify how the algebra object

ends on it. The data that implements this is precisely that of a module object over

A, identifying the category of gapped interfaces with the earlier module category

λ = ModCT (A) . (4.3.28)
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In the oriented setting we can formulate a direct argument for the reverse statement

by considering T /λG with insertions of the identity operator and resolve them into

oriented spheres containing T . Expanding the spheres, eventually the interfaces

will collide and produce a network of topological defects Aλ in T . In analogy to

subsection 3.3.2, we expect that in order for the resulting theory to be independent

of the way the expansion is performed, the topological defects A must describe

rigid/separable algebra objects internal to CT [94].

In the unitary setting, we expect the 2-category λ of interfaces to now be a finite

semi-simple dagger 2-category [25]. We further expect that the action from fusing

topological lines in T onto the interface depicted in figure 3.16 endows λ with the

structure of a (left) unitary module 2-category over

CT = 2HilbαG . (4.3.29)

This is how we expect to define unitary α−1-projective 3-representations of G. Al-

ternatively we expect that we can also formulate these unitary module 2-categories

as unitary α−1-projective monoidal functors

R : BG → 3Hilb , (4.3.30)

where we define 3Hilb analogously to 3Vec as the 3-category of (unitary) module

2-categories over 2Hilb equivalent to 2Hilb⊕n for some n ∈ N.

4.3.3 Symmetry TFTs and Lagrangian Algebras

Now we consider the same gauging procedures from the perspective of gapped

boundary conditions in the sandwich construction. The starting point is 3 + 1-

dimensional unitary oriented Dijkgraaf-Witten theory labelled by a gauge group G

and a class

[α] ∈ H4
grp(G,U(1)) . (4.3.31)
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Similar to those we discussed in subsection 3.3.3, they are gauge theories supported

on a 4-manifold M4, described by a finite gauge field

a : M4 → BG , (4.3.32)

whose action is determined by a representative α ∈ Z4
grp(G,U(1)) satisfying

δα(g, h, k, l,m) = α(h, k, l,m)α(g, hk, l,m)α(g, h, k, lm)
α(gh, k, l,m)α(g, h, kl,m)α(g, h, k, l) = 1 , (4.3.33)

via the pull-back ∫
M4

a∗α , (4.3.34)

and is hence manifestly topological. When the boundary ∂M4 is non-empty, we can

specify topological boundary conditions by fixing the restriction

a|∂M4 : ∂M4 → BH , (4.3.35)

for some subgroup H ⊆ G such that α|−1
H = δψ trivialises. The pull-back

∫
∂M4

ψ∗a (4.3.36)

then defines a consistent contribution to the topological action on the boundary that

makes the total theory topological [76].

Unlike in subsection 3.3.3 however, this labelling by (H,ψ) is not sufficient to capture

all gapped/topological boundary conditions for Dijkgraaf-Witten theory in 3 + 1

dimensions. The reasoning is the same as we have seen elsewhere in this section:

there is a proliferation of non-trivial TQFTs in 2 + 1 dimensions to which we can

couple the boundary, and these naive choices only make up for the subclass of

invertible TQFTs.

Continuing the analogy to subsection 3.3.3, we can define the Dirichlet boundary

condition as the boundary condition D = (H = 1, ψ = 1). In the framed setting

this corresponds to a 2 + 1-dimensional topological boundary supporting a (G,α)

symmetry described by

CD = 2VecαG . (4.3.37)
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The existence of this canonical topological Dirichlet boundary reflects the fact that

the Dijkgraaf-Witten theory is a Turaev-Viro type TQFT whose symmetry in the

(3 + 1)-dimensional bulk contains topological surfaces and lines described by the

Drinfeld centre

DWG,α ≃ Z(2VecαG) . (4.3.38)

This is a braided fusion 2-category whose objects are objects X ∈ 2VecαG together

with a half-braiding that comes in the forms of 1-isomorphisms

bX,Y : X ⊗ Y → Y ⊗X , (4.3.39)

for each other object Y ∈ 2VecαG. The compatibility conditions are now exchanged

for extra compatibility data implemented by 2-isomorphisms

bX;Y,Z : (idY ⊗ bX,Z) ◦ (bX,Y ⊗ idZ) ⇒ bX,Y⊗Z

bX,Y ;Z : (bX,Z ⊗ idY ) ◦ (idX ⊗ bY,Z) ⇒ bX⊗Y,Z ,

(4.3.40)

satisfying further compatibility conditions with the pentagonator α [111, 124]. Con-

cretely these objects are characterised by the following data:

1. A finite-dimensional G-graded 2-vector space

X =
⊕
g∈G

Xg . (4.3.41)

2. A G-action by 1-automorphisms

ρg,h : Xh → Xghg−1 (4.3.42)

3. Compositor 2-isomorphisms

ρ◦
g,h;f : ρg,hf ◦ ρh,f ⇒ ρgh,f (4.3.43)

satisfying a twisted composition tetrahedron condition:

ρ◦
g,hk;f · [idρ

g,hkf
◦ ρ◦

h,k;f ] = τfα(g, h, k) · ρ◦
gh,k;f · [ρ◦

g,h;kf ◦ idρk,f ] (4.3.44)
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for all g, h, k, f ∈ G.

4. Distributor 2-isomorphisms

ρ⊗
f ;g,h : ρf,g ⊗ ρf,h ⇒ ρf,gh , (4.3.45)

satisfying a twisted fusion tetrahedron condition:

ρ⊗
f (gh, k) · [ρ⊗

f ;g,h ⊗ idρf,k ] = τ̃fα(g, h, k) · ρ⊗
f ;g,hk · [idρf,g ⊗ ρ⊗

f ;h,k] (4.3.46)

for all g, h, f ∈ G.

The collections of phases

τf (α)(g, h, k) = α(g, h, kf, k)α(ghkf, g, h, k)
α(g, h, k, f)α(g, hkf, h, k) (4.3.47)

and

τ̃f (α)(g, h, k) = α(fg, f, h, k)α(fg, fh, fk, f)
α(f, g, h, k)α(fg, fh, f, k) (4.3.48)

indexed by f ∈ G, define a groupoid 3-cocycle

τ(α) ∈ Z3(G//G,U(1)) (4.3.49)

or equivalently, collections of 3-cocycles τf(α) ∈ Z3(Cf(G), U(1)) upon restriction

to the centraliser g, h, k ∈ Cf (G).

The symmetry of a (2+1)-dimensional quantum field theory can be recast as a (3+1)-

dimensional symmetry TFT. For any oriented QFT, the corresponding symmetry

TFT is a Dijkgraaf-Witten theory for some choice of (G,α) [105]. The dynamics of T

are captured by a relative (non-topological) boundary condition, and the theory itself

can be recovered by interval compactification with the canonical gapped Dirichlet

boundary condition D.

For other choices of gapped boundary λ, interval compactification produces the

theory T /λG. This has an alternative description of starting from the canonical

Dirichlet boundary condition D coupling a (2 + 1)-dimensional TQFT and gauging

a non-anomalous subgroup. Unlike in the previous two subsections, where we were
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restricted to Turaev-Viro TQFTs, we really mean all (unitary oriented) TQFTs here,

and so we expect a much richer classification. For an invertible choice of TQFT

λ = (H,ψ) this reproduces the theories studied in subsection 4.2.2.

In analogy to subsection 3.3.3 we now reconstruct the gapped boundary conditions

of a (3 + 1)-dimensional TQFT of Turaev-Viro type built from a fusion 2-category

C, via the 3-category of Lagrangian algebra objects internal to Z(C). Continuing

the analogy, we expect these to represent topological line defects in the symmetry

bulk that condense on their corresponding topological boundary.

A braided algebra object B in Z(2VecαG) is equipped with a braiding 2-isomorphism

β : m ◦ bB,B ⇒ m, (4.3.50)

which lifts the commuting diagram from figure 3.17, this can be thought of as

defining a braiding on B as a monoidal category. This satisfies further compatibility

constraints

a−1 · [idm ◦ (β ⊗ ididB)] · [a ◦ (idbB,B ⊗ ididB)] · [idm ◦ (ididB ⊗ β) ◦ (idbB,B ⊗ ididB)]

= a · [β ◦ (idm ⊗ ididB)] · [idm ◦ (ididB ⊗ idm) ◦ bB;B,B] ,
(4.3.51)

and

a · [idm ◦ (ididB ⊗ β)] · [a−1 ◦ (ididB ⊗ idbB,B)] · [idm ◦ (β ⊗ ididB) ◦ (ididB ⊗ idbB,B)]

= a−1 · [beta ◦ (ididB ⊗ idm)] · [idm ◦ (ididB ⊗ idm) ◦ bB,B;B] .
(4.3.52)

These can be equivalently thought of as twisted hexagon relations for the braiding

on B.

Before continuing, let us simplify to G = 1 and CT ≃ 2Vec. In this case the Drinfeld

centre is again Z(2Vec) ≃ 2Vec, now thought of as a braided fusion 2-category with

trivial braiding. A a braided algebra object is a finite semi-simple braided monoidal

category, a rigid braided algebra object is a braided multi-fusion category, and a

connected rigid braided algebra object is a braided fusion category.
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Returning to Z(2VecαG), a braided algebra object has the structure of what we will call

a finite semi-simple α−1-twisted G-crossed braided monoidal category. Concretely,

this consists of the following data [98, 121]:

• A finite semi-simple G-graded category B = ⊕
g∈G Bg.

• A G-action ρg,h : Bh → Bgh, with composition described by natural isomorph-

isms ρ◦
g,h;f defined as above for all g, h, f ∈ G.

• A G-graded monoidal structure Bg ⊗Bh ⊆ Bgh, with distributivity with respect

to ρ described by natural isomorphisms ρ⊗
f ;g,h defined as above for all g, h, f ∈

G.

• A G-crossed braiding implemented by natural isomorphisms βX,Y : X ⊗ Y →

ρg,h(Y ) ⊗ X for every pair X ∈ Bg and Y ∈ Bh, satisfying twisted hexagon

relations determined from equations (4.3.51) and (4.3.52).

Similarly, a rigid braided algebra object is an α−1-twisted G-crossed braided multi-

fusion category, and a connected rigid braided algebra object is an α−1-twisted G-

crossed braided multi-fusion category with ρ defining a transitive G-action upon

restriction to the trivially graded component Be as a braided multi-fusion cat-

egory [122].

It is worth belabouring that final statement: restricting to rigid braided algebra

objects such that End(i) ≃ C does not impose that the identity object in B is simple.

Instead we define in tandem a notion of strongly connected to be a (connected) rigid

braided algebra object such that the unit i : 1e → B defines a simple identity object

in B. In this way, strongly connected rigid braided algebra objects in Z(2VecαG)

correspond to α−1-twisted G-crossed braided fusion categories.

The Lagrangian condition can be formulated in terms of local modules. Recall in

subsection 3.3.3 the locality of a module action was determined by its commuta-

tion with the braiding. Here this condition is replaced by a 2-isomorphism that
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implements the commuting diagram we had in figure 3.18, subject to some extra

compatibility data. We say then that a connected rigid braided algebra object B is

Lagrangian if the 2-category of local modules over B trivialises to

ModlocB (A) ≃ 2Vec (4.3.53)

as a braided fusion 2-category.

For a strongly connected rigid braided algebra object, this reduces further to asking

that the Müger centre of B vanishes, defined in the sense of [111]. There, the Müger

centre of B is defined in terms of 1-morphisms 1e → B that identify objects in the

trivially graded component X ∈ Be, together with isomorphisms ηX,g : X → ρg,e(X),

for every g ∈ G; these pairs (X, ηX) define objects in the G-equivariantisation BG

of B. We then ask that these morphisms are transparent; that is, the braiding is

symmetric in the sense

βX,Y = β−1
Y,X ◦ (ηX,g ⊗ idY ) (4.3.54)

for all other Y ∈ Bg and g ∈ Supp(B), where Supp(B) ⊆ G is the subgroup of

G where B is supported. For a given object X ∈ Be, this restriction fixes an

isomorphism ηX,g for each g ∈ Supp(B). This in turn identifies the Müger centre of

B with the Müger centre Z2(BGe ) defined in the usual sense 9, modulo representations

of Supp(G). Clearly, the Müger centre defined this way vanishes if

1. The grading Supp(G) = G is faithful.

2. The Müger centre of BG
e is non-degenerate over Rep(G):

Z2(BG
e ) ≃ Rep(G) . (4.3.55)

This is true if and only if Be is a non-degenerate braided fusion category [125].

We expect that this exhausts all strongly connected Lagrangian algebra objects

internal to Z(2VecαG). Armed with this technology, we are now ready to classify

Lagrangian algebra objects more generally.

9That is, the full symmetric braided subcategory of BGe .
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For a general rigid braided algebra object B, the support Supp(B) need not be a

subgroup; thought of as a G-graded multi-fusion category, the support only needs to

be at least a disjoint union of subgroups. Taking into account also the action from

G, we see that this union needs to include all subgroups in a conjugacy class, and

in the minimal case when the object is connected and this action is transitive, we

can use the orbit-stabiliser theorem to express the support as

Supp(G) =
⊔

gH∈G/H

gH , (4.3.56)

for a given conjugacy class of subgroup [H ⊆ G]. Up to equivalence, the algebra

object B then decomposes into |G/H| fusion components described by α|−1
gH-twisted

gH-crossed braided fusion categories for each gH ∈ G/H.

The remaining components of ρ identify each of these fusion components with one-

another. The data of a connected rigid braided algebra object internal to Z(2VecαG)

can hence be reduced to that of the fusion component described by a faithfully

graded α|−1
H -twisted H-crossed braided fusion category. We note that this data is

equivalent to that of a strongly connected rigid braided algebra object internal to

Z(2Vecα|H
H ).

This simplification sets up an inclusion of strongly connected rigid braided algebra

objects in Z(2Vecα|H
H ) as connected rigid braided algebra objects in Z(2VecαG). This

in turn sets up a pull-back from module objects in Z(2VecαG) to module objects

in Z(2Vecα|H
H ). For local module objects we expect that this functor is essentially

surjective and hence that a connected algebra in Z(2VecαG) is Lagrangian only if the

corresponding strongly connected algebra in Z(2Vecα|H
H ) is Lagrangian.

For α = 0 and a choice of (conjugacy class of) subgroup H, Lagrangian algebra

objects in Z(2Vecα|H
H ) are faithfully graded H-crossed braided fusion categories

whose trivially graded components are non-degenerate. For a given non-degenerate

braided fusion category that describes the trivially graded component Be := B, these

are also known as H-crossed braided extensions of B, and are classified by [98, 121]:
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• A H-action ρ : H → Aut(B).

• A class [φ] in a torsor over H2
grp,ρ(H,B×), where the abelian group B× of

invertible objects in B is thought of as a H-module.

• A class [ψ] in a torsor over H3
grp(H,C×).

The choice of non-degenerate braided fusion category B corresponds physically to the

category of topological lines in a corresponding choice of (2 + 1)-dimensional TQFT

with trivial (3 + 1)-dimensional bulk, this restriction ensures the coupling does not

affect the symmetry TFT of the original theory. The appearance of torsors over

group cohomology here is once again a consequence of obstructions to constructing

a H-crossed braided fusion category with trivially graded component Be = B:

1. A choice of non-degenerate braided fusion category B and action ρ determines

an obstruction class [O3(C; ρ)] ∈ H3
grp,ρ(H,B×). This is an obstruction to

constructing a H-crossed extension and needs to be trivialised via

δφ = O3(C ; ρ) . (4.3.57)

Different choices of trivialisation are then distinguished by 2-cocycles and are

classified up to equivalence by a torsor over H2
grp,ρ(H,B×). Physically we

should interpret these classes as determining a symmetry fractionalisation of

H by the lines in B as depicted in 4.15.

2. The choice of trivialisation [φ] further determines a second obstruction class

[O4(C; ρ, φ)] ∈ H4
grp(H,C×). This is yet another obstruction to constructing a

H-crossed extension that needs to be trivialised via

δψ = O4(C ; ρ, ψ) . (4.3.58)

Different choices of trivialisation are then distinguished by 3-cocycles and are

classified up to equivalence by a torsor over H3
grp(H,Z(C)×). Physically we

should interpret these classes as determining a discrete torsion for H.
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In analogy to subsection 4.3.1, for α ̸= 0, we expect to shift the O4 obstruction to

δψ = α|−1
H O4(C ; ρ, φ) . (4.3.59)

Once again the appearance of the O4 obstruction suggests that rather than gauging

only strictly non-anomalous subgroups, we can in fact gauge any subgroup, provided

its anomaly can be cancelled by that of the TQFT we couple to.

Unitarity

In the unitary setting we expect the symmetry on the Dirichlet boundary D to be

described by the unitary fusion 2-category

CT ≃ 2HilbαG . (4.3.60)

We further expect the bulk symmetry of the Dijkgraaf-Witten theory to be described

by a unitary braided fusion 2-category in the Drinfeld centre

Z(2HilbαG) , (4.3.61)

and for gapped boundary conditions to correspond to Lagrangian algebras objects

internal to the Drinfeld centre. We might have then expected that lifting the con-

struction we have presented would only require exchanging braided fusion categories

for unitary braided fusion categories, but there is a subtle complication. There is a

non-trivial class of anomalies for unitary oriented TQFTs in 2 + 1 dimensions, called

the chiral central charge, that can be phrased as a (3+1)-dimensional symmetry TFT

constructed from the signature. The signature of a given 4-manifold is a topological

invariant that can be understood as a characteristic homomorphism

σM4 : ΩX
4 → Z , (4.3.62)

from the bordism group with tangential structure X to the integers. In the framed

setting we have Ωfr
4 = 1, and hence the signature on the corresponding framed

4-manifold can only ever be trivial. In the oriented setting we instead have ΩSO
4 = Z
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and the possibility for non-trivial signatures of oriented 4-manifolds. We can hence

define a non-trivial (3 + 1)-dimensional TFT with action

e
2πic

8 σM4 , (4.3.63)

where c is the chiral central charge, which controls the anomaly of the (2 + 1)-

dimensional topological boundary. The value of this chiral central charge should

be a property of the corresponding unitary braided fusion category, and so if we

wish to couple a theory T to a (2 + 1)-dimensional unitary TQFT without changing

the symmetry TFT, we must ask that in addition to non-degeneracy, the unitary

braided fusion category corresponding to that TQFT also has chiral central charge

c = 0 (mod 8) 10. For more details on these anomalies, also for more general choices

of tangential structure, one can turn to [126–129].

To summarise, the gaugings of G corresponding to gapped boundary conditions of

(3 + 1)-dimensional (G,α) Dijkgraaf-Witten theory are classified by:

• A (conjugacy class of) subgroup H ⊆ G, corresponding to a choice of subgroup

to gauge.

• A (equivalence class of) non-degenerate braided-fusion category B, correspond-

ing to a TQFT with line defects described by objects of B.

• An action ρ : H → (Aut)(B), corresponding to H-defects wrapping lines, as

depicted in figure 4.14.

• A class of 2-cochain φ ∈ C2
grp,ρ(H,B×) satisfying δφ = O3(B; ρ), corresponding

to a symmetry fractionalisation of H by B×, as depicted in figure 4.15.

• A class of 3-cochain ψ ∈ C3
grp(H,C×) satisfying δψ = α|−1

H O4(B; ρ, φ), corres-

ponding to a choice of discrete torsion for H.

10Upon restriction to unitary Turaev-Viro TQFTs, this constraint is automatic, the reverse is
not true however.
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Restricting to Turaev-Viro TQFTs B ≃ Z(C) reproduces the classification in terms of

projective 3-representations valued in 3Vec seen in the previous two subsections. Re-

stricting further to invertible TQFTs by choosing C ≃ Vec, the trivialisation (4.3.59)

reduces to (4.2.58) and the classification reduces to that studied in subsection 4.2.2.

4.3.4 Projective 3-Representations

In the last subsection we gave a comprehensive classification of gapped boundaries

for Dijkgraaf-Witten theories in 3 + 1 dimensions, but at the outset of this section

we claimed that these can alternatively be viewed as projective 3-representations

valued in a particular fusion 3-category of non-degenerate braided fusion categories.

We did outline how the Lagrangian algebras correspond to projective 3-characters,

but to understand this statement concretely, let us now return to the functorial

description presented in subsection 4.3.2, with a slight modification.

The starting point is α−1-projective monoidal functors

R : BG → Pic , (4.3.64)

where we have suggestively denoted the target 3-category Pic in analogy to the

Picard 2-group [121]. Rather than define the full structure, we restrict our focus to

the invertible structure we expect it to have:

• The simple objects B ∈ Pic are (equivalence classes of) non-degenerate braided

fusion categories, that is, braided multi-fusion categories admitting a decom-

position into non-degenerate braided fusion categories.

• The 1-automorphisms of an object B are captured by objects of the Picard

2-group Pic(B), which are labelled up to equivalence by Aut(B), the group of

braided automorphisms of B 11.

11This equivalence only holds if B is non-degenerate
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• The 2-automorphisms are given by 1-morphisms in the Picard 2-group Pic(B),

which are labelled up to equivalence by B×, the group of invertible objects in

B.

• The 3-automorphisms of a given 2-automorphism are natural isomorphisms of

bimodule equivalences, which are labelled up to equivalence by (C×)|C|, where

|B| is the number of fusion summands in B.

For a choice of non-degenerate braided multi-fusion category B, we then formulate

the remaining data of R : ⋆ 7→ B as a homomorphism between 3-groups

λ : G̃ −→ Aut(B) . (4.3.65)

The domain and codomain have the following descriptions:

• The domain G̃ is a 3-group extension with homotopy groups

π0 = G

π1 = 1

π2 = C×

(4.3.66)

and Postnikov invariant α−1 ∈ H4
grp(G,U(1)).

• The codomain Aut(B) is the automorphism 3-group of B with

π0 = Aut(B)

π1 = B×

π2 = (C×)|B| .

(4.3.67)

There is potential Postnikov data given by

[O3] ∈ H3
grp(Aut(B)),B×) ,

[O4] ∈ H4
grp(π≤1, (C×)|B|) ,

(4.3.68)

where π≤1 is shorthand for the 2-group truncation of Aut(B), determined by

Aut(B),B×, and [O3].
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An α−1-projective 3-representation on B is then determined by:

1. A homomorphism ρ̃ : G → Aut(B).

2. A 2-cochain φ̃ ∈ C2
grp,ρ̃

(G,B×) satisfying δφ̃ = ρ̃∗O3.

3. A 3-cochain ψ̃ ∈ C3
grp(G, (C×)|B|) satisfying δψ̃ = α−1 (ρ̃, φ̃)∗O4.

where we view the combination (ρ̃, φ̃) : BG → π≤1.

To restrict to simple projective 3-representations we ask that (ρ̃, φ̃) : G → Aut(B) de-

termines a transitive action on B, which via the orbit stabiliser theorem corresponds

to picking a conjugacy class of subgroup [H ⊆ G] and setting

B ≃ b⊕G/H , (4.3.69)

for some non-degenerate braided fusion category b, together with a choice of ρ : H →

Aut(b). Using the Shapiro isomorphism we then surmise that a simple α−1-projective

3-representation of G is then determined by:

1. A (conjugacy class of) subgroup H ⊆ G.

2. A non-degenerate braided fusion category b.

3. A homomorphism ρ : H → Aut(b).

4. A 2-cochain φ ∈ C2
grp,ρ(H, b×) satisfying δφ = [ρ̃∗O3]H .

5. A 3-cochain ψ ∈ C3
grp(H, (C×)) satisfying δψ = α|−1

H [(ρ̃, φ̃)∗O4]H .

This reconstructs the classification from the previous subsection and demonstrates

concretely that gapped boundaries of a (G,α) Dijkgraaf-Witten theory are in 1-1

correspondence with α−1-projective representations of G valued in Pic.
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Future Work and Research

Directions

In this chapter we will briefly comment on some future directions this research could

take. These comments are largely focused on extending this formalism to higher

dimensions and as a result will be mostly speculative, but before that we will attempt

to be a bit more concrete and turn to ideas that directly generalise those seen in

sections 2.4 and 3.4 to 2 + 1 dimensions.

5.1 Defects after Generalised Gauging in 2 + 1

Dimensions

One obvious direction for future research is the fusion 2-category of defects produced

after the generalised gauging of a finite invertible symmetry in 2 + 1 dimensions.

Recall that in section 4.3 we had two classifications of gauging that did not totally

agree; the algebra and module pictures discussed in subsections 4.3.1 and 4.3.2

produced gaugings of a finite group coupled to a Turaev-Viro TQFT, whereas the

symmetry TFT perspective presented in subsection 4.3.3 was more general in that

it extended this classification to all (Reshetikhin-Turaev) TQFTs.
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This restriction in the algebra construction of gauge theories means the corresponding

bimodule construction of defects after gauging we presented in section 4.2 only

extends to those gauge theories produced by coupling to a Turaev-Viro TQFT.

Concretely, starting from a (2 + 1)-dimensional theory T with a (G,α) symmetry

we should consider (2-)bimodule objects over (rigid) algebra objects internal to

CT ≃ 2VecαG . (5.1.1)

Choosing a gauging labelled by an α−1-projective 2-representation λ = (H,C; ρ, φ, ψ)

with corresponding rigid algebra object Aλ as described in subsection 4.3.2, we denote

the resulting fusion 2-category of defects

C(G,α|λ) ≃ BimodCT (Aλ) . (5.1.2)

If we wish to discuss the defects of gauge theories produced by coupling to more

general TQFTs, we need a generalisation of the symmetry TFT construction presen-

ted in subsections 2.4.2 and 3.4.2 to 2 + 1 dimensions. Concretely, starting from a

(3 + 1)-dimensional (G,α) Dijkgraaf-Witten theory, we should consider (2-)module

objects over Lagrangian algebra objects internal to the Drinfeld centre

DWG,α ≃ Z(2VecαG) . (5.1.3)

Choosing a gauging labelled by an α−1-projective 2-representation λ = (H,B; ρ, φ, ψ)

with corresponding Lagrangian algebra object Lλ as described in subsection 4.3.3,

we denote the resulting fusion 2-category of defects in a similar fashion as

C(G,α|λ) ≃ ModDWG,α
(Lλ) . (5.1.4)

In analogy to section 3.4 we expect that when these two classifications coincide on

Turaev-Viro TQFTs Z(C) ≃ B, the corresponding Lagrangian algebra object should

generalise the full centre construction seen in subsection 3.3.3 to 2 + 1 dimensions

Lλ ≃ Z(Aλ) , (5.1.5)
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and that these fusion 2-categories coincide, generalising equation (3.4.9):

ModDWG,α
(Z(Aλ)) ≃ BimodCT (Aλ) . (5.1.6)

5.1.1 Defects From Extensions

To be a little more concrete, we can try to build off of the results of section 4.2. There

we studied the defects of gauge theories produced by coupling to strictly invertible

TQFTs corresponding in our new notation to B ≃ Vec. In this setting we can write

the fusion 2-category C(G,α|H,ψ) for a normal subgroup H ⊴ G as an extension

2Rep(H) → C(G,α|H,ψ) → 2Vecα|K
K , (5.1.7)

where K ≃ G/H ≃ H\G/H. Here it is useful to once again note the equivalence

that identified 2-representations as condensations:

2Rep(H) ≃ Mod(Rep(H)) ≃ Mod(VecH) , (5.1.8)

where in the last equivalence we have utilised that Rep(H) is theH-equivariantisation

(defined in the same way as subsection 4.3.3) of Vec, thought of in particular as a

H-crossed braided fusion category with trivial grading and H-action.

Maintaining our assumption that H ⊴ G, but now allowing more general non-

degenerate braided fusion categories B, we still expect the fusion 2-category of

defects to describe an extension

Xλ → C(G,α|λ) → 2Vecα|K
K , (5.1.9)

for some appropriate fusion 2-category Xλ. Given a H-crossed braided extension Bλ

of B, we might then expect that this mystery fusion 2-category is built in a similar

fashion to equation (5.1.8), by module categories over the H-equivariantisation

Xλ ≃ Mod(BH
λ ) . (5.1.10)

In this way, the restriction to invertible TQFTs reproduces the extension (5.1.6).
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5.2 Symmetries from Gauging in 3 + 1

Dimensions

Another clear direction for future research is to try and use the notion of 3-representations

detailed in subsections 4.3.3 and 4.3.4 to describe defects in 3 + 1 dimensions.

Gauging G With Trivial Anomaly

Starting from a (3 + 1) dimensional theory T with a non-anomalous finite G sym-

metry, one perspective we can take is analogous to those described in sections 3.2

and 4.2, that the theory resulting from gauging all G will contain, at the very least,

topological Wilson lines labelled by representations of G. We can then construct

higher dimensional defects as condensations:

1. A trivial surface defect supports a localised Rep(G) symmetry generated by

the Wilson lines. Un-gauging this produces a surface supporting a localised

non-anomalous 0-form G symmetry. We can then produce more general sur-

face defect by the various (1 + 1)-dimensional gaugings of G, labelled by

2-representations of G.

2. We see then that a trivial volume defect supports a localised 2Rep(G) sym-

metry. Un-gauging on this produces a volume defect supporting a localised

non-anomalous 0-form G symmetry. Similarly to before, we can produce more

general surface defects by the various (2+1)-dimensional gaugings ofG, labelled

by 3-representations of G.

We see then, that the pure finite G gauge theory in 3+1 dimensions has a symmetry

described by 3Rep(G). As we have already seen though, we should be careful to

specify which version of 3-representations we really mean.

To understand which notion is appropriate, we can consider folding the gauged theory

T /G around a volume defect, producing a finite G×G gauge theory (T ×T ∨)/(G×G)
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with a topological boundary, where we have used T ∨ to denote the orientation-

reversal of T . The topological sector of this particular gauge theory shares a canonical

topological interface with the (3 + 1)-dimensional (G, 1) Dijkgraaf-Witten theory

DW(G,1) ≃ Z(2VecG) , (5.2.1)

obtained by gauging the diagonal subgroup of a global G × G symmetry. As a

result we can formulate a sandwich-like construction for the gapped boundaries of

(T × T ∨)/(G×G) as illustrated in figure 5.1.

BλDW(G,1)
(T ×T ∨)
(G×G)

Figure 5.1

In this way, the topological boundaries of (T × T ∨)/(G×G), and hence the topolo-

gical volume defects of T /G are reconstructed from the boundary conditions of the

Dijkgraaf-Witten theory, which are labelled by 3-representations of G in the sense

of subsection 4.3.3.

We might want to be careful with language however, for example, we might only want

to say that those (2 + 1)-dimensional defects produced by coupling to an invertible

TQFT labelled by a subgroup H ⊆ G and discrete torsion ψ ∈ Z3
grp(H,U(1)) can

really be thought of as condensations.

In contrast, those (2+1)-dimensional defects produced by coupling to a more general

Turaev-Viro TQFT, although they can end due to the fact that the underlying TQFT

admits a gapped boundary, the TQFT itself carries extra data, making these defects

slightly less-trivial and slightly more exotic than an ordinary condensation.

Even more generally, those (2 + 1)-dimensional defects produced by coupling to a

general (Reshetikhin-Turaev) TQFT might not admit any gapped boundary at all,
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in this sense they are even less trivial and it certainly makes less sense to talk about

them as condensation defects.

Gauging a Subgroup of (G,α)

More generally, a (3 + 1)-dimensional theory T with a finite G symmetry can have

a ’t Hooft anomaly determined up to equivalence by a group cohomology class

[α] ∈ H5
grp(G,U(1)) . (5.2.2)

Then we might want to know the fusion 2-category of defects produced after gauging

a non-anomalous subgroup H ⊆ G with a discrete torsion corresponding to a choice

of trivialisation

δψ = α|−1
H . (5.2.3)

This gauging is implemented by picking a (3-)algebra object Aψ internal to

CT ≃ 3VecαG , (5.2.4)

the fusion 3-category of G-graded 3-vector spaces twisted by α, where 3-vector spaces

are defined in the same way as they were in subsection 4.3.2. Without discussing too

much the details of these algebra objects, we expect that in analogy to sections 3.2

and 4.2, that the fusion 3-category of defects produced by this gauging has the

structure of (3-)bimodule objects over Aψ.

A conservative guess at the outcome of this calculation following what we have seen

in lower dimensions, is that the defects populating T /ψH should be labelled by:

• A double coset [g] ∈ H\G/H with representative g ∈ G.

• A cg-projective 3-representation of Hg ≃ H ∪ gHg−1, where the projective

4-cocycle cg should be determined entirely from (g, α, ψ), in analogy to equa-

tion (4.2.79).
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We expect that we can also see this labelling from the perspective of the sandwich

construction in the previous section. Gauging the subgroup H produces, in the

first instance, defects labelled by double cosets [g] ∈ H\G/H. Folding the theory

around one such defect produces the theory (T × T ∨)/(ψ,−ψ)(H ×H) with a gapped

boundary corresponding to g ∈ G.

That boundary breaks the gauge symmetry to Hg × Hg, and carries a localised ’t

Hooft anomaly that we shall denote cg ∈ Z4
grp(Hg, U(1)), the appearance of which is

analogous to the inflow mechanisms mentioned in subsections 3.2.2 and 4.2.2. We

hence expect to be able to attach it to the boundary of a (3+1)-dimensional (Hg, cg)

Dijkgraaf-Witten theory as illustrated in figure 5.2.

[g] BλDW(Hg ,cg)
(T ×T ∨)(ψ,−ψ)

(H×H)

Figure 5.2

Picking the canonical Dirichlet boundary reproduces the [g] defect, whereas picking

different gapped boundaries thence reproduces the labelling of volume defects in

T /ψH by double cosets and projective 3-representations.

5.2.1 Generalised Gauging in 3 + 1 Dimensions

In the last section we mentioned some constructions of defects in (3+1)-dimensional

theories where we gauged after coupling to an invertible TQFT. Another route for

future research however would be to consider more general gaugings stemming from

more general choices of (3 + 1)-dimensional TQFT.

As we have noted multiple times in this thesis however, in the setting of ori-

ented TQFTs, we expect all of these to be equivalent to a Dijkgraaf-Witten the-
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ory for some finite group Γ and topological action determined by a 4-cocycle

γ ∈ Z4
grp(Γ, U(1)) [104, 105].

For our purposes this somewhat simplifies the construction of generalised gauge

theories. Starting from a (3+1)-dimensional theory T with a finite (G,α) symmetry,

we expect the generalised gaugings to be labelled in analogy to section 4.3, by:

• A (conjugacy class) of subgroup H ⊆ G.

• A (3 + 1)-dimensional (Γ, γ) Dijkgraaf-Witten Theory DW(Γ,γ).

• Some additional data that captures how we couple DW(Γ,γ) to the H-symmetry.

We then expect that in analogy to the O4 obstruction appearing in section 4.3,

that this choice of coupling should in general produce a ’t Hooft anomaly for the

H-symmetry corresponding to some obstruction class O5 ∈ Z5
grp(H,U(1)) that we

require to cancel the restriction α|H .

We expect that a reasonable suggestion for this data should include:

• An action ρ : H → Aut(Z(2VecγΓ)).

• Symmetry fractionalisation classes

φ2 ∈ C2
grp,ρ(H,Z(Γ)) φ3 ∈ C3

grp,ρ(H, Ẑ(Γ)) , (5.2.5)

where the centre Z(Γ) plays the role of invertible surface defects in Z(2VecγΓ),

and its Pontryagin dual Ẑ(Γ) plays the role of invertible line defects. We

expect these might come with their own subsequent obstructions O3(Γ, γ; ρ)

and O4(Γ, γ; ρ, φ2), for which they solve the conditions

δφ2 = O3 δφ3 = O4 . (5.2.6)

• A discrete torsion

ψ ∈ Z4
grp(H,U(1)) , (5.2.7)
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which we expect to trivialise a twisted obstruction O5(Γ, γ; ρ, φ2, φ3) via

δψ = α|−1
H O5 . (5.2.8)

Since all of the TQFTs we are considering admit a gapped boundary, we expect the

algebra, module and symmetry TFT pictures we have presented to coincide in (3+1)

dimensions. Further to this we expect that in analogy to subsections 2.3.1, 3.3.1

and 4.3.1, one can reconstruct the data from above for the simpler case of α = 0

and H ≃ G by considering G-extensions of fusion 2-categories, or equivalently G-

crossed braided extensions of braided fusion 2-categories, and their classifications as

a categorification of that seen in [98, 130].

For more general choices of subgroup and anomaly, we expect the generalisation to

look similar to that we have studied in this work, in analogy to section 4.3.
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