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Abstract

In inventory theory, many scenarios have been studied with the aim of determining an
optimal order strategy, typically with the aim to maximise expected profit. Tradition-
ally, a stochastic model with a known probability distribution for random demand is
assumed. In this thesis, an alternative approach to inventory problems is presented, with
the aim of basing the order strategy on information in the form of previously observed
demands, adding only quite minimal further assumptions. Nonparametric Predictive In-
ference (NPI) is used to predict a future demand given observations of past demands. NPI
makes only a few modelling assumptions, which is achieved by quantifying uncertainty
through lower and upper probabilities.

As the first use of NPI in inventory theory, the basic scenario of inventory for a single
period is considered. We present NPI lower and upper probabilities for the event that
the random profit achieved for one future period is non-negative, which can be used to
determine an optimal inventory level. As second optimality criterion, we consider the
NPI lower and upper expected profits for the next period. We also consider optimisation
of a weighted average of the NPI lower and upper probabilities and expected profits.

We also develop the NPI method for two-period inventory problems, in which we
choose to maximise expected profit as the optimal criterion for determining optimal
inventory levels. We derive the optimal inventory level for the two-period model with
a single order. We presume that we are filling the inventory for both periods at the
same time. Therefore, the future demand will be a combination of the future demand
for the first period and the future demand for the second period. We also derive the

optimal inventory levels for both periods in the two-period independent demands model.
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First, we determine the optimal inventory level for the second period, assuming there is
a remaining stock (or shortage) from the first period, and with that optimal strategy for
the second period, we then optimise over the first period.

Attention is also given to the situation of the two-period model with dependent de-
mands. The NPI bootstrap (NPI-B) method is applied to deal with this model and the
complexities in some of the inventory models. We study different strategies for the inven-
tory levels to determine which one of those is optimal based on maximising the average
profit.

The NPI method and the classical method are compared through simulations. Several
cases are studied, some where the assumptions underlying the classical method are fully
correct, so the classical method performs better; for a large number of observations, there
is a tendency for the NPI to be close to the classical method. In the other cases where

the assumed model is not well aligned with reality, the NPI method performs better.
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Chapter 1

Introduction

Inventory theory is one of the main areas in operations research, with a long history of
contributions to the literature in which a variety of scenarios are studied. A long time
ago, inventories were thought of as indicators of a nation’s or an individual’s riches and
power. The wealth and power of a businessman or a country were measured by how
much wheat, rice, cattle, etc. they had in their storehouses. Dealing with stock levels
like that was simple. Because of the rapid advances and changes in product life these
days, inventories are seen as a significant potential risk and need to be controlled by using
scientific techniques instead of being regarded as a measure of wealth [66].

In 1913, Harris was the first researcher who presented and developed an inventory
model [42]. Then, in 1951, the stochastic inventory theory was developed by Arrow
et al. [2]. Their ground-breaking work in the field of inventory modelling has made it a
significant part of operations research ever since. They made it clear how important it
is to plan for unexpected demand, costs, and emergency stock. Some researchers, like
Dvoretzky et al. [32, 33], made important contributions to the inventory theory’s growth.
Arrow et al. [4] have researched the origins of inventory theory’s development as well as
its nature and structure. Additionally, they examined a wide range of inventory models.
The vast majority of the authors focused on continuous time models where stock levels are
continuously monitored. The classical results in this field were provided by Hadley and
Whitin [41], Nahmias [58] and Nahmias et al. [59]. In the subject of inventory modelling,
Cheng et al. [15] and Andriolo et al. [1] addressed the fundamental problems of how much
and when to order.

The classical approach is commonly used to study inventory problems in the op-

1



Chapter 1. Introduction 2

erations research literature. This approach assumes that the random demand follows
a known probability distribution, with variation in the number of periods, or decision
moments, along with the related costs [54].

In this thesis, we propose a novel approach to inventory models using the Nonparamet-
ric Predictive Inference (NPI) method. Various nonparametric approaches for inventory
management have been proposed in the literature. However, NPI method which we as-
sume in this thesis, is new to inventory models. One of the nonparametric approaches is
the minimax approach. Jagannathan [50] computed the optimal stocking quantity that
will provide the maximum expected profit against the worst possible demand for stock-
ing quantity using the minimax approach. Another nonparametric approach is based
on a variant of a stochastic approximation algorithm based on censored demand sam-
ples. Using this approach, Burnetas and Smith [12] created an adaptive algorithm for
ordering and pricing perishable goods. In 2007, Levi et al. [55] investigated single-period
and dynamic inventory problems with zero setup cost from a nonparametric perspective
and presented sample average approximation algorithms to solve them. Huh and Rus-
mevichientong [49] provided nonparametric prescriptions for potentially censored demand
settings and analysed the performance of these policies via upper bounds or convergence
of the prescribed decisions.

NPI [5, 17, 19, 20, 22] is a statistical framework based on Hill’s assumption A, [44],
as introduced in Section 1.3, with inferences explicitly in terms of one or more future
observations. The explicitly predictive nature of NPI makes it particularly useful for a
range of topics in operations research. For instance, the NPI method has been applied for
queues [26] and age replacement issues [30]. In addition, NPI has been developed for a
variety of data types and applications, including Bernoulli quantities [17], right-censored
data [28, 29|, ordinal data [27, 38], multinomial data [7, 21], for future order statistics
[25] and reliability applications [24]. Recently, the NPI approach has been introduced to
finance applications [14, 43].

This chapter is organised as follows. The motivation for the work in this thesis is
given in Section 1.1. Section 1.2 presents an introduction to the mathematical concept
of inventory. Section 1.3 provides a brief introduction to NPI. A detailed outline of this

thesis is given in Section 1.4.
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1.1 Motivation

In inventory theory, many scenarios have been studied to determine an optimal order
strategy, typically with the aim to maximise expected profit. Traditionally, a fully known
stochastic model is assumed, with a known probability distribution for the random de-
mand. NPI has not yet been applied to inventory problems, so the main objective of this
thesis is to develop and apply NPI methods to support inventory decisions. As such, it
is a combination of modern statistical methods and more traditional operations research
scenarios.

As a first step, we will consider the single-order inventory models to make inferences
for only one future observation, as introduced in Chapter 2. We introduce NPI lower
and upper probabilities for the event that the random profit is non-negative, and use
these to determine an optimal inventory level. Also, we consider the optimality criteria
by combining both lower and upper probabilities. In addition, we consider the NPI lower
and upper expected profits for the next period, and we also combine both lower and
upper expectations of the random profit for the next period. We study a model that is
similar to the single-period model but with two demands; a single order for the two-period
model is considered. We assume that we are filling the inventory for both periods at the
same time to make inferences for one future observation, which is the sum of the future
demands for the first and second periods.

In Chapter 3, we generalise the analysis to two-period independent demands model,
where we determine the optimal inventory levels for both periods.

In order to deal with dependent demands for two periods, we rely on the NPI bootstrap
(NPI-B) method, as shown in Chapter 4. In order to determine the optimal inventory
levels, we use the average profit criterion.

In each chapter, we conduct simulations for different cases to evaluate the proposed
approach and to compare its performance to that of the classical method for inventory

models.
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1.2 Inventory

We usually use the expression ‘inventory’ for the total number of goods or materials
contained in a store or factory at any given time [52]. Common problems for an inventory
system include the stocking of spare parts, perishable items and seasonal items. So, the
inventory needs management to avoid problems and to calculate the needed costs. This
must be accurately counted and valued at the end of each accounting period to determine
a company’s profit or loss [60].

More than one hundred years ago, the analysis of an inventory system appeared in
the literature. In 1913, Harris is the first researcher who presented and developed an
inventory model [42]. A lot of researchers have extended Harris’s model with different
types of demands and replenishment. According to Hadley and Whitin [41], the inventory
models are classified based on the pattern of demand, which may be either deterministic
or random over time. Deterministic demand occurs when we know the exact quantities
needed over a period of time. However, the known demand may be constant or variable
over time. Random demand occurs when the demand is not known within a period of
time. Hence, forecasting the random demand is considered to be a major difficulty faced
by the decision maker. Since the exact number of items the customers will buy during
the period is uncertain, this type of demand could be stationary or non-stationary over
time.

Inventory decisions may face some problems, for instance, single-period problems,
two-period problems, or even multi-period problems. In this thesis, we only consider the

single and two-period models.

1.2.1 Single period

One of the basic inventory problems that have been discussed frequently in the literature
is the single-period inventory problem. Arrow et al. [2] and Dvoretzky et al. [32] were
the first researchers who studied a single-period inventory control problem and proposed
a newsvendor model. In the single period, the inventory will only be demanded for one-
time duration and cannot be transferred to the next time duration [16]. According to
Reid and Sanders [60], the single-period model is designed for goods that hold specific

characteristics, such as being sold at their regular price only during a single time period.
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Demand for these goods is highly variable but follows a known probability distribution,
which may be either continuous or discrete. Furthermore, the value of the leftover in-
ventory at the end of the season (salvage value) of these goods is less than their original
cost, so the inventory owner loses money when they are sold for their salvage value.

For instance, imagine that one of these goods is a newspaper; a newsagent buys
newspapers for a specific day from its wholesaler. The issue is deciding the number of
newspapers that a newsagent should buy on a given day for his newsstand [51].

Hadley and Whitin [41] and Taha [65] presented the general single-period model with
time independent costs and random demand. Mitra and Chatterjee [57] investigated
and derived the optimal order quantity for the single-period newsvendor problem with
stochastic end-of-season demand. This is the demand that occurs at the end of the
season, which depends on the number of items left over at the end of selling season. In
the classical model the leftover items are sold by predetermined salvage value and the
profit will be calculated at the end of the season. While, in the end-of-season demand
model the profit will be divided into partitions based on the number of items left over at

the end of the selling season and the demand at this time.

1.2.2 Two period

A popular generalisation of this model is to consider a two-period problem in which
the selling horizon is extended from one period to two periods, and a decision on the
inventory level in each period is made before the demand is realized. The fundamental
difference between the single-period inventory model and the two-period inventory model
is that the two-period model may include stock left over from the previous period, which
makes the optimal choice of inventory levels more complicated. Mills [56] was the first
researcher who considered the inventory model with more than one period. Following
Mills [56], several authors have explored two-period models, such as Bradford and Sugrue
[11] who developed a model in which the second period demand depends on the first
period demand. These authors determined a conditional order-up-to-level policy for the
second period and an optimal order quantity for the first period, by using Bayesian
updating whereby the first-period demands are used to update the prior parameters and
revise the second-period demand forecast. The forecast is then incorporated into the

model to derive optimal stocking policies which maximise expected profit over the two
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periods. Another important two-period model has been studied by Gurnani and Tang
[40]. They assumed a two-period model with no demand in the first period, where at
the end of the first period, exogenous information is collected, permitting one to update
the initial forecast for the second period demand. They formulated the problem by
using the bivariate normal distribution. A two-period model with uniformly distributed
independent demands has been analysed by Hillier and Lieberman [48]. Cheaitou et al.
[13] proposed a two-period production and inventory model with independent random
demands for each period. In their model, a variety of salvage possibilities are available,
as well as a variety of production techniques.

The purpose of studying inventory models is to find a single optimal inventory level
for the single-period inventory model, and multiple optimal inventory levels for the two-
period inventory model, when the demand is random and follows a continuous or discrete
distribution. In our study, we consider a positive real-valued demand. There are different
optimality criteria possible. Shih [63] investigated one of these criteria, which is to find
the optimal order quantity that maximises the expected profit. Sankarasubramanian and
Kumaraswamy [61] studied another criterion, namely maximisation of the probability
that the profit is greater than or equal to zero. In this thesis, we consider these two
criteria for the single-period model. While for the two-period model, we only consider

maximising the expected profit criterion.

1.3 Nonparametric predictive inference (NPI)

As a measure of uncertainty, imprecise probability was proposed by Boole [10] in 1854,
in which the uncertainties relating to events are measured using intervals rather than
single numbers, as in classical probability [18]. For instance, the probability of an event
Ais P(A) € [0,1]. Several alternative approaches to quantifying uncertainty have been
proposed in recent years, including Walley’s imprecise probability theory [69] and Weich-
selberger’s interval probability theory [72] which propose lower and upper probabilities
instead of probabilities. These lower and upper probabilities are components of a sta-
tistical methodology known as Nonparametric Predictive Inference (NPI), which will be
briefly discussed in this section and which is used in this thesis. So, Walley’s imprecise

probability theory and Weichselberger’s interval probability theory are part of NPI.
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Nonparametric Predictive Inference (NPI) is a frequentist statistical framework pro-
viding lower and upper probabilities for events involving future observations, depending
on the A,y assumption proposed by Hill [44, 45, 47]. We can summarise this assumption
as follows: suppose that the random quantities X, Xo, ..., X,,, X,,41 are exchangeable and
real-valued. We assume that ties do not occur between x1, xs, ..., x,,, which denote the
ordered observations of X, X, ..., X, so, r1 < x5 < ... < x,. Also, we define g = 0
and x,.1 = oo for ease of notation, where we set o = 0 because we will work with non-
negative random quantities. The n observations partition the real-line into n+ 1 intervals
I; = (xj_1,2;) for j = 1,2,...,n 4+ 1. The assumption A, [46] is that the probability for

the next observation X, to fall in the open interval I; is equal for all I;, that is

P(XnJrl S (LE]',I,IJ')) = ] = 1,2,...n+1

1
Inferences based on A, are nonparametric and predictive, also called ‘low structure infer-
ence’, since these inferences are based on limited assumptions [39]. A, is not sufficient to
provide precise probabilities for many events of interest; however, it can provide bounds
for probabilities, which are lower and upper probabilities, depending on De Finetti’s fun-
damental theorem of probability which states that the probability distribution of any
exchangeable random variables is a mixture of independent and identically distributed
sequences of random variables [31]. NPI uses imprecise probability [6], in which the lower
and upper probabilities are the maximum lower bound and minimum upper bound, re-
spectively, for the probability of the event of interest [72], based on the A,y assumption.
Augustin and Coolen [5] presented the following predictive lower and upper probabilities
based on A):

The lower probability P(.) and the upper probability P(.) for the event X,,,; € B with
B C R, based on the intervals [; = (z,_1, z;) for j = 1,2, ..., n+1, created by n real-valued

non-tied observations, and the assumption A,), are:

n+1

P(X,11 € B)=)Y UYI; C B}P(X,. € 1)) (1.1)
n+1

P(Xp41 € B) =) HLNB#0}P(X,1 € 1)) (1.2)

j=1
where 1{A} is an indicator function which is equal to 1 if event A occurs and 0 else.

The lower probability in Equation (1.1) is obtained by summing only the probability
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masses assigned to intervals I; that are necessarily within B, while the upper probability
in Equation (1.2) is obtained by summing all the probability masses that can be in B,
which is the case for the probability masses per interval /; if the intersection of I; and B
is non-empty.

In this thesis, we focus on using NPI for inventory decisions. This requires a general
concept for the quantification of uncertainty, as we will need a notation for probability
mass assigned to intervals without further restrictions on the spread within the intervals.
Such a partial specification of a probability distribution is called M-function [29], which
is given by the following definition: A partial specification of a probability distribution
for a real-valued random quantity X can be provided via probability masses assigned to
intervals, with no restrictions as to where the probability mass falls in the interval. The
probability mass assigned for a random quantity X to an interval (a,b) can be denoted by
Mx (a,b) and referred to as M-function value for X on (a,b). The concept of M-function
is similar to that of Shafer’s basic probability assignments [62]. Clearly, each M-function
value should be in [0,1] and all masses must sum to one. It is important to emphasize

that the different intervals for the M-function can overlap.

1.4 Outline of thesis

In this thesis, we present the NPI method for various types of inventory models. This
thesis is structured as follows. In Chapter 2, we present the main idea of the single-order
inventory models involving a single-period model and a single order for a two-period
model. The classical inventory model with a single period is reviewed. We introduce NPI
lower and upper probabilities for the event that the random profit is non-negative, and
we use them to determine an optimal inventory level. Also, we consider an optimality
criterion which combines both the lower and upper probabilities. In addition, we consider
the NPI lower and upper expected profits for the next period, and we also combine both
lower and upper expected profits for the next period. We investigate the performance of
the NPI and classical methods for the single-period model via simulation study. Also,
we study a model that is similar to the single-period model but with two demands; a
two-period model with a single order is considered. We presume that we are filling the

inventory for both periods at the same time. Therefore, the future demand will be a
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combination of the future demand for the first period and the future demand for the
second period. We consider maximising the NPI lower and upper expected profits as
the optimality criterion for this model. We investigate the performance of the NPI and
classical methods via simulation study. Part of this chapter was presented online at the
Institute of Mathematics and its Applications (IMA) and Operational Research (OR)
Society Conference on Mathematics of Operational Research in April 2021. The single-
period inventory model has been submitted for publication in the Journal of Operational
Research Society, “Nonparametric Predictive Inference for the Single-Period Inventory
Model”.

Chapter 3 develops the NPI method for the two-period inventory model with inde-
pendent demands. First, we determine the optimal inventory level for the second period,
assuming there is a remaining stock (or shortage) from the first period, and with that
optimal strategy for the second period, we then optimise over the first period. We chose
to maximise expected profit as the optimal criterion for determining optimal inventory
levels. We investigate the performance of the two-period model involving different as-
sumptions via simulation studies. Part of this chapter was presented at the Operational
Research Society’s Annual Conference (OR64) at the University of Warwick, UK, in
September 2022. A journal paper on this model is in preparation.

In Chapter 4, we introduce the NPI bootstrap method, which we indicate by NPI-B,
as an alternative method to deal with inventory problems. We apply NPI-B to the single-
order and two-period independent demands models, which we studied in Chapters 2 and
3. Also, we apply NPI-B to the two-period dependent demands model. We investigate
the average profit criterion, in order to determine the optimal inventory levels.

Some basic assumptions are made for all inventory models analysed, which are as
follows: the length of time between the placement and receipt of an order is zero, i.e. lead
time is equal to zero. An order is placed at the beginning of a period. For two-period
model, the periods are of equal and known lengths.

Some final remarks and conclusions are considered in Chapter 5. The appendix con-
tains proofs for some properties. The calculations in this thesis were performed using the
statistical software R version 3.6.3. The R codes will be available on the NPI website,

www.npi-statistics.com.



Chapter 2

Single-order inventory models

2.1 Introduction

The single-order inventory models include both a single-period model and a single or-
der for a two-period model. The single-period inventory model [53], is important from
both theoretical and practical perspectives. An example of the single-period model is
the “newsboy problem”. The aim in studying the single-period inventory model is to
determine the optimal inventory level that maximises the probability that the profit is
greater than or equal to zero or maximises the expected profit. Many researchers con-
sidered the single-period model in their studies. Hadley and Whitin [41] introduce the
newsboy problem and they used dynamic programming to solve the problem. The ap-
proximate solutions of the standard newsboy problem based on approximations for the
Normal, Poisson and Gamma distributions are derived by Shore [64]. Walker [68] studied
the single-period model with probabilistic demand, where the probability distribution
is estimated from historical data. The single-period model can also be used to manage
capacity and make booking decisions in service sectors such as airlines and hotels [71].
In this chapter, we maximise the probability that the profit is greater than or equal
to zero and maximise the expected profit to determine the optimal inventory level for
the single-period model. Also, we extend the single-period inventory model to two-period
inventory model with a single order. The two-period inventory model allows a backlog of
demand, where the items ordered before the first period can be sold in the second period
[8]. We assume that we are simultaneously filling the inventory for the two periods.

Therefore, the future demand is equal to the sum of the future demand for the first

10
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period and the future demand for the second period. We introduce NPI for selecting
the optimal inventory level for a single order for two-period inventory models, where the
inference is based on one future observation.

The rest of the chapter is organised as follows: Section 2.2 introduces the single-
period inventory model. Section 2.3, provides brief reviews of the classical inventory
model. In Section 2.4, we will introduce NPI for a single-period inventory model. In
Section 2.5, comparison through the simulation study between the NPI method and the
classical method for the single-period inventory model is presented. The NPI method for
inventory decisions is presented in Section 2.6, where we introduce NP1 for a single order
for a two-period model to select the optimal inventory level that maximises the expected
profit. In Section 2.7, comparison through the simulation study between the NPI method
and the classical method for a single order for two-period model is presented. Section 2.8

presents the concluding remarks for this chapter.

2.2 Single-period inventory model

The single-period inventory problem considers the scenario in which an inventory is
needed to satisfy demand during only a single period. This means that only once the
level of inventory can be decided, and that demand cannot be satisfied in a later period
[16]. According to Reid and Sanders [60], the single-period model is typically designed
for goods with specific characteristics: they are sold at their regular price only during the
single time period and the salvage value of goods left over at the end of the period is less
than their original cost, so the inventory owner loses money when goods are sold for their
salvage value. An example is a newsagent who orders newspapers for a specific day, where
the problem for the newsagent is to decide how many newspapers to order [41, 51, 65].
In general, the demand, denoted by D, can be either a continuous or a discrete random
quantity, in this thesis we restrict attention to continuous demand.

One can use a variety of optimality criteria for the inventory level, we will consider
maximisation of the probability of non-negative profit and maximisation of the expected
profit. We assume that the inventory level is y, we aim at determining the best value of
y, which we denote by y*. The costs considered in the basic single-order inventory model

are holding cost h, which is the cost per unit for unsold items remaining at the end of



2.3. Classical inventory model 12

the period. The total holding costs are equal to h(y — D)*, where (v)" := max(0,v).
Shortage cost s is the cost per unit of demand that cannot be met, we assume s > 0.
The total shortage costs are s(D — y)*. Purchasing cost ¢ is the price per unit ordered,
we assume ¢ > 0. The total purchase costs are cy. Price p is the price per unit sold,
we assume a selling price that is high enough to cover the costs of inventory. The total
amount of money from sales is pmin(D, y). We do not assume setup cost k in this model,
which is, for example, the cost for delivery. According to Waters [70], these costs lead to

the profit function

Pf(D,y) = pmin(D,y) — cy — h(y — D)* —s(D —y)* (2.1)
that is:
pD — h(y — D) —cy when D <y
Pf(D,y)=14 py—s(D—y)—cy when D>y (2.2)
(p—o)y when D =y

2.3 Classical inventory model

The classical model is a basic model for inventories, presented by Harris in 1913 [42].
Inventory models have been classified based on the pattern of demand, which may be
either deterministic or random over time. Deterministic demand occurs when we know
the exact quantities needed over a period of time. Random demand occurs when the
demand is not known within a period of time. Forecasting the random demand tends to
be a challenge for the decision maker [67]. In most of the literature on inventory problems,
this difficulty is avoided by the assumption of a stochastic model for the random demand.

The aim of studying the inventory model is to fill the inventory at the optimal level
that meets the demand and leads to maximum profit. There are a variety of optimality
criteria for the inventory level, we will consider maximising the probability of non-negative

profit in Section 2.3.1, and maximising the expected profit in Section 2.3.2.

2.3.1 Maximisation of the probability of non-negative profit

One may wish to order in such a way that the probability of a loss is minimal, hence to

maximise the probability of a non-negative profit [61]. This criterion is straightforwardly
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Pf(d,y)

(0, Pf(0,9))

Figure 2.1: Profit for fixed inventory level y as function of demand d

adapted to maximisation of the probability that the profit exceeds a specific value other
than zero, we do not address this further.

For fixed inventory level y, the profit function, given by Equation (2.1), is a function
of the demand D = d, and it consists of two line segments as presented in Figure 2.1.

From Equation (2.1), we find d; and d, such that Pf(d;,y) = Pf(d,,y) = 0. For d < y,

(c+h)y
d=—"= 2.3
: p+h (2.3)
and for d >y,
g - Pts—cy (2.4)
s

Note that d; and d, are functions of y, we do not explicitly include this in the notation.

The profit is greater than or equal to zero whenever d; < D < d,.. So,

P(Pf(D,y) > 0)=P(d <D < d,) = fo(u)du (2.5)

where fp(-) is the probability density function (PDF) for the demand D. Let yp denote
the optimal inventory level which maximises the probability that the profit is greater
than or equal to zero. Setting the first derivative with respect to y of this probability

equal to zero leads to

p+s—c c+h

fD(dr) -

. . th(dl) =0 (2.6)
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For any given probability distribution for D, Equation (2.6) provides the possible value(s)
for y¢p, checking the second-order sufficient condition for optimality leads to the optimal

inventory level.

Example 2.3.1 Suppose D ~ N(u = 400,0 = 30),c = 20,h = 10, s = 20 and p = 50.
Our aim is to find the optimal inventory level that maximises the probability that the
profit is greater than or equal to zero.

By substituting Equations (2.3) and (2.4) in Equation (2.6), we have

e gy (]

rol - a() ()]

—  —6y> + 1600y + 2896.99 = 0

—20%1n

SO, Yop = 268.47

2.3.2 Maximisation of the expected profit

According to Shih [63] the expected profit for inventory level y is

Y 00

E(PD.9)) = [ (puhiy =) = eo)fo(du+ [y s(u=9) =) folw)du (27)
0 y

The optimal inventory level yf,, which maximises the profit, is derived by setting the

first derivative of this expected profit to zero, leading to the equation

p+s—c
P(D<vy}p)=—— 2.8
(DS yir) = (28)

As the second derivative of the expected profit is negative at all values of y with fp(y) > 0,
the value yf.5 resulting from Equation (2.8) is the optimal inventory level when aiming

at maximisation of the expected profit.

Example 2.3.2 Consider the same data as in Example 2.3.1. Our aim is to find the
optimal inventory level that maximises the expected profit.

From Equation (2.8), P(D < ytp) = 0.63 so, y5p = 409.96. If we consider s = 1
then yf, = 400.75. So, when the shortage cost decreases, the optimal inventory level
decreases. Also, if we increase the purchase cost to be ¢ = 30, the optimal inventory level

becomes 400. So, when the purchase cost increases, the optimal inventory level decreases.

&
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2.4 NPI for single-period inventory model

In this section, we develop NPI for decision support in the single-period inventory model.
We assume that data of demand in n previous periods are available, ordered as d; < dy <
... < d,, and we consider the random demand D, for the next single period for which
the inventory decision is required. We assume that there is a known upper bound for the
demand, denoted by d,,, which is logically greater than d,,, and that demand is positive.
Based on these data, and setting dy = 0 and d,,41 = d,,, the assumption A, for D,
leads to:
1

P(Dn+1 € (dj—lydj)) = n——|—1 for j = 1, ., n +1 (29)

The essential step in developing NPI for the single-period inventory model, is the transfer
of the partial probability distribution specification for D, ; to the partial probability
distribution specification for the profit, using the profit function given by Equation (2.1).
This process is illustrated in Figure 2.2, and involves the profit Pf(D,,.1,y) as function of
the random demand D,,,; and fixed inventory level y. The overall aim is to determine an
optimal value for y. Let j, € {1,...,n+1} be such that y € (d;,—1,d;,). The probabilities
for D, 41, given in Equation (2.9), lead to the following M-function values for the random

profit Pf(D,11,9),

MPI(ds1,9), PIsp) = —  forj€{l,jy =1} (210)
M(in{Pf(ds,1,), P (di,0)) PR ) = ——  forj =, 2.1)
M(PS(dsy), Py a,p) = ——  forj€ {jy+1n+1} (212

The transfers of the probabilities for D, 1, as given in Equation (2.9), to M-function
values for Pf(D,1,y) for the cases in Equations (2.10) and (2.12) follow straightfor-
wardly from Figure 2.2. Equation (2.11) is also best understood from this figure, where
we should emphasize that since y divides the interval into two parts, the minimum is
considered to cover all possible values of profit for D, € (d;,—1,d;,).

Section 2.4.1 presents the NPI lower and upper probabilities for the event that the
profit over the single period considered is non-negative, and uses these to determine an
optimal inventory level. This is followed by focus on the NPI lower and upper expected

values for the profit, and their optimisation, in Section 2.4.2.
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Pf(d,y)

(v, Pf(y,y))

(0, Pf(0,9))

Figure 2.2: Single-period inventory - M-functions

2.4.1 NPI lower and upper probabilities for non-negative profit

In this section, we calculate the NPI lower and upper probabilities for the event that
the profit corresponding to future demand is greater than or equal to zero, for given y.
When aiming to maximise the NPI lower probability for non-negative profit, it is easily
understood from Figures 2.1 and 2.2 that we should maximise the number of intervals
(dj_1,d;), for j = 1,...,n+1, that are entirely within [d;, d,], where d; and d, are functions
of the inventory level y, Equations (2.3) and (2.4). Clearly, the profit function is certainly
positive for D, in between two consecutive values d;_; and d;, of the data d; < ... < d,,
if both d;_; and d; are in between the two points, d; and d,, where the profit function
is equal to zero. Hence, the lower probability for positive profit is just the number of

intervals between consecutive d; values that are entirely between d; and d,, where each

such interval has been assigned probability mass based on the A,y assumption for

+1
the future demand D,, ;. This number is easy to calculate as follows:

Let yx be such that Pf(dy,yx) = 0 with yp > d for k = 1,...,n. Hence, y, is such that
the increasing line segment of the function Pf(D,yx) is equal to 0 at D = dy, so related
to Figure 2.1 we have d; = dj. This leads to

(p + h)dy,

2.13
c+h ( )

Yk =
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This value y;, fully specifies the profit function for given values of the costs.
Let dJ, be such that Pf(d},yx) = 0 and d}, > y, hence the decreasing line segment of
the function Pf(D,yx) is equal to 0 at D = d}. By Equations (2.3) and (2.4) we have

= (2.14)

The NPI lower probability, P(P f(Dp+1,yx) > 0), is derived by counting the number of

intervals (d;_1,d;) which are entirely contained in [dj, d}|, noting that each such interval

has been assigned probability mass based on the A, assumption for the future

+1
demand D,, ;. Let nj denote the number of d;, for j = 1,...,n+1, such that d;, < d; < d.

To summarise, we have Equations (2.13), (2.14) and
ng = #{dj : d]’ S [dk,dﬂ,j € {1, ey, 1}} (215)

There are (ngy — 1)* intervals (d;_;,d;) which are entirely in [dy, d}], so the NPT lower
probability for the event Pf(D,.1,yx) > 0 is

(ny, —1)F

L(Pf(Dnrye) 2 0) = — ——

(2.16)

An optimal inventory level yp which maximises P(Pf(Dy41,%)) is now derived by set-
ting yp = yk, with k& € {1,...,n} such that the corresponding value of n; is maximal.
Note that it is quite likely that there is not a unique inventory level that maximises
P(Pf(D,i1,y)), not only because there may not be a unique value ny; leading to the
maximum P(Pf(Dy41,y)), but also because values just less than yp are likely to lead to
the same value for this NPI lower probability for non-negative profit.

Deriving an optimal inventory level to maximise the NPI upper probability for the
event Pf(D,+1,y) > 0 can be done in a similar way as for the corresponding NPI lower
probability. This upper probability is derived by counting the intervals (d;_;,d;) that
have a non-empty intersection with [d;, d,], which is again easily seen from Figures 2.1
and 2.2. Of course, this includes all the intervals that were included in the counts to
derive the NPI lower probability, while some attention is needed for the intervals which
contain either d; or d,.. Assuming that D,,; = 0 leads to negative profit, which is the
case for any positive inventory level, y, then the interval (d;_;,d;) containing d; must

now be included in the count.
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For the interval which contains d,, we need to consider the value of the profit, for
given y, at the end-point of demand d,,, since both d, and d, can be greater than each
other. If d, is large enough to have a negative profit at d, for given y, then the interval
(dj_1,d;) containing d, must now be included in the count, but if the profit at d, is
non-negative, then that interval will already have been included in the count for the NPI
lower probability. This leads to the following NPI upper probability for inventory levels
Y, for k =1,...,n, as defined in Equation (2.13),

L .
P(Pf(Dps1,y) > 0) = BT Dnss ) 2 00+ i ?f Pildiu) <0 (2.17)

The optimal inventory level % which maximises P(Pf(Dyy1,y) > 0) is easily derived
by taking the value y;, that maximises this upper probability over £ = 1,...,n. The
same comment with regard to non-uniqueness of the optimal inventory level, as made
above for the NPI lower probability, applies here. Furthermore, we should mention that,
in this section, we have taken some liberties on mathematical accuracy for the sake of
simplicity of the presentation: First, for the optimisation of the NPI upper probability,
the arguments provided would actually require consideration of values d; — € instead of
dy, for very small ¢ > 0, but the effect on the corresponding strategies yi, and hence
on the optimal inventory level, is neglectable. Secondly, we have not paid attention
to situations where d; or d, could coincide with an observed value d;. This is of no
serious consequence when demand is a continuous random quantity; if one would want to
model discrete demand then more care would be needed, but one would then also want to
consider a different NPI approach than the one used in this chapter, this is not considered
further here.

As optimisation of the NPI lower probability and the NPI upper probability for non-
negative profit may not both lead to the same optimal inventory level, one may need to
choose which of these two criteria to use. One could consider optimisation of the NPI
lower probability a somewhat pessimistic perspective, with optimisation of the NPI upper
probability reflecting a more optimistic point of view. However, one could also combine

these two criteria using the Hurwicz criterion [3], which here implies maximisation of a
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weighted average of the NPI lower and upper probabilities. With w € [0, 1], we define

Hpo(Pf(Dyy1,yx) > 0) = wP(Pf(Dpi1,yx) > 0) + (1 — W)P(Pf(Dyy1, yi) > 0)
(2.18)

The parameter w can be interpreted as an optimism-pessimism index. The choice of w,
like the overall choice of the optimality criteria, would be for the decision maker to make
whether they want to be more pessimistic or more optimistic. So, w is between 0 and 1,
describing the level of optimism, with the remainder being pessimism. An w of, say, 0.2
means that you are more pessimistic than optimistic. When w = 0.1, that means that
you are even more pessimistic than when w = 0.2. Setting w to 0.95 means that you are
very optimistic, but a small amount of pessimism (5%) remains. Using Equations (2.16)

and (2.17) we get

1 —2w)*
L2 i P () <0
Hpo(Pf(Duiip) 2 0)={ "+ (2.19)
e N AR
n+1 -
The optimal inventory level according to the Hurwicz criterion will be denoted by yp, .
Example 2.4.1 illustrates the methods presented in this section, considering the optimi-

sation of the NPI lower probability, the NPI upper probability, and the corresponding

Hurwicz criterion.

Example 2.4.1 Consider an inventory system with the following costs: p = 50,¢ =
20, h = 10, s = 20, and assume that demand is known to be between dy = 0 and d,, = 40.
Assume that there are n = 5 demand observations, with values 7.20,12.50, 15.30, 22.60,

35.40 and assume w = 0.60. Table 2.1 presents the results of the method presented in this
section, specifying the NPI lower and upper probabilities and their weighted function for
the event that the profit for the single period considered will be non-negative, together
with the corresponding values of y, and of the quantities dj, and nj that are part of the
computations as explained above. The NPI lower probability is maximal at y; = 14.40
and y, = 25, so either of these values can be chosen as yp. The NPI upper probability is
maximal at y5 = y; = 14.40. Maximisation of the Hurwicz criterion leads to yp,, = 14.40
when w = 0.60. In general, for all w € [0,1), the the Hurwicz criterion is maximal at
Yp., = 14.40, while for w = 1 this criterion is the same as maximisation of the NPI lower

probability, which was discussed above. &
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ko oy dy  ng P(Pf(Dg,yr) >0) P(Pf(Dg,yx) >0) Hpu(Pf(Ds,yr) > 0)

1 1440 36.00 5 0.67 1.00 0.80
2 25.00 6250 5 0.67 0.83 0.73
3 30.60 76.50 4 0.50 0.67 0.57
4 4520 113.00 3 0.33 0.50 0.40
5 70.80 177.00 2 0.17 0.33 0.23

Table 2.1: NPI lower and upper probabilities and their weighted function for Example
2.4.1

2.4.2 NPI lower and upper expected profits

In this section, we present the NPI lower and upper expected profits for the next period, as
function of the inventory level y. The derivations are based on the M-functions illustrated
in Figure 2.2 and presented in Equations (2.10)-(2.12).

The NPI lower expected profit, denoted by E, . (y), is derived by assigning the prob-

1

—» according to the M-function values in Equations (2.10)-(2.12), to the

ability masses
minimum (or infimum) value for Pf(D,1,y) per interval. With, as before, j, such that
y € (dj,—1,d;,), this leads to

Jy—1

E,.(y) = Z M(Pf(dj-1,y), Pf(d;,y))Pf(dj-1,y)

+ M(min[Pf(d;, 1, y), Pf(ds,, 9)], Pf(y,y)) min[P f(d;, 1, y), Pf(d;,, )]
+ Z M(Pf(d;,y), Pf(dj—1,v))Pf(d;,y)

J=Jjy+1

- ni 1 ((]y - 1)(_<C+ h)y> + (p+ h) yz dj,1 + min[—(c+ h)y

j=1
n+1
+(p+h)dj,, (p—c+s)y—sdi )+ (n+1—G)p—c+s)y—s »_ dj)
j:jy"‘l

(2.20)

To determine an optimal inventory level, denoted by y, which maximises E, ,(y),
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Lower expected profit

Ki | Ky+1

Figure 2.3: The NPI lower expectation function and the optimal value

we introduce the following two functions,

B = 1 (U= DO+ 100+ 0+ 1) S s = 4 Ry + (4 1)

+n+1—-j)p—c+s)y—s Z dj) (2.21)

J=jy+1

Ey(y) = — (<jy_1><_<c+h)y)+<p+h>”Zdj_1+(p_c+s>y_sdj

j=1
n+1
ﬁ%n+1—hxp—c+$y—s§:c%) (2.22)
j:jy+1
By Equation (2.20), £, (y) = min[E,(y), E,(y)]. It is easy to verify that the function
E, ., is discontinuous at d;, for all | € {1,...,n}, the proof of this property is given in
Appendix A.1. We also note that E,(y) and E,(y) are linear functions in each interval

[d;,~1,d;,]. We can show that E,(y) is an increasing function in [d;, 1, d;,| if and only if

(n+1)(p—c+s)
p+h+s

=: K, (2.23)

y
and E,(y) is a decreasing function in [d;,_1,d;,] if and only if j, > K;. E,(y) is an
increasing function in [d;,_1,d;,] if and only if

cth+(n+2)(p—c+s)
<
p+h+s

— K +1 (2.24)

Jy
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Figure 2.4: The functions E,(y) and E,(y) for Example 2.4.2

and E,(y) is a decreasing function in [d;,_1,d;,] if and only if j, > K, + 1. This implies
that the maximum value of £, ,(y) = min[E,(y), £,(y)] is at the intersection point of
E,(y) and E,(y) in the single interval where E (y) decreases and E,(y) increases. This
leads to the optimal inventory level, which maximises the NPI lower expected profit,

. (p+h)d;, 1+ sd,
Yg =
p+h+s

(2.25)

where K; < j, < K; + 1. This is illustrated in Figure 2.3 and in the following example.

Example 2.4.2 Let the costs be p = 103, ¢ = 16, h = 20 and s = 7, and suppose data
consisting of n = 9 observations: 2.20, 3.70, 5.40,7.70, 10.10, 12.60, 15.20, 17.90, 20.70. We
assume that the maximum possible value for the demand is d, = 22.90.

We have K = 7.23, so, in the first seven intervals of the partition of [0,22.90] cre-
ated by the data, E,(y) is an increasing function and thereafter it is a decreasing func-
tion, while £, (y) is an increasing function in the first eight intervals, and a decreasing
function thereafter. This is illustrated in Figure 2.4. So the minimum of these two
functions reaches its maximum value at the intersection of these two functions in the in-
terval (15.20,17.90), leading to yj = 15.35 with corresponding NPI lower expected profit
E, .1 (yp) = 515.90.

&

Similarly, by assigning the probability masses #1 in Equations (2.10)-(2.12) to the
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maximal value for Pf(D,1,y) per interval, we derive the upper expected profit

Jy—1

Epnly) = Z M(Pf(dj—1,y), Pf(d;,y))Pf(d;,y)

+ M(min[Pf(d;,-1,y), Pf(d;,, )], Pf(y,v))Pf(y,y)

+ Y M(Pf(dj,y), Pf(dj1,y))Pf(dj1,y)

j:ijFl
1
Cn+1

(6= D+ 10+ 00 X+ (=

n+1
+n+1—yg)lp—c+sy—s Z dj_l) (2.26)
J=jy+1
We note that F,1(y) is a continuous function, the proof is provided in Appendix A.2.

To derive the optimal inventory level which maximises E,,1(y), denoted by Yz, We use

that E,41(y) is an increasing function over the interval [d;,_1,d;,] if and only if

h+p+(n+1D(p—c+s)

y <
Iy p+s+h

=: K, (2.27)

and E,1(y) is a decreasing function over the interval [d;,_1,d;,] if and only if j, > K».
This implies that, as E,1(y) is a continuous function, so Y5 = di=, with [* the largest

value in {1,2,...,n} which is less than K,. This is illustrated in the following example.

Example 2.4.3 Consider the same scenario as in Example 2.4.2, the aim is to find the
optimal inventory level which maximises the NPI upper expected profit. The upper
expected profit function E, 1 (y) is presented in Figure 2.5. We have K, = 8.18, so Yy =
ds, that is the 8th ranked observation out of the 9 data observations, hence yz = 17.90
with the corresponding NPI upper expected profit Enﬂ(y%) = 714.02. &

As an alternative to maximising the NPI lower expected profit or the NPI upper expected

profit, one can use the Hurwicz criterion and aim at maximising their weighted average,

Hpo(y) = wE, 1 (y) + (1 = w)Enii(y) (2.28)
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Figure 2.5: The NPI upper expectation function E,, ()

for 0 < w < 1. Using Equations (2.20) and (2.26) leads to

W

el =

[—@—@y+@+hmm—%rﬂ—d%ﬂ—dm

+min[—(c+ h)y + (p+ h)d;,—1, (p — c + 8)y — sd;,]

by (G = D4 1) + =9+ (0 1= )= 9]
o yzd -3 - 1) (2.29)

_]y+1
To determine an optimal inventory level, denoted by yj; ,, which maximises Hp, (y), we

introduce the following two functions:

Hao) = 5 [ = 0= ot (o 1o = ) = sl = ) = (e-+ )y
Dy | + o (010, - Dot M)+ -
+(n+1—3j)p—c+s)]+(p+h) Mid]—s g:lld] 1) (2.30)

and

Haal) = 5[ = (0= O+ (o Bl — ) = ldass — ) + (= e+ 3)y — s
# g (10 = D=+ M)+ (0= 0+ L= )=+ 9]

Jy—1 n+1
+(p+h) Zdj—s > d;- 1) (2.31)

J=jy+1
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so Hp,(y) = min[H,.(y), Hu(y)]. The analysis to derive the optimal inventory level,
Yo 18 similar to that for optimising the NPT lower expected profit, with Hg, also
discontinuous at d;, for all [ € {1,...,n}, the proof of this property is given in Appendix
A3, and H.q(y) and H,(y) linear functions in each interval [d;, —1,d;,]. Huq(y) is an
increasing function in the interval [d;, 1, d;,] if and only if

(1—w)(p+h)+n+1D(p—c+s)
p+h+s

Jy < = K (2.32)

and H,,(y) is a decreasing function in the interval [d;,_,d;,] if and only if j, > K.

Similarly, H.;(y) is an increasing function in the interval [d;,_1, d;,] if and only if

_wstptht(n+p—cts)

i = Ky +w (2.33)

Jy

and H,(y) is a decreasing function in the interval [d;, _,d;,] if and only if j, > K3+ w.

This leads to optimal inventory level

« (p + h)d'yfl + Sd'y
Vs = LI 234

where j, is the largest value in {1,...,n} for which j, < K3+ w. This is illustrated in

the following example.

Example 2.4.4 Consider again the same data as in Examples 2.4.2 and 2.4.3, and let
w = 0.70. The aim is to find the optimal inventory level which maximises Hp o 70(y).
We have K3 = 7.51 so j, = 8 and the maximum value of Hg70(y) is achieved at the
intersection of H,,(y) and H,(y) in the interval (15.20,17.90), leading to y o, = 15.35
with corresponding Hg 0.70(Y% 0.70) = 573.57. This is illustrated in Figure 2.6. &

2.5 Comparison of the NPI and classical methods for
the single-period model

This section presents the results of simulation to investigate the performance of the NPI
and classical methods for the single-period inventory problem. Our aim is effectively to
check how close the classical method is to NPI when the distribution of the classical
method is assumed to be known. Then, based on some assumptions, compare which
method performs better than the other. We simulate n observations of demand from

a Gamma distribution, since the demand is assumed to be positive in this thesis, we
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Figure 2.6: The functions H,,(y) and H,;(y) for Example 2.4.4

select the Gamma distribution in simulation settings as it is flexible in many shapes
for positive real values. These n simulated data observations are used to determine the
optimal inventory level y* corresponding to one of the optimality criterion, lower and
upper probabilities of non-negative profit, or the lower and upper expected profit. Then
a value for one future observation D is simulated from the same underlying Gamma
distribution, allowing the realised value of the profit function to be computed for the
values of y* and D.

The simulated future demand is compared with the optimal inventory level to study
the performance of the methods, as follows:

If D < y*, then the number of sales is D, then the profit is pD — cy* — h(y* — D).
If D > y*, then the number of sales is y*, then the profit is py — cy* — s(D — y*).
If D = y*, then the profit is (p — ¢)y*.

The difference between NPI and the classical method is that the classical method
assumes the probability distribution of demand is fully known, while the NPI method
only uses data, since the probability distribution of the demand is unknown.

We consider six different cases with regard to discrepancy between the model used for
the data simulations, and the model assumed for the classical method to determine the
optimal inventory level, which is compared to the optimal NPI inventory level. Each case
is run 1000 times and we report the number of these runs in which the profit resulting

from the NPI method is greater than the profit resulting from the classical method. In
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Case Simulation Classical assumption

I D; ~ Gamma(3,1) Gamma(3,1)

II | D; ~ Gamma(3,1) Exp(1/3)

IIT | D; ~ Gamma(3,1) Exp(1/2)

IV | D; ~ Gamma(3,0),6 ~ Unif(0,2) | Gamma(3, 1)

V | D; ~ Gamma(3,1) Exp(1)

VI | D; ~ Gamma(3,1) Exp(2)

Table 2.2: Simulation cases

the comparison, we only consider how often the profit is doing better in each run, but it
could also be of interest to see by how much it is greater as a topic for future research.

The Gammal(k,#) distribution, with shape parameter k£ and scale parameter 6, has

L k-1

probability density function f(z) =

O e for x > 0 and mean value k. The

Exponential()\) distribution with rate A\ has probability density function f(z) = Ae™*
1

for x > 0 and mean value =.

3. The cases considered are shown in Table 2.2, with first

the model used for simulating the demands D specified, followed by the model assumed
for the analysis according to the classical method. For the case where the Gamma scale
parameter @ is simulated from the Uniform(0, 2) distribution, one value is drawn and used
for each run, so n observations are drawn using one specific value of 6, and a new value
of # is drawn for the next run.

Case I is the scenario where the model used for the classical analysis is exactly the
same as the model used for the data generation. In Case II the model for the analysis is
Exponential but with the same mean value as the Gamma distribution used to generate
the data. The further cases have other discrepancies between these two models, set up
in such a way that we expected that the classical method would perform more poorly for
the later cases as the differences between the models increase.

We consider three different sample sizes, n = 5,50,100. For all cases, the costs used
are ¢ = 20,p = 50, h = 10, s = 20 and we use w = 0.50 for the Hurwicz criterion. As
finite end-point for the support of the random demand we took d, = 15; in the rare event
that a simulated value in a run exceeds 15 we delete the value and draw a new one; this
has no real impact on the methods as the probability to get a value which exceeds 15 is

very small for all models considered.
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Case P P H rw P P H rw P P H Puw
I 384 385 384 436 436 436 486 486 486

I 384 385 384 436 436 436 486 486 486
IIT 551 557 551 704 704 704 710 710 710
IV. 597 604 597 694 694 694 678 678 678
V. T67 776 767 826 826 826 837 837 837
VI 822 831 822 889 889 889 896 896 896

Table 2.3: Number of cases out of 1000 where NPI-based profit is greater than the classical

method for lower and upper probabilities and their weighted function

Tables 2.3 and 2.4 present the results from the simulation study. They provide the
number of times, out of 1000 runs, in which the profit according to the NPI methods for
the single-period model, are larger than for the corresponding classical method. Table
2.3 considers the probability of non-negative profit as optimality criterion, where P, P
and Hp,, indicate that, for the NPI method, the lower probability, the upper probability,
or the Hurwicz criterion was used, respectively. Table 2.4 considers the expected profit as
optimality criterion, where E, E and H B indicate that, for the NPI method, the lower
expected profit, the upper expected profit, or the Hurwicz criterion was used, respectively.

As expected, the NPI methods perform worse than the classical methods in Case I,
but for large n the performance of the NPI methods improves and the number of times it
performs better than the classical method increases to close to 500. Case II is perhaps the
most surprising as for optimising the probability of non-negative profit, the NPI method
let to more profit in precisely the same numbers of cases for Case I, this is because that the
classical optimal inventory levels that maximise the probability that the profit is greater
than or equal to zero are equal when the mean is the same for Gamma and Exponential
distribution; this general property is proven in Appendix A.4. Hence, the number of
times that NPI leads to higher profit than the classical method for Case I is the same as
Case II.
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Case F E Hg., E E Hg, E E Hg,,
I 469 393 413 487 456 455 485 496 485

IT 426 391 400 401 397 392 411 410 411
IIT 524 505 511 560 547 545 553 5HH6  HH3
IV 622 615 610 676 679 676 714 715 714
V751 685 705 733 T25 722 726 726 726
VI 835 771 794 810 804 804 805 806 805

Table 2.4: Number of cases out of 1000 where NPI-based profit is greater than the classical

method for lower and upper expected profits and their weighted function

2.6 NPI for a single order for the two-period model

In this section, consider the case when we order once for two periods, i.e. we fill the
inventory for the two periods together, so the future demand will be D = D,,,1 + D,,10,
where D, 11 and D, are the future demands for the first and second period, respectively.
In the single-period model discussed in Sections 2.2-2.4, we order once for one period,
while here we order once for two periods and we consider that there is no holding cost
after the first period, so if any inventory remains at the end of the second period, it is
disposed of. So, the profit function for this model will be the same as the profit function
for the single-period inventory model, Equation (2.1).

In this model, we will only consider maximising the expected profit as the optimality
criterion for the inventory level, since the other criterion discussed in Section 2.3.1, can
be attractive in many situations, but it does not distinguish between actual levels of
profit beyond whether it is non-negative or negative. Since the profit function for this
model is the same as the profit function for the single-period inventory model, the optimal
inventory level y/., that maximises the expected profit for this model is the same as the
optimal level for the single-period inventory model displayed in Section 2.3.2.

In Section 2.4, NPI was introduced for the single-period inventory model which con-
sidered only one future demand observation. NPI has been developed to deal with mul-
tiple future observations, say m future observations, with their interdependence explicitly

taken into account, and based on repeated use of the assumptions Ay, A1), - Amrm—-1)
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[44]. Here, we consider an inventory for two periods involving future demands, D,,;; and
D,, 15, in which D, 5 depends on D, ;.

Since we suppose a single order for the two-period model, we consider the random
demand D = D,, 11+ D, 15 for the two periods for which the inventory decision is required.
It is important to emphasize that the future demands D,, 1 and D, are assumed to come
from the same data collection process as the n data observations. As before, we assume
that data of demand in n previous periods are available, ordered as d; < dy < ... < d,,.
We assume that there is a known upper bound for the demand, denoted by d,,, which is
logically greater than d,,, and that demand is positive.

We link the observed demands and future demands via Hill’s assumption A, [44], or
more precisely, via consecutive application of A(,), Agnt1), s Amem—1). We refer to these
generically as the A() assumptions, which can be considered as a post-data version of
a finite exchangeability assumption for n + m random quantities. The exchangeability
assumption on demand is different from iid. In NPI, we only assume A,y assumptions,
which are directly related to the exchangeability assumption, and the multiple future
periods are dependent. However, the iid assumes that each random variable has the
same probability distribution as the others and all are mutually independent. The iid is
a stronger assumption than exchangeability.

Let O;,1 = 1,2, ..., @ be a specific ordering of the m future demands among n
data observations. Then the A() assumptions lead to

n!

P = (n+m)!

(2.35)

(n4+m)!
nl

Equation (2.35) implies that all different orderings O;, for i = 1,2, ..., are equally
likely. A suitable way to explain the A() assumptions with n data observations and m
future observations is to think that the n revealed observations are randomly chosen from
n—+m observations, which enable to make inferences about the m unrevealed observations.
The ordering of the future observations among the observations is important, as the first
future observation could be larger than the second one, and the second future observation
could be larger than the first one.

To avoid huge analytic complexities, we restrict our focus in this section to the case
where the number of observations is n = 2 and m = 2 future demands. For larger n, the

NPI bootstrap approach has been used as an alternative approach; this will be shown in

Chapter 4.
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Figure 2.7: The different orderings of future observations when n =m = 2

Dy 1 Dy, 10 D =Dypi1+ Dyyo || P(D)
(dO) dl) (dOa dl) (2d07 2d1) %
(do,d1) || (do,dy) (2do, 2d,) o
(d07d1) (d17 2) (do +d17d1 +d2) %
(di,dz) || (do,dy) || (di+ do,ds+ dy) %

(dy,dg) || (do,dy) || (di+da,dy+d,) %
(da,dy) || (di,ds) || (dy+ dy,dy + da) %
(da, dy) || (da, dy) (2dy, 2d.,,) L
(da, du) || (do, ) (2dy, 2dL,) i3

Table 2.5: Intervals for two future observations

Example 2.6.1 Assume n = 2 observations which create 3 intervals, consider m = 2
future observations, and set dy = 0 and d,,+; = d,,. Then the assumptions Ay and As)
imply that the next two observations, D3, Dy, will fall in any one of these intervals with
probablhty 3 and ; 1 respectively. This gives 12 equally likely orderings O;,7 = 1,2, ...,12,
of the future demands, D3, D4 among the observations d; and ds, as shown in Figure 2.7
and Table 2.5.

The 12 intervals for D3 and D, will be combined into six overlapped intervals between

seven observed demands with probability % = % for each interval, which is shown in Table
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Figure 2.8: Overlapping intervals for a single order for two-period inventory model

2.5 and Figure 2.8. We place restrictions on the observed demands, which are 2d; < dy+ds
and 2dy < di + d,, this is just illustrating the approach for a specific scenario where the
observed demand was ordered this way, and we assume the lower bound is 2dy = 0, the

upper bound is 2d,,. &

Next, we illustrate the NPI lower and upper expected profits for the proposed model.
The essential step in developing NPI for this model, is the transfer of the partial prob-
ability distribution specification for D to a partial probability distribution specification
for the profit, using the profit function given by Equation (2.1). This process is similar to
that for the single-period process presented in Section 2.4.2 and illustrated in Figure 2.2.
It involves the profit Pf(D,y) as function of the random demand D and fixed inventory
level y. However, the probability masses in each interval in Figure 2.8 are not the same
as in Section 2.4.2, so we will rely on the letters in Figure 2.8 to simplify the overlapping
intervals and then to find the M-functions for this model. It is not easy to find general
expressions for the lower and upper expected profits, similarly as was done in Section
2.4.2. So, we will deal with each interval separately to determine the optimal inventory
level for each of them, then select the optimal one among them as the optimal inventory
level for the proposed model.

Now we rely on Table 2.5 and Figure 2.8, to find the M-function values for the random
profit Pf(D,y). If y is in interval A, the M-function is as follows:
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M(min{P f (2do, ), P (dy + i, 0)), PF(y,9)) = 5 (2.36)
M(PS(d;y), PI2d 1 0) = 5, forje{2s) (23]
M(P(d;+dyo,y), P+ i) =5, forje {12} (239)
M(PF(ds + du, ), Pf(do + do, ) :% (2.39)

Equation (2.36) represents the probability masses that the future demand falls in inter-

1
G

val A is equal to Equation (2.37) represents the probability masses in the red and
yellow intervals, in this equation, we defined the profit, Pf(2d;,y), as the lower bound
and Pf(2d;_1,y) as the upper bound, since whenever the demand is close to y, the profit
becomes large, similarly for the other equations. Equation (2.38) represents the proba-
bility masses in the purple and pink intervals. Equation (2.39) represents the probability
masses in the green interval.

The NPI lower expected profit, denoted by £ 4, is derived by assigning the probability
masses é, according to the M-function values in Equations (2.36)-(2.39), to the minimum
value for Pf(D,y) per interval, which leads to

1 3 2
E,= G min[—(c+ h)y, (p — c+ )y — sdi] +5(p —c+ s)y — QSZdj - sZ(dj

Jj=2 Jj=1

+ dj+1) — S(dl + du) (240)

To determine an optimal inventory level, yx 4, which maximises £, in the interval A,

we introduce the following two functions,

3 2
—(c+hy+5(p—c+s)y—2sY di—sy (di+dj1) —s(dr+dy)

Jj=2 J=1

|t
|

1A —

|~

(2.41)

3 2
1
E2A:6[(p_C+S)y_5d1+5(p_c+5)y_232dj_SZ(dj+dj+1)_S(d1+du)

=2 j=1

(2.42)
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By Equation (2.40), £, = min[E, 4, Ey,]. E,;4 and E,, are linear functions in the
interval A, and they intersect at one point, which is the optimal value for the interval A.

So, by equating E,, and E,,, we have

Yo = % (2.43)

If y is in interval B, the M-function is as follows:
M(winlPf(dy + du. ), P(2ds, )], PF(y.)) = - (2.44)
M(Pf(2d;,), PF(2d,1,0) = 5, forj € {2,3) (2.45)
M(PS(dy + duy), PF(do + o) = ¢ (2.46)
M(PS(ds + duy), PF(h + o)) = ¢ (2.47)

Equation (2.44) represents the probability masses that the future demand falls in interval
B is equal to %, since the interval B combined the grey and purple intervals. Equation
(2.45) represents the probability masses in the red and yellow intervals. Equation (2.46)
represents the probability masses in the green interval. Equation (2.47) represents the
probability masses in the pink interval.

The NPI lower expected profit, denoted by E 5, is derived by assigning the probability
masses é, according to the M-function values in Equations (2.44)-(2.47), to the minimum

value for Pf(D,y) per interval, which leads to

3
1
Ep= 6 2min[—(c+ h)y + (p+ h)dy, (p —c+ 8)y — 2sdi] + 4(p — c+ s)y — QSZdj
=2
— S(d1 + dg —|— dg + dg) (248)

To determine an optimal inventory level, ¥ 5, which maximises £ in the interval B,

we introduce the following two functions,

3
1
Lip=5¢ [2[—(C+h)y+ (p+P)d]+4(p— e+ )y =25 Y d; — s(dy + ds + dy + dy)

=2

(2.49)

3
Eyp = [2[(p—c+8)y—28d1]+4(p—c+8)y—252dj—S(d1+d3+d2+d3)

=2

|~

(2.50)
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By Equation (2.48), Ep = min[E, g, Eyg]. E,5 and E,p are linear functions in the
interval B, and they intersect at one point, which is the optimal inventory level for the
interval B. So, by equating F, 5 and E,z, we have

« (p + h)dl + 28d1

— 2.51
o p+h+s ( )

Similarly, for the intervals, C, ..., H. So, if y € (z, z), the optimal inventory level for
the lower expected profit is

. (+h)zx+sz
Ye = 5 .
p+h+s

(2.52)
In general, for the lower expected profit, the optimal inventory level, YEo..o for all dif-
ferent intervals is the one that corresponds to E = max[E 4, Eg, ..., E], as we consider
maximising the expected profit as the optimality criterion for the inventory level.

Now, we consider the upper expected profit. The NPI upper expected profit for the
interval A, E 4, is derived by assigning the probability masses é, according to the M-
function values in Equations (2.36)-(2.39), to the maximal value for Pf(D,y) per interval,

which leads to
2

3
— 1
E,= 5 (p—c)y+5(p—c+s)y— 252 dj_y — SZ(dj_l +d;) — 8d2] (2.53)

=2 j=1

E 4 is a linear function in the interval A. To find the optimal inventory level, which is
denoted by y% , for interval A, we need to find out if E 4 is an increasing or decreasing
function over the interval A. So, we derive the difference between the values of E 4 of the

upper and lower bounds of interval A, leading to the equation

Ea(dy +dy) — Ea(2dy) = 4 [6(]9 —¢)+5s (2.54)

6

If E4(dy+di) — EA(2dy) > 0 in Equation (2.54), then E, is an increasing function over
the interval A and the optimal value is y*E 1 = do+d; which is the upper bound of interval
A. While, if E4(do+d;)—EA(2dy) < 0 in Equation (2.54), the E 4 is a decreasing function
over A and the optimal value is y% 4 = 2do.

Similarly for interval B, the NPI upper expected profit for the interval B, Ep, is
derived by assigning the probability masses é, according to the M-function values in
Equations (2.44)-(2.47), to the maximal value for Pf(D,y) per interval, which leads to

3
Ep= % 2(p—c)y+4(p—c+s)y —2s Z dj—1 — s(dy + 2dy) (2.55)

=2
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Ep is a linear function in the interval B. To find the optimal inventory level, which is
denoted by y% , for interval B, we need to find out if E is an increasing or decreasing
function over the interval B. So, we derive the difference between the values of Ep of the

upper and lower bounds of interval B, leading to the equation

EB(2d1> — E3<d0 + dl) = ﬂ [6(}9 — C) + 4s (256)

6

If Ez(2d;) — Ep(dy +dy) > 0 in Equation (2.56), then Ep is an increasing function over
the interval B and the optimal value is y*E 5 = 2d; which is the upper bound of interval B.
While, if E5(2d;) — Ep(do +dy) < 0 in Equation (2.56), the E is a decreasing function
over B and the optimal value is y% 5 = do+di.

Similarly, for the other intervals, C, ..., H. It is easy to show that the upper expected
profit is a linear function over the intervals and increasing over some intervals and de-
creasing over others depending on the value of the cost parameters. The optimal value for
the increasing function over the interval is obtained at the upper bound of that interval
and for the decreasing function the optimal value over the interval is obtained at the
lower bound of that interval.

In general, for the upper expected profit, the optimal inventory level, y%ohce, over all
intervals, A-H, is the one that corresponds to E = max[E 4, Ep, ..., E], as we consider
maximising the expected profit as the optimality criterion for the inventory level.

In the following example, we show how the proposed method works to find the optimal
inventory levels that maximise the lower and upper expected profits for the model when

we order once for both periods.

Example 2.6.2 Consider an inventory system with the following costs: p = 70, ¢ = 23,
h =17, s = 9, and assume that demand is known to be between dy = 0 and d,, = 50.30.
Assume that there are n = 2 demand observations with values d; = 4.20,dy = 17.60. Our
aim is to find the optimal inventory level for the two-period model with a single order.

Table 2.6 presents the results of the method presented in this section, specifying the
NPI lower and upper expected profits, together with the corresponding values of y. The
corresponding functions £, and E, for all intervals A-H are given in Figure 2.9a, and the
function E for all intervals A-H is given in Figure 2.9b.

The optimal inventory level for the lower expected profit is 17.99 which is in interval

D, so the index of Yio,.. 18 jygo = 4. The optimal inventory level for the upper expected

e
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with a single order

y’s interval YE E YE E
A=:(0, 4.20) 0.39 -404.25 4.20  98.10
B=:(4.20, 8.40) 459  -155.25 8.40  320.70
C=:(8.40, 17.60) 9.26  -16.80 17.60 661.10
D=:(17.60, 21.80) | 17.99 368.90 21.80 810.20
E=:(21.80, 35.20) | 23.06 304.95 35.20 1071.50
F=:(35.20, 54.50) | 37.01 233.53 54.50 1139.05
G=:(54.50, 67.90) | 55.76 -211.85 54.50 1139.05
H=:(67.90, 100.60) | 70.97 -1015.98 67.90 991.65

Table 2.6: Inventory levels and the corresponding lower and upper expected profit
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profit is 54.50 which falls in interval F and G, so the index of y%o .

2.7 Comparison of the NPI and classical methods for
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Figure 2.9: Single order for two periods

the two-period model with a single order
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In this section, we consider the same cases and procedures as in Section 2.5 and we con-

sider the same cost parameters as in Example 2.6.2. Suppose the number of observation

is n = 2. As finite end-point for the support of the random demand we took d, = 2.50.

Table 2.7 presents the results from the simulation study. It provides the number of
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Case E FE
I 382 479
II 336 474
I 409 611
IV. 508 586
V. 844 734
VI 925 811

Table 2.7: Number of cases out of 1000 where NPI-based profit is greater than the classical
method

times, out of 1000 runs, in which the profit according to the NPI method for the two-
period model with a single order, is larger than the profit based on the classical method.
This table considers the expected profit as optimality criterion, where E and E indicate
that, for the NPI method, the lower expected profit and the upper expected profit was
used, respectively.

It is obvious from the data that, for Cases I and II the classical method performs
better than the NPI method, where the number of times that for profit based on the
NPI method is greater than the profit based on the classical method, is less 500 out of
1000 simulations. While, for the other cases, the NPI method performs better than the
classical method. It would be interesting to develop the method presented in this section

for general n, we leave that for future research.

2.8 Concluding remarks

This chapter has introduced the NPI method for the single-order inventory models, with
continuous random demand. To determine the optimal inventory level, several optimality
criteria are used. We considered the single-period inventory problem then, we explored
how to find the optimal inventory level y*, which maximises the probability to get positive
profit and maximises the expected profit.

Also, this chapter covered the model when we only ordered once for the two periods.
We explored how to find the optimal inventory level y*, which maximises the expected

profit. To avoid huge analytic complexities, we restrict our focus in this model to the
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case where the number of observations is n = 2 and m = 2 future demands. For larger
n, the NPI bootstrap approach has been used as an alternative approach; this will be
shown in Chapter 4.

The performance of the classical method and NPI method was evaluated through sim-
ulation studies. We considered Gamma distribution to examine the general performance
of the proposed methods. For the single-period model, some Cases (I and II) the classical
method performs better than the NPI method, and when the number of observations
increases NPI method gets close to the classical method. In other cases (III, IV, V and
VI) the NPI method performs better than the classical method. Similarly, for the second
model; two-period model with a single order, some Cases (I and II) the classical method
performs better than the NPI method, and in other cases the NPI method performs bet-
ter than the classical method. This has been done when the number of observations is
n = 2, it will be of interest to generalise the number of observations for a single order
for the two-period model as a topic for future research. Also, in the comparison of the
simulation studies, we only consider how often the profit is doing better in each run, but

it could also be of interest to see by how much it is greater as a topic for future research.



Chapter 3

Two-period independent demands

model

3.1 Introduction

In this chapter, we extend the single-order inventory models presented in Chapter 2
to two-period independent demands inventory model. The two-period inventory model
allows to order twice, once for the first period and once for the second period. Also,
allows a backlog of demand, where the items ordered before the first period can be sold
in the second period [8]. In this chapter, we will consider maximising the expected profit
as the optimality criterion for the inventory level.

We apply NPI lower and upper expected profits for the two-period model to derive the
optimal inventory levels. We start backward: first, we optimise over the second period
only, assuming there is a remaining stock (or shortage) from the first period, and with
that optimal strategy for the second period, we then optimise over the first period. This
is effectively the way to solve a dynamic programming problem. Several examples are
examined where models with and without order for the second period are assumed, and
the best decision for ordering or not ordering for the second period is interpreted.

This chapter is organised as follows: in Section 3.2, we introduce a two-period in-
dependent demands model. First, we consider the second period, followed by the two
periods. Section 3.3 considers the classical method for the two-period independent de-
mands model. Section 3.4 presents the NPI approach for the two-period independent

demands inventory model. The NPI lower and upper expected profits for the second

40
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period are given in Sections 3.5 and 3.6, respectively. In Sections 3.7 and 3.8, we consider
the NPI lower and upper expected profits for the two periods, respectively. A simulation
study to compare the NPI method and the classical method for the two-period model is

presented in Section 3.9. Section 3.10 presents the concluding remarks for this chapter.

3.2 Independent demands for two-period model

In this section, we study the full separation of demands of the first and second periods,
where the product for each period is the same and the leftover inventory from the first
period can be used in the second period. So, the demands are independent, and the
data only apply to each period independently. To illustrate this model, suppose we have
observed demands for a product for Saturdays as the first period, and observed demands
for the same product for Sundays as the second period, and we treat them as independent
random quantities, then we will use NPI for next Saturday using Saturday data as the
first period, and we use NPI for next Sunday using Sunday data as the second period.

In order to formulate the model, the following notations are introduced: n; is the
observations number for 7" period, i = 1,2. The demand during the i*" period is D; and
the observed demand during the i*" period is d;;, j = 1,...,n;, for ease of notation we
assume that the lower bound during the i period is d; o = 0 and the upper bound is d; ,,
which is logically greater than d, ,,, and that demand is positive. So, d; n,+1 = d; .. The
random demand for the items in the i period is D; 1. We assume that the inventory
level at the start of the i period is ;, we aim at determining the best value of y;, which
we denote by y;.

This model considers fixed costs such as selling price p; per unit in the ¥ period.
The total amount of money from sales in period i is p; min(y;, D;). The setup cost is k;
per order in the i*" period, e.g. the cost for delivery. Holding costs for period i are h; per
unit, which is the cost for unsold items remaining at the end of the i** period. The total
holding costs are equal to Y27, hi(y; — D;)*, where (v)* := max(0,v). We assume that
some unmet demand from the first period can be met in the second period, so, a fixed
proportion of demand remaining is a, 0 < o < 1. The selling price for this proportion
of demand is p] per unit, with p; < p;. The total amount of unsatisfied demand in

the first period that can be met in the second period leads to income apj(D; — y1)*.
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Parameter | Description
n; Number of observations for i** period, i = 1,2
di ; Observed demands for the i* period, j = 1,...,n;
D;n,+1 | Random demand for the i*" period
Yi Inventory level at the start of the i period
Di Selling price per unit in the i** period
k; Setup cost per order in the i** period
h; Holding cost per unit for period ¢
S; Shortage cost during the i** period per unit
G Purchasing cost per unit for period ¢
Q Fixed proportion of demand remaining
P Selling price per unit in period 2 for demand from period 1

Table 3.1: Summary of notations

The purchasing cost is ¢; per unit when the item is obtained from an external source at
the i*" ordering cycle, we assume ¢; > 0 and ¢; < p;. The total purchase cost for the
second period will be affected by the stock level at the end of the first period y; — D;.
If y; — Dy > 0, the total purchase costs for the second period are co(y2 — (y1 — Dy)). If
y1 — D1 < 0, the total purchase costs are ca(ys + «(Dy — y1)). The shortage cost during
the i*" period is s;, which is the cost that occurs when the demand exceeds the available
stock. The total shortage costs are equal to 3.7 s;(D; — 1)T. An overview of these
notations is given in Table 3.1.

These costs lead to the profit function for the two-period inventory model as follows

Pf(D1,Da,y1,y2) = prmin(yy, D1) — ciyr — k1 — ha(yn — D) — s1(Dy — 1) ™
+ api(Dy — y1)" + pomin(ys, Da) — c2(y2 + a(Dy — y1)" — (y1 — D1)™)
— ko — ha(yo — D2)" — s9(Dy — y2) ™ (3.1)

In the following sections, we will study and investigate the performance of the classical
method and the NPI method for the two-period model. First, we determine the optimal
inventory level for the second period, assuming there is a remaining stock (or shortage)
from the first period, and with that optimal strategy for the second period, we then

optimise over the first period.
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3.2.1 Second period

Let the actual demand for the first period be denoted by d;. We assume only the second
period of the two-period model, based on the situation at the end of the first period, which
contains the relevant information for the inventory resulting from the first period, so 1
and D; are assumed to be known quantities. From Equation (3.1), the profit function

for the second period when we order is given by:

Pf(Dy, Da,y1, 4olyr = y1, D1 = di) = apy(di — y1)" + p2min(yz, Da) — c2(ya
+aldi —y)" = (y1 —di)") = ko — ha(yz — D2)" — s2(D2 — o) " (3.2)
When we do not order for the second period, the inventory level at the beginning of
the second period, y,, depends on the inventory level at the end of the first period. If the

inventory level at the end of first period is greater than zero, so, the inventory level for

the second period is y» = (y; — d1)™, hence the profit function is:

Pf(Dy, Dy, y1, yalyn = w1, D1y = di,y2 = (y1 — di)™) = pomin((yy — di)™, Ds)
—ha((y1 —d1)" = Do)" = 59(Da — (y1 — 1) ") " (3.3)
If the inventory level at the end of the first period is less than zero, then the inventory

level for the second period is zero and there is unmet demand equal to d; — y;, hence the

profit function is:

Pf(D1, Do, y1,y2ly1 = y1, D1 = di,y2 = 0) = —s2Ds (3.4)

3.2.2 Two periods

The profit function for the two periods when we order for the first and the second period,
is given by Equation (3.1). However, when we order for the first period but do not order
for the second period, then the inventory level for the second period is equal to the stock
level at the end of the first period. So, when the stock level at the end of the first period
is equal to y; — D1y, the inventory level for the second period is y, = (y; — D;1)". Hence,

the profit function for this case is as follows:

Pf(Dl, D2,91,y2|y2 = (yl - D1)+) =D min(y17D1> -y — ki — hl(yl - D1)+
—s1(D1 —y1)* +api(Dy — y1)* + pomin((yy — D1)", Da) — ho((y1 — D1)™ — D) "

— $2(Dy — (y1 — D1)")* (3.5)
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While, when the inventory level at the end of the first period is less than zero, then the
inventory level for the second period is zero and there is unmet demand equal to Dy —yy,

hence the profit function is:

Pf(Dh Ds, y17y2‘y2 = O) =P min<y17 Dl) —cyr — ki — h1(y1 - D1)+
- 51(D1 - yl)+ — 59D9 (3-6)

3.3 Classical method for two-period model

In this section, we consider maximising the expected profit, which was presented by Shih
[63] as the optimality criterion for the inventory levels for the first and second period.
First, we maximise the expected profit for the second period to derive the optimal
inventory level for the second period, y5-,. With that optimal strategy for the second
period, we then optimise over the first period.
We assume order for the second period, so, the inventory level for the second period,
Y2, is greater than the inventory level at the end of the first period. From Equation (3.2),

the expected profit function for the second period when we order is given by:

E(Pf(D17D27y17y2|y1 - ylle = dl)) -
Y2
/ (Oépﬁ(dl — )T+ pou—ca(ye + aldy — )T — (1 — di)h) — ko
0

halu = ) ou(wdu+ [ (aphd = )* + e = calyz + alds = )~

Y2

(11— 1)) = ks = sa(u = 1) ) fo, () (3.7)

The optimal inventory level, y5~p, for the second period, which maximises the expected
profit, is derived by setting the first derivative of this expected profit function to zero,

leading to the equation

* p2+52_62
P(D, < == - - 3.8
( Q—yQCE) D2 + 53 + ha ( )

As the second derivative of the expected profit is negative at all values of y, with fp, (y2) >
0, the value y. 5, resulting from Equation (3.8) is the optimal inventory level for the second
period. This is effectively the same as the optimal value for the single-order inventory

model.
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Now, we will maximise the expected profit for the two-period inventory model for two
different scenarios, namely with an order for each period, and ordering only for the first

period.

3.3.1 Ordering for both periods

To find the optimal inventory level for this case, we will use the optimal inventory level
for the second period, 3.5, which is shown in Equation (3.8) to optimise the expected
profit for the first period, E(PfY?(Dy, Dy, y1,y2)).

From Equation (3.1), the expected profit function for the first period is given by:

E(Pfl’2(D1,D2>y173/2)) =

Y1
/ <p1u1 —cay — ki — hl(yl - Ul) + Cz(yl - Ul))fD1 (Ul)duﬁ-
0

/ (plyl — 1t — k1 — s1(ur — y1) + apl (ur — y1) — aco(ug — y1)>fD1 (ur)duy  (3.9)

Y1
To find the optimal inventory level y;~5 that maximises the profit for the first period,

we need to find the first derivative of Equation (3.9) with respect to y;, and equate it to
zero. This leads to

p1+ 51— — ap) — )
p1+ 81+ h1 —co— a(p) — )

P(D1 <yicp) = (3.10)

As the second derivative of Equation (3.9) is negative at all values of y; with fp, (y1) > 0,
the value y;p resulting from Equation (3.10) is the optimal inventory level for the first

period.

3.3.2 Ordering in the first period only

Since in this case we consider ordering for the first period only, so, the inventory level for
the second period is either yo = (y; — D1)T or yo = 0 with the remaining demand equal
to Dy — y;. Our aim is to find the optimal inventory level for the first period.

When yo = (y; — D7), based on Equation (3.5), the expected profit function for the
first period is given by:

E(Pfl(DlevalJyQ’yQ = (yl - D1)+)) -

Y1 [e%e)
/ <p1u1 — iy — k1 — ha(yr — ul))fDl (u1)duy + / <p1y1 -y — ki—
0

v

si(wr —y1) + apy(ur — yl))fDl (u1)duy (3.11)
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To find the optimal inventory level ;2 that maximises the profit over both periods, we

need to find the first derivative of Equation (3.11) with respect to y;, and equate it to

zero. This lead to

+ 81 — ¢ — ap)
P(Dy <yt) =2 ] 3.12
(D1 < vick) PLt s+ hi — o, ( )

As the second derivative of Equation (3.11) is negative at all values of y; with fp, (y1) > 0,
the value y;2; resulting from Equation (3.12) is the optimal inventory level for the first
period when we just order for the first period.

When y, = 0 and the remaining demand from the first period is D; — y;, based on

Equation (3.6), the expected profit function for the first period is given by:
Y1
E(Pfl(Dl, Dy, y1,y2ly2 = 0)) = / <p1u1 —cyr — ki — hi(y1 — ul))fDl (u1)duy
0

+ /OO (p1y1 —cayr — ki — si(ug — y1)>fD1(U1)dU1 (3.13)

Y1
To find the optimal inventory level ¥, that maximises the profit over both periods, we
need to find the first derivative of Equation (3.13) with respect to y;, and equate it to

zero. This lead to

+ 51—
P(D, <2 ) =L 3.14
( 1 —ylcE) P+ 51+ hy ( )

As the second derivative of Equation (3.13) is negative at all values of y; with fp, (y1) > 0,
the value y;%, resulting from Equation (3.14) is the optimal inventory level for the first

period when we just order for the first period.

3.4 NPI for two-period model with independent de-
mands

In this section, we study NPI for the demands D; ,, 41 and Dy, in the two-period
inventory model, in which we assume independence of these two demands. We also
assume that demand data for one period does not contain information for the other
period. Leftover items from the first period can be sold in the second period. For
the previous two periods, we assume that data on demands are available and we set
diy = 0. The future demand in the first period is D;,, 41 and the ordered demand

observations are di; < di2 < ... < dip,. We assume that there is a known upper
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bound for the demand in period 1, di 5,41 = d1 4, 50 d1,, < di,. For the second period,
Dy 1,41 is the future demand, and the ordered observed demands in the second period are
dy1 < dgo < ... < dzp,. We assume that there is a known upper bound for the demand
in period 2, d3pn,4+1 = dau, SO dapn, < da,. In general, the assumption A, for D;, 41

leads to:

P(DiyniJ’»l € (di7j,1, d@j)) = for j = 1, ey N 1 and = 1, 2. (315)

n; + 1

The essential step in developing NPI for the two-period independent demands inven-
tory model, is the transfer of the partial probability distribution specification for the
future demands to a partial probability distribution specification for the profit function.
This process is illustrated in Figure 3.1, in which ¢ = 1 when we study the first period and
1 = 2 for the second period, this is similar to the process used in Figure 2.2 in Chapter 2.
The overall aim is to determine the optimal values for y; and y,. Let j;,, € {1,...,n; +1}

be such that y; € (diyji,yi*17 d ). The A,y assumption for D;,, 11, given in Equation

Zv]i,yi

(3.15), implies the following M-function values for the random profit Pf(D; ,,;+1,Y:) as

follows

M(Pf(di,j—l,yi)7Pf(di,j,yi)) =

— forje{l,..,5iy, —1} and i=1,2 (3.16)

M(min[Pf(d;j, , —1.yi)s Pf(diji,, vi)], Pf(yis vi)) =

P forj =ji,, and ¢=1,2

(3.17)

1 . . .
M(Pf(dZJ,yl), Pf<di,j—17yi)) = 1 fOI'j S {]i,yi + ]., ey My + ].} and ¢ = 17 2

(3.18)

In the following sections we will derive NPI lower and upper expected profits for the
two-period model. First, we optimise over the second period only, assuming there is a
remaining stock (or shortage) from the first period, and with that optimal strategy for

the second period, we then optimise over the first period.

3.5 NPI lower expected profit for the second period

In this section, we optimise the profit for the second period, Pf(Dy, Do, v1,y2|ly1 =
y1, D1 = dy), based on the situation at the end of the first period, when the inventory level

is greater than (or less than) the actual demand for the first period, y; > d; (or y; < dy),
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Pf(di;,v:)

(Yi, Pf(yi,yi))

1
n;+1
1
oy di,;j
1 d; ;
L (divuryi))
1
n;+1

(0’ Pf(o? yz))

Figure 3.1: Two-period inventory - M-functions

with and without order for each inequality. We present the NPI lower expected profit for
the second period, as function of the inventory level y,. The derivations are based on the
M-functions presented in Equations (3.16)-(3.18) and shown in Figure 3.1, with i = 2.
The NPI lower expected profit, denoted by E(Pf(Di, D2, y1,y2|ly1 = y1, D1 = dy)), is

1

derived by assigning the probability masses D

according to the M-function values to

the minimal values for Pf(Dy, Do, y1, yo2|y1 = y1, D1 = dy) per interval, which leads to

J2,—1

E(Pf(D1, Dyyyr,yalyn =1, Di = di)) = ) (M(Pf(dg,j1,y2),Pf(d2,j,y2))

j=1

X Pf(d2,j—17y2)) + |:M(min[Pf(d2,j2,y2—l>y2)a Pf(d2,j2,y2,y2)], Pf(y2,12))

no+1

X min[Pf(dQ,]é,”—lay2)7Pf(d27j2,y27y2)]:| + Y M(Pf(day,y2), Pf(dajo1,12))
J=J2,y9+1
X Pf(d2,j7y2))
j27y2_1
1 .
= et 1 Z Pf(daj1,y2) + mln[Pf(dz,jQ,yfl,y2)7Pf(d2,j2,y2,yz)}
j=1

+ > Pf(dyy, yQ)] (3.19)

J=J2,yg+1
Next, we consider the NPI lower expected profit for the second period for the scenarios:

with and without order in which y; > dy, also, with and without order in which y; < d;.
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3.5.1 W.ith order for the second period, with remaining stock
from the first period

In this section, we assume that there is a remaining stock from the first period, y; >
dy. So, we derive the optimal inventory level that maximises the lower expected profit,
E(Pf*(Dy, Dy, y1,92ly1 = y1, D1 = dy)), under the assumption that we will order and
that y; > dy. By substituting Equation (3.2) in Equation (3.19) the lower expected profit
is given by

j2,y271

Z (dez,j—1 - 02(y2 - (y1 - dl))

J=1

— ko — h2(?/2 - d2,j—1)> + miﬂ[p2d2,j2,y2—1 - 02(?/2 - (y1 - d1)) — ko — h2(y2

1

E(Pf*(Dy,D =y, D1 =dy)) =
_( f( 15 2,?J1;y2’yl Y1, L1 1)) Ny + 1

= dajy 1), P2y2 — C2(y2 — (1 — dv)) — ko — s2(daj,,, — Vo))

no+1
+ Z (p2y2 — (Y2 — (Y1 — di)) — ko — s2(daj — yz))
j:jQ,y2+1
1 J2,y—1
= G = 0 e et = ) Bl ) Y
j=1

+min[(pz + ho)da j, ,, -1 — (c2 + ha)y2 + c2(yr — di) — ko, (P2 — 2 + S2)12

— Sadaj, ,, + ca(yr — di) — ko] + (na + 1 = Ja, ) [(p2 — 2 + 82)y2 + oy — du) — ko

no+1
— So Z dg’j:| (320)

J=J2,y,+1

To determine the optimal value of y,, which maximises Equation (3.20), we introduce

the following two functions:

1 .
E,(Pf*(Dy, Dy, y1, y2lyr = y1, D1 = dy)) = ] {(]2,312 — D[—(c2 + ha)y2
2
J'2,y2*1
+ca(yr — di) — ko] + (p2 + ha) Z daj1+ (P2 + ho)daj,,, 1 — (c2 + ha)ye
j=1

+ ey —dy) — ke + (no+1— j2,y2)[(p2 — o+ S$2)y2 + 2y — dy) — ko

no+1
— 89 Z d27j:| (321)

j:j27y2 +1
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and
1 .
Ey(Pf*(Dy, Dy, yr,0ly1 = y1, D1y = dy)) = 1 |:(]2,y2 — 1)[—(co + )y
2
j2,y2_1
+ca(yr — di) — ko] + (p2 + ha) Z dyj1+ (p2 — co + 82)yo — s2dajy .
=1

+ca(yr — di) — ko + (ng + 1 — Jay,)[(p2 — co + s2)yo + ca(y1 — di) — ko
na+1
— So Z dgjj:| (322)
j:jQ,y2+1
Note that Equation (3.20) is the minimum of Equation (3.21) and Equation (3.22). We
also note that E(P f%(Dy, D2, y1,vy2|y1 = y1, D1 = dy)) is a discontinuous function at dy,
for all [ € {1,...,ns}; the proof of this property is given in Appendix A.5.
E (Pf*(D1, D2, y1, y2lyn = y1, D1 = dv)) and Ey (P f*(Dy, Do,y yolyr = y1, D1 = dv))

are linear functions in each interval [dy j, , —1,d2, ,,]- Equation (3.21) is an increasing in
[d27j2yy2_1, d2,j2,y2] if and OIlly if

(na+1)(pa — ca + s2)
P2 -+ hg + S9

= M, (3.23)

j27y2

and Equation (3.21) is a decreasing function in [dy 3, , 1, d2j, ] if and only if j5 ,, > M.
Similarly, Equation (3.22) is an increasing in [dy j, , 1, d2,, ] if and only if

(ng + 1)(p2 — ca + 52) + P2+ ha + 52
p2+h2—|—52

J2,y2 = M; +1 (3.24)

and Equation (3.22) is a decreasing function in [dyj,,, —1,d2;,,. ] if and only if jp,, >
M, + 1. This implies that the maximum value of Equation (3.20) is at the intersection
point of Equation (3.21) and Equation (3.22) in the single interval where Equation (3.21)
decreases and Equation (3.22) increases. This leads to the optimal inventory level for the
second period, which maximises the NPI lower expected profit,

40 = (P2 + ho)da gy, 1 + S2daj, )
2B y %) -+ hg + S9

(3.25)

where M; < j2,y2 < My +1.

3.5.2 Without order for the second period, with remaining stock

from the first period

In this section, we assume that there is a remaining stock from the first period, y; > dy,

so the inventory level for the second period is yo = (y; — d;)*. By substituting Equation
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(3.3) into Equation (3.19) the lower expected profit under the assumption that there is

no order and y; > d; is given by

1

E(Pf~ (D1, Dy, y1,y2lyn = y1, D1y = dy, 2 = (1 — d1)+>) T 1 (J2,, — 1) (—hay2)
2
j2,y2_1
+ (p2 + h2) Z daj—1 +min[(ps + ha)daj, , 1 — haya, (P2 + 52)y2 — s2daj, |
j=1
no+1
L= )l sl s > ] (3.26)

J=J2,yp+1
Since the condition in this section is not to order for the second period, the objective is
not to determine an optimal inventory level for the second period. The goal is to decide
which is better, to order or not to order for the second period. So, we need to compare the
lower expected profit derived in Section 3.5.1, Equation (3.20), with the lower expected
profit derived in this section, Equation (3.26). Then we find a threshold §; such that if
y2 = (y1 — di)T < 01, it is better to order for the second period in order to reach the
optimal inventory level y;‘g in Equation (3.25); otherwise, it is better not to order for the

second period. So,

E(Pf*(D1, Do, y1,yolyr = y1, D1 = di, yo = y;ﬁ)) >
E(Pf~ (D1, Do, y1,y2ly1 = 11, D1 = di, 0 = (y1 — dh) 7)) <=

1 <O -
—d; < [ - 928 []2,y§g(h2 + p2 + 52)

_(j27y1—d1 - 1)(h2 + P2+ 52) - n2(02 — P2 — 82)
j2 y*O_]-

— (ca 4+ ha) — (ng + 1)(p2 — c2 + s2)] + ka(—n2) + (p2 + ho) ( Z dyj—1

J2,y1—dy — na+1 nz2+1
Z dgj 1) — 82{ Z dg,j — Z dzd} + mln[(pg + h2)d2’j2,y§g_1

j:jg,ygg"’l J=J2,y1—dq 1

— (c2+ ha)ysd + c2(yr — di) — ko, (p2 — 2 + 52)y5p — sadyj, .o+ C2(y1 — dy) — ko
w39

—min[(pz + ho)dzj, 4 -1 — ha(yr — di), (P2 + s2)(y1 — di) — S2d2,j2,y1d1]] =: 01

(3.27)
So, if y; — dy < ¢, it is better to order for the second period since then the expected
profit when we order is larger than when we do not order. While, when y; — d; > ¢, it is
better not to order for the second period since the expected profit when we do not order

is larger than when we order.
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In the following example, we illustrate how to find the optimal inventory level for the
second period only, under the assumption that we will order and y; > d;. Also, how to

decide if it is better to order for the second period or not.

Example 3.5.1 Consider an inventory system with the following costs: p, = 60,cy =
23, hg = 11, 89 = 25, ky = 10, and assume that demand is known to be between dzy = 0
and dy, = 15. Assume that there are ny = 3 demand observations, with values dy; =
5.20,d22 = 9.10,d23 = 13.50. Our aim is to find the optimal inventory level for the
second period, given the situation at the end of the first period, under the assumption
that we will order and y; > d;. Also, we aim to decide if it is better to order for the
second period or not.

In this example we consider the min bounds in Equation (3.27) as
min[(ps + he)dz,;, s0—1 7 (ca + h2)y§g +co(yr — di) — ko, (p2 — ca + SQ)?J;g — Sada,j, 0
Yol Yol
+ea(yr = di) = ko] = (p2 + ha)day, o1 = (c2 + ha)ysp + ca(yr — ) — ko
w38

and

min((ps + hz)dzjzyl,dlfl — hao(yr — dy), (p2 + s2)(y1 — dy) — 32d2,j27y1,d1] =
(p2 + ha)da gy, g —1 — ha(yr — d1)

hence

1
—(ng +1)(c2 = p2 — 52) — (Joyr—a1) (P2 + 52 + h2)

o = Y2 [(na + 1) (p2 — 2 + )

]2 U*O

]2y1 dq
—J2 y*O(hz +p2 + 82)] — ka(na + 1) + (p2 + ho) ( Z doj—1— Z daj— 1)

no+1 na+1
_32{ o odyy— > d2,y}] (3.28)

j:jzy;ngl J=d2yy —ay 1

From Equations (3.23)-(3.25), the optimal inventory level for the second period is
Y39 = 10.25 with Jayzo = 3. We determine the threshold d; based on Equation (3.28) to

decide which is better, if we order for the second period or not.

o For jo, g, = 1, 01 = 7.44 means that if yo = (y; —dy)™ € (0,5.20), then it is better
to order for the second period since y; — d; < 7.44 in order to reach the optimal

inventory level y59 = 10.25.
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o For js, g, = 2, 01 = 9.53 means that if yo» = (y1 — dy)* € (5.20,9.10), then it
is better to order for the second period since y; — d; < 9.53 in order to reach the

optimal inventory level 139 = 10.25.

o for jo, —a, = 3, 01 = 11.25 means that if y» = (y1 — di)T € (9.10,13.50) and
y1 — dy < 10.25, then it is better to order for the second period in order to reach
the optimal inventory level y;"g = 10.25. While, if y; — dy € (9.10,13.50) and

y1 — dq > 10.25, then it is better not to order for the second period.

e For jo,, a4, =4, 0y = 13.11 means that if y» = (y; — dy)" € (13.50,15), then it is

better not to order for the second period, since y; — d; > 10.25.

In general, in this example it is better to order for the second period for all y; —d; < §; <
ysg and it is better not to order for the second period for all y;‘g < 01 < yp —d;. However,
if ¢, — d falls within the third interval as 139, it is better to order for the second period

as long as y; — dq < yg‘g < 0. O

3.5.3 W.ith order for the second period, with the first period’s

demand not fully met

In this section, we derive the optimal inventory level for the second period which max-
imises the lower expected profit, E(Pf?(Dy, Dy, y1,y2|tn = w1, D1 = di)), under the
assumption that we will order for the second period, with the first period’s demand not
fully met, y; < dy. The lower expected profit for the second period only is derived by
substituting Equation (3.2) in Equation (3.19), which leads to

j2,y2_1

Z (apll (dl - yl) +p2d27]~_1

j=1

1

E(Pf*(D,,D =y, Dy =dy)) =
E(Pf*(D1, Da,y1,y2|ly1 = y1, D1 1)) P

— (Yo + aldy —y1)) — ko — ho(ys — d2,j—1)> + minfap) (dy — y1) + pada gy, 1

— oy +aldy —y1)) — ko — ha(yz — daj,,, 1), apy(di — y1) + P22 — c2(v2
no+1

+aldi— 1)) = ks = sa(day,, — )]+ D (@Pﬁ(dl — Y1) + P2y — ca(yo
j:jQ,y2+1

+a(di —y1)) — ko — sa(daj — yz))]
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J2,y9—1
1

il (Joge — D—(c2 + ho)yo + a(di — y1)(p) — €2) — ko] + (P2 + ha) D> dojs
=1

+ min[(pe + h2)d2,jg,y2 1 — (ca + ha)ys + a(dy — y1)(p] — c2) — ka, (p2

— o+ 82)y2 — sada A aldy — y1)(P) — c2) — ko] + (2 4+ 1 — Jay, ) [(p2

na+1
—Cy + 32)y2 + Oé(dl — yl)( — CQ /{2 — 89 Z d2]:| (329)

J=J2 y2+1

To determine the optimal inventory level, 339 %, which maximises Equation (3.29), we

introduce the following two functions:

1 :
E,(Pf*(Dy, D2, y1,y2lys = y1, D1 = d)) = 1 {(]2,1;2 — D)[—(c2 + ha)ys
2
J’Q,yzfl
a(dy — y1)(py — ca) — ko] + (p2 + ha) Z doj—1+ (p2 + h2)d2aj2,y2_1 — (c2 + ha)ya
j=1

aldy —y1) (P — c2) — ko + (na + 1 — Jay,)[(p2 — c2 + 52)y2 + a(dy — y1) (P} — ¢2)

no+1
- k‘z] — 89 Z d27j:| (330)

j:j2,y2+1
and
1 .
Eb(Pf2(D1,D2,y1,y2]y1 =y, D1 =dy)) = ) [(]2,@,2 — D)[—(co + h2)y2
2
j2,y2_1
(dl - Z/1>( - C2) k2] + (pz + h2) Z d2,j_1 + (pz — Co + 52)y2 — Sgdg,jzyyz
j=1

a(di —y1) (P — c2) = ka + (n2 + 1 — o, )[(p2 — c2 + 52)y2 + alds — y1)(p1 — 2)
no+1
— k?g] — So Z d27j:| (331)
j:jZ,yQ"l‘l

Note that Equation (3.29) is the minimum of Equation (3.30) and Equation (3.31). We
also note that E(P f*(Dy, D2, y1,y2|yn = y1, D1 = dy)) is a discontinuous function at da,
for all [ € {1,...,ns}; the proof of this property is given in Appendix A.6.

E,(Pf*(D1, Da,y1,y2ly1 = y1, D1 = dv)) and Ey (P f*(D1, Da, y1, y2|y1 = y1, D1 = d1))
are linear functions in each interval [dy j, , 1, d2,,,]- Equation (3.30) is an increasing in
[d2,j2,y2717 d2»j2,y2] 1f and OIlly 1f

(ng + 1)(p2 — c2 + s2)
P2 -+ hg + S9

J2,0 =: M, (3.32)

and Equation (3.30) is a decreasing function in [dgm,”_l, d27j27y2] if and only if jo,, > Mo.
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Similarly, Equation (3.31) is an increasing in [dyj, , 1, da,,,, ] if and only if

(ne + 1)(p2 — ca + S2) + P2+ ha + 2
p2+h2—|—32

J2y < = My+1 (3.33)

and Equation (3.31) is a decreasing function in [dyj,,, —1,da;,,. ] if and only if jp,, >
M + 1. This implies that the maximum value of Equation (3.29) is at the intersection
point of Equation (3.30) and Equation (3.31) in the single interval where Equation (3.30)
decreases and Equation (3.31) increases. This leads to the optimal inventory level for the
second period, which maximises the NPI lower expected profit,

y*o _ (p2 + h2)d2,j2,y2—1 + 82d2,j2,y2
°E p2 + ha + 59

(3.34)

where My < js,, < My + 1. We notice that Equation (3.34) is equal to Equation (3.25),
which means that the optimal inventory level when we order for the second period, y’gg,

is not affected by the stock level at the end of the first period whether y; > d; or y; < d;.

3.5.4 Without order for the second period, with the first pe-

riod’s demand not fully met

In this section, we suppose that there is no order for the second period, so the inventory
level for the second period, s, is equal to the stock level at the end of the first period.
As we suppose there is demand from the first period that is not fully met, y; < d;, the
inventory level for the second period is equal to zero with residual demand equal to dy —y;.
We determine the lower expected profit, E(Pf~ (D1, Do, y1, yo|y1 = y1, D1 = dy,y2 = 0)),
under the assumption that there is no order and y; < d;, by substituting Equation (3.4)
into Equation (3.19) we have

1 no+1
E(Pf~ (D1, D2,y1,y2lyr = y1, D1 = di,yo = 0)) = 1| $2s.53.,, — 52 Z d%}
j:j2,y2+1
(3.35)

Since the condition in this section is not to order for the second period, the objective
is not to determine an optimal inventory level for the second period. The goal is to decide
which is better, to order or not to order for the second period. So, we need to compare the
lower expected profit derived in Section 3.5.3, Equation (3.29), with the lower expected
profit derived in this section, Equation (3.35). Then we find a threshold d, such that if
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the residual demand, d; — vy, is less than s, it is better to order for the second period in
order to reach the optimal inventory level yzg in Equation (3.34) plus d; — y;; otherwise,

it is better not to order for the second period. So,

E(Pf*(Dy, Da,yr,yalyr = y1, Dy = di, yp = yé‘g)) >

E(Pf™ (D1, Dy, y1, 92|y = y1, D1 = dy, 2 = 0)) =

di —y1 < P pa— [ — Ua,yz9 = DI(ha +p2 + 52)y55] + na[(p2 — c2 + $2)y5p — k2
jz’yggil na+1 nao+1
+ aldy — y1) () — c2)] + (p2 + ha) Z doj—1 — 32( Z daj — Z da ;
j=1 §=l,,50+1 =2y +1

— d2,j2,y2) + min[(ps + hz)dzjz,y;—l — (c2 + h2)ys — ko, (P2 — 2+ 52)y3p — SQdQ’ijySg

+a(di —y)(py — 2) — k’2]] =: 09 (3.36)

So, if di — y1 < d9, it is better to order for the second period since the expected profit
when we order is larger than when we do not order. While, when d; — y; > d it is better
not to order for the second period since the expected profit when we do not order is larger

than when we order.

3.6 NPI upper expected profit for the second period

In this section, we optimise the profit for the second period, Pf(Di, Do, y1,y2|ly1 =
y1, D1 = dy), based on the situation at the end of the first period, when the inventory level
is greater than (or less than) the actual demand for the first period, y; > d; (or y; < dy),
with and without order for each inequality. We present the NPI upper expected profit for
the second period, as function of the inventory level y,. The derivations are based on the
M-functions presented in Equations (3.16)-(3.18) and shown in Figure 3.1, with i = 2.
The NPI upper expected profit, denoted by E(Pf(D1, Do, y1,y2lyn = y1, D1 = dy)), is
derived by assigning the probability masses ——, according to the M-function values to

no+17?
the maximal values for Pf(Dy, Dy, y1,y2|y1 = y1, D1 = dy) per interval, which leads to
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j2,y2 -1

E(Pf(Dy, Dy, gy, yolyn = y1, Dy = dy)) = Y (M(Pf(dm—lay2)7pf(d2,j7y2))

J=1

X Pf(dz,jay2)> + M(min[Pf(ds,j,,, -1, Y2), Pf(da s, y2)|, Pf(Y2,92)) P f (Y2, y2)

no—+1
+ Z M(Pf(dQ,jagb)aPf<d2,j717y2))Pf<d2,j—1,y2)

j:j2,y2+1

j2,y2_1 na—+1
1
1 > Pfdaj,ye) + Pfyzge) + Y Pf(dzj—l;yz)]

j:1 j:jZ,y2+1

(3.37)

Next, we consider the NPI upper expected profit for the second period for the scenarios:

with and without order in which y; > d;, also, with and without order in which y; < d;.

3.6.1 With order for the second period, with remaining stock

from the first period

In this section, we assume that there is a remaining stock from the first period, y; > d;.
So, we derive the optimal inventory level that maximises the upper expected profit,
E(Pf*(Dy, Dy, y1,y2ly1 = y1, D1 = dp)), under the assumption that we will order and
that y; > dy. By substituting Equation (3.2) in Equation (3.37), the upper expected
profit is given by

j2,y2_1

- 1
E(sz(Dl, D2,917y2|yl =y1,D; = dl)) = T Z <p2d2,j - 62(y2 - (y1 - dl))
2 =
no+1
— ko — ho(ys — dz,j)> + (P2 — c2)y2 + (y1 — di)ca — ko + Z (p2y2 — co(y2
j:jQ,y2+1
— (y1 — dy)) — k2 — s2(daj—1 — yz))
j2,y2’1
1 .
= [Jz,yz[—(pz +hy+ sa)yol + (P2t ha)ya + Y doy]+ (2 + 1)[(p2 — 2
2 -
j=1
no—+1
+ 52)y2 + C2(y1 — di) — ko] — 52 Z dz,jl] (3.38)
j:j2,y2+1

It is easy to show that E(Pf2(Dy, Do, y1,|y1 = y1, D1 = di)) is a continuous func-
tion; the proof of this property is given in Appendix A.7.
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To determine the optimal inventory level, y;‘%, that maximises Equation (3.38), we
use that E(Pf2(Dy, Dy, y1,%20|y1 = w1, D1 = dp)) is an increasing over the interval
[d27j2,y2*17 d2,j2’y2] lf and only 1f

hy + p2 + (ng + 1)(p2 — c2 + s2)
P2 + S + ho

Joan < =% (3.39)

and E(Pf2(Dy, Do, y1,2|y1 = y1, D1 = dy)) is a decreasing function over the interval
(24,15 d2.4s,, | if and only if jo,, > V3. This implies that Equation (3.38) is maximised

at y;‘% = dy» with [* the largest value in {1,2,...,n9} which is less than V.

3.6.2 Without order for the second period, with remaining stock
from the first period
In this section, we assume that there is a remaining stock from the first period, y; > dy,

so the inventory level for the second period is yo = (y1 — d;1)™. The upper expected profit

under the assumption that there is no order and y; > d; is given by,

— 1 .
E(Pf™(D1, Da,y1,9alyr = y1, Dy = di,ye = (1 — di) ™)) = e 1 []24;2[—(]92 + ho
2
j2~,y2_1 na+1
+s2)ye] + (2 + ha)lya + Y o]+ (n2 + D02+ s2)ye] =52 ) d2,j1}
j=1 jzj?,?m"‘l

(3.40)

Since the condition in this section is not to order for the second period, the objective
is not to determine the optimal inventory level for the second period. The goal is to
decide which is better, to order or not to order for the second period. So, we need to
compare the upper expected profit derived in Section 3.6.1, Equation (3.38), with the
upper expected profit derived in this section, Equation (3.40). Then find a threshold 7

such that if yo = (y3 — dq)™ < 71, it is better to order for the second period in order to

EION

reach the optimal inventory level y z: otherwise, it is better not to order for the second

period. So,

E(Pf*(Dy, Do, y1,yolyn = y1, D1 = du,y2 = y;%)) -

E(Pf (D1, Do, y1, 92|y = y1, D1 = di,ya = (y1 — dy) 1)) <=
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J241—dy 1
1 -30.77
2 -57.96
3 -265.63
4 146.62

Table 3.2: Results of Example 3.6.1

1
- ho
—]27y1—d1(h2 + P2+ S2) + ha +p2 — (g + 1)(cg — p2 — s2) [ yQE [b’y 7(

—d1<

.72 *O — 1
YoE

+p2 +52) + (P2 + ha) + (n2 + 1)(p2 — 2 + s2)] — ka(np + 1) + (p2 + ha) ( Z da,j

J2,y1—dy — na+1 na+1
Z d2,y> - 52{ Z dyj—1 — Z d2,j—1}] =T (3.41)

j:j2,y;%+1 j:jQ,yl—d1+1

So, if y; — dy < 7, it is better to order for the second period since the expected profit
when we order is larger than when we do not order. While, when y; — d; > 7 it is better
not to order for the second period since the expected profit when we do not order is larger

than when we order. We illustrate how this section works in the following example.

Example 3.6.1 Consider an inventory system with the same data as in Example 3.5.1.
Our aim is to find the optimal inventory level for the second period depending on the
situation at the end of the first period, under the assumption that we will order and
Y1 > dp. Also, we aim to decide if it is better to order for the second period or not.

From Equation (3.39), the optimal inventory level for the second period depending
on the situation at the end of the first period is y;‘% = 13.50 with jQ,y;% = 3. We
determine the threshold 7 based on Equation (3.41) to decide which is better if we order
for the second period or not. Table 3.2 presents the index, ja,,_q,, for the interval of the
inventory level for the second period, y2 = (y; — dq)™, as well as the 7; values.

Table 3.2 concludes that, for jo,, 4, = 1,2, 3, it is better not to order for the second
period since y; — dy > 71. For jo,, g, =4, y2 = (y1 — di)™ € (13.50, 15) so, y2 < 71 but
yo = (y1 —dy)T > y;% = 13.50, so it is better not to order for second period. O



3.6. NPI upper expected profit for the second period 60

3.6.3 With order for the second period, with the first period’s

demand not fully met

In this section we derive the optimal inventory level for the second period which maximises
the upper expected profit, E(Pf2(Dy, Do, y1,y2|y1 = y1, D1 = d1)), under the assumption
that we will order for the second period, with the first period’s demand not fully met,
y1 < dy. By substituting Equation (3.2) in Equation (3.37), the upper expected profit is
given by

]2 yo

Z (O% (di — y1) + padaj — c2(y2

E(Pf*D,,D =y, D1 =d4
( f( 15 27y17y2|y1 Y1, 1 ) n2+1

+aldy —y1)) — ke — ha(y2 — d2,j)> +api(di — 1) + (p2 — c2)ya — a(dr — y1)ca — ko

no+1
+ Z (041?1 di —y1) + paya — c2(y2 + aldi — y1)) — k2 — sa(daj—1 — yz))]
J=Jj2 y2+1
1 j2,y2*1
= Joanl— (P2 + ha + )] + (D2 + h2)lga + Y dajl+ (n2 + D)[(p2 — 2 + 522
o + 1 o
no+1
a(di — y1)(py — ¢2) — ko] — 59 Z daj— 1} (3.42)
.7_.72 y2+1

It is easy to show that E(Pf2(Dy, Dy, y1,2|y1 = y1, D1 = dy)) is a continuous func-
tion; the proof of this property is given in Appendix A.S.

To determine the optimal inventory level, y;%, that maximises Equation (3.42), we
use that E(Pf2(Dy, Da,y1,%|y1 = w1, D1 = dp)) is an increasing over the interval
(24,15 2.4, ] if and only if

ho + pa + (ng + 1)(p2 — c2 + s2)
D2 + S9 +h2

j2,y2 < = ‘/2 (343)

and E(Pf2(Dy, Do, y1,y2|y1 = y1, D1 = dy)) is a decreasing function over the interval
d2.j,,,-1,d2j, ,,] if and only if j5,,, > V5. This implies that Equation (3.42) is maximised
at y;‘% = dy~ with [* the largest value in {1,2,...,n5} which is less than V5.

3.6.4 Without order for the second period, with the first pe-

riod’s demand not fully met

In this section there is no order for the second period, so the inventory level for the second

period, 19, is equal to the stock level at the end of first period. As we suppose there is
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demand from the first period that is not fully met, y; < d;, the inventory level for the
second period is equal to zero with residual demand equal to d; — y;. We determine
the upper expected profit, E(Pf~ (D1, Dy, y1,%2|y1 = y1, D1 = di,y2 = 0)), under the
assumption that there is no order and y; < d;. By substituting Equation (3.4) into

Equation (3.37) we have

. 1 no+1
E(Pf™(D1, Do, y1, y2lth = y1, Dy = di,y2 = 0)) = {_ S2 Z d2,j1} (3.44)

ng + 1 a1

Since the condition in this section is not to order for the second period, the objective
is not to determine the optimal inventory level for the second period. The goal is to
decide which is better, to order or not to order for the second period. So, we need to
compare the upper expected profit derived in Section 3.6.3, Equation (3.42), with the
upper expected profit derived in this section, Equation (3.44). Then we find a threshold
79 such that if the residual demand, d; — ¥y, is less than 75, it is better to order for the
second period in order to reach the optimal inventory level y;‘% plus dy — y1; otherwise,

it is better not to order for the second period. So,

E(Pf*(Dy, Do,y yolyr = y1, Dy = di, y2 = y59)) >
E(Pf~ (D1, Da,y1, yolyr = y1, Dy = dy,y2 = 0)) <=
Jgr0—1

1 . . . 2E
) ljz,y;g[—(pz + ha + 52)92% + (p2 + ha) (ygg + Z d27j>
=1

a(ng +1)(c2 — py

di —y1 <

na+1 na+1
+ (n2 + 1)[(p2 — c2 + 52)%% — ko] — 52{ Z dyj_1 — Z d2,j—1}] =T

j:jQ’y;%—&-l J=02,dy —y; T1

(3.45)
So, if dy — y; < Ty, it is better to order for the second period since the expected profit
when we order is larger than when we do not order. While, when dy —y; > 75 it is better
not to order for the second period since the expected profit when we do not order is larger

than when we order.

3.7 NPI lower expected profit for two periods

In this section, we optimise the NPI lower expected profit for the two-period model. The
derivations are based on the M-functions presented in Equations (3.16)-(3.18) and shown

in Figure 3.1.
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The NPI lower expected profit, denoted by E(Pf(D1, D2, y1,%2)), is derived by as-

signing the probability masses # and ﬁ, according to the M-function values, to the

minimal values for Pf (D1, Do, y1,y2) per interval, which leads to

j17y1 -1

E(Pf(Dy1, Da,y1,2)) = > (M<Pf(d1,j—17y1)7Pf(dl,jvy1>>Pf(d1,j—lay1>>
j=1
| MP g, 130 PH o 0P, 00)
ni+1
X min[Pf(dl,jl,yl17y1>>Pf(d1,j1,y17y1)]:| + ‘ Z M<Pf(d1,jayl)apf(dl,jflayﬁ)
j27y2_1 J=J1,y1+1
X Pf(dl,jvyl)) + Z M(P f(d2j-1,92), P f(da,5,92)) P f(d2,j-1, y2)
j=1

¥ [M<min[Pf<dz,j2,y21,y2>,Pf<d2,j2,,,2,y2>1,Pf(yz,m))

no+1

X min[pf(dQ,jz,yZ1ay2>7Pf(d2,j2,y27y2)]:| + > (M<pf(d2,jay2):Pf(d2,j1’y2>)

j:j2,y2+l

X Pf(d2,j792))
Jiy—1

Z Pf(dLj—l? yl) + min[Pf(dl,jl,yl—la yl)v Pf(dl,jl,yl ) yl)}
=1

1
n1+1

ni1+1

+ Y Pfldij )

J=J1,y1+1

j2y2_1
1 ,
Pf(dy i
+n2+1( Z f( 2,7 1, Y2)

j=1

no+1
+min[Pf(dyj,,,142) Pfdags,, v2)] + Y Pf(dQ,j,y2>> (3.46)

j:j2,y2+1
We consider the NPI lower expected profit separately for the two different scenarios for

the two periods: ordering for both periods and ordering in the first period only.

3.7.1 Ordering for both periods

Assume an order for both periods, and depending on the optimal inventory level y’gg for
the second period, given in Equation (3.25) in Section 3.5.1, we find the lower expected
profit over both periods. Hence, we can get the optimal inventory level yfg for the first
period. By substituting Equation (3.1) into Equation (3.46), we have the lower expected
profit, E(P f2(Dy, Dy, y1,92|y2 = y5%)), under the assumption that we will order for the

first and second period,
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1 .
E(Pf“*(D1, Da, y1, 42|y = 4359)) = P |:(j17y1 —1)(—=(c1 + h1 — c2)yr — k1)
jl,y171
+ (p1+h — ) Z dij—1+min[—(c1 + hy — co)y1 — k1 + (p1 + b1 — CQ)dl,jl,yl—lv
=1

(p1 — c1 4 81— apy + aco)yr — ky — (51 — ap| +acy)dy gz, ]+ (1 + 1= jiy,) (01

ni1+1
— 1+ 81— api + ace)yr — ki) — (s1 — ap| + acy) Z dLj}

j:j1,y1+1
jQ,ygg_l
(oo — D=2+ h)gsQ — ol + (2t ha) S oy
ng + 1\ V2UE £ 2y

+minf(ps +ho)daj, o1 = (€2 + ho)ysp — b, (P2 = c2 + 92)Y3p — sada, o — ko]

no—+1
+(n2 1= fageo)[(p2 — o+ s2)ysg — ko] =52 ) dz,j) (3.47)

j=j21y§g +1

To determine the optimal inventory level for the first period, yi‘g, which maximises
E(PfY(D1, D2, y1,y2ly2 = 139)), we introduce two functions, E,(P f**(Dy, Do, y1,y2|y2 =
y32)) and Ey (P fY2(D1, Da, y1, y2ly2 = y51)) in which Equation (3.47) is the minimum of
these two functions. We also note that E(P f2(Dy, Dy, y1,y2ly2 = y55)) is a discontinu-
ous function at dy,, for all [ € {1, ...,n;}; the proof of this property is given in Appendix
AL9.

E (Pf"*(D1, Do, y1,y20y2 = y53)) and Ey(Pf'*(Dy, D2, y1,y2ly2 = y53)) are linear
functions in each interval [dyj, , —1,d1j,, |. E,(Pf"*(Dy1, Dy, yr,y2ly2 = 55)) is an in-

creasing function in [dy j, , —1,d1;,, | if and only if

(ny +1)(p1 — c1 + 81 — ap + acy)

=: 7 3.48
hi+p1+ s+ (@ — 1)y — ap) ! (348)

]17y1

and E,(Pf1?(Dy, Dy, y1,y2ly2 = y32)) is a decreasing function in [dy j, , —1,d1, | if and
only if j1,, > Z;. Similarly, E,(Pf'*(D1, D2, y1,y2|y2 = yé‘g)) is an increasing function
in [dl,jl,ylfb dl,jl,yl] if and only if

(1 +1)(p1 —c1+s1—apy +acy) +hi +pi+s1+ (= 1)y —ap)
hi+p1+s1+ (o —1)cx — ap)

j17y1 <

(3.49)

and E, (P f"2(Dy, Da,y1, y2ly2 = y59)) is a decreasing function in [dy j, , —1,d1,, | if and
only if j;,, > Z; + 1. This implies that the maximum value of Equation (3.47) is at the
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1st period 2nd period
p1=50,¢1 =20,k =9,h; = 10,81 =20 | p} =30, =0.7,p, = 60,¢co = 23, kg =10, hy = 11,8, = 25
ny =2,dig=0,dy, =11 ny = 3,dyo = 0,dy, = 15
dyq =4.70,d; 2 = 8.90 do1 =5.20,d2 9 = 9.10,dy 3 = 13.50

Table 3.3: Inputs and data for Example 3.7.1

intersection point of E, (P fY2(Dy, Dy, y1,y2ly2 = y39)) and Ey (P f*2(Dy, Dy, y1, y2lys =
y52)) in the single interval where E, (P f'?(Dy, Dy, y1, y2|y2 = y372)) decreases and
Ey(Pf1*(D1, Do, y1,y2ly2 = y59)) increases. This leads to the optimal inventory level for
the first period, which maximises the NPI lower expected profit,

1
hi+p1+ s+ (a—1)ey — ap)

Y = [(p1 4+ P — c2)djy,, 1+ (51— apy + acz)dyy, , ]

(3.50)

where Z; < ji1,, < Z1 + 1.
In the following example, we illustrate how to find the optimal inventory level, under

the assumption that we will order for both periods.

Example 3.7.1 Consider an inventory system with two periods. The inputs and data
for these periods are shown in Table 3.3. The objective is to find the optimal inventory
level for the first period, y’l"g, when there is an order for the second period.

We already computed the optimal inventory level for the second period in Example
3.5.1, which is y55 = 10.25 and j, .0 = 3. Now we find y;f using Equations (3.48) and
(3.49), this leads to Z; = 2.60. So, }1,y;g = 3 which means that, the optimal inventory
level for the first period is in (d; 2, d; 3) - (8.90,11). From Equation (3.50), the optimal

inventory level is 479 = 9.51 and E(P f"*(D1, Do, y1,y2ly2 = y59)) = 139.79. <&

3.7.2 Ordering in the first period only

In this section, we consider the case with only an order for the first period, which means
that there is a single order for two periods, and the stock level at the end of the first
period is greater than zero. So, we suppose y; = y*EOnce, y2 = (y1 — D1)™, in which Yio,..
is the optimal inventory level obtained in Section 2.6. We determine the lower expected
profit, E(Pf*(Dy, Dy, y1, vl = yi
there is no order for the second period. By substituting Equation (3.5) in Equation (3.46)

ot Y2 = YR — Dy)), under the assumption that



3.7. NPI lower expected profit for two periods 65

the lower expected profit is given by

E(PfY(Dy, Do, y1,9olvn = g, Y2 = Yp, . — D1)) =

1 , hy)y: k h Ve d
nl + ]. N (jl’y*EOncc o 1)[(61 + 1)yEOnCe + 1] + (pl + 1> ]Zl 1’j_1+

min[(py +ha)drg, . 1= (1 + )Yk, — k1 (01— e+ 51— aph)Yonee—

ZOnce

ki —(s1— Oépi)dl,h W J+(m+1- jl,yEOnce)[(pl —C+ 81— Oépll)yEOnco—

ZOnce

ni+1
Bl = (si—ap) Y diy|+ % ( — (J2ye — D(h2yp)+
T e
J2,y2—1
(p2 + h2) Z da g1+ min[(ps + ha)daj, . 1 — haya, (P2 + 52)y2—
I=1 -
sady j, . |+ (M2 + 1 — Jay, ) (P2 + S2)y2 — 2 Z d2,l> (3.51)
I=j2,yy+1

In Equation (3.51) we have yo = Y, — D1 where Dy is a random quantity which
is assumed to be in the interval (d; j_1,d; ;) for further analysis, so ja,, is not exactly

determined, hence we consider four cases according to different assumptions on this.

Case 1: Replace Dy € (dy j—1,d1;) by Dy = d; j—1 and assume

min((ps + hz)dz,hy S hz(yEOnce — D), (p2 + 52)(y*ﬁon — D) — sadaj, . W

—Dq
Eonce E0Once

= (p2 + ha)dy, . v

Eonce

-1 h2(y*EOnce B dl’j_l)

—dy -1

Case 2:
Replace Dy € (dy j_1,d1;) by Dy = d;; and assume

min[(p2 + ho)daj, . _ p,~1 ho(Yg,, . — D1), (2 + s2)(yp, . — D1) — saday, .}, ]

D
EOnce =Once 1

= (P2 + o),y 1 = e, = diy)

Case 3:
Replace Dy € (dy j_1,d1,;) by Dy = dy ;—1 and assume

min[(pz + ha)daj, . wh ooyl T ho(Yg,, .. — D1), (P2 + $2)(Yg,, .. — D1) — s2daj, . i b,
Eonce

7Oncc

= (P2 + 52) (Y, = d1j-1) = $2da, .

—dq i
ZOnce Lj—t
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Case 4:

Replace Dy € (dyj—1,d1;) by Dy = dy; and assume

min((pz + ho)da j, .

Eonce

_Dli1 B hZ(y*EOncc - Dl)’ <p2 + 82)(y*EOncc B Dl) o 82d2’j2’y*ﬁo _Dl]

= (pg + 82)(y*EOnce - dl,j) — 82d2’j2’y*}20 _

dy,j

These assumptions lead to heuristic approximations, E!, E?, E3, E* for Equation
(3.51). These are given below for Case 1 and Case 2, respectively, and similarly for

Case 3 and Case 4,

1
1 o o ‘ _ (i _
E(Pf(Dy, Dayyn,yolyr = v, Y2 = Yp,,.. — dri-1)) = 1 U1z, = Dl
jlw*@Once_l
+ hi)yg,. + kil + (p1+ ) E dy,j—1 + min[(ps + hl)dl,jl,y*E —1— (a
j=1 ZOnce

+ hl)y*ﬂom - kl, (p1 —C+ 81— O‘pll)y*ﬁonce - kl - (Sl - Oépll)dl,ij*E ] + (n1 +1

=Once

ni1+1

— g, M1 —a+si—ap)yp,  — k] = (51— ap)) > dy
+1

i .
/ leyEOnce

o 4% o1
j27y£0nce _dl’J_l

1 . *
+ o + 1 ( N (j2’y*EOnce_dl’j_1 - 1>(y£0nce - dl"]_l)hQ + (p2 + h2){ Z d2’l_1
=1
+ d27j2’y*EO _dl,j—ll} N h2 (y*ﬂonce - dl’jil) + (n2 + 1 N j27y*£0nce7d1’j71)(p2 + 82>(y*EOnce
na+1
— dl,j—l) — So Z dQJ) (352)
+1

l=Jo ,* —de
]2’yEOnce dl’J_l
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1
2 o . ) — — (10 —
EZ(Pf(D1, D2, y1,y2lth = YBopo? Y2 = YEo,.. — di)) = S (]1,1@0“0e D(ex
ij*EOnce_1
Hh)ypy, Rl EEor ) Y dye b minl(p+h)dy, . = (@
j=1 £Once

+ hl)y*EOnCC - kl, (pl —C+ 81— Ozpll)y*ﬂoncc - k‘l - (51 - apll)dlyh,y}} ] + (nl +1

ZOnce

ni1+1
— g, v —a+si—aph)yp, — k] = (s1 —aph) Yy

j:jl,y*EonC +1

e

L —
]2nyOnceid1’J

1 . *
o ( ~ Gaagy, s = V¥, — i)+ (o + h2>{ Y

=1

+ d27j2,y*E —dly]'_l} - hz(y*ﬁonce - dlv.j) _|— (n2 _I— 1 - jQJ/EOnCG _dl,j)(p2 + 82)(y*EOnce
no—+1
—dy ;) — 52 Z d2,l> (3.53)

Since the condition in this section is not to order for the second period, the objective
is not to determine an optimal inventory level for the second period. The goal is to decide
which is better, to order or not to order for the second period. So, we need to compare
the lower expected profit given by Equation (3.47) in Section 3.7.1, with the heuristic
approximations of the lower expected profits in this section, given by Equations (3.52)-
(3.53) for Case 1 and Case 2, and similarly for Case 3 and Case 4. Then find a threshold
such that, if the inventory level for the second period, if we do not order, is less than
the threshold, it is better to order for the second period in order to reach the optimal
inventory level y32 as given in Equation (3.25); otherwise, it is better not to order for
the second period.

For Case 1:

E(Pf172(D17D27y17y2|y1 = yikg7y2 = y;g)) >

ENPf(D1, Doyyi,yoln = yp, _v2 =Yg, —dj1) <=
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% d < ng + 1
Y 015 :
Eonee 11 _jzvyEOnCe‘dl’H(hz + p2 + S2) + (ng + 1)(p2 + s2)
1
1,2 %0 . *
X E(Pf (Dla D?ayby?‘y? - yQE)) - ny + 1< B (j17y*EOnce o 1)[(01 + hl)yﬂonce
jl’y*EOtlce -
+ lﬁ] + (p1 + hl) Z dl,jfl + min[(p1 + hl)dl’jl,y*E -1 — <C1 + hl)yEOnce
j=1 =Once

— /{1, (p1 —cC1+ S5 — Ozp'l)y*ﬂonce - kl - (81 — Oépll)dl,jl’y;; ] + (n1 +1
Z0Once

n1+1
— iy, M1 —ert s —ap)yp, k] = (si—aph) ) dl,j>
+1

g .
/ leyEOnce

1 j2’y*EOn eidl’jil_
a n2 + ]- ((p2 + h2){ lzl d2’l71 + d2’j27y*EOnced1’j11}
no+1
— 89 Z dg’l)] . (53 (354)
+1

l:]2’y*EOnce_d1’j_1

where the term E(Pf"?(Dy, Dy, y1,12|y2 = 939)) is given in Equation (3.47). So, if
y*EOnCC —dy j_1 < 03, it is better to order for the second period since the expected profit
for the two periods, when we order for the second period, is larger than when we do not
order for the second period. While, when yEOnce — dy j—1 > 03, it is better not to order
for the second period since the expected profit for the two periods, when we do not order
for the second period, is larger than when we order for the second period.

For Case 2:

E(PfLZ(DlJD%yl?yQ‘yl = yik(E)7y2 = y;(E))) >

EX(Pf(Dy, Do, yi, woltn = yp, o v2 =Yg, —d;)) <=
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. 4 < ng + 1
) — a1 ~
Eonee — M1 —Jouy, —di;(h2 +p2+52) + (n2 + 1)(p2 + 52)
1
1,2 %0 . *
X E(Pf (Dla D?ayby?‘y? - yQE)) - ny + 1< B (j17y*EOnce o 1)[(01 + hl)yﬂonce
jl’y*EOtlce -
+ k1] + (p1 + M) E dij—1 + min[(py + hl)dl,jw;J 1= (e + h)yg,,
j=1 =Once

— /{1, (p1 —cC1+ S5 — Ozp'l)y*ﬂonce - kl - (81 — Oépll)dl,jl’y;; ] + (n1 +1
Z0Once

n1+1
— iy, M1 —ert s —ap)yp, k] = (si—aph) ) dl,j>
+1

g .
/ leyEOnce

no+1
— 5 > dQ,l)] =10, (3.55)
S L Ph

where the term E(Pf"?(Dy, Dy, y1,12|y2 = 939)) is given in Equation (3.47). So, if
y*EOnCC — dy; < 04, it is better to order for the second period since the expected profit
for the two periods, when we order for the second period, is larger than when we do not
order for the second period. While, when Vi, —di; > 4, it is better not to order for
the second period since the expected profit for the two periods, when we do not order for
the second period, is larger than when we order for the second period.

For Case 3:

E(Pf1’2(D17D27Z/17y2|3/1 = yikg7y2 = y;g)) >

EX(Pf(Dy, Dayyr, yoln = v, %2 =Yg, — dj1)) <=
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N d < ng + 1
Y —dyj- :
Eonce 1,5-1 (1 — J2’y*ﬁo;‘ce_d1‘j*1)(h2 + p2 + 52) + (n2 + 1)(]?2 + 82)
1
1,2 %0 . *
X E(Pf (Dla D?ayby?‘y? - yQE)) - ny + 1< - (j17y*EOnce - 1)[(01 + hl)yﬂonce
jl’y*EOtlce -
+ lﬁ] + (p1 + hl) Z dl,jfl + min[(p1 + hl)dl’jl,y*E -1 — <C1 + hl)yEOnce
j=1 ZOnce

— /{1, (p1 —cC1+ S5 — Ozp'l)y*ﬂonce - kl - (81 — Oépll)dl’jl,yénce] + (711 +1

ni1+1
S (CET R R SEN ORI SR
J +1

=J1,y%
yEOnce

j2,y* —dq i -1
“EQnce Lj—1

1
a ng + 1 ((p2 i) Z dz1-1 = 52 [dQ’jQ’y*EOncc_dlvj—l

=1

+ % d2,l])] =: 05 (3.56)

=75 ,* .
]2’yEOnce -1

where the term E(Pf%“?(Dy, Dy, y1,yslys = y%‘g)) is given in Equation (3.47). So, if
Yieo,.. — dij—1 < 05, it is better to order for the second period since the expected profit
for the two periods, when we order for the second period, is larger than when we do not
order for the second period. While, when y*EOnce —dy ;-1 > 05, it is better not to order
for the second period since the expected profit for the two periods, when we do not order

for the second period, is larger than when we order for the second period.

For Case 4:

E(P.fLQ(Dla D27y17y2|y1 = y;gvyZ = y;g)) >

EY(Pf(Dy, Do, yr,90ln = g, Y2 = Yi,, . — dj)) &=
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1st period 2nd period
p1="T70,c1 =23,ky =19,hy = 17,81 =9 | p) = 25,0 = 0.7, p2 = 240, co = 13, ko = 20, hy = 170, 55 = 15,
ny =2,d1=0,dy, =50.30 ng =4,dso =0,dy, = 100.40
dy1 =4.20,d; 2 = 17.60 dy1 = 6.50,da o = 20.60,dy 3 = 42.60, ds 4 = 70.20

Table 3.4: Inputs and data for Example 3.7.2

% di - < ng + 1
Y — .
Eonce L (1 — JQ’y*Eonce_dl’j)(hz +p2+ 32) + (nZ + 1)(]72 + 52)
1
1,2 _ *O . *
X E(Pf (Dla D?ayby?‘y? - yQE)) - ny - 1< - (jl’y*ﬂonce - 1)[(01 + hl)yﬂonce
jl’y*EOnoe -
+ lﬁ] + (p1 + hl) Z dl,jfl + min[(p1 + hl)dl’jl,y*E -1 — <C1 + hl)yEOnce
j=1 “Once

— /{1, (p1 —cC1+ S5 — Ozp'l)y*ﬂome - kl - (81 — Oépll)dl,jl’y;.; ] + (n1 +1

“=Once

n1+1
g o= b=, k= a3 dy)
+1

S
/ leyEOnce

JQ#JEOnceidl’]

1
B ng + 1 ((p2 + h2> lzl d2’l71 - 52[d2,j2,y*20n067d17j,1
no—+1
+ Z ng])] =. 56 (357)
l:jQ,y*E —d17j+1

Once
where the term E(Pf"?(Dy, Dy, y1,12|y2 = 939)) is given in Equation (3.47). So, if
y*EOnCC —dy; < 0, it is better to order since the expected profit for the two periods,
when we order for the second period, is larger than when we do not order for the second
period. While, when YBo,.. — dy j > 0, it is better not to order for the second period since
the expected profit for the two periods, when we do not order for the second period, is
larger than when we order for the second period. The following example illustrates how

to decide whether to order for the second period or not.

Example 3.7.2 Consider an inventory system with two periods. The inputs and data
for these periods are shown in Table 3.4. The objective is to decide if it is better to order
for the second period or not. As defined in Example 2.6.2 in Section 2.6, the optimal

inventory level for the two-period model with a single order is y*EO = 17.99, jy*Eo =4.

€
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[%g = 21.38, joys0 = 3]

(yi‘g =4.31, jy yr0 = 2]

-0 @ ®

Di=di;1=(0) (420) (17.60)

Ybopee ~ =1 = {17.99} {13.79} {0.39}
jQ’y*EOnceidl’jf1 = 2 2 1

05 =(19.89) (19.89) (13.45)

Figure 3.2: A decision tree for Example 3.7.2, Case 1

[yé‘(é = 21.38, jy s0 = 3}

[yikg = 4.31, jl,yfg - 2}

i=U @ 6

Dy =dy; =(420) (17.60) (50.30)

YEgn. — 415 = {13.79} {0.39} {-32.31}
j27y£0nce_dl‘j = 2 1 0

0y =(19.89) (1345) (9.04)

Figure 3.3: A decision tree for Example 3.7.2, Case 2

Figures 3.2-3.5 show the optimal inventory levels when we order for the first and second
periods, yfg, y’z"g, the random demand at the end of the first period, Dy, the inventory

level when we do not order for the second period, Yo, — D; and the thresholds ds, ..., dg.



3.7. NPI lower expected profit for two periods 73

[%g = 21.38, joys0 = 3]

(yi‘g =4.31, jy yr0 = 2]

-0 @ ®

Di=di;1=(0) (420) (17.60)

Ybopee ~ =1 = {17.99} {13.79} {0.39}
jQ’y*EOnceidl’jf1 = 2 2 1

05 =(13.45) (13.45) (9.04)

Figure 3.4: A decision tree for Example 3.7.2, Case 3

[yé‘(é = 21.38, jy s0 = 3}

[yikg = 4.31, jl,yfg - 2}

i=U @ 6

Dy =dy; =(420) (17.60) (50.30)

YEgn. — 415 = {13.79} {0.39} {-32.31}
j27y£0nce_dl‘j = 2 1 0

0 = (13.45) (9.04) (6.78)

Figure 3.5: A decision tree for Example 3.7.2, Case 4

e For Case 1, when jj,»
£Once

—di,j-1 = 2, y*E()ncc - dl,j—l = 17.99 and 53 = 1989, it is
better to order for the second period since ygome —dy ;-1 < 03 in order to reach the

optimal inventory level ygg = 21.38. Similarly, for other j2’y*ﬁonce’d1’j*1'

e For Case 2, when jzyy;}o —dvy; = 2, Yp, . —d1; =13.79 and 04 = 19.89, it is better



3.8. NPI upper expected profit for the two periods 74

to order for the second period since Yo — dy j < 04 in order to reach the optimal

inventory level y39 = 21.38. Similarly, for other j27yﬂ;EO -

dij-

e For Case 3, when j2’yEonce_d1J—1 =2, y*EOnCC —dyj—1 = 17.99 and 05 = 13.45, it is
better not to order for the second period since YBo,e, — dy j—1 > 05. Similarly, for

other T2y, —dija-

e For Case 4, when jzyy;:o —diy = 2, Yp, . —di; =13.79 and d¢ = 13.45, it is better

not to order for the second period since Yio,.. — dij > d¢. Similarly, for other

]27y*EOnce _dl"j ’

So, Figures 3.2 and 3.3 conclude that, for all j it is better to order for the second period
since ygome —dy ;-1 < 03 for Case 1 and y*Eonce —dy; < d4 for Case 2. For Case 3, Figure
3.4 shows that it is better to order for the second period when j = 3. Figure 3.5 shows
that it is better to order for the second period when j = 2, 3. &

3.8 NPI upper expected profit for the two periods

In this section, we present the NPI upper expected profit for the two-period model. The
derivations are based on the M-functions presented in Equations (3.16)-(3.18) and shown
in Figure 3.1.

The NPI upper expected profit, denoted by E(Pf(D1, D2, y1,%2)), is derived by as-

signing the probability masses ﬁ and ﬁ, according to the M-function values, to the

maximal values for Pf(Dy, Dy, y1,2) per interval, which leads to
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Ji N

E(Pf(Dy, Dy, y1,42)) Z ( (Pf(dij-1,91), Pf(du,yl))Pf(du,yﬂ)

Jj=1

T [M(min[Pf(dl,jl,yl—h 02). Pf(dry, o)) Pf(yl,m))Pf(yl,yl)}
ni+1

- Z ( (Pf(dij,y1), Pf(dij—1,91))Pf(dy - 1,y1)>

]2 Yo

T Z ( (P f(daj-1,2), Pf<d2]7y2)>Pf<d2j7y2))

¥ [M(min[Pf(dz,jz,yzh o). Pf(dyy, . u2)) Pf(yz,yz))Pf(ya,yz)]

no+1
+ Z ( (Pf(dajy2), Pf(daj—1,92)) P f(da,;— 1,92))
—.721/2+1
1 Jiy—1 ni+1
= Z; Pf(dl,gvyl)JrPf(yl,yl)ﬂL‘ Z Pf(dl,jhyl)]
J= J=I1,y1+1

n2+1

J2,yp—1 na+1
! ( Z Pf(da;,y2) + Pf(y2: y2) + Z Pf(d2,j—1ayz)> (3.58)

j=1 J=J2,y9+1
We consider the NPI upper expected profit separately for the two different scenarios
for the two periods: ordering for both periods and ordering in the first period only.

3.8.1 Ordering for both periods

Assume an order for both periods, and depending on the optimal inventory level y;‘%
for the second period, given in Section 3.6.1, we find the upper expected profit over
both periods. Hence, we can get the optimal inventory level yIO for the first period. We
derive the upper expected profit, E(PfY2(Dy, Do, y1, ya|yo = yﬁ)), under the assumption
that we will order for the first and the second period, by substituting Equation (3.1) in
Equation (3.58),
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E(Pf"*(D1, Da,y1, yayo = y;‘%)) -

jl,yl_l
1 .
P U1y — D(=(er +h1 —ca)ys — k1) + (p1 + by — ¢2) ; dy i+

(p1 —c)yr — ki + (nn + 1= Jry, ) (1 — 1 + 51 — apy + aco)ys — ki) —

ni+1
1 . *O
(s1 — ap} + acy) | Z d17j—1:| + m ((b,y;g — D)[—(ca + hg)yzf—
J=J1 y1+1
.72 y*O 1
ka] + (p2 + ho) Z dyj + (2 = c2)ys3 — ko + (n2 + 1 = J o) [(p2—
na+1
Co + Sz)y;% — /{52] — 89 Z d27j_1) (359)

j=j27y;%+1

It is easy to show that E(PfY%(Dy, Do, y1, yolys = y;‘%)) is a continuous function; the
proof of this property is given in Appendix A.10.

To determine the optimal inventory level, yi‘%, that maximises Equation (3.59), we use
that E(Pf%“2(Dy, Dy, y1, yalye = y;‘%)) is an increasing over the interval [dy j, , —1,d1j ]
if and only if

hi+p1—ca+ (ni+1)(p1 — a1 + 51— apy + acs)
hi+p1+ s+ (a—1)ex — ap)

=V (3.60)

NARTY

and E(PfY%(Dy, Do, y1, yalys = y;%)) is a decreasing function over the interval
[d1 4y, ~1,d1y,, ] if and only if jy,, > V5. This implies that the Equation (3.59) is

maximised at yI% = dy ;» with [* the largest value in {1,2,...,ny} which is less than V5.

3.8.2 Ordering in the first period only

In this section, we consider the case with only an order for the first period, which means
that there is a single order for two periods, and the stock level at the end of the first
period is greater than zero. So, we suppose y; = y*EOnCC, y2 = (y1 — D7)™, in which y*EOnCC
is the optimal inventory level obtained in Section 2.6. We determine the upper expected
profit, E(PfY(Dy, Do, y1,y2|y1 = y*EOnCG,yg = y%Ome — Dy)) under the assumption that
there is no order for the second period. By substituting Equation (3.5) in Equation (3.58),
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the upper expected profit is given by

E(PfY (D1, Dayyi,yoln = g y2 = yp,  —Di)) =

] >k _1
L ' 1 hi)ys k h e d
ny + 1 B (jl’y%()ncc B >[<Cl + 1>yEOnce + 1] + (pl + 1> ]Zl 1’]+

(1 = 1), — R+ (1 —juyy 1 =1t s1 = opyg,,, —

nce

ni+1

k1] — (s1 — apy) Z dyj_1

J=J1,y* +1

Once

_|_

(= Gae = DR

j27y2_1 na+1
(p2 + ho) Z dag + paya + (N2 + 1 — Jay,) (P2 + S2)y2 — 2 Z d2,1—1)
1=1 I=jj2,yy +1

(3.61)

In Equation (3.61) we have ys = — Dy where D, is a random quantity which is

y*EOnce
assumed to be in the interval (d; j_1,d; ;) for further analysis, so ja,, is not exactly de-

termined, hence we consider two cases according to different assumptions on this.

Case 1:

Replace Dy € (dy j_1,d1;) by Dy = dy 1.
Case 2:

Replace Dy € (dy j—1,d1;) by Dy = dy ;.

Considering these assumptions leads to heuristic approximations,
El(Pf(Dh Do, y1, y2ly1 = YBon Y2 =Yg, — dyj-1)) and
EQ(pf(Dl, Do, y1, y2|th = Yoo Y2 = Vg, — di;)), for Equation (3.61).

Since the condition in this section is not to order for the second period, the objective
is not to determine an optimal inventory level for the second period. The goal is to decide
which is better, to order or not to order for the second period. So, we need to compare
the upper expected profit given by Equation (3.59) in Section 3.8.1, with the heuristic
approximations of the upper expected profit in this section, El(P f(D1, Do, y1, y2lyr =
Yoo Y2 =Yg, —di;1)) and E(Pf(Dy, Do,y yslin = Ypoo Y2 = Vg, — dij)).
This will lead to find a threshold, such that, if the inventory level for the second period,
if we do not order, is less than the threshold, it is actually better to order for the sec-

ond period in order to reach the optimal inventory level y;‘% as given in Section 3.6.1;
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otherwise, it is better not to order for the second period.

For Case 1:

E(Pf"*(D1, Do, y1, yolyn = yi%,yz = y;%)) >

nll * *
E(Pf(D1, D2,yr, y2lyr = yg, o v2 =yg,  —dj-1)) <
Mo + 1
I j2,y*§o —dl,j—l)(h2 + P2+ 52) + p2 + n2(p2 + 52)

y%Once o dl’jil < (

B ) 1 |
x | E(Pf"*(Dy, D2, y1,12ly2 = 432)) — < — (Jrye

.1 By )y
1 + 1 EoOnce )[(01 + 1)yEw()ncc
ij%Oncei1
+ k1] 4 (p1 + ha) Z dij+ (01— c)yg,,  —ki+(nm+1- Ty, )(p1
= nce

n1+1
1
—Ct 81— Oépll)y%olm — k1] — (51— apy) Z dl,j—1> - ((pz

j:jl,yi +1

EOnce
Jo,y* —dy T
2 Once le?l na+1
+ hg) E d2,l — So E d27l_1> =. T3 (362)
=1 1=J2, % —dl,j—1+1

Once

where the term E(PfY2(Dy, Do, y1, y2ly2 = y39)) is given in Equation (3.59). So, if

Fows dy j—1 < T3, it is better to order for the second period since the expected profit
for the two periods, when we order for the second period, is larger than when we do not
order. While, when y*EOnCe —dy ;-1 > T3, it is better not to order for the second period
since the expected profit for the two periods, when we do not order for the second period,

is larger than when we order for the second period.

For Case 2:

E(PfY*(D1, Do, y1,yalyr = yik%ayz = y;%)) >

-2 * *
EX(Pf(D1, Do, yi,yolyr = ¥, Y2 =yp, —d;)) <
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7’L2—|—1
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— 1
1,2 _ . xO\) (i . o *
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1=1 I=fape gy 1

Once

where the term E(Pf%2(Dy, Dy, y1, yolys = y;‘%)) is given in Equation (3.59). So, if

*

Fone di; < T4, it is better to order for the second period since the expected profit

for the two periods, when we order for the second period, is larger than when we do not
order. While, when y%ohce —dy ; > T4, it is better not to order for the second period since
the expected profit for the two periods, when we do not order for the second period, is
larger than when we order for the second period. The following example illustrates how

to decide whether to order for the second period or not.

Example 3.8.1 Consider an inventory system with the same data as in Example 3.7.2,
given in Table 3.4. Our aim is to decide if it is better to order for the second period or
not.

As derived in Example 2.6.2 in Section 2.6, the optimal inventory level for the two-
period model with a single order is y3. = 54.50, j,=  =6.

Once EoOnce

Figures 3.6 and 3.7 show the optimal inventory levels when we order for the first and

second periods, yI% and y;%, the random demand at the end of the first period, Dy, the

inventory level when we do not order for the second period, y*EO — Dy and the thresholds

T3 and 74.
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*O __ 0 —
(%E = 42.6, Jayzo = 3]

(yi‘% =17.6, j; 40 = 2]

1B

-0 @ ®

Di=di;-1=(0) (420) (17.60)

y%omc —dy j—1 =|54.50 50.30 36.90
Joyr  —digo1 = 4 4 3

3 = (-791.57) (-791.57) (73.12)

Figure 3.6: A decision tree for Example 3.8.1, Case 1

*O _ 2 —
(yzﬁ = 42.6, Joyro = 3]

(yik% = 17.6, j, o0 = 2]

Dy=di;=(42) (17.60) (50.30)

Y5o,., — @15 =|50.30| |36.90 4.20
j2’y%0nceid1’j - 4 3 1

n=(-791.57) (73.12) (32.93)

Figure 3.7: A decision tree for Example 3.8.1, Case 2

e For Case 1, when jZ’y*Fome*dl‘jfl =4, y*EOnCe —dy j—1 = 54.50 and 73 = —791.57, it
is better not to order for the second period since y%o —dy j—1 > 73. Similarly, for

other jo,« g, ..

Once

e For Case 2, when j2’y*fonce_d1’j =4, y%OnCe —dy; = 50.30 and 74, = —791.57, it is
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better not to order for the second period since y*EO —dyj; > 74. Similarly, for

other j27y*§0 —dy -
nce

In general, for Case 1, it is better to order for the second period only when j = 3. For

Case 2, it is better to order for the second period for j = 2, 3 since y%o —di; <7 O

3.9 Comparison of the NPI and classical methods

In order to compare between the classical method and the NPI method, presented in this
chapter, a simulation study is conducted for the two-period model when we order for the
first and the second period. Our aim is effectively to check how close the classical method
is to NPI when the distribution of the classical method is assumed to be known. Then,
based on some assumptions, compare which method performs better than the other. We
simulate n; observations for the demand of the first period and ny observations for the
demand of the second period from a Gamma distribution, since the demand is assumed
to be positive in this thesis, we select the Gamma distribution in simulation settings as
it is flexible in many shapes for positive real values. Then, the n; and ns simulated data
observations are used to derive the optimal inventory levels yfg and yg‘g corresponding
to the lower expected profit criterion over both periods or yf% and y;‘% corresponding
to the upper expected profit criterion over both periods. Then values for two future
observations, D ,,+1 and Ds,,41, are simulated from the same underlying distribution
as the n; and ns simulated data observations, allowing the realised value of the profit
function to be computed for the values of the optimal inventory levels.

We consider the same cases for simulation as presented in Section 2.5 with regard to
discrepancies between the model used for the data simulations, and the model assumed
for the classical method. The aim is to determine the optimal inventory levels for the
classical and NPI methods, then calculate the profits based on the optimal inventory
levels and future demands. Each case is run 1000 times and we report the number of
these runs in which the profit resulting from the NPI method is greater than the profit
resulting from the classical method.

The cases considered are given in Table 3.5, with first the model used for simulating the
demands D; and D, specified, followed by the model assumed for the analysis according

to the classical method. For the case where the Gamma scale parameter 6 is simulated
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Case Simulation Classical assumption
I D1, Dy ~ Gamma(3, 1) Gamma(3,1)
II | Dy,Dy ~ Gamma(3,1) Exp(1/3)
III | Dy, Dy ~ Gamma(3,1) Exp(1/2)
IV | Dy, Dy ~ Gamma(3,6),60 ~ Unif(0,2) | Gamma(3,1)
V | D1,Ds ~ Gamma(3,1) Exp(1)
VI | Dy1,Dy ~ Gamma(3,1) Exp(2)

Table 3.5: Simulation cases

from the Uniform(0, 2) distribution, one value is drawn and used for each run, so n;y 4 ns
observations are drawn using one specific value of 6, and a new value of 6 is drawn for
the next run.

Case I is the scenario where the model used for the classical analysis is exactly the
same as the model used for the data generation. In Case II the model for the analysis is
Exponential but with the same mean value as the Gamma distribution used to generate
the data. The further cases have other discrepancies between these two models, set up
in such a way that we expected that the classical method would perform more poorly for
the later cases as the differences between the models increase.

For all cases, we consider three different sample sizes, n; = 5,50,100 and ny =
10,110, 550. The costs used for the first period are the same as the cost for single-period
model we have used in Section 2.5, with k; = 19, while the costs for the second period
are py = 30, co = 25, py = 100, hy = 15, 55 = 30 and ky = 10, we have chosen o = 0.60.

As finite end-point for the support of the random demands for the first and second
periods we took d;, = da, = 15, since both are from the same distribution; in the rare
event that a simulated value in a run exceeds 15, we delete the value and draw a new
one; this has no real impact on the method as the probability to get values which exceed
15 is very small for all models considered.

Table 3.6 presents the results from the simulation study. It provides the number of
times, out of 1000 runs, in which the profit according to the NPI method is larger than for
the corresponding classical method. Table 3.6 considers the expected profit as optimality
criterion, where E and F indicate that, for the NPI method, the lower expected profit or

the upper expected profit was used, respectively.
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n, = 5, n, = 50, n, = 100,
ny =10 ngy =110 ny = 550

Case F FEF E E E FE
I 368 112 448 425 468 483
II 461 121 669 664 752 751
I 408 331 471 464 461 462
IV 641 507 646 642 677 680
V. 725 631 754 754 752 752

VI 871 797 892 890 889 889

Table 3.6: Simulation results for lower and upper expected profits (1000 runs)

Single-period model Two-period model

Case ) Vs ViE %8 UiE Ysp
I 1L, III, V, VI 2.64 2.99 7.03 3.12 15 3.67
IV 1.69 1.79 7.06 3.75 15 3.87

Table 3.7: Optimal inventory levels, n; = 5,ny = 10

As expected, the NPI method performs worse than the classical method in Cases |
and III, but for large n; and ns the performance of the NPI methods improves and the
number of times it performs better than the classical method increases to close to 500.
For Cases IV-VI, the NPI method performs better than the classical method for all values
of n; and ng, with the number of times that the profit for the NPI method is greater than
the profit for the classical method exceeding 500 out of 1000 simulations.

In Table 3.7, we compare the optimal inventory levels for the single-period model,
which we studied in Section 2.4.2, with the optimal inventory levels for the two-period
independent demands model. The results show that the optimal inventory level for the
first period of the two-period model is higher than the optimal level for the single-period
model. This is expected because in the two-period model we will order more for the first
period, as leftover items can be used in the second period.

Next, we investigate the NPI lower and upper expected profits model when the cost
parameters increase, we only considered Case I and n; = 100, ny = 550.

Figure 3.8a displays the difference in the optimal inventory levels of the lower and
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Figure 3.8: The optimal inventory levels of the lower and upper expected profits

upper expected profits when s; = 20, s5 = 30 and s; = 30, sy = 20. For the first period,
y}‘g and yi‘% increase when s; has been increased, so we will order more for the first
period. While for the second period, ygg and y;% decrease when s, has been decreased,
so we will order less for the second period.

For the holding cost, Figure 3.8b concludes that, when h; increased, yfg and y;‘%
decreased, so we will order less for the first period. While for the second period, yé‘g and
y;% increase when hy has been decreased, so we will order more for the second period.

Similarly, for the purchase cost and selling price. For the purchase cost, Figure 3.8¢
shows that, for the first period, y}‘g and yi‘% decrease when ¢; has been increased, so we

will order less for the first period. While for the second period, y’z’g and y;‘% increase

when ¢y has been decreased, so we will order more for the second period.
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For the selling price, Figure 3.8d illustrates that, when p; is increased, y}‘g and y’lk%

increase, so we will order more for the first period. While for the second period, y%‘g and

*O
Y95

decrease when py has been decreased, so we will order less for the second period.
In general, for any period, if the shortage cost or selling price increases, we will order
more for that period. While, if the holding cost or purchase cost increases, we will order
less for that period.

In this simulation study, we took into account the case when we order for both periods.
It will be interesting to investigate the possibility of not ordering in either the first or the
second period as a topic for future research. Using the same approach that is used in this

chapter for more than two periods is not analytically feasible, hence a different method

is therefore required; a possible alternative is briefly introduced in Chapter 4.

3.10 Concluding remarks

This chapter developed the NPI method for the single-order inventory models, presented
in Chapter 2, to the two-period inventory model with independent demands.

We studied and investigated the performance of the classical method and the NPI
method for the two-period model, considering different situations for ordering in the first
and second periods. First, we determine the optimal inventory level for the second period,
assuming there is a remaining stock (or shortage) from the first period, and with that
optimal strategy for the second period, we then optimise over the first period, focusing
on maximising the lower and upper expected profits.

The performance of the classical method and the NPI method was evaluated through
simulation studies. We considered the two-period model when we ordered for the first and
second period. We assumed continuous distributions to examine the general performance
of the proposed methods. So, in some cases the classical method performs better than
the NPI method. However, for the large number of observations, NPI gets close to the
classical method, where this is based on correct assumptions. For other cases, the NPI
approach tends to perform better than the classical method, depending on how far off
the classical method’s assumptions are from reality. Also, we discussed the impact of
increasing the cost parameters on the NPI method. As a result, if the shortage cost or

selling price has increased in any period, we will order more for that period. However, if
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the holding cost or purchase cost has increased in any period, we will order less for that
period.

In the simulation study, we only considered the case when we ordered for both periods.
It is also interesting to investigate the case when we do not order for either the first or
second period. Also, the inventory model with more than two periods is an interesting idea
for a future topic. But because the approach discussed in this chapter is hard to analyse

for more than two periods, the next chapter briefly discusses a possible alternative.



Chapter 4

NPI bootstrap for inventory

decisions

4.1 Introduction

In this chapter, we present the NPI bootstrap method, which we indicate by NPI-B, as
an alternative method to deal with complexities in some of the inventory models, and
then we discuss its use to predict the optimal inventory level.

As we have seen in Chapters 2 and 3, for some practical inventory problems, the
analytic NPI approach is not appropriate. In this chapter, we show how NPI-B approach
can be used instead to compare different strategies.

This chapter is organised as follows: In Section 4.2, we introduce NPI-B. Section 4.3
introduces NPI-B for the inventory models that we considered in Chapters 2 and 3. We
will use maximisation of the average profit as a criterion to select the optimal inventory
levels. In Section 4.4, we will present the NPI-B method for the two-period model with

dependent demands. Section 4.5 presents the concluding remarks for this chapter.

4.2 NPI bootstap

Quantifying the variability of a sample estimate is an essential part of statistical inference.
It is easy to make inference and draw conclusions and use a probability model in simple
situations, but if the method’s assumptions are wrong, it can lead to wrong conclusions

in more complicated situations. To address this issue, Efron [34] devised a bootstrap

87
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method in 1979. This method makes fewer assumptions but requires more calculations,
also, its application is uncomplicated with statistical software, so it is widely used in
applied statistics [37]. Efron’s bootstrap method has been applied to a range of topics,
such as right-censored data [35] and bivariate data [36].

One of the bootstrap methods, known as nonparametric predictive inference boot-
strap (NPI-B), is a computational version of NPI that is used to quantify uncertainty
in statistical inference. The original investigation of the NPI-B method was presented
by BinHimd and Coolen [9, 23]. To obtain an NPI-B sample, the procedure depends on
selecting one interval randomly from the n + 1 intervals created by the n original data
observations, and from this interval, one future value is drawn uniformly. This value is
added to the original data set, and continue to sample m future values in the same way
in order to obtain the NPI-B sample. All possible orderings of the m future observations
among the n original data observations are equally likely to appear in NPI-B [9, 23]. The
assumptions are different for finite and infinite intervals, in which, for finite intervals,
one observation is sampled uniformly from each chosen interval. However, it cannot be
sampled uniformly from an open-ended interval. In this thesis, we are dealing with the
demand, and we assumed upper and lower bounds, [dy,d,], for the demand, so we use
finite intervals, which we think is a suitable choice for our purposes here.

For one-dimensional real-valued data on a finite (bounded) interval, the NPI-B algo-

rithm is as follows:

(i) The original n observations partition the intervals into n + 1 intervals.
(ii) Choose one of the n + 1 intervals at random, each with equal probability.
(iii) Uniformly sample one future value from this chosen interval.

(iv) Include this value in the data set: raise n to n + 1.

(v) Repeat Steps (ii)-(iv), now with n 4+ 1 data, to get a further future value.

(vi) Do this m — 1 times to get a NPI bootstrap sample of size m.

(vii) Perform Steps (ii)-(vi) in total N times to get a total of N NPI bootstrap samples

of size m, where N is a chosen integer value.

In the following section, we introduce NPI-B for the inventory models.
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4.3 NPI-B for inventory models

As we have seen in Chapters 2 and 3, for more interesting practical inventory problems,
the analytic approach is not feasible. The NPI-B method can be applied to compare
different order strategies. In this section, we introduce the NPI-B approach to derive
the optimal inventory strategy for different scenarios, namely the single-order and the
two-period independent demands inventory models which we also considered in Chapters

2 and 3.

4.3.1 NPI-B for the single-period inventory model

On the basis of the NPI-B, we compare different inventory levels, y, to select the optimal
one based on maximisation of average profit. Here we will study different strategies for
ordering y € (dy, d,) to determine which one is best based on the average profit criterion.

To sample an NPI-B sample of size m, we generate n observations from a continuous
distribution as the original sample with support [dy,d,]. So, there are n + 1 intervals
between the data set values, (dy, dy), (di,dz), ..., (d,,d,). Choose one interval, and then
sample the new value from this interval as the first value in the NPI-B sample. Then
add this value to the data set so that it is observations n 4+ 1 and the intervals are n + 2
intervals. Continue with this procedure to derive an NPI-B sample of size m. For the
single-period model we took m = 1.

The process of choosing the optimal inventory level is based on calculating the profit
or loss depending on y and the future observation, D,,,; which we derived by using NPI-
B. We repeat this process N times, and we report the maximum average profit and the
corresponding inventory level as the optimal value. In the following example, we illustrate

this procedure.

Example 4.3.1 Assume n = 5,50,¢ = 20,p = 50,h = 10,s = 20 and d, = 15. We
consider two different cases each case is run 1000 and 10,000 times and we report the

optimal inventory levels that maximise the average profit resulting from the NPI method

and the NPI-B method.
e Case I: D; ~ Gamma(3,1).

e Case II: D; ~ Exp(rate = 1/5).
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NPI NPI-B
Case | yp Average profit | y*  Average profit

I 3.29 36.61 3.24 11.16
n=2>

IT 5.24 6.28 4.93 -0.86

N = 1000

| 3.08 35.89 3.19 32.16
n = 50

II 4.63 0.98 4.92 12.11

I 3.21 36.04 3.38 13.30
n=>

IT 5.06 4.39 5.01 -2.84

N = 10,000

I 3.18 35.41 3.24 34.17
n = 50

II 4.90 3.49 4.58 10.42

Table 4.1: Results of Example 4.3.1

Table 4.1 presents the optimal inventory levels for the single-period model based on
the NPI and NPI-B methods for two different cases with n = 5,50 and N = 1000 and
10,000. We use Equation (2.25) to find yj for NPI, but in NPI-B, we examine all values
of y between (dy = 0,d, = 15), then we choose y* as the one that corresponds to the
maximum average profit. As a result, the NPI-B approach leads to similar optimal value
as the full analytical method. While yz and y* seem quite close, the average profits differ
quite a lot. This is due to the effect of future demand, which is sampled by using NPI-B
in the profit function. &

4.3.2 NPI-B for a single order for two-period model

In this section we compare different strategies for inventory level, y, to determine which
one leads to the highest average profit. We restrict our focus in this section to the case
where the number of observations is n = 2, we consider the case for a larger n in Section
4.4.

We follow the same procedure as in Section 4.3.1 to sample NPI-B, we suppose m = 1,
since the future demand for this model is equal to D = D,,, 1+ D,, 12, as we have discussed
in Section 2.6. Then we derive the profit based on y and D. We repeat this process N
times, and report the maximum average profits and the corresponding inventory level as

the optimal value. In the following example, we illustrate this procedure.
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NPI NPI-B
Case | yp_ Average profit | y*  Average profit
I 2.56 73.68 1.87 41.31
N = 1000
IT 2.52 42.30 1.40 19.49
I 2.57 73.85 1.83 39.41
N = 10,000
IT 2.57 44.65 1.39 20.42

Table 4.2: Results of Example 4.3.2

Example 4.3.2 Assumen =2,¢=23,p="70,h=17,s =9 and d,, = 2.50. We consider
the same cases as shown in Example 4.3.1. Our aim is to derive the optimal inventory
level by using NPI and NPI-B.

Table 4.2 presents the optimal inventory level for a single order for two-period model
based on the NPI and NPI-B methods for two different cases with n = 2 and N = 1000
and 10,000. We follow the procedure in Section 2.6 to find y*EOnCe for NPI, but in NPI-B,
we examine all values of y between (dy = 0,d, = 2.50) then we choose y* as the value
that correspond to the maximum average profit. As a result, the NPI-B approach leads

to similar optimal value as the full analytical method. &

4.3.3 NPI-B for two-period model with independent demands

In this section we compare different strategies for inventory levels, (yi,¥2), in which
y1 € (dio,d1) and ys € (dog,d2y), to determine which one leads to the highest average
profit. We follow the same procedure as in Section 4.3.1 to sample NPI-B sample but we
suppose m = 2, since we are dealing with two-period model. Then we derive the total
profit based on y1, y2, D1 5, +1 and Dy ,,,41. We repeat this process N times, and report the
maximum average profits and the corresponding inventory levels as the optimal values.

In the following example, we illustrate this procedure.

Example 4.3.3 Assume n; = 10,ny = 27. The cost parameters for the first period
are ¢; = 30,p; = 250,h; = 50,58, = 15 and k; = 19. For the second period, the cost
parameters are p; = 120, co = 40, ps = 500, hy = 100, sy = 80 and ko = 70, we suppose
a = 0.60.

Our aim is to derive the optimal inventory levels by using NPI and NPI-B. We consider
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NPI NPI-B
Case yi‘g ygg Average profit | yj ys  Average profit

I 4.63 4.31 1476.21 493 491 1454.80

N = 1000
II |4.36 3.16 929.84 4.86 3.35 890.54
I | 453 4.26 1474.99 4.90 4.90 1407.99
N = 10, 000
I |452 3.13 933.54 4.87 3.26 912.86

Table 4.3: Results of Example 4.3.3

two different cases each case is run 1000 and 10,000 times and we report the optimal
inventory levels that maximise the average profit resulting from the NPI method and
the NPI-B method. Assume for Case I, dy, = dy, = 15 and for Case II, d;, = 15 and
da,, = 20.

e Case I: Dy, Dy ~ Gamma(3,1).
e Case II: D; ~ Gamma(3,1) and Dy ~ Exp(rate = 1/2).

Table 4.3 presents the optimal inventory levels for the two-period model based on the
NPI and NPI-B methods for two different cases with ny = 10, ny = 27 and N = 1000 and
10,000. We use Equations (3.25) and (3.50) to find 339 and y;g for NPI, respectively,
but in NPI-B, we examine all values of y; and ys between (dy = 0,d;, = 15) for Case
I. For Case II, we examine all values of y; between (dy = 0,d;,, = 15) and y, between
(dy = 0,d2,, = 20). Then we choose y; and y; as the values that correspond to the

maximum average profit. As a result, the NPI-B approach leads to similar optimal

values as the full analytical method. <&

4.4 NPI-B for two-period model with dependent de-
mands

In the NPI approach for the single-order and two-period independent demands models
studied in Chapters 2 and 3, we used the M-functions in order to assign the probability
masses for the future demands within the intervals.

In this section, future demands are dependent, where we assume that the second

future observation D, 5 is dependent on the first future observation D, 1, in which the
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N = 1000 N = 10,000

Yi ys  Average profit | y; ys  Average profit
5.74 3.71 168.20 5.82 3.64 163.43

Table 4.4: The optimal strategies for Example 4.4.1

future demands D,,,; are assumed to come from the same data collection process as
the n data observations. When dealing with M-functions for dependent demands, this
becomes complicated, as we discussed in Section 2.6. As a result, to avoid the analytic
complexities, we will use the NPI-B approach to distinguish between different strategies.

We compare different strategies for inventory levels (yi,y2) in which yy, 32 € (do, dy),
to determine which one of those is optimal, based on maximising the average profit. This
study covers two different models, one model assumes orders for the first period and

second period. The other model assumes order only for the first period.

4.4.1 Ordering for both periods

In this section, we consider ordering for both periods, so we aim to determine the best
strategies for ordering y; and y, in (dy,d,). To obtain an NPI-B sample, we follow
a similar procedure to the one in Section 4.3.3. However, here we suppose dependent
demands, D, is dependent on D, 1, so we sample the two future observations from
the same data collection process as the n data observations. Then we derive the total
profit based on yq,ys, Dp,i1 and D, 5. We repeat this process N times, and report the
maximum average profits and the corresponding inventory levels as the optimal values.
In the following examples, we compare different strategies and find the optimal in-
ventory levels for these strategies by using the NPI-B method. We did not consider the
NPI method for the two-period model with dependent demands when the number of

observations is greater than 2, we leave this as a topic for future research.

Example 4.4.1 Assume the same number of observations for the two periods, n = 3 and
D ~ Gamma(3, scale = 1), in which the upper bound of the demand is d,, = 6. The cost
parameters for the first period is as follow ¢; = 1,p; = 40, h; = 12,51 = 15, and k; = 9.
For the second period, the cost parameters are p| = 22,co = 11,py = 60, hy = 17,59 = 8

and ko = 7, we suppose a = 0.60. The results in this example are based on 1000 and
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N = 1000 N = 10,000

Yi ys  Average profit | y; ys  Average profit
5.22 4.43 1484.39 5.24 4.32 1469.64

Table 4.5: The optimal strategies for Example 4.4.2

10,000 simulations.

Our aim is to compare different strategies and decide which one is the optimal based
on NPI-B. From Equation (3.1), we calculate the profit or loss depending on y;, y2, D4
and Ds in which the future observations are the NPI-B sample.

Table 4.4 presents the optimal inventory levels for the first and second period in which
y1,Y2 € (0,6) and the average profit based on NPI-B method. We examine all values of
y1 and yo between (0,6), then we choose yj and y5 as the values that correspond to the

maximum average profit. <&

Example 4.4.2 Assume n = 15, D ~ Gamma(3,scale = 1), in which the upper bound
of the demand is d, = 10. The cost parameters for the first period is as follow ¢; =
20,p; = 250, hy = 50,s; = 15, and k; = 19. For the second period, the cost parameters
are pj = 120, co = 40, p2 = 500, hy = 100, s3 = 80 and ky = 70, we suppose o = 0.60. The
results in this example are based on 1000 and 10,000 simulations.

We follow the same procedure as in Example 4.4.1, to choose the optimal inventory
levels.

Table 4.5 presents the optimal inventory levels for the first and second period in which
Y1, Y2 € (0,10) and the average profit. We examine all values of y; and y, between (0, 10),
then we choose y; and y3 as the values that correspond to the maximum average profit.

&

4.4.2 Ordering in the first period only

In this section, we suppose there is no order for the second period and the stock level
at the end of the first period is greater than zero, so, the inventory level for the second
period is yo = (y1 — Dyy1)". Our aim to determine the best strategies for ordering y;
between dy and d,,.

From Equation (3.5), we calculate the profit or loss depending on yy, y1 — Dyy1, Dpi1
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N = 1000 N = 10,000

Example | yf  Average profit | y;  Average profit
4.4.1 5.99 143.60 5.99 136.62
4.4.2 8.09 1299.82 8.02 1290.55

Table 4.6: Optimal inventory level (no order for the second period)

N = 1000 N = 10,000
Example | With order Without order | With order Without order
4.4.1 5.74 5.99 5.82 5.99
4.4.2 5.22 8.09 5.24 8.02

Table 4.7: Optimal inventory level for the first period with and without order for the

second period

and D, in which the future observations are the NPI-B sample. We repeat this process
N times, and report the maximum average profit and the corresponding inventory level
as the optimal value.

In the following example, we find the optimal strategies when we do not order for the

second period by maximising the average profit.

Example 4.4.3 Suppose we have the same data sets as in Examples 4.4.1 and 4.4.2. We
will find the optimal inventory level for the first period y; when we do not order for the
second period.

Table 4.6 presents the optimal inventory level for the first period when we do not
order for the second period. We examine all values of y; between (0,6) in Example 4.4.1
and all values of y; between (0, 10) in Example 4.4.2, then we choose vy} as the value that
correspond to the maximum average profit.

To summarise the results, we built Table 4.7. The table illustrates that in all Exam-
ples, the optimal inventory level when we order for the first period and do not order for
the second period is higher than the optimal inventory level when we order for the first

and second periods. &
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4.5 Concluding remarks

This chapter introduced the use of NPI-B method to distinguish between different order
strategies for inventory models. We applied NPI-B to the single-order and two-period
independent demands model. In order to find the optimal inventory levels, the average
profit is maximised. Based on the numerical examples, the NPI-B approach leads to
similar optimal values as the full analytical method.

Also, the NPI-B has also been applied to the two-period model with dependent de-
mands when we order for the second period as well as no order for the second period. To
find the optimal inventory levels, the average profit criterion is maximised. Based on the
numerical examples, the optimal inventory level for the first period when we order only
for the first period is higher than the optimal inventory level when we order for the first
and second periods.

The NPI-B can also be applied to the multi-period model in order to compare various

ordering strategies; we have not considered here and we leave it as a future topic.



Chapter 5

Conclusions

This chapter gives a brief summary of our most important results and suggests topics
for future research. In this thesis, we have introduced nonparametric predictive inference
(NPI) to support inventory decisions. First, we applied the NPI method only focusing on
the single-period inventory model as discussed in Chapter 2. We explored how to find the
optimal inventory level y*, which maximises the probability of getting a positive profit and
maximising the expected profit. We calculated the NPI lower and upper probabilities for
the event that the profit of future demand is greater than, or equal to, zero. In addition,
we studied the lower and upper expected profits for the next period. We also discovered
optimality criteria that combine NPI lower and upper probabilities as well as NPI lower
and upper expected profits.

In Chapter 2, the single order for two-period model is considered. In this model we
assumed the number of observations is n = 2 and the future demand is D = D, 1+ D, 5.
We explored how to find the optimal inventory level, which maximises the expected profit.
An investigation of the performance of the classical and NPI methods has been illustrated
using different assumptions of the demand via simulation. In some cases, the assumptions
underlying the classical method are entirely correct, so, the classical method performs
better. In other cases, the NPI method performs better than the classical method. In the
simulation studies, we only consider how often the profit is doing better in each run, but
it could also be of interest to see by how much it is greater as a topic for future research.

In Chapter 3, we developed NPI for two independent future observations, D ,,+1 and
Dy 1,41, for the inventory model. First, we derived the optimal inventory level for the

second period, assuming there is a remaining stock (or shortage) from the first period,

97
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and with that optimal strategy for the second period, we then optimised over the first
period. Various cases of ordering for the first and second periods have been studied.

An investigation of the performance of the classical and NPI methods has been il-
lustrated using different assumptions of the demand via simulations. If the assumptions
underlying the classical method are entirely correct, the classical method performs bet-
ter. However, if the assumptions are incorrect, NPI can do better. Also, we discussed
the impact of increasing the cost parameters on the NPI method. As a result, if the
shortage cost or selling price has increased in any period, we will order more for that
period. However, if the holding cost or purchase cost has increased in any period, we will
order less for that period. In the simulation study, we only considered the case when we
ordered for both periods. It is also interesting to investigate the case when we do not
order for either the first or second period.

In Chapter 4, we consider NPI-B method, as an alternative method to deal with
complexities in some of the inventory models, and then we discuss its use to predict the
optimal inventory level. We applied NPI-B to the single-order and two-period indepen-
dent demands model which we studied in Chapters 2 and 3. In order to find the optimal
inventory levels, the average profit is maximised. Based on the numerical examples, the
NPI-B approach leads to similar optimal values as the full analytical method.

Also, the NPI-B has also been applied to the two-period model with dependent de-
mands when we order for the second period as well as no order for the second period. To
find the optimal inventory levels, the average profit criterion is maximised. Based on the
numerical examples, the optimal inventory level for the first period when we order only
for the first period is higher than the optimal inventory level when we order for the first
and second periods.

An important topic for future research is to extend the use of NPI-B to the multi-
period inventory model. Another idea for future research is to explore models with some
restrictions, such as storage capacity and varying order costs. Generally, considering
inventory problems from a predictive perspective, in particular how to study the use of
NPI-B for the multi-period inventory model, gives interesting new insights which may

also have significant practical applications.



Appendix A

Proofs

A.1 Discontinuity proof for the lower expected profit

function for the single-period model

From Equation (2.20)

and

hence
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single-period model 100

So, E,,1(y) is a discontinuous function at d;, for any [ € {1, ...,n}, since

%%}Enﬂ(?/) - iﬂ%ﬂnﬂ(?/) #0

The difference if y € (d;_1,d;) or y € (d;, d;+1) is that there are some bounds of the lower
expected profit in these intervals are different which are cause the discontinuity at d;.
When y € (d;_1,d;) these bounds are —=(min[—(c + h)d; + (p + h)d;_1, (p — ¢ + s)d; —
sdi)+ (p+h+s)d; — sdyy1) while, when y € (dj, di11), =5 (min[—(c+h)d;+ (p+h)dy, (p—
c+ s)d; — sdiyq] + (p+ h)di—1). We have four different cases depending on the minimal
values in each interval.

If the minimal equal to —(c+h)d;+(p+h)d,—; for y € (d;—1,d;) and —(c+h)d;+(p+h)d,
for y € (d;, d;+1), then there is a jump between the left and right hand limit which equal
to: =g (s(diyr — dip)).

If the minimal equal to —(c+h)d;+ (p+h)d;_; for y € (d;_1,d;) and (p—c+5s)d;—sdy 41
for y € (d, d;+1), then there is no different bounds of the lower expected profit so, there
is no jump between the left and right hand limit.

If the minimal equal to (p — ¢+ s)d; — sd; for y € (d;_1,d;) and —(c+ h)d; + (p+ h)d;
for y € (d;, d;41), then there is a jump between the left and right hand limit which equal
to: =5 ((p+ h)(diy — di) + s(dir — dy)).

If the minimal equal to (p — ¢+ $)d; — sd; for y € (di_1,d;) and (p — ¢+ $)d; — sdj1
for y € (d;, dj41), then there is a jump between the left and right hand limit which equal

to: %H((p + h)(di—1 — dy)).

A.2 Continuity proof for the upper expected profit
function for the single-period model

From Equation (2.26)

lim E,, =limE,
lim 1 (y) = lim By (y)
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where,

%Enﬂ(y) = L(dl[—l@w s+h)+h+p+(p—c+s)(l+n)+(p+h) Zdj

n—+1
n+1
> d)
j=i+1
l

1
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n+1
_dl)_s(dl+ Z d]—l))
j=l+2
1
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+(p+h) Zd —s > d; 1)
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and
1
lim B4 (y) = <dz[—(l+1)(p+s+h)+h+p+(p—c+s)(1+n)]+(p
yld; n+1
l n+1
ZdJ—SZd] 1)
j=l+2
1
:n+1(dl[_l(p+3+h)_(p+5+h)+h+p+(p—c+s)(1—|—n)]

l n+1
+(p+h) Zdj—s > d; 1)

j=142
The difference between if y at the left of d; and y at the right of d; is that d; will cost
shortage cost since y < dj, so the profit will be py — cy — s(d; — y), while, d; will cost
holding cost since y > d;, so the profit will be pd; — cy — h(y — d;). Hence, when we
suppose y = d; we will find that there is no jump between the left and right hand limit.
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A.3 Discontinuity proofof Hg ,(E,+1(y)) for the single-
period model

From Equation (2.29)

gﬁﬂ%JEmﬂw)=5%7[—@—ﬁﬂr%@+hﬂ%—dwﬁ—swm4—m)+mmP@
+hmep+mqup—c+@m—sm]+—§7(mu—m«4a+mr+@—@

n+1
+(n+1-=0Dp—c+s)+(p+h) Zdj—de] 1)

and
Bfg}HEw(En-i-l(y)) = n(j_ 1 {_ (p—c)di+ (p+ h)(do — di) — s(dny1 — diy1) + min[—(c
+h)dy + (p+ h)di, (p — ¢ + s)di — Sdl+ﬂ] + % (y[l(—(c +h)+(p—c)

+(n=0p—-c+s)]+@@+h) Zd -5 nz dj_ 1)

Jj=l+2
hence
i Hi (B (0) ~ i Hi (B (0) = =0 04 1) i) = (s —
y1d; yd; n -+ 1

+ min[—(c+ h)d; + (p + h)di—1, (p — ¢)d)) — min[(p — ¢)d, (p — ¢+ )d; — sdj41]

b (- a)

So, Hg ,,(E,+1(y)) is a discontinuous function at d;, for any [ € {1,...,n}, since

lim Hg ,(Eni1(y)) —lim Hg ,(Epia(y)) #0
yTd; ydd;

A.4 Optimal inventory level of Gamma and Expo-
nential distributions

The following proof is provided to illustrate that Exponential and Gamma distributions
with the same expected value lead to the same optimal inventory level, yfp, that max-

imises the probability that the profit is greater than or equal to zero.
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Suppose D ~ Gamma(shape = k, scale = 0), the mean is equal to k6. By substituting
Equations (2.3) and (2.4) in Equation (2.6), we have,

+
I +c\ vy h+c
PSR i W
S p+h 0 s(p+h)

. s(p+h) (p+s—c)p+h)
:‘ycp"“‘)(<p+s—c><h+p>—s<h+c>)1“( St o) )

Similarly, for D ~ Exp(rate = )), as the Exponential distribution is a special case

of Gamma, so when shape = k = 1, and scale = 0 = %, we will get the results for the
Exponential. So, Exponential and Gamma distributions with the same expected value

lead to the same optimal inventory level.

A.5 Discontinuity proof for the lower expected profit
function for the second period, with remaining
stock from the first period

From Equation (3.20)

1
li EP2D,D, ) =wn,Dy=dy)) =
y21TIEiI;Z_( f( 1, 2,1 y2|y1 Y1, N 1)) Ny + 1
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and
. 1
lim E(Pf*(Dy, Dy, y1,1lys = y1, Dy = di)) = U[=(c2 + h2)da 1 + ca(yn
y2dda ng + 1

!
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hence
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So, E(Pf*(D1, Da,y1,y2|y1 = v1, D1 = dy)) is a discontinuous function at dy;, for any
l€{1,...,ny}, since

lim E(Pf*(Dy, Dy, yr,y2lyr = y1, D1 = dy))

yatda;

— yliﬁl E(P f*(Dy, Dy, 1, y2ltn = y1, D1 = di)) # 0
2321
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A.6 Discontinuity proof for the lower expected profit
function for the second period, with the first
period’s demand not fully met

From Equation (3.29)

1
lim E(Pf*(Dy. Do.yr. alys = y1. Dy = dy)) =
y;g;l E(Pf*(D1, Do, y1,y2lyr = y1, D1 = dy)) g+ 1

-1

— )Py — c2) — ko] + (P2 + ha) Z daj—1 +min[(pa + ho)day—1 — (ca + ha)day

J=1

+a(di — 1) () — €2) — ko, (P2 — ca + 52)doy — soday + a(dy — y1)(P] — ¢2) — ko

[(l — 1)[—(c2 + ha)da; + a(dy

no+1
+(n2+1—l)[(pQ_C2+52)d2[+Oé(d1—y1)< —CQ kz —82 Z d2j:|

J=l+1
and
1
lim E(Pf*(Dy, D2, y1,y2ly1 = y1, D1 = dy)) = (l[—(02 + ha)da + a(d;
y2lda g ng + 1

!
—y1)(p] — c2) — ka] + (p2 + Do) Z dsj—1 +min[(ps + ho)doy — (c2 + ho)da

j=1
a(dy —y1)(py — ca) — ko, (p2 — ca + So)da — sada 11 + a(dy — y1)(p) — c2) — ko]
no+1
+ (ng — 1)[(pa — c2 + s2)da1 + a(dy — y1)(p| — c2) — ko] — 2 Z d2]>
j=l+2

hence

lim E(Pf*(D1, D2, y1,y2|y1 = y1, D1 = dy))
yoTda

— lim E(Pf*(D1, D2, y1,yolyr = 1, D1 = di)) =

yalda ng + 1

{(pz + ho + s3)da
— (p2 + ha)da -1 — Saday41 + min|(pe + ho)da—1 — (ca + ho)dey + a(dy — y1) (P} — c2)
— kg, (p2 — c2 + s2)day — saday + a(dy — y1)(Py — ¢2) — ko] — min[(ps + ho)dyy

— (o + ho)doy + ody — y1)(Py — c2) — ko, (P2 — €2 + S2)day — Sada 41

aldy — y1) (P} — c2) — ko
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So, E(Pf*(Dy, Dy, y1,y2|y1 = y1, D1 = dy)) is a discontinuous function at dy;, for any
l€{1,...,ny}, since

yliTrdn E(Pf*(Dy, Dy, yy,yalyr = y1, D1 = dy))

2Td2,1

- yliﬁln E(Pf*(D1, Do, y1,y2lyr = y1, D1 = di)) # 0
2dda

A.7 Continuity proof for the upper expected profit
function for the second period, with remaining
stock from the first period

From Equation (3.38)

lim E(Pf*(D;, Dy, 1y, =y, D =dy)) =
vt (f( 1, V2,01 y2|y1 Y1, 1 1)) Ny + 1

=
+ (pa 4 ho)[day + Y daj]+ (05 +1)[(p2 — 2 + 82)day + ca(y1 — di) — k)

Jj=1
no+1
— 52 E d2,j—1:|

j=l+1

[[—(p2 + ha + SQ)dQ,l]

and

.= 1
lim E<Pf2<D17 D27y17y2‘y1 = y17D1 = dl)) = (l + 1)[_(}72 + h2 + Sg)dg}l]

y2ldda Ny +
!

+ (p2 + ha)[d2; + Z daj] + (2 + 1)[(p2 — 2 + s2)day + c2(y1 — di) — ko]

j=1
no+1
— 52 E d2,j1]

j=1+2

hence
yhden E(PfQ(Db D2ay17y2‘y1 =y1,D; = dl))
2Taz,;

— lim B(PS(Ds. Dy el = 1. D1 = b)) =0
24021
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A.8 Continuity proof for the upper expected profit
function for the second period, with the first
period’s demand not fully met

From Equation (3.42)

lim E(Pf2(D1,D2,y1,y2|y1 =y, D1 =dv)) =

y2Tda ny + 1
-1

+ (P2 + h)ldog + Y dag] + (n2 + 1)[(p2 — ¢+ 55)doy + aldy — y1) (9 — ¢2) — ko

Jj=1
no+1
— 52 E d2,j11

j=1+1

[[—(p2 + ha + s2)day]

and

lim E(Pf?(Dy, Dy, 1, y2ltn = y1, D1 = dy)) =

=
y2dda Ny + 1 (l + )[ (p2 + ha + 52)d2,l]

l
-+ (pg -+ hg)[dg,l + Z dz,j] -+ (Tlg + 1)[(])2 — Co -+ Sg)dg,l + a(d1 — yl)(pll — Cg) — kg]

Jj=1
na+1
— 52 E d2,j—1:|

j=1+2
hence
lim E(Pf*(Dy, Dy, y1,y2lth = v1, D1 = dy))
yatda

— lim E(Pf*(D1, D2, y1,yolys = 1, D1 = di)) =0
yalda
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A.9 Discontinuity proof for the lower expected profit
function for the two-period model

From Equation (3.47)

lim E(Pf%*(D1, Dy, y1, = 29)) =
ledu_( 73Dy, Doy yr, y2y2 ygg)) ny+ 1

-1
+ (p1+ h1 — ) Z dyj—1 +min[—(c; + hy — ca)diy — k1 + (p1 + b1 — c2)d1 -1, (01

J=1

{(Z —1)(—(c1 + h1 — c2)diy — k)

—c14 51— ap) + ac)dyy — k1 — (51— ap) +aco)diyg] + (n +1 =10 ((p1 — a1 + 51

ni+1
1 .
—ap| + ac)dy; — ki) — (s1 — ap| + acy) Z dl,]} + — ((]Z,yé‘g — D[—(co

i—i1 No + 1
j2,y§g_1
30 : *O
+ ho)ysp — ko] + (P2 + h2) E ds j—1 + min[(ps + h2)d2,j2 ol T (ca + ha)ysp
72
j=1 ”

*O
— k2, (P2 — 2 + 52)yop — s2day,
- 72

no+1
— 52 E dz,j)

I gt

o = kol + (N2 + 1= Jo o) [(p2 — 2+ s2)y3 — kol

E

and

1
lim E(P 172D7D7 ) = ;9 - I(—(c +h —co)dy — k
ylidl,l_( 75 (D1, Doy, y2ly2 = vo5)) T {( (a1 1 — C2)dyy — k)

!
+ (p1 4+ h1 —¢2) Z dij—1 +min[—(c1 + hy — co)diy — k1 + (p1 + b1 — c2)diy, (0
=1

— 1+ 51— apl + acy)dyy — ky — (s1 — ap) + aca)dy 1] + (n1 — D)((p1 — c1 + 51

ni+1

1 .
—ap| + ac)dy; — ki) — (s1 — ap| + acy) Z dl,j:| + p—— ((]271/;]9: — 1)[—(co
j=l+2
j2’y;gil
*O : *O
+ ha)ysg — ko] + (p2 + ho) Z daj_1 + min[(py + h2)d2,j2’y§g—l — (c2 + h2)ysp
i=1 .

— ka, (p2 —c2 + 32)?/35 - 52d2,j2_’y§g — ko] + (2 +1— j2,y§§)[(p2 —Co+ 32)952 — k]
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— So E dQ,j)
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hence

y}iTIdnlE(Pfl’Q(Dh Da,y1,12l12 = ?J;g))

i . 1
— lim E(Pf"*(Dy, Dy, y1,p2ly2 = 455)) = —— [ (01 + ha + s1 — apf + (o — 1)ea)dy
y1da 1 = n+1

— (p1 + h1 — c2)di—1 — (s1 — ap’ + aca)dy 41 + min[—(c; + hy — ¢2)diy — Ky
+ (p1 + "1 — c2)dri—1, (p1 — 1 + 51— api + aco)diy — ki — (s1 — o)) + acs)dyy]

— min[—(q + hl — Cg)dl’l — /{71 + (p1 + hl — Cg)dlyl, (p1 —C1+ 81 — ozp’l + OfCQ)dLZ

— k1 — (51— apy + acy)dy 4]

So, E(PfY“2(Dy, Dy, y1,y|ys = yg‘g)) is a discontinuous function at dy;, for any [ €
{1,...,n1}, since

lim E(Pf“(Dy, Do, y1,Y2ly2 = ys8))

y1tdy =

— lim E(Pf172<D17D27y17y2|y2 - y;g)) 7é 0
y1ddi o

A.10 Continuity proof for the upper expected profit
function for the two-period model

From Equation (3.59)

_ 1
lim E(Pf%“*(D,, D = *9)) = I —1)(— hy —co)dy; — k
yllfgiz (Pf (D1, Do, y1, y2lye yzE)) ny + 1 {( )(—(c1 4 h1 — co)dyy 1)

-1
+ (p1 + h1 — ) Zdl,j +(pr—c)diyy—ki+(m+1=0((p1 —c1+ 51— ap}

=1
ni+1 1
. *O
+ acy)dyy — k1) — (s1 — ap) + acy) .;I dl’j1:| + p—— ((]Zy;g —D[=(e2 + hQ)yﬁ
‘]:
jQ,y;‘Q_l

E
— kel (p2the) D dayt (p2—c2)ysg — kot (n2+ 1= o o) [(p2 — o+ 5238
j=1

no+1
- kQ] — 52 Z d2,j—1>

j=j2yy;% +1
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and
= 1
lim E(Pf“*(D,,D — 9 = 1(— W — eV — k
y11¢rd?,z ( f ( 1, 27y1ay2|y2 ?JQE)) n. + 1 |: ( (Cl + hy CQ) 1, 1)

!
+(p1+h1 —c2) Zdl,j + (1 —e)dig — k4 (m = D((p1 — 1 + 51— ap}
7j=1

ni+1
1 . *
+ acy)diy — ky) — (s1 — ap) + acy) Z dl,j—l} + m ((Jz,y;g = D[—(e2 + h2)y2%
J=l+2

j2 «x0—1
Y, Yol

2
— kol + (P2t ha) D daj+ (p2—c)ysZ — k(2 41— Jayzo)(p2 — c2 + s2)y55
=1

no+1
- kQ] — 82 Z d2,j1>

j=j2,y;% +1

hence
. — 1,2 10
lim E(Pf (D17D27ylay2|y2_y2f))
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