W Durham
University

AR

Durham E-Theses

Exceptional Mirror Symmetry and the String
Worldsheet

DADHLEY, RICHIE,SINGH

How to cite:

DADHLEY, RICHIE,SINGH (2024) Ezceptional Mirror Symmetry and the String Worldsheet, Durham
theses, Durham University. Available at Durham E-Theses Online: http://etheses.dur.ac.uk/15437,

Use policy

The full-text may be used and/or reproduced, and given to third parties in any format or medium, without prior permission or
charge, for personal research or study, educational, or not-for-profit purposes provided that:

e a full bibliographic reference is made to the original source
e a link is made to the metadata record in Durham E-Theses
e the full-text is not changed in any way

The full-text must not be sold in any format or medium without the formal permission of the copyright holders.

Please consult the full Durham E-Theses policy for further details.

Academic Support Office, The Palatine Centre, Durham University, Stockton Road, Durham, DH1 3LE
e-mail: e-theses.admin@durham.ac.uk Tel: +44 0191 334 6107
http://etheses.dur.ac.uk


http://www.dur.ac.uk
http://etheses.dur.ac.uk/15437/
 http://etheses.dur.ac.uk/15437/ 
http://etheses.dur.ac.uk/policies/
http://etheses.dur.ac.uk

EXCEPTIONAL MIRROR SYMMETRY AND THE STRING
WORLDSHEET

RICHIE DADHLEY

A THESIS PRESENTED FOR THE DEGREE OF
DocTOR OF PHILOSOPHY

AR
W Durham

University

CENTRE FOR PARTICLE THEORY
DEPARTMENT OF MATHEMATICAL SCIENCES
DURHAM UNIVERSITY
UNITED KINGDOM
2024



Abstract

This thesis provides arguments to strengthen our understanding of mirror symmetry for man-
ifolds with G2 holonomy, by providing worldsheet arguments to demonstrate the physical
equivalence of topologically distinct geometries. In particular we investigate the worldsheet
superconformal field theories corresponding to manifolds with G2 holonomy obtained by the
quotient of the product of a Calabi-Yau threefold and a circle. The quotient acts on the
Calabi-Yau as an antiholomorphic involution and on the circle by inversion. For such models,
we argue that the Calabi-Yau mirror map implies a mirror map for the associated Go varieties
by examining how antiholomorphic involutions behave under Calabi-Yau mirror symmetry.
The mirror geometries identified by the worldsheet CFT are consistent with earlier proposals
for twisted connected sum (G manifolds.

In order to be as self contained and pedagogical as possible, this thesis also provides
a reasonably detailed review of Calabi-Yau manifolds and their associated CFTs. We also
review details on the geometrical constructions of manifolds with G2 holonomy, in order to

explain the geometrical equivalence of our CFT results.
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0 Introduction

Over the past few decades string theory has been a huge talking point among physicists and
mathematicians alike. String theory, at its core, aims to provide a solution to grand unification
theory, by providing a quantum theory of gravity. In order to obtain a mathematically and
physically consistent theory, string theories (including M-theory and F-theory) require extra
dimensions to our observed 4-dimensional spacetime. In particular, superstrings exist in 10-
dimensions and M-theory in 11-dimensions. Of course we need to address how one goes from
a theory with these dimensions to the observed 4-dimensional reality we live in. The idea is

simply to split the d-dimensional spacetime, M, into a product
Mg = My x Mg,

where M, represents 4-dimensional spacetime and My_4 is the (d — 4)-dimensional internal
space. Letting strings propagate on such a geometry results in effective 4-dimensional physics
at low energies, as in Kaluza-Klein compactifications [1]|. That is, we compactify My_4 down
and study the result this has on the resulting 4-dimensional physics. The geometry is heavily

restricted by requiring reasonable physics in 4D. By "reasonable physics", we mean |2]

1. The geometry of My x My_4 to be such that My is a maximally symmetric spacetime,

and
2. We should have unbroken N =1 SUSY in 4D.

These conditions require the variations of the Fermi fields to vanish. The variation of the
gravitino places two important constraints on the geometry. The first is that My is required
to be Minkowski spacetime, which we denote by M4. The second condition is that for every
covariantly constant spinor, V& = 0, on the internal space, we get one copy of the N' = 1
SUSY algebra in 4D. The equations of motion can then be shown to imply that Mg_4 is Ricci
flat.

The existence of a covariantly constant spinor on M;_4 has important restrictions on the



geometry. To understand this, we need the notion of holonomy, which we will shortly discuss.
For now we just state that the result is that for the Heterotic string, we require the internal
space to be a complex 3-dimensional Calabi-Yau manifold, while for M-theory we require the
internal space to have holonomy given by the exceptional Lie group Gbs.

It is no secret that string theory has received its fair share of criticisms over the years,
particularly from those who question how physical the above conditions really are. However,
it is fair to say that from a mathematical point of view, string theory is one of the most
elegant and powerful theories developed in recent history. Part of the beauty of string the-
ory is the dualities and symmetries it possesses. One of the most famous is the AdS/CFT
correspondence [3], which has taken on a life as a whole area of research in itself.

One of the most elegant and profound symmetries in string theory comes from putting on
more of a mathematical viewpoint hat. We can consider compactifying Type ITA /B strings on
our Calabi-Yaus. This gives rise to a 4D theory with A/ = 2 SUSY, and so feels like a step in the
wrong direction, however the beauty comes from the discovery of mirror symmetry [4—6|, which
is a deep connection between Calabi-Yaus: Calabi-Yaus come in pairs (Mcy, MYy ), known
as a mirror pair, such that compactifying Type IIA on Mgy gives the same 4D physics as
compactifying Type IIB on M,y . This is really meant as them having the same (isomorphic)
worldsheet superconformal field theories (SCFTs). It is a necessary condition for two Calabi-
Yaus to be mirror that the Hodge numbers h?*! and h! are swapped. The incredible thing
is that the topologies of Mcy and MY, are (in general) considerably different, and so it is
not obvious, a priori, that they would stem from the same CFT.

Since its discovery, mirror symmetry for type II strings on Calabi-Yau manifolds has
quickly evolved into a powerful tool [7] with intricate mathematical implications such as
homological mirror symmetry [8].

This development has been driven by the wealth of examples that can be readily con-
structed and analyzed using techniques from toric geometry [9, 10|, and a detailed under-
standing of the worldsheet CFT in which the equivalence for distinct target spaces could be
proven directly [11-13]. Key technical advances in this development were Gepner models
[14, 15], which give direct access to the worldsheet SCFT, as well as the detailed study of
N = (2,2) models and in particular the correspondence between Calabi-Yau sigma models
and Landau-Ginzburg models [16-20]. Extending the equivalence from the worldsheet theory
to the full string theories, which includes BPS states associated with wrapped branes, not
only vastly extended the scope of this duality, but also led to the geometric idea of mirror
symmetry being T-duality along the fibres of a torus fibration (often referred to as the SYZ
fibration) [21]. This picture becomes particularly clear for toroidal orbifolds [22].



As stated above, when considering M-theory compactifications, the role of the Calabi-Yau
is replaced by that of a real 7-dimensional manifold with G2 holonomy, Mg,. Again leaning
on the more mathematical interest, one can ask similar questions about compactification of
Type II strings on Mg, which gives a 3D theory with /' = 1 SUSY. In particular, we can
ask whether there is a notion of mirror symmetry here and if so how much can be said about
it.

Indeed, a similar phenomenon in which topologically distinct Mg, lead to isomorphic
worldsheet SCFTs has been conjectured in 23], and has been dubbed ‘G2 mirror symmetry’.
Whereas a necessary condition for a pair of Calabi-Yaus to be mirror is that their complex
cohomologies are swapped, the corresponding condition for a pair of G manifolds Mg, and
/\/lé2 is weaker and says merely that the sum of Betti numbers b? + b3 is preserved.

There has been a significant development in the understanding of G mirror symmetry in
terms of the geometry [24-28]. While there has also been a significant development in the con-
structions of SCFTs corresponding to manifolds with G2 holonomy [29-34|, the understanding
of Go mirror symmetry at the SCFT level is still not fully understood.

ORGANISATION OF THESIS

The main aim of this thesis is to provide a detailed and pedagogical account of the existing
material on both Calabi-Yau and G2 mirror symmetry (explaining a lot of the results stated
above) and to then strengthen the understanding of G2 mirror symmetry from the SCFT
point of view, and in particular to provide worldsheet arguments for some of the geometric
mirror constructions that have appeared in the literature. Our approach is based on the work
of [13], which showed how mirror symmetry for Calabi-Yau hypersurfaces in toric varieties
can be demonstrated by using duality in N' = (2,2) gauged linear sigma models (GLSMs).
In order to fully appreciate the significance of the results, a decent amount of time is spent
going over existing results and highlighting important points as we progress. The layout of
the thesis is as follows.

Chapter 1 is a short chapter that formally introduces the notion of holonomy, explains its
significance to compactifications and highlights an important distinction between Calabi-Yaus
and manifolds with G2 holonomy. The main aim of this chapter, particularly Section 1.2, is
to provide a background guiding principal for the following work.

Chapter 2 gives a detailed account of the geometry of Calabi-Yau manifolds while intro-
ducing a lot of concepts that will also be useful in the construction of manifolds with Go
holonomy. The chapter first tackles the problem from a differential geometric point of view,

then motivates and introduces the algebraic (toric) geometry construction. The relevant un-



derstandings of mirror symmetry are scattered throughout the chapter.

Chapter 3 starts with a general account of N'= 2 SCFTs and then moves on to provide a
detailed study of the worldsheet SCF'T for a Calabi-Yau target space. Again mirror symmetry
is discussed throughout the chapter and related back to the geometrical understandings from
the previous chapter. It is in this chapter that the results of [13] are presented. The important
case of torodial orbifolds is not included in this chapter, but is instead presented as a detailed
example in Appendix A.

Chapter 4 starts with a brief review of the group Gy and manifolds with holonomy (con-
tained in) Gg, before moving on to the explicit constructions. The torodial orbifolds due to
Joyce are briefly discussed (again, these are discussed in detail in Appendix A), but the main
focus is on quotients of Calabi-Yaus and circles and the twisted connected sum (TCS) con-
struction, and how they are related. The chapter is concluded with a discussion of how toric
geometry can be used in the TCS construction along with an understanding of constructing
mirrors. Once more, G mirror symmetry is discussed at relevant points, but questions are
raised about the physical significance of these observations.

Chapter 5 then studies the SCFT of manifolds with G5 holonomy. We first provide the
general algebra of Shatashvili-Vafa and then describe how it can be reproduced in analogy
to the geometrical constructions discussed in the previous chapter. Having laid significant
ground work, we finally present the main result of this thesis, showing that what one expects
to be a physically relevant Go mirror map, is indeed the case. In particular, we demonstrate
that the results of [13] can be used to show that the construction two topologically different
manifolds with G2 holonomy have isomorphic SCFTs and so satisfy the criteria of a G'2 mirror
pair, as per [23].

Chapter 6 then concludes the thesis, and provides suggestions for further work.

The thesis also contains three appendices. As mentioned above, Appendix A provides
a detailed account of the example of torodial orbifolds and how they fit into the context of
the thesis. Appendix B provides an account of rational forms and the Griffiths residue, and
provides a link between a result for Gepner model states and the primitive cohomology of the
target space. Appendix C presents a discussion of how one deals with the notion of twisted and

untwisted states in Gepner models corresponding to quotients of Landau-Ginzburg orbifolds.!

!To the authors knowledge, the details of Appendices B and C haven’t been presented formally in any
literature to date, although it is believed a lot of researchers intuitively know them.



1 Motivation

We start the main content of the thesis by formally introducing the notion of holonomy and
its relation to the physical symmetry of SUSY. We also provide a motivational discussion
about the similarities and differences between Calabi-Yaus and manifolds with Go holonomy.
This discussion, particularly the fact that we can use Calabi-Yaus to make manifolds with G
holonomy, aims to provide a guiding principal for the work that follows, and should be kept

in the back of the ones mind while reading the thesis.

1.1 Holonomy

The existence of a covariantly constant spinor on My 4 has important restrictions on the

geometry. To understand this, we need the notion of holonomy.

Definition. [Holonomy| Let M be a smooth manifold equipped with some connection V
on the tangent bundle, and consider a v € T, M. Let n = dimg M. Now consider a closed
smooth loop v : [0,1] — M with 4(0) = (1) = p. Now consider parallel transporting
v around 7, the result will be, in general, some other element v' € T, M. As T,M is an
n-dimensional vector space, we know we can relate v and v’ via some GL(n,R) action,
ie. Py € GL(n,R) where P, denotes the parallel transport along . We then define the
holonomy group at p € M to be

Hol, (V) := {P, € GL(n,R) | is a loop based at p € M}. (1.1)

This is a Lie group, where multiplication is given by composition and the inverse is given

by running around the path in the opposite direction.

As the notation suggests, the holonomy is a property of the connection V, and so non-
trivial changes of the connection can lead to non-trivial changes in the holonomy. This
is not surprising, as it is the connection that defines what we mean by parallel transport.

If we consider a (pseduo-)Riemannian manifold, then we know that there exists a unique



connection: the Levi-Civita connection, which is defined by the requirement V*¢g = 0 and
it being torsion free. Here we have that lengths are preserved under parallel transport and so
our holonomy group clearly restricts to Holp(VLC) C O(n). If we further require our manifold
to be orientable, then we get SO(n). Unless otherwise specified, we shall work in this case
going forward.

Now, as we have been careful to indicate, the holonomy seems to depend on the choice of
base point p € M. Of course in general this is true, however if we have a connected manifold
then any two points p,q € M can be connected by some smooth path 7 : [0,1] — M with

7(0) = p and 7(1) = ¢, and so we can relate the holonomies at these two points, simply by
Hol, (V) = P Hol, (V)P . (1.2)

This provides an isomorphism between Hol,(V) and Hol,(V) and so it allows us to really
speak about the holonomy of the manifold M itself. We denote this by Hol(M).! The key
thing to note here is that the holonomoy of a manifold is related to it’s geometric properties,
precisely because parallel transport measures curvature.

Manifolds who’s holonomy is a proper subset of SO(n) are known as special holonomy
manifolds. The set of special holonomy manifolds was classified by Berger in [35]: for a
simply-connected manifold M of real dimension n, that is neither locally a product nor

symmetric, the only allowed special holonomy groups are

n

U(§>, SU(%), Sp(%)-Sp(l), Sp(%), Ga, Spin(7), and Spin(9) (1.3)

The last three cases are known as the exceptional holonomies. The cases that will be important
to us are U(n/2), SU(n/2) and G2. Manifolds with holonomy U(n/2) and SU(n/2) are
called Kéahler and Calabi-Yau, respectively. We note that these manifolds are necessarily
even dimensional. In fact they are complex manifolds, with complex dimension m = n/2.
The Lie group Go can be defined as the subgroup of SO(7) that preserves the following
3-form

G :=dx123 + dx1as + dxi67 + dross — drosy — drzar — drsse, (1.4)

where we have used the short hand dx; i, := dx; Adz; Adxy,. We therefore see that a manifold
with Hol(M) = G2 is a real 7-dimensional manifold.

It follows from the above dimensional arguments, that Kéhler and Calabi-Yau manifolds

"Here we have dropped reference to the connection, i.e. we should have written something like Hol(M, V) C
SO(n). However we will work soley with the Levi-Civita connection, and so drop the V. However, it is
important to remember that the holonomy depends crucially on the connection.



M A Mey, Ma,

dimg(X) n 6 7
Hol(X) id C SU(3) C Ga
Fraction

SUSY 1 > 1/4 > 1/8

Preserved

Table 1.1: Relationship between the holonomy of the internal space Mg_4 €
{T™, Mcy,, Mg, } and the fraction of the SUSY preserved under compactification.

with complex dimension m = 3 (i.e. m = 6) are possible internal spaces for superstring
theories. Similarly G2 is a possible internal space for M-theory. This argument followed

purely from the dimensions, and further evidence is needed to substantiate these proposals.

1.1.1 Holonomy & SUSY

We now see the link between the the amount of SUSY that survives in 4D and holonomy of
the internal space. The former is related to the number of covariantly constant spinors on
Mg_4, VE = 0. However, this restricts the holonomy, i.e. the holonomy group has to be
such that £ is invariant. In particular, the more SUSY we have in 4D, the more restricted
the holonomy. We summarise the important cases in Table 1.1. We note that this provides a
nice connection between the geometrical symmetry of holonomy and the physical symmetry
of SUSY.

Historically, Calabi-Yaus are seen as being physically important for the following reason:
Heterotic string theory is a 10D theory with A/ = 1, and so has 16 supercharges. This is
equivalent to N' =4 in 4D and so if we instead want N' = 1, we must only preserve 1/4 of
the SUSY. This is exactly the case for compactifying on a manifold with SU(3) holonomy,
i.e. a 3-dimensional Calabi-Yau manifold. Similar arguments can be made for M-theory and
G5 holonomy.

One can also consider compactifying Type II strings on Calabi-Yaus. This gives rise to
N =2 in 4D, and so doesn’t seem interesting from a physical perspective. However, as we
will see, such a compactification process is very interesting mathematically, as it leads to
the notion of mirror symmetry for Calabi-Yaus. It is this mathematical motivation that we
will use in this work, and so we focus on compactifying Type II strings. Indeed we will also
consider compactifying Type II strings down to 3D on a manifolds with G2 holonomy, in

order to look for and demonstrate mirror symmetry for these manifolds.



1.2 Calabi-Yau vs. G5

This work will be focused almost entirely around Calabi-Yau manifolds and manifolds with
G2 holonomy. The following chapters will deal with each of these in far more detail, but here
we present a brief account of their core features and how they are related. This is done in
order to motivate the following work, and can be referred back to, in order to ground the
overall picture.

Calabi-Yau manifolds contain two important complex differential forms on them. The
first is the Kéhler 2-form, J, and the second it the holomorphic 3-form, 2. Manifolds with G2
holonomy equally have an important real differential form, the associative 3-form, ®, along
with its dual coassociative 4-form, x®.

There is an important difference between Calabi-Yau manifolds and manifolds with Ga
holonomy. For the former there exists a theorem by Yau [36] (which proves a conjecture by
Calabi [37]) that guarantees the existence of a Calabi-Yau metric under certain conditions,
while no such theorem exists for manifolds with exceptional holonomy. Yau’s theorem is
incredibly powerful as typically looking for metrics is hard, but finding manifolds with special
holonomy is typically much easier. Yau’s theorem allows us to not worry about finding the
explicit form of the metric and simply lean on the fact that we know one exists.

The absence of an equivalent theorem for manifolds with G2 holonomy, provides a major
hurdle in their study, and limits us to studying specific examples. An important example
is that of Joyce orbifolds [38, 39].? The idea is to notice that a torus has trivial holonomy,
but taking a quotient will restrict the holonomy. That is, we consider torodial orbifolds of
the form 7" /T where T is a finite group. The two important examples to us are T/ Z% with
Z% C SU(3), and T"/Z3 with Z3 C G. The former defines a Calabi-Yau, and the Z% acts on

the coordinates (x1, ..., xg) as

a ([131,332,1'3,3?471'5,566) = (+$1,+$2, —x3,04 — T4, —T5,06 — 376) (1 5)

B : (.%'1,3?2,1'3,.%4,-%5,1’6) — (_$17b2 — X2, +$37+$4>b5 - $5,b6 - .’L'(j)

where ay4, ag, ba, bs and bg are each either 0 or % The latter defines a Go manifold and the Z3

acts as

(67 (1‘1,:62,%'3,364, x5, 26, x7) = (+.T1, +x27 —x3,04 — T4, —T5,06 — T6, x7)
B (a1, x2, 23, T4, T5, T, T7) — (—x1, b2 — T2, +x3, +T4, b5 — T5,bs — T, T7) (1.6)

(O ($1,l’2,$3,$4, x5, $67$7) — ('1717 —I2,X3, —T4,T5, L6, —1'7),

2A detailed study of Joyce orbifolds and their relation to the work of this thesis is given in Appendix A.



where again a; and b; are either 0 or % Noting that «a, 8 act on the first six coordinates in

the exactly the same way as in the Calabi-Yau case, leads us to think of
7 6 /72 1

jzé _I/Z) xS /ZZZQ) x5 (1.7)

Indeed this provides insight into an important construction of manifolds with G5 holonomy.

The key observation we need is that SU(3) C G, and so it is possible to consider embed-

ding a Calabi-Yau inside a manifold with G» holonomy. Of course, from simple dimensional

arguments, we need to supplement the Calabi-Yau with a 1-dimensional manifold if we hope

to construct a manifold with G5 holonomy. Given the Joyce example above, the natural can-

didate is S', and indeed it is well known that we can construct a manifold with G5 holonomy

as the resolution of the quotiented product

Mcy X Sl
My =——, (1.8)
(07 _)
where o acts on the Calabi-Yau as an antiholomorphic involution, i.e.
o:(J,Q) = (=J,Q), (1.9)
and (—) is simply inversion on the S'. Denoting the 1-form on S* by df, we then have
® = J Adf+ Re(2)
(1.10)

1
*® = §J/\J+Im(Q)/\d9,

which we note are indeed invariant under the quotient.
This relationship between Calabi-Yaus and manifolds with GGo holonomy will be our central
guiding point in a lot of what follows, and should be kept in the back of our minds as we

develop the theory of Calabi-Yau manifolds.
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2 Calabi-Yau: Geometry

This chapter is dedicated to reviewing, in some detail, the relevant theory of the geometry
of Calabi-Yau manifolds. These are a particular example of a complex manifold, and so we
first start with a summary of the relevant parts of complex manifold theory, and introduce
the important example of a complex projective space. We then introduce Ké&hler manifolds
and state the conditions that need to be satisfied in order to make a Calabi-Yau manifold.
After introducing the concept of mirror symmetry for compactifications of type II strings
on Calabi-Yaus, we move on to a detailed study of forming Calabi-Yaus as hypersurfaces in
complex projective spaces.

Next, we introduce the relevant tools of algebraic geometry, in particular toric geometry,
and show how these can be used to construct Calabi-Yaus in an almost trivial combinatoric
manner. This not only simplifies constructions, but also allows us to deal with the issues
of singularities in our Calabi-Yaus, as well as introduce a powerful method for constructing
mirror Calabi-Yaus via the Batyrev construction.

The main sources for the material of this chapter are [40, 41| for the differential geometry,

and [42, 43| for the algebraic geometry.

2.1 Complex Manifold Basics

We start with a discussion of the geometry of Calabi-Yau manifolds. As was mentioned in the
last chapter, these are examples complex manifolds and so we start with a brief discussion of
complex manifolds.

The definition of a complex manifold is exactly as we might expect.

Definition. [Complex Manifold| A complex manifold is a manifold M of real dimension
2m, but where our charts are now homeomorphic to C, i.e. we have chart maps 1; :
U; — C™, with {U;} being an open cover of M. To get a smooth complex manifold, we
further require that our chart transition maps v;; == ¢; o ¢; : Y(U; N U;) — ¢;(U; N U;)

are holomorphic maps from C™ to C™. We call M a complex manifold of dimension m.

11



An important object to define on a complex manifold is the complex structure.

Definition. [Complex Structure|] Let M be a smooth manifold, then an almost complex
structure is a tensor field which we view as a map I : TM — T'M such that I? = —1. We
call the pair (M, I) an almost complex manifold. If we introduce the complexified tangent

bundle, TcM := TM ® C, we can lift the action of I to TcM and induce a decomposition
TeM = TME0 ¢ T MmO, (2.1)

where T M (19 is the holomorphic tangent bundle and 7M@) the antiholomorphic tangent
bundle. An element v € TM™19 obeys Tv = +iv, while v € TMOD obeys Tv = —iv. A

complex structure is called integrable if the Lie bracket of two holomorphic vector fields is

again a holomorphic vector field.

We note here that the notion of an almost complex structure is defined at the level of
the tangent bundle, and so can equally well be defined for a real manifold. However, the
Nirnberg-Newlander theorem (see, e.g., [44] for a discussion) can be used to tell us that a
manifold is a complex manifold if, and only if, the almost complex structure is integrable. As
we will be working with complex manifolds only in this chapter, we always meet this condition
and so we simply refer to an integrable almost complex structure as a complex structure.

Once we have a complex manifold and complex structure, we can apply the usual tech-
niques of tensors and define holomorphic and antiholomorphic tensor fields. The ones we will

be interested in are the complex differential forms.

Definition. |(p, q)-Form| Let M be a complex smooth manifold. We then define a (p, q)-

form to be an element of

QPIM =T (APIM),  where  APIM = APT* MDD @ AIT* MOV (2.2)

Just as in the case of deRham cohomology, we introduce the exterior derivative but now
we have one for holomorphic, 9, and one for antiholomorphic, 9. We define the Dolbeault

cohomology with respect to either of these, we use 0:

_ ker(0 : QPI(M) — QPITLH (M)

HE1 — 2.3
9 Im(0 : QP a=Y (M) — QPa(M)) (2:3)

which lead us to the important definition of Hodge numbers:
WP = dime HY*(M). (2.4)

12



Hodge numbers are just the complex equivalent of Betti numbers, and we can easily relate

the two via
k

b= hihI, (2.5)

§=0
Recalling that the Euler characteristic is defined by
dimg M
xi= > (=DF, (2.6)

k=0

we obtain an expression for it in terms of the Hodge numbers:

dimr M k ' '
x= > (=nF) nh. (2.7)
k=0 j=0
We often display Hodge numbers in a Hodge Diamond (where dimg(M) = 2m)
Jmm
hm,m—l hm—l,m
R0 ... ... RO™ (2.8)
hl,o hO,l
h0,0

This seems like a lot, however the (m+1)? Hodge numbers are not independent. The relations
depend on the type of manifold we are considering and what structures it has, but we notice
already that complex conjugation of the tangent spaces gives us h?? = h%P. The Hodge star
operator (which acts as we might imagine, namely x : QP4 — QM7P"~1) also tells us that
P — pm—pm—q

The notion of Hodge decomposition also carries over to the complex case. Introducing
the codifferential ' := F x O, we define the A = 99" + 070. A harmonic (p, q)-form is then
defined via Aw = 0. We denote the space of harmonic (p, ¢)-forms on M as HP*?(M). Finally,
as with the real case, there exists an isomorphism

HPU(M) = HZY(M), (2.9)

i.e. every (p,q)-form can be represented by a harmonic (p, ¢)-form.

13



2.1.1 Chern Classes

So far we have just extended some of the structures/operators defined on real vector bundles
to their complex versions defined on complex vector bundles. We now want to introduce

something very important that doesn’t have a real vector bundle equivalent.

Definition. [Chern Class] Let (E,, M) be a complex vector bundle,' and let A be the
connection on F with associated curvature 2-form F' = dA + A A A. Then we define the
total Chern class of E as

o(E) = det (1 + ;WF) (2.10)

If E has complex rank k, then we can expand ¢(F) in terms of the Chern classes:
c(E)=cy(E)+c1(E)+ ...+ ck(E), (2.11)

where the subscript denotes the power of F' contained within the expression, namely:

co(E) = [1],
c(E) = [217” TrF},
co(E) = B(;TYHrFATrF—Tr(FAF)) (2.12)

The main Chern class that is of interest to us is the first Chern class of the tangent bundle.

1,0)

The curvature 2-form for 79 M is given by F = —iR, where R is the Ricci curvature. We

therefore have

(M) :=¢ (T(I’O)M> = [;R} , (2.13)

where we have defined what we mean by the first Chern class of a complex manifold. In
particular, note that a Ricci flat complex manifold has vanishing first Chern class.

The other Chern class that will be important to us is the top Chern class. This is a top
form on E. If we again consider E = T M, then we note that dimg 7(h9 M = dimg M,

'Here we use notation (E,w, M) for bundles, where E and M are the total space and base space, respec-

tively, and 7 : E'+— M is the projection.
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and so we can integrate the top Chern class over M itself.? It turns out this top form in M
is actually what is known as the Fuler form, and integrating it over M gives you the Euler

characteristic. That is (if dimg M = 2m)

X = /M Cm(M). (2.14)

Before moving on to study examples of complex manifolds we introduce one last important

concept.

Definition. [Chern Character| Let E be a complex vector bundle or rank r, and express

the total Chern class via ¢(E) = [[;_; (1 + x;). We define the Chern character to be

ch(E) := Zr:e“. (2.15)
i=1

Now the Chern character seems like a strange thing to define, however we now note that

it has the two nice properties that
ch(E1 @ E2) = ch(E1) + ch(Ey) and ch(E) ® E2) = ch(E)ch(E?). (2.16)

Next we note that if we have a complex line bundle L, then L has rank 1 and so our Chern
class, as defined above, is simply ¢(L) = (1+x1), but we can compare this to ¢(L) = 1+¢1(L)
and conclude that x1 = ¢1(L). We therefore have that

> 14
ch(L) = 1 =34 (e'L)
£=0 '

(2.17)

Now, it follows from the expressions above that if F is given by the direct sum of r line
bundles {L, ..., L, } then we have

¢h(E) = ch(L1 & ... ® Ly) = ch(L1) + ... + ch(Ly) = ) 4 4 eer(br), (2.18)
If we now compare this to the fact that ch(E) =, €* when ¢(E) = [[;(1 + z;) we see that

(L1 ® ... ® Lyp) = (14 c1(L1))...(1 + e (Ly)), (2.19)

2More technically we pullback the top Chern form on E to a top form on M.
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and in particular
o(L¥) = (1+ (L))" (2.20)

We also have a nice result for the tensor product of line bundles. Let £ = L1 ® ... ® L,,, then
ch(E) = ch(L1 ® ... ® L) = ch(Ly)...ch(L,) = €*'...e"" = "t Ton (2.21)

where x; = ¢1(L;). Now comes the interesting bit: this is still a line bundle, as dim(V @ W) =

dim V' x dim W, so we can compare it to ch(L) = e (%) and conclude that
Cl(L1®...®Ln) :Cl(Ll)—|—...—|—Cl(Ln). (222)

What will be of particular use to us when trying to construct Calabi-Yau manifolds later will

be the specific case of this result
¢(L®) =1 +dei (L), (2.23)

where L is some line bundle.

2.2 Projective Space

Definition. [Complex Projective Space] Consider C"*! with coordinates (o, ..., z,). Then

we define the complex projective space as
CP" := {(20; ..., 2n) € C"™\{0}| (20, .-, 2n) = (M\20, ..., A2p), for X € C*}. (2.24)

Note that dim CP™ = n. We denote the coordinates on CP™ with square brackets and

colons, [2p : ... : zp]. The charts in CP™ are given by the open sets
U, .= {[20 R Zn] | Zi 7é O} C CP". (2.25)

It is clear that the set U := {U;|i = 0,...n} forms an open cover of CP"™. We call the

coordinates (zp, ..., z,) the homogeneous coordinates of CP™. In what follows we will often

use the shorthand z = zg, ..., 2.

We now want to construct two very important types of line bundle, defined on projective
spaces. We give the definitions in a wordy manor (to avoid being too abstract) but of course

they can be written down very concretely.
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Definition. |Tautological & Hyperplane Line Bundles| Consider the complex projective
space CP™. There is a "natural" line bundle we can construct over this: namely attach
to each point [z1 : ... : zp4+1] € CP™ the line "projected away", i.e. the line given by
7 (20 oot z0)) = {(A20, ..., Azy) | A € C*} € C*FL. This is known as the tautological
(or canonical) line bundle, and we denote it by Ocpn(—1). The dual line bundle is called
the hyperplane line bundle and we denote it Ocpn(1). The transition functions for the
hyperplane line bundle are given by g;; : U; N U; — z;/zj, where U;,U; € U. That is
(i) = 2 ).

Remark 2.2.1. As a technical aside, we have been a little sloppy with notation above. We
denoted the tautological /hyperplane line bundles themselves using the O(+1) notation. Re-
ally we should just use L/L~!, and then O(41) denotes the sheaf of holomorphic sections
I'(L)/T(L~'). However this is standard notation, and we shall use O(=£1) to denote both the

bundle itself and sections of the bundle, with the understanding following from context.

Recalling that the product of line bundles is again a line bundle, we introduce the notation
Ocpn(d) :== ®%Ocpn (1) and  Ocpn(—d) := @*Ocpn(—1). (2.26)

Now comes an important proposition that we will use later.

Proposition 2.2.2. Any homogeneous polynomial of degree k in CP™ can be canonically

identified with the holomorphic sections Ocpn (k).

Proof. Consider a polynomial of degree k in the homogeneous coordinates [z : ... : 2]
Py(z) = Z ayzy’ ..z, (2.27)
lv|=k

where a, € C, and the sum is over the v;, subject to the constraint vy + ... + v, = k. Now
this is not a polynomial in CP™ as it isn’t scale invariant, i.e. P,(\z) = A*Py(2) but we want
P (A\z) = Py(z). This is easily fixed by considering one of the charts U; € U: we then simply

divide by zf’, which we now write in a suggestive manner

5 = P’;Ef) =y ay<z9)yo...<2>yn. (2.28)

A V4
i lv|=k !

Now this is only defined on U; (as this is where we are guaranteed z; # 0), but we get a

globally defined polynomial by patching together the different s; by multiplying by (z;/z;)*
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on the overlap U; N U;. However we now notice that this is simply & times the hyperplane

line bundle’s transition functions g;; :€ U; N U; — zi/zj, SO
_ -k
$j =9 Si- (2.29)

We can therefore think of the global polynomial as a section of Ocpn (k). This map is clearly
bijective, as an element of Ocpn (k) is a linear functional from C*¥ — C, but this is basically

the definition of a polynomial of degree k in CP™, which proves the proposition. |
There is now an important Lemma associated to the proposition above.

Lemma 2.2.3. The homogeneous coordinates of CP™ can be identified as sections of the

hyperplane line bundle.

2.2.1 Chern Classes

We now want to find the Chern classes of CP™, the question is how do we do this? We start
by clarifying what a vector field in 7%

Recall that CP” is defined to be the quotient of C**1\ {0} by A € C*. We can define this
in terms of a projection 7(z) = [z], i.e. the fibres are given by the lines we project away. Now
we can define a vector field in 709 CP™ by pushing down a vector o € T(C*!\ {0}). That

is, consider some open subset U € CP", then we have an open subset in C"*!\ {0} given

CP™ is, and in particular what a zero vector is here.

by 7~1(U). We define our ¥ vector field over 7=1(U), and then get a vector field over U as
v([z]) := m20(2) = Ter.0(A2), where the second equality is our projective condition.

Now we want to ask the question of "what is a zero vector in CP™?" Well, it follows from
above that v([z]) = 0 when 7,,0(z) = 0, i.e. ¥ is an element of the vertical subspace of the
fibre, defined precisely as

V.(C™\ {0}) := ker 7., (2.30)

The horizontal subspace, H,(C"*1\ {0}), is the remaining orthogonal piece. Finally, recalling
that the fibres are given by scaling the point [z] € CP™, we see that our zero vectors are given

by the push downs of

- 0 0

where we have defined the Euler vector field Vg := z;0,,, and where X\ € C.
Ok why is this useful to us? Well we note that we can span our holomorphic tangent

bundle T CP™ by the push downs of the vectors {si(z)a%i}, where s;(z) is a section in
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Ocpr(1). In this way, we can define a surjective mapping
¢ : Ocpn (1) +D) — (L) Cpn (2.32)

where surjectivity is understood as we can produce a basis of T CP"™. However we have
just seen that the kernel of this map is the trivial line bundle C (i.e. the A appearing in front

of Vi), and we can embed this into Ocpn (1)®(™+1), giving us the short exact sequence”

0 —— C —“— Ocpn(1)®tl) 2, 7A0Cpr . (2.33)

Now, given that a short exact sequence of complex vector bundles 0 — Fy — E — FE»,

obeys the Chern class relation ¢(E) = c¢(E)c(E2), we conclude
¢(Ocpn (1)® ) = ¢(C) - ¢(THOCP™). (2.34)

Finally, using that trivially ¢(C) = 1 and Equation (2.20) with H = ¢1(Ocpn (1)), we conclude
(using ¢(CP") = ¢(T10CP))
¢(CP") = (1 + H)"*, (2.35)

2.2.2 Sum Of CP"s

We can slightly generalise the result above, by now considering the whole thing again but

now over a sum of complex projective spaces. In other words our base space becomes
CP" ¢ ...q CP™. (2.36)

Basically the whole thing is completely analogous, however now our middle term in the se-
quence is
Ocpri (1)BMHD) @ @ Ocpn, (1)Be+D), (2.37)

and similarly the holomorphic tangent space term changes. However clearly the expression

above is just a Whitney sum of line bundles® and so we have

4
C(Ocm ()®M ) @ . @ Ocpre (1>@("““’) = [[+H)™, (2.38)
=1

3This is an example of an Euler sequence.

“Given two vector bundles with the same base space (E1, 71, M) and (Ea, 72, M), the Whitney sum is the
vector bundle (E1 @ Fs, w2, M), whose fibre over any x € M is the direct sum of vector spaces of the fibres
in F1 and Es.
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where H; = ¢1(Ocpni (1)), and so we conclude

{4
c(CP™ & ... CP™) = [ (1 + Hy) . (2.39)
i=1

2.2.3 Submanifolds Of Projective Spaces

Although we haven’t proven it, it is hopefully clear that CP™ is indeed a complex manifold. It
turns out it is also a compact manifold. This then leads into the following important theorem

of Chow [45], which we word in a language useful to us.’

Theorem 2.2.4 (Chow). Any subspace of CP™ constructed by considering the zero locus of a

finite number of homogeneous polynomial equations, is a compact complex submanifold.

We do not prove this theorem, but just clarify that it seems reasonable: a homogeneous
polynomial is a polynomial of the homogeneous coordinates [zg : ... : z,], and if we construct
a polynomial out of them, and consider the zero locus (i.e. the points at which P(z) = 0)
then we can use this condition to relate one of the coordinates to some of the others. In this
way we reduce the dimension of the manifold we are considering by one. If we take two such
polynomials and consider their mutual zero locus (i.e. the points when both Pj(z) and Py(z)
vanish), then we reduce the dimension by 2. This idea clearly generalises to saying that for
every polynomial we introduce, we reduce the dimension by one. We call a manifold produced
by the common zero locus of a finite collection of polynomials a complete intersection. Of
course this does not prove that the resulting space is a compact, complex manifold, but we
accept that as true and move on.

Given Chow’s theorem, we can ask the question "what are the Chern classes of the resulting
complex submanifolds?" The answer to this question will prove immensely useful to us later,
but we shall answer it now.

Let & C CP” be a smooth hypersurface submanifold given by the zero locus of a homo-
geneous polynomial of degree d, P(z), which we recall can be identified with a section of
Ocpn(d). We now define the normal bundle of S to be

_ Tocprg

S = T(170)S (240)

That is, we consider the holomorphic vectors in CP™, restricted to S, and quotient by vectors

®The technical content of Chow’s theorem is: an analytic subspace of a complex projective space, which is
given by a closed subset, is an algebraic subvariety. This language will be more meaningful to us later, but for
now we just claim it implies what we write.
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Figure 2.1: A pictorial explanation of the normal bundle in two-dimensions.
T,gl’O)S (blue) and N,S (red) are holomorphic tangent and normal planes over

S C M, at a point p € S. The shaded region is then T1§1’°)M € THIM]s, ie.
the holomorphic tangent plane at p € M. It is given by the span of both N,S and

T,gl’O)S, The normal bundle, Ngs, is then formed in the usual way: the fibres are
the N,S. We then get TEOM|s = TS @ N, which can be rearranged to give
a definition of the normal bundle.

that are themselves tangent to §. This clearly only leaves vectors normal to S, hence the
name. We demonstrate this pictorially for an abstract 2-dimensional manifold in Figure 2.1.
Now comes the crucial point: as we mentioned already, we can view S as the zero locus
of our polynomial P(z). However recall that Proposition 2.2.2 told us that a polynomial of
degree d can be identified with a section of Ocpn(d), from which we conclude that S should
be identified with the zeros in the fibres of Ocpn(d). In fact the normal bundle Ng of S is
actually just given by Ocpn(d)|s.® Finally, noting that essentially what we said above about
the splitting of T(I’O)CP"\S into the normal bundle and T(10S is just the statement that

TP s = TS @ Ng = THOS © Ocpn (d) s, (2.41)
we have the (split) short exact sequence
0 —— T70OS —— T7LOCP?|s —— Ocpn(d)|ls — 0. (2.42)

If we then use the result for the Chern classes of a short exact sequence, we can compute the

5This is linked to the adjunction formulas. See, e.g., [46] for more details.
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total Chern class of S as

_ o(TOOCP|s)  e(CP™)

AS) = (O (dls) ~ (Ocor (@)’

(2.43)

where we have used that the total Chern class doesn’t depend on whether we restrict to S or
not. So finally recalling Equation (2.35) and Equation (2.23) (which tells us that ¢(Ocpn (d)) =

1+ dH) we finally conclude
(1 + H)n—‘rl

AS) =" ram

(2.44)

where as always H = ¢1(Ocpn(1)).

Generalising

We can generalise this result to the cases when we consider a complete intersection manifold,
i.e. our submanifold is now given by the common zero locus of multiple homogeneous poly-
nomials. Let’s say there are k polynomials of degrees d;, i € {1,...,k}. Then it is hopefully

intuitively clear that in this case we have that the result Ns = Ocpn(d)|s generalises to
Ns = Ocpn(di)|s @ ... @ Ocpn(dg)|s, (2.45)

i.e. each Ocpn(d;) term represents the polynomial of degree d;, and the direct sum the fact
that we must satisfy all of them. Now recalling that each Ocpn (d;) is itself a line bundle, we

can use Equation (2.20) to obtain

c(Ns) = [[(1 + d:H), (2.46)

which gives us
(1 4 H)n+1

[, 1+ diH)

We can generalise this result further by allowing our base space to be a sum of complex

c(S) = (2.47)

projective spaces. However we need to be a bit more careful then simply plugging Equa-
tion (2.39) into the numerator of the above expression. The reason is that our polynomials
could have different degrees in the different CP™s. For example, if we had CP? @ CP3, which
is a complex 5-dimensional manifold, we can produce a complex 2-dimensional manifold by
introducing 3 polynomials. These polynomials can be of different degrees to each other, but
we also have to take into account how the degree of each polynomial is distributed across the

CP? and CP?. We summarise this information in a configuration matriz. Say, for example,
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our polynomials had degrees (1,3), (4,2) and (5,0), where (7, j) means degree i in the homo-
geneous coordinates of CP? and degree j in the homogeneous coordinates of CP3, then our
configuration matrix would be
CP?
CP3

1 45

2.48
320 ( )

X

where we have also indicated that we normally include the Euler characteristic in the bottom
right, as this is a topological invariant of the space. To be completely clear on what the
polynomials above are, if we denote the homogeneous coordinates of CP? by [zg : 21 : 23] and

those of CP3 by [wp : wy : ws : w3, then a particular example would be

2
Pi(z,w) = zpwiwi + zawowaws,

.
0
g

) = 2} zpwiws, (2.49)

2,2 4
Py(z,w) = 252723 + 25 23.

Luckily, the result for the total Chern class is relatively simple, given what we already
know: the polynomials above are simply sections in Ocp2(1) ® Ocp3(3), Ocp2(4) ® Ocps3(2)
and Ocp2(5), respectively. To write down the final result we want, we now consider the

completely general configuration matrix

Ccpm d% oo dp
. S (2.50)
CPm |df ... df .
we get that the total Chern class of S is given by
Vi )
. 1 Hl nit+l
c(S) = [+ i) (2.51)

[+ asmy)

where H; = ¢1(Ocpri (1)).

2.3 Kahler Geometry

The final stepping stone needed to introduce Calabi-Yau geometry is Kahler geometry, which

we do briefly now.

Definition. [Hermitian Metric/Manifold /Form| Let (M, I, g) be a complex manifold with
Riemannian metric g and complex structure I. Then we call g Hermitian if g(v,u) =

g(Iv, ITu) for all v,u € TM. M is then called a Hermitian manifold. The Hermitian metric
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can then be used to define the Hermitian form:
J(v,u) = g(Iv,u), (2.52)
for all vector fields w,v. The Hermitian form is a (1, 1)-form, i.e. J € QLD M.

Definition. [K&hler Form/Metric/Manifold| Let (M, I, g) be a Hermitian manifold with

Hermitian form J. Then if J is closed we call it a Kahler form. The metric and manifold

are then also called K&hler.

Proposition 2.3.1. The following three conditions are equivalent (here V is the Levi-Clivita

connection):
(i) VJ =0 (i.e. VyJ =0 for arbitrary vector field v),
(i) VI =0, and

(iii) dJ = 0.

In particular, the existence of a Kdhler form is equivalent to the complex structure being

covariantly conserved.

This proposition is important as it tells us about the holonomy of Ké&hler manifolds.
Indeed, the fact that the complex structure is covariantly conserved tells us that parallel
transport must respect the decomposition of the tangent bundle into its holomorphic and
antiholomorphic sectors. In other words, the holomony group must preserve Hermiticity,
which gives

Hol(M) C U(dim¢c M) (2.53)

for a Kahler manifold M.

Claim 2.5.2. Complex projective spaces are Kéhler manifolds. The metric is given by the

so-called Fubini-Study metric.

We do not prove this claim here, as the details are not directly relevant, but they can be

found in, e.g., [40]. The importance of this claim comes from the following proposition.

Proposition 2.3.3. Any complex submanifold of a Kdhler manifold is itself a Kdhler mani-
fold.

Proof. We do not prove this in detail, but simply point out that it is reasonable: the Kéahler

form is globally defined and closed, so if we restrict it to some submanifold, we will again get
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a closed (1, 1)-form defined over all of our submanifold. A bit more technically, this is seen by
the fact that the exterior derivative commutes with the pullback, and we can pull the Kéhler
form back from M onto the submanifold, and so d(¢*J) = ¢*(dJ) = 0, and so the induced

form is closed. [ |

2.3.1 HyperKéahler Geometry

Before moving on to the definition of a Calabi-Yau manifold, we quickly introduce hyperKéhler

manifolds.

Definition. |[HyperKahler Manifold] Let (M,g) be a Riemannian manifold and let
(I,J,K) be a triple of complex structures. We call (M,g,I,J, K) a hyperKdhler man-
ifold if (I,J, K) are all Kahler w.r.t. the metric (i.e. define a K&hler manifold) and obey
the quaternionic relations: I? = J? = K? = IJK = —1. HyperKihler manifolds of real
dimension n have holonomy Hol(M) C Sp(n/4), where Sp(-) is the compact symplectic

group.

Proposition 2.3.4. There is an S? worth of metric compatible complex structures on a hy-

perKdhler manifold.

Proof. 1f (I, J, K) are the complex structures of our hyperKéhler manifold, then it is easy to
check that
al +bJ 4+ cK where a?+b* 42 =1 (2.54)

is also a valid complex structure, and is Kéhler w.r.t. the metric. |

2.4 Calabi-Yau Geometry

We are now in a position to formally introduce Calabi-Yau manifolds. These are a particular
kind of Kahler manifold, and as we argued in the last chapter play an important role in string

theory compactifications. We start with a theorem due to Yau [36].

Theorem 2.4.1 (Yau). Let (M,I,qg) be a compact Kihler manifold with associated Kdhler
form J. Further let R be (1,1)-form which represents the first Chern class of M, i.e. [R] x
c1(M). Then there exists a unique Kdhler metric g on M with associated Kdhler form J
such that [J] = [J] H2.(M;R) and the Ricci form associated to g is R.

This theorem is not easy to prove however, recalling that ¢; (M) ~ [R], we get the following

important corollary.
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Corollary 2.4.2. Let (M, I,qg) be compact Kihler manifold with Kdhler form J. Then, if
c1(M) = 0 there exists a unique equivalent Kdhler form, [j] = [J], such that g is Ricci flat.

The resulting Ricci flat Kéhler manifold is called a Calabi-Yau manifold. There are several,
equivalent, definitions of a Calabi-Yau manifold, and we list the ones important to us in the

following definition.”

Definition. [Calabi-Yau Manifold| Let (M, I, g) be a Kéhler manifold of real dimension
2m. Then we call it a Calabi- Yau m-fold if any of the following hold:

(i) M is Ricci flat, R = 0;
(ii) The first Chen class vanishes, ¢;(M) = 0;
(iii) The holonomy group is restricted to Hol(M) C SU(m);
(iv) The canonical bundle is trivial (i.e. admits a global, non-vanishing section);

(v) M admits a globally defined, nowhere vanishing holomorphic m-form. Will we typi-
cally denote this as Q € H™P,

2.4.1 Hodge Numbers

An important property of Calabi-Yau manifolds are their Hodge numbers. We already saw

that Hodge numbers for a generic complex manifold obey:

e Complex conjugation: h?? = A?P and

e Hodge star duality: hP? = AP~ 9 where m = dim¢c M
Calabi-Yau manifolds have further restrictions on their Hodge numbers:

e It follows from condition (v) of the definition that A™" = 1. That is, Q is a top
dimensional holomorphic form, and therefore any other (m,0)-form can be expressed as

a = fQ, for some holomorphic function f.

e Given a [a] € H%I(M), we have a unique [8] € H*™~9(M) such that

/ aNBAQ=1. (2.55)
M

A nice discussion on how these different conditions agree can be found in [40].
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This follows simply from the fact that the integrand is a (m,m)-form and so is (pro-
portional to) the unique volume form. This implies that h%¢ = h%™~4 which can be
paired with complex conjugation to give h?? = AP0 This is known as the holomor-

phic duality.

e It can be shown (see, e.g. [47]) that there are no 1-forms A'? = 0.

Calabi-Yau 3-Folds

As we have explained, the case of interest are Calabi-Yau 3-folds, i.e. m = 3. The above
conditions can then be used to simplify the Hodge diamond significantly. In particular we see

that the only undetermined Hodge numbers are h''! and h?1:

1
0 0
0 ptl 0
1 h?! h?! 1 (2.56)
0 pid 0
0 0
1

We can use this, along with the expression for the Euler characteristic, Equation (2.7), to
obtain

x =2(h"" = h?1) (2.57)

for a Calabi-Yau 3-fold. The number h'! classifies the infinitesimal deformations of the Kéhler
structure, while h>! classifies the infinitesimal deformations of the complex structure. As we
will see, the latter is generally not too difficult to compute, but the former can be a lot more
challenging. However we are saved by recalling Equation (2.14), i.e. that we can express the
Euler characteristic in terms of the top Chern class. Using this with the above, we then get

the simple relation

/ ea(M) = 2(h1 — h21) = y (2.58)
M

for a Calabi-Yau 3-fold.

8Here we have assumed that our complex dimension is at least m = 2. Otherwise this would clearly
contradict h™° = 1 when m = 1.
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K3 Surfaces

As will become clear later, we will also be interested in the case of Calabi-Yau 2-folds. These
are also known as K3 surfaces, and we will use this name going forward in order to avoid
confusion with our Calabi-Yau 3-folds. At first glance, there is one undetermined Hodge
number, h!. However, it turns out that the Euler characteristic for every K3 surface is the

same: y = 24. In therms of the Hodge numbers we have

4
X =Y (-1)FF =44 n", (2.59)
=0

and so we see that every K3 surface actually has h'' = 20 and b* = 22. This gives insight
into the fact that all K3 surfaces are in fact diffeomorphic as real manifolds to each other
[48].

2.4.2 K3 Surfaces

The majority of the work that follows will be concerned with Calabi-Yau 3-folds, however a
good understanding of K3 surfaces will be important. We therefore spend a little bit of time
here going over some of the important properties of K3 surfaces. In what follows, we shall

denote a K3 surface by the letter S.

Moduli Space

The main thing that will be important to us are notions related to the moduli spaces of
complex structures and Ricci flat metrics (which are related to the Kéahler form) for K3
surfaces. The material is based on Sections 2.3 and 2.4 of the great review of Aspinwall [49].

In order to measure the complex structure we introduce periods, which are defined as
integrals of the holomorphic (2, 0)-form € over integral 2-cycles in S. We start by defining an

inner product on Hy(S,Z) using the oriented intersection number of homology:
a1 - Qg = #(O[l N 042) (2.60)

for a, 0 € Ho(S,Z). This inner product gives Hy(S,Z) the structure of a 22-dimensional
lattice, and it can be shown that the signature of this lattice is (3,19). Let’s denote the basis
of this lattice by {e;}. Next, we can use Poincaré duality to obtain another basis {e}} such
that

€; - 6; == 6ij7 (261)
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so that our lattice is self-dual. Lastly, the lattice can be shown to be even:
e-ec2”Z (2.62)

for all 2-cycles e € Hs(S,Z).

In total, then, we have that Hy(S,Z) is isomorphic to a 22-dimensional even, self-dual
lattice, with signature (3,19). We shall denote this lattice by T'3!. Tt is known (see [50] for
details) that these conditions completely fix T to be of the form diag(—FEs, —Es, U, U, U),

where Eg is the Cartan matrix of Fg and

~ (01
ou ) .

is the hyperbolic lattice. In what follows, we shall simply write
31 = (—Eg)®? @ U®? (2.64)

We then have the following result, which we don’t prove (see [49] for details).

Proposition 2.4.3. Let S be a K3 surface with associated lattice T*'° as above. By consid-
ering H*(S,R) = H?(S,Z) ® R, we get T3 C R¥1Y. The choice of a complex structure on S
is then given by an oriented 2-plane Q = x + iy for x,y € H*(S,R). Changing the complex

structure of S rotates Q w.r.t. T319.

Next we consider the set of 2-forms on S. It follows from Poincaré duality that the lattice
of integral cohomology is isomorphic to the lattice of integral homology, i.e. H?(S,Z) =
Hy(S,2Z). This tells us that the decomposition of H?(S,Z) into self-dual (H*) and anti-self-
dual, (H™) forms,

H*S,R)=H"oH ", (2.65)

must obey

dimH" =3 and dimH~ = 19. (2.66)

Let {s1,s9,53} C H?(S,R) be a valid basis for H* that can be expressed in terms of the

orthonormal frame of the cotangent bundle, {ei, e, e3,e4} as

st =e1Nexy+e3/N\ey
So =e1 Neg+eq /e (2.67)

s1 =e1 Neg+ex Nes.

29



Then defining dz; = e; + ieo and dzo = e3 + ieq we obtain the Kahler form as J = dz; A
dz; + dze A dzy = s1 and the holomorphic (2,0)-form as Q20 = gz Adzg = 9+ is3. The
key thing is that ss 4 is3 takes the form of our 2 above. So, if we denote by X the subspace
Ht C H?(S,R), then we have that X is spanned by a choice of complex structure (i.e. an §2)
along with a direction in H?(S,R) specified by the Kihler form on S.

In particular we notice that rotations of ¥ within I'>!? can affect what we call the Kéhler
form and what we call the complex structure. This tradeable nature of the Kéhler form and
complex structure is particular property of K3 surfaces and does not apply to their 3-fold

counterparts.

HyperKéihler Structure

The other piece of information we will need later is that K3 surfaces admit a hyperKahler
structure. This comes simply from the fact that SU(2) = Sp(1). Proposition 2.3.4 tells us
that hyperKahler manifolds have a S? worth of possible complex structures, and above this
is exactly the freedom to rotate ¥. A rotation within this S? is referred to as a hyperKdihler

rotation of the K3, and will be incredibly useful later on.

2.4.3 Mirror Pairs

We can now consider compactifying string theories on Calabi-Yau manifolds. As explained
in the last chapter, the cases of interest to us are the compactification of Type II strings
on Calabi-Yau 3-folds. It can be shown (see, e.g., [51]) that the compactification of Type
ITA strings on a Calabi-Yau 3-fold results in a 4-dimensional theory that contains h!'! abelian
vector multiplets and (h?!+1) hypermultiplets. Similarly Type IIB results in a 4-dimensional
theory with h%! abelian vector multiplets and (h'! 4 1) hypermultiplets. The key observation
is that these two results are symmetric under the exchange of h! and h*!. We call such a
symmetry of the 4D physics mirror symmetry.

This observation becomes more interesting when noticing that such an exchange would
simply result in mirroring the Hodge diamond along the diagonal. In particular, the resulting
Hodge diamond is a valid Hodge diamond for a new Calabi-Yau with h%l’elw = hzicll and h?{elw =
hii(ll. This new Calabi-Yau would also have reversed Euler characteristic, Xnew = —Xold. We
call such a pair of Calabi-Yaus a mirror pair. Of course, we are not in general guaranteed
that such mirror pairs exist. However, in [52] Kreuzer & Skarke obtained a list of the Hodge
data of almost half a billion Calabi-Yau 3-folds. This list contains 30108 unique values for

(b1, A1) which can be used to plot Figure 2.2 which gives strong support of the existence
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of Calabi-Yau mirror pairs.”

-960 —480 0 480 960
T T T T T
500 - . *— 500
400 - -1 400
300 [~ — 300
200 - - 200
100 - - 100
L ! ! !
-960 —480 0 480 960

Figure 2.2: A plot of h*t + k%! against x = 2(hY! — h?1) for the Calabi-Yau
3-folds in Kreuzer-Skarke’s list. We note that there is a close to perfect symmetry
in the diagram, which gives strong support for the existence of mirror pairs of
Calabi- Yau manifolds. Figure taken from [55].

The majority of the rest of this chapter is dedicated to proving the existence of mirror
Calabi-Yau pairs. We stress at this point that the two Calabi-Yaus have vastly different

geometry and it is not a priori obvious that they would be so intimately related.

2.4.4 Lagrangian Submanifolds & The Antiholomorphic Involution

Before going on to how to construct of Calabi-Yaus using complex projective spaces, we first

mention something that will be useful for us when discussing manifolds with G2 holonomy.

Definition. |Lagrangian Submanifold| Let M be a symplectic manifold of dimension 2n

with symplectic form w. Then a submanifold L C M is called a Lagrangian submanifold if

(i) w|p =0, and

9Historically speaking, the Kreuzer-Skarke list was obtained after significant understanding of mirror sym-
metry was developed. However, a similar plot with less data points (2339 pairs of Hodge numbers) was given
in [6] before the mathematical development of mirror symmetry.
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(ii) dimL = 1 dim M =n.

If we view the symplectic manifold as a complex manifold, and denote the volume form by
Q, then a Lagrangian submanifold is called special if, on top of the above two conditions,

we further have Im(Q2)|r, = 0.

Langrangian submanifolds will be of interest to us in the context of fixed points of quotients
of Calabi-Yaus. We recall from Section 1.2 that the important case will be an antiholomorphic

involution, which we define now.

Definition. [Antiholomorphic Involution| Let (M, I, g) be a Calabi-Yau n-fold. Then a

diffeomorphism o : M — M is called an antiholomorphic involution if it satisfies:
(i) It is an involution; o2 = id,
(i) It is an isometry; 0*(g) = g, and
(iii) It is antiholomorphic; o*(I) = —1I.

An important consequence is that ¢*(J) = —J and ¢*(Q2) = Q.

Corollary 2.4.4. The fized point locus of an antiholomorphic involution on a Calabi-Yau

n-fold is a special Lagrangian submanifold.

Proof. This follows simply from the fact that J is a symplectic form and €2 is used for the
volume form. In the fixed point locus L, we have J = 0 and Im(2) = 0. [

2.5 Constructing Calabi-Yaus In CP"

Recall that CP™ is a Kéhler manifold and that any submanifold of a Ké&hler manifold is
again Kéahler. We can therefore ask the question of whether we can use complex projective
spaces to form Calabi-Yaus. The answer is yes, and it is one of the most useful techniques to
constructing them.

The procedure is straight forward: we define a Calabi-Yau manifold as a K&hler manifold
with vanishing first Chern class, and we have a formula for the total Chern class for a hyper-
surface in CP™ given by the zero locus of a quasihomogenous polynomial, Equation (2.44).
We can use this to find the degree of the polynomial needed to get vanishing first Chern class.
We start with the general result and then work through some examples. We will then discuss

the case of weighted projective spaces at the end.
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2.5.1 General Result

Let S € CP™ @ ... & CP™ be a given by the complete intersection of k& polynomials with

degrees df. Then the configuration matrix is

CP™ |dt ... dy
A Sl (2.68)
CP™ |df ... d .
and the total Chern class of § is given by
/ .
; 1 Hz nitl1
o(8) = ALzt ) (2.69)

Hf:1(1 + Zi:l dﬁHs)'

We can expand the numerator and denominator in powers of H, and read the first Chern

class off as the term linear in H;:
l k .
61(8) = Z (nz +1-— Zd;) H;. (2.70)
Therefore, we get a Calabi-Yau manifold of dimension (Zle n; — k) when
k .
odi=ni+1  Vie{l, ..} (2.71)
r=1

If we continue the expansion of our total Chern class, we can find the top Chern class, which
if we then integrate over S gives us our Euler characteristic. This is, of course, technically
correct although it is often quite hard to compute in practice. However integrating on CP"
is much simpler, so we ask the question "is there any way we can get the result of [ 5 Ctop(S)
as an integral over CP™?" The answer is yes, and it comes from using a modified version of

Poincaré duality, which we state in the next theorem (see, e.g., [54] for more details).

Theorem 2.5.1. Let M be an n-dimensional manifold, and let S C M be some closed, k-

dimensional submanifold. Then for any closed k-form [r] € H5,(M;R) there exists a closed
(n — k)-form [ns] € Hjz"(M;R) such that

/ST:/MT/\nS. (2.72)

We call ns the Poincaré dual class to S.
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The Poincaré class can be thought of as a delta function which restricts us to S C M.
The true use of this comes from considering cases where the normal bundle to S is given
by the restriction of a bundle E over M, as in this case we simply have ns = ¢,(E) where
r is the rank of E. This is exactly the case we are considering, e.g. E = Ocpn(d) and
Ns = Ocpr(d)|s. So finally using that for us dimS = Ele n; and dim Ng = k (that is each

polynomial increases the dimension of the normal bundle by 1) we have

-/ eyt S) N er(B) (2.73)
CP™M@..@CPme =17
where
k L
E=P | Ocpn (df;)] . (2.74)
r=1 Ls=1

2.5.2 Determining The Hodge Numbers

As we have seen, the Hodge numbers of a Calabi-Yau play an important role. We there-
fore want some method for computing the Hodge numbers for a Calabi-Yau defined by a
hypersurface in some projective space. For Calabi-Yau 3-folds we have an incredibly useful
method: h%! counts the number of allowed monomials in the defining polynomial. This can
be seen using the notion of a rational form and the Griffiths residue,'” which we discuss in
Appendix B.

The remaining undetermined Hodge number, A!, is then computed via the Euler char-
acteristic. That is, we use Equation (2.73) to obtain x, and then Equation (2.57) to get
Rt

2.5.3 Quintic In CP*

Let’s start with the simplest case: a single polynomial in CP™. Here we have f =1 and k =1
and so Equations (2.70) and (2.71) become

a(§)=mn+1-d)H == (n — 1)-dimensional Calabi-Yau if d=mn+1. (2.75)

So if we want to construct a Calabi-Yau 3-fold we have to consider a quintic in CP*. This is a

very important example of a Calabi-Yau manifold and we now explore it in a bit more detail.

10WWe note here that for other Calabi-Yaus the monomials only count the primitive forms. In such a case,
one usually uses other methods to compute the Hodge numbers, e.g. the Lefschetz hyperplane theorem.

34



Denoting the Calabi-Yau by @ and H = O¢p4(1), we have that the total Chern class is

1+ H)>
(1+H) =14 10H? — 40H3, (2.76)

A=

where the second line follows from expanding and truncating at H? as dimc(Q) = 3. So we
see that c3(Q) = —40H3. Next we have that our normal bundle Ng = Ocpa(5)|g is a line
bundle and so

g = c1(Ocpa(5)) = 54, (2.77)

where we have used ¢(Ocpr(d)) = 1+ dH. So we can compute our Euler characteristic via
Equation (2.73)

x(Q) = /cp4(_40H3) A (5H) = —200, (2.78)

where we have made use of

H"=1. (2.79)
cpr

We can therefore summarise the Calabi-Yau manifold coming from the quintic in CP* via the

following configuration matrix

Q = CP*|5|_200. (2.80)

We now want to compute the Hodge numbers of the quintic. As explained above, we get
h?! by considering the number of allowed monomials in the defining polynomial. The number

of independent degree d monomials in (n + 1) variables is given by the binomial coefficient

d+mn 9
( >, and so our quintic polynomial starts off with (4) = 126 parameters. However we
n

need to account for coordinate transformations (i.e. homogeneous linear change of variables)
as well as the scaling. These collectively add up to'! (n + 1)? which for us is 5? = 25, which
finally leaves us with h>! = 126—25 = 101. We can then use this with our Euler characteristic
to get hb!:

—200 = 2(h" —101) — abl =1. (2.81)

"Basically the homogeneous linear transformations of (n+1) variables are given by the group PGL(n+1,C),
which is defined to be GL(n + 1, C) modded out by our scaling, so it has dimension (n +1)? — 1, with the —1
corresponding exactly to our scaling, so when we add this back in we’re just left with (n + 1)2.
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We can summarise this using the Hodge diamond

1
0 0
0 1 0
1 101 101 1 (2.82)
0 1 0
0 0
1

2.5.4 Complete Intersections

We now go to the slightly more complicated case where we still only have a single CP™ but
now we can use multiple polynomials. Here we have £ = 1 and kK = n — 3, i.e. we need to

reduce down to an 3-dimensional manifold. Our Calabi-Yau condition is simply

/-3
Y dr=n+1. (2.83)
r=1

We now note that we actually require that d, > 2 for all . Why? Well imagine we
have some CP™ and one of our polynomials has degree 1. We can always use a coordinate
transformation such that this polynomial simply sets one of the homogeneous coordinates to
zero, but then this just leaves us with (k — 1) polynomials in CP"~!.

Given this, we can show that there are actually only five solutions. We display them via

their configuration matrices below (without their Euler characteristics)
CPY5,  CP®33|, CP®24], CP%223| and CP7|2222|. (2.84)

For clarity on why we can’t have anymore, let’s imagine we considered CP8. To get a
3-fold, we would need to consider 5 polynomials who’s degrees sum up to 9. However we
cannot do this if we also require that d, > 2 for all . The same idea applies to higher n. Of
course we can generate other Calabi-Yau 3-folds by allowing our ambient space to be given

by a direct sum of CP"s.
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2.6 Weighted Projective Spaces

We now want to discuss weighted projective spaces and how the Calabi-Yau hypersurface story
carries over. These are basically exactly the same as "regular" projective spaces, but now each
homogeneous coordinate has its own weight under scaling. That is, the weighted projective

space WCP(o---kn) i defined the same as a projective space but now with equivalence relation
[20 1 oo 2n) = W20 1 Mon gy ] (2.85)

It is common to write a weighted projective space as WCP™ and then stating the weights as
an (n + 1)-tuple, i.e. we write "WCP™ with weights (ko, ..., kn)". We sometimes also use the
notation WCPZO,...,kn' We will likely use a combination of all of these.

As we might expect, WCPZLO,...,kn and CP™ have a lot in common, however stuff is more
subtle in the former. For example, let’s consider trying to define a polynomial of degree d in

WCPY, - Let’s illustrate some of the subtleties with an example.

Example 2.6.1. Consider WCP%,Q. Let’s define the polynomial
P(z20,21) = 2221 + 20, (2.86)
this would be a polynomial of degree 3 in CP?, but for WCP%Q we have
Pz, Az1) = (A20)2(A221) 4+ (A20)® = MN2221 + A323 # AP(20, 21). (2.87)
A

Definition. [Quasihomogeneous Polynomial] We call a polynomial in WCPY &, quasi-

homogeneous of degree d if

P(Azp, .oy Azp) = )\dP(zo,...,zn) (2.88)

for some d € N.

Now, we can still define the tautological line bundle over WCPZO’M’ r, as the line bundle
with fibres

T 20 1ot 2] = (W02, ., AP zy). (2.89)

,,,,,,

,,,,,
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Note that the transition functions themselves are the same as before, i.e. g;; : UiNU; — 2;/%;.

The change comes by adapting Proposition 2.2.2:

Proposition 2.6.2. Any quasihomogeneous polynomial of degree d in WCPL = can be

.....

The proof follows completely analogously to that of Proposition 2.2.2, however now Lemma 2.2.3

changes to

Lemma 2.6.3. The homogeneous coordinate z; of WCPE ' can be identified as sections of

This is easily understood as P;([z]) = z; is a quasihomogeneous polynomial of degree k;.
Indeed we can understand Proposition 2.2.2 and Lemma 2.2.3 simply as specialisations of the
above with k1 = ... =k, = 1.

We now proceed as before, and we arrive at an Euler sequence

0 —— C—— Owepp, , (k)®=D —— TEOWCPE 0 —— 0, (2.90)

n

from which, recalling C(OWCPZO (ki) = (1 + kiHg,,... k, ), we conclude that

c(WCPY, 1) =1+ kiHy... k) (2.91)

1

,,,,,

There is a very important difference between standard projective spaces and weighted
projective spaces: the former are smooth manifolds, while the latter generically contain sin-
gularities. This singularity structure carries over to the Calabi-Yau hypersurface construction.

Let’s see this with an example.

Example 2.6.4. Consider the specific case of a single polynomial in WCP‘iLLM, which we
coordinatise using [z1 : x2 : @3 : x4 : y|]. We have from Equation (2.91) that (using A to

denote our ambient space, i.e. the WCP‘%HM)
c1(A) = 8H. (2.92)

So if we want to have some subspace S that is Calabi-Yau, we are going to need a quasiho-
mogenous polynomial of degree 8.
Let’s consider the case y? = Ps(z;), where P(x;) is some degree 8 polynomial in the z;s.

Now say we pick the patch y = 1, that is consider the chart where y # 0 and use the scaling
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to set y = 1. We now note that this scaling is not unique. From the equivalence relation, it
follows that we can change our scaling by any A € C such that \* = 1. However, different
A will affect the z; values differently. In other words, we conclude that the z;s are not free
complex numbers but in fact

C
i € 5 2.
€ (2.93)

We see that this problem goes away when z; = 0, and we call this point a fized point. This
type of singularity is known as an orbifold singularity.

We arrive at a similar issue in the context of the hyperplane class. Consider the smooth
point p=1[1:0:0:0: 0], which is defined by the 4 polynomials y = 9 = 3 = x4 = 0, then
we have

/4H-H-H-H:1 — H* =~ (2.94)
p

where the 4H and H factors are just the first Chern classes of the polynomials, and the 1
comes from simply integrating over p. In this way we see that our weighted projective space
has fractional hyperplane class.

It is important to note that this singularity is a property of the ambient space A =
WCP1,,, itself, not the Calabi-Yau defined inside it. Indeed it is possible to obtain a smooth
Calabi-Yau inside such a space. This is seen simply from the fact that p=1[1:0:0:0:0] is

not a solution to our defining polynomial. A

The issues of orbifold singularities are not as scary as they seem, and are easily dealt with

using the techniques of toric geometry, which we now discuss.

2.7 Toric Geometry

The above discussion has taken place in the language of differential geometry. From a peda-
gogical stand point, this is often a useful approach as it allows us to think about the structures
pictorially and intuitively. However, as we have seen, this sometimes leads us down a path of
reasonably complicated and/or fiddly computations. In particular we have just seen that for
weighted projective spaces the hyperplane class is fractional, and we have orbifold singulari-
ties that we need to deal with. In order to address these points we turn to the closely related
topic of algebraic geometry.

We note that Yau’s theorem plays an important role in this switch: algebraic geometry
will not give us a nice way to compute the metric of our space, but it will give us simple ways
to construct spaces with vanishing first Chern class. It then follows from Yau’s theorem that

such a space has a unique metric, and so it doesn’t matter if we don’t find it.
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2.7.1 Algebraic Varieties & Divisors

Definition. [Algebraically Closed Field| Let K be a field, and denote the ring of polyno-
mials in n-variables by Klz1,...,2,], i.e. f € K[x1,...,x,] means f(z1,...,z,) € K. Then
we call K algebraically closed if any non-constant polynomial over K has a root in K, i.e.

f(x1,...,xy) =0 has zq,...,z, € K.

Ezample 2.7.1. The ring of real numbers is not algebraically closed as f(x) = 22 + 1 has root
x = +i ¢ R. However the ring of complex numbers is algebraically closed. In what follows we

shall assume we are using the complex numbers everywhere. A

Definition. [(Complex) Algebraic Variety] Consider the space C",'? and consider the
algebraically closed field C. Labelling the coordinates of C™ by (z1,...,2y), we have f €
Clz1, ..., 2n] being a C valued function over C". Now consider some set of polynomials

S C Cl#, ..., zn] and define for their common zero locus
Z(S)={2€C"|f(2)=0, VfeS} (2.95)

Then a subspace X C C" is called a (complex) algebraic set if X = Z(S) for some S. If
we can write X as the union of two proper algebraic sets then we say that X is reducible.
If it is not reducible (and non-empty) it is irreducible. Finally, an irreducible algebraic
set is called a algebraic variety. We can turn X into a topological space by defining our
closed sets to be the algebraic sets. This is known as the Zariski topology. A subspace of

X that is also an algebraic variety is called an algebraic subvariety. We shall simply say

"(sub)variety" to mean "complex (sub)algebraic variety".

Definition. [Birationally Equivalent| Let X and Y be varieties, and assume X is irre-
ducible. Then a rational map is a morphism from a non-empty open subset U C X into Y,
denoted f : X --+ Y. A rational map is called birational if there exists a inverse of f that

is rational, f~!:Y --» X. We say that X and Y are birationally equivalent. A birational

map is essentially a isomorphism between open subsets of X and Y.

Now note that the dimension of the space X is related to the cardinality of the set
S C Clz1, ..., 2zn]. This is simply the statement that each zero condition allows us to relate

one of the z; to some of the others, and so reduces the dimension by one. We therefore see

12YWe define algebraic varieties more generally in terms of affine spaces, which C" is an example of.
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that a codimesion 1 subvariety is simply a hypersurface in X given by the zero locus of some
polynomial. This lends itself directly to our construction of Calabi-Yaus as hypersurfaces in
complex projective spaces. Indeed it turns out that for complex manifolds all hypersurfaces

arise in this way, which we say again the following definition.

Definition. [Hypersurface| Given a complex space X, a hypersurface, Y, is a (sub)variety
of codimension 1, i.e. ¥ € X and dimY = dimX — 1. A hypersurface is said to be
irreducible if it corresponds to an irreducible (sub)variety. A general hypersurface is given
by the union of its irreducible components, i.e. Y = UY; where Y; are the irreducible

hypersurfaces. If X is compact then any hypersurface has only finitely many irreducible

components.

Divisors

Hypersurfaces in algebraic geometry are best discussed in the language of divisors, which we

now breifly discuss.

Definition. [(Weil) Divisor| A (Weil) divisor, D, on X is a formal linear combination of

irreduicible hypersurfaces, i.e.

D = Z a;[Yi], where a; € Z. (2.96)

The coefficients a; give the order to which the defining polynomial vanishes, with negative

values corresponding to poles. It is hopefully clear that we can turn this into a group in the

natural way (i.e. by our addition), in this way we define the divisor group of X, Div(X).

Remark 2.7.2. We should clarify a bit the formal addition defined for Equation (2.96). This
is simply defined in terms of the weightings of the defining polynomials and does not somehow
correspond to "adding" two hypersurfaces together to get a new hypersurface. We can con-
strast this to the addition in homology, by recalling that hypersurfaces can be thought of in
terms of homology (i.e. we can triangulate the hypersurface using simplicies). Homology has
a well defined addition given in the expected way, namely [Y1]homol + [Y2]homol = [Y1+ Y2]homol-
Now, let’s imagine that Y7 and Y are two different hypersurfaces, but suppose that the cor-
responding elements in homology are in the same class, i.e. [Yi]homol = [Y2]homol- If we
then consider their difference then we get a vanishing result in homology, but the divisor
D = a;[Y1] — ag[Y2] is non-vanishing. In this sense a divisor is a finer notion than a homology
class. In this way we see that the square bracket notation in Equation (2.96) does not mean

the corresponding homology class, however it is standard notation and so we keep it.
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Definition. |Exceptional Divisor| Let f : X --» Y be a birational map. Then a divisor D €
Div(X), which corresponds to the codimension-1 subvariety Z C X, is called exceptional

if f(Z) has at least codimension-2 in Y.

Ezample 2.7.3. The most important example of a exceptional divisor to us is a blowup (see

[46] for a more detailed discussion). Consider C?/Z5 and embed it algebraically in C? via
920,21, 22) = 25 + 21 + 23 = 0, (2.97)

where (20, 21, 22) are the coordinates of our C3. This has an isolated singularity at the origin.'?
Let’s denote this space by A C C3. Now consider CP? with coordinates [£ : &1 : &]. Next

consider the subspace
{(Z(), 21,22), [fo : {1 : £2] S C3 X CP2 |fZZJ = @zi, VZ,]} C C3 X CP2 (2.98)

Away from the origin in C3, this condition is solved by & = z;. We can therefore take our
space A, excise the origin, replace z; — &;, and then take the closure of this. This gives the
space

GE+eE+6=0 (2.99)

as a subset in CP2. This defines a CP!, and we define A = A\ {(0,0,0)}UCP!, where the CP!
replaces the origin. We can therefore define a birational map from f : A --> A that "blows
down" the CP! back to the origin. The CP! is the exceptional divisor, and is often referred

to as a blowup.'? In this work the word "blowup" shall be used in this sense. A

As the definition makes clear, a Weil divisor is defined for any polynomial defined on our
space, however not all polynomials correspond to functions on a space. More technically, they
don’t correspond to sections of the constant sheaf Ox := C. As an example, if our ambient
space (i.e. the space we start with) is CP™, we can define a hypersurface, and therefore a
divisor, by zp = 0. However this equation is not projectively well defined, and so is not a

function on CP™. This leads into the notion of a principal divisor.

Definition. [Principal Divisor| Let f be a meromorphic function on X. Then the divisor

associated to f is

(f) ==Y ordy (Y], (2.100)

13A hypersurface g(zo, ..., zx) = 0 is smooth if and only if dg/dz0 = ... = dg/0zx, = g = 0 has no solution.
“We note that one needs not replace a singular point in order to define a blow up. For example (see [49]
for details), we can equally blowup the perfectly smooth C? at a point p € C? by replacing it with a CP2.
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where ordy (f) is the order of f on Y, and the sum is done over all irreducible hypersurfaces
of X. We call a divisor of this form principal. We denote the group of principal divisors
Divo(X).

Principal divisors are useful to us in the context of comparing divisors, via the following

definition.

Definition. [Linearly Equivalent Divisor] Let D, D’ € Div(X). We call them linearly
equivalent, denoted D ~ D', if D — D’ is a principal divisor.

Definition. |[Picard Group| The Picard group of X is given by the isomorphism classes of
line bundles on X, with group operation being the tensor product. We denote the Picard
group of X by Pic(X).

Proposition 2.7.4. There is a group homomorphism given by

Div(X) — Pic(X)
D — O(D),

(2.101)

where O(D) is a line bundle associated to the divisor D. Principal divisors are mapped to the
identity element of Pic(X), and so two linearly equivalent divisors D ~ D' give rise to the

same element in Pic(X).

The proof of this proposition requires delving into the world of sheaf cohomology and so
is omitted (see, e.g., [43]). However we note that we saw previously that to a hyperplane we
can define the hyperplane line bundle H. This proposition is simply the algebraic geometry
equivalent of this statement. In particular the Ocpn (1) we defined before really should have
been written Ocpn (H ), where [H] = {zp = 0} is the hypersurface correspinding to the divisor
H=1-[H."Y

Corollary 2.7.5. Let Cl(X) := Div(X)/Divy(X), known as the Weil divisor class. Then our

group homomorphism of Proposition 2.7.4 provides an injection
¢ Cl(X) — Pic(X). (2.102)

This corollary is important because of the following proposition.

5Note that we could have defined [H'] = {z1 = 0}, but in CP™ these two hypersurfaces differ by a coordinate
redefinition, i.e. by a meromorphic function. It thus follows that H ~ H’.
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Proposition 2.7.6. If a line bundle L € Pic(X) admits a global section, it is contained in
the image of the above injection, i.e. there is a nontrivial Weil divisor D € CI(X) associated

to 1.

Proof. The key thing to note is that a global section in a line bundle is a hyperplane of the
line bundle, and so corresponds to some divisor. Let s be such a non-zero global section and
denote by Dy the associated divisor. This establishes a link between the section of a line
bundle and a divisor, what we want is a link between the line bundle itself and D,. Well, any
line bundle can be defined by its sections, and any two sections are related by a meromorphic
function, which is itself an element in Pic(X) (it’s a section in the sheaf of meromorphic
functions). So if we consider a § = f ® s, then we have, recalling the group structure on each
space,

¢([Ds]) = ¢([Dy + Ds]) = f @ s = 5 = ¢([Ds]), (2.103)

where we have used that Dy ~ 0 as viewed as an element in C1(X). Then using that our map

is injective, we have Ds ~ Dz, and so we really are talking about the whole line bundle. W

2.7.2 Toric Varieties, Cones & Fans

We are now in a position to start discussing toric geometry and how it can be used to construct
toric varieties. There are two approaches to toric geometry: the spectrum approach and the
coordinate approach. The former deals with a lot more algebraic geometry directly, while
the latter is probably more intuitive, especially for a first time approach to the subject. For
that reason, we shall focus almost entirely on the latter approach. We start by giving the

important definitions.

Definition. [Algebraic Torus| An algebraic n-torus T is given by the n-fold product of
C*:=C\ {0}. That is T'= (C*)", and we regard this as an abelian group.

Definition. [Toric Variety| Let X be a C variety. Then we call X a toric variety if it

contains an n-torus 1" as a dense open subset, such that the natural action of the torus on

itself (i.e. simply multiplication in (C*)") extends to an action of 7" on the whole of X.

Example 2.7.7. Perhaps the most important example of a toric variety for us will be CP™ and
WCP”. We show here that the former is indeed a toric variety. This is actually very straight
forward: let’s denote the homogeneous coordinates of CP™ by [zp : ... : z,]. Then note that

the open subset
T = {[z]| z; # 0Vi} = (C*)"T!/C* c CP" (2.104)
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where the quotient C* is embedded diagonally into (C*)"*!, is dense and is clearly isomorphic
to (C*)™, and so is an algebraic torus. We can have this act on CP" simply by coordinatewise
multiplication, so we see that CP" is a toric variety. We similarly have that WCP"™ is a toric

variety. A
Definition. [Cone| Let N be a rank r lattice, and define Ngr := N ® R. Then a (strongly
conver, polyhedral) cone o € NR is a set

o = {a1v1 + agva + ... + agvg | a; > 0Vi} such that oN(—o) =40}, (2.105)

where {v1,...,vx} C Nr is a finite set of vectors called the generators of o. The dimension
of a cone is given by the number of generators with non-zero coefficients. We call the
boundary of a cone a face, and similarly we call a 1D cone an edge or a ray. A cone is

called rational if {v1,...,vx} C N, i.e. they are lattice points.
Definition. [Fan| A collection 3 of cones in Ng is called a fan if:

(i) each face of a cone in ¥ is also a cone in ¥; and

(ii) the intersection of any two cones in ¥ is a face in each of the cones.

We denote the set of d-dimensional cones in ¥ by ¥(d). In particular, 3(1) denotes the set
of edges in a fan. A rational fan is one whose cones are all themselves rational. A rational

fan ¥ C R™ can be identified with a set of points in Z" (i.e. the lattice points).

Definition. [Simplical Cone/Fan| A cone o is called simplical if it can be generated by

a set of vectors {v1,...,vx} which form a basis for the vector space they span. A fan ¥ is

called simplical if all o € 3 are simplical.

Unless otherwise specified, we will only consider rational and simplical cones and fans in

this work.

Example 2.7.8. An example of a fan in 2D with 7 generating vectors is the following

) \
A) (4

The diagram on the left just shows the generating vectors, while the right-hand diagram also
shows the 2D cones, indicated by the shaded regions. This fan contains a total of 14 cones:

the 6 triangular faces, the 7 edges and the origin. A
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As it will be important to us later, we also now introduce the dual lattice.

Definition. [Dual Lattice| Given our N lattice, we define the dual lattice M := hom(N, Z),
and we denote their inner product by (, ) : M x N — Z. We also define Mg = M ® R.

2.7.3 Constructing Toric Varieties Using Fans

At first glance, it seems like toric varieties and fans are completely independent objects.
However, as we will now see, they are related in a very elegant way. Before doing so, we
stress that it is this link between the borderline trivial combinatorics game of picking points
on a lattice and toric varieties, that gives us immense power when constructing Calabi-Yau
manifolds.

As mentioned at the beginning of the section, we will use the coordinate approach to
toric geometry. The key thing here is the following: given a fan ¥ with n generating vectors
{v1,...,vn}, we have n associated rays p; = a;v; with a; > 0, and to each of these rays we
define a homogeneous coordinate z; € C. A fan with |[X(1)| = n then has n corresponding

homogeneous coordinates, and we can use these to define our toric variety.

Definition. [Exceptional Set| Let S C ¥(1) denote any subset that does not span a cone
in X. That is {p1,p2} € S if we do not have a 2D cone given by the face joining p; and
p2. Then we define V(S) C C" to be the linear subspace defined by setting z, = 0 for all
p € S. Finally we define the exceptional set of ¥ to be

Z(%) =JVv(9). (2.106)

The final piece we need in order to get a toric variety from our fan is the following map.
¢ : hom(%(1),C*) — hom(M,C"), (2.107)

where M is the dual lattice to IN. This is a map of maps, and is defined by

¢: (f:2(1) = C) (mb—> 11 f(vp)<m’”f’>). (2.108)

peEX(1)
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If we work in terms of coordinates, so that v; = (vj1,...,vj,) we can write ¢ explicitly as

¢: (C)" = (C)"
t n (2.109)

(11" I1%7)
] 1

_)
(tl,..., n) — s ey
J=1 Jj=

where the dimensions follow from the fact that n = |¥(1)| and N/M are rank r lattices, and
the notation follows from the fact that (C*)* is a torus. We then define a quotienting group
by

G :=ker (hom(X(1),C*) -2 hom(M, C*)). (2.110)

We can define an action of G on C" \ Z(X) as follows: from the definition we have G C
hom(X(1),C*), and so given a g € G and a p € ¥(1) we can define g(v,) € C*. We then use
this to define an action of G on C” simply by

9(21, . 2n) = (g(v1)21, .. g(vn) 20).- (2.111)

Recalling the definition Equation (2.106), it is clear that this action is closed in C" \ Z(%);
that is, Z(X) just makes it so that certain elements can’t vanish together, but g(v,) # 0, and
so this won’t change this behaviour. We now finally arive at the definition of a toric variety

associated to a fan.

Definition. [Toric Variety From Fan| Let ¥ be some fan with n = |3(1)|, and define Z(3)
and G via Equations (2.106) and (2.110), then

_Cn\ Z(x)

th G

(2.112)

is a toric variety. The dense open torus is simply given by T := (C*)"/G C X5, and it acts

on Xy by coordinatewise multiplication. It follows from Equation (2.109) that 7" has rank

r and Xy is an r-dimensional toric variety.

It is important to note that the definition Equation (2.112) really is a property of 3 not
just the rays used to generate it. This enters into the fact that the exceptional set Z(X)
depends explicitly on all the cones in ¥, not just the edges.

Remark 2.7.9. We note here that it is also possible to construct a fan from a toric variety. We
do not discuss the details of how this is done here as we will only work in the fan to variety

direction. Details of how this is done can be found in, e.g., [42].
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Example 2.7.10. Let’s start with something we already know is a toric variety: CP™. For ease

of drawing, we consider CP2. This corresponds to a 2-dimensional lattice with 3 generating

vectors. We claim that this corresponds to the following fan

Vo = (O, 1)

V1 = (1, 0)

Vo = (—1, —1)

where we have only drawn the edges, the rest of the fan is given by the 3 faces given by pairing
two of the edges. Let’s now verify that this is indeed CP?.

Firstly we note that the exceptional set is just point {0,0,0}, as the only combination of
edges which doesn’t span a cone is S = {(0,1), (1,0), (=1, —1)}. For clarity, this is not a cone
in ¥ for two reasons: firstly if we defined 012 = avg + bvy + cvo then we would fail to satisfy
o012 N (—0012) = {(0,0)}; secondly the intersection of g2 and oy °
not a face in og12. So we have C?\ Z(X¢p2) = C3\ {(0,0,0)}.

Next we need to find the group G. From Equation (2.109) we have

is og1, but this is clearly

¢:(C")* — (C7)?

(2.113)
(to,t1,t2) — (t5 't1, 5 ' to),

which follows from vy = (vg1,v02) = (0,1) etc. Then G is defined as the kernel of this map,
i.e. we want the right-hand element to be (1, 1), which clearly requires ¢ty = t; = t2. In other
words G = {(t,t,t) |t € C*} which is clearly isomorphic to C*, and so G = C*. We therefore

arrive at

Xy, = CA0,0.0} CP2. (2.114)

cP2 C*

Finally note that T = (C*)3/G = (C*)3/C*, where the C* is embedded diagonally into C*,
which is exactly what we had in Example 2.7.7. A

Example 2.7.11. Next let’s look at a weighted projective space. Again for ease of drawing

we consider WCP§7271. This again corresponds to a 2D lattice with 3 generating vectors. If
we look through the details of Example 2.7.10, we see that the weightings of the coordinates

enters in by the mapping ¢, which is directly related to the entries of the vectors {vg, v1,va}.

6 Hopefully this notation is clear, but as we will use it a lot going forward, we explain it once: this simply
means the cone with generating vectors vo and v;.
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We therefore just want to make it so that vy is three times vg in one entry and twice v; in

the other. That is, we consider the diagram

vy = (0, 1)

V1 = (1, 0)

Vo = (—2, —3)

where again we have only drawn the edges. We leave the rest of this calculation as a nice

exercise. A

Example 2.7.12. Let’s now consider a new space, that will prove very useful to us going
forward. Consider the 2D fan given by v; = (1,0), v = (0,1), v3 = (=1, —n) and v4 = (0, —1)
with n > 0. The drawing of the edges is as follows

Vo = (0, 1)

v = (1, 0)

V4 = (0, —1)

vy = (—1,—n)

Now things are little more subtle when we ask the question "what are the 2D cones in this
fan?", as we cannot just take any cone spanned by two edges. Firstly we note that oo4 isn’t
a cone as it doesn’t obey g24 N (—o24) = {(0,0)}. Besides that, note that if we take both
o013 and o14, which are both well defined cones, their intersection would be 14, which is
not a face in o13. Similarly we can’t have o013 and o34. Clearly there are different fans we
can construct from these vectors, but here we want to consider the fan which contains cones

{012,014, 034,023}, which we try to depict in the following diagram
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Let’s now find the toric variety associated to this fan.

First, from the arguments above, we have that the exceptional set is given by
Z(¥) = V(S24) UV (S13) UV (S1234)
= (21,0,23,0) U (0, 22,0, 24) U (0,0,0,0) (2.115)
= (21, 0, z3, 0) @] (0, 29,0, Z4)
where the last line follows from (0,0,0,0) € (21,0, 23,0) U (0, 22,0, 24), and the notation on

the first line is hopefully clear.
Now we just need to find the group. We have the mapping

¢ (ti,to, tg,ta) = (trty o taty ")), (2.116)

and so G is given by t; = t3 and ty = t§t4, or in other words G = (C*)?, which we can view
as the embedding
(C*)2 N (C*)4

(2.117)
(t,s) — (t,t"s,t,s).

So our toric variety is given by

Xy — C*\ ((=1,0, Zg(,é]*));J (0,22,0,24)) ‘

(2.118)

Finally, the dense torus is given exactly by T' = (C*)*/(C*)?, where the (C*)? is embedded as
written above.

This surface, denoted F},, is known as the n-th Hirzebruch surface. A

Ezxample 2.7.13. As a final example consider the fan with edges (0,1) and (n, 1).
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v = (0,1) vy = (n,1)

The exceptional set for this fan is empty, as the only options for S are {v1,va, {vi,v2}}, but
all of these correspond to cones in ¥. To be clear, this is different to the cases for CP? and
WCP2,, which had Z(X) = {(0,0,0)}. The group action is then found from the map

¢ 1 (t1,t2) = (13, t1t2) (2.119)

and so G requires ty = 1 and t1 = t, 1 This is just the group Z,, and so we have

CQ
Xo= 7. (2.120)

The torus is given by T = (C*)2/Z,. A

These final two examples are going to prove very useful for us going forward, especially
when discussing fibrations and singularity blow ups. For this reason, it is important that

these two examples are well understood at this point.

2.7.4 Weightings & Compactness

With the above examples helping ground the definitions that appeared before, we can now

go on to discuss how powerful these fan diagrams actually are.

Weightings

The first thing we want to notice is something that was hopefully made suggestively clear
from the examples: the group G gives us a quoienting corresponding to scaling(s) of the

coordinates directly related to the entries of the vectors. In particular we have
1 1 n n
(21, ey Zn] ~ [()\IQI...)\?‘{)ZM e <)\?1 ...)\% >zn} , (2.121)

where A\, € C* and Y -, Q4v; = 0 for all @ = 1,...,¢. In particular, for CP? we have ¢ = 1
with A =tand Qo =Q1 =Q2=1,ie 1-(0,1)+1-(1,0)+1-(—1,—1) = 0. Similarly for
WCP%21 we have £ = 1 and Qg = 3, @1 = 2 and @2 = 1. Then for F,, we have £ = 2 with
M=t a=sand Q} =1,Q?=n,0Q}=1,0Q{ =0,Q) =0,Q?=1,Q2 =0, and Q% = 1.

It is notationally convenient to display all this information in the form of a weight system,

which we draw as
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So for the CP?, WCP3,, and F,, we have

21 2z 23 2
and 1 n 1 0 (2.122)
0 1 0 1

20 21 22 20 21 2
1 1 1 3 2 1

We haven’t said anything about Example 2.7.13, as this doesn’t have a weight system as there
is no way to get the vy and v to cancel with non-zero ;. In a way its weight system vanishes,
and so we don’t write anything.

These weight system diagrams are actually incredibly useful as they encode a lot of in-
formation. We will add more to them later, but for now notice that from the weight system
we not only get the scaling weights, we can use them to reconstruct the generating vectors
via > Qiv; = 0. Further we can immediately read off the dimension of the space — it is
simply the number of columns minus the number of rows (excluding the row containing the
z;s). This is not hard to see: the number of columns corresponds exactly to the number of
coordinates, i.e. the power n factor appearing in the numerator of Equation (2.112), while
the number of rows corresponds to how many different scalings we have, which corresponds
exactly to the dimension of the group G in the denominator of Equation (2.112). For example,
we see straight away that Fj, is 2-dimensional from 4 — 2 = 2. The fact that we can read off
the dimension will prove additionally useful later when discussing so-called toric divisors and

their linear relations.

Compactness

Next we want to ask the question "is it possible to read off whether the resulting toric variety
is compact or not from the fan diagram?" The answer is yes, and is the content of the next

proposition.

Proposition 2.7.14. Let Xy be a toric variety associated to a fan 3. Then Xx is compact
iff the fan X fills NR.

The proof of this proposition is easier to see when considering constructing a fan from a

toric variety, and so we do not present here. We simply note that in the examples above, only
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Example 2.7.13 is non-compact.

2.7.5 T-Invariant Subvarieties & Toric Divisors

So far we have been able to use fans to construct toric varieties, but we are yet to see how to
construct subvarities and divisors within these spaces. This is something we will clearly need
if we want to construct Calabi-Yaus as hypersurfaces in projective spaces.

First let’s look at our T-invariant subvarieties, where 7' is the algebraic torus. These are
particularly easy to describe in terms of our homogeneous coordinate description. Let ¥ be
a fan and Xy, the associated toric variety. Then consider some o € ¥ which has generating

vectors {vy,...,ux}. We can associate a codimension k subvariety of X to this cone via
= {Z € Xx ‘Zl =...=2 = O}, (2.123)

where we see that it is codimension k from the fact that we have k conditions. Now as T
acts on Xx; by multiplication of non-vanishing complex numbers, this subvariety is clearly
T-invariant. Then note that if we have two cones 0,0 € Y where the generating vectors of &
are contained within those for o (i.e. 7 is a face of ), then the order of inclusion is flipped
for the T-invariant subvarieties, i.e. Z, C Zz. The claim is that these are the only types of
T-invariant subvarieities. Putting this together with the fact that if the cone is not in the fan
then Z, would correspond to an element of the exceptional set Z(X), and so the subvariety

would be empty, we have the following Lemma.

Lemma 2.7.15. There is a one-to-one correspondance between non-empty T-invariant sub-

varieites and cones in fan, given by the ordering reversing mapping o — Z,.

It is interesting to note that each Z, is in fact a toric variety, and we can construct
the lattice and fan from the lattice N and fan ¥ for Xy: simply take the quotient of N
by the sublattice ¢ N N, and then project every cone in 3 which contains o as a face onto
N =N/(eNN).

Example 2.7.16. As an example, we can construct the T-invariant subvarieties of CP? given
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in Example 2.7.10. We list them below

o Zy

{0} CcpP?
{(0,1)} z0 =0
{(1,0)} 21=0
{(-1,-1)} 29 =0
{(1,0),(-1,-1)} [1:0:0]
{(0,1),(-1,-1)} [0:1:0]
{(1,0),(0,1)} [0:0:1]

(2.124)

which we can see obeys the order reversing inclusion, e.g. {(0,1)} < {(0,1),(—1,—1)} and
[0:1:0]C 20 =0. A

The important case of Lemma 2.7.15 for us is that each one-dimensional cone corresponds
to a hypersurface in Xyx. That is: we have a one-to-one correspondance between edges and
toric divisors. In what follows we shall denote the toric divisor corresponding to z; as D;.

Now recall that Proposition 2.7.4 tells us that to each divisor we can associate some form
of line bundle. For our toric divisors, these correspond to the hyperplane line bundles O(D;).

We can, of course, take a formal sum of our toric divisors to form some new divisor, i.e.
n
=1

Let’s see what happens when we consider the case a; = (v;,m) for some m € M, with
M Dbeing the dual lattice to N. Then consider the monomial z{*...z%", which is a section of

O(>_, aiD;). Our equivalence relation Equation (2.121) then says that (just considering one

a value for simplicity) our monomial is equivalent to
(A 2) 1™ (A" 2, ) = MEEL QUvm) Slonm) {on,m) (2.126)

Then recalling that Y 1 ; Q'v; = 0, we see that this monomial is completely invariant under
this scaling. This tells us that the monomial is globally well defined on Xs;, and so corresponds
to a globally defined meromorphic section, and so it must correspond to a section in a trivial

line bundle. That is we must have

n

> (vi,m)Di~0  VmeM (2.127)

=1
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This gives us a set of linear relations between the divisors. It follows from the fact that
dim M = dim N, that we have dim NV such linear relations between our toric divisors, i.e.
m has coordinates m = (myq,...,mgqim ;) and we can consider the linear relations given by
my = (1,0, ...,0), my = (0,1,0,...,0) etc. This gives us exactly dim N expressions. So in total

we have |X(1)| — dim N linearly independent toric divisors.

2.7.6 Singularities & Blowups

We now discuss something that is really important for us: the presence of singularities. We
note, from the definition Equation (2.112), our toric varieties are orbifolds with potential
singularities, depending on what the group G is. We want to see how we can read off whether
a toric variety is singular or not, given its associated fan.

The key point is to note the following: consider some fan ¥ and form the toric variety Xs.
Now consider some cone ¢ € ¥ and form the toric variety X, C Xy, which we can define as
the subset obtained by setting z, = 1 for all p € 3(1) \ {edges of o}. We can then patch these
X, together to give X = |J, ey Xo. This is just the statement that a fan is given by the
union of its cones, and so the associated toric variety is given by the union of the subvarieties.

Now we define ¥, C X to be the fan given by ¢ and all of its faces. From the explanation
above, we have that Xy, = Uzcy, Xz. Putting this together with the fact that there is
clearly an injective embedding of ¢ € ¥, into o, simply by definition of ¥,, we have that
Uzes, X5 = X,. We can therefore conclude that Xy, = X,. Finally note that Z(3,) = 0,
simply by the definition of 3,: it contains all the possible cones. We then have the following

proposition.

Proposition 2.7.17. Let ¥ be a fan and Xyx. be the associated toric variety. Then Xyx is
smooth (i.e. non-singular) iff every cone o € ¥ is generated by vectors which form a Z-basis
forcN N.

Proof. We show that the basis condition implies smoothness. Consider any top-dimensional
cone o € Y, by assumption this is generated by r linearly independent vectors, and so the
group G acts trivially on Xy_. This is easiest to see by considering the weight system: there
is no way to have these vectors cancel each other and so all QY = 0. Putting this together
with Z(3,) = 0 we have that Xy, = C", and so X, = C" which is smooth. Finally putting
this together with X5, = Usex X, we conclude that X, is the union of smooth varieties, and
so is smooth itself.

The reverse direction, that smoothness implies the basis criteria, is most easily shown

using the spectrum approach, which we do not discuss in this work. We will also only be
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interested in going from the fan to the variety, and so we omit the rest of the proof. |
For the examples discussed above, we see that:

e CP2 is smooth, which we know to be true,

WCP?%,, is singular, which again we know to be true,

F,, is smooth only when n = 1, and

Example 2.7.13 is smooth only when n = 1.

So we have a condition for when the toric variety is singular, the obvious question for us

to ask is "when does this singularity correspond to an orbifold?"

Proposition 2.7.18. Let ¥ be a fan and Xx, be the associated toric variety. Then Xx, is an
orbifold iff ¥ is simplical.

Proof. Again we only show the condition = orbifold direction. Let ¢ € ¥ be a -
dimensional cone, then by definition of a simplical cone it can be generated by 7 vectors
{v1, ..., v, } which form a basis for the vector space they span. There is therefore only a finite
number of ways we can get them to cancel each other, and so G is finite. We therefore have

that X, ~ C"/G and so is an orbifold, which in turn makes X an orbifold. [

Of course every fan we have considered thus far has been simplical, and so we are dealing

with orbifold toric varieties.

Blowup

Recalling Example 2.7.3, we know that singularities can be dealt with by the procedure of
blowups. We now want to combine this with the result that a toric variety is smooth iff all
the cones are generated by vectors which form a basis for the intersection of ¢ with N. In

order to do that we need a couple definitions.

Definition. [Fan Morphism| Let ¥ C Ng and 3 C Ng be fans. Then a fan morphism
from ¥ to ¥ is a homomorphism ¢ : N — N , such that for every cone o € 3 the image

under ¥ ® R is contained in some cone of 3. We say that 1 is compatible with ¥ and 3.

Definition. [Toric Morphism| Let ¥ C Nr and Y C Ng be fans, and let Xy and Xg be

the associated toric varieties. Then a morphism ¢ : X5 — X5 is called toric if ¢(T') C T

(i.e. ¢ maps the torus in Xy into the torus in X§), and ¢|7 is a group homomorphism.
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It can be shown that a fan morphism can be used to construct a toric morphism and vice
versa (see Theorem 3.3.4 of [43]).

Definition. [Subdividing A Fan] Let ¥ C Ng be a fan. Then another fan ¥ subdivides %
if

(i) 2(1) € %(1), and

(ii) Each & € 3 is contained in some o € ¥.

In terms of the toric diagrams, this is very straight forward: we can subdivide a fan ¥ by
introducing a new ray which "splits" an existing cone into two cones, as the following diagram

is meant to indicate.

U1  Unew V2

As we explained above, the idea is to take a singular toric variety and subdivide the fan
such that we get a smooth result. In doing this, we introduce more toric divisors into Xs.
We then use the fact that the identity map on N if compatible with Y and ¥ and defines a
birational toric morphism f : X5 — Xy. These divisors are then our exceptional divisors (c.f.
Example 2.7.3), and so correspond to a blowup: we replace the orbifold singularities with a
copy of CP'. The above diagram is clearly related to Example 2.7.13 and we show the full

resolution in the next example.

Example 2.7.19. Recall that we have the fan

where we have suggestively renamed v;1 — vy and v9 — v,. We have shown that this is
a singular space given by Xy = C2/Z,. To remove this singularity, we need to introduce
new vectors so that every cone is generated by a basis of ¢ N N, where N is a 2D lattice.
For vy = (0,1) the only edge that lies within og, that meets this condition is v; = (1,1).
However we then have the cone o1, which gives rise to a singularity if n # 2. However
clearly all we have to do is include vy = (2,n), and then continue this process until we reach

Up—1 = (n —1,1). For n = 3 we get the following subdivided fan
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which gives a smooth toric variety with weight system

zZ0 <1 zZ9 Z3
-2 1 0 (2.128)
0 1 -2 1

This weight system generalises to the general n case, which follows from
Um—1 + Um+1 = (2m, 2) = 2vy,. (2.129)

Each of the new rays gives a blowup and corresponds to a CP!, so we have a total of (n — 1)
CP!s. Indeed we already showed in Example 2.7.3 that the blowup of C?/Zy corresponds to
replacing the origin with a copy of CP!. Here we are just looking at the more general case of
C?/Z,, where a similar calculation to that of Example 2.7.3 can be used to show the blowup

gives rise to (n — 1) exceptional CP!s. Details of this calculation can be found in [49].'" A

2.7.7 Calabi-Yau Condition

Recall condition (iv) in the definition of a Calabi-Yau: it is a K&hler manifold with trivial
canonical bundle. The canonical bundle is the line bundle given by the top-dimensional
exterior power of the cotangent bundle. We then have the following proposition (see, e.g.,
[55]).-

Proposition 2.7.20. Let X be a nonsingular toric variety with {D1, ..., Dg} being the irre-
ducible toric divisors. Then the canonical divisor is given by Dx = — Y . D;. That is the

canonical bundle is given by
Kx=0 (- ZDi> . (2.130)

We therefore have that X is Calabi-Yau iff D ~ 0. This then gives us the following

proposition.

Proposition 2.7.21. Let Xy be a toric variety associated to some fan . Then Xx: is Calabi-

You iff either of the following, equivalent, conditions apply

"The (1,—2,1) weight system gives rise exactly to the "(—2)-curves" discussed in this reference. Indeed
the (1,1) weight system is exactly the weight system of CP', and the —2 weight is the curve.
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(i) All the generating vectors end on the same affine hyperplane in Ng; or
(ii) The weights Q' obey >, Q% =0 for all a.

Proof. (i) We can define a hyperplane in Ng precisely by the condition
Hy = {wi € Nr | <wi,m> = CL} (2.131)

for some fixed m € Mgr and @ € R. So the condition (v;,m) = —1, where v; € (1)

defines a hyperplane in Ng that all the generating vectors end on.

(ii) This follows simply from Y, (v;, m)QL = 0 along with (v;, m) = —1.

Using Proposition 2.7.14 we then get the immediate corollary.

Corollary 2.7.22. A toric Calabi- Yau manifold is non-compact.

2.7.8 Updating The Weight System

So far we have seen that the weight system of a fan encodes a lot of information, however there
is one important piece missing for the construction of a Calabi-Yau: the defining polynomial.
We now work through how to update the weight system to encode this too.

Recall that we write our weight systems as

Z1 Zn
Q1 QY
Q; Qy

Now, to each coordinate z; we have an associated toric divisor D;, and so we can think of the

columns as representing these toric divisors, i.e. we edit the weight system to look like

Z1 Zn
Q.. @
Q; Qy
T T
Dy D,
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Now, recall that the number of linearly independent toric divisors is given by [3(1)| —
dim N. Putting this together with the fact that dim N = (number of columns) — (number
of rows), and the fact that |X(1)| = (number of columns), we immediately conclude that the
number of linearly independent toric divisors is given by the number of rows. We can label

these independent divisors H;, and add them to our weight system as

‘ Al Zn

Hy — Q1 Q7
Hy— | @} QY
) )
Dy D,

Indeed we can write the D;s in terms of the Hjs using the weights, i.e.
g .
D; =Y Q}H;. (2.132)
j=1

Next we note that a hypersurface in our toric variety is given exactly by a divisor, i.e. we
can express the defining polynomial, P, as a divisor. Whatever this divisor is, it can be related
to our Hjs by some given weights p;. We can add this polynomial to our weight system too

as

z1 Zn P
H1 — Q% Q? P1
' (2.133)
Hy— Q% Q? be
T T
D; D,

Finally, we recall that the total Chern class of a hypersurface space, S, in some ambient

space, A, is given by

«(8) = : (2.134)

where P is the defining polynomial. Then, using
n )4
c(A) =] +D;) and c(P)=1+> p;Hj, (2.135)
j=1

i=1
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we can quickly show that if we want a Calabi-Yau hypersurface we require
n -
pj=_ Q5 (2.136)
i=1

2.7.9 Intersection Numbers & Fibration Structure

There are two more important pieces of information that we can understand from the fan of
a toric variety. The first is the intersection number of subvarieties and the second is the idea

of a fibration.

Intersection Numbers

We have shown that each homogeneous coordinate gives rise to a toric divisor, which is a
hypersurface in Xy. We now want to ask the question "do these hypersurfaces intersect each
other, and do they intersect themselves?" The answer to the latter comes from answering the
former and then using Equation (2.127).

So how do we know if two toric divisors intersect each other? With some thought, it is
clear that this happens only when the corresponding vectors form a cone in the fan. The
most intuitive way to see this is probably just the fact that if they generate a cone in X,
then by Lemma 2.7.15 they form a codimension 2 subvariety. This subvariety is formed
exactly as the intersection of the 2 toric divisor hypersurfaces, which follows immediately
from Equation (2.123). From here, we use Equation (2.127) to write the self intersection D?
as D; - (—a;)D; for j #i.

In order to be able to work out the self intersection numbers, we obviously need to know
what the D; - D; with j # ¢ are. In fact the general k-point intersection D; - D; - ... - Dy,
plays an important role for us. Why? Well recall that when we wanted to compute the Euler
characteristic we first found the top Chern class and integrated that over the space. Before
we just quoted the result that, for CP", [ D™ = 1, or if we were considering CP™ ... ® CP"m
that [ DY'...Dim = 1. However we already saw that when you consider weighted projective
spaces you need to be more careful as you get fractional results. So what is going on?

Well D; - Dj is the intersection of the corresponding hyperplanes. So if D; - D; = 0 they
don’t intersect, while if D; - D; = 1 they intersect exactly once. We then generalise this to
the case of n hypersurfaces intersecting. The key point is that if they only intersect once the
resulting intersection space is smooth. So we conclude that D;- D;...- Dy, = 1 if the generating
vectors {v;, vj, ..., v; } form a basis of a lattice, as per Proposition 2.7.17. This is precisely why

we always took f D? =1, ie. CP" is smooth. As Example 2.7.11 shows, weighted projective
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spaces are not smooth (i.e. (v1,v2) do not form a Z basis for o12 N V) and so it follows that
D;-..-D; #1.

Now note that we also have that D; - Dj... - Dy, = 0 if the span of the generating vectors
don’t span a cone in 3. That is, if {v;, v, ..., vx} don’t span a cone in ¥ then, by definition of
the exceptional set, their common zero locus (which is exactly the intersection of the divisors)
is removed from the toric variety Xyx. So the intersection does not contribute to the integral
over Xy, or any subspace, i.e. we require D; - Dj - ...- D = 0.

Fibration Structure

Recalling the fan for the n-th Hirzebruch surface F,:

vy = (0,1)

V1 = (1, 0)

V4 = (0, —1)

vy = (—1,—n)

If we set n = 0 we would get a fan who’s edges look like two perpendicular copies of the
fan for CP! (which has v; = 4+1 and vg = —1). That is, if we were to project the cones of F

horizontially or vertically, we would get copies of the CP! fan.

Fy CP!

CP!

From this perspective we start to see that the fans naturally encode some kind of fibration

structure, i.e. Fy = CP! x CP!.
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A similar argument can be made for F,, for n > 0. The key difference is when we ask
"do the cones of F}, project into cones of CP'?" For F, the answer is yes: each quadrant is
mapped to a half line. However for F,~o the answer is no: if we project the cone given by
(v, v3) horizontally, we are left with the full vertical line, but this is not a cone in CP'. The
vertical projection, though, is fine as all cones project into half horizontal lines and so are
cones in the CP!. This failure of o935 to project into a cone of CP! tells us that Fj,~¢ is a
non-trivial CP! fibration over CP!, with the horizontal CP' being the base space. In other
words the base space of our fibration must self intersect. We summaries this in the following
table.

Edges Project Cones Project )
Contained Manner
Into Edges Into Cones
v v Product (embedding)
v X Twisted (self intersecting inclusion)

The fact that we have a non-trivial fibration can be seen by the fact that the divisors have

non-vanishing self intersection. We have smooth cones generated by {vi,ve} and {vi,v4}, so
Dy-Dy=D;-Dy=1, (2.137)
Then from Equation (2.127), with m = (1,0) and m = (0,1), we have
D1 —D3~0 and Dy —nD3— Dy~ 0. (2.138)
It then follows from D; ~ D3 and the above intersection relations that
Ds-Dy=Ds-Dy = 1. (2.139)

All other non-self intersections vanish, as {v1,v3} and {ve,v4} don’t span cones in X.

From here we get the self intersection numbers
D}=D3=0, Di=n and Dj= -n. (2.140)

The important thing to note is the D; and D3 don’t self intersect: D; and D3 correspond
to setting z; = 0 and z3 = 0 and so we are in the [z2 : z4] line, it then follows from
D? = D§ = 0 that our fibres are given by [z; : 23] = CP!. The fact that Dy and D, self

intersect proportionally to n encodes exactly the non-trivial nature of the CP!-bundle: the
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base space is self intersecting. Note that n = 0 returns that the base space is simply CP! and
we get Fy = CP! x CPL.

2.7.10 Polytopes

We have seen that in order to define a toric Calabi-Yau we need two peices of information
(X,£); ¥ is a fan and L is the line bundle that encodes the defining polynomial. As per
Proposition 2.7.6 there is corresponding a divisor Dz = Y, a;D; for integers a;, where D; are
the divisors corresponding to the ray generators of 3. The first Chern class of £ is then given
by

al(L) = a;D;. (2.141)

i
Using Equation (2.135) we see that the first Chern class of the line bundle is given by
l
al(£) = p;H;. (2.142)

J=1

We then put this together with Equations (2.132) and (2.136) and obtain
ai(£) =Y Di. (2.143)
i

Therefore, in order to get a Calabi-Yau we require a; = 1 for all 4. There is an object in toric

geometry which actually encodes both of these pieces of information together: a polytope.

Definition. |[Polytope| Let Mg be some real vector space of dimension d. Consider some

set of points S C MR. Then we can define a polytope by the convex hull of the set 5, i.e.

A= Conv(8) = { 3 Ami| SN =1, Vmi €S, and A €RT} C Ma.  (2.144)
i i

The dimension of the polytope is equal to the dimension of the smallest affine subspace in

Mg that contains A. We will focus on the cases where Mg = M ®R for some lattice M. We

then call a polytope A C MR a lattice polytope if the vertices of A are lattice points in M.

We call the ordered set AN M = {my,...,my} the characters of M. Lattice polytopes can

always be made top-dimensional, i.e. dim A = dim Mg, simply by appropriately reducing

the dimension of M.

An important object in a polytope are its faces.
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Definition. |Polytope Face| Let (Ng, MR) be a set of dual vector spaces and let A C Mg

be a polytope. Then given a non-zero vector v € Ng and an a € R, we can define
Hyq:={me Mgr|(m,v) =a} and Hj:a = {m € Mg |(m,v) > a}. (2.145)

H,, is clearly a hypersurface in Mg, and H, is the upper half plane associated to this

v,a

hypersurface. We call a subset © C A a face of A if there exists a H, , and H;r ., such that

©=HyaNA, and ACH], (2.146)

We will denote a dimension k face by O,

This definition is intuitively clear: consider some hypersurface in Mg that “touches” A,
and then the intersection of this hypersurface with A is a face of A. We call a face of
codimension-1 a facet, a face of dimension 1 an edge and a face of dimension 0 a vertex. Note
we can think of a polytope as the convex hull of its vertices. We give a pictorial example of

this for a 2D polytope corresponding to a triangle below.

Hv7a
ol

Note that a polytope A is given precisely by the intersection of a finite number of half

planes H,f , , i.e.
l
A=(H,, (2.147)
=1

is a polytope. It then follows from the definition of H,, 4, that the vectors v; are perpendicular
to surfaces H,, o, and point into the intersection, as this is exactly what we need to ensure
that (m,v;) > a; for all m € A. We give a pictorial example for a 2D polytope with ¢ = 4

below.

-
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We now note that for a lattice polytope, in which case dim A = dim Mgr = d, each facet
©9=1 has a unique supporting hyperplane. It follows from this that there is a unquie choice

[d—1] [d-1]

such that vg * is a primitive lattice point in N, which implies that ag — is an integer.

H jo g = {m € Mi | (m, 05 ™") = —ag ™"}, and
T ar [d—1] [d—1] (2.148)
Huy = {m € Mr|(m.vg ") = —ag™")

and our polytope is given by

A= m Hg[dfu ={m e Mg| <m,vg_1]) > —a[@d_”, V facets O~ ¢ A} (2.149)
{ol—1}

The minus sign appearing in the above expressions is included for later convenience.

The polytope can then be used to define two different fans.

Definition. [Fan Over Faces| Let A C Mg be a polytope with vertices {v;}. We can define
the fan over the faces to be the fan who’s generating vectors are given are given by {v;}.

In other words, A C MR is given by the convex hull of the generating vectors of the fan.
We note that this fan is defined in M. We can also construct a fan in Ni as follows.

Definition. [Normal Fan| Let A C Mg be a polytope. To any face © of A, we can associate

a cone

Go = U - (pa — pe), (2.150)
TZO,PAGAJ)@E@

and its dual og C NR, which obeys

(50,00) >0 (2.151)

That is,
oo :={v € Nr|(po,v) < (pa,v), Vpa € A and pg € O}. (2.152)

Again the collection of such dual cones'® for all faces gives us a fan Yo C Ng. The

generating vectors of the fan are given by the vectors normal to the facets of A, and as

such YA is known as the normal fan of A.

An important note is that a k-dimensional face O/ of A is associated to a (n — k)-

dimensional cone in XA, where n is the dimension of ¥ A. In particular the facets in A

181t is customary to consider the full A being a face of itself, and the dual cone oa is then the zero-

dimensional cone.
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correspond to the rays in XA. By an appropriate translation of A, the ray generators of

the normal fan become equal to the lattice points vg_l].

We can then use our polytope
to define not only the normal fan XA, but also the divisor class of a line bundle £ on the
associated toric variety Xy,. That is, we identify the a4 in Equation (2.149) with the q;
in Equation (2.141).

Flipping this on its head: given a fan ¥ C N and line bundle £ obeying Equation (2.141),

we can define a polytope, known as the Newton polytope, as
Ay ={m € Mg |(m,v;) > —a;, Vv; € £(1)}, (2.153)

where ¥(1) denotes the set of all rays in 3. The group of holomorphic sections in £ then has

monomial basis

p(m) = [ ="+, (2.154)

i
where the z; are the homogeneous coordinates associated to the ray generators v;. In particu-
lar, we note that there is a one-to-one correspondence between the characters {m;} € A and
the monomials in £. We note that the holomorphicity of these sections is guarenteed by the
condition (m,v;) > —aj.

The case that is of interest to us is when the hypersurface defines a Calabi-Yau. This
requires the defining polynomial to be a section of the anticanonical bundle of the ambient
toric variety. This sets a; = 1 for all ¢ in Equation (2.141), and so the Newton polytope is
simply defined by

Ay ={m € Mg | (m,v;) > —1, Vv; € £(1)}. (2.155)

The Calabi-Yau is then given by the zero locus of

> ampm) = > am [T &0 (2.156)

meA meA v;€3(1)

where ay,, € C. If A is a lattice polytope (i.e. all its vertices are lattice points on M), then
it follows that the v; are all lattice points on the dual lattice V. Taking their convex hull
defines another polytope A°, known as the polar dual of A. The two lattices obey

(A, A%) > —1. (2.157)

A lattice polytope whose polar dual is also a lattice polytope is called reflexive. It follows

from this, and the fact that (A°)° = A, that (A, A°) are a pair of reflexive polytopes. A
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necessary condition of reflexivity is that the origin is the unique interior point of the polytope.

The faces of A and A° are related to each other by
(el gelr=h=1ly — 1, (2.158)

where n is the dimension of the polytopes. The important thing is that a k-dimensional face
in A is related to a (n — k — 1)-dimensional face in A°.

Of course we could have done this whole construction but now starting with a fan X°
who’s Newton polytope is A°. We would then have that A is given by the convex hull of the
vertices of X°. Indeed in this way we see that the normal fan of one polytope corresponds to
the fan over the faces of the other polytope.

If we now change notation m; — v, then we see our pair of reflexive Newton polytopes

are defined via

Ay ={m € Mr|{(m,v;) > —1,Vy; € £(1)}

(2.159)
(A%)se = {n € Nr[(n,1;) > -1, Vv € 2°(1)},
which define a pair of Calabi-Yaus (X, X"), with defining equations
G(ZZ) = Z (675 H Zi<m7yi>+1
meA v; b
© ) (2.160)

=Y e I &

neA° vrexe(l)

Batyrev Mirror Symmetry

We then have the following result due to Batyrev [9].

Proposition 2.7.23. For a Calabi- Yau 3-fold defined via 4-dimensional reflexive Newton
polytope A, the Hodge numbers are given by

PM (Xaa0) = 0A7) = 5= S0 (0°F) 3T e (e ¢ (el1)

©°l3] (90[2]7@[1]) (2 161)
h2’1(XA7Ao) = E(A) —5— Zﬁ* (@[3]> + Z r* (@[2]) 0* (@o[l]) '
o] (e, ecl1)

where ((...) denotes the number of lattice points of its argument and €*(...) only counts the

lattice points in the relative interior of its argument.

We do not prove this result here but make the following comment. As detailed in Ap-
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pendix B, the middle primitive Hodge numbers for Calabi-Yaus defined inside projective

spaces are related to polynomails of set degree. In particular for a 3-fold, h%rlim = h>lis

given by the number of monomials of the same degree as the defining polynomial, minus the

number of terms in the Jacobi ideal. The formula for h*! above can be equally understood:

e /(A) corresponds exactly to the total number of monomials with the same degree as the

defining polynomial.

o (1+4)+> g (@[3]) corresponds to the C* scaling (the 1) as well as the automoprhism

group of the toric varieity.'”

o 2(9[2]790[1])5* (@[2])6* (@om) counts the non-primitive forms, that is it is the non-

polynomial deformations.

Corollary 2.7.24. The two Calabi-Yaus above form a mirror pair, and we use notation

Xa,ne and Xpo A to denote the pair.
Proof. This follows simply from Proposition 2.7.23 and swapping A <> A°. |

This gives us an incredibly powerful method for constructing Calabi-Yau 3-folds and their

mirror:

(i) Take a fan ¥ corresponding to whatever ambient space we want.
(ii) Form the Newton polytope Ay along with its dual polytope A°.?
(iii) Consider A° — (A°)spo, i.e. interpret A° as the Newton polytope of another fan ¥°.

(iv) The pair of Newton polytopes gives a pair of Calabi-Yau hypersurfaces (X, X), which

are mirror to each other.

Ezample 2.7.25. As an important example, we look at the quintic hypersurface Q C CP* and

find it’s mirror. We start with the fan of CP?, which has weight system

Z0 <1 k2 23 Z4

2.162
1 1 1 1 1 ( )

9The automorphism group of a toric variety X has dimension rank(N) + dim R, where R is the set of
Demazure roots, and corresponds exactly to the number of lattice points in the interior of the facets, here
OB, See [56] for more details.

29We have to ensure that our polytopes are reflexive. Therefore if we end up in a situation where either are
not, we simply go back and pick a different fan.
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The generating vectors are

) -1 -1 -1 -1
21 1 0 0 0
v|l=]10 1 0 0 (2.163)
V3 0o o0 1 0
vy 0o 0o o0 1

The Newton polytope is then given by the convex hull of the vectors
vy -1 -1 -1 -1
v 4 -1 -1 -1
ul=-1 4 -1 -1 (2.164)
vy -1 -1 4 -1
v ~1 -1 -1 4

Our dual polytope A° is given by the convex hull of (v, .., v4).

Using
((A) =125, (A°) =6, *(OF)=19, and ¢*(©°l) =0 (2.165)

for i = 3,2,1 we obtain (h'1(Q), h*1(Q)) = (1, 101).
Finally we want to compute the toric variety associated to 3°. This has generating vectors

(v5, .-, ;). The exceptional set is again just the origin. Our quotient map is then given as

to
. o tity 654
1 —1,—1,4,-1,—1
to ty totat
) 0 b1 lalz ly
o: | ts| — Lo oyt (2.166)
. 0 b1l T3ty
3
o 'ty g ]
4
The kernel of this map is given by
5
t7=1 and JJti=1. (2.167)
i=1

In total this gives that the mirror quintic is given by a degree 5 polynomial in CP*/ Zg . The
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monomial basis is then given by

() = [T, (2.165)

Z0, 28, 25, 25, 23, and 2021292324 (2.169)

We note that there is only one additional monomial compared to the Fermat terms z?. This

corresponds exactly to the fact that h>!(QY) = 1. A

2.7.11 Maximally Projective Crepant Partial (MPCP) Desingularisation

In the above we have skipped over an important detail: a priori we are not guaranteed that
our fans do not contain singularities, and that these singularities don’t hit our Calabi-Yau
hypersurface. Indeed for a fan 3 constructed over the faces of a polytope A, we are not
guaranteed that such a fan is even simplical: the toric variety contains bad (i.e. non-orbifold)
singularities, as per Proposition 2.7.18. These bad singularities could be inherited into the
Calabi-Yau and result in a singular space, which we do not want. Luckily, we have the

following theorem for reflexive polytopes [9].

Theorem 2.7.26. Let X be a toric variety associated to a reflexive polytope A. Then X
admits at least one partial desingularisation (called a mazximal projective crepant partial desin-

gularisation in [9]) defined by a triangulation of A.

The key thing is that this desingularisation is only partial, in general. However, it can be
shown that if dim A < 4, then this desingularisation is a legitimate resolution and the toric
variety is smooth. In particular, this means any Calabi-Yau defined as a hypersurface inside
a toric variety stemming from a polytope with dimension 4 or less is smooth. This is the
case for all Calabi-Yau 3-folds, and so we are guaranteed a smooth result. The X and XV

appearing in Proposition 2.7.23 refer to the smooth Calabi-Yaus.
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3 Calabi-Yau: Conformal Field The-

ory

In this chapter we will review the relevant material on the superconformal field theory (SCFT)
realisations of Calabi-Yau manifolds. It has been shown that the existence of NV = 1 spacetime
supersymmetry in heterotic compactifications actually requires the existence of N' = (0,2)
SUSY on the worldsheet [57, 58|. As mentioned before, we are more interested in compactifi-
cations of Type II strings, where the left and right SUSYs are equal, so we require a N = (2, 2)
field theory in (1 + 1)-dimensions. We therefore start with a review of some of the basic con-
cepts and set notations of N' = (2,2) SCFTs. More detailed reviews can be found in [13,
59].

We then move towards nonlinear sigma models and SCFTs with Calabi-Yau target space.
Here we will see that the states of the SCFT are deeply related to the cohomology of the
Calabi-Yau. We then introduce mirror symmetry as an automorphism of the SCFT algebra,
and relate it back to the result of the previous chapter.

Next we introduce the gauged linear sigma model and how it is related to the nonlinear
sigma model of our Calabi-Yau. This leads to a discussion of the Landau-Ginzburg/Calabi-
Yau correspondence, and establishes a link to the construction of Calabi-Yaus as hypersurfaces
in complex projective spaces. We then meet the important construction of Gepner models
and work through a few important examples.

Finally we study mirror symmetry in these models and review the construction of Hori &

Vafa [13], and show how it is related to the Batyrev construction presented in the last chapter.

3.1 N =2SCFTs

We have N' = 2 SUSY for both the left and right moving sectors, but for now we will just
focus on one side, and assume the other is understood implicitly. We will return to how the

left and right quantum numbers are related later.
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The N = 2 Virasoro algebra contains four generators: the energy-momentum tensor, two
supersymmetry currents and a U(1) current (T,G°,G3,.J), respectively. It is common to
work with GF = %(GO +iG3) instead of G? and G2, as these have definite charge under the
R-symmetry of J, and we do so here. It can be shown [60] that the U(1) current and one
of the supersymmetry currents stem from the Kéhler form in the geometry.! The algebra is
defined via the mode relations

c
[Lan, Ln] = (m = 1) Ly + E(mg — )0m4n,0
[Lm7 Jn] = _nJm+n

C
[Jma Jn] = §m5m+n,0
m
[Lin, G77] = (2 - 7“) Grtr (3.1)
[Jma Gri] - iGi-H«

1
{G;!_, Gs_} = 2Lr+5 + (T‘ - S)Jr+5 -+ §<r2 — 4>67‘+8,0

{G;tv G;t} =0,

where c¢ is the Virasoro central charge. The indices on the supersymmetry operators dictate
whether we are in the Neveu-Schwarz (NS) or Ramond (R) sector, with r, s € Z being R and
r,seZ+ % being NS.

We have two copies of this algebra, a left- and right-moving sector. We will use notation
where unbarred objects correspond to the left-moving algebra and barred objects correspond

to the right-moving sector.

3.1.1 Chiral & Antichiral States

An important thing to note at this point is that Ly and Jy commute, and so they can be
simultaneously diagonalised. In this way, states in our Hilbert space actually have two labels

|h, q), where h is the conformal weight while ¢ denotes the Jy charge, that is

!The general statement is that the existence of a covariantly constant p-form on the target manifold gives
rise to conformal dimension § and pT'H currents in the algebra, the latter being the superpartner of the former.
Here the Kihler form is a 2-form and so gives rise to a dimension 1 and dimension 2 current, which are the

2
J and G2, respectively.
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Then, using our anticommutation relation above, we see that for a general state in our N' = 2

SCFT Hilbert space, we have (assuming unitarity)
0 < (h,al{G}5:GT, o} |h, @) = (hyal (2Lo £ Jo) |k, q) , (3.3)

which gives us the relation
1
h= Sl (3.4)

Definition. [Superprimary States| Given a N' = 2 SCFT, a state |h, q) is a superprimary
if it obeys
Lnlh,q) = Ju|hyq) = GE |hyg) =0 Vn,r > 0. (3.5)

Definition. [Chiral State| In the Neveu-Schwarz sector of an N = 2 SCFT, a state |h, ¢)
is called left-chiral if it obeys
GJ_rl/Q |h’Q> =0. (36)

Similarly it is called left-anti-chiral if

G:l/z |h,q) = 0. (3.7)

We similarly define a right-(anti-)chiral state by replacing Gfl /2 with éi /2-

Proposition 3.1.1. A state |h,q) in a unitary N' =2 SCFT has h = 4 if, and only if, it is

a chiral primary field. Similarly if h = — it is an anti-chiral primary.

Proof. Given a chiral primary, following the steps leading to Equation (3.4), we get the result
h = %1 easily.

Now assume that we have a state |h,q) = |%, q>. Now we compute

2

_ — 2
O = <h’a Q‘ {Gil/ga G+1/2} |h7 Q> = ’G+1/2 |h7 (:7> ’ + ‘GJ_rl/Q |h7q> ) (38)

where we have used the fact that the result vanishes, as per the derivation of Equation (3.4),
along with (th/z)Jr = G_T_l/z.
so each term on the right must vanish independently, which, in particular, gives us the chiral

condition GJ_rl/2 |h,q) = 0.

So if we are in a unitary theory, we have positive norms, and

We also have the first step of the primary condition, Gjrl /2 |h,q) = 0. To prove the rest,
ie. G;—1/2 |h,q) =0 n > 0, we show that if such a state didn’t vanish, then it would violate

the general condition Equation (3.4): using the commutation relations, we start by noting
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that

and so J, !%, q> = 0 for all n > 0, as otherwise we violate our condition h > ‘%l. Then we
finally note that
[Jn, G 1/2] |h,q) = Gz_l/g lq,n), (3.10)
but the left-hand side vanishes for our state ’%, q>, so we have a primary field.
The anti-chiral result follows along analogous lines. |

Corollary 3.1.2. The conditions G+1/2 |h,q) = |h,q) = 0 are sufficient to prove that

1/2
|h, q) is a chiral primary. Similarly G+1/2 |h,q) = G—1/2 |h,q) = 0 gives an anti-chiral pri-

mary.

Proof. This follows simply from the fact that these conditions impose h = %l, and so by the

above proposition, we have a (anti-)chiral primary. |

Proposition 3.1.3. A chiral primary field in a N = 2 SCFT must have conformal weight
h < §. In particular the bound h = § is satisfied if, and only if, Gfg/Q |h,q) = 0. A similar
— G~

result holds for anti-chiral primaries wzth Gt

-3/2 —3/2
Proof. This follows simply by computing
<h q| {G+3/27 +3/2} |h‘ Q> (311)
as the left-hand side gives
2 2
2h—3q—|—§c:—4h+§c, (3.12)

where we have used ¢ = 2h for a chiral primary. Again the equality is satisfied only when
3 /2 |h,q) = 0. u

We will see shortly that there is actually a unique chiral primary state that saturates the
bound h = £, an important consequence of this is that when we have a non-degenerate theory
(so the Ly spectrum is discrete) there are only a finite number of chiral primary operators.

There is also a unique antichiral primary state with h = .
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Chiral Ring

The fields associated to chiral states play an important role. Consider the OPE between two

chiral fields:

6i(2)03(w) = 3 Cly— il;f(i)hjhk (3.13)
k

for general fields ®x(w). Now, we impose the conservation of our U(1) charge, i.e. of the ¢

values: ¢; + ¢; = qi. Then, using Equation (3.4), which holds for a general field, we have

hy > %’“ - @ = hi + hj, (3.14)

where we have used that ¢; and ¢; are chiral primaries. However, if h > h; + h;, then the
OPE only contains positive powers of (z — w), so in the limit z — w, the right-hand side
vanishes. The exception is precisely when hy = h; + h; = %4, but this makes ®; a chiral
primary, as per Proposition 3.1.1. This allows us to define a closed product between chiral
primaries as

(01 - ¢j)(w) := lim ¢i(2)p;(w) = > Clipr(w). (3.15)

k

This product turns the set of chiral primaries into a ring,” known as the chiral ring. Obviously
the same story follows for the anti-chiral ring, and equally for the right-(anti-)chiral rings.
So in total a N = (2,2) SCFT has four chiral rings. We shall denote these four chiral rings
by Rc,e)s Rie,a)s Ra,e)» R(a,a), Where c/a stand for chiral/antichiral. Note also that (c,c) and
(a,a) are conjugate to each other, as are (¢,a) and (a,c), and so we actually only have two
independant chiral rings, say R, and R, ). We will denote the union of these two rings

as R = 9%(575) U 9%(%6).

3.1.2 Spectral Flow

The N = 2 algebra contains an incredibly important property, known as spectral flow. We

now show where this comes from and explain it’s significance.

Proposition 3.1.4. The N = 2 superVirasoro algebra contains a continuous automorphism

2Note it really is a ring and not a group, as a chiral primary with h # 0 does not have an inverse, as this
would require h < 0 for some fields, but this is not allowed in a unitary theory.
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given by

2
Ly — L?L =L, + an + %6571,0
Ju = TL = Ju + Jebug (3.16)
GF = (G = Gr,

or continuous parameter n. The important case is when n € Z + L, as this provides a ma
p 7 P 7 5 p P

between Ramond and Neveu-Schwarz sectors.

Proof. This follows by simply checking that (L, s fo) satisfy the algebra mode relations.

The details are tedious and so are omitted. [ |

As Equation (3.16) deforms the generators of our SCFT, it necessarily deforms the Hilbert
space. In other words, 1 parameterises a flow of the spectrum of our SCF'T, hence the name
spectral flow. We should note that the terminology twist is also used to describe this process.
More concretely, denoting the starting Hilbert space by Hy and the resulting Hilbert space
by H,, we define a unitary operator U, : Ho — H, via

L, =UpLnUl,  Jh=UpJnUl, and  |oy) = Uy|9). (3.17)

This allow us to see that we really do have an automorphism on our theory quite easily:

consider a state |¢) = |h,¢) in our original theory, then
Lg ‘(ﬁn) = UnLOUJUn ‘(ﬁ) = UyLo W) =h ‘¢n> ) (3-18>

and similarly J |¢y,) = q|¢y), and so the physical results, the conformal weight and Jy charge,
are invariant. We are therefore dealing with the same theory, just in a different labelling. In
fact, we could have defined our superVirasoro algebra to include a parameter 7 in it to start
of with and built the theory up from there.

What we are more interested in, though, is how the conformal weight and Jy charge

change. That is, we want to calculate the actions®

Lo|¢n) = hyl¢y) and  Jol|py) = an |én) (3.19)

3We might question acting on the states |¢,) with the "non-n" operators Lo and Jo. That is, Lo and Jo
are defined to act on our original Hilbert space, Ho, and although #H, = Ho, that does not mean that Lo and
Jo should be able to act on #H,. The fact that we can do this is related to how 7 effects the modes of our
operators. A nice short discussion of this can be found on pages 45 & 46 of [61].
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and compare h;/q, to h/q. This is easily done:

2 2
L3160) = (Lo +wn+ ) 163 = (n-+ 10, + e 16 (3.20)
and, similarly,
R16) = (an+ e ) 162). (3:21)
allowing us to conclude
2
(h,q) — (h —ng+ %c, q— gC) (3.22)

where c is the central charge and n € R.
As we already said, the case of most interest is n = +1/2 as this provides a map between

NS and R. The important case to consider is the flow of a chiral primary state:

n=5

q0
h:—,>
)0 QqONS

c c

and we note that the conformal weight in the Ramond sector is completely independent of

which Neveu-Schwarz chiral primary we start from: it is always h1 = 53. In this way we see
2

this Ramond state is degenerate, as it can have multiple Jy charges. Further to this, we claim

that these Ramond states are, in fact, the ground states. This is shown as follows: consider

a general Ramond state |h, q) 5, and compute

0< |G |ha)g ‘2

= R <h7 q| GaG(T |h7 Q>R

c -
=2h— = — |Gq Ih.a)g |

where we have made use of our algebra relations. Finally we use that G|, |h,q) , = 0 is possible

c

to note that the smallest h value we can have is h = o7,

and so these must be our ground
states, i.e. annihilated by all lowering operators. This gives us the Ramond sector condition
h > 57, which is just the equivalent of Proposition 3.1.3, which holds in the Neveu-Schwarz
sector.

What we have just shown is that there is a one-to-one correspondence between chiral
primaries and Ramond ground states. As there is a finite number of the latter in a non-
degenerate theory, we have just provided an alternative proof that we only have a finite
number of chiral primaries.

We can similarly consider setting n = 1, which provides a flow from NS to NS. For a chiral
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primary this acts as

q0 n=1 q1 c
ho =2 > | ‘h =4 = _7> : 3.25
‘ 0 2 % NS ! 2 =9 3/ NS ( )

where we note that we obtain a antichiral primary on the right-hand side. Note that the
vacuum |0, 0) is both a chiral and anti-chiral primary, while the flowed to state is only antichiral
with ¢ = —%. By similar calculation, if we set 7 = —1 then we will obtain a chiral primary
with maximal conformal weight and ¢ = +%. As the Neveu-Schwarz vacuum |0, 0) is unique,
we have just shown that there is a unique chiral primary operator with maximal conformal

weight, which we claimed earlier was true.

ha h ha

alo

A\ %

)

[

-

®

o k-0

q

Qv
|

Neveu-Schwarz Ramond Neveu-Schwarz

Figure 3.1: Depiction of the spectral flow of chiral primary states. The initial

Neveu-Schwarz chiral primaries (left) flow under n = % to Ramond states with

h = £ (middle). Upon a furthern =1 (son =1 from the initial states) takes us

back to the NS sector (right) where now all our states are anti-chiral. The colours
on the circles are meant to depict how individual states flow.

3.1.3 Minimal Models

The simplest class of N/ = 2 SCFTs are the A/ = 2 minimal models. These are rational
conformal field theories and so contain a finite number of primary fields. They are uniquely

defined by their central charge
3k

=iy
where k is an integer known as the level. Note that 0 < ¢ < 3. We will denote the level k

(3.26)

minimal model as M M. The superconformal primaries in M M}, are given by a triple (I, m, s)
where

0<I<k, s~s+4 and m~m+2(k+2). (3.27)
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We identify s = 0,2 as the NS states while s = 41 are the R states. The conformal weights
and U(1) charges are given by
I I(14+2)—m? 2 m s

ploo=2 T 0 4 and gl = ——— + 2 2

Note that the chiral and antichiral conditions are given by (I,m,s) = (I, Fl,0), respectively.
Spectral flow maps (I,m,s) — (I,m — 1,s — 1), and so our R ground states are given by

(lm,s) = (I,F1 —1,—1) (see [59] for a nice review).

3.2 N=2 SCFTs with Calabi-Yau target

So far we have discussed N’ = 2 SCFTs in general. We now want to specialise to the worldsheet
of Type II strings compactified on a Calabi-Yau manifold, which is described by a nonlinear
sigma model (NLSM) in 2D.

3.2.1 Nonlinear Sigma Model

A NLSM is a scalar field theory, in which the fields are identified with the coordinates of the
spacetime manifold. For string theory purposes, we focus on NLSMs in 2D. We promote the
whole construction to a supersymmetric theory and look to obtain a SCFT. We usually talk
about a NLSM on a target manifold M.

The NLSM on a Calabi-Yau manifold is, in particular, a NLSM on a Kéhler manifold. We
have already seen that Kahler implies N’ = (2,2) on the worldsheet, and so this NLSM is a
N = (2,2) field theory in (14 1)-dimensions. Just as with A" =1 in (3+ 1)-dimensions, there

is a notion of chiral and antichiral superfields, i.e. fields which obey, respectively,
Dy®=0 and D,® =0, (3.29)

for supercovariant derivatives D and D. Chiral and antichiral superfields are related by
complex conjugation. We label the two coordinates via &, a = +.

The Lagrangian (density) for the NLSM on a Ké&hler manifold is given by the D-term
Lyin = / d*OK (D;, ;). (3.30)
K(®;,®;) is a real function of chiral and antichiral superfields, and defines the Kéhler metric

via

9i; = 0:0;K (D;, ;). (3.31)
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2D field theories with A/ = (2,2) contain two U(1) R-symmetries: U(1)y and U(1)4,
where V stands for vector and A for axial.* In what follows we shall often work in a different
charge basis, defined by

Ul)y +U(1)a

U(l)L: 9 and U(l)R:

U)y —U(1)a
5 :

(3.32)

where L/R stands for left /right, respectively. If our NLSM is superconformal, the U(1)z and
U(1)g are generated by J and .J, respectively.

For these to be symmetries of our theory, we need to show that the action is invariant
under their action. It is easy to show that the kinetic term is invariant provided K (®;, ®;)
has (qy,q4) = (0,0). We note that if K(®;, ®;) = K(|®;|?), then we can assign any charges
to the individual chiral superfields (the antichiral superfields then have opposite charge).

However this only guarantees classical invariance and we need to check for the existence
of anomalies. It can be shown [42] that U(1)y is not anomalous but that U(1)4 can be,
depending on the value of the first Chern class of the target manifold M. In particular it can

be shown that U(1)4 is broken to Zg, where

k= (c1(M), e[Zws]), (3.33)

where ¢ : Yyg — M is a map from the worldsheet to the target spacetime, and [Zyg] is
the homology class. From here we have that U(1)4 is anomaly free when ¢;(M) =0, i.e. it
is a Calabi-Yau. In fact it turns out that U(1)4 is anomaly free if, and only if, the target
spacetime is Calabi-Yau. Putting this together with the fact that a A" = (2, 2) superconformal
field theory requires both U(1)y and U(1) 4 to be non-anomalous, we see that the NLSM with
Calabi-Yau target is expected to flow to a N' = (2,2) SCFT.

3.2.2 Ramond Ground States

For a general quantum field theory, the Witten index at inverse temperature g is a modified

partition function:
Tr [(—1)Fe 4], (3.34)

where F' is the fermion number operator, H is the Hamiltonian of the system and the trace
is taken over the Hilbert space of states. For supersymmetric theories we have that every

non-zero eigenvalue of H (i.e. non-zero energy) contains an equal number of fermions and

Tt turns out that a N = (2,2) theory in (1 + 1) dimensions can be obtained by the dimensional reduction
of N'=1SUSY in (3+1)-dimensions. The U(1)y is the R-symmetry of the 4D theory and U(1)a corresponds
to rotations in the compactified directions.
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bosons and so give vanishing contributions. In this case, the Witten index simply becomes
F
x = Tr(-1)". (3.35)

This was evaluated in [62] for a N/ = 1 supersymmetric NLSM, and we briefly summarise the
result here.

The Witten index only receives contributions from the R ground states, as these are the
zero-energy eigenvalues. So, after ignoring modes with non-zero momentum, we are left with a
supersymmetric quantum mechanics problem with a finite number of degrees of freedom. Our
Majorana fermions, in the convienent basis, take the form (1), 4*)”, with the two components

related by complex conjugation. These components satisfy the Clifford algebra relations

{Yi, 5} ={Yi¢;} =0 and  {¢s, 9]} = gij, (3.36)

where g;; are the components of the metric. We therefore identify 17 and ); as the ith
creation and annihilation operators, respectively. The Hilbert space of states here is rather
straight forward to compute. We start by considering all states that are annihilated by the ;s.
The wavefunction of a state is just an arbitrary function of the bosonic fields in our theory,
which we denote by A(¢¥). We can now excite these states with our creation operators, to
generate wavefunctions Aij_._g(gbk). Due to the fermionic nature of these creation operators,
we must make sure we antisymmetrise the fermionic indices. From here it is easy to make the
connection between these states and the differential forms of the manifold: simply identify
Y¥ with wedging by dz’ and v; by removing the form. This gives us the important result:
there is a one-to-one correspondence between Ramond ground states and differential forms.
We clarify at this point that really all we can say is that there is the same number of R ground
states as there are differential forms, the fact that we have been able to pair them so nicely
here is an artifact of our choice of basis.

In our basis, the supersymmetry charges take the neat form

Q=iY Wipi and Q" =—i) ips, (3.37)

where p; is the covariant derivative for the boson associated to the fermion. We then see that
(@ adds a fermion index to our state while Q* removes an index.
By then considering the action of () on a generic wavefunction, Aij,.,g(¢k), we can show

that @ effectively acts as the exterior derivative on the differential forms. Equally Q* acts as
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the adjoint operator d*. The Hamiltonian in our SUSY theory is given simply by
H=QQ"+Q"Q = dd* + d*d, (3.38)

and so we see ground states, i.e. those that contribute to the Witten index, are related
to harmonic forms on the manifold. Finally, (—1)¥ is +1 for an even number of fermion

excitations and —1 for an odd number, we arrive at the result

dim M
Tr(-1)" = Y (=1)Ph, = x, (3.39)
p=1
where b, is the b-th Betti number of M. Here x is the Euler characteristic of the target

manifold, and so motivates the notational choice of x in Equation (3.35).

3.2.3 Chiral Rings

It is important to note that, at this level, we cannot identify individual Betti numbers of our
supersymmetric sigma model: all we can say is that there is the same number of Ramond
ground states as there are harmonic forms. If we are to introduce more structure to our target
space, then it is possible to obtain further information and potentially get further topological
relationships. We now look at how this happens for Calabi-Yau targets.

We now want to take the above discussion and look at it in situations where we have (2, 2)
SUSY. The key thing here is that we have access to spectral flow, which allows us to map our
R ground states to states in the NS sector. We will restrict the discussion to theories which
satisfy the relation

qr. —qr € Z. (3.40)

As we will see, every state in our Calabi-Yau theory will actually already obey this condition,
and so does not limit the results.

The condition for a R state to be a ground state, and so to contribute to the Witten
index, is that it is annihilated by both G(j)t. This condition is mapped under spectral flow to
the states being chiral or antichiral. In other words, spectral flow maps our R ground states
to elements of our ring $R. As the former are related to the differential forms of M, we also
obtain a relationship between R and the forms. Using the fact that spectral flow from R to
NS changes the charges by —c/6, we obtain the following [5]

Trp [tjofjo]

|~ =g = (t) 7/ Tag [t70]. (3.41)
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We note that it makes sense to include Jy/ Jo in this trace: the trace is meant to be over
Ramond ground states, which have zero eigenvalue with the Hamiltonian. It follows from the
fact that both Jy and Jy commute with the Hamiltonian, that we can include these into the
argument of the trace without changing this condition.
From here we define
Py(t,f) := Tros [t707], (3.42)

which was called the Poincaré polynomial for the CFT in [5]. If we denote the number of
states with charges (p,q) by h?9, we can write the Poincaré polynomial of the CFT as the

suin

Py(t,t) =Y hPourp, (3.43)
p,q

We can equate this with the Poincaré polynomial of the target manifold M:
dim M

P(t,t)= Y hdimMopagprp, (3.44)
p,q=0

where A" are the Hodge numbers of M. We then have the immediate Corollary.

Corollary 3.2.1. There is the same number of states of charge (p,q) in our ring R as

there are (dim M — p, q)-forms on M.?

This result is clearly related to the result of the previous section, however we now note
that we can look at individual Hodge numbers. The fact that we can do this is related directly
to the fact that our algebra has two U(1) charges (i.e. two generators Jy and Jp). It is crucial
that we have both of these charges. Indeed it can be shown for a theory with only U(1)y (i.e.
a Kéhler target) that we would only be able to compute the Hodge numbers h?”? up to a set
value of p — ¢q. The existence of the U(1)4 symmetry allows us to compute Hodge numbers
up to set value of p+ g — dim M, and so it is the combination of these two that allowed us to
get the above result. This observation leads to the following important result: we can only

determine the Hodge numbers of the target space up to the ambiguity
hPa s pAimM=pa, (3.45)

This is exactly the requirement of mirror symmetry we met before! This shows us that there
is an intimate relationship between the charges of the states and the mirror map, which we

will see more clearly going forward.

"We have changed convention compared to [5], which identifies (p, q) charge with (p, ¢)-forms. This relation
is given a redefinition of {. We pick this convention for later convenience.
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Of course in order to obtain Corollary 3.2.1, we have also used spectral flow to map the R
ground states to elements in SR. As explained above, we actually have two independent rings
in general R, ) and R, ). We can therefore define two such Poincaré polynomials, one for

each ring:
P o(t,t):=T ¢Jogo d P t,t):=T ¢ogTo 3.46
(co)(t: 1) : TR0 [ ] an (a,0) (1) : TR (a.0) [ ] (3.46)

States in R() necessarily have the same sign for the left and right charges, while states in

R (q,c) have charges with different signs.

3.2.4 Odake Algbera

The above discussion holds for any AN/ = (2,2) NLSM. Here we want to specialise to the case
where our target manifold is a Calabi-Yau. Firstly, we note that, by central charge arguments,
the CFT for our Calabi-Yau must have ¢ = 9: each spacetime dimension contributes 3/2 to
the central charge, so we have a total of ¢ = 15 but the 4-dimensional spacetime takes up
csT = 6 of these.

As a Calabi-Yau is, in particular, a Kéhler manifold, the N’ = (2,2) SCFT is a good
starting point: the U(1) current gives us the Kéahler form. However, it is not sufficient: we
still need the holomorphic (3,0)-form, which we denote 2. We account for  in the CFT by
extending the N' = 2 Virasoro by a field with quantum numbers (h, ¢)ns = (3/2,3), where
the subscript indicates that the field lives in the NS sector. The resulting algebra is called an
Odake algebra, and was first written down in [63], and it has the correct central charge. We
denote the field in our SCFT also by 2. It is a complex field, and we write its decomposition
as

Q=A+iB (3.47)

The complex conjugate of this field (which is the (0, 3)-form) is denoted Q* = A —iB, and it
has (h,q)ns = (3/2,—3). Note that the uniqueness of 2 and Q* in the SCFT follows from
the fact that they are chiral/antichiral primaries that saturate the bound h < &. This is the
statement that h3° = p03 = 1.

The superpartner of € field is denoted Y and is decomposed as T = %(C +iD), such that
(A,C) and (B, D) are superpartner pairs. So, in total, the generators of our Odake algebra
are (T,G°,J,G3, A, B,C, D). The OPEs of these generators can be found in [29, 34]. We

note here that associativity of the algebra only holds modulo an ideal generated by [64] (see

SA generic Odake algebra corresponds to an extension of the A/ = 2 Virasoro algebra by a (n/2,n) field,
and the central charge is ¢ = 3n. Here we are just considering n = 3 as this is the relevant value for 3-folds.
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also [29, 34])
N'=0A—(JB) and N?=0B + (JA), (3.48)

where (...) stands for normal ordering.

As detailed in the original paper, these theories only admit a finite number of irreducible,
unitary highest weight representations. The key thing for us will be the allowed massless reps,
of which there are three for NS and three for R. As mentioned before, these representations
are linked by spectral flow so that we only need to consider one set. The allowed values in

the NS sector are’

(h,q)ns = (3/2,-3), (1/2,1), (1/2,—1) and (3/2,3) (3.49)
which have corresponding R values
(h,q)r = (3/8,3/2), (3/8,-1/2), (3/8,1/2) and (3/8,—3/2), (3.50)

respectively. We note at this point that every R ground state has h = 3/8, and so the R
ground states are specified simply by their g values. This result is consistent with a general
result for superconformal field theories that the conformal weight of Ramond ground states is
d/16, where d is the number of Ramond Fermions (i.e. the dimension of the target spacetime).

Here we have only written down the quantum numbers for one side (say the left side) of
our SCFT. The discussion is completely identical for the right hand side, and a general state
is given by a product of two of the above states. As we will see, all the models we consider

actually have q;, = +qr. This restriction gives us an important proposition.

Proposition 3.2.2. The (c,c) ring corresponds to the middle cohomology while the (¢, a) ring
8

gives the diagonal forms.
Proof. For our Odake algebra, we have that qr g € {0,1,2,3}.% So, if ¢, = qr = ¢ then
(¢,9) = a € h®~9, (3.51)

i.e. there is a degree (3 — ¢, ¢) form, as per Corollary 3.2.1. Similarly if g, = —gr = ¢, then

=1 .
(a:—q) = (¢,3—q) = Ben* >, (3.52)

"The (3/2,+3) states are actually related to a single state, (0,0), by spectral flow with n = +1. However,
for future simplicity we treat them as their own fields here.

8By diagonal form, we simply mean an element in h?? for 0 < p < dimc M.

9The 0, 2 cases are obtained by spectral flow of the —3, —1 cases, respectively.
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where we have used spectral flow in order to ensure our differential form has positive degree.
|

Corollary 3.2.3. An important consequence of Proposition 5.2.2 is that we require both R, .
and Rq ) to be non-trivial in our theory, as otherwise some of the required Hodge numbers

would vanish.

We finally note that we can also relate the Hodge numbers to the charges in the R sector,
by spectral flow. We simply use Equation (3.22) with n = +1/2 and ¢ = 9 so that gng —
qr = qNs F % From here we can say that to every state with charges (qr,qr)r there is a

(m,n)-form, where these numbers obey

(ar.qr)R = (2 —m,n — 2) (3.53)

We emphasise here that we can only equate the number of these things. That is, if V,; 4,

denotes the vector space of states with charges (qr,qr)r, then

dim (Vs_,, ,,_3) = h™". (3.54)

It is generally true that a differential form can be represented by some state in the CFT,

however we are not guaranteed that such a state will have definite charge.

3.2.5 Mirror Symmetry

An N = 2 sigma-model with Calabi-Yau target has the following automorphism
Mecy : (T,G°,J,G3,A,B,C,D) — (T,G°, —J,—G*, A, —B,C, —D). (3.55)

Note, in particular, that it flips the sign of any state, ¢ — —q. We are dealing with two copies
of the algebra, and we have seen that the charges of the states are related to the degrees of
the forms on the target manifold. In this context, mirror symmetry is understood as applying
Equation (3.55) to one side, say the right side: (qr,qr) — (qr, —qr). Note that this maps
an element in (¢, c¢) to an element of (a,c), and vice versa. From our relation to differential
forms, this recovers the well known hP4 — hP374.

Mirror symmetry thus suggests that two Calabi-Yau manifolds that have widely different
geometry are actually deeply connected and give rise to the same SCFT (up to isomorphism).
Indeed it is a well known fact that we can obtain the same SUSY multiplets in 4D from either

compactifying ITA string theory on one Calabi-Yau or IIB on the mirror Calabi-Yau.
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Although the argument to this point is promising, it is not entirely convincing, and in
order to really appreciate the connection between mirror theories, we need to go to a more

concrete construction.

3.3 Sigma Models

As explained at the beginning of the last section, the SCFT is linked to the spacetime geometry
through the NLSM. The NLSM identifies the fields with coordinates on the target spacetime.
This is done patch by patch, and so this construction is manifestly non-global. As we saw,
the construction only defined the Calabi-Yau as a Kéhler manifold with vanishing first Chern
class. Such a definition is very precise, but it doesn’t lend itself well to explicit constructions
of Calabi-Yaus. A more practically useful geometrical construction is that of a hypersurface
in some toric space (e.g. a weighted projective space). We can address both of these issues
by looking at the 2D N = (2,2) theories in more detail, in particular at gauged linear sigma
models (GLSM). Our discussion will largely follow |20, 42].

3.3.1 Gauged Linear Sigma Model

A GLSM is a N = (2,2) field theory, written in superspace, with a collection of n chiral

10

superfields {®;} along with a U(1) gauge group."” We introduce a vector superfield V'

V +i(A — A), where A is a chiral superfield that labels the U(1) action.
The Lagrangian of the GLSM contains four pieces:

L= Ekin + EW + »Cgauge + EFI,G- (356)

which are given by

[’kin = /d49 Z ‘i)i€2QiV<I>Z’

Lw = [ &0W(®;) + c.c.
v / () (3.57)

1 _
Egauge == —262/614922

1 _
Lrrp= 3 ( — /d9d0+t2 + c.c.>.

where W (®;) is the superpotential, e is the gauge coupling constant and ¢t = r — 6. Here r

is the FI parameter and # the theta angle. The gauge field ¥ is the field strength and is an

10The generalisation to U(1)* is straight forward.
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example of a twisted chiral superfield, i.e. a field which obeys Dy ¥ = D_¥ = 0. Viewing
Lgauge as the twisted equivalent of Lyi,, we can then use Lprg to define a linear twisted
superpotential, W(E) = —tX. Explicit expressions for the component expansions of these
Lagrangians can be found in [20].

We again need to ask about the U(1)y x U(1)4 symmetries and anomaly conditions. The
invariance of Ly, is of course the same as the NLSM discussion and gives the same result.
The F-term, Ly, tells us that the superpotential is required to have (qy,qa) = (2,0). This

constrains the form it can take, namely we require it to be quasi-homogeneous:
W (A ®;) = N2W (). (3.58)

The twisted F-term, Lpy g, tells us that ¥ must have (v, ga) = (0,2). The anomaly conditions
again carry over, along with the requirement that the U(1) gauge group charges cancel |13,
42], i.e.
> Qi=0. (3.59)
i

This is required to ensure U(1) 4 is non-anomalous. In particular if >, Q; = p then U(1)4 is
broken to Zy,.

Remark 3.3.1. We note that Equation (3.59) is required in order for our target space to
be Calabi-Yau. Indeed, note that Equation (3.59) takes the same form as condition (ii) of
Proposition 2.7.21. This connection can be made much deeper, but we postpone this discussion

until we have discussed mirror symmetry for this construction.

3.3.2 Connection to NLSM & The LG/CY Correspondence

In order to see the connection between GLSMs and NLSMs, we solve the equations of motion

for the auxiliary fields:

ow
—€2<§i:@i|¢z‘|2 - 7“> and F; = 301 (3.60)

where the lower case indicates the lowest component of the superfield. Doing this leaves us

with a dynamical theory for the fields (¢;, o), which has potential energy

U(¢i,0) 7D2 + Z |E? + 2|0 ZQ%P (3.61)
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Let My, denote the vacuum manifold of the GLSM. That is, in the GLSM we identify the
chiral superfields {®, ..., ®,} with coordinates on C™ and then consider the surface defined

via minimising the potential energy. We then have the following proposition
Proposition 3.3.2. The IR limit of a GLSM is the NLSM on M yyge.

We do not prove this here (see [42] for more details) but instead work through an important

example.

Example 3.3.3. Consider a theory of n chiral superfields all with charge Q; = 1'' and vanish-
ing superpotential, W = 0. Then we have

2
Ul600) = L loPlo? + 5 ( S loi —r)

If » > 0 then U =0 is given by ¢ = 0 and

2
: (3.62)

> leil> = (3.63)
=1

This defines a sphere S"~!. However we now need to account for the U(1) action, so that in

total the vacuum manifold is

(61,00 8n) | s 63> =1}

11
cp!l = 0

(3.64)
By an identical calculation, assigning different charges to the fields will produce a weighted
projective space. A

Ezample 3.3.4. Let’s now consider a generalisation of the above example: {®q,...,®,} and
gauge group U (1)F = HS:1 U(1)q. The charges of the fields are Q; 4, with i = 1,..., N. Again

we take the superpotential to vanish, which leaves

n k 2 n 2
e
U =3 IQuaenPlonf + 3 F (X Qualdi 1) (3.65)
=1 a=1 =1
For the case of r, > 0, the vacuum manifold is then given by

@1y 00) | X2 Qisalil? = 70y Va =1, . K}
Myge = T . (3.66)

Note that this doesn’t obey Equation (3.59), and so the NLSM is anomalous and therefore cannot corre-
spond to a Calabi-Yau.
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The interesting thing then comes from the following argument. Consider (¢1, ..., ¢,) to be
coordinates of a copy of C". Denote the complexification of the U(1)* gauge group by (C*)*,
and define Z(¢;) C C" to be the subset such that the (C*)¥ orbit doesn’t contain a solution

to

Z Qi,a|¢i|2 =Tq (367)
=1

for all @ = 1,...,k. It can then be shown (see [42] for a detailed discussion) that M, is

diffeomorphic to the quotient
C"\ Z(¢i)
) 3.68
) (309
Additionally there is a (C*)"~* holomorphic automorphism that acts freely and transitively
on an open, dense submanifold of the quotient. This is exactly the construction of our toric
varieties from fans introduced before, Equation (2.112). We also note that Z(¢;) depends on
the values of 74, in the same way that Z(X) in Equation (2.112) depends on the fan . This
provides further support for Remark 3.3.1: there is a deep connection between the GLSM and

the construction of Calabi-Yaus using toric geometry. A

We now need to account for F-terms, i.e. non-vanishing superpotential. We will now show
that appropriately chosen superpotentials lead to hypersurfaces in the ambient toric spaces.
We focus on the simplest case of a hypersurface in CP”~!, but more general results can be
found in [20].

Ezample 3.3.5. Consider a GLSM with n + 1 chiral superfields {P, ®4,...,®,,} with gauge

group charges ¢; = 1 and gp = —n, and superpotential
W:P~G(<I>1,...,<I>n) (3.69)

where G(®) is a homogeneous polynomial of degree n. We assume G(®) is generic, in the

sense that

oG 0G oG
=55 “ 90, = =95, =" — P =Dy=..=, =0. (3.70)

The potential energy for this system is given by

oG
U =[Gl + 1 |5

2
1 2 2 2 21,12
+ 55D +20o] <§i:‘¢i| +n2|p| (3.71)
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where

D= —62<Zi: |pi|? — n|p|> — r>. (3.72)

The vacuum manifold of this theory is defined by U = 0 and is r dependent. The case r >> 0
requires at least one of the ¢; to be non-zero. From here, the |o|? 3" |¢;|? term gives o = 0,
while the |p|? > |0;G|? term (along with Equation (3.70)) tells us that p = 0. Finally we
require G = 0. We are thus left in exactly the case as before, but now with the constraint
G = 0. In other words, the GLSM flows to the NLSM on & C CP"~ !, defined by a degree
n homogenous polynomial. These are precisely the conditions for a Calabi-Yau manifold,
S =Mecy.

The case r << 0 can similarly be shown to require p # 0 and so the field P picks up a vev,
and breaks the U(1) gauge group to a Z,, subgroup: ¢; — e ¢;. This leads to a theory with
superpotential W’ = /—r - G(¢;) subject to this Z,, action. This defines a Landau-Ginzburg
(LG) orbifold. This recovers the well known Calabi-Yau/Landau-Ginzburg correspondence:
we can view them as two different phases of the same GLSM.

It is important that we have a LG orbifold, as it is known that a LG theory only has non-
trivial R, .y, while R, ) contains just the identity, but we need both to be non-trivial for
strings on Calabi-Yaus. However, as demonstrated in [65], the twisted states in the orbifold
theory give rise to elements in R, ) and so save the day.

We can alter the action of the gauge group on this system to account for hypersurfaces in

weighted projective spaces. We can pick Qp = —H and @); = w;, where

H

w; = [ and H =lem(k; + 2), (3.73)

and then the anomaly condition enforces

1
=1. 74
Zi: P (3.74)
Then we set

G(®;) = D2 4 phnt? (3.75)

in the superpotential. Our Calabi-Yau is then defined by this degree H Fermat hypersurface
in CPZ! . The LG orbifold is then given by W’ = @12 4 . 4+ @k +2 with Zp; quotient

27
B s P2 P, (3.76)

A
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3.3.3 Gepner Models

It is known [5] that the IR limit of a LG model with W = ®**+2 is a (2,2) SCFT with central

charge
3k

“Tht2
which is the level £ A/ = 2 minimal model, M M. The idea is then that the worldsheet SCFT
(i.e. the nonlinear sigma model) is isomorphic to the SCFT obtained by the IR limit of the

(3.77)

LG orbifold. We can therefore use the minimal models to construct and study the worldsheet
SCFT.

Gepner [15] proposed a method for constructing the CFT of a Calabi-Yau as a direct
product of N' = 2 minimal models. At the GLSM level each term in the product corresponds
to a different @fi“ in G(9;).

The idea is to note that the central charge adds under products, and so we could form a

¢ =19, N =2 theory out of a collection of MMs with different levels. That is

N=2)_,=QR W= )M itk > o= k3i2 =9. (3.78)
i=1 i=1""

%
i=1

The remaining part of our CF'T corresponds to the 4D spacetime. Working in lightcone gauge,
this is a CFT with central charge ¢ = 3 and consists of two bosons and their accompanying
fermions. The fermions are described by an s0(2); affine Lie algebra,'? which has four repre-
sentations (O2)nr=0,4=0, (V2)h=1/2,9=1, (52)n=1/8,4=1/2 and (C2)p—1/84=—1/2- The NS sectors
are O and Vo while So and Cy are the R sectors. As we are focusing on the Gepner model
part here, we drop the fermions for now but shall return to them later.

Recall that the superconformal primaries in M M}, are defined by the triple (I, m, s) where
the conformal dimension and U (1) charge is given by Equation (3.28). The conformal weights
and charges add under products of different M Mj. Therefore all we need to do is account
for the orbifold action. As detailed in [65], at the level of the CFT the orbifold acts as a
projection on the charges via

g = e*mio, (3.79)

12Given a finite dimensional Lie algebra g, we define the (infinite dimensional) affine Lie algebras (also known
as Kac-Moody algebras) by the central extension of g along with the introduction of a derivative operator. We
denote the affine Lie algebra as g, where k is known as the level. Affine Lie algebras will appear in several
places throughout the thesis, but the technical details behind them will not be vital to the understanding of
the work. For this reason they are not discussed in detail, but the interested reader is instead directed to [66]
for details.
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We therefore require our states to have integer charge, and our Gepner model is defined via

(Gep) = [MMkl,MMkQ, ceny MMkT]

(3.80)

U(1)-projection’

where the U(1)-projection enforces

r I;
—0,1,2 81
Z;L%H] 0,1,2,3, (3.81)

The restriction on the right-hand side follows from Equation (3.74) along with I; < k;. The
integrality of the charges is also required to ensure spacetime SUSY (see [11] and references
therein). This result is actually not surprising: we have already seen that our Odake algebra
limits the NS charges to be ¢ = +3, &1 which are equivalent, via spectral flow, to ¢ = 0,1, 2, 3.
The above equation is nothing other than the NS charges of our states.

As we are considering an orbifold, we obtain both untwisted and twisted sectors. Let’s
start with the untwisted sector. Here we have q;, = qr and the charges of a state are simply
given by the sum of the individual M M), charges. In the R sector (which is where we will

predominantly work), we therefore have the untwisted charges

5 5
li+1 1 l; 3
) _2 82

=1

where we made use of our anomaly condition, Equation (3.74). If we then impose the Gepner
condition, Equation (3.81), we see that the R charges are restricted to ¢ = :I:%, :l:%. This
same result is, of course, obtained by applying spectral flow to the allowed NS charges.

We now note that a chiral field ® is identified with (I,m,s) = (1,—1,0), and so the I;

value determines the power of ®;. Therefore, a state with

5
l;
=0,1,2 3.83
;kiw 0,1,2,3 (3.83)

correspond, respectively, to degree 0, H,2H and 3H polynomials, where H = lem(k; + 2).
In particular the state |l;) is identified geometrically with <I>fj Note that [; < k; and so we
must set <I>f"+1 = 0.!% Using that the right-hand side of the above corresponds to states with
charges —3/2, —1/2, 1/2 and 3/2, respectively, along with Equation (3.53), we get that they

correspond to (3,0),(2,1),(1,2) and (0,3) forms.

13This is the requirement that we don’t consider terms in the Jacobian ring.



Remark 3.3.6. It is interesting to note that this result can be related to the notion of a

Griffiths residue and the primitive cohomology of the Calabi-Yau manifold (see Appendix B).

Let’s now discuss the twisted sectors of our Gepner model. As detailed in [65] these states

have q;, = —qg, and the charge of a state depends on which twisted sector we are in:

w= D (kljr2_[k12}_;> (3:84)

ilvg (ki+2)Z

where [...] stands for the integer part of the argument, and v = 1,..., H — 1 labels the twisted
sector.
States in the twisted sector can become untwisted when v € (k; +2)Z, in which case their

charge is computed simply using

li+1 1
g = 2 o (3.85)
and (¢;)r, = (gi)r for these factors.
So, in total, a charge of a generic state is given by
. L+1 1 1
i- ¥ (i 2) el Jn)
ilve(k;+2)Z i|lve( k +2)Z
(3.86)
, L+1 1 1
"= > |\nya 3 k+2 ki+2| 2
i i|vég( k: +2)Z

ilve(k;+2)Z

where the fully untwisted sector is identified with v = 0. We can write this in a more
symmetric manner by defining ll(y) +1:=v mod (k; + 2), then the two sums above take the
same form. An overall state is considered untwisted if q;, = gqr and twisted if q;, = —q¢g,
despite what the individual (¢;)r, and (g;)r obey.

We note that v = 1 always gives

5
1 1 3
— —gp — — ) =-= 3.87
T Z<k+2 5) =3 (3.8)
and so corresponds to the (3,3) form, as per Equation (3.53). Similarly v = H — 1 gives rise
to the (0,0) form. The other v values will give us either a (1,1) or a (2,2) form, up to some
exceptions. Suppose that H is even, then we can set v = H/2 mod (k; + 2). We now claim

that if w; = % is even, then the twist is trivial, i.e. v = 0. Let’s see this: for some n € Z,
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we can write v = H/2 as

H H Wy
— ki+2)=| —— ki+2)=|— ki +2), 3.88
2+n( +2) <2(ki+2)+n>( +2) <2+n>( +2) (3.88)
but if w; is even, then we can always pick n = —%¢, and so v = 0. When w; is odd, the above
calculation shows us that
&) ki
[,?" = 5 (3.89)

in which case the U(1) charges vanish, g, = qg = 0. We are then left with the untwisted

states |l;) p, which have (¢q1.); = (¢r)i = ,l;;é — 1, and correspond to (2, 1) or (1,2) forms.

Ezample 3.3.7. Consider the Gepner model with {k; + 2} = (5,5,5,5,5), from which we see

that H = 5, and we are instantly lead to the conclusion that this is a Calabi-Yau in CP*: we

have w1 = we = ... = wy. We first check that we satisfy our central charge condition:
5 5
3k; 9
= Z =09, 3.90

The untwisted ground states are then given by monomials of degree 0, 5,10 and 15, remember-
ing that we must set X;l =0 for all 4, i.e. k; = 3 not 5. Clearly there is only one monomial of
degree 0, and the monomial of degree 15 corresponds to X3 X3 X35 X3 X3, which again occurs
only once.

We have already computed the degree 5 result back in Section 2.5.3; it is given by

(0)-6)-

We now need to account for the fact that X;l = 0 for all i. The terms we need to remove
are X? and XX, where j # i. The former is 5 terms (each i value), while the latter is 20
terms (5 x 4, the number of i times number of j). So we are left with h>! =101. As H =5
is odd, we do not have any further contributions to h*!, and so we can conclude h?! = 101.
We can similarly check the order 10 result, but here we just quote the result that h':? = p2!
and move on.

We now just need to compute the diagonal Hodge numbers. These come from our twisted
states. We have v = 1,2,3,4, with v = 1 corresponding to h*? and v = 4 to A%V, Let’s

consider v = 2: by direct substitution this gives
1
9L = 4R = ~5» (3.92)
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so corresponds to a (2,2) form. Similarly, v = 3 corresponds to a (1,1) form. So in total we

have the Hodge diamond

1
0 0
0 1 0
1 101 101 1 (3.93)
0 1 0
0 0
1
which is exactly that of the quintic in CP?. A

Example 3.3.8. Here we look at an example with H being even. Consider the Gepner model

with {k;+2} = (8,8,4,4,4) and H = 8. First we check this meets the central charge condition:

5
3k; 3-6 3-2 9 9
e () () -2 +3-2 (399

so we're good.

The untwisted ground states correspond to monomials of order 0,8,16 and 24, subject
to X1772 = X§’475 = 0. To save space, we simply state that these have multiplicity 1,83, 83
and 1, respectively. We then have unique twisted states for v = 1,2,3,5,6,7, which give
RO0 = p33 =1 and M = h22 = 2.

We note that v = 4 is missing, which is the one we want to study here: the i = 3,4,5

terms become untwisted, and the i = 1,2 terms have

ki 6
and so
L 3 1l 1
L —9° L == ,
;ki+2 8+§4 4(3+l3+l4+l5) (3.96)

which we require to be 0,1,2 or 3. Using l345 = 0, 1,2, the only possible combinations are
Ils+ly+1l5=1 and I3+14+15=05. (3.97)

There are 3 ways to produce each of these: both have multiplicity 3 choose 1. We finally see
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that these do indeed contribute to h*! and A2, respectively, as they correspond to

5

l;
;kzﬁ—Q )2, (3.98)

respectively. Then we use the fact that the only (non-vanishing) contributions to the U(1)
charge comes from the untwisted states, we have q;, = qr = :F%, and so they are (2,1) and
(1,2) forms, respectively. So in total we have h?! = h1?2 = 83 + 3 = 86, and our Hodge

diamond is

1
0 0
0 2 0
1 86 86 1, (3.99)
0 2 0
0 0
1
which is the Hodge diamond of a Calabi-Yau 3-fold in WCP%7172,272. A

3.3.4 Mirror Symmetry
Gepner Models

In [11], Greene and Plesser took the observation made in [67], that the quotient of a Gepner
model by its full symmetry group yields an isomorphic theory, and extended it to more general
quotients. In particular they looked at the geometrical phase of such a duality. We summarise
the relevant content here.

Consider the Gepner model obtained by the minimal model product (ki,...,k,). Let d

2miJo

denote the order of g = e . Then, this model has discrete symmetry group

G = <zﬁlei+2> /zn, (3.100)

where n is the order of g*: n = d for d odd and n = d/2 for d even. The mirror model is

given by quotienting by H C G defined such that

r

Vi
z 101
22 % (3.101)
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where v; € Zj, 4o represents an element of G. The mirror theory is shown to be isomorphic
to the original Gepner model, but with one of the U(1) charges reversed.
In terms of the corresponding LG orbifold, the statement is: the LG orbifold with super-

potential
T

W(D;)=> oft? (3.102)

i=1
with orbifold action Zz has a mirror LG orbifold with the same form of the superpotential'*

Wi (®)) = i(@?)’““, (3.103)
i=1

but now the quotient is by I'V C [[;_; Zx,+2 acting on the fields as

2mivy;

D) s eFit2 ) (3.104)

subject to Equation (3.101). The (2,1)-forms of this dual theory are then related to the
deformations of this equation. We note that the product ®Y ®y...®, is always present. In fact,

as we shall see, the mirror theory is actually defined as the LG orbifold with superpotential

T T

W(@)) =Y (@) 4 ] @), (3.105)
i=1 =1

where t is the (F'I,6) parameter, as before.

Recall that the geometric phase is given by the Calabi-Yau defined by a hypersurface in
a toric manifold, with defining polynomial given by W (z;) = 0. For example, for (k; +2) =5
for all ¢ (and r = 5), we recover the quintic and mirror quintic Calabi-Yaus.

We can actually see the generation of this dual superpotential by looking at the states in
the Gepner model. We go to the case of interest, namely » = 5. States with q;, = qr (i.e.
elements of R, )) are the untwisted states, while states with q;, = —qg (elements of R, )
are the twisted states. Therefore, mirror symmetry acts on the Gepner model by mapping
the twisted and untwisted states to untiwsted and twisted states, respectively. The original
twisted states should now be interpreted as the untwisted states in the mirror model and so, as
per the previous discussion, should be interpreted as monomials of degrees 0, H,2H and 3H.
We can indeed see that this is the case as follows: we are now essentially mapping v — —v.
This follows from the fact that the twisted states come from quotienting by ¢ = e*™*/0 but

if we send Jy — —Jp this is the same as sending v +— —v in g. From here we simply interpret

4 The subscript F is to indicate “Fermat type".
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the ZZ(*V) as the powers of the corresponding mirror homogeneous coordinates, i.e.

1) = (@) (3.106)

Indeed this ties in nicely with the mirror description in terms of LG models. Let’s look
at the allowed deformations of Wy. The monomial ®}...®Y, which is always present (by
construction), would correspond to a state with lz(_y) =1 for all 7, and it is indeed true that
this state always appears. This is seen simply from

™) 4 1= —u mod (k +2) — S 1w (3.107)

K3 K3

Also note that v = H — 2 always gives a (1, 1)-form in the original theory. This follows simply

from
2 1=H -2 mod (k;+2) = 1P =p -1, (3.108)
which together with
.k 1
(2
=3 d =1 3.109
2zt 2 (3.109)
i=1 i=1
. (=2 . . 1 . o
gives >, 4—5 =2, which is ¢, = —gr = 5 and is the criteria for a (1,1)-form.

For the original untwisted states, we simply take the [; values and plug them into [; + 1 =
—v mod (k; + 2), and use this. For example, [; = 0 for all 7 is the unique state that always
gives the (3,0)-form, which should be mirrored to the (0,0)-form. Under this mirror map,
this would give v = H — 1 for all 4, but we know that this is the unique twist that gives the
(0,0)-form, as required.

We note that we defined a twisted contribution to a state as one in which v ¢ (k; + 2)Z,
but that simply mapping v — —v wont change this condition. However, the mirror of a
twisted state is meant to be untwisted. The key thing is that it is untwisted w.r.t. the mirror

Gepner model, i.e. we have a vV

and a twisted contribution to a state in the mirror Gepner
model obeys vV ¢ (k;+2)Z. This vV must account for the orbifold group of the mirror Gepner
model, and so it is not easy to write down a direct relationship between v and V. However,
it is in principal not too difficult to obtain the relationship for specific cases. We highlight
how this is done for quotients of the quintic in Appendix C.

Let’s look at the two examples above and compute their mirrors.

Example 3.3.9. Consider the quintic Gepner model, k;+2 = 5 for all ¢. The original untwisted
states will simply turn into our diagonal forms. What we want to check is the twisted states,

and check they give the right degree monomials. We have v = 1,2, 3,4 and so, after we send
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v — —v, it is easy to show that

=0 Vi (3.110)

(X1X2X3X4X5)47V, (3.111)

superpotential deformation X7 X9 X35X,X5, corresponding to v = H — 2 = 3. This returns

exactly the result of Greene and Plesser in [11]. A

Ezample 3.3.10. Let’s now look for the mirror of the Calabi-Yau inside WCP%71,272,2’ which
had {k; +2} = (8,8,4,4,4). Here we have h'"! =2 corresponding tov =3,6. v =H —2 =6

gives us our always present X X9 X3X4 X5, while v = 3 gives

1Y 41=-3 mods8 = 13V =4
(;3) (;3) (3.112)
l345+1=-3 mod4 - l345=0

and so we get the deformation X f)?é. A

Sigma Models

As we have seen, Gepner models are a particular instance of a phase of a more general theory
of GLSMs. The question is whether the concept of mirror symmetry tracks back up the ladder
into the general construction. The answer is yes and it was demonstrated in [13] (see also
[42]). We outline the results here, and refer the reader to the reference for a more detailed
discussion.

Consider a theory of a vector superfield V', a set of real superfields B;, and a set of twisted
chiral superfields Y;. The imaginary part of the Y;s are periodic in 27: ¥; = %(Yl —Y;). Now

consider the Lagrangian
1 _
"= [ d' 2WVEB: (Y, +Y;) B 3.113
£ / §<6 5 (Yi+Y)Bi), (3.113)

where @); are positive integers. The idea is to integrate out the fields in different orders.

Fristly consider integrating out Y;: this constrains B; to obey

DiD_B;=D,D_B; =0 = Bi =¥, + V¥, (3.114)
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for a chiral superfield ¥;. It follows from the periodicity of Y; that the imaginary part of ¥,
is also periodic. Defining ®; = e¥i and plugging this back into £’ then gives

L) = /d492§>ie2in<bi, (3.115)

but this is simply the kinetic term for a set of chiral superfields of charges ();. Finally, noting
that Lgauge and Lpy g are independent of Y; and B;, we can simply add them to both £’ and

L1 without affecting any of the calculation. We therefore end up with the Langrangian

o= /d46 (Z P;e29V @, — 22;2) + % <—/dé—d9+tz - c.c.) . (3.116)

which is nothing but the GLSM of a set of chiral superfields of charges @;, with vanishing
superpotential. We have seen that this is related to the NLSM on a weighted projective space.

If we now first integrate B; out of £, we obtain

Y +Y,
B; = —2Q;V + log< ;_ ) (3.117)

Plugging this back into £, and using the fact that Y; is a twisted chiral superfield, results in

Lo = /d”‘ez (—; (Vi + Vi) log (Vi + E)) + %Z (/ df~dot Q;V;S + c.c.> . (3.118)

i

where ¥ = D D_V. Again we can simply add Lgauge and Ly g and obtain

_ _ . 1
4 E —apt
/d 0 <_2e22 (Y2+Yz) log(i’g—i-}’g))—i-(/dﬁ do (2 EZ Qi}/z’—t)E—i—c.c.) )
(3.119)
We then define the twisted superpotential for this theory as

W= (Z QiY; - t) =, (3.120)

The important part is to equate the two expressions for B;, which results in a relationship

between the chiral superfields ®; and the twisted chiral superfields Y;:
Y; 4 Y; = 20,%9V @, (3.121)
We can also relate the imaginary part of Y; to the phase of ®;. This is not easily done in
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terms of the superfields, but can be seen if we consider a component expansion of the fields.

If the lowest component of ®; is ¢; = piewl', then the result is

This map between chiral and twisted chiral superfields is exactly our mirror map. We now
explain how this is related to the notion of mirror Calabi-Yaus discussed previously.

Solving the equations of motion for the dynamical ¥ results in the D-term constraint

O W =0 — doQivi=t. (3.123)

Finally, defining
X;=e M, (3.124)

we see that the twisted superpotential takes the form

W(X;)=> X; subjectto [[Xx%=e". (3.125)

A theory of a superfield with (twisted) superpotential is a LG theory. So here we have
a LG theory for the twisted chiral superfields Y; (expressed in terms of X;) with twisted
superpotential W(XZ) as above.

Let’s now modify this construction slightly by introducing another chiral superfield P to
our set {®q, ..., P, }, and we set the charge of P to be negative, Qp = —H. Let P=¢Yr be
the dual field to P, then it follows from the constraint above that

PHXO X9 — 1, (3.126)
Defining
oy = x2/" (3.127)
then results in the condition
P = (@Y). . (®)). (3.128)

The twisted superpotential then takes the form

W(®)) = (@) + .+ (@)@ M ] @) (3.129)
=1
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Note that this twisted superpotential is subject to an orbifold action I'V C [], Z H/Q;- Specif-
ically it acts on the fields as

oY exp<m;“(‘?’> ®Y,  subjectto Y % €z (3.130)
[

The constraint condition comes from the fact that et/ [[; @) € W(@ZV)

We therefore arrive at the result that the mirror of the NLSM on a weighted projective
space is a LG model with the above superpotential. If we allow for negative charges then we
obtain a LG orbifold. This is not quite what we want: we want to show that the mirror of
a Calabi-Yau is again Calabi-Yau. However we now simply apply the Calabi-Yau/Landau-
Ginzburg correspondence to the LG orbifold side, which gives that the mirror of the NLSM
is a Calabi-Yau.

The first thing we note is that our starting GLSM has no superpotential. However, in
order to get a NLSM on a hypersurface in a weighted projective space, i.e. a Calabi-Yau, we
need a superpotential. This issue is addressed in [13], where they explain that the resulting
mirror LG orbifold is unchanged by introducing the superpotential. The difference between
the two cases is actually encapsulated in what are considered to be the fundamental fields on
the mirror side: for the case with a superpotential the fundamental fields are the X; while in
the absence of the superpotential the fundamental fields are the Y;. However we have a very
simple relation between the two, and the LG orbifold is changed.

We therefore arrive at mirror symmetry as a map between two Calabi-Yaus. Note that if
we pick the charges as Q; = w; = H/(k; +2) and Qp = —H, then we arrive at the result of
Greene and Plesser. Namely, the mirror of a LG orbifold with Fermat type superpotential is
again a (deformation of) a LG orbifold with the same Fermat type superpotential but now

with a different quotient group. Indeed Equation (3.130) becomes exactly the result of [11].

3.3.5 Mirror Symmetry for Toric Hypersurfaces

The above geometrical mirror map can be generalised to hypersurfaces in a generic toric
variety, akin to the construction of Batyrev [9] discussed in Section 2.7.10.

Consider a GLSM with (h + 1) chiral superfields (®1,...®;,, P) and gauge group U(1).
For each U(1) we have a field strength X, and associated FI parameter t,. Let Q;, denote
the charge of ®; under the a*® U(1) factor. Set

h
da =Y Qias (3.131)
i=1
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and define t; via'®

h
ta= Y Qiati. (3.132)
=1

Note that in order to have a Calabi-Yau we must obey the anomaly condition, Equation (3.59).
This implies that the charges of P under the a'® U(1) is —d,,.

We can again dualise this theory in order to obtain a theory with (h + 1) twisted chiral
superfields (Y1, ..., Yy, Yp) and then define

P:=e¥? and X;:=e Y. (3.133)

The D-term constraint, Equation (3.123), gives k relations:
h

Z Qi,aY; - daYP =tq. (3134)
i=1

In terms of the new variables this is

h ~
( 11 XQi»a> pda = g7la (3.135)
i=1

It the follows from [13], that in our case the twisted superpotential is actually empty and the

defining hypersurface of the mirror Calabi-Yau is given by the above constraint along with
Y Xi+P=o. (3.136)
To write the mirror hypersurface equation in terms of mirror fields we now proceed as

follows. The fan of the toric variety underlying the GLSM has h ray generators n;'° sitting
in the N lattice which obey the k relations

h
> niQia=0. (3.137)
=1

Let the superpotential take the form W (®;, P) = P - G(®;), where G(®;) is a homogeneous
polynomial of degrees {dy,...,d} with respect to the U(1)*¥. Next, let M denote the dual

5The t; are defined up to redefinition of the Q. q.
163We previously used v; and v} for the generators. Here we swap to the more convenient notation of n; and
my.
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lattice to NV, and define my, such that we can write

AV h
G@) =S o/, (3.138)

(=1 1i=1

where necessarily (mg,n;) > —1 for all £ and 1.

The Calabi-Yau/Landau-Ginzburg story carries over and again we get two phases of the
GLSM: p = 0 gives the nonlinear sigma model on a Calabi-Yau defined by the vacuum
manifold; p # 0 gives a LG orbifold with superpotential W = G(®;).

We can now introduce {®Y, ..., ®)\ }, and define
hY hY
P=T[®/ and X;=e '] (a))" " (3.139)
=1 =1
Using Equations (3.131), (3.132) and (3.137) we can easily show that these then solve Equa-
tion (3.135). Plugging this into Equation (3.136) then gives the hypersurface equation

h

RY RY
St T (@) T @) =o. (3.140)
i=1 =1 =1
This is the family of Calabi-Yau hypersurfaces identified by Batryrev’s construction. Note
that the last term here came from the ﬁ, and so is the equivalent of the origin of N in the
Batyrev construction.

An important point to note is that h # h", in general, and so the number of homogeneous
coordinates defining the mirror (i.e. hY) need not be the same as the number of homogeneous
coordinates we start with (i.e. h). In the case of hypersurfaces in weighted projective spaces,

it turns out that h = hY, and so we use notation like ®, as before.
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4 G9: Geometry

In this chapter we move on to a discussion of manifolds with G holonomy. We start by
reviewing the basic definitions and concepts of the Lie group Go and what it takes for a
manifold to have holonomy G5. We introduce the conjecture for G mirror symmetry due to
Shatasvilli and Vafa, and then move on providing ways to construct Gas. The main methods
we focus on are quotients of Calabi-Yaus and circles as well as the twisted connected sum
(TCS) construction. Mirror symmetry is discussed for each of these cases as we go, and
we finish with a discussion of toric geometry and how tops can be used to reproduce the
TCS construction. This provides a concrete way to form mirror Gos in analogy to Batyrevs
construction for Calabi-Yaus.

The main references for this chapter are [68| for the background G discussion, [69-73| for
the constructions of manifolds with G2 holonomy and how they are related, and [74] for the

discussion of tops and their relationship to the TCS construction.

4.1 (G5 Basics

We start by recalling the definition of the Lie group Gs.

Definition. [G2 Group| Let {x1,...,z7} be a set of coordinates on R7. Then define the
3-form!

O 1= dr193 + dr145 + dT167 + dT246 — dT957 — dT347 — dX356, (4.1)

where we have used the short hand dz;j;, := dx; A dxj A dxy,. Then the group G is the
subgroup of SO(7) that preserves ®g. G also preserves the 4-form

*®( 1= draser + dxraser + drosas + dxrissy — dri3a6 — dx1256 — dT1247. (4.2)

Note that, as the notation suggests, ®¢ and *®( are related by Hodge dual.

As it is a subgroup of SO(T7), it also preserves the Euclidean metric on R7, gy =

dz? + ... + da:% and the orientation. Gg is a compact, simply-connected, semisimple Lie
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I group of dimension 14.

We now claim that there is a SU(3) subgroup of G which is defined by the subgroup that
leaves one of the coordinates unchanged, e.g. dx'. A technical account of this can be found
in [75]?. A more quickly accessibly argument is as follows: consider R” as the product space
R x C3. Then we can consider the action of SU(3) on this whole space as acting trivially on
the R and with the standard action on the C3. The claim is then this action is indeed trivial on
our forms &y and *®¢. It then immediately follows from the fact that SU(2) C SU(3) that G
also contains a SU(2) subgroup. As the SU(2) subgroup of SU(3) is defined by "ignoring one
C factor in C3", we see that this SU(2) subgroup leaves three of the R” =2 R? x C? coordinates
alone, while acts on the C? in the standard way.

The fact that we have an SU(3) subgroup in Gy will be important going forward. It
gives us a hint that we could somehow embed a Calabi-Yau 3-fold inside our manifold with

holonomy Ga.

4.1.1 G5 Structures

As we will see going forward, the forms Equations (4.1) and (4.2) will come up again and
again, and will prove very useful to us. Now clearly the specific forms given in Equations (4.1)
and (4.2) are not the only choices, and indeed we will, in general, have classes of isomorphic

3/4-forms. This gives us the content of the next definition.

Definition. [Associative & Coassociative Forms| Let M be an oriented 7-manifold. Then
at each point p € M, we define PgM C Ag/\/l to be the subset of 3-forms &, such that
there exists an oriented isomorphism between T, M and R7 that identifies ®|, and ®|, of
Equation (4.1). A section of ® € T'(P3M) can therefore be identified with ®( globally. We
call such a 3-form an associative form.?

We similarly define 73;1./\/1 C Ag/\/l and define x® € I'(P*M) to be a 4-form which can

be identified with x®g, referring to such forms as coassociative forms.

We then have the definition of a G9 structure.

!We are working with the form convention in [68].
2Here an alternative definition of the G group as the automorphism group of the octonions is used.
3[68] uses the terminology "positive" in the place of associative and coassociatvie.
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Definition. |[(Oriented) Gy Structure| Let M be an oriented 7-manifold with associative
3-form ® € P3M. Then consider the frame bundle F' over M. By definition, this is the
bundle who's fibre at p € M is the isomorphisms between 7}, M and R7, i.e. it is a principal
GL,(7,R)-bundle over M. Then define Q¢ C F to be the subset that identifies ® with
dg, then Q4 is a principal Go-bundle on M. This follows simply from the fact that & has

G+ invariance. We call Q¢ a (oriented) Ga structure on M.

As the notation suggests, Qg is dependent on which associative 3-form ® we start with.
With some thought we see that we can actually go in the opposite direction; given a Go
structure () on M we can define corresponding associative 3-form ®¢, coassociative 4-form
*®g and metric gg. This follows simply from the fact that, ®g,x®¢ and gy are G2 invariant.?

So we see that we have 1-1 correspondence between Go structures and associative 3-forms.
In particular, we see that, given a ® € I'P3 M, we can define an associated *® and g. That
is, we use ® to define Q¢ which we then use to define x®q, and gg,. There is an important
point to note here: the Hodge dual x depends on the metric, but we have just shown that our

metric depends on our associative 3-form ®. We therefore see that the map
O:d— xP (4.3)

is non-linear in ®.

Notation. From now on we shall refer to the double of an associative 3-form and corresponding
metric, (P, g), as a Gy structure. Of course it is actually the corresponding unique principal

Go-bundle which is the Go structure, but we save a lot of notation this way.
We note that ® determines a Riemannian metric and so we have a Levi-Civita connection.

This leads to the following definition.

Definition. [Torsion Free Gy Structure| Let M be a oriented 7-manifold with Ga structure
(@, g). Also let V be the Levi-Civita connection of g. Then we define the torsion of (®,g)
to be V&, and we say the G structure is torsion free if V& = 0.

4.1.2 Gy-Manifolds

We can now define a Go-manifold.

4Technically, in order to get the metric condition we need our G structure to be oriented. We will always
assume to be the case, unless otherwise specified.
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Definition. |G2-Manifold] We call the triple (M, @, g) a Ga2-manifold if M is an oriented
7-manifold with torsion free Ga-structure (®,g), V® = 0.

We then have the following proposition [68].

Proposition 4.1.1. Let (M, ®, g) be a T-manifold with Ga-structure (®,g). Then the follow-

ing conditions are equivalent:
(i) (®,q) is torsion free,
(ii) Hol(M) C Ga, and ® is the induced 3-form,
(i1i) V& =0, where V is the Levi-Civita connection of g,
(iv) d® =d*® =0, and
(v) d® = dO(P) = 0.

It is not too hard to see that these are equivalent: clearly (i) and (iii) are related by the
definition of torsion free, similarly (iv) and (v) are related by Equation (4.3). Then in condition
(ii) by "induced 3-form" we simply mean the 3-form that is invariant under parrallel transport
V® = 0, which is (iii). Then to get from (iii) to (iv) you need the differential geometry result

that a torsion free connection obeys

(dw)mu#n - (n + l)v[ulwuz...unh (4'4)

80 if V& = 0 then d® = 0, we similarly get d x & = 0.

This proposition gives us five different ways to define a Go-manifold. The two that will
be of most use to us is (ii) and (iv). The key thing we note about (ii) is that the holonomy
only needs to be a subgroup of Go.> The question becomes "what needs to happen for

Hol(M) = G2?", which gives the next proposition.

Proposition 4.1.2. Let (M, ®,g) be a compact Go-manifold. Then Hol(M) = G if, and
only if, the first fundamental group, m (M), is finite.

Proof. See Proposition 10.2.2 of [68]. [ ]

As it will be important later, we also introduce the following definition.

5This is why we have previously always written "a manifold with holonomy G»", rather than "a Ga-
manifold".
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Definition. |Ga-Involution| Let (M, ®, g) be a Ga-manifold, and ¢ : M — M be a diffeo-

morphism on M. We call v a Go-involution if the following two conditions hold:
(i) It is an involution; 2 = id.

(ii) It preserves the Ga-structure; .*(®) = ®.

4.1.3 Moduli Space & Mirror Conjecture

The moduli space of torsion-free Go structures plays an important role when looking for a
notion of mirror symmetry. From a geometrical perspective, one can derive that the dimension
of this moduli space is b3(M) [68], however it turns out that this is not the full story. Indeed,
as noted in [23], there can be additional contributions from the antisymmetric 2-form that
have no geometrical analogue. The dimension of the physical moduli space is then given by
b2 + b3
We then have the conjecture of generalised mirror symmetry [23, 76]:

Conjecture. The degree of ambiguity left by being unable to decipher all the topological aspects
of the target manifold using the algebraic formulation of quantum field theories is precisely

explained by having topologically inequivalent manifolds allowed by the ambiguity to lead to

the same quantum field theory up to deformation in the moduli of the quantum field theory.

This conjecture is to be understood at the level of the field theory, not just the geometry,
however we use it here to make the following statement. For manifolds with G5 holonomy it
tells us that a necessary condition is that mirror manifolds have the same b + b3. That is, if

Mg, and M, are mirror, then
b*(Ma,) +b*(Ma,) = b (ME,) +b* (M) (4.5)

which we shall refer to as the Shatashvili-Vafa relation in what follows.
We note that Calabi-Yau manifolds are examples of Go-manifolds and so should also obey

this constraint. This is indeed true:
V(Mey) =htt and  B*(Mey) = B30 + B2+ pb2 4 p03 = 2(1 + p21h), (4.6)

and so b? + b3 is preserved under the mirror map A™" — A3~
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4.1.4 Calibrated Submanifolds

Our associative 3-form, ®, and coassociative 4-form, x®, are examples of calibrations on our

G9-manifolds. We now want to clarify what this means.

Definition. [Calibration & Calibrated Submanifolds| Let (M, g) be an n-dimensional Rie-

mannian manifold. Then, a k-form ® € A* M is called a calbiration if
(a) @ is closed, d® = 0, and

(b) for any p € M, and any k-dimensional orientated subspace S C M, ®|r, g is less

than or equal to the volume form on S, i.e. there is an a < 1 such that

/S b — /S Blys = a- /S vol(T, S) = aVol(S), (@)

where vol(7),5) is the volume form on S. We sometimes write this simply as ®|7,5 =
a - vol(T,95).

If « =1, then we call S a calibrated submanifold w.r.t. the calibration ®.

Proposition 4.1.3. Calibrated submanifolds are submanifolds of minimum volume in their

homology class.

Proof. Assume S C M is a calibrated submanifold w.r.t. calibration ®. Then assume that S
is another submanifold in the same homology class as S, [S] = [S]. That is S = S + 95’ for

some (k 4 1)-dimensional submanifold S’. Then, using Stoke’s theorem,

/a o= [ o, (4.8)

along with the fact that d® = 0, we have

Vol(S) = / d = /~<I> < /~V01(Tp§) = Vol(S), (4.9)
S S S
and so S has minimal volume in its homology class. |

Now, recalling Equations (4.1) and (4.2), we see straight away that ®, and x®( act as
calibrations and have calibrated 3-manifolds and calibrated 4-manifolds, respectively. For

example, for &g, we see that the 3-dimensional submanifold

Si23 = {(x1,22,25,0,0,0,0) | x1, 22,25 € R} CR” (4.10)
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is a calibrated submanifold of ®¢, as vol(S123) = dz123 = Po|sys5-°

We then note that an oriented 3-fold, S C R”, obeys ®g|s = vol(9) if, and only if,
S = 5123 for some v € GG3. So we have a group of calibrated submanifolds given by ~S123.
The same story applies to calibrated submanifolds of x®¢, but with S193 — S4567, defined in

the obvious way.

Definition. [Associative & Coassociative Submanifolds| We call calibrated submanifolds

w.r.t the ®qg associative 3-folds, and we similarly define coassociative 4-folds.

Proposition 4.1.4. Let (M, ®,g) be a Go-manifold, and let o : M — M be a non-trivial
isometric involution (i.e. a diffeormophism such that 0*(g) = g and 0 = idyq but o # idpyg)
obeying o*(®) = ®. Then the fized point locus

Fy = {pe Mlo(p) =p} (4.11)

is an associative 3-fold in M. This implies that given any non-trivial v € Go that squares to

the identity, the fized point locus of v is a associative 3-fold.

Proof. Firstly we note that, from the fact that o*(®) = ®, that ¢* must be in an element in

G2. Now, recalling Equation (4.1),
g :=dxi23 + dx1g5 + dx167 + dTosg — dxos7 — dx3e7 — dxsse, (4.12)

we see that there are only two elementally distinct choices for v € G5 such that our conditions
are met: from o*(g) = g we require z; — £x; only. Then it can be quickly checked that the

only ways to preserve ®g are either z; — x; for all ¢, which is not allowed as it is trivial, or

T123 > 2123 and 4567 —T456,7,
x347 > x347 and T1256 > —T1256,

(4.13)
Tos7 > Xas7 and 1346 —T1,34,6, or

146 > T146 and Tozs7 > —T2357
Clearly all 4 non-trivial choices are isomorphic by simply relabelling, and so we see that o is

conjugate in Ga' to

T123 > 2123 and X4567 — —T456,7, (4.14)

SFrom now on we shall just drop the T}, part and just write the submanifold Si23 etc.

"Two maps f,g : R® — R™ are said to conjugate if there exists a homeomorphism h : R® — R™ such that
h(f(z)) = g(h(z)) for all z € R". Here we have f = (z1,2,3 — T1,2,3, T4,5,6,7 — —T4,5,6,7), § = 0 and h =~ for
non-trivial ~.
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the fixed point of which is exactly Syo3, i.e. F; = v.S123 for v € G3. We have done this at a
point p € M (as we are using local coordinates), but this clearly holds for all p, and so we
have an associative 3-fold.

In this manner, we have shown that for any v € G such that ¥2 = 1 but «y # 1, the fixed

point locus of v is an associative 3-fold. |

Corollary 4.1.5. Let (M, ®) be a connected, compact Ga-manifold. Consider the non-trivial
(i.e. not the identity map) Ga-involution ¢ : M — M with non-empty fized point locus F,.

Then F, is an associative 3-fold. It is also smooth, orientable and compact.

4.2 Constructing Gss

We now recall one of the big differences between Calabi-Yau manifolds and manifolds with
G2 holonomy: there is no version of Yau’s theorem for the latter. This means we do not have
a set of criteria that, once satisfied, guarantee that a 7-dimensional manifold will admit a Go
metric. This limits us to considering specific constructions of manifolds with G2 holonomy,
and we now briefly review the three relevant ones: Joyce orbifolds, Calabi-Yau quotients and

the twisted connected sum construction.

4.2.1 Joyce Orbifolds

The first examples of compact manifolds with G5 holonomy were obtained by Joyce in [38,
39]. This construction looks at the resolutions of orbifold singularities of the quotient of T by
a finite group I' that preserves the G structure. These are considered as a detailed example
of the content of this thesis in Appendix A. Here we just give a quick idea.

Specifically, they consider I' = Z3 with action on the T coordinates as®
a: (z1, 22,73, 4, T5, To, T7) > (+21, +T2, —T3, a4 — Tg, —T5,a6 — T, T7)
B (z1, 22,73, 4, T5, T6, T7) > (=21, b2 — X2, +T3, +24, b5 — 25,b6 — T6, 7) (4.15)

o: (xl,x2,x3,a?4,$5,366,3?7) — (3?1,—1’2,3337 —X4,T5, —Te, —907)7

where a;,b; = 0,1/2. A particularly interesting case is that of ay = bg = 1/2 and all others
vanishing. There are 9 topologically inequivalent smoothings M; of this orbifold that have a

Ricci flat G2 metric. The interesting thing is that the Betti numbers are given by

(M) =8+1 and b3 (M) =47 —1, (4.16)

8We note that we have picked a different labelling of the coordinates compared to [38, 39]. This is done in
order to make the comparison with the Calabi-Yau T°/Z3 clearer in Appendix A.
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where [ is a parameter that keeps track of how one deals with the fixed points of the orbifold.
It is important to note that the sum b%+b3 for all 9 of these smooth Go-manifolds are the same.
We note that these Betti numbers satisfy the Shatashvili-Vafa condition, Equation (4.5), and
so suggests that these 9 manifolds are in some sense mirror to each other. Indeed these
orbifolds were considered in the context of discrete torsion in [77|, where they reproduced
the Betti numbers from a free field theory analysis. Importantly, the paper demonstrates the

existence of two types of mirror map:

T3 : ITA/B on M; — IIB/A on Mg_;
Ty:ITA/B on My — IIA/B on Mg_;

(4.17)

Details of this construction are given in Appendix A.

4.2.2 Calabi-Yau Quotients

The next construction we want to look at is that of the quotient of a Calabi-Yau and a circle.
We already partially motivated back in Section 1.2 that we can form a manifold with Go

holonomy as the resolution of

_ Moy X St
MO’ - (0_’_1) 9

where 0 : Moy — Mgy is an antiholomorphic involution and —1 is inversion on the circle.

(4.18)

We shall now flush out some of the details of this claim.
We start by identifying R” =2 C3 @ R by

(1, ..y x7) = (21, 22, 23, 7) = ((iL’l +ixe), (x5 + ixy), (x5 + ix6), 337)) (4.19)

We can use (z1, 22, 23) to define a holonomorphic 3-form and a (1, 1)-form as
QO =dzi ANdzy Ndzg and J =dz Ndz1 + dze NdzZy + dz3 N dz3 (4.20)

From here, we can define our associative 3-form and coassociative 4-form as
®=JAdr+Re(Q) and ~® = %J A J +1Im(2) A dz. (4.21)

Importantly, we can also write down a metric as g = da? + goy, where goy is the Calabi-Yau
metric.

We now define an SU(3) action that preserves © and J, and acts trivially on x. This
defines an inclusion SU(3) < Ga. It then follows that if we define a Calabi-Yau My inside
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the C? who’s (3,0)-form is © and Kihler form is J and a circle S' C R with coordinate =,
then Mcy x S! is a Go-manifold with associative and coassociative forms as above.

Importantly, this Ge-manifold has holonomy SU(3) C G2. We want to produce a Ga-
manifold with Hol(M) = G3. We now turn to Proposition 4.1.2, which tells us that we get
Hol(M) = G iff the first fundamental group is finite. This leads us to considering quotients
of Mcy x S

Firstly we note that the involution in M, above is is in fact a Ge-involution (i.e. it
leaves @ invariant) and so, by Corollary 4.1.5, its fixed point locus is a smooth, orientable
and compact associative 3-fold, provided it is not empty. Recalling Corollary 2.4.4, it follows

that the fixed point locus of M, can only be one of two things:
(i) Empty, i.e. 0: Mcy — Mcy is a free involution.

(ii) Two copies of a Lagrangian submanifold of L, C M¢y. We get two copies as —1 :
St — S! as fixed points x = 0,1/2.

For case (i) the holonomy of the smoothing is not all of G5 but actually only SU(3) x Za,
and were given the name barely Go-manifold in [24]. The Betti numbers are simply given by
the differential forms on Mgy x S' that are invariant under the involution. Using that the

one-form on the S is odd, we obtain
b2 =hlt and b3 =hD' 4 R4, (4.22)

where h_fc’l denote the (1,1)-forms that are even and odd under the involution. In particular
we note that

b2+ b =1+ hbt +p2h (4.23)

which is invariant under the Calabi-Yau mirror map hb! <+ B2,

Case (ii) is more interesting, and it was shown in [69] that M, can be smoothed to
a manifold with holonomy Gs, provided there exists a Zo bundle Z on L,, along with a
nowhere vanishing, harmonic (w.r.t. the Kéhler metric on M¢y) one-form A, valued in Z on

L. The Betti numbers here are given by’

v*(Mg,) = b2 (M,) +26°(L,, 2)

3 2 3 1 (4.24)
b’ (Ma,) = b2 (Mey) + b1 (Mg) +2b° (Lo, Z),

9The factors of 2 here is included as we have defined L, as the special Lagrangian submanifold in Mcy,
but the fixed point set of o is two copies of this.
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where b% (M) counts the cohomology classes of M,, that are even under the involution, and
b (Ly, Z) are the Z-twisted Betti numbers. We note that the hard part of this construction
is not finding a Calabi-Yau 3-fold and antiholomorphic involution with non-empty fixed point
locus. The difficulty lies in showing the existence of the harmonic one-form .
Understanding the existence of a mirror for case (ii) is slightly less clear, and is the main
result of this thesis. For now we note the following: M, is made using a Calabi-Yau manifold
and a circle. For both of these spaces we have a notion of mirror symmetry (it is simply
T-duality for the S1). We could then use these in order to define a mirror MY. In fact we

have three options:

(i) Mirror just Mcy and leave S alone,
(ii) Leave Mcy alone and mirror S*, or
(iii) Mirror both.

There is an important detail that needs to be addressed, though: what happens to the invo-

lution (o, —1)? For example, in the last case we could define

: (4.25)

T

Mcey x 51>V _ My X ChN

N G

where 7 is the involution needed in order to give rise to a quotient with equivalent b? + b3.
The question becomes "does such a 7 exist, and if so, what is it?" In particular, is it an
antiholomorphic involution on M, again? There is also the question of whether there is a
unique 7 that does this.

As MYy is a Calabi-Yau, we can define an antiholomorphic involution on it, and it is
not too hard to construct examples such that the involution will give rise to a Ga-manifold
with % 4+ b® conserved. However, it is not obvious that this is what the physics tells us we
should do. That is, from a physical point of view, mirror symmetry is a deeper statement
than observing the invariance of cohomology: the full physics should be invariant.

The main result of this thesis is to demonstrate, using sigma model arguments, that
this is indeed the case. That is, the mirror of the antiholomorphic involution is again an
antiholomorphic involution. For now we continue with the development of the geometry and

return to answering this question in Section 5.2.

4.2.3 Twisted Connected Sums

The next important construction of compact manifolds with Go holonomy are the twisted

connected sum constructions. These were first introduced by Kovalev in [70] and developed
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further in [72] (see [71] for more background). We now briefly review the construction, proofs

of the statements made can be found in the references.

Asymptotically Cylindrical Calabi-Yau 3-Folds & Building Blocks

)

The logic behind this construction is similar to the quotient construction above:'" constructing

metrics with holonomy Gj is difficult, but constructing metrics with holonomy SU(3) is a lot

easier. We therefore want to use Calabi-Yau 3-folds as a starting point in our construction.

Definition. [Calabi-Yau Cylinder| Let (S, Ig,gs) be a K3 surface (i.e. a Calabi-Yau 2-
fold). Then X, = R x S x § along with

Io=1Ic+1Is and g = dt? +df* + gs (4.26)

where (¢,6) are the coordinates of Rt and S!, is known as a Calabi- Yau cylinder. The

Kahler and holomorphic top forms are related by

Jeo=dtAdO+Js and Qoo = (d6 —idt) A Qg. (4.27)

We then have the following important definitions (see [72] for a more details).

Definition. [Asymptotically Cylindrical 3-Fold] A Calabi-Yau 3-fold, (X, I,g), is called
asymptotically cylinderical (ACyl) if it is diffeomorphic to a Calabi-Yau cylinder, X, =
Rt x S x §, outside a compact submanifold K C X. We call X, the asymptotic end of
X and (S, I, gs) the asymptotic K3 surface of X.

Definition. [Building Block] Let Z be a Kihler 3-fold with projection 7 : Z — CP!, where
a generic fibre is a smooth K3 surface S. Let Sy be a smooth and irreducible fibre, and

consider the natural restriction map
p: HYN(Z,Z2) — H"(Sp,2) =2 T3 = (-E$?) 0 UP3, (4.28)

and let N =im(p). Then, if:

(i) The anticanonical class —Kz € H?(Z) is primitive!! and obeys [-Kz] = [S] (i.e.
equal to the class of the fibre),

(ii) The inclusion N < I'*!9 is primitive,'? and

0Historically this construction actually came first, though.
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(iii) The group H3(Z,Z) is torsion-free,

then we call Z a building block.

It can be shown that a building block Z has A = h?? = 0. However, we note that a
building block is not a Calabi-Yau 3-fold. This is because ¢1(Z) = [-Kz] = [S]. Nevertheless,
we can make a Calabi-Yau 3-fold by simply excising a smooth fibre. That is, consider the
fibre Sy over a point py € CP!, then

X =27Z\5S (4.29)

is a Calabi-Yau 3-fold. It follows from Theorem 3.4 of [72] that X is in-fact an ACyl 3-fold.

Gluing Procedure

The idea of Kovalev [70] was to take a pair of ACyl 3-folds, X, along with a pair of circles,
S1, and glue them together in order to make a manifold with G holonomy. In particular, we
can consider the spaces

My =St x Xy (4.30)

and equip them both with Gs-structures in the same manner as our quotient construction

above. That is we have associative and coassociative forms
1
DL =déL NJL + Re(Qi) and *~ Py = iji ANJ+ + Im(Qi) Adéy, (4.31)

where ¢4 are the coordinates on the new SL. As before, these spaces only have holonomy
SU(3). We now give brief details on how to get holonomy Gbs.
The asymptotic regions of M4 are given by

Koot x S' 280 xRT x Sy x Sl (4.32)

where the subscript b and e stand for "base" and "external", respectively. That is Sg} L C Xoot
and S;i are the new circles we add with coordinates £4+. The idea is to truncate My in the
asymptotic regions and glue the resulting manifolds with boundary together in such a way
that the resulting space has holonomy Go.

It follows from Proposition 4.1.2, that this gluing procedure must be done in such a way

that we obtain a finite first fundamental group. This immediately tells us that we cannot

11GQee the discussion of Appendix B for a definition.
12Let N be a lattice. Then, a sublattice A C N is called primitive if any basis of A extends to a basis of N.
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simply glue the spaces together by gluing Sgy 4 to Sli_ and Sé 4 to Sel’,, as this would give a
space with infinite fundamental group. Instead, we consider the gluing procedure that glues
S& 4 to Sely;. Of course this gluing must also be done in a way that is compatible with the
K3 surfaces S+ and the R factors. In total we then define a diffeomorphism as follows: fix

T > 0 large enough'® and consider the region t € (T, T + 1) C RT, then

: S xRT xS xS - S xRt xS xSl

(4.33)
(21,29 ),t,04,64) = ((27,25),2T +1—t,&-,0-)

where (27,2, ) = t(2], 25 ) for hyperKihler rotation v: S, — S_, i.e.

v (Im(Qs_)) = —Im(Qs, ), " (Re(Qs_)) =Js, and t*(Js_) =Re(Qs.).  (4.34)

The claim is that the resulting space does indeed have holonomy Gs, and we introduce the

following definition.

Definition. |[Twisted Connected Sum Gq| Let X+ be ACyl Calabi-Yau 3-folds and My =
S}_L x X4 as above. Then we truncate My at t =T + 1 and glue the two spaces together
using ¢ and obtain a manifold with holonomy Gg, known as a twisted connected sum

(TCS) Gs. If X1 come from building blocks, Z., we use the notation

M(Zy,Z-) o= (Z4 x St )#0(Z2- x SL) (4.35)

We define regions IT* to be the asymptotic regions of M4, and regions I* to be the

remaining region, see Figure 4.1.

Cohomology

We now want to look at the cohomology of a TCS Gi. If we have a TCS coming from
a set of building blocks Z4, each of the building blocks has a restriction map of the form
Equation (4.28), i.e. we have py : HY(Z4,Z) — HY(Sp +,Z). We define

Ny :=im(p4),
Ty := Ni € H*(So4,2), (4.36)
Ky :=ker(p+)/[So.+].

13This is meant in the sense of Theorem 3.12 of [72], and is required in order to make sure the resulting
G2-structure is torsion-free.
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| Region I'" | | Region 11T | | Region 11~ | | Region I~

Figure 4.1: The TCS construction of a manifold with Go holonomy. X4 are ACyl
Calabi-Yau 3-folds, who’s asymptotic regions are Sy x R x Sl},i for K3 surfaces

S+. An additional circle is attached to each to define M4 = X4 X Sc})i. We glue
M together by identitfying along the arrows, where ¢ is a hyperKdhler rotation.

The gluing diffeomorphism ¢ induces an isomorphism H?(Sg +,Z) = H?(Sp.—,Z), and so it
allows us to think of Ny and T4 as sitting inside the same lattice T319 = (—FEg)®2 @ U®.
From here the integral cohomology groups of M(Z,, Z_) can be computed (see Theorem 4.9
of [72]). In this thesis we will work in a simplified case by imposing the orthogonal gluing
condition,

Ny ®R=(N:®RNN;:®R)® (Ny @ RNT: @ R). (4.37)

In this case we have
b+ b° =23 4 2[| K| + [K_| + h*N(Z4) + K1 (Z2)]. (4.38)

Following the conjecture that b? 4 b3 should be invariant under mirror G-manifolds,

swapping one (or both) building blocks Z for new building blocks ZY such that
h?Y(ZY) = |Ky| and |KY|=h*'(Zy) (4.39)

would preserve b? + b® and constitute a potential mirror. We again note the interesting fact
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that we have three different mirror options:

(Z+,2-) = (ZY,Z-)
(Zy,Z) = (Z4,2Y) (4.40)
(Z4,2-) = (2, 2Y).

Mirror Gluing

To define a G5 mirror we not only need to construct appropriate mirror building blocks, but
furthermore need to find an isometry ¢V to glue the asymptotically cylindrical Calabi-Yau
threefolds XY to a TCS G5 manifold. That such a ‘mirror gluing’ always exists was shown
in |26, 27| by employing the following arguments. For type II strings on a Gy variety M we
not only need to specify the geometry of the target, but furthermore the B-field. If M is
TCS, the B-field in general restricts non-trivially to X1 and the asymptotic K3 fibres Sp4.
Consistency of the gluing then implies that

Bls,- = Blsy, - (4.41)

In the asymptotically cylindrical regions of X4, mirror symmetry acting on X4 implies that
the K3 fibres Sp+ are mapped to their mirrors. Mirror symmery for a K3 surface S can be
understood as a linear map acting on Jg, Re(Q%’O), Im(Q%’O), Bg that is specified by a choice
of special Lagrangian fibration of S, and results in a mere reinterpretation of the same point
in the CFT moduli space [78, 79].

Replacing both Zy by ZY then replaces Sox by Syy, which in turn implies that J Sy,
Qg’(fv)i, Bgy satisty the relations (4.34) and (4.41), so that the mirror symmetry canonically
identifies a mirror gluing ¢ that can be used to construct

[M(Z_, SO—a Z+, SO-H (p)]v = M(sz S(\)/—a Z—|\{7 S(;/—H (pV) : (442>

By using a similar logic as in the original SYZ argument, this mirror map is associated with
performing 4 T-dualities along a coassociatve T* fibration of M. Here, both S, are contained
in the coassociatve T%.

Using a similar analysis one can show that there are gluings ¢* which allow to construct

[M(Z*, SO*? ZJr, So+, 90)]/\_ = M(ZX’ S(\]/—7 ZJra SU+7 QD/\_)

(4.43)
[M(Z—) So—, Z—i-) SO-‘,-v @)]AJF = M(Z—a So—, Z-\i/-a S(\]/+7 QDA_‘—)
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and that these mirror maps are associated with associative T fibrations. For "%, the SYZ
picture implies that S€1¢ are contained in the associative T° fibre, but S!, are not.

Besides sharing b? + b3, the total integral cohomology

H*(M) =P H"(M, Z) (4.44)
k

satisfies the stronger condition that
H*(M)=H*(M") = H*(M"¥) (4.45)

for any type of gluing, not just orthogonal gluing. Note that this implies that b%+b%+b*4b° =
2(b% + b3) is the same for all of these geometries.

Another interesting aspect of these mirror maps is that smooth G5 manifolds can po-
tentially have (geometrically) singular mirrors [27]. A TCS G2 variety necessarily contains
ADE singularities if there is a non-trivial ADE root lattice contained in N, N N_, which is
a possible realization of non-Higgsable clusters [80] in M-Theory [81]. Whereas a TCS Go
manifold M might be such that N, N N_ contains no roots, this does not necessarily hold for
one of its mirrors. However, the presence of such singularities does not imply a non-abelian

gauge group as there is necessarily a non-trivial B-field along the corresponding CP's.

4.2.4 Comparing The Two

The quotient construction and the TCS constructions seem to share some similarities. In
particular both consider taking a Calabi-Yau, attaching a circle, and then doing something in
order to get finite fundamental group and so holonomy G5. Of course the two constructions
have big differences, but nevertheless it is reasonable to ask whether there is a way to link
the two constructions.

This question was studied in [73], all be it from a slightly different angle. The paper
uses the known results of a lift of the compactification of Type IIB strings on a Calabi-Yau
orientifold to F-theory as motivation to study the lift of Type IIA orientifolds to M-theory on
a G2. In doing so, they demonstrate an elegant relationship between the quotient construction

using M, and the TCS construction. Here we outline the details of their method.

Quotient

We start by noting that the Calabi-Yaus used in the TCS construction necessarily contain
a K3 fibration. We therefore consider a K3 fibred Calabi-Yau, with base space CP!, i.e.
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S — Mgy — CP;, where b denotes "base". We denote the homogeneous coordinates of CP;
by [z1 : z2]. As 0 : Mgy — Mgy is an antiholomorphic involution, we can pick it to act
as an antiholomorphic involution w.r.t the K3 fibration. This in turn tells us that it acts on

CP} as [z1 : 2] = [Z1 @ 22).

Claim 4.2.1. The fixed point locus of o, restricted to the base space is a circle,
La’CP% = Sl? (446)

and so cuts CP}) into two halves.

Proof. We have homogeneous coordinates [21 : zo] on CP!. We now swap to
Zi =21+ iZQ and Zé =ZzZ1 — iZQ. (4.47)

The involution acts as o : [2]; 25] — [Z5, Z]]. We then have that its action on the projectively
well defined coordinate 2’ = 2] /2} is simply 2z’ — 1/Z’. The fixed point of this is a circle with

radius |2/| = 1. [ |

We now make the assumption that the K3 fibration over the S' of Equation (4.46) is
trivial, i.e. that Mgy |g1 = St x Sy for a smooth K3 surface Sy. The cutting of the CP! into
two halves splits the discriminant locus'® of the fibration into two sets, and our assumption
tells us that the product of the monodromies associated with the degeneration points is trivial
in each of these sets. Our assumption also tells us that the fixed points locus of L, takes the
form

Ly = Lg, x S, (4.48)

where S is as per Equation (4.46), and Lg, is the fixed point locus of the smooth K3 fibre
S over the S'. See Figure 4.2.

As we have said, o : 5o — Sy acts as an antiholomorphic involution, that is:

o*: J(So) — —J(S(])

vo (4.49)
g* Qo (So) — QQ’O(S(]),

where J(Sp) and Q*0(S) are the Kihler form and holomorphic (2,0)-form of Sg. The im-

portant part is that we can now use a hyperKahler rotation, v, to change complex structure

14Roughly speaking, the discriminant locus of a projection is the set of points such that the fibre is singular.
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0

Lo|cpr = S*

Figure 4.2: Pictorial depiction of a K3 fibred Calabi-Yau 3-fold S — Mgy —,
CP! with antiholomorphic involution, o, and its fized points locus L, depicted in
blue. The involution cuts the base CP' in half with L,|cpr = S'. The fibration
around this fized circle is assumed to be trivial, with smooth fibre Sy. The invo-
lution acts in Sy as an antiholomorphic involution that fizes a special Lagrangian
submanifold Lg,. The fized point locus is thus L, = S* x Lg,. The shaded region
1s the fundamental region of the involution. The dots are the degeneration points,
over which the K3 fibre S is singular. The product of the monodromies around
these points in either half of the CP' is necessarily trivial.

on Sy such that

J(SY) =ReQ?(Sy) and Q*O(SY) = J(Sp) — i Im Q>0(Sp). (4.50)
In this new complex structure, o acts as

o J(SY) — J(SY)

2,0/ o 2,0/ q¥ (4.51)
o* 1 QYP(Sy) = —Q77(Sy).

Such an involution is known as a non-symplectic involution, and they were classified by Nikulin
[50, 82, 83]. The classification states that we can specify a non-symplectic involution by three
integers (7, a, ), constrained by 1 <r <20, 0 <a <11 and 6 = 0,1. The allowed values all
also obey r —a > 0.

The fixed point locus Lg, is then given by a collection of (f — 1) disjoint CP's along with
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a genus g surface. The triple (r,a,§) determines f and g via'®

r—a

2

:%_#Jﬂ and f =

g +1. (4.52)

We are now in a position to compute the Betti numbers b and b® for the resolved Mg,

coming from M,. In particular we recall Equation (4.24) and use

W (Ly) =f and b'(Lys)=0b"(Ls,) +b"(Ls,) = 2g + [, (4.53)
along with
b2 (M) = b (Mey) and b3 (M,) = hM (Mey) + B2 (Mey) + 1, (4.54)
to obtain
b*(Mg,) +b*(Mg,) = 1+ hH (Mey) + B3 ( Mey) + 4f + 4g. (4.55)

Recall that the resolution of M, requires the existence of a nowhere vanishing, harmonic one-
form A. The existence of it here follows from our previous assumption that the K3 surface

doesn’t vary over S! = LU|CP}7: A is the volume form on this circle.

TCS

We now want to reproduce the above Betti numbers from a TCS construction. The idea of
[73] was to use the antiholomorphic involution to divide the space into two and show that
these spaces can be realised using building blocks.

The idea is to recall that o splits the base CP; in half, and so the fundamental region is
topologically a bounded disc, D. Letting R denote the radius of D, we can use coordinates
(r,¢) with r < R and ¢ € {0,27}. By picking an appropriate region of the moduli space of
My, we can put all of the singular K3 fibres in a small disc around the origin.

We then split D into two overlapping regions,

D_ = {(r, 0 |r < iR} (4.56)

D, = {(r,(ﬁ)’r> iR}.

If we can show that these two regions give ACyl 3-folds, then we are in business to find a

5There are two exceptional cases: (r,a,8) = (10,10,0) and (r,a,8) = (10,8,0). The former gives empty
Ls, while the latter is two tori.
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TCS construction of our Go. That is, we want to use D4 to define M4 that decomposes M, .
Importantly, the claim of the paper is that this decomposition is respected by the smoothing
to Mg,, and so we get a decomposition of Mg, as a TCS.

The first thing we notice is that the involution o acts freely on the double cover of D

everywhere except at r = R. Therefore its action for M_ is free and we simply have
M_=8pxX_, (4.57)

where X_ is the ACyl 3-fold that asymptotes at r > iR to Sp % S(}j x R. Here we have
5’617_ =S}, Sl}’f = Sé and S_ = 5.

The region M is more difficult as it contains the fixed points r = R. However, we are
saved by the crucial fact that there is a limit in the moduli space where the K3 fibre over D
is trivial. We therefore have

(So x S} x Ry) x 5§ (So x Ry) x S}

4= (o 1) =S} X o) (4.58)

where we have used the fact that o doesn’t change the ¢ coordinate on the disc. We note
that, for r < R, the action is free and we simply get the product Sel x S0 x Sqls x R, which looks
like an asymptotic region we want. Namely, we have Sel7+ =Sl Sl},Jr = S(} and Sy = 9.
However, there is an issure: ¢ acts on Sy by an antiholomorphic involution which destroys
the Calabi-Yau nature.

The solution to this problem is simple: we change complex structure on Sy by using a
hyperKéhler rotation, t,,5 : So — S, such that o acts holomorphically. We can then define
X to be the ACyl Calabi-Yau orbifold with asymptotic region Sj x Sj x R;". The required
hyperKéhler rotation acts as

0.5 (Im(Qg)) = —Im(Qs), 1) ,5(Re(Qs)) =Jg and =

r,a,0 r,a,0 r,a,0

(JS/) = Re(Qg). (4.59)

We immediately note that this hyperKéhler rotation is exactly the one needed for the gluing
procedure in our TCS construction, Equation (4.34). Putting this together with the fact that
the two S's are also swapped between M., we arrive at a TCS construction of the singular
M.

The next thing we need to do is look to resolve the space and obtain a TCS of Mg,. In
order to do this, we need to find compact building blocks Z4 with ¢;(Z+) = [So+] so that
X+ =24\ S0+

The easier one of the two is Z_. The idea is to notice that we could glue together two
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copies of X_ and get My back. In this sense, we have
Mey = Z_#2_, (4.60)

which establishes a relationship between the topologies of My and Z_. The relations that

will be important to us are
1
W2 = 5 <h271(Mcy) + hl’l(./\/lcy)> 11— K|, (4.61)

as well as

Wyl (Mey) = |[K_| + N4,

1 ) (4.62)
Y Mey) = |K_|+|N_| + 1.

where K_ and Ny are as per Equation (4.36).
The construction of Z, is a little more involved and requires introducing Voisin-Borcea
Calabi-Yau 3-folds [84, 85]. These are Calabi-Yaus formed by the resolution of the quotient

of a K3 surface and a 2-torus by a holomorphic involution:

T2
Yias = (S >:7 ) (4.63)

where 7 is a non-symplectic involution on S and acts as inversion on the complex coordinate

of the T2. As explained in [73], the idea is that Y, 4.5 can be split itself into two ‘Voisin-Borcea
building blocks’,
Yia6=TYrao#Lrae (4.64)

that have topology
RN Yras) =29 and |K(Y,.5)| = 2f (4.65)

where g and f are as per Equation (4.52). The key thing is that X, o5 = T, 45\ So is a
non-compact ACyl 3-fold and so we can set Zy =T, 4 5.

Finally, plugging Equations (4.61) and (4.65) into Equation (4.38) returns
b*(Ma,) + *(Mg,) = 1+ b (Moy) + h*H(Mey) + 4f + 4y, (4.66)

which is exactly Equation (4.55), as required. We therefore get that the TCS construction is
given by
Mgy = (Tras X S5)#p,as(Z- % S}) (4.67)
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where ¢, 4 5 is the gluing diffeomorphism who’s hyperKahler rotation is t, 4 s of Equation (4.59).
As pointed out in [73], the nowhere vanishing, harmonic one-form A needed in the quotient

construction is given by d¢ in the TCS description.

4.3 Toric Geometry: Tops

The construction of our mirror TCS G3 required us to know the mirror building blocks ZY.
The obvious question is "is there a useful method to obtain these mirror building blocks?"
We now recall that language of toric geometry provided a very powerful and borderline com-
binatoric method for constructing Calabi-Yaus and their mirrors. We now want to look to
develop an equivalent construction for manifolds with G5 holonomy.

The key lies in noting that we can form our Gy using a K3 fibred Calabi-Yau. The
Calabi-Yau (and its mirror) are defined by introducing a pair of reflexive polytopes (A, A°).
We now recall that it is possible to probe for a fibration structure by projecting the fan into
a sublattice and asking whether we get a fan again or not. We then consider the following set

up [86-88|, which we give in the form of a proposition.

Proposition 4.3.1. Let A° C N be a reflexive polytope in a lattice N, and A% C A° be a
subpolytope, i.e. there exists a sublattice Np C N such that Ay, = A°NNp. If A% is reflevive,
then the Calabi-Yau XA ae admits a fibration by Xap ae,. The projection N — N/Np gives
rise to a projection of the hypersurfaces if there is an appropriate triangulation of A° that

turns this into a toric morphism.

The case that is of interest to us is when the fibration is of codimension 1, i.e. a K3 fibred
Calabi-Yau 3-fold. We therefore want to look at the situations where N is codimension 1.
Letting mg denote the primitive normal vector to Ng, i.e. (mg, Np) = 0, allows us to see
the fibration structure nicely [74]. We recall that the monomials for the defining equation are

defined using the lattice points m € A:

G(2) =Y am [[ 2+t (4.68)
We therefore introduce an equivalence relation

m~m' if m-—m'=kmyg, (4.69)

for integer k. Let M = {[M]} denote the set of equivalence classes, then the defining equation
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can be rewritten as

G(z) = Z Z m H PAGCORE

[M]eM mE[M] neA°
= > | IT & > o [ 2t (4.70)
[M]eM \"€A% me[M]  n¢gAg

_ Z ai H Zflm,n)—l—l’

[MleM  "EAE

where we have defined

YARES Z faves H Zimmtl, (4.71)

This is, however, the defining equation for a Calabi-Yau X Ap,A% where the coefficients of
the monomials, o, depend on the remaining coordinates. This is exactly the set up for a
fibration.

Next we note that A% separates A° into two halves:

07 := Conv ({n € A°|(mg,n) > 0})

(4.72)
05 := Conv ({n € A°|(mg,n) <0})

so that
A° =07 U O »=01N03. (4.73)

These two halves were named "top" and "bottom" in [89]. We then have the following

definition.

Definition. |Top| Let A% C A° be a pair of reflexive polytopes, as above, with dim A%, =
dim A° — 1. Let mg be the primitive normal vector to N, (mg, Np) = 0. Then a top is

defined as the lattice polytope
0° = Conv ({n € A°|(mg,n) > 0}). (4.74)

We will make the simple choice mg = (0,0, 0, 1) by exploiting the SL(4,Z) acting on N in
the following.

Definition. [Projecting Top| A top ¢° is called projecting if the projection of ¢° to Np ®R

is contained in A%.
Projecting tops can be used to construct building blocks for TCS G2 manifolds in analogy
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to Batyrev’s construction of Calabi-Yau threefolds [74]. Given a projecting top, we can define

its dual as

(0,0°) 2 -1 (0,n0) > 0. (4.75)

where ng = (0,0,0, —1). Using ¢ C Mg, the normal fan ¥,,(¢) can be used in the construction
of toric varities from polytopes discussed before, resulting in a compact hypersurface in the

toric variety Xy (¢), which in general is not smooth. A fan refinement

En(0) = Xn(0) - (4.76)

for which all rays introduced have generators which are lattice points on ¢ gives rise to a
crepant partial desingularisation. The associated MPCP then defines a smooth hypersurface

which we denote by Zy ¢o. The defining equation of Z g0 is

F(z) = Z ozmzém’n0> H Zimn+1 — ¢ (4.77)
me(0U(0,0,0,1)) ned°

Here z; are the homogeneous coordinates associated with the ray generators n; € ¢°, note
that ng is always a ray generator of %,,(0).

The hypersurface Zy oo admits a K3 fibration with base CP! such that
c1(Zy 00) = [So] (4.78)

where [Sp] is the cohomology class dual to the divisor class of a generic K3 fibre, i.e. Zy g0 is
a building block and Xy ¢o = Z¢ oo \ S is an asymptotically cylindrical Calabi-Yau threefold.

The topological data of Z oo required for our purposes can be described by combinators
[74].

Proposition 4.3.2. Denoting k-dimensional faces of & by O the Hodge numbers of Z 00
are h"9(Zy 00) = 0 for all i > 0 and

W (Zoge) = =4+ 14 ) 1 (0n(0P) + > "1 (0M) e (o, (011))

el o2 ol

W (Zo,00) = £(0) — U(AF) + > (O (0, (0F))) = > " r*(0F])
ol2] ol

(4.79)

where 0*(0,(OW))) counts lattice points on O° in the relative interior of the normal cone to

Ol and ¢ and ¢* of polytopes/faces are defined as before. The ranks of the lattices N and K
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defined for building blocks are given by

IN(Zooo)l = (AF) =3+ Y (@) (e}

ve 9%[1] (480>
\K(Zyp0)| = ' (Zop0) — IN| =1
]

where (1(...) counts points on the one-skeleton, and ve @% denotes only those one-dimensional

faces of A which are bounding a face of O° that is ‘vertical’, i.e. parallel to nyg.

As for reflexive polytopes, we can interchange the roles played by ¢ and {° resulting in

another building block, Zyo , that satisfies [26]

W2 (Zo.o0) = |K(Zge o)

iy ey (4.81)
(Zoe0) = [K(Zo,00)] -

These are exactly the relations we needed to constitute a mirror in the TCS construction,
Equation (4.39). Furthermore, the lattices N(Zy o) and N(Zyo o) admit a primitive embed-
ding

N(Zy.00) @ N(Zyoo) @ U s T3, (4.82)

This implies that the K3 fibres of Zy oo and Zgo (, are from algebraic mirror families [78]. The
above relations play a crucial role in the construction of mirror G manifolds of TCS type.
Any two projecting tops ¢7 and Q3, for which Aj, = AS., can be joined to create a
reflexive polytope Af, [89]. A large fraction of the polytopes in the Kreuzer-Skarke list are
of this type, and as their Hodge numbers can be understood from this decomposition as well,
a number of patterns in the plot of Hodge numbers can be explained by this. Conversely,
given a reflexive polytope A° that can be decomposed into two projecting tops, the Calabi-
Yau threefold XA Ao admits a stable degeneration limit in which it becomes reducible into
the two building blocks Zy g0 and Zge o [26]. This limit can be understood as stretching
the base CP! of the K3 fibration on XA, A0, separating the singular K3 fibres to its two
ends. Cutting along the stretched base along the middle then decomposes Xa ac into the
asymptotically cylindrical threefolds Xo, oo and X¢, ¢s. This is, of course, simply the toric
geometry description of the decomposition of a K3 fibred Calabi-Yau into a TCS considered

above.
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5 (Go: Conformal Field Theory

This chapter discusses the SCFT for Go-manifolds, first presenting the general algebra due
to Shatashvili and Vafa, before moving on to constructions using the Odake algebra. This
allows us to make connections to the geometric constructions from the last chapter. As with
the Calabi-Yau SCFT, we introduce the mirror map as an automorphism of the algebra. We
then introduce the sigma model for a Ga-manifold, and ask questions about how we should
think about the action of the antiholomorphic involution in the GLSM. This leads to simple
explanation of how the mirror construction of Hori and Vafa can be nicely extended to the
singular space M,. In particular we observe that the conjectured geometrical mirror pair
from the previous chapter, Equation (4.25), do indeed have isomorphic SCFTs and constitute
genuine mirror pairs. We then end with a discussion on how the smoothing process that takes
us from M, to Mg, should be understood in the SCFT, and argue that we again obtain a
genuine mirror map for Mg, .

The main references for this chapter are [23] for the general algebra and |29, 34] for the
realisation of the algebra using the Odake algebra. The main result of the thesis, along with

a discussion of how it fits into other known results, is then given from Section 5.2 onwards.

5.1 The Shatashvili-Vafa Algebra

Before discussing mirror symmetry for Ge-manifolds, we first want to construct the super-
symmetric sigma model, i.e. we want to study the SCFT. We saw in Chapter 3 that for a
Calabi-Yau manifold, the existence of spacetime SUSY required the SCFT to have N' = (2,2)
SUSY. At the level of the SCFT this was obtained by extending the A/ = 1 superVirasoro
algebra by a U(1) current, J. We now want to play a similar game for manifolds with Go
holonomy and ask what extension (if any) of the A/ = 1 superVirasoro we need.

First we make the observation noted in [23]. The U(1) of the Odake algebra can be under-
stood as follows: consider the sigma model with an n-dimensional Kéhler target, so that we

have U(n) symmetry. In order to obtain a Calabi-Yau, we need to restrict to SU(n) holonomy,

133



and so the part of the U(n) symmetry that remains unbroken is U(1) = U(n)/SU(n). For
manifolds with G2 holonomy we can make a similar argument: we start with SO(7) symmetry
and have holonomy Gs. The quotient is not a group, however at the level of the SCFT it is
simply a coset model with central charge 7/10," which is the infamous tricritical Ising model
(see, e.g., [66] for a review).

The above observation suggests that we think of the role that the U(1) plays in the Odake
algebra is played by the trictrical Ising model for the Go SCFT. There is an important thing
missing, though: the U(1) gave us N' = 2 SCFT and so gave us access to spectral flow. It
is spectral flow that allows us to map between NS and R states, and so gives rise to the
spacetime SUSY. In order to make the above U(1) — (tricitical Ising model) connection, we
need to show that the latter also gives us a way to map NS and R states among each other.

In order to construct the SCFT of the Ga-manifold we start by recalling that [60] tells us
that a covariantly constant p-form on the target manifold gives rise to a superpartner pair
of currents with conformal dimensions £ and %. For the G9-manifold we have two forms,
the associative 3-form and its dual coassosiative 4-form. We therefore expect to add four
currents to our algebra with conformal weights (3/2,2) and (2,5/2), which we denote (®, K)
and (X, M), respectively.

The OPEs between the generators (T, G, ®, K, X, M), where (T, G) are the generators of
the A/ = 1 superVirasoro algebra, are shown to close (see Appendix 1 of [23])?, and so we can
use them to define our Go SCFT. An important fact about this SCFT is that it possess two,

non-commutative, N' = 1 algebras: we have the original one (7', G), and then a new one with

1
V15
the tricritical Ising model that we expected.

generators 17 = f%X and Gy = ®. The latter has central charge c; = 1—70, and gives us

The idea is then to split the stress energy tensor into two pieces: T = T + 1., where T,
denotes the part that has vanishing OPE with the 77 (i.e. 7 means "remaining"). This allows
us to give our states two conformal weights, h; and h,..

Recalling that the conformal weight of a Ramond ground state in a SCFT is d/16, where
d is the dimension of the target space, tells us that our Ramond ground states must have
7/16. The key thing is that the tricritical Ising model contains a Ramond ground state with
hy = 7/16, and so our Go SCFT contains a state

7
hyhy) =|-=.0). 1
) = |50 5.0

!Technically speaking the quotient is of the affine Lie algebra so(7); and the (ge)1 algebras, which have
central charges 7/2 and 14/5, respectively.
Tt was noted in [29] that there is a typo in the K(z)M (w) OPE.
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The operator corresponding to this state can then be used to provide a map between R and
NS states (see, e.g., [23]). This allows us to really conclude that the trictirical Ising model
plays the role of the U(1) in the Odake algebra.

We shall refer to the above algebra as the Shatashvili-Vafa algebra in what follows. As
pointed out in [29], the algebra obtained in [23| was done in a free field representation, which
guarantees the associativity of the OPEs. However, more abstractly in order to satisfy the

Jacobi-like identities, we need to mod out by an ideal generated by
N = 4(GX) — 2(®K) — 40M — 9*G. (5.2)

5.1.1 Moduli Space

We now recall that the Witten index plays an important role in relating the states of the
SCFT to the cohomology of the target spacetime. Here we are dealing with the extension of
an N = 1 algebra, and so we do not have the U(1)4 and U(1)y charges that played such a
crucial role in allowing us to determine individual Hodge numbers for Calabi-Yau targets. As
explained in [23], here we are only able to compute either the sum of all even or all odd Betti
numbers, we will use even for concreteness. This means that the SCFT only determines the
target manifold up to manifolds that share the same ), b2,

Luckily for manifolds with G2 holonomy this is simplified slightly: the only undetermined
Betti numbers are b%,b%,b* and b°, but these are related by the Hodge star: b?> = b° and
b3 = b*. So, from the SCFT perspective, we can only compute the cohomology of the target
space up to manifolds that have the same b? 4+ b* = b + b3. This is ezactly our Shatashvili-
Vafa relationship, Equation (4.5), that we have been using to identify potential mirror Gas.
Indeed in [23]| they show using the tricritical Ising decomposition above that they are only
able to determine the value of b> 4 b from the algebra. In other words, the moduli space of
the Shatashvili-Vafa algebra has dimension b + b3

This tells us that, although the two manifolds could have widely different topology, they
share the same SCFT and so correspond to physically equivalent theories. This is the context
in which the generalised mirror conjecture above is understood.

We now move on to constructing the Shatashvili-Vafa algebra by thinking about the
geometrical constructions of Gos from before. We will, however, leave the discussion of mirror

symmetry in these constructions until we have presented our general mirror arguments later.
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5.1.2 From Odake

Now that we have both our Odake and Shatashvili-Vafa algebras, we can ask if we can link
them in a similar fashion to the geometric constructions. We start by noting that the Ramond
ground states of our Odake algebra all had h = 3/8, while the Shatashvili-Vafa algebra requires
h = 7/16. Putting this together with the fact that the SCFT for a circle is given by a single
boson-fermion pair, so that the R ground states have h = 1/16, we can generate the right

conformal dimensions by attaching a copy of the S' SCFT to the Odake algebra.

Quotient Construction

We first look at the quotient construction

_MchSl

Mg 0. 0)

(5.3)
where ¢ is an antiholomorphic involution on Mcy and (—) the inversion on the S. This was
done nicely in [29], and we summarise the construction here.

Denoting the Odake generators by (Tay, G, J,G3, A, B, C, D) and the boson-fermion gen-

erators by (j,v), we obtain the Shatashvili-Vafa generators via®

T = Toy + T
G=G"+Gq
o =A+ (JY)
1 1 5.4
X = (B) + (1)) - 5(000) >4
K = C+ (Jj) + (G*¢)
M = (Dy) — (Bj) + 5 (500) — 5(05) + (JG?) — 50C.,
where (...) stands for normal orderings, and
Tor = 3(ii) + 5(@0) and G = (0). (55)

As before, we must take into consideration the ideal N of Equation (5.2). However, we

note that N in fact belongs to the ideal generated by the Odake null fields N! and N? in

3The expression for M is corrected for a typo, as per [34].
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Equation (3.48). We therefore obtain a realisation of the Shatashvili-Vafa algebra as

0d? x Freeg:

SV — (NT, N2

(5.6)
We are dealing with an N' = (1,1) algebra, and so we have two copies of this: the left and
right copies.

Following the geometrical construction of manifolds with G5 holonomy from a quotiented
product of a Calabi-Yau and a circle, we now want to ask how the involution acts on the
generators of the SCFT. Geometrically, an antiholomorphic involution is defined via the action
on the Kihler form, Jx + —Jg, and on the holomorphic (3,0) form, Q39 — O30, Recalling
that the results of [60] tell us that the Kihler form gives rise to the (J,G3) generators and
that the imaginary parts of Q39 gives rise to (B, D), we conclude that an antiholomorphic
involution inverts the sign of these four generators. We can make similar arguments for the
S factor, where we see that the signs of both generators (j,) are changed. So, in total, we

see that an antiholomorphic involution acts on the generators as
(07 _) : (TCY7 G07 J7 G37 A7 B) 07 D7j7 7@ — (TCYu G07 _J7 _G37 Au _B) C7 _-D7 _j7 _¢) (57)

This acts on both the left and right algebras simultaneously. This is clearly an automorphism
of the Shatashvili-Vafa algebra as the generators (T, G, ®, X, K, M) are all invariant. Indeed
this is one way to obtain the decomposition in Equation (5.4): they generate the subalgebra
of Od?® x S fixed by o.

We note an important point: the antiholomorphic involution does not have a unique
geometrical interpretation. Here we have written its action at the level of the generators of
the algebra, however this does not fix how it acts on individual elements of the Hilbert space.
For example, an involution has the potential freedom to map states with the same quantum
numbers, but the above is insensitive to this map. Geometrically this could correspond to
the difference between sending (z1, 22, ..., ) — (21, Z2, ....) or (21, 22, ..., ) = (Z2, Z1, ....), etc. In
order to explicitly construct our mirror Mg,, we of course want to be more specific about
which involution we are dealing with. We will be able to answer this question more clearly

when we turn to the GLSM approach later.

TCS Construction

We also want to be able to see the construction of the Shatashvili-Vafa algebra akin to the

TCS construction. This was done in [34] by considering the two regions I vs. II of the TCS
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construction in turn.

For regions I* we are dealing with a product of an ACyl Calabi-Yau 3-fold and a circle.
We therefore are in the realm of the above construction and we simply get Equation (5.6)
again.

Regions IT* is slightly more complicated, but not too hard to see. Here we are geometri-
cally looking at the product of a K3 surface, two S' factors and a copy of RT. The idea is
to find a realisation of Od® in terms of the K3 surface, one of the S's and the R, and then
combine this with the result above to obtain a realisation of the Shatashvili-Vafa algebra.

The result is rather straight forward: we can obtain Od?® as

0d? x (Free)2,  p+

3
Od° — NI, N2

(5.8)

where Od? is the Odake algebra corresponding to the K3 surface. We then simply obtain

0d? x (Free)d pe gt
SV — <N1’N2>X = (5.9)

The final step of [34] is to check for compatibility of the two realisations at the junctions
between regions: It NIIT, IITNII~ and I” NII~. We note that IT NIIT and I~ NII~ will have
the same form and so one needs to only check one. This is done by providing maps between
the generators for each region, and checking that the ideals are unaffected. We do not present

the details here, but they can be found in the reference.

5.1.3 Mirror Automorphism

Before looking at the sigma model for manifolds with Gy holonomy, and the geometrical
statements of mirror symmetry, we first observe mirror symmetry as an automorphism on the
Shatashvili-Vafa algebra constructed using the Odake algebra as above.

Besides the antiholomorphic involution automorphism, Equation (5.7), the Gy algebra
contains three other interesting automorphisms (Mcy, Tg1, M, ), who’s actions on the gen-
erators are given in Table 5.1. Contrary to the automorphism associated with antiholomorphic
involutions, these automorphisms only act on one side of the N' = (1, 1) algebra, say the right
side.

We note that the first automorphism is nothing other than our Calabi-Yau mirror map
(Equation (3.55)), and the second is simply T-duality on the boson-fermion pair. The final

map is just the composition of these two. Note that the latter acts on the Shatashvili-Vafa
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| Tey | ¢ | 7 | ¢ | A | B | C | D | j |
Moy |+ + — - + - - - + -
T - - - + + + + + - -
Me, | + - — - + - + — - -

Table 5.1:  Three automorphisms of the Gy algebra formed via the product of
the Calabi-Yau and circle algebras. The action is written via its action on the
generators, with (Tcy, G°, J,G3, A, B,C, D) corresponding to the Calabi-Yau and
(4, %) the circle.

generators trivially, i.e.
Ma, : (1,G, ¢, X, K, M) — (T,G,®, X, K, M), (5.10)
whereas the other two do not have easily defined action on these generators, e.g.
Moy : D=A+ (JY) = & = A— (J). (5.11)

Nevertheless, it is straightforward to show that both 9cy and Tq1 are automorphisms of
the algebra. This follows simply from the fact that the Calabi-Yau subalgebra does not
speak to the boson-fermion subalgebra, i.e. the OPEs between (Tcy, G, J, G2, A, B,C, D)
and (j, ) all vanish. Therefore if our map is an automorphism of the subalgebras, it must be
an automorphism of the full algebra.

We note that the automorphism given in |77| takes the form
Mok (1,G, @, X, K, M) — (T,.G,—®,X,—K,M). (5.12)

As pointed out in [34], this automorphism is related to Mcy and Tq1 via a phase rotation on

the Calabi-Yau generators:
Ph™ : (Tey,G°, J,G3, A, B,C, D) — (Tcy,G°, J,G3,—A, —B, —C, —D). (5.13)

We introduce these here as they will be important when discussing mirror symmetry in the

TCS construction.

Mirror Involutions

We are now in a position to state an important observation: all three mirror automorphisms

commute with the antiholomorphic involution automorphism. It follows from this that for
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every antiholomorphic involution on the original theory we obtain an antiholomorphic involu-
tion in the mirror theory. In other words, the mirror of antiholomorphic involutions are again
antiholomorphic involutions.

We immediately note that this statement has been made simply at the level of the gen-
erators of the algebra. However, as we have said, at this level we are blind to which anti-
holomorphic involution we are doing. This situation is akin to the story of mirror symmetry
in Calabi-Yau manifolds: one can note an automorphism of the algebra, but the story really
becomes interesting once we have methods to dig deeper, in particular the GLSM and Gepner

models.

TCS Construction

Before we look at the problem from the GLSM perspective, we quickly discuss the mirror
map for the SCFT of the TCS construction. This was considered in [34] and gives a beautiful
result. Recall that our TCS algebra can is decomposed into four regions, just as the geometry
in the TCS construction is: regions I* and IT*. The idea is to start with a given G5 mirror
involution in region I+ and then trace it through the gluing procedure and check that it defines
a consistent mirror involution on the algebra in each region. In doing this they observe two

different mirror maps. We summarise their results in Tables 5.2 and 5.3.

Region It Ir+ 17~ I
Automorphism ” ”
decomposition Moy oTg | MgoPhigoTyoTy | PhigoMgoTeoTy | My oTp
SV automorphism id id id d

Table 5.2: TCS mirror automorphism corresponding to Equation (4.42). That
is, it is associated with performing 4 T-dualities along a coassociative T* fibration,
with both S} 4 being dualised.

Region It II+ II- -
Automorphism . ﬂ W
decomposition Mcy o Ph Mg o Th Phg o Ty Ph™oTy

SV automorphism Max Mk Mar Mar

Table 5.3: TCS mirror automorphism corresponding to Equation (4.43). That
is, it is associated with performing 3 T-dualities along an associative T fibration,
with only Sa_ being dualised. We could also perform this same mirror map but
with + <> — exchanged, which gives the other mirror map of Equation (4.43).

The key thing to note is that the mirror map of Table 5.2 corresponds to mirroring both
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building blocks (as well as T-dualising the external circle), whereas the map of Table 5.3
only mirrors the Z,. building block (without T-dualising S , ) and leaves Z_ unmirrored (but
T-dualises 5617,). Of course this latter type could also be done the other way around: mirror
Z_ and leave Z, unmirrored. We therefore have 3 different mirroring options, corresponding

exactly to Equation (4.40).

5.2 (G, Sigma Models

We recall from our Calabi-Yau discussion that mirror symmetry is most powerfully understood
from the sigma model perspective. In particular, the sigma model encapsulated the notions
of mirror symmetry not only for Gepner models (which are a particular limit of the sigma
model) but also reproduced the results of Greene-Plesser and also could be related to Batyrevs
mirror maps for toric hypersurfaces.

For this reason, we now want to look at the sigma model for a manifold with G5 holonomy
and ask about what we can say about mirror symmetry in this context. We recall that the
question we really want to probe is whether the following geometrical mirror proposal makes
sense:

1\ V Y 1\V
MCYXS > _ MCYX(S) : (514)

(07 _1)

where 7 is an involution that gives rise to a quotient with equivalent b* + b>. In particular

o) = (

T

we want to know whether the physics tells us whether such a 7 exists, if it is unique and if 7
should be an antiholomorphic involution on the mirror Méy.

The first thing we will need is the sigma model of the product of a Calabi-Yau and a
circle. The key thing here is that this is a metric product, i.e. the metric for the theory is

block diagonal
goyxst = goy D gst- (5.15)

From the sigma model perspective, this means that our sigma model splits into the sum of
the Calabi-Yau and the circle models. The latter is simply the theory of a boson fermion pair,
and the former we have discussed in detail above. It is known that the sigma model for a
manifold with G2 holonomy is a (1,1) theory, but here we have a sum of a (2,2) theory (the
Calabi-Yau) and a (1,1) theory (the circle). We generate the G5 sigma model by taking the
quotient of these sigma models by the antiholomorphic involution, we therefore need to know
how the involution acts on these two models.

The S! sigma model is straight forward and it can be shown that the inversion simply acts
as sign conjugation of the boson and fermion, i.e. if j is the boson and ¢ the fermion, then the

involution acts as (,%) — (—7, —t). The involution for the Calabi-Yau sigma model needs a
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little bit more thought, and we shall do this in Section 5.2.2 below. As a stepping stone, we
first consider the limit of the GLSM corresponding to a G2 Gepner model and study how the

involution and mirror map work in this context.

5.2.1 G2 Gepner models

The construction of G2 Gepner models have been studied in [30-32]. Under Gepner’s con-
struction the full SCFT (in light-cone gauge) is given by a Gepner model and an s0(2); affine
Lie algebra, which gives the two fermions in the non-compact directions. It can be shown
using simple current arguments (see [59] for a review), that the NS vs R sectors of the two
parts must agree, i.e. if we have a NS state in our Gepner model, we must take a NS state
from our s0(2); model. Similarly we can show that the overall U(1) charge of a state must
be an odd integer.

Let’s imagine we have a NS state in our Gepner model, and we want to add back in the
50(2); factor. We have two options: Oy and V,. These have (h,q)o = (0,0) and (h,q)y =
(1/2,1). Now, we know that the NS states should have total charge being an odd integer,
however we chose our spectral flow such that our Gepner models always had odd integer NS
charge, and so we can only couple to the O rep. This is all consistent: if we had taken a state
of the form g = qgep + @so(2), = 2+ 1, so that we were using the V5 rep, we could use spectral
flow to go to the state with ggep, = —1. The spectral flow from NS to R in the s0(2); theory
is given by either C or So (depending on which direction you flow). Either way, we are doing
this same spectral flow twice (to go NS to R to NS) and so we are using C2 = S% = V5, which
follows from the fusion rules of s0(2);. Putting this together with V5 x Vo = O, we see that
our V5 rep flows to an O, rep, as needed. All together, that is

(gGep = 2) X Va2 = (qGep = —1) x Os. (5.16)

Therefore we can always represent a state in the NS sector as a state in the Gepner model
with odd integer charge along with the O3 rep.

In order to construct our Gy Gepner model, we need to split the so(2); factor into two
copies of s0(1);. In other words, we want to treat the two fermions separatly, as one will
remain a non-compact direction, whereas the other will be compactified on our S*. There
are three representations of so(1);: (O1, Vi, S1), which have conformal weights (0,1/2,1/16),
respectively. The thing we notice imediately is that the R representation S; has h = 1/16,
which is exactly the conformal weight required in order to take the R ground states of a
Calabi-Yau CFT and produce R ground states of a Go CFT, i.e. hg, =7/16 =3/8+1/16 =
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hGep + h51 .

One can form the four reps of s0(2); out of the three reps of s0(1); as follows:

02 = 0,01 +1V;
Vo =0:V1+ V10,
So = 5151
Co = 5151

(5.17)

The at-face-value equality of Sy and C5 is dealt with via arguments related to fixed points of
simple current orbits in the so(1); x so(1); theory (see, [30] for details). We can use this to
write our generic NS (Gep) x s0(2); state in terms of so(1); reps, namely

<h = |g’, q € {£3, il}) ® (0101 + 111), (5.18)

and similarly for the right states (i.e. tildes everywhere).

Anti-holomorphic Involution

The G5 involution maps the s0(1); NS reps via (O1, V1) + (O1,—V1).* As we have seen, it
also maps states in our Gepner models by changing the sign of the U(1) charges. In terms of

the tuples (I;, m;, s;) of the minimal model factors, the involution acts as
(liymi, si) = (L, —mi, —8;) (5.19)

on the states in the highest weight representation. This actually gives the ‘vanilla’ involution
(i.e. simply complex conjugation), but we can easily generalise this to involutions that swap
homogeneous coordinates that have the same weight. At the Gepner level, this would be a
map that swaps two minimal model factors that have the same level.

Using the general change of sign argument, we see that the states that existed in our
Calabi-Yau Gepner model will split into one even and one odd piece under the involution.
Namely, working in a basis of states with definite charge, our states are paired in their charge
conjugates. We form the even and odd combinations in these pairs: the even ones couple with
0101 and survive while the odd ones couple with V4 V7 and survive.

Using the equivalence between the charges of the states in a Gepner model and the number

of differential forms, along with identifying the presence of V; as wedging with df (the differ-

4T’s action to S is less easily written, but it acts via So <> Ca.
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ential form on the S'), the above reproduces the geometrical argument that the differential

forms that survive give Betti numbers
W=0"=1 b=hL" and b =hn" 4R 41 (5.20)

For clarity, b = 1 corresponds to the (0,0) form while b" = 1 to the (3,3) A df. The b
come from the even (1,1) forms, (1, 1)eyen. Finally, b forms come from {(3,0)+ (0, 3), (2,1)+
(1,2),(1,1)oqa AdO}. These are only the Betti numbers corresponding to the untwisted states
under the involution ¢ as we have ignored the twisted sectors. Geometrically, this is the

statement that we have the cohomology of M, but not of the resolved Mg, .

Mirror Involution

Next we want to look at the action of the mirror map on this construction and demonstrate
that it gives rise to a mirror anti-holomorphic involution. Given the above arguments, this is
straightforward; the key thing is that both maps act as a reversal of charges and commute.
If we denote the mirror minimal model tuples as
(I, ms, s;) = (I ,m),s)), (5.21)
then the charges of the mirror states are given in terms of (m),s)). As the mirror involution
acts as a change of sign, it must act as
(1Y, m),s))— (I, —m), —s)), (5.22)
which is exactly equivalent to Equation (5.19). This tells us that the mirror involution has
the same geometrical interpretation, namely it is an anti-holomorphic involution.

Note that it would be dangerous at this point to assume that states of definite charge
have a one-to-one correspondence with differential forms by using Equation (3.53). Consider
a state corresponding to a (2, 1)-form in the original Gepner model: under the involution, this
state is mapped to a state who’s corresponding form is of Hodge type (1,2). Acting with the
mirror map on both of these states we find a (1,1)-form and a (2,2)-form. This now seems
to imply that the involution ¢ on the mirror side has to map a (1, 1)-form to a (2,2)-form,
which cannot be achieved by an anti-holomorphic involution. One way to see the overly strong
assumption in this argument is to observe that eigenstates of the charge operators do not need
to correspond to forms of fixed degree. This can be made very explicit in orbifold models and

we have treated one example in detail in Appendix A.
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As we have said we expect our GGo to have three different mirrors. In the quotient con-
struction, geometrically these three mirrors correspond to: (i) mirroring the Calabi-Yau but
leaving the circle factor alone, (ii) leaving the Calabi-Yau alone and doing T-duality on the
circle, and (iii) doing both Calabi-Yau mirror and T-duality on the circle. For our Gepner
model here we have only obtained one mirror map, corresponding to case (i). By studying
the interplay of T-duality and the action of the involution on the so(1); factor, one should be
able to obtain similar results for the other two mirror maps. We do not do this calculation

here, but claim that this construction exists, and provide evidence of this below.

5.2.2 G GLSM

As we have already said, given a Calabi-Yau threefold My, a sigma model on the metric
product Mcy x S! splits into the sum of a (2, 2) theory (the Calabi-Yau) and a (1, 1) theory
(the circle). As manifolds with G2 holonomy are not Kéhler, their sigma model is (1, 1) theory,
and we obtain this from the above by an quotienting by an involution. We are interested in

how these (G2 involutions act on mirror pairs.

Anti-holomorphic Involution

The key observation which allows us to immediately write down anti-holomorphic involutions
for GLSMs is that the chiral superfields ®; are identified with the homogeneous coordinates
of the toric Calabi-Yau ambient space. Therefore the anti-holomorphic involution acts on
these chiral superfields in ezactly the same way that it acts on the coordinates. In particular
the vanilla involution simply maps each chiral superfield to its anti-chiral partner. As the
anti-holomorphic involution furthermore needs to map G4 — G+ it follows that 04+ — 6+
which implies that also the twisted chiral superfields ¥, are sent to their complex conjugates.
The vanilla anti-holomorphic involution hence acts as
O, — D;

oy (5.23)
g = g

To have a symmetry of the GLSM, and not just the fields, we also need to make sure the
anti-holomorphic involution is a symmetry of the action, Equation (3.56). This means that

we need to restrict the complex parameters in the superpotential such that

W(®;) = W(®;). (5.24)
and furthermore we have to take the parameters ¢, to be real.
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We note that this condition requires that the coefficients in superpotential be real, but
does not place any further constraints on them. We do not discuss this in detail here but
simply note the following. The topology of the fixed point locus of the involution is, of
course, dependent on what we pick. For example, if we consider the Calabi-Yau defined inside

WCP‘iLLM then the defining equation (i.e. the superpotential) takes the form
a1 F 4+ @8 + 308 + az®S + P} + a5 PE =0, (5.25)

where a; € C. By an appropriate choice of anti-holomorphic involution, the real equation is
then given by
L LG EE LG EE =0, (5.26)

where &; are real coordinates. The fixed point locus clearly depends on the choice of sign, in
particular if we take all positive signs then it must be empty!

As the fixed point locus is dependent on the choice, it follows that the twisted sectors in
the SCFT depend on the choice. In this thesis we do not study the twisted sectors, and so

we do not expand further on this point, but simply point the interested reader to [33].

Mirror Involution

We can now trace this through the dualization procedure of [13] to find the action of ¢ on
the mirror. Dualizing we find that
Re(V;) = 0;e29Vd; »  3,20V®;, =  Re(V;

Oy : ) (5.27)
Im(Y;) —Im(Y;)

I
3
1
|
3
I

by using Equations (3.121) and (3.122).
For the case of weighted projective spaces we can directly track this action through to an
action on the fields ®): We have &Y = X?i/H with X; = e Yi/H  and so

oy B s B (5.28)

which is simply the vanilla anti-holomorphic involution on the mirror side again.
In the more general case of toric hypersurfaces (i.e. h < h") we have that the fields in the

dual theory are
hY hY

P=T[® and X;=e "] (a))"" . (5.29)
=1 =1
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where X; are dual variable for the ®; and P is the dual variable of P. We can now simply
change the roles of what is considered the starting point and what is considered the mirror.
That is, we think of the vanilla involution o, as defined on Méy instead of My, where it

acts as 0/ : Y — (i)iv. This then implies immediately that

Oy - (5.30)

PP

and hence ~
oy _ (5.31)

P—P

We finally use that in the mirror theory the superpotential again obeys Equation (5.24), and
hence recover the result that the vanilla involution in the GLSM is mapped to an involution
of the same type for its mirror.

As the number hY of dual fields ®) can be larger than the number h of fields ®;, we cannot
in general solve the above equations for @) to directly show that complex conjugation of the
®; implies complex conjugation (and nothing else) of the ®;/. This does not prevent us from
associating o, with ¢,/. The action of an involution on an isomorphic theory must be unique
up to automorphism, so that any freedom to associate o, with a different involution implies
that this simply gives the vanilla involution in disguise.

A similar argument holds for the action of the involution of the circle part of the sigma
model, where the action of T-duality identifies it with another involution inverting the coor-

dinate on the circle. In summary, we hence have four isomorphic tuples

(5.32)

As a Gepner model is a particular limit of the GLSM, our proof of the existence of the
three mirror GLSMs also provides a proof of our claim above that there are three mirror maps
for the Go Gepner model.

Even though we have focused the discussion on the vanilla involution ¢, which always
exists, it is clear that analogous results can be obtained for any other anti-holomorphic in-

volution . By following through the same analysis investigating the dualisation procedure
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in the GLSM, such an involution o will also have a mirror oV which acts geometrically on
MUy An upshot of this realisation is that the set of anti-holomorphic involutions on Mcy
is isomorphic to the set of anti-holomorphic involutions of ./\/lgy. We expect that this can be

made precise for toric hypersurfaces by relating o to automorphisms of A°.

5.2.3 G5 Mirrors

Above, we have shown the equivalence of the vanilla anti-holomorphic involutions in the
dual descriptions found after mirror symmetry and/or T-duality for both Gepner models and
GLSMs. Of course, merely specifying the tuple (Mcy x St (o, —)) does not yet define a Go
model as we need to include an appropriate twisted sector, which is in general not unique.

For a given choice of superpotential obeying (5.24), and a choice of real parameters t,,
the mirror map identifies a corresponding superpotential and FI parameters on the mirror.
This in particular means that the fixed loci L, and L,v are completely determined. However,
there will in general be several inequivalent (partial) smoothings of the orbifold singularities
of (Mcy x S') /(0y, —) by choosing different bundles Z in the construction of [69]. In a TCS
description, this freedom will appear as the freedom to resolve or deform the building block
Tras

Given a point in the moduli space of the worldsheet SCFT of type II strings on Mcy x S,
our analysis hence implies that pairwise isomorphic worldsheet CFTs must exists among the
four isomorphic sets
Mey x St (04,—), L )}
My x (81, (0], =), LW)} (5.33)
My x S, (0}

S

[12

I

o, )L/\ z)}
va(aw )Lz/r\ﬂ)}

I

Mcy ><

{(
{(
{(
{(

where we have denoted different twisted sectors by L%, LY* LA~¢ LATE

It is beyond the scope of this thesis to investigate these sets and the precise identification
between their elements. For specific models, some results can be found in [30, 32, 33].

It is intriguing to compare what we have found here with the mirror maps that were
proposed in [26, 27| for twisted connected sum G9 manifolds. For the three mirror maps found
using the GLSM description, there are obvious candidates for a corresponding geometrical
construction as a TCS, as indicated by the notation used (c.f. Equations (4.42) and (4.43)).
Making this precise requires an in-depth analysis of twisted sectors, and an identification of

the twisted sectors in the GLSM with different TCS realisations.
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5.3 Example

We end with an example that collects and demonstrates the ideas presented in this thesis. The
first thing we need is a K3 fibred Calabi-Yau threefold. Here we will consider the example of
a Weierstrass elliptic fibration over a Hirzebruch surface. Locally this is a fibration of WCP%,,

over F},. The weight system is given by

Y T w 21 29 23 24 P
Hi — 3 2 1 0 0 0 0 6
Hy — 6+ 3n 4+ 2n 0 1 n 1 0 12 4+ 6n
Hsy — 6 4 0 0 1 0 1 12

where [y : z : w] are the homogeneous coordinates of WCP3,; and [21 : 22 : 23 : 24] are the
coordinates of F,,. Recalling the weight systems for WCP3,, and F,,, Equation (2.122), we
can see the the fibration structure: the weights of y and x under Hs and Hs are what make

this fibration non-trivial. A Weiserstrass elliptic fibration is given by the defining equation
y? =23+ f(2)zw’ + g(2)w®, (5.34)

from which it follows that f(z) has weights (0,84 4n,8) and g(z) has weights (0, 12 4 6n, 12),
where the three entries correspond to going down the rows in the weight diagram.
For simplicity we consider Fy = CP! x CP!, and denote the coordinates for the two CP's

as [ug : ug] and [z1 : z2]. The defining equation for My is then given by
y? = 2%+ feg(u, 2)zw* 4+ g12.12(u, 2)w", (5.35)

where the subscripts denote the degrees for (u,z). We shall take the base CP} = CP!

[20:21]

The fibration of WCP3,, over CP]  is then a K3 surface, so in total we have a K3 fibration

[ur:us

over CP;7 as required.

Involution & Fixed Locus

We now want to look at how the antiholomorphic involution acts on My and in particular

look at the fixed point locus. As always we focus on the vanilla involution

o (y,x,w,ul,ug,zl,zQ) —> (@,i‘,w,ﬁl,ﬂg,il,fz). (5.36)
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As we have seen before, this action fixes a circle on each of the CP! factors, so we have a
fixed T2 C CP! x CP!. All that is left to do is look at how it acts on the elliptic fibration
over CPL x CPL. As explained in [90]° (see also [73]), the fixed points of o depend on the
specific choice of fsg(u, z) and gi2,12(u, 2). In particular one has to consider the discriminant
locus A(u, z) = —(4f2 + 27g%). The values of (u,z) that give vanishing discriminant locus
correspond to singular fibres. If we pick f and g such that these zeros do not lie in the fixed
T? the fibration is trivial over this 72, and then the fixed points locus of ¢ in the fibres is a
disjoint union of two S's. So in total, the fixed point locus is Ly = T3UT3. As LU]CP% =St
we thus have Lg, = T2 U T?.

This fixed point locus contributes to the Betti numbers of the resolved G as discussed

above. In particular we have
V(L,) =2 and b'(L,)=6. (5.37)

Polytopes

Using the weight system above, we obtain the following generating vectors of the corresponding

fan

IZ40) —1 0
1Z1 -1

0
0

1 0

"2 (5.38)
V3 0
.

1

Z

NN N O

3
3
3
Vs 3
We immediately note that v, = (2,3,0,0) does not appear above, this is because it lies in the
face connecting v, and v, (as well as for v,, and v,,). This is exactly the statement that

we have a fibration structure: our fan is formed by taking the fan for WCP%21 and adding

generates above and below a set vertex.

®Note in this paper the base is a CP? rather than CP* x CP!, but the logic is the same.
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The dual vectors can then be computed as

v 1 -1 0 0
vy -2 1 0
5 1 1 6 —6
e : (5.39)
Vi 1 1 6 6
vy 1 1 -6 -6
Ve 1 1 6 6

and our pair of reflexive polytopes (A, A°) are then given by the convex hull of the {v;} and
{vi} vectors, respectively. We can use these polytopes to construct the Calabi-Yau threefold
M Ao and compute its Hodge numbers using the Batyrev result, Equation (2.161), to give
(REY(Mane), K21 (Ma ac)) = (3,243).

As a consistency check, we can check that we can reproduce the Hodge number h?! = 243
by looking at the number of allowed monomials in the defining equation, Equation (5.35).
These are determined by the allowed terms in fgg(u,2) and g12,12(u, z). As both [ug : ug]
and [z : 2] are CP's and they have the same degrees in f we can just work out the number
of allowed monomials in [u; : ug] and then square that number to account for the [z : 23].
The same argument holds for g. For fs(u) we are thus looking at the number of degree 8

monomials in two variables. Recalling that the number of independent degree d monomials

: : L L : d+n o 9

in (n + 1) variables is given by the binomial coefficient , this is simply ) =9.
n

So fss(u,z) has 92 = 81 possible monomials. We similarly get that g12,12(u, z) has 132 =
169 possible monomials. This gives a total of 250, which is bigger then the required 243.
However, we need to account for the automorphisms and scalings. Each CP! has an SL(2,C)
automoprhism group, which removes 3 + 3 = 6, and the final one is removed by an overall
scaling of Equation (5.35). So in total we have h?! = 250 — 6 — 1 = 243.

We now recall that the Betti numbers for the resolved Mg, are given by
¥ (Meg,) = b3 (My) +20°(Ly) and  b*(Mg,) = b2 (M,) + b3 (M,) + 20" (Ly).  (5.40)

Using the fact that o is odd on all the (1, 1)-forms on Mcy, i.e. b2 (M,) = 0 and b% (M) = 3,
and that b3 (M,) = h*1(Mcy) + 1, along with Equation (5.37), we get

(Mg, =0+ (2x2)=4

\ (5.41)
b’ (Ma,) =3+ (2434 1) 4 (2 x 6) = 259
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so that b*(Mg,) + b*(Mg,) = 263.

TCS

To see the TCS construction we need to find the building blocks Zy. These are given in [73],
and we summarise the result here.
We recall that
Z+ = Yras) (5.42)

where (r,a,d) specify the Nikulin involution. This in turn is specified by Lg,, which here is
two disjoint 72. This is given by the one of the exceptional cases and has (r, a,§) = (10,8, 0)
and has corresponding (f, g) = (2,2). The relevant topological data of this building block is

|Ki|=2f=4 and Rh*»(Zy)=2g9=4. (5.43)

For Z_ we need a K? fibration over CP! such that the first Chern class ¢;(Z_) is given
by the Poincaré dual of the homology class [Sp] = [21] = [22]. The defining equation is thus
given by

y? =2 + faa(u, 2)zw? + gia6(u, 2)w’, (5.44)

which is the same as for My apart from the order of [z : 22] in f(u,z) and g(u, z). The

tops O° and ¢ then have vertices

-1 0 0 0 1 -1 0
0 -1 0 -2 1 0

0°~2 3 -1 0] and O~ 1 1 6 -6 (5.45)
2 1 0 1 1 6
2 3 0 1 1 1 -6 6

which we note are related to the polytope vertices above simply by removing (2, 3,0, —1) and
(1,1, —6,—6), respectively.
The building block has |K_| = 0, which we can plug into

W1(Z2) = - (W (Mey) + b (Mey)) — 11— |K_| (5.46)

N

which gives h%(Z_) = 112.
Of course these numbers can then be used in Equation (4.38) to reproduce b*(Mg,) +
b3 (Mg,) = 263, as per the derivation of Equation (4.67).
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5.3.1 Mirror

We can now form the mirror threefold by swapping the roles of A and A°. We note immedi-
ately that we again have an elliptic fibration over CP! x CP!: the CP!s are given by (13, v%)
and (v}, v). We then note that we have the equivalent of v, above as v}, = (1,1,0,0), and
is

further the linear relation between v, v}, v,

vy + 20 + v, =0,

which is exactly the relation for CP§21. We are thus dealing with a mirror who’s defining

equation is again of the form

P =7+ fas(@2)70" + Gi2,12(1, 2)@°. (5.47)
where we have denoted the mirror coordinates with a tilde rather than a V in order to lighten
notation slightly. This is consistent with the general GLSM argument, which said that the
mirror superpotential takes the same form. The key difference is that the mirror superpotential
has a different quotient group, which restricts the allowed terms in the deformations of the
defining equation. Here this will restrict the allowed terms in fg,g and g12 12

We can calculate this group using the polytopes (A, A°). A simple calculation® shows

that the quotient group is Zg x Z12 and that there is only one allowed term for j;,g,

U7 % (5.48)
and five terms for gio 12,
~12312 ~12312 ~12412 ~12312 ~6~666
Uzt ugozic, UptzZat, Up-zpo, and  ujugez)zZs. (5.49)

The first four of these are clearly related to each other by coordinate transformations and so
only give one independent choice. We therefore get three possible terms, which corresponds
exactly to h*H(MYy) = kM (Mey) = 3.

Involution & Fixed Point Locus

We now want to look at the mirror involution and check it gives rise to an isomorphic Ga-

manifold. The key thing is that our defining equation takes the same form and that, as per

5The idea is to consider the lattice spanned by the generating vectors {1, ..., 2 } of A and take the quotient
of the Z4 lattice by this sublattice. From here you can compute the quotient group. This was done using the
Sage programming software.
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our results, we are again considering the vanilla involution. We again get the same fixed point
locus, as we are still fixing a 72 in CPL x CP., and the zeros of the discriminant locus of the

elliptic curve will still lie outside this fixed T?. We therefore obtain 73 U T? again and
V(LY)=2=10°L,) and b'(LY)=6=">b'(L,). (5.50)

We note that the invariance of the fixed point locus under the mirror map tells us that the

Zg X Z15 quotient group must act as an automorphism on the fixed point locus.

Mirror Mg,

We can now compute the Betti numbers for the mirror Méz and check that it obeys the

Shatashvili-Vafa condition, i.e. b> 4+ b3 conserved. This is easily shown to be true:

b2(ME,) + b3 (MEG,) = b (M) + b3 (MY) + 20°(LY) + 20 (LY)
= WP (My) + WP (M) + 14+ 26°(Ly) + 261 (Ly)
= h2 (M) + BB (M) + 1+ 20°(L,) + 26 (L,)
= b’ (Ma,) + b*(Mag,),

(5.51)

and so these constitute mirror manifolds with G2 holonomy. However we note that we really
know that these are physically mirror, as we have demonstrated that they come from mirror

GLSMs, and so come from the same SCFT.

TCS

We can confirm that this is indeed a topologically different Mg, by computing the individual
Betti number b? (M) and b (M,,)- This is easiest done using the TCS decomposition. We
recall that the mirror is given by swapping the roles played by (° and { and that this, in

particular, results in Equation (4.39). The important point for us is that
|KY| = h?Y(Z_) = 112. (5.52)
Putting this, together with N_ = 18 we can use Equation (4.62) to obtain

WU (M) = 112418+ 1 = 131, (5.53)
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From this, and h"{ (M) = h31(Mey) = 243 we get
Wyt (MYy) = 243 — 131 = 112. (5.54)

Note that this tells us that our K3 fibred Calabi-Yau contains 224 reducible fibres. These
fibres are swapped pairwise under the involution and taking even combinations is what gives
rise to the above result.

We finally use
DLMG) = hi' (MEy) and BL(MG) = b (My) +1 (5.55)
along with Equation (5.40) to obtain

V(ME)=112+4 =116
(M) (5.56)
b} (ME,) =131+ 4 + 12 = 147

where we have also made use of Equation (5.50).
So we see that the individual Betti numbers are different, but importantly that the sum
is invariant. This confirms that two topologically different manifolds with G2 holonomy have

isomorphic SCFTs and so constitute a mirror pair.
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6 Conclusion & Discussion

This thesis presents a detailed review of mirror symmetry for Calabi-Yau manifolds and
uses it to strengthen the understanding of mirror symmetry for G2 manifolds, by providing
worldsheet SCFT arguments, via the GLSM.

In order to be as self contained as possible, we have provided a detailed study of Calabi-
Yau manifolds, from a geometrical perspective in Chapter 2 and from a SCF'T perspective in
Chapter 3. The relevant incantations of mirror symmetry for Type II strings on Calabi-Yau
manifolds are presented throughout these chapters. The key construction for the arguments
of this thesis is that of mirror symmetry of GLSMs due to Hori and Vafa [13].

In Chapter 4 we review what we mean by a G-manifold and the conditions required for
a manifold to have G2 holonomy. Due to the absence of a Gy equivalent of Yau’s theorem
— i.e. there is no set of topological conditions that guarantees the existence of a Ricci flat
metric with holonomy G5 — we are restricted to specific constructions of manifolds with Go
holonomy. The most important one for this thesis is that of a resolution of a quotient of a

Calabi-Yau times a circle:

— 1
Mg, =M,  with M, = M(C:f)s

where o acts on My as an antiholomorphic involution and (—) is inversion on the circle.
Another important construction is that of a TCS G, and these are also reviewed, along with
their connection to the quotient construction.

The main result this thesis sets out to demonstrate is that the mirror of Mg, exists and
that it is again given by an antiholomorphic quotient. This is meant not only at the level of
meeting the Shatashvilli-Vafa condition — the conservation of the sum of Betti numbers b + b3
— but that the different geometries stem from the same (up to isomorphism) SCFT. This is
done in Chapter 5, where we in fact show that there is a family of four different geometries that
all have isomorphic SCFTs. Geometrically the three new geometries correspond to: mirror

the Calabi-Yau and do T-duality on the circle; mirror only the Calabi-Yau and leave the circle
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alone; or leave the Calabi-Yau and do T-duality on the circle.

We now summarise the argument used to show that these distinct geometries have iso-
morphic worldsheet SCFTs.

The worldsheet CFT of Type II strings propagating on the covering space My x S! enjoys
Calabi-Yau mirror symmetry, as well as T-duality, giving rise to the three distinct duality
maps. In particular, Calabi-Yau mirror symmetry can be shown using classic techniques
such as Gepner models and GLSMs. It hence becomes possible to lift these duality maps to
duality maps for the CFT describing the Go quotient as well. Given a pair of isomorphic
CFTs and a pair of involutions that are identified under the isomorphism, one must find
isomorphic theories after performing the quotient. What is not immediately obvious however,
is if one can have a geometrical description in terms of a G2 mirror pair on both sides. The
involution which is used to form a Go variety from Mcy x S' must act geometrically as
an anti-holomorphic involution on M¢gy. In the context of Calabi-Yau threefolds realized as
toric hypersurfaces, the explicit description of mirror symmetry in terms of a GLSM made
it possible for us to show that the mirror map precisely identifies pairs of anti-holomorphic
involutions, so that Calabi-Yau mirror symmetry identifies pairs of dual quotients realised
geometrically as Gy varieties. This identification agrees with equivalences found using other
techniques, such as a free-field description of toroidal orbifolds and Gepner models, where
these are available.

Specifying an involution of a CF'T is not enough to uniquely capture the quotient due to
the presence of twisted sectors. Given a CFT and an involution, the set of possible twisted
sectors must be uniquely determined however, so that our argument really identifies sets
of models. For each possible twisted sector of the quotient CFT, there must be a possible
twisted sector of its mirror. In the context of Go Gepner models, twisted sectors have received
considerable attention in [30-33], but it remains an interesting question for future study how
to understand the general picture.

The results presented in this thesis are consistent with earlier proposals of G2 mirrors
for twisted connected sum G manifolds. Whenever quotients (Mcy x S') /(o,—) can be
realised as twisted connected sums, this in particular gives us access to various smoothings
by resolving and/or deforming the building blocks. It would be very interesting to work out

in detail how this approach relates to twisted sectors both before and after mirror symmetry.

ADDITIONAL SUGGESTIONS FOR FURTHER WORK

In this thesis, we have almost exclusively focused on the simplest case of an antiholomorphic

involution: complex conjugation. We have referred to this as the vanilla involution. Although
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we have mentioned along the way how the arguments should hold for more generic involutions,
it would be interesting to demonstrate this explicitly with examples.

Having described a detailed construction of (G mirror manifolds based on worldsheet
arguments, it would be very interesting to start investigating enumerative problems based on
the equality of effective superpotentials, e.g. along the lines of |24, 90, 91|. This is bound to
be a hard problem with interesting mathematical ramifications [92].

For Spin(7) mirror symmetry 23], we expect that results analogous to the ones presented
here can be found. Spin(7) manifolds can be realised as quotients of Calabi-Yau fourfolds
by anti-holomorphic involutions [93], a construction which can be recast as a gluing of two
simpler pieces analogous to TCS [94]. This was in turn used to propose a mirror construction
in [95] which can be studied using similar techniques as used in this thesis. Spin(7) mirror

symmetry has been studied from the perspective of Gepner models in [96].

158



Appendices
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A Torodial Orbifold

Here we present a detailed analysis of the content of this thesis for the case of a torodial
orbifold. Here we have a lot of control over the content of the theory and so it really helps to

highlight how everything works together.

A.1 Calabi-Yau

Consider the Calabi-Yau formed as the orbifold 7°/Z3, where the Z3 acts via

a ($1,$2,x3,l’4,.’1)5,$6) = (+.’I)1,+II)2, —T3,04 — T4, —T5,06 — 1‘6) (A 1)
B (x1, 22, 23, T4, T5, T6) > (—x1, by — @2, +23, +24, b5 — 25, b5 — X¢)

where ay4, ag, ba, bs and bg are either 0 or % As different values change the orbifold action,
they have an effect on the twisted sector, i.e. the fixed points. Here we will focus solely on
the untwisted sector as the notions we need are evident in the simpler untwisted sector. We
include them here as it will allow a good connection with the Joyce orbifolds 77/Z3 [38, 39)].

As the values of the a; and b; won’t affect our discussion, we set them all to zero. This
orbifold was studied in [22], and then later generalised in [77|, in the context of so-called
discrete torsion and its role in mirror symmetry.

Before discussing the states in the CFT, we can use our orbifold action to compute the
expected untwisted cohomology. We note that the values of a; and b; don’t affect this, as

they are simple shifts. Working with complex structure

2 = g2 ¥ where j=1,2,3, (A.2)

160



it is straight forward to check that the invariant forms are the (0, 0)-form along with

dz' dz".
dztd22dz2,  diideldzh,  dXtdFdzEf,  dzidF2dE A3
dz' dz. d] d '
dztdzl dz3 dzi dz dzs

where 4,7,k € {1,2,3} but i # j # k. From here we see that the non-zero, even Hodge

numbers are h(_);o = hi’o = h(_);g = hi’g =1 and hi’l = hi’g = hi’l = h_lf =3.
Let’s now turn to the CF'T and ask “what are the RR ground states in our CF'T?" For each
coordinate x; we have a left- and right-moving Majorana-Weyl spinor W and 1;9' respectively.
Given we are working with the flat metric on 7, the zero modes obey the anticommutation

relations
{00, v3} = {6, 0} =267 and {5, 93} =0. (A4)
We then define the complexified
v = 5 (8 + i), (A5)

which can easily be checked to obey the standard creation and annihilation anticommutators
{wh.0h} =09 and {4, 0L} =0. (A.6)

We then adopt the convention that ¢i are creation and v’ are annihilation operators. We
note that these operators are left-right symmetric and so create left-right symmetric states.
Let’s now look at the untwisted sector states, i.e. those states that are invariant under
Equation (A.1). This action was defined on the coordinates z;, but it acts on the fermions in
the same way, as required by SUSY. The invariant states, i.e. the untwisted sector, are then

easiest expressed using the 1% algebra:

0)
|12), [34), |56)
1135), |136), [145), [146), [235), [236), [245), |246) (A.7)
11234), |1256), [3456)
1123456) ,

where we have introduced the notation [i...j) = 9 ... i |0). The twisted sector is straight
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forward to compute, but will not play a role here, instead the interested reader is directed to
[77].

A.1.1 Link To Cohomology

We now want to find a relationship between the above RR states and the cohomology of the

target Calabi-Yau manifold. The identification is very straight forward:
|ij..k) = da® Adad A ... A dab (A.8)

This is good, but really we want complez differential forms (e.g. the (3,0)-form ). For

this reason we work in a different basis for our creation and annihilation operators. We define

. 1, .. . _. 1, .. .
oh =5 (WE +ipd) and gL =S (vE —ivd), (A.9)
which obey
{¢L, ¢%} = 6 (A.10)
and all others vanishing. We identify the creation operators via the + subscript: i.e. qbﬁr

and gz@i This set of operators will create states that are left-right symmetric and also form

complex pairs. We then have
@i 10y =2 dz' and &', [0) = dZ. (A.11)

We can now form the cohomology easily: we simply take products of the qﬁi and é@s and use
the anticommutation properties. Of course we can only keep those that can be formed with
the untwisted states listed above. It is not hard to verify that the only allowed combinations

are

0)
L6l |0)
oLotol o), oheldh|0), @\ dLdk o), GLatdl (o) (A12)
10L.0L.0L10)
RO R
where 4,5,k € {1,2,3} but i # j # k. These are, of course, the same results we arrived at in
Equation (A.3).
The question we want to ask is: how do we write these forms in terms of our states |ij...k)?

The answer is to simply expand the gbﬂ_ and gEﬂ_ in terms of the @ZJj_s. Let’s first look at the
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0,2,4 and 6-forms (i.e. the diagonal forms). These are very straight forward: consider, e.g.,

BLOY = 0 + i)l — ivd)

1 (A.13)

s0, up to a rescalling, this is simply |12). The same argument applies for all the other forms,
and we get that the states with an even number of wﬁrs can simply be replaced with (ﬁicﬁ
We shall call such states the diagonal states.

All that is left are the 3-forms. We compute these in the same manner, and obtain:

Qzﬁ&ﬂ:uw ) — [146) — [236) ) — [246) ) )]
0 = ¢l ¢ % = [135) — [245) — [146) — [236) — ) — |246) ) )]
= ¢+¢+qﬁ+ = |135) + |245) — |146) + |236) + ¢| |136) + |246) + |145) — |235)]

D1 = ¢4 @1 P = [135) +[245) — [146) + [236) — ) ) ) )]
) ) ) ) ) ) — [145) )]

) ) ) — [236) —

) — [245) ) )

) — [245) ) ) —

245 [
[
[
[
wy = Y@L ¢ = |135) + |245) + |146) — [236) + i[ |136) + 246
[
[-
[-

1245

1146
1146

1236) + [ |136
1236

1246) + |145) + [235
i[]136) — [246) + [145) + |235

i[ |136) + |246) + [145) — |235

(A.14)
|145) + [235
@y = ¢l ¢ = |135) + [245) + |146 i[ [136) 4 |246) — |145) + |235)]
ws = Py ¢ ¢ =135
3 = ¢y ¢ ¢ =135

1236

1245) + |146) + [236) -+ [ — |136) + [246) + |145) + |235)]

1245) + |146) + [236) — i[ — |136) + [246) + |145) + |235)]

We shall refer to this collection of states as the non-diagonal states from now on. We have
named these for later convenience. We note that the (3, 0)-form has decomposition 2 = A+iB

with
= |135) — |245) — [146) — |236) and B = |136) — |246) + |145) + |235) . (A.15)

One can use the OPE between two fermions to then check that these expressions do indeed
obey the OPEs required of A and B.

We immediately notice the difference between the diagonal and non-diagonal states: the
former are given by single RR states, whereas the latter are given by a complex linear combi-
nation of all the RR states with three @bis. This gives a first hint at a subtly: we know mirror
symmetry is meant to map middle cohomology states to non-middle cohomology states, how-
ever we have just seen that these two classes of states take distinctly different forms. As we
will see in Section A.1.3, the fix to this problem is that our 3-forms don’t simply map to a

single diagonal form, but to a complex linear combination of all the diagonal states. However,
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first it is instructive to compute the charges of our states under our U(1) current.

A.1.2 Charges

In order to compute the charges of our states, we of course need to know the form the U(1)
current takes. For our theory of complex fermions, the left-moving U(1) current takes the

simple form
3

3
J=_ ZN(WQEZ) _ ZN(¢21—1¢21) (A.16)
i=1

i=1
where the N(...) stand for normal ordering. We have an analogous result for the right-moving
current, but with tildes everywhere. Note that the current takes the form of a sum over the
Kshler forms for the three T2s that make up our 79, i.e. w; ~ ¥ 1%, To compute the

charges of our states, we need to find the zero mode in the expansion of J:

3
Jo=—i > Y. (A.17)

reZ j=1

We now make use of the following fact: the modes 1/1,2 with r > 0 will annihilate the
vacuum, and because jy contains products of 1#%];_1 f;, along with the fact that we can anti-
commute the different ¢7s and the fact that all our states are simply actions of wgs on the
vacuum, means that we can effectively drop all the terms in jo that don’t have r = 0. That

is, we can instead simply consider the terms

J = —i(ouig + Y5t + Ugis) € do. (A.18)

The idea now is to express J in terms of the 1’ s, as this will allow us to easily compute the
charges of our states. Using Equation (A.5), we decompose J into two pieces J = Jg+ Tn—d
given by

Ji = —i(i0d + L2 +odel + 929l + 29l + 92yl (A.19)
and

Tn-a = —i (W32 + ol +det 43 gt 4 ieb 4+ 5yl). (A.20)

The subscripts come from the fact that J; is the only part of J that has any effect on the

diagonal states and similarly J,_4 for the non-diagonal states.
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Diagonal States

Let’s start by looking at the diagonal states and using Jy. It is then clear that, up to signs,
this current is going to take our diagonal states and either add two wﬁrs or take away two
in the pairs [12),34) or |56). Noting that when we remove the creation operators, we must
first anticommute the ng_lng in Jy, we see that these states come with a minus sign. For

example

PLy? (Piyd [0) = —yZ el yled |0)
= 242 |0) + 92 ¥t 42 |0)
= —0) + 9292 |0) — 2yl 2L |0)
—10).

(A.21)

where we have used {wii,zﬁzF} = 0% and {¢/,,¢’.} = 0. The same calculation holds for all
other states — note that we can move bilinears in fermions freely, i.e. we can “jump” a ¥ )%
over the 11 9% in |1234) without the cost of any signs.

So we see our diagonal forms are mapped under 7, in the following way

0) z[\12 + [34) + [56) |
12) — —i[ — [0) + [1234) + |1256) |
|34) — —i[ — [0) + [1234) + |3456) |
|56) — —i| — +|3456 + [1256) |
(A.22)
1234) — —i[ — — |34) + |123456) |
1256) — —i[ — — |56) + |123456) |
13456) — —i[ — — |56) + |123456) |
|123456) > —i[ — \1234 1256) — |3456) |

The important thing to note is that none of these states are eigenstates of our current. We
need to take a linear combination of states in order to get an eigenstate. By considering the
(8 x 8) matrix defining the action of J; on our diagonal states, we can compute the eigenvalues
and eigenvectors. The results are presented in Table A.1.

We note at this point that the relative coeflicients of these matches those of our non-
diagonal states (Equation (A.14)), i.e. 3 and Q etc have the same coefficients. We shall

return to this in Section A.1.3.
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Left-Charge Eigenstate
+3 = —[]0) — [1234) — [3456) — [1256) | + [56> 123456) + |34) + [12) |
-3 — | [0) —[1234) — [3456) — [1256) | — i| [56) — [123456) + [34) + [12) |
+1 01::-—>|0>4—\123 ) — [3456) + [1256) | +1 [ [56) 4 [123456 ) —|12) |
-1 o1 =—[0)+[1234) — [3456) + |1256) | —i | [56) + [123456 ) —12) |
+1 o9 = —[|0) +1234) +|3456) — |1256) | + [ |56) + [123456) — |34) + |12) |
-1 G2 = —|[0) + |1234) + [3456) — |1256) | — z[|56>-+y123456 |34) +[12) |
+1 o3 = —||0) —[1234) +|3456) + |1256) ]+—[ 6>+¢123456>+¢34>+¢12):
-1 o3 = —[[0) —|1234) +[3456) + |1256) | —i | — [56) + [123456) + |34) +|12) |

Table A.1: FEigenstates of the diagonal left U(1) current Jy, and their corre-

sponding charges.

Non-Diagonal States

We can proceed to compute how [J,_4 effects the non-diagonal states in a similar fashion.

Here we have the rule: if the state contains ¢1+ then it is replaced with 97’

and vice versa.

In order to get the minus signs correct, we first write J,,_4 with all annihilation operators to

the right
TIn-a = —i(32 — 3l + 92yt —le? + ¢yl —

(A.23)

so we must replace 1/)246 — ¢+3 ® but wl 30y 71/13_’4’6. As before, we see how each of the

individual |ijk) states are mapped under 7,4, and from there check that our non-diagonal

states are eigenstates and compute the eigenvalues. We have:

—i[ — [145) — |145) — |136) |

—i[ [145) + |145) — |246) |
246) + [136) + (156)]

136) — |246) + [145) |

[-
[
—i[ -
[
[ —[236) — [146) + |135) |
[
[-
[

jn—d :

—1
—i[146) 4 (256) + [245) |
245) + [135) — |146) |
—i[ [135) — |245) — |236) |

) =
)
) —
|236) — —i
)
)
) = —i
)

(A.24)

Recalling Equation (A.14) we therefore see that our non-diagonal states are our eigenstates

with charges +3, +1, specifically:

q(¢r¢?¢3) =3, q(@Ld2dd) =3, q(¢' ¢ ¢t)=1, and q(¢' ¢’ k)=
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In fact we have been a little careless here: the above charges are what we expect for the
NS states, but here we are dealing with the R states. We go between these via spectral flow

and this maps jo — jo £ %, and so these charges should be shifted.

Right-Charge

We should also compute the right charge qr. This comes from a similar derivation but now

with tildes everywhere
J = —i(vgu + Ut + ¥ius) € Jo- (A.26)
However now we have

By = —i(yi — i), (A.27)

and so we need to carry this factor of —i through along with the relative sign between 1.

Everything in J is bilinear, so we are really dealing with (—i)? = —1. We therefore get
Do = — [y + ply? — ly? —yly?] (A.28)
etc. We therefore see that the signs on the non-diagonal forms cancel, i.e. we simply have
In-d = Tn-d (A.29)
however on the diagonal forms we get a relative sign
Ja =T (A.30)

In other words, our non-diagonal states will have q;, = qr while the diagonal eigenstates have
qr, = —qgr- This agrees with the result of Section 3.2.3: the non-diagonal states are elements

of the (¢, ¢) ring while the diagonal eigenstates are elements of the (a,c) ring.

A.1.3 Mirror Symmetry

We now want to look at how mirror symmetry acts on our Calabi-Yau. As explained in [77],

in this context mirror symmetry is generated by three T-dualities along the coordinates

(jlvj?)j?)) € {(1’ 3’ 6)7 (1’4’ 5)7 (27 3’ 5)7 (2747 6)}7 (A31)

which are exactly the combinations that appear in the imaginary parts of our 3-forms above.!

We note that in [77] they also allow for T-dualising along (1,3,5), (1,4,6), (2,3,6) and (2,4,5), which
correspond to the real parts of our 3-forms. Here we do not include these as they define the mirror map as one
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We now want to ask how T-duality effects our Clifford algebra: it changes the sign of
the right-moving fermion zero mode, and so it replaces the creation operator wi with the
annihilation operator zpj; . This modifies the definition of the ground state to be in terms of

the mapped operators, namely

(v2) 0) =0, (A.32)

which is equivalent to
L 10) = [0) =0 (A.33)

where j labels the coordinates that are T-dualised and 7 labels all others. Using that (1&1)2 =

0, we can then express our dual vacuum state in terms of the original one as
, o
10)" = PRy [0) (A.34)

with (41, j2,73) the dualised indices.

We can now ask how states/forms in the 7-dual picture relate to states/forms in the orig-
inal picture. The idea is simple: we work with primes everywhere and then simply substitute
in the relations at the end. The untwisted sector is then exactly the same as before, Equa-
tion (A.7), but with primes everywhere. For concreteness, let’s work with T-dualising along
(1,3,6). In fact we are going to include a factor of ¢ into our map, for a reason that will be
explained shortly. Then we have

(0*?) =02 (0a*%) = 9™ and  |0)' =i [136). (A.35)

We now put this together with the anticommutators for the creation/annihilation operators

that maps the right-moving part of € to its complex conjugate, but these additional maps map Qr — —QF%.
This additional minus sign can be accounted for by an additional automorphism of the algebra that introduces
a phase: Qr +— €°Qp, which corresponds exactly to Equation (5.13). In this appendix we will ignore this
additional phase automorphism, and so we ignore these additional maps.
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to obtain our relation. The result is the following

|135) — —i|56)

|245) — —i|123456)

|146) — i [34)

1236) — ]12) A36)
1136)

|246)

)

)

|145) — i |3456)

— —i]0)
— —i |1234)

|235) — i |1256)

We can easily show from here that the states on the right hand side (i.e. the diagonal states)
are mapped with the opposite sign behaviour. As we introduced the ¢ factor we then get that
T? = id, which is required for it to be an involution.

The above allows us to ask the question of how our initial states are mapped. For example,

the (3,0)-form € is mapped as

T(Q = ¢'¢%¢®) = —[|0) — |1234) — [3456) — |1256) | + i [ [56) — [123456) + [34) + |12) ] = =,

(A.37)
where Y is as defined in Table A.1. Again note that the factor of ¢ we included is needed
here, i.e. the real part of € is mapped to the imaginary part of . A similar calculation
will verify that the non-diagonal states in Equation (A.14) correspond, respectively, to the

diagonal eigenstates in the table, i.e.

TQ)=T7(%), T(w)=0; and T(w;)=07; (A.38)
At the level of the charges, this implies that mirror symmetry maps

M : (qr,q9r) — (a1, —qR)- (A.39)

So we see that mirror symmetry maps charge eigenstates to charge eigenstates. This is the
result we expected: mirror symmetry maps R ) to R, ) and vice versa. As we see, such a

map takes a 3-form and maps it to a linear combination of all the diagonal forms.
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A2 Gy

Let’s now look at the corresponding Ga. Joyce showed [38, 39| that one can construct a Go

manifold via T7/Z3, where the Z3 acts via

a ($17$2,$3,ﬂ74,$5, X6, $7) = (+$17 +x27 —X3,04 — T4, —T5,06 — L6, I7)
B (x1,x2, 23, 24, T5, T, T7) — (—21, b2 — T2, +a3, +24, b5 — 5, b6 — T6, 27) (A.40)

o (x1, 22,3, T4, T5, Te, T7) — (T1, —T2, T3, —T4, T5, —T6, —L7),

where a;,b; = 0,1/2. The « and [ action here are simply the extension of Equation (A.1) to
include the x7 coordinate. We note that o acts with a minus on x3 46, which in the complex
structure of our 7%/Z3 discussion, is nothing but complex conjugation. From here we see that

we can identity?

T7:<%>XSIZMT6><81

Z% o o

(A1)

Hence we can apply our logic in order to check the involution carries through as we would
like.

A.2.1 Antiholomorphic Involution

Before discussing the R ground states of our Ga theory, we first want to ask how the anti-
holomorphic involution acts on the states in our Calabi-Yau theory. This is particularly easy
to do here: our complex structure is given by z' = z%~! 4 iz, and so complex conjugation

simply acts via
g (xlv 5132, 1’3, 1'4, 1.57 1:6) — (xla _x27 x37 _$47 1'5, _1'6). (A42)

This mapping is translated directly to the fermions, i.e. we map w?f’ﬁ — —wiA’G and the
others are left alone. From here we see that our diagonal and non-diagonal states have the
desired behaviour, when compared to their differential forms: the (0,0) and (2,2) forms are
invariant, the (1,1) and (3, 3) forms are odd, and the 3-forms are mapped in pairs (m,3—m)
(3 = m,m). In particular complex conjugation acts simply on the i appearing in our non-
diagonal states, Equation (A.14).

However we note that the diagonal eigenstates in Table A.1 are not invariant but are also

mapped via complex conjugation on the i factors. Note that this tells us that the real parts

2Strictly speaking we need to resolve the («, 8) action in T° to obtain the Calabi-Yau. We return to this
shortly.
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of diagonal states are the even forms while the imaginary parts are the odd forms. Putting

this together with the non-diagonal states, we see that our charges are mapped via

o:(qr,qr) = (—qL, —qR) (A.43)

This is exactly the result we were expecting.

A.2.2 Untwisted Sector

We start by looking at the untwisted sector of this theory. Here the values of the a; and
b; don’t matter (as they only effect the fixed points), and so we can ignore them. It is

straightforward to check that the invariant states are given by
|0), lijk), lijkt) , |1234567) (A.44)

where

(ijk) € {(127),(347), (567), (135), (146), (236), (245) },

(A.45)
(ijkl) € {(1234), (3456), (1256), (1367), (1457), (2357), (2467) }.

We now note these take the exact form needed to be the extension of our states from our 7 /Z3
calculation: everything that was odd under the antiholomorphic involution is paired with a
1/11 here. Geometrically, this is the statement that forms that are odd under the involution
need to be wedged with df. In particular, notice that for our 3-forms, Equation (A.14), we

must now work with the real and imaginary parts. For example,
(wi+w) and (w; —w1)]7) (A.46)

are the invariant states. This corresponds to taking the real and imaginary linear combinations
of a (2,1) and (1,2) form and wedging the imaginary part with df. Equally for the diagonal
states, those corresponding to (1,1) and (3,3) forms come with a |7), while the (0,0) and
(2,2) forms are invariant by themselves.

Additionally we note that the G 3-form and dual 4-form (X := x®) are expressed in the
CFT as

® = |135) — |245) — |146) — |236) + |127) + [347) + |567)

(A.47)
X = |1457) + |1367) + [2357) — |2467) + |1234) + |3456) + |1256)
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which matches the geometrical decomposition ® = Re(Q2)+JAdf and X = Im(Q)AdO+5JNJ.

A.2.3 Twisted Sector

We now want to investigate the twisted sector of our action, and ask how this changes the
cohomology of our Gy. This problem has been studied from the perspective of the Joyce
orbifold 77/Z3 in [39] and then explained at the level of discrete torsion in [77]. Here we take

a slighly different approach, and instead we want to consider

i, = () )

g

where the tilde means we resolve the («, 5) action. This will, of course, give the same result
as the references above.
Here the choice of the a;, b; in Equation (A.40) matters. We will work with a4 = bg = 1/2

and others vanishing, i.e.
1
a: (z1, 22,23, 24, 5, T, T7) > (21, +T2, —23, 5~ T4, s, — 6, T7)

1
ﬂ : (x17x27 z3, x4,f1}5,x6,w7) — (_xla —T2, +x37 +$47 —Zs5, 5 - x67x7) <A49>

o (r1,x2, 23, T4, 5, Te, T7) — (X1, —T2, T3, —T4, T5, —T6, —T7),

First we want to consider the Calabi-Yau given by the resolution of 76/ (v, 3). We know from

our previous discussion that the untwisted sector gives contributions to the Hodge numbers
(R0, 1Y A2 RP0) = (1,3,3,1), (A.50)

along with their matching Hodge duals, h™™ = h3~™3~"_ The contribution from the twisted
sector comes from considering the fixed points. Both a and § have 16 fixed points, however
the action of the other on these fixed points leaves 8 in each case. We show this graphically
in Figure A.1. Locally these fixed points are modelled by 72 x C?/{41}, and as standard we
can choose to either blow up or deform the C2/{£1}. In either case the Hodge numbers are
the same, and each fixed point contributes one to both A% and %! (and their Hodge duals).
So in total our Calabi-Yau has (!, h?1) = (19,19), and so is self-mirror. This is a special

case and is known as the Schoen Calabi-Yau, and we shall denote it Mg. In terms of Betti
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numbers, we have

*(Ms) =3 +8+8=19 and b*(Mg)= 8 + 16 + 16 = 40. (A.51)
2 o B T2 @ B
We now want to consider the action of ¢ in M, = (Mg x S')/o, i.e. we want to

compute b3 (Mg) and b3 (M) and use them to compute the Betti numbers for the smoothing

./\/lG2 = ./\/lg via
B*(Ma,) = b1 (Ms) + ez and b (Mg,) = b (Ms) + b2 (M) + e3, (A.52)

where ea 3 denotes the contributions from the fixed points of o.

Let’s start with b?(Mg). It is clear that the 3 contribution from T? are all odd. The 8
that arises from the fixed points of « gives 4 even and 4 odd: the fixed points are identified
in pairs (see Figure A.1) and so we can form one even and one odd combination. The 8
from the 8 fixed points are more subtle: here o acts trivially (as its action is equivalent to
Bs action, but we have modded out by ), and so introduces discrete torsion. As detailed in
[77], if we resolved the singularity in 8 via a blow up then o will preserve the orientation of
the exceptional divisor and so the ground state (1, 1)-form is invariant. However, if we had
deformed the S-singularity, then o reverses the orientation and so our (1, 1)-form is odd. Each
of the 8 fixed points can be blown up or deformed independently, and so we have the above
choice for each one. Therefore, if ¢ € {0,...,8} denotes the number of blow ups, then we get
a contribution of ¢ to b%(Mg) and (8 — ¢) to b% (Myg).

Now let’s discuss b3 (Mg). The story is very similar to above: the 8 + 16 = 24 that comes
from T2 and « are identified in pairs and so we have 12 even and 12 odd contributions. The
16 from S is dependent on the discrete torsion, and contributes (8 — ¢) to b3 (Mg) and ¢ to
b (Mg).

Finally we need to add in the contributions from the o fixed points, of which there are 4
independent ones. This is easily seen from the fact that in T7 /o we have 16 fixed points, but
these are reduced to 4 under («, ), which are modded out to define Mg. These four fixed
points are T3s and give contributions of 4 to b*(M) and 12 to b3(M). In total, then, our Go
have Betti numbers

P(M)=8+( and b*(M)=47—1, (A.53)

which is in agreement with [39, 77].
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Figure A.1: Fized points in TC®/(c, 8) and how they are mapped under (c, 3,0).
All red objects correspond to «, blue to 3 and green to o. The graphs indicate a
decomposition of TS = T? x T? x T2, and the number of fixed points understood
multiplicitivly. The 16 fized points of a are reduced to 4 under the action of (8,0).
However a and o act on the fixed points of B in the same manner and so Bo acts
trivially. This leads to the introduction of discrete torsion in the Go manifold.

A.2.4 Mirror Symmetry

As detailed in [77], here we have 4 notions of mirror symmetry. Just as with the Calabi-Yau

torodial orbifold considered previously, these take the form of T-dualities:

3,4,7),(2,4,5),(1,4,6)}

( (2
(2,3,6),(5,6,7),(1,2,7),(1,3,5)}
(1,2,5,6)
( 7)

(A.54)

S S Qi
I

1,2,5,6),(1,3,6,7),(2,3,5,7)}

{
{
{ (1,
{ (1,

1,4,5,7),(1,2,3,4),(3,4,5,6), (2,4,6,7)}.

)

We note that the combinations appearing in here are exactly the terms that appear in ® and
X above. The subscripts indicate how many T-dualities we do, and from chirality arguments
we can see that ’7?: map compactifications on Type ITA /B to those on Type IIB/A, while 7?
map Type ITA/B to Type IIA/B. The + superscript indicates whether the discrete torsion
signs are reversed or not, i.e. whether we blow up or deform the fixed points of 5. This
changes the topology of the resulting G2 manifold, i.e. £ — (8 — ¢) in Equation (A.53).

The key thing we want to notice is that within the 73 actions we have (1,3,6,7), (2,3,5,7),
(1,4,5,7) and (2,4,6,7) which have the effect of mirroring the Calabi-Yau plus a T-duality
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in the additional S! direction. That is we can take our Calabi-Yau mirror maps in Equa-
tion (A.31) and add on a T-dual along the S* direction and generate a G2 mirror map.?
Here we want to ask how the mirror maps effect the involution action . Namely we want

vV

to ask how ¢V is related to o. It is clear from the above calculation that

, (A.55)

(o g

(MS X Sl>v ML x (SHT

and so we can set ¢V = o. There are 9 independent G5 manifolds we can form via the
resolution of these spaces, labelled by the number of blow ups, ¢. These blow ups appear in

Mg, and so we can label the 9 Gas via

ME x St
Mg, = <S> (A.56)

g

Mirror symmetry maps /\/IKG2 either back to itself or to /\/l%j, depending on whether we use
7? or T, , respectively.

The interesting thing in this case is that Mg is self mirror, and so even though the MZS
look different, they are all diffeomorphic. This diffeomorphism alters the action of ¢ in the

required way, namely we give ¢ an £ index and obtain

1
MéQ - <'/VISXS> (A.57)

ot

We can therefore take two viewpoints on the situation: we either have a collection of different

Calabi-Yaus, or we have a collection of different antiholomorphic involtuions.

3We note that, just as in the Calabi-Yau case, mirror symmetry does not simply map a 4-form to a 3-form,
and vice versa. This we can see from the fact that our 4-form X contains exactly the terms that appear
in 74, and so these terms will be mapped to the vacuum. For example, if we did the (1,3,6,7) map, then
X 5 |1367) — |0), which geometrically is the O-form. Similarly ® > — |245) — |1234567). It is then easy to
see that under any of the maps we actually exchange ® + |0) and X + |1234567). This is just the equivalent
of the fact that a 3-form in the Calabi-Yau is mapped to a linear combination of the diagonal forms.
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B Rational Forms & The Griffiths

Residue

Here we discuss the notion of rational forms and residues in higher dimensions. The content

is based on [97], and more details can be found there.

B.0.1 Rational Forms

Rational forms are essentially the higher degree equivalent to a rational function (which is just
a (0,0)-form), i.e. they are forms that contain poles. We will be mostly interested in middle
cohomology forms on CP"*!. It can be shown — see Theorem 2.9 of [97] for the general result
— that any rational (n + 1)-form on CP"*! can be written in terms of a unique holomorphic

(n+ 1)-form (the hatted notation means we omit that element)

n+1
Q= Z(—l)jzjdzo/\.../\dzj/\.../\dz"+1, (B.1)
j=0

where {2’} are the coordinates of CP"*1. Our rational (n + 1)-forms are then given by

P(2)
R(z)

Qo, (B.2)
where P(z) and R(z) are homogeneous polynomials with
deg R =deg P+ (n+2). (B.3)

This condition is simply needed to ensure that ¢ is projectively well defined. Let V c CP™*!
be the hypersurface defined by the zero locus R(z) = 0. We call V' the polar locus of ¢, and
we similarly define the pole order of ¢ along V', in the obvious way. Our rational (n+ 1)-forms
are clearly elements of H"T1(CP"1\ V).
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These rational forms also obey two important properties:

(i) For any rational (n + 1)-form, ¢, there exists an n-form, 7, such that ¢ + dn is an

(n + 1)-form with pole order n 4 1 along V.

(ii) If ¢ has pole order k along V, then there exists an n-form n with pole order (k — 1)
such that ¢ 4 dn has pole order (k —1).

A detailed explanation of these results can be found in [97], but here we just give a general
idea. We first look at condition (ii): If ¢ has pole order k along V', then its leading term is of
the form

o~ Zion. (B.4)

The idea is to pick a n-form n such that
1

so that this leading order term cancels. Well we note that

d<2k11> . 1)%% (B.6)

so if we simply pick 1 to have leading term

1

where  is an appropriately chosen n-form, then we can cancel our 1/ 2¥ term in .

For condition (i), we note that it follows from Equation (B.3) that ¢ can have at most
pole order (n + 2), i.e. deg P = 0. However, we then use that we can reduce the pole order
of ¢ by one, as per condition (ii), to see that the maximum pole order is (n + 1).

What is going to be of main interest to us is the case when we have a Calabi-Yau Mgy C
CP"*! defined by the zero locus Q(z) = 0, with deg@ = n + 2. From now on we assume
such a situation, although a lot of the results will hold for general polar locus V. A rational

(n + 1)-form with pole order k along M¢y then takes the form

_ P(2)
PG

(B.8)

Here condition (ii) takes the form of the following proposition.!

!This proposition follows roughly from our calculation above, but a more explicit derivation/proof can be
found in [97]: see the discussion leading up to Proposition 4.6.
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P(2)
Q*(2)
Mey, then we can reduce the pole order to (k — 1) using an exact form dn, where n is a

Proposition B.0.1. Let ¢ = Qo be a rational (n + 1)-form with pole order k along

rational n-form of pole order k — 1, if, and only if, P belongs to the Jacobi ideal, i.e. the ideal
generated by {%}.

Note that in this situation, our degree condition, Equation (B.3), becomes

deg P =kdeg@Q — (n+ 2)
= (k—1)(n+2).

(B.9)

B.0.2 Residue Map

We now want to employ our knowledge /intuition from complex analysis, in particular we want

to look for the higher dimensional equivalent of the residue theorem

1ol (B.10)
211 N 2

where v is a closed path in C encircling the pole point, i.e. the origin here. We want to

extended this idea to higher dimensions and write down something like

L dz \ o
271

= q, (B.11)

y z

where « is some smooth form.

In order to understand how we do this, let’s recast Equation (B.10) in a more easily
extendable language. Firstly we note that CP! =2 C U {oco}, which is just the familiar result
CP! = S2. The extension in what follows will be that CP™ can be identified as C" with the
hyperplane CP"~! added at infinity. Now, in the language of homology, our closed curve
« C C is simply (homologous to) a circle around a 0-cycle, the point z = 0.

If we are working with our notational convention above of labelling our ambient space by
CP"+1 we see for the case above, i.e. n = 0, our path is a circle over an n-cycle. We then
generalise this to n > 0 by saying that we want to consider a circle bundle over an n-cycle.
We denote the n-cycle by I' and the circle bundle by T'(T"), as it corresponds geometrically to
a tube about I'.?

The geometrical picture here is as follows: we consider our ambient CP™*! and the polar

?In a more detailed derivation, we actually consider an (n + 1)-cycle in (CP™ ™!\ Mcy). However it turns
out that all such (n + 1)-cycles are homologous to a tube over an n-cycle I' C Mcy, see (3.3) of [97] for
details.
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locus Moy C CP™*1. Within this polar locus we consider an n-cycle I' € M¢y,? and we
integrate our rational (n + 1)-form, ¢ € H" 1 (CP"1\ Mcy), over the tube T(T). At each
point p € T', this picture simply reduces to integrating over a circle around a polar point,
and so corresponds to the familiar case Equation (B.10). We have tried to depict this in

Figure B.1 below. We are then left with a smooth n-form on I' C M¢y.

Figure B.1: Pictorial depiction of the extension of the residue theorem to higher
degree forms. Left: The familiar case of a pole on C (red cross) and a closed
contour around it (blue dashed line). Right: the higher dimensional idea (where
most dimensions are suppressed for obvious reasons); here the red line is meant to
represent our n-cycle I' and the dashed blue lines the tube T'(T'). Every point along
I’ has a circle around it, and can be thought of in the context of the left diagram.

It turns out that the above procedure actually only gives us primitive n-forms on Mcy,

i.e. n-forms such that ¢ A w = 0 where w is the Kihler form.* We thus are left with the
mapping
Res : H"(CP"'\ Mcy) = Hpyim (Mcy), (B.12)

where

/F Res(ip) — /T e (B.13)

It can be shown that the residue map is in fact surjective.

B.0.3 Filtration

Next, we introduce a cohomology of rational forms. Let AZJFI denote the additive group of

rational (n + 1)-forms forms of pole order k along Mcy. Then we define the cohomology

3We of course want T to be contained in Mcy, as this is where we expect a non-vanishing residue.

“We can think of this in terms of homology by considering the dual: here w becomes the hyperplane class
and the wedge product the intersection number, so the vanishing result is the requirement that they don’t
intersect.
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group

_ A Mey)
Hi(Mey) = Wﬂ (B.14)

where we note that d changes both the form degree as well as the pole order. These groups

obey a clear filtration:
Ho(Mcey) C Hi(Mey) C ... T Hpp1(Mey). (B.15)

We can use our residue map to map this to a filtration of primitive cohomology. In particular,

.
we have®

Res(Hr(Moy)) = F" P HB, (Moy) (B.16)

where we have introduced

FH R Mey) = @ Hpl(Mey), (B.17)
i>n+1—k

subject to the obvious constraint 0 < ¢ < n. This gives us the mapping

Prim
Ho(Mey) = Hpo (Mey) @ HppoH (Mey)

Hus1(Mey) = Hpl (Moy) @ Hpp (Moy) @ @ Hpjin H(Mey) @ Hpl, (Mey)
= ngim. (MCY)

(B.18)

We, of course, want to isolate a specific cohomology (e.g. le;lim.(./\/lcy)), and the above
filtration makes it clear that we can achieve this via forming the quotients
FPHp . Mcey)  Hpp1-p(Moey)

HPP (M) — rim. _ , ith —0,1,...,n. (B.19
Prim. ( CY) fp+1ngim.(MCY) Hn—p(MCY) Wi p n ( )

Here p is related to the pole order k via k = (n+1—p). It then follows from Equation (B.9)
that
deg P = (n —p)(n + 2). (B.20)

For Calabi-Yau 3-folds, n = 3 and so deg P = 5(3—p). In particular we notice that p = 2 gives

®The fact that we end up with a mixed degree form, i.e. we break holomorphicity, comes from iterating
the reducing of the degree of our rational form. Details of this can be seen, e.g., in appendix A of [98].
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deg P = 5 = deg@. This is the statement that a primitive (2,1)-form has a corresponding
polynomial of the same degree as the defining polynomial Q(z), modulo the Jacobian, as per
Proposition B.0.1. Here we have focused on a hypersurface in a single CP™, but the argument
can be extended to more general hypersurfaces in projective spaces.

We note that the above result is related to restriction on allowed states in a Gepner model.

Namely, recall Equation (3.83):

5
l;
~0,1,2,3 B.21
2w B2y

where [; is the power of the chiral field ®;. In particular, the right-hand side corresponds
to degree 0, H,2H and 3H monomials, where H is the degree of the defining polynomial.
We also had the Jacobi ideal restraint @f"ﬂ = 0. These are exactly the conditions for our

primitive forms, and we could have written

5
—3— B.22
2 s P (B.22)

where p is as above.
(Mcey) € H"(Mcy), ie. there could be a form

who’s wedge with the Kéahler form doesn’t vanish. We call such forms "non-polynomial".

We now address the issue of Hp. =
Fortunately for us, this is not the case, which we shall now explain: we are dealing with
Calabi-Yau 3-folds, so our middle cohomology are 3-forms. Taking the wedge with the Kéhler
form, which is a 2-form, would give us a 5-form. However the fifth cohomology group of a
Calabi-Yau 3-fold is trivial. In the language of (r,s)-forms, we have, using that the Kéhler

form is a (1, 1)-form,

(3,0) — (4,1)
(2,1) — (3,2) (B.23)
(1,2) — (2,3)
(0,3) — (1,4),

but there is no (4,1) and (1, 4) cohomolgy groups for complex 3-dimensional spaces, and for a
Calabi-Yau 3-fold we have h*? = h?3 = 0. We therefore conclude that all middle cohmology
forms are in fact primitive.

We note that this equality does not hold in general. For example, for a K3 surface, the
middle cohomology are 2-forms, and the Kéhler form itself is a 2-form, but is not primitive.

Indeed, a general K3 surfaces always has v> = h20 + pbl 4 102 = 1 420 + 1 = 22, while
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the residue calculation for the quartic in CP? will give you 21 2-forms, the missing one is
exactly the Kéhler form. Note that we expect the primitive groups of (2,0) and (0, 2)-forms
to saturate all such forms, as wedging with w would give a (3,1) or (1, 3)-form. This general
idea holds for all far left and far right (w.r.t. Hodge diamond) middle cohomology groups.

If were to consider the K3 surface in CP? x CP!, the residue would give 20 2-forms, the
missing two corresponding to the hyplerplane divisors (i.e. the homology equivalent of our
Kahler form) of the two factors in the product.

It is hopefully clear that a similar argument can be applied to any Calabi-Yau of even
complex dimension, say dimc Mgy = 2m: the middle cohomology contains w™, where w
is the Kahler form, which is not primitive. For example, the Calabi-Yau 4-fold made from
the sextic in CP?, it turns out that h*»? = 1752, but the primitive subspace has dimension

1751, the missing term being exactly w?

. As the second K3 examples above demonstrates,
it is possible that the difference is more than just 1, however the key point is that if the

Calabi-Yau has even complex dimension then the primitive cohomology is a proper subset.
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C Quintic Quotients

In this appendix, we look at quotients of Landau-Ginzburg (LG) orbifolds by a discrete group,
namely the one that gives mirror symmetry. In particular, let’s look at quotients of the orbifold
LG quintic by a G = Z§* for m = 0,1, 2, 3, i.e. look at

(LG(Quintic)/T) /G, (C.1)

where the T is the U (1)-projection on the LG model, in order to try reproduce Table 1 on page
78 of [61]. We look at this from the perspective of the Gepner model, in order to demonstrate

how G changes the notion of untwisted and twisted states of the Gepner model.

C.1 General Picture

First let’s look at the problem in a little more generality. We want to quotient our LG/I" by a

group G. This group is denoted in the notation of [61] as v = [n1, ..., n5], where the notation

means n; = e2™Jo0 subject to
n;

— k; + 2
7

€Z. (C.2)

This condition is basically the requirement that the holomorphic 3-form is conserved, i.e. we
still have a Calabi-Yau after quotient.

As we are taking two quotients of our original LG theory, we are going to generate a
total of four sectors: untwisted-untwisted, untwisted-twisted, twisted-untwisted and twisted-
twisted. We shall denote these as (u,u), (u,t), (t,u) and (t,t) from now on, with the first entry
corresponding to our I' action and the second the G action. What do these different sectors

give us in terms of cohomology? We can make the educated guess that!

e (u,u): these will be the (2, 1)-forms that survive both quotients, i.e. completely invariant

monomials. In this sense they give the value of h>! in the singular space before we deal

"Here we focus on the (2, 1)-forms and (1, 1)-forms, but of course it is really middle and diagonal cohomology
they generate. However the point is still made clearly this way.
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with the fixed points of G, i.e. they give h%!

singular”
e (t,u): these are the (1,1)-forms that are invariant under G, so correspond to (1, 1)-forms

1,1

that don’t come from a blow up of the singularities of G, i.e. they give hsmgular.

e (u,t): these are the (2,1)-forms we get by resolving the fixed point locus of G, so they

give Rl = p21 — h;’igular. These are the non-polynomial deformations of our defining
equation.

e (t,t): these are the (1, 1)-forms we get by blowing up the fixed points of G, so they give
hl,l _ hl’l . hl,l

blowup singular- These correspond to divisors that are reducible.

C.1.1 Singular Cohomology

So, how do we go about finding the twisted states of our G action? Well, we note that if
n; = 1 for all 4, then we would just be considering exactly the quotient of the Gepner models

2miJo We can use this to essentially

discussed in Section 3.3.3, i.e. v = [go, ..., go] With go =€
"copy-paste" the previous derivation but now for different n; values. The first two cases, (u,u)
and (t,u), are easy to calculate: we simply work through the derivation of Equation (3.86),

and then impose the requirement that

eZ v=0,..,H—1, (C.3)

where v = 0 is the untwisted case. For the (2,1)-forms this is the statement that we are
considering monomials that are 7 invariant. Note that for the quintic all the (1, 1)-forms will
obey this as they have Kgl’) =..= Egy), so it follows from Equation (C.2) that our condition
is met. This has the geometrical interpretation that we must preserve the Kéhler form of our
Calabi-Yau.

C.1.2 Non-Polynomial Deformations

Let’s now deal with the remaining two cases in turn. Let’s start with the non-polynomial
deformations, (u,t). As we are untwisted w.r.t. our I' action, this sector is actually quite easy
to work out, once we make the observation above that we can simply consider the previous
calculations as a special case of n; = 1 for all 4.

To start with let’s work with the case that our G action only has one generator (e.g.

for the quintic we have Z5). Here, we essentially replace v with n;7, where 7 is our twist
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parameter. We then get that the twisted state is given by

Ei 1 1 i % 1
(Qhor)z = Z (k:r2_2)+ Z <k?~:2_ [1;2:2} _2>’ (C4)

niTG(ki+2)Z niT¢(k¢+2)Z

subject to the usual half integral charge requirement. For the right charges, we simply include

a sign in front of the second sum, i.e.

(@ulr=" 2 <£i;_;>_ 2 (kn4:2_[kn4:2]_;> (C-5)

(2 7

We shall return to the case when G has multiple generators (e.g. Z2 and Z3 for the quintic)

in a moment.

C.1.3 Blow Ups

We now just need to account for the blow up terms, i.e. the (t,t) terms. These are also not
too hard to account for: the idea is to again note that both the I' and G actions go like go,

2mi(v+n;T)Jo

and so here we simply consider twisting by e Therefore we take our result and

replace v — v 4+ n;T to give us

vy G+1 1 v+t (v+mT| 1
(Quor)z = Z <k’i+2 2)+ Z <k¢+2 [k‘i—l—Q} 2)‘ (C.6)

u+mT€Z(kz‘+2)Z ”+"17¢Z(ki+2)z
and
e G+l 1 vimr [v4mr) 1
(Qiot)r = EZ: <ki+2_2>_ Zl: <ki+2 _[/Ci+2]_2>- (C.7)
v+n;7€(ki+2)Z vinT¢(ki+2)Z

We note here that the change in sign of the second term between the above two expressions
looks like it might be a problem (as we only want to consider states with Q7 = £Qg), but we
shall see that in all cases where both sums in @7 are not identically zero (in the sense that
some i in the sum is hit) that one of the sums actually gives gives a zero contribution.

These formulas can be adapted to give us the states in the (u,t) sector where G has
multiple generators: if we had 2 generators just replace v with m;p where m; are the integers
characterising the generator and p is the associated twist parameter. The extension to more

generators should be clear.
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C.1.4 The Master Formula

We can combine the above results to give a "master formula". We basically just take the
results of the (t,t) sector but now allow for v,7 = 0 corresponding to untwisted sectors.
We generalise for G as well to have multiple generators as follows: we denote the different
generators via ’y(“) = [nf,...,nt], and denote the associated twist parameters via 7#. We then

get the overall formula

7 Gi+1 1 v+nbitt Jv+nalitr] 1
) — S A 2.
(@5t )R Z (ki+2 2) Z ( ki+ 2 [ ki+2 ] 2>

i i
v+nlrthe(ki+2)Z v+nl'th e (ki+2)Z

(C.8)

M7k For states that are in the fully untwisted sector, we impose

where a sum is assumed in 7}

the requirement that
ki +2

e”Z Y. (C.9)

As before, we can present the two sums above in a more symmetrical manner by defining

l(yv?)

i as follows:

5 (1/ T)

1/7' +1 1 v,T

(Quot)L g < TR 2) where EE )b 1i=v+ nf'r#  mod (k; +2). (C.10)
=1

The right charge is then give by changing the sign of any states with v+nf'7# % 0 mod (k;+2).

C.2 Quintic Calculation

We know that the orbifolded LG for the quintic is given by the product of minimal models
(ki +2)=(5,5,5,5,5). The (2,1)-forms are given by finding the states such that

> 4i=5  subjectto £ <3 Vi (C.11)

Linking this to the fact that |¢;) = @fi, this is just the criteria that we are considering the

monomials of degree 5, i.e. the possible deformations of the Fermat equation. The theory
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before we include G (i.e. the "uneffected Quintic") has the available states:

(3,2,0,0,0) = 5 x 4 = 20 terms
dx4x3

(3,1,1,0,0) = o = 30 terms
(2,2,1,0,0) = §3igfi§::30tenns
(2,1,1,1,0) = % = 20 terms
(1,1,1,1,1) N 5X4X53|X2X1:1term

for a total of 101 terms, as expected. The (1, 1)-form is then given by the twisted state with
v = 2, of which there is exactly 1 term.
We now want to account for the action of G. We know what the available actions are as

they are presented in the table of [61]. Let’s look at a few cases.

C.2.1 The [0,1,2,3,4] Action

Let’s start by looking at the Z5 action [0,1,2,3,4] = [0,1,2, -2, —1], where equality follows
from mod 5 in each n;. This is the only example of a free action, so we expect no states to
come from twisting by our G action.

First let’s find the (u,u) states. The criteria Equation (C.9) becomes f2+ 203 —204— {5 = 0
21 = 21, as shown in the Table C.1 below.

mod 5, which gives a a total of hsingular

For the (t,u) states we simply get that our single form carries over to give h;’igular =1

From here we already see that we expect this action to be free as these results agree with

those in the table of [61]. However we can check this is indeed the case.

Let’s look for (u,t) states using Equations (C.4) and (C.5). For this involution we have

fHL+1 1 27 37 47
i = — 42T =2—|—| = |=| - |=| 12
@ =" - +er-2- || - [E] - | (©12)
We now note that
27 3T 4T
2r—2— || - || - |=| =2 1
=[5 E 01
for 7 =1,2,3,4, so we are left with
- _h+1 1 3 113
(Qlot)L = 5 5= "3 7333 (C.14)

where the requirement is our usual half-integral charge requirement. Using finally that ¢; < 3

for all 4, we see that we cannot satisfy any of these, and so there are no twisted states of this
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(£a, 03,04, 05)
(3,0,1,1)
1,3,1,0
0,1,3,1
1,1,0,3
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Table C.1: The possible untwisted (
orbifold by the [0,1,2,3,4] action.

\]

, 1)-forms for the quotient of the quintic LG

form.

Finally we look for (t,t) states. These are a little tedious to compute by hand, but let’s
look at the case with v = 1. Then 7 = 1 results in ns = 4 becoming untwisted, 7 = 2 results
in n3 = 2 being untwisted, 7 = 3 results in ny = 3 being untwisted and 7 = 4 results in

ng = 1 being untwisted. n; = 0 is always twisted. We therefore have

l5+1 1 6 +4 l5+1 1
1,1y 5 1 b2 5 _ 5 1
(Qtot)L - ( 5 2) + 5 < 5 2>
(Q172)L_(£3+1 1) 16+4_2__6+1__'8+1}_<£3+1_1)
tot - —
5 2 5 5 5 5 2
( 173)L_<£4+1_1>+21+4_2_'6+1'_‘12+1]_<£4+1_1>
tot - -
5 2 5 5 5 5 2
lh+1 1 36+4 (84+1] [12+1 16 + 1 lh+1 1
1,4 2 2
' = - 92 — — — _ -
(Qrav)z ( 5 2>+ 5 5 || 5 ] [ 5 } ( 5 2)
(C.15)
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which we have already shown has no allowed solutions. Similar results will follow for the other
values of v.

So in total we have (1!, h2’1)[0,1727374] =(21,1).

C.2.2 The [0,0,0,1,4] Action

2,1
singular

= 25 and

= 1 via the above procedure. We now want to compute the (u,t) and (t,t) states.

Let’s also just look at the [0,0,0,1,4] action. We can easily show that h

1,1
singular

For (u,t) we have

(Q{m)LzzS: (6’:1 —i) br—1- {457] (C.16)

i=1

again we can easily compute that

4
T — [51 -1  Vr=1,2,3,4. (C.17)
We are then left with
- - G+1 3.1 3 113
(Qtot)L - ; 5 - 5 = —§a —5, 5, 5 (0-18)

which amounts to 1 + ¢ + ¢35 = —3,2,7, 12, respectively. Combining this with the fact that

0 < /; < 3 again, we can only meet the middle two conditions? as

b+ 0o+ 03=2: 3X(2,0,0) and 3X(1,1,0)
(C.19)
b+l +03=T: 3x(3,3,1) and 3x(3,2,2).

We now note that the twisted states actually make no contribution to the charge, as 7 always
comes with —1 here and we showed 7s contribution was 1, and so we have (Q7,;.)r = (Q7ot)L-
So we see that, in total, we get 4 x 6 = 24 twisted (2,1) and (1,2) forms. This gives us a
total of 25 + 24 = 49, which is what is required as per the table in [61].

Finally we need to calculate the (t,t) states. For v = 1 we get that ny = 1 becomes

untwisted when 7 = 4 and ns; = 4 becomes untwisted when 7 = 1. Let’s deal with the

2Note this makes sense: otherwise we would be getting additional (3,0) and (0, 3) forms, which would break
our Calabi-Yau-ness.
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remaining cases first, 7 = 2, 3. Here we have

1,7=2,3

5T + 5 4T =+ 1 5 1 1.7=2.3 1
= — _— = — = — ) ’ = by 2

so these are both (2,2)-forms. Now let’s look at the cases 7 = 1,4:

U5+ 1 1 1+14 5+ 1
911 5 5
? - - 2—
(Qeon)r < ) 2> 5 5

l+1 1> 16 + 4 [16—1—1} ,_ latl

(C.21)
1,4 _ -
(Qtot)L - < 5 - 2 5 5

but this is required to be in {—3/2,—-1/2,1/2,3/2} but ¢5 < 3 so we can’t satisfy any of these.

Similar calculations can be done for the other v values, and we just state the results here:

_ _ 1
27=1,4 27r=1,4
(Qut ) =—-(Qut r= 3
_ _ 1
(@i = =@ e = +3 (C22)
47=23 47=23
( t07t— )L = _( t07t— )R = T3

1,1

with all other terms not being allowed. So we get a total of hblowup

(2,2)-forms).
So in total we have (hl:!, h2’1)[07070,174] = (49,5), which is exactly what is required as per
[61].

= 4 (and same for

C.2.3 The [0,1,1,4,4] Action

Finally let’s consider the [0,1,1,4,4] action. Once we have considered this, we will have
worked out the Hodge numbers of one of the Calabi-Yaus in each mirror pair, so we can

simply state the remaining results by mirror map.

Here we can show that the (u,u) sector gives hzi’igular =17 and hsli’igular =1
For the (u,t) states we have
lL+1 1 4t l+1 1
Q= (- g) v T 2= (M- 5) (©.23)
where the second equality follows from
4t
27 — 2 [5] =2,  1=1,2,34. (C.24)

190



So we see that there are no new twisted (2, 1)-forms.
We just have to work out the (t,t) states now. For v = 1 we get that ny3 = 1 become
untwisted when 7 = 4 and ng5 = 4 become untwisted when 7 = 1. If we consider the

remaining cases, 7 = 2, 3, we can easily show that

— — 1
Qi =—(Qui )= 5. (C.25)

Let’s look at the case 7 = 1 now. We then have

botls+2 [\ 2+3 3
5 2

@i = (5
_€4+€5—|—273

5 2 (C.26)
3 113

A
— 04+ 05 = —2,3,8,13.
Finally using that 0 < ¢4,¢5 < 3, we see that we can only satisfy the 3 condition in 4 ways:

2 % (3,0) and 2 x (2,1). This corresponds to @1 = —1/2. Now note that the untwisted

contribution to this actually vanishes as

by + 05+ 2 2
%_1:3L_1:07 (C.27)
5 5
so we have Qr = —Q, and so these states correspond to (2, 2)-forms. We can similarly show
that
by + 03+ 2 3
(@i =2 2F2 2 (C.28)

so we get a further four twisted (2, 2)-forms.
So in total the v = 1 sector gives us two twisted (1, 1)-forms and eight twisted (2, 2)-forms.

By similar calculations we can show that the remaining sectors give
e v = 2: two twisted (2, 2)-forms and eight twisted (1, 1)-forms,
o v = 3: two twisted (1, 1)-forms and eight twisted (2, 2)-forms, and
e v = 4: two twisted (2, 2)-forms and eight twisted (1, 1)-forms.

so in total we have 2424 8+ 8 = 20 twisted (1, 1)-forms (and same for twisted (2, 2)-forms).
Therefore in total we have (h'!, h*1)j 1 4.4 = (21,17), which agrees with [61].
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C.3 The Mirrors

In principal we could now apply the same logic in order to obtain the remaining quotients,

i.e. those where G has more than one generator. This calculation is of course a little messy

2,1
untwisted

and so is not included here. We summarise the results (including the value of h ) in
the following table.?

We see that only two cases contain twisted (2, 1)-forms: the (49,5) must have 49 —25 = 24
and the (21,17) must have 21 — 5 = 16 twisted states. From a geometrical point of view,
we can account for these twisted states: the latter is considered on pages 28 & 29 of [11],
the former we can describe now. The fixed point set of a [1,0,—1,0,0] action is given by
[0: 2 :0: 2 : z5], which is simply a copy of CP2. Considering the intersection of this
with our Calabi-Yau (i.e. the Fermat equation), we are left with considering the degree 5

polynomial z5 + z§ + 22 = 0 inside CP?. Such a curve has genus

(5-1)(5-2)

5 =6, (C.29)

g:

which means that h'® = 6 on this curve. Locally the curve looks like C2/Z5, and such a
space has, upon resolution, 4 (1, 1)-forms, so in total this gives us 6 x 4 = 24 (2, 1)-forms, as
required. Note that this 6 x 4 decomposition appeared also in our CFT computation above.

This suggests to a nice way to "see the geomtry" from the CFT.

3This table was generated using methods of toric geometry and the Sage programming software.

192



. 2,1 11,1 2,1
G-action (01702703704705) (h h ) huntwisted

4 -1 -1 -1 -1

1,0,—1,0,0 -1 -1 -1 -1 4 49.5 25
[ s Yy ) Yy ] O 1 0 0 —1 ( ’ )
0 0 0 1 -1

0,1,~1,2, 2] PR s (21,1) 21

[1,-1,-1,0,1] -1 -1 -1 4 -1 (21,17) 5

[1,-2,-1,0,2] -1 -1 -1 -1 4
1 2 1 -1 -3

1 0 00 —1
000 5 =5
1 0 2 3 —6
Lrood 005 0 - (1,21) 1
{17170,*270] O 0 5 0 =5 )
00 0 5 =5
0,1,-1,0,0] 0001 -1
)Ly T Yy 1 11 0 -3 5 49 .
[0,-2,0,1,1] 0500 -5 (5,49)
00 5 0 =5
[172707_27—1] 4 -1 =1 =1 -1
11,1,0, =1, 1] j —41 j _41 j (1,101) 1
[0,0,0,1, 1] 1 -1 -1 -1 4
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