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Abstract

The weight distribution of an error correcting code is a crucial statistic in determining its
performance. One key tool for relating the weight of a code to that of its dual is the MacWil-
liams Identity, first developed for the Hamming association scheme. This identity has two
forms: one is a functional transformation of the weight enumerators, while the other is a
direct relation of the weight distributions via eigenvalues of the association scheme. The
functional transformation form can, in particular, be used to derive important moment
identities for the weight distribution of codes. In this thesis, we focus initially on extending
the functional transformation to codes based on skew-symmetric and Hermitian matrices.
A generalised b-algebra and new fundamental homogeneous polynomials are then identi-
fied and proven to generate the eigenvalues of a specific subclass of association schemes,
Krawtchouk association schemes. Based on the new set of MacWilliams Identities as a
functional transform, we derive several moments of the weight distribution for all of these

codes.
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Chapter

Introduction

“Codes are a puzzle. A game, just like any other game.” - Alan Turing.

This piece of the puzzle is a small part of a very big picture. We begin with a step back in
time to Ancient Egypt.

1.1 A brief history

Back around 1900 BC, the tomb of Khnumhotep II |34, Chapter 3] is carved out of stone in
the necropolis and adorned with decorations and inscriptions about his life. A few of them
contain abnormal hieroglyphs that some believe were a deliberate attempt to hide details
of sacred rituals, a very early example of cryptography [59]. Taking a huge leap forward in
time by 1300 years we arrive in Ancient Sparta. The Spartans wrote on a strip of parchment
paper wrapped around a cylinder [63], which could only be deciphered by a reader if they
had an identical cylinder. This could be the first example of a shared key used to encrypt

and decrypt messages.

2000 BC 2023 AD
1900 BC 600 BC 60 BC 750 AD 1918 AD
Egyptians Spartans  Caesar al-Khalil Enigma

Figure 1.1.1: Some selected known developments of cryptography

Jumping to the time of Julius Caesar [46] where a more sophisticated concealment was
deployed, again for military purposes. He was known to use a substitution cipher [24] to
hide messages, a key part of his strategic success. Walking through the modern calendar
we stumble across the man who wrote the first dictionary of the Arabic language and the

“Book of Cryptographic Messages”, al-Khalil, [31] in southern Arabia. Being an independent
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thinker he pioneered the use of mathematics to analyse all permutations and combinations
of Arabic letters, which in turn influenced decryption using frequencies. This led to an
extended period of Arab focus on cryptanalysis, the use of mathematics to break codes

systematically.

Running through the Middle Ages, cryptography is used more widely across the globe. One
of the more famous examples in England involved Mary Queen of Scots who was implicated
in the Babington Plot [7], designed to assassinate Queen Elizabeth I, when her encrypted
messages were intercepted and deciphered. We land in Germany at the end WWI. The
famous Engima machine is invented by Arthur Scherbius |49, a German engineer. Most
notably it was used intensively by the German military in WWIIL. The advantage of Enigma
was not just the complexity of the coding, but also the ability to change the configuration

of the key, which the Germans did on a daily basis.

1.2 The Digital Age

The use of cryptography rapidly picks up the pace into the Digital Age. Long distance
communications became the norm in every day life. For the average person the need for
efficient transmission and storage of data became essential. Early systems such as semaphore
and Morse code rapidly evolved into advanced digital encoding systems such as those used in
space communications. The challenge for those applications was to overcome the frequency
of errors induced by noisy interference or faulty storage of data. Codes that could detect

and correct errors efficiently became imperative.

The internet is born. With it came the need for secure communication between people who
aren’t able to share a secret key beforehand. The Diffie-Hellman key exchange [14] was
invented to conceal a message using mathematics that is very difficult to reverse. This is at
the heart of the public key systems still in use today such as RSA [52] and ECC [35]. Fast
forward to the late 20th century, the first scheme to use randomisation in its encryption

system is introduced, the McEliece cryptosystem.

1.3 Into the Quantum Era

We drop over the precipice and free fall into the Quantum Era. As the quantum computer
arrives, the length of time required to break conventional algorithms will plummet. It has
already been shown that Shor’s algorithm [56] can be used by quantum computers to break
existing codes in a reasonable time. There is a constant tension between those who are
devising new ways of keeping a message secret and those who are just as determined to
intercept and decipher it. That is why there is a continuous need for ongoing research into

ever more sophisticated techniques to thwart the ever more ingenious and powerful attackers.
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1.4 This piece of the puzzle

With the general big picture painted, we can now turn to the piece of the puzzle that
this thesis contributes. Error-correcting codes could themselves be a standalone motivation
for this research. For instance, rank metric codes have been shown to be optimal when
correcting criss-cross errors used in digital communications |[19]. They are powerful in their

own right, but are also a strong contender for advanced cryptosystems.

One of those contenders that is believed to be secure against Shor’s algorithm is the classical
McEliece cryptosystem. A weakness of this scheme is the very large public key used to
scramble the message. To combat this, Delsarte first spots the potential of the rank metric
in the use of error correcting codes. Rank metric codes are known to be more efficient in some
circumstances [36]. Gabidulin also notes this and, after identifying other potential metrics,
focuses on the rank metric and produces encoding and decoding algorithms for maximal
codes in this new setting [21]. Their lateral thinking opens the door to the possibilities of

using other metrics with other association schemes.

One way to improve on the existing codes in the rank metric is to seek better underlying
structures that retain the level of security but improve efficiency. The natural progression
from the standard rank metric is to explore other rank-based metrics, such as the skew rank
that we first investigate here. The well known MacWilliams Identity is a tool that has long
been used to find and evaluate new codes and their potential. In particular we offer a unified
functional transform that covers the Hamming, rank, skew rank and Hermitian association
schemes, inspired by MacWilliams’ original identity for the Hamming association scheme
[41] and the use of a g-algebra by Gadouleau and Yan [22]. Moreover we establish new

generalised identities for the moments of the weight distribution of these schemes.

The structure of this thesis is as follows. Chapter 2] introduces cryptosystems based on
error correcting codes before presenting an overview of association schemes, the different
scenarios we are exploring. We then outline different association schemes and the exist-
ing theory in each instance, including the familiar Hamming case. Chapter [3]is the first
association scheme investigated in detail. A new g-algebra for skew-symmetric matrices is
developed, and homogeneous polynomials are identified which are used to prove the new
MacWilliams Identity as a functional transform specifically for skew-symmetric matrices.
Chapter [ confirms the idea that we can find a new form of the MacWilliams Identity as a
functional transform for Hermitian matrices using the same methods as for skew-symmetric
matrices. In Chapter [5| the previous chapters are analysed and used to prove a new gen-
eralised form of the identity and a generator for the eigenvalues of Krawtchouk association
schemes. The resulting moments of their weight distributions are then developed. Finally
Chapter [0] offers conclusions and some suggestions for future work. My work in this thesis

has been extracted into a published paper with some guidance from both of my supervisors.



Chapter

Background

In this thesis we are particularly interested in error-correcting codes, frequently used in
public key cryptosystems, which involve both a public key and a private key. The public
key is openly available and used to encrypt a message and the private key is used to decrypt
it and is only known by those who are authorised [60]. This eliminates the need for any two
parties to “meet” beforehand to agree a secret key before sending a secure message between
themselves. The public key is like an open padlock which is given out freely to lock any
message (encrypt) but only those who possess the private key to open it once it has been

locked (decrypt).

Two of the most commonly used public key cryptosystems today are RSA [52] (named
after its inventors Rivest, Shamir, and Adlemen in 1977) and Elliptic Curve Cryptography
[35] (ECC). RSA depends on the hardness of factorising a product of large primes whereas
ECC depends on the difficulty of solving the discrete logarithm problem [44] [35]. As the
speed and efficiency of computers and algorithms for breaking these codes has increased,
so have the parameters of these (and other) systems to keep them secure. The National
Institute of Standards and Technology (NIST) at the US Department of Commerce provides
recommendations on the size of RSA and ECC keys which have increased over time. For
example, they have risen from 1024 bits [47] in around 2002 to 2048 bits for RSA and from
P-256 to P-384 for ECC [16].

The goal is to find crypto-systems which have an easy to use (not too large) public key, high
difficulty of decoding without the private key, and sufficiently efficient decoding with the
private key.

2.1 Error-Correcting Codes

The first effective error-correcting code was invented by Richard Hamming in 1950 [30] and

is still used in some computer storage applications today. Other early examples include the
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Hadamard code that was used in NASA’s Mariner 9 Probe to send images of Mars back to
Earth. The Golay code [26] and Reed Solomon codes [41, Chapter 9] were used in the later
Voyager 1 and 2 missions to Jupiter and beyond. More recently, Reed-Solomon codes are
extensively used in commercial products today such as CD and DVD storage and are still
extensively used in 2-dimensional bar codes such as QR codes to minimise reading errors in
damaged images [65]. These examples and many other types of error-correcting codes are

described in [41].

In general, error-correcting codes work by taking an encoding of a message using a finite
alphabet (e.g. binary) and adding some additional information which increases the message
length in such a way that errors can be detected and corrected |41, Chapter 1]. The aim is
to transmit (or store) information as efficiently as possible while correcting as many errors
as possible. These two goals are conflicting: the more redundant information is added the

less efficient the code, but the more errors can be detected and corrected.

Many, but not all, codes have a fixed block length, n, and are linear subspaces of an n-
dimensional vector space over a finite field. Linear algebra and algebraic geometry have
been used extensively [41], [32], [39] to look for optimal (or “extremal”) codes. This is
using the block length, the dimension of the code as a subspace, a distance metric on the
vector space (such as the Hamming, Euclidean or rank metrics), and a bilinear form (such as
the Euclidean or Hermitian inner products) on the space to define duality (orthogonality).
Most notably Hamming weight enumerators (and more recently those of other association
schemes) have been analysed to classify the structure of “good” codes. A well known tool is
the MacWilliams Identity relating the weight enumerator of a code to that of its dual [39],
together with Andrew Gleason’s follow on theorems about the properties of self dual codes
[25].

Again many, but not all, codes can be generated by evaluating a function at a set of points
which are rational over the underlying finite field. This can be generalised by defining

curves over the field with a number of rational points. In the case of Reed-Solomon codes,

for example, the points lie on a projective straight line [32].

It is the variations of these alphabets, parameters, metrics and bilinear forms that offer

many opportunities to explore further optimisation of code performance.

2.2 Cryptosystems based on Error Correcting Codes

In 1978 Robert McEliece published a proposal to link these two areas by using an error-
correcting code to create a public key cryptosystem. The “difficult” problem for any in-
terceptor to solve would depend on the difficulty of recovering the original unencrypted
message, rather than on the difficulty of factorising integers or solving a discrete logarithm.
McEliece’s idea was to use a binary Goppa code [4], a scrambled form of its generator matrix

and a random additional error vector to the resulting message word [43].
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The current public key cryptosystems, such as 2048-bit RSA, are considered secure against
attacks using current computer technology [16] but in 1994 Peter Shor [57] devised an
algorithm which would allow a quantum computer, whenever one is built, to break them in

polynomial time. In other words, they will be broken.

As a result, cryptographers are racing to develop alternative cryptosystems that might not
be so vulnerable to quantum algorithms. NIST launched a competition to find a future
standard for post-quantum cryptography at the end of 2016 [47]. In January 2019, the
seventeen candidates remaining in the ‘semi-finals’ were: seven based on error-correcting
codes, one on isogenies of supersingular elliptic curves and nine based on lattices [45]. The
code based candidates used a mixture of Hamming metric and rank metric based codes and
included McEliece type cryptosystems. In 2022 NIST announced four candidates as finalists,
one of which is the Classic McEliece, and a further one to standardise and implement

(Crystals-Kyber based on lattices, not error correcting codes).

2.3 Association Schemes and Distance Regular Graphs

Association schemes give a particular structure to a set and that structure has been found to
be useful when investigating properties of linear codes. Here we introduce the basic proper-
ties of an association scheme, focusing in particular on metric association schemes. We also
identify their relationship with distance regular graphs which offers further understanding

of these abstract concepts by visualisation.

2.3.1 Preliminaries

Definition 2.3.1. A symmetric association scheme with n classes, (2, R), is defined
as a finite set 2" of v points and n+1 relations R = {Ry, ..., R, }, which satisfy the following

conditions:

Ry ={(z,2) |z € 2} (2.3.1)

(z,y) € Ri = (y,z) € R (2.3.2)
{Ro,R1,...,R,} is a partition of & x 2 (2.3.3)
() € Ry = {2 € 2 | (1,2) € Riy(5) € RMl =i (23.4)

where c¢;;;; is a constant and is called the intersection number. That is, if z,y € Ry, the
number of z € £ that are ¢ away from x and j away from y is a constant, ¢;;x, independent of
the choice of z and y. In other words, the relations satisfy having an identity, are symmetric,

form a partition and have intersection numbers.

We note that many different texts use the notation p(.k-)

5.5 instead of ¢k, as in [8, (2.1)].

Definition 2.3.2. If (z,y) € R; we call z and y it" associates.
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The valency |3 p43] of each relation is defined as v; = ¢;;0 which, for any x € 2 is the

number of z € 2 such that (z,z) € R;. It is immediately obvious that ). cjio = v.

We note that there are non-symmetric association schemes but we are only focusing on those

which are “symmetric” in this thesis.

There are some well known identities for the valencies and the intersection numbers that
can be useful when using the theory of association schemes |3| Lemma 2.1.1]. The most

interesting identity to note is that
n
Z Cijk = Uj.
j=0

This identity can be explained in a bit more de-

tail. Using Figure let z,y € &, (z,y) € ©
Ryj.. Then we see that

v; =[{z: (2, 2) € Ri}
:ZI{Z:(a:,Z)GRn(Zal/)GRJH k

Yy

_ Z . Figure 2.3.1: Visualisation of points
— " and relations in an association
J
scheme.

We go on to define the set of adjacency
matrices that can be wused to record and
analyse the properties of the association

scheme.

Definition 2.3.3 ([41 p613]). The adjacency matriz, D;, of R; is defined to be a v x v

matrix where each row and each column represents a point in 2" and where

(D), = bty e (2.3.5)

Ty

0 otherwise.
Lemma 2.3.4. Using the properties of an (2", R) symmetric association scheme (5, Lemma
2.1.1] we have that,

Do=1 (2.3.6)

DT = D, (2.3.7)



2.3. ASSOCIATION SCHEMES AND DISTANCE REGULAR GRAPHS

3.
1 ... 1
SNobi=|: o i =J (2.3.8)
i=0
1 ... 1
4- .
DiDj = Z Cijk:Dk = DjDi, fOT ’L,j = 07 ... (239)
k=0
5.

Conversely, any set of {0,1} matrices, Dy,..., Dy, that satisfies (2.3.6) - (2.3.10) with

Cijk, Vi € ZT is the collection of adjacency matrices of an association scheme.

Proof. (1) Do = I holds immediately from (2.3.1)).

(2) DT = D; holds immediately from (2.3.2)).

(3) Z D; = J holds immediately from ([2.3.3]).

i=0
(4) Proving Equation (2.3.9), if (z,y) € Rk, then the matrix (D;D;)z .y = ¢ijr by (2.3.4),
and by (2.3.5)), (Dk)z,y = 1. So we have

(DiDj)zy = Ciji(Di)z,y-

Now since (D;D;); , takes the intersection number of (z,y) € Ry, we need to include
all values of k, therefore

DiDj = Zcijka = DJDZ
k=0

as required.

(5) Now we prove Equation (2.3.10). By definition of D;, every row and column contains

v; 1’s. Therefore when we multiply by J, we sum these 1’s, which is v; in every case

by @51,

2.3.2 The Bose-Mesner Algebra

The eigenvalues of these adjacency matrices play an important part in looking for optimal
codes. That is, those with maximal distance for a given size. The algebra of these matrices
was first explored by Bose and Nair [2] in 1939 and later developed by Bose and Mesner [1]

after whom it was named. The important results are outlined here.
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To work with these adjacency matrices we define a set which consists of all complex linear

combinations of the adjacency matrices. That is,

%’{BZbiD”b,;e(C}.
1=0

This set then forms a ring with the operations of matrix addition and matrix multiplication
with the added property of the multiplication being commutative by (2.3.9)). As this set is a
ring and also a vector space, it forms an algebra and is called the Bose-Mesner Algebra

of the association scheme.

Since % is commutative the members of # can be simultaneously diagonalised (23], i.e.
there exists a single invertible matrix P € 2, such that P"'BP is a diagonal matrix for
each B € . As a consequence there exists a unique alternative basis consisting of primitive
idempodent matrices Ey, ..., F,, of size v X v. A primitive idempotent, F;, is an idempotent
such that it cannot be written as a direct sum of two other non-zero idempotents. So these

idempotent matrices in the alternative basis satisfy the following equations,

E}=FE; Vi (2.3.11)
EE; =0ifi#j (2.3.12)
Sh
i=0
It is conventional to choose Ey = %J .
Since {Ey, ..., E,} is a basis for .2 there exist uniquely defined complex numbers py(z) such
that .
Dy, = Zpk(i)Ei, k=0,...,n. (2.3.13)
i=0

We also have,

DyE; =Y pr(j)E;E;
j=0

pr(i)E;. (2.3.14)

Thus the pg(i)’s are the eigenvalues of Dy by definition. The rank of each matrix E;,
denoted 1;, is the multiplicity of each eigenvalue py(7) [3, p45].

Since the D;’s also form a basis of % we can also express each Fj as a linear combination

of the D;. We then define

I .
Ek:;;qk(z)Di, E=0,...n (2.3.15)
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such that g (7) represent the coefficients of the change of basis matrix from D;’s to the FE;’s.

We then call the g4 (i)’s the dual eigenvalues [42] of the association scheme. We also
define the eigenmatrices of the association scheme, P = (p;;) and @ = (gix), to be the
(n4+ 1) x (n 4+ 1) matrices consisting of the eigenvalues pi (i) and g (i) respectively. The

eigenmatrices P and () have the following properties.

Theorem 2.3.5. For P and Q) eigenmatrices of a symmetric association scheme, we have,

1.
po(i) = qo(i) =1 (2.3.16)
2,
pr(0) = vk,  qu(0) =ty (2.3.17)
3. §
> rpr(i)pe(i) = vvrdre (2.3.18)
=0
4- .
D vigr(i)qe(i) = vibrde (2.3.19)
1=0
5.
¥ipi(j) = vig; (i), i,j=0,...,n (2.3.20)
6.
k()] < vx,  lar(@)] < ¥ (2.3.21)
7.

> pli) =Y cini (2.3.22)
§=0 i=0

The proofs for these properties are well known and can be found at 3| Lemma 2.2.1]. The

equations ([2.3.18)) and (2.3.19)) are called the orthogonality relations |41, Theorem 3]. For
emphasis, po(i) = 1 since by Equation (2.3.14) and we have Dy = I, immediately, po(i) = 1.

We briefly introduce the idea of a formal dual association scheme. Delsarte |13] Section
IT C] proves that under some assumptions (explained below) on an (2", R) n-class association
scheme, you can find the dual association scheme which is an (2", R") n-class association
scheme derived from the valencies, v;, multiplicities, ¥; and eigenmatrices, P and @ of the

original scheme by

vi=1; Yi=v;, P'=Q Q =P

The ability to find a dual is, however, dependent on the scheme being “regular” as defined in
|8, Section 2.6.1]. We do not discuss regularity in more detail here as it is beyond the scope

of this thesis. In this thesis Delsarte’s condition of regularity is met and in fact, since 2 is

10
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always a vector space, the association schemes we consider here are all translation schemes.
That is, if for all z € 27,4 =0,...,n we have (z,y) € R; = (x+ 2,y + z) € R;, then
it is regular and we can find the scheme’s dual. Futhermore we only consider association
schemes which are formally self dual, i.e. when P = @). In fact, the association schemes
studied in this paper are all metric translation schemes. So when we discuss a code, ¥ and

its dual, 4+ in an (27, R) n-class association scheme, we have €, ¢+ € 2 .

2.3.3 Metric Association Schemes and Distance Regular Graphs

In this thesis we only consider association schemes that have a distance metric, which confers

on the scheme an ordering of the relations.

Definition 2.3.6. For a (£, R) symmetric n-class association scheme, we define a function
d: ZxZ — Rwith d(z,y) = i whenever (z,y) € R; and the function satisfies the following

conditions,

d(z,y) = d(y,z).

We say the association scheme is metric if d is a metric on 2, i.e. for all z,y,z € 2" we
have

d(z,y) + d(y, z) > d(zx, 2). (2.3.23)

This is equivalent to for (z,y) € R;, (y,2) € R;, (z,2) € Ry we have that for ¢;j; # 0, then
k<i+t .

If an association scheme is metric, then we can relate a graph G with it by setting the edges
tobe E = {(z,y) € R} 3 Chapter 1]. A simple example is shown in Figure in Section
which has 8 codewords over F3.

This graph is known as a distance regular graph and is defined below. For any n-class metric
association scheme there is an associated distance regular graph, and vice versa, for every

distance regular graph there is an associated n-class metric association scheme.

Definition 2.3.7 (|3 Chapter 1]). A distance regular graph is a graph G = (V, E) in
which for any two vertices x,y € V, the number of vertices at distance ¢ from = and j from

y depend only on ¢ and 7, and the distance between x and y.

Briefly, if we have a distance regular graph, then we define the points of the association
scheme to be the vertices and (z,y) € Ry if there is an edge between = and y. From that,

we can say that (z,z) € R; if the shortest path between x and z is length .

So then, the natural question to ask is, can we take any finite set together with a metric and

11
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always find a distance regular graph/metric association scheme? Unfortunately this isn’t

the case, as proven by [55, Theorem 8].

We now define a P-polynomial scheme and conclude that a metric association scheme is a

P-polynomial scheme.

Definition 2.3.8 (|41, p660]). An association scheme is called a P-polynomial scheme
if there exists non-negative real numbers zg,...,z,, with 2o = 0 and real polynomials

Dy(z2),...,Pr(z), where the degree of ®(z), is k such that
pk(i)zék(ziL i,k:O,...,n.

Theorem 2.3.9 (|8, Theorem 5.6, Theorem 5.16]). An association scheme is metric if and
only if it is a P-polynomial scheme, so the eigenvalues of the association scheme, py(i), are

indeed polynomials.

Although not proven here, there are multiple ways of proving this statement. One is from
MacWilliams and Sloane [41], Theorem 6, Chapter 21], another is from Brouwer |3, Propos-
ition 2.7.1] and originally proved by Delsarte |8, Theorem 5.6, Theorem 5.16].

Considering metric association schemes where 2 is a finite dimensional vector space over
a finite field and therefore a finite abelian group, we can introduce the concept of an inner
product, { , ). More details on how the inner product arises in this situation can be found

in 3, p72].

In this situation, given an inner product, and since we have a finite vector space, we can

identify a dual vector subspace, €, for any subspace ¢ C 2, such that

‘ﬁlz{xeﬁ”Hx,y}:OVye‘g}.

In this thesis we only consider finite dimensional vector spaces over a finite field, 2, so
to find the orthogonal points we only need to consider when the inner product is 0 and
not involve character theory. We can note that as in Delsarte [9, Section 3] this would be

equivalent to the character of the inner product being 1 if the two points are orthogonal.
2.3.4 Generalised Krawtchouk Polynomials

From the orthogonality relations (2.3.18)), (2.3.19)) we can see the polynomials, pg (), form a

set of polynomials which take the same form but with a range of parameters which we call
a family. For the association schemes studied in this thesis, this family has been shown to

be the generalised Krawtchouk Polynomials introduced by Delsarte [11][61].

First we present a notation used by Delsarte |12, p21] called the b-nary Gaussian coefficients.

Also note, for ease, we define o; = i(igl) for i > 0.

12
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Definition 2.3.10. For z,k € ZT, b € R, b # 1 the b-nary Gaussian coefficients are

defined as
z _’ﬁbr—bi
b LK Ll pE

=0

i

It is useful to note that if we take the limit as b tends to 1, we in fact obtain the usual

with

binomial coefficients,

k—1 pT b k—1 (b . 1) (bzfifl Fprit2 4 1)

fim o= = i Ho-1n T+ 40
k—1
o xr—1
b k—i

This relationship helps when comparing the similarities between the analysis for the Ham-

ming, the rank, the skew rank and the Hermitian association schemes.

Below are some identities relating to the b-nary Gaussian coeflicients which are useful in
simplifying notation, and can be used for different values of b from [12]. For b € R/{1},

x,1,j,k € ZT, y € R we have

b m _, Lc f k] (2.3.24)
b : b [x;q N bm b[x i k] (2.3.25)

_i:w_w—kaw,kxk 3.
(y=0)=> (1" bMy (2.3.26)

1=0 k=0
T 2 k—1 4
. kg()b |:k:| i=0 (y - bl) B yx <2327)
zj_:(—l)k_ib”’“i b {ﬂ b [ﬂ =% (2:3.28)

where d;; is the Kronecker delta function. The following identities are each used in the rest

13
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of this thesis but can be shown trivially to be equal.

b m - |:a: - 1} Lk b [z - ﬂ (2.3.29)
- ﬁ - ﬂ b b [ﬂﬂ . 1] (2.3.30)
_ bt;’;*% b [k v 1] (2.3.31)
_ bfik%ll b [w; 1] (2.3.32)
_ Zi% b [:Z - ﬂ (2.3.33)

We also define a b-nary beta function which is closely related to the b-nary Gaussian coeffi-

cients, and aid us in notation throughout this thesis.

Definition 2.3.11. We define a b-nary beta function for x € R, k € Z* as

k—1 .
Bz, k) =[] [m N q. (2.3.34)
i=00
Lemma 2.3.12. We have for all x € R, k € Z7T,
1.
By(z, k) = m By (k, k) (2.3.35)
b
2.
By(z, 1) = m By, k) By — Ky — k) (2.3.36)
b
3.
Bo(x, k)Bp(x — k, 1) = Bz, k + 1). (2.3.37)

Proof. (1) We have

k=lopo i
k) = -1l-—
a1 [ =TT 5=

SIS
= O

(basfi _ 1) (blcfi _ 1)
B —1)(b-1)

x> -
- O

-1

— b

be
bk — bt b—1
=0

I
—

0

|

i

I
o
— |l

as required.

14



2.3. ASSOCIATION SCHEMES AND DISTANCE REGULAR GRAPHS

(2) Now we have

j k=1 r z—k=1 15 s
b{ﬂ,ﬁb(kz,k)ﬁb(x—k,x b}c:l;z Obkb__ll 51:[0 bbk—il_1
St b1

= By(z, )

as required.

(3) And finally we have,

By(z,k)Bp(z — k,1) = b [33 I k] ’ﬁ {x 1_ Z]

i=0b

= ﬂb((E,k + 1)

O

Now that we have some additional notation, we can write Delsarte’s |11, (15)] generalised

Krawtchouk polynomials neatly.

Definition 2.3.13. For bc e R, b > 1, ¢ > %, n € Z* z,k € {0,...,n}, then Delsarte’s

[11] generalised Krawtchouk polynomials are defined as

Ek: )e=i (cbmyi b(*2) . [Z:ﬂ b [n j x} .

j=0 J

Again, if we take b — 1, then the generalised Krawtchouk polynomials become the Krawtchouk
polynomials in the usual sense. That is, the Hamming Krawtchouk polynomials for ¢ > 2

are,

Pi(z,n) = zk:(—l)k‘jqj (Z - é) <n N x) (2.3.39)

=0 J
We note that equation ([2.3.39) is equal to |41 (53), (55), (56)], specifically for obtaining

[41, (56)] we use the substitution j = “k — j” and rearrange the sum.

Delsarte proved that the eigenvalues of an association scheme satisfy a recurrence relation
with specific initial values, namely for b € RT, y € ZT and z,k € {0,1,...,y} the recurrence
relation is

Pz +1,y+1)= bk+1Pk+1(x7y) — kak(x,y) (2.3.40)

15
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with initial values,

y k—1 ‘
Pk((),y)—b[k] H (cb¥ —b')
PO(xay) = ]-a

with ¢ € R, ¢ > %. He then concluded that the only solution to this recurrence relation

with these specific initial values are the generalised Krawtchouk polynomials as defined in
Equation (2.3.38]).

Delsarte also considers any association scheme to find a relationship between the inner
distribution of an association scheme and its dual [8, (6.9)]. Before we do this, we need to

introduce some notation.

Definition 2.3.14. Let (27, R) be an n-class association scheme. The inner distribution
of a subgroup X C £, is the (n+ 1)-tuple, ¢ = (co, . .., ¢,), where ¢; is the average number

of points of X being i*" associates of a fixed point of X.

We note that in this thesis we only consider association schemes where the inner distribution

becomes a weight distribution with an associated metric.

Theorem 2.3.15 (The MacWilliams Identity for Association Schemes). Let (27, R) be an
n-class association scheme with dual n-class association scheme (2, R'). For a pair of dual
subgroups X, X' C X, let ¢ = (cq, . .., Cy) be the inner distribution of X and ¢’ = (¢, ...ch,)

n

be the inner distribution of X'. If P and Q are the eigenmatrices of (2", R) then

| X|c" = eQ

| X'|c=¢c'P.

2.4 The Hamming Association Scheme

2.4.1 Introduction, Background and Jessie MacWilliams

Richard Hamming invented the first error-correcting code, where the distance between two
codewords is the number of places where they differ. This distance metric is now known as
the Hamming metric. The Hamming metric has been extensively used since its conception in
1950, initially alongside a binary code where each word has a fixed length and each position
is 0 or 1. One example of a code that was implemented successfully using the Hamming
metric was the Golay Code [26], a [24,12,8]-code, which transmitted one of the first few
“mosaics” of the planet Jupiter, pictured in Figure 2:4.1] from the Voyager 1 spacecraft. It
is comprised of nine separate photographs taken from around 4.7 million miles away from

Jupiter itself.

16
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Jessie MacWilliams contributed much into the
study of coding theory and most importantly,
alongside Neil Sloane, identified the well known
MacWilliams Identity that relates the weight

enumerator of a code to that of its dual using

a functional transformation.

2.4.2 Preliminaries Figure 2.4.1: Mosaic of Jupiter as
seen by Voyager 1 [33]

To introduce the well known Hamming scheme

we first must summarise some definitions and

properties.

Definition 2.4.1. For all @ = (a1,...,a,),b= (b1,...,b,) € Fy, we define the Hamming

distance between a and b to be
di(a,b) =|{i | a; #b;}|
In other words, the number of entries in the vectors which differ.

Any subspace of Fy' can be considered as an F,-linear code, €.

The minimum Hamming distance of such a code €, denoted as dy (%), is simply the
minimum Hamming distance over all possible pairs of distinct codewords in 4. When there
is no ambiguity about %, we denote the minimum Hamming distance as dg. It is common
in the literature for the Hamming metric to denote the minimum distance as d when there
is no ambiguity on the distance metric. If the dimension of the subspace (code) is k, then

the code is referred to as a [n, k, dg]-code.
To illustrate the idea of error correction more clearly in the Hamming scheme, we introduce

the concept of spheres around each codeword.

Definition 2.4.2. A ball, of radius r € Z, r < n, about a point a € Fy, is

B.(a) = {beFy | d(a,b) <r}.

So the ball about a contains all the possible words that differ from a by up to r places.

If the number of errors is less than half of the minimum distance then it is guaranteed that,
in theory at least, the original intended codeword can be identified and corrected. The two
different situations when dg is odd and when dy is even are illustrated in Figure If
dyg = 2m then dy — 1 errors can be detected but only m — 1 errors can be corrected; if

dig = 2m + 1 then 2m errors can be detected and m errors corrected.

More formally,

17
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< d=2m

Figure 2.4.2: Balls of radius |41 .

Theorem 2.4.3 ([50, Theorem 2, Chapter 1]). A code C' with minimum distance dy can

detect up to dg — 1 errors and correct up to r = LdH2_1J errors.

Proof. Suppose that is not the case, so there exists two codewords a,b € Fy such that
B,.(a)NB,(b) # (). Then there exists ¢ € B,.(a)NB,.(b) such that dg (a,c) < rand d(b,c) <.
So

dg(a,b) <dg(a,c)+dg(c,b) <2r <dyg—1

which is a contradiction of minimum distance. O

Now a weight enumerator for the Hamming metric is introduced which records the number

of codewords of each weight in a code.

Definition 2.4.4. For all a € Fy the Hamming weight, w is the number of non-zero
entries in a. It is clear that if € C IFZL is a linear code then the minimum Hamming
weight of € is dy. Then Hamming weight function of a is defined as the homogeneous
polynomial

fH(a) —ywxn-w

Let ¢ C F be a code. Suppose there are ¢; codewords in ¢ with Hamming weight ¢ for
0 < i < n. Then the Hamming weight enumerator of ¢, denoted as WH (X,Y), is
defined to be

WHXY)=Y fula)=> aY'X " (2.4.1)
ac€ i=0
We call the (n+ 1)-tuple, ¢ = (co, .. ., ¢,) of coefficients of the Hamming weight enumerator,

the Hamming weight distribution of the code .

Example 2.4.5. A simple example to look at is the well known Hamming code of length

18
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7, explicitly written out below.

0,0,0,0,0,0,0), (0,0,0,1,1,0,1),(0,0,1,0,1,1,1), (0,0,1,1,0, 1,0
,(0,1,1,1,0,0,1
71’0)17070’0’]‘7

1,1,0,0,1,0,1),(1,1,0,1,0,0,0),(1,1,1,0,0,1,0),(1,1,1,1,1,1, 1

) ) ) ) ) )

( )
07170’0707171 ) 0)1707 1’ 1’ 170 7(0’ 1)1707 1’0’0)
( )
( )

( ) ( ) ( )
( ) ( ) ( )
(1,0,0,0,1,1,0),(1,0,0,1,0,1,1) (1,0,1,1,1,0,0)
( ) ( ) ( )

There are 16 codewords in total and it forms a 4-dimensional subspace of F3. There is 1
codeword of weight 0, 7 of weight 3, 7 of weight 4 and 1 of weight 7. Thus the weight
enumerator is X’ + 7Y3X* 4+ 7Y4X3 4+ Y7, This example is shown with other details in

Appendix

The number of vectors in F of Hamming weight w is (¢ — 1) (). The total number of

vectors in Fy is ¢". So the Hamming weight enumerator of Fy is

Q, = g(q — 1y (’Z) yixn—i, (2.4.2)

Some more examples can be found in Appendix [A-T] which give a general idea of a code and

its properties.

To be able to define a dual code in this association scheme, we first need an inner product.

For the Hamming association scheme we take the usual scalar product.

Definition 2.4.6. The dual code, €+ C Fy, of a code, ¢ C Fy, is defined as

¢t ={acF a-b=0vbes}.

2.4.3 Eigenvalues of the Hamming Association Scheme

MacWilliams and Sloane claim that the most im-

portant example for coding theory is the Ham-
011

ming or “hypercubic” association scheme [41] ' 111
001 ‘

Chapter 1, Section 3]. A frequently used clear
example of the association scheme with n = 3

010
and ¢ = 2 can be seen in Figure

e
000

Explicitly, we have the (£, R) n-class Ham-

100
ming association scheme where 2 = Fj and ) )
Figure 2.4.3: Distance regular graph
R; = {(z,y) | du(z,y) = i}, and is a metric as- of a Hamming Scheme with ¢ = 2

sociation scheme as the triangle inequality holds and n = 3.

for the Hamming distance. In this scheme, the
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eigenvalues are defined as

Pk (Z) = Pk (i, n)

where Py (i,n) are the Hamming Krawtchouk polynomials (2.3.39)).

2.4.4 MacWilliams Identity as a Functional Transform

Here we introduce the seminal result for relating the weight enumerator of a code with the
weight enumerator of the code’s dual for the Hamming association scheme, developed by

Jessie MacWilliams.

Theorem 2.4.7 (The MacWilliams Identity for the Hamming Scheme). Let 6" C Fy be an

[n, k, dg]-linear code, with Hamming weight distribution ¢ = (co,...,c,) and €+ C IFy its
dual code, with Hamming weight distribution ¢’ = (c{,...,c,). Then
o |

The proof of the MacWilliams Identity for the Hamming association scheme uses character
theory and the Hadamard transform, and can be found at |41, Theorem 13, pl46]. The

theorem above can also equivalently be written as

d GyixnTt = % D (X =YX+ (g— DY) (2.4.4)
=0 =0

2.4.5 Moments of the Hamming Weight Distribution

MacWilliams and Sloane then investigate the weights of a code further by looking at their
binomial moments. We follow their analysis in the general case here and show the example
for the binary case at the end. These moments are calculated so that statistical data about
the weights within a code can be used to give insight into details of the code such as the

spread, centering and skewness.

Theorem 2.4.8. For an [n,k,dg]|—linear code, € € Fy, with weight distribution ¢ =
(coy---y¢cn), and dual code €+ with weight distribution ¢’ = (c}...,c,,), the binomial mo-

ments of the Hamming weight distribution are, for all ¢ € {0,...,n},

n—e . n .
A (n—z),
¢ =q c; 2.4.5
> ()= (0 242
and

Zn: <Z>C qu_”i:(—l)i(q— 1)”‘i(n_i>c§. (2.4.6)

i=p i=0

Proof. MacWilliams herself used two different methods to derive these moments. The first

used set theory and combinatorics and the other used character theory [38].
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First we prove (2.4.5). We extend the idea of the proof in [41] p131] in the case where ¢ = 2,
for general prime powers, ¢, using differentiation and the Leibniz Rule, to illustrate that the
later proofs presented in this thesis can also be applied here. We have directly from 7
applied to the dual code,

3

GX =Y)' (X + (¢ DY)
i=0

n
> aYiXnTh = L
T - —
i=0 q

To anticipate the proofs in Chapters [3{and [4 we use the notation (¢) for differentiation with
respect to X and {¢} for differentiation with respect to Y. So on the LHS we take the ¢!"

derivative with respect to X.

n () n—e n—i
Z Y X! = ol Z < >c,»YiX”i‘P.
1=0 =0 ®

The RHS is slightly more complicated. Again we take the derivative but we need to use the

Leibniz Rule in order to do so.

= qnl,k ZZC; (:) (X -Y) )(w—k) (X + (g - I)Y)n—i)(k)

1 (e (n—i)! il
gk ZCi(kz)(n—i—k)!(i—<p+k:)!

=0 k=0

X (X —=Y)m¢tR(X 4 (¢ — D)Y)" i F,

Now evaluate at X =Y = 1, which means that all terms are 0 except when, i —p + k=0

S0,

i (n—z>n_¢.

=0

Now equating the LHS and RHS we obtain,

L n—i 1 <& n-—1
o (", )=o)
i=0 ¥ =0
Therefore,

A

=0
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Now we prove ([2.4.6]). Differentiating with respect to Y we have,

Y ixnTt = ! < >cz«Yi“"X”i.
(Spern) =5

Again the RHS is more complicated. We take a similar approach and use the Leibniz Rule,

again with respect to Y.

1 L , o © (n—1)! 7!
gk 2 (=1 k(q_l)k<k> (n—i—k)(i—o+k)

X (X = V)X 4 (g — DY) ik,

Now evaluate at X =Y = 1, which means that all terms are 0 except when, i — o+ k=0

S0,

1 < ‘ A (e} L& | o
(q"—k 2 GX —Y) (X (- 1>Y>“> = 2D - 1)*”( )
=0 =

q p—i
(n—z)' 7’7' n—e
(n—p) (0)7
1 - / i —i n—1 n—e
= F > (=1 (g - 1)* @'(n_ @)

Therefore,

O

We can in fact simplify Theorem if ¢ is less than the minimum distance of the dual

code.

Corollary 2.4.9. Let dy be the minimum Hamming distance of €+. If 0 < p < dYy then

(=) aan
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and .
> ([)e=dvta-v ("), (2.4.8)
— \¥ ¥
i=p
Proof. Since 0 < ¢ < djy then ¢y = 1 and ¢; = ¢; = ... = ¢, = 0 and the corollary
follows. O

Example 2.4.10. Consider the case where ¢ = 2. When ¢ = 0, then using (2.4.6))

n

as expected. Setting ¢ = 1, we have

n 1 .
; ic; = 21 ;(—1)i <Z B i) ¢,

2k
= E(n—cﬁ)

So if ¢f = 0 i.e. the minimum distance of the dual is greater than 1 then,

- ici n
D 5 =3

i=1

the average, as expected. Now if we consider p = 2 we have,

> (3)e=2 123—1)%2 U S I

i=2
-1
= ok—2 (71(712)06 —(n—1)c} + 02> .

So if ¢f = ¢4, = 0 i.e. the minimum distance of the dual is greater than 2 then,

Simplifying gives

the second moment of the code.
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2.4.6 Maximum Distance Separable Codes

Codes that attain the Singleton Bound are called Maximum Distance Separable
(MDS) codes, which for an [n, k, dg]-code means that dgy = n — k + 1. MDS codes have
been studied extensively since they offer the maximum potential efficiency for a given rate
of error correction. Surprisingly the Hamming weight distribution is completely determined
by its parameters, which is also presented in, for example, [41, Theorem 6, Chapter 11]. In
this section we derive those parameters using the MacWilliams Identity and moments of the
Hamming association scheme in a manner that we then extend to the skew rank association
scheme (Section and the Hermitian rank association scheme (Section . First we

shall state and prove the Singleton bound and we also need a little lemma.

Theorem 2.4.11 (The Singleton Bound for the Hamming Metric). If ¢’ C Fy is a linear
[n, k, dg]-code then,
|6 < qndu T, (2.4.9)

Codes that attain the Singleton bound are referred to as maximal codes or Mazimum Distance

Separable (MDS) codes.

Proof. First we note that the number of codewords in Fy is ¢". Now since every codeword in
%€ is distinct, and deleting each dy —1 first letters of each codeword, then all pairs of resulting
codewords must be distinct as the minimum distance between the original codewords is dg;.

n—dg+1

Since the length of each word is n—dg + 1 then there are at most ¢ words. Therefore

n—dg+1

|€| < ¢4+l Furthermore, since ¢ is a linear [n, k, dg]-code, then ¢* < ¢ we also

have n — k > dyg — 1. O

We follow on with a useful lemma. Equivalent theorems are stated and proved in Sections

3.5.3] and 4.5.3]

Lemma 2.4.12. If ag,ay,...,as and by, by, ..., by are two sequences of real numbers and if

for 0 <5</, then

i o
b, — 2(71)H (E_‘Daj (2.4.10)
for0<i< /.

Proof. This result uses the property of binomial coefficients (2.3.28]), that
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Then for 0 < i < ¢,

—.O k=0
S

E329) :
&329 Zbké(é—i)(ﬁ—k) = Zbk5ik
k=0

k=0

as required. O

We also have the following theorem which is used in the proof of [2.4.14

Theorem 2.4.13 ([41, Theorem 2, p318]). If a linear [n,k, dg]-code € C Ty is MDS, then
its dual €+ C ! is also MDS and is a linear [n,n — k, k + 1]-code.

It is interesting to note that the weight distribution of an MDS code is only dependent on

the parameters n, k, dg and not on the particular choice of the code.

Proposition 2.4.14 (|41, Theorem 6, Chapter 11]). Let ¢’ C Fy be a linear MDS code with
weight distribution ¢, and minimum distance dg. Then we have co = 1 and for 0 < r <

’I’L—dH,
T

canse =20 () 0, ) 6 )

=0

Proof. The proof of this statement is left as an exercise for the reader in [41], so we have

the proof here instead. We have from Corollary [2.4.9] for 0 < ¢ < d,

S )=o)

Now if a linear code ¢ is MDS, with minimum distance dy then %~ is also MDS with
minimum distance dy; = n — dg + 2 |41, Theorem 2, Chapter 11]. So (2.4.7)) holds for
0<¢ <n-—dy = dy—2. We note that the proposition so far holds for ¢ < d%;, — 1 but

dyy — 2 is sufficient here. We therefore have ¢g = 1 and ¢1 = ¢c2 = ... = ¢qy—1 = 0 and
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setting o =n —dyg — j for 0 < j <n — dy we obtain

n dntd n—1 n
- . — gk—ntdu+j
(n—dH—j)+Z(n—dH—j>Cl K <n_dH_j>

i=dg

4 n—dg —r n k—ntdu+i
Z<n—dH—j>cr+dH<n—dH—j) la -b

r=0

Applying Lemma [2.4.12] setting £ =n — dg and b, = ¢,4q4,, then letting

0 — ( n > (qkfn‘l’dH‘Fj _ 1)

n—dH—j

gives

and so
b — @-z10) i(_l)rﬂ- n—dg —i\
r = Cr4+dy = , n—dg—r a;

- ri(M—dg =1 n k—n+dpy+i
-1 HTU _ 1),
=o( ) (ndHr><ndHi)(q )

~.

But we have

) i) =G )
2 () )

= (1))

dg+i)\dg +r
Therefore .
cevan = 2 (G 17 () @70
since dg =n — k+ 1 as € is MDS, as required. O

2.5 The Rank Association Scheme

2.5.1 Introduction and Background

In the search for an improved error-correcting code to use as the base for a new cryptosystem,
changing the alphabet is just one choice that can be made. Another choice is the metric
used to measure the distance between any two words in the code. Traditionally that has

been the Hamming metric as mentioned.

Gabidulin [18] prepared a whole list of different metrics. One was the rank metric which was

first proposed for use in error-correcting codes by Delsarte in 1975 |9] and further developed
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by Gabidulin himself in 1985 [21]. The approaches of Gabidulin and Delsarte are described
and compared in Section below.

McEliece type cryptosystems have been proposed based on rank metric codes [20],[48] and
in particular on Maximum Rank Distance (MRD) linear codes because they have efficient
decoding algorithms and much smaller public keys than comparable Hamming metric sys-
tems [22|. Unfortunately, some MRD codes have significant invariant subspaces which make
them vulnerable to attack |37] and they have been broken in original and modified forms.
The challenge is still there, though, to find secure cryptosystems based on rank metric codes
because of their smaller public keys and, for example, Loidreau |37] has proposed more
recently yet another variation which is claimed to be secure, by scrambling the Gabidulin

structures sufficiently.

Less research has been applied to the corresponding identities for rank metric codes. Delsarte
[9] did find relations between the rank weights of a code and its dual using association
schemes but it was Gadouleau and Yan [22] who found the rank weight enumerator of a
linear code [21] as a functional transformation of the rank weight enumerator of its dual.
Ravagnani [51] generalised the proof to all Delsarte rank metric codes and established that
all linear codes can be regarded as a “Delsarte rank metric code”. Gadouleau and Yan [22]
used a method of proof similar to MacWilliams and Sloane [41] whereas Ravagnani [51]

focused on the linear algebra and combinatoric approach.

Consequently, it seems that there is value in exploring further codes based on the rank
metric. To explore this further it is first necessary to understand in detail the theories used

in Delsarte [9] and Gadouleau and Yan [22]. These theories are outlined in this section,

2.5.2 Delsarte, Gabidulin, Gadouleau and Yan

Delsarte and Gabidulin developed two distinct definitions of the codes with the rank metric.
Delsarte [9] worked with m x n arrays or matrices over F, whereas Gabidulin [21] used vector

subspaces of Fy...

Gabidulin [20] gives a useful summary and comparison of the two representations and shows
that all linear vector representation codes can be mapped onto a linear matrix representa-
tion code. (Note that a linear matrix code mapped in the other direction to a vector code is
not necessarily linear [20, Section 2]). In [21] he specifies a norm on the space of matrices,
which defines the rank metric, and goes on to develop theories for codes (subspaces) based
on the rank distance. He also investigates the characteristics of maximal codes and their
constructions. Ravagnani [51] further proved that the mapping from vector to matrix pre-
serves cardinality and rank distribution and that therefore matrix rank metric codes can be

considered as a generalisation of vector rank metric codes.

Delsarte [9] introduces codes based on a rank metric by considering matrices of a certain

size over a finite field. Identifying a bijection between matrices and bilinear forms, Delsarte
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applies his theory of association schemes to rebuild the MacWilliams Identity for codes with

the rank metric.

Gadouleau and Yan [22] extended the known theories of rank metric codes by developing the
MacWilliams Identity as a functional transform in the same way as MacWilliams did origin-
ally for the Hamming metric. Having a version of this theorem in this form allows weight
enumerators of potentially unknown dual codes to be found from the weight enumerators of
known codes. They subsequently used the functional transform to develop previously undis-
covered identities between the moments of the rank weight distribution of codes and their
duals. Their method was based on character theory and ¢-algebra rather than association
schemes or combinatorics as used by Delsarte [9] and Grant and Varanasi [29] [28]. Finally
from these new identities, called “moments of the rank distribution”, the rank weight dis-
tribution of maximal codes in this setting is derived as an alternative to Delsarte’s [9] and

Gabidulin’s |21] derivation.

Below are the key definitions and results for the two representations of rank metric codes.
Notation in the different sources varies so the notation of Gadouleau and Yan [22] has
been adopted here where possible for consistency with their later proofs, but material from

Gabidulin [20], [21] and Ravagnani [51] has been used.

2.5.3 Preliminaries

The definitions below are equivalent to the theory in Gadouleau and Yan [22], but have been

adapted to match this interpretation of the underlying space.

Definition 2.5.1. Let A = (a;;) be a matrix of size m x n with entries in a finite field F,

where ¢ is a prime power. This could be represented as an n-dimensional vector,

= (T1,-,%n) € Fym
m
where fori=1,...,n, z; = Zaijaj with {a1,...,am} being a basis of Fgm

j=1

Each matrix, A, can be associated with a corresponding bilinear form, which is a map
A: VW =T,

where V' is an m-dimensional vector space over F, with fixed basis {e1,es,..., e}, W is

an n-dimensional vector space over F, with fixed basis {e], e}, ..., e}, } where
/ f— ..
A (ei, ej) = ajj.

Definition 2.5.2. For all A € F;»*" we define the rank weight of A, R(A) = r, to be

the usual column rank of the matrix over F,. For all A, B € F**", we define the rank
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distance between A and B to be

dr(A,B) = R(A - B).

Any subspace of Fy**™ can be considered as an F,-linear code, €, with each matrix of rank
r in % representing a codeword of weight r» and with the distance metric being the rank
metric. That is, for A, B € F;**" and a,b € F;, aA+bB € €. For clarity, the rank distance
must always be less than the minimum of {m,n} as the column rank must be less than or
equal to n, the row rank must be less than or equal to m and the column rank and row rank

must be the same, a common result of linear algebra.

The minimum rank distance of such a code €, denoted as dr(%), is simply the minimum
rank distance over all possible pairs of distinct codewords in €. When there is no ambiguity

about ¢, we denote the minimum rank distance as dg.

As with the Hamming metric, bounds can be established [22, (1)] on the maximum size of

a code ¢ over F"*™ with minimum rank distance dg given by

|€’| < min {qm("*dﬂ"ﬂ),q”(m*d’*“)} . (2.5.1)

We call the bound (2.5.1)) the Singleton bound for codes with the rank metric. Codes that
attain the Singleton bound are referred to as maximal codes or Maximum Rank Distance

(MRD) codes.

Again, similar to the Hamming metric, we introduce a weight enumerator for the rank metric

to count the number of codewords of each weight.
Definition 2.5.3. For all A € F;"*" with rank weight 7, the rank weight function of A
is defined as the homogeneous polynomial

fr(A) = YT X",

Let ¢ C F"*" be a code. Suppose there are ¢; codewords in ¢ with rank weight i for
0 <i < n. Then the rank weight enumerator of ¢, denoted as W§(X ,Y), is defined to
be

WEX,Y) =Y fr(A) =) aY'X" (2.5.2)
Ac% =0
We call the (n + 1)-tuple, ¢ = (¢, - . ., ¢) of coefficients of the weight enumerator the rank

weight distribution of the code €.

Example 2.5.4. An example of such a code with ¢ = 2 and n = m = 3 is where % is the
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subspace generated by the following matrices;

010 1 10 0 0 1 0 0 0
10 0},{0 1 0},|0 O Of,]0 O 1
0 0 O 0 0 0 1 00 010

There are 16 matrices (codewords) in this code. The only codeword of rank 0 is the all-zero
matrix and there are none of rank 1. There are exactly 9 codewords of rank 2, and exactly

6 codewords of rank 3 and the rank weight enumerator of the code is X2 + 9Y2X + 6Y3.

It is readily checked that the set of n x m matrices over I, together with the rank distance

defined above, forms a metric association scheme by satisfying the axioms in Definitions
and Equation ([2.3.23]).

Before going any further, we take the general b-nary Gaussian coefficients and b-nary beta

function as defined in Section [2.3.1| with the parameter b set to g, ¢ > 1, for the rank metric,

T k_quiqi
q{k] gq’“—q“
Lo
ﬁq“”“)}})i 1 ]

We also have the alpha function as defined in |22 Section 2.3] for x,k € Z™,
k—1 _
oz, k) = H (qm — qz) . (2.5.3)

i=0

Here we have a useful theorem proven by Laksov which counts the number of matrices of a

given rank in [Fj*™ [64, Proposition 3.1].

Theorem 2.5.5. The number of matrices in F**™ of rank r is

_ 1:[1 (¢" ~¢) (¢" ~ ) (2.5.4)

Emnr = }
S S T

which can also be written as

Emon,r = . m a(m,r). (2.5.5)

We also note the rank weight enumerator of the whole space, Fy**™ is

QTn,,n = zn: fm,n,iYan_i'
=0

Using Theorem [2.5.5] it is useful to see some coefficients of the rank weight enumerator for
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some small size matrices over F;. We note that the rank weight for a m x n matrix, is equal

to that of its transpose. A good example of this is shown in Table

m xn | Total Rank Weight Enumerator
Emn,0 Emon,1 Emon,2 Qmn
1x1 q 1 q—1 - X+(@-1)Y
1x2 ¢ 1 -1 0 X+ (¢?-1)Y
2x1 ¢ 1 -1 0 X+ (¢2-1)Y
2% 2 ¢ 1 (=1 (q+1) | q¢(@-1)(g-1) | X2+ (*-1)(¢g+ 1) XY +q(¢* —1) (¢—1)Y?

Table 2.5.1: Coefficients of the rank weight enumerator for small matrices over Fj,.

In this setting we define an inner product as follows
(A,B) =Tr (ABT)

where Tr(A) means the trace of A. We note that also Tr (ABT) =1Tr (BAT) =
Doty >oj—y aijbi; where A = (a;;) and B = (bj;), so satisfies the symmetric condition

for an inner product.

Now we define the dual of a code.

Definition 2.5.6. The dual code, €+ C Fy =", of a code, ¢ C Fy**™, is defined as

%L:{Aewxn|<A,B>:OVBe<g}.

The following theorem by Gabidulin relates the minimum distance of a maximal rank code

to the minimum distance of its dual which is also proven to be maximal.

Theorem 2.5.7 (|21, Theorem 3]). Without loss of generality, assume n < m. A code
¢ C Fy" with minimum rank distance dg is MRD if and only if its dual ¢+ C Fgr = is

also MRD with minimum rank distance d’R =n—dgr+ 2.

¢-Product, ¢-Power and ¢-Transform

The weight enumerator of a linear code ¥ C IE‘;"X" is a homogeneous polynomial. Gadouleau
and Yan introduce an operation, the g-product [22, Definiton 3|, on homogeneous polyno-
mials that help to express the relation between the weight enumerator of a code and that of

its dual.

Definition 2.5.8. Let
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be two homogeneous polynomials in X and Y, of degrees r and s respectively, and coefficients
a;(A) and b;(\) respectively, which are real functions of A and are 0 unless otherwise specified.

For example b;(\) =0if i ¢ {0,1,...,s}.

The g-product, x, of a(X,Y; ) and b(X,Y; \) is defined as

(X, Y50) =a(X,Y;0) xb(X, Y3 N)

rts (2.5.6)
=3 cu(NYUxTT
u=0
with
cuN) =D g ai(\bu—i(A —i).

=0

Definition 2.5.9 (|22 Defintion 4]). The g-power of a(X,Y;\) is defined by

al(X,YV;0) =1,
a(X,Y;0) =a(X,Y;\),

a"(X, Y50 = a(X,Y;0) xaF~ (X, YV \) for k> 2.

Definition 2.5.10 ([22, Definition 5]). Let a(X, Y \) Zal NY?X"" The g-transform

of a(X,Y; \) is defined to be the homogeneous polynomlal
a(X,Y;N) Zaz vyl xlr=i

where Yl is the i*" g-power of the homogeneous polynomial ¥ and X[~ is the (r —)th

g-power of the homogeneous polynomial X.

In the theory that follows, relating the weight enumerator of a code to its dual, we consider
the following two polynomials which turn out to be critical to formulate and prove the

MacWilliams Identity as a functional transform.
First let

w(X,Y;0) =X+ (¢* —1) Y. (2.5.7)

The g-powers of p(X,Y;m) provide an explicit form for the weight enumerator of Fy**",
the set of matrices of order m x n. Theorem [2.5.11] and Theorem [2.5.12] seen below, are

noted in |22, Lemma 2].

Theorem 2.5.11. If u(X,Y;\) is as defined above, then for all k > 1
k

YA =) pa (A kY X
u=0
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where

k) = [atvu

q
Specifically, the weight enumerators for F;**", the set of matrices of size m x n over F,
denoted by Qy, 1, 15 given by,

Qm,n = ’u[n} (X, Y m)

Second, consider the polynomial
v(X,V;\)=X-Y. (2.5.8)

Theorem 2.5.12. If v(X,Y; ) is as defined above, then for all k > 1,

k
VX YN = (-1) g m yuxk-u, (2.5.9)

u=0 q

2.5.4 Eigenvalues of the Association Scheme of Matrices over a

Finite Field

The following theory uses the results from Gadouleau and Yan [22|. Here we take the
polynomials which are proven to be generalised Krawtchouk polynomials which in turn are

the eigenvalues of this association scheme.

We begin by considering the set of matrices over a finite field with the rank metric. The
relations are defined by A, B € Fy**" being it" associates if they have rank distance i apart,
i.e. dr(A, B) = i. Then, again similar to the Hamming association scheme, it can be readily
shown that [9, p229] it is a metric association scheme and we will call it the rank association

scheme. In this scheme, the eigenvalues are defined as [9, (A10)]
pk(i) = Pk(’i, n)
where Py (i,n) are the generalised Krawtchouk polynomials (2.3.38)) with b = ¢ and ¢ = 1.

So specifically the rank Krawtchouk polynomials for ¢ > 2 are |11}, (15)],

Py(x,n) = g(—l)’”qjmq"“ ) [Z B ﬂ q {" ; ﬂ (2.5.10)
with,
Pu(0,n) = q ma(m,k).

The initial values follow from the theory of association schemes and represent the valencies

of each relation.
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2.5.5 MacWilliams Identity as a Functional Transform

Again similar to the Hamming metric, here we have an identity that relates the rank weight
enumerator of a code to the rank weight enumerator of its dual code, taken from [22, Theorem

1.

Theorem 2.5.13 (The MacWilliams Identity for the Rank Association Scheme). Let ¢ C

Fyr>™ be an [n, k, dg] linear code, with rank weight distribution ¢ = (co, ...,cn) and ¢+ C
Fyr>™ its dual code, with rank weight distribution ¢’ = (cg, ..., ¢c;,). Then
1
WE (X,Y) = @Wf; (X +(¢™ - 1)Y,X —Y) (2.5.11)
" , ;
= S X =) (X + (¢ -1y (2.5.12)
i=0

The proof of this theorem uses the g-algebra on homogeneous polynomials as in Equation
and Equation in order to present the MacWilliams Identity in the desired
polynomial form. It then identifies subspaces of the code that are generated by a single
element and are shown to be themselves MRD. Since they are MRD, the rank weight enu-
merators of their duals can be found and are only dependent on the rank of the selected
codeword [22, Proposition 1]. The formula is proved directly by induction by considering
how many extensions of a codeword will be linearly dependent on the original. They con-
clude by finding the rank weight enumerator of each of these subcodes as a g-product of
g-powers of u(X,Y,; ) and v(X,Y; ). This allows the MacWilliams Identity for the rank
metric to be expressed in a form analogous to the original MacWilliams Identity for the

Hamming metric, Theorem |2.4.

The proof is only shown in outline here because it could not be mimicked for the skew
rank association scheme due to its lack of maximal properties in the subspaces. That is,
the proof relies on subspaces of the code that are generated by a single element and are
maximal. For the skew rank association scheme no such relevant subspaces could be found

that were maximal. As a result an alternative approach had to be devised.

2.5.6 Delsarte’s MacWilliams Identity

Delsarte explicitly studies the association scheme of matrices over a finite field with the rank
metric in his paper [9]. Here he writes his MacWilliams Identity |9, Theorem 3.3], in terms

of matrices built from generalised Krawtchouk polynomials.

Theorem 2.5.14 (The MacWilliams Identity for the Rank Metric). Let € C IF;”X” be a

code with weight distribution ¢ = (co,¢1,-..,¢n) and ¢t C Fyt™ be its dual code with weight
distribution ¢’ = (¢, ¢y, ..., ch,). Then,
c = ! cP (2.5.13)
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where P = (pg) is defined as the (n+1) X (n+ 1) matriz with pyx = Pi(x,n), and Py(x,n)
are the rank Krawtchouk polynomials as defined in equation (2.5.10)).

Delsarte gives an elegant proof based on ring theory.

2.5.7 Moments of the Rank Weight Distribution

Since we are working in a new g-algebra, we state here the g-derivatives that are defined [22,
Definition 5 & Definition 6] and some properties that are proven [22, Lemma 3-6], before

going on to investigate the moments of the rank weight distribution of linear codes.

Definition 2.5.15. For ¢ > 2, the g-derivative at X # 0 of a real-valued function f(X)

is defined as
f(gX) — f(X)

U = (¢—1)X

and the ¢~ !-derivative at Y # 0 of a real-valued function g(Y) is defined as

GHY) = 9(%{1_3/)_1)9)(/1’)

Here we list the important results of the derivatives. The proofs and theory that generated

these results can be seen in [22, Lemma 3, Lemma 5].

T

Lemma 2.5.16. 1. The ¢ g-derivative of f(X,Y;)\) = Zfi()\)Yin_i s given by

1=0
Tﬁtp . . .
FOXYN) =D fiNg? e By (i, @) VXTI, (2.5.14)
=0

2. The @ g~ '-derivative of g(X,Y; \) Zgl NYIX57 s given by

g (X, 7N Zgl P1=0t00 3 (i, Q)Y P X570 (2.5.15)

Theorem [2.5.17|is an amalgamation of [22, Proposition 4, Proposition 5]. These equations

are known as the ¢g-moments of the weight distribution for codes using the rank metric.

Theorem 2.5.17. For an [n,k,dg|—linear code, € C Fy=™, with weight distribution ¢ =
(co,---1¢n), and dual code €+ C F*™ with rank weight distribution ¢! = (cj...,c},), we

have

gq{”_l] c; = g™k WZ [:_Z} ¢ (2.5.16)

=04

and

. © .
3 e [;]ciqu)Z(l)iqmq“M [” ﬂami,wi)cg. (2.5.17)
_ 2 .
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Note. The proof of this theorem follows the same method as that outlined in Theorem [2.4.§]

for the Hamming metric.

Corollary 2.5.18. Let d)y be the minimum rank distance of €. If 0 < ¢ < d' then

— n—i n
Z { }Cz' = ¢m(h=#) }

=0 94 ® q LP
and )
_n |t (e n
3 e [ ]Ci:q (k=) [ a(m, o).
g e . L]
Proof. For 0 < ¢ < dp, then ¢y =1, ¢} =... =c, =0. O

2.5.8 Maximum Rank Distance Codes

In the special case when % is an MRD code (i.e. when it attains the Singleton bound
for codes with the rank metric), Gadouleau and Yan [22] provide a method for finding the
rank weight distribution of MRD codes with minimum distance dg. Similar to the case
in the Hamming metric, the rank weight distribution for MRD codes depends only on the
parameters of the code and not the code itself. The following theorem is first developed by

Delsarte and Gabidulin [9, Theorem 5.6], [21, Theorem 5] and was re-proven by Gadouleau
and Yan [22, Proposition 9] using Theorem [2.5.17| and Corollary [2.5.18

Proposition 2.5.19. Let ¢’ C F**" be a linear MRD code with weight distribution c, and

minimum distance dr. Then we have co =1 and for 0 <r <n—dg

" . |ldr + n )
r= —]_ T=lgOr—i m(l+1) — 1 .
Cdnt Zi:o( )" , [dR + J , [dR T r} (q )

2.6 The Skew Rank Association Scheme

2.6.1 Introduction and Background

Inspired by the work of Gadouleau and Yan, it was natural to ask the question of what other
metrics could we build a “g-algebra” for and for what association schemes could we identify
a version of the MacWilliams Identity as a functional transform. The obvious first choice to
explore after the rank metric, is the skew rank metric applied to the association scheme of

skew-symmetric matrices. We shall call this the skew rank association scheme.

2.6.2 Delsarte

Delsarte was particularly motivated by association schemes [§] and that seems to be what
drove him to study different metrics and consequently to investigate different codes based

on these metrics. One of the cases he considered was alternating bilinear forms over a finite
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2.6. THE SKEW RANK ASSOCIATION SCHEME

field, which we can directly relate to the association scheme of skew-symmetric matrices
with the skew rank metric |[12]. Many of Delsarte’s results in this paper and his earlier work

have formed the basis of the further developments presented in this thesis.

2.6.3 Preliminaries

We first introduce key definitions and background theory required for formation of the

MacWilliams Identity as a functional transform for the skew rank association scheme.

Definition 2.6.1. Let A be a matrix of size ¢ x t with entries in a finite field F,, where ¢

is a prime power. Then A = (a;;) is called a skew-symmetric matrix, if A7 = —A.

The set of these skew-symmetric matrices is denoted <7, ; and the order of the matrix is .

Although the following aspect of the theory is not used in this thesis, it is interesting to note
that each skew-symmetric matrix, A, can be associated with a corresponding alternating
bilinear form and more information on alternating bilinear forms can be found in |12, Section

2.1].

Theorem 2.6.2. %, is a (;)—dimensional vector space over Fg.

The proof of this theorem is trivial and hence omitted. For 7, ; we define the parameters

o[ et

We also follow the convention that the empty product is taken to be 1 and the empty sum

is taken to be 0.

Again similar to the rank metric, we take the general b-nary Gaussian coefficients and b-nary

beta function as defined in Section with the parameter b set to ¢2, ¢ > 1. We have,

{x] B k—1 2 — g%
- 2k _ 21
2 i—0 4 q

We use a significant number of definitions for the skew rank metric taken from Delsarte [12].
We note that the column rank of a skew-symmetric matrix is always even, so we can write

the rank as 2s for some s € Z7.

Definition 2.6.3. For all A € &/ ; with column rank 2s we define the skew rank weight
of A, SR(A), to be s.

For all A, B € o7, ,, we define the skew rank distance between A and B to be
dsr(A,B) = SR(A — B).
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2.6. THE SKEW RANK ASSOCIATION SCHEME

It is easily verified that dsr(A, B) is a metric over 47, ; since SR(A — B) is the rank metric
[21] |22 divided by 2 and we will call it the skew rank metric.

Any subspace of 7, ; can be considered as an Fy-linear code, ¢, with each matrix of skew
rank s in % representing a codeword of weight s and with the distance metric being the

skew rank metric.

The minimum skew rank distance of such a code ¢, denoted as dgg(%), is simply the
minimum skew rank distance over all possible pairs of distinct codewords in %. When there

is no ambiguity about %, we denote the minimum skew rank distance as dgg.

It can be shown that [12, p.33] the cardinality, ||, of a code, €, over F, based on t x t

skew-symmetric matrices and minimum skew rank distance dgg satisfies

%] < gmin—dsn+d), (26.1)

In this thesis, we call the bound in (2.6.1)) the Singleton bound for codes with the skew
rank metric. Codes that attain the Singleton bound are referred to as maximal codes or

Maximum Skew Rank Distance (MSRD) codes.

Once again, an equivalent skew rank weight enumerator is introduced.
Definition 2.6.4. For all A € o, with skew rank weight s, the skew rank weight
function of A is defined as the homogeneous polynomial

fSR(A) =YsX" 5,

Let € C «7,; be a code. Suppose there are ¢; codewords in ¢ with skew rank weight 4 for
0 < i < n. Then the skew rank weight enumerator of ¢, denoted as W;;R(X, Y), is

defined to be

WX, Y) =Y fsr(A) =) V' X" (2.6.2)
Aec? =0
The (n + 1)-tuple, ¢ = (co,...,cn) of coefficients of the weight enumerator, is called the

skew rank weight distribution of the code %.
Example 2.6.5. An example of such a code with ¢ = 3 and ¢t = 4 is where ¥ is the set of

skew-symmetric matrices, A = (a;;) with 1 <4,j <4, such that;

0 a2 a3 Qs

—a12 0 0 0

ai; € Fq, j>1
a3 = azq =0 -
—a13 0 0 asq

@34 € Fg. —ais 0 —aza O

There are 81 matrices (codewords) in this code. It is easily seen that a codeword has skew
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2.6. THE SKEW RANK ASSOCIATION SCHEME

rank 2 if and only if a2 and a3y4 are both nonzero. Therefore, there is 1 codeword of skew
rank 0, 44 codewords of skew rank 1 and 36 codewords of skew rank 2. Thus, the skew rank

weight enumerator of the code is X2 + 44XY + 36Y2.

Many ways of describing the number of skew-symmetric matrices have been developed by
various authors such as |62, Proposition 2.1, p627], [40, Theorem 3, p155] and [41, Theorem
2, p437]. The following is (for the purpose of this thesis) in the best format.

Theorem 2.6.6 (|5, Theorem 3, p24]). The number of skew symmetric matrices of order t

and skew rank s, for 0 < s <n is

2s5—1
IT (@ -1
o= (2.6.3)
[T -1
=1

We also then note the skew rank weight enumerator of 7, ; is
O = Z &YIX"E (2.6.4)
i=0

It is useful to see the resulting skew rank weight enumerators for some small size matrices.

From the results of the counts of matrices of skew rank s,(s = 0,...,n), and size t we
list the coefficients of the skew rank weight enumerator in Table for matrices of size
1x1,2x2,3x3 and 4 x4 over F,.

t xt | Total Skew Rank Weight Enumerator
&t0 &t &2 O
Ix1] 1 1 - : 1
2x2| ¢ 1 q—1 - X+(@g-1Y
3x3 | ¢ 1 @ -1 - X+ (@ -1y
4x4| ¢ L (+)(@-D) | A (@-D)g-1) | X2+ (@ +1) (- 1) XY +¢* (* - 1) (¢—1)Y?

Table 2.6.7: Coeflicients of the skew rank weight enumerator for small matrices in 7 ;.
Example 2.6.1. For ¢t =4 and ¢ = 3 the skew rank weight enumerator of 2% 4 is

X2+ (32+1) (3 —1) XY +32 (3% = 1) 3—1)Y? = X? + 260X Y +468Y~.

The coefficients for 6 x 6 skew-symmetric matrices have been listed in Appendix We

now define an inner product on .27, ; by
(A,B) s (A,B) = Tr (ATB)
where Tr(A) means the trace of A.
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Definition 2.6.2. The dual code, €+ C o, , of a code, € C o, 4, is defined as

%:{Ae%,t|<A,B>=OVBe<g}.

The following theorem by Delsarte relates the minimum distance of a maximal skew rank

code to the minimum distance of its dual which is also proven to be maximal.

Theorem 2.6.3 (|12, Theorem 5]). A code € C o, with minimum skew rank distance
dsr is MSRD if and only if its dual €+ is also MSRD with minimum skew rank distance

dngzn—dSR—l-Q.

2.6.4 Eigenvalues of the Association Scheme of Skew-Symmetric

Matrices

We consider the set of skew-symmetric matrices over a finite field with the skew rank metric.
We then have an n-class (.47 ¢, R) metric association scheme with R; = {(A, B) | dsr(A, B) =
i} which we will call the skew rank association scheme. In this scheme, the eigenvalues are
defined as |9, (A10)]

pr(i) = Pr(i,n)
where Py (i,n) are the generalised Krawtchouk polynomials with b = ¢2, and n =

L], m= t(gll). So the skew rank Krawtchouk polynomials for ¢ > 2 are |12} p31]

Pi(z,n) = jﬁ%(—l)“q’”q%“ ) {Z B 2] ., {n R ﬂ : (2.6.5)

2.6.5 Maximum Skew Rank Distance Codes

In the special case when % is an MSRD code (i.e. when it attains the Singleton bound
for codes with the skew rank metric), Delsarte provides a method for finding the
skew rank weight distribution of MSRD codes with minimum distance dgg. Again similar
to the cases in the Hamming and rank metric, the skew rank weight distribution for MSRD

codes depends only on the parameters of the code and not the code itself.

Proposition 2.6.4 (|12, (31)]). Let € C <7, be a linear MSRD code with weight distribu-

tion ¢, and minimum distance dgr. Then we have cg =1 and for 0 <i <n —dgg,

ndeR o ] n )
o= 3 ()i H H (qm=tsmsi= _1).
qz (3 q2

j=i J

Delsarte uses a proof involving the P-transform on the properties of the Py (4)’s, [12, (29)].
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2.7 The Hermitian Association Scheme

2.7.1 Introduction and Background

After Hermitian matrices came on the mathematics scene in 1855, named after Charles
Hermite, they were first used to investigate new ideas in number theory since they have the
property, shared with real symmetric matrices, that their eigenvalues are always real. This
definition of a matrix that is equal to the conjugate transpose of itself was then extended
not just to complex matrices but to matrices over a finite field. In 1954 Carlitz and Hodges
[6] focused on counting the numbers of Hermitian matrices with particular properties and
in 1981 Stanton [61] investigated the association scheme of Hermitian matrices with the
related Krawtchouk polynomials. Stanton also studied different schemes such as the rank
association scheme, but used hypergeometric series to formulate his results. Certain rank
properties of Hermitian matrices were investigated in the 2010’s by Sheekey, Gow et al.
[15]]27) but the matrices that are relevant to the rank weight enumerator of subspaces of

Hermitian matrices were developed by Schmidt [53], published in 2017.

2.7.2 Schmidt

Schmidt investigates sets of n x n Hermitian matrices over F,» with distance function defined
by the rank metric. He studies codes in this association scheme, which we call the Hermitian
association scheme, that arise from these parameters and in particular those with a given
minimum distance. Importantly he develops bounds on the size of these codes and identifies
the conditions for the weight distribution of such codes to be determined entirely by their
parameters. Unlike the rank association scheme with general m x n matrices, Schmidt shows
that weight distributions of maximal additive codes are not uniquely determined and proves
this using counterexamples. It is also interesting to note that within the theory building
to his results, he generates a form of the eigenvalues of these association schemes which is

integral to his development of the bounds.

2.7.3 Preliminaries

We begin with some assumptions and definitions relating to Hermitian matrices over a finite
field, Fy2, where g is a prime power. Once again we follow the convention that the empty
product is taken to be 1 and the empty sum is taken to be 0. We also use o; = @ for
i>0.

We write the conjugate of z € Fy» as T = x9. Then for a t X ¢ matrix over Fy 2, we write Hf

for the conjugate transpose matrix of H.

Definition 2.7.1. Let H be a t xt matrix over Fg2. Then H = (h;;) is called a Hermitian

matrix if H = H'. The set of these Hermitian matrices is denoted Syt
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Theorem 2.7.2. J,; is a t>-dimensional vector space over F,,.

The proof of Theorem [2.7.2]is trivial and hence omitted.

Since we will need a Gaussian coefficient, we take the definition used by Schmidt [53| p3]. It
turns out that if we set b = —q we can then use our general b-nary Gaussian coefficients and
the b-nary beta function as defined in Section as these two definitions of the Gaussian

coefficients are equivalent. So we have,

Definition 2.7.3. For all H € J,; we define the Hermitian rank weight of H,
HR(A) = h, to be the usual column rank of the matrix over F,. For all H,J € J,,

we define the Hermitian rank distance between H and J to be
dyr(H,J)=HR(H — J).

It is easily verified that dggr(H, J) is a metric over J¢ ;.

Note. This definition is identical to Definition for the rank metric, but we call it the

Hermitian rank distance to distinguish between cases.

Again similar to the other metrics, any subspace of J#, ; can be considered as an [ -linear
code, €, with each matrix of rank h in € representing a codeword of weight h, defined

below, and with the distance metric being the rank metric defined in Definition [2.7.3

The minimum Hermitian rank distance of such a code €, denoted as dy r(€), is simply
the minimum Hermitian rank distance over all possible pairs of distinct codewords in %.
When there is no ambiguity about ¢, we denote the minimum Hermitian rank distance as
dyR.

The following bound is proven explicitly in [53, Theorem 1] using the relationship between
the inner distributions and the eigenvalues of the association scheme which happens to also
obtain one of the sets of moments of the association scheme. It then uses the subgroup
properties of the code to show that the bound holds. So we have that the cardinality |%| of
a code € over F 2 based on ¢ x t Hermitian matrices and minimum Hermitian rank distance

dy R satisfies

|€] < ¢t durtl), (2.7.1)

In this thesis, we call the bound (2.7.1)) the Singleton bound for codes with the Hermitian
rank distance. Codes that attain the Singleton bound are referred to as maximal codes or

Maximum Hermitian Rank Distance (MHRD) codes. Yet again, we introduce a Hermitian
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rank weight function for codes using the Hermitian rank distance.
Definition 2.7.4. For all H € 57, ; with Hermitian rank weight h, the Hermitian rank
weight function of H is defined as the homogeneous polynomial

fur(H)=Y"Xx!"

Let € C 5, be a code. Suppose there are ¢; codewords in ¢ with Hermitian rank weight

i for 0 < ¢ < t. Then the Hermitian rank weight enumerator of €, denoted as

WHE(X,Y) is defined to be

¢
WER(X,Y) = Z fur(H) = ZciYiXt_i. (2.7.2)

He% i=0
The (t + 1)-tuple, ¢ = (co, ..., ct) of coefficients of the Hermitian rank weight enumerator,

is called the Hermitian rank weight distribution of the code €.

Example 2.7.5. An example of such a code with ¢ = 2 and ¢t = 3 is where ¥ is the set of

Hermitian matrices, H over 4 such that;

0 0 O 1 a 0 0 0 « 0 0 0
0 0 O0},|1+a 0O O}, 0 1 0]1,]/]0 0 1+«
0 0 O 0 0 0 14a 0 O 0 « 1
Cg:
1 a « 1 « 0 0 0 le% 1 a le%
l1+a 1 0|1+ 0 14al, 0 1 14al,|14+a 1 1+«
1+4a 0 O 0 « 1 l1+a «o 1 l+a « 1
with multiplication table below.
H HO 1 « 1+aH
0 0 0 0 0
1 0 1 o l1+a
o 0 « 14+« 1
l14a || 0 14+« 1 o

Thus there are 8 matrices (codewords) in this code, 1 of Hermitian rank 0, 3 of Hermitian
rank 2 and 4 of Hermitian rank 3. Thus its Hermitian rank weight enumerator is X2 +

3Y2X +4Y3.

Here we have a way of describing the number of Hermitian matrices adapted from [6, The-

orem 3, p398].

Theorem 2.7.6. The number of Hermitian matrices of order t and Hermitian rank weight
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h is given by

h—1 he1
2t—21 Y
g -1 19 -1
[Is=cv [[o' -1
=t =1

We also then note the Hermitian rank weight enumerator of J7 ; is
¢
Q=) &YX
i=0

Using Theorem [2.7.6] it is useful to see some coefficients of the Hermitian rank weight enu-

merator for some small size matrices over I, in Table below.

txt | Total Hermitian Rank Weight Enumerator
&0 St St.2 .3 92
1x1 q 1 qg—1 - - X+(g-1Y

X2 4+ (@ +D(g—1)YX +
a(g® +1)(g - 1)Y?

X+ (¢ - D+ & +
Y X? + q(é® + 1)(q —
D+ +¢") Y X +¢3(¢*
(¢ +1)(g—-1)Y?

2x2 | ¢ 1 (®+D(g-1) al® +1)(g-1)

3x3 | ¢ L (@-DA+¢+¢") | a@+D)a- D0+ +¢") | ¢*(@® - D@ +1)(g—1)

Table 2.7.7: Coefficients of the Hermitian rank weight enumerator for small matrices in 577 ;.
Example 2.7.1. For ¢t = 3 and ¢ = 2 the Hermitian rank weight enumerator of 773 3 is

X3 4+ 21V X2 4+ 210Y2X + 280Y3.

We define an inner product on J7, ; by
(H,J) s (H,J) =Tr (HTJ)

where Tr(H) means the trace of H.

Definition 2.7.2. The dual code, €+ C J#,,, of a code, € C #,,, is defined as

%:{He%tuﬂ,ﬂ:ovm%}.

2.7.4 Eigenvalues of the Association Scheme of Hermitian Matrices

We consider the set of Hermitian matrices over a finite field with the Hermitian rank metric.
We have an n-class (4 ;, R) metric association scheme with R; = {(H,J) | dur(H,J) = i}.
Then, again similar to the Hamming, rank and skew rank association schemes, it can be

readily shown that [3, Section 9.5 C] it is an association scheme, and we call it the Hermitian
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association scheme. In this scheme, the eigenvalues are defined as [53| (4)]
pr(i) = Pr(i,t)

where Py (i,t) are the eigenvalues, which we call the Hermitian rank Krawtchouk polynomi-

als, as defined in Schmidt [53] (4)] as

Py(a,t) = (1) Jko(q)"k—jm‘ y Lf B ‘;] . [t B ﬂ : (2.7.3)

J

We note that the eigenvalues, Py(i,t), are the only solution to the following recurrence
relation with specific initial values, seemingly different to the recurrence relation by Delsarte
11, (1)]. So for ¢ € R, x,y € Z* and z,k € {0,1,...,y} the recurrence relation as defined

in [53, Lemma 7] is
Poi(z+1,t+1) = Py (2, t + 1) + (—q)* T Py (w0, t) (2.7.4)
with initial values

Pk(O,t) = ft,k (2.7.5)

Py(x,t) = 1. (2.7.6)

Schmidt proves that these Hermitian rank Krawtchouk polynomials satisfy this recurrence
relation (2.7.4) and the initial values, and are therefore the eigenvalues of the Hermitian

association scheme.

2.7.5 Moments of the Hermitian Rank Weight Distribution

The following proposition is obtained in the proof of [53] Theorem 1] by Schmidt, by com-
bining the eigenvalues of the association scheme [53, (5)] with the entries of the dual inner
distribution [53, (7)]. The following are not stated directly as a proposition or corollary,
but we write them here in the notation used in this thesis so we can draw parallels with the

comparable results from other association schemes.

Proposition 2.7.3. For 0 < ¢ <n, ¢ > 2 a prime power, and a linear code € C g, and
its dual €+ C , with weight distributions ¢ = (co,...,c;) and ¢’ = (c},...,c}), respect-

wely we have

t—p . © .
t—1 1 t— t—a|

S ey [T

izo—al ¥ o —alt =

We can simplify Proposition 2.7.3]if ¢ is less than the minimum distance of the dual code.
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Corollary 2.7.4. Let dy be the minimum rank distance of €. If 0 < ¢ < dyp then

5 [Clemmmeen [

Proof. We have ¢ =1 and 0’1:...20;:0. O

2.7.6 Maximum Hermitian Rank Distance Codes

Unlike the skew rank, rank and Hamming association schemes, there isn’t an equation
that shows that the Hermitian rank weight distribution of all MHRD codes are uniquely
determined by their parameters. It can be shown that for dgr odd, the dual of an MHRD
code, €t is also MHRD. In that case, the weight distribution can be uniquely determined
by [53l Theorem 3]. That is

&R i e | n| (€] (n+1);
i = > 0o [ (e o).
j=i q a
If, on the other hand, the minimum distance of an MHRD code is even, then it has been
shown that codes which are maximal with given parameters can have multiple different
weight distributions. However, their dual weight distributions are not always maximal.
Schmidt gives examples where the minimum distance is 2 |53} Section 3] to show this expli-
citly. So if a MHRD code has minimum distance even, then the weight distribution is not

necessarily uniquely determined by its parameters.
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Chapter

The Skew Rank Association Scheme

Now considering the association scheme of skew-symmetric matrices with the skew rank
metric, the aim is to find the MacWilliams Identity as a functional transform using an
appropriate type of “g-algebra”. Firstly we shall present an overview of what we already
know from Section [2.6] before going on to some more specific preliminaries in Section [3.1]
In Section we introduce an adapted version of the g-algebra used in |22, Section 3.1]
and we identify two homogeneous polynomials which are integral to the development of the
transform of the MacWilliams Identity. In fact, the powers of one of these polynomials turn
out to be the weight enumerator of the space of skew-symmetric matrices of a given size
t. Armed with these polynomials, we can derive a new explicit form of the Krawtchouk
polynomials. It is proven that these new forms are indeed the generalised Krawtchouk
polynomials and therefore are the eigenvalues of the association scheme using a recurrence
relation heavily studied by Delsarte [11]. Finally, we can then state the MacWilliams Identity

for the skew rank association scheme as a functional transform.

After we have established the MacWilliams Identity, it is useful to think about the moments
of the skew rank weight distribution. Firstly we shall introduce two derivatives on this space,
analogous to the g-derivative and the ¢~! derivative developed by Gadouleau and Yan [22,
Definiton 5, 6]. Once these have been defined and some properties developed, they are used
to generate moments of the skew rank weight distribution which can be utilised to explore
characteristics of the codes. In the special case of MSRD codes, i.e. when the code attains
the Singleton bound 7 it shown that the weight distribution of the code is uniquely

determined by its parameters and is not dependent on the code itself.
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3.1 Preliminaries

3.1.1 Parameters

As a reminder, as we are considering the skew rank association scheme, (7, ¢, R), we have

t(t—1)
2n °

b =¢? and we set n = L%J and m =

For the skew rank association scheme we have the general b-nary Gaussian coefficients and

b-nary beta function as defined in Section 2:3.1] Namely,
{x] _ ’ﬁ ¢ — g%
2 k bl q2k _ q21’

k—1 )
x—1
k) = .
see =11 "7
i=0 4
To make notation simpler and while there is no ambiguity, in this section we shall write

[ﬂ = [ﬂ and B (z,k) = B(z, k). We also have that o; = @ as usual.
q2

As a reminder we can also now re-state the generalised Krawtchouk (2.6.5)) polynomials for

the skew rank association scheme as defined by Delsarte [12} (15)],

Py(z,n) = i(fl)kququzak_j L?;L : 2] [n ; x] .

Jj=0

We also take Delsarte’s MacWilliams Identity for general association schemes and write it
here explicitly for the skew rank association scheme, as we will use it later in the proof of

the MacWilliams Identity as a functional transform in Section [3.3.2

Theorem 3.1.1. Let 6 C o7, be a code with skew rank weight distribution ¢ = (co, ..., ¢y)

and €+ be its dual code with skew rank weight distribution ¢’ = (cj,...,cl,) and the (n +

e n

1) x (n + 1) eigenmatriz of the skew rank association scheme P = (pyi), consisting of the

eigenvalues Py(x,n) = pyi, then we have

¢’ = —cP. (3.1.1)

3.1.2 The Gamma Function

To aid us in notation, we define a new function, that we call the gamma function, for this
setting. This is analogous to the alpha function introduced by Gadouleau and Yan [22|

Section 2.3].

Definition 3.1.2. The skew-q-ary gamma function for x € R, k € Z is defined to be
k-1 ‘
ry(x7k) = H (qiv _ q2z) .

=0
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The statement of the count of matrices of size ¢ x ¢, Theorem [2.6.6 can then be rewritten

as

Proof. We have,

g

Et.p = {Z]v(m%). (3.1.2)

k=1 on  2i k-1

9= g L)
1=0 [

i—0

k—1 . ) k—1 ) )
H q27, (q2n722 _ 1) H q27, (qm72z _ 1)
_i=0 i=0

k—1 ) )
H q2z (q2k727, - 1)
1=0

2k—1 _
H (q2n77, _ 1)
P ift=12n,
H (q21 . 1)
i=1
2k—1
(q2n+1—z 1)
g7 = if t =2n+ 1.
H (QQ’L _ 1)
i=1
2k—1
H (qt—z _ 1)
20 =0
k: .
(¢ =1)
=1
as required. O
Lemma 3.1.3. We have the following identities for the skew-q-ary gamma function:
1.
k—1 .
’7(.%‘, k) _ qk(k—l) H (qw—2z _ 1) ,
i=0
2. . ‘
e o) I =)
v(2k, k) k T, (¢ —1) ’
3.
Y@ +2,k+1) = (¢" = 1) ¢**~(z, k), (3.1.3)
4.
Y(x, k+1) = (qx - q%) v(z, k). (3.1.4)
Proof.
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(1)
k—1 .
(k) = ]] (a7 = a*)
.
_ H q22 H (qx721 1)
i=0 i=0
k—1
— D) H (quZi 1)
i=0
(2)
k—1 k—1
2z 21 2x—21 1
- W) e L )
k k-1 v(2k, k) k
<q2k q21) H (q2z _ 1)
1=0 1=1
3)
k
'y(x+2,k:+ 1) _ H (qx+2 7q2z)
i=0
k
_ (qz+2 _ 1) H (qz+2 _ q2z)
k—1
(qz+2 _ 1) q2k: H (qz o qzi)
i=0
(¢""* = 1) ¢** (=, k).
(4)
k
V(@ k+1) = H (¢" — %)
k—1
(qw _ qzk) H (qm o qzi)
i=0

= (¢" — ¢**) v(z, k).

3.2 The Skew-g-Algebra

The skew rank weight enumerators of any linear code ¢ C .27, ; are homogeneous polynomi-
als. Taking inspiration from [22, Definition 3] we introduce operations, the skew-g-product,
the skew-g-power and the skew-g-transform, on homogeneous polynomials that will help to

express the relation between the weight enumerator of a code and that of its dual.
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3.2.1 The Skew-¢-Product, Skew-¢g-Power and the Skew-¢-Transform
Definition 3.2.1. Let
a(X,Y;\) Zaz NYixr—i

b(X,Y;\) Zb yixs—

be two homogeneous polynomials in X and Y with coefficients a;(\) and b;(\) respectively,
which are real functions of A that are 0 unless otherwise specified. For example b;(\) = 0
if i ¢ {0,1,...,s}. The skew-q-product, *, of a(X,Y;N), of degree r, and b(X,Y; ) of

degree s, is defined as

(X, Y50) =a(X,Y;0) xb(X, Y3 N)

r+s (321)
= e,V X
u=0
with
qus bu—i(X — 20). (3.2.2)

We note that as with the g-product in [22, Lemma 1], the skew-g-product is not commutative
or distributive in general. However, if a(X,Y;\) = a is a constant independent of A, the

following property holds:
axb(X,Y; ) =b(X,Y;\) xa=ab(X,Y;N).
Another property is that if the degree of a(X,Y;A) and ¢(X,Y; A) are the same then,
{a(X,Y50) + (X, V500X, Y50) =a(X, Y5 0) «0(X, Y5 0) +e(X,Y50) (X, Y5 )
and
a(X, Y50« {0(X,Y;0) + (X, Y50} =a(X,Y50) «b(X, Y5 0) + (X, Y5 0) xe(X, Y N).
Definition 3.2.2. The skew-g-power is defined by

ad(X, YN =1,
al(X,Y;0) =a(X,Y;\),

a"(X, V50 = a(X,Y;0) xaF= (X, YV \) for k> 2.
Definition 3.2.3 (|22, Definition 4]). Let a(X,Y;\) Zaz MNYX"% We define the
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skew-q-transform to be the homogeneous polynomial
r 3 R
a(X,Y;)) = Zai()\)Y[l] s« Xl
i=0

where Y is the i*" skew-g-power of the homogeneous polynomial ¥ and X[~ is the

(r —4)*" skew-g-power of the homogeneous polynomial X.

3.2.2 Using the Skew-¢-Product in the Skew Rank Association Scheme

In the theory that follows we consider the following special polynomials which fulfil a similar

role in each chapter. First, let
w(X,Y;0) =X+ (¢* —1)Y. (3.2.3)

The skew-g-powers of (X, Y';m) provide an explicit form for the weight enumerator of < ¢,

the set of skew-symmetric matrices of order ¢.

Theorem 3.2.4. If n(X,Y;\) is as defined above, then
k
XY 0) =) T (A R)YUXET for k> 1, (3.2.4)

u=0

where

8 = [0

Specifically, the weight enumerators for o, ., the set of skew-symmetric matrices of size

t > 1, denoted by Q, is given by,

Q, = p! (X,Y;m)

t(t—1)
2n

where n = L%J and m =

Proof. The proof follows the method of induction. Consider k = 1, so

p(X, Y0 = p(X, Y50 =X + (¢F - 1) Y-

Then
1) = 1= | 110.0
pmd1) = (¢t —1) = mv(hl)-
So
D = |20 (3.2.5)
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as required for kK = 1. Now assume the theorem is true for £ > 1. Then

pE XL YIA) = (X Y5 A) = (X, Y )

k
k
= (X A 1Y by YuXk—u
oo 0= 09) (3 [
k+1 ) ‘
= fi()Y Xk
=0
where,
FiN) =2 @ i (0 Dpaey (A = 24, k)
7=0
=0\ D (A k) + ¢ (A D1 (A = 2, k)
G2a) [k , k .
= Hv(/\,l) +*" (" - 1) L N J’Y(A —2,i—1)
A U L | FP N R s SR TC ] L A S
- q2(k+1) _ 1 Z ’Y()\’ Z)+q q2(k+1) _ lq 'L P)/(A? Z)
1 2(k—i+1) _ 1 2(k—i+1) (421 _q
—on| T [ o 1)
i q2(k+1) 1
NS
=7(A,9) [ ; }

since for ¢ > 1 we only need to consider the first two coefficients as when j > 2 then
i\ 1) = [;]7()\,]') = 0 since B] = 0 when j > 2. So it is true for k + 1. Therefore by

induction the first part of the theorem is true. Now consider ,u[”] (X,Y;m), then clearly

n

P Y m) =) mv(m,u)y’wnu

u=0
n
Zét yuxn—u O,
= “ —
u=0
as required. O

Second, consider the polynomial
(X, Y; ) =X -Y.
Theorem 3.2.5. If v(X,Y;\) is as defined above, then for all k > 1,
k k 1
VXY =) (A R Y RXE T =Y (gt [

u=0 u=0

}Y“X’f—". (3.2.6)
U

Proof. We perform induction on k. It is easily checked that the theorem holds for k = 1.
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Now assume the theorem holds for & > 1. For clarity, vo(A, 1) = 1 and v4 (A, 1) = —1. Then,

V(X YN = v(X, Y50 = oM (XL YN

e (S )

u=0
k+1 ‘ ‘
=Y gy X
=0
where
9:(N) = > @ v\ k)i (A =, k)

Jj=0

B20) i 0 iti—1) | i 1) (im k
= (-1)'q"" ”Hﬂ—l)(—l) fg?gtm 2)[ }

) 71— 1

(—1yiga-n @Y — k41
q q2(k+1) -1 i

%
i ok i(i-1) —26-1 ¢ —1 [k+1
HED )qz<k+1>_1[ ;

—1)'g" I Tk +1 —i —2i42+2i —2;
_ (qz(k)ﬂ) — i {qQ(k H) g 2R 22420 2k=2 +2}

kE+1
1

——

since if ¢ > 1 we only consider the first two terms of the sum as when j > 2 then v;(\,1) =0

as required.

3.3 The MacWilliams Identity for the Skew Rank As-
sociation Scheme

In this section we introduce the skew-g-Krawtchouk polynomials which we prove are equal
to the generalised Krawtchouk polynomials that are identified in |11} (15)] and |9, (A10)] for
the skew rank association scheme. In this way a new g-analog of the MacWilliams Identity
for dual subgroups (or codes) of skew-symmetric matrices over F, is presented and proven.
The proof is by comparison with a traditional form of the identity as given in |12, Theorem 3|
and proved in 9] (3.14)]. We note that this method for proving the MacWilliams Identity as
a functional transform is different to the one presented in Gadouleau and Yan |22, Theorem
1]. They use character theory, the Hadamard transform and a decomposition of the subspace
into component MRD subspaces. We are unable to mimic that proof in this case, due to
the lack of relevant maximal subspaces that are generated by a single element in the skew
rank association scheme. In exploring the possibility of using subspaces in this new way we

found the skew rank weight enumerator for the dual of a specific skew-symmetric matrix,
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an example of which has been included in Appendix [A-3]

3.3.1 The Skew-¢-Krawtchouk Polynomials

We now consider the following set of polynomials which arise in finding the skew-g-transform
of u(X,Y;m) and v(X,Y;m) as defined in Section

t(t—1)

5.~ we define
n

Definition 3.3.1. Fort € Z*t, z,k € {0,1,...,n} where n = [ £], and m =

the the skew-q-Krawtchouk Polynomial as

k

Coitmex) ey 2] [n— . )

Ck(x7n):Z(_1)Jq23(" )qJ(J 1 L} {k_]}y(m—%,k—]).
Jj=0

The value of the skew-¢g-Krawtchouk polynomial, Cy(z,n), depends on m, which in turn
depends on the parity of ¢. However, it behaves in the same way regardless of the parity of

t, and so we shall use our shorthand notation and only make the dependence on n explicit.

We first prove that the Ci(z,n) satisfy the recurrence relation and the specific
initial values and are therefore the generalised Krawtchouk polynomials. That is, for the
skew rank association scheme with ¢ € RT, n € Z* and x,k € {0,1,...,n} the recurrence
relation is

Pepi(z+1,n+1) = @F P (2,n) — ¢*F Py(a, n)

and the specific initial values the Ck(x,n) need to meet are the initial values for the gener-

alised Krawtchouk polyonimals, Py(x,n), namely

Py(0,n) = m ~(m, k) (3.3.1)

Py(x, k) = 1. (3.3.2)
Proposition 3.3.2. For all x,k € {0,...,n} we have
Crsr(+1,n+1) = P*FVC 1 (z,n) — ¢**Cr(x,n). (3.3.3)

xJ—Owhenj—O.

Proof. We consider all three terms sequentially. First note that [
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Then

Crr1(z+1,n+1)

s FHH n—u

= (~1)/g¥nmgimY ; k+1j}7(m+2—2j7k+1—j)
=0

= Crs1(z+1,n+ 1)|j:k+1
k
&2 Z(_l)jq2j(n—z)+j(j—l){|:. x ] +q¥ M}
= Jg—1 J

n—x
2-2% k+1—j
X[k+1_J70n+ j.k+1—7)

= Crsi(z+Ln+1)), 4y
k

+

o x n—u ) .
(—1)i g (n—)+iG=D) [j B J [k: 1o j]q(m +2-25,k+1—7j) (3.34)

Jj=1

Jllk+1—3j

k
B.13) Y i , -
T (_1)]qQJ(n*I)JrJ(J*l)+m+2+2(k*J) r] [ ner }y(m —2j5,k—7)
=0

(3.3.5)

k
ol S x n—x . .

— C’k+1(x—|—1,n+1)|j:k+1+051+042+043

where a1, ag, ag represent summands (3.3.4)), (3.3.5)), (3.3.6) respectively and for notation,

|j=k+1 means “the term when j =k + 17.

Second,
qz(k+1)0k+1(l‘, n)

k+1
B . s x n—x
=D (F1Y g gumh [ } [ .]v(m = 2j.k +1- )
= Jllk+1—3

= 2(k+1) Ck+1($v”)\j:k+1

k
(3.1.4) . . P . —
Y (—1) g Gk H [k " . ! }W(m — 25,k —j)
= J +1-=7

(3.3.7)

k
V(i 2] n—= ‘ :
B Z(*I)JQZJ(H Vi (i —1)4+2k+2(k—j+1) [j:| |:k T _j:| ’Y(m N 2j,k' 7])
(3.3.8)

= g2t Ck+1($7n)\j:k+1 +as+ B
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where (; represents the summand (3.3.8]). Third,

k
2k _ i 2j(n—a)+j(j—1)+2k | T
¢"Cr(z,n) = ) (—=1)¢” [
(z,n) EZO( ) j

} {Z:ﬂwm—zj,k—j),

<.

p, say.
Solet C = Crpr(z+1,n+1) — PFDC  (2,n) + ¢**Ch(2z,n). Then,
C = + a3 — 51 + 14 + C}g+1($ + 17n + 1)|]:k+1 _ q2(k+1) Ck+1|j:k+1 .

Consider a3 — 1 + p. Then we have

k
] i(n—a)+i(i— T n—u _ . .
as — 1 = Z(—l)]+1q2](n )+ (G—1)+2k [J Lﬂ L j],y(m — 25,k — 7) (1 _ q2(k ]+1))
3=0

k
2:3.31) )it 2i(n—a)+iG-1+2k (1 _ 20k—j+1)) | T
(-1)’"q 1—¢q j
j=0

J

2((n—2)—(k—)) _ 1[5 —
q n X . .
[ ]v(m—%k—ﬁ

TR — 1 k-
k
= (-1 UG m [Z - ﬂ v(m — 25,k — j) (3.3.9)
j=0

k
i 2] [n—x _ .
=) (~1) gl ””’“H [k .]’Y(mQJ,k])
= LS

:T—p

where 7 represents the summand in (3.3.9). Thus,

C=a1+7+ Crr1(z+1,n+ 1)|j:k+1 _ q2(k+1) Ck+1(x7n)|j:k+1 .
Now,

Cry1 (z+1,n+ 1)|j:k+1 - q2(k+1) Cr+1(z, n)'j:kJrl

e z+1 T
= (=1)kF1R2kFD(n—2) o (k+1)k {{ } _ q2(k+1)[ ]}

kE+1 k+1
(-3:30) S x
(—1)k+1 g2+ (=) g (k+1)k {k]

= —7|j=k-
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Now consider «;.

=
I

(U%”MWUU[ ! H e %(mwzj,kﬂj)

= 1) k+1—j
= x| [n—x
=) (-1 Ut n G [ } {k }w(m —2j,k — j)
iz J —J
=—T 4 7T|j=k
Thus C = 0 and so the Cy(x, n) satisfy the recurrence relation (3.3.3). O

Lemma 3.3.3. The Ci(x,n) are the generalised Krawtchouk polynomials. In other words,
Cr(xz,n) = Py(z,n). (3.3.10)

Proof. The Ci(xz,n) satisfy the recurrence relation (3.3.3) and the initial values of the

Ck(z,n) are

1y " Ln 2 )

Ck(oan) = j

I

0
since [} =0 for j > 0, and
J

M-

<
Il
o

y(m, k)

[ ER——

Co(z,n) = (—1)°¢""=*)¢0 m [n o ﬂ ~(m, 0)

=1
as required. O

We note that this explicit form for the generalised Krawtchouk polynomials is distinct from

the three forms presented in [11, (15)] as shown in Example [5.2.10

3.3.2 The MacWilliams Identity for the Skew Rank Association

Scheme

We now use the skew-¢-Krawtchouk polynomials to prove the g-analog form of the MacWil-
liams Identity for the skew rank association scheme. We note that this form is similar to the
g-analog of the MacWilliams Identity developed in [22, Theorem 1] for linear rank metric
codes over [Fg» but differs in the parameters of the g-algebra and the meaning of the variable

m.

58
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Let the skew rank weight enumerator of € C 47, ; be

WX, Y) =) aYixn
1=0

and of its dual, €+ C g+ be
WX, Y) =Y gy xn.
i=0

Theorem 3.3.4 (The MacWilliams Identity for the Skew Rank Association Scheme). Let

€ C Ay, be a linear code with weight distribution ¢ = (co,...,cn) with n = L%J and

m= t(;l), and €+ C o, its dual code with weight distribution ¢’ = (c),...,cl,). Then
SR 1 —sr m

€|
Proof. For 0 < i <n we have
(X =Y)s (X (g = 1)y)"
= (WX Vi)« (X, Yim))

(Z(_l)uqu<u_1> Hyu Xi_u> (3 [nfz%(w)yj Je—
J

u X
u=0 7=0

k . .
3.2.1 i ] [n—1i e
2§ (3 ooty O[] 1 ) v
=0

O

In this way we have shown that the MacWilliams Identity for a code and its dual based

on skew-symmetric matrices over F; can be expressed as a g-transform of homogeneous
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polynomials in a form analogous to the original MacWilliams Identity for the Hamming
association scheme and the g-analog developed by Gadouleau and Yan [22] for the rank

association scheme.

3.4 The Skew-g-Derivatives

To complete our skew-g-algebra, in this section we develop a new skew-g-derivative and
skew-g~!-derivative to help analyse the coefficients of skew rank weight enumerators. This
is analogous to the g-derivatives applied to the rank association scheme |22, Definition 5, 6]

with the parameter ¢ replaced by ¢2.

3.4.1 The Skew-g-Derivative

Definition 3.4.1. For ¢ > 2, the skew-g-derivative at X # 0 for a real-valued function

f(X) is defined as
F@X) - (%)

s = (> —-1)X

For ¢ > 0 we denote the ¢! skew-g-derivative (with respect to X) of f(X,Y;)) as
f@)(X,Y;\). The 0" skew-g-derivative of f(X,Y;\)is f(X,Y;\). For any a € R, X #0,

and real-valued function g(X), we have

[F(X) +ag(X)]Y = FD(X) + ag™ (X).

Lemma 3.4.2.

1. For0< p <t , o€Z" and £ >0,

(XZ)(SO) _ B(& (p)Xf—cp.

2. The @ skew-q-derivative of f(X,Y;\) Zf’ NYIX" s given by

FP (XY N) Zfl Blr—i,@)YIXT—i¢, (3.4.1)
3. Also,
pMO (X, Y5 0) = B(k, @)l ?l(X, Y5 \) (3.4.2)
VIFO (X Y N) = Bk, o) (X, Y N). (3.4.3)
Proof.
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(1) For ¢ =1 we have

¢ Y 20
INONE (QQX) X0 -1y ] -1

The rest of the proof follows by induction on ¢ and is omitted.

(2) Now consider f(X,Y;)\) Zfl NY?X"~ We have,

[}

7=

r 1)
XY = ( fi(A)YiXT—i>

fl()\)yz (eri)(l)

1
LI

S e
|

fiNB(r —i,p)YiIXTi71

@
Il
o

Then the case of ¢ = 1 holds. The rest of the proof follows by induction on ¢ and is
omitted.
a k
(3) Now consider pl* = Z (N, K)Y X P swhere iy, (N, k) = { ]’y()\,u) as in Equation
u

u=0
(3.2.4). Then we have

k

(1)
[](1)XY)\ (Z )ka“Xk u)

)

uz < (¢ -1X
k—

P 1Tk
YuXk,—u—l
u=0 q2 -1 |:u:| 7()\’ U)
(k—u) _
253 ~ (@ - ) (¢ L) [k—1 p—
Au) YU X
Z 2(k— u)il)(q271) w 'Y( 7’U,)

g —1 _
= <q21>ﬂ[k X,y

Bk, (X, Y5 N).

Then the case of ¢ = 1 holds. The statement of the theorem, ulFl(¥)(X,Y:\) =

Bk, @) ul*=#1(X,Y; \), then follows by induction on ¢ and is omitted.
k

k
Now consider (X, Y;2) = > (~1)*g (Y M Y“X** as in Equation (3.2.6).

u=0
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Then we have

k 2(k—u
pFI) (X,Y;\) = Z ) U(u n4d ( )1_1 l:k] yu xk—u-1
— u

T kz ml(q%—n (¢4 1) [k—l}yuxk_l_u
— (2= —1) (> = 1) | w

Bk, (X, Y5 N).

So vFI@) (X, V; \) = B(k, o)vF~#1(X,Y; \) follows by induction also and is omitted.
L]

We now need a few smaller lemmas in order to prove the Leibniz rule for the skew-g-

derivative.

Lemma 3.4.3. Let
uw(X,Y;N) Zul A)YixTi
v (X,Y;N) Z’ul NYiX77

1. If up(\) =0 then

1 ) oy u (X Y5 '

< B0V 50 (X V3] = B2 (X, (3.4.4)
2. If vs(A) =0 then

1 v(X,Y;5A)

< [u(X,Y;0) 0 (X,Y;0)] = u (X, ¢°Y;A) * (3.4.5)

X

Proof.

(1) If up(A) = 0,

U(X,Y7/\) = iy Tr—i— 1
——= = ;ul(A)YX
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Hence
X, YA
u( jX ) ) v (X, Y; )\) Z (Z q%s kal(A _ 25)) Yer+sflfk

k=0 {=0

r+s—1
Z (Z qﬂsué()\)kaé()\ _ 2£)> YkXT-‘rs—k
k=0 =

r+s
+ bd ez; @ ug (N vy s oA — 20) YT X0

r+s

X Z (Z qQFs Uk—[(/\ _ 26)) ykxrts—k

(u(X,Y;0) v (X,Y; )

N\H

since Vp4s— (A —20) =0for 0 <l <r—1and uy(N\)=0forr<L<r+s. So
r+s
— Z @ ur(N) vy s_o(A — 200V X0 = 0.
(2) Now if v4(A) =0,

X V(XY . .
Z Uz Yszflfz )
Then similarly,

X.Y: 7'-&-5 1
u(X,qZY;)\) « U( jX a/\) Z (Zq%(s 1) q Ug )\)vk_g()\—%)> Yer-&-s—l—k

k=0 £=0
rT+s—

<Z g 1)q%ug (N vg—e(A — 25)) ykxrts—k

r+s
+ 5 Z ¢ up(N)vrs—e(A — 20) Y X0

r+s k
X Z (Zq% s—1) q UE()\)Uk Z(>\ 2£)> Yer+s k

[w(X,Y;A) xv(X, Y35 0]

?r

><\~

since vy4s— (A —20) =0 for 0 < £ <rand uy(A\) =0forr+1<¢<r+s. So

r+s
% Z P urNvrgs—e(A =20 Y X0 = 0

as required. O

Theorem 3.4.4 (Leibniz rule for the skew-g-derivative). For two homogeneous polynomials
inX and Y, f(X,Y; ) and g(X,Y; \) with degrees r and s respectively, and for ¢ > 0, the

o skew-q-derivative of their skew-q-product is given by
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@
[f (X, Y3 0) g (X,V; 0)]% = Z{ ] 2e=0r=0 (0 (X YV \) % g0 (X,Y;)). (3.4.6)
=0
Proof. For simplification, we shall write f(X,Y;\) as f(X,Y) and similarly g(X,Y;A) as
g9(X,Y). Now by differentiation we have

f(PX,Y) xg(?X,Y) — f(X,Y)*g(X,Y)
(> —1X

[f(X,Y) g (X, Y)Y =

1

= (qg_l)X{f (PX.)Y) xg(*X,)Y) — f(*X,Y) xg(X,Y)

+f(#°X.Y) *g(X,Y)—f(X,Y)*g(X,Y)}

— g U XY (0 (PXY) - g (x,1)))

1

2 — *
+(q2_1)X{ (f (°X,Y) - F(X,Y)) g(X,Y)}

T 9 9 2X,Y)-g(X,Y
3=5f(q X,qY)*{g(q (q2)1f)(( )}

BLD [ f(*X,Y) — f(X,Y)
= RO

= (X, V)% gD (X,Y) + FD (X, V) % g (X,Y) (3.4.7)

since gs(\)Y® (qu)O = gs(\)Y*X? so we can use (3.4.5). Similarly, f.(A\)Y" (qQX)O =
fr(N)Y7" X0 so we can use (3.4.4) So the initial case holds. Assume the statement holds true

for o =7, i.e.

Me»

Y % g (X, 7))@ [ ] @000 0 (X, V) « g7 (X,Y).

£=0

Now considering ¥ + 1 and for simplicity writing f(X,Y; ), g(X,Y;A) as f,g we have

64



3.4. THE SKEW-¢-DERIVATIVES

% (1)
Y r—
[f * g}@“) = [Z m FEOC=0 (0 4 gw—e)}

T
BZ7) Z {@} £2E-00=0) (qz(r_e)f(z) 5 @0+ 4 D) *g(¢_5)>

_ {0} 2(p+1) "fxg (7+1) +Z [ ] (F+1—£)(r— z)f(e) *g(w £+1)
n m PEH P51+ pBH) o

? _
7 | s@rge -
'y LJ LE-OC—641) 0, (Ft+1)
(=1

_ q2(¢+1)rf*g(¢+1) +f(¢+1) g

4 Z ({ } 2(@—0+1) L f 1]) q2(¢f£+1)(r7£)f(l) *g(¢f£+1)

2 [T +1] o - 2417 o -
Z[ ! ]2<¢+1—e>(r—e>f(Z>*g<¢+1—e>+[ ! }qzwﬂwf*gwl)
=

(12.3.29)

1

+

p+1

—

P+ 1} PFHTD) ) g

P+l
_ [ P+ 1} 2FH-00-0) (0, JFH-0

~

as required. O

3.4.2 The Skew-¢ !-Derivative

Definition 3.4.5. For ¢ > 2, the skew-q~'-derivative at Y # 0 for a real-valued function
g(Y) is defined as

1 _ g (q_ZY) -9 (Y)
g )= (¢2-1Y

For ¢ > 0 we denote the ¢! skew-g~!-derivative (with respect to Y) of g(X,Y;\) as
gt} (X,Y; \). The 0" skew-¢~'-derivative of g(X,Y; ) is g(X,Y;\). Foranya € R, Y # 0

and real-valued function f(Y),

(V) +ag)M = F(Y) + agtH ().
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Lemma 3.4.6.

1. For0< p<t,p€Z" and { >0,

() = =040 (g, )y i=.

2. The o' skew-¢~'-derivative of g(X,Y; \) Zgz MY X5 s given by

{<p} (X,Y;\) Zg 2(@(1—i)+o¢)5(i,(p)yi—saXs—i. (3.4.8)
3. Also,
PPN XY A) = a2 Bk, o)y @)l A (X YA — 20) (3.4.9)
V(X Y0 = (<1)28(k, o) (X, Y5 0. (3.4.10)
Proof.

(1) For ¢ =1 we have

(2 -1DY ¢2-1
— q72l+2ﬁ(£’ 1)}/@71.

()1 () —Y' (g - 1) i

So the initial case holds. Assume the case for ¢ = holds. Then we have

(YZ){EJA} _ ((]2(5(1—2)4—0¢)5(£7 )Yﬁ <p){ }

q—Q(f—@yf—E _yt-¥
(¢2-1)Y

—2(6-9) _q _
-2 _ 1 ) B(&@)Yl_w_l

— q2(¢(1—f)+0¢) B(¢, %)

— 2F1-0+03) <q
_ _ () B Rt R _
(2.3.34) _ ~1) —2(¢— q ? —B—
551 28(1-0 P(F-1) ~2(-%) 2 — 11 [ 1 ]Ye 71
1=0

- qQ((¢+1)(1—Z)+U¢+1)B(£,¢+ 1)Y£_¢+1.

Thus the statement holds by induction.

(2) Now consider g(X,Y;\) ZgZ ANYX*™" For p = 1 we have

S

{1}
g (X5 (Zgz YiXS_i) =3 GNP B YT
=0
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As B(i,1) = 0 when ¢ = 0 we have
{1} X Y: )\ Zg 2((1_i)+01)6(i7 1)Y7;_1X3_i.

So the initial case holds Now assume the case holds for ¢ =P i.e.

g (X, YN Zg )?P=D+297 5(; 7)Yy =P) X5~ Then we have

{1}
g (X, YN = Zg PEUIroR) (i )Y X

Zg 2(«,9 (1— Z)_HT“’)ﬁ(Z 4,0) —2(i—p— 1)6(1_@7 )Yi—a—lxs—i

p Y1 o(i—j) _
: 2(B+1)(1-i)+20% g L
= 2 a7 0 S
i=p Jj=0
(q2(i7¢) _ 1) 71 xo—i
-1

:Zg 2(«p+1) (1- l)+20“’,8(7/ 50+1)YZ P—1xs—i

_ Z gi()\)q2(¢+1)(1—i)+20¢ﬁ(i’@+ 1)yi—¢—1Xs—i
i=p+1
since when i = @, (%, % + 1) = 0. So by induction Equation (3.4.8)) holds.
- k
(3) Now consider ulFl(X,Y;\) = Zuu(/\, k)Y X* % where p, (N k) = [u} ~F(A,u) as in

u=0
Equation (3.2.6). Then we have

k {1}
pFHH (X YN (Z#u (A k)YU Xk u)
u=0

k
_ Z ,uu(>\7 k,)qZ(lfu)/B(u’ 1)yu71Xk7u
u=1
k—1
_ Z ,u/'r+1(>\a k)q2(1_(T+1))ﬁ(7’ + 17 1)yr+1—1Xk—r—1
r=0

_Z{ } AN+ D) B+ 1, 1)y Xk

33)EI) ~— [k—1] ¢*F -1
Z{ ] q (@ = 1) g 2 y(A—2,7)

q2(r+1) -1

X B(r+1,1) YT xF1-r

k—1 ok
E337) k—1|g¢" -1 o okl
gE :|: . :|q2_1 (qA—l)L]QC] 2’}/()\—2,7“)}/ Xk 1

= q 2 Bk, 1)y(\, D (X, V5N - 2).

67



3.4. THE SKEW-¢-DERIVATIVES

Now assume that the statement holds for ¢ = . Then we have

_ ~ )
P, YEN) = a2 Bk 20 )X, YA - 2@)}

] vE W
B2 72 8k, By (0, ) (Z [ . ﬂw ~ 25, 1)Y7X ’“”)

r=0

% q2(17(u+1))6(u _|_ 1’ 1)Yu+171Xk7¢7u71

k—(o+1) _
3. 1. k—p—1
RO 2050, 507) 3 { |
u=0

(2P — 1) (g2t
(2D —1) (¢ - 1)
XA\ = 2@ +1),u) Y XF-FFD—u

X

= ¢ 27 P\ P+ DBk, 7+ Dul X YA - 23 + 1)
= ¢ 2\ P+ 1Ak + Dul X YA - 23 + 1))
k k
as required. Now consider v[¥ = Z(fl)uq“(ufl) [ }Y“Xk“ as defined in Theorem
U
u=0
B2 Then we have

k {1}
X YN = (Z(—l)“qu(“l) m kau)

u
u=0

Mw

u u(u—l) |:k:| (Yu){l} Xk—u
u

??‘Q
,_.,_.

k
(r+1) r(r+1) 2(1—(r+1)) 1.1 Yr+1—1Xk—7‘—1
Z ¢""g [T +1]5(T+ 1)

= r T(T 1) 2rq72r |:k - 1:| (q2k B 1) (q2(7‘+1) B 1) erfrfl
T

< 0 q (q2(r+1) _ 1) (g2 —1)

= (-1)' Bk, DU (X, V3 N).

So the case for ¢ = 1 holds Now assume that the statement holds for ¢ = @. Then we
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have
(k] {@+1} z .\ k=) {1}
XY ) ) = [(—1)ZB(k )7 (X, 50|
k—p k-
— (~1)?5(k,7) <1>"qu<“>[ - }(yﬂ)ﬂ}ka

-1

o
= (BT D (-1

X B(r+1,1)y7 Tt x el

r+1 r(r+1)q—2(r+1)+2 [k ﬂ
r+1

r

2.?;33 ( @+1/8 i ' T’ ’l“(’l" 1 |:k — (¢+ 1):|
r=0
(q2 (k—p) _ 1) (q2 (r+1)
( 2(r+1) 1) (q2 _ 1

= (-1)?B(k, 7 + D EI(X v N)

% )Yer P—1—-r

as required. O

Now we need a few smaller lemmas in order to prove the Leibniz rule for the skew-¢~!-

derivative.
Lemma 3.4.7. Let

w(X,Y;\) Zu, NYixT

S

v(X,Y;)\) = Zvi(/\)YiXs_i.

=0
1. If ug(X) = 0 then
X, Y3\
% [w(X,Y;\) %0 (X,Y;\)] = 2% «v(X,Y;A—2). (3.4.11)
2. If vg(A\) =0 then
v(X,Y;A)

% [u(X,Y;0) 0 (X,Y;0)] = u (X, ¢*Y;A) « % (3.4.12)

Proof.

(1) Suppose ug(A) = 0. Then

T r—1
X Y /\ Z U/z Yi—lxr—i — Z Uig (/\)Yin_i_l.
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Hence

QSU(X7Y; >‘)

v v(X,Y;A—2)

7‘+S 1 /u+1

r+s 1
( * w1t (N vg_p(\ — 20 — 2)) yuxrts-i-u
(Z q2(z 1)@ Uu z+1()‘ _ 22)) yuxrts—l-u

r—i—s J
(Z 2(i— 1)@ 'Ug z()\_2j>> yi-lxr+s—j
Jj=1 \i=1
r+s J
— ( @ ui(Nvj_i (A — 2i)> yJxrts—i
Y =
= & (WX, Y30) %0 (X, V)

J
since when j = 0, Zqzisui()\)vj_i(/\ —2i) =0 as up(\) =0.
=0

(2) Now if vg(A\) = 0, then
v (X, Y v(X,Y;) ZU] iy

= Z Vit1 ()\)YiXs_i_l.

So,
X)Y;
(3, gtv2) LYY
r+s—1 w
= Z Z q23(5 1)q23uJ (A)vy—jr1(X —27) yuxrts—1-u
u=0 \j=0
r+s _ .
= Z qQJsuj (N)ve—j (A —27) Y1 xr+s—t
=1 \j=0
1 r+s ¢
Y qujsuj Jve—j (A —25) ylxrts—t
=1 \j=0
1 r+s VA ‘
Y Z @ u;(Nve—j (A — 25) | YEXTHet
(=0 \ j=0
1
=y @& Y52 %0 (X, Y;52))
é .
since when j =/, Z qQJsuj()\)W_j()\ —24)=0as vo(A\) =0. -

§=0
Theorem 3.4.8 (Leibniz rule for the skew-¢g~!-derivative). For two homogeneous polyno-

mials in Y, f(X,Y; ) and g(X,Y; \) with degrees r and s respectively and for ¢ > 0, the
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o' skew-q~'-derivative of their skew-q-product is given by

@
[ (X, Y50 %9 (X, ;0] =3 [f] o0 FU (XY ) # gl (X, YA - 20).
=0
Proof. For simplification we shall write f(X,Y;\), g(X,Y; ) as f(Y;A), g(Y; ). Now by

differentiation we have

£ (V0 g (i) = LU 2o (T TH5A) 05 ) 9 ()

(¢2-1Y
= ((J_Ql_m,{f (@2Y50) % g (¢72Y50) = f(a72Y50) % g (Y5 )
+F(a2Y30) x g (YiA) = f(Y5A) % g (Y5 A) }
= (qzl_l)y{f (¢72Y30) % (9 (7°Y50) —g (Y5 0) }
+ (qul)Y{ (F(@2Y50) = F(Y50) % g (V5 ) }
Ay, @@ =g (Vi)
= fWY (¢2-1)Y
BT L, (f(¢a72Y5A) — fF(Y; ) .
T ¢ TG xg(Yix—2)

= (V0 xgM (V) + @ Y (VN xg (Vi —2).

So the initial case holds. Assume the statement holds true for ¢ =, i.e.

[f(ny;)\) *g(X,Y;/\)}W} —

b
[ﬂ q2z(s—¢+e)f{£} (X,Y;\) g{a—f} (X, Y; A —20).
/=

0

Now considering @ + 1 and for simplicity writing f(X,Y;A), g(X,Y;A) as f(A), g(A) we

have
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7
+ m PO PP LY (3) 5 gt (N — 20— 2)

>

} 2€(s—¢+€)f{€} (A) * g{¢—€+1} (A —20)
£=0
P+l B B
+ [z f J q2(e—1)(s—<p+e—1)q2(s—<p+(é—1))
=1
x fE(A) % gt (A = 20)
[
SR AORTASRIOEDY m IR () g (A - 20)
(=1
" [i] PEDCGEE2 L (3) 4 g (1 - 2(p + 1)
N Z [ } 2(0-1)(s—F+=1) 2(s—F+ (1)

x fH () % g1 (A = 20)

= 7 ()= () 4 ; (7] +a=], 2 ]) e

> f{f} (\) * g{@-l—l} (A —20)

+ g EU L () g (A - 23+ 1))
2 T+1
B p () xg®H -0 (1) + g [@ Z } el
(=1

< fUE () # gPH=8 (X - 20)

n [‘P + 1} L2EHD(s=F=1+(7+D)
7+1

x fletid (A) * glPti=(E+L} A=2F+1))
AL - -
-y [ ! ]qzas(wme)f{e} () g+ () — 20)

as required.

O

3.4.3 Evaluating the Skew-¢-Derivative and the Skew-¢ !-Derivative

Now we need to introduce some lemmas which yield useful results when developing moments

of the skew rank weight distribution. These lemmas are analogous to parts of the proof of
[22, Proposition 4], but in more detail.
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Lemma 3.4.9. For jfcZt, 0</<jand X =Y =1,
YO, 10) = B3, 5)5e. (3.4.13)

Proof. Consider

(\

Jj—

V[J](Z)(X Y A - B Z u u u—1) |:.7 _£:| Yqufffu.
u

u=0
So
j—¢ j— 0
[1(0) 1)¥g =1 -
v (L, 1;0) =B(5,¢ UE: [u}
¢ .
mﬂgg T uu(u 1)]_£
uO u
ﬁ”i yetgree [9] [F
— k| |/

Bl Odej =BG, 9)dje.

O
Lemma 3.4.10. For any homogeneous polynomial, p (X,Y; ) and for any s > 0,
(p X M[SJ) (1,1;0) = ¢**p(1,1; V). (3.4.14)
r . .
Proof. Let p(X,Y;0) =) p;(M)Y*X"™", then by Theorem [3.2.4| we have,
=0
M[s] (X,Y;)) = [5] (A1) YtXe t Zﬂt Yth—t
o Lt

and using the skew-g-product we have

r+s
(p*,ﬂsl) (X,Y: ) Zcu A)Yux rs—w)

where
u

ca(N) = 3 (N (X - 2i).

=0
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Then
r+s r+s u
(p*,u[s]> 1,1\ = Zcu = ZZqzlsp ,uu z(/\—22')
u=0 i=0
r+s _ r+s—j
:ZqQJsp ( Z 'u[s] >
j=0
= a7 p;(N) (Z O - 2.7'))
j=0 k=0
T . S S )
S ) (Z o- w))
j=0 k=0
E3ZD N~ ajs 2j)s
= ¢ p;(\)g* =)
§=0
=" p(1, 1)
since p;(A) = 0 when j > r and ,u[ ]()\ —2j) =0 when k > s. O

3.5 Moments of the Skew Rank Distribution

Here we explore the moments of the skew rank distribution of a subgroup of skew-symmetric
matrices over F, and that of its dual. These are the Gaussian binomial moments of the
weight distribution comparable to the binomial moments in the Hamming case which are
demonstrated and illustrated well in [41, p131] and for rank metric codes over Fym in [22|
Prop 4]. Deriving these moments help us evaluate the important parameters of each code.
The moments derived from the skew-g-derivative and the skew-¢~!-derivative look similar,
but the first takes the derivative with respect to X whilst the second takes the derivative
with the respect to Y.

3.5.1 Moments derived from the Skew-g-Derivative

Proposition 3.5.1. For 0 < ¢ < n and a linear code € C oy, and its dual ‘L C Ayt

/

'), respectively we have

with weight distributions ¢ = (co,...,¢yn) and ¢ = (¢4, ..., ¢

© .

Z T'L—Z:| m(n ¢)z|:7’l—1:|/
C; = IZn

= [ @ I‘f K

Proof. We apply Theorem to €+, giving

WER(X,Y) = Wl (X + (" -1V, X —Y)

I%LI
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or equivalently

Zc Yixnoi= ? Z «[X + (g™ — 1)y

1

|Cg | Z/[i](X,Y;m) *u[”_i](X,Y;m). (3.5.1)

gM:H

For each side of Equation (3.5.1)), we shall apply the skew-g-derivative ¢ times and then
evaluate at X =Y = 1.

For the left hand side, we obtain

I

=
g
o
E

n (‘P) 3 n—gp
(Zcm’X“’) b= i, p)Yix iz,

=0

Letting X =Y =1 then gives

— 233n7<p n—i
Zciﬂ(nfiaw Cz|: :| 90)
i=0 i=0 ¥

n*so
n—1
&
z:O

We now move on to the right hand side. For simplicity we write u(X,Y;m) as u and

similarly v¥(X,Y;m) as v. Then by Theorem

?)
n—i 619 —0) (i) li)( n—i](p—¢
<%|Zw « ul 1) I ‘fllz (ZH 26— (-0, i(0) , yln—il(e >>
- @ chwi(x,y;m)
i=0
where
@

(X, Y3 m) Z[ ] 206080 (X, v ) 5 =160 (X, ¥ m).
£=0
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Sowith X =Y =1

©
g1, 13m) B Y [ﬂ X008 — i o — ) (VIO s plr=i=e ) (1,13m)
£=0
©
BL v~ [‘g] P2E-06-05(0 _ i o p)gmn=i—(e=0), O] 1, m)
£=0
©
e ; gAlem 000 [ﬂ Bln— i, — g™ === (i, i)y
P Bl — i, — D)™ (3, 1)
i|lo—1 ’
e )
p—i ’
Thus

1< =% e
%HZcﬂ;zllm |lZc;[ .]q( ?)B(p, @)

0 e 5]

Combining the results for each side, and simplifying, we finally obtain
e — m(n—¢p) P —
n—i q n—i
¢ = — c;
; [ ¢ ] |[€+] ; {n—w]
as required. O
Note. In particular, if ¢ = 0 we have

mn

Zc_ i
= T

In other words
€€ = ¢™"

We note that mn = t(t D for skew- symmetric matrices and ¢ %52 s the number of skew-

symmetric matrices of size ¢t x t. This is the simple fact that the dimensions of a code and

that of its dual add up to the dimension of the whole space they belong to.

We can simplify Proposition if © is less than the minimum distance of the dual code.

Corollary 3.5.2. Let d'sp be the minimum skew rank distance of €. If 0 < p < dsp then

Bl bl

i=0 ®

Proof. We have ¢, =1 and 0’1:...:0;:0. 0
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3.5.2 Moments derived from the Skew-¢ !-Derivative

The next proposition relates the moments of the skew rank distribution of a linear code to
those of its dual, this time using the skew-¢~!-derivative of the MacWilliams Identity for the

skew rank association scheme. Before proceeding we first need the following two lemmas.

Iy
Lemma 3.5.3. Let 6(\, ¢, j) = Z []] (=)' y(\ = 2i,¢). Then for all X € R, p,j € Z,

SN, 5) = (20, 5)v(A = 2,0 — §)g? P, (3.5.2)

Proof. Initial case: j = 0.

300.0) = o] P20 9) = 109) =226 O A2l

So the initial case holds. Now assume the case is true for j = 7 and consider the 74 1 case.

SN, J+1) = Z [‘742 1] (=1)'q*7i v (X — 2i, )

L (e[ 2 e

Y H Y27 ¥y (N — 2i, ) + Zj; u (D)7 (A = 2(i 4+ 1), )

7
@-1.3) J i 2 20; —2i - ;
=2 J (=1 (7 = 1) Ty (A =20 = 2,0 - 1)
J
L Z {]} (_Uiqggﬁl (quzzez _ q2(tp71)) YA =20 —2,0—1)

= Z [J} (=1)1g* iy (A = 2i — 2,0 — 1)¢* (qz‘a - 1)

=2 (¢ -1)5(A—2,0—1,7)
=2 (¢ - 1) v(2(p — 1), NPT Dy(A -2 -25,0— 1 -7)
13.1.3) = _o(= _ _ —
BLD (G+D0-20+D)y(20, 7+ 1)y(A — 2+ 1), 0 — (5 + 1)).
J

J = 0 when ¢ =0 and F] = 0 when ¢ =7+ 1. Hence by induction the lemma is
i

proved. O]

since | .
)

Lemma 3.5.4. Let e(A, p,i) = r} [z : ﬂ PO (1) ?7 ey (2(p —€),i—L). Then for
all A € R, p,i € 7Z,

e(A,p,0) = (= 1)iq2‘“{A_i} (3.5.3)
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Proof. nitial case i = 0,
(A, p,0) = m m ¢°(=1)°¢"(2¢,0) = [ }
(-1)%" [AAJ — M.

So the initial case holds. Now suppose the case is true when ¢ = 7. Then

-

-~ €

2+1 — -
[Z ; 1} {A . . 1] PO (D) P (200 — 0,1+ 1)

e(A, 14+ 1) =
=0 L
T+ _
Z.3.29) 1| [A—7—1 _ - _
2S5 ey e - 00
=0 L
= 7 J[A-71-1
+y P L 1] [ ' }q%("‘“’)(—l)’zqm’f'y(?(w —0),7+1-10)
(=1 o L
= A+ B, say
Now

Z] [A -7 1] A= (D) Py (2(0 — £),T— 0)

and
' T A== 1
B— 201—0) | 2004+1) (A=) [ 1\l+1 20041 Y
;q o1t (=) Py (2p — €= 1)1 1)
= —¢? U e(A— 1,0 - 1,7)
- - A-7-1
— _ 2(+A—p) —1)? 207
q (—1)'q [ Ao ]
So

A—7—-1 _ 20A—) A—7—-1
A—op

l’ (_1)5—&-1(]207 q2(§+A_<p) A-71-1 _ (qQ‘P . q% w A—-7-1
A-gp (2 —1) | A—p
_(—1y A=G+1)] 4. 2@+A—9) (q2(¢4) _ 1) _ (qzsp _ qzz) (q2(A—<p) _ 1)
a A— ¥ 1 q2(89*5) —1
_ 3 — (7 1)
= (=1 1+1 20741 (7/+
- [ A=vp

as required.
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3.5. MOMENTS OF THE SKEW RANK DISTRIBUTION

Proposition 3.5.5. For 0 < ¢ < n and a linear code € C o/, with dimension k and its

dual €+ C o, with weight distributions ¢ = (co,...,c,) and ¢’ = (¢}, ..., c,), respectively

we have

n . © .

—i) | —-m i 205 2i(p—i) [TV . .
S0 o= oo Sy | 7t < i il
i=¢ ¥ i=0 L &

Proof. As per Proposition we apply Theorem to €+ to obtain

1

SR "

WZH(X,)Y) =

or equivalently

n ) ) 1 n . »
2 :CinXn_z:@E :CQ(X—Y)M*(X—i—(qm—l)Y)[n 1]
=0 1=0

IR : ,
= rz] 2 X Vi m) # K, Y m). (3.5.4)
=0

For each side of Equation (3.5.4), we shall apply the skew-q~!-derivative ¢ times and then
evaluate at X =Y =1.

For the left hand side, we have

n {¢} n
(Zciin“> BLD S cigpeti=inien g g)yi—e xmt (3.5.5)
i=0 i=p
559 —i)t20, |0 i~ yrn—i
= g ”“Mﬂ(sﬁ,@)Y X (3.5.6)
1=

Then using X =Y =1 gives

- —1 o i i— n—i - —1 o i
DT A “’Mﬂ(w,cp)Y PXTTE=N gl Wﬂ(cp,@)[@]c@

i:@ i:(p

We now move on to the right hand side. For simplicity we shall write u(X,Y;m) as u(m)
and similarly v(X,Y;m) as v(m). Then,

©
Si(m) ;0 m 2=+ (1) B(0, 0= (m) }
N {q726“’*e,3(n — i, —0)y(m — 24, — é)‘u[n—ifvwf] (m — 290)} .

Now let

(X, Y;m —20) = v A(X, Y m) s y(m — 26,0 — Oul" (X, Y m — 2¢).
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3.5. MOMENTS OF THE SKEW RANK DISTRIBUTION

We apply the skew-g-product, reorder the summations and set X =Y =1 giving

U(1,1;m — 2¢p)

n u
=31 e O )y (m - 20— 2p, o — O)ply T (m - 20 — zm]
u=0 [Lp=0

i— ) ) n—i—e+4 .
_ Z q2r(n—zﬂa+2)l/£z—£] (m)y(m — 20 — 2r, ¢ — 0) [ Z ML”*Z*WJ] (m —2p — 27,)]
r=0 t=0

i—4
Z q2r(n—i—go+€)q(m—2<p—2r)(n—i—go+€)Vii—l] (m)’y(m — 90— 2r, ©— g)

B2 (m-2¢)(n—i- w)Z ) 2o Frqy(m—%—%,w—@

r=0
— M=o 5 20 o — 0 — )

B52) (m— n—i— i—f)(m—21 . ; .
g(m=2R) im0 (1=0m=20 (95— 0) i — L)y(m — 20, 0 — ).

Noting that ¢2((n—i=¢+0g=200 0 — 2t(n—1) =20 (200 e get

©
(1, 1;m) Z |: :| 20(n—i— <P+€)q—20¢ B3, 0)B(n — i, — O)T(L, 1;m — 2p)
=0

v ) .
(2:3.39) ,2% e ZZn i) 20/ n=t U(l,1;m—2
s, 3o [ 2wt 200

Writing

q—ZGw qZZ(n—i)q(m—2tp)(n—cp—i+€)q(i—€)(m—2i) _ q2U‘P q2ga(1—n)qm(n—tp)qZZ(n—Lp)q%(Lp—i)
— q9q2l(n ©)
gives
N neg) 200 [1] [P .
il Lim) = 8.9 — 2 — ) (-1 e ] " et - 00
£=0
(3.5.3)

(—1)'d"¢*7 B(e, w)[n_:jv(m—%w—i)

Combining both sides, we obtain

n oo i 1 < 0 20, n— :

D @I B0, ) M ¢ = ﬁzcé(—l)lqeqz Ble ) [n ]7( 2 i)

i=¢ =0

Thus
n i (n—¢) # —1
2p(n—i) | ,_qm )i 201 2ile—i) | TV T — 21,0 —1)c

St | o= T Sy [ Lt 2k
i=¢ =0
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3.5. MOMENTS OF THE SKEW RANK DISTRIBUTION

If € has dimension k we have
€| = q", |6+ =¢™" ",

SO
grn=e)  gmin=¢)

|(€L| = qmn—k =4 v

as required. O

We can simplify Proposition if  is less than the minimum distance of the dual code.
Also we can introduce the dual diameter, ¢, defined as the maximum distance between

any two codewords of the dual code and simplify Proposition further.

Corollary 3.5.6. If 0 < ¢ < dp then

Z g2e(n=1) [l} ¢ =q"m [n} v(m, ).
i=p 7 v

For gsp < ¢ < n then

® .
i 20, 2i(p—i)| VT . .
> (—1)'¢*7 ¢ )|:n_‘p:|7(m_217§0_@)ci:0-
1=0

Proof. First consider 0 < ¢ < dgg, then c5 =1, ¢) = ... = ¢, = 0. Also since L’L ﬁ ap] =

{n} the first statement holds. Now if ¢y < ¢ < n then applying Proposition [3.5.5to ¢+
¥

gives
S A [ z : o [n—i
Z q2<p(n—z) [ :|C; — qmn—k—'rrup Z(_l)quUtiz(ga—z) |: :|’Y(m — 2,0 — ’i)Ci.
i ¥ o n—e
7] [
So using ¢, = ... = ¢, = 0 we get
- i 20, 2i(p—i) [N 1 . .
0=> (-1)'¢*q 0| =2 =i
i=0 ®

as required. O

3.5.3 MSRD Codes

As an application of the MacWilliams Identity, we can derive an alternative proof for the
explicit coefficients of the skew rank weight distribution for MSRD codes to that in [12]
Theorem 4]. This is analogous to the results for MRD codes presented in [22, Proposition

9).

Firstly a lemma that will be needed.
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3.5. MOMENTS OF THE SKEW RANK DISTRIBUTION

Lemma 3.5.7. If ag,a1,...,a¢ and by, by, ...,be are two sequences of real numbers and if

Zj:{e—z}b_
pr

for 0 < j </, then also for 0 <i < ¢ we have,

d i—j 20— gi]
b; = Z(*l) TqP7im L_J“j-

Jj=0

Proof. This result uses the property of skew-g-ary Gaussian coefficients (2.3.28)). That is

Then for 0 <7 < ¢,

as required. O

The following proposition can be seen to be equivalent to |21} (15)].

Proposition 3.5.8. Let € C o, be a linear MSRD code with weight distribution ¢ =

(coy---ycn). Then we have co =1 and for 0 <r <n—dggr
a i |dsgr +r n qm(dSR+i) )
c = —1)r—¢ 20,4 ] i 1),

Proof. From Corollary we have

for 0 < ¢ < diyp. Now if a linear code ¢ is MSRD, with minimum distance dgg then ¢t is
also MSRD with minimum distance dyp = n — dgr + 2 [12, p35]. So Corollary holds
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3.5. MOMENTS OF THE SKEW RANK DISTRIBUTION

for 0 < ¢ <n—dgr = dsp — 2. We therefore have ¢ =l and 1 =co = ... =¢qg—1 =0

and setting ¢y =n —dgg —j for 0 < 7 <n —dgr we get

dsr+j

n n—1 1 . n
|+ e, = M%mﬁ[ l
[n_dSR_]:| Z.:zds:R L”L—dSR—]] ’ |(5L|q n—dsr —J
j .
n_d —7r n m(dSR+J)
3o Zton g Jersien = L] (P 1)
—n—dsr—]J n—dsr—Jj 6|

Applying Lemma 3.5.7 with £ = n — dgr and b, = ¢, 444, then letting

i
aj = (-1
n—dsg —J |6+

gives
’I”L—dSR—T
> br = aj,
“|n—dsr—J
SO
: n—dgg —1
b — — _1 r—1i ZO'T_,; SR
r CT+dSR ;( ) q |:’n/—dSR—7“ a

_ r _ r—i 20_7‘77; n_dSR_Z n qm(dSR"!‘i) _
-yeur | I | (5 -):

TL*dSRf’L'

But we have

i | R s el P

@329 [dsr + r} [ n }
o |dsr +1 n— (dsgp +7)

E3.24) _dSR+T:| { n }

_dSR +1i| |dsp+T
Therefore
) ,
s |dsr+7r n g tsnt)
c = —1)r g . 2.
r+dsr ;( ) [dSR + Z:| |:dSR + 7“:| ( €]
as required. -
Note. We note again that mn = @ for skew-symmetric matrices and |€][¢*| = ¢"™"

which can be can be used to simplify this to

r . . dSR +7r n i—
cr _ _1)" 20— . (cg m(dsr+i—n) _ 1) )
e = ] (e
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Chapter

The Hermitian Association Scheme

Having sucessfully developed a g-algebra for skew-symmetric matrices to prove the MacWil-
liams Identity as a functional transform, we now investigate whether a similar process can
be applied to the association scheme of Hermitian matrices, once again with the rank metric.

We shall call this scheme the Hermitian association scheme.

As before we begin with an overview of what we already know from Section followed by
some more specific preliminaries in Section [£.1} Section introduces yet another form of a
g-algebra before identifying two further homogeneous polynomials relevant to this particular
space. Again the powers of these polynomials turn out to be the weight enumerator of the
set of Hermitian matrices of a given size t. Equipped with these polynomials, which we note
are significantly different to the ones identified in the skew rank metric, another explicit
form of the Krawtchouk polynomials is found. It is then proven that these polynomials are
indeed generalised Krawtchouk polynomials using a different recurrence relation, one used
by Schmidt [53] Lemma 7], rather than the relation used by Delsarte [11}, (1)]. We later
prove that the two recurrence relations are equivalent in Section Then we have the
ability to state and prove the MacWilliams Identity for the Hermitian association scheme

as a functional transform.

Following the same structure as Chapter [3] two derivatives on this space are derived analog-
ous to the g-derivative and ¢~ !-derivative for the rank association scheme |22, Definiton 5,
6] and the ones shown in Section We can also then find the moments of the Hermitian
rank weight distribution. Slightly differently to the skew rank case, when we consider MHRD
codes, (Maximum Hermitian Rank Distance codes), we already know that if the minimum
distance is even, the Hermitian rank weight distribution of the code is not uniquely determ-
ined, so we have to restrict our conclusions to the special case when a code is MHRD and

also the minimum distance is odd.

The aim of this, as well as extending the MacWilliams Identity as a functional transform

in this setting, is to draw similarities between these methods with a view to potentially
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4.1. PRELIMINARIES

generalising the results. In this case, the associated algebra and the relevant homogeneous
polynomial have the same form but different parameters. The new Krawtchouk polynomials
are then derived in exactly the same fashion. They are compared to known eigenvalues using

a recurrence relation, all of which are distinct from the eigenvalues and recurrence relation

used in Chapter [3

4.1 Preliminaries

4.1.1 Parameters

Similar to the skew rank association scheme, let’s remind ourselves of some of the notation
from Section for the b-nary Gaussian coefficients and the b-nary beta function. As we
are working with the Hermitian association scheme we set the parameter b = —q. So we

have

k—1 . k—1 .
@ (9" = (=9)' _qp o=V
q M 11 —g)F = (=q)" -

)
~—
=
=
Ead
o
S

- O

‘E
Q
—
8
Dy
~
I
>
|
| —
2
—
&
=
~
[E—)

To make notation simpler and while there is no ambiguity, in this section we shall write
_q[ﬂ = [}] and B_q4(z,k) = B(z,k). We also have that o; = @ as usual. In addition,
in the interest of keeping notation simpler, we shall write b instead of —¢ throughout this

chapter.

As a reminder, we have the eigenvalues of the association scheme, defined by Schmidt (53|

(4)] as k
S o

We state Delsarte’s MacWilliams Identity explicitly for Hermitian association schemes.

Theorem 4.1.1. Let € C J; be a code with Hermitian rank weight distribution ¢ =
(co,---,cn) and €+ be its dual code with Hermitian rank weight distribution ¢’ = (cj, ..., c))
and the (n + 1) x (n + 1) eigenmatriz of the Hermitian association scheme P = (puk),

consisting of the eigenvalues Py(xz,n) = pyi, then we have

1
¢ = —cP. 4.1.1

4.1.2 The Negative-¢ Gamma Function

Again we define another function, this time we call it the negative-q¢ gamma function, to aid

us with notation in this association scheme.
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4.1. PRELIMINARIES

Definition 4.1.2. We define the Negative-g gamma function for x € R, k € Z to be

k—1
V(@ k) = (—DF T (0" + )
1=0
k—1

T,

i=0
Theorem can then be rewritten as below.

Theorem 4.1.3. The number of Hermitian matrices of order t and Hermitian rank h can

be rewritten as

& = m v (t,h). (4.1.2)
Proof. We have
oy h—1
ren = o TS T o)
i=1 - i=0
H b -1 h—1
= (1) L
[I0 @ - ) =
o
b (b2 — 1)
= (1)t =

i=1
h—1
2t—2i
g 1
(=DM (=)
BN o
[Id - v
i=1

Lemma 4.1.4. We have the following identities for the negative-q gamma function:
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4.1. PRELIMINARIES

Proof.

(1)

k—1

v (z, k) = b H (="' —1)

=0

v (z, k) = bk_l( — b — 1)7’(37 - 1L,k—1)

Y(x,k+1) = (—bgc — bk) v (x, k).

k-1

v (z, k) = H (=b" —b')

i=0

(Hl bl) kl_[l —b"7" —1)

=0

k
(@, k+1) =] (" —b)
— (_bac _ bk) kl:f (_bw bz)
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4.2. THE NEGATIVE-¢-ALGEBRA

4.2 The Negative-¢-Algebra

The weight enumerators of any linear code ¥ C J¢; are homogeneous polynomials. We
introduce an operation, the negative-g-product, on homogeneous polynomials that will help
express the relation between the Hermitian rank weight enumerator of a code and that of
its dual. The negative-g-power and negative-g-transform are analogous to those for the rank

association scheme [22, Section 3.1] and the skew rank association scheme, as in Section

4.2.1 The Negative-¢-Product, Negative-¢g-Power and the Negative-

g-Transform

Definition 4.2.1. Let

be two homogeneous polynomials in X and Y with coefficients a;(\) and b;()\) respectively,
which are real functions of A that are 0 unless otherwise specified. For example b;(A) = 0
if i ¢ {0,1,...,s}. The negative-g-product, *, of a(X,Y;\) degree r, and b(X,Y;\) of

degree s, is defined as

(X, Y0 =a(X, Y5 0) «b(X,Y; 0 (4.2.1)
r+s

= cu(NYUxT (4.2.2)
u=0

with

u

cu(N) =) (=) ai(Mbu—i(A — ).

=0

We note that as with the g-product in [22] Lemma 1], the negative-g-product is not com-
mutative or distributive in general. However, as in Chapter ifa(X,Y;\) = ais a constant

independent of A, the following property holds:
axb(X,Y; ) =b(X,Y;\) xa=ab(X,Y;N).
Another property is that if the degrees of a(X,Y;A) and ¢(X,Y; \) are the same then,
{a(X,Y50) + (X, Y50« b(X, Y5 0) =a(X, Y5 0) «0(X, Y5 0) + (X, Y50) «0(X, Y5 )
and
a(X, Y5 0) « {b(X,Y50) + (X, Y50} =a(X, Y5 0) «b(X, Y5 0) + (X, Y 0) (X, Y5 N).
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4.2. THE NEGATIVE-¢-ALGEBRA

Definition 4.2.2. The negative-q-power is defined by

(X, V50 =1
al(X,V;0) = a(X,Y;\)
a"(X, Vi) = a(X,Y;0) «aF~ (X, YV 0) for k> 2.

Definition 4.2.3 ([22, Definition 4]). Let a(X,Y;X) = Y1 _ a;(A\)Y*X"". We define the

negative-q-transform to be the homogeneous polynomial

a(X,Y;\) = Zai(/\)Y[i] « X,
=0

4.2.2 Using the Negative-¢g-Product in the Hermitian Association

Scheme

In the theory that follows we consider the following two polynomials. First let
p(X,Y;N) =X+ (=b*—1)Y. (4.2.3)

The negative-g-powers of p(X,Y;t) provide an explicit form for the Hermitian rank weight

enumerator of 7 ;, the set of Hermitian matrices of order t.

Theorem 4.2.4. If u(X,Y;\) is defined as above, then

k
(X YA =) (W R)Y X for k> 1, (4.2.4)

u=0
where

k) =[] )

Specifically, the weight enumerators for I, the set of Hermitian matrices of size t > 1,
denoted by )y, is given by
Q= pl(X,Y5t). (4.2.5)

Proof. The proof follows the method of induction. Consider k =1, so
P,V = (X, Y50 =X + (-b* - 1) V.

Then

1

0] 7'(A,0)

wv =1 |

D) = (0= 1) = |||,
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4.2. THE NEGATIVE-¢-ALGEBRA

So
oD = 2]

as required for £k = 1. Now assume the theorem is true for £ > 1. Then

pFHX Y ) = (X, Y5 A) (X YN

" Tk
(X+ (-0 =1)Y) % (Z M (A w)y Xk ">
k+1 "
= fHiNY XR
=0

where,

fz()‘) = NO(Aa 1)/"2’()‘7 k) + bkﬂl()‘a 1),”'2'—1()‘ - 17 k)

= m V(A i)+ b (—bF 1) L f 1] V(A -Li-1)

@33 b -1k +1 -mk bi—1 , ,[k+1
= ot | YA U N
_ 7/(/\ Z) k + 1‘ bk—i+1 — 14+ bk—i-‘rl (bz _ 1)
’ i |
NS
- 7/()‘31)|: i

since for ¢ > 1 we only need to consider the first two coefficients as when j > 2 then
i (X, 1) = 0. So it is true for k& + 1. Therefore by induction the first part of the theorem is
true. Now consider ull(X,Y;t), then clearly

t

t
[t] X.Y:t) = / t Yuthu
S EHE Mv(,U)

u=0
t
(4.1.2) Z —qy (42.5)
! Et,uYuXt u g Qt
u=0
as required. O

Second, consider the polynomial
v(X,V;\)=X-Y.

Theorem 4.2.5. If v(X,Y; ) is as defined above, then for all k > 1,
k k 1
Kl(X,Y;N) A JYuXETE = (1) | Y X 4.2.6
v =3 ) S|t (126)

u=0 u=0

Proof. We perform induction on k. It is easily checked that the theorem holds for k = 1.
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4.3. THE MACWILLIAMS IDENTITY FOR THE HERMITIAN ASSOCIATION SCHEME

Now assume the theorem holds for k > 1. For clarity, v9(A, 1) =1 and v4(A,1) = —1. Then

ZARIP S EVEE S EPVETLIP S EPY

=(X-Y)x <zk:(—1)“b”u m Y“X’M)

u=0
k+1 ] ]
=Y gy xh
1=0

where

9i(A) = i)bjkl/j(%j)'/i—j()\ —J,k)
=00(1)(—1)"b" m +bF (1) (—1) b L ]j 1]
o DT -1 [k+1} b’“( N | {k+1]

(2.3.32) _
bR — 1 B

= (-1 i i

po [EH1] [P -1 b1
=(=1)' { i }{ pE+L — 1 +07b bk+1_1}

.o [kl
— (0 |

= (=1)" {k + 1}

]

‘ :| {bk+1—i — 14+ bk+1 _ bk-l—l—i}
2

since if 4 > 1 then we only need to consider the first two terms of the sum as when j > 2

then v;(A, 1) = 0, as required. O

4.3 The MacWilliams Identity for the Hermitian Asso-
ciation Scheme

In this section we introduce the negative-g-Krawtchouk polynomials which we then prove are
equal to the eigenvalues that are identified in [53} (4)] of the association scheme of Hermitian
matrices over F 2. In this way a new g-analog of the MacWilliams Identity for the Hermitian
association scheme is presented and proven by comparison with a traditional form of the

identity as given in |12, Theorem 3].
4.3.1 The Negative-¢-Krawtchouk Polynomial

In comparison to the eigenvalues defined in Equation , a new set of polynomials is
derived, which arise in finding the negative-g-transform of u(X,Y;t) and v(X,Y;t). We
then go on to prove that these new polynomials are indeed the eigenvalues of the association
scheme by proving that they are solutions to the recurrence relation used in [53, Lemma 7].
We note here that the recurrence relation used by Delsarte could not be used directly here
because the parameters lay outside of the scope of validity. Specifically, ¢ is defined to be

strictly greater than or equal to 1 |11, Section 5.1], whereas in this section the equivalent
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4.3. THE MACWILLIAMS IDENTITY FOR THE HERMITIAN ASSOCIATION SCHEME

parameter is negative. So instead, the recurrence relation used by Schmidt is the one we

use here.

Definition 4.3.1. For t € Z*, x,k € {0,1,...,¢} we define the Negative-q-Krawtchouk

Polynomaial as

Cula,t) = g(—nw(t—f)b% m [/i_—ﬂ V(= Gk — 7). (4.3.1)

We first prove that the Cy(z,t) satisfy the recurrence relation (2.7.4) and the initial values
in Equations (2.7.5), (2.7.6) and are therefore the eigenvalues of the association scheme.

Proposition 4.3.2. For all x,k € {0,1,...,t} we have
Crr1(x+1,t+1) = Cppa (2, t + 1) + 62T 20y (0, 1).

Proof. We look at all three terms separately. Firstly,

k+1
17 +1 t—x
1,¢ 1:§ _1)yipit—opes [T 41— jk+1—j
Crnlerbted j:O( ) J k—l—l—j’Y(—’_ Jrk+1-7)

—

z+1,t+1)|j=pt

T zk:(_l)jbj(t—g”)b”j { L. ’ J +”B]} [k i_lgij}

j=0

= Cry1

i
ol
+!
=

XAy (t+1—74,k+1—7)

=Cr1(x+1,t 4+ 1)|j=k41

k

- t— ‘

+) (—1)p )y [j f J [k N 19;.] Y(t+1—j,k+1-7)
=0

(4.3.2)

s
+H
&

k
. ) t—x
)it lpi(tme =)kt +1po; x Mt i — i
4:0( )70 i k+1_j7( Jik —3)

(4.3.3)

k
+ Z(_l)j-‘rlbj(t—w)-l—kbaj |:£L'

J} [kt_x ]7/(t—jvk—j) (4.3.4)

=0 1=

=Crri(x+1,t+1)]jmpt1 + a1+ a2+ a3

where aq, g, ag represent (4.3.2)), (4.3.3), (4.3.4) respectively and for notation |j—g41

means “the term when j =k +17.
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Second,

Cri1(2,t + 1) = Cppa (2, t + 1)]j=pt1
k

(4.1.3) , z||t+1—2x
T -1 j+1bl(t—x—1)+t+k+1baj |: :| |: :| 7/ t— ]7 k— j
> f )
k z|{t+1—=x
3 j | A B )
= Cr1(2,t + 1)|j=k+1
(2.3.29)

+
M-

<
I
o

. (e o | T t—x . .
(71)J+1b1(t 2)+2k+t+2p0; [ } L@ L j} N (t— 4,k — )

(4.3.5)

+
‘Mw

( )j+1b] (t—z— 1)+k+t+1b0'] |: :| |:li_x:| 'Y/(t _j,k _]) (436)

j=0
k _
©-3.29) S . ‘o
T 1 J+lb‘](t71)71)+2k+1b0']‘ :| |: :| 4 — .7]{7 R
j;)( ) il kg1 | E k=)
(4.3.7)
~ g z] [t — 2]
(e H Le k=) (438)

Jj=0

= Cryr(x,t +1)|jmpg1 + B + B2 + B3 + B

where 81, B2, B3, B4 represent (4.3.5), (4.3.6), (4.3.7), (4.3.8) respectively. Thus,

k
t_
P20 (1, 1) :Z 1) pit=2)+2t—a+1j0, [I} {k_x},yl(t_j,k—j)
Jj=0 ’
:pl

Solet C = Cyi1(x+1,t+1) — Cppr(z, t+ 1) — 0> 1720y (2, ). so
C=Crpr(x+1,t+1)|jopt1 + o1 + oo+ a3 — Crpr (2, +1)|jmp1 — f1 — B2 — B3 — Ba — p1.

Claim 1: a2_51_62_p1 =0.

k

t—x . . —j
az —f1= Z( 1)t ipltma=Dthtttlpo; { ] [k 11 }V(t — g k—j) (1=
=0

k
(2.3.31)) j j(t—x)+t+110; |: :| |:t - ‘T:| / . - t—x k—j
b’ b . t— 7k_ b —b
;:O PP R 7) ( )

=p1+ B2

Thusaz—ﬂl—ﬁg—plzo.
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4.3. THE MACWILLIAMS IDENTITY FOR THE HERMITIAN ASSOCIATION SCHEME

Claim 2: a; + ag — f3 — B4 = (—1)FpFE-zFDHt—aponn Lﬂ v (t — k,0).

k
: ; t—x . —j
as — 53 _ Z(il)]Jrlbj(tsz»kbo’] |: :| |:k 1o j:| j,k _ ]) (1 _ bk j+1)
j:O
EEL Z 1)Ip—atpos [ } [Z } Jok —7) (0" —bF )
b - z||t—x
— Z(_l)]b](tfz+1)+t7xbaj |:]:| |:k: B ]:| ’Yl(t _ j, k— ]) + ﬁ4 (439)
=0

So

C=Crsr(x+ 1t + 1)jmpr1 — Copr(z, t+ 1]jmkr1 + 1

t—x
1)ip(t—atDFt—zpoy |© =k —j 43.1
+Z T R L) (4.3.10)

= Cry1(z + 1, + D|jmpt1 — Chy1(z,t + 1)l jmpr1 + 1 + p2

where py represents the summand in (4.3.10). Now,

k

a1=Z(—1)jbj(t_w)ij{.x ][ b _:|'y/(t+1—j7k+1—j)

= j—1]lk+1—7

since the {“’”J —Owhenj=0. Nowlet {=j—1, j=¢+1

k—1

t —
ap =Y (—1)f Nt pen m L{ _“é] Yt =tk —20)
kil ; ; T||t—2x
= Z(,l)ﬁlbj(tﬂrﬂ)“*wb"j [ } {k‘ } Yt =34,k —j).
=0 J —J
So we have,
k t—x
pa+an =y (—1)p DT { ] Lﬁ _]]v’(t —jik—17)
§=0

k—1
j i(t—x Cpo T [t =
+ ) (=1 bﬂm [k_j}v(t gk —j)
=0

= (—1)kpFUmeA ok m r o ﬂ ' (t = k,0).
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Thus Claim 2 holds. So

t —
C = bk(tfx)+k+t7mbak |:z:| l: . x:l ’)/(t _ k, O)

+ (_1)k+1b(k+1)(t—m)b0k+1 [x + 1] [t o x] v (t -k, 0)

k+1f[ 0
o \EF1p (B (4 1—2) p okt r t+l—=z , —
(—1)"+1b b [k+1H 0 |7E=k0)
+1 T
= (—1)kpEAD =)o J T T b
(1) Bl k1] T e+

3:30)
0

O

Lemma 4.3.3. The Ci(x,t) are the eigenvalues of the Hermitian association scheme. In

other words,

Ci(x,t) = Py(x,t). (4.3.11)

Proof. The Cj(x,t) satisfy the recurrence relation (2.7.4]) and the initial values of the Cy(x, t)
are
a 0] ¢
Cr(0,t) = b (=1)7b% "t—jk—j
o) =Sy 0] 1 )

i=0 J

Colz, 1) = (=1)%°%7 m r . “”] +(,0)

=1
O

4.3.2 The MacWilliams Identity for the Hermitian Association Scheme

We now use the negative-g-Krawtchouk polynomials to prove the g-analog form of the
MacWilliams Identity for the Hermitian association scheme. The new form below uses a
functional transformation of the weight distribution rather than explicit use of the eigenval-
ues. Notably, the form developed in this paper is similar to the g-analog of the MacWilliams
Identity developed in [22] for linear rank metric codes over Fym and is similar to the ¢-
analog of the MacWilliams Identity developed in Chapter [3] but differs in the form of the

new Krawtchouk polynomial.
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Let the Hermitian rank weight enumerator of ¢ C J¢; ; be
t
WEHX,Y) =) eV X!
i=0
and of its dual, €+ C 5, ; be
t
WARX,Y) =) Yy’ X!~
i=0

Theorem 4.3.4 (The MacWilliams Identity for the Hermitian Association Scheme). Let

€ C I, be a linear code with weight distribution ¢ = (co,...,cn) and ¢+ C Hy its dual

code with weight distribution ¢’ = (cj,...,cl). Then
1 —
WHE(X,Y) = @W;IR (X +(—b' —1)Y, X —Y).

Proof. For 0 <1i <n we have

t—d]

(X =) (X 4 (=bf = 1) V)
_ (Vm (X,Y;t)) N (M[t—z‘}()gy;t))

i . t—1i .
(4.2.4)(a.2.6) _upow | U yu yiu b=l o v yt—iei
= (E (=1)“b L]YX >>|< E {] ¥ (t, )Y’ X

u=0 §=0

(Zk:(—wbw—i)bw [z] [2 B 2] N £)> —

£=0

So then we have

1

t .
e (X (=YX =) = S e (- (0 (1))
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In this way we have shown that the MacWilliams Identity for the Hermitian association
scheme can be expressed as a g-transform of homogeneous polynomials in a form analogous
to the original MacWilliams Identity for the Hamming metric and the g-analogs developed
by Gadouleau and Yan [22] for the rank association scheme and in Chapter [3| for the skew

rank association scheme.

4.4 The Negative-g-Derivatives

In this section we develop a new negative-g-derivative and negative-¢~'-derivative to help
analyse the coefficients of Hermitian rank weight enumerators. This is analogous to the

g-derivative applied to the rank metric in [22] with the parameter ¢ replaced by —¢q = b.

4.4.1 The Negative-g-Derivative

Definition 4.4.1. For ¢ > 2, the negative-q-derivative at X # 0 for a real-valued function

f(X) is defined as
£(6X) £ (X)

9 X) = b-1)X

For ¢ > 0 we denote the " negative-g-derivative (with respect to X) of f(X,Y;)) as
f@)(X,Y;\). The 0" negative-g-derivative of f(X,Y;\)is f(X,Y;\). Foranya € R, X #
0, and real-valued function g(X),

[F(X) +ag(X))|P = FO(X) + ag® (X).

Lemma 4.4.2.

1. For0< o<t , o€ Z" and £ >0,

(X1 = B, ) x"'-%.

2. The @ negative-q-derivative of f(X,Y;\) Zfl MY X" s given by

£ (X, Y5 0) Zfz Blr—i Q)Y X%, (4.4.1)

3. Also,
pHO (X, V) = Bk, )p (X, Y5 0) (4.4.2)
XY 0) = Bk, oA Y5 ). (443)
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Proof. (1) For ¢ =1 we have

(Xe)(l) _

(bX) - Xt b~ Ly _ {e

L— 0—
b-1)X  b-1 1]X = Al )X

The rest of the proof follows by induction on ¢ and is omitted.

(2) Now consider f(X,Y;\) Z:fZ ANY X" We have,

(1)
FO(X, Y5 <Z fi(A YU(”)
— Z fz X'r‘ z)(l)

- Z fi(NB(r —i, ) YIX i

Then the case of ¢ = 1 holds. The rest of the proof follows by induction on ¢ and is

omitted.

k
k
(3) Now consider ul* E (N, B)Y U X R where i, (N, k) = [ }y’()\, u) as in Equation
u

u=0
(4.2.4). Then we have

k (1)
pF (X YN = (Zuu/\kY“X’“ ">

u=0
o (58
B u:: % [Zj v\ u)Yuxhkoust
€3 Z -1 (b(k)(z;)ll)) [k - 1} P
= <bb—_11) M[kfl](va;/\)

Bk, (X, Y N).

Then the case of ¢ = 1 holds. The statement of the theorem, u[k](*”)(X,Y;)\) =
Bk, )ul*=#1(X,Y; \), then follows by induction on ¢ and is omitted.
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k
k
Now consider v¥] = g (=1)“p% { ]Y“Xk“ as in Equation (4.2.6). Then we have
U
u=0

k
bk—w — 1 [k
KW (x v\ = —1)4pou
DY) = S|

u=0
u o b 71) (b(kilﬂil) k—1 uyk—1—u
‘Z D ) = D) { " }Y X

_ b —1 ey
bh—1
= Bk, (X, Y.

YuXk7u71
u

J(X, Y30

The statement of the theorem, v*(®) (X, V; \) = B(k, o)v*=¢1(X,Y; \), then follows

by induction also and is omitted.
O

We now need a few smaller lemmas in order to prove the Leibniz rule for the negative-g-

derivative.
Lemma 4.4.3. Let

uw(X,Y;N) Zul A)YixT—i

S

v(X,Y50) =) (WYX

=0
1. If up(X) =0 then
1 . Ly YA .
Y[U(X’Y’)\)*U(X’Y’)\)]_T v(X,Y;N). (4.4.4)

2. If vs(A) =0 then

1 v(X,Y;)\)

X [uw(X,Y;0) %0 (X,Y;0)] = u(X,0Y;A) e (4.4.5)

Proof.

(1) I up(A) = 0,
r—1
X YiA) ) )
Zuz szrfzfl.
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7‘+s 1
v(X,Y;N) = < > b up (N vg—e(A — e)> yhkxrts—1-k
=0

r+s—1 k
Z <Z bésuz )'Uk,[(A _ E)) Yer+s k
=0

r+s

Z b5 up(AN) vy gs—e(A — O)Y T X0

1
= % (WX Y5 %0 (X, Y5 )

since Vpps— (A =€) =0for 0 <€ <r—1and uy(A\)=0forr <l <r+sso
r4+s

— Z b up(A\) v g s_o(A — )Y X0 = 0.

(2) Now if vg(N\) =0,
X Y; = , _
/\ sz Ysz—l—z.

Then
X Y r+s—1 k ,
(X, bY;)\) ( /\ Z (Z [(G_l)bg’lu(/\)vk_g()\—ﬁ)> vk xrts—1-k
k=0 £=0
r+s— k
_ Z (Z b[(s—l)bé,w(/\)vk_l(/\ _ €)> Yer+s—1—k
k=0 =0
1 r+s
+ Y besuf(A)vr+s—€(>\ - K)YT+SX0
£=0
1
=% [w(X,Y;A) xv(X, Y3 0]
since vpps— (A =€) =0for0<l<randup=0forr+1<l<r+s. O

Theorem 4.4.4 (Leibniz rule for the negative-g-derivative). For two homogeneous poly-
nomials in X and Y, f(X,Y; ) and g(X,Y;\) with degrees r and s respectively, and for
© >0, the " negative-q-derivative of their negative-g-product is given by
o]
[f (X, Y50) % g (X, Y509 =D { }b(ﬂﬁ—f)(’“—“f“) (X, Y30 % g0 (X,Y;0). (4.4.6)

£=0

Proof. For simplification, we shall write f(X,Y;\) as f(X,Y) and similarly g(X,Y;\) as
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9(X,Y). Now by differentiation we have

(1) _ f(bX7Y)*g(bX7Y) _f(XvY)*g(X’Y)
[f(X7Y>*g(X7Y)] - (b—l)X

= (b_ll)X{f(bX,Y) +g(bX,Y) — f(bX,Y) *g(X,Y)

+f(bX,Y)>kg(X,Y)f(X,Y)*g(X,Y)}

1
S (b-1)X

{f(bX,Y)*(g(bX,Y)—g(X,Y))}
! a)lnx{ (FX,Y) = F(X.Y)) *g(X,m}

B3 ¢ ox,bv) + {9 (bX’(Z/)__l)gX(X’ Y) }

LR )

= brf(X’Y) *g(l) (va) +f(1) (X’Y) *g(va)

since f(X,Y) is a homogeneous polynomial. So the initial case holds. Assume the statement

holds true for p =7, i.e.

7
F(XY) g (X,7)® =3 [ }wa’““f“) (X,Y) g® 0 (X, ).
=0

Now considering ¥ + 1 and for simplicity writing f(X,Y; ), g(X,Y; ) as f,g we have

|

[f gD [Z

m BF-0(-0) <r 0 40 4 T 4 1) 7 e))

p+1 _
5 L v 1] pE-EHD—E+1) (0 ((P—E+1)
=1

Nﬁ\

M
] pE-00—0 40, g«a—fz)]

Il
~
I Me\ -
(e}

~ 6l

]b(w =0 (0 4 Gt

Il
Mo

~
L

)

- © -
_ [‘g] BEHT o g# ) 4 3 m pEH-OG—0) f(0)  (F=t+D)
/=1

+ [ﬂb(sﬁl P-1)(r—p— 1+1)f(s0+1 % g

AS)

7 - _
Z L v 1] PEH=O—E) () (F—t41)

_ 1 (@+D)r Z+1) (F+1) (T—t+1)| @
= pFEDT £y o@D 4 (@ *g—&-Z({}—i—b“@ [4_1]>

W BE—EFD=0) f(8) 4 ((F—t+D)
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Then applying Equation (2.3.29)) yields

I}

3 {90 + 1] pEH=O=0 () (F+1-0) {@ + 1} @) £y @)
0

(=1

411 - . 3
+ L‘ii 1} p@—1=%=1) f(BHD) 4 g

1

17 - _

-3 {%ﬂz ]bwﬂe)(ra O 4 @10
=0

as required. O

4.4.2 The Negative-¢ !-Derivative

Definition 4.4.5. For ¢ > 2, —¢ = b, the negative-¢—'-derivative at Y # 0 for a

real-valued function g(Y") is defined as

g(b™Y) —g(Y)
b1-1Y

g (y) =
For ¢ > 0 we denote the o negative-¢~!-derivative (with respect to Y) of g(X,Y;\) as

gt} (X,Y;)\). The 0" negative-g—'-derivative of g(X,Y;\) is g(X,Y;\). For any a €
R, Y # 0 and real-valued function f(Y),

[F(Y) +ag(V)] = FH(Y) + agt ().
Lemma 4.4.6. 1. For0<p </l ocZ",{>0,

(YZ){<P} _ b(p(l*[)ﬁ*ogp/g(g’ (p)Yeﬂa_

2. The o' negative-q—*-derivative of g(X,Y; \) Zg, NY X7 s given by

g (X, YN ZgL WP+ g )Y TP XS (4.4.7)

3. Also,
pFOH (XY ) = 77 Bk, o)y (N, @) plF PN X, YA — o) (4.4.8)
X YA = (=12 B(k, o)X Y5 ). (4.4.9)
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Proof. (1) For ¢ =1 we have

4
N U S S A W
)= b1-1Y  \bl-1 Y

=180, 1) Y

So the initial case holds. Assume the case for ¢ = p holds. Then we have

= 1
(YZ){W+1} _ (b( ?(1—0)+op) 6(€ (P)YZ L,D>{ }

p—E—P)yt—o _ yt-p
b-1-1)Y
= PO (L ) P (- B )Y

— b(¢(1—4)+0¢)ﬁ(£’ @)

pEHVA=OF0p113(p 5 4 1)y E- @+,

Thus the statement holds by induction.

(2) Now consider g(X,Y;\) Zgl NY X% For ¢ = 1 we have

ar
g B (X, YN (Zgz YiXs‘i> = g3, DY X

=0

As B(i,1) = 0 when ¢ = 0 we have
s i . 4
g X YN) =Y g (Opt e g Y e
i=1

So the initial case holds Now assume the case holds for ¢ =@ i.e.

g (X, YN Zg (MNpPL=D+923(; B)Y =P X", Then we have

{1}
g{w+1} (X,Y;\) )bv(l 1)+%5(2 (p)yl P xs—i

gi(MBPU = B0, )b DB -, )Y P IX

i=¢
s B—1 1y .
E3.34) _ PN (b’ J— 1) (bl - 1) N i
— A pE+H(1—i)+ogp yi—?-1xs—i
2% ===

— Zgi(A)b(aﬂ)u—iH%H B(i, 5+ 1)Yi—¢—1Xs—i

GNP 5 4 1)yiPt o

since when i = @, (%, %+ 1) = 0. So by induction Equation (4.4.7)) holds.
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k
k
(3) Now consider u*l(X,Y;\) = E (N, B)Y U X R swhere g, (N, k) = [ }y’()\,u) as in
u

u=0

Equation (4.2.4). Then we have

k {1}
PN X, YN = (Z pu (X, k)Y“X’f—">
u=0
k
= (A k) T B(u, 1Y X R
u=0
k—1
— Z MT‘-H(/\) k)bl—(r+1)lg(r +1, 1)yr+1—1Xk—r—1
r=0

k—1
k
=> [ }7’()\,7“ +1bTB(r+ 1, 1Y X
= lr+1

k—l k1] (B8 —1) (b1 — 1)
22 e e

X (=b* = 1) "6y (A — 1, )Y X

= b8k, 1)y (N, DX, YA - 1).

So the case for ¢ = 1 holds. Now assume that the statement holds for ¢ = . Then

we have

> _ {1}
YN = |77 Bk, @)y (A @)l P (X YA — wﬂ

k-5 b3 B {1}
—eeake 0 (3 [ Flvo-w r)YTX“’">
r=0
k—p—1 _
—0z —\ — k — Pl —
=076k, 2)Y' (N, ®) [Hl]v(A—%er)

« blf(u+1)5(u +1, 1)yu+171Xk7¢7u71

k=(@+l) o pE=% _ 1) (putl _ 1
b BTN (M) Y {k f 1} | o —)1() (b-1) |
u=0

X0~ (NP = 1) Y (A= (B+1),u)Y X @

= b7 (N B+ 1)B(k, 7 + Dp~FII(X VN — (B +1))

k
k
as required. Now consider v[F1(X,Y; \) = g (—=1)upuu—D { ]Y“X’““ as in Equation
u

u=0
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4.2.6l Then we have

k {1}
k
[k]{1} X.Y: — —1)%p%u YuXk—u
i (£
k—1 k
= ( ]_)TJrlbU'rJrlbl*(TJFl) |: :|6(7,. + 17 1)YT+171Xk77‘71
5 r+1

I3 @55 Z_I by [kr 1] G =1 =) oy xkr

B e+ =D b-1)
= (1) B0k, IV ).

Now assume that the statement holds for ¢ = . Then we have

L10:| (Yu){l} Xk—P—u

u=1 u

E—%—1 R
— (VP53 (-1 [P

= r+1
x B(r+1 1)Y’“+1_1X’€‘¢_r‘1
—p—
EZD (_ppe - (®+1)
e 3y e

(7 - )(bf+ )
Tene-n X

= (-7 B(k, 7+ D EI(X V)

as required.

O

Now we need a few smaller lemmas in order to prove the Leibniz rule for the negative-¢—!

derivative.

Lemma 4.4.7. Let
uw(X,Y;N) Zu NYixr =i
v(X,Y;N) sz NYixsTi,
1. If ug(X) = 0 then

X,Y;A
% (X, Y30 %0 (X,Y;\)] = b% s0 (X, Y30 —1). (4.4.10)
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2. If vo(A) = 0 then

1

v (XY 0) 0 (XY A)] = u (X,0Y5A) + v(X, Y5 A)

= (4.4.11)

Proof.

(1) Suppose ug(A) = 0. Then

s r—1
X Y /\ Z Uz Yilerfi _ Z Ui+1(A)YiXT7i71

1=0 1=0

Hence

u X,Y,)\ r+s—1 u L
bs%)*v(X,Y;)\fl = b 2) <be o1 ( vu_g(A£1)> yuxrts—l-u

r+s—1 /u+1
=ps Z (Z b(z 1)5 ()\)vu 1+1()\ )) YuXT-‘rs—l—u

r+s
:bs ( D b (A l(A—z’)) yITtxrte

r+9 Vi ) .
(Zb ui(AN)vj—i (A — 2)) VED Sl
=0

Y w(X,Y;0) xv (X, Y35 0)

J
since when j = 0, Zbisui()\)vj,i()\ —i)=0as up(A) =0.
i=0

(2) Now if vg(A) = 0, then

. r+s—1 u
u (X, bY; ) * M — Z ( bj(sfl)bjuj (N vy J+1()‘ )) yuxrts—l-u
J

Y
u=0 =0
1 r+s l )
2 DILATOTNCEE I b e s
¢=1 \j=0
1 r+s 4 )
=5 Vouj(Nvg—; (A — j) | YEXTTo—f
=0 \ j=0
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J
since when j = ¢, Z b u;(N)vj_i(A — i) = 0 as vo(A) = 0.
i=0

O

Theorem 4.4.8 (Leibniz rule for the negative-¢~*-derivative). For two homogeneous poly-

nomials in Y, f(X,Y; ) and g(X,Y;\) with degrees v and s respectively, for ¢ > 0, the

o' negative-g~'-derivative of their negative-q-product is given by

%2}
[F Y0+ g (X, V5019 =3 m bt O (X Y0 # g1 (XL YA - 1)
£=0

(4.4.12)

Proof. For simplification we shall write f(X,Y;\), g(X,Y; ) as f(Y;A), g(Y; ). Now by
differentiation we have

a f (b_1Y; )\) * g (b_lY; )\) —f (Y50 *xg(Y; )
N (b1 -1)Y

[F i s g(vin)]

- (1)—11—1))/{f (b-1Y5A) g (1Y 0) — £ (71Y5 ) 5 g (V3 )

+f(blY;/\)*9(Y;A)f(Y;A)*g(Y;/\)}

= (b11_1)y{f (b7'Y5A) # (g (071Y50) — g (Y3 A) }
+ (blll)y{ (f(O7Y30) = F(Y3N) % g (Y5 A) }
Fvin s (bzflk)z)géY; V)

=F V) =g (V) + 07 (VN x g (VA - 1),
So the initial case holds. Assume the statement holds true for ¢ =, i.e.

[y sgxvin]” =

I
£=0

m P (X Y5 0) g1 (X, YA = 1)

Now considering @ + 1 and for simplicity writing f(X,Y; ), g(X,Y; ) as f(A),g(\) we

have
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{1}

p+1 _
P =) (s—F+HL—1) ps—F+(—1) p{€} {B—t41} () _
+ [E—Jb b FAREONEY’! A=20)
=1
_ 2 @ _ _
=f =g )+ { A PP T (0) x g (A= 0)
=1

[z 4 J B (== 1) s—FH(E=1)) £ (£} () s gTP—E+1} () _ p)

| Sl

_|_

AS)

] pEFDEFD=FL P (A) 5 g (A = (P + 1))

— P g P ) + ; (7] <[, 2 0] ) reora g n-n

FPEFE () g (A= 7+ 1)

P
(2.3.30)
/=

f )% g{¢+1} (\) + Z p—t {‘P: 1} b£(s—¢+€)f{€} (A) * g{¢+1—€} =)
1

n [ii ﬂ pEFD (=P 1H@HD) pBH) () 4 gFH1-GHD} () _ (5 4 1))

+

B+l

_ {SD‘; 1] = @HNH0 ({l (\) 4 &= (X —p)

[
o

as required. O

4.4.3 Evaluating the Negative-¢-Derivative and the Negative-¢ -

Derivative

Here we introduce some lemmas which yield useful results when developing moments of the

Hermitian rank weight distribution.

Lemma 4.4.9. For j /€ ZT, 0</<jand X =Y =1,

IO 150) = B 4)5e. (4.4.13)
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Proof. Consider

WO (x v, ) B2 55 0-0(x, v 0) = 8,0 S (= 1)u [J;E]Y“XU@“.

0

<.

u

So

j—L

O 1) = 8,0 3 (- ubau{ q

u=0

14

&3 { wpon |41
B(L,0) }Z b[u}

327 @323 ! it Jl |k
B0 3D M M

B, 06 = B4, 5)je-

Lemma 4.4.10. For any homogeneous polynomial, p (X,Y; ) and for any s > 0,

(p . M[Sl) (1,1;0) = (—1)*0™p(1, 1; \). (4.4.14)

,
Proof. Let p(X,Y;)) = Zpi()\)Yin_i. Then by Theorem [4.2.4] we have,
i=0

[s] . — ¢ [S] tyvs—t . S|y Yth—t
IE . EPY WYX =) H'V(A,t) :

t=0 t=0

Thus giving
r+s

(p* ’u[s]) (X,Y;N) ZC YuX(r+s—u)

where

) = Db (Nl (A — ).

=0

109



4.5. MOMENTS OF THE HERMITIAN RANK DISTRIBUTION

Then
r+s r+s u
(p*u[sl) 1,1;\) = Zcu ) =33 vl (- i)
u=0 i=0
r+s r+s—j
-~ Zbﬂs < Sl j))
k=0
= Z bep; <ZS: H[S] : )
k=0
= Z b p;i(A (Z - J, k))
k=0
ijspj(/\) (_b)\fj)s
j=0
= (C1B (1, 15)
since p;(A) = 0 when j > r and ,u[ ]()\ j) =0 when k > s. O

4.5 Moments of the Hermitian Rank Distribution

Here we explore the moments of the Hermitian rank distribution of a subgroup of Hermitian
matrices over F» and that of its dual. Similar results for the Hamming association scheme
were derived in [41], p131], for the rank association scheme in [22, Prop 4] and for the skew

rank association scheme in Section 3.5

4.5.1 Moments derived from the Negative-g-Derivative

The following proposition is obtained in the proof by Schmidt [53, Theorem 1], by combining
the eigenvalues of the association scheme [53, (5)] with the coefficients of the dual inner
distribution [53| (7)]. In this paper an alternative method for deriving the moments is

presented using the MacWilliams Identity and the negative-g-derivative.

Proposition 4.5.1. For 0 < ¢ < t, —q = b, and a linear code € C 5, and its dual
¢+ C A, with weight distributions ¢ = (co,...,c) and ¢ = (c},...,c,), respectively we

have S e
5[ e e[

=0 ¥

Proof. We apply Theorem to €+ to get

WHR(X,Y) = —— et (X + (= =1V, X -Y)

I%Q\
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or equivalently

(X =) [X 4 (=bt — 1)y

M&

chth l:ﬁ

1 . )
= —— ) (X, Vi)« (X, Y5, (4.5.1)

Ll

0

~

For each side of Equation (4.5.1)), we shall apply the negative-g-derivative ¢ times and then
evaluate at X =Y = 1.

For the LHS, we obtain

t (¢)
(Z Ly X)
=0

Setting X =Y =1 we then have

t—¢
Cif(t—i,p)YIX'TI7e,
0

i=

t—p
Zaﬂ t—i,p) B ‘ cl{t(p }5(%@)

=[]
&
z:O

We now move on to the RHS. For simplicity we write u(X,Y;t) as u and similarly v(X,Y;n)

w

as v. We have

¢ () t
Loy ) BZD L s (S [9]een-0 aw , iide-o
1] ;v Z1] c; ’ b v I
3 1=0 £=0
1 t
— @chwi(x,y; )
1=0

where
@

Vi(X,Y5t) = Z B] ple—0(i—0),li)(e) (X,Y;t) M[t—i](so—é) (X,Y;1).
£=0

Then with X =Y =1,

%)
bt 1) B2y [ﬂ Be=06-DG(t _ i 5 — 1) (,/[i](e) . M[H‘f«om) (1,1;1)
=0
© .
=0
©
EZ13) —0)(i— ; —im(emt )
Z ple—0(i—0) [?]ﬁ(t — i, — 1) (—bt)t (v ),3(1,2)511

~
Il
o

st (e st

—1

S+~ .

T T

W) W)

|I! II!

S b
|y N — |
S

—_

o Z] (=017 Ble, ).
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So

w —
\%HZ“/“” ?ZC F Z] (—=5)"7 Ble )

1=

B 50,0 )@ HJZ { ]

Combining the results for each side, and simplifying, we finally obtain

t—

A

C'[t—z’]_ 1 (_bt)twic,{t—i}
Lo |6+ -y

i=0
as required. O

Note. In particular, if o = 0 we have

ici = (_bt)tcé = (_bt>t.
2= g 0 T e

In other words

2

[l = (-1) = (D' (-D"¢" = ¢
as expected.
We can simplify Proposition if o is less than the minimum distance of the dual code.

Corollary 4.5.2. Let dyyp be the minimum rank distance of €+. If 0 < ¢ < diy then

S [T [

i—o L ¥ ¥

Proof. We have ¢y =1and ¢, =...=¢, =0. O

4.5.2 Moments Derived from the Negative-¢~!-Derivative

The next proposition relates the moments of the negative rank distribution of a linear code
to those of its dual, this time using the negative-¢~!-derivative of the MacWilliams Identity
for the Hermitian rank association scheme. There is a slight difference in the way that these
two lemmas are defined compared to the skew rank case (and the rank case presented in
[22, Appendix D]). In the skew rank case, §(A, ¢, ) is defined using two gamma functions
and a power of ¢2. This form was effective there because of the particular formulation of the
gamma function, which does not hold in this case. That is, one of the products in Equation
is identical to the gamma function in the skew case, due to the fact that the multiplier
of b¥ is 1. In the Hermitian case, the multiplier of ¥ in the gamma function is —1, so the

simplification of the product to a gamma function cannot be made. Therefore one of the
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gamma functions in Lemma has to be replaced with a more general product.
i
Lemma 4.5.3. Let 6(\, p,j) = Z {]] (=1)b7i%' (X —i,9). Then for all N\ € R, p,j € Z,
i
=0

Jj—1

S\, 5) = (1) T] (2 = ") v/ (X = g, o — )P A7), (4.5.2)
=0

Proof. We follow the proof by induction. Initial case: j = 0.

5(A, 0, 0) = m (=179 (A, 0) = 7' (A, ) =7 (A 0)g"V.

So the initial case holds. Now assume it is true for j = 7 and consider the case where 7+ 1.

~+

eenrro-ie)

JHL
0N p,7+1) = Z[‘y
1

2'3_'30: (bi m + L J 1]) (=17 (A =1, 9)
_ zj: m( 1B (A~ i, ) zjj H DI (A (04 1))

7 =
(@4.1.3) J 11,0 A—1 —1_ .
= ‘BT (—br T 1) b¥ A—i—1,p—-1
> [ v (v -y 1)

=P - 1) (A - 1,9 -1,7)
-1

A = 1) ()7 [ (0 =) AT (A= G- 1L -7 1)
1=0

J
B (OO T (5 = 6) 7 (A= G+ Do = (G+1)

i=0
since [ J J = 0 when 7 = 0. Hence by induction the lemma is proved. O
LT TA — i—f—1
. £(A— f10 —¢ j
Lemma 4.5.4. Let (A, p,i) = ; [J LO g}b ( w)( 1)°b ]1;[0 (bw - bj)- Then for

all A e R, p,i € Z,

e(A, i) = (1) [AA_;}

Proof. We follow the proof by induction. Initial case ¢ = 0,

“hen0) = o] [ = )

(=0 L\ J = M
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So the initial case holds. Now suppose it is true when ¢ = 7. Then

A -i- s
g(A7(p7z+1):Z|: ’ }[ ot ]bE(A sa) bozH b" é_bj

£=0
E32) - H {A —1- }b‘ (A=) (_1)poe l‘f pe—t _
£=0 ¢ p—t j=0
Aigps 7 J[A-i-1 = ,
I SUGERe [z ! J { i }be(A—w(_l)eboe T (oo — )
=1 ® §=0
=A+ B, say.
Now
7 7—4—1
A= (— o bz Z |:'L:| |: :|bZ(A 1— go)( )Zbag H (btpff 717])
=0 =0
= (—b“’ - b?) e(A—1,¢,7)
. . A-7-1
= (=b% = b") (—=1)"b7"
(-0 =) (v 71T
and
i—0—1
B = Zb(z £) [ } LD . 1] b(e+1)(A Lp)( )£+1bal+1 H (b<p—z—1 _ bj)
§=0
—bHA=D (A — 1,0 — 1,7)
- - [A—71-1
_pEFA=) (_1)7por
b (=1)'b { Ay }
So

e(A,p,1+1)=A+B

el ) )
B _qyrriper {bun«: [A -l 1] — (¢ — b (b* —1) [A —1- 1] }

A-g b1 —-1) | A—¢
R SIS bEa
— (=1 {A A(ij; 1)]
as required. -

Proposition 4.5.5. For 0 < ¢ <t and a linear code € C S, with dimension k and its

dual €+ C #, , with weight distributions ¢ = (co, ..., c,) and ¢ = (c),...,cl), respectively

ren
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we have
t ‘ t— t—1
(t—1) L t ] o 1i(o—i _ vy o
;b“" L@} \ ) Z )bb' [t _ J’Y (t =i, —i)c;.

Proof. As in Proposition we apply Theorem to €+ to obtain

WHR(X,Y) = Wer (X + (=6 — 1)V, X —Y)

I‘ﬂ\

or equivalently

t .
chle Zzizcg(x—y)m (X + (=bt — 1Y)

VX Yst) « pl (XY ). (4.5.3)

For each side of Equation (4.5.3), we shall apply the negative-¢~!-derivative ¢ times and
then evaluate at X =Y = 1. i.e.

t {#} 1 t {e}
(Z ciYiXti> = (ICW > XYy pl (XY t)) . (4.5.4)
i=0 i=0
For the LHS, we obtain
¢ {¢} ¢
(Z ciint—i> — Zcibtp(l—i)-&-awﬁ(i’ SD)yi—LpXt—i
i=0

i:sat (4.5.5)
> eprtmitor [;] Blp, )Y X"

Then using X =Y =1 gives

t . t .
S oee | oy extt = S| e @0
=

=@

We now move on to the RHS, for simplicity writing u(X,Y’;t) as p(t) and v(X,Y;t) as v(t).
We have

t {e}
(C;H Z AVl () s plt=l (t)) (4.5.7)
zt: (i[ ]bat R BUGIAN M[t—i}{sa—f}(t_g))
1=0 £=0
- % Z;cgwi(t) (4.5.8)
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say. Then
]
E29) E13) i ; i
ot ERED 2 Fpeeo et}
L=
{0 B i o 07/ (= Lo — QU - o)}
Now let

V(X Y5t — ) =X Y5t) %/ (= L — Opl = 2T (X, Y5t — o).

Then we apply the negative-g-product, reorder the summations and set X =Y = 1 which

gives
U(1,1;t— )

t— u

- Z pr(t—i—wﬁ-l)yz[)i—é] (O (t— € —p,p— E)NE ; <p+£]( — —p)]
u=0 Lp=0
i—/ t—i—@+L

= LA = o= 0 [ S ulmierl— g r)]

=0 w=0

i—
m Z br(t i— <p+l)( 1)t7iftp+€b(t7gpfr)(tfifthrf)VLifﬁ] (t)’}/(t — 0, ©— é)

i—L .
i— 0
_ t—i—p+Ly(t—p)(t—i—p+L) o "t — ¢ — —
(1) > roee e e
= (—1)tTimeHpt )izt D5t — 05 — 1)

i—0—1

B22) (qytmimertp—e)t—imort) (L 1)i—tpi-00—) II o =v) vt —i,0—1i)
=0

i—f—1
— (71)t7¢b(t7¢)(t7¢7¢+z i—0)(t—1) H b‘P L _ j Nt =i, — ).
§=0

Noting that bf(t—i=¢+0p=e—t = ptt=p=o¢ poe gives

@
5010 = 31 [ﬂ U B 0B i — W (1, 151~ )
@ . .
B e i, ) D (1) B D M [t B g] (1,15t~ ).

£=0

Writing that

p= e ptE=) (=) (t—p—i+L) p(i=£)(t=i) _ poepr(1=1) pt(t—) pl(t—¢)pile—i) (4.5.9)

= pIpt=¢) (4.5.10)
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gives

1

I . i—0—
i1, 15t) = (1) 72 B, o)y (t — i, o — i) Y _(—1)" b~ “’)b‘”H[ ] IT -
=0

j=0

.

= (1) (=1)"0"" B( [ }7 (t—i,0—1) (4.5.11)

by Lemma
Substituting the results from (4.5.6)), (4.5.8) and (4.5.11)) we have

t—i
(1=i)+o . t +i160710; Iy g o
zzwb“” *Ble, )Mcz le A ﬁ(s@@)L_(p]v(t i — ).
Thus cancelling and rearranging gives,
t ) t—p @ .
: —bt) ¥ N A
bt H e = S (ayipmpite [ ]7’(t — i — i)
L= e o :
as required. O
We can simplify Proposition if ¢ is less than the minimum distance of the dual code.

Also we can introduce the dual diameter, oF,, defined as the maximum distance between

any two codewords of the dual code and simplify Proposition further.

Corollary 4.5.6. If 0 < ¢ < dyp then

t .
) 1 t—p | T

bw(t—z)[z} = _pt %0|: :| '(t, ).

; © ¢ 6L ( ) 0 7' (t, )

For o, < ¢ <t then

® .
S| e e =
; t—¢p
1=0
t
Proof. First consider 0 < ¢ < djyp, then ¢y =1, ¢} = ... = ¢, = 0. Also since [t _ J =

t
[ } the statement holds. Now if o5 < ¢ < n then applying Proposition 4.5.5| to €+ gives
¥

t . @ .
; 1 t— 1o 1i(o—i) | T— 1
pe(t=1) [Z} A= — (=) (=1)p7ipilemD [ }7’@ — i, — i)
2= e T -
So using ¢, = ... = ¢; = 0 we have
_ - 1104 1i(p—1) t—1 / . .
O—Z(—l)blb"o Yt =i, —1)c
i=0 t=¢
as required. O
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4.5.3 MHRD Codes

As an application for the MacWilliams Identity, we can derive an alternative proof for the
explicit coefficients of the Hermitian rank weight distribution for some MHRD codes to
that in [53, Theorem 3]. This is analogous to the results for MRD codes presented in |22}
Proposition 9] and Propositionm Firstly a lemma, analogous to the rank and skew rank

cases, that will be needed.
Lemma 4.5.7. If ag,a1,...,a¢ and by, by, ..., by are two sequences of real numbers and if
j .
{—1
4= L - a} "
1=0
for 0 < j </, then also for 0 <i < ¢ we have,
bi = zi:(—l)ifjb‘”*j b= a;
! = e—i| "

Proof. For 0 <1 </,

& N &>

j=0 0 k=0
L C— 10—k
— _1)i—dpoi
.y [T
k=0 j=k
i —k
. {—k
=3 "n, ( (1)“*%@—@%[ i ] [ D
. l—i s
k=0 s=L—1
E32) bl
k=0
as required. O

Before we write our next proposition, we shall explain a similar proposition presented by
Schmidt [53 Theorem 3]. Theorem 3 states that if a code, €, has minimum distance dpg,
and its dual, €+, has minimum distance at least ¢t — dg g + 1, then the weight distribution is
uniquely determined by its parameters. Moreoever, if dg i is odd and the code € meets the
Singleton bound, i.e. |¢| = ¢t(*~dur+1) then, by [53, Theorem 1], 4" has minimum
distance at least t — dgg + 2 and the conditions for [53] Theorem 3 are met. However, if
dyr is even and € meets the Singleton bound, the weight distribution cannot necessarily
be determined uniquely by its parameters and Schmidt provides a counterexample to show
this. Consequently the following proposition looks specifically at codes which are MHRD,
i.e. meets the Singleton bound, with minimum distance, dg g, odd. We can then use |53,

Theorem 1] and Corollary to derive the unique weight distribution of the code as a
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function of its parameters equivalent to [53, Theorem 3.

Proposition 4.5.8. Let € C 5, be a linear MHRD code with weight distribution ¢ =

(coy ... ct) and minimum distance dgr odd. Then we have co = 1 and for 0 <r <t—dgyr,

r . Ndyr +7 ¢ (_bt)dHR-H
] — -1 =110, — — 1 .
Cr+duyr Z( ) b |:dHR + ’L:| |:dHR + ,,,:| ( |<€J_|

=0

Proof. From Corollary for 0 < ¢ < dyp we have

e )

Now if a linear code € is MHRD, with minimum distance dgr odd, then €= is also MHRD
with minimum distance djyp = t —dgr + 2 by [53, Theorem 1]. So Corollary holds for

™M1

0<¢<t—dyr=dyr—2. We therefore have co =1l and ¢c; =ca = ... =¢4,,—1 =0 and

setting p =t —dgpr — j for 0 < j <t —dgpr gives

ot S Jem e ]
t—dgr—J M t—dur—j] " €Y t—dgp—3j

|t (2
— |t —dyRr — Crdin t—dyr—J |6+ .

Applying Lemma, with £ =t — dypr and b, = ¢y44,,, then setting

[ n :| (_bt)dHR+j .
Qi = S
P lt—dur—3j |6t

gives
Zj:[t—dHR—qu:a‘
—lt—dar—J !
and so
b _T TlUTlt—dHR—z ‘
= v = S [0

r B o gt dgr+i
=S (1) [t iR 1 [ t ] % 1.
s t—dyr—r| |t —dyr — 1 |6+

But we have

t—dgp—1 t @329 [t — (dugr +1) t
[t —dgr — T] L —dgRr — Z] - lt—(dur ‘*"")} [dHR ‘H']
@325) [dur+r t
~ ldur+ J [t —(dur + 7‘)}
@324 [dgr+7r t
B _dHR+i:| |:dHR+’I":|.
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Therefore

i=0

r . |dygr+r t (—bt)dHR—H
_ _1)Tipor—i ~1
Cr4+dpr Z( ) b |:dHR + Z:| |:dHR + ,,,:l ( |<gj_|

as required. O
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Chapter

The Generalised MacWilliams Identity

as a Functional Transform

We have successfully extended a g-algebra for each of the skew rank and the Hermitian
association schemes from the g-algebra for the rank association scheme by Gadouleau and
Yan [22] Section 3.1]. We now explore ways in which the theory that has been studied could
be generalised with a view to applying it to a wider group of metric association schemes.
The association schemes that have been studied so far are all formally self dual metric
association schemes with eigenvalues that satisfy Delsarte’s recurrence relation with specific
initial values. We will call any association scheme with these characteristics a Krawtchouk

association scheme.

We summarise the results for each association scheme. From that we develop a theory that

encompasses the four classes of association schemes studied in this thesis.

This chapter is arranged as follows. Section presents a summary of results from the ¢-
algebra approach for the individual metrics, summarised in Tables and Section
recaps some of the already known theory of association schemes and proposes a general
gamma function which arises from a component of the solutions to the recurrence relation.
It is interesting to note here that once these functions are introduced, we can then write the
valencies of Krawtchouk association schemes in a neat and compact form, that depends only
on its parameters and not the particular structure of the underlying space. The remaining
sections follow a similar pattern to those in Chapter [3] and Chapter Section [5.3] is the
generalised g-algebra that we have called the b-algebra. Here we introduce the b-product,
b-power and b-transform, as well as what we call the “fundamental polynomials”. These
polynomials are a generalisation of the homogeneous polynomials presented in the previous
chapters and once again, if we take the b-power of one of these polynomials then we can

find the weight enumerator of the whole space dependent only on the parameters of the
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association scheme.

In Section[5.4|a generalised polynomial that we call the b-Krawtchouk polynomial is proposed
and shown to represent the eigenvalues of a relevant association scheme. The recurrence
relation that it satisfies is an extension of the relation defined in [11, (1)] to include the
Hermitian association scheme case where the parameter b = —q. Using these tools the
MacWilliams Identity is proven as a generalised functional transform that applies to all
the schemes we have studied and potentially to a wider class of self dual metric association
schemes that have eigenvalues that satisfy the recurrence relation with a specific set of initial

values.

Since the theory for the g-derivatives, skew-g-derivatives and the negative-g-derivatives are
all analogous to one another, it was relatively straightforward to find analogous b-derivatives
which are presented in Section [5.5] This then takes us on nicely to our final Section, [5.6
where we calculate the moments of the weight distribution of these association scheme

highlighting the special case when we have a code and its dual both being maximal.

Chapter [f] is a late addition to this thesis. The earlier chapters represent significant ad-
vances in the development of the MacWilliams Identity as a functional transform. While
documenting these developments a new challenge was identified, which is how, if at all, these
theories might be unified. The difficulties involved identifying the relevant characteristics
of each association scheme, including how the dual of a code can be defined in general. In
particular, it was also difficult to see how their distinct parameters could be blended together
to build a general form for the gamma function, for the relevant g-algebra and, crucially, for

the fundamental polynomials.

5.1 More of the Individual Association Schemes

Now, to be able to confirm our expectations that we are able to generalise the theory
outlined in the previous two chapters, we need to check some results in the other schemes.
Specifically, to confirm that the recurrence relation defined by Delsarte |11, (1)] is consistent

with the ones used by Gadouleau and Yan |22, Appendix C] and Schmidt |53, Lemma 7].

5.1.1 The Rank Association Scheme

As we have the majority of the theory for the rank metric already, we need to explain why

the recurrence relation in [22], (C.1)] is equivalent to the more general recurrence relation in
[T, (D).

The recurrence relation stated in [22] is as follows,

Prpr(z+1Lm+1,n+1) = ¢" Py (a5m,n) — ¢* Pe(w;m, n)
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which at a glance of it looks identical to the recurrence relation presented in [11] below
Poi(z+1,n+1) = ¢ Py (z,n) — ¢"Pe(z,n)

but with an extra parameter in each term. In fact these recurrence relations are indeed the
same but the reasoning isn’t as obvious. In the case of Fy**", bilinear forms in Delsarte
notation, there are two parameters m and n. In order to maintain a constant power of ¢, as
specified by Delsarte |11}, Section 5.1 (ii)], we will see in our later analysis that this equates

to m — n being a constant. Therefore, as n increases so must m.

Although not their main method of proof, Gadouleau and Yan do also show that the rank-
Krawtchouk polynomials are indeed the generalised Krawtchouk polynomials by satisfying
the recurrence relation above [22, Appendix C], so we do not need to restate the MacWilliams

Identity for the rank metric as we now have all the information we need.

5.1.2 The Hermitian Association Scheme

We note that substituting the parameters b = —¢ into the recurrence relation in [11} (1)]
yields the same formula as Schmidt [53] Lemma 7] despite the parameters lying outside
the bounds of the definition given by Delsarte. For the following proposition we take the
b-nary Gaussian coefficients as defined in Equation , the negative-¢g-gamma function as
defined in Deﬁnition and the eigenvalues of the association scheme, Ci(x,n) as defined

in Equation (4.3.1).

Proposition 5.1.1. Forb=—q € R, b#0, x,k € {0,...,n} the recurrence relation from
158, Lemma 7],

Crri(+1,n4+1) = Crrr(z,n + 1) + 0> T17Cp (2, n)
has the same solutions as the recurrence relation from [11, (1)],
Crri(z+1,n+1) = bk+1C’k+1(ac,n) —b*Cy(x, n)

where Cy(xz,n) are the eigenvalues of the association scheme of Hermitian matrices.

Proof. We show that
Cry1(z,n+1) + 01720 (2, n) = D" 1Chyy (2, 1) — VP Ch(z,n).

Let a; = b**1Cp 1 (2,n) and ag = b*Cy(z,n) and also let f; = Cpy1(x,n + 1) and By =
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b2 +1=2Cy (z,n). Then using the eigenvalues defined in (4.3.1)) we have,

k+1 -
o = BFHL Y (= 1)ipi s "”} Lﬂi o ] ¥ (n—jk+1-3)
= ¥ J

k -
Qg = bk Z(—l)‘]bj(n7$)baj |:x |:n B 1.:| ’Y/(n - ja k - j)

= JILk =3
k1 o zl[n+l—z
Br= (1) [j {k +1 j]v’(n +1=jk+1-j)
=0 :
k . ] [n—=x
By = p2ntl-a Z(fl)JbJ(n*x)ij |:]:| |:k; _j]'y/(n —Jyk— 7).

J=0

Consider a1 |j=+1 and B1|j=k+1. Then,

aq |j:k+1 = bk+l(_1)k+1b(k+l)(n—z)bak+1 |:k j"— 1:| |:TL 8 $:| ’y'(n k4 170)

x Hn—%l—x

. = (=1)kt1pkt D) (n+1-2) poiir

]'y’(n—l—l—k‘—l,O)

since 7/(z,0) = 1 for any € R. So a1|j=k+1 = f1]j=k+1. Now rearranging «; and 3; we

have

k+1
_ karl -1 jbj(nfz)b(rj |:$:| |: n—xx :| / o ,k+1 o
a ;O( ) IR R G 7)

k L
Z(_l)jbj(vL—x)-i-lboj |:l‘:| prmrkH 1 [n - l‘:| (_bn—j _ bk—j) ’Y’(?’L — k- ])
J

o brtl=i —1 |k —j
+ o] j=p41
A - z|n+1l—2x
Br=> (~1)p/ =)o M [k O j]«/(n +1—j,k+1-7)
j=0

k

B339 EI) e Ea e S IR IV L

EZRED y~_yipiins )b]M L s (s 1)k
7=0

+ B1lj=k+1-

Now let C' = a3 — ag — 81 — B2. Then

k
i1 |l |n—-—x . .
a1 — Qg — 51 - BQ = Z(—l)]b](n_z)ﬁoj |:]:| |:k7 ]:l 'Yl(n - ]7k - j)
7=0
(bnfmf(krfj) _ 1)
PRI — 1

x (bk“ (=07 — b)) — b

i1 k—j n+1—j bn+1_$ -1 2n+1—x

+ o lj=kt1 — Bilj=k+1-
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But
) ) n—x—(k—j) _ 1 ) ) ) ntl-z _ 1
bk+1 (_bnij - bki]) (b bk+1—j _ 1 ) N bk o bjbki] (_anrl*J o 1) (Il))kJrl*j — 1) —pe
— (b A [

% (_bn+1—j _ 1) (bn+1—w _ 1) ) _ bk _ b2n+1—x—k

bk 2n+1—k—=x n—xr+1 n—j+1
= m(— b —b +6
+ bkfjJrl + b2n+27acfj _ bn+17j + bn+1793 _ bk+17j + 1

_ 1 pntloatlog b2n+1—m—k)

=0.

Therefore C' = 0, and oy — as = 81 + B2. Therefore the recurrence relations have the same

solutions. O

5.1.3 The Overview

To summarise the results obtained so far in this thesis, Table highlights the features
we need in each association scheme. At a glance there are evident similarities but significant
differences. For each case we have listed the associated metric, the number of classes in the
relevant association scheme, the underlying space, the homogeneous polynomial used in the
MacWilliams Identity, the “fundamental polynomial”, the known eigenvalues of the scheme
and its valencies. In all cases ¢ is a power of a prime. The final row is the accumulation
of the results from analysing the ways in which the differences can be assimilated in a
general theory. The other table, Table[5.1.1] details the allocation of the general parameters
identified for each case. The analysis that led to these conclusions is outlined in the rest of

this chapter.
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5.2 Preliminaries

Since we are considering the more general idea of metric schemes (and therefore P-polynomial
schemes) we don’t specify the details of any codes and spaces they are in, but rather consider
parameters of their association schemes. So as before in Definition [2.3.1] we have a finite set
Z of v points and n + 1 relations forming a symmetric association scheme with n classes.
In this chapter we are only considering metric schemes which are self dual, i.e. when there
is an ordering of the relations as in Definition [2.3.6]and the eigenmatrices P and @ coincide,
and also only considering those with eigenvalues that satisfy Delsarte’s recurrence relation

[11, (1)] with specific initial values.

5.2.1 Ob-nary Identities

We begin by rewriting here the generalised b-nary identities that we will be using, plus a
new important generalised gamma function which we have developed using a comparison of

the earlier gamma functions and alpha function.

Definition 5.2.1. For z,k € ZT, b € R, b # 1 the b-nary Gaussian coefficients are
defined as

-

Lo =

Again we note that, as in Section for the Hamming metric when we want to take

with

b = 1, this definition would be undefined. So we take the limit b — 1, leaving us with the

usual binomial coefficients.

Also note for ease we also define o; = @ for ¢ > 0 and we write b[Z] as m Here are
some identities relating to the b-nary Gaussian coefficients which are useful in simplifying
notation, and can be used for different values of b from [12]. For b € R, b # 1, x,i,5,k € ZT,

y € R we have

= L ’ k] (5.2.1)
m F B k} (5.2.2)

IT (-0 = -0 1] (523)

1=0 k=0
T p k—1 '
| kZ:O M 11 (y—b')=y" (5.2.4)
i(—l)’“‘ib“ki m m = 0ij- (5.2.5)
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The following identities are each used in the rest of this paper but can be shown trivially to

be equal.
m = [m . 1} + bk {i - ﬂ (5.2.6)
_ {z - ﬂ L [‘”k 1} (5.2.7)
— 71’96;:11 - 1 [k ’ J (5.2.8)
- 71)5;_—11 [x . 1] (5.2.9)
- Z:% [i - ﬂ (5.2.10)

Definition 5.2.2. We define a b-nary Beta function for 1,b € R, b# 1, k € Z*, as

By(x, k) = kl:[l rl_z] (5.2.11)

=0

Similar to the b-nary Gaussian coefficients, in the Hamming case when we want to use b = 1

we take the limit as b — 1 instead.

Lemma 5.2.3. We have for allz € R, k € ZT,

1.
By, k) = m Bo(k, k), (5.2.12)

2.
By(z,x) = m Bo(k, K)ol — k,z — k), (5.2.13)

3.
By(x,k)Bp(x — k, 1) = By(x, k +1). (5.2.14)

To aid us in notation, we define a new b-nary gamma function, which is a component of the

expression derived from setting z = 0 in the generalised Krawtchouk polynomials (2.3.38)).

Definition 5.2.4. We define the b-nary gamma function for x,b,c e R, k € Z", c¢b > 1,

to be
k—1

Vo,o(x, k) = H (cb” —b').

=0

Lemma 5.2.5. We have the following identities for the b-nary Gamma function:

1. - |
Yooz, k) =7 ] (eb"* = 1) (5.2.15)
1=0
2.
Yo,o(z+ 1,k +1) = (™ — 1) by, o(2, k) (5.2.16)
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3.
Yo,e(z, k+1) = (cb” — bk) Yo.c(x, k). (5.2.17)
Proof.
&
k—1
Yoo(x, k) = (cb™ —b")
=0
k=1 \ k-1
= bi> (cb"" —1)
=0 =0
k—1
= b7k (b " =1)
i=0
(2)
k
Yoolw+1,k+1) =] (" = b)
i=0
k
_ (Cbx+1 _ 1) H (Cbm+1 _ bi)
i=1
k
= (0" —1) [0 (" —b)
i=1
k—1
= (0" = 1) 6" [T (eb” — 1)
i=0
= (bt —1) Veyp.e(z, k).
3)
k .
Yool k4 1) = H (cb® — bY)
i=0
k—1
= (0" = b%) I (™ - b")
i=0

= (cb” — bk) Vo.c(x, k).

O

Note. The b-nary beta and b-nary gamma functions are new expressions which have been
developed to unify the following theories in Hamming, rank, skew rank and Hermitian

association schemes.
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5.2.2 Recurrence relation

Below is the recurrence relation we will use to define our set of association schemes. The

recurrence relation, for b€ R, b# 0n € Z™ and 2,k € {0,1,...,n} is
Frpi(z+1,n+1) =" Foyi(z,n) — P E(x,n) (5.2.18)

for any function Fi(x,n). It is noted that in using this recurrence we have slightly extended
the ranges of the parameters to encompass all of the association schemes studied in this
thesis. A proof that this recurrence relation is valid for the case of the Hermitian association
scheme, for which the values of b lie outside the range specified by Delsarte, is shown in

Proposition [5.1.1]

We can now define the set of the association schemes that we want to consider in this chapter.

Definition 5.2.6. For an (£, R) n-class formally self dual metric translation association
scheme with defined parameters b, c € R we say it is a Krawtchouk association scheme

if the eigenvalues, Py(z,n), for x,k € {0,1,...,n} satisfy the recurrence relation
Pipi(z+1,n+1) =" Py (z,n) — ¥ Pe(z,n)

with specific initial values

n

k
Py(z,n) = 1. (5.2.20)

Pe(0,n) = [ }%,c(n, k) (5.2.19)

In fact, we can find a new set of polynomials which satisfy the recurrence relation with these

initial values and therefore are the eigenvalues of the Krawtchouk association schemes.

5.2.3 The b-Krawtchouk Polynomials

Definition 5.2.7. For an n-class Krawtchouk association scheme where z,k € {0,1,...,n},

b e R, b#0, we define the the b-Krawtchouk Polynomial as

k
Chlw,m3b, ) = 3 (~1)7bi =)o m {” - ﬂ Yoo — 4,k = 5).
= JILk =7
For simplicity we shall write Cy(x, n;b, ¢) as Cx(x,n) since b and ¢ pertain to the underlying
structure of the space are being worked in and are therefore constants. The way these

polynomials arise will be explained in Section We first prove that the Cy(x,n) satisfy

the recurrence relation ([5.2.18)) and the initial values (5.2.19)), (5.2.20)) and therefore are the

eigenvalues of the Krawtchouk association schemes.
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Proposition 5.2.8. Forb,c € R, b#0, ¢cb > 1 and for all ,k € {0,...,n} we have

Crpi(z+1,n+1) ="y (2,n) — B Cr(, n). (5.2.21)

Proof. We look at all three terms sequentially. First, noting that [ v 1] = 0 when j =0,

Crt1(z +1,n+1)

1 rz+1 n—x
_§ : 1)Ipd(n—2)po; cm+1—73k+1—73
j:o( ) |: J :| |:k 1 ]] e (n 7 J)

= Crr1(z+1,n+ 1)|j:k+1

(5.2.7) k o T T n—x
) (-1 Jb“"—x)”j{[. ]HﬂHH ‘]%c ntl—jik+1-j
j:()( ) j—1 J E+1—j]"" ( )
= Cpr(@+1Ln+ 1) (5.2.22)
k
—1)ipinotes | F P e+l — G k1 — 5.2.23
+j§=1( ) J[jl 1| e tl-dkt1-g)  (5223)
E2.16) & o _ 21T n—=
F 71 ‘]ij(nfx)+o']+n+1+k*j |: :| |: :| Yb,c ’I’l*j,k’*] 5224
]Z:; ) e gt ) (5:2.24)
K X n X
_ N ()i () otk [ } [ - ] vooln — 4,k — j 5.2.25
2D ka1 et ) (5.2.25)

= C’k+1(x—|—1,n+1)|j:k+1+Oé1+042+043

where oy, g, az represent summands (5.2.23)), (5.2.24]), (5.2.25)) respectively and for nota-

tion, |j=x+1 means “the term when j =k +17.

Second,

k+1
bk+10k+1($,n) _ Z(_l)jbk+1bj(n7m)bgj [$:| |: n—x ]Vb#(n i kil j)

P illk+1-3
= ph+l Cr41(2,n)] g1
k
(5.2.17) . | n—ox
—1) bj(nfx)+a'j+n+1+k7] ik —
T ;:0( e ety Yoc(n —j, k= j)

_Mw

I
=)

) dos o x n—=x . .
(_1)]b](n V+oj+k+k—j+1 L] [k 1l j} Vo.c(n —J, k —j)
J

(5.2.26)

= bk+1 Ck_;'_l(x’ n)|j:k+1 + [6%) + /81~
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Where S represents the summand ([5.2.26)). Third,

W Cy(z,n) =

M-

<
Il
=)

j1j(n—x)+0; rf|n—-x . .
(—1)7pf(nme)teath u [k_j]%,c(n—J,k—J),

p, say.

So let C = Crr1(z + 1,n+ 1) — b*F1C 1 (z,n) + b*Cl(z,n). We have,
C=a1+a3—PFi+p+ Crpa(z+1,n+ 1)|j=k+1 — bt Ck+1(xan)|j=k+1 .

Consider oz — 1 + p. Then

k
; ; T n—x )
as — B = _1)itipi(n—a)to;+k { } { }7 n—j k—j)(1- pr—i+1

2;( ! il gt " )

k
(_1)j+1bj(n—m)+aj+k (1 _ bk—j+1) [3«"}
j=0 J
pn—x)=(k=3) _ 1 n — 2 ' ’
waljl[kj}w4“‘%k‘”
k
— (—1)jb(j+1)(n7w)+oj+1 x n — ;U Vb’c(n ke ]) (5.2.27)
j=0 JlLtk=J
‘ - z|[n—2
— Z(_l)Jb](n—x)+aj+k { } [k _]%70(71 k=)
7=0 J —J
=T=p

where 7 represents the summand in (5.2.27). Thus,

C=a1+7+ Crri(z+Ln+1)[,_, — pr+1 Cr1(z,m)|j gy -

Now,

Crpr (@4 Ln+1)]j ey — b Crpa(2,n)] ;44

— (—1)FH D () ok r+1) pit1|
k+1 k+1

5%7 (_1)k+1b(k+1)(n—m)bak+1 [i:|

= —7lj=k
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Now consider «;.

k
alZ(l)jbj(nzng{ ‘ ][ nr }’Yb,c(n+1jak+1j)

= j-1]|lk+1—j
k—1
= (_1)j+1b(j+1)(n—w)+0j+1 {x] {n - ﬂ Yoo(n —j, k — j)
=0 k=gl
= -7+ T|j:k.
Thus C = 0 and so the Ci(x, n) satisfy the recurrence relation ([5.2.18)). O

Lemma 5.2.9. The Cx(x,n) are the eigenvalues of the Krawtchouk association scheme. In
other words,

Cr(z,n) = Py(x,n). (5.2.28)

Proof. The Cy(x,n) satisfy the recurrence relation (5.2.21)) and the initial values of the
Ci(z,n) are

0

Cr(0,n) =) (—=1)7p/"b% u {k ﬁ J} Yo,e(n —j, k — j)

.
[en}

’Vb,C(nv k)

i

[ ER——

as {0] = 0 unless j = 0 and
J

Colz,n) = (—1)°6°° m {” 0 x} V.o, 0)

=1
as required. O

We note that this form for the eigenvalues is distinct from the three forms presented in |11}

Section 5.1].

Example 5.2.10. Consider the association scheme of skew-symmetric matrices with ¢ = 4,
then n = 2 and m = 3. We let the 3 forms presented in [11, Section 5.1], starting with
Equation (15), be Py(z,n), Qr(x,n) and Ri(x,n) in the order they appear in the paper.
Then looking term by term we have the resulting Table fork=1and z=1.
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Eigenvalues j=0 j=1 Z;zo
Ci(1,2) ¢ -1 - |- -1
Pi(1,2) —¢° —1 ¢ |- -1
Q1(1,2) ¢ —q -1 ¢ - -1
Ri(1,2) | (+1)(*-1)| —¢° | —-¢*—1

Table 5.2.1: Components of the eigenvalues for C(x,n) compared to others

We can clearly see in this example that the sum of the terms is the same, but the individual

components cannot be equated on a term by term basis.

5.2.4 Weight Functions

Given that we are only working with translation association schemes where the set of points
Z is a vector space, we can always attribute a weight function for that scheme since we
will always have a distance between points and a 0 element. Mathematically speaking, if we
let (£, R) be an n-class translation scheme, we say that if z,y are n distance apart, then
(z,y) € R,. Since Z is a vector space, then z — y,0 € £". Consequently, since x,y are

distance n apart, then (xz — y,0) € R,, also.

Definition 5.2.11. For an (2, R) n-class Krawtchouk association scheme and z € 2, we

define the scheme weight of x to be w if and only if (z,0) € R,,.

Definition 5.2.12. For an (£, R) n-class Krawtchouk association scheme, and for all
x € Z of weight w, the scheme weight function of x, denoted fs(z), is defined as the
homogeneous polynomial

fs(z) = YOX".

Now let € C 2 be a code. Suppose there are ¢; codewords in € with weight i for 0 < i < n.
Then the scheme weight enumerator of ¢, denoted W2 (X,Y), is defined as,

WEX,Y) =) fs(Q) =) eV X"
(e i—0
The (n 4 1)-tuple, ¢ = (co,...,c,) of coeflicients of the weight enumerator is called the

scheme weight distribution of the code %.

We note that since we are only working with metric association schemes, we can always
define the minimum distance of a code . Denoted ds(%) or dg, it is simply the minimum

distance between all possible pairs of codewords in %, dependent on the metric being used.

In previous chapters we have looked at counting the number of elements of a particular
weight in the overall space individually using a combinatorial approach. In contrast here we

use the valencies of the association scheme to identify those values in general.
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Theorem 5.2.13. Forb,c € R, b€ R, b# 1, cb > 1 the number of elements, x € Z with

weight w in an (27, R) n-class Krawtchouk association scheme is

Enw = [Z] Vo,e (M, w). (5.2.29)

Proof. The number of elements of weight w, is the w?” valency of the Krawtchouk association

scheme. Since the w'® valency is the initial value P, (0,n), the statement is proved. O

A direct consequence of this is the ability to find the scheme weight enumerator of 27,

denoted 2,,, as

= &YX (5.2.30)

=0

As areminder, we rewrite the MacWilliams Identity, Theorem[2:3.15] formulated by Delsarte
[8, (6.9)]. We note that in this chapter we are only considering formally self dual association

schemes, i.e. when the eigenmatrices P and @) are the same.

Theorem 5.2.14 (The MacWilliams Identity for Association Schemes). Let (2, R) be an
n-class Krawtchouk association scheme with dual n-class Krawthouck association scheme
(Z,R). For a pair of dual subgroups X, X' C Z°, let ¢ = (co,...,cn) be the inner dis-
tribution of X and ¢’ = (cf,...c,) be the inner distribution of X'. If P and Q are the

eigenmatrices of (2, R) then

| X|c" = eQ

| X'|c=¢c'P.

5.3 The b-Algebra

As seen from the individual association schemes, the weight enumerators of any linear code
¢ C 2 are homogeneous polynomials. We can now generalise the various “g-algebras” into
a succinct b-algebra, which can be used in all settings. This helps us express the relations

between the weight enumerator of a code and the weight enumerator of the code’s dual.

5.3.1 The b-Product, b-Power and b-Transform

Definition 5.3.1. Let
a(X,Y;\) Zal NYixr—i
b(X,Y;\) Zb yixs—

be two homogeneous polynomials in X and Y with coefficients a;(\) and b;(\) respectively,

which are real functions of A and are 0 unless otherwise specified. For example b;(A) = 0 if
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i ¢{0,1,...,s}. The b-product, *, of a(X,Y; ) and b(X,Y; \) is defined as

(X, Y;0) =a(X,Y;0) xb(X,Y;N) (5.3.1)
r+s

=3 cu(NYUxT (5.3.2)
u=0

with

cu(N) =) b ai(Mbu—i(A — ).

=0

We note that as with the g-product in |22, Lemma 1], the b-product is not commutative
or distributive in general. However, if a(X,Y;\) = a is a constant independent of A, the

following two properties holds:
axb(X,Y; ) =b(X,Y;\) xa=ab(X,Y;N).
Separately if the degree of a(X,Y;A) and ¢(X,Y; \) are the same then,

(a(X, YiA) 4 (X, Y; )\)> #D(X,Y30) = a(X, Y3 A) « b(X,Y; \)

+e(X, Y50 b0(X, Y5 )
and

b(X,Y; ) = (a(X,Y;)\) + c(X,Y;A)) =b(X,Y;\) xa(X,Y; )
FB(X, YN % (X, Y3 N).

Definition 5.3.2. For a(X,Y;\) = Zai()\)YiXT*i the b-power is defined by
=0
X, YN =1
dU(X, V0 = a(X, Y30

a"(X, V0 =a(X, VN «aFU(X YN for k> 2.

Definition 5.3.3 ([22, Definition 4]). Let a(X,Y;\) = Zai()\)YiXT_i. We define the
u=0
b-transform to be the homogeneous polynomial

a(X,Y;\) = Zai(/\)Y[i] « X,
=0
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5.3.2 Fundamental Polynomials

We can now also generalise what we call the “fundamental polynomials” which is one of the

key tools used in proving the MacWilliams Identity previously in each setting. Let
WX, Y0) =X + (b —1)Y (5.3.3)

where b and ¢ are constants related to the space under consideration. The b-powers of
1(X,Y;n) provide an explicit form for the weight enumerator of (27, R), the Krawtchouk

association scheme with n classes.

Theorem 5.3.4. If u(X,Y; \) is as defined above, then
k
(X Y0 =) pa (N R)Y X for k> 1, (5.3.4)
u=0
where

k) = |

Specifically, the weight enumerators for (2", R), the n-class Krawtchouk association scheme,
denoted by Q,, is given by
Q,, = pl (X,Y;n).

Proof. The proof follows the method of induction. Consider k =1, so

(XY = p(X,Y30) = X + (b — 1) Y.

Then
1) =1= [ [2.0,0
A1) = (b — 1) = m (M1,
So
1) = [ neh)
and

1
1 . .
M= M e\ w)Y X = (X, V1)
1=0
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as required for kK = 1. Now assume the theorem is true for £ > 1. Then

pFHIGYA) = p(X, Y5 0) + n (XY

k
= (X4 (b*=1)Y) = <Z m %,C(A,U)Y“X’“—“>
k+1 "
— Z fl_()\)YiXk?+17i
=0

where,

i) = 30RO Dty (A= 4. )

Jj=0

= po(\ DN k) + 05 i (N, D1 (A — 1, k)

— m Yo,c(A, i) + OF (b — 1) { f 1] (A =10 —1)

1 {

Ezi)Ez9Ezio) bt -1k +1 , -1 , . Jk+1 _
= 1| Yo,c(As l)+bkmbl WA )

) k 4 1 bk—i+1 -1 + bk—i+1 (bz _ 1)
= %,c(/\w){ i ] < P+l —

= %,c()\a i) {k j 1]

since for ¢ > 1 we only need to consider the first two coeflicients as when j > 2 then
i\ 1) = [}]W(A,j) = 0 since B] = 0 when j > 2. So it is true for k 4+ 1. Therefore by
induction the first part of the theorem is true. Now consider u™(X,Y;n), then clearly

n

v =S |" yuxn-u
Y = 32 et

n
5.2.29 5.2.30
an,uYaniu Qn

u=0
as required. O

Now for the other fundamental polynomial. Interestingly we let v(X,Y; ) = X — Y, which

is the exact same polynomial in all the cases previously studied.

Theorem 5.3.5. For all k> 1,
E
VYA =D v\ k)Y X (5.3.5)
u=0

where

va(\ k) = (—1)“b% m
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Proof. We perform induction on k. For k =1 we have
VXYV =v(X, Y0 =X - Y.

Clearly we also have

1

(—1)%°° H YOX! 4+ (=)t L

]YlXO:X—Y

as required. Now assume the theorem holds for k£ > 1.

(XY N) = 0(X, Y5 ) (X, Y )

— (X —Y)* <zk:(_1)ubou m YuXk_u>

u=0
k+1 ) )
= gy Xk
1=0

where

gi(N) =D bFu(\ i (A = 4, k)
=0
=b(1)(—1)" m + 7 (=1)(=1) " 1pi L f 1]

(i1 {’“ + 1} 1y U {k + 1]
1

bE+1 — j AL 1|
= (_1)7,%&%1 {k —l— 1] {bk+1—i Caphl bk+1—i}
= (-1)"b7 {k j 1}

since for ¢ > 1 we only need to consider the first two coeflicients as when j > 2 then

vj(A, 1) =0 as since [ﬂ = 0 when j > 2, thus the statement holds. O

5.4 The Generalised MacWilliams Identity

We can now begin to put the final pieces of the puzzle together to be able to state and
prove the MacWilliams Identity for a n-class Krawtchouk association scheme. Since we
have proven that the Cy(x,n) are also eigenvalues of the Krawtchouk association scheme,
we can then invoke Delsarte’s MacWilliams Identity (Theorem in the proof of our

functional transform version.
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5.4.1 Generalised MacWilliams Identity

As a reminder from Section [2.3.3] since we are considering Krawtchouk association schemes
where £ is a finite abelian group and so we can define an inner product on the space 2" |3|
p72]. Then we can define for any subgroup (code), €, of 2", a dual subgroup (dual code),
%~ such that

‘Kl‘:{zeﬁu‘” \ <x,y>:OVy€‘€}.

Finally, the one we’ve been waiting for, we can write a generalised MacWilliams Identity
as a functional transform for an (27, R) n-class Krawtchouk association scheme. Let the

weight enumerator of € C 2" be,
WE(X,Y) chy xni
and of its dual, €+ C Z be
WL (X,Y) Zc yixnT
Theorem 5.4.1 (The MacWilliams Identity for an n-class Krawtchouk Association Scheme).

Let € C Z be an linear [n,k,dg]-code, with weight distribution ¢ = (co,...,cn) and
E+ C Z its dual code, with weight distribution ¢’ = (c),...,c,). Then

e n

WS, (X,Y) = %Wff (X 4+ (b" — 1)V, X —Y) (5.4.1)
= %' S (X =) (X + (" — 1) Y (5.4.2)
=0

Proof. For 0 < i <n we have

(X -V s (X + (a0 — 1) V)"

= (WX Yim)) + (WX Vi)
s [ e (S Jumarone
u=0 j=0 J
(5.3.1) : - L1 l(n—x) 10 ryn—-x kyvn—k
=3 (D=1 b7 || | men =GR =0 | YEX

= {=0

k=0
n

=Y Cp(i,n)Y*X"F,
k=0

E3AE39) (
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So then we have

1
@W;(X+(cb"—1)}/,X—Y):

Cr(i,n)Ykxn=F

(1
= ( ciCk(i,n)> ykxn-k
k=0 | ‘ =0
:' C;{;Yanik

=WZ.(X,Y).

5.5 The b-Derivatives

In this section we develop a derivative. It should be clear that this section essentially reworks

Section [£.4] with a more general b-algebra.

5.5.1 The b-Derivative
To begin with, we consider the derivative with respect to X.

Definition 5.5.1. For b # 1, the b-derivative at X # 0 for a real-valued function f(X) is

defined as
M) (x) — f(0X) — f(X)
FX) b-DX
For ¢ > 0 we denote the " b-derivative (with respect to X) of f(X,Y;)) as f)(X,Y;N).
The 0% b-derivative of f(X,Y;A) is f(X,Y;)). For any a € R, X # 0, and real-valued
function g(X),

(

[0+ ag(0)] " = FOX0) 4 ag ().

Once again for the Hamming metric we take the formal definition of a derivative and take

the limit of the function as b — 1. That is, let b = 14h, h € R, then the derivative becomes,

FO(x) = lim f((1+h;l)§() - f(X)

and so converts into the derivative in the usual sense of polynomials [41, Problems (5), p98].

Now we have the definition of a derivative we can demonstrate some important results for

homogeneous polynomials in general and the fundamental polynomials in particular.

Lemma 5.5.2.
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1. For0< p</t,p€Z" and { >0,

(X9 = By, ) X"

T

2. The o' b-derivative of f(X,Y;)\) = Zfi(/\)YiXT_i is given by

=0
F@(X, YN Zfz VBy(r — i, @) YIXT 7179, (5.5.1)
3. Also,
PO (X Y5 0) = By(k, @) plF=# (X, Y5 \) (5.5.2)
X, YA) = Bk, 0PI (X, Y5 ). (5.5.3)
Proof.

(1) For ¢ =1 we have

X)) - x' -1

(1)
(X" = b-1)X  b-1

Xt = m X =Bl o)X

The rest of the proof follows by induction on ¢ and is omitted.

(2) Now consider f(X,Y;\) Z:fZ ANY X" We have,

1)
FO(X,Y5N) (Z fi(A YZ'X”‘)
r—i\ (1)
= Z Y (x )’
_Zfl VBy(r —i, @)Y X L,
So the initial case holds. The rest of the proof follows by induction on ¢ and is omitted.

k
(3) Now consider u*/(X,Y;\) = Zuu(/\,k‘)Y“kau where p,(\ k) = {S] Vo,c(A u) as
u=0
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in Theorem [£.3.4] Then we have

(1)
pF O (X v N (Z“u (A k) Yuxh= “)
k—

(bX)F = xhu
Z“"’\k < b-1)X )

k—1
phu m R
=Y ——— | | e u)y X
= b—1 U
EZ9 D -1 k-1 ke
Z bk“—l)(b—l) u | X

:(bb—_ll> E=1(X,V;\)

Bk, DU (X, Y5 0)

So uF@) (X, V3 \) = By(k, o) ulF=#1(X,Y; \) follows by induction on ¢ and is omitted.
k

k
Now consider v¥(X,Y;\) = Z(—l)"b"“ [u} Y“X"** as in Theorem [5.3.5, Then we
u=0

have

[k1(1) - P = 1K) yu g rku
X V0 =S (~1)up yuxhou-
VDX, Y1) Zo:( por S

EZ3 pore O =) O = 1) [k 1] o yiama
Z T | T

1
= bbi VX YN

2D g, (1, 1)1 (X, Y ).

So the initial case holds. Thus v*I@) (X, Y:\) = By(k, p)r*—¥(X,Y; \) follows by

induction also and is omitted.

O

We now need a few smaller lemmas in order to prove the Leibniz rule for the b-derivative.

Lemma 5.5.3. Let
uw(X,Y;\) Zu NYixT
v (X,Y;N) sz Yixs—i,

1. If u-(\) =0 then

1

- u(X,Y;/\)*v(X,Y;)\)} = M*

e v(X,Y;N). (5.5.4)
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2. If vs(A) =0 then

1 v(X,Y; )
= [u (X,Y;0) %0 (X,Y; A)] = w (XY N) ¢ (5.5.5)
Proof. (1) If u,(A) =0,
r—1
X Y /\ ZU'Z Yer i—1
Hence
r+s—1 k
- (X;(Y’ N o (XY = > <Z b up(N)vg—e (A — e)> 4D Chatma
k=0 \¢=0
1 r+s—1 k
=< > b ug(Nvr—e (A — e)) ykx sk
k=0 \¢=0
1 r+s
+5 ; b5 (A v ps—e(A — O)Y "5 X0

1
= (X, Y50) £0 (X, Y5 )

since Vpgps— (A =€) =0for 0 <€ <r—1and uy(A)=0forr<l<r+s. So

r+s
— Z b up(AN) v g s_o(A — )Y X0 = 0.

(2) Now if v4(A) =0,

X v(X,Y;)) ¢ ! , _
sz NYixs—1=i,

Then

X Y r+s—1 ,
u (X, bY; A) * % Z (Z ptls— 1)b/u£ ANve_e(A — E)) ykxrt+s—1-k
k=0 =0

r4+s—1
Z (Z b[(s—l)bZUZ(A)Uk_Z(A _ g)) YkXT-i-S—l—k

k=0

r4+s
+— Z b5 ug(AN) vy gs—o(A — O)YTH5 X0

% (X, V3 \) # 0(X, Y5 )]

since vp4s—¢(A—€)=0for0 <l <randuy=0forr+1<{<r+s. O

Theorem 5.5.4 (Leibniz rule for the b-derivative). For two homogeneous polynomials in
X and Y, f(X,Y;)) and g(X,Y;\) with degrees v and s respectively, the ¢'" (for o >0)
b-derivative of their b-product is given by

©

/(X Yi0) 59 (X,730) ] Yoy [ﬂ b0 fO (X, ¥ 0) x @D (X,Y; ). (5.5.6)
£=0
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Proof. For simplification, we shall write f(X,Y;\) as f(X,Y) and similarly g(X,Y;\) as
9(X,Y). Now by differentiation we have

SOXY)*g(bX,Y) - f(X,Y)*g(X,Y)
b-1)X

[y e =

= (bl)X{f(bXJ/) % g (bX,Y) — f(bX,Y) % g(X,Y)

+f<bx,Y>*g<X,Y>—f(X,Y>*g<X,Y>}

1

B m{f(bX,Y) (9 (X,Y) —g(X,Y))}

Tef rex - rxny e |

+W

f(bX,bY) = {9 (bX ’(?—1)5;)(’ Y) }
B3 [fXY) - f(X)Y)

{ (b—1)X }*g(X7Y)

=bf(X,Y)x g (X,)Y)+ fY (X, Y)*g(X,Y)

(5.5.5)

since g(X,Y’) has the same degree of g(bX,Y) and similarly, f(X,Y) has the same degree
as f(bX,Y). So the initial case holds. Assume the statement holds true for ¢ = P, i.e.

7
[f(X Y)+g(X,Y ]m Z[ ]b(*” =070 (X, 7))« g® 9 (X,Y).
=0
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Now considering @ 4+ 1 and for simplicity we write f(X,Y;\), g(X,Y;)\) as f, g we have

}(¢+1) _

Mﬁ\

B (1)
{ Fag m pE-O0—0 40, g«ae)]

~
Il

0

Il
Me\
~ 6

pF—0(r—0) [ £ g@—a} W

~
Il

o
T

I
M«

f p@E=O(r—0) (b(r—a FO @D | pletD) g(a—a)

~
Il

o
T

pE—LHD(r=0) f(0)  (F—t+D)

Il
Me\
~ 6

~
I

=
r

[z
14 (F—L+1) (r—L+1) p(€) | , (F—t+1)
b ¥
+ZE:1 L_J fHxg

- (2
_ m pEHIT f o o@D 4 Z [ﬂ pFHL=O=0) (O) o F—t+1)
=1

+ [ﬂ pFEHI—P-(r—F—141) ((FH+D) 4

7 _
n Z [Z f J p@HI=O(—E4+1) £(O)  ((@—t+1)
=1

= b(@rl)rf % g(¢+1) + f(¢+1) % g

%) - _
¥ @-t+1)| ¥ @—L+1)(r—0) £(0) , (F—L+1)
b® b
(7]l 2 ) 70
{9" + 1} PEH=O6=0) (0, (F+1-0) | [@ + 1} PEHI) f 4 @+
¢ 0

e
N [Lp + }b(sa—l—so—l)f(wrl) ‘g

5.5.2 The b~ !'-Derivative

Essentially, since the b-derivative finds a derivative with respect to X it is natural to identify

a comparable b~ !-derivative which can be used to develop a derivative with respect to Y.

Definition 5.5.5. For b # 1, the b~!-derivative at Y # 0 for a real-valued function g(Y)

is defined as
g(0Y) —g(Y)
b—1-1)Y

g{l} (V) =

For ¢ > 0 we denote the " b~ !-derivative (with respect to Y) of g(X, Y \) as g{#} (X, Y ).
The 0t b~!-derivative of g(X,Y;\) is g(X,Y;)\). For any a € R, Y # 0 and real-valued
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function f(Y),
(1) +agn)] " = FO ) + g (),

Again for the Hamming metric, we take the formal definition of a derivative and take the

limit of the function as b — 1, i.e. let b=! =1+ h, h € R. Then the derivative becomes,

gy = lim g((1+ h;;;) —g(Y)

and so again converts into the derivative in the usual sense of polynomials [41, Problems

(5), p98] with respect to Y.

Similar to the b-derivative, since we have the definition of a derivative now with respect to
Y we can demonstrate some important results for homogeneous polynomials in general and

the fundamental polynomials in particular.

Lemma 5.5.6.
1. For0< p <, o€Z" and £ >0,
(Yé){#’} _ b¢(1_€)+0“’ﬁb(£, SD)y’@—cp.

2. The o' b~1-derivative of g(X,Y;\) = Zgi()\)YiXS*i is given by
i=0

S

g (XY =) (BT By (6, )Y X (5.5.7)
1=
3. Also,
P (X Y5 N) = 677 By (K, @) m.c (N, @)l P (X, YA — ) (5.5.8)
IHX, Y0 = (<17 By (k, )P (X, Y5 ). (5.5.9)
Proof.

(1) For ¢ =1 we have

4
NG R I S L A Y
()= b1-1Yy \bl-1 Y

1—b
=B, (0, 1) YL

-1
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So the initial case holds. Assume the case for ¢ = holds. Then we have

(voFH 2 (bﬂl*”*wh(a )Y W){1}

p—E-P)yt—o _ yt-%
b-1-1)Y
— b@(l—é)wagb(g, w)bl—(é—@ﬁb(g -, 1)y€—¢—1

= P04 3,0, 7)

pFHVA—0om11 g (0 5 4 1)y (FHD),

Thus the statement holds by induction.

(2) Now consider g(X,Y;\) ZgZ NY? X% For ¢ = 1 we have

s {1}
g (X, YN = ( g,»(A)YiXH>
i=0
= gi(NbT By (i, Y X

As Bp(i,1) = 0 when ¢ = 0 and o7 = 0 then we have

g{l} X Y )\ Zg b17i+015b(i, 1)yi71Xsfi‘
So the initial case holds. Now assume the case holds for ¢ =P i.e.

g (X, YN Zg (MpPUITo% 6, (1, )Y P X

Then we have

{1}
g{¢+1} (X,Y;)) = gi(A)le‘iH"?Bb(i,@)Yi‘a X5t

gi(WPA=DF0% 3 (5 B)p= =%V g, (; — 5, 1)y P L x5

1=p
s D=1 (14 4 e
F211) = o (b’ J — 1) (bz Y — 1) R »
— i )\ b(%9+1)(1 i)+o Yz © 1Xs 7
29 I Gy
1=p 7=0

= Z gi()\)b(¢+1)(1—i)+‘7¢+1 By(i, 3 + 1)Yi—¢—1XS—i

91‘()\)b(¢+1)(17i)+0¢+15b(i,¢ + 1)YZ‘7¢71XS*7;

since when i = @, 55(@, ¢ + 1) = 0. So by induction Equation (5.5.7) holds.
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k
k

(3) Now consider ulFl(X,Y;\) = g (N E)Y U X*7% where puy, (N, k) = { ]’yhc()\,u) as
U

u=0

in Theorem [5.3.4] Then we have

% {1}
pFO (XY (Z (N, K)Y U X R U>
u=0

-Z )\kbl uﬂb(u 1)yu 1xk—u
k—1
— Z,U/r+1<)\> k)bl—(T-‘rl)/Bb(r + 1, 1)yr+1—1Xk—7"—1

r=0
k—1

k
-2 { }%’c(’\’ r 4+ )b By (r 4+ 1, )Y T X
i |r+1

k—1
2.16) (5-2- k—1] b*—1
521652102[ ; }brﬂl(cb’\—l) bb (A= 1,7)

X By(r+1,1)YyTxF-1=r

=077 By (k. Dy (A DX YA - 1),
Now assume that the statement holds for ¢ = . Then we have

B B 1
W Y ) = |70 Bl P (P, Y30 - 9)

k o
=0k e (X (Z [ ]%c A= )YTX’C—w—T>
r=0
k—a .
=077 (kPN P [ SO}WM(A 7o) (v xkoer
r:l
k=71 B
=b" Uwﬁb( )'ch Z |: +f:|’ybc()\ D, u+ )bl (u+1)

X By(u+ 1,1)y il xk-p-u-l

k—(@+1) _
-- k—o—1
20220 =023, (k, B) e (A, B) > { v }
u=0 u
bkfﬁ -1 bu+1 -1
G [ s

G T 1) (1)
< (P = 1) pe(A— (@ +1),u)Y Xxr-@EHDu
= 07770 P (AP + 1)k, + Dl "IN YA - (B +1)
= 077" (N7 + DBk, + Dl EIX YA - (74 1)),
k
As required. Now consider v[¥1(X, Y \) Z b“(“ b {k} Y"“X* " as defined in

u
u=0
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Theorem Then we have

k {1}
VFLH (X Y0 = (Z(—U“bf’u m Y“X""“)
u
u=0
k—1

k
_ (—1)T+1ba"+1 bl*(T‘Fl) |: :|ﬁb(7" +1, 1)YT+171Xk77‘71
= r+1

EZ10) oo [E =17 (O =) (07T =)
,ZO )7o7E { . } Gy IS I

= (=)' By (k, (X, YN,
Now assume that the statement holds for ¢ = . Then we have

VXY = (178 P, v
k—p

= (~1)%B(k,7) D (~1)"b% {k - ‘P] ()11} xk-

Il
—

u
k—

—1

- (71)¢ﬁb(k’¢) (*1)T+1b07'+1b*(r+1)+1 |:k — Lp:|

6l

r+1

ﬁ
Il
=]

X Bp(r+ 1, 1)yt xh-e-r=l

(—1)Tb07‘ [k - f - 1:|
(bk—? _ 1) (br-‘-l _ 1)
G+ —1)(b—1)

(
= (—1)@”1517(/@ 1)V[k (sa+1)](X Y.

(=1)7* By (k. 7)

k—p—1
(5.2.10)) =
r=0

X

Yerfﬁflfr

as required.

O

Now we need a few smaller lemmas in order to prove the Leibniz rule for the b~!-derivative

Lemma 5.5.7. Let

uw(X,Y;\) Zu, NYixr—

S

v(X,Y;)) = Zui(x)yixs—i.
1=0

1. If up(\) =0 then

1 X,Y;A
= u(X,Y;A)*v(X,Y;A)} YN via— ).

= (5.5.10)
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2. If vo(A) = 0 then

! X,Y;
y L[ OYA o (Y A)} = u(X,0Y;0) % (5.5.11)
Proof.
(1) Suppose ug(A) = 0. Then
r r—1
X Y /\ ZUZ Yilerfi _ Zui—kl(/\)Yiniiil
=0 1=0
Hence
pulEYy
Y
r+s—1 m
= bS Z (Z bZSU,E+1()\)’Uu7Z()\ — e — 1)) YuXr-l,-S_]__u
u=0 =
r+s—1 /u+1 -
= bS Z <Z b(271)sui()\)vu—i+l()\ _ Z)) YU‘XTJFS*l*u
u=0 \i=1
r+s J | |
Y (Z b=V (\os (A — )) it e
j=1 \i=1
r+s J ‘ |
— Z (Z blsuZ v]*i()\ — Z)) YJXT'FS—]
7=0 \:=0

1
= & (WX.Y;0) %0 (X,Y3 )

J
since when j = 0, Zbisu,;()\)vj_i()\ —i)=0as ug(A) =0.
=0

(2) Now if vg(A\) = 0, then
X Yid) Zv A)YITlxs—i

= Z Vit1 ()\)YiXsiiil.
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So,

U(X,Y;)\) et & s— uyrts—l—u
U (X,0Y50) % = = S VI u (Ao (A — ) | VX

u=0 7=0

r+s
(Zb”uj Joe (A j)) yityret

j=

r4s YA
= %Z ( V5w (N)ve—j (A —j)) yixrst
0

{=1

1 r4s Y ‘
% b (oes (A — ) | YExTH

J
since when j = ¢, Z b u;(N)vj_i(A — i) = 0 as vo(A) = 0.
i=0

O

Theorem 5.5.8 (Leibniz rule for the b~!-derivative). For two homogeneous polynomials
in'Y, f(X,Y;)) and g(X,Y;)\) with degrees r and s respectively, the ot (for ¢ > 0)

b~ '-derivative of their b-product is given by

(o} &
[f(X,Y;)\)*g(X,Y A) } ? Z{ }bﬁswé)f{e} (X,Y;\) =gt (X, VA —0).
(=0
(5.5.12)

Proof. For simplification we shall write f(X,Y;A), g(X,Y; ) as f(Y;A), g(Y; ). Now by

differentiation we have

i sgrin] =1 (Y:A) g (”(_bl_yj _A)l)—yf (Y:A) + g (¥ N)

= (b—ll_l))/{f (b—lY;)\) * g (b_1Y;>\) _ f (b_lY; )\) « g(Y, )\)

+f(blY;A>*g<Y;A>f<Y;A>*g<Y;A>}

- (b—ll—l)Y{f (b’lY;)\) * (g (bilY;)\) —g(Y;)\)) }

F ey L Y - S e i |

FOVa) . (g (01Y30) —g (Y5 N)

b-1-1)Y
5.110 " (f (b(l})/_;l)\)_;)J;(Y; N) ca (VA1)
=V« g v+ (YN kg (VA1) (5.5.13)
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5.5. THE b»-DERIVATIVES

since g(Y; \) has the same degree as g(b='Y; \) and similarly, f(Y;\) has the same degree
as f(b~1Y;\). So the initial case holds. Assume the statement holds true for ¢ = 3, i.e.

{#}

P
[f (X,Y50) g (X,Y;)) } Z[ }b“s‘“’”)f”} (X, Y50 g (X, VA - 0).

£=0

Now considering @ + 1 and for simplicity we write f(X,Y;A), g(X,Y;A) as f(A), g(A) we

have

{1}
[0t () g0 3

}{vﬂ} é [
T3) i

=0

[
+Z[ :|b€(s O ps— sa+£f{é+1}( )*g{so 3 A—0-1)

[F g ()

~ 6l

.

Cﬂ

L—

~ 6l

]bas FHO FU0} (\) 4¢P} (A = p)

~

P
=y [“g BP0 F{8 (\) % g1 (A — p)

£=0

[

o+1
" L '3 J - 1)(57¢+571)bsf¢+(471)f{f} () * g{¢f€+1} A=10)
(=1

=f(\)* gl@ 1 (\) + i [ﬂ pils—#+0) gt (\) * gt@—t1} (A—10)

(=1

+

M«

[é v 1] -1 (s=FHE-Dp(s=FH(E=1) £{E) () 5 g(E=E+1) () _ )

4

Il
_

+ b(¢+1)(s+1)b—¢—1f{¢+1} A xg(A— (B+1))

— F () £ g7t ()\)+§ ([ﬂ +be{€f1]>

{=1

1

S| 6l

x plls=%+0) pi} (\) * gl#ti-6 A—20)

+REEDFF () g (A= G+ 1))

[
BZD () g™ ) + 3 07 {%"F 1] B 110 (3) 5 gTPH1-0 (A — g)
=1

| o
N [‘P er 1] pEHD=F-14@+D) ((B+1} () 4 gEH-GHD) () _ (5 41))

B+1 Z41 - _
=3 P e e 10 ) g (1
0

=

as required. O
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5.5. THE b»-DERIVATIVES

5.5.3 Evaluating the b-Derivative and the b~!-Derivative

At this point we need to introduce a couple of lemmas which yield useful results when

developing moments of the weight distribution.

Lemma 5.5.9. For j e Z"t, 0</<jand X =Y =1,

VIO, 150) = By (5, 4)dje- (5.5.14)
Proof. Consider
j— _y
VIO (X, v ) BED 3,5, 000X, v 0) = By, 0) 3 (~1)“7 {7 u }yuxw‘—@)—u.
u=0

So

' j—L ._K
IO 10) = 67,0 3 (-1 bau[ ]
u
u=0
—L

el
0

k/okzjk
ST el

<.

M

s

S
Il

€23 5.0, 0)50; = B, 1)550.

O

Lemma 5.5.10. For any homogeneous polynomial, p (X,Y; \) and for any s > 0,

(p « u[sl) (1,1;0) = (cb) p(1, 13 A). (5.5.15)
Proof. Let p(X,Y;)\) =Y p;(A\)Y X" % then from Theorem |5.3.4

i=0
WY = S vt =3 H e (A Y LX
t=0 t=0
and
r+s

(P* ’u[s]) X,Y; )\ ZC’M uX(7'+s—u)

where

Z b p (A, (4 — ).
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Then,

Z V(N (ch*j)S

Jj=0

= (cb)‘)s p(1,1; )

since p;(A) = 0 when j > r and ,uf]()\ —Jj) =0 when k > s. O

5.6 The b-Moments of the Weight Distribution

This final section develops a theory of b-moments analogous to Section [3.5] and Section
and as before produces comparable formulas to the binomial moments in the Hamming case.
Again the moments derived from the b-derivative and the b~ !-derivative are not exactly the
same, as the first is using the derivative with respect to X and the other is using the

derivative with respect to Y.

5.6.1 Moments derived from the b-Derivative
In the first case we consider the moments of the weight distribution with respect to X.

Proposition 5.6.1. For an (2, R) n-class Krawtchouk association scheme, 0 < ¢ < n,

and a linear code € C %, and its dual €+ C 2 with weight distributions ¢ = (cq,...,c,)

/

and ¢ = (¢, ..., ) respectively we have

”Ef’[n—z} 1 (bn)nyi[n—z} ,
¢ =——(c ¢
=l |6+ -

Proof. We apply Theorem to €+ to get

1

|%L‘W;l (X + (cb" —1)Y, X —Y)

WE(X,Y) =
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5.6. THE b-MOMENTS OF THE WEIGHT DISTRIBUTION

or equivalently

ZCYZX” 1=<7Z #[X + (" = )y

1

‘ | ;l/[i] (X,Y;n)* plr=il (X,Y;n). (5.6.1)

gM:H

For each side of Equation (5.6.1)), we shall apply the b-derivative ¢ times and then evaluate
at X =Y =1.

For the left hand side, we obtain
n (¢) n—e
(Z ciYiX”Z) P20 N un — i, )Y iXTTIR,
i=0 i=0

Setting X =Y =1 we then have

n—e n—e
. 5. 2 12) n —
Zciﬁb(nfzaw ZCZ|: :|ﬂb P, P )

i=0 i=0 ¥

n—

n—1
Ci
z:O

We now move on to the right hand side. For simplicity we write u(X,Y;n) as p and similarly

v(X,Y;n) as v. We have

A

where

Then with X =Y =1,
0150 BB 5 000010 (540 54111

00— i - a0, 1)

B a
e S
o 5
~ &~
e 10 200

BEID N~ po-06- Z){ }/fb(n — i, — 0) ()"0 By (1,4)8u
=0

= M L: - } Bolp — i — i) (cb™)" ™% By(i, i)

= LZ _ j (™)™ Bolep, ).
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So

] .
‘(gHchll,l,n %Zc;[ ] ") Bo(e, )

=0

ﬂb(¢7 )

1 n\n—¢ z / n—i
o) @) gj[ J

as required. O

Note. In particular, if o = 0 we have

ZC (cb™)"™ (cb")"
TR T e

We can simplify Proposition if o is less than the minimum distance of the dual code.

Corollary 5.6.2. Let dy be the minimum distance of €+. If 0 < p < d'y then

2 [ Jemgmorr=])

=0

Proof. We have ¢y =1and ¢} = ... =c, =0. O

5.6.2 Moments derived from the b~!'-Derivative

The next proposition once again relates the moments of the weight distribution of a linear
code to those of its dual, this time using the b~ !-derivative of the MacWilliams Identity for
a Krawtchouk association scheme. As is the case for the Hermitian association scheme, we
must adapt the definition of §(\, ¢, j) in Lemma [5.6.3| n to make this definition applicable to

all values of the parameter ¢ found in Table
j .
Lemma 5.6.3. Let 6(\, p,j) = Z(—l)i [‘]] b7 (A —i,¢). Then for all X € R, p,j € Z,
i
i=0

j—1

50 @.5) = [T (67 = 8) e A — oo — ) (eb*7). (5.6.2)
=0

Proof. Initial case: j = 0.

(A, 0,0) = [8} (D)%% %.c(X, @) = WA ) = (A, ) (cbo(’\)) .
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5.6. THE b-MOMENTS OF THE WEIGHT DISTRIBUTION

So the initial case holds. Now assume the case is true for j = 7 and consider the 74 1 case.

EZD N~ (i [7 7 .
- =0 <b u + L - J) (=1)"0% (A — 4, ¢)

sz: f]( DB ,c(A = i, ) +Zj: H Dy (A = (i 4+ 1), )

7

1=0 1=0
¥ -
(5.2.16)) ¥ i1i10; A—i -1 .
2B S (b — 1) b (A — i — 1o — 1
;gu< Y (A — 1) b5 a(A— i — 10— 1)

J =
Z |: :| b01+1 (Cb)\ i1 bwil) ’Yb,c(>\ —1— 1790 - 1)

J

= M (~1)'b7pe(A =i = Lo = (1) (6% — 1)

i=0
— (B~ 1)6(A— 19— 1,7)
7-1
= =) [ (077 =) AT Dy (A =G 17— 1)
i=0
j—1
= =D [ 7 = 0) (@ DIy (A= G+ 1), 0~ (7+1)
i=0
J
= (o0 <J+1)) L0 = 5) 3elh = G+ Do - G+ 1)
=0
since L i J = 0 when 7 = 0. Hence by induction the lemma is proved. O
i iTTA — i—{—1 )
Lemma 5.6.4. Let (A, p,i) = Z [4 L@ . 4 ptA—v) (—1)%p% H (bcp—f _ bj). Then for
=0 J=0
all A e R, p,i € Z,
4 A—i
(A, p,4) = (=17 . 5.6.3
(g = (v [ (563

Proof. Initial case i = 0,

= oo Bl ][}

So the initial case holds. Now suppose the case is true when ¢ = 7. Then
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_ _ 1—4
+1][A=7—-1] ,a_ _ ;
pt(A=e) —14b”f|| bt — b
H[ 4 H o—4 ] =y ( )

=0

_ - it

EZ0) | [A=7T=1],0a—0);_1\er00 o—t 1
= H[EH ot }b (D% I (v v)

Jj=0
7+1

T | [A=T=1] ya—y) sz_z ot 1j
ro1l| e | (=D [ 02~ =)
=1 =0
= A+ B, say.
Now
Ao (7 [A =717, a1 Ui_e 0
| ey S (o
0= 7=0
=(b¥ =b")e(A—1,9,7)
. . A—-71-1
_ © 1t (_1\?H07
— (b — ) (-1 L_Lw}
and

7 _ — 7—f—1
_ a0 |2 [A =7 = 1] h 1) (A=) [ 1 \E+1p00in o—t—1 1)
B=>b ML@—E—lb (—1)"*p H (b b)
{=0 7=0
= AP (A — 1,0 —1,7)
= _b(7+A—s0)(_1)?bof {A —i- 1} )

A-op
So

e(A,p,1+1)=A+B

_ 1y {(bw ) [i\_—;: ;] A [A - 1} }

G23) - oA [A=T—1 -
= -1 H_lb(n bz+A © |: :| ()
o {0 )

_(c1y {A— (z+ 1)}

oo [ (T = 1) = (7 — 1) (00— )
A-p (be=7 —1)

_ (_ 1\t t+1lpo741 A_(i—i—l)

=0T [ A—yp ]

as required.

O
Proposition 5.6.5. For an (£, R) n-class Krawtchouk association scheme, 0 < ¢ < n and

a linear code € C 2 and its dual €+ C 2 with weight distributions ¢ = (co,

.oy Cp) and
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c = (c,-..,c,) respectively we have

n ) . 1 _ hd . . i —1
Z pe(n—i) [Z:| o = |<€L| (Cbn)n ¥ Z(_l)zbaibz(tp—t) |:: :0] 'Yb,c(n —i,p— 7,)(2;

i=p ® i=0

Proof. As per Proposition we apply Theorem to €+ to obtain

1

=S
(X "—-1)Y, X -Y
|(gJ_‘W<€ ( +(Cb ) ) )

WE(X,Y) =

or equivalently

= VX, Y n) s pn (X, V). (5.6.4)

For each side of Equation ([5.6.4), we shall apply the b~!-derivative ¢ times and then evaluate
at X =Y =1.ie

n {»} 1 {o}
(; cinXn—Z> = <|(€J_ chy[i] (X,Y;n)* p"= (XY, n)) . (5.6.5)

=0

For the left hand side, we obtain

n {¢} n
(Z CiYan_i) =D b By i )y e X
=0

iz%”n (5.6.6)
> e ti-ee | (g oo xn
i=p ®
Then using X =Y =1 gives
D e DU AL TR0 A FRRNCYE)
=@ 1=

We now move on to the right hand side. For simplicity we shall write pu(X,Y;n) as pu(n)
and similarly v(X,Y;n) as v(n). We have,

n {¢}
1 ; —i
(W chum (n) * pl ](n)> (5.6.8)
1=0
n ©
7 1L| S (Z m pln—i= o) 40 (1) ylr—illo— )y _ 4)> (5.6.9)
1=0 =0
1 n
1=0
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say. Then,

©

F-5-9) (5-5-9) i . i
o) EEREED S [ i) (115,601~
£=0
* {b*"“’*"ﬂb(n — i, = OYpe(n — Lo — Ouln == (n — w)} :
Now let
U(X,Yin—p) = pli=4 (X, Y;n) xypc(n—0 o — K),u[”ﬂ;“”e] (X,Y;n — o).

Then we apply the b-product, reorder the summations and set X =Y =1 to obtain

U(1,1n — )

—p u
= ZW“W =) ye(n — €= pop — Oplf = (n —w—p)]
u=0

i—0 _ ‘ n—i—p+~ _
= YT O )y (n — L= 1o~ 0) [ S e - - r)]
r=0 w=0

-Zb“" im0 0) (=o)L (0 — 70— £)

) i—L .
= (@) e et e ne -0
r=0
= (") T S — o — 0, — 1)
i—0—1

B2 (=) () T T (07— ) e — iy o — i)

.
(=)

i—0—1
= e pn—e)(n—i—p+l) p(i—€)(n—i) H (bw—f _ bj) Yoe(n — i, — ).
=0

Noting that p*(?—i=¢+0p=0e—r = pt=Dp=Tepoe we get
Yi(1,1;n) = Z [ ]b"(” ety By (i, 0) By(n — i, 0 — £)T(1, 150 — @)
5213 ?
Z { ]b“" AR ZHBb(M)
=0
1" T Bl — £, — OT(1, 130 — )
(,O*é b P y P PR} ®

9

G213 ,_, o [0 [ —
e ) YL H | W L )
£=0

Writing that
p=oe ptn—)p(n—e)(n—p—it+l)p(i—£)(n—i) _ po,pr(l—n)pn(n—e)ptn—e)pile—i)

— bﬂbé(n—ap)
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we get

1

I . i—0—
$i(1,13m) = "2V By, @) e(n — i, 0 — i) Y (—1)°p " w)wa[ ] 1T o7

£=0 j=0

.

B o7 8y (0, ) [:

;} Yoo(n — i, 0 — ). (5.6.11)

Substituting the results from (5.6.7)), (5.6.10) and (5.6.11) we have

Zb“’l e By (o, w){ } ¢ = ‘ﬂl Z )1 2Hb7 By (¢, w)[ _;]%,c(ﬂ—i»@—")-

i=¢
Thus cancelling and rearranging gives,
En:bsa(n—i) [’] (cb™)™ " f:( 1)ibovbi(¢—i) [” - Z} ( , Ve,
G =—— — k Vo,c(n — 1,0 —1)c;
= @ € = n—¢
as required. O
We can simplify Proposition if o is less than the minimum distance of the dual code.

Also we can introduce the dual diameter, ¢, defined as the maximum distance between

any two codewords of the dual code and simplify Proposition further.

Corollary 5.6.6. If 0 < ¢ < d then

- K 1 LN
b“’("_’)[l]ci: cb™)" ‘P[ } (n, ).
Dot = oy @ Gt

For ¢y < ¢ < n then

o pi(e—i) | T 1 . .
Z(fl)lb‘”b (e=) {n B (p] Vo,e(n —1, 0 —1)c; = 0.

=0

Explicitly for the Hamming association scheme, when b = 1 and ¢ = q we have for ¢y <

p=mn,
? n—i o—i
() e
2 -0
Moreover for ¢ = n,
Y (Da-1)""e=0
=0
Proof. First consider 0 < ¢ < d§, then ¢y =1, ¢} = ... = ¢, = 0. Also since = [ ]
n—e ¥

the statement holds. Now if ¢y < ¢ < n then applying Proposition to €+ gives

%) .
b= ’)[ ] c, = ™" % -1 ib‘”bi(“"i){nz]v c(n—i,p—i)e.
Z e = g @S = e )

=0
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So using ¢, = ... = ¢}, = 0 we get

%) .
0= Z(il)ibaibi(tp*i) |::_ ;:| 'Yb,c(n _ 7;, ©— i)ci

as required. For the Hamming association scheme, we use that b = 1, ¢ = ¢ and the b-nary

Gaussian coefficients become the usual binomal coefficients and we have immediately

0= §<_1y<" - i)<q ) L

5.6.3 Maximum Distance Codes in the Association Scheme

As an application for the MacWilliams Identity, we can derive an explicit form of the coef-
ficients of the weight distribution for an (27, R) n-class association scheme for maximal
distance codes. This generalises the results for MDS codes [41, Theorem 6, Chapter 11],
MRD codes [22, Proposition 9], MSRD codes in Section and MHRD codes in Section
4.0.9

Firstly a lemma that will be needed.

Lemma 5.6.7. If xg,x1,...,x¢ and yo,Yy1,---,Ye are two sequences of real numbers and if

ITe—i
sz[é—y}yi

=0

for 0 < j </, then

for0<i<U{.
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Proof. For 0 <1 </,

i S o [ Y

j=0 0 k=0
A [ o j 0k
= 1) 97—
2w [ ][
% l—k
D DEY I D e e el B
k=0 s=0—1 b—i 5
E2-9) d
= YrOik
k=0
=Y
as required. O

Before going any further we need some restrictions on the codes we consider to be able to use
the following proposition. We are only considering (£, R) n-class Krawtchouk association
schemes. From there we are restricted to linear codes ¥ C 2  with minimum distance dg
and their dual codes €+ C 2 with minimum distance dfg such that dg + d'c = n + 2. This
restriction is necessary since the “first pair of universal bounds” |13, Section IV.F] is met
in equality if and only if dg + d'y = n + 2. We call codes that meet these bounds mazimal
codes. More details on these “universal bounds”, which are the equivalent Singleton bounds,

for any P-polynomial scheme can be found in [13| Section IV.F].

Proposition 5.6.8. For an (2", R) n-class Krawtchouk association scheme let € C 2 be
a maximal linear code with weight distribution ¢ = (co, . ..,c,) and minimum distance dg.
Let the dual of € be the mazimal linear code €+ with minimum distance dg=n—dg+2.

Then we have co =1 and for 0 <w <n —dg,
N o Jds +W][ o ] [cbdstd
o=y (1)@ - —1].
Cds+ g( ) [derzl {dsﬂj ( 11|
Proof. Now from Corollary we have
— [n—i 1 n
e n\n—¢

S| = e ]

=0

for 0 < ¢ < dy. Now since we have a linear code ¢ which is maximal, with minimum
distance dg and we have ¥+ which is also maximal with minimum distance dg =n—dg+2,
Corollary holds for 0 < ¢ < n —dg = dg — 2. We therefore have ¢ = 1 and

€1 =¢Cy=...=c¢4y—1 = 0 and setting p =n —dg — j for 0 < j <n — dg we obtain

164



5.6. THE b-MOMENTS OF THE WEIGHT DISTRIBUTION

n ) n—1 1 ; n
|+ e, = cb” ds+j |: :|
[n—ds—.}} gd:s [n—ds—J} |<5l\( ) n—ds—j
I n—ds—w n (cbm)dst
5 T = (@™ ).
= n—dg—j n—ds—j ‘(gll

Applying Lemma with £ =n — dg and b, = ¢, 14, then setting

“j:[n—;s—j] (%‘Q

gives
—de —
M (R
oL —as—)
and so
d . X n—ds—i
by = cu = —1)9Y T e i
Cwtds ;( ) [n—dg—w]a
w ) —de—1i Hn ds+i
Z(l)wzbawi{n S Z:||: n :| (C )l 1.
pard n—ds—w||n—ds—i |%+]
But we have
n—dg—1 n 21 [n— (ds +1) n
n—ds—w||ln—ds—i]  |n—(ds+w)||ds+i
() _ds—i-w}[ n ]
o | ds + i n— (ds +w)
Gz1) [ds +w n
B | ds + i ds +w]|’
Therefore
d . ) ds+w n qm(ds+i)
» — _1 w—1 QO'W,Z _1
ot = 20 s lae v (e

as required.
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Chapter

Conclusions and Future Work

6.1 Summary

This thesis begins by introducing key concepts of association schemes and reviews the liter-
ature on the Hamming and rank association schemes studied by MacWilliams [41], Delsarte
[9] and Gadouleau and Yan [22]. Specifically the MacWilliams Identity in its various forms
and the idea of a g-algebra is presented. Chapter [2| also details some key algebraic func-
tions, namely the b-nary Gaussian coefficients and their properties and a new b-nary beta
function both of which contribute heavily to the simplification of the subsequent analysis.
The Hamming scheme, being the most researched to date, is used as the primary example
to show key concepts of association schemes applied to coding theory. For instance, for the
binary Hamming scheme, shown in Figure the visualisation as a cube is relatively easy
to comprehend. After the well known MacWilliams Identity is introduced for the Hamming
scheme, immediately the binomial moments of the Hamming weight distribution are stated
and proved. Finally the concept of maximal codes, useful for their optimal performance, is
introduced and a proposition stated in [41, Theorem 6, Chapter 11], based on the length,
dimension and minimum distance of the code only, is proved. The existing results for the
rank association scheme, studied by Gadouleau and Yan [22], skew rank association scheme,
studied by Delsarte [12] and the Hermitian association scheme studied by Schmidt [53] are
also outlined in a similar fashion. The main result highlighted in the rank association scheme
is the MacWilliams Identity as a functional transform. Although it appears to be very sim-
ilar to the functional transform in the Hamming case, the way that these two identities was

initially proved are very different.

Using the concepts in Gadouleau and Yan [22], which had been applied to the rank associ-
ation scheme, we adapt the methods to the different association scheme with skew-symmetric
matrices. The first hurdle to jump is the g-algebra from the rank association scheme to one

that could be applied in this setting and also create a new gamma function. Gadouleau and
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Yan |22] introduced two homogeneous polynomials which were used in the proof of their
MacWilliams Identity. However, this proof relied on identifying maximal subgroups of a
code and the specific properties of matrices with the rank metric which could not be trans-
ferred to skew-symmetric matrices in general. Instead, we identify two new homogeneous
polynomials, similar to those in the rank case, use them to generate the eigenvalues of the
association scheme and then apply Delsarte’s MacWilliams Identity [8, (6.9)] to prove our
new MacWilliams Identity as a functional transform. We go on to use the new MacWilliams
Identity, along with some skew-g-derivatives to derive new results for the moments of the
skew rank distribution with respect to X and with respect to Y. We conclude in this chapter
that, similar to the Hamming and rank association schemes, maximal codes with the skew
rank metric can be explicitly determined by their length, dimension and minimum distance

only.

To test the applicability of these new methods to another association scheme, the Hermitian
association scheme is investigated. Once again we have to define the building blocks of
a relevant g-algebra and gamma function to start our journey. Similar to the skew rank
association scheme, new homogeneous polynomials have to be found that could be used to
generate the eigenvalues of this association scheme. We use a different recurrence relation
from the one in Chapter [3| |11, (1)], provided by Schmidt [53, Lemma 7], to prove that
our newly generated polynomial does indeed represent the eigenvalues of this association
scheme, because the parameters lay outside the valid range quoted by Delsarte [11]. Once
we have all this in place we then can successfully state and prove the MacWilliams Identity
as a functional transform for the Hermitian association scheme. Next we formulate the
moments of this association scheme using the new MacWilliams Identity and the negative-
g-derivatives. The lemmas used to support the proof of these moments are not directly
transferable from the rank and skew rank association schemes. The extension to maximal
codes is a lot more involved due to the nature of Hermitian matrices. The difficulty arises
because when the minimum distance of a code is even, the weight distribution of a maximal

(MHRD) code is not always uniquely determined.

In writing up these two chapters a clear pattern emerges. So as an addition to this thesis,
Chapter [p| is written to unify the results for the four association schemes studied. Although
the similarities between these association schemes are clear, the way to formulate a uniform
theory is much less obvious. The first problem to solve is to show that in the Hermitian
association scheme, the solutions to the recurrence relation used in Chapter [4| are also
solutions to the recurrence relation used by Delsarte |11, (1)], applied in Chapter [3] with
the specific parameter of b = —q. The next problem is to harmonise the different gamma
and alpha functions and the definition of the b-algebra. The general gamma function can be
related back to a component of the specific initial values of the solutions to the recurrence
relation by Delsarte, which in turn offers a compact expression for the valencies of the

association scheme. The next issue is to amalgamate the homogeneous polynomials used to
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generate the eigenvalues of each scheme into two “fundamental polynomials” and to seek

the parameters that achieve that amalgamation.

In conclusion this thesis develops a way of obtaining the MacWilliams Identity as a functional
transform for self dual metric translation association schemes whose eigenvalues satisfy a
recurrence relation with specific initial values, which we have called Krawtchouk association
schemes. In addition we generate the eigenvalues for these association schemes using two

fundamental polynomials from the parameters of the association scheme.

6.2 Extensions of work

As already mentioned, we have shown for the specific case of the Hermitian association
scheme that the solutions to the recurrence relation by Delsarte [11}, (1)] coincide with the
solutions to the recurrence relation used by Schmidt |53, Lemma 7]. So we can conjecture
that the validity of the range of parameters, b, for the recurrence relation established by
Delsarte |11, (1)] can be extended to any value of b € R, b # 0. If confirmed this would be

one basis for extending the theory presented in this paper further.

One objective for the future is to apply these MacWilliams Identities and their moments to
find explicit new codes and implement them. One further is to take this initial generalisation
(of the MacWilliams Identity and its related moments) for the four association schemes

studied in this thesis as an inspiration for applying it to a broader set of association schemes.

For the latter, we can first consider the Eberlein polynomials, also studied by Delsarte in |11}
Section 5.2]. He finds that these polynomials satisfy the same recurrence relation heavily
used in this thesis, whilst also noting that once again they give the eigenvalues of a particular
family of association schemes with specified initial values. The family he identified is the
Johnson scheme and its g-analog, the Grassmann graphs highlighted pink in Table
We ask, can we adapt the theory developed here in this thesis to find an equivalent set of

fundamental polynomials that generate the eigenvalues for these association schemes?

One immediate difference to the schemes studied in this thesis, is even though the Johnson
scheme is a P-polynomial scheme, the eigenmatrices P and @ are not equal, i.e. the Johnson
scheme is not self dual. We suspect that this can be accommodated. The MacWilliams
Identity formulated by Delsarte |8, (6.9)] for any association scheme can still be applied, but
in terms of a functional transform, we may be able to relate the inner distribution with the

outer distribution rather than a code and its dual.

The other scheme to extend the theory to is the association scheme of symmetric matrices,
and its associated quadratic forms graph highlighted in blue in Table In theory since
the eigenvalues of this association scheme are proven by Stanton [61] to be Krawtchouk
polynomials, it should be relatively straightforward to check and apply the theory to this

case. Saying that, there are additional complexities because the associated distance regular
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graph is not distance transitive |3, Table 6.2] [17]. We can also note here that quadratic and

symmetric forms are closely linked and studied extensively by Schmidt [54].

6.2.1 Further extensions to other classes of association schemes

Below in Table is a summary table taken from [3| Table 6.1] which has a list of “dis-
tance transitive” graphs with classical parameters, and also graphs with classical parameters
which are not distance transitive. These have the potential to have the theory presented
in this paper extended to them. The graphs highlighted in purple are those related to the
Krawtchouk association schemes studied in this thesis. In terms of notation we follow what
is presented by Brouwer, the “classical parameters”. That is, d is the diameter, i.e. the
number of classes; b is the basis of the Gaussian binomials used and 8 + 1 is our ¢b”, noted
in Table All the association schemes studied in this thesis are formally self dual,
(defined in Section so we have not needed to introduce the final parameter o + 1 as
these schemes have b = o+ 1. The reason Table is included is to give an indication
of the potential scope for expanding this approach to other similar association schemes so
it is not critical to understand all the details. For more details including definitions of the
graphs and their parameters see 3, Table 6.1]. It is defined for self dual graphs with classical
parameters that m is either m =n = 2d+ 1 or m 4+ 1 = n = 2d and for those which are not

distance transitive we have m is either m=n=2d—1orm —1=n = 2d.

Graphs with classical parameters |3, Table 6.1]

Name d| b | a+1 B+1
Johnson graph J(n,d), n > 2d d| 1 2 n—d+1
Grassmann graph n > 2d d| q | ¢+1 ["_;Hl]
Dual polar graph e € {O,%,l,%,?} d| q 1 q°+1
U(2d,r) d| —r| b2 | =™
Half dual polar graph D,, ,(q) d| ¢? . E] . mfl
Exceptional Lie graph E7 7(q) 31 ¢* . E’] . [110]
Gosset graph FE,(1) 311 5 10
Triality graph 3D4_,2 (9) 3| —q ﬁ—q . E’]
Witt graph Moy 3] -2| -3 11
Witt graph Mog 3| -2 -1 6
Halved cube % H(n,?2) d| 1 3 m+1

Self dual graphs with classical parameters [3, Table 6.1]

Hamming graph H (d, n) d| 1 1 n
Bilinear forms graph n > d d| q q q"
Alternating forms graph d| ¢ q? qm
Hermitian forms graph ¢ = r2 d| —-r| -r —(—r)¢
Affine Fs(q) graph 3| ¢ q* q°
Extended ternary Golay code graph 3| -2 -2 9
Graphs with classical parameters but not distance transitive [3, Table 6.2]
Pseudo D,,(q) graphs d| q 1 2
Dist. 1-or-2 in simpletic dual polar graph | d | ¢> . H . [
Doob graph d| 1 1 4
Quadratic forms graphs d| ¢* q> qm

Table 6.2.2: Classical parameters of some distance regular graphs
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6.2.2 Sidel’nikov’s Theorem

In the Hamming scheme, the power moments of the weight distribution of an [n,k,dg]-
code, €, agree with those of the binomial distribution up to the minimum distance of its
dual code, €. About 50 years ago in 1971, Sidel'nikov [58] proved this in the case of
binary codes and Delsarte later extended this to other finite fields [10, Lemma 4] with the
Hamming metric. As the dual distance increases, the deviation of this curve from a normal
distribution decreases. Figure[6.2.1]shows an example of the graph of the weight distribution

of a ternary code with the Hamming metric.

-10°

2.5

1.5

Count

0.5

0 5 6 9 12 15 18 21 24 27 30
Weight

Figure 6.2.1: Weight distribution of ternary [24,12,9] quadratic residue code

The core ideas used in the proof by Delsarte are that the power moments agree up to the

dual distance, and if they do agree, then the distributions are “close”.

In this thesis we have developed a good understanding of the binomial moments thanks
to the MacWilliams Identity as a functional transform. The natural question then is can
we follow Sidel’nikov’s strategy, replacing the central moments with the binomial moments.
Moreover if this can be done, there is the possibility of extending this idea to all Krawtchouk
association schemes. The scaling of any resulting graphs may need to be adjusted such as

by use of the logarithmic scales due to the b-algebra used in this thesis.

Another idea to explore is finding the power moments of the association schemes studied
in this thesis and then finding a probability distribution whose moments agree up to the
dual distance. The power moments for the Hamming association scheme are derived in |41}
Problems (7), Chapter 5] using an operator y (d%) instead of differentiating with respect to
y. We question what the g-analog of this would be and whether it does indeed produce the

power moments of each association scheme.
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6.3 Conclusion

There is an accelerating need for increasingly secure digital communications and storage.

Contributions to this can be made by deploying strategies such as “crypto-segmentation”
(where different coding algorithms are used for different segments of data) and “crypto-
agility” (where algorithms and keys are changed with high frequency). But alongside these
we are compelled to find and implement algorithms that are not only much more secure but

also continue to be practical on a day to day basis.

Error correcting codes can play a significant role in that range of coding algorithms. The
weight distribution of an error correcting code is one critical set of data that helps to evaluate
its effectiveness. For non-trivial codes, the weight distribution can be hard to find and the
MacWilliams Identity as a functional transform has been an invaluable tool for achieving that
for many years. This research has extended the range of codes for which the MacWilliams
Identity can be used in the form of a functional transform. It has specifically extended it to
codes based on skew-symmetric and Hermitian matrices over finite fields. Moreover, it has
then proven a general theory that covers these and other previously known examples into a
common and consistent form. The theory has drawn heavily on the parallel between codes

and the known properties of certain classes of association schemes.
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Appendix

Extra Examples

A.1 Example Codes in the Hamming Metric

Four small codes are explored in this section, illustrated in Tables and and are

all based on the binary alphabet. As they are small, they can be listed in full and this helps
to illustrate an overall view on the type of codes we work with. For more details including

the parity check matrix definition see [41, Chapter 1]

Name of code Example A Example B
Message words (0,0),(0,1), (1,0),(1,1) (0,0),(0,1), (1,0),(1,1)
Space F3 Fi

Parity Check Rules

T3 = X1 + X2

r3 =1 and X2 = T4

Parity Check Matrix
PCM

(1 11)

1 0 1 0
01 0 1

Generator Matrix G

1 0 1
0 1 1

1 0 1 O
0 1 0 1

Code &

(0,0,0) (0,1,1) (1,0,1) (1,1,0)

(0,0,0,0) (0,1,0,1) (1,0,1,0) (1,1,1,1)

Weights &,

1 of weight 0, 3 of weight 2

1 of weight 0, 2 of weight 2, 1 of weight 4

Weight Enumerator

Q X3 +3XY? X* +2X%y2 + v

Minimum Distance 9 9

du

Max # of errors that VH_IJ -0 VH_IJ -0

can be corrected 2 ] 2 ]

[n, k, di]-code (3,2, 2]-code [4,2,2]-code

Dual Code €+ (0,0,0) (1,1,1) (0,0,0,0) (1,0,1,0) (0,1,0,1) (1,1,1,1)
Dimension of Dual 1 2

Table A.1.1: Two codes, in F3 and F3
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T1 +

1 1 0 0 0
0
0 0 0
0 0 0 1
1
0 0 0 1

1
1

0
0 0 O

1

+ x7

1

0

As for Hamming (7, 4) plus s
0 0 O

@t

Extended Hamming (8,4) Code
Same as Hamming (7,4) Code.

F3

= = = R g
SO HAS S~
(=== =IR TR R

T —

P N N N N N

OO =A== O O
SHAS S =S
SCH O -0 S~
= = =)
Sooc oSS
SHo A3+~
[ A A e I R
S SIS =~ =
N NSNS

1 of weight 0, 14 of weight 4, 1 of weight

X8 +14X4v* + V8

[8,4,4]-code

SSSS =~

i S

P N N

CO =0 O
SH A==
SCH A0 "3 S~
CHO A O ~ S
SE=E=E=N=N=N=E=)
SHOSOFIS =3~
S == S =~
SSS S = ==~
NN A NSNS

0

1
1

1

A.1. EXAMPLE CODES IN THE HAMMING METRIC

1 0 0
0 0 O
1

1

T1+2x3+x4, Te = T1+T2+23,
1

T7 = X2 + X3 + T4
1 0 0 O
0
0 0 O

The 16 message words in F3, of the

form {z1, w2, 3, x4}

Hamming (7,4) Code
FJ

T5

e e e

— OO0 - 4O O -
S =33 =
Vo HoCS HS
—
SHo A3+ S~
S —~3S =~
S SIS =~
TS T —

N

SO~ OO = O
SHAS A3 IS~
S-S~
Sodoc oo So
SHOo A3 =3~
S —~3 S~
S SIS =~

T T T —

1 of weight 0, 7 of weight 3, 7 of
weight 4 , 1 of weight 7
X"+ 71XV 47XV 4+ YT

3
[7,4,3]-code

Parity Check Matrix

Name of code
Message words
Parity Check Rules
PCM

Generator Matrix G

Space

Code ¢

Max # of errors that
can be corrected

Minimum Distance dgy
[n, k, di]-code

Weight Enumerator €2,

Weights &,

Dual Code €+

Table A.1.2: The Hamming (7,4) code and the Extended Hamming (8,4) code.
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A.2. THE COEFFICIENTS FOR THE SKEW RANK WEIGHT ENUMERATOR Q¢

A.2 The coefficients for the skew rank weight enumer-
ator ()

The coefficients for the skew rank weight enumerator, (g, are found explicitly below using

Equation (2.6.3)). We have,

&6o=1

7’77,:6, s=1 56,1: =

=(1+¢+q¢" (" 1),

e @Y ) (@) (e )
Mo T e @ =D =T

¢* (¢ =1) (¢® —1) (1 +¢*+4q")

m=06, s=3 fo3= QGMMMWWU,

=¢"(¢"-1)(¢" - —q+1).

So we can add to the Table 2.6.7] and produce Table [A-2.T] below.

txt | Total Skew Rank Weight
§t.0 i1 i2 &3
1x1 1 1 - - -
2%x2 | ¢ 1 g—1 - -
3x3 @ 1 @ -1 - _
A4x4| ¢ 1 (®+1) (¢*—1) (¢ -1)(¢g-1) -
6x6| ¢ L | (1++¢) (-1 | @-1) (-1 1+ +¢") | (P —1) (" —¢*—q+1)
txt e 1 See Carlitz Formula

Table A.2.1: Coefficents of the skew rank weight enumerator for small matrices in .27, ;.
From this we derive the skew rank weight enumerator, Qg:

Qg =1x X3Y°
+ (1+q2+q4) <q5 _ 1) X2Y1
3

+¢* (" —1) (¢* 1) (1+¢* +¢*) X'V
(

+q6 (q5 1) q4_q3_q+1)X0Y3
=X+ (1+¢+4¢*) (" 1) X?Y?
+q2(q5_1) (q3_1> (1+q2+q4)le2+q6(q5_1) (q4_q3_q+1)y3
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A.3 The Canonical form

If the skew rank of a skew-symmetric matrix, A is s with 0 < s < n, say, then A is congruent

to the canonical ¢ x ¢ matrix [5, (3.1)],

Eo
E>

Eo
O¢—2s

") and O;_os is the zero matrix of order ¢t — 2s. As an example we find

where Fy = ( 01
the number of matrices in the dual of diag { E2, Oz}, the canonical 4 x 4 matrix of skew rank
1. Clearly any matrix B € & 4 with bi2 = 0 is in this dual, so there are ¢° such matrices

in total. So we want to find the number of By such that (diag{E2, 02}, Ba) = 1. That is

0O 1 0 O 0 bi2 bis big

-1 0 0 O —bi2 0 baz  bag _
0 0 0 0 “bis  —bay O bag o
0 0 0 0 B A S

Using row reduction, Table below can be found showing the number of these matrices

broken down by skew rank.

Skew Rank

TOTAL

b137é0

q*(q—1)

b13=0
by £ 0

*lg—1)

bis=0
b14=0
bos # 0

bi3=0,b14=0
baz =0, b24 =0
bys £ 0

(¢—1)

(¢g—1)

b3 =0,b14=0
bas =0, by =0
bss =0

b13=0,b14=0
bas =0, baa #0

qg—1)

q(q—1)

TOTAL

‘+¢ - -1

@ —q -+

q5

Table A.3.1: Skew ranks of 4 X 4 skew-symmetric matrices in the dual of diag{ F2, Os}.

This analysis was explored as it offered a potential route to count the coefficients of the

weight enumerator of the dual of a space spanned by a single matrix.
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Nomenclature

The next list describes several symbols that have been used within the body of the docu-
ment. The symbols have been sorted into relevant chapter groups, although some notations
which span the latter chapters have been included in Association Schemes Notation and

Krawtchouk Association Schemes only. These notations can be adapted using the appropri-

ate b parameter.

Association Schemes Notation

[n, k,d] Code of dimension k, words of length n, with minimum distance d

Cijk

d(z,y)

Inner distribution

The Bose-Mesner algebra
Code

Dual code

Set of finite points
b-nary Gaussian coefficient
Binomial coefficient
Multiplicity of p (i)
Shorthand for @
Intersection numbers
Distance function d

The adjaceny matrix

Set of edges

Idempotent matrix
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NOMENCLATURE

G A graph
J The all 1’s matrix
P Eigenmatrix

pr(i) Eigenvalues
Py(x,n) Generalised Krawtchouk polynomial
Q Dual Eigenmatrix

qrx(i)  Dual eigenvalues

R Set of relations

R; it" relation

v Set of vertices

v Number of points in 2
U5 Valency of g ()

By(x, k) b-nary Beta function
Hamming Scheme Notation
Vector scalar product
Fy Finite field of dimension n over ¢ where ¢ is a power of a prime
B,.(a) Ball of radius r about a point a
dyg Hamming distance
w Hamming weight
WH(X,Y) Hamming weight enumerator of X and Y
MDS Maximum Distance Separable
Krawtchouk Association Scheme Notation
(p) Differentiation with respect to X
* b-product
d(A\, ¢, 7) Separate function for moments
w(X,Y;A) First fundamental polynomial
v(X,Y; ) Second fundamental polynomial

a(X,Y; ) b-transform of a polynomial a(X,y; \)
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NOMENCLATURE

{¢}  Differentiation with respect to ¥’

all(X,Y;\) b-power of a polynomial a(X,Y;\)

Ci11(z,t) b-Krawtchouk Polynomial

Number sets

C Complex numbers

VA Set of positive integers

Rank Scheme Notation

a(z, k) Alpha function

A Matrix of size m x n

Fy'*™  Finite field of dimension m x n over ¢ where ¢ is a power of a prime
Qp,.n  Rank weight enumerator of IF;”X”

&mnon,r Number of matrices of size m x n of rank r

dr Minimum rank weight

R(A) Rank weight of matrix A

Tr(A) Trace of A

WE(X,Y) Rank weight enumerator

MRD Maximum rank distance

Skew Rank Scheme Notation

~(z, k) Gamma function

g Set of skew-symmetric matrices of size ¢t with entries in the field Fy
Q Skew rank weight enumerator of .7 ;

§t.s Number of skew-symmetric matrices of size t x t of skew rank s
dsgr Minimum skew rank distance

SR(A) Skew rank of a matrix A

WER(X,Y) Skew rank weight distribution of ¢

MSRD Maximum skew rank distance

Hermitian Rank Scheme Notation

H Conjugate transpose of H
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NOMENCLATURE

~'(x, k) Negative Gamma function

Ao
Q
x

durr

Set of Hermitian matrices of size ¢ X t over I
Hermitian rank weight enumerator of 77 ;
Conjugate of x € IFy2

Minimum Hermitian rank distance

WHE(X,Y) Hermitian rank weight distribution of ¢

MHRD Maximum Hermitian rank distance
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