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Abstract: In this thesis we will construct novel non-invertible symmetries by
gauging finite invertible symmetries, discuss the various formalisms for performing
this construction using one and two dimensions as motivating examples, and invest-
igate what the most general notion of gauging is in three dimensions. While unitary
fusion categorical symmetries are now well under control for describing symmetries
of oriented unitary quantum field theories in two dimensions, the same cannot be
said for unitary fusion 2-categorical symmetries in three dimensions. It is our hope
that by conjecturing that all such underlying fusion 2-categories are group-theoretic,
that we can systematically construct all examples and describe how they should lift

to unitary fusion 2-categories.
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Chapter 1

Introduction

The role of symmetries in physics is deeply woven into our understanding of the
field; appearing in all fields ranging from classical mechanics and general relativity,
to particle and condensed matter physics, often providing deep insight into those
theories. From a classical perspective they are responsible for conservation laws via
Noether’s theorem, and the Poincaré symmetry group forms the basis of our under-
standing of space-time. In the context of quantum field theory these insights include
spontaneous symmetry breaking, the Goldstone theorem and the Higgs mechanism,
famously leading to the recent discovery of the Higgs boson, but also responsible
for our understanding of Pion physics and various quasiparticles appearing in con-
densed matter systems. Global symmetries in quantum field theories can also carry
additional data in the form of anomalies; 't Hooft anomalies in particular are in-
variants of the renormalisation group flow and as such are matched in the UV and
IR limits of a theory; such calculations form a subset of the small number of truly

non-perturbative calculations one can perform in a renormalisable QFT.

Indeed the since the inception of generalised symmetries in [3], there has been cause
for much excitement as we have observed a precipitation of novel forms of symmetry,
including higher-form and non-invertible symmetries, providing powerful new tools
and insights as well as generalisations to those we mentioned that already exist

generating new and exciting results [4-17]. From a mathematical viewpoint, these
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symmetries herald the beginning of a new era, one in which the tools and techniques
of category theory have become not only necessary, but commonplace, to those

intending to study the structure of symmetries in QFT.

One way to construct novel examples of generalised symmetries in two dimensions
is to gauge a finite invertible symmetry [18-21]. More recent work, including that
which we exposit in this thesis, has shown that these constructions admit categorical
lifts to three dimensions [1, 2, 22, 23]. The aim of this thesis is to collect and review
these constructions in various low dimensions and further demonstrate a remarkable
fact that in three dimensions, a very large class of generalised symmetries (in truth

almost all of them) can be constructed through a generalisation of gauge theory.

The role of topological defects, and more generally topological quantum field theories,
cannot be understated in the study of symmetries. It is possible to derive the
category-theoretic structure needed to describe symmetries by simply considering
the calculus of topological defects; their fusion, addition, and the possible topological
manipulations thereof. In this way we say that, in two dimensions for example, that
the topological extended operators that describe symmetries form a graphical calculus
for unitary (multi-)fusion categories [24, 25]. Another exciting view point is that
the symmetry of a d-dimensional QFT can be captured entirely by the data of
(d + 1)-dimensional TQFT called the symmetry TFT [26]. Understanding these
TQFTs and their boundaries has lead to many new invaluable tools for studying

symmetries [27-34], including some that appear frequently in this work.

In this first chapter we shall introduce some basic concepts concerning generalised
symmetries using quantum mechanics first as a baseline example. Then we will
move on to symmetries in two-dimensional QFTs, introducing some core concepts
from category theory and setting them in the context of non-invertible symmetries,
followed by a canonical example of non-invertible symmetry that appears in the
two-dimensional critical Ising model. Finally we will conclude this introduction by
reviewing some basic features of topological quantum field theories in low dimensions,

which will appear frequently in the work to come.



In the latter chapters 2, 3, and 4 we will study the formalisms used to describe
the gauging of finite invertible symmetries to produce group-theoretic symmetries
in one, two and three dimensions, respectively. These chapters all share a similar
structure, starting first with a discussion of the general categorical structure of
symmetries including invertible symmetries, then moving to the construction of non-
invertible symmetries through gauging invertible ones following [1, 2|, concluding

with a discussion of various formalisms that seek to generalise that process.
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1.1 Symmetry in Quantum Mechanics

To introduce some of the core ideas of generalised symmetries, we shall start with the
simple example of a one-dimensional QFT, or quantum mechanics. Such quantum
mechanical systems are characterised by a Hilbert space H, together with a Hermitian

linear map H : H — H called the Hamiltonian.

We define a Hilbert space in the usual fashion as a complex vector space H, equipped

with an inner product (-,-) : H x H — C satisfying

Conjugate symmetry:
(z,y) = (y,2)" (1.1.1)

for all z,y € H.

o Linearity in the second argument:
(z,y+Az) = (z,y) + Mz, 2) (1.1.2)
for all z,y,2 € H and A € C.

o positive definiteness:

(x,x) >0 (1.1.3)

for all x € H, with equality holding if and only if z = 0.

o Completeness:

lim | P =0 = 3S=> 5, €H (1.1.4)

m,n—o0 ' .
= =0

where |z|? = (z, ), for every converging infinite set {z; € H},.

Given two Hilbert spaces H,H', we define homomorphisms f € Hom(H,H') as

bounded linear maps !

fH—H. (1.1.5)

!That is, linear maps with finite norm. In the literature sometimes the stronger condition of
short is taken, where the norm is at most one.
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Given a single Hilbert space H, the set of automorphisms Aut(#) has the structure
of a group, while the full space of endomorphisms End(#), together with transpose

complex conjugation on linear maps, has the structure of a C*-algebra.

We define a C*-algebra as a complex associative (Banach) algebra A, equipped with

anorm || - || : A — C and anti-linear involution * : A — A such that
]| = [l ] l* ]| = =%, (1.1.6)

for all x € A. For our purposes however, and for intuition, we can adopt a simpler
definition: the Gelfand-Naimark theorem states that every C*-algebra can be ex-
pressed as the algebra of bounded linear endomorphisms of some appropriate choice

of Hilbert space.

The Hamiltonian H generates a one-parameter family of automorphisms called time-

translation operators

U(t) = exp(—iHt) : H — H, (1.1.7)

for finite times ¢ € R. Hermicity of the Hamiltonian H = H* implies that these

automorphisms are bounded and unitarity:

Uty ' =U(-t)=Ut)". (1.1.8)

Given a quantum mechanical theory with Hilbert space H, we identify normalised
vectors x,y € H with physical states, and their inner products (x, y) with amplitudes.

We define the cross-section to be

Plx —y) = (1.1.9)

Physically this captures the probability for a system starting in state x € H to be
measured in state y € H. These cross-sections are (by design) independent of the
choice of normalisation, meaning that the physical content of the quantum mechanics

is actually captured by the projective Hilbert space

HP = H/C*, (1.1.10)
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and that we should identify those linear operators related by rescaling the normalisa-
tion. One definition for a symmetry in quantum mechanics then, is an automorphism

S € Aut(H) of the Hilbert space (up to rescaling) that preserves the cross-sections:
P(Sz — Sy) =Pz —y), (1.1.11)

and commutes with the Hamiltonian. However, this restriction to invertible symmet-
ries is too strict. By extending linearly from automorphisms to all endomorphisms
we can discuss more general symmetries, whose mathematical description comes in
the form of C*-algebras. We should say that in this context, this is not really a "new"
idea; algebraic structures appear frequently going all the way back to the Dirac-von
Neumann axiomatisation of quantum mechanics. Viewed in the larger context of
quantum field theory however, the notion of non-invertible symmetries in general

dimension (most notably dimensions greater than two) is certainly more recent.

1.1.1 Non-invertible Symmetry in Quantum Mechanics

We can pinpoint the source of non-invertible symmetries in quantum mechanics as
being due to the projectivity of the Hilbert space. Were it not the case that physical
states are independent of normalisation, we might have alternatively defined cross-
sections by the square modulus of the inner product. In that case, a symmetry
S is non-invertible if there is a non-zero vector z # 0 in its kernel Sz = 0. Our

assumption that S is a symmetry then implies
(x,x) = (Sz,8z) =0,, (1.1.12)

violating the positive-definiteness assumption (z,z) > 0 for = # 0. This shows that

without projectivity, there can be no non-invertible symmetry.

To better understand the origin of non-invertible symmetries in quantum mechanics,
we will now adopt a more general definition of symmetry that better uses the

projectivity of the cross-section. We consider the case of oriented quantum mechanics,
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that is, a quantum mechanics whose states are all bosonic and whose partition
function is defined on a oriented 1-manifold. We define a global symmetry as an
endomorphism ? (up to rescaling) of the Hilbert space S € End(#H ), such that there
exists a (non-zero complex) one-parameter family of automorphisms S, € Aut(H)

for T € C* satisfying:

1. Invariance under time-translations:
[H,S8;] =0, (1.1.13)
for all 7 € C*.
2. Preservation of the cross-section:
P(S;x = Sry) = P(x — y), (1.1.14)
for all x,y € H and 7 € C*.
3. The limit 7 — 0 is well defined:

lim S, = S. (1.1.15)

This circumvents the need for a symmetry S to be invertible by recognising that an
endomorphism of H that preserves the cross-section in some appropriately defined
limit is still a symmetry. In this way we have extended linearly from the subgroup of
automorphisms Aut(H)/[H, —], to the subalgebra End(#)/[H, —] of endomorphisms,

that commute with the Hamiltonian. This subalgebra forms a C*-algebras.

In this thesis, we are largely concerned with finite symmetries. In the setting
of quantum mechanics, finite symmetries are described by finite-dimensional C*-
algebras. In a quantum mechanics with finitely many physical states, and hence
a finite-dimensional Hilbert space, this is automatic. In general we do not expect

such a simplification however, instead we only ask that there are finitely many

In the unoriented case, we should include also anti-linear maps.
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isomorphism classes of physical states identified by the passage of time, this implies
that the subalgebra of endomorphisms that commutes with the Hamiltonian is finite-

dimensional.

By definition, any unitary operator S*S = 1 satisfies
(Sx,8y) = (z,y), (1.1.16)

for every z,y € H, and if that operator commutes with the Hamiltonian it will
automatically describe a symmetry. Going the other way, there is a famous result of
Wigner that states any invertible symmetry is equivalent via a rescaling to a unitary

symmetry 3.

More generally we can apply this result to block unitary (or semi-unitary) operators
that satisfy

S*S = lims) » (1.1.17)

where 1py(s) is understood to be a projector onto the image of S in H. We can build

a l-parameter family of unitary operators S, = & + Tlker(s) such that
S:ST = 1Im(8) + (T*T)llm(g) (1118)

defines a non-zero rescaling of the subspace Ker(S) for 7 € C*: these are equivalent
to the identity up to rescaling and automatically preserve the cross-section. Then,
if S commutes with the Hamiltonian, so too do all the §;, defining a symmetry for
each 7 € C*. In reverse, Wigner’s theorem holds for each symmetry S,, and so we

have generalised Wigner’s theorem to non-invertible symmetries:

every symmetry of a quantum mechanical system is equivalent to a block unitary

endomorphism up to rescaling.

All this discussion of non-invertible symmetries is not to say that invertible, group-

like, symmetries are uninteresting. To define a finite group G symmetry we first give

3For an unoriented quantum mechanics, we also have a similar result for anti-linear anti-unitary
symmetries.
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an assignment

p:G—>UH), (1.1.19)

where U(H) C Aut(H) is the subgroup of unitary automorphisms, such that [p(g), H] =
0 for all g € G. We further ask that this map defines a group homomorphism after
passing to the projective Hilbert space HP ~ H/C*. This is one way to define a

unitary projective representation of G on H satisfying

ple)=1  plg)" =alg,g ) 'plg™")  plg)p(h) =alg, h)p(gh)  (1.1.20)

for some (normalised) projective 2-cocycle o € G,U(1)) such that

grp(

al(h, k)a(g, hk)
a(gh, k)a(g, h)

da(g, h, k) = =1. (1.1.21)

Equivalence classes of homomorphisms identify different choices of a up to a 2-
coboundary, suggesting that the different ways of implementing a finite G symmetry

in quantum mechanics are labelled by classes in the group cohomology

[a] € H2 (G,U(1)). (1.1.22)

grp

This class is invariant under renormalisation group flow and represents a 't Hooft
anomaly. Shifting the representative o corresponds to the addition of local counter-

terms [35].

1.1.2 Another Perspective: Topological Operators

We now turn to an alternative perspective that we will adopt when we move to
higher dimensions. Viewed as a local operator inserted on a (0 + 1)-dimensional
QFT, a global symmetry S corresponds to a topological local operator. By topological
we mean that due to [H,S] = 0, in the absence of other local operators, we can
freely translate S across the underlying 1-manifold. When we do meet another local

operator, O say, the symmetry & will act upon it by time-ordered conjugation

S0 =80S*, (1.1.23)
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by inserting the projection idiys) onto a subspace and following equation (1.1.17),
as illustrated in figure 1.1. The insertion of this projector should be viewed as
restricting ourselves onto one of the twisted sectors of the theory 4, in the case where

S is invertible it reduces to the identity.

SOS*
S idlm(g) S

e O

Figure 1.1

The association of symmetries with topological operators in QFT is not an uncom-
mon idea, the most obvious example comes courtesy of Noether’s theorem, which
relates (continuous) global symmetries to conserved currents that generate exten-
ded topological operators. In the study of generalised symmetries we assert that
this correspondence is fundamental in nature and that we should adopt as a new

definition:

global symmetries in QFT are topological operators.

This is a very powerful organising principle it turns out; the consistency conditions
we place on the mathematical structure that describes topological operators do not
restrict us to groups. In one dimension we find C*-algebraic symmetries as we
have already described, and in higher dimensions we will find higher categorical

symmetries.

To further illustrate this correspondence for quantum mechanics, let us now return
to the example of a group G symmetry with 't Hooft anomaly «a € Zgrp(G, U(1)).

For each group element g € G, there is an associated topological local operator

4This interpretation becomes clearer when compared to the higher-dimensional analogue in
subsection 1.2.2.
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that we will label the same way. We can also take C-linear combinations of these

operators, so the full spectrum of local symmetries is the vector space CG.

Since the local operators g,h € G are topological, their product admits a natural
and well-defined (topological) regularisation at short distances. This in turn defines

a well-defined bilinear product

®:(g,h) = g@h=a(g,h) gh, (1.1.24)
depicted in figure 1.2.
XX = e = e
g a(g, h) gh 9 alg.g) g™
Figure 1.2 Figure 1.3

Including this product gives us the structure of a twisted group algebra “CG. In
addition to this structure, the topological operators also carry an orientation. The
action of flipping this orientation, as illustrated in figure 1.3 ®, defines an anti-linear

involution
x:g— g =alg,g ) gt (1.1.25)

This involution further endows “CG with the structure of a C*-algebra. The action
of this symmetry on local operators in the quantum mechanics is defined as before in
equation (1.1.23) and defines a unitary projective representation of G with projective

2-cocycle a.

One notion of equivalence for quantum mechanics stems from the question of whether
or not two quantum mechanical theories share a gapped interface ¢ in the form
of a topological local operator that sits between them. The set of topological

operators that sit at the interface do not generically define a symmetry in either

5In discussing orientation it becomes necessary to set a convention: in all figures in this work,
unless otherwise indicated, time is assumed to proceed either from left to right, or from bottom to
top, and the orientation of a defect is assumed to be in that direction.

6The adjectives "gapped" and "topological" are synonymous in this context, and will be used
interchangeably throughout this work.
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of the two theories, but instead forms a (A,.A’)-bimodule of the two associated
C*-algebras A and A’. Transpose complex conjugation further defines an adjoint
(A’; A)-bimodule and these taken together define a Morita equivalence between C*-
algebras. This means if we are interested in quantum mechanical systems only up
to gapped interface, then the correct mathematical object to study in relation to

symmetry is a Morita equivalence class of C*-algebras.

Before continuing, we should mention that in the same spirit, the situation for
describing finite symmetries in 0 + 1 dimensions is very degenerate. Every finite-

dimensional C*-algebra A is semi-simple and admits a decomposition
A=M, (C)d---d M, (C), (1.1.26)

where each simple summand M, (C) is a matriz algebra describing the r?—dimensional
algebra of complex linear matrices action on C"7, with canonical C*-structure given
by the operator norm and transpose complex conjugation. This is demonstrated in
any of our finite group A = “CG examples, where the coeflicients r; are determined
by the dimensions of the irreducible a~!-projective representations of G. These
matrix algebras are all Morita equivalent to one-another, and this equivalence class

contains in particular the trivial algebra M;(C) ~ C.

From a physical perspective this demonstrates an important principle: the exist-
ence of non-trivial topological local operators in a quantum mechanics, and more
generally in any quantum field theory, implies a decomposition of that theory into
super-selection sectors. There is one super-selection sector for each matrix algebra

component and in this way an "indecomposable' quantum mechanical system can

only have a trivial symmetry (up to Morita equivalence).
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1.2 Symmetry in Quantum Field Theory

The notion of describing symmetries in terms of topological defects naturally gen-
eralises to all dimensions. To exemplify this we now move to quantum field theory
in 1 4+ 1 dimensions, and rather than belabour an attempt at a rigorous definition
thereof, we will take the point of view that the data of a theory T includes at
least a space of operators O which may be extended or local, an operator product
expansion (OPE) that defines a notion of multiplication on O, and a correlation
function

(): 07 = C (1.2.1)

that respects the additive and multiplicative structures on Of. The structure of
symmetries is then captured by the topological sector O%f’p , where the most immediate
difference from quantum mechanics is that the symmetry action on local operators

is now implemented by topological lines wrapped around them.

Given a 1-submanifold v we one way to define a topological line operator S supported

on it by a (path-ordered) exponential

S(v) = exp (ng) : (1.2.2)

By considering smooth deformations to « it can be concluded from Stokes’ theorem

that this defect is topological if and only if the associated 1-form S is closed
dS =0. (1.2.3)

Not all defects arise in this way however, one example is the on-invertible Kramers-
Wannier defect appearing in the two-dimensional critical Ising model, which we will

return to momentarily in subsection 1.2.2.

One way to define the action of a line S() on a local operator O(x) is by fixing
a foliation of space-time and considering time ordered conjugation, in analogy to

subsection 1.1.2. It is equivalent however, and somewhat more natural, to define it
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as a wrapping
S0(z) = S(72)0(x) = exp (@?{ S) O(x), (1.2.4)
Ve
where , is chosen to be a closed curve that winds once clock-wise around O(x), as

illustrated in figure 1.4.

Figure 1.4

In addition to topological line operators, these theories can also have topological
local operators. As we remarked at the end of the last section, these are trivial in an
indecomposable theory with only one super-selection sector, but if we truly adopt
this perspective that topological operators are symmetries, we cannot altogether
exclude them. The result is that the mathematical structure needed to describe
symmetries in 1 + 1 dimensions is much richer than that of C*-algebras seen in the

setting of quantum mechanics:

symmetries in a (1 + 1)-dimensional QFT are described by category theory.

1.2.1 Category Theory for Symmetries

In this subsection we will review some definitions from category theory, providing
physical interpretations that cast them in the context of symmetries of a unitary
oriented QFT T with operators O and correlation function (-)7. We use unit-
ary/oriented here to reflect that we are considering a unitary theory whose local
excitations are all bosonic, and whose partition function can be defined on an oriented

2-manifold.

For more contemporary constructions concerning (higher) dagger categories and
unitarity one can turn to [24, 25], and for the role of category theory in describing

symmetries and TQFTs see [36-38].
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A category C is a collection of objects X € C and morphisms 7 f € Homc(X,Y) for

every pair of objects X,Y € C, together with a composition
o: Homc(Y,Z) x Hom¢(X,Y) — Home (X, Z2) (1.2.5)

such that:

e The composition is associative:

(fog)oh=fo(goh), (1.2.6)

for all morphisms f € Hom¢(Z, W), g € Home(Y, Z), h € Hom¢(X,Y), and
objects X,Y, Z,W € C.

e The composition has a unique identity:
idyof: fOidX :f, (127)

for all morphisms f € Hom¢(X,Y) and objects X,Y € C.

Given a category C and objects X,Y € C, a morphism f: X — Y is:

o A monomorphism f: X < Y, or mono, if
fog=foh = g=h (1.2.8)

for all morphisms g, h € Homc(Z, X) and objects Z € C. This can be thought

of as a more general notion of injective.
e An epimorphism f: X — Y or epic, if
gof=hof = g=h (1.2.9)

for all morphisms g, h € Homc(Y, Z) and objects Z € C. This can be thought

of as a more general notion of surjective.

"Often we will also write f: X — Y.
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e An isomorphism f : X ~ Y, or invertible, if there exists f~! : Y — X such

that

fho f =idx foft=idy. (1.2.10)

This implies f, f~! are both mono and epic, but not vice-versa.
e An endomorphism it X =Y.

e An automorphism if it is both invertible and an endomorphism.

We define a functor F : C — D between categories C and D as an assignment

F: X — FX, together with maps

F :Home(X,Y) — Homp(FX, FY)

(1.2.11)
f— Ff
such that the composition agrees:
F(focg)=(Ff)op (Fg) (1.2.12)

for all morphisms f € Hom¢ (Y, Z), g € Homc(X,Y) and objects X,Y, Z € C.

We define a natural transformation n : F — G between functors F,G : C — D as a

collection of morphisms

nx : FX — GX, (1.2.13)
satisfying
nvoFf=Gfonx (1.2.14)
for all morphisms f : X — Y and objects X,Y € C.
In this way, we define a category Fun(C, D) of functors from C to D, with morphisms

given by natural transformations and composition inherited from the composition

of morphisms in D.

For any category C, we may always define an identity functor idc : C — C that

assigns each object and morphism to itself. Further to this, functors also admit their
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own notion of composition
ocat : Fun(D, F) x Fun(C,D) — Fun(C,F), (1.2.15)

where we have included the subscript Cat both to avoid confusion with the regular
notion of composition on categories, and to emphasise that functors (up to natural
isomorphism) form morphisms in the category of categories .

In 1 4+ 1 dimensions, the subset O%‘—’p of topological lines and local operators has the

structure of a category that we denote Cy. The topological lines form the objects
of this category and topological local operators sitting at the junction between two
lines describe the morphisms. This picture of topological defects is illustrated further

in figure 1.5.

XeC YeC
f € Homc(X,Y)

Figure 1.5

This alone is not enough structure to describe the symmetry of a quantum field

theory however. Schematically, the correlation function is C-linear

for all operators &1, S, and complex numbers a,b € C, and can support multiple

insertions of defects that generate an operator product expansion

(S1(11)82(12)) = Za{2<5j(’72)> . (1.2.17)

The correlation function hence describes extra additive and multiplicative structure
that the ordinary categorical structure does not account for, nor does it capture

the orientation of topological defects or manipulations thereof. We now move on to

8This notion is improved by higher category theory, where Cat is properly understood as a
2-category with categories for objects, functors for 1-morphisms and natural transformations for
2-morphisms.
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describing extra structure on the symmetry category Cr, starting with the additive

structure.

A (C-)linear category is defined as a category C such that:

o The set Homc(X,Y) is a finite dimensional complex vector space for all objects

X, Y e C.

o The composition defines a linear map between vector spaces
o: Homc(Y,Z) ® Homc(X,Y) — Homc (X, Z), (1.2.18)
for all objects X,Y, Z € C.

A prototypical example is Vec the category of finite-dimensional complex vector
spaces, it is common to also see a linear category called a category enriched over

Vec.

Given a linear category C, we define a summand of an object X € C as an object
Y € C equipped with an inclusion monomorphism ¢ : Y — X, and a projection

epimorphism 7 : X — Y, satisfying
moL="1idy . (1.2.19)

We define an empty/zero object as an object () such that (0,0,0) is a summand for

every other object in C.
We further define the direct sum of two objects X,Y € C' as an object X @Y € C
(unique up to isomorphism) such that (X, tx,7x) and (Y, ty,my) are summands
satisfying

Ty oty =mx oty =0 (1.2.20)
and

ly Oy +Lx OTx :idX@y. (1221)

We define an object X to be simple if every non-zero monomorphism ¢ : Y — X

defines an isomorphism ¢ : Y ~ X. This implies summands of a simple object are
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isomorphic to that object. By definition then, simple objects cannot be written as a

direct sum of non-zero objects. We define a linear category to be semi-simple if:

e The direct sum is closed:

XaYecC (1.2.22)

for all objects X,Y € C.
o Every object is isomorphic to the direct sum of finitely many simple objects.

o There is a (unique) zero object () that is an additive identity:
P X~Xph~X (1.2.23)

for all objects X € C.

We define a category to be finite semi-simple if it is semi-simple and contains finitely

many simple objects (up to isomorphism).

Returning briefly to the context of (1+1)-dimensional QFT T, the symmetry category
Cr should be considered linear, where for objects X, Y € Cr and X &Y € Cr we
identify

(XaoY)yr=(X)r+)r. (1.2.24)

While it is perhaps natural to assume this direct sum is closed, and that we have
a zero object ()7 = 0, semi-simplicity is somewhat less natural. Indeed there are
examples of symmetries in 1 4+ 1 dimensions that do not exhibit semi-simplicity,
a canonical example are those with twisted supersymmetry like the A/B-models
appearing in topological string theories, and Landau-Ginzburg deformations thereof,
where the non-trivial topological local operators form a chiral ring [39]. That said,
those theories are not unitary, and the notion of unitarity we will adopt for categories

in a moment actually enforces semi-simplicity [24].

There is a version of Schur’s lemma for simple objects. Consider a morphism f :

X — Y between simple objects X,Y € C, then let (Kery,tf,7¢) be a summand of
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X such that
for=0. (1.2.25)

If this summand is non-zero, then by assumption ¢y : X ~ Kery is an isomorphism,
and f = 0. If such a non-zero summand does not exist, then f : X ~ Y must be
mono and hence an isomorphism. A similar argument for f' = f — XMidy : X — Y
for A € C demonstrates that the space of isomorphisms is one-dimensional, ergo:

C, X~Y.
Hom¢(X,Y) = (1.2.26)

0, otherwise.

This demonstrates an important point about decomposition: if the trivial line op-
erator in Cy is simple, there are no non-trivial local operators and the QFT will
not decompose into super-selection sectors. We now move onto the multiplicative

structure.

We define a monoidal category as a category C equipped with a functor
®:CxC—C (1.2.27)

and unit object 1 € C, together with left/right unitor and associator natural iso-

morphisms
l:(l@idc)—)idc T:(idc@l)—)idc
(1.2.28)
a: (idc ® idc) ® idc — idc ® (idc ® idc) ,
satisfying a triangle identity
(ZX & Zdy) oax1y = ZdX STy s (1229)
and a pentagon identity
(idX ® OLY,Z,W) Caxywzw ° (CLX,Y,Z 0%y idW) = 0Xx)Y,ZW © AXQY,ZW , (1'230)

for all objects X,Y,Z, W € C. These conditions are illustrated schematically in

figures 1.6 and 1.7.

By convention we will choose to suppress the left and right unitor data, by choosing
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ax1,y

(X1)Y X (1Y)
XY )
Figure 1.6
(XY)Z)W 228 (XY)(ZW)
(X(YZ))W ax,y,zw
o X(YZ2)W) Z2% X(Y(ZW))
Figure 1.7

them to be [x = idx = rx up to a choice of natural isomorphism on ®. We will
define a monoidal functor as a functor F : C — D between monoidal categories

(C,®c,a) and (D, ®p, aP) together with a natural isomorphism
that is compatible with the associativity in such a way that:

Lx,yez oo (idrx ®p fty,z) op ag{,Y,Z
(1.2.32)

D .
=0xyz° lXeY,Z OD (,ux,y ®p idryz) .

In the context of our symmetry category Cr, this monoidal structure captures the
operator product expansion of two topological lines as illustrated in figure 1.8. This
product is well-defined in the sense that it is naturally (topologically) regularised.
The trivial line defect automatically defines a unit object and the associator data is

captured by the phases axy z appearing in figure 1.9.

Thinking of the symmetry category C; as a finite semi-simple monoidal category
begins to capture the structure of addition and multiplication for topological lines.

Next we will discuss how to incorporate the orientation of topological defects.

Given a monoidal category (C, ®,a), we define the left dual of an object X € C as
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Xov X®Y®2) (X®Y)eZ

Figure 1.8 Figure 1.9

an object X* € C together with evaluation and coevaluation morphisms °
evh 1 X @ X — 1 coevh 11— X ® X*, (1.2.33)

such that they satisfy snake relations

(idx ® evly) o ax x-x o (coevly ®idx) = idx ,

(1.2.34)
(evhy @ idx) o axs x x- O (idx- ® coevly) = idy- .
This is entirely equivalent to defining X as a right dual of X*.
Notice this immediately sets up an isomorphism
(XQY) " ~Y*® X* (1.2.35)

for all objects X, Y € C admitting left duals.

An object X € C is called dualisable if it admits both left and right duals. That
monoidal category is further called rigid/autonomous if every object is dualisable.
We define a multi-fusion category to be a rigid finite semi-simple monoidal category,
and a fusion category to be a rigid finite semi-simple monoidal category whose unit

object is simple.

Thinking of 7 as a (indecomposable) framed quantum field theory in 141 dimensions,
that is, a theory defined on a framed 2-manifold (which are considered somewhat

unphysical), the minimal data needed to describe the symmetry category Cr is that

9These morphisms can be thought of as implementing a category-theoretic generalisation of
semi-unitarity as seen in equation (1.1.17).
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of a fusion category.

We define a pivotal category as a rigid monoidal category C where for each object
X* € C, the left and right duals X, X** € C are unique up to isomorphism and are
identified by

Sy X ~ X, (1.2.36)

such that the morphisms

evly = evh. o (Sx ®idx-): X @ X* — 1
(1.2.37)
coev’y = (idx+ ® Sx') o coevly. : 1 — X* @ X
identify X* as a right dual of X.

Given an object X € Cin a pivotal category, the left/right trace of an endomorphism
f € Endc(X) are defined as:

Tr'(f) : evl o (f ®idx-) o coevly : 1 — 1,
(1.2.38)
TY"(f) : ev'y o (idx+ ® f) o coev’y : 1 — 1.

We define a spherical category as a pivotal category where these traces coincide:

T (f) = TY"(f), (1.2.39)

for all endomorphisms f € Endc(X) and objects X € C.

In our QFT 7T, the inclusion of left and right duals corresponds to "bending" the

topological lines in Cr, as illustrated in figure 1.10.

X* X"
evy coevy

X X

Figure 1.10: directed left to right

The consistency conditions in equation (1.2.34) correspond physically to our ability

to straighten these bends as illustrated in figure 1.11.
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X X

coevy evy

evy coevy

Figure 1.11: directed left to right

With the existence of left/right duals we are asking that the symmetry category
Cr is rigid, making it a multi-fusion category. Further asking that the theory does
not decompose into super-selection sectors we have that the monoidal unit must be

simple and hence the structure of Cy is a fusion category.

We can take this further though: we expect the defects produced by bending a defect
either to the left or to the right to be identified, further inducing a pivotal fusion
structure on the symmetry category. The left and right traces correspond to oriented

loops with the insertion of an endomorphism as illustrated in figure 1.12.
f: X=X X*

T (f) =  coevh evly T (f) = coevly ev'ly

X+ FiX =X

Figure 1.12: directed left to right

It is not immediately clear from topological manipulations that these traces should
coincide until we consider placing the theory 7 on a 2-sphere. In that case stretching
the loop over the equator of the sphere identifies the two traces and restricts us to

spherical fusion categories.

Thinking of 7 as an (indecomposable) oriented quantum field theory 7 in 1 4 1
dimensions, the minimal data needed to describe the symmetry category Cr is that

of a spherical fusion category.
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If we want to describe the symmetry of a unitary oriented quantum field theory, we

need further structure still.

We define a dagger category as a category C equipped with an anti-linear involution

1 such that for each morphism f : X — Y, there exists a morphism
iy - X, (1.2.40)

satisfying
idy =idy  (fog)l=gloft fli=y (1.2.41)

for all morphisms f: X — Y, g: Z — X and objects X,Y, Z € C.

We define a dagger functor as a functor F : C — D between dagger categories C and

D, that preserves the dagger structure:
F(fH)y=(Fnt (1.2.42)

for all morphisms f : X — Y and objects X, Y € C.

We define a unitary fusion category C is a dagger fusion category such that:

o The dagger is compatible with the fusion:
(feg'=fled (1.2.43)
for all morphisms f: X — Y, g: W — Z and objects X, Y, Z, W € C.
o The daggered (co-)evaluation morphisms
(evh)t =: coev’y (coev’ )T =: ev’y (1.2.44)

satisfy the identities (1.2.34), identifying each X* as a right dual for all X € C,

making C a pivotal fusion category.

e The pivotal structure is spherical:

Tr' = Tr" = Tr, (1.2.45)
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and the trace

(f,9) =Tr(fToyg) (1.2.46)

defines a consistent inner product for all morphisms f, g € Hom¢(X,Y), indu-
cing the structure of a finite-dimensional Hilbert space for each pair of objects

X, YecCt,

In the context of our quantum field theory 7, each line defect can be thought of
equivalently as the insertion of a (topological) quantum mechanical theory on a
choice of 1-submanifold. In the last section we explained that the topological local
operators in a quantum mechanics are described by a finite-dimensional C*-algebra.
Considering the symmetry category C as a unitary fusion category makes this notion
precise; the endomorphisms Ende (X) of a given topological line X € Cr describe a
finite-dimensional C*-algebra with inner-product given by (1.2.46). The condition
that the f-operation defines consistent right duals is illustrated for line defects in

figure 1.13.

Figure 1.13: directed bottom to top

Another way to interpret the condition that the trace (1.2.46) defines a consistent
inner product, is from the perspective of reflection-positivity [40]. Restricting our
attention to a trivial defect loop 1 € Cy centred on and perpendicular to some
chosen line, then for some morphism f : 1 — 1, the corresponding inner product
with itself can then be identified as the correlation function for two (topological)

local operators f, fT whose locations are identified by reflection in the line. The

10Recent literature instead proposes a weaker constraint that the endomorphisms of a given
object should form a C*-algebra. In the finite semi-simple setting of finite-dimensional Hilbert
spaces we expect these definitions to coincide.
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statement of reflection positivity is then just the positive-definiteness condition

(f,[) =Te(fTof)>0. (1.2.47)

For a (indecomposable) unitary oriented quantum field theory in 1 + 1 dimensions,
the minimal data needed to describe the symmetry category is that of a unitary
fusion category. We will return to this construction more concretely for a group-like

symmetry in subsection 3.1.1.

1.2.2 Non-Invertible Symmetries in QFT : Critical Ising

Model

Just as we saw in quantum mechanics, identifying symmetries with topological
operators lends the opportunity for more vibrant structure than that of group theory.
In the rest of this thesis we will demonstrate the extent of this structure in a large
class of examples obtained by starting with a finite group symmetry and gauging.
In this section however, to illustrate the existence of non-invertible symmetries in
QFT we will consider a much simpler example that specifically does not arise in
this way: a conformal field theory (CFT) with central charge ¢ = %7 known as the

critical Ising model.

Historically, the (1 4 1)-dimensional Ising model arose as a lattice QFT used to de-
scribe the physics of a (14 1)-dimensional ferromagnet [41]. These systems undergo a
phase transition [42, 43] from ferromagnetic to paramagnetic as the temperature ap-
proaches the Curie temperature, and enjoy a Kramers-Wannier duality that identifies
highly-ordered states at temperatures below the Curie temperature, with low-ordered
states at temperatures above. The critical Ising model exists at the Curie temperat-
ure, where the physics become scale invariant, and describes a (1 4 1)-dimensional
conformal field theory. In this critical limit, the Kramers-Wannier duality takes
the critical Ising state to itself, describing a genuine symmetry of the underlying

CFT [30, 44-47].
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In our language of topological defects, we can imagine bifurcating a (141)-dimensional
space and inserting a low-ordered state on one half, and a dual highly-ordered state
on the other, identifying the observables on the interface with their Kramers-Wannier
duals. Since these two states are dual to one-another and describe the same physics,
the interface cannot be a measurable feature of the theory; it must be topological.
In the critical case the two halves are automatically identified, making the interface
a genuine topological defect of the theory that we call the Kramers-Wannier line

defect.

We can equivalently construct the symmetry category by studying the Verlinde
lines [48] corresponding to conformal primaries in the underlying CFT. This results
in three simple line defects: two defects 1 € Zy and g € Z, that describe a Zs
symmetry, and the non-invertible Kramers-Wannier line that we denote by A. We
then have fusion rules inherited from the operator product expansion (OPE) given

by:

gog~1,
gON ~ N, (1.2.48)
NN ~1dg.
Formally, this mathematical structure is that of a Z, Tambara-Yamagami fusion
category. The last of these fusion rules identifies the Kramers-Wannier line as being
non-invertible. This non-invertibility carries interesting implications for the action

on local operators; the resulting local operator is twisted in the sense it lives at the

end of the line corresponding to g € Z, as depicted in figure 1.14 [46].

N N

Figure 1.14
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In the language of conformal primaries, this describes the mapping of the spin
operator O = ¢ to its dual the disorder operator YO = pu in the twisted sector
for ¢ € Z,. In this sense the non-invertibility of A is necessary to capture the
non-trivial mapping Kramers-Wannier duality describes between states occupying
different twisted sectors. This behaviour is analogous to that we saw in quantum

mechanics in subsection 1.1.2.

We note that the construction of topological defects we described is general; for any
duality of a theory admitting a fixed point at which the theory becomes self-dual, the
topological interface construction at the fixed point will result in a genuine symmetry.
Furthermore if that duality non-trivially mixes twisted sectors of the theory, then

the resulting symmetry must be non-invertible.

We also note that from a different point of view, the topological interfaces away from
the critical point can be interpreted as domain walls, and that a small perturbation
to the temperature away from the Curie temperature can be analogously interpreted
as a (non-conformal) deformation to the action that spontaneously breaks the non-
invertible Kramers-Wannier symmetry. This deformation can be interpreted more
precisely as a Yukawa-type coupling to a scalar field, whose sign changes under the
Kramers-Wannier symmetry, and whose vacuum generates a non-zero fermionic mass

term that controls the temperature [49].

More generally we might expect the following generalisation:

dualities that have a self-dual point can be recast as the spontaneous breaking of a
symmetry living in the self-dual theory, and if that duality non-trivially mizes the

twisted sectors of a theory, then the corresponding symmetry must be non-invertible.

Recent work has focused on generalising these Tambara-Yamagami structures to
higher dimensions [50-52]. A particularly interesting application of this mathematical
structure appears in four dimensions, where Kramers-Wannier-like defects describe
the nature of non-invertible symmetries known as duality defects appearing in self-

dual gauge theories [5, 6].
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In chapter 4 we will argue one of the central points of this thesis: that in three-
dimensional (oriented) quantum field theories there are no symmetries of this sort.
More precisely, we conjecture that the symmetries of all such theories are group-
theoretic in the sense that they can be obtained by gauging a finite subgroup, and
that their structure is determined entirely from finite group and representation

theory [53].

1.2.3 Higher Dimensions and Higher Category Theory

A similar categorification story occurs in higher dimensions, with the key difference
that from 1 4+ 1 to 2 + 1 dimensions we are categorifying categories to obtain 2-
categories, and in general from d + 1 dimensions to d 4+ 2 dimensions we categorify
from a d-category to a (d + 1)-category. These subsequent categorifications are

known as higher categories.

To start, we define an 2-category (or bicategory) C analogously to a category:

o There are objects X € C (sometimes fashioned as 0-morphisms) that form the

top level of the 2-category.

e There are I-morphisms f : X — Y between objects X,Y € C that form the

second level of the 2-category.

o There are 2-morphisms 0 : f — g between 1-morphisms f,¢g € Hom¢(X,Y)

that form the final level of the 2-category.
o There is a composition of 1-morphisms
o: Homc(Y,Z) x Homc(X,Y) — Homc(z, Z) (1.2.49)
for each triple of objects X,Y, Z € C, together with:

— A (unique up to 2-isomorphism) identity 1-morphism idx € Endc(X) and
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unitor natural 2-isomorphisms
lyidyof=f re: foidx = f, (1.2.50)
for all 1-morphisms f : X — Y and objects X,Y € C.
— An associator natural 2-isomorphism
apgn: (fog)oh= fo(gog) (1.2.51)
for all 1-morphisms h : X — Y, g:Y — Z, f: Z — W and objects

X,Y,Z,W € C.

satisfying triangle and pentagon relations analogous to those illustrated in
figures 1.6 and 1.7.
e There is a vertical composition of 2-morphisms
o : Home¢(f,h) x Homc(g, k) — Home(f o g, ho k) (1.2.52)

for each quadruple of 1-morphisms f,g: X — Y and h,k: Y — Z and triple

of objects X,Y, Z € C, satisfying associativity:

(@ovy)ork="0o(yok) (1.2.53)
for all 2-morphisms 6 : f — h,v: 9 — k, K : m — n, l-morphisms f,h: 2 —
W,qg,k:Y —2Z mmn:X —Y, and objects X,Y,Z W € C.

e There is a horizontal composition of 2-morphisms
- : Homc(g, h) x Homc(f, g) — Home(f, h) (1.2.54)

for each triple of 1-morphisms f,g,h : X — Y and pair of objects X,Y € C,
that is associative:

O-v)-k=0-(v-K), (1.2.55)
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and has a unique identity 2-automorphism id; € Endc(f) such that
idy -0 =0-id; =90, (1.2.56)

for all 2-morphisms # : h — k, v: g — h, K : f — g, I-morphisms f,g,h :
X — Y, and objects X, Y € C.

One immediate result of this definition is that the category Endc(X) of any object

X € C is monoidal.

In the context of a (2 4 1)-dimensional quantum field theory, the objects represent
topological surface operators, the 1-morphisms are topological line operators between

surfaces, and 2-morphisms topological local operators between lines.

Continuing the analogy, one can define linear, monoidal, rigid, pivotal and (multi-
)fusion 2-categories. More recently there has been progress on generalising the
notions of spherical [54], and unitary [25] to fusion 2-categories. In chapter 4 we
will study 2-categories in more detail, focusing on concrete examples of fusion 2-
categories in section 4.1. In fact, better understanding unitary fusion 2-categories
forms part of the motivation for this thesis: our conjecture that all fusion 2-categories
are group-theoretic provides a concrete platform to discuss unitarity, and we shall

do so in subsection 4.3.3.

Similarly, one can also define higher (n + 1)-categories in an iterative fashion, where
the 1-endomorphisms with their composition form monoidal n-categories. In this
way, in a (d + 1)-dimensional QFT the objects of the symmetry n-category capture
d-dimensional or codimension-1 topological defects, and in general the k-morphisms
capture codimension-k topological defects, and we generalise the statement made at

the beginning of this section:

symmetries in a QFT are described by (higher) category theory.

More introductory details on higher categories can be found in [55], and for more

contemporary work on unitary and (oo, n)-constructions one can look in [24, 25, 56].
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1.3 Topological Quantum Field Theories

In the previous section we remarked that topological line defects in a (1 + 1)-
dimensional QFT can be recast as insertions of a quantum mechanics. Of course it
is not the case that we can couple any choice of quantum mechanics and expect it
to describe a topological defect; the quantum mechanics we couple to must itself be
topological in that it should not depend on anything more than the orientation !

of the 1-submanifold we insert it on. Viewed as a (0 + 1)-dimensional QFT, this

restricts our focus to (oriented) topological quantum field theories, or TQFTs.

In a more mathematical setting there is the Atiyah-Segal axiomatisation of TQFTs [57],
which casts an oriented (d+ 1)-dimensional TQFT in the language of category theory
as a monoidal functor

Z : Coby, ; — Vec, (1.3.1)

where Cob/" | is the (symmetric) monoidal category of oriented d-manifolds with the

disjoint union and morphisms given by oriented (d + 1)-dimensional (co)bordisms 2

between them. The idea being to assign to each d-manifold M, a complex vector

space Z (M) of states that characterises the QFT, and to each cobordism ¢ : My —
! a linear map

Z(c): Z(Myg) = Z(MY), (1.3.2)

that interpolates between those spaces of states, formalising how excitations of the

theory propagate over time. This is illustrated further in figure 1.15.

More generally we can talk about n-extended TQFTs which generalise the target

1Tn particular the theory should not depend on a choice of (induced) metric, as is often remarked
in the physics literature.

12Cobordism and bordism are synonymous. This odd disparity in naming convention arises from
the French word "bord" for "boundary", in the context of which "co-" actually refers to a "shared"
boundary rather than a contravariant version thereof. That said, in the literature the notation Cob
is often used to denote a category of manifolds and bordisms between them, while the notation
Bord is usually reserved for the extended (oo, n)-categorical description of bordisms, which we will
not study in detail here.
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Z(c) - Z(Ma) = Z(My)

0 Z(Mj)

Ma, Z(My)

Figure 1.15: directed left to right

and replace this functor for one between (symmetric) monoidal (n + 1)-categories 3

Z :Bordg\,,, — C. (1.3.3)

Here, C can be any symmetric monoidal (n + 1)-category where the theory is said to
be valued. The (n+1)-category Bordy,; meanwhile contains objects corresponding to
oriented (d—mn)-manifolds, and k-morphisms corresponding to (d—n+k)-dimensional
oriented cobordisms between (k—1)-morphisms. In the context of topological defects,
we need the TQFTs living on those defects to be compatible with the inclusion
of edges and corners and so on, and so we naturally expect some of them to be
extended. When n = d, the theory is said to be fully extended. For more details on

this construction one can turn to [36, 37].

In this section however, we will restrict ourselves to discussing only some latent fea-
tures of this construction relevant to classifying (oriented) TQFTs in low dimensions,
due to [58, 59], and describing where and how they fit into the language of category

theory.

1.3.1 TQFTs in 1+ 1 Dimensions

Oriented (unextended) TQFTs in 1 + 1 dimensions are described by commutative
Frobenius algebras. The reasoning for this becomes clear from the functorial de-
scription above by considering the finite-dimensionsal vector space assigned to the

circle A := Z(S'). This vector space is automatically equipped with the structure

130r more formally, (oo, n + 1)-categories.
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of a Frobenius algebra by the assignment of pair-of-pants and cap/cup bordisms as

a() «c

AR A A A AR A

c ()4

Figure 1.16: directed left to right

illustrated in figure 1.16.

The pair-of-pants bordisms equip A with a multiplication and co-multiplication
m:ARA— A A:A—ARA, (1.3.4)
and the cup/cap bordisms further equip A with a unit and co-unit
i:C— A p:A—C. (1.3.5)

The pair-of-pants bordisms are equivalent under the swapping of the legs, making
these (co-)multiplications commutative, and the composition of these bordisms up to
equivalence further demonstrate the associativity, unitality and Frobenius conditions

(discussed in more detail in subsection 3.3.1).

Considering the space of states on S! is an important part of this construction as
there is a state-operator correspondence: shrinking the circle to a point corresponds
to replacing a boundary on which the states of the theory live, with the insertion of
a topological local operator. In this way the algebra A living on S admits a dual
interpretation as the commutative Frobenius algebra of topological local operators
living in the theory. From this perspective it is obvious why the product must
be commutative: the topological local operators can wind around each other in

1 + 1-dimensions.

The extra data that lifts these algebras to fully extended TQFTs is that which lifts

A to a full (not necessarily commutative) Frobenius algebra A. This is related to
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the previous construction by the centre
A=Z(A). (1.3.6)

In the setting of unitary TQFTs these are upgraded to Frobenius C*-algebras; A
captures the local operators in the bulk of the (1 + 1)-dimensional TQFT, while
the choice of A captures the local operators living on some corresponding choice

(0 + 1)-dimensional topological boundary.

Just as we noted at the end of section 1.1.2, the choice of algebra A similarly admits
a decomposition into matrix algebras. At the level of the centre this simplifies further
to

A~ C (1.3.7)

for some n € N. Hence, if we are to have an indecomposable (1 + 1)-dimensional

TQFT, there is only one choice corresponding to A ~ C.

Something less trivial we can consider however, is central extensions of a finite group
G by this trivial algebra A ~ C. These result in (14 1)-dimensional Dijkgraaf-Witten

TQFTs with gauge group G and topological action determined by the extension class

[v] € H,,,(G.C¥). (1.3.8)

grp

These types of theories describe (1 + 1)-dimensional symmetry protected topological

(SPT) phases, and we will study them in more detail in subsection 2.3.3.

1.3.2 TQFTs in 2+ 1 Dimensions

In the previous subsection we saw that fully extended oriented TQFTs in 1 + 1
dimensions correspond to Frobenius algebras of local operators living on the (0 + 1)-
dimensional boundary, and whose centre captured local operators living in the bulk.
There is an analogous formulation of a class of fully extended oriented TQFTs in
2 4+ 1 dimensions known as Turaev-Viro TQFTs, which are described by (spherical)

(multi-)fusion categories of topological line defects living on the (1 + 1)-dimensional
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boundary [60-62]. To describe this labelling further we must introduce some addi-

tional technology.

We define a braided monoidal/(multi-)fusion category to be a monoidal/(multi-

)fusion category (B, ®, a) equipped with a set of half-braiding natural isomorphisms
bxy : XY Y ®X (1.3.9)
satisfying hexagon identities:

a;}Z’X o(idy ®bx z)oayxzo (bxy ®idz) =bxyezoaxyz
(1.3.10)
(bx.z ®@idy) o a},lz,y o(idx ®byz)oaxyz = ai,lx,y obxgv,z

for all objects X,Y, Z € B.

A braided (monoidal) functor is a monoidal functor F : B — B’ compatible with the

half-braidings b and b’ such that
Uxy opr fb)gy = b/X,Y OB UX)y - (1311)

We define a symmetric (braided) monoidal/(multi-)fusion category as a braided

monoidal /(multi-)fusion category B such that the half-braiding is symmetric
bxy = by . (1.3.12)

for all objects X,Y € B.

We define the Miiger centre of a braided monoidal/(multi-)fusion category B to be

the full (symmetric fusion) subcategory Z,(B) C B of objects X € B such that
bxy =byx . (1.3.13)

for all objects Y € B. We define a braided fusion category B to be non-degenerate if

it has trivial Miiger centre

Z5(B) ~ Vec (1.3.14)

as symmetric fusion categories. Following [24, 63] we can define further structure on

a non-degenerate braided fusion category turning it into a unitary modular tensor
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category (UMTC), however we have no need for the details of this construction and

will not exposit it here.

We define the Drinfeld centre of a monoidal/(multi-)fusion category (C,®,a) as the

monoidal /(multi-)fusion category Z(C) whose categorical structure is given by:

e Objects X € Z(C) are objects X € C together with a half-braiding implemen-
ted by isomorphisms

By 1 XY ~Y®X (1.3.15)

such that

6}/@2 == CL;/’IZ’X e} (Zdy ® BZ) e} ay7XVZ o) (BY Y Zdz) o a;(’ly’z s (1316)

for all objects Y, Z € C. Their fusion (X,3%) ® (V,8Y) ~ (X @ Y, BX®Y) is

inherited from C, where

§®Y =azxy © (5? ®idy) o a;(,lz,y o (idx ® 55) °ax,\y,z - (1.3.17)

o Morphisms f : (X, 8x) — (Y, By) are morphisms f : X — Y such that

(f®g)oBxz=PBvwo(f®g) (1.3.18)
for all g : Z — W and objects Z, W € C, and composition inherited from C.

The Drinfeld centre is automatically a braided monoidal /(multi-)fusion category with
the supplied half-braidings. When C is fusion, Z(C) is a non-degenerate braided
fusion category. Further to this, when C is a unitary fusion category we expect Z(C)

to have the structure of a UMTC [24, 63].

The existence of the Drinfeld centre naturally suggests a notion of equivalence

between monoidal /(multi-)fusion categories
C~C <= Z(C)~ Z(Q). (1.3.19)

This notion coincides with the notion of Morita equivalence for monoidal /(multi-

)fusion categories, which we will study in more detail in chapter 3.
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We define the forgetful functor to be the monoidal functor
F:Z(C()—C (1.3.20)

obtained by "forgetting" about the braiding information on each object in Z(C).

In analogy to the previous section, the (spherical) (multi-)fusion category C describ-
ing topological defects on the (1 + 1)-dimensional boundary is the natural lift of
the Frobenius algebra A, whereas its Drinfeld centre Z(C) describes the category of
topological line defects living in the (2 4 1)-dimensional bulk, and is the natural lift
of the algebraic centre A = Z(A). The braided structure of this category captures
the phases accrued by winding one line defect around another. As we mentioned
above, the Drinfeld centre is an invariant over a Morita class of fusion category,
each of these representative fusion categories corresponds physically to a different
choice of topological boundary condition, with bulk-boundary map given by the
corresponding forgetful functor F': Z(C) — C. It has been shown that the TQFT
resulting from this construction is fully extended, and is indecomposable if and only

if the category C is fusion [60-62].

This said, not all (2+1)-dimensional TQFTs are expected to be Turaev-Viro. A more
general class of TQFTs known as Reshetikhin—Turaev TQFTs can be constructed
starting from any UMTC [64, 65]. For our purposes, this includes indecomposable
(2 4+ 1)-dimensional TQFTs, the topological lines of which are described by non-
degenerate braided fusion categories. While it is not clear if such TQFTs can be
fully extended, we can at least identify that the class of Turaev-Viro TQFTs are
contained within the class of Reshetikhin—Turaev TQFTs by picking those theories

with non-degenerate braided fusion category
B~ Z(C). (1.3.21)

In section 4.3 we will see that different notions of gauging are captured by different
classifications of TQFTs; in subsections 4.3.1 and 4.3.2 we will present formalisms

that gauge a finite group coupled only to a choice of Turaev-Viro TQFT, whereas
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in subsection 4.3.3 we will see more general couplings to TQFTs corresponding to

any Reshetikhin-Turaev TQFT.

It is a folklore result of condensed matter physics that fractional quantum Hall
systems, that is, topological phases of matter that exhibit anyonic excitations [66—
68|, are described by (unitary) braided fusion categories (or UMTCs) [69, 70]. A
simple example of this correspondence is illustrated by two-dimensional system with
abelian anyons labelled by elements of an abelian group a € A, each of whose space

of states C, satisfies statistics
eBld) . C,Cp— C,®C,, (1.3.22)

for some characteristic symmetric bilinear form B : A x A — U(1) admitting a

quadratic refinement

B(a,b) = 6(ab, ab) — 0(a) — 0(b) (1.3.23)

by some quadratic form 6 : A — U(1). The spaces C, are then precisely the simple
objects of the braided fusion category B ~ Vecf of A-graded vector spaces, with
half-braiding determined by the bilinear form B, which is further non-degenerate if

and only if B is non-degenerate [71-73].

The choices of quadratic form 6 up to equivalence determine a class in the group

cohomology

0] € H? (TA,U(1)), (1.3.24)

grp
where I'A denotes the universal quadratic group of A. This structure of abelian
anyons has a different interpretation in three dimensions; the topological lines la-
belled by simple objects of B ~ Vec} generate a 1-form A symmetry. Later in
subsection 4.1.1 we will see that this classification admits a dual description as the

't Hooft anomaly of A as a 1-form symmetry [74].

In analogy to the last subsection, we can also consider finite G-extensions of these
TQFTs. For the trivial TQFT B ~ Vec this produces a class of invertible Turaev-Viro

TQFTs known as (2 + 1)-dimensional Dijkgraaf-Witten theories, these correspond
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to (2 + 1)-dimensional SPT phases completing the analogy, but by repeating this
for more general TQFTs in 2 4+ 1 dimensions, we can then obtain a rich collection of
so-called symmetry-enriched topological (SET) phases. We will study these in more

detail in subsection 3.3.3.






Chapter 2

Gauging Finite Symmetries in 0+ 1

Dimensions

We begin discussing finite symmetries and gauging in (0 4 1)-dimensional quantum
field theory, or quantum mechanics. As we have already remarked at the end of
section 1.1, this example is a slightly peculiar one in comparison to its higher-
dimensional counterparts. This is because the only topological objects to speak of
are local operators and we take the existence of such things to imply that there is a

decomposition of our theory into super-selection sectors.

In spite of this subtlety, symmetry in quantum mechanics is still interesting to study
as an introductory example, and studying the gauging of invertible symmetries in

quantum mechanics will lay the foundations for work discussions in later chapters.

An essential idea for gauging a finite group in a quantum mechanics is that it is
equivalent to inserting a space-filling Wilson line, which is in some sense badly or
improperly quantised, because it lives at the boundary of some two-dimensional
TQFT (namely, a Dijkgraaf-Witten theory). The classification of such gauged
theories for a particular choice of group then reduces to studying local operators
on which these Wilson lines can end, which transform in projective representations.

Working out the details of this classification for group-like symmetries in the setting
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of quantum mechanics will illustrate simple working analogues to ideas we will

encounter in higher-dimensional settings.
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2.1 Finite Global Symmetries

As was discussed in the introduction, the most general mathematical structure for
describing (oriented, unitary) finite symmetries in (0 4+ 1) dimensions is that of a
finite dimensional C*-algebra. Such a C*-algebra A can always be expressed as a

finite direct sum of finite-dimensional matrix algebras
A=M,C)®---d M, (C), (2.1.1)

with the operator norm on matrices and anti-linear *-involution given by transpose
complex conjugation on those matrices. This decomposition is precisely equivalent
to that of the associated quantum mechanics into super-selection sectors briefly

mentioned in section 1.1.

On the surface it might then appear as though we still possess a great deal of freedom
in the choices of matrix algebras M, (C), but in fact, our choice of matrix algebras
doesn’t matter all that much, since as we alluded to in section 1.1, they are all
Morita equivalent to one-another, and in particular they are Morita equivalent to

the trivial algebra M;(C) ~ C.

In this sense it it might be sensible to conclude that, up to gapped interface, there
are no interesting symmetries in an indecomposable quantum mechanics. To keep
things interesting then, and to provide a quantum mechanical analogy for later
chapters, we will specifically consider those theories that do have non-trivial topolo-
gical local operators and do admit a decomposition into super-selection sectors. In

later chapters 3 and 4 however, we will make no such concession.

Dropping unitarity and working instead in a framed setting corresponds to forgetting
C*-structure and regarding A as a finite-dimensional semi-simple algebra. We might
be concerned that in forgetting this structure we might lose some information, we
are saved however by the fact that any finite-dimensional semi-simple algebra has

the form (2.1.1) and thereby admits a unique canonical C*-structure.
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2.1.1 Invertible Symmetries

An finite invertible symmetry in (0+ 1) dimensions contains the underlying structure
of a finite group G. As we argued in subsection 1.1.1, the C*-algebras with such a

structure are classified up to equivalence by classes in group cohomology

[a] € H? (G, U(1)). (2.1.2)

grp

This class describes the 't Hooft anomaly which is invariant along the renormalisation
group flow, and shifting the representative o corresponds to adding a local counter-
term. A theory 7 with symmetry (G, «) is described by the twisted group (C*-
)algebra

A="CG. (2.1.3)

A general element is now an arbitrary complex linear combination of basis vectors

ey labelled by g € G which satisfy
egen = alg, h)egn , e; =a(g,97") e, (2.1.4)

The summands in the matrix decomposition (2.1.1) for A = “CG are in 1-1 cor-
respondence with irreducible unitary representations of *CG as a C*-algebra, or

equivalently, a~!-projective unitary representations of G.

Choosing a basis A; of irreducible projective representations of G, the decomposi-
tion (2.1.1) becomes

°CG @Mdj((:) (2.1.5)

where d; = dim();) is the dimension of the corresponding representation. This
decomposition describes super-selection sectors containing states transforming in
irreducible unitary projective representations of G. It is clear that dropping the
C*-structure is not a loss here: finite-dimensional projective representations of a

finite group are (up to equivalence) always unitary.
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2.2 Symmetries From Gauging

One way to construct more general symmetries is to start with a (0 -+ 1)-dimensional
theory 7 with an invertible (G,«) symmetry and gauge a non-anomalous sub-
symmetry. In 0+ 1 dimensions this construction is somewhat trivial, once again due

to the fact that there is only one Morita class of simple C*-algebra.

2.2.1 Gauging G With Trivial Anomaly

The most straightforward example is to take a quantum mechanical theory 7 with
an invertible (G, «) symmetry such that the anomaly class [a] = 0 is trivial. In this
case, we can choose to gauge the full G symmetry, and to do so we should pick a
trivialisation

S =at. (2.2.1)

Equivalence classes of solutions up to co-boundaries naturally define an abelian

group T'. Any two solutions to this condition 1, ¢’ differ by a cocycle

oy =) =0, (2.2.2)
and as result there is a natural action from the cohomology group Hy,,(G,U(1))

a: H) (HUQ1)xT — T

(2.2.3)
(0,9) = 9+,

such that the shear map

a xid: (6,0) > (¢ + 0, ) (2.2.4)

is an isomorphism. This defines the space of trivialisations T to be a torsor over
H,.,(G,U(1)), with representatives 1 corresponding to SPT phases or discrete tor-

sions for G.

An equivalent interpretation is to identify each choice of trivialisation as a one-

dimensional unitary projective representation of G. They can then in turn be
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thought of as Wilson lines for G that are badly/improperly quantised in the sense

that they live at the boundary of a two-dimensional Dijkgraaf-Witten theory.

Usually when we speak of gauging a group G we mean coupling to and summing
over principal G-bundles. For a finite group, these bundles are all necessarily flat,
and a given set of transition functions can be replaced by topological defects labelled
by elements of the group. This is a (0 + 1)-dimensional analogue of the picture
presented in [21], and given a choice of trivialisation 1, we gauge G by inserting a

sufficiently fine ! network of defects

1
=l > w(g)ey, (2.2.5)

geG
that implements the sum over flat G-bundles twisted by 1. Notice this defect is an
idempotent ei = ey, this feature is important as it ensures the gauging procedure is

insensitive to topological manipulations of the network as illustrated in figure 2.1.

€y €y €y €y €y Ey
13 = —eo —— — = —o—0 —0o—
Figure 2.1

The correlation functions in the gauged theory 7/, G are then constructed from
correlation functions in the original theory 7 together with the insertion of projection
operators. Expanding such expressions using (2.2.5) generates weighted sums of

correlation functions in 7" with the insertions of the generators e, € “CG.

The resulting global symmetry after gauging is described by topological local oper-

ators z € “CG that are compatible with the network of defects e, in the sense
eyt = Tey =T . (2.2.6)
If we decompose x as

T=> z4€,, (2.2.7)

geG

'Working over one-dimensional compact manifolds, this just means inserting at least one copy
of e, on each connected component. In higher dimensions this will become more involved, and is
described in general in subsection 3.2.1.
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then this condition becomes

_Pl9) 5~ o

for each g € G, which is clearly only solved by x € Ce,,. Another way to see this is
to note that since 1 describes an irreducible (projective) representation of G, the
idempotent e, is automatically primitive, and so by Schur’s lemma we can only have
x € Cey. In any case, the symmetry after gauging G' with trivial 't Hooft anomaly

is described by topological local operators labelled by complex numbers C.

2.2.2 Gauging a Subgroup of (G, a)

A more general thing to do when given an invertible (G, a) symmetry where the
anomaly class might not vanish, is to identify a subgroup H C G whereupon the
restriction of the anomaly class vanishes. In this case, we can choose to gauge only

the subgroup H, and to do so we should once again pick a trivialisation
5 = al;t. (2.2.9)

This space of trivialisations is again enumerated up to equivalence by a torsor over
H ngp(H ,U(1)), corresponding to inserting onto the theory a space-filling (improperly

quantised) Wilson line labelled by a projective G-representation Indgw, obtained by

induction from the 1-dimensional projective H-representation specified by .

Given a choice of ¥, we gauge H by inserting a sufficiently fine network of defects

1
= — h) h 2.2.10

that implements the sum over flat H-bundles twisted by .

This defect is once again an idempotent ei = ey, but is no longer primitive in
general since for a proper subgroup H C G the induced representation Indgl/J is

not irreducible. A direct result of Mackey’s restriction formula is that this induced
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representation has dimension
dim(Ind$v) = |[H\G/H)| (2.2.11)

given by the number of double cosets over H.

Indeed the compatibility condition on topological local operators z € *“CG
eyl = Tey =T (2.2.12)

implies x must have support on at least a double coset [g] € H\G/H. Hence we
see that the symmetry resulting from gauging a subgroup H C G with SPT phase
1 consists of topological local operators labelled by C#\G/H | with algebra structure
inherited from the double coset ring, twisted by a. For H = G this recovers C as

from before, and for H = 1 this recovers the full algebra “CG.
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2.3 Generalised Gauging in 0+ 1 Dimensions

We now turn our attention to the most general notion of gauging a finite group
symmetry in 0 + 1 dimensions, with the aim of presenting three equivalent methods

for describing the possible gaugings of a theory 7 with symmetry algebra “CG.

2.3.1 General Algebras Internal to “CG

In the previous section, we saw that gauging is implemented by summing over
a network of defects. We remarked there that the defect we insert needs to be
an idempotent in order for the theory we produce to be immune to topological
manipulations of the network. Something we did not remark however is that from a
unitary perspective those topological operators were Hermitian, removing also the

dependence on their orientation.
More generally, we may consider any Hermitian topological local operator ey that
can duplicate freely on the line, implying that they are projectors

e = ey, ey =€y, (2.3.1)
of the C*-algebra *CG. As a helpful analogy for later chapters, we note that we
could also call these operators (Hermitian) (0-)algebras internal to “CG.

Continuing this analogy we define the space A\ = Modacg(ey) of (right) (0-)modules

over ey internal to “CG as the subspace of stable points x € “CG such that
ey =. (2.3.2)

The space A naturally admits a natural (left) module action from *CG, identifying
A as a unitary representation of “CG as a C*-algebra, or equivalently as a unitary
projective representation

A € Rep™® (@) (2.3.3)

We define Morita equivalence of (0-)algebras ey ~ ey internal to “CG as an equival-
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ence of unitary (projective) representations A ~ \'.

A projector is said to be primitive if Modacg(ey) is irreducible as a (projective)
representation. In this sense, the indecomposable gaugings of (G, «) in the theory
T are classified up to Morita equivalence by irreducible projective representations

of G with projective 2-cocycle o .

To see this labelling more concretely, we note that given the matrix algebra decom-
position

*CG = EB Mgy,(C), (2.3.4)

for each irreducible projective representation \;, there are d; Morita equivalent
primitive projectors that act as eé : My, (C) — A for i = 1...d;. Each eé is given as
a matrix in in Mgy, (C) by setting just one of the diagonal elements to 1 and all other

elements to 0.

2.3.2 Gapped Interfaces and Modules over “CG

Another equivalent labelling of finite gauge theories in 0 4+ 1 dimensions comes from
looking at gapped interfaces between theories. This labelling is not far from what
we might expect on physical grounds since the gapped interfaces between theories
can be thought of as topological local operators on which badly quantised Wilson

lines can end.

T M e A T/\G

Figure 2.2

We start with a theory T with a (G, a) symmetry *CG, and consider those theories
that we will suggestively denote T /,G, with which it shares a space A of gapped

interfaces.

Bringing local operators e, € G to a junction M € X between 7 and 7/,G as in

figure 2.2 describes a (left) module action of “CG on A giving it the structure of a
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unitary projective representation A € Rep®(G). Identifying equivalence classes of
theories 7 /,G with equivalence classes of unitary representations then induces a
classification of gaugings of (G, «) by projective representations of G with projective

2-cocycle a.

The equivalence between this classification and the one derived from algebras can
be made precise. Defining 7/ G as T with the insertion of a network of projectors
ex, having a gapped interface with 7 means we have local operators in 7 for which

e, vanishes upon fusion as depicted in figure 2.3.

T z T/\G T x T/\G

Figure 2.3

The local operators in “CG that have this behaviour are precisely those living in
A = Modacg(ey), and so the unitary (projective) representation of gapped interfaces

constructed in this way is identified with \.

2.3.3 Symmetry TFTs and Lagrangian Algebras

These descriptions of gauging for “*CG can be reformulated in terms of gapped

boundary conditions in the associated sandwich construction in two dimensions [27,

28].

The starting point is the 2-dimensional unitary oriented Dijkgraaf-Witten theory

labelled with gauge group GG and a class

[a] € H2 (G,U(1)). (2.3.5)

grp

These can be thought of as a generalisation of Chern-Simons theory to finite groups,
but historically they were understood first from the perspective of orbifolding the

Drinfeld/quantum double of G in 1 + 1 dimensions [75, 76].
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For our purposes, they are topological finite gauge theories supported on a 2-manifold

M, described by a finite gauge field
a: My — BG, (2.3.6)

whose action is determined by a representative a € Z7, (G,U(1)) satisfying

alh, k)a(g, hk)
a(gh, k)a(g, h)

da(g,h, k) = =1, (2.3.7)

via the pull-back

exp (7, /M2 a*a) : (2.3.8)

and is hence manifestly topological.

On a l-submanifold M; C M, we have the restriction
aly, 1 My — BG. (2.3.9)

Given a unitary representation A over a vector space V', we can identify up to

homotopy a map

A BG — Aut(V), (2.3.10)

whose (traced) pull-back

exp <2 /M1 Tr()\*a)> (2.3.11)
defines a topological Wilson line corresponding to the representation A\ in the
Dijkgraaf-Witten theory. If we allow M, to have non-empty boundary dMs, we
must be more careful; picking M; = dM,, we must instead pick the representation

A over V to be projective such that
S\ = a tidy . (2.3.12)

In this way the contribution from (2.3.11) to action makes it fully topological. In
this way we can see that the gapped boundaries By of (1 4 1)-dimensional Dijkgraaf-
Witten theory are labelled by unitary projective representations of G with projective

2-cocycle a1t
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We will define the Dirichlet boundary condition D as the one that totally fixes a
on the boundary. This corresponds to a 0 + 1-dimensional topological boundary

supporting a (G, «) symmetry described by
Cp = °CG. (2.3.13)

The existence of this canonical topological Dirichlet boundary reflects the fact that
the Dijkgraaf-Witten theory is decomposable and that its topological local operators
are described by the centre

DW¢.. ~ Z(°CG), (2.3.14)

as a commutative (Frobenius) C*-algebra. This is equipped with the Frobenius
structure normalised such that Z(S?) = n is the number of irreducible unitary

projective representations.

The symmetry of a QFT in d dimensions can be recast as the data of a (Turaev-Viro)
topological field theory living in d + 1 dimensions, called the symmetry TFT (or
symTFT) [26, 27, 29]. From the discussion above we can see that for a quantum
mechanical theory 7 with a (G, «) symmetry, the corresponding symmetry TFT
is the (1 + 1)-dimensional (G, «) Dijkgraaf-Witten theory. The dynamics of the
theory 7 are captured by a relative (non-topological) boundary condition B, and
the theory itself can be recovered by interval compactification with the canonical

gapped Dirichlet boundary condition D. This is illustrated in figure 2.4.

= DW¢ o

T D By

Figure 2.4

Interval compactification of B with other choices of gapped boundary condition B)y

reproduces the gauged theories 7 /y G. This is illustrated in figure 2.5.

Another perspective in this setting is that indecomposable gapped boundary condi-
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T/AG B)\ BT

Figure 2.5

tions By of the Dijkgraaf-Witten theory are labelled by primitive projectors internal

to Z(*CG) that condense on the boundary:
E3 =86 & =2¢\. (2.3.15)

Such objects are precisely the primitive central projectors of *C(G, and correspond
to irreducible projective representations. We can spell out the details of this corres-

pondence concretely using the standard formula for primitive central projectors

dim(A B
a=—g Z (g ey, (2.3.16)

where x, : G — U(1) is the projective character of the corresponding projective

representation .

In checking (2.3.15), the following properties of projective characters are important:

« Complex conjugation: xx(¢7') = xa(g).
o Twisted class function: x,("g) = 7,(a)(h)xA(9).

« Orthonormality: > x5, (9)Xx,(9) = |G|0x 2,
geG

The phases
a("g, h)
a(h, g)

are components of the transgression 7(a) € Z'(G//G,U(1)) of the 't Hooft anomaly.?

T,()(h) == (2.3.17)

The twisted class function property implies that y,(g) vanishes unless a(g,h) =
a(h, g) for all h € Cs(g).

2Equivalently, 7,(a) € Z*(Cy(G),U(1)) on restriction to h € Cy(G).
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Once again we can see the correspondence more concretely using the matrix decom-
position

“CG = P My, (C), (2.3.18)

and primitive idempotents ej» for each irreducible representation A;. In this case the

Morita class {€}}; is lifted to a primitive central idempotent via the sum

dj
&= ¢, (2.3.19)
i=1
or equivalently by the identity matrix in Mgy, (C).

We see then, that the gapped boundary conditions of the symmetry TFT, and hence
the gaugings of (G, «) in the theory T, are labelled by projective representations of G
with projective 2-cocycle ae. We point out that the canonical Dirichlet boundary con-

dition D itself is reproduced by choosing the regular unitary projective representation
of G
N = DAY (2.3.20)
J

Thus D is not irreducible and decomposes into super-selection sectors, this is a
feature unique to one dimension related to the subtlety we observed at the outset of

this chapter.

In the spirit of continued helpful analogies to later chapters, these primitive central
idempotents can also be thought of as (0-)algebra objects internal to Z(“CG). In
particular they are Lagrangian algebras, in that the space of local (0-)modules

described by commuting stable points
ExT=T€\ =1, (2.3.21)

all lie within a 1-dimensional subspace generated by €. Here in one dimension this
condition is trivially satisfied, however in higher dimensions we will see that this is

not always the case.
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2.4 Defects After Generalised Gauging

We now turn our attention to identifying the symmetry algebra in the gauged theories
where a choice of (projective) representation has been made. Though we do not
expect the results of these calculations to be very interesting, as the symmetry
algebra of any indecomposable theory should just be (perhaps Morita equivalent
to) C, they are once again simpler illustrative analogues of calculations to come in

higher dimensions.

2.4.1 0-Bimodules Over 0-Algebras

Given a representative idempotent e, for some projective representation A € Rep®(G),
we expect topological local operators in the theory after gauging to be compatible

with the network of idempotents. In practice an operator x € *CG is compatible if
exr =xey =x. (2.4.1)

Such elements of *CG describe linear maps on Modacg(ey) that commute with
the *CG-action. In the case that the corresponding projective representation A
is irreducible, Schur’s lemma tells us that such operators can only be of the form
z € Ce,, meaning the topological local operators of the gauged theory 7 /,G are
labelled by C for A irreducible.

2.4.2 0-Modules Over Primitive Central Idempotents

We can also obtain the algebra of topological local operators from the symmetry
TFT perspective. We recall that in addition to a gapped boundary condition By, a
primitive central idempotent €, also specifies a topological local operator in a (1+1)-
dimensional symmetry bulk TFT. Further to this we will adopt the perspective
that this local operator should condense on the (0 + 1)-dimensional boundary it

corresponds to.



2.4. Defects After Generalised Gauging 59

B)\ B)\

Figure 2.6

To make this more precise, an indecomposable boundary for the (1 + 1)-dimensional

(G, a) Dijkgraaf-Witten theory describes a bulk-boundary map between algebras
Fr: Z(*CG) — C. (2.4.2)

The statement that the bulk topological local operator corresponding to the primitive

central idempotent € condenses on this boundary is equivalent to asking that
Fi(en) =1. (2.4.3)

It follows then that bulk topological operators O — Qg¢,, related by a factor of €y,

will map to the same boundary operator
FA0) = FA0), (2.4.4)

as illustrated in figure 2.6.

Equivalence classes of bulk topological operators identified in this way are labelled

by (0-)modules z € Z(*CG) such that
e\xr =1T. (2.4.5)

Since the idempotent €, is assumed primitive in Z(*CG), its space of 0-modules
describes a simple Z(*CG)-module, and Schur’s lemma tells us once again that we
can only have

z € Cey, (2.4.6)

meaning topological local operators on the boundary for irreducible representations

A are just labelled by C.
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Gauging Finite Symmetries in 141

Dimensions

We now move to quantum field theories in 1 + 1 dimensions. Historically we can
see that early examples of non-invertible symmetries were first observed in the
context of (14 1)-dimensional conformal field theory; Verlinde lines catalogued by
conformal primaries are topological, and inherit fusion rules from the associated
operator product expansion [48, 77-79]. These observations foreshadowed a much
more general point of view that the symmetry of any (unitary) (1 + 1)-dimensional

quantum field theories is described by a (unitary) fusion category [3, 24].

A better known class of examples, and indeed the focus of this work, are group-
theoretic symmetries obtained by gauging a finite group; Wilson lines labelled by
representations of a finite group are topological, and fuse according to the tensor
product of those representations [18-21]. The process of gauging a finite symmetry
can be generalised by including additional degrees of freedom that admit a number

of equivalent physical descriptions:

 Orbifolding a non-anomalous subgroup with a choice of discrete torsion [29,

80, 81].
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» Stacking the theory with a 1 4+ 1-dimensional TQFT that cancels the anomaly

on a subgroup [2, 21].

o Choosing an opposing topological boundary for the (2 4 1)-dimensional sym-
metry TFT [27, 28].

In this chapter we demonstrate that these descriptions can all be recast in the lan-
guage of higher representation theory; gauging a finite group symmetry is equivalent
to inserting a badly quantised space-filling Wilson surface, the topological lines that

these surfaces can end on then transform in unitary projective 2-representations.

Likewise there equivalent ways to describe the topological line defects that inhabit

the resulting group-theoretic unitary fusion category after gauging:

o They are gauge-invariants defects of the original symmetry, together with

Wilson lines of the finite gauge symmetry [18-21].

» They are equivalence classes of line defects in the (2+ 1)-dimensional symmetry

TFT that are identified on the topological boundary.

These interpretations all represent direct categorifications to the ideas presented in
chapter 2, and this additional categorical structure we have introduced leads to a

much richer variety of symmetries in 1 4+ 1 dimensions.

In this chapter we will first discuss the structure of finite unitary global symmetries in
1+ 1 dimensions, paying special attention first to those that are invertible. Then we
will construct more general non-invertible group-theoretic symmetries starting in the
framed setting by gauging these finite groups, and explore some motivating examples.
After that we will explore the various equivalent descriptions of finite invertible
symmetries in the unitary setting, before finally returning to the construction of

topological defects in this generalised gauging picture.
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3.1 Finite Global Symmetries

We restrict our focus to oriented theories whose local excitations are purely bosonic,
and whose partition function is defined on oriented 2-manifolds. Finite symmetries of
unitary oriented (1 + 1)-dimensional quantum field theories are described by unitary

fusion categories, as we defined them in subsection 1.2.1.

Unitarity in this context is meant more specifically that we are interested in O7-
fusion categories that have a well defined notion of unitary duals on objects [24, 25].
The O'-fusion structure appears here because we are working in the oriented setting;
more generally we expect a H'-fusion structure where H is the extended tangential

structure [24, 25, 40].

Unlike in 0 + 1 dimensions, the symmetries here are assumed to have a simple
unit object and as such do not admit a decomposition into super-selection sectors.
This is equivalent to assuming there are no non-trivial topological local operators;
unlike in chapter 2, we can make this assumption here without trivialising the entire

symmetry.

In principle we could allow non-trivial topological local operators and widen our
interpretation to allow multi-fusion categories. These categories, up to Morita
equivalence, admit a decomposition into fusion categories enumerated over super-

selection sectors, but such symmetries are not the objects of interest for this chapter.

Dropping unitarity and working in an oriented setting corresponds to forgetting the
unitary structure and regarding the symmetry category as a spherical fusion category.
We can further drop orientation and work in the framed setting which corresponds

to forgetting the spherical structure and working with ordinary fusion categories.

3.1.1 Invertible Symmetries

A finite invertible symmetry in 1 4+ 1 dimensions is described by a unitary fusion

category with simple objects labelled by elements g € G of a finite group. The various
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unitary fusion structures compatible with the group multiplication are classified up

to equivalence by group cohomology classes

[a] € H? (G,U(1)). (3.1.1)

grp

This class is an invariant of the renormalisation group flow and corresponds to a 't
Hooft anomaly. We take the perspective that specifying a theory includes specifying a
representative 3-cocycle «; shifting the representative by a 3-coboundary corresponds

to adding local counter-terms [35].

A theory T with symmetry (G, «) is described by the unitary fusion category
Cr = Hilbg,, (3.1.2)
consisting of finite-dimensional G-graded Hilbert spaces

X=0X,, (3.1.3)
geG
and homogeneous linear maps between them. Simple objects in this category are

1-dimensional Hilbert spaces C, labelled by g € G, their fusion is given by the

G-graded tensor product of Hilbert spaces depicted in figure 3.1.

C,®Cy ~ Cyp

C, Ch

Figure 3.1

The associativity structure for this fusion is determined by « as depicted in figure 3.2.

The unitary structure incorporates both duals X* of Hilbert spaces X acting on
simple objects as

*:Cy—= (Cy)r > C; (3.1.4)

g

for each g € G, and adjoints f : Y — X of homogenous linear maps f : Y — X,



3.1. Finite Global Symmetries 65

ghk ghk
)>\ o /J\

Figure 3.2

together with the unitary dual condition that identifies left duals as right duals via
coev’y == (evh) 11, = X* @ X ev’y == (coevh )T X @ X* — 1., (3.1.5)

as depicted schematically in figure 3.3.

Figure 3.3

In addition to this structure, the unitary duals condition induces a canonical spherical

structure [24, 25]
Sx = (ev’y ®idx+) o (idx ® coevly.) : X — X** (3.1.6)

as described in subsection 1.2.1.

Working in the oriented setting corresponds to forgetting all but the unique spherical

structure and working with the underlying spherical fusion category
Cr = Vecg, (3.1.7)

of finite-dimensional G-graded vector spaces and linear transformations '. The

(G,C*). However, (G,C*) ~

grp QTP
G,U(1)) for finite G as it is always possible to choose a representative o to be a phase.

Tt is then more appropriate to consider a €

‘]TP(
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unique spherical structure reduces to precisely the canonical one for Vec. In same
way, working in the framed setting corresponds to forgetting the spherical structure

and considering Vecg, as an ordinary fusion category.
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3.2 Symmetries from Gauging

One way to construct more general symmetries in 1 4+ 1 dimensions is to start with
a theory 7 with an invertible (G, «) symmetry, and gauge a non-anomalous sub-
symmetry. This construction produces novel examples of non-invertible symmetries
that are not group-like, but are still controlled by the properties of the underlying

group and its representations; we refer to such symmetries as group-theoretic.

To see how this leads to non-invertible symmetries, we will opt to work in the framed

setting of fusion categorical symmetries
Cr = Vecg , (3.2.1)

returning to the more general unitary construction later in section 3.3. The gauging
of a non-anomalous sub-symmetry is then well understood in 1+ 1 dimensions to be
equivalent to populating the space with a network of topological defects describing

algebra objects internal to Vecg [21, 35].

Before continuing however, we should mention that it is an important result in 1+ 1
dimensions that there exist non-trivial fusion-categorical symmetries that are not
group-theoretic. A famous demonstrative class of these are the so-called Tambara-
Yamagami fusion categories [82], an example of which arose in the form of the critical
Ising model discussed in section 1.2.2. Nonetheless, group-theoretic symmetries still
represent a large class of symmetries in 1 + 1 dimensions and provide a direct
construction of non-invertible symmetries that will have important generalisations

in higher dimensions.

3.2.1 Gauging G With Trivial Anomaly

The most straightforward example is to take an invertible (G, «) symmetry such
that the anomaly a = 0 is trivial. In this case, we can choose to gauge the full G

symmetry to produce a new theory 7 /G with group-theoretic symmetry category
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that we denote C(G|G). We do this by inserting a sufficiently fine network of line

defects

A=Ec,, (3.2.2)

9€G

that implements the sum over flat G-bundles [8, 21].

We now take a moment to make more precise the notion of "sufficiently fine" in
a way that naturally extends to all dimensions. Given a compact manifold and a
corresponding triangulation by simplices, we construct a sufficiently fine network by
taking the one dual to the simplicial complex. The vertices of this network sit at the
centre of codimension-0 simplices, the edges at codimension-1 simplices, and so on.
In practice one actually often takes a pseudo-triangulation; for example, the finest
"sufficiently fine" network on the 2-torus is dual to a triangulation whose vertices
are identified in a non-trivial way. For the purposes of intuition however, properly

triangulated networks are always as fine or finer than these.

Here in two dimensions, given a network dual to some triangulation, we insert the
defect A on the edges, and at the vertices we specify topological local operators

m: A® A — A that decompose as
id@gh : (Cg X (Ch — Cgh; (323)

for each g, h € G. The inclusion of these junctions categorifies the notion of idem-
potents studied in chapter 2 and ensures the gauging procedure is insensitive to the

choice of network.

In addition to this data we also have a canonical unit map given by the inclusion
C. — A which naturally endows A with the structure of a finite dimensional G-
graded associative algebra. We can further equip it with a normalised Frobenius
(or separable) algebra in the oriented setting [83], and a normalised special dagger-

Frobenius algebra (or Q-system) in the unitary setting [84-86].

The resulting global symmetry C(G|G) after gauging is known to be described by

topological Wilson lines labelled by representations of . To replicate this we
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consider defects V' € Vecg compatible with the insertion of a network of defects.

The compatibility data of a topological defect

V=V, (3.2.4)

geG

amounts to us specifying left and right morphisms
C:AQV =V r:VeoeA—-V, (3.2.5)

giving V' the structure of a bimodule over A internal to C;+ = Vecg; this identifies

the symmetry with a fusion category of bimodule objects over A
C(G|G) ~ Bimodc, (A), (3.2.6)

we will return to this perspective in more detail later in section 3.4. These left and

right morphisms decompose to
€h|g CL® Vg — th Tglh * Vg ® Cy — V;]h, (3.2.7)

for each pair g, h € GG. This compatibility is illustrated further in figure 3.4. These

1-morphisms are subject to their own compatibility conditions.

Von Vg
»fg|h Thlg ¢
G, Vi Vi G,
Figure 3.4

First we ask that the left and right 1-morphisms satisfy normalisation conditions

that ensure compatibility with the bulk unit
£€|9 = Tg|e == V;] (328)

where we have used a short-hand notation that V, denotes the identity 1-automorphism
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on the same object. Next we ask that they satisfy compatibility conditions with the

bulk fusion

ghth‘g = ghﬂhzg o (1h1 ® €h2|g)7 (329)

Tglhihy = Tghilhy © (rglhl ® 1h1)' (3'2-10)

Finally we ask that the two module actions commute as

Thyiglha © (ghllg ® 1h2) = ghl\ghz © (1h1 ®rg\h2)’ (3'2'11)

turning the left and right morphisms into compatible bimodule actions.

One way to present solutions to these criteria is to note that the left and right
morphisms are each invertible, giving isomorphisms V; ~ V}, for all g,h € G. Re-
stricting our focus then to the trivially-graded component V., we see it carries a

representation ® of GG that is constructed from the left and right morphisms as
D(g) = 1491 © (Lgje ® 14-1). (3.2.12)

The interpretation of this combination of morphisms is a symmetry defect intersecting
V' as illustrated in 3.5.

V., c,

Figure 3.5

A straightforward consequence of the consistency conditions (3.2.9), (3.2.10) and
(3.2.11) is that this combination of morphisms indeed defines a representation in the
sense that

B(gh) = ®(g) o B(h) (3.2.13)

for all elements g, h € G, illustrated with intersections in figure 3.6.
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Figure 3.6

This construction concretely demonstrates the equivalence

C(G|G) ~ Rep(G) . (3.2.14)

More generally one could gauge G with a non-trivial discrete torsion [¢] € HZ, (G, U(1)).
For a given representative 1) this just corresponds to a different choice of junctions

m: AR A— A given by
U(g,h)oidg, : Cyg @ Cp — Cyp, (3.2.15)

producing the gauged theory 7 /,G. Including such a phase acts on the resulting
symmetry category by an auto-equivalence, one way to see this is to consider inter-
faces between a pair of theories T/, G and T /4,G with mismatched phases ¢; and
1. In that case the picture we had in figure 3.6 changes to that of figure 3.7, and

equation (3.2.13) becomes

¢2(97 h)

O(g) o d(h). (3.2.16)

Hence interfaces between 7/, G and T /4, G are labelled by projective representa-
tions of G with projective 2-cocycle 1 /1by. This projective 2-cocycle vanishes when

11 = g, returning us once again to the ordinary representations of G.
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Cyn Cyn
(g)

(I)(gh) X 77Z)1(g7 h) = ¢2(9’h) X

®(h)
(Cg (Cg

(Ch Ch

Figure 3.7

3.2.2 Gauging a Subgroup of (G, «)

A more general thing to do when given an invertible (G, «) symmetry where the
anomaly class might not vanish, is to identify a subgroup H C G whereupon the
restriction of the anomaly class vanishes. In this case, we can choose to gauge only

the subgroup H, and to do so we should pick a trivialisation
5 = alzt. (3.2.17)

Equivalence classes of trivialisations are, in analogy to subsection 2.2.2, classified by
a torsor over H2, (H,U(1)), with representatives 1 corresponding to SPT phases or

discrete torsions for H. This theory produced by performing this gauging then has

the group-theoretic symmetry category C(G,a|H, ).

Given a choice of ¥, we gauge H by inserting a sufficiently fine network of defects

A=PC,, (3.2.18)

heH
that implements the sum over flat H-bundles. At the junctions, we specify a topolo-

gical local operators m : A ® A — A that decompose as
@Z)(g, h) . id(cgh : (Cg X Ch — Cgh s (3219)

for each g,h € H. The inclusion of these junctions ensures the theory is insensitive
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to changes to the network of defects, contingent on the condition

W(h, k)i(g, hk)

Slgh Wu(g ) ~ Ol (3.2.20)

oY(g, h, k) =

This is just the trivialisation condition we observed in (3.2.17).

Once again in addition to this data we also have a canonical unit map given by
the inclusion C, — A which naturally endows A with the structure of a G-graded
associative algebra. We can further equip it with a normalised Frobenius algebra in
the oriented setting, and a normalised special dagger-Frobenius algebra (or Q-system)

in the unitary setting.

Defects corresponding to objects in C(G, «|H, 1)) are then described by topological
defects V' € Vecg, compatible with the insertion of a network of defects. Given a
choice of gauging A = (H, ) with associated algebra object A, the compatibility
data of a topological defect

V=V, (3.2.21)

geG

amounts to us specifying left and right morphisms
ARV =V r:VeA—=V, (3.2.22)
giving V' the structure of a bimodule over A internal to Cr; like before this identifies
C(G, a|H, ) ~ Bimode, (A) (3.2.23)
as fusion categories. These left and right morphisms decompose to
lhg : CL @ Vy — Vi Tgn : Vg @ Cp — Vg, (3.2.24)

for each pair of h € H and g € G as was illustrated in figure 3.4.

We again ask that the left and right module actions are normalised in the sense

€e|g = Tgle = 1, (3.2.25)
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however their compatibility conditions with the bulk fusion

Chihalg © W(h1,h2) = Lhjlhag © (I, @ Lhylg) © alhy, ho,g), (3.2.26)

Tolhiha © Y(h1,ha) = Tgnijhy © (Tgin, @ Lp,) © alg, hi, hy) ™t (3.2.27)
and the commutation compatibility condition

Thiglhe © (€h1\9® 1h2) = £h1|9h2 © (1h1 ®Tg\h2> © a(hlagv h2)7 (3228>

are now twisted by a.

From the form of the left and right morphisms in (3.2.24), it is clear that any solution
to these constraints will decompose as a direct sum of solutions supported on double
H-cosets in G. Let us therefore restrict our attention to a solution supported on a

single double coset [g] € H\G/H with representative g € G.

The left and right morphisms are each invertible, giving isomorphisms Vj, ~ V,, for
all 1,9, € H\G/H, hence we may restrict our focus to the component V,, which
carries a projective representation ®, of the subgroup H, := H N gHg ' that is

constructed from the left and right morphisms as
q)g(h) = /r‘hg|(hg)71 o (£h|g ® ].(hg)fl), (3229)

where h € H, and h? := g~'hg. The interpretation of this combination of morphisms

is a symmetry defect intersecting V' as illustrated in figure 3.8.

v, Cho

Cy Vg

Figure 3.8

A straightforward consequence of the consistency conditions (3.2.26), (3.2.27) and

(3.2.28) is that this combination of morphisms indeed defines a projective represent-
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ation in the sense that
(I)g<h1h2) = Cg(hl,hQ) . (I)g(hl) o (I)g(hg) (3230)

for all elements hy, hy € Hy, where the 2-cocycle ¢, € Zgrp(Hg, U(1)) is given up to

co-boundary by
Y(hi,h3) a(hu, ha, g) alg, hi, hY)

W) = ) T alhg k) (3:2.31)

It is known that conversely such a projective representation determines a solution
to the compatibility constraints for left and right morphisms [87, 88]. The above
construction then sets up a bijection between isomorphism classes of simple objects

in C(G, a|H, ) and isomorphism classes of pairs (g, ®,) consisting of

1. A double coset [g] € H\G/H with representative g € G.

2. An irreducible projective representation ®, of H, with 2-cocycle

o @D(hg:h’g) O‘(hlah%g)a(gahgl]ahg)
Cg(hl’hQ) N w(hhh?) Oé(hl,g,hg) ‘ (3232)

The isomorphism class of a simple object depends on the double coset representative

g and the 2-cocycle ¢, only up to isomorphism.

The above description of simple topological lines allows for the following alternative
physical interpretation: Let us consider the line g € G in 7. This is left invariant
under the action of H; C H and therefore supports a H, symmetry group. However,
due to the bulk 't Hooft anomaly and its trivialisation, the topological line has an
anomaly captured by the representative 2-cocycle ¢, € Z7, (H,y, U(1)). In order to
define a consistent topological line when gauging H C G, this anomaly must be
cancelled by dressing with a 1-dimensional TQFT with H, symmetry and 't Hooft
anomaly c,. This is precisely specified by a vector space supporting a projective
representation of H, with 2-cocycle ¢,. It may simultaneously be regarded as a badly

quantized Wilson line for H, whose anomalous transformation cancels that of the

symmetry defect.
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3.2.3 Examples

To conclude this section, let us study some examples of symmetries constructed in

the ways we have just described.

Example 1 : G =74

First we consider a theory 7 with symmetry group G = Z4 and trivial 't Hooft

anomaly, viewed as an extension of A = Zy by K = Zy
1 —>Zy =74y —Zoy— 1, (3.2.33)

with non-trivial class [e] € HZ, (Zy, Zy) ~ Z,. If we denote the generators of A = Z,
and K = Zy by x and y respectively, the normalised 2-cocycle e is completely

determined by the condition e(y,y) = .

There is no possibility for discrete torsion since HZ, (Z4,U(1)) = 0. Gauging the

grp

whole symmetry G leads to a theory 7 /G with symmetry category
C(Z4|Z4) = Rep(Z4) >~ VecZ4 . (3234)

Alternatively, we may gauge the symmetry in steps by first gauging the subgroup

A = Zy and subsequently gauging K = Z, in T /A.

« First gauging A = Z, results in a theory 7 /A with symmetry group G =
A x K = Zy x Zy and mixed anomaly o € Z3_(Zy x Zy, U(1)) determined by

grp

the extension e [35]. This anomaly may be represented by the SPT phase
L.
- / aUKUK (3.2.35)
2 Jx

in terms of the background fields a, k € H,, (X, Zj) for G. There is no possib-
ility for discrete torsion since ngp(Zg, U(1)) = 1. The symmetry category of
T /A is thus

C(Z4 ’ Zg) ~ Veco‘(Zg X ZQ) . (3236)
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o Now consider subsequently gauging K = Z,, which again does not allow for
discrete torsion. The simple objects are labelled by pairs (x, ®), where x € A
and ® is an irreducible projective representation of K with 2-cocycle (x;,e).
Let us denote the generators of A = Z, and K =17, by Z and 3, respectively.

For x = 1, we obtain two simple objects
Up := (1,1) and Uy, == (1,7). (3.2.37)
For x = z, we obtain two additional simple objects
Us == (2, f) and Uy = (z,f-79), (3.2.38)

where the normalised 1-cochain f : K — U(1) is defined by f(y) = i. Using

f? = 7, the fusion of the simple objects can then be determined to be
(Ul)n = Unmod4 - (3239)

This reproduces the symmetry category C(Zy X Zo, | Zs) = Vecy,, which
agrees with that of 7/G.

Example 2 : G = D,,
Next we consider a theory 7 with a non-anomalous finite dihedral symmetry group
G = Dgn ~ AxH ~ ZnNZQ, (3240)

with n even. The normal subgroup H ~ Z, with group elements {1,h} acts on

1

A ~ Z, with group elements {1,a,...,a" '} through h : a — a~!. Gauging the

subgroup A generates another theory 7 with isomorphic symmetry group
G=Dy,~AxH, (3.2.41)

where A has been replaced by its Pontryagin dual A ~ Z, with elements {1,x,...,x"'}

and H-action h : y — x L.

Gauging H = 75 produces a pair of theories with symmetry category Rep(Ds,), as
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L, —
T : Vect(Day) < > T : Vect(Da,)
L,
ZQ ZQ
D2n D2n
T/ZQ : RGP(D2n) %/ZQ : Rep(Dgn)
Figure 3.9

shown in figure 3.9. We can reproduce the symmetry category of T /D,, by starting
from 7 and gauging the subgroup H. We can view this by-steps gauging procedure a
physical version of Mackey’s construction for representations of semi-direct product

groups.

There are the following simple objects:

o The 1-dimensional orbit 1 = {1} may be supplemented by irreducible repres-
entations 1, w of its stabiliser Zs. We denote the corresponding simple objects

by 1, w. 2

o The 1-dimensional orbit 0 = {x2} may be supplemented by irreducible repres-
entations 1, w of its stabiliser Z,. We denote the corresponding simple objects

by o, ow.

« The 2-dimensional orbits {x*, x"~*} with j = 1,..., 2 —1 have trivial stabilisers.

We denote the corresponding simple objects by O;, j=1,...,5 — 1.

The fusion rules for irreducible representations may be computed following the recipe

above and are given by

ww =1 o®o =1 oQW = ow (3.2.42)
w & Oj = Oj 0 Oj = Oj (3243)
O;®0; = Oy ® Oy, (3.2.44)

2They are pure topological Wilson lines for H 2 Z,.
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where in the final line it is understood that Oy = 1 ® w and Og = o @ ow and

Oj = Oz, for j # 0,3 mod n.

Example 3 : G = Dy

Finally lets restrict our focus from G = D,, to G = Dsg, so that we might fully
exposit the gauging of subgroups. In 1 + 1 dimensions, an example is the ¢ = 1
CFT or Zs-orbifold theory. In addition to the symmetry group G = Dy considered
here, this theory has a rich spectrum of non-invertible topological defects due to
the fact that it is invariant under gauging of various subgroups [89]. We therefore
emphasise that the symmetry categories discussed below form only part of the full

fusion category symmetry in this example.

It is convenient to introduce generators r, s of Dg corresponding to rotation by /2

and reflection such that
Ds = (r,s|rt=s"=1, srs ' =r1), (3.2.45)

which manifests its presentation as a semi-direct product Zy4 X Zo. Alternatively, one

may introduce generators a := rs and b := sr such that
Ds = {a,b,s|a®> =b*=s>=1, ab=ba, sas ' =b), (3.2.46)

which manifests its presentation as a semi-direct product Dy X Zo, where we denoted

by Dy = Zo X Zs the dihedral group of order four.

The automorphism group of Dg is again Dg: There is a D, subgroup of inner
automorphisms generated by the conjugations x — "™z and x — ®x as well as a
Zo subgroup of outer automorphisms generated by the automorphism that sends
r+— 7% and s — rs. The latter acts on D, by sending "*(.) ~— *(.), so that the total

automorphism group is indeed given by Dy x Zy = Dy.

There are 10 subgroups H C Dg forming 8 conjugacy classes, whose structure is

summarised in figure 3.10. The subgroups are organized in rows according to their
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orders 1, 2, 4 and 8 from bottom to top. Normal subgroups are coloured in red
whereas non-normal subgroups are coloured in black with red arrows indicating their
transformation behaviour under conjugation. The encircled subgroup is the centre
of Dg and grey arrows denote inclusion as a normal subgroup. The blue arrow
indicates the transformation behaviour of subgroups under the generator of outer

automorphisms, which acts by reflection of the diagram.

Figure 3.10

The starting point is the symmetry category C(Dg | 1) = Vecp,. We consider the sym-
metry categories that result from gauging subgroups with discrete torsion, beginning

with subgroups of the smallest order and working upwards in figure 3.10.

Order two subgroups

We begin by gauging order 2 subgroups H = Z,. There is no possibility of discrete
torsion since H}, (Zy,U(1)) = 1. There are 5 order 2 subgroups forming 3 conjugacy

classes, two of which are related by an outer automorphism. Thus there are only

two substantive cases to consider.
o The center H = (r?) = Zy of Dg forms a non-split extension

1—%Zy— Dg— Dy — 1 (3.2.47)
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with non-trivial extension class [e] € H7, (D4, Zs). Gauging the center there-
fore leads to a symmetry group Zs x D, with 't Hooft anomaly determined by

[e], which can be represented by the cubic SPT phase

1
- / 3Ua, Uay (3.2.48)
2 Jx

in terms of the background fields for Zy x D,. More concretely, we can describe
the simple objects as follows: there are four double H-cosets [1], [r], [s] and

[rs], all of whose stabilisers are given by H. The double coset ring is given by
[r]? = [s]* = [1] [r] = [s] = [rs]. (3.2.49)

There are therefore 8 simple objects corresponding to the following pairs of

double cosets and irreducible representations

(X", (X", Ashx™,  (rshx™), (3.2.50)

where n = 0,1 and x denotes the generator of H =~ Z,. The fusion ring
contains a Zy subgroup generated by C' = ([1], x) as well as a D, subgroup

generated by Y = ([r],1) and Z = ([s],1), which commute with each other
CRY=Y&C C®Z=ZxC. (3.2.51)

The symmetry can thus be identified with the product group Zs x D, as
stated above. The corresponding symmetry category is given by C(Dg | (r?)) =

(07
Vecy, . p,-

o Now consider the two non-normal subgroups H = (s), (r’s) = Z,, which
are related to each other by conjugation. For concreteness, consider gauging
H = (s). There are three double cosets [1], [r], [r?] with stabilisers H, 1, H

respectively. The double coset ring is given by
[ [r] = 1]+ [”] [+ [r*] = [r] [« = [1].  (3.2.52)

There are therefore 5 simple objects corresponding to the following pairs of
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double cosets and irreducible representations

1=(1L1), U=("11, Vv=(Lx), W=("x), X=(1),
(3.2.53)
where x denotes the generator of H = Z,. The fusion ring contains a Dy

subgroup generated by U and V with U ® V' = W and additional relations
UX=X VeX=X X@X=1aUVoOW. (3.2.54)

The symmetry category is therefore a Tambara-Yamagami category of type

Dy. A computation of the associator shows that C(Ds | (s)) = Rep(Ds).

o Now consider the non-normal subgroups H = (rs), (r’s) = Z,. They are
related to each other by conjugation and to the subgroups in the previous
bullet point by an outer-automorphism. The computation of the symmetry
category is therefore the same up to relabelling, which implies C(Dg | (rs)) =
C(Ds | (r’s)) = Rep(Ds).

Order four subgroups

There are three order 4 subgroups: one is isomorphic to Z, and invariant under the
outer automorphism, and the remaining two are isomorphic to D, and exchanged
by the outer automorphism. In the latter case, there is the potential for discrete
torsion because H,,(Dy, U(1)) = Zj. There are therefore only two substantive cases

to consider.

« Consider gauging the normal subgroup H = (r) = Z,. There are two double
cosets, [1] and [s], both of which have H as their stabiliser. The double coset
ring is

[s] * [s] = [1]. (3.2.55)

There are therefore 8 simple objects corresponding to the following pairs of



3.2. Symmetries from Gauging 83

double cosets and irreducible representations

(), (slx™), (3.2.56)

where n = 0, ..., 3 and x denotes the generator of H = 7,. The fusion ring is

generated by R := ([1],w) and S := ([s], 1) subject to the relations
R'=5*=1 S®R®S‘'=R"'. (3.2.57)

The symmetry can therefore be identified with the semi-direct product Z, x
Zs = Dg, so that the corresponding symmetry category is given by C(Ds | (1)) =
Vec(Dsg).

o Now consider the normal subgroup H = (r? s) & D,. There are again two
double cosets [1] and [r], both of which have H as their stabiliser. The double
coset ring is

[r] o+ [r] = [1]. (3.2.58)

There are therefore 8 simple objects corresponding to the following pairs of

double cosets and irreducible representations
(M, x"w™)  and  ([r],x"w™), (3.2.59)

where n,m = 0,1 and y,w denote the generators of H =~ D,. The fusion ring
is generated by A := ([1],x), B := ([1],w) and D := ([r], 1) subject to the
relations

A*=B*=D*=1 D®A®D'=B. (3.2.60)

The symmetry can therefore be identified with Dy xZy = Dg and the symmetry

category is again given by C(Dg | (r? rs)) = Vecp,.

Adding a discrete torsion element ¢ € H?. (D4, U(1)) = Zy leads to the

same result, i.e. acts as an auto-equivalence of symmetry categories. This

can be understood from the point of view of spectral sequences, interpreting

H? (Dy,U(1)) as HY (Zy, H?. (D4, U(1))). There are then no non-trivial

grp grp grp
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differentials in the spectral sequence, which collapses at the second page. In

particular, there is no obstruction in lifting ¢ to a class in H;,,(Ds, U(1)).

o The normal subgroup H = (r?,rs) = D, is obtained from the bullet point above
by an outer automorphism and therefore the computation of the symmetry
category is the same up to relabelling. Adding discrete torsion again acts by an
auto-equivalence of the symmetry category. We conclude that C(Dg| (r?,s)) =

VECD8 .

Note that gauging both order four subgroups, including with discrete torsion, results
in an identical symmetry category Vecp,, up to equivalence. It is therefore possible
that a theory 7T is invariant under gauging these subgroups, resulting in a rich
spectrum of additional non-invertible duality defects that we have not not considered

here. It was shown that this scenario is indeed realised when 7 is the Zs-orbifold

CFT in [89].

Whole group

Finally, we gauge the entire symmetry group leading to the symmetry category

Rep(Dsg). Plugging in n = 4 to the previous example simplifies C(G|G) to

wew =1 o®o =1 0 W = ow (3.2.61)
w0 =0 o®0 =0 (3.2.62)
OR0 =1dw®dodow (3.2.63)

and so we see the symmetry category C(G|G) ~ Rep(Dg) is a Tambara-Yamagami

fusion category based on the abelian group Zy X Z, [82].

Adding a discrete torsion element ¢ € H?2 (Dg,U(1)) = Zj results in the same

grp
symmetry category up to equivalence. The results are summarised in figure 3.11.
There are various consistency checks on these results that correspond to taking
different routes from bottom to top in figure 3.11. Due to the reflection symmetry

of the diagram, it is sufficient to perform these checks for left hand side:
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Figure 3.11

o Starting from the theory 7 with symmetry category Vec(Dsg) we can gauge
the central subgroup (r?) = Z, to obtain the theory 7/ (r?) whose symmetry
category is given by Vecy ., as described in the first bullet point in 3.2.3.
This contains a Dy = Zs X Zo subgroup generated by defects Y, Z, whose

factors may be gauged independently:

o Gauging (Y') & Z, reproduces the theory 7/ (r) with symmetry category
given by Vecp,. The latter contains a Z, subgroup generated by the
defect S, whose gauging reproduces the theory 7/ (r,s) with symmetry

category Rep(Ds).

o Gauging (Z) = Z, reproduces the theory 7/ (r? s) whose symmetry
category is also Vecp,. The latter contains a Zs subgroup generated
by the defect D, whose gauging reproduces the theory 7/ (r,s) with

symmetry category Rep(Ds).

 Starting from 7 we can gauge the non-normal subgroup (s) = Z, to obtain
the theory T/ (s) with symmetry category Rep(Dg) as described in the second
bullet point in 3.2.3. The latter contains a Zs subgroup generated by the defect

U, whose gauging reproduces the theory 7/ (r? s) with symmetry category
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VecD8 .
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3.3 Generalised Gauging in 1+ 1 Dimensions

In the previous section we studied the defects after gauging a finite subgroup with
discrete torsion in the framed setting, now we turn our attention to general notions of
gauging a finite group symmetry of a (1 + 1)-dimensional unitary oriented quantum

field theory.

The three equivalent methods presented in section 2.3 all admit natural lifts in one
dimension higher, producing three equivalent methods for gauging a theory 7 with

symmetry category Hilbg, or Vecy in lieu of unitarity.

The key takeaway from this section will be that these lifts are in fact categorifications
of those in 2.3, as we shall see in each case the gaugings are labelled by unitary

projective 2-representations of G that categorify unitary projective representations.

3.3.1 Gauging and Algebras internal to Hilbg

First we consider a more general version of the algebra picture presented in the last
section, as a generalisation to section 2.3.1, where gauging corresponds to summing
over networks of symmetry defects. In the unitary setting this is implemented by

choosing a (normalised) special dagger-Frobenius (1-)algebra object in

Cr = Hilb2 . (3.3.1)
In the framed setting, this reduces to the study of (1-)algebra objects in

Cy = Vec%, (3.3.2)

or normalised Frobenius algebra objects in the oriented setting.

An algebra object A € Cr is equipped with multiplication and unit morphisms
m:ARA—A 1:C—= A, (3.3.3)

subject to associativity and unitality conditions summarised by the commuting

diagrams in figures 3.12 and 3.13.
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CoA- 2% A0 A

A®(A® A) s (A A)® A s l
l’idA®m lm@id,q
A
AR A AR A idaor
X / AC — AR A
m id g m
A !
A
Figure 3.12
Figure 3.13

This preliminary data equips A with the structure of a finite-dimensional o~ !-twisted
associative G-graded algebra, much like the structure we used in the previous sec-

tion 2.2.

The dagger structure on morphisms then determine a co-multiplication and co-unit
m A=A A il A— C,, (3.3.4)

satisfying analogous co-associativity and co-unity conditions. We also ask that they

satisfy a Frobenius condition that all maps
A®mAL _y A0t (3.3.5)

that can be built from m copies of the mulitplication and n copies of the co-
multiplication are equivalent, equipping A with the structure of a finite-dimensional

Frobenius algebra.

The combination if om : A® A — C, forms a bilinear product which further defines

two 1-morphisms

o1 := ((iT om) ®idy+) o ozAT’lA,A* o (idg ® coevy) : A — A*
(3.3.6)

0, = (idg @ (iT om)) 0 apge pp0 (el @idy) : A — A*.
We ask that these two morphisms are equivalent o; = o,., then unitary duals imply
that alT o0y = O';[ o0, = idy. In particular this makes o; : A — A* an isomorphism,

defining an anti-linear involution on A and giving it the structure of a (normalised ?)

3We expect the normalisation to be uniquely determined by the constraint that the algebra is
special /symmetric, which by definition strongly constrains the choice of bilinear form.
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symmetric or special dagger-Frobenius algebra [84], or equivalently a (normalised)

Q-system [85, 86].

In analogy to section 2.3.1, we define the Morita equivalence of special dagger-
Frobenius algebras A, A" internal to C; = Hilbg, as an equivalence of (left) unitary
module categories Modc, (A) ~ Modc, (A’) of dagger-Frobenius module objects over
A, A') internal to Cr. These comprise of objects M € Cr together with a (right)
module action from A

p:MeA— M, (3.3.7)

satisfying compatibility conditions with the multiplication and unit of A summarised
in figures 3.14 and 3.15.

QM A A

(M®A)RA M®(A® A)
Lu@id/; lidM(@m MxC RTAIN M A
Mo A MeA ar Jﬂ
\ / M
n
M Figure 3.15
Figure 3.14

This preliminary data equips M with the structure of a finite-dimensional o~ *-twisted

G-graded module over A.

The dagger structure on morphisms determines a co-module action which must
satisfy analogous conditions. We also ask that they satisfy a Frobenius condition
that all the maps

M@ A®" — M @ A®™ (3.3.8)

that can be built from n copies of the action and m copies of the co-action are

equivalent, equipping M with the structure of a Frobenius module over A.

The combination of 1-morphisms
(idy @ (iTom)) o apan o (W ®idy): M@ A— M (3.3.9)

also defines a right action of A on M; to make M a dagger-Frobenius module over
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A, we demand that this is equivalent to the given module action p. This condition

can be equivalently viewed as constraining
Wt o (oy®idy-) : A® M* — M* (3.3.10)
to be a consistent left module action of A on M*.

In the framed setting, the space of (right) modules A = Modyece (A) over an as-
sociative algebra object A forms a (left) module category over Cr = Vecg: this is
precisely how we define an o~ !-projective 2-representation of G [90, 91]. This induces
a labelling of Morita equivalence classes of associative algebras internal to Vecg by
simple/irreducible projective 2-representations with projective 3-cocycle a~!, which

in turn are are classified by [92, 93]:

o A conjugacy class of subgroup [H C G].

+ A class ¢ in a torsor over Hj, (H,C*) such that 0 = a~".
This classification overlaps with the gaugings studied in section 3.2; the minimal
choices of gauging of an anomalous GG symmetry in 1 + 1 dimensions are given by
a choice of non-anomalous subgroup H C G to gauge, together with a choice of

trivialisation 1) = oL

Similarly, in the unitary setting the category A = Modc, (A) of (right) dagger-
Frobenius A-modules then admits a natural (left) unitary module action from Cy =
Hilbg: this is precisely how we define unitary projective 2-representation G with
projective 3-cocycle a~!. This induces a labelling of Morita equivalence classes of

special dagger-Frobenius algebras by unitary projective 2-representations

A € 2Rep™® (@) (3.3.11)

We now construct these special dagger-Frobenius algebras concretely. Given a rep-

resentative subgroup H C G, the corresponding algebra objects are faithfully graded
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and decompose as

A=EPC e, (3.3.12)

heH

where we have elected to define a basis {e,}reny. The choice of multiplication

m:A® A — A is specified by a 2-cochain ¢ € CgQTp(H, C*)
m: ep,Chy 7 Z/}(hl, h2>eh1h2 s (3313)
and the associativity constraint 3.12 enforces the trivialisation condition

5 = aly . (3.3.14)

We equip A with a dagger-Frobenius structure by adding a non-degenerate bilinear

form 5 : A ® A — C with non-vanishing components
Blen, en-1) = w(h,h1), (3.3.15)
and an anti-linear involution
er =w(h,h ) ep . (3.3.16)
This structure will be special /symmetric if and only if ¢ is such that
P(1,h) =(h,1) =1 <= (h,h ) =uw(h ' h). (3.3.17)

Notice that from the framed perspective this is just a choice of normalisation for
1 that we can always make when G is finite. This categorifies the statement that
all representations of finite groups are equivalent to unitary representations: all
(projective) 2-representations of finite groups can be lifted to unitary (projective)

2-representations by picking the appropriate normalisation for a.

3.3.2 Gapped Interfaces and Module Categories over Hilby

As we just saw, classifying gaugings as Morita classes of algebra objects is equival-

ent to classifying projective 2-representations. We can arrive at this result in an
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equivalent way by considering gapped interfaces between T and the gauged theory
T/\G.

X eCr M e\

Figure 3.16

The gapped interfaces between 7 and 7T /,G form a finite semi-simple category
A, whose objects M € A are gapped/topological interfaces, and morphisms are

topological local operators supported on junctions between interfaces.

In the framed setting, the action from fusing topological lines in 7 onto the interface
as depicted in figure 3.16 endows A with the structure of a (left) module category
over

Cr = Vecg . (3.3.18)

This is precisely how we define a~!-projective 2-representations of G, directly categor-
ifying the notion of projective representations in section 2.3.2 as modules/representations

over *Cd.

An alternative formulation of these module categories is in terms of functors of the
form

R : BG — 2Vec, (3.3.19)

where BG of G denotes the delooping of G thought of as a fusion 2-category with
a single simple object %, and endomorphisms End(x) = Vecg [90-93]. For a = 0

1

these functors are monoidal, otherwise they are monoidal up to = which twists its

compatibility with the associator, we call this an a~!-projective monoidal functor.

We define the 2-vector spaces that make up the fusion 2-category 2Vec as module

categories over Vec equivalent to Vec®" for some n € N. This definition can be
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interpreted in two different ways:

1. A 2-vector space equivalent to Vec®" can be thought of as a finite semi-simple

category with n simple objects.

2. The objects of a module 2-category over Vec up to equivalence can be thought of
as modules over a (Morita class of) algebra object internal to Vec corresponding

to an associative algebra.

Thought of as a finite semi-simple category, the 2-vector space R(x) is equipped with
a module action from Vecg; via the assignment of elements g € G to automorphisms
of R(x). This reproduces a module category from a choice of projective monoidal

functors.

To relate this picture to the previous one in terms of algebras, we note that to
construct an interface between 7T and 7 /,G obtained by gauging an algebra object
A, we must first choose an object M € Cy and then specify how the algebra object
ends on it. The data that implements this is precisely that of a module over A,

identifying the category of gapped interfaces with the earlier module category
A = Mode, (A). (3.3.20)

In the oriented setting we can formulate a direct argument for the reverse statement
by considering 7 /AG with insertions of the identity operator and resolve them into
oriented loops containing 7. Expanding the loops, eventually the interfaces will
collide and produce a network of topological defects Ay in 7. In order for the
resulting theory to be independent of the way the expansion is performed, the
topological defects A must describe normalised Frobenius algebra objects internal

to CT [94]

In the unitary picture, the category A of interfaces is now a finite semi-simple dagger

category. The action from fusing topological lines in 7 onto the interface depicted
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in figure 3.16 endows A with the structure of a (left) module category over
Cr = Hilbg, . (3.3.21)

This action is compatible with the unitary structure of Hilb¢, in the sense that:

1. For each pair of morphisms v:a — bin A and f: X — Y in Cy, the module

action f >y satisfies
(fey) = fioql. (3.3.22)

making A a dagger-module category over Hilbg..

2. Pre-composing the (left) module action with the unitary dual % defines a consist-
ent (right) module category, making A a unitary module category over Hilbg,.
This property may be thought of physically as capturing the identification

between two gapped interfaces related by a reflection.

This is how we expect to define unitary a~!-projective 2-representations of G, directly
categorifying the notion of unitary projective representations from section 2.3.2 as
unitary representations over *CG as a C*-algebra. Alternatively we expect that
we can also formulate these unitary module categories as unitary a~!-projective
monoidal functors

R : BG — 2Hilb | (3.3.23)

where we would define 2Hilb analogously to 2Vec as the unitary fusion 2-category *
of module categories over Hilb equivalent to Hilb®" .for some n € N.
3.3.3 Symmetry TFTs and Lagrangian Algebras

Now we consider the same gauging procedures from the perspective of gapped

boundary conditions in the sandwich construction [27, 28]. The starting point is

4We will return to these objects in chapter 4, for now it suffices to say that a generally accepted
definition of these objects is still lacking.
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2+ 1-dimensional unitary oriented Dijkgraaf-Witten theory labelled by a gauge group
G and a class

la] € H) (G, U(1)). (3.3.24)
These are gauge theories supported on a 3-manifold M3, described by a finite gauge

field
a: M — BG, (3.3.25)

whose action is determined by a representative o € Zg’,,p(G ,U(1)) satisfying

h,k,Da(g, hk,D)a(g, h, k)
algh, k. Dalg, b ki)

sag.h ke, 1) = 4 ~1, (3.3.26)

via the pull-back
el 3.3.27
/7\13 a ’ ( )

and is hence manifestly topological. When the boundary dMj3 is non-empty, we can

specify topological boundary conditions by fixing the restriction
a|5M3 : 8M3 — BH, (3328)
for some subgroup H C G such that a|;' = d¢ trivialises. The pull-back

Y*a (3.3.29)
oM

then defines a consistent contribution to the topological action on the boundary

that makes the total theory topological. This construction accounts for all possible

topological boundary conditions for (2 + 1)-dimensional Dijkgraaf-Witten theories.

We will define the Dirichlet boundary condition D as the one that totally fixes a on
the boundary by setting H = 1 to be the trivial subgroup. In the framed setting
this corresponds to a 1 4+ 1-dimensional topological boundary supporting a (G, «)
symmetry described by

Cp = Vecg: . (3.3.30)

The existence of this canonical topological Dirichlet boundary reflects the fact that

the Dijkgraaf-Witten theory is a Turaev-Viro type TQFT whose symmetry in the
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(2 + 1)-dimensional bulk contains topological lines described by the Drinfeld centre
DW¢ .o ~ Z(Vecs). (3.3.31)

This is a braided fusion category whose objects are objects X € Vecg together with

a half-braiding that comes in the forms of 1-isomorphisms
bxy 1 XY =Y ®X, (3.3.32)

for each other object Y € Vecs, together with a fusion compatibility condition,
as we defined in subsection 1.3.2. We can think of these isomorphisms physically
as capturing how the topological lines braid with one-another in 2 + 1 dimensions.

Concretely these objects are characterised by the following data:

1. A finite-dimensional G-graded vector space

X=0PX,. (3.3.33)

geG

2. A G-action by automorphisms pyp, : X, — Xgps-1 satisfying twisted composi-
tion
Pyns © Pug = Tr()(g, h)pgn.s (3.3.34)

and twisted distributivity

Prg @ prn = Tr()(g,)psgn (3.3.35)
for all g, h, f € G.
The collections of phases
a(g,"f,h) . a(’g, f,h)
Tr(a)(g, h) == Tr(a)(g, h) =
o) = g g Mata. b, ) M) = o7 g halg, h 1
(3.3.36)

define groupoid 2-cocycles

(), 7(a) € 722 (G//G,U(1)), (3.3.37)

grp
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or equivalently a collection of group 2-cocycles 7¢(a), 7y(a) € Z7,,(Cr(G), U(1))
upon restriction to arguments in the centralizer g,h € C¢(G). These satisfy the
same properties as the transgression of «, and in particular they identifies the

Drinfeld centre with projective representations of the Drinfeld double

Z(Vec?) ~ Rep®  (G//G). (3.3.38)

The symmetry of a (14 1)-dimensional quantum field theory can be recast as a (2+1)-
dimensional symmetry TFT. For a (G, «) symmetry the corresponding symmetry
TFT is the (G, «) Dijkgraaf-Witten theory. The dynamics of T are captured by a
relative (non-topological) boundary condition, and the theory itself can be recovered
by interval compactification with the canonical gapped Dirichlet boundary condition

D.

For other choices of gapped boundary A = (H, 1)), interval compactification produces
the theory 7 /,G. This has an alternative description of starting from the canonical
Dirichlet boundary condition D and gauging an anomaly free subgroup H C G with

trivialisation .

The statement that the Drinfeld centers of Cr, Cr/,¢ coincide is equivalent to the
statement that they are Morita equivalent. This is general: two unitary fusion
categories are unitarily Morita equivalent if and only if their Drinfeld centers are
unitarily equivalent. In the sandwich construction, this is the statement that all
gapped boundary conditions admit invertible junctions between them. We will see

that the analogous statement fails in higher dimensions in chapter 4.

We now connect to another description that sets gapped boundary conditions in the
language of Lagrangian algebras; it is known that the gapped boundary conditions of
a (2 + 1)-dimensional TQFT of Turaev-Viro type built from a fusion category C can
be identified with Lagrangian algebras in Z(C) [95, 96]. These represent topological
line defects in the symmetry bulk that condense on their corresponding topological

boundary.



98 Chapter 3. Gauging Finite Symmetries in 1+1 Dimensions

An algebra object A in Z(Vecg:) as a braided fusion category is said to be braided
(or commutative) if its multiplication is compatible with that braiding in the sense

of figure 3.17.

Ao A AeA MoA2Y AgM
Sl ol ]
A Ao M —2 5 M
Figure 3.17 Figure 3.18

The Lagrangian condition can be formulated in terms of local modules. A module
object M over A in Cy ~ Vecg is local if its module action is compatible with the
braiding in the sense of figure 3.18. We say then that a connected braided algebra

object A is Lagrangian if the category of local modules over A trivialises to
Mod%(e,y(A) ~ Vec (3.3.39)

as a braided fusion category.

A braided algebra object in Z(Vecy) is an a'-twisted G-crossed commutative

extension of an associative algebra in Vec. The data of such an object is as follows:

1. A finite-dimensional G-graded vector space A = @ cq Ay

2. A G-action by automorphisms pyp, @ A, — Agpg—1 satisfying twisted composi-
tion
P s (Pns () = T1()(g, 1) pgn.s (x) (3.3.40)

for all x € Ay and g, h, f € G.
3. A G-graded multiplication A,A; C Ay, satisfying:
o Twisted associativity
(xy)z = alg, h, k)z(yz) (3.3.41)

forallz € Ay, y € Ay, 2 € Ay, and g, h, k € G.
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o (G-crossed commutativity

zy = pgn(y)z (3.3.42)

forallz € Ay, y € Ay, and g,h € G.

o Twisted distributivity

Prgn(y) = Tr()(g, h)ps.g()psn(y) (3.3.43)

forall z € Ay, y € Ay and g,h, f € G.

It is important for us to stop here for a moment and appreciate that if we forget the
multiplicative structure, this data is that of a projective 2-character which categorifies

that of the projective characters seen in section 2.3.3:

e We have an assignment X : G — Vec, this lifts the assignment of x : G — C

for projective characters.

« We have isomorphisms p, 5 : X;, — X, that lift the projective class function

property for projective characters.

We will now show that for a Lagrangian algebra internal to 2Vecg, this is the data

of an irreducible/simple a~!-projective 2-character.

It is known that Lagrangian algebra objects in Z(C) correspond to full centres of
indecomposable algebra objects in C [83]. These are braided algebra objects Z(A) in
Z(C) together with a 1-morphism Z(A) — A that restricts to an indecomnposable
algebra object A in C. We will not construct these objects in full generality but
instead restrict our attention back to the group-theoretic setting by constructing

explicit examples.

The Lagrangian algebras in Z(Vecg:) then are described by indecomposable algebra
in Vecg, labelled by simple o~ !-projective 2-representations of G, coinciding with our

previous analyses. To do this concretely, recall that indecomposable algebra objects
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in Vecg: corresponding to a projective 2-representation A = (H, 1)) are written

Ay =P Cy, (3.3.44)

heH
with multiplication twisted by the 2-cochain ¢ € Zgrp(G, U(1)) satisfying dy =
(alg)~!. Computation of the full centre requires promoting A, to a Lagrangian
algebra Z(A,) in Z(Vecg). To this end, we start choosing coset representatives a; H

that determine a permutation representation o on the quotient G/H by

g-a;H = as,;H (3.3.45)
with compensating transformations

loj =5y 9" 5 - (3.3.46)

The 2-cochain ¢ then induces a 2-cochain {c1, ...,cp} € C2,,(G,U(1)/7) that trivi-

1

alises o~ via the Shapiro isomorphism,

cj(g1, 92) = ¢(€gl,g;11(j)7 6927(;;122 (j)) . (3.3.47)

We then construct the full centre by summing

Z(AA) = @ A(aiH,qj)ai) s (3348)
i€G/H
where “H = a;Ha; ' and
Y (hy, he) = (% he,® hy), (3.3.49)

overlaps with ¢;(hy, he) on hy,hy € “H. In doing this we capture all equivalent
choices of subgroup H for a given irreducible projective 2-representation A\, making
Z(A,) central by construction. To equip Z(A,) with a half-braiding we introduce

generators

Z(A)= &P € C-¢ (3.3.50)

1€G/H ge* H
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indexed by i € G/H and g € “ H, then the half-braiding takes the form of a G-action

Ci(gvh) aq()
€ohat -
Ci(ghag) g

ponler) = (3.3.51)

We further equip Z(A,) with the structure of a braided algebra in Z(Vecg) by

equipping it with an o~ !-twisted associative G-crossed commutative multiplication
€ €h, = V" (h1, ha) €}y, (3.3.52)
for each i € G/H and hy, hy € “ H.

In the oriented setting we can further equip this braided algebra with a normalised

Frobenius structure by defining a bilinear map

Bley, eh-1) =% (h,h™"). (3.3.53)

Unitarity

This entire story admits a natural lift to the unitary setting; the (G, ) Dijkgraaf-
Witten theory has a natural unitary structure. the Dirichlet boundary condition D

supports a global (G, «) symmetry described by
Cp = Hilb% . (3.3.54)

The (2 + 1)-dimensional bulk symmetry now contains topological lines described by
the Drinfeld centre

DW¢ o ~ Z(Hilb%) , (3.3.55)

now thought of as a unitary braided fusion category. The objects of this category

are characterised concretely by the following data:

1. A finite-dimensional G-graded Hilbert space

X=PX,. (3.3.56)

geG
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2. A G-action by *-automorphisms pgp, : Xj — Xgp,-1 satisfying twisted compos-

ition and twisted distributivity.

In this setting the Drinfeld centre is identified with unitary projective representations
of the Drinfeld double
Z(Hilb%) ~ Rep™® (G//G) . (3.3.57)

We can further extend the full-centre construction to the unitary setting by normal-

ising (1, g) = 1(g,1) = 1 and equipping Z(A,) with an anti-linear involution
()" = ¢ (h,h™" ) ejn . (3.3.58)

This * operation is automatically compatible with the G-action and multiplication,
making Z(A,) a (normalised) braided special dagger-Frobenius algebra object in
Z(Hilb2,).
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3.4 Defects After Generalised Gauging

We now revisit the study of symmetry defects that result from this more general

picture of gauging a (G, a) symmetry in 1+ 1 dimensions.

3.4.1 Bimodules Over Algebras

Earlier in section 3.2 we showed that the defects obtained after gauging an algebra

object A internal to Vec”ag were described by bimodule objects over A
C(G, a|H, ) ~ Bimod¢, (A). (3.4.1)

We will now return to this perspective in greater generality.

Starting in the framed setting, given an algebra object A internal to Vecy;, we can
construct the corresponding fusion category of bimodule objects over A. A Bimodule
object over A is an object M € Vecg together with left and right module actions

implemented by 1-morphisms
A M — A M ®@A— M, (3.4.2)

satisfying compatibility conditions like those appearing in figures 3.14 and 3.15, and

now additionally a commutation relation depicted by the commuting diagram in

figure 3.19.
(Ao M)® A 2Aa A® (M ® A)
lﬂl@idA lidhﬂgﬂr
M®A A M
Hor
i
M
Figure 3.19

For an indecomposable algebra object A corresponding to a simple projective 2-
representation A, these conditions coincide with the earlier ones from section 3.2.2

stated in equations (3.2.26), (3.2.27) and (3.2.28).
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In the unitary setting with a special dagger-Frobenius structure on A, we further
make these objects special dagger-Frobenius bimodules by imposing similar condi-
tions to those described in section 3.3.1. Importantly since we are working in the
finite setting, this does not change the earlier construction of defects; all equivalence

classes of representations over a finite group admit a basis that makes them unitary.

3.4.2 Modules Over Lagrangian Algebras

We can now also recover the symmetry defects after gauging by considering the sym-
metry category on the topological boundary corresponding to 7 /G in the sandwich

construction.

Starting in the framed setting, with the Dijkgraaf-Witten TQFT with gauge group
G and topological action «, we take the perspective that a Lagrangian algebra L,
labelled by projective 2-representations A = (H, ) specifies a topological line in the
symmetry bulk that condenses on its corresponding topological boundary condition
B,. To state this precisely, we note that the boundary condition B, determines a

monoidal functor

Fy: Z(Vecy) = C(G, a|H, ) (3.4.3)

corresponding to bringing bulk topological lines to the boundary. By identifying
Z(Vecy) ~ Z(Cr/ag) and Cr/,¢ ~ C(G, a|H, 1)), we can recast this functor as the

forgetful functor defined in subsection 1.3.2
Fr~ Fy Z(CT/Ag) — CT/,\G' (344)

The statement that L) condenses on the boundary means that its image under F)

is the trivial line/monoidal unit

FaLy~1 (3.4.5)
in CT/AG'

We next consider pairs of bulk topological lines [,I’ € Z(Hilbg,) that map to the
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same boundary line

Fnl ~ Fy ' ~ lo € CT/AG" (346)

The boundary condition hence induces an equivalence relation [ ~ [’ which in

particular implies the existence of a morphism
,ul,l’ . l@ Z(A,\) — l/, (347)

that specifies how to consistently end L) on the junction, as depicted in figure 3.20,

together with compatibility conditions with the algebra structure.

0X
' e Z(Vecg)

— JURE

| € Z(Vecg)

Figure 3.20

Topological lines on the boundary B, are hence identified with lines in the bulk
modulo this equivalence relation. These equivalence classes correspond to modules

over Ly in Z(Vecg) and so we identify the symmetry category on the boundary as
Crna = Modz(vees) (L) - (3.4.8)

This identification replicates our earlier construction from bimodules. In particular,
we conjecture that for any associative algebra object internal to a fusion category C,
should it admit a full-centre lift to a braided algebra object Z(A) internal to Z(C),

then there should be a general equivalence of fusion categories

Bimodc (A) ~ Modz(c)(2(A)). (3.4.9)
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We do not aim to prove this statement in generality here, rather we will demonstrate

it in the group-theoretic setting with an explicit example.

First recall that from the full-centre construction, a Lagrangian algebra L) can be

expressed in terms of generators eg indexed by cosets with representatives a; € G

and group elements g € “H. The G-graded multiplication, twisted G-action and

G-crossed braiding are all determined as before.

A (right) module over L, internal to Z(Vecy,) is specified by the following data:

1. A finite-dimensional G-graded vector space V = @ e Vy.

2. A G-action by unitary linear maps w,(h) : V, = Vi, satisfying twisted com-

position

Wy ny o wh f = Tr()(g, h)wgn,f -

3. A right module action r from the generators e; satisfying

r(ep,) o re )lv, = ¥ (hi, ha)a(a, by, ha)r(el, )|y,

and
Wo,hf © 7“(62) = T(pgﬁ(e@) O Wyt

for each graded component V; and f € G, and

> r(e}) =idy.

i€G/H

(3.4.10)

(3.4.11)

(3.4.12)

(3.4.13)

Using the braided structure of Z(Vecg,) we can absorb the w action and induce from

the right action r, a left action

ey, = r(psn(er™))

satisfying
’l/} (hl ) hZ)

e, ) o l(el )y, = 2l
" "2 (nd nd, f)

(67;11}12) |Vf

and

r(eh,) o Lep, v, = alhy, f,1)I(e],) o r(el,)lv; .

(3.4.14)

(3.4.15)

(3.4.16)
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for each f € G. These formulae should be compared with the earlier ones appearing
in section 3.2.2 in the form of equations (3.2.26), (3.2.27) and (3.2.28), with which
they coincide; this demonstrates the equivalence (3.4.9) for indecomposable algebra

objects internal to Vecg.

In particular, given a choice of double coset with representative g € (G, the combina-
tion

®(h) = r(efha-1) o ller)) (3.4.17)
for h € H; = H NYH reconstructs the projective representation of H,. The defects

after gauging are hence labelled by

1. A double coset [a] € H\G/H.

2. A projective representation ® of H, = H N “H with projective 2-coycle ¢, €
Z2 (H,,U(1)) defined by the formula

grp

’l/)a(hl, hg) Oé(h,l, hz, CL)O((CL, htll, hg)

hi,ho) :=
ol he) = e T A, @ hg)

(3.4.18)

reproducing precisely the expected structure of a group-theoretic symmetry category

Crpa = C(G,a|H, 1) obtained earlier.

In the unitary setting with a special dagger-Frobenius structure on L), we further
make these objects special dagger-Frobenius modules by imposing similar conditions
to those described in section 3.3.1. Once again since we are working in the finite
setting, this does not change the earlier construction of defects; all equivalence classes

of representations over a finite group admit a basis that makes them unitary.






Chapter 4

Gauging Finite Symmetries in 241

Dimensions

We now move to symmetries of quantum field theories occupying 2 + 1 dimensions.
The construction of non-invertible symmetries in 2 + 1 dimensions has seen many
advancements in recent years, and is still an area of active development [1, 2, 8, 22,

53].

In analogy to chapter 3, the most general process of gauging a finite group symmetry

includes additional degrees of freedom that we can describe physically in a few ways:

1. Orbifolding a non-anomalous subgroup with a choice of discrete torsion and

symmetry fractionalisation [97, 98].

2. Stacking the theory with a 2 4+ 1-dimensional TQFT that cancels the anomaly

on a subgroup [2, §].

3. Choosing an opposing topological boundary for the (3 + 1)-dimensional sym-
metry TFT [27, 28, 53].

In this chapter we will demonstrate that the findings of chapter 3 generalise to 24 1
dimensions, and that these descriptions can all be recast in the language of higher

representation theory; gauging a finite group symmetry corresponds to inserting
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a badly quantised space-filling Wilson volume/hyper-surface, and the topological

surfaces these volumes can end on transform in a projective 3-representation.

Topological line defects in 2+ 1 dimensions continue to be labelled by representations,
however in addition to these we also observe topological surface defects that have a

couple of equivalent descriptions:

« They are insertions of extended (1 + 1)-dimensional TQFTs that transform

under the finite gauge symmetry [8].

o They are surface defects of the original symmetry, together with additional
data that makes them compatible with the insertion of a network of defects [1,

9.

o They are equivalence classes of surface defects in the (3 + 1)-dimensional

symmetry TFT that are identified on the topological boundary .

These interpretations represent further categorifications to the ideas presented in
chapters 2 and 3. The appearance of non-trivial topological lines together with
topological surfaces that can act on them in a non-trivial way leads to a far richer
variety of symmetries in 2 + 1 dimensions. We can see one aspect of this richness
immediately from the class of invertible 2-group symmetries, which categorify the
notion of a group and have been the topic of research for many recent lines of

research [74, 99-102].

In this chapter we will first discuss the structure of finite global symmetries in 2 + 1
dimensions 2, focusing our attention on invertible symmetries described generally
by 2-groups. Then we will construct more general non-invertible group-theoretic
symmetries in the framed setting by gauging groups and 2-groups, and explore

some motivating examples. Finally, we will explore the most general way to gauge

'We will not discuss this perspective in full detail in this chapter, we will return to in in chapter 5.
2Tn truth we would like to perform this exposition for unitary symmetries, but as we will note
again in a moment, this is presently still an area of ongoing research.
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a symmetry in 2 + 1 dimensions, in an attempt to construct all oriented fusion

2-categorical symmetries via a generalised notion of gauging finite subgroups.
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4.1 Finite Global Symmetries

We restrict our focus to oriented theories whose local excitations are purely bosonic,
and whose partition function is defined on oriented 3-manifolds. Finite symmetries
of unitary oriented (2 + 1)-dimensional quantum field theories are expected to be

described by unitary fusion 2-categories.

However, while we certainly expect that unitary fusion 2-categories can be defined
consistently, and also that we can do so in a manner conducive to categorifying the
arguments we had in chapter 3, a precise description of their structure is still very
much a topic of active research in the field. Recent developments point towards
constructions of O unitary structures for oriented fusion 2-categories, and more
generally for fusion n-categories [25], which generalises the notion of unitary dual
functors set out in [24], and the notion of unitary fusion category we exposited in

subsection 1.2.1.

Dropping unitarity and working in an oriented setting corresponds to regarding
the symmetry as a spherical fusion 2-category, which by comparison are very well
understood [54]. Further dropping orientation and working in a framed setting

corresponds to regarding the symmetry category as an ordinary fusion 2-category.

4.1.1 Invertible Symmetries
Group Symmetries

We start with the simpler case of a O-form invertible symmetry in 2 + 1 dimensions
with no non-trivial topological line defects. We expect the various unitary fusion
2-categorical structures compatible with the group multiplication to be classified up

to equivalence by group cohomology classes

[a] € HY (G, U(1)). (4.1.1)

grp



4.1. Finite Global Symmetries 113

This class is an invariant of the renormalisation group flow and corresponds to a 't
Hooft anomaly. As usual, we take the perspective that specifying a theory includes
specifying a representative 4-cocycle «, and that shifting the representative by a

4-coboundary corresponds to adding local counter-terms [35].

Working in the framed /oriented setting, the symmetry of a theory 7 with symmetry

(G, ) is described by the (spherical) fusion 2-category
Cr = 2Vecy , (4.1.2)

of G-graded 2-vector spaces 3, whose structure is summarised as follows:

« Simple objects are denoted by 1, for g € G, and fuse according to 1,® 1, = 1,4,
as illustrated in figure 4.1. They correspond to the two-dimensional topological

surfaces generating the finite group symmetry G.

« The l-morphisms form categories Hom(1,,1,) = d,,Vec; there are no non-
trivial topological lines in the theory, nor any topological interfaces between

inequivalent surface defects.

« The pentagonator for the fusion of four simple objects 1,4, 15, 1x, 1; is twisted
by the phase a(g,h,k,l) as illustrated in figure 4.2. This phases satisfies a
consistency condition described abstractly by an associahedron diagram and

here concretely by the cocycle condition

alh, k,l,m)a(g, hk,l,m)a(g, h, k,lm)
al(gh, k,l,m)a(g, h, kl,m)a(g, h, k1)

da(g, h,k,l,m) = =1. (4.1.3)

3It is then more appropriate to consider a € Z;lrp(G,(CX). However, ngp(G,(CX) o~

H;.,(G,U(1)) for finite G as it is always possible to choose a representative « to be a phase.
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19 X 1h ~ 1gh
lg
1n
Figure 4.1
1ghkl 1ghkl
1 lg
= alg,h, k,1)x
15 "
1% I ) I
k
Figure 4.2

We define 2-vector spaces in the same way as we did in subsection 3.3.2, and in the
same way, we can consider G-graded 2-vector spaces as finite semi-simple G-graded

categories with endomorphisms given by homogeneous functors.

A new interpretation we will now consider is that a 2-vector space equivalent to
Vec®”" can be thought of as a set of n elements with automorphisms described by
permutations. In the setting of G-graded 2-vector spaces, this identifies objects with

G-graded sets with automorphisms described by homogeneous permutations.

2-Group Symmetries

More generally, an invertible symmetry in 2 4+ 1 dimensions may be described by a
2-group G. These symmetries represent a small generalisation of group symmetries

in that they have non-trivial categorical structure while still being invertible.
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The data of a finite 2-group G = (G, A, p, €) includes:

A finite (0-form) group symmetry G.

A finite abelian (1-form) group symmetry A.

An action p : G — Aut(A).

A Postnikov extension class classified by group cohomology [e] € H g’m (G, A),

where A is thought of as a G-module such that

56(97 h7 kJ) = pgfle(hv ]{Z,l)—€<gh, k,l)+€(g,hl€, l)_e(gv h,kl)+€(g, ha k) =0,
(4.1.4)
for all g, h,k,l € G.

We construct the classifying space BG of G via a Serre fibration, or Postnikov system
1 — B*A— BG — BG — 1, (4.1.5)

with characteristic map BG — B*A determined up to homotopy by [e]. The possible

't Hooft anomalies are classified by

(o] € H! (G,U(1)) ~ HY(BG,U(1)), (4.1.6)

grp

where we are extending the definition of group cohomology to 2-group cohomology

via the singular cohomology over the fibration BG [74].

We can construct these classifying cohomology groups explicitly using a Serre spectral

sequence

Byt =HE (G, HY(B*A,U(1))) = H2Y(G,U(1)), (4.1.7)

grp
for p+q = 4. If the 2-group extension e = 0 vanishes, the sequence (4.1.5) splits and
we expect the spectral sequence above to collapse at the second page. In that case
H,,.,(G,U(1)) decomposes into components. The spectral components E>! and E,°

vanish automatically, but those remaining admit various physical interpretations:
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1. The component
Ey°(a) € Z3, (G, U(1)) (4.1.8)
captures the 't Hooft anomaly of the 0-form symmetry G as we had in the
previous subsection.
2. The component
E3*(a) € 22, (G H*(B*A,U(1))) ~ Z2,, (G, A) (4.1.9)
captures the mixed 't Hooft anomaly between G and A[1]. This corresponds
to the four-dimensional SPT phase
/ aUk*E2*(a) (4.1.10)
My
on a 4-manifold My supporting background fields a € H?*(My, A) and k : My —
BG.
3. The component

Ey'(a) € Z4(B*A,U(1))¢, (4.1.11)

captures the 1-form 't Hooft anomaly of A. The cohomology group in this case

admits a dual description
H*(B%*A,U(1)) ~ Hom(I'A, U(1)), (4.1.12)

where I'A is the universal quadratic group of A. As we remarked in subsec-
tion 1.3.2, this classifies the space of quadratic forms on A, and hence identifies
the 1-form 't Hooft anomaly with a choice braiding for the abelian anyons
labelled by A, equipping the endomorphism category Vec, with the structure

of a braided fusion category [74, 103].

In principle the more general case with non-vanishing Postnikov extension class

le] € H2. (G, A) will induce obstructions to this decomposition that come in the

grp,p

form of higher derivatives in the spectral sequence. This merely restricts for us
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the space of possible 't Hooft anomalies for a particular choice of 2-group, but the

essential physical interpretations remain the same.

The symmetry of a theory 7 with symmetry (G, «) = (G, A, p, e, «) is described by
the fusion 2-category

Cr = 2Vecg, (4.1.13)

whose structure is summarised as follows:

« Simple objects are denoted by 1, for g € GG, and fuse according to 1,®1; = 1g4p,.
They correspond to the two-dimensional topological surfaces generating the

finite O-form group symmetry G.

« The 1-morphisms form braided fusion categories Hom(1,, 15) = d,,,Veca, with
simple objects C, labelled by elements a € A and half-braidings determined

by E9*(a), as we set out in subsection 1.3.2.

« The associator for the fusion of three simple objects 14, 15, 1; is determined

by the Postnikov extension Ce(g p k).-

« The linking of a line C, with the junction 1, ® 1, — 1, is determined by

Ey*(g,h)(a).

» The pentagonator for the fusion of four simple objects 14, 13, 1i, 1; is twisted

by the phase Ey’(a)(g, h, k. 1).
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4.2 Symmetries From Gauging

We can begin to construct more general symmetries in 2 + 1 dimensions by starting
with a theory 7 with an invertible O-form (G, «) symmetry, and gauging a non-
anomalous sub-symmetry. To see how this produces novel examples of non-invertible
symmetries, we will opt to work in the framed setting of fusion 2-categorical sym-
metries

Cr = 2Vecy, , (4.2.1)

leaving any details concerning spherical or unitary fusion 2-categories for later sec-

tions.

Unlike in chapter 3 however, there is much greater freedom in how we choose to
gauge a finite symmetry. The reasoning for this can be traced back to a single
important difference: in subsection 3.3.3 we noted that in 1 + 1 dimensions, stating
the Morita equivalence of two fusion categories C; ~ Cs is equivalent to instead

stating their Drinfeld centres coincide

as braided fusion categories. The analogous statement fails in 2 4+ 1 dimensions for

fusion 2-categories, where instead the former implies the latter
Ci~C = Z(Cl) ~ Z(CQ), (423)

but the reverse statement is false. The space of counter-examples is spanned by
fusion 2-categories built from non-degenerate braided fusion categories. Physically
these are oriented (2 + 1)-dimensional TQFTs containing topological lines that braid

non-trivially, and which in particular do not admit a gapped boundary.

The degrees of freedom in gauging a finite symmetry in 2 + 1 dimensions then
correspond precisely to TQFTs of this type that we may couple the theory to prior
to gauging. Group-theoretic symmetries for example are obtained by taking a QFT

with an invertible (G, a) symmetry, coupling to a (2+41)-dimensional TQFT with a G
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symmetry that cancels a on a subgroup, and gauging the subgroup. More concretely,

we define a fusion 2-category C to be group-theoretic if we have an equivalence
Z(C) ~ Z(2Vecy) (4.2.4)

as braided fusion 2-categories, for some (G, a). At face value this extra variety in
gauging procedures might appear to imply that the classification problem is more
complicated. However, unlike in 1 4+ 1 dimensions where it was not the case that all
symmetries were group-theoretic, in 2 + 1 dimensions we are afforded a remarkable
simplification in that we expect the symmetry of an oriented quantum field theory

to always be group-theoretic.

To be more precise, while there is a rich variety of oriented TQFTs in 2+ 1 dimensions,
in 3 + 1 dimensions there are comparatively fewer oriented TQFTs, which under
reasonable assumptions can all be described up to equivalence by a (3+1)-dimensional
Dijkgraaf-Witten model [104, 105]. From the perspective of an oriented QFT in
2 + 1 dimensions, this means the associated (oriented) symmetry TFT in 3 4 1
dimensions is equivalent to a Dijkgraaf-Witten theory for some choice of finite group
and topological action, and that we must have an equivalence like that seen in (4.2.4),

we hence conjecture:

Conjecture 4.2.1. Fvery fusion 2-category is group-theoretic.

That said, since we are working in 2+ 1 dimensions we can in principle also consider
gauging a theory with an invertible 2-group symmetry (G, a) = (G, A, p,e, ) and

work with the fusion 2-category
Cr = 2Vecg . (4.2.5)

We might imagine such a choice would result in "2-group-theoretic" fusion 2-categories;
but we have just argued that group-theoretic should be sufficient to describe all fusion

2-categories.

From the perspective of 2-group symmetries, we might take this naively to imply
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that for an oriented QFT we only have access to those anomalies for which the
1-form anomaly E22’2(a) = 0 vanishes, such that we can "gauge away" the 1-form
symmetry, but in fact even when this class does not vanish we can show that the

corresponding fusion 2-category is still group-theoretic.

Indeed, starting then from a theory 7 with (G, «) symmetry for which the 1-form
anomaly vanishes, we may gauge the 1-form A symmetry to produce a theory 7 /A

with a pure 0-form group symmetry I' given by the extension
1+ A>T =G —1, (4.2.6)

of G by the Pontryagin dual A. The action p induces an action p: G — Aut(ﬁ),

and the spectral component

Ex*(a) € 72 (G,HXB?A,UQ1))) ~ 22 (G, A), (4.2.7)

grp,p qrp,p

induces the extension class of I'. The spectral component

Ey°(a) € 22 (G,U(1)) (4.2.8)

grp

continues to describe a pure anomaly on GG, and the original Postnikov class

eeZ (G, A) (4.2.9)

grp,p

induces a new mixed anomaly between G and A [35]. From an anomaly-inflow

perspective this corresponds to the four-dimensional SPT phase

/ aUk'e (4.2.10)
My

on a 4-manifold M, supporting background fields a € H'(My, A) and k : My — BG.
In this way, we have returned to the setting of an ordinary 0-form group symmetry
and so we see that those 2-group symmetries with vanishing 1-form anomaly are all

group-theoretic examples of fusion 2-categories.

More generally however, we can imagine a situation where the 1-form anomaly does

not completely vanish, and is instead only non-trivial on a subgroup. We then write
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the 1-form symmetry A as an extension
1-C—-A—-B~A/C—1, (4.2.11)

where C is the maximal subgroup for which the 1-form anomaly E%*(«) trivialises.
In that case, interpreted as a quadratic form on B ~ A/C, E%*(a) defines a non-
degenerate braiding on the corresponding fusion category Vecg. The rest then follows
as before, we can gauge C' to produce a 0-form group symmetry I, now extended

by a non-degenerate braided fusion category
Mod(Vec%) — CT/C — QVGC%/ , (4.2.12)

where we have used a shorthand notation that Vecf is the braided fusion category
with braiding coming from EY*(a)|5. This suggests every finite 2-group symmetry
can be obtained via the following steps: Start from a theory containing an ordinary
O-form group symmetry, couple to a certain (2 + 1)-dimensional TQFT characterised

by a non-degenerate braided fusion category as above, and gauge a subgroup.

This result demonstrates our earlier conjecture 4.2.1 for all 2-groups. We will see
later on in subsection 4.3.3 in more detail how these types of situations are accounted

for within this new framework of generalised gauging.

In this section however, to simplify matters for the time being, we will restrict our
attention to those symmetries produced by coupling to invertible TQFTs and gauging
a finite subgroup. Starting from a 0-form group symmetry this means coupling only
to (2 + 1)-dimensional SPT phases, starting from a 2-group this means assuming
the 1-form anomaly vanishes. While all the fusion 2-categories produced this way
will be strictly Morita equivalent to 2Vecg for some G, this is in principle a much
stronger restriction that rules out also non-trivial Turaev-Viro TQFTs which admit

gapped boundaries but are not invertible.
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4.2.1 Gauging G With Trivial Anomaly

Now consider gauging the finite symmetry G of a theory 7 in which the 't Hooft
anomaly « vanishes. In addition to topological Wilson lines labelled by representa-
tions of (G, the symmetry that results from gauging also contains topological surfaces

labelled by simple objects in the fusion 2-category of 2-representations

Cr/c = 2Rep(G) . (4.2.13)

One perspective is that these surfaces are condensation defects, which appear in
condensed matter physics in the context of transitions between topologically ordered
phases [106-108]. More recently these condensation have been described in terms of

gauging higher-form symmetries [7, 109], a perspective we can see here in steps:

1. First, we take a trivial surface defect and regard the Rep(G) symmetry gener-
ated by Wilson lines supported on the surface as a localised 0-form symmetry.
From the perspective of (14-1)-dimensional QFTs this is the symmetry obtained

by gauging a O-form G symmetry.

2. Second, continuing to regard the surface as its own QFT in 1 4+ 1 dimensions,
we can "un-gauge' to produce topological lines labelled by Vecs supported on

the surface.

3. Finally, we may gauge the resulting G symmetry localised on the surface as
we did in chapter 3.3; the various possible ways to do this produce distinct

topological defects labelled by 2-representations 2Rep(G) of G.

This process makes apparent that the Wilson surfaces fill the role of condensation

4

defects built from Wilson lines . More mathematically we can see this fact from

the equivalence of fusion categories

2Rep(G) ~ Mod(Rep(G)), (4.2.14)

4In physics it has been common to only identify the trivial SPT phases as condensations, in
contrast mathematicians consider all 2-representations to be condensations.
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which captures how 2-representations arise from the condensation completion °

of Rep(G) [94, 109]. Following this process through to its conclusion suggests

isomorphism classes of topological surfaces should be labelled by:

« A conjugacy class of subgroup [H C G].

A cohomology class [¢] € H2. (H,U(1)).

grp

These objects can be thought of equivalently as surfaces on which the finite gauge
group is broken to a subgroup H C (G, dressed with a gauge-invariant invertible
TQFT corresponding to a discrete torsion, or SPT phase. The appearance of group
cohomology in this classification lends another analogy to Wilson lines; Wilson lines

valued in 1-dimensional representations of G' are labelled by Hy, (G, U(1)).

More generally we can also consider theories 7 /,G obtained by gauging G with the

inclusion of a discrete torsion

3
Y e Z,

TP

(G,U(1)). (4.2.15)

Similarly to subsection 3.2.1, the addition of such a phase acts on the resulting
symmetry category by an auto-equivalence. Topological surfaces that sit at the
interface between two theories T/, G and T /4, G with different SPT phases can
be constructed in a similar manner to above, except now the 0-form G symmetry
localised on the surface picks up an anomaly s — 1. The defects that result from
gauging non-anomalous sub-symmetries on the surface are then classified in the same

way as section 3.3 by projective 2-representations

2Rep*~¥2(G) . (4.2.16)

We will now reproduce this classification by considering topological defects in Cy =
2Vecy that are compatible with the insertion of a network of defects. To compute

the symmetry category of 7 /G more concretely, we begin by inserting a sufficiently

®Also called Karoubi/idempotent /orbifold completion in the literature
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fine network of surface defects

A=P1,, (4.2.17)

geG

that implements the sum over flat G-bundles. At the junction of surfaces, we specify

topological line operators m : A ® A — A that decompose as
idlgh : 19 ®1; — 1gh7 (4218)

for each g, h € GG, and at the junction of lines we specify topological local operators

a:m(m®ids) — m(idy ® m) that decompose as
,l:didlghk : idlghk o (idlg X Zdlhk) — idlghk ¢} (idlgh, X Zdlk) , (4219)

for each g,h,k € G. The inclusion of these junctions categorifies the notion of
algebra objects studied in subsection 2.3.1, which itself was a categorification of the
idempotents studied in chapter 2, and ensures the gauging procedure is insensitive

to the choice of network.

In addition to this data we also have a canonical unit map given by the inclusion
1. — A, which together with canoncial unitor data from 2Vecs naturally endows
A with the structure of a finite semi-simple G-graded monoidal category. We can
further equip it with a G-graded fusion structure in the framed setting [110], a
spherical G-graded fusion structure in the oriented setting [110, 111], and we expect

to be able to equip it with a unitary G-graded fusion structure in the unitary setting.

Topological surfaces in 7 /G then correspond to surface defects in 7 labelled by
objects of

CT = 2Vecq ) (4.2.20)

together with compatibility data for how networks of symmetry defects end on them.
A surface defect corresponding to a G-graded 2-vector space
Se=PS,~P1im, (4.2.21)
geG geG

can be thought of equivalently as a G-graded set with ny, € N elements for each
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g € G. The compatibility data is then implemented by 1-morphisms in Cy
giA@Sg—)SG TISG®A—>SG (4222)

corresponding to topological lines supported on Sg that the surfaces A can end on
from the left and right, together with further compatibility data that, in analogy
to subsection 3.2.1 gives Sg the structure of a (2-)bimodule over A internal to
Cr = 2Vecq. In this way we have identified the symmetry category with a category
of bimodule objects

Cr/c ~ C(G|G) ~ Bimode, (A), (4.2.23)

categorifying the construction we saw in subsection 3.4.1. We will now compute the

properties of this fusion 2-category.

Objects

The objects we are computing are G-graded bimodule categories over the G-graded
fusion category corresponding to A. As we saw earlier the topological surfaces they
correspond to are also labelled by 2-representations of G, we will now show that this

description is correctly reproduced by the bimodule construction.

Over the G-grading, the bimodule 1-morphisms decompose to
£h|g 1, ® Sg — Shg Tglh - Sg ®1; — Sgh R (4224)
for each pair g,h € G. These actions are illustrated further in figures 4.3.

In section 3.2, we observed that the analogous junctions had to satisfy some com-
patibility conditions to ensure consistency with topological manipulations of the
gauging network. In 2 4+ 1 dimensions we instead have that these conditions are
not equalities, but extra compatibility data in the form of 2-isomorphisms in Cr,

implemented by invertible topological local operators:
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Sgh Shg

Lyin Thlg

Sh Sh

Figure 4.3

o There are normalisation 2-isomorphisms
U8, =l Ul Sy = ryle (4.2.25)

that capture topological local operators on which the lines [y, 74 that the

trivial surface 1. ends on may end.

e There are left and right multiplication 2-isomorphisms

Wi il * Lninrg © (1n @ Lig) = Lurig Wit Tanin © (Tgln ® 1nr) = Topnn
(4.2.26)

that capture the fusion of symmetry defects.

e There are commutator 2-isomorphisms
\ijﬁglh’ : Lpjghs © (1, ® Tg|h/) = Thg|n’ © (fh‘g ® L), (4.2.27)

that capture the commutativity of the left and right actions.

We are using a shorthand notation here that S; denotes the identity 1-isomorphism
on the same surface. The interpretation of the multiplication 2-isomorphisms is
illustrated in figure 4.4. For clarity, we have flattened the surfaces and the attached
symmetry defects are omitted: one must imagine symmetry defects attached to

lh.g/74n pPOinting out of/into the page.
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S/l, h'g Sg/l h'

gh\h’g rgh\h/

14 r
Y wlg RN,
S S
h'g gh

Ehh/ lg Tg|hh!

Chig Tyl

S!] S!]
Figure 4.4

The 2-morphisms must themselves satisfy further compatibility conditions. The first
set of conditions may be viewed as a normalisation condition for the 2-isomorphisms
in equation (4.2.25) and take the form

\Ilfz,l\g = lpjg 0 \115 \D?’ﬂg - \Pig © bhlg (4.2.28)

r _ r r S A
\Ijg|1,h =rgn o ¥y qjg|h,1 =Wy, 0T

The second set of conditions ensure compatibility of the 2-isomorphisms with asso-

ciativity of the fusion of symmetry defects in equation (4.2.26),

‘I}ﬁlhz,h;ﬂg ’ (\ijll,hQ‘hgg © <1h1h2 ® €h3|g)) - \Ille,th;g‘g ' (£h1\h2h3g © (1h1 ® \Ilf;g,h;g‘g)) Y
;‘hl,hzhg ' (qlzhl‘hz,hg, © (rg‘hl ® 1h2h3)) - \Ij;|h1h2,h3 ’ (rghlh2‘h3 © <\I12|h1,h2 ® 1h3)) *
(4.2.29)

The final set of conditions ensure compatibility between the fusion and commutativity

2-isomorphisms in equation (4.2.27),

or ¢ _ i
Wi halgl - [‘I’hl,h2|gh' o (Lhyh, ® Tglh’)} = [Thlhgg\h' O (W, halyg ® 1h’>}

: {‘I’ﬁmggw 0 (1n; @ lhylg ® 1h’)} ' [£h1|h2gh, o (1ln, ® ‘I/;;ag\h’)} ;

‘11[7;|g\h1h2 ’ {(gh’lg ® 1h1h2) © \Ij;L’g|h1,h2} = {\Ij;ﬂgml,hg © (Eh’lg ® 1h1h2>}

: [Th’ghﬂhg e} (\ij;|g‘h1 X ]-hg)} : [\ij;|g‘h2 9] (]-h’ & Tg|h1 ® 1h2):| .

(4.2.30)
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We are using a similar shorthand notation to earlier here where [y 4, 74 and 1,
all denote identity 2-isomorphisms on their corresponding topological lines. The
interpretation of these conditions for the left and right multiplication 1-morphisms

is illustrated in figure 4.5.

£h1|h2h3g gh]|h2h3g
4
\Ilh1,h2|h39

Ehlhg‘hgg ¢ / \I/f

hihahslg ha|h3g hi,h2h3|g
; =
Ehﬂhsg \I}h1 ha,hs|g / Ehl hahs|g
“hahs|g
4
\Ijhz,h:%lg
ghg\g ghg\g
T'gh1ha|hs T'gh1ha|hs
r
‘Ijgh1 |ha,h3

T'gh1|hahs ) ) U
7g‘h]h2h3 /,gh]lhz g|h1h27h3
. r .

7gh1|h2 ‘Ijg|h]_,h2h3 X 79“L1h2h3
Tglh1ho
r
\Ilg|h1,h2
Tglhy T'g|hy
Figure 4.5

The existence of 2-isomorphisms in (4.2.25) and (4.2.26) imply the 1-morphisms [,

Tg¢/n are weakly invertible with inverting 2-isomorphisms

qfﬁqh oWt 1 Ly, ® lpg = Sy,
o= " hg = hle = % (4.2.31)

r T .
\Ijh,h—1|g o \Ifg : Tgh|h—1 X Tglh = Sg .

These hence identify S, >~ S, =: S as sets of size |S| =n. =:n for all g € G. We

can hence restrict our focus to § with compatibility 1-morphisms Iy, r, and the

gles

remaining component 1-morphisms may be constructed using combinations of the

2-isomorphisms in equations (4.2.25) (4.2.26) and (4.2.27).
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We formulate the remaining data on Iy, ., using the combination
Pg = Tglg-1 © ({gle ® 14-1) € Hom(S,S) . (4.2.32)

This captures the topological line sitting at the intersection of the trivially-graded

component § and a symmetry defect 1,, as is illustrated in figure 4.6.

S Ly

Pg

S
Figure 4.6

The remaining 2-isomorphisms may be organised into combinations of the form
U, :8 = pe Uyt pgh = Pg O Ph, (4.2.33)

subject to the conditions
Veg=Wc0p, Voe=pgoV,

(4.2.34)
\Ijh1h2,h3 ’ (qjhl,hz © phs) - qjh1,h2h3 ’ (phl © \Dhmhs) :

We illustrate the multiplication condition in figure 4.7. These exhaust the remaining

1-morphisms, 2-isomorphisms and the conditions they satisfy.

In summary, a topological surface in 7 /G is specified by the following data:

1. Aset S ~{1,...,n} € 2Vec corresponding to a 2-vector space.
2. A collection of 1-morphisms p, € Hom(S, S) that act as permutations.

3. A 2-isomorphism VU, : 15 = p. subject to the conditions (4.2.34).
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ph1 ,Oh1
Whi s
Phihs
Phihshs Phs \Ijhl,hzh:z
Pha \Ijhlhmhs Phihahs
Phahs
\th,hs
Phs Phs
Figure 4.7

4. 2-isomorphisms U, p, : pg, = py 0 pp, subject to the conditions (4.2.34).
As expected from our earlier analysis, this labelling of surface defects is precisely the

data of a 2-representation of the finite group G in 2Vec [92, 93, 112, 113].

To see this in more detail, let us now summarise the classification of 2-representations
following [93]. First, the 2-isomorphisms imply that the 1-morphisms p, € Hom(S, S)

are weakly invertible, with inverting 2-isomorphisms
U1 Weils = pg @ pg-1. (4.2.35)
As a consequence, they endow S with the structure of a G-set with action

o:G— Aut(S). (4.2.36)

More concretely, writing S = {1,...,n}, the 1-isomorphisms p, should be understood
as n X n permutation 2-matrices whose non-zero entries are 1-dimensional vector
spaces up to isomorphism. It is therefore entirely determined by the associated
permutation representation o : G — S,,. This is an analogue of topological Wilson

lines being labelled by linear representations.

In the same way, the 2-isomorphisms

Wyt Pgh = Py O P (4.2.37)

should be understood as a collection of linear isomorphisms for each entry of in



4.2. Symmetries From Gauging 131

the 2-matrix. Since p,, and p, o p;, are both n x n permutation 2-matrices, they
have only one non-zero entry per row and column, which is a 1-dimensional vector
space. The 2-isomorphism W, ;, is therefore completely determined by a sequence of
n non-zero complex numbers {c¢;(g, h) € C*} specifying the isomorphism between
the 1-dimensional vector spaces in the j-th row. By varying the group elements g

and h, we can think of this sequence as a 2-cochain
c:GxG— (CH)™ (4.2.38)
Condition (4.2.34) then translates into the 2-cocycle condition
Co=1() (M, k) = ci(gh, k) + c;(g, hk) — ¢j(g, h) =0 (4.2.39)
for all group elements g, h,k € G and i = 1,...,n. Thus, ¢ defines a class

(] € H2 (G, (C*)%), (4.2.40)

grp,o

where (C*)° is the abelian group (C*)Il supplemented with the structure of a

G-module via the permutation representation o.

Simple topological surfaces correspond to simple/irreducible 2-representations. Simple
2-representations are those (S, ¢) for which the action o : G — Aut(S) is transitive,
making § a G-orbit. In that case we may ivoke the orbit-stabiliser theorem to

identify S with conjugacy class of subgroup [H C G] via
S~G/H oy kH v gkH (4.2.41)

for all ¢ € G, kH € G/H. These simple 2-representations can be thought of
equivalently as inductions from 1-dimensional 2-representations of a subgroup. The
1-dimensional 2-representations of the subgroup H C G are labelled up to equivalence

by cohomology classes that we can see concretely by the Shapiro isomorphism

H? (G, (C9H)~ H? (H,CX). (4.2.42)

grp,o grp

In contrast to ordinary irreducible representations, we see here that all simple 2-
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representations arise from induction in this way.

In summary, topological surfaces in 7 /G are 2-representations of the finite group G,

which can be labelled by pairs (S, ¢) consisting of

e a G-set S.

« a cohomology class c € H2. (G, (C*)%).

grp,o

The dimension of a 2-representation (S, ¢) is |S| = n.

Simple topological surfaces in 7 /G are simple 2-representations, labelled by

 a conjugacy class of subgroup [H C G].
« a cohomology class ¢ € Hp,,(H,U(1)).

This construction thus reproduces the classification of 2-representations described

in chapter 3.

1-Morphisms

Topological lines sitting at the junctions between topological surfaces are described by
1-morphisms between 2-representations. The 1-morphisms between two topological
surfaces in 7 /G may be constructed from 1-morphisms between parent topological

surfaces together with instructions on how they interact with networks of symmetry

defects in 7.

Let us first consider a 1-morphism category to a trivial 2-representation
Home, (1, (S, ¢)), (4.2.43)

which describes topological lines bounding or screening a topological surface (S, c¢).

The starting point is then the 1-morphisms of the parent topological surface in 7

Home, (1, S), (4.2.44)
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These are S-graded vector spaces or equivalently collections of vector spaces {W;}

indexed by j € {1,...,n}.

The component 1-morphisms must satisfy compatibility conditions involving the
topological lines p, € Hom(S, S) arising from the intersection with symmetry defects.
In particular, these topological lines may end at the boundary on topological local

operators corresponding to 2-isomorphisms in 7T,
®,: Home, (1.,8) = Home, (1.,S). (4.2.45)

Concretely, such a 2-isomorphism is a collection of linear maps @, ; : W; — Wy (5

for all j =1,...,n. This is illustrated in figure 4.8.

S
ng (4)

)

9,7
Py ’

W;

Figure 4.8

The compatibility with the fusion of symmetry defects intersecting the parent topo-

logical surface in T requires that the 2-morphisms compose as
(I)gh,j = Cj(gv h) ’ (I)g,ah(j) : cI)h,j . (4246)

The additional phase arises due to the same anomaly inflow mechanism described
toward the end of subsection 3.2.1. This condition is illustrated further in figure 4.9.

In adddition to this we also require a normalisation
. = idw,, (4.2.47)

making each @, ; invertible.

To summarise, an object in the 1-morphism category Home, (1, (S, ¢)) is determined

by the following data:
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W, n(J)
pg Wogh(j) !
Py (I)Q,Uh(j)
Dah q q)thZ Cj(g7h> X Wag(j)
Ph Dy,
Ph W, hoj
W;
Figure 4.9

» A collection of vector spaces {Wy,...,W,} indexed by S = {1,...,n},

o a collection of linear maps ®,; : W; — W, _(; satisfying

Pyn; = ci(g,h) - (Pg; - Pry)

and

q)e,j == /LdW] .

We call this an S-graded projective representation of G.

For a simple representation with representatives (H, ), the vector spaces W; >~ C;
are 1-dimensional for all j € G/H. Further to this, since the action o is now
transitive on S ~ G/H, they are all identified. The remaining information is then
exhausted by

U, C, = C,, (4.2.48)

for h € H and 7 corresponding to the trivial coset H, and the fusion condition

reduces to

Won,i = ¢<gv h) : (‘I’g,z‘ : ‘Ilh,i) ) (4.2.49)

for all g, h € H. This data specifies a projective representation of H with projective
2-cocycle c. Physically we interpret this as a badly quantised Wilson line on which

the Wilson surface (H, 1)) supporting the H gauge symmetry can end.

In summary, we have found that

Home, (1, (S, ¢)) ~ Rep®9(G) (4.2.50)
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is the category of S-graded projective representations of G with cocycle ¢, and that

for simple 2-representations

Home, (1, (H,1)) ~ Rep*(H). (4.2.51)

We can now generalise these results to 1-morphisms between arbitrary pairs of

topological surfaces, with the result
Home, ,((S, c), (S',¢)) ~ Rep®®%"“~)(G), (4.2.52)
or for simple surfaces
Home, o ((H,0), (K, &)~ @ Rep” (HNK), (4.2.53)
l9]eH\G/K
where ¢9(ky, ke) = ¢(k{,k3) and YK = gKg~'. These may be computed directly
by generalising the line of reasoning above, or alternatively using a folding trick to

equate the result with 1-morphisms from the trivial topological surface to the tensor

product of 2-representations (S, ¢)* ® (S, ).

Fusion

Thus far we have demonstrated the structure of 2Rep(G) as a 2-category, now we
will show that it inherits the structure of a fusion 2-category from Cr. The fusion
and sum of topological surfaces in 7 /G are inherited from those of parent topological
surfaces in 7 and correspond to the direct sum and tensor product in the symmetry
category 2Vecs. They correspond to natural ways in which to combine the data

labelling 2-representations fo G and are described in generality below.

First, given two G-sets S and &', we define their direct sum and tensor product via

disjoint union and Cartesian product respectively, i.e.

SaS =8uUs
(4.2.54)
SRS =8x8
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with the appropriate induced G-actions. More concretely, let us write S = {1,...,n}
and &’ = {1,...,n'} with permutations 0,0’ : G — S,,,S,s. Then
o4(J) JES

(0 ®0"),(j) =
ofn—j)+n j—-nes (4.2.55)

(0®0)4(j) = (o4(0),05({))  J=(i,i) €SxS".

provide explicit permutation actions on S &S’ and S ® S'.

These definitions provide motivation for our earlier statement that a defect (S, ¢) is
simple if and only if its G-action is transitive; were this not the case, we would be
able to further decompose (S, ¢) = (S1,¢1) @ (Sz, ¢2) into simple objects.

Similarly, given two classes ¢ € H2,(G,U(1)%) and ¢ € H2,(G,U(1)%"), we define

their direct sum and tensor product

cod e Hy,, (G, U1)%)
" (4.2.56)
cod € H, (G, U(1))
by setting for each g, h € G
¢j(g,h) jeS
(c®);lg,h) =
(g, h) j—neds (4.2.57)

(c®d)ilg,h) = clg,h)+ci(g,h) j=(i,i')eSxS.

It is straightforward to check that these satisfy the appropriate 2-cocycle conditions.
Combining these formulae provides a combinatorial definition of the direct sum and

fusion of topological surfaces (S, ¢) and (§’,¢) in T/G.

The direct sum and tensor product give Cr/g = 2Rep(G) the structure of a fusion °

category, with duals given for each object by the conjugate 2-representation (S, ¢)* :=

(S, —c) [114].

6Specifically fusion and not multi-fusion since the unit 1 = ({1},1) ~ (G, 1) is simple.
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4.2.2 Gauging a Subgroup of (G, «)

A more general thing to do when given an invertible 0-form symmetry (G, «) where
the anomaly class might not vanish is to identify a subgroup H C G whereupon the
restriction of the anomaly class vanishes. In this case, we can choose only to gauge

the subgroup H, and to do so we must specify a trivialisation
5 = aly . (4.2.58)
Any two solutions %, to this condition differ by a 3-cocycle

() — ) =0, (4.2.59)

and so we see the space of trivialisations is enumerated up to equivalence by a torsor
over H} (H,U(1)). This corresponds physically to a choice of discrete torsion for

the H gauge symmetry.

Given a choice of 1, we gauge H by inserting a sufficiently fine network of defects

A=P 1, (4.2.60)
heH

that implements the sum over flat H-bundles. At the junction of surfaces, we specify

topological line operators m : A® A — A that decompose as
idi,, 1y ® 1, = g, (4.2.61)

for each g, h € H, and at the junction of lines we specify topological local operators

a:m(m®ida) — m(ids ® m) that decompose as
¢(g, h, ]C) . ididlghk : idlghk o (idlg X idlhk) — idlghk o (idlgh X ldlk) R (4262)

for each g, h, k € H. The inclusion of these junctions categorifies the notion of algebra
objects studied in chapter 3, which itself was a categorification of idempotents from

chapter 2, and ensures the gauging procedure is insensitive to the choice of network
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provided

W(h, k, D)(g, hk, D)ip(g, h, k)
W(gh, k, D)y (g, h, ki)

for all g, h,k,l € H., this is just the trivialisation (4.2.58).

(g, h, k1) =

=alg,h k)" (4.2.63)

As before, in addition to this data we also have a canonical unit map given by the
inclusion 1, < A, which together with canoncial unitor data from 2Vecg naturally
endows A with the structure of a finite semi-simple a~!-twisted G-graded monoidal
category. In analogy to the previous subsection, we expect that we can further
equip A with an o~ !-twisted G-graded fusion structure in the framed setting, an
a~-twisted spherical G-graded fusion structure in the oriented setting, and an

o~ twisted unitary G-graded fusion structure in the unitary setting.

The result of this gauging is a new theory T/, H whose symmetry is captured by a

group-theoretic fusion 2-category we denote by
C(G,a| H, ). (4.2.64)

We will now describe the structure of these fusion 2-categories in greater detail.

Objects

Topological surfaces in T /G correspond to surface defects in 7 labelled by objects
of
Cr = 2Vecy , (4.2.65)

together with compatibility data for how networks of symmetry defects end on them.

A surface defect

Se=PS,~P1om, (4.2.66)

geG geG

can be thought of equivalently as a G-graded set with n, € N elements for each

g € G. The compatibility data is then implemented by 1-morphisms in Cr

{: AR S — Sq r:Seg®A— Sa (4.2.67)
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corresponding to topological lines supported on S that the surfaces A can end
on from the left and right, together with further compatibility data that gives Sg
the structure of a (2-)bimodule over A internal to Cr = 2Vecy,. These morphisms

decompose to
€h|g 1, ® Sg — Shg Tglh * Sg ® 1, — Sgh , (4268)

for each pair h € H and g € G.

The compatibility data for these defects is implemented by 2-morphisms:

e There are normalisation 2-isomorphisms
Ul Sy = Lo Ul Sy = Tle s (4.2.69)

that capture topological local operators on which the lines Iy, 74 that the

trivial surface 1. ends on may end.

e There are left and right 2-isomorphisms

\Dfl,h’|g : ghh’lg = gh‘h’g o (1h & lh"g) \Ij;‘h,h' . T'glhh/ = Tgh‘h/ (0] (’}"g|h X 1h/) ,
(4.2.70)

implementing compatibility with fusion of symmetry defects.

e There are 2-isomorphisms
\Ilﬁgm’ : fh\gh’ ¢) (1h ® Tg\h’) = rhg\h’ @) <€h|g X 1h’) s (4271)

implementing the commutativity of left and right 1-morphisms.

These 2-morphisms must themselves satisfy further compatibility conditions. The
first set of conditions may be viewed as a normalisation condition for the 2-isomorphisms

in equation (4.2.69) and take the form

v A V4 V4
‘Ijh,l\g = £h|g © \Ijg \I’ng = \Ijhg © ghlg ) (4 5 72)

r - r r N\TyT
‘I’g|1,h = Tgln © \Ilg \IJgIhJ = ‘I’gh O Tglh -
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The second set of conditions ensure compatibility of the 2-isomorphisms with asso-

ciativity of the fusion of symmetry defects in equation (4.2.70),

¢(h1a h/27 h3) : qjﬁ1h2,h3‘g ' (\Ilfll,h2|h3g © (1h1h2 & Ehs\g)) = O{(hlv h?a h37g) : \bel,hghg‘g

“ (Chy|hahsg © (1n, ® \Iji,g,h;ﬂg)) )

(g, hisho, h3) o hang = (Yonihans © (Tolin ® Lnong)) = ¥(ha, hay ha) - Wgpy b, py

’ (rgh1h2|h3 o (\D;‘hhhz ® 1h3)) :

(4.2.73)
The final set of conditions ensure compatibility between the fusion and commutativity

2-isomorphisms in equation (4.2.71),

\Ijﬁhﬂglh’ ) [\I];;Lhzlgh’ o (1h1h2 ® Tg|h/)} = Oé(hl, ha, g, h/) : [Thlhzglh’ o (\I/ithw ® 1h’)}

. [\Dflrll}mg'h/ O (1h1 ®£h2‘g ® 1h/):| . [ghl‘hzgh’ o (1h1 ® qu12|g|h/):| 3

&(h/7 g? hl? h2) ’ \Ilfl1;|g‘h1h2 ’ |:(£h,|9 ® 1hth) o \Iﬂf;/g|h1,h2} = [\IIZ/g”Ll,hQ © (gh/Lg ® 1h1h2):|

. |:7ah’gh1|h2 o (\Iji7;|g|h1 & 1h2)} . |:\Ij27;|g|h2 O (1h’ [ rg|h1 ® 1h2>:| .

(4.2.74)

From the form of the left and right morphisms (4.2.68), it is clear that any solution
S will decompose as a direct sum of solutions supported on double H-cosets in G.
As before the left and right 1-morphisms are invertible, so let us restrict our focus
to a solution supported on a single double coset [g] € H\G/H with representative

g € G and its corresponding g-graded component S,.

The associated set S, carries a projective 2-representation W, of the subgroup Hy :=
HN9H C H that is constructed from the left and right 1- and 2-morphisms as

follows. First, we define 1-morphisms

pz ‘= Thg|(he)-1 © €h|g € HOIH(Sg,Sg) (4275)
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with h € H, and h9 := g 'hg, which describe how symmetry defects pierce through

S, as illustrated in figure 4.10.

Sg 1 h9

Sy

Figure 4.10

The remaining 2-isomorphisms may then be organised into combinations of the form
v S, = pd Ui o P = Ph® pi, (4.2.76)

subject to conditions that define a projective 2-representation on H, on S, in the

sense that

g __ g g g _ 9 g
\Ije,h - \Ije © Pp \Ph,e = Pp o \Ile

(4.2.77)
(\Iji/l,hz ® pzs) © qulh27h3

= cy(hy, ha, h3) - [(le ® W9hy, h3) o W9h17h2h3]>

where the 3-cocycle ¢, € Z3,,(Hy,U(1)) depends on the anomaly o and its trivi-

alisation . Upon renormalising W9 — ~, - W9 by an appropriate 2-cochain v, €

Cz.,(Hy,U(1)), the 3-cocycle ¢, can be brought into the canonical form [2]

w(hgahguhg) a(h17h27h3ag) a(h17g7hg7hg)
hi, ha, hs) = . . 4.2.78
Cg( b 3) w<h1,h27h3) Oé(hl,hg,g, hg) Oé(g, hf{ahgahg) ( )

The interpretation of the projective 2-representation is illustrated in figure 4.11,

where it is shown to represent the compatibility with topological moves of the
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network of H-defects.

g g

Phy Pha
g
\Dh1,h2
g
phl ho
g g g
Phihahs Phs \Ilhl,hghg
g p = Cg(hl,hg,hg) X P
Pha Whiha s o Phihzhs
hohs
g
\I]hmha

g g

Phs Phs

Figure 4.11

We claim that conversely any such projective 2-representation determines a solution
to the compatibility constraints for left and right morphisms. The above construc-
tion then sets up a bijection between isomorphism classes of simple objects and

isomorphism classes of pairs (g, ¥,) consisting of

1. A representative g € G of a double coset [g] € H\G/H.

2. An irreducible projective 2-representation ¥, of H, with 3-cocycle

Q/J(h%h%hg) Oé(hl,hg,hg,g) a<h17g7hg7hg>
hi, ha, hs) = . . 4.2.79
Cg( b 3) w<h1,h2,h3) a(hbh%ga hg) Oé(g,hg,hg,hg) ( )

The isomorphism class of a simple object depends on the double coset representative

g and the 3-cocycle representative ¢, only up to isomorphism.

We can give an alternative description of simple objects using induction of projective
2-representations: In this context, every irreducible projective 2-representation of
H, may be seen as being induced by a 1-dimensional 2-representation of a subgroup
of K C H,. The latter is completely determined by a choice of 2-cochain ¢ €
CQZTP(K ,U(1)) satistying 6¢ = c,|k, which slightly generalises the considerations

in [93, 113].

In summary, simple objects are classified by

1. A representative g € G of a double coset [g] € H\G/H.
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2. A subgroup K C H,.

3. A 2-cochain ¢ € C2 (K, U(1)) satisfying 0¢ = ¢y|x-

The above description of simple topological lines again allows for an alternative
physical interpretation: The topological surface labelled by g € G in T is invariant
under the action of H; C H and therefore supports a H, symmetry group. However,
due to the bulk 't Hooft anomaly and choice of trivialisation, it has an anomaly
c,t €z}, (Hy,U(1)). To define a consistent topological surface when gauging, the
anomaly must be cancelled by dressing with an irreducible 2-dimensional TQFT with

H, symmetry and opposite 't Hooft anomaly. This is a projective 2-representation

of the above type.

1-morphisms

The 1-morphisms in the gauged theory T /,H are obtained from morphisms in the
ungauged theory 7T together with compatibility conditions for how they intersect
with networks of H-defects. Unlike in the previous subsection however, we are no
longer afforded the simplification that every defect admits a morphism to the identity

object; we need to be more general.

Concretely, given two simple objects (g, ¥9) and (¢/, ¥9'), a 1-morphism between
them is obtained from a l-morphism V : S, — &', in 2Vec®(G). Since this must
preserve the grading of the 2-vector spaces S, and &'/, such a morphism can only

exist when g = ¢'.
In addition, the 1-morphism V needs to be equipped with 2-isomorphisms
D! pf oV — Vol (4.2.80)

in 2Vec” (@) that describe the intersection of V with networks of H-defects as illus-

trated in figure 4.12.
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S, S_(’]
%
Pj,
o or!
%
Figure 4.12

These 2-morphisms must be compatible with topological manipulations of H-defects
intersecting S, and S, in the sense that
g

qjhh’
U = gr | © B o (B, @ p}) (4.2.81)
h,h’!

for all h,h' € H,, which is illustrated in figure 4.13. This allows us to identify
l-morphims in 7 /,H with graded projective representations, or equivalently 1-
intertwiners between 2-representations [115]. For our purposes, any simple graded
projective representation of H, can be seen as being induced by an ordinary projective

representation of a subgroup K C H,.

V V
g s, g s,

Ph ®j, 9

h
N B P Vi

h,h, =

P P i g P

Ph Ph o

S, " S, "
Figure 4.13
In summary, we obtain a decomposition
C(G,al|H,¢) = €D 2Rep™(H,). (4.2.82)

lg] € H\G/H
at the level of 2-categories. A generic object will thus be given by a collection of
projective 2-representations of subgroups H, C H with 3-cocycles ¢, indexed by

representatives of double cosets [¢g] € H\G/H.
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Similarly to the two-dimensional case, taking both H and 1 to be trivial reproduces

the expected result

C(G,a|l) = 2Vec*(G) (4.2.83)

at the level of categories. On the other hand, taking H = G with trivial anomaly
gives

C(G| G, ) = 2Rep(Q) (4.2.84)

at the level of categories as anticipated from the discussion in subsection 4.2.1.

Fusion

The fusion of objects is determined by the tensor product of 2-bimodules for the
2-algebra object A in 2Vecg associated to H and 1. We will not present the general

formula, but restrict ourselves to some salient features.

Consider two simple objects Sg1 and Sg 2 supported on double cosets [g;] and [go]
respectively. As defects in C7 =~ 2Vecg, they have the form
Sgi~ @ 10dm) (4.2.85)
geH\gi/H
and so their fusion should hence be supported on the decomposition of [g;] - [ge] into

double cosets.

We define the support of a generic object S¢ inside the double coset ring Z|H\G/H]|
by
Supp(S) = > dim(¥)-[g], (4.2.86)

lg] € H\G/H

where we regarded S as a collection {W9} of projective 2-representations indexed by
double cosets [g] € H\G/H as above. The fusion of two objects S and S” must then

preserves their support in the sense that
Supp(S ® S") = Supp(S) * Supp(S’), (4.2.87)

where * denotes the ring product on Z[H\G/H].
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In this way, the double coset ring forms the backbone of fusion with respect to
the sum decomposition (4.2.82). The remaining fusion structure corresponds to

decomposing and combining projective 2-representations.

4.2.3 Gauging a 2-Subgroup of (G,a) With Trivial 1-Form

Anomaly

Let us now finally consider a (2 4 1)-dimensional theory 7 with a finite 2-group
symmetry G = (G, A, p, €), with anomaly [a] € H,, (G, U(1)). This is specified by a
O-form symmetry group G, an abelian 1-form symmetry group A[1], a group action p :
G — Aut(A) and a Postnikov class [e] € HJ,, (G, A). In our conventions, specifying
local counter terms in the background fields amounts to choosing a representative
e € Z3.,(G, A) of the Postnikov class. If the Postnikov class vanishes, one must

choose a trivialisation. In this case, shifts of the trivialisation correspond to a choice

of symmetry fractionalisation and form a torsor over Hz, (G, A).

Our ambition is to gauge an anomaly-free 2-subgroup H C G. This consists of
subgroups L C K and B C A such that the group action p : G — Aut(A) restricts
to a group action p : L — Aut(B) and e|, € Z3,,(L,A) is valued in B. The

condition that H be anomaly-free requires al;;' = (6¢) for some trivialisation v €

3 . . . . . .
Cyp(H,U(1)). This gauging will result in a 2-group-theoretical fusion 2-category

C(G,a|H,0). (4.2.88)

As we explained earlier, we will restrict our attention here to cases where the 't Hooft
anomaly does not obstruct gauging the whole 1-form symmetry A[1]. In this case,
A[1] may be gauged first to obtain an ordinary 0-form group symmetry I given by

an extension of G by the Pontryagin dual of A
1 A>T > G—1, (4.2.89)

with action p : G — Aut(A) and Postnikov class € = E3>(a) € Z2 (G, A). In the

grp
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case that e vanishes, we see that the sequence splits and describes a semi-direct
product group

I=Ax-G. (4.2.90)

)
As we explained earlier, we determine the 't Hooft anomaly of I' in components;

1. There is a pure G anomaly

Ey°’(a) € Z2 (G,U(1)). (4.2.91)

grp

2. There is a mixed anomaly

eecZ® (G A). (4.2.92)

grp

We can then apply the machinery from previous section to the 0-form I' symmetry.
To illustrate this procedure we now turn to the example of gauging a 2-subgroup

‘H C G of an anomaly-free 2-group without discrete torsion.

 First, we gauge A without discrete torsion to obtain a theory 7 /A with sym-
metry group I' = A X5 G. In the presence of a non-trivial Postnikov class,

this symmetry has a 't Hooft anomaly [y] € H,,,(I',U(1)) with 4-cocycle

representative

7(()(17 kl)v (X27 k2)7 (X37 k3)7 (X47 k4)) = <ﬁk1k2k3 <X4) ) e(klv k2= k3) > ) (4293>

where we have used (-,-) to denote the evaluation of A on A. The symmetry

category of T /A is given by
C(G|A) = 2Vec'(I). (4.2.94)
o Next, we note that we can relate the 2-subgroup H C G in T to a corresponding
ordinary subgroup H C I' in 7 /A as follows:

o Given a 2-subgroup ‘H = (L, B) of G, there is an associated short exact

sequence for the 1-form parts

1B % A5 C=A4/B — 1, (4.2.95)
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which can be dualised to obtain a short exact sequence

1-C5 AL B -1 (4.2.96)
for the corresponding Pontryagin dual groups. Let now [ € L and x € C.
Using that by assumption the group action p restricts to a group action

of L on B, it is then straighforward to check that

(Topom(x), b) = (x, (morop-1(b)) =1 (4.2.97)

for all b € B, which implies that p, o w(x) € ker(?) = im(7). Thus, the

Pontryagin dual action p restricts to an action of L on #(C) C A, which

~

allows us to define a subgroup H := 7(C') x5 L of I'. Furthermore, since

elr, is valued in B by assumption, we have that

(7(x), e(l1, 1)) = (x, (mor)(e(ly, 1)) =1 (4.2.98)

for all y € C and I, 1, € L, which is equivalent to saying that the anomaly

7 from (4.2.93) becomes trivial upon restriction to H C I'.

o Conversely, running through the above arguments backwards shows that
any subgroup H C I' with 7|z = 1 uniquely determines a 2-subgroup H
of G.

In summary, there is a 1-1 correspondence between 2-subgroups H C G and

subgroups H C I" with |y = 1 given by
H = (L,B) < H=A/BxL. (4.2.99)

Gauging the 2-subgroup H C G in 7 is achieved by gauging the subgroup H C I
in 7 /A using the machinery from the previous section. The symmetry category of

T /H is therefore given by
C(G|H) = CI,y|H). (4.2.100)

We can point out some immediate results of this for some basic choices of 2-subgroup:
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« Gauging the trivial 2-subgroup H = (1,1) C G in 7 means not gauging at
all, and corresponds to gauging the subgroup AcTin T /A, reproducing the

1-form A symmetry.

» Gauging the 2-subgroup ‘H = (1, A) in 7 means gauging only the 1-form A
symmetry, and corresponds to gauging the trivial subgroup 1 C I' in T /A,

which means not gauging at all.

» Gauging the 2-subgroup H = (G, 1) C G in T means gauging only the 0-form
symmetry G, this is possible only when e vanishes and corresponds to gauging

the full group I" in T /A.

« Gauging the full 2-group H = G in T corresponds to gauging the subgroup

G C T'"in T /A, which completes the gauging sequence for gauging all G.

4.2.4 Examples

To conclude this section, let us now take a moment to study some examples of

symmetries constructed in the way we have described.

Example 1 : G =7,

Let us consider the simplest example G = Zs. The resulting "pure' Zs-gauge theory
should not be confused with similarly named theories appearing in the literature [116,
117] which can be thought of as "Zs-gauge theories coupled to 't Hooft defects', and
differ by the appearance of an addition Z, 1-form symmetry that comes from coupling

a singular Z, gauge field [35].

The theory T has symmetry category 2Vecy, with two simple objects 1, s with fusion

s ® s = 1 and non-trivial 1-morphism categories Homy(1,1) = Homy(s, s) = Vec.

Upon gauging the symmetry G, the resulting theory 7 /G has topological Wilson

lines generating the Pontryagin dual Z, 1-form symmetry. However, there is also
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condensation surface defect for the topological Wilson lines and the full symmetry

category is the fusion 2-category 2Rep(Zs).

The simple objects are irreducible 2-representations. There are only two Zs-orbits:
the trivial orbit with stabiliser Z,, and the maximal orbit with trivial stabiliser. There
are no SPT phases because H,,(Z,U(1)) = 0. Let us denote the corresponding
simple objects by 1, X, respectively. The physical interpretation of these objects is

clear: 1 is the identity surface, while X is the condensation defect for the Zy 1-form

symmetry.

Their fusion is determined by
X®X = 2X, (4.2.101)

which follows from the fact that the cartesian product of two maximal orbits decom-

poses as a sum of two orbits. The 1-morphism categories are

Endr (1) ~ Rep(Zy) ~ Vecy, (4.2.102)
Homy,¢(1,X) ~ Homy/q(X,1) = Vec (4.2.103)
EIldT/G(X) >~ VeCZ2. (42104)

This symmetry category can be interpreted alternatively as the condensation com-

pletion of the 1-form symmetry
Crja ~ 2Vecg, (4.2.105)

with the 2-group G = (1,%Zs, 1, 1) equivalent to a pure 1-form Z, symmetry.



4.2. Symmetries From Gauging 151

Example 2 : G =7y X Zsy

As a slightly more involved example, let us consider G = Zy X Zy. The theory T

has symmetry category 2Vecy,«z, with four simple objects 1, s, sy and s_, fusion

s+:53:53:1
Sy 80 = S+ (4.2.106)
545 =5

and non-trivial 1-morphisms Hom(1,1) = Hom(sy, s+) = Hom(sg, s¢) = Vec.

Upon gauging the symmetry GG, the symmetry category of the resulting theory T /G
is the fusion 2-category 2Rep(Zy X Zs). There are now five orbits, corresponding to
the five subgroups of Z, x Z, acting as stabilizers of the orbits: the group G = Zgy X Zs
itself, three subgroups of order 2, and the trivial subgroup. In particular, the trivial

orbit with stabilizer G = Zy X Zy can be supplemented by an SPT phase

a € H? (7o x 7y, U(1)) = Zy. (4.2.107)

grp

Let us denote the corresponding simple objects by 1%, X; and Y respectively (where

i =1,2,3). Their fusion is determined by

1°®1° = 1948, (4.2.108)
2X, ifi=j,

Xi®X; = (4.2.109)
Y  ifi# 7,

X, Y = 2V, (4.2.110)

Y®QY = 4Y . (4.2.111)

As before, we can interpret this symmetry category alternatively as the condensation

completion of the 1-form symmetry
CT/G ~ 2Vng s (4.2.112)

with the 2-group G = (1, Zs X Z, 1, 1) equivalent to a pure 1-form Zs X Zs symmetry.
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Example 3 : G = Dy

As a final example, let us consider a theory 7 with anomaly free symmetry G' = Dg

and systematically gauge all possible subgroups H C G with discrete torsion.

Our primary example will be (2 4 1)-dimensional Yang-Mills theory with gauge
group PSO(N) with N even, whose magnetic and charge conjugation symmetries
combine to form Dg. Gauging subgroups of this symmetry will provide a systematic
analysis of the fusion 2-category symmetries of various global forms of gauge theories
based on the Lie algebra so(N), including those with disconnected gauge groups and

discrete theta angles [118].

If N =4k + 2, we introduce standard generators  and s and present Dg as
Ds = (r,s|rt=s=1, srs =171, (4.2.113)

which identifies the symmetry group with the semi-direct product Zy4 X Z,. In this
formulation, Z, corresponds to the magnetic symmetry m (PSO(N))" and Z, to the

charge conjugation symmetry Out(PSO(N)).

If N =4k, we introduce generators a = rs and b = sr and present Dg as
Ds = (a,b,s]a® =b*=3s*>=1, ab=ba, sas™ " =1b), (4.2.114)
which identifies the symmetry group with the semi-direct product
Dy ~ (Zo X Zo) X Zs . (4.2.115)

In this formulation, the normal subgroup Zs X Z, corresponds to the magnetic

\

symmetry given by the fundamental group m(PSO(N))Y, while the subgroup Z,

corresponds to the charge conjugation symmetry given by outer-automorphisms

Out(PSO(N)).

Recall that we summarised the subgroup and automorphism structure of Dg in
figure 3.10. We now consider the symmetry categories that result from gauging

subgroups with discrete torsion, beginning with subgroups of the smallest order and
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working upwards.

Order two subgroups

We begin by gauging the order 2 subgroups isomorphic to H ~ Z,. In this case, it
is possible to gauge with discrete torsion corresponding to the non-trivial class in
H grp(ZQ, U(1)) ~ Zo, which on a 3-manifold M3 corresponds physically to adding a

local counter-term of the form
/ aUaUa, (4.2.116)
M3

in terms of the background field a € H'(My, Z,) for the Z, symmetry. There are
5 order two subgroups forming 3 conjugacy classes, two of which are related by an

outer automorphism. There are therefore only two substantive cases to consider:

o The center H = (r?) ~ Z, of Dy forms a non-split extension

with non-trivial extension class [¢] € H},,(Dy,Z;). Gauging the centre will
result in an SO(N) gauge theory. However, the global structure and symmetry
category will depend on the choice of discrete torsion. We denote the choice of

discrete torsion by ¥ € Z, and the resulting global form may be expressed as

SO(N) X DWZQﬂ/)
Zs[1] ’

SO(N), = (4.2.118)

where the quotient means gauging the diagonal Z, 1-form symmetry [118, 119].
Here we have denoted by DWy ,, the (2 4 1)-dimensional Dijkgraaf-Witten

theory associated to ¢ € Hj. (H,U(1)) as discussed in subsection 1.3.2.

o In the absence of discrete torsion (1) = 0 mod 2), gauging H ~ Z, results
in a split 2-group symmetry Zs[1] x Dy with 't Hooft anomaly determined

by the extension class [e], which can be represented by the cubic (3 4 1)-
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dimensional SPT phase

1
/ sUal,e = 5/ 3Ua Uas, (4.2.119)
My My

where @ € H?*(My,Zs,) is the background for the Z,[1] symmetry, and
aj,ay € H'(My, Zs) are the backgrounds for the 0-form Zy x Zo symmetry.

The corresponding global form is the plain SO(N), gauge theory.

o Now consider gauging with non-trivial discrete torsion (¢ = 1 mod 2).
This can be understood via the Lyndon-Hochschild-Serre spectral se-
quence associated to the short exact sequence of groups (4.2.117). In
this instance, the first obstruction vanishes and the second obstruction

corresponding to the differential

dy?® . H2 (Zy,U(1)) — H2 (D, U(1)) (4.2.120)

grp grp

sends the discrete torsion to an additional contribution to the 't Hooft

anomaly represented by the SPT phase

1

- P(a; Uay), (4.2.121)
2 Jmy

where P : H}. (—,Zs) — Hj, (—,Z4) is the Pontryagin square operation.
The spectral sequence computation is performed explicitly in [120]. The
same computation is performed in [118] using an explicit Chern-Simons

theory representation. This corresponds to a distinct global form SO(N);.

In summary, gauging the centre H = (r?) with discrete torsion ¢ € Z, leads

to the global form SO(N), with symmetry category
C(Ds | (r?),4) = 2Vec; yyep, » (4.2.122)

where the anomaly «, is represented by the SPT phase

1
- / dUa Uay + ‘b/ P(ar Ua). (4.2.123)
2 Jx 2 Jx

The result of adding discrete torsion is thus to shift 't Hooft anomaly in the
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resulting symmetry category.

« Now consider the two non-normal subgroups H = (s), (r’s) = Z,, which are
related to each other by conjugation. For concreteness, consider gauging charge
conjugation H = (s). Gauging this subgroup results in a PO(N) gauge theory.
However, the specific global form and symmetry category will depend on the

choice of discrete torsion when gauging.

o First consider the case without discrete torsion. The simple objects can
be determined as follows. There are three double cosets [1], [r], [r?] with

stabilisers H, 1, H respectively and double coset ring
[r]*[r] = [1]+ 7] [r] % [r?] = [r] (P2 [r?] = [1]. (4.2.124)

There are therefore 5 simple objects corresponding to the following pairs

of double cosets and irreducible representations

D=(],1),  (42.125)

where w denotes the non-trivial irreducible 2-representation (or condens-

ation defect) of Zy. The fusion ring takes the following form:

VeV =1 DD =XoX
VoD =D X®D=Da&D (4.2.126)
VeoX =X XX =2X.

The symmetry category is identified with
C(Ds|(s)) = 2Rep(Z4[1] x Zs) . (4.2.127)

To understand this result, note that one may first gauge the subgroup
(r) ~ Z4 to obtain a dual 2-group symmetry Zy[1] x Zy. Then, gauging
the entire 2-group symmetry reproduces the PO(N) theory and symmetry

category 2Rep(Z4[1] X Z5). An analogous statement holds if we replace
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(r) ~ Zy by (rs,r3s) ~ D;, making use of the fact that
2Rep(Z4[1] % Zs) =~ 2Rep(Dy[l] x Zs). (4.2.128)

The above results are compatible with the fusion rules derived in [5].
The non-invertible defect N there is identified with the 2-dimensional
2-representation D, while the symmetry defect W is identified with the

1-dimensional 2-representation V', and X is the condensation.

Adding a non-trivial discrete torsion when gauging results in a PO(N)

gauge theory with a discrete theta angle
1
= /w1 Uw Uws, (4.2.129)

where w; denotes the first Stiefel-Whitney class obstructing the restriction
of a PO(N) bundle to a PSO(N) bundle [119]. Since H = (s) is not a
normal subgroup of Dg, we cannot utilise a spectral sequence construction

to determine the symmetry category.

3

« Now consider the two non-normal subgroups H = (rs), (r’s) ~ Z,, which are

related to reach other by conjugation. Gauging these subgroups results in
Ss(N) and Se(N) gauge theories respectively. The two subgroups are related
to those considered in the previous bullet point by an outer automorphism and

therefore the construction of the symmetry category is identical to above.

Order four subgroups

Recall that there are three order four subgroups, all of which are normal: one is

isomorphic to Z, and invariant under the outer automorphism and the remaining

two are isomorphic to D4 and exchanged by the outer automorphism. In both cases

there is the opportunity to add discrete torsion since

Hsrp(Z4>U<1)) = Z47

(4.2.130)
H3 (Dy,UQ1)) = Z3.

grp
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We consider the resulting symmetry 2-categories in turn:

o Let us first consider the normal subgroup H = (r? s) = D,. Gauging this
subgroup results in a 2-group symmetry Dy[1] X Z,. Since H forms a split short
exact sequence with Dy, there are no obstructions and discrete torsion acts on

the resulting symmetry 2-category by an auto-equivalence. In summary,
C(Dg| Dy, ) = 2Vecp,jxz, - (4.2.131)

In our running example, this results in an O(N)° gauge theory and the effect of
adding discrete torsion is to alternate between different global forms. On the
one hand, introducing discrete torsion for the Zy subgroup (s) C H corresponds

to adding a discrete theta angle
1
5 /wl Uw Uwy, (42132)

where w; now denotes the first Stiefel-Whitney class obstructing the lift of an
O(N)-bundle to an SO(N)-bundle. On the other hand, introducing discrete

torsion for the Z, subgroup (r?) C H corresponds to the global form

O(N) X DWZg,w

O(N)¢ = Z2[1]

(4.2.133)

There is one further generator of discrete torsion and 8 possible global forms
given the Z3 classification in (4.2.130). Our analysis shows that all of these

global forms share the same symmetry category up to equivalence.

« The remaining normal D4 subgroup H = (r? rs) is related to the one above

by an outer automorphism and therefore leads to an identical analysis for
the symmetry categories. They correspond to Spin(N) gauge theories with

discrete torsion resulting in different global forms

Sp’L?’L(N) X DWD47w
Dy[1] ’

Spin(N)y, = (4.2.134)

where ¢ € H3. (D4, U(1)) = Z3.
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 Finally, consider the normal subgroup H = (r) = Z,. Gauging this sub-
group leads to a split 2-group symmetry Z,[1] X Zy. Since H forms a split
short exact sequence with Dy, there are no obstructions and discrete torsion
(] € H}.,(Z4,U(1)) acts on the resulting symmetry 2-category by an auto-

equivalence. In summary,
C(Ds|Zs,¥) = 2Vecz,pjuz, - (4.2.135)

In our running example, gauging H = Z4 leads to a O(N)! gauge theory, where

the superscript 1 denotes the presence of the discrete theta angle
1
s /w1 Uws. (4.2.136)

Here, w; and ws are the first and second Stiefel-Whitney class of O(N)-bundles.
One way to understand this interpretation is to gauge in steps. Recall that first
gauging the central subgroup (r?) reproduces an SO(N) gauge theory. The
remaining O-form symmetries correspond to the magnetic symmetry (rs) =
Zs and charge conjugation (s) = Z,. Subsequently gauging the diagonal
combination of these symmetries, which in our notation corresponds to gauging

(r), reproduces the O(N)! theory [119].

The effect of adding discrete torsion ¢ € Hj, (Z4,U(1)) = Z4 corresponds to

different global forms of an O(N)! gauge theory

O(N)l X DWZ47¢

O(N)y = Z,[1]

(4.2.137)

Our analysis shows that these global forms share the same symmetry 2-category

up to equivalence.

Gauging the whole group

Finally, we may gauge the entire symmetry group H = Dg together with discrete
torsion

(W] € HS (Ds,U(1)) =~ Zyx Zy x Zy. (4.2.138)

grp
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The resulting symmetry 2-category is given by C(Dsg | Ds, ) ~ 2Rep(Ds).

In our running example, this corresponds to a Pin*(N) gauge theory, where the
choice of 4+ and specific global form depends on the choice of discrete torsion. In
order to enumerate the possibilities and understand their physical interpretation, it
is convenient to use as an organisational tool the Lyndon-Hochschild-Serre spectral
sequence to enumerate possible discrete torsion. This does not necessarily reproduce
the group structure on (4.2.138), but it is a convenient way to identify specific
discrete torsion elements and their physical interpretation. There are many ways to

do this and we provide two illustrative examples below.

Let us first consider the split short exact sequence
11— Dy = Dy = Zy — 1 (4.2.139)

that is associated to the semi-direct product structure Dg = D4 X Zs. One discrete

torsion element of interest arises from the term

ESY = H (Zy,U(1)) = Zy. (4.2.140)

grp

This corresponds to gauging the Zy charge conjugation symmetry of Spin(N) gauge
theory with discrete torsion and reproduces the Pin™(N) gauge theory with discrete
theta angle

; /w1 Uw; U, (4.2.141)

where w; denotes the first Stiefel-Whitney class that obstructs lifting a Pin™(N)-

bundle to a Spin(NN)-bundle.

Now consider instead the short exact sequence
1 = Zy = Dy — Zy — 1 (4.2.142)

associated to the semi-direct product structure Dg = Z4 X Zy. We now consider the

discrete torsion element arising from the term

Eft = H? (Z9,74) = 7y, (4.2.143)

grp
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where Z, is understood as a non-trivial Zs-module. This corresponds to first gauging

the Z, symmetry of the PSO(N) theory with a local counter term

i /k*(w) Ua, (4.2.144)

where a is the dynamical Z, background and k denotes the background for the
remaining Z, symmetry. The result is a O(N)! gauge theory where the background

a for the emergent Z,[1] symmetry is shifted by
aoat+ki(y). (4.2.145)

If %) is non-trivial, this corresponds to adding a non-trivial symmetry fractionalisation.
Subsequently gauging the remaining Z, symmetry then results in a Pin~(N) gauge

theory [119].
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4.3 Generalised Gauging in 2 + 1 Dimensions

In the previous section we restricted ourselves to those theories obtained by gauging
a finite subgroup after coupling to an invertible TQFT, or discrete torsion. Now
we turn our attention to general notions of gauging a finite group symmetry of a

(2 4+ 1)-dimensional quantum field theory.
In general we wish to consider theories obtained by gauging a finite subgroup coupled

to any (2+ 1)-dimensional TQFT. Starting from a theory 7 with a (G, o) symmetry,

the data of such a gauging is captured by:
o A (conjugacy class of) subgroup H C G.

o A (2+1)-dimensional TQFT corresponding to a non-degenerate braided fusion

category B.
e Some additional higher data that captures how we couple B to the H symmetry.

The data of this coupling can be interpreted physically as an action of the surface
defects labelled by h € H on the line defects b € B, as depicted in figure 4.14,
together with a symmetry fractionalisation of H by invertible lines B*, as depicted
in figure 4.15, and a discrete torsion corresponding to a choice of trivialisation for

the combined anomaly of the original theory 7 and the TQFT on a subgroup.

leB 1gh
v(g,h) € B
1y, 1,
1y,
Figure 4.14
Figure 4.15

The data we are describing is precisely that of a H-symmetric topological order, with

topological lines labelled by objects of B; these topological orders have been studied
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extensively in the maths and physics literature and are known to be described by

H-crossed braided extensions of B classified up to equivalence by [98, 121]:
e A H-action p: H — Aut(B).

. 2 . . .
« A class [p] in a torsor over H_,, (H,B*), where B* is the group of invertible

objects thought of as a H-module.

« A class [¢] in a torsor over H?_ (H,C*).

grp

The algebra and module pictures that generalise those we studied in subsections 3.3.1
and 3.3.2 reproduce this labelling only for those (2 + 1)-dimensional TQFTs that
admit a gapped boundary, called Turaev-Viro TQFTs. Mathematically, this means
restricting the data above to those non-degenerate braided fusion categories that

admit an equivalence

B~ Z(C), (4.3.1)

for some fusion category C, and for a choice of subgroup H C G corresponds to
classifying H-extensions of C [121]. We will argue in subsections 4.3.1 and 4.3.2 that
this classification is equivalent to a labelling by a~!-projective 3-representations of
G valued in 3Vec. In the unitary setting we expect this labelling to be replaced by

unitary projective 3-representations valued in 3Hilb.

The symmetry TFT perspective meanwhile, which generalises the picture from
subsubsection 3.3.3, faithfully reproduces this labelling of gaugings in its entirety;
Lagrangian algebra objects in the Drinfeld centre Z(2Vecg:) correspond precisely to
G-crossed braided extensions of non-degenerate braided fusion categories. We will
argue in subsection 4.3.3 that these are equivalently described by a~!-projective
3-representations of GG valued in a certain fusion 3-category whose simple objects
are non-degenerate braided fusion categories. In the unitary setting we expect this
labelling to be replaced by unitary 3-representations values in a certain unitary fusion

3-category whose simple objects are given by unitary braided fusion categories .

"With, as we will address in further detail in subsection 4.3.3, vanishing central chiral charge
(mod 8).
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4.3.1 Gauging and 2-Algebras internal to 2Vec,

We return to the algebra construction presented in the previous section, which
categorifies those constructions seen in subsections 2.3.1 and 3.3.1 where gauging

corresponds to summing over a network of topological defects.

The goal then is to classify theories 7 /,G obtained by starting with a theory T with
a finite (G, ) symmetry, coupling to a (2 + 1)-dimensional Turaev-Viro TQFT, and
gauging a non-anomalous subgroup. In the unitary setting we expect this gauging

to be implemented by picking a (2-)algebra object in
Cr ~ 2Hilb | (4.3.2)

and for this to be equivalent to classifying those unitary fusion 2-categories which

lie in the same Morita class.

In the framed setting, this reduces to studying (2-)algebra objects in
Cr ~ 2Vec{, (4.3.3)

and corresponds to classifying fusion 2-categories in the same Morita class.

An algebra object consists of an object in Cy
A=A, (4.3.4)
geG

together with multiplication and unit 1-morphisms
m:ARA— A i:le— A, (4.3.5)

and before in subsection 3.3.1 these were subject to further compatibility constraints
that captured how to make sense of A as a network of defects. Here in the 2-
categorical setting these constraints are replaced by higher compatibility data in the

form of unitor and associator 2-isomorphisms

w:mo (i ®idy) = idy U :mo (ida ®1) = idy
(4.3.6)
a:mo (idg @m) =mo (m®idy)
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that control the commutativity of diagrams analogous to those in figures 3.12 and 3.13.

This extra compatibility data is then subject to further constraints

[idy o (0 ® idig, )] - [a 0 (idia, ® idp @ idsa,)] - [idm o (idig, ® a)] o
3.

=[a o (idig, ® idm)] - 034 4 4 - [0 0 (id @ idia, )],

and

lidy, 0 (uy ®idig,)] - [a o (idig, ® id; @ idig,)] = idy, o (idig, @ u) . (4.3.8)

From the point of view of A being an object in 2Vecg, these conditions can be
expressed abstractly as two tetrahedral and one associahedral commuting diagram,
twisted by a~!. Alternatively, thinking of A as a finite semi-simple G-graded cat-
egory, these conditions can be expressed more concretely as a pentagon and triangle
identities, twisted by a~!. This latter point of view gives A the structure of what

we will call a finite semi-simple G-graded o~ !-twisted monoidal category.

It was at this point in subsection 3.3.1 we remarked that in the unitary setting,
the dagger structure of Hilbg; led naturally to a co-algebra structure, and further
more a special dagger-Frobenius structure. We expect that in 2 + 1 dimensions we
should have a similar result, and that 2Hilb{, as a dagger fusion 2-category should
likewise automatically equip a natural co-algebra structure satisfying analogous
dagger-Frobenius compatibility conditions. We further expect the full unitary fusion
2-categorical structure to endow A with the structure of a unitary multi-fusion

category.

In analogy to subsections 2.3.1 and 3.3.1, we define the Morita equivalence of rigid
algebra objects A, A" internal to C7 ~ 2Vecg: as an equivalence of (left) module
2-categories Mod¢, (A) >~ Modc, (A) of (2-)module objects over A, A, internal to Cr-.

These comprise of objects M € Cy together with a (right) module action from A

p:M®A— M, (4.3.9)
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and higher compatibility data comprising of 2-isomorphisms
a o (idy @m) = po(u®idy) ut s po (idy ®1i) = idy,  (4.3.10)

that lift those conditions we depicted back in figures 3.14 and 3.15. These must

satisfy further compatibility conditions

[Zdu o (aﬂ ® ZdZdA>:| : [aU o (Z.d’id]v[ ® Zd’lClM ® Zd’bdA)] ) [Zd,uf © (ididlw ® a’)]

= [aﬂ © (Zdu ® ididA)] ’ a]T;,A,A,A ' [aﬂ © (idid]vI®A ® ididlﬂ)]
(4.3.11)

and
[Zd# e} (u” X idid,q)] . [a“ @) (ididM &® ’LdZ &® ididA)] = Zd# e} (ididM (029 ul) 3 (4312)

that give M the structure of what we will call a finite semi-simple G-graded o~ !-

twisted module category over A.

The full 2-category of (right) module objects A = Modc, (A) naturally forms a (left)
module 2-category over Cy =~ 2Vecg, which, in analogy to subsections 3.3.1 and 3.3.2,
is how we define finite-dimensional a~!-projective 3-representations of G. In the
framed setting this identifies Morita equivalence classes of algebra objects internal

to 2Vecg with projective 3-representations
A € 3Rep®  (G). (4.3.13)

In the unitary setting we expect this to lift to a labelling by unitary projective

3-representations.

To classify these 3-representations, we need a slight enhancement on the structure
available to us in the framed setting; we will opt to include the co-algebra structure
that we expect to come for free in the unitary setting, by hand. Concretely we ask

that A as an algebra object in 2Vecg admits a compatible co-algebra structure
A:A—-ARA p:A—1., (4.3.14)

with higher compatibility data analogous to above that makes A a co-algebra object.
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We ask also for additional higher compatibility data in the form 2-morphisms
e:ANom = idy N :idagga = mo A, (4.3.15)

and two 2-isomorphisms that lift the Frobenius conditions from subsection 3.3.1.
This extra data must then satisfy further compatibility conditions, the total sum of

which makes A a rigid ® algebra object in 2Vecg, [122].

Let’s summarise: to better understand this extra data, let us simplify to G =1 for a
moment. An algebra object A in C;+ = 2Vec describes a finite semi-simple monoidal
category, and the usual notion of Morita equivalence for these categories is precisely
that which we have described for algebras internal to 2Vec. The compatibility data
and conditions for rigid algebra objects can be summarised as a promotion of A to
a multi-fusion category by consistently defining left and right duals. The Morita
equivalence of (rigid) algebras internal to 2Vec coincides with the usual notion of

Morita equivalence for monoidal /multi-fusion categories.

Returning to (G, «) then, an algebra object A in Cr ~ 2Vecy, describes a finite
semi-simple G-graded o~ !-twisted monoidal category. The compatibility data and
conditions for rigid algebra object promote A to a G-graded a~'-twisted multi-
fusion category [122]. The Morita equivalence of (rigid) algebras internal to 2Vecg
implies the usual notion of Morita equivalence on the trivially-graded component as

a monoidal /multi-fusion category.

Indecomposable gauge theories T /,G correspond to connected rigid algebra objects,

which are characterised by having a simple unit morphism:
End(i) ~ C. (4.3.16)

A connected rigid algebra object in 2Vec corresponds to a fusion category, and all

multi-fusion categories decompose into a direct sum of fusion categories up to Morita

equivalence. A connected rigid algebra object in 2Vecy, describes a G-graded a~!-

8For the fusion 2-category 2Vecg, this is actually equivalent to separable algebra objects, which
are the natural ones to talk about in the oriented setting of spherical fusion 2-categories [111, 122].
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twisted fusion category [122]. The reason for needing this extra data now becomes
clear: the property of A having left and right duals implies the grading of A includes

inverses, and further forms a subgroup H C G.

For the case a = 0, the connected rigid algebra objects are faithfully H-graded fusion
categories for some H C G, also known as H-extensions of fusion categories in the
literature. The classification for a given (Morita class of) fusion category A, ~ C

that describes the trivially graded component follows from [121]:

An action p : H — Aut(Z(C)), where Z(C) is the Drinfeld centre.

A class [p] in a torsor over H.  (H,Z(C)*), where the abelian group of

invertible objects Z(C)* is thought of as a H-module.

: 3

A class [¢] in a torsor over H,  (H,C*).

The choice of fusion category C up to Morita equivalence corresponds physically
to a choice of (2 + 1)-dimensional Turaev-Viro TQFT with topological lines given
by Z(C). The appearance of torsors over group cohomology arise as a consequence
of obstructions to constructing a H-graded fusion category with trivially graded

component A, ~ C, which admit their own physical interpretations:

1. A choice of fusion category C and action p determines an obstruction class
[Os5(C;p)] € H2. (H,Z(C)*). This is an obstruction to constructing a H-

grp,p

extension and needs to be trivialised via
do = 03(C; p). (4.3.17)

Different choices of trivialisation are then distinguished by 2-cocycles and are
classified up to equivalence by a torsor over H 3@7 ,(H, Z(C)*). Physically we

should interpret these classes as determining a symmetry fractionalisation of

H by the lines in Z(C) as depicted in 4.15.
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2. The choice of trivialisation [p] further determines a second obstruction class
[04(C; p, )] € Hng(H, C*). This is yet another obstruction to constructing a

H-extension that needs to be trivialised via

0 = O4(C; p, ). (4.3.18)

Different choices of trivialisation are then distinguished by 3-cocycles and are
classified up to equivalence by a torsor over H2. (H,Z(C)*). Physically we

grp

should interpret these classes as determining a discrete torsion for H.

As a G-graded fusion category, the 3-cocycle 9 plays the role of the associator [121].
This means for the case a # 0, it must satisfy equation (4.3.7). This has the effect

of shifting the O, obstruction to
5% = ali Ou(C; p, 9). (4.3.19)

The appearance of the Q4 obstruction in this more general setting suggests that in
contrast to chapter 3 where we could only gauge a truly non-anomalous subgroup,
here we can in fact gauge an anomalous subgroup, provided we can find a TQFT to

couple to with a H-symmetry that cancels that of the subgroup.

To summarise, the ways to gauge a (G, ) symmetry corresponding to connected

rigid algebras up to Morita equivalence are labelled by:

A (conjugacy class of) subgroup H C G, corresponding to a choice of subgroup

to gauge.

« A (Morita class of) fusion category C, corresponding to a Turaev-Viro TQFT
with line defects in Z(C).

e An action p: H — (Aut)(Z(C)), corresponding to H-defects wrapping lines,

as depicted in figure 4.14.

e A class of 2-cochain ¢ € €2, (H, Z(C)*) satisfying dp = Os(C; p), correspond-

ing to a symmetry fractionalisation of H by Z(C)*, as depicted in figure 4.15.
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« A class of 3-cochain ¢ € C3_(H,C*) satisfying 01 = a|z' O4(C; p, ), corres-

ponding to a choice of discrete torsion for H.

We can restrict to invertible TQFTs by choosing C ~ Vec, in this case the Drinfeld
centre Z(Vec) = Vec, automorphism group Aut(Vec) = 1, and invertible lines
Vec™ = 1, all trivialise. This means the action p and obstructions Oz and Oy
automatically vanish, and further trivialises the choice of symmetry fractionalisation
¢. The only remainind data then is the discrete torsion ¢, for which the trivialisation

condition (4.3.19) reduces to that of (4.2.58) observed in subsection 4.2.2.

4.3.2 Gapped Interfaces and Module Categories over 2Vecg

As we just saw, classifying gaugings as Morita classes of (2-)algebra objects is

equivalent to classifying module 2-categories over
Cr ~ 2Vec, (4.3.20)

which is how we define projective 3-representations. We can arrive at this result

in an equivalent way by considering gapped interfaces between 7 and the gauged

theory T /,\G.

™

X elr Me A

Figure 4.16

The gapped interfaces between 7 and 7 /,G form a finite semi-simple 2-category

A, whose objects M € X\ are gapped interfaces, 1-morphisms are topological lines
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supported on junctions between interfaces, and 2-morphisms are topological local

operators supported on junctions between the lines.

In the framed setting, the action from fusing topological surfaces in 7 onto the
interface as depicted in figure 4.16 endows A with the structure of a (left) module

2-category over

Cr = 2Vecg, . (4.3.21)

This is precisely how we define a~!-projective 3-representations of G, categorifying
the notion of projective 2-representations in subsection 3.3.2, which themselves were

categorifications of modules/representations in subsection 2.3.2.

An alternative formulation of these module 2-categories is in terms of functors of

the form

R : BG — 3Vec, (4.3.22)

where BG' is the delooping of G thought of as a fusion 3-category. For @ = 0
these functors are monoidal, otherwise they are monoidal up to a~! which twists
its compatibility with the pentagonator, we call this an a~!-projective monoidal

functor.

We define the 3-vector spaces that make up the fusion 3-category 3Vec analogously
to Kapronov-Voevodsky 2-vector spaces [123] as module 2-categories over 2Vec equi-
valent to 2Vec®” for some n € N. This definition can be interpreted in two different

ways:

1. A 3-vector space equivalent to 2Vec®" can be thought of as a finite semi-simple

2-category with n simple objects.

2. The objects of a module 2-category over 2Vec up to equivalence can be thought
of as module categories over a Morita class of (rigid) algebra object internal

to 2Vec corresponding to a monoidal/(multi-)fusion category.

Thought of as a finite semi-simple category, the 3-vector space R(x) is equipped with

a module action from 2Vecg, via the assignment of elements g € G to automorphisms
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of R(x). This reproduces a module 2-category from a choice of projective monoidal

functor.

Thought of instead as a Morita class of multi-fusion category C, we can reconstruct
the classification from [121] detailed in the previous subsection. We formulate the

remaining data of R : x — [C] as a homomorphism between 3-groups
A: G — Aut(C). (4.3.23)

The domain and codomain have the following descriptions:

« The domain G is a 3-group extension with homotopy groups

Ty = G
g = CX

and Postnikov invariant o' € H,. (G, U(1)).

e The codomain Aut(C) is the automorphism 3-group of C with

7o = Aut(Z(C))
m = Z(C)* (4.3.25)
Ty = (C)I

There is potential Postnikov data given by

[0s] € Hy,,,(Aut(2(C)), Z(C)),

(4.3.26)
[04] € Hy,,(m<1, (C)I)

grp
where m<; is shorthand for the 2-group truncation of Aut(C) determined by
Aut(Z(C)), Z(C)*, and [O3]. The possibility of non-trivial Postnikov data is
novel compared to the corresponding construction for 2-representations in 1+ 1

dimensions.

An a~!-projective 3-representation on [C] is then determined by:
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1. A homomorphism p: G — Aut(Z(C)).

2. A 2-cochain ¢ € C’; . (G, Z(C)*) satistying d¢ = p*Os.

7”7p

3. A 3-cochain ¢ € C3, (G, (C*)!) satisfying 69 = a1 (5, §)*Ox.

where we view the combination (p, ¢) : BG — m<;.

To restrict to simple projective 3-representations we ask that p: G — Aut(Z(Q))
determines a transitive action on Z(C), which via the orbit stabiliser theorem cor-

responds to picking a conjugacy class of subgroup [H C G| and setting
C o~ PG/ Z(C) ~ Z(c)®9H (4.3.27)

for some fusion category c, together with a choice of p : H — Aut(Z(c)). Using the
Shapiro isomorphism we then surmise that a simple o~ !-projective 3-representation

of G is determined by:

1. A (conjugacy class of) subgroup H C G.
2. A (Morita class of) fusion category c.
3. A homomorphism p : H — Aut(Z(c)).

4. A 2-cochain ¢ € C7, (H, Z(c)*) satisfying dp = [p*Os]x.

5. A 3-cochain ¢ € C3_(H, (C*)) satisfying 6¢ = ;" [(p, )" Odl .

which reconstructs the classification from the previous subsection.

To further relate this picture to the previous one in terms of algebras, we note that to
construct an interface between 7 and 7 /,G obtained by gauging an algebra object
A, we must first choose an object M € Cr and then specify how the algebra object
ends on it. The data that implements this is precisely that of a module object over

A, identifying the category of gapped interfaces with the earlier module category

A = Mod, (A). (4.3.28)
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In the oriented setting we can formulate a direct argument for the reverse statement
by considering 7 /A\G with insertions of the identity operator and resolve them into
oriented spheres containing 7. Expanding the spheres, eventually the interfaces
will collide and produce a network of topological defects Ay in 7. In analogy to
subsection 3.3.2, we expect that in order for the resulting theory to be independent
of the way the expansion is performed, the topological defects A must describe

rigid /separable algebra objects internal to Cr [94].

In the unitary setting, we expect the 2-category A of interfaces to now be a finite
semi-simple dagger 2-category [25]. We further expect that the action from fusing
topological lines in T onto the interface depicted in figure 3.16 endows A with the

structure of a (left) unitary module 2-category over
Cr = 2Hilbg; . (4.3.29)

This is how we expect to define unitary a~!-projective 3-representations of G. Al-
ternatively we expect that we can also formulate these unitary module 2-categories

as unitary a~!-projective monoidal functors
R : BG — 3Hilb, (4.3.30)

where we define 3Hilb analogously to 3Vec as the 3-category of (unitary) module

2-categories over 2Hilb equivalent to 2Hilb®" for some n € N.

4.3.3 Symmetry TFTs and Lagrangian Algebras

Now we consider the same gauging procedures from the perspective of gapped
boundary conditions in the sandwich construction. The starting point is 3 + 1-
dimensional unitary oriented Dijkgraaf-Witten theory labelled by a gauge group G
and a class

[a] € H: (G, U(1)). (4.3.31)

grp
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Similar to those we discussed in subsection 3.3.3, they are gauge theories supported

on a 4-manifold My, described by a finite gauge field
a: My — BG, (4.3.32)

whose action is determined by a representative a € Z,, (G, U(1)) satisfying

alh, k,l,m)a(g, hk,l,m)a(g, h, k,lm)
a(gh, k,l,m)a(g, h, kl,m)a(g, h, k1)

dalg, h, k,l,m) = =1, (4.3.33)

via the pull-back
/ a*a, (4.3.34)
My

and is hence manifestly topological. When the boundary dM, is non-empty, we can

specify topological boundary conditions by fixing the restriction
alon, : OMy — BH , (4.3.35)

for some subgroup H C G such that a|z' = d¢ trivialises. The pull-back

/ S*a (4.3.36)
OMy

then defines a consistent contribution to the topological action on the boundary that

makes the total theory topological [76].

Unlike in subsection 3.3.3 however, this labelling by (H, %) is not sufficient to capture
all gapped/topological boundary conditions for Dijkgraaf-Witten theory in 3 + 1
dimensions. The reasoning is the same as we have seen elsewhere in this section:
there is a proliferation of non-trivial TQFTs in 2 + 1 dimensions to which we can
couple the boundary, and these naive choices only make up for the subclass of

invertible TQFTs.

Continuing the analogy to subsection 3.3.3, we can define the Dirichlet boundary
condition as the boundary condition D = (H = 1,9 = 1). In the framed setting
this corresponds to a 2 + 1-dimensional topological boundary supporting a (G, «)
symmetry described by

Cp = 2Vec, . (4.3.37)



4.3. Generalised Gauging in 2 + 1 Dimensions 175

The existence of this canonical topological Dirichlet boundary reflects the fact that
the Dijkgraat-Witten theory is a Turaev-Viro type TQFT whose symmetry in the
(3 + 1)-dimensional bulk contains topological surfaces and lines described by the
Drinfeld centre

DW¢ o ~ Z(2Vecs). (4.3.38)

This is a braided fusion 2-category whose objects are objects X € 2Vec: together

with a half-braiding that comes in the forms of 1-isomorphisms
bxy 1 X®Y =Y ®X, (4.3.39)

for each other object Y € 2Vecy,. The compatibility conditions are now exchanged

for extra compatibility data implemented by 2-isomorphisms

bx.vz : (idy ®bx z) o (bxy ®idy) = bxyez
(4.3.40)

bxy.z: (bxz ®idy)o (idx ® byz) = bxgy.z,

satisfying further compatibility conditions with the pentagonator o [111, 124]. Con-

cretely these objects are characterised by the following data:

1. A finite-dimensional G-graded 2-vector space

X=0Px,. (4.3.41)

geG

2. A G-action by l-automorphisms

Pg,h - X, — Xghg—l (4342)

3. Compositor 2-isomorphisms

Ponsf * Pars © Phf = Pah.f (4.3.43)

satisfying a twisted composition tetrahedron condition:

Po,hksf [idpgyhkf O Py = Tra gy B k) - pop g+ [Pgnek g © 1y, 4] (4.3.44)
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for all g, h, k, f € G.
4. Distributor 2-isomorphisms
Plan Pra® Prn = Prah (4.3.45)
satisfying a twisted fusion tetrahedron condition:
pf?(gh, k) - [p%g,h ®idy,| = Tra(g, h, k) - p?;g,hk: lidy,, ® P%h,k] (4.3.46)
for all g, h, f € G.

The collections of phases

alg, b, fk)a(" f, g, h, k)

= 4.3.4
R E) =5 gk Falg. b E) 347
and
— a<fg7 f7 h? k)a(fg7fh7 fk? f)
= 4.3.4
) = g b R)a(Tg T, 1, 345
indexed by f € G, define a groupoid 3-cocycle
T(a) € Z3(G//G,U(1)) (4.3.49)

or equivalently, collections of 3-cocycles 7;(a) € Z*(C(G),U(1)) upon restriction

to the centraliser g, h, k € C¢(G).

The symmetry of a (2+1)-dimensional quantum field theory can be recast as a (3+1)-
dimensional symmetry TFT. For any oriented QFT, the corresponding symmetry
TFT is a Dijkgraaf-Witten theory for some choice of (G, «) [105]. The dynamics of T
are captured by a relative (non-topological) boundary condition, and the theory itself
can be recovered by interval compactification with the canonical gapped Dirichlet

boundary condition D.

For other choices of gapped boundary A, interval compactification produces the
theory 7 /,G. This has an alternative description of starting from the canonical
Dirichlet boundary condition D coupling a (2 + 1)-dimensional TQFT and gauging

a non-anomalous subgroup. Unlike in the previous two subsections, where we were
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restricted to Turaev-Viro TQFTs, we really mean all (unitary oriented) TQFTs here,
and so we expect a much richer classification. For an invertible choice of TQFT

A = (H, ) this reproduces the theories studied in subsection 4.2.2.

In analogy to subsection 3.3.3 we now reconstruct the gapped boundary conditions
of a (3 + 1)-dimensional TQFT of Turaev-Viro type built from a fusion 2-category
C, via the 3-category of Lagrangian algebra objects internal to Z(C). Continuing
the analogy, we expect these to represent topological line defects in the symmetry

bulk that condense on their corresponding topological boundary.
A braided algebra object B in Z(2Vecy,) is equipped with a braiding 2-isomorphism
B :mo bB,B =>m, (4350)

which lifts the commuting diagram from figure 3.17, this can be thought of as
defining a braiding on B as a monoidal category. This satisfies further compatibility

constraints

a ' [de © (6 ® idids)] ’ [CL © (ide,B ® idids)] ’ [de o (idids ® 5) o (Zde,B ® idids)]

=a- [5 0] (de &® id’idg)] : [de e} (ididB (029 de) o bB;B,B] y
(4.3.51)

and

a - [idm o (idigg ® B)] - [a™" 0 (idigy ® idyg )] - [idm © (B ® idiay) © (idigy @ idpg )]

=a"" - [beta o (idigy @ idy)] - [idy, 0 (idigy @ idy,) 0 b ] -
(4.3.52)

These can be equivalently thought of as twisted hexagon relations for the braiding

on B.

Before continuing, let us simplify to G = 1 and C7 ~ 2Vec. In this case the Drinfeld
centre is again Z(2Vec) ~ 2Vec, now thought of as a braided fusion 2-category with
trivial braiding. A a braided algebra object is a finite semi-simple braided monoidal
category, a rigid braided algebra object is a braided multi-fusion category, and a

connected rigid braided algebra object is a braided fusion category.
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Returning to Z(2Vecg: ), a braided algebra object has the structure of what we will call
a finite semi-simple o~ !-twisted G-crossed braided monoidal category. Concretely,

this consists of the following data [98, 121]:

A finite semi-simple G-graded category B = @ ¢ B,.

A G-action p,, : By, = By, with composition described by natural isomorph-

isms pp ., defined as above for all g, h, f € G.

A G-graded monoidal structure B, ® By, C By, with distributivity with respect
to p described by natural isomorphisms p% g defined as above for all g, h, f €

G.

A G-crossed braiding implemented by natural isomorphisms fSxy : X @ Y —
pen(Y) ® X for every pair X € B, and Y € By, satisfying twisted hexagon

relations determined from equations (4.3.51) and (4.3.52).

Similarly, a rigid braided algebra object is an o~ !-twisted G-crossed braided multi-
fusion category, and a connected rigid braided algebra object is an a~!-twisted G-
crossed braided multi-fusion category with p defining a transitive G-action upon
restriction to the trivially graded component B, as a braided multi-fusion cat-

egory [122].

It is worth belabouring that final statement: restricting to rigid braided algebra
objects such that End(i) ~ C does not impose that the identity object in B is simple.
Instead we define in tandem a notion of strongly connected to be a (connected) rigid
braided algebra object such that the unit 7 : 1, — B defines a simple identity object
in B. In this way, strongly connected rigid braided algebra objects in Z(2Vec,)

correspond to o~ -twisted G-crossed braided fusion categories.

The Lagrangian condition can be formulated in terms of local modules. Recall in
subsection 3.3.3 the locality of a module action was determined by its commuta-

tion with the braiding. Here this condition is replaced by a 2-isomorphism that
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implements the commuting diagram we had in figure 3.18, subject to some extra
compatibility data. We say then that a connected rigid braided algebra object B is

Lagrangian if the 2-category of local modules over B trivialises to
Mod¥“(A) ~ 2Vec (4.3.53)

as a braided fusion 2-category.

For a strongly connected rigid braided algebra object, this reduces further to asking
that the Miiger centre of B vanishes, defined in the sense of [111]. There, the Miiger
centre of B is defined in terms of 1-morphisms 1, — B that identify objects in the
trivially graded component X € B,, together with isomorphisms nx , : X — pg.(X),
for every g € G; these pairs (X,7y) define objects in the G-equivariantisation B¢
of B. We then ask that these morphisms are transparent; that is, the braiding is

symmetric in the sense

Bxy = Byx © (Nx,g ®idy) (4.3.54)

for all other Y € B, and g € Supp(B), where Supp(B) C G is the subgroup of
G where B is supported. For a given object X € B., this restriction fixes an
isomorphism 7y , for each g € Supp(B). This in turn identifies the Miger centre of
B with the Miiger centre Z5(BY) defined in the usual sense ?, modulo representations

of Supp(G). Clearly, the Muger centre defined this way vanishes if
1. The grading Supp(G) = G is faithful.

2. The Miiger centre of B is non-degenerate over Rep(G):
Z5(BY) ~ Rep(G). (4.3.55)
This is true if and only if B, is a non-degenerate braided fusion category [125].

We expect that this exhausts all strongly connected Lagrangian algebra objects
internal to Z(2Vecy;). Armed with this technology, we are now ready to classify

Lagrangian algebra objects more generally.

9That is, the full symmetric braided subcategory of BS.
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For a general rigid braided algebra object B, the support Supp(B) need not be a
subgroup; thought of as a G-graded multi-fusion category, the support only needs to
be at least a disjoint union of subgroups. Taking into account also the action from
G, we see that this union needs to include all subgroups in a conjugacy class, and
in the minimal case when the object is connected and this action is transitive, we
can use the orbit-stabiliser theorem to express the support as

Supp(G)= || ‘H, (4.3.56)

gHEG/H

for a given conjugacy class of subgroup [H C G]. Up to equivalence, the algebra
object B then decomposes into |G/ H| fusion components described by a/; -twisted

9 H-crossed braided fusion categories for each gH € G/H.

The remaining components of p identify each of these fusion components with one-
another. The data of a connected rigid braided algebra object internal to Z(2Vec:)
can hence be reduced to that of the fusion component described by a faithfully
graded o|5'-twisted H-crossed braided fusion category. We note that this data is
equivalent to that of a strongly connected rigid braided algebra object internal to

Z(ZVec?{‘H ).

This simplification sets up an inclusion of strongly connected rigid braided algebra
objects in Z(2Vecy;") as connected rigid braided algebra objects in Z(2Vecy). This
in turn sets up a pull-back from module objects in Z(2Vecy;) to module objects
in Z(2Vecy"). For local module objects we expect that this functor is essentially
surjective and hence that a connected algebra in Z(2Vecy,) is Lagrangian only if the

corresponding strongly connected algebra in Z(2Vecy") is Lagrangian.

For a = 0 and a choice of (conjugacy class of) subgroup H, Lagrangian algebra
objects in Z(2Vecy") are faithfully graded H-crossed braided fusion categories
whose trivially graded components are non-degenerate. For a given non-degenerate
braided fusion category that describes the trivially graded component B, := B, these

are also known as H-crossed braided extensions of B, and are classified by [98, 121]:
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o A H-action p : H — Aut(B).

. 2 .
o A class [¢] in a torsor over H  (H,B*), where the abelian group B* of

invertible objects in B is thought of as a H-module.

« A class [¢] in a torsor over H3 (H,C*).

grp

The choice of non-degenerate braided fusion category B corresponds physically to the
category of topological lines in a corresponding choice of (2 + 1)-dimensional TQFT
with trivial (3 4 1)-dimensional bulk, this restriction ensures the coupling does not
affect the symmetry TFT of the original theory. The appearance of torsors over
group cohomology here is once again a consequence of obstructions to constructing

a H-crossed braided fusion category with trivially graded component B, = B:

1. A choice of non-degenerate braided fusion category B and action p determines
an obstruction class [03(C; p)] € H;,, ,(H,B*). This is an obstruction to

constructing a H-crossed extension and needs to be trivialised via
do = O5(C; p). (4.3.57)

Different choices of trivialisation are then distinguished by 2-cocycles and are
classified up to equivalence by a torsor over ngp’ ,(H,B*). Physically we

should interpret these classes as determining a symmetry fractionalisation of

H by the lines in B as depicted in 4.15.

2. The choice of trivialisation [p] further determines a second obstruction class
[04(C; p, ¢)] € Hy,,(H,C*). This is yet another obstruction to constructing a

H-crossed extension that needs to be trivialised via
5 = O4(C; p, ). (4.3.58)

Different choices of trivialisation are then distinguished by 3-cocycles and are

classified up to equivalence by a torsor over H;, (H,Z(C)*). Physically we

should interpret these classes as determining a discrete torsion for H.
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In analogy to subsection 4.3.1, for a # 0, we expect to shift the O, obstruction to
5 = alit Ou(C; p, 9). (4.3.59)

Once again the appearance of the O, obstruction suggests that rather than gauging
only strictly non-anomalous subgroups, we can in fact gauge any subgroup, provided

its anomaly can be cancelled by that of the TQFT we couple to.

Unitarity

In the unitary setting we expect the symmetry on the Dirichlet boundary D to be

described by the unitary fusion 2-category
Cr =~ 2Hilbg; . (4.3.60)

We further expect the bulk symmetry of the Dijkgraaf-Witten theory to be described

by a unitary braided fusion 2-category in the Drinfeld centre
Z(2Hilbg,) (4.3.61)

and for gapped boundary conditions to correspond to Lagrangian algebras objects
internal to the Drinfeld centre. We might have then expected that lifting the con-
struction we have presented would only require exchanging braided fusion categories
for unitary braided fusion categories, but there is a subtle complication. There is a
non-trivial class of anomalies for unitary oriented TQFTs in 2+ 1 dimensions, called
the chiral central charge, that can be phrased as a (34 1)-dimensional symmetry TFT
constructed from the signature. The signature of a given 4-manifold is a topological

invariant that can be understood as a characteristic homomorphism
on, QA = 7, (4.3.62)

from the bordism group with tangential structure X to the integers. In the framed
setting we have Qf;r = 1, and hence the signature on the corresponding framed

4-manifold can only ever be trivial. In the oriented setting we instead have Q59 = Z
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and the possibility for non-trivial signatures of oriented 4-manifolds. We can hence

define a non-trivial (3 + 1)-dimensional TFT with action

2mic

eoF oM (4.3.63)

where ¢ is the chiral central charge, which controls the anomaly of the (2 4 1)-
dimensional topological boundary. The value of this chiral central charge should
be a property of the corresponding unitary braided fusion category, and so if we
wish to couple a theory T to a (2 + 1)-dimensional unitary TQFT without changing
the symmetry TFT, we must ask that in addition to non-degeneracy, the unitary
braided fusion category corresponding to that TQFT also has chiral central charge
¢ =0 (mod 8) ' For more details on these anomalies, also for more general choices

of tangential structure, one can turn to [126-129].

To summarise, the gaugings of GG corresponding to gapped boundary conditions of

(3 4+ 1)-dimensional (G, «) Dijkgraaf-Witten theory are classified by:

A (conjugacy class of) subgroup H C G, corresponding to a choice of subgroup

to gauge.

o A (equivalence class of) non-degenerate braided-fusion category B, correspond-

ing to a TQFT with line defects described by objects of B.

e An action p : H — (Aut)(B), corresponding to H-defects wrapping lines, as

depicted in figure 4.14.

A class of 2-cochain ¢ € C2. (H,B*) satisfying dp = O3(B; p), corresponding

grp,p

to a symmetry fractionalisation of H by B*, as depicted in figure 4.15.

o A class of 3-cochain 1) € CSTP(H, C*) satisfying 6¢ = a|z' O4(B;p, @), corres-

ponding to a choice of discrete torsion for H.

10Upon restriction to unitary Turaev-Viro TQFTs, this constraint is automatic, the reverse is
not true however.
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Restricting to Turaev-Viro TQFTs B ~ Z(C) reproduces the classification in terms of
projective 3-representations valued in 3Vec seen in the previous two subsections. Re-
stricting further to invertible TQFTs by choosing C ~ Vec, the trivialisation (4.3.59)

reduces to (4.2.58) and the classification reduces to that studied in subsection 4.2.2.

4.3.4 Projective 3-Representations

In the last subsection we gave a comprehensive classification of gapped boundaries
for Dijkgraaf-Witten theories in 3 + 1 dimensions, but at the outset of this section
we claimed that these can alternatively be viewed as projective 3-representations

valued in a particular fusion 3-category of non-degenerate braided fusion categories.

We did outline how the Lagrangian algebras correspond to projective 3-characters,
but to understand this statement concretely, let us now return to the functorial

description presented in subsection 4.3.2, with a slight modification.

The starting point is o *-projective monoidal functors
R : BG — Pic, (4.3.64)

where we have suggestively denoted the target 3-category Pic in analogy to the
Picard 2-group [121]. Rather than define the full structure, we restrict our focus to

the invertible structure we expect it to have:

 The simple objects B € Pic are (equivalence classes of) non-degenerate braided
fusion categories, that is, braided multi-fusion categories admitting a decom-

position into non-degenerate braided fusion categories.

o The 1-automorphisms of an object B are captured by objects of the Picard
2-group Pic(B), which are labelled up to equivalence by Aut(5), the group of

braided automorphisms of B 1.

1 This equivalence only holds if B is non-degenerate
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o The 2-automorphisms are given by 1-morphisms in the Picard 2-group Pic(B),

which are labelled up to equivalence by B*, the group of invertible objects in

B.

e The 3-automorphisms of a given 2-automorphism are natural isomorphisms of
bimodule equivalences, which are labelled up to equivalence by (C*)I®l where

|B| is the number of fusion summands in B.

For a choice of non-degenerate braided multi-fusion category B, we then formulate

the remaining data of R : x — B as a homomorphism between 3-groups
A:G— Aut(B). (4.3.65)

The domain and codomain have the following descriptions:

« The domain G is a 3-group extension with homotopy groups

o = G
=1 (4.3.66)
g = (CX

and Postnikov invariant o~ € H, (G, U(1)).

e The codomain Aut(B) is the automorphism 3-group of B with

7o = Aut(B)
™ = BX (4367)
T = (CX)‘B‘ .

There is potential Postnikov data given by

[03] € ngp(Aut(B))7 BX) >
(4.3.68)
[O4] € H,,(m<1, (C)F),
where < is shorthand for the 2-group truncation of Aut(B), determined by

Aut(B), B*, and [O3].
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An o~ !-projective 3-representation on B is then determined by:

1. A homomorphism p: G — Aut(B).

2. A 2-cochain ¢ € C* (G, B*) satisfying 6¢ = p*Os.

arp,p

3. A 3-cochain ¢ € .G, (C¥)Bl) satisfying 8¢ = o' (7, §)* O,

where we view the combination (p, ¢) : BG — m<;.

To restrict to simple projective 3-representations we ask that (p, ¢) : G — Aut(B) de-
termines a transitive action on B, which via the orbit stabiliser theorem corresponds

to picking a conjugacy class of subgroup [H C G| and setting
B~ b®¢/H (4.3.69)

for some non-degenerate braided fusion category b, together with a choice of p : H —
Aut(b). Using the Shapiro isomorphism we then surmise that a simple a~!-projective

3-representation of GG is then determined by:

1. A (conjugacy class of) subgroup H C G.

2. A non-degenerate braided fusion category b.

3. A homomorphism p : H — Aut(b).

4. A 2-cochain ¢ € C7, (H,b*) satisfying d¢ = [p*Os]y.

5. A 3-cochain ¢ € C3_(H, (C*)) satisfying 6¢ = ;" [(p, 2)*Odln.

This reconstructs the classification from the previous subsection and demonstrates
concretely that gapped boundaries of a (G, «) Dijkgraaf-Witten theory are in 1-1

correspondence with a~!-projective representations of G valued in Pic.



Chapter 5

Future Work and Research

Directions

In this chapter we will briefly comment on some future directions this research could
take. These comments are largely focused on extending this formalism to higher
dimensions and as a result will be mostly speculative, but before that we will attempt
to be a bit more concrete and turn to ideas that directly generalise those seen in

sections 2.4 and 3.4 to 2 + 1 dimensions.

5.1 Defects after Generalised Gauging in 2+ 1

Dimensions

One obvious direction for future research is the fusion 2-category of defects produced

after the generalised gauging of a finite invertible symmetry in 2 4+ 1 dimensions.

Recall that in section 4.3 we had two classifications of gauging that did not totally
agree; the algebra and module pictures discussed in subsections 4.3.1 and 4.3.2
produced gaugings of a finite group coupled to a Turaev-Viro TQFT, whereas the
symmetry TFT perspective presented in subsection 4.3.3 was more general in that

it extended this classification to all (Reshetikhin-Turaev) TQFTs.
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This restriction in the algebra construction of gauge theories means the corresponding
bimodule construction of defects after gauging we presented in section 4.2 only
extends to those gauge theories produced by coupling to a Turaev-Viro TQFT.
Concretely, starting from a (2 + 1)-dimensional theory 7 with a (G, «) symmetry

we should consider (2-)bimodule objects over (rigid) algebra objects internal to
Cr ~ 2Vecg. . (5.1.1)

Choosing a gauging labelled by an a~!-projective 2-representation A = (H, C; p, p, 1)
with corresponding rigid algebra object A, as described in subsection 4.3.2, we denote

the resulting fusion 2-category of defects

C(G, a|A\) ~ Bimode, (Ay) . (5.1.2)

If we wish to discuss the defects of gauge theories produced by coupling to more
general TQFTs, we need a generalisation of the symmetry TFT construction presen-
ted in subsections 2.4.2 and 3.4.2 to 2 4+ 1 dimensions. Concretely, starting from a
(3 4 1)-dimensional (G, «) Dijkgraaf-Witten theory, we should consider (2-)module

objects over Lagrangian algebra objects internal to the Drinfeld centre
DW¢ o >~ Z(2Vecy) . (5.1.3)

Choosing a gauging labelled by an a~!-projective 2-representation A = (H, B; p, ¢, 1)
with corresponding Lagrangian algebra object L) as described in subsection 4.3.3,

we denote the resulting fusion 2-category of defects in a similar fashion as

C(G, CY|)\) ~ MOdDWG,a (L)\) . (514)

In analogy to section 3.4 we expect that when these two classifications coincide on
Turaev-Viro TQFTs Z(C) ~ B, the corresponding Lagrangian algebra object should

generalise the full centre construction seen in subsection 3.3.3 to 2 4+ 1 dimensions

Ly~ Z(Ay), (5.1.5)
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and that these fusion 2-categories coincide, generalising equation (3.4.9):

MOdDWgya (Z(A)\)) >~ BimOdcT(A)\) . (516)

5.1.1 Defects From Extensions

To be a little more concrete, we can try to build off of the results of section 4.2. There
we studied the defects of gauge theories produced by coupling to strictly invertible
TQFTs corresponding in our new notation to B =~ Vec. In this setting we can write

the fusion 2-category C(G, a|H, ) for a normal subgroup H < G as an extension
2Rep(H) — C(G,a|H, ) — 2Vecy™ | (5.1.7)

where K ~ G/H ~ H\G/H. Here it is useful to once again note the equivalence

that identified 2-representations as condensations:
2Rep(H) ~ Mod(Rep(H)) ~ Mod(Vec™) , (5.1.8)

where in the last equivalence we have utilised that Rep(H) is the H-equivariantisation
(defined in the same way as subsection 4.3.3) of Vec, thought of in particular as a

H-crossed braided fusion category with trivial grading and H-action.

Maintaining our assumption that H < G, but now allowing more general non-
degenerate braided fusion categories B, we still expect the fusion 2-category of

defects to describe an extension
Xy — C(G,al\) — 2Vecy"™ , (5.1.9)

for some appropriate fusion 2-category X,. Given a H-crossed braided extension By
of B, we might then expect that this mystery fusion 2-category is built in a similar

fashion to equation (5.1.8), by module categories over the H-equivariantisation
X, ~ Mod(B¥). (5.1.10)

In this way, the restriction to invertible TQFTs reproduces the extension (5.1.6).
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5.2 Symmetries from Gauging in 3+ 1

Dimensions

Another clear direction for future research is to try and use the notion of 3-representations

detailed in subsections 4.3.3 and 4.3.4 to describe defects in 3 + 1 dimensions.

Gauging G With Trivial Anomaly

Starting from a (3 + 1) dimensional theory 7 with a non-anomalous finite G sym-
metry, one perspective we can take is analogous to those described in sections 3.2
and 4.2, that the theory resulting from gauging all G will contain, at the very least,
topological Wilson lines labelled by representations of G. We can then construct

higher dimensional defects as condensations:

1. A trivial surface defect supports a localised Rep(G) symmetry generated by
the Wilson lines. Un-gauging this produces a surface supporting a localised
non-anomalous O-form G symmetry. We can then produce more general sur-
face defect by the various (1 + 1)-dimensional gaugings of G, labelled by

2-representations of G.

2. We see then that a trivial volume defect supports a localised 2Rep(G) sym-
metry. Un-gauging on this produces a volume defect supporting a localised
non-anomalous O-form G symmetry. Similarly to before, we can produce more
general surface defects by the various (2+1)-dimensional gaugings of G, labelled

by 3-representations of G.

We see then, that the pure finite G' gauge theory in 3+ 1 dimensions has a symmetry
described by 3Rep(G). As we have already seen though, we should be careful to

specify which version of 3-representations we really mean.

To understand which notion is appropriate, we can consider folding the gauged theory

7T /G around a volume defect, producing a finite G x G gauge theory (T xT")/(Gx Q)
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with a topological boundary, where we have used 7V to denote the orientation-
reversal of 7. The topological sector of this particular gauge theory shares a canonical

topological interface with the (3 4+ 1)-dimensional (G, 1) Dijkgraaf-Witten theory
DW(GJ) >~ Z(2VGCG) s (521)

obtained by gauging the diagonal subgroup of a global G x G symmetry. As a
result we can formulate a sandwich-like construction for the gapped boundaries of

(T x TY)/(G x G) as illustrated in figure 5.1.

(TxTY)
(GXG)

Figure 5.1

In this way, the topological boundaries of (T x T)/(G x G), and hence the topolo-
gical volume defects of 7 /G are reconstructed from the boundary conditions of the
Dijkgraaf-Witten theory, which are labelled by 3-representations of G in the sense

of subsection 4.3.3.

We might want to be careful with language however, for example, we might only want
to say that those (2 + 1)-dimensional defects produced by coupling to an invertible
TQFT labelled by a subgroup H C G and discrete torsion ¢ € Z3 (H,U(1)) can

really be thought of as condensations.

In contrast, those (24 1)-dimensional defects produced by coupling to a more general
Turaev-Viro TQFT, although they can end due to the fact that the underlying TQFT
admits a gapped boundary, the TQFT itself carries extra data, making these defects

slightly less-trivial and slightly more exotic than an ordinary condensation.

Even more generally, those (2 + 1)-dimensional defects produced by coupling to a

general (Reshetikhin-Turaev) TQFT might not admit any gapped boundary at all,



192 Chapter 5. Future Work and Research Directions

in this sense they are even less trivial and it certainly makes less sense to talk about

them as condensation defects.

Gauging a Subgroup of (G, «a)

More generally, a (3 + 1)-dimensional theory 7 with a finite G symmetry can have

a 't Hooft anomaly determined up to equivalence by a group cohomology class

[a] € H? (G,U(1)). (5.2.2)

grp

Then we might want to know the fusion 2-category of defects produced after gauging
a non-anomalous subgroup H C G with a discrete torsion corresponding to a choice
of trivialisation

5 = aly . (5.2.3)
This gauging is implemented by picking a (3-)algebra object A, internal to
Cr ~ 3Vec, (5.2.4)

the fusion 3-category of G-graded 3-vector spaces twisted by «, where 3-vector spaces
are defined in the same way as they were in subsection 4.3.2. Without discussing too
much the details of these algebra objects, we expect that in analogy to sections 3.2
and 4.2, that the fusion 3-category of defects produced by this gauging has the

structure of (3-)bimodule objects over Ay.

A conservative guess at the outcome of this calculation following what we have seen

in lower dimensions, is that the defects populating 7/, H should be labelled by:

» A double coset [g] € H\G/H with representative g € G.

o A ¢,projective 3-representation of H, ~ H U gHg™!

, where the projective
4-cocycle ¢, should be determined entirely from (g, o, 1)), in analogy to equa-

tion (4.2.79).
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We expect that we can also see this labelling from the perspective of the sandwich
construction in the previous section. Gauging the subgroup H produces, in the
first instance, defects labelled by double cosets [g] € H\G/H. Folding the theory
around one such defect produces the theory (7 % T)/ (s (H x H) with a gapped

boundary corresponding to g € G.

That boundary breaks the gauge symmetry to H, x H,, and carries a localised 't
Hooft anomaly that we shall denote ¢, € Z,.,(Hy, U(1)), the appearance of which is
analogous to the inflow mechanisms mentioned in subsections 3.2.2 and 4.2.2. We

hence expect to be able to attach it to the boundary of a (3+ 1)-dimensional (H,, ¢,)

Dijkgraaf-Witten theory as illustrated in figure 5.2.

(TXTV)W,’_,(M
(HxH)

Figure 5.2

Picking the canonical Dirichlet boundary reproduces the [g] defect, whereas picking
different gapped boundaries thence reproduces the labelling of volume defects in

T /4H by double cosets and projective 3-representations.

5.2.1 Generalised Gauging in 3 + 1 Dimensions

In the last section we mentioned some constructions of defects in (34 1)-dimensional
theories where we gauged after coupling to an invertible TQFT. Another route for
future research however would be to consider more general gaugings stemming from

more general choices of (3 + 1)-dimensional TQFT.

As we have noted multiple times in this thesis however, in the setting of ori-

ented TQFTs, we expect all of these to be equivalent to a Dijkgraaf-Witten the-
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ory for some finite group I' and topological action determined by a 4-cocycle

v e Z4 (T,U(1)) [104, 105].

grp
For our purposes this somewhat simplifies the construction of generalised gauge
theories. Starting from a (34 1)-dimensional theory 7 with a finite (G, «) symmetry,

we expect the generalised gaugings to be labelled in analogy to section 4.3, by:

o A (conjugacy class) of subgroup H C G.
+ A (3 + 1)-dimensional (I',7) Dijkgraaf-Witten Theory DW(r ).

 Some additional data that captures how we couple DW r .,y to the H-symmetry.

We then expect that in analogy to the O, obstruction appearing in section 4.3,
that this choice of coupling should in general produce a 't Hooft anomaly for the

H-symmetry corresponding to some obstruction class Os € Z2. (H,U(1)) that we

grp

require to cancel the restriction o|g.

We expect that a reasonable suggestion for this data should include:

« An action p : H — Aut(Z(2Vec}])).

o Symmetry fractionalisation classes

—

©* e C? (H,Z(I)) e (H,ZT)), (5.2.5)

arp,p grp,p

where the centre Z(I") plays the role of invertible surface defects in Z(2Vec].),
and its Pontryagin dual Z/(\F) plays the role of invertible line defects. We
expect these might come with their own subsequent obstructions Os(T, v; p)

and O4(T',~; p, p?), for which they solve the conditions

§p? = O3 50> = 0,. (5.2.6)

¢ A discrete torsion

4
Y ez

TP

(H,U(1)), (5.2.7)
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which we expect to trivialise a twisted obstruction Os(T,v; p, ¢?, p?) via

5 = aly Os. (5.2.8)

Since all of the TQFTs we are considering admit a gapped boundary, we expect the
algebra, module and symmetry TFT pictures we have presented to coincide in (3+1)
dimensions. Further to this we expect that in analogy to subsections 2.3.1, 3.3.1
and 4.3.1, one can reconstruct the data from above for the simpler case of @ = 0
and H ~ G by considering G-extensions of fusion 2-categories, or equivalently G-
crossed braided extensions of braided fusion 2-categories, and their classifications as

a categorification of that seen in [98, 130].

For more general choices of subgroup and anomaly, we expect the generalisation to

look similar to that we have studied in this work, in analogy to section 4.3.
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