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Abstract

In this thesis, Bayes Linear methods for modeling multilevel data are presented
and discussed. Second-order exchangeability judgements are exploited to formulate
subjectivist versions of multilevel models. Bayes linear methods are applied to
estimate model parameters and for diagnostic checks. Closed-form expressions of
estimators are derived, allowing insight into relationships between the quantities
thereof. The canonical analysis and resolution transforms are used to guide sample
design and sample size determination under cost constraints. A finite version of a
multilevel model is formulated, analysed and compared to infinite versions, giving
further insight into sample design issues via the finite resolution transform.

A new Bayes Linear Minimum Variance Estimation (BLIMVE) approach is de-
veloped to estimate variances. Estimated variances are used to perform two-stage
Bayes linear analysis of more complex multilevel models. The methods developed
are shown to be applicable in cases of small level-2 samples. The Bayes linear analy-
ses of multilevel models are applied to an educational data set using special-purpose

codes written in the R Statistical Language.
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Chapter 1

Introduction - Multilevel modeling

for multilevel data

The world we live in is complex. This complexity is rife as can be seen in natural
phenomena that surround us. Complexity also permeates the biological, psycho-
logical, social and economic dimensions of our lives. In our quest to understand
this complexity, we come to collect data and, unsurprisingly, this data turns out to
be both complex and richly structured. A common type of richly structured data,
called multilevel data, and the special class of models required to analyse such data,
called multilevel models are the subject of this thesis.

Multilevel data occur in most fields of study. The most frequently cited example
is in educational research, where students are grouped in classes and classes are
grouped in schools forming a multilevel or hierarchical structure. The main issue in
modeling multilevel data is that the usual assumption of independence is no longer
valid; students in the same class are more likely to be similar as compared to stu-
dents in another class. As such, commonly used models that assume independence,
such as linear regression for example, are no longer valid and may lead to erroneous
inferences. Hence, classical multilevel or Bayesian hierarchical modeling are better
suited for accounting for the dependencies between the units at the different levels
of a hierarchy. Notwithstanding these modeling approaches, there are still issues
that could benefit from an alternative approach. Classical estimation methods suf-

fer from the possibility of negative variance estimates especially with a low number

1



1.1. Thesis outline 2

of groups. At the other end, when there are large amounts of data, Bayesian hierar-
chical modeling using Markov Chain Monte Carlo or dynamic Hamiltonian Monte
Carlo can be very slow or difficult to tune.

In this thesis we propose to use Bayes linear methods as an alternative to exist-
ing methodologies in formulating, estimating and diagnostic checking of multilevel
models. The Bayes linear approach requires only limited beliefs specifications as op-
posed to complete prior probability distribution specifications in the fully Bayesian
approach. The Bayes linear approach is subjectivist and uses expectation rather
than probability as a primitive. The principal features of the method are discussed

in Goldstein and Wooff (2007).

1.1 Thesis outline

In Chapter 2 we review the concepts underlying multilevel data structures and the
need for multilevel modeling in the context of some important applications. A mul-
tilevel dataset on an introductory course in Statistics, the STAT1010 dataset, is
introduced and is used throughout this thesis to motivate and illustrate the analy-
ses. We discuss a number of classical estimation methods including least squares,
maximum likelihood and iterative generalized least squares methods that are all
relevant to multilevel modeling. We also discuss the fully Bayesian hierarchical
modeling approach and consider the difficulties in making full prior specifications,
as well as in computing posterior densities. Finally, we present the concepts and
methods involved within the Bayes linear approach. Using a collection of second-
order exchangeable quantities, we explain the principles of adjustment of means and
variances, as well as some important diagnostic checks. The notations used in this
thesis are compiled in Appendix A.

In Chapter 3 we use second-order exchangeability (SOE) judgements to formulate
our versions of multilevel models. We present the SOE random effects (SOEREF)
model, our version of the simplest multilevel model, i.e. the random effects model.
The assumptions and notations of the SOEREF model are discussed. We then
extend the SOEREF model to a SOE regression (SOEREG) model. We also discuss

June 11, 2023



1.1. Thesis outline 3

and illustrate suitable methods that can be used to specify priors for our models
using the STAT1010 data.

In Chapter 4 we apply Bayes linear methods to adjust the population overall
mean and population group means in the SOEREF model. We derive closed form
expressions for the adjusted mean for balanced and unbalanced data and use these
to understand how the adjusted quantities relate to prior specifications and data.
We compute adjustments and diagnostics using specially written codes in the R
statistical programming language and apply these to the STAT1010 data (Appendix
B gives the R and also [B/D] codes as well as the STAT1010 data). We also apply
a partial Bayes linear analysis and demonstrate its importance as a diagnostic tool
in multilevel modeling. We exploit the canonical structure and resolution transform
underlying our exchangeable adjustments to address sample design issues and sample
size determination with cost constraints for both level-1 and level-2 units in the
SOEREF model. We then relax the assumption of infinite exchangeability and
formulate a finite version of the SOEREF model. We are interested in comparing
the adjustments of the finite and infinite versions of the SOEREF model via the
canonical analysis and apply these to the STAT1010 data.

In Chapter 5 we discuss the difficulties in learning about population variances and
develop Bayes linear methods to estimate the level-1 variance in both the balanced
and unbalanced cases. We apply these methods to the STAT1010 data and illustrate
the choice of priors for fourth order quantities. The sensitivity of our adjusted
variance to a higher kurtosis is also investigated.

We develop a Bayes Linear Minimum Variance Estimator (BLIMVE) to estimate
the level-2 variance of the SOEREF model in Chapter 6. The method is applicable
to two or more groups and we validate it using simulation. We apply BLIMVE
and estimate the level-2 variance in the STAT1010 data. Having learned about
both level-1 and 2 variances, we perform a two-stage analysis by substituting the
estimated variances in the adjustment of the mean components. We then consider
estimation of the level-1 scalar variance and level-2 variance matrix in the more
complex SOEREG model. Specifications of priors, in particular for the residual
variance matrix, are discussed and applied to the STAT1010 data. We describe how
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to use Bayes linear methods to learn about population variances based on unbiased
OLS estimators and apply these to the STAT1010 data. Finally, we apply a two-
stage analysis to update intercepts and slopes in our SOEREG model and compare
shrinkage in these regression coefficients for the STAT1010 data.

We conclude with a discussion of our results and some promising areas for future

work in Chapter 7.
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Chapter 2

Modeling data with complex

structures using multilevel models

2.1 Introduction

In this chapter we review the concepts underlying a multilevel model and its applica-
tion to hierarchical data. We present examples of various types of richly structured
data that are commonly viewed as hierarchical or multilevel data and discuss the
substantive research questions that are of interest in these multilevel data. We pro-
vide notations for multilevel models and explain the conceptual difference between
multilevel and regression models. Classical and Bayesian estimation methods are
presented and discussed, pointing out some of the shortcomings of these methods.
We then present Bayes linear methods including adjustments of means, variances

and diagnostics checks.

2.2 The pervasive multilevel data

Multilevel or hierarchical data occur frequently in most fields of study. In education
for example, students are “naturally” grouped in classes and classes are in turn
grouped in schools, hence forming a three-level hierarchy; the multilevel data here
will then comprise of variables measured on students, classes and schools. Another

example is in economics where we are interested in employment status of individuals
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2.2. The pervasive multilevel data 6

(employed or unemployed) grouped in regions (urban or rural) hence forming a two-
level hierarchy. It is easy to find examples of multilevel data in almost all areas
of the sciences. Indeed as Kreft and de Leeuw (1998) wrote “once you know that
hierarchies exist, you see them everywhere”.

In some situations though, the hierarchical structures may not be as explicit as
in the above-mentioned examples. Consider longitudinal studies for instance, where
repeated measurements are made on a sample of individuals over time. The repeated
measurements taken at different points in time for one specific individual, may be
viewed as grouped within that individual, thus forming a two-level hierarchy, where
the repeated measurements are at the lower level and individuals are at the higher
level of the hierarchy.

Acknowledging the multilevel structure in a dataset is an important step towards
proper modeling of multilevel data as the clustering of individuals induces depen-
dence. To illustrate this dependence we note in our earlier example that students
in the same class share the same teacher and class environment; they are thus more
likely to have similar exam scores than students in different classes. A consequence of
such dependence is that it invalidates the straightforward application of traditional
statistical methods such as linear regression modeling. Therefore a more flexible
type of model is called for, namely a multilevel model, that properly accounts for
the dependencies in multilevel data.

Over the last thirty years or so, multilevel modeling has emerged as an impor-
tant modeling technique, prompting numerous textbooks (see for example, Gold-
stein (2010), Bryk and Raudenbush (1992), Snijders and Bosker (1999) and more
recently, Gelman and Hill (2007) and softwares. A list of multilevel modeling soft-
wares is available at the Centre for Multilevel Modelling (CMM) at Bristol Uni-
versity (http://www.bristol.ac.uk/cmm/). The CMM * collaborate with a range of
researchers working with multilevel models to develop new statistical methodology,
implemented in software to address unsolved issues in quantitative modelling of so-
ctal processes.”

The above on-going developments have encouraged researchers in general to use

multilevel modeling in the analysis of richly structured data. Below we explain the
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facets of multilevel modeling that have made it gain such popularity and importance

among researchers, especially in the social sciences.

2.3 The need for multilevel modeling

As we saw above, one reason for using a multilevel model is that observations in
multilevel data are dependent and, unlike more familiar statistical techniques which
assume independence, a multilevel model can account for this dependence. Here we
consider three commonly cited advantages for using a multilevel modeling approach

when analysing multilevel data. They are:

e Improved estimation of effects
e Modeling cross-level interactions

e Inference for groups with sparse data: Small area estimation

For each of the above three advantages, we begin by explaining a research issue
of interest using simple examples. We then explain the benefits of using a multilevel
modeling approach to address the research issue in the context of a more detailed

example from the research literature.

2.3.1 Improved estimation of effects

The effect of clustering on the individuals forming the clusters is of considerable in-
terest to researchers in applied social sciences. Thus, in school effectiveness studies,
educational researchers ask to what extent school characteristics (e.g. public/pri-
vate, school management) impact on pupils’ performances, while in social policy
research, sociologists are interested in the impact of neighbourhoods (poor/rich) on
teenagers’ behaviour (teenage pregnancy, school dropout). Estimating an effect at
a group level (school or neighbourhood characteristic) based on an outcome at an
individual level (pupil’s performance, teenager’s behaviour) is not straightforward
and can have major pitfalls as our chosen applied example next shows.
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Bennett (1976) published a report claiming that primary school children taught
by teachers using a ‘formal’ teaching method were likely to make greater progress in
learning than those pupils taught by other teaching methods. This finding , which
had important policy implications, gave rise to many controversies. The statistical
issue here is that in his analysis Bennett ignored the multilevel structure of the
data; namely the grouping of pupils in classes and teachers. Hence, each pupil
was treated as providing independent information to assess the teaching method
whereas, in fact, the clustering of pupils in classes and teachers meant that pupils
in the same group had correlated exam scores. Ignoring clustering and treating
observations as independent led to underestimated uncertainties (small standard
errors) in teaching style effects. Therefore, estimated confidence intervals were also
quite narrow, leading to apparently significant differences in teaching style effects.

(Aitkin et al., 1981) analysed the same data as in the teaching styles study, but
they used a multilevel model to account for the multilevel structure in the data.
The outcome variable in Aitkin’s model was achievement test score (Y,,,) for pupil
r, grouped in class ¢, and teaching method p, a three-level model. The result was
“greatly reduced significance of any differences in teaching style” Aitkin et al. (1981).

It is now well known that ordinary least squares may underestimate the stan-
dard errors of regression coefficients for multilevel data while multilevel modeling

provides more efficient estimates for these standard errors.

2.3.2 Modeling cross-level interactions

Are differences in mathematics achievements between boys and girls the same in
private and public schools? Are differences in fertility rates between urban and rural
regions the same in rich and poor countries? Each of these questions concerns the
impact of variables measured at different levels of a hierarchy on a response variable.
The first question, for example, concerns three variables: a response variable (
achievement in mathematics) measured at the pupil level, a pupil level predictor
(gender) and a school level predictor (school type). We are interested in the effects
of gender and type of schools on pupils’ achievement in mathematics. Suppose, for
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the sake of argument, that gender differences in mathematics achievements are larger
in public schools than in private schools. More specifically, suppose girls obtain on
average far better grades than boys in public schools. While in private schools,
because of better teachers and smaller classes, girls and boys have on average the
same grades. Since the effect of gender on achievement in mathematics depends on
school type, we say that there is an interaction between gender and school type.
And because such interactions occur between variables measured at different levels
of a hierarchy, they are termed cross-level interactions.

The identification of cross-level interactions in richly structured data are of prime
importance to researchers in all fields of study. As an example we consider Shouls
et al. (1996) who studied variation in an individual’s chance of being long term
ill based on variables such as age, low skill job, non-white ethnicity, being married
and individual deprivation (unemployed, does not own a house and so on). Indi-
viduals were considered nested in local authorities and the result of Shouls et al.
(1996) modeling showed significant variation in long term illness rates between local
authorities. In an attempt to explain this variation they introduced a cluster level
(group level) variable namely, North versus South England, in their model. While
the effect of the North/South divide was significant, they found that the cross-level
interaction between the North/South divide and individual deprivation was not.
The Shouls et al. (1996) analysis shows how modeling cross-level interactions can
seamlessly be achieved within the framework of multilevel modeling when data have

a hierarchical structure.

2.3.3 Inference for groups with sparse data: small area

estimation

An important survey research problem that has many applications, is that of ob-
taining reliable estimates of quantities such as averages, totals and rates for groups
having little or even no data. This research problem frequently arises when the

results of surveys, which are conducted on part of a population but with a view to
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learning about the whole population, need also to be used to learn about groups
or categories of the target population. Examples of these groups include people
living in specific regions or belonging to specific socio-economic categories. Because
surveys are costly and time consuming, sample sizes tend to be limited in practice.
Hence, the groups in question may have little data in the sample or no data at all
(unsampled groups), rendering estimates of the quantities for these groups difficult
and inaccurate.

To understand the need for estimates in small groups, consider the economic
problem of unemployment. The unemployment rate is an important indicator of
the economic health of a nation and therefore national surveys are conducted on
a regular basis in order to assess the level of unemployment. But unemployment
affects different regions and sub-regions of a nation differently; some regions have
more unemployed people than others. Hence, reliable estimates of unemployment
at regional and sub-regional levels are vital for efficient policy decisions aiming at
reducing unemployment.

More importantly perhaps, is the impact of unemployment on the very individual
who has lost his or her job. Indeed the loss of a job to an individual not only means
the loss of livelihood and the financial hardships that it entails, but also a loss of
status in society, with its accompanying psychological distresses. It seems therefore
natural to measure the unemployment rate among specfic groups of individuals based
on their socio-economic profile, such as lone mothers aged between 18 and 25 years
and having only primary education.

Obtaining reliable estimates of unemployment for regions, sub-regions and socio-
economic groups such as mentioned above, is therefore important albeit difficult
when such groups have little or no data in the sample. Direct estimates, based
on number of unemployed and total sampled in the small group for example, are
either imprecise due to the small sample size or impossible when a group is not
sampled. However, many techniques have been developed over the years by survey
researchers to provide reliable small area estimates. A thorough in-depth survey of
these small area estimation techniques is provided by Rao (2003) in his book “Small

Area Estimation”. Of particular interest to us here, are the model-based techniques,
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especially those that take advantage of multilevel modeling.

Multilevel modeling seems an intuitive approach to use in small area estimation,
since small area estimates are required for groups based on observations that are
made at the level of the individuals forming the groups. At the individual level,
we construct regression-type models that relate the quantity of interest (proportion
unemployed) to individual-level covariates (highest educational level attained, for
example). At the group level, we include random area-specific effects to account
for differences (in unemployment rates) between areas. In addition, contextual vari-
ables, available from census and administrative sources on all individuals in a small
area, are used in the area-level model to explain between-area variability beyond that
explained by individual-level variables. An example of such a contextual variable
is the percentage of the population in each area having at least completed primary
education, a known area-level predictor of unemployment.

Fitting the multilevel model then involves ‘borrowing of strength’ from all areas
in the sample to estimate the random effect of a specific area. Such borrowing of
strength increases the effective sample sizes for small areas, hence increasing the
precision of the small area estimate as well as providing a measure of precision for
each specific area. Hence, multilevel modeling is a powerful tool to use in small area
estimation.

Following Rao (2003), we give the following advantages for using a model-based
approach in small area estimation, including the specific advantages of using a mul-

tilevel modeling approach:

1. Model fitting diagnostics can be used to find a suitable model for the data as

well as to investigate major discrepancies between model and data.

2. Appropriate summaries (means, totals and rates) for the small area estimates
can be obtained via the model. In addition, measures of precision for the small

area estimates are easily obtained from the models.

3. Multilevel models are very flexible and can model all types of response variables

including continuous, binary, count and multivariate.
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4. More importantly, a multilevel model can account for complex variance struc-

tures, including spatial effects and spatio-temporal effects.

The above modeling advantages are of particular relevance to this thesis. Indeed,
our overarching aim is to apply Bayes linear methods as a unifying framework for
model formulation, estimation and diagnostic checking in the context of multilevel

modeling, including learning about variances in complex multilevel models.

2.4 A frog in a pond or the basic advantage of an
expert’s belief in hierarchies

As we saw above there are important gains for a researcher in recognising hierarchies
in complex data and taking advantage of multilevel modeling. If a researcher’s beliefs
do follow a multilevel structure, then it would be a mistake to ignore it. We now
consider what motivates belief in multilevel structures, why at times researchers
may decide to ignore such structures and what the resulting consequences are.

The primary reason why an expert may hold belief in multilevel structures is
because the expert’s belief is rooted in theories about the relationship between the
individual and the context (group) to which the individual belongs. Studies of
contextual effects are important in all the social, economic and behavioural sciences.
Educational researchers for instance, are interested in studying the impact of various
contexts, such as schools or classrooms, on students. The theory underpinning these
contextual effects has come to be known as ‘frog pond’ theory (after a classic research
article ‘The campus as a Frog Pond’, Davis(1966). The metaphor ‘a small frog in
a large pond or a large frog in a small pond’ is used to define the relationship
between the student and the class context. For example, a rather weak student in
a class of highly intelligent students may perform poorly while the same student in
a class of weaker students, may gain confidence and perform better. This kind of
belief naturally leads to hypotheses about cross-level interactions between variables
defined at the individual and at the group levels. Our point here is that experts do

hold beliefs based on theoretical considerations, and possibly irrespective of data,
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and that multilevel models provide a framework to state and test these hypotheses.

Before the advent of multilevel modeling in the 1980’s, researchers often had to
ignore the multilevel structures when analysing complex data such as, for example, in
the modeling of change using longitudinal data (which have an inherent multilevel
structure). Singer and Willett (1993) report that, ‘methodologists advised that
researchers should not even attempt to measure change because it could not be
done well” while Cronbach and Furby (1970) advised researchers studying change to
"frame their questions in other ways’ because these questions pertained to cross-level
hypotheses necessitating multilevel modeling.

When multilevel structures are ignored, often researchers perform single level
analyses by aggregating data (at the higher group level) or disaggregating data
(by using indicator variables to attach group level variables at the individual level).
Unfortunately, such single-level analyses of multilevel data are inappropriate as they
tend to ignore dependencies in the data.

More importantly, single-level analyses of multilevel data may result in fallacious
interpretations such as the ecological fallacy which, in the multilevel modeling lit-
erature, means observing a high correlation between variables at the higher (group)
level of a hierarchy and using this observation to infer a similar correlation at the
individual level. The reverse, making inferences at the higher level of a hierarchy
based on observations at the individual level, can also be misleading and is termed
the atomistic fallacy and is related to Simpson’s paradox (Hox 2002). Therefore if
an expert’s beliefs do follow a multilevel structure then it would be advantageous to

use multilevel models to avoid the above pitfalls.

2.5 Names, notations and equations for multilevel
models

So far we have seen that most real world data has a complex hierarchical structure
and that there are substantial benefits in adopting a multilevel modeling approach
to analyse such richly structured data. In this section we use an example to explain
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some important notations and model equations for various types of multilevel mod-
els, ranging from the simplest to the more complex. Our aim is to use these common
multilevel notations and equations to review multilevel model estimation methods
in Section 2.6. Appendix A gives a list of notations used in this thesis. First we

briefly look at the different names used for multilevel models in the literature.

2.5.1 A multitude of names for a multilevel model

Multilevel modeling is not a new statistical method; it has been around for quite a
long time, albeit under various names. Indeed, rarely has a statistical method had
such a plethora of names, the most common being: mixed-effects models, random-
effects models, random-coefficient models, hierarchical models, covariance compo-
nents models and exchangeable regressions. The reasons for such a variety of names
are, in our opinion, two-fold. Firstly, the concepts and estimation methods under-
lying multilevel models have evolved according to specific and varied application
areas. For example, animal genetics studies have given rise to variance components
methods while educational and social sciences have given rise to multilevel and hi-
erarchical modeling. Secondly, the longstanding divide in approaches to statistical
inference, namely between classical and Bayesian, has also led to names such as
Bayesian hierarchical models and exchangeable regressions to mark the underlying
Bayesian methods used in formulating and estimating these models.

In this thesis we shall develop our own approach to analysing multilevel (or
hierarchical) data based on the Bayes linear methodology. We shall then provide
suitable nomenclature to reflect the specificities of our approach (see Chapter 3).
When we wish to refer to classical or full Bayesian hierarchical models however, we

shall use ‘multilevel model” or ‘Bayesian hierarchical model” as appropriate.

2.5.2 An example: The STAT1010 dataset

We shall illustrate the notations and model equations for multilevel models using a
data set we collected in 2004 at the University of Mauritius, the STAT1010 data.

STAT1010 is the module code of an introductory course in statistics. The module is
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compulsory in several degree programmes at the university and is delivered mainly
by distance education (DE). At the start of the semester, students are given a DE
manual to work through and once a week they have a one-hour face-to-face session
with a lecturer who may be a part-time or full-time staff member. The semester
lasts for fifteen weeks. At the end of the eighth week there is a formal mid-term
class test that is compulsory for all the students. The final examination is held at
the end of the semester. To ensure uniformity, guidelines for marking of class test
and examination questions are provided to all lecturers. Further, all marked scripts
are moderated by full time lecturers.

The data comprises examination marks of 306 students grouped in each of eight
classes. Table 2.1 below gives a summary of the main variables including some cases
in the dataset. In five of the classes, STAT1010 is taught by part-time lecturers
and the remaining three by full-time lecturers. Hence, we have a class-level variable
(Part-time/Full-time). Another class-level variable is whether students study man-
agement or engineering sciences, the latter have better mathematical abilities. The
response variable is the final examination marks of the students, while the explana-
tory variables are the mid-term class test marks and prior achievements at A level

(A level scores).

Class Student Lecturer Faculty Sex A level Test FExams
1 1 full-time  management male 20 39 28
2 42 part-time management female 20 93 25
3 66 full-time  engineering  female 24 75 64
4 107 full-time  management female 22 44 31
) 137 part-time management male 12 54 18
6 170 part-time engineering  male 30 60 97
7 218 part-time engineering  female 18 78 7
8 261 part-time engineering  male 22 45 33
8 306 part-time engineering  male 30 63 91

Table 2.1: Structure of the STAT1010 data. The first case in each of the eight

classes is shown as well as the last case in class no.8.
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Apart from its role in illustrating our methods, the data is also of substantive
interest. The quality assurance sub-committee, of which I was a member, had ex-
pressed the need for information on issues such as the relationship between achieve-
ment at university level and performance at A level. Another question of interest
that explicitly calls for multilevel modeling is whether some of the differences in
students’ achievement in the STAT1010 examination can be attributed to class type

(part-time against full-time lecturer).

2.5.3 Notations

Along with the plethora of names for multilevel modeling that we mentioned in sec-
tion 2.5.1 above, there is also a profusion of notations for basically equivalent multi-
level models, but arising from different disciplines. The multilevel models of interest
to us in this thesis may be considered as extensions of the general linear model
(GLM) class that includes linear regression and analysis of variance models. Within
this GLM class of multilevel models though, the current notations for response and
predictor variables, regression coeffcients, mean and variance parameters, as well as
subscripts indicating individuals and groups are varied and potentially confusing.
Our choice of notations below follows somewhat those of Gelman and Hill (2007)
and is suitable for fully Bayesian multilevel modeling as well as our own Bayes linear
method. We introduce the notation in the context of simple linear regression which

naturally leads to multilevel models.

2.5.4 Linear regression of the STAT1010 data

Regression in a single class
We are interested in the relationship between the examination and class test marks
in the STAT1010 data. We first consider the marks in a single class only, say the

first class, and we write the regression equation:
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Yi = Po+ bz + & (2.1)

where:

e Students are denoted by 4, for i = 1,2,...,n. In this case n = 41.
e y; is the response variable, here the examination mark of student 1.
e 1, is a predictor variable, here the class test mark of student 1.

e [y is an unknown intercept term, here the predicted examination mark of a

student who scored a zero mark in the class test.

e (3 is an unknown slope term, here representing the predicted difference be-

tween examination marks of students whose class test marks differ by 1.

e ¢; is an error or residual term, assumed to be independently and identically

distributed.

In addition to the above, the errors are assumed to follow a normal distribution with

mean zero and constant variance 02. Estimates for By and ; are obtained by the

method of ordinary least squares (OLS) that minimises the sum of squared errors,
e

Fitting the above regression using, for example, the R function 1m(), gives esti-

mates 3, = 21.3 and Bl = 0.4. We can therefore write:

g; = 21.3 + 0.4z, (2.2)

The term g; is the fitted value, that is the estimated examination mark of student
i based on (2.2). For example, the first student in class one has a class test mark
of z; = 39 (see table 2.1) based on which his estimated examination mark is ¢; =
37 while his actual mark is y; = 28. Therefore, based on the regression model, the

student obtained 9 marks less than is expected on average from students having a
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class test mark of 39. In general, the difference y; — ¥; is the estimated ith residual.

An estimate of the error variance o is Y, & /(n — 2).

Extending simple linear regression in a single class

One way to extend the regression of examination marks on class test marks is to
add further explanatory variables, such as sex and A level scores, hence giving a
multiple regression. In general, we may have p explanatory variables on each of n
students. We then write the multiple regression in matrix notation as y = X + €,
where the response variable y and the residuals € are n x 1 vectors each. X is a n
x p matrix of predictor variables and [ is the p x 1 vector of regression coefficients.
As in the case of simple linear regression we derive estimates Bof B by minimizing

the sum of squared residuals:

ele=(y—Xp) (y—Xp) (2.3)
giving
B=(X"X)(X"Ty) (2.4)
and
var(B) = (X"X) 10?2 (2.5)

where the superscript T' denotes matrix transpose. The fitted values are y = X B

and the estimate of the error variance o} is €"¢/(n — p) where, as before é =y — g.

Extending Ordinary Least Squares: Generalized Least Squares

In both the simple and multiple linear regressions described above, the residual error
terms € are assumed uncorrelated. Hence, var(e) = 021, where [ is the identity ma-
trix. A further generalisation of multiple linear regression is to drop this assumption
and consider correlated responses. The error variance-covariance matrix is then X,

which is symmetric and positive definite. A simple example of correlated responses
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is in longitudinal data (hence multilevel) or time series data with serially correlated

errors where the variance-covariance is

L pr p2
1
Ey _ O'; P1 P1
p2 ;11

where the p’s are (auto) correlations. Generalized least squares (GLS) estimates

Bars of B are obtained by minimizing the following generalized sum of squared

residuals:
le=(y—Xp)'E,y— Xp) (2.6)
giving
2 Tx—1 -1 Tx—1
Bars = (X181 X)"HXTS, y) (2.7)
and
var(Bars) = (X781 X) o? (2.8)

Generalized least squares is relevant to multilevel models which can be considered
as regressions with correlated errors. Such correlations are induced by the clustering
of units in higher level groups as mentioned before. Indeed the multilevel estima-
tion method used in the software MLWiN maintained at the Centre for Multilevel
Modeling(see section 2.2) is based on GLS as we shall describe in section 2.8.

An important point to note here is that models with correlated errors are substan-
tially more difficult to estimate than those with uncorrelated errors. For instance,
we note that the OLS estimate /3 depends only on the data whereas BGLS depends
both on the data and the unknown variance-covariance matrix >, that also needs
to be estimated. We have not provided any derivation of OLS or GLS estimates as

these are standard statistical methods covered in most linear models textbooks.

Regression in all eight classes
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Having performed a linear regression in one class only, we now consider regressions
in all eight classes. There are two analytical approaches that we may consider, the
most obvious one being a single regression that ignores the grouping of students in
classes - termed the complete-pooling analysis. Alternatively, we may also fit sepa-
rate regressions, one for each of the eight classes - termed the no-pooling analysis.
Figure (2.1) shows a plot of the fitted regression lines in each of the eight classes
with the gray lines showing the no-pooling analysis and the single bold line, the

complete-pooling analysis.

Estimated regression lines in eight classes (STAT1010 data)

100
|

80

=Y

All

Examinations marks
40

20
|

\ \ \ \ \ \
0 20 40 60 80 100

Class test marks

Figure 2.1: Separate regressions of classes 1 to 8 (grey lines) and a single regression

for all classes (bold line labelled ‘All’)

It is evident from Figure (2.1) that there are some important variations in the
predicted intercepts and slopes among the classes. On the one hand the complete-
pooling analysis ignores these variations and therefore is not suitable if our aim
is to understand variations between classes. The no-pooling analysis, on the other
hand, exaggerates the variations in intercepts and slopes, more so if some classes have
very few students, hence leading to inefficient estimates of the regression coefficients.

Rubin (1980) calls this the bouncing beta problem. A compromise between no-pooling
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and complete-pooling is partial-pooling, which is precisely what multilevel modeling

does.

2.5.5 The simplest multilevel model

In the regression analyses of the eight classes above, the regression coefficients appear
to vary. This variation in intercepts and slopes can be modelled via a multilevel
model, the simplest of which allows the intercept only to vary by class. The model
thus has only one intercept term, no predictors but two levels of variations: the usual
student level variation (Level 1) and the school level variation (Level 2). Hence, the
two-level random effects model is as follows.

At level 1 we have:
Yii = Poj + € (2.9)
and at level 2 we have:

ﬁoj =M + Oéj (2.10)

where:

e Students are denoted by i, for i = 1,2,...,n; and classes, by j for j =
1,2,...,J . For the STAT1010 data, J = 8 classes and the first class has

ny = 41 students.
e y;; is the examinations mark of student ¢ in class j
e 4 is the underlying population average examinations mark.
e «; is the effect of class j on examinations mark.
® ¢;; is the error or residual term of student ¢ in class j.

The level-1 errors, €;;, are uncorrelated with variance o2 and represent variation
in examinations marks between students; for example variation due to students’
differing abilities in the STAT1010 examinations. The level-2 errors, o, are also
uncorrelated with variance o2 and represent variation in examinations marks be-
tween classes. The variances o2 and o2 are jointly termed wariance components

hence the alternative name variance components models for multilevel models. The
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probabilistic assumptions underlying the random effects model depend on the model
fitting approach adopted; we discuss these assumptions when we discuss estimation
in the next section.

Another way to write the two equations (2.9) and (2.10) is by combining them

in the single equation form as follows:
Yji = p+aj+ e (2.11)

The single equation is more compact and applies to more complex multilevel
models with several levels of variations and predictors at all these levels. In (2.11)
the term in p is called the fized effect and the term in «;, the random effect, hence
the alternative name linear mized-effects model for multilevel models.

There are four types of parameters that are of direct interest for estimation and
interpretation of the model. These are namely the fixed effect i, the level-2 residuals
aj, the level-2 variance o2, and the level-1 residual variance o2. The level-1 residuals
€j; are mostly estimated for diagnostic assessments of the fitted model, just as in
the analysis of linear regression models. In the next sections we review estimation

of the mean and variance components.

2.6 Estimation in multilevel modeling

Estimation in multilevel models is the central theme of this thesis. In the coming
sections we shall therefore review some of the main approaches and methods com-
monly used for estimating parameters of multilevel models. There are three main
approaches that are currently used to estimate mean and variance components in
multilevel models: maximum likelihood estimation, Bayesian hierarchical model-
ing and bootstrap simulation. Our aim in reviewing these estimation methods is
manifold.

We review the above three main estimation methods because they provide im-
portant concepts, illustrate difficulties in estimation, and may ultimately be used
for comparison with our proposed estimation method, while some other methods we

review, especially those based on least squares, are essential stages in the estimation
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techniques we develop in this thesis. We also review the ANOVA estimation method
as it illustrates the problem of negative variance estimates.

Finally, we also give an introduction to Bayes linear estimation as it is the basic
methodology within which we develop our new formulation and estimation methods
for both simple and complex multilevel models. For ease of exposure though, the
methods we review here are illustrated via the two-level random effects model, but

they apply equally well to more complex multilevel regression models.

2.7 ANOVA

One of the oldest and most popular variance estimation method, attributed to R.A.
Fisher (1918), is the analysis of variance (ANOVA) method. The ANOVA esti-
mators are obtained by equating quadratic functions of the observables to their
expected values; the quadratic functions being the relevant sums of squares. Below
we outline the ANOVA method for unbalanced data for the two-level random effects
model. The corresponding estimators for the balanced situation are easily obtained

by setting n; = n.

2.7.1 ANOVA estimator of variance components for unbal-

anced data

Here we have different number (n;) of observations in different groups (j). The

appropriate sums of squares are given by:

SSA = an(ﬂj.—y‘..)Q (2.12)
SSE = ZZ(W—Q.J’)Q) (2.13)
SST = ZZ(%’Z‘—Q.)Q (2.14)

where SSA, SSE and SST are the between-groups, within-groups and total sums of

squares respectively.
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The ANOVA estimators are obtained by equating the sums of squares to their

expected values. The expectations of the sums of squares are:

E(SSA) = (N =Y n3/N)o + (J — 1)o7

and

E(SSE) = (N — J)o?

Hence, the estimators are given by:

s2 _ _SSE
© =)
= MSE
MSA — MSE
62 = > 5 (2.15)

* (N—;n?/N)/(J—l)

where MSA and MSE are the between-groups and within-groups mean squares re-
spectively. While the equation for level-1 estimator, 62, is simple and similar for
the balanced and unbalanced case, the level-2 estimator, 62, is more complex for

unbalanced data when compared to balanced data.

2.7.2 Properties of ANOVA estimators

The ANOVA method does not require any underlying probability distribution and
the resulting estimators are always unbiased. In the case of balanced designs,
ANOVA estimators have minimum variance and they are also minimal sufficient
(Searle et al., 1992). As such ANOVA has been widely used and studied. There are,
however, two serious limitations of the method.

Firstly, ANOVA can yield negative estimates of variances. This is obvious from
the expressions for the estimators for the level-2 variance component, 62, for either
the balanced or unbalanced design. The estimator 62 will be negative whenever the
variability within group (MSE) is larger than that between groups (MSA).

Secondly, in the case of unbalanced data, ANOVA estimators are no longer min-

imum variance and the distribution theory gets much more complicated even under
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the usual normality assumption (Scheffe, 1959). Further, in contrast to the balanced
case, there are no unique sums of squares to use in the ANOVA method.

Searle et al.(1992) describe more than a hundred years of research into vari-
ance estimation using the ANOVA methodology. They conclude that “negativity of
variance estimates, lack of distributional properties and no useful way to compare
different applications of ANOVA methodology” remain the main weaknesses of the
ANOVA method.

In multilevel models with covariates occurring at several levels, the data is mostly
unbalanced and there is a possibility of obtaining an estimate of a (Co-)Variance
matrix containing negative variances, which is clearly undesirable. Also, accurate
ANOVA estimation typically requires large data sets and is mostly used for variance
component estimation in the context of experimental design rather than multilevel

models.

2.8 Maximum likelihood: The principle and prop-
erties

Maximum Likelihood Estimation (MLE) is such a widely used estimation method
that it may be considered a cornerstone of statistical inference. MLE requires the
specification of a probability density function p(y | #) where 6 is the parameter to
be estimated. In the traditional or classical approach, the parameter € is considered
as unknown but ‘true’ or ‘fixed’, that is not a random quantity. Given yy,...,y, are
a random sample from the density function p(y | 0), the joint sampling distribution

of the y;’s viewed as a function of 6 is called the likelihood function and is written

as:
LO | y1, .- yn) = [ [ (wi:0)
i=1
The observed data yi,...,y, in the likelihood function is considered as fixed and

therefore the likelihood function is often written simply as L(6), suppressing the

dependence on the data. The maximum likelihood estimator 0 is the value of 6
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in O, the parameter space, that maximises the likelihood funtion L(6). Therefore,
MLE is deemed intuitive in that it chooses that value of the estimator that makes
the data most plausible.

Apart from being intuitive, MLE has some other desirable properties. The in-
variance property of MLE is deemed useful as to find the MLE of f(6), we only
need to find the MLE of 6 and plug it in f(.). MLE though, may at times pro-
duce estimators that are biased or not uniformly minimum-variance. However, the
large sample properties, such as consistency and asymptotic normality of MLE esti-
mators, explain the widespread use of maximum likelihood estimation in numerous

statistical estimation problems.

2.8.1 Maximum Likelihood Estimation of Multilevel Models

As mentioned above, to find the MLE of the parameters in the random effects model,
we need to specify an appropriate probability density function. For continuous
response variables such as y;; in the random effects model, it is common to assume
the normal distribution for the level-1 and level-2 residuals, namely €;; ~ N(0, 0?)
and a; ~ N(0,02). It is then easy to write down the log-likelihood. For example,
consider the more general multilevel regression model y = X5 4+ Zu + €, where y
is an n x 1 vector of outcomes, 8 is a p x 1 vector of fixed effects, X and Z are
known matrices of explanatory variables, v and e are level-2 and level-1 random
effects respectively, with variances and covariances collected in the (Co-)Variance

matrix Y. The log-likelihood is

1 1 1 _
l= —QN - 5509|2y| - 5(9 - XB)TEyl(y — XB)

To find the ML estimators, we take partial derivatives of the log-likelihood with
respect to the fixed effects 3, and then with respect to the random-effects variances
¥,. We thus obtain the respective ML equations, namely 0l/08 = 0 and 0l/0%,, = 0,
which can be solved to obtain the desired estimators.

Solving 0l/0f = 0 for the fixed effects poses no particular problem, as the
elements of the vector § are unconstrained. However, solving 0l/0%, = 0 for the

random-effects variances in 3, is not as straightforward, as variances are required to
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be non-negative. In case one or more of the estimated random-effects variances are
negative, a modification due to Herbach(1959) is applied which effectively replaces
any negative estimate of variance by zero, see Searle et al. (1992) for details.
Explicit solutions to the ML equations only exist for balanced data. In the
general multilevel model with covariates at one or more levels, the requirement for
balance implies the same number of observations in each group and also the same
number of observations for each predictor X (e.g., Bryk and Raudenbush, 1992).
Such conditions however, are unlikely to be met in practice. Given unbalanced data,
the solutions to the ML equations are not tractable analytically, necessitating iter-

ative solutions. One such iterative procedure is explained in Section 2.9 below.

Restricted Maximum Likelihood (REML)
It is well known that Maximum Likelihood estimation may produce biased esti-
mates, specially in small samples. In multilevel model estimation, ML estimates
the random-effects variances conditional upon the fixed effects 3, and as the ML
procedure treats the estimated B as fixed, it thus does not account for its sampling
variation. Random-effects variances will be more severely underestimated when
sample sizes are small, and fewer degrees of freedom are available for estimation.
The solution to this problem is to apply ML to a linear transformation of y that
is free of 8, rather than to y directly. One such transformation is to use OLS to
obtained estimates of the residuals, which are then used to estimate the variance
components. This modification of ML is called restricted maximum likelihood or

REML see Patterson and Thompson (1971).

2.9 Iterative (Generalized Least Squares

Goldstein (1986) proposed an iterative generalized least squares (IGLS) procedure
for estimating parameters in complex multilevel models, including models for lon-
gitudinal and multivariate data structures. The method is general enough, and can
therefore fit a wide variety of multilevel models as implemented in the general pur-

pose multilevel modeling package MLwiN. Goldstein (1986) showed that IGLS is
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equivalent to MLE under the Gaussian assumption. Below we outline the general
principles of the IGLS method following Goldstein (1995).

As its name says, IGLS involves the repeated application of generalized least
squares (GLS)(see Sub-section 2.4). Consider the general linear model y = X3 + €,
where € is a vector of random effects, with elements (ay,e€;;) for the random ef-
fects model for example, and (Co-)Variance matrix 3,, with corresponding elements

2 2

(02,02) for the same random effects model. IGLS then proceeds as follows:

) €

1. Step 1: Estimation of fixed effects.
If ¥, were known, then GLS of y = X8 + ¢ would yield the estimator BGLS =
(X7, ' X) "1 (X%, y) for the fixed effect vector j.

2. Step 2: Estimation of random effects.
If 8 were known, then GLS of of a new linear model y* = X*3*+¢* would yield
the estimator f*g ¢ = (X*7(2,)")X*)"HX*T(Z,.) )y*) for the random
effects >J,,.

In step 2 above, y* is the vector of squares and products of the residuals ee! =
(y — XB)(y — XB)T, stacked as a column vector (via the vech matrix operator).
Yy« is the covariance matrix of the vector y*, that is the covariance of squares and
products of the residuals, hence containing fourth-order moments as required for
variance estimation. X* is the design matrix linking y* to X, in the new linear
model.

The initial estimates of the fixed effects 3 required to start IGLS are obtained
via an application of OLS giving BOLS. Raw residuals (not the correct residuals,
since OLS ignores group effects) are then calculated as (y — X fors)(y — XBors)”

and used in step 2 in the iterative procedure above. IGLS then iterates between

steps 1 and 2 until convergence of the estimated fixed and random parameters.

Restricted Iterative Generalized Least Squares (RIGLS)
IGLS, being equivalent to MLE, gives biased and underestimated variance compo-
nents in small samples. Goldstein (1989) showed that

E((y - XBOLS)(y - XBOLs)T) =Xy — X(XTZ;X)AXT
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and proposed using (y — X Bors)(y — XPBors)” + X(XTiy*lX)*lXT in step 2 of
IGLS to obtain unbiased estimates of the variance components, where 2; L'is the
current estimates of X 1. The thus modified IGLS is termed Restricted Iterative

Generalized Least Squares (RIGLS), and under multivariate normality, is equivalent

to REML( Goldstein (1989)).

2.10 Bayesian hierarchical modeling

The Bayesian Approach to Estimation
The estimation methods we have considered so far are termed frequentist or classical,
especially when we wish to make a distinction between these methods and a different
approach to statistical inference, called the Bayesian approach. While in the classical
approach probability statements are only allowed for data given parameters, in the
Bayesian approach in contrast, uncertainty about all quantities (including fixed but
unknown parameters) can be represented probabilistically. Suppose, for example,
we are interested in the unknown parameter 6 and intend to collect data to learn
about it. We quantify our uncertainty about 6 by assigning it the prior probability
p(6). We also assign the conditional probability p(y|f), to express our uncertainty
about the future data we intend to collect given #. The conditional probability
p(y|0) is in fact the likelihood function of §. Using Bayes theorem, we combine the
prior and likelihood to obtain the posterior probability p(6|y). Inferences about 6,
such as its mean, median and standard deviation, are then based on p(6|y).

In his Philosophy of Statistics, Lindley (2000), the eminent Bayesian statisti-
cian Dennis Lindley summarises the above description of the Bayesian approach as

follows:
e Statistics is the study of uncertainty
e Uncertainty should be measured by probability
e Data uncertainty is so measured, conditional on parameters

e Parameter uncertainty is similarly measured by probability
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e Inference is performed within the probability calculus, mainly via Bayes the-

oremm

The important point here is that uncertainty is measured by probability which,
in the Bayesian approach, is defined as the degree of belief of an individual in an
event or proposition. Hence, probability is personal or subjective. Subjectivity is
discussed in greater detail by Ramsey (1926), de Finetti (1937), and in Lad (1996).
For a book-length careful treatment of the Bayesian approach see Bernardo and

Smith (1994) and Robert (2001).

Exchangeability and the Representation Theorem

In the analysis of scientific data, probability models are useful in tackling the impor-
tant problem of predicting a future value y,,1 given a sequence of observable out-
comes {y1,...,yn}. In order to predict y, 1, it is necessary and sufficient to assess
the form of the joint probability p(y1,...,y,) for any n since, p(yn+1|y1,- .-, Yn) =
(Y1, -y Yns1)/P(Y1, - - -, Yn). For example, one may assume the y;’s to be indepen-
dent. In this case no learning takes place as p(¢n+1|y1, - -, Yn) = P(Ynt1). As argued
by Bernardo and Smith (1994), some form of dependencies must be assumed among
the y;’s, and there is a large number of such dependencies. One commonly used
simplifying assumption, is the judgement that the future y,,; and the sequence
{y1,-..,yn} form an exchangeable sequence of random quantities. Exchangeability
was introduced by de Finetti (1937) and is equivalent to a judgement of similarity or
symmetry which implies that p(yi,...,¥n) = P(Yr), - - - Yrm)) for all permutations
7 defined on the set {1,...,n}.

The assumption of exchangeability has an important consequence regarding the
probability models we are interested in. If we judge our observations as (infinitely)
exchangeable, then we may apply de Finetti’s representation theorem for exchange-
able sequences, which shows that exchangeable observations should be regarded as
a random sample from some probability distribution, and there exists a prior prob-
ability distribution over the parameter of the model. de Finetti (1937) stated and
proved the representation theorem for binary, 0 - 1, random variables. Bernardo
and Smith (1994, Ch.4) provide good coverage of various types of exchangeability
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assumptions, representation theorems and the ensuing models. For a more recent
interesting and accessible discussion of the logic and importance of exchangeability
and the representation theorem, see Goldstein (2012).

The representation theorem has been subsequently generalized by Hewitt and
Savage (1955) for real-valued random quantities, including the outcome variables y;
of interest to us here. Bernardo and Smith (1994) also give a version of the general

representation theorem (see Proposition 4.3) which we adapt as follows.

Theorem 1. Ify,yo, ..., is an infinite exchangeable sequence of real-valued random
quantities with probability measure P, there exists a probability measure @) over 5,
the space of all distribution functions on R, such that the joint distribution function

of y1,...,yn has the form

Plyp, ... yn) = /@ H F(y;)dQ(F)

where

Q(F) = lim P(F,) (2.16)

n—oo

and F, is the empirical distribution function defined by yi, ..., Yn.

Bernardo and Smith (1994) argue that Theorem 1 is difficult to apply explicitly in
learning about a future y,, 1 given yy, . . ., y,, because of the infinite-dimensional,unknown
distribution function F'. They thus propose a more restrictive representation theo-

rem in terms of density functions, labelled by a finite dimensional parameter, 6.

Corollary 1. Assuming the required densities to exist, under the conditions of The-

orem 1, the joint density of yi,...,y, has the form

P(Yts ) = /@ [T o(wlo)p(0)d0) (2.17)

where p(.|0) denotes the density function corresponding to the unknown parameter

0 co.

It is now straightforward to apply Bayes’ theorem to learn about ;.

Bayesian hierarchical modelling
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So far we have considered exchangeability judgements for simple sequences of ob-
servable random quantities {yi, yo, . . .}, corresponding to single level, not multilevel,
data. The type of exchangeability judgements considered for such single level data
induces complete symmetry, in the sense that our beliefs over the observable quanti-
ties is unchanged for any permutation of the subscripts. For multilevel data, which
is the main focus of this thesis, the group or context is obviously important and,
hence, we cannot assume our jugements to be invariant to all permutations of the
subscripts of the sequence of observations; we need to restrict our exchangeabil-
ity judgements in order to fully account for the multilevel structure of the data.
In other words, in order to consider the meaningful subscripts of richly structured
data, judgements of partial symmetry may be more appropriate and have been
termed partial exchangeability judgements.

Partial exchangeability judgements for several examples of complex data struc-
tures, including multilevel data, are discussed in Bernardo and Smith (1994). They
argue that many possible forms of partial exchangeability judgements may be con-
templated, depending on the specificities of the data structures, and therefore it is
difficult to give an all-embracing definition of partial exchangeability. Indeed several
authors have used particular forms of partial exchangeability judgements to arrive at
models suitable to the specific data under their considerations. For example, Lau-
ritzen (2003) defines row-column exchangeability of binary matrices to derive the
Rasch binary logistic regression model for item analysis (Rasch,1960). While, in the
important area of Bayesian Nonparametrics, Rodriguez et al.(2008) use unrestricted
exchangeability of exchangeable sequences, to arrive at a Nested Dirichlet Process
model suitable to analyse data arising from multicenter studies, hence multilevel
data.

Unrestricted exchangeability is a reasonable assumption for complex data that
often comprise several related sequences of random quantities; the dependence be-
tween the sequences may be induced by a hierarchical or multilevel structure. For the
two-level data that we considered earlier, where individual ¢ is nested in group j, the
outcome variable typically comprises the sequence {11, ..., Ying,s -« Ysis- - s Yoy b

which is made up of the J related individual sequences {(y11, - - -, Y1ny ), (Y215 - - - Y2ny )
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ooy (Ys1s -+ Ygn, )} Unrestricted exchangeability implies complete exchangeability
of the random quantities within each individual sequence along with exchangeability
between these exchangeable sequences.

Bernardo and Smith (1994; Section 4.6.5) also propose unrestricted exchangeabil-
ity of exchangeable sequences as appropriate judgements for complex data and give
a joint density representation for several sequences of random quantities which we
adapt as follows. The J unrestrictedly infinitely exchangeable sequences of random

quantities explained above admit a representation of the form

J N
PYLL, -y Yinrs - 2 YLy - - -3 Yny) = /@HHp(yﬂwj)p(el, L, 0,)d(6y),....d(6y)
o (2.18)
where, for each j =1,2,...,J, 0, € © is the limit, as n; — 00, of some function of
yj;- For example, 6; could be the group means and standard deviations (x;, ;).

If we now judge that the parameters {0,6,,...,} also form a sequence of in-

finitely exchangeable quantities, we may also write the following representation.

J
(0, 0,) — / [T 1om(@)o) (2.19)

where ¢ is termed a hyperparameter. The hyperparameter can be identified with
appropriate (strong law) limits of observables, just as we mentioned for the 6; in
(2.23) above. For a complete example of hierarchical modelling with specifications
of all prior and hyperprior distributions, see Bernardo and Smith (1994; p224). To
quote Bernardo and Smith (1994; p226)

Hierarchical modelling provides a powerful and flexible approach to the
representation of beliefs about observables in extended data structures,

and is being increasingly used in statistical modelling and analysis.

Several excellent book-length treatments of Bayesian hierarchical modelling of mul-

tilevel data exist, see for example Gelman et.al (2013), Congdon (2003).
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2.11 Applying Bayesian hierarchical modelling: prior
and posterior densities

So far we have seen that the subjective approach to modelling complex multilevel
data requires the use of partial exchangeability judgements and the appropriate
representation theorem to formulate a suitable Bayesian hierarchical model. In
practice, Bayesian fitting of hierarchical models requires (i) specification of suitable
prior (and hyperprior) distributions for the model parameters and, (ii) updating
from prior to posterior via the likelihood function. We briefly discuss the challenges
associated with (i) and (ii) as they raise some important issues that have motivated
us to consider the alternative estimation methods we propose in this thesis.
Choice of prior

Consider the simple two-level random effects model y;; = 1 + o 4 €j;. The usual

Gaussian assumptions required for fitting the model are:

yii ~ N(p+aj02), fori=1,2,...,njand j=1,2,...,J  (2.20)

a; ~ N(0,02), for j=1,2,...,J (2.21)

Prior distributions are required for the hyperparameters u, 02 and o2. In principle,
estimation of y and o2 pose no great problem, as sufficient data are usually available
at level-1 of a hierarchy for their estimation. Hence, a noninformative prior, of the
form p(p, o.) ox 1, that expresses prior ignorance or that ‘will let the data speak for
themselves’ (see Bernardo and Smith, p.357), is often assumed.

Estimation of the level-2 variance o2 however, is fraught with difficulties, more

2

2 is close to

so when there are few level-2 units, .J, or when the level-2 variance o
zero . In the context of Bayesian inference of variance components of the random
effects model, Hill (1965) writes ‘the analysis of variance opens a Pandora’s box of
problems which constitute a real challenge to any and all statisticians and theories
of statistical inference’.

The difficulties involved in the construction of a suitable prior distribution for

o2 relate to the possibility that the estimate of this level-2 variance parameter may

turn out to be negative in the classical approach (see Section 2.6). The Bayesian
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approach avoids this problem of a negative estimate of variance by constructing
priors for o2 that place zero probability on negative values of o2. Examples of such
priors include a uniform prior on ¢, or on log(c,) and, the inverse-gamma (€, €)
prior, such as p(¢?) o inverse-gamma(0.001,0.001) as used in the Winbugs package.

Use of priors that avoid negative variance estimates however, is not without
problems, some of which include: the requirement of at least three groups (J > 3)
to enable inference, overestimates of o2 for small J, improper posterior distributions
(not integrating to one as required for any pdf), posterior inferences overly sensitive
to the parameters of the prior distribution (such as € in the inverse-gamma prior).
These issues are discussed more fully in Gelman(2005).

The inverse-gamma (e, €) prior is of interest because it belongs to the family of
the conditionally conjugate priors. Conjugacy is an important concept in Bayesian
analysis. Given a likelihood p(y|@), then the family of prior densities p(f|u), where
u is some collection of parameters, is a conjugate prior family with respect to the
likelihood, if the posterior density p(f|y) belongs to the same conjugate family for
every sample size and every set of possible sample values. For example, if y represents
the number of successes in n independent Bernoulli trials with (unknown) probability
of success 6, then y ~ Binomial(f, n). The Beta(c, 3) prior on € is the natural

conjugate as the posterior p(f]y,n) also has a Beta density as follows:

p(0ly,n) o V(1 —0)" g7 (1 - 0)"!
posterior o likelihood X prior

0y+04—1 (1 o H)n—y—f—ﬁ—l

This simple example illustrates two important advantages of conjugacy. First, a
conjugate prior density allows tractable calculations of the appropriate posterior
density. Equally important, conjugate analysis allows the information in the prior
to be interpreted in terms of equivalent data. As an examination of the posterior
density in the above example shows, it is as if the prior is contributing the data
equivalent of (o« — 1+  — 1) trials to the existing n trials in the sample.

As we mentioned above the inverse-gamma density prior for o2 is conditionally
conjugate in the sense that the conditional posterior p(o2|y, a, pi, 0.) has an inverse-
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gamma density. Conditional conjugacy is useful because it is preserved when a
model is expanded hierarchically (Gelman, 2005), while conjugacy is not.

Use of conjugate prior densities for tractability in the calculation of posterior
densities or for convenience, can be quite restrictive, especially for models as rich
as those considered in Bayesian hierarchical modelling. Fortunately, developments
in computer power, as well as in computational algorithms, such as Markov Chain
Monte Carlo methods, have obviated the need to restrict modelling to conjugate
priors only, and have thus enlarged the range and depth of applications of Bayesian
methods to solve real-life problems. We discuss computational issues next.
Computation of posterior
Bayesian inference is based on the calculation of marginal posterior densities of pa-
rameters, often a difficult task that may involve the evaluation of multi-dimensional
integrals (see Section 2.10). Prior to the 1990’s, the difficulties involved in the
calculation of posterior densities hampered the application of Bayesian methods
(Gelfand et.al.,1990). Numerical approximation methods, such as the Laplace Ap-
proximation and Iterative Quadrature amongst others, were developed during the
1980’s, but their implementation was not straightforward. For a summary of these
numerical approximation methods, see Bernardo and Smith (1994).

Substantial progress in Bayesian computation was made when Gelfand and Smith
(1990) popularized the Gibbs sampler. The simplest implementation of the Gibbs
sampler is in the following situation. Suppose the marginal posterior density, say
p(0,uly), is difficult to calculate but the conditional posterior densities, p(6|y,u)
and p(uly, #), have nice closed forms. For example, p(f|y,u) may be Gaussian and,
p(uly, #) may have a gamma distribution. Then, after choosing a suitable starting
value, say u° for u, random sampling from the Gaussian distribution p(6|y,u = u°)
yields 6! (where the superscript 1 denotes the first sampled value of #). Next, sam-
pling from the gamma distribution p(u|y, § = ') yields u'. If this algorithm is run ¢
times, then (0, u'), which is a realization of a Markov Chain, tends in distribution as
t — 00, to a random vector whose joint distribution is the target density sought, i.e.
p(0,uly). Hence, if the procedure for obtaining (0, u') is replicated a large number

of times, an estimate p(#, uly) for p(6, uly) can easily be obtained.
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Applying the Gibbs sampler to multilevel models follows the same principle just
explained above. Gelfand et al. (1990) showed that it is relatively straightforward to
perform Gibbs sampling of multilevel models by assuming conditional independence
of the parameters of interest, as well as conjugate priors for each of these parameters.
Consider our random effects model, y;; = p+ o +¢€;;. Assuming independent Gaus-
sian priors for  and «, the posterior densities p(u|y, o, 02, 02) and p(aly, u, 02, 0?)
are also Gaussian. And, assuming independent inverse gamma priors for o2 and o2,
the posterior densities p(o2|y, 1, o, 02) and p(o2|y, u, o, 0%) are also inverse gamma.
For more complex multilevel models, such as multilevel regressions, the group effects
are assumed to have a multivariate normal distribution. The mean group effects are
given a multivariate normal prior while the inverse covariance matrix of the group
effects is assumed to follow a Wishart distribution (see Seltzer et al., 1996).

Programming the above Gibbs samplers would be uncomplicated in, for exam-
ple, the R Statistical Language. But the Gibbs sampler, along with more general
algorithms such as the Metropolis-Hastings algorithm (Hastings, 1970), have been
implemented in softwares like WinBUGS. Together these stochastic simulation algo-
rithms are termed Markov Chain Monte Carlo (MCMC) methods, and their develop-
ments have facilitated Bayesian estimation of complex models, including multilevel

models.

2.12 Some difficulties of a fully Bayesian approach

The fully Bayesian approach to multilevel modelling described above, has important
conceptual and methodological benefits. From a conceptual viewpoint, acknowledg-
ing the hierarchical structure in complex data induces judgements of exchangeabil-
ity within and between groups and thus enables the borrowing of strength (Section
2.3) to effect improved inferences. From a methodological viewpoint, the Bayesian
approach accounts fully for all sources of uncertainty in complex data structures,
thereby leading to the formulation of richly structured hierarchical models that can
be estimated via MCMC methods. In practice though, the fully Bayesian approach,

like other statistical approaches, has its own limitations regarding the specification
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of prior densities, computation of posterior densities, and in the design of multilevel

studies.

2.12.1 Prior specification

A major stumbling block of the approach is the specification of a prior density. It
is indeed difficult to elicit genuine prior densities that could capture an expert’s
subjective beliefs about important aspects of even a moderately complex real-life
problem. For this reason, and also for tractability reasons, Bayesian analysts have

used conjugate priors, though they may not represent their true subjective beliefs.

2.12.2 Computation of posterior

On the computation side, though MCMC has been a great advancement, these meth-
ods are very computer intensive. And, for complex models with many parameters,
MCMC may take an exceedingly long time to converge to the target posterior den-
sity. For example, the Stan development team reports that ‘a multilevel time series
regression of climate on tree-ring measurements wasn’t converging after hundred
of thousands of iterations’ (Stan reference manual, 2013). Stan is the latest high-
performance software for Bayesian inference of multilevel models, and it is based on
Hamiltonian Monte Carlo (Neal, 2011). In another example, Browne and Draper
(2006) report months of CPU time used in a comparison of Bayesian (MCMC) and

likelihood estimation of simple multilevel models.

2.12.3 The design of multilevel studies

Sampling design, like the design of experiments, is an important but complex task.
This complexity stems from the designer having to consider the potentially many
sources of variation, uncertainty, cost and ethical constraints, as well as subject
matter knowledge and prior expertise. Such a multifaceted enterprise makes the
Bayesian approach appealing. A key component of the sample design problem is

sample size determination (SSD). The fully Bayesian method applied to the SSD
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problem has resulted in two main approaches : a utility-based and a performance-
based approach. Both approaches are explored in a series of articles in The Statis-
tician (46 2,1997). Here we focus on the utility-based approach.

Lindley (1997) adapts the decision-theoretic approach of Raiffa and Schlaifer
(1961) to the SSD problem as follows. Consider a random quantity X, with density
p(X10), where the parameter 6 is unknown. To make a decision d about 6, we observe
n independent, identically distributed realizations (x1,xs,...,x,) of X, which we
denote by x. A crucial component of this approach is the specification of a utility
function u(n,z, d,#) describing the merit of choosing the sample size n, obtaining
the result = and taking the decision d, when the parameter has the value 0. After

specification of the prior p(#), the optimum sample size is given by Lindley(1997) as

max [ngx{/u(n,x,d, Q)p(e\d,x,n)de}p(x\n)] (2.22)

The above Bayesian solution seems pertinent, as choosing between sampling designs
is essentially a decision problem. In addition, specifying a utility function is most
appropriate, as it balances the cost and performance of sampling. Furthermore,
Lindley (1997) argues that only solutions to (2.22) above are coherent but he also
agrees there are implementation difficulties.

Maximizing the above expression, especially for a multilevel model, is likely to
be a difficult computational task. Even if we resort to MCMC methods, then the
potentially large space of (x,d,#) will need to be explored to find the optimum
sample size. Specifying the utility function is no simple task either. Apart from
the usual cost of taking additional samples, there are ethical costs also, whether
in multilevel studies in educational research (involving pupils) or medical research
(involving patients), making the utility function distinct for each design situation.

There are additional complications in the SSD problem for multilevel models.
There is need to determine the optimum sample size for the different levels of the
hierarchy, taking into consideration explanatory variables occuring at the various
levels. For example, in school effectiveness studies the researcher must not only
decide whether to investigate many schools with few students per school or few
schools with many students per school, but also how many private or public schools
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and male or female pupils to sample. With many levels and many variables ‘there
may be an excessively large number of possible designs from which to choose and no
clear rules to guide our search’ (Farrow and Goldstein,(1992)). In the related context

¢

of experimental design, Farrow and Goldstein,(1993) write ‘... full Bayes designs
are notoriously intractable even putting aside the difficulty of making meaningful
complete prior specifications.’

In view of the above problems in prior specification, computation and design,
it is pertinent to consider an alternative Bayesian approach, one that requires only

limited beliefs specification, and that is less computer intensive, such as the Bayes

linear approach.

2.13 Introduction to Bayes linear methods

Goldstein and Wooff (1995) give a succint description of the Bayes linear approach

as follow:

The Bayes linear approach, which is based on partial belief specification
with expectation as primitive, allows the straightforward construction of

models reflecting second-order exchangeability.

The approach allows not only the construction of models, but also model fitting
and diagnostics. [B/D], a free software for implementing the Bayes linear approach
has also been developed for implementing the approach. Hence, the Bayes linear
approach is a comprehensive methodology that can be applied to complex real-world
problems within the subjectivist Bayesian paradigm. For a detailed exposition of
the Bayes linear approach, including a description of [B/D], see the book Bayes
Linear Statistics Theory and Methods by Goldstein and Wooff (2007).

A distinctive feature of the Bayes linear approach is that expectation, rather
than probability, is used as the primitive measure of uncertainty. This is contrary to
the two major approaches of Statistics, namely classical and (full) Bayesian, where
expectation of an event can only be calculated after specification of all probability
statements. And this is precisely what the Bayes linear approach seeks to avoid: the

specification of detailed probabilities which, in realistically complex problems, may
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be difficult to achieve. Treating expectation as primitive, as opposed to probability,
formed the basis of the development of the subjectivist theory in de Finetti (1974).

So, if expectation is to be the primitive expression of uncertainty, then how ex-
actly do we formulate our prior knowledge? We are required to specify only partial
beliefs, in terms of means, variances and covariances. This greatly simplifies the
specification task, especially in complex multilevel problems with uncertainty oc-
curing at several levels of a hierarchy. In addition, the other important aspects of a
fully Bayesian approach, such as parameter estimation, model fitting and exchange-
ability, are also simplified as we shall explain shortly. But more importantly, the
Bayes linear approach offers an alternative to the estimation of variance compo-
nents, as well as a two-stage Bayes linear analysis of mean components, so crucial

to multilevel modelling, and which is at the heart of this thesis.

2.13.1 Adjusting beliefs

We present below some of the fundamentals of the Bayes linear approach. Following
Goldstein and Wooff (1995), suppose we make the partial beliefs specifications for
means, variances and covariances for a collection C' of random quantities. We collect
our beliefs about the random quantities in B = {By, By, ..., B, € C. We intend to
collect data D = {Dy, Dy, Dy, ..., Dy} € C (where Dy = 1) in order to learn about
B. For example, we may want to learn about the regression coefficients B = {, 51}
in the single level regression in Class 1 of the STAT1010 example (Section 2.5.4),
after we observe D = {Y1,Y,,...,Yy}. The adjusted expectation of B given D,

written Ep(B) is the linear combination

Ep(B) =) hiD;

which minimizes

k
2
E(|B-Y_mD])
i=0
Definition 2.13.1. The adjusted expectation of a collection of random quanti-

ties B, given observation of a collection of quantities D, written Ep(B) is

Ep(B) = E(B) + Cov(B, D)Var(D)' (D — E(D)) (2.23)
June 11, 2023



2.13. Introduction to Bayes linear methods 42

where Var(D)' is the Moore-Penrose generalized inverse, with Var(D)" = Var(D)™!

for non-singular Var(D). Ep(B) is called the Bayes linear rule for B given D.

Definition 2.13.2. The adjusted variance of B given D, written Varp(B) is
Varp(B) = Var(B) — Cov(B, D)Var(D)'Cov(D, B) (2.24)

where the value of Varp(B) depends only on prior variances and covariances,

not on the data.

Definition 2.13.3. The variance of B resolved by D, written RV arp(B) is
RVarp(B) = Cov(B, D)Var(D)'Cov(D, B) (2.25)
Definition 2.13.4. The adjusted covariance Covp (B, Bs) is
Covp(By, By) = Cov(By, By) — Cov(By, D)Var(D)'Cov(D, By) (2.26)

Interpretations of the above beliefs adjustments are fully discussed in Goldstein
and Wooff (1995), page 58. An important point made is that adjusted expectations
may be viewed as tractable approximations to a full Bayes analysis. From this
perspective, it is worth investigating adjusted expectations as viable alternatives to
the full Bayesian hierarchical modelling of multilevel data, specially given the highly
computer intensive methods required in designing multilevel studies (see Section
2.11). Also, as we shall show in Chapter 4, Bayes linear methods yield exactly the
same results as a full Bayesian approach under Gaussian assumptions.

The adjusted variance Varp(B) may be interpreted as the mean square error
of Ep(B). Varp(B) however, does not depend on the data D, only on the prior
specifications. Given the importance of variance components estimation in multilevel
modelling, the Bayes linear update of variances based on D will also be reviewed

below.

2.13.2 Second-order exchangeability

In Section 2.10 we explained the importance of judgements of exchangeability in the

Bayesian approach. In a similar vein, Goldstein and Wooff (2007) remark that
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...exchangeability is the fundamental judgement which gives meaning
to the kinds of assumptions and modelling which characterize the usual

types of statistical analysis.

but, as they subsequently argue, in practice it is difficult to make detailed prior spec-
ifications over all observables in order to apply de Finetti’s exchangeability represen-
tation. Because the Bayes linear approach requires only limited beliefs specification,
the restricted form of exchangeability thereby induced is exploitable, both in princi-
ple and in practice, in formulating statistical models. This form of exchangeability

is termed second-order exchangeability which we now define.

Definition 2.13.5. The collection of vectors Zy, Zs, Zs, ... is second-order ex-
changeable if the first- and second-order belief specification for this collection is

unaffected by any permutation of the order of the vectors, so that

Second-order exchangeability leads to the representation theorem for infinite

second-order exchangeable quantities as stated and proved in Goldstein (1986)).

Theorem 2.13.1. If Z|, Zs, Z3, . .. is an infinite second-order exchangeable sequence
of random quantities, with mean and variance structure as in the above definition,
then we may introduce the further random quantity M(Z), termed the population
mean vector, and also the infinite sequence Ri,Ra, ..., termed the individual

residual vectors We may then write:
Zi=M(Z)+Ri(Z)
where the population mean M(Z) has the following moments:
EM(2))=p  Var(M(2)) =T
and the residuals R;(Z) are themselves second-order exchangeable with
ERi(Z))=0 Var(Ri(Z)) =X —-T

where Ry, Ra, ..., are mutually uncorrelated and R;(Z) is uncorrelated with M(Z)

for each 1.
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2.14 Adjusting exchangeable quantities

In the coming chapters we shall construct multilevel models using second-order
exchangeability assumptions and the representation theorem. We shall subsequently
adjust beliefs about underlying population mean and variance components of the
exchangeable models. Adjustments of exchangeable models can be considerably

simplified via Bayes linear sufficiency, as explained below.

2.14.1 Adjusting mean components: Bayes linear sufficiency

Consider once again the collection of second-order exchangeable random vectors
Zy, Ly, Zs, ... in Definition 2.13.5. For any individual ¢, the prior mean vector is
E(Z;) = p, and variance matrix is Var(Z;) = ¥. For any two individuals ¢ # j,
the covariance matrix is Cov(Z;, Z;) = I'. By Theorem 2.13.1 we construct the

representation

Zi = M(Z) + Ri(Z)

where Ry, Ra, ..., are mutually uncorrelated and R;(Z) is uncorrelated with M(Z)
for each i. We shall collect data D,, = {Z1, 25, Z3,...,Z,} in order to adjust be-
liefs about the population means and variances. To simplify notations, the latter

adjustments will be written as follows:
Ey(M(Z)) = Ep,(M(2))  Vary(M(Z)) = Varp,(M(Z))

The following theorem, from Goldstein and Wooff(2007), simplifies the adjust-
ment of beliefs over exchangeable models. Let Z;, Z5, Z3, ... be an infinite second-
order exchangeable sequence of random vectors. Given a sample D,, = {Z;,...,Z,},

the sample mean vector
_ 1 &
Zn =~ ; Zi
is Bayes linear sufficient for adjusting both M(Z) and any values Z;, i > n namely
En(M(2)) = Ez,(M(2))  Vary(M(2)) = Varz,(M(Z))
Var,(Z;) =Varz (Z;) = Vary (M(Z)) + Var(R,(Z))
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Therefore in order to adjust beliefs over the mean vector and future observations,
it is sufficient to adjust M(Z) by the sample mean vector. Hence, the adjusted

expectation of M(Z) based on sample of size n is

Ez,(M(2)) = EIM(2)) + Cov(M(Z), Z,)Var(Z,)(Z, — E(Z,))  (2.27)
In general, in order to adjust beliefs over exchangeable quantities, it is enough to
adjust beliefs over the underlying population mean M(Z). For such adjustments,
the sample mean Z, is Bayes linear sufficient; there is no need to use the individual
values of the sample. The theorem is also applicable to the adjustment of population

variances as we shall illustrate next.

2.14.2 Adjusting variance components

Estimating variances and partitioning it at various levels of a hierarchy is a basic
task in multilevel modelling. Variance learning however, is more difficult than learn-

ing about mean components as we explain next.

Difficulties in estimating variances
A major obstacle in variance estimation is that, by definition, a variance cannot be
negative. Unfortunately, the use of an unbiased estimator of a population variance
may produce such negative estimates. A similar problem may occur in the estima-
tion of a variance-covariance matrix which is required to be non-negative definite.
Another problem is that assessing a population variance requires computations
with fourth order moments (see Searle et al.(1992); p407), which inherently are
complicated. For example, consider the rth central moment of a random quantity

X with respect to the probability measure F'(x)

)= [ e

—0o0

If X is the sample mean of n independent and identically distributed random quan-

tities, then the first three moments of X have simple expressions:

W(X) = p(X)  pa(X) = m(X)/n ps(X) = pus(X) /n
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while the fourth moment is
(1a(X) = pa(X)/n® +3(n — 1)p5(X) /0’

The complexity of the above fourth population moment also applies to its sample
equivalent. Thus, calculations with the sample variance s? and its variance Var(s?),
as required for Bayes linear adjustment of variances, is more complicated than the
corresponding quantities required for the adjustment of means. Also, a Bayes lin-
ear analysis would require an individual to make well-founded specifications about
variances, and also about uncertainty in these variances. The latter specifications
require fourth-order moments, are unfamiliar, and as such quite challenging for the
individual to make.

A fundamental difficulty in estimating a variance resides in its own definition
E(X;—p)?. The squared quantities (X;—u)? required for the Bayes linear estimation
of a variance are not observable since they depend on the unknown population mean
M(X), where E(M(X)) = p. Hence, variance estimation cannot be directly made
as is the case for mean estimation. This issue will be illustrated in Section 2.14.3
below.

A final problem concerns the relationship between the Bayes linear analysis of
variances and the corresponding analysis of means. More specifically, the problem is
whether to modify the linear Bayes estimator of a population mean using an estimate
of the population variance in a two-stage Bayes linear analysis (Goldstein, 1983).

This topic, which is also a focus of the present thesis, is considered in Section 2.14.4.

2.14.3 Estimating the population variance of a sequence of

exchangeable random quantities

The Bayes linear approach reviewed here follows closely Goldstein & Woof (2007).
In particular, the proof of the variance estimation method is given below as we plan
to apply similar methods to learn about population variances in exchangeable mul-
tilevel models. Suppose that Z = {Z;, Z5, ...} is an infinite exchangeable sequence

of random quantities, where E(Zy) = u, Var(Z) = o2, Cov(Zy, Z;) = v with v > 0.
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We have the second-order exchangeability representation
Zy =M(Z)+ Rp(2) (2.28)

where the sequence Ry (Z) is uncorrelated and has expectation E(Ry(Z)) = 0, and
variance

Var (Rp(Z)) = 0> —y =V (2.29)

We construct a representation for the corresponding population variance as follows.
We let Vi, = [Ri(Z)]?. Assuming the sequence Vi, Vs, ... is also exchangeable, we

have the following second-order representation
[Ri(2)? = Vi = M(V) +Ri(V) (2.30)

where M (V') represents the population variance with mean Vi and variance V),
and the sequence Ry (V'), Ro(V),... is uncorrelated with mean zero and variance
Vrv)-

As M(Z) is unknown, the sequence Vj is not observable. This issue of unobserv-
able sums of squares was mentioned earlier above as a principal problem in learning
about a population variance, especially in complex models such as multilevel models.
In this simple situation though, it is easy to circumvent the problem by exploiting
the symmetry between the squared mean deviations of the data and the residu-
als. Nevertheless, the simplicity of the solution illustrates an important principle:
in order to learn about population variances, whether in simple or complex models,
relevant sums of squares independent of any underlying (unknown) population mean
should first be calculated.

Thus, given a sample of observations (Z1,...,7,) , n > 2, from (2.28) we form

the following squared deviations

(Zi = Zu)* = (Ri(Z) — Ry)?

where Z,, and R,, are the observation and residual sample means respectively. For
example, R,, = (1/n)>1_, Ri(2).
The squared residuals (R(Z) — R,)? are informative for M(V). By symmetry,

the Bayes linear estimate for M (V') given the individual squared residuals depends
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only on the sum of squares, or equivalently on s2. We derive a representation for s?

as follows.
g o= D (Ru(Z) = o)
= - i 1{%: Ri(Z)? — %[Ek: Ri(2))*}
-1 ; Ru(2)? ﬁ ; Ri(Z)R;(Z)
MO 4T (2.31)
where

7= LS RAY) - s SO RUR(2)

k<j

Assuming that the residuals R;(Z) have the following fourth order uncorrelated

properties.
Cov(M(V), Ri(2)R;(2)) = Cov(Ri(V), Ri(Z2)R;(Z)) = 0
for k # j # 4. While if £ > j,w > u, then

unless £ = w, 7 = u. Hence, we have

E(T) = 0, Var(T)=Vr= %VR(V) + ﬁ[w + V3],
Coo(M(V), T) = 0. (2.32)
and therefore,
E(s) = Vg, Var(sy)=Vu+Vr,
Cov(s2, M(V)) = V. (2.33)

Given the above specifications, the adjusted mean and variance for the underlying

population variance M (V') given s2, are respectively

o VMSi + VTVR

Eg(M(V)) = Vo Vo (2.34)
Varg (M(V)) = % (2.35)

The adjusted expectation of M (V) is the well-known precision weighted average of

prior variance and data variance.
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2.15 Coherence and diagnostic checks

Model checking is a vital stage of all model building approaches, Bayesian or oth-
erwise. Within the Bayes linear approach we perform checks on both prior specifi-
cations and adjusted expectations with the aim of ensuring that they are coherent.
Below we follow Goldstein & Wooft (2007) and give the various diagnostic measures
in the general context of adjusting a collection of beliefs B by the, as yet unobserved,
data collection D. When data is observed, it is important to check that prior spec-
ifications do not clash with such data by performing data driven diagnostics. Some
of these diagnostics, such as partial diagnostics, are of special relevance to multilevel

modelling.

2.15.1 Coherence
The prior specification over (D, B) is coherent if

D Var(D) Cov(D,B)
Var = (2.36)
B Cov(B,D) Var(B)

is non-negative definite. Theorem 3.12 of Goldstein & Wooff (2007) gives the con-

ditions for the variance-covariance matrix Var(D, B) to be non-negative as follows:

1. Var(D) is non-negative definite;
2. Cov(D, B) € range {Var(D)};

3. Var(B) — Cov(B, D)Var(D)'Cov(D, B) is non-negative definite for any gen-

eralized inverse of Var(D).

Condition three above ensures that the adjusted variance-covariance matrix is also

non-negative definite.

2.15.2 Data diagnostics

The standardized observation S(z) and the discrepancy Dis(z) provide simple checks
on whether the prior specification for a univariate random quantity Z is in conflict

with its observed value z where
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S(z) = LE(Z)
and the discrepancy ( B Z)]Q
Dis(z) = VT(Z)

A very large Dis(z) may indicate mis-specification of £(Z) or an under-estimated
Var(Z), while an over-estimated Var(Z) may result in small Dis(z). Discrepancy
is similar to discordancy (see Barnett and Lewis, 1994) and is useful in outlier
detection.

In multilevel data, outliers may occur at any level of the hierarchy and this may
cause complications in their detection. While Dis(z) may be useful in detecting
problems with observations at each level of the hierarchy independently, it may be
limited in detecting outliers that occur at higher levels of the hierarchy. In a two-
level dataset for example, outliers at level 1, unusually low pupil outcomes say,
may mask a level 2 outlier, an unusually high school outcome. Hence, to cater for
the dependencies in multilevel data structures, it may be useful to also consider a

multivariate discrepancy measure in addition to the univariate measure Dis(z).

2.15.3 Mahalanobis distance: multivariate data

discrepancy

The Mahalanobis distance, Mahalanobis (1936), is a multivariate distance measure
that takes into account the correlation among the variables of interest, hence making
it a suitable discrepancy measure for multilevel data where dependencies of obser-
vations (within and between groups) are of particular relevance.

Suppose Y is a multilevel (or multivariate) data set. The Mahalanobis distance

or data discrepancy, Dis(Y') is given by:

Dis(Y)= (Y — EY)"Var(Y)I(Y — E(Y)) (2.37)

where Var(Y)" is a generalized inverse, such as the Moore-Penrose pseudo inverse.

As in the univariate case, large values of Dis(Y') may indicate that the specification
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of E(Y) is not consistent with the data Y and/or that the Var(Y') has been under-

estimated, while an overestimated Var(Y') may lead to small Dis(Y).

Comparing discrepancies
When comparing discrepancies across different multilevel data sets, it may be
useful to standardize the data discrepancy by calculating the discrepancy ratio,

Dr(Y) as follows:
Dis(Y)
Dr(Y) = .
r¥) rank(Var(Y))
Since E(Dis(Y)) = rank(Var(Y)), thus Dr(Y) has a prior expectation of one.

(2.38)

Also, when comparing summary measures, including discrepancy, consideration
must be given to the variance of that summary. The variance of the discrepancy
Var(Dis(Y)) may be specified directly based, for example, on similar multilevel
data. Alternatively, Var(Dis(Y)) may be elicited from specifications of fourth order
moments over the elements of the multilevel data Y. Such fourth-order specifications
may be made by assuming that the elements of Y follow a multivariate Gaussian
distribution. In this case, Dis(Y) will follow a chi-square distribution with r =

rank(Var(Y)) degrees of freedom and moments:
E(Dis(Y))=r  Var(Dis(Y))=2r (2.39)

Using the above arguments and Chebyshev’s inequality, Goldstein and Wooff
(1995) derive bounds for Dr(Y") as follows:

P(1- % <Dr(Y)<1+ %) <0.9444. (2.40)

Goldstein and Wooff (1995) further argue that if the multivariate Gaussian dis-
tribution is used to specify a probabilistic distribution for Dis(Y'), in addition to
using it to specify a value for Var(Dis(Y")), then the following bounds are obtained.

2.7 2.7
Pll——<Dr(Y)<1+—)<0.9444. 2.41
(1= <D <1+ )< (2.41)

These bounds can be useful in routine and fast checking of outliers in large multilevel
data sets arising, for example, in simulation studies of the properties of the two-stage

Bayes linear estimators of parameters of a basic SOEREG model.
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2.15.4 Adjustment discrepancy

In addition to assessing the discrepancy of our multilevel data Y, we may also check
whether the adjusted expectations of the mean and variance parameters of our
SOEREG models agree with our prior expectations. Suppose these parameters are
collected in the vector B = (By, B, . .., B,), then the discrepancy of the adjustment
vector Dis(Ey(B)) is as follows.

Disy(B) = (Ey(B) — E(B))"RVary(B)'(Ey(B) — E(B)). (2.42)

where RV ary (B) is the variance of B resolved by Y. The corresponding adjust-
ment discrepancy ratio is
Disy(B
Dry () = 25r(B) (2.43)

rT
where rp = rank(RVary (B)).
We note that sometimes Disy (B) may be a little large while Dry (B) is not large,
hence the update may still be robust. As in (2.40), using the conditions (2.39) yield

the simple conservative bounds for the adjustment discrepancy ratio:

6 < Disy(B) <1 6

< +—=
VTIT rr VIt

The adjustment discrepancy and its bounds provide simple automatic checks useful

P(1- ) < 0.9444. (2.44)

when making a large number of belief adjustments such as may occur in simulation

studies of our SOEREG models.

2.15.5 Partial diagnostics

We saw earlier that the grouping of data in various hierarchical levels induces com-
plex dependencies that must be explicitly accounted for in modelling multilevel
data. It is therefore important to explore how these groups of data and the prior
beliefs specifications combine to give the final adjusted parameters of SOEREF and
SOEREG models fitted to multilevel data.

A partial Bayes linear analysis is suitable for this task as it separates the effects

of the different groups of data on our beliefs by calculating partial adjustments. The
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groups mentioned here may also refer to subsets of data grouped according to, say,
the predictor variable z;; in our SOEREG model, in addition to the ususal groups
in our hierarchies.

Partial Bayes linear analysis is dealt with extensively in Chapter five of Goldstein
& Woof (2007) and may be potentially useful for the interpretation and diagnostic
checking of our multilevel models. We shall investigate this in Chapter four. Below
we briefly summarize some of the key definitions and concepts relating to partial
adjustment of beliefs. There are potentially many partial diagnostic measures that
may be considered; for our purpose we focus on partial adjustment of expectation,
partial bearing and path correlation only. We follow closely Chapter five of Gold-
stein & Woof (2007).

Partial adjustment of beliefs

As in the previous sub-section, we collect the parameters of our SOEREG model
in the vector B = (B, By, ..., B,.). We now consider adjusting B by the collections
of quantities D = (Dy, Dy, ..., Dy) and F = (Fy, F,, ..., F}). For example, D may
comprise data arising from one group and F', the remaining groups in our multilevel

data.

Definition 2.15.1. The partial adjustment of B by F' given D, denoted by Eip/p)(B),

Eirp|(B) = Epur(B) — Ep(B) (2.45)

Goldstein & Woof (2007) show that expression (2.45) implies that in making the
sequential beliefs adjustments of B by D and F, we may initially adjust B and F by
D yielding the adjusted forms Ap(B) and Ap(F') respectively, and then adjust all
the resulting adjusted beliefs by F', giving Ay, (7 (Ap(B)). We shall be interested to
use sequential adjusted expectations of mean components of our multilevel models

as a diagnostic tool.

Size of the Partial adjustment

First let us consider the size of a (full) adjustment of a scalar random quantity
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@ by D. The size of an adjustment of () when the observed value of D = d is

[E4(Q) — E(Q))?
Var(Q)

Thus Sizey(Q) is the magnitude of the standardized difference between the prior and

Sizeq(Q) =

(2.46)

adjusted expectation relative to the prior variance, and may be used as a diagnostic
measure. Intuitively, a large Size,(Q) reveals an unanticipated change in belief,
hence indicating a potential conflict between prior and adjusted expectation.
For our multilevel models, we shall consider the adjustment of a collection B by
a (multilevel) data vector D. In this case, the size of the adjustment is defined as
the maximum size of the adjustment of the collection B for a linear combination
hTB, and is given by
Sizeq(B) = max Sizeq(X) (2.47)

Xe(B)
where (B) represents all possible linear combinations of the elements in B. Gold-
stein & Woof (2007) show that the maximum in (2.47) is attained when h =
Var(B)'[E4(B) — E(B)] and they give the resulting definition of the size as fol-

lows.
Definition 2.15.2. The size of the adjustment of the collection B by D=d is
Sizeq(B) = [Eq4(B) — E(B)]"Var(B)'[E4B) — E(B)] (2.48)

We now consider the size of the partial adjustment. Goldstein & Woof (2007)

page 135 give the following definition:

Definition 2.15.3. The size of the partial adjustment, or partial size, is defined as

: [Eaur (X) — Ea(X)]”
Sizeys/a(B) = )2%59{) - Var(X)

_ s EraOP
~ xeB) Var(X) (2:49)

The maximum in (2.49) is
Sizelyya(B) = [Easy(B) — Ea(B) Var(B) [Eay(B) — Eu(B)]  (2.50)

The interpretation of the partial size is similar to that of the (full) size except that

adjustments are made in stages.
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Bearing for the Partial adjustment
If, in addition to the magnitude of the change between prior and adjusted expec-
tation, we are also interested in the direction of this change, then we may compute

the bearing of the adjustment of B when we observe D = d as follows
Z4(B) = [E4(B) — E(B)]"Var(B)'|B — E(B)] (2.51)

In the multilevel modelling context, we may be interested in linear combinations of
beliefs quantities (B), such as differences between group means for example. The

same bearing as above may also be constructed over (B) as follows.
B
Za(B) =Y Eq(U)U;
i=1

where (U, ..., U,,) is any collection of mutually uncorrelated elements of ( B) having
zero mean and unit prior variance.

Goldstein & Woof (2007) give two properties of the bearing as follows: (1) the
bearing is the linear combination in (B) having the largest standardized squared
change in expectation and, (2) the change in adjustment for any quantity in (B) is
equal to the prior covariance between the quantity and the bearing.

The above-mentioned two properties show that the bearing summarizes the ac-
tual effects of adjustments and, in cases of more complex adjustments (as in multi-
level modelling), provides a simple summary of the magnitude and direction of the
changes in belief following an adjustment.

For multilevel diagnostics, we are interested in the partial bearing which Gold-

stein and Wooff (2007) define as follows:

TP

Zigja)(B) = Z Eiya)(Us)Us

i=1

for any collection (Uy, . .., U,y mutually uncorrelated with unit prior variance, where
rp is the rank of the partial resolution transform.

The partial bearing is related to the partial size through the following

TP

Size(g/a(B) = Var(Ziga(B)) = Y _[Eig/a (W)’ (2.52)
i=1
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where W; are the partial canonical directions. The partial bearing will provide a
useful diagnostic analysis of the changes in magnitude and direction of expectation

when we adjust beliefs about our multilevel model parameters in stages.

Partial size ratio
A further useful partial diagnostic for multilevel data is the partial size ratio,

the ratio of the partial size in (2.50) to its expectation, that is

Sizeiy/a)(B)
B) =
S10a) = E(Sizete o (B)

(2.53)

The formula for computing S7(s/q(B) follows from the formula of the partial size
given in (2.50) and E(Sizer p)(B)) = > -, (i, where (; are the partial canonical
resolutions.

Suppose we perform an adjustment of one parameter in our multilevel model in
stages, each stage corresponding to data from a separate group in our multilevel
data. Suppose further that after the adjustment of the parameter by a given group,
we obtain a partial size ratio which is much larger than one. This indicates an unex-
pectedly large change in expectation which, in turn, may indicate a conflict between
data from that group and our prior specifications for the parameter. The reverse, a
small partial size ratio, indicates an unexpectedly small change in expectation which
may be because we were quite restrictive in our assessment of the prior variance of
the parameter. There are many such parameters and groups in multilevel models,

hence the potential use of the partial size ratio in diagnostic analyses of these models.

Path correlation of the Partial adjustment
In the sequential adjustment of B by D and then by F', the path correlation is
the correlation between the bearing Z,(B) for the data collection D = d and the

partial bearing Z;/q(B), that is
PC(d,[}/d]) = Corr(Za(B), Zyya(B)) (2.54)

Path correlations, like any correlation, lie between 41 and -1, with values close to +1

indicating complementarity of D and F' (say two arbitrary groups in our multilevel
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data), while values close to -1 indicate conflict between D and F' in the sequential

adjustment of B.
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Chapter 3

Exchangeable Multilevel Models

In chapter 2 we explained the concept and importance of multilevel models. We
also described the main features of the Bayes linear approach with the intention
of applying Bayes linear methods to analyse multilevel models. In this chapter,
we make use of second order exchangeability (SOE) judgements to formulate our
version of multilevel models via the representation theorem for SOE random quan-
tities. We begin by applying exchangeability judgements to observations from a
two-level hierarchy, to obtain a version of the two-level random effects model that
corresponds to our underlying SOE judgements. We call this model the second order
exchangeable random effects model (SOEREF). The implications of the SOEREF
model are briefly discussed in section 3.2. In Section 3.3 we extend SOE judgements
to multilevel regression models which we call SOEREG models. These models are
more general and we show that they encompass models with spatial dependencies
for example.

Finally, we consider prior specifications for the parameters of the SOEREF model

as applied to the STAT1010 data.

3.1 The second-order exchangeable random effects

(SOEREF) model

Recall from Chapter 2 that we have a single continuous outcome variable y;; rep-

resenting the measurement on an individual i (level 1 unit) nested in a group j
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(level 2 unit), hence a two-level hierarchy. We now wish to develop a version of the
random effects model that corresponds to our underlying SOE judgements which we
term a second-order exchangeable random effects (SOEREF) model. In developing
the SOEREF model, we shall consider exchangeability at each level of the two-level
hierarchy in turn. Initially we focus on applying exchangeability to derive the form
of the SOEREF model. We then make explicit the assumptions regarding the popu-
lation means and residuals introduced via the representation theorem before giving

a formal definition of the SOEREF model.

Second-order exchangeability at level 1

At level 1, we consider individuals in a specific group j to be exchangeable. We
assume that the sequence of outcome variables {y;1, y o, ...} forms an infinite SOE
sequence of continuous random quantities (we discuss finite exchangeability in Sec-

tion 3.2), and for any two individuals ¢ and ', we have
E(yji) =, Var(y;;) = o), Vi, j, (3.1)

Cov(yji, yjir) = 02, Vi#i, andVj (3.2)

where the data variance U; > 0 and the variance 02 > 0. Then, by the representation

theorem, we may write the level-1 representation
yji = M(y;) + Rily;),  Vi.i. (3.3)

where we have the following:

For each group 7,
1. M(y;) is termed the population group j mean,
2. the sequence Rq(y;), Ra(y;), - . ., are termed the level 1 residuals,

3. the sequence of level 1 residuals are uncorrelated among themselves and also

with the population group j mean.
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Second-order exchangeability at level 2: exchangeability over popula-
tion group j means
The collection of population group j means { M (y1), M(yz), ... }, is assumed to form

an infinite SOE sequence with
EM(y) =p,  Var(M(y)) = oy, (3.4)

Cov(M(y;), M(y;)) =~  Yj#j" (3.5)

where v > 0.

To derive the representation for the population group j means M(y;), we assume
that the sequence {M(y1), M(y2), ...}, forms an infinite exchangeable sequence with
second-order moments as in (3.4) and (3.5) above. Applying once more the repre-

sentation theorem, we may write

M(y;) = M(y) + R;(M(y)),  VJ. (3.6)
Combining (3.6) and (3.3), we obtain the full model

yji = M(y) + R;(M(y)) + Ri(y;),

where M(y) is termed the population grand mean, and the sequence of residu-
als R1(M(y)), Ra(M(y)), ..., are the level 2 residuals. The level-2 residuals are

mutually uncorrelated and also uncorrelated with the population grand mean M (y).

3.1.1 Assumptions and notations for level 1 and level 2

residuals

Theorem 2.13.1 for infinite SOE quantities also states that each of the two sequences
of level 1 and level 2 residuals are themselves second-order exchangeable. To com-
plete the description of the SOEREF model, we make explicit our assumptions and
notations for these two sequences of residuals. The exchangeability assumptions will

be discussed in Section 3.2.
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Exchangeability of level-1 residuals
We assume the level-1 residuals R;(y;) are second-order exchangeable over individ-

uals for each group j and write €;; = R;(y;) for individual ¢ in group j with:
ERi(y;) =0,  Var(Rily)) =0l =0, — 0oy Vi,j, (3.7)

Cov(Rily;) R(y)) =0 Vi, (3.8)

where the level 1 variance o2 > 0 and constant for all individuals and groups. Also,
for all ¢ and j, the level-1 residual R;(y;) is uncorrelated with the population grand

mean M(y).

Exchangeability of level 2 residuals
We assume the level-2 residuals R ;(M(y)) are second-order exchangeable over groups

J. We write u; = R;(M(y)) and make the following specifications:
E(R;(M(y))) =0,  Var(Rj(M(y) =05 -7,  Vj (3.9)

Cou(R; (M(y)), Ry (M(y))) =0 ¥j # 7' (3.10)

The level-2 residuals R;(M(y)) are also uncorrelated with the level-1 residuals
Ri(y;) and the population grand mean M(y). From (3.5), Var(M(y))=y. The

level 2 variance o2 — v > 0.

The second-order exchangeable random effects (SOEREF) model
The above exchangeability assumptions and specifications lead to the following def-

inition:

Definition 3.1.1. Let y;; represent univariate outcome measurements on each in-
dividual © nested in group j. A Second-order exchangeable random effects
(SOEREF) model is given by either of the following representation form:

Hierarchical form:

Level-1: yii = M(y;) + Ri(y;)
Level-2:  M(y;) = M(y)+R;(M(y)). (3.11)
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Single-equation form:

Yji = M(y) + R;j(M(y)) + Ri(y;),
i=1,2,...,n;, and j=1,2,...,J (3.12)

where M(y) is the population grand mean, M(y;) is the population group j
mean, R;(M(y)) are the level 2 residuals, and R;(y;) are the level 1 residuals.

The moments of the level 1 and level 2 residuals, and of the population grand

mean and population group j mean are as specified in (3.4) to (3.10).

3.2 Discussions of Exchangeability

The judgement of exchangeability, fundamental to the subjectivist approach, is a
weaker requirement than the independent, identically distributed (i.i.d.) assumption
of traditional inferential statistics. Exchangeability is simple, intuitive, and is gen-
erally applicable, requiring only that one’s subjective judgements remain unchanged
under arbitrary permutations of a given sequence of observations.

SOE assumptions weaken this requirement even further, by only imposing this
restriction for second-order structure. Thus, our SOE judgements that lead to the
formulation of the SOEREF model required only that first and second-order mo-
ments be specified. Together with Bayes linear methods, the SOEREF model popu-
lation grand and group j means can be updated quite easily. The SOEREF variance
components can similarly be updated within the Bayes linear framework, albeit with
the more difficult task of specifying fourth-order moments and imposing uncorre-
lated fourth-order properties on products of residuals (see Section 2.14.3); these
specifications and restrictions though are still less than those required for full ex-
changeability. Below we briefly discuss the type of SOE assumptions we have made
so far.

We have assumed that our observations are infinitely exchangeable. In practice

we may have a finite number n; of individuals, nested in a finite number of groups j.
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For such finite sampling situations, Goldstein & Wooff (2007, pg 188) show that the
residuals are no longer orthogonal (uncorrelated) but rather have a small negative
correlation, with orthogonality of order 1/r, where r is the finite sample size. Hence,
provided our finite sample sizes of level-1 individuals and of level 2 groups are each
relatively small compared to their respective population sizes, departures from the
assumption of infinite exchangeability may be considered unimportant. Such is the
situation in practice in multilevel studies that comprise of moderate sized samples
taken from large numbers of level 1 and level 2 units. In Chapter 4 we consider a
finitely exchangeable SOEREF model and its application.

We assumed the observations are SOE at level one, and the resulting population
group j means are also SOE at level two. Such partial or co- exchangeability allowed
us to account for the two-level structure of the data. The scope of this basic SOEREF

model can further be expanded as we show next.

3.3 Extending the SOEREF model

The two-level SOEREF model is the simplest multilevel model which is useful both in
understanding multilevel concepts, and also in important applications such as small
area estimation (see Section 2.3.3). The classical and fully Bayesian counterparts of
the SOEREF model, the random effects model, has been studied extensively over
the years, see Searle et al. (2006) for a history, and Khuri and Sahai (1985) for a
very extensive bibliography. In Chapters 4 and 5 of this thesis we shall study the
SOEREF model further.

One principal use of the SOEREF model is to obtain an estimate of the propor-
tion of variance between groups, called the intra-class correlation p = 02 /(02 + 0?),
for a given multilevel data set. If p is important, then it may be worthwhile to
consider more complex multilevel models, with predictors at individual and group
levels, to explain the variation between groups. Viewed from this perspective, the
SOEREF model is an ignorance model; it ignores the potential predictors on which
data is often available, specially in complex surveys and studies. We shall now ex-

tend the two-level SOEREF model to include regression predictors at the individual
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and group levels. The resulting model is a system of exchangeable regressions which

we term Second-Order Exchangeable Regressions (SOEREG) model.

3.4 The Second-Order Exchangeable Regression
model (SOEREG)

The SOEREG model is intuitively more appealing and suitable for multilevel data
as it takes into consideration the rich hierarchical structure of the data, including
predictor variables that are often available at the different levels of the hierarchy.
In formulating the SOEREG model, we shall proceed in steps as follows. We start
with the two-level SOEREF model and model the underlying population group j
mean using simple linear regression (i.e. a single level 1 predictor). This will give
us a model where the regression coefficients, namely the intercept and slope, vary
across groups. These regression coefficients are subsequently modelled using a single
predictor at the group level; this will yield our SOEREG model with predictors at
both level 1 and 2. Finally, we write the matrix form of the SOEREG model and

show that this matrix formulation encompasses more general multilevel models.

3.4.1 A note on notations

Since, we are going to consider regressions, we make use of the usual § notations
for regression coefficients except that we enclose their subscripts in brackets (e.g.
Bioy, Bpys - - -) to distinguish them from the level 1 and level 2 subscripts ¢ and j. In
place of the usual x predictor, we use z to avoid confusion with predictors in the
final matrix form of the general model. Also, as we shall be dealing with several
mean, variance, and covariance parameters, we shall only discuss the necessary first-
and second-order specifications when we consider the more concise matrix form of
the SOEREG model; for now we focus only on deriving the form of the SOEREG

model.
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3.4.2 A SOEREG model with a predictor at level 1 only

In the SOEREF model only the response y;; was modelled, resulting in a mean
component M (y;), and a residual component. When additional multilevel variables
are considered, for example a level 1 predictor zj;, the mean component will have
more structure. Thus in each group j, we now model the response y;; using a simple

linear regression as follows.
Yji = By + Bizii + € Vj, i, (3.13)

where the group j regression coefficients Bjg;, Bj1); are, respectively, the intercept
and slope specific to group j, and ¢j; is a level 1 residual error term. If we assume
that the collection of group j regression coefficients is second-order exchangeable

over groups, we may then write the following representations:

Bog = M(Bo) + R;(6o) (3.14)
Py = M(B) +R;(B). (3.15)

Note that above we use the simpler notation 3, rather than Sy, for example, when
there is no subscript i or j. Replacing (3.14) and (3.15) in (3.13) we obtain the basic
SOEREG model:

Yji = M(Bo) + M(B1)zji + Ri(Bo) + R (Br)zji + €i- (3.16)

If we set z;; to zero in (3.16), we obtain the SOEREF model. Goldstein & Wooff
(1995) apply the basic SOEREG model to perform a comprehensive Bayes linear
analysis of exchangeable regressions in the context of an industrial process of alu-

minium extraction.

3.4.3 Beliefs specifications over the basic SOEREG model

To complete the description of the basic SOEREG model, we now make our second-
order prior judgments over it. We shall consider the implications of these judgements
in the next sub-section.

Our beliefs about the regession model (3.13) are as follows. We assume the level

1 errors €j; are uncorrelated with mean zero and constant variance o2 > 0 as in the
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SOEREF model. The €j’s are also uncorrelated with the level 2 residual errors,

R;(Bo) and R;(B1). Our specifications for the regression coefficients are:

E(By) = no,  E(Buy) = m, (3.17)
Var(Boy) = o5, Var(By;) = o7, (3.18)
Cov(Bioz, Boyy) = Y0, Cov(Bry, Bryyr) = 71 (3.19)
Cov(Broyjs Byj) = por00o, (3.20)

for all j and j # 5. Note that we have specified a non-zero correlation pg; between
the regression coefficients in each group j as commonly assumed in multilevel models.
The above level 1 judgments have implications for the level 2 representations (3.14)

and (3.15) as follows:

EM(Bo)) = po, E(M(B1)) = pu, (3.21)
Var(M(Bo)) =70, Var(M(B)) =, (3.22)
Cov(M(Bo), M(B1)) =0, (3.23)
Var(R;(60)) = 05 =0, Var(R;(5)) = of —m, Vj, (3.24)
Con(Ry(). Ry () =4 I (3.25)
0 if j#7.
Also, the sequences R (), . .. and R;(f), .. . are each uncorrelated amongst them-

selves and with M () and M(f).

3.4.4 Formulating a basic SOEREG model: The STAT1010

example

Here we give some plausible reasons for formulating a SOEREG model. We show
how the a priori exchangeability judgements within and between groups that led to
the SOEREG model in Sub-section 3.4.2, are relevant to the specific context of the
STAT1010 example of Chapter 2.

In Figure 2.1 of the STAT1010 example, there are clear variations in both inter-

cepts and slopes of the within class regressions. It makes sense, therefore, to allow
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each class to have its own regression as in (3.13). There are however, some simi-
larities between classes as well. These are due, for example, to a common syllabus
and manual being used, consultation among lecturers to ensure the same coverage
of topics, and a common examination. Because of the similarity between classes we
assume the regression coefficients to be exchangeable across classes as in (3.14) and
(3.15).

Also, a priori we know students in the Faculty of Engineering have better A
level grades in mathematics, and thus will do better in the STAT1010 examination,
compared to students in the Faculty of Management. This is revealed in Figure
2.1 where the regressions intercepts for engineering classes are all above those of
management classes. Thus we may consider explaining variations in the varying
intercepts and slopes using faculty zj; as a predictor.

Finally, low values of the intercepts appear to be associated with higher slopes in
Figure 2.1, hence it is sensible to posit a non-zero correlation between the regression
coefficients as in (3.20).

In making the above judgements, we have referred to the STAT1010 data for il-
lustrative purposes only. In practice, we should use experts’ opinions, meta-analytic
studies or auxiliary data analyses to make such judgements a priori. When we come
to observe data, the subsequent data analysis will provide information that may

cause us to refine and modify our judgements.

3.5 Extending the basic SOEREG model

In this thesis we shall develop Bayes linear methods to estimate the mean and
variance components of the basic SOEREG model. Below we indicate how the basic
SOEREG model may be extended to a general SOEREG model.

The basic SOEREG model has only two hierarchical levels and a single predictor
at level 1. It is therefore natural to extend it to more than two hierarchical levels
with several predictors defined at all these levels, and with the variance compo-
nents having a more complex dependency structure. To write this general SOEREG

model, we move to matrix notation.
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Consider first the matrix form of the basic SOEREG model for a dataset having
two groups, each with two observations. Using (3.16), we may write the following

matrix equation

Y Iz I zu 0 0 R1(5o)
Y12 _ 1 zip M(Bo) n I z2 0 0 R1(B1)
Y21 L zy M(B1) 0 0 1 2zn R2(Bo)
| Y22 | _1 %22 | _O 0 1222__732(51)_
—611
" €12
€21
| 22

The above give the matrix form of the basic SOEREG model:
Y =XB+2ZU +e¢, (3.26)

where Y is the response vector, X is a predictor matrix of the mean components
contained in the vector 3, Z is the predictor matrix of the higher level residual
errors contained in the vector U, and € is a vector of level 1 residual error terms. It
is obvious that (3.26) also applies to the general SOEREG model as, for example, Y
could be multivariate with possibly more than two levels, with X and Z containing
any number of predictors.

The general SOEREG model is similar to the linear mixed-effects model (see
Section 2.5.5) and the general Bayesian linear model of Lindley and Smith (1972).
It also encompasses more complex models, such as the small - area model of Ghosh

and Rao (1994) with spatial dependencies between the random effects.

3.6 Prior specifications

An important aspect of the Bayesian approach to consider, before proceeding with
the analysis of our multilevel models, is the specification of priors. In Section 2.12.1

we discussed the difficulties involved in eliciting detailed priors required for a full
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Bayesian analysis. The Bayes linear methods adopted in this thesis require specifica-
tions of only first and second-order moments (means, variances and covariances) for
the adjustment of mean components, and fourth-order moments for the adjustment
of variance components. Specifications of even these limited beliefs can be difficult
in practice.

Goldstein & Wooff (2007) (page 41) describe a six-step iterative procedure that
can guide elicitation of subjective prior beliefs. Although prior specifications will
obviously depend on the application context, the procedure is quite general and
sensible.  We shall make use of some steps of this procedure to elicit the priors
required in our Bayes linear analysis of the SOEREF model applied to the STAT1010
data below.

Alternatively, the required prior moments may be specified in accordance with
suitably chosen probability densities. This approach can be particularly useful when
using simulation to investigate otherwise intractable properties of statistical meth-
ods, such as the two-stage Bayes linear update of the SOEREG model, including

sensitivity to the choice of prior moments.

3.7 Prior specifications for the STAT1010 Exam-
ple

In general, for any prior elicitation task we must first identify the quantities for
which prior specifications are needed. SOE judgements, from which the quantities
in our models emanate, coupled with subject matter knowledge, will be useful in
guiding our thought processes in making beliefs specifications. For more complex
models with complicated correlation structures, such as multilevel models with many
hierarchical levels and covariates at all levels including cross-level interactions, Bayes
linear graphical models (Goldstein & Wooff (2007) (page 47)) are effective tools to
visualize inter-dependencies among parameters in the model thus facilitating prior

elicitation.
Based on Definition 3.1.1. of the SOEREF model, we need to specify first and
second order moments in respect of the following three quantities: M(y), R;(M(y)),
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3.7.1 Priors for the overall mean M(y)

To specify the prior expectation for the overall mean M(y), we make use of the SOE
representation M(y;) = M(y)+R;(M(y)) of the population group j means in (3.6).
The latter implies that we must consider the mean examination scores in each class
j and from these deduce our prior expectation of the overall mean M(y). This task
is made easier from our wide experience in teaching and examining STAT1010 in
various classes. We know, for instance, that students from engineering classes have
higher mathematical abilities and thus do well in the STAT1010 examinations while
students from the management classes, where mathematics is not a requirement,
perform less well in the STAT1010 examinations. In our experience a class average
would very rarely fall below 40% or rise above 70%. Judging our uncertainty to
be approximately symmetric over the interval (40%, 70%), we take the mid-point of
this interval as our prior expectation, thus we set E(M(y)) = 55%.

Although we know that engineering and management classes differ in their math-
ematical and statistical abilities, we have nevertheless treated them as exchangeable
above; we suppose we do not know which type of class corresponds to each label j.
Similarly, in making exchangeability judgements among students (within classes),
we have ignored level 1 covariates such as A level scores or gender, which could
discriminate between students’ examination scores. The reason for ignoring these
covariates here is for illustrating Bayes linear fitting and, more importantly, diag-
nostic checking of the SOEREF model. The more detailed information conveyed by
level 1 and level 2 covariates will be considered in the SOEREG model.

Specifying uncertainty is a rather unfamiliar, and even difficult, task in general.
To simplify our specification of the uncertainty in M(y), we assume a Gaussian
distribution for the class means. This is not an unreasonable assumption because
even if observations are not Gaussian, the distribution of their means would still be
closer to a Gaussian distribution. Considering a 95% interval (40%, 70%) implies the
interval size of 30 corresponds to approximately four times the standard deviation.
Hence, we specify Var(M(y)) = (22)* = 56.3.
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One possible complication is the occurrence of outliers in the form of excep-
tionally strong (engineering) or weak (management) classes that may invalidate the
Gaussian assumption. A well known solution to the latter case, is the assumption of
a t distribution with low degrees of freedom. In addition to the above suggestions,
collection of auxilliary (an introductory Mathematics module) or historical data
(past STAT1010 data) may ease the difficult task of eliciting genuine subjective
beliefs.

Although we have referred to the Gaussian distribution, still we are not required
to make a full probabilistic specification under the Bayes linear approach; we only
require first and second-order moments. Therefore, if we consider that the Gaussian
form somewhat underestimates the uncertainty, we can make a direct assessment
as to how much to increase uncertainty, for example 10% or 20% of our initial
variance specification. And because the Bayes linear analysis is fast, it is relatively
straightforward to explore the sensitivity of the analysis to the amount by which

uncertainty is increased.

3.7.2 Priors for the level one residual Rz(yj)

The expectation of the level 1 residual is zero (Definition 3.1.1). To specify the level
1 variance Var(R;(y;)) = o2, recall that in Section 3.1.1, we assumed that o? is
constant for all individuals and groups in line with our SOEREF model. If however
we judge level 1 variances are not constant within groups, then the SOEREF model
is no longer valid. Suppose, for example, that females are more consistent in their
examination performances than male, then the level 1 variance in examination score
will be lower for female than male. Thus we shall need to make more detailed
specifications by considering SOE judgements separately for female and for male
leading to a SOEREG model as in (3.16) with the covariate z;; representing gender.
In contrast to (3.16) however, we also need to model the level 1 residual €j; as a
function of zj in order to account for the dependence of the level 1 variance on
gender, that is €;; = €[j; + €[135i25:- Then Var(ej;) = ag + 200125 + szjzl-, that is
the level 1 variance is a quadratic function in z;; with the constraint Var(e;;) > 0.

Thus we obtain a SOEREG model with complex level 1 variation, analogous to the
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complex multilevel model in Goldstein (2010).

For now we assume the SOEREF model with constant variances is suitable. In

2

€

order to assess o>, we reflect on the distribution of individual examination marks
we have seen during our previous marking exercises. While it is difficult to make
detailed beliefs statements about the distribution of examination marks, we feel
more confident to express beliefs about a few percentile marks. Thus, we believe
that about five percent of students across all classes get 30% or fewer marks and
the same percentage get 80% or more. Using the fifth and ninety-fifth percentiles,
denoted by ps and pgs respectively , Perry and Greig (1975) as reported in Hull

(1978), estimate the standard deviation as follows:

95 — D5

06 )
3.25

Thus o, = % = 15.4. If we assume a Gaussian distribution with the same mean 55

as E(M(y)) above, we obtain ®((80—55)/15.4) = 0.95 and ®((30—55)/15.4) = 0.05
which agree with our assessment. Hence we specify Var(R;(y;)) = 15.4% = 237.

3.7.3 Priors for the level two residual R;(M(y))

Similar to the level 1 residual, the expectation of the level 2 residual is also zero.
To specify the level 2 variance Var(R;(M(y))) = (02 — 7), we may adopt several
alternative approaches depending on how confident we feel in making the required
assessments as well as on any additional information that may be available to us.
We shall consider two such approaches here, with a view to contrasting the different
specification processes involved and, more importantly, to gauge the consistency of
our methods by comparing the results of the two approaches.

Our first, more direct, approach utilizes the level 2 representation M(y;) =
M(y) + R;(M(y)) as in sub-section 3.7.1 above, where we specified Var(M(y)) =
~v = 56.3. Hence, we only need to specify our uncertainty in the population group j
means, Var(M(y;)) = o2, ensuring that (02—~) > 0 for coherence. However, in our
assessment of Var(M(y)) in sub-section 3.7.1 we raised concern about the possibility
of the distribution of population group j means M (y;) having a bimodal distribution

or outliers. As a result, we feel less confident in assessing the uncertainty in M(y;)
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compared to M(y), since we now have to think about how the individual M/y;)
vary around their mean M (y). To reflect our increased uncertainty, we decide on the
direct assessment o2 = 2, from which we specify Var(R;(M(y))) = (02—7) = 56.3.

Our second, indirect, approach starts with the consideration that since we have
already specified o2, specification of (62 — «) will automatically fix the intra-cluster
correlation p. We shall therefore assess the level 2 variance indirectly, that is via
specification of p as follows.

The intra-cluster correlation p is given by

=1 (9, 1) (3.27)

on =)+ ol
where p is defined as the proportion of total variation in the data that is accounted
for by variation between groups. It also reflects the correlation among level 1 units
within a specific group; the more similar level 1 units are, the higher p will be. We
may therefore assess the value of p directly by judging the similarity of level 1 units
within an average group and then use (3.27) above to obtain our prior for (o2 — 7).
Quantifying a correlation such as p may be not be an easy task though.

Alternatively, we may use values of p as reported in relevant research as a guide
in our specification task. The intra-cluster correlation is an important quantity that
plays a vital role in cluster sampling (see Chapter 4) and cluster randomized trial
designs and, therefore, there are a number of research studies, especially in educa-
tion, reporting the magnitude of the intra-cluster correlation. One such study that
is of value to us here is Hedges and Hedberg (2007). The purpose of their study, as
stated by the authors, is to provide a comprehensive collection of intraclass correla-
tions in mathematics and reading achievements. We focus on intraclass correlations
for mathematics achievement tests, that we judge relevant to our STAT1010 exami-
nations, and where values of p between 0.1 and 0.3 were reported. Choosing p = 0.2
and, using (3.27) with o2 = 237, we calculate Var(R;(M(y))) ~ 59. The latter
value is consistent with the value of 56.3 that we assessed directly above, though it

is slightly larger. So we specify Var(R;(M(y))) = 59.
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3.7.4 Summary of prior specifications, their implications,

and some reflections

We now collect together our prior specifications:

EM(y)) =55, Var(M(y)) =563, Var(Ri(y;)) = 237,
Var(Rj(M(y))) =59 Vi, j. (3.28)

The underlying population overall mean and the residuals are not observable, but
they are related to the observable quantities in the STAT1010 data via the SOEREF
model. Hence our specifications in (3.28) have implications for these observables and
it is important that we explore these.

Using the SOEREF model y;; = M(y)) + R;(M(y)) + Ri(y;) and the values in
(3.28), we obtain E(y;;) = 55 and Var(y;;) = 352.3 (standard deviation=18.5) for a
student ¢ in class j. These values together with an assumed Gaussian distribution
imply that 95% of students are expected to have examination marks in the interval
(18.1,91.8). There is nothing alarming about this interval and they represent a
reasonable range of marks in our experience.

For any two students 7 and 7’ in the same class j, we calculate the correlation

_ Var(M(y) + R;(M(y)))
Var(M(y) + R;(M(y))) + Var(Ri(y;))

Corr(yji, yjir) =0.336  (3.29)

which is somewhat larger than our specified value for the intra-cluster correlation
p = 0.2 which also measures the correlation between marks of students in the same
class. This is expected as Var(M(y) induces extra correlation in (yj;, y;i). Com-
paring (3.29) and (3.27), the formula for p, we note that the difference is due to our
uncertainty in the overall mean Var(M(y))) which appears in the numerator and
denominator of (3.29) but not in (3.27). In Sub-section 3.7.3 we mentioned values
of p as large as 0.3 based on the study by Hedges and Hedberg (2007), therefore the
value of 0.336 above is no cause for concern.

For students in different classes j and j’ we calculate Corr(y;i, yj+) = 0.164. This
correlation, as expected, is smaller than that within classes. Also both correlations

are low and typical of those occurring in multilevel data sets.
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Finally, let us reflect on the specification task we went through above. We
have used a variety of methods such as judgement of symmetry, comparison with
the Gaussian distribution, use of percentiles and auxilliary information. We have
also made the necessary coherence checks while ensuring that our specifications
have reasonable implications for our observables. But above all what is revealing
in the above exercise is how difficult the specification task is, even for the simplest
SOEREF multilevel model. It is therefore not surprising that in statistical modelling
shortcuts such as conjugacy based on convenient probability distributional forms are
often used. In important applications though, where the statistical modelling has
crucial implications for people (their health for example) and nations (the issue
of climate change for example), and where data is scarce and difficult to collect
but some expertise is available, then we have no other alternative than to adopt a
pragmatic subjective approach. Such an approach will depend on the specification
of genuine priors. To quote Goldstein (2006): “ the subjectivist Bayes approach is the
only feasible method for tackling many important practical problems.” and also “ A
true subjectivist formulation should start by recognising the limited abilities of the
individual to make large collections of uncertainty specifications.”, making the Bayes
linear approach, that only requires limited belief specifications, worth considering

in tackling important real life problems.
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Chapter 4

Bayes linear adjustment of mean
components in SOEREF multilevel

models

The Bayes linear approach, that requires only limited beliefs specifications, is a
comprehensive methodology for model formulation, adjustment (estimation), and
diagnostic checking. In Chapter three we used this subjectivist approach to formu-
late the SOEREF and SOEREG multilevel models. In this chapter we shall consider
model adjustment and diagnostic checking.

We begin by using Bayes linear methods to adjust mean components in the
unbalanced SOEREF model, of which the balanced model is simply a special case.
Applying Bayes linear sufficiency, closed form expressions for the adjusted means
are derived. These are considered difficult to obtain analytically in the case of
unbalanced data (see Searle et al.(1992)), and appear rarely in the literature. The
closed form expressions of the adjusted means are useful in understanding how the
adjusted quantities relate to our prior specifications and the data.

We then consider applying Bayes linear methods to analyse beliefs over the un-
balanced SOEREF model using observable data. This involves beliefs specification,
adjustment and interpretation, as well as diagnostic checks. Beliefs specifications
are illustrated in the context of the STAT1010 data. Computations of adjusted

quantities, as well as diagnostic checks, have been implemented in the Bayes linear
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programming tool B/D. We thus use B/D to perform the analysis of beliefs over the
SOEREF model as applied to the STAT1010 data.

An important focus of this chapter is diagnostic checks. Diagnostics for multilevel
models are more complicated than for ordinary linear models (Hodges, 1998). In
Chapter three we have considered the potential for using Bayes linear diagnostics
and, partial diagnostics in particular, for multilevel modeling. Here we apply these
diagnostics to the unbalanced SOEREF model. We apply our methods to the design
and sample size determination of the SOEREF model.

Finally, we relax the assumption of infinite exchangeability and consider the
formulation and adjustment of the finite SOEREF model comparing these to the

infinite exchangeability versions.

4.1 Updating mean components in the unbalanced

SOEREF multilevel model

Below we shall derive closed-form expressions of the updated mean components for
the unbalanced SOEREF model. Our primary interest in the closed-form expres-
sions is to understand how the adjusted quantities depend on the prior and data.
Searle et al. (1992) consider these expressions difficult to derive analytically for the
unbalanced situation, hence the additional motivation to present them here. The
main difficulty in obtaining the closed-form expressions appears to stem from the
calculation of the inverse of the variance-covariance matrix of the unbalanced data.
This inverse is also key to the application of the Bayes linear rule and is therefore

considered first below.

4.2 Calculation of Var(D,) and its inverse

Consider the two-level dataset y;; where in each group j we have a sample of size

n;. Let D, = {41, %2, - -, ¥z} be the collection of group means, where

nj
_ Yji .
Yj. = Z n_]] ]
i=1
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Then D, is Bayes linear sufficient for adjusting beliefs over the mean components.
The SOEREF model for y;,, as well as its belief specifications, can be derived from

Definition 3.1.1 in Section 3.1.1. Hence, we write
Ui, = M(y) + R;j(M(y)) + R, (y5.)

where R, (y;.) is the mean of the n; level 1 residuals in group j. It follows that

2

0 .
E(y;) =p, Var(y;) =o.+ i’ Vg, (4.1)
J
COU(gj.a gj/-) =7, vj 7& jla (42)
Cov(y;., M(y)) =~ Vj (4.3)

Expressions (4.1) to (4.3) give the specifications over D,, as follows:

EM(y) =1, E(Dy) = (-, )" =1y, Cov(M(y), D,) = 177.

2, o2
2 4 o2
_ o —€ ..
Var(D,) = T TR ! (4.4)
0.2
gl Y o0t

The inverse of Var(D,,)
To calculate Var—'(D,,) we use the following expression for the inverse of the

sum of two matrices due to Henderson et al. (1959).
(A+UBU' ) = A7 — A7\U(B~ + U'A"'U) "7 A (4.5)

where A and B are both non-singular and symmetric conformable matrices, and U

is a column vector. The required variance Var(D,,) may be written in the form of

(A+UBU’), where

03—74—2—% 0 0
0 02—y 4 % 0
A = n2
0 0 02—+ 2
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UT:<1,,_1> and B =1. (4.6)

Application of (4.5) involves inverting only one matrix, namely A which is diag-
onal. If we write a; = 02 — v + g for the jth diagonal element of A, then A~! is
also diagonal with element aj_l, provided a; # 0. In fact a; > 0 for all j as it is the
sum of the level 1 and level 2 residual variances (see specifications (3.7) and (3.9)).

It is now easy to calculate Var~1(D,).

Theorem 4.2.1. For Var(D,) in (4.4), Var='(D,) ezists and has elements d;;

gien by

aj (1 L) =7
djjo = I (4.7)
R if J#7
T+

Proof. We have argued above that a; > 0, hence Var—'(D,,) exists. Applying (4.5)

using A, B and U as in (4.6) gives:

Var '(D,) = A7'— A1,y +1tAa )1l A
Ail]_(]]_:l;Ail

_ -1
= A e Tma

(4.8)

1a;1 and A~! is diagonal, it is

trivial to show that (4.8) has elements as in (4.7). |

Since the term (j,j') of the numerator in (4.8) is a;

For example, for J = 2, (4.7) gives

—1 a a; a
a 1—— 4 % %
Voo = |70 s R
— T T a;l(l = )
[v +Zj71aj ] [v +2j71% ]

Direct multiplication shows that the above matrix is the correct inverse.

4.3 Adjusting the population grand mean

To adjust the population grand mean M(y), we make use of Definition 3.1.1 of the
unbalanced SOEREF model as well as its specifications in Chapter 3, and Theorem

4.2.1 for Var=1(D,).
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Theorem 4.3.1. Let y;; be an observation on individual © nested in group j in a
two-level data set. Following Definition 3.1.1, the unbalanced SOEREF model is
yii = M(y) + Ri(M(y)) + Ri(y;), where i = 1,2,...,n;, and j = 1,2,...,J, with
second-order specifications for the population grand mean as E(M(y)) = u, and
Var(M(y)) = ~v. The sequences of level 2 and level 1 residuals are uncorrelated,
have means zero and variances Var(R;(M(y))) = o2 — v and Var(Ri(y;)) = o2
respectively, Vi, j. The collection of sample group means D, = {1, 7o, ..., Js.} 15

Bayes linear sufficient for the adjustment of the population grand mean. We have

— J o2\_1-
v =+ )7

Ep,(M(y)) =
Y+ (0% =y )

(4.9)

Proof. First, we note that (17A7'1,) = Z}]=1 a; ' is a scalar, which will simplify

the calculations below.

Ep,(M(y)) = E(M(y)) + Cov(M(y), Dn)Var™(Dy)(Dn — E(Dy))

AT 1TA7
D,—1
1+ 1541 ( o)

=p+ 157[14‘1 -

s [157141[71 +17A711] - 157A11J1§A1}

[+ 1A
(Dn — 1J:u)
- [1§A—1 + 1A (15AT) — 7(1§A—11J)1§§A—1}
- [T AT

(Dn - 1Jlu)

1741 _
T A1 T A-1
:[1_ 11JAT11 ],u [ 11JAT 1 ]D”
[y + 11 A-11] [yt + 11 A-11]
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-1

T A1 B
B [[w +71§A11]]M + [[’yl 1]1145/111]]1) "

1
:[[1—0—’72}]:1%1]]M+[1+’723 195 ]Za v

_ T Y (02 =y 4 2 ) Yi.

(4.10)
Y (0 =y )
[ |
Corollary 4.3.1. In the balanced case the adjusted grand mean s
-1 2 oZ\_1 -
Tt oy =y +3)7Y
Ep, (M(y)) = T 20T T (4.11)
R Cria e
Proof. Substituting n; = n in (4.10) gives (4.11). |

The adjusted expectation Ep (M(y)) in (4.10) reveals the familiar Bayesian
precision weighted average of prior mean p and data mean ;. The weights are
the prior precision v~! = (var(M(y)))~" and data precision ijl(ai — 7+ ‘T’L—é)—l =
Z}Ll Var(R;(M(y))+Rx,(y;.)) ", that is the sum over all .J groups of the reciprocal
of the level 2 and level 1 residual variances.

Note that putting Var(R;(M(y)) = (62 —v) = 0, results in a single level data
and, removing all terms in j in (4.11), we obtain the well-known Bayesian estimator

of an unknown population mean

2=
2= =

+
_|_

W | Y=
N

To compare (4.10) with the result of a full Bayesian analysis, consider the linear

mixed-effects model

yji|0jNN(0j702)> i:1a2>"'7nj; j:172”‘]
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0; ~ N(p, ), j=1,2,...,J

which corresponds to our SOEREF model except that, like in most Bayesian analyses
of multilevel models, a non-informative uniform prior is assumed for the “fixed-
effect” p, the argument being that typically enough data is available to estimate
the overall mean, even in small studies. If normal priors are assumed for the level 1
and level 2 residuals both with mean zero and variances 0]2- and 72 respectively as
in Gelman et al. (2009; p140) (see also, for example, Hill (1965) or (Lindley and

Smith (1972) ), then the estimated posterior mean is

> i1 sl
j=1 U?+7—2y_]

Y
j=1 0’?-}—7’2

which is in agreement with (4.10) since for a noninformative prior on M(y),v~! — 0.

(4.12)

In addition to the adjustment being a compromise between prior and data, (4.10)
also reveals that a specific group 7 with greater precision due, for example, to a
larger sample size n; in that group, will contribute more weight to that y; in the
final adjustment.

The preceding argument also implies that in the balanced case all groups of data
will contribute equally to the final adjustment as is clear from Corollary 4.3.1. Note
that (4.11) agrees with the result for the balanced case given in (Searle et al.,1992),
page 335.

4.3.1 The adjusted variance of M(y)

Theorem 4.3.2. The adjusted variance of M(y) by D,, is
1
Varp, (M(y)) = (4.13)
v Y+ (02— v+ )

Proof. The Bayes linear rule for the adjusted variance is

Varp, (M(y)) = Var(M(y)) — Cov(M(y), D,)Var~"(Dy)Cov(Dy, M(y))

1TA 1y
=y — 4.10
Va0
B 1
T+ 1A
which, upon replacing A~!, gives the required result. |

June 11, 2023



4.4. Adjusting the population group j; mean 83

We may also write (4.13) in terms of precision, that is inverse variance, as follows
1 1 1

Varp, (M)~ 7 " S (02— + 2)

i=1 n;

)

which is the familiar Bayesian form where posterior precision equals the prior preci-

sion plus the data precision.

4.3.2 The resolved variance of M (y)
The variance of M (y) resolved by D,, (Definition 2.13.2) is

RVarp, (M(y)) = Cov(M(y), Dn)Var™(D,)Cov(Dy, M(y))
1TA 11y
[y~ +15A]
Aty ) "
Y (0 =+ ) '

and the resolution is

R, (M) = Tl

~ Varp,(M(y))

Va?“(/\/l(y))1

o J o2\ _
1+72j:1(03_7+n_;) !

The resolution Rp (M (y)), a scale-free measure of the efficiency of an adjust-

=1

(4.15)

ment, shows the proportion of prior variance explained for the population grand
mean M (y) after adjusting M(y) by D,,.

Rp, (M(y)) lies between zero and one. When Varp (M(y)) = Var(M(y)),
Rp, (M(y)) will be zero. This implies that D,, is not informative in adjusting M (y).
At the other end, as the number of level 2 groups .J increases, 7y ijl(ai -+ Z—%)_l
in (4.15) will tend towards infinity, hence Rp (M (y)) will approach its maxirﬁum

value of one.

4.4 Adjusting the population group ; mean

In multilevel modelling, learning about the effect of clustering (grouping) on an

outcome defined at the individual level is of considerable interest to researchers
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(Section 2.3.1). For the SOEREF model, this involves learning about population
group means which we shall consider in this section. To adjust the population group
means M (y;), we first need to adjust the level 2 residuals, that is Ep (R;(M(y)).
The level 2 residuals represent group effects and so are themselves of importance in

multilevel modelling.

4.4.1 Adjusting the level 2 residuals

Theorem 4.4.1. The adjustment of each level 2 residual R;(M (y) of the unbalanced

SOEREF model by the collection of sample group means D,, = {41, 2., ..., ¥z} is

2= o - )_Zj1<oz — v+ Z) 75 - p)

EDn(Rj(M(y)) = . ZJ (02— y+ ‘7_2)71
J= w nj

(4.16)

Proof. Let Cg, denote the vector of level 2 residuals {R1(M(y)),
Ro(M(y)),...Rs(M(y))} in the unbalanced SOEREF model with specifications
E(R;j(M(y)) = 0 and Var(R;(M(y)) = o2 —~, for j = 1,2,...,J (see Section

3.1.1). Based on these specifications,
E(Cg,) =1,0, Cov(Cr,, D,) =1,(0n —~),VYj, (4.17)

where 1 is a column of J ones and I is an identity matrix of dimension J. Applying
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the Bayes linear rule gives the adjusted vector of level 2 residuals as follows.

Ep,(Cr,) = E(Cr,) + Cov(Cg,, Dy,)Var~—"(D,)(D,, — E(D,))

A11,1T A ] _

= L0+ (0 =N[4 - 5 | (D= L)

. Aa,d
[T+ 17A-T]

|41 (Dw = 10)

1 1 1 1 =

-3y ~Tr 7 Tday ar @ — )
1 1 1 1 =

9 ~Zaz '@y T Tda a5 (2. — )
1 1 1 1 =

Ty @y 0 T @y a7 @ -

J _
a(yl. — ) — ﬁ j=1 %(yj — )

S = 1) = e e o (55— 1) (4.18)

J _
%(yl — 1) = % j=1 aij(yj. — W)

where a; = (02 — v + g) and d =y~ + Z;-Izl(ag -7+ Z—%)_l. The jth row of

(4.18) gives (4.16). |

Corollary 4.4.1. In the balanced case, the adjusted level 2 residual R;(M(y), for
J=1,2... . Jis

) I — 1)

B, (Ry(M(y) = — 7= T —T

(4.19)

Proof. Substituting n; = n in (4.16) and summing over the resulting constant terms

gives

Ep,(Rij(M(y)) = _louz) (Y. — 1) —

0'2 — —

J(on =+ %) (5. — )

Y J(oE =y %) |
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which, upon multiplying the numerator and denominator of the right-most term in

brackets by (o2 — v + %), yields (4.19). [ |

We note that (4.19) agrees with the result in Searle et al.(1992; page 336), hence
providing a check on our calculation. Also, since (4.16) involves u, we could combine

Theorem 4.3.1 and Theorem 4.4.1 to yield the following corollary.

Corollary 4.4.2. The adjusted jth level 2 residual can also be written as

Ep,(Rj(M(y))) = Lﬂga(% — Ep, (M(y))) (4.20)
(02 —7+3)

S0 =+ E) (yj.—u)>]

R S A
(02=7) | Sy (@ — )

- Dy (e B )]

__ =) yj__(WlWqul
(02—%“’—6)_ Y4 G

+3 a;! Z;Il a; M)]

,7_1+Z] 1 ]

_ (@2-9) <m LS (02— v+ ) 1yj)]
(02 =7+ %) Y (0 =y 2
(02 =)

(5. — Ep,(M(y))),

(02 =7+ %)

where a; = (ai—v%—Z—g). [
J

The form of the Bayes linear adjustment in (4.20) is similar to the traditional mul-

tilevel shrinkage estimator of the level 2 residual, (see, for example, Goldstein(1995;

page 10)). The deviation (y;. — Ep, (M(y))) is similar to the raw level 2 residual.

We write
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where 7 is the familiar shrinkage factor. The factor n, which is always less than or
equal to one, shows by how much the estimated level 2 residual is shrunk towards its
prior specified value of zero. We shall see that n occurs frequently in the forthcoming

Bayes linear analyses in this chapter. We interpret Ep (R;(M(y))) as follows.

1. Effect of small n;. If n; is small for a specific group j, then 7 is close to zero,
hence Ep, (Rj(M(y))) is shrunk to zero.
FEzplanation. When n; is small, the data g; is not a reliable estimator of the
group j mean, and is thus not informative for the adjustment Ep (R;(M(y)))
which is therefore shrunk to its prior mean zero. A similar explanation holds
2

in cases where o2 is large or (62 — 7) is small, resulting in 1 being close to

Zero.

2. Effect of large n;. If n; is large for a specific group j, then 7 is close to one,
hence Ep, (R;(M(y))) = (5. — Ep,(M(y))).
FEzplanation. When n; is large, the data y; is a precise estimator of the group

j mean, and thus (g; — Ep_(M(y)) is a reliable estimator of the jth level 2

2
€

Ep,(Rj(M(y))) = (9. — Ep,(M(y))).

2

residual. Likewise, when o7 is small or (o — ) is large 7 is close to one, and

4.4.2 Adjusting the population group j mean

Having calculated the adjusted level 2 residual, it is now straightforward to derive

the adjustment of the population group j mean M (y;).

Theorem 4.4.2. The adjustment of each population mean M(y;), forj =1,2,...,J
in the unbalanced SOEREF model, by the collection of sample group means D,, =

{gl.agla R 7@1} 18

=y, - Ep, (M 4.21
(ag_y+g)yj.+(ag_7+a_g) . (M(y)) (4.21)

nj nj

(o

Ep, (M(y;)) =

Proof. By the SOE level 2 representation of Definition 3.1.1, namely

M(y;) = M(y) + R;(M(y)) j=12,....J (4.22)
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Since adjusted expectation is linear (see Property 3.2.1 of Goldstein and Wooff (2007;
page 56)), we obtain the following adjustments

Ep,(M(y;)) = Ep,(M(y)) + Ep, (R;(M(y)). (4.23)

Substituting Ep (R;(M(y)) from Corollary 4.4.2, we obtain

2
o2 —
Ep, (M) = Ep, (M) + — 2=y (M), (21)
(0 —7+3)
which can easily be simplified to yield (4.21). [ |

To interpret (4.21), we write it as

Ep,(M(y;)) = ny;. + (1 —n)Ep, (M(y)), (4.25)

showing that the adjusted population group j mean is a weighted average of the
sample group j mean y; and the adjusted overall population mean, Ep (M(y)),
where the weight 7 is the shrinkage factor. Hence, our interpretation follows that of
the previous section. For example, if n; is small for a specific group j, then 7 will
be closer to zero, thus less weight will be put on ;, and Ep (M(y;)) will be pulled
towards the overall adjusted mean Ep (M(y)).

Also, we note the similarity between the form of our adjustment in (4.24) and

the BLUP estimator (Searle et al. (1992; page 57))

BLUP(u+ «;) = GLSE(u) + ——2—[5; — GLSE(u)], (4.26)

where i indicates group and o2, the level 2 variance. The BLUP estimator has many
desirable properties and is very versatile as it can be used to derive the Kalman filter,
the method of Kriging, and Credibility theory in insurance (see Robinson (1991)).
We may consider our estimator as a Bayes linear BLUP, with the important differ-
ence that within the Bayes linear approach all quantities reflect our judgements of
uncertainty, while in the traditional BLUP these quantities are true but unknown
population values. But similar to the comment in Searle et al. (1992), the imple-
mentation of our Bayes linear BLUP requires estimation of the variance components

which is an important aspect of this thesis.
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4.4.3 The adjusted variance of R;(M(y))

In order to adjust the variances and covariances of the population group j means
M(y;) by D,, , we first need to adjust these same quantities for the level 2 residuals
R;i(M(y))-

Theorem 4.4.3. For any level 2 residual R;(M(y)) in group j, the adjusted vari-

ance 1S

o2\ _
(02 — y)o? (o0 =) (on =7+ 75)7

o2 _ o2\ _
ni(02 =+ %) T+ (02 =y + )

Varp,(R;(M(y))) = ;o (427)

and for any pair of level 2 residuals Rj(M(y)) and R (M(y)) in groups j and j'

respectively, the adjusted covariance is

R M) R (M) (02 = 9)%(02 =y + Z) 02 — 7 + Z2)7!
Covp, (R;(M(y)), Ry (M(y))) = ! : .
i ! YA —y + )

(4.28)
Proof. The Bayes linear rule for the adjusted variance is
Varp, (Cr,) = Var(Cg,) — Cov(Cg;, Dn)Var_l(Dn)Cov(Dn,CRj)
— (@ = - - - A -
— (0= - (o P [a - A

= (0 N~ (0 - A 4 T4 1A

[y + 1741
2 2
=<ai—v>diag{1_w,... 71_w}
aq ay
+ (o0 — ) alar’ az® o azlay’
1+ 17 A1)
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2 2
g g
_ 2 . € €
_(O'u_ﬂ)/)dlag P
niay njay

—2 -1 -1 -1 -1

ay ay Gy Gy ay
(O.i _ 7)2 az—lal—l a;Q az—la;l
[+ 1541
ajlart ajley’ a;”

(4.29)

After substituting a; = (02 — v + Z—g), the diagonal elements of (4.29) give the
J
required variances, and the off-diagonal elements, the covariances. We may now

calculate the above adjusted quantities for the balanced case.

Corollary 4.4.3. Let Cg, be the vector of level 2 residuals as defined in Theorem
4.5.1. For the balanced case, the adjusted variances and covariances are given by

the diagonal and off-diagonal entries of the following variance-covariance matriz.

2 2 2 2
- — )29 K
n(og —v+ %) (07 —v+ )0 —v+ 52+ J7)
Proof. Substituting n; = n and a; = a in (4.29) yield
2 2
Vaan(CRj) = (0-13 - V)dlag{&a R &}
na na
2 2 a2 a2 ... g2
I Cirkle)) ’
e Y
(4.31)
|

. . . . . 2
which is easily seen to be equal to (4.30) upon substituting a = (o7 — v + Z=).
Note that we use K rather than the traditional J as the matrix of ones as the latter
is used for the number of level 2 units. Also, the adjusted variances and covariances

for the balanced case (4.30) agree with those given in Searle et al. (1992; page 336).
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The interpretation of the adjusted variances and covariances of the level 2 resid-

uals is no longer straightforward. Nevertheless, we may easily re-write (4.27) as

2
9e

Varp, (R;(M(y))) = — T =1

o2 +
(0 —v+75) [
(07 =) 1
2 o2 1 J 2 a2\ _1
(O =7+ )y + 2o — v+ 55)

— o? on—7)?
B e S
(=7 +E)n  (oi -+ %)
2
g
= y% PV arp, (M) (4.52)

J

revealing that the adjusted variance of the level 2 residual for group j is a shrunken
estimator of the group j data variance :Tj and the adjusted variance of the overall
mean. Again, the shrinkage factor n plays a pivotal part in the adjusted quantities. It
can similarly be shown that the adjusted covariance Covp, (R;(M(y)), Rj/(M(y)))
can be interpreted in terms of the shrinkage factor and the adjusted variance of the
overall population mean M (y).

But it must now be evident from the above that calculating and interpreting ad-
justments over group-level quantities individually may not be that straightforward,
especially since these quantities are correlated. We shall therefore argue next for

the adjustment of a collection of beliefs over group-level quantities in the SOEREF

model.

4.5 Canonical analysis

As we saw in the previous section, analysing and interpreting beliefs individually
from a collection of quantities can get increasingly complicated. Alternatively we
may choose to analyse and interpret overall changes in beliefs over the whole collec-
tion of quantities using, what Goldstein and Wooff (2007) have termed, a canonical

analysis. We collect the results of the canonical analysis in Theorem 4.5.1 as follows.
Theorem 4.5.1. For the adjustment of B by D we have the following:
o The resolution transform matriz is

Tp.p = Var(B)'Cov(B, D)Var(D)'Cov(D, B). (4.33)
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e The canonical resolutions are the (ordered) eigenvalues of Tp.p, i.e. 1> X >

... > A >0, where r = rank{Var(B)}.

e The canonical quantities are given by W; = vl (B — E(B))
where, for each i, E(W;) =0, Var(W;) =1 and Cov(W;, W) =0 (i #1i') and
V1, ..., Uy correspond to the normed right eigenvectors of Tg.p scaled such that

v Var(B)v; = 1.

e The system resolution for (B) is

tF{TB:D}
rk{Var(B)}

Rp(B) gives the average resolution for the canonical directions obtained from

Rp(B) = (4.34)

the adjustment over the collection (B).

The canonical quantities have the properties that 1, has the largest relative re-
duction in variance amongst elements of (B), W5 the next largest reduction amongst
elements of (B) that are uncorrelated with W, and so forth. The actual reductions
in variance are given as Varp(W;) =1 — \;.

A canonical analysis is quite versatile and can be helpful in various stages of a
Bayes linear analysis. At the data collection stage, if alternative sources of data are
available, a canonical analysis can be used to assess the strengths and weaknesses of
these competing data sets. Canonical quantities can also be useful in revealing those
linear combinations for which data are expected to be informative/uninformative.
A canonical analysis can also be useful in identifying problems in our belief speci-
fications, especially in complex multilevel structures; such problems would show up
as unanticipated results of our belief adjustments. Finally, for exchangeable adjust-
ments such as in our SOE multilevel structures, a canonical analysis can simplify
our sample size design calculations.

In fact, for our SOEREF model we have already calculated the adjustment over
the linear combinations of the population group j means (M(y;)) since, when eval-
uating the adjusted expectation Ep (M(y;)) for j =1,2,...,J, we also implicitly

evaluated the adjusted value of each element of (M(y;)), as

EDn(Z ciM(y;)) = Z ¢iEp, (M(y;)).
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Thus, it remains for us to evaluate the expected effects, such as reductions in vari-

ances and diagnostics, of the Bayes linear adjustments over (M(y;)).

4.5.1 The resolution transform for the adjustment of M(y;)
by D,

Below we calculate the resolution transform Tg.p for the balanced case only. We

shall see in Section 4.10 that a balanced design is optimal for the adjustment of the

overall mean M(y). So from a design perspective it is consistent that we also con-

sider the adjustment of M (y,) for the balanced case. Further, for the balanced case

the eigenstructure of Tpg.p can be easily obtained from Lemma 11.62 of Goldstein

and Wooff (2007; page 449) or more directly from (Searle et al. (1992; page 443)).

Theorem 4.5.2. The resolution transform matriz for the adjustment of the collec-

tion of population group j means M(y;), forj =1,2,...,J in the balanced SOEREF

model, by the collection of sample group means D,, = {§1., 92, .., Y7} is
2 _ ol
T, = (o 7)02 I+ - K; (4.35)
(0F =7+ 75) (02 =7+ 5+ JV)(0F =)

Proof. Let Cyp be the collection of the population means M(y;), for j =1,2,...,J.
For simplicity we shall write T,, for T, ,.p, . Using (4.33) of Theorem 4.5.1 we obtain

T, = Var(Cax) 'Cov(Cp, D,)Var(D,) *Cov(D,,Ca) (4.36)

To calculate the second-order quantities in (4.36), we make use of the SOE level 2

representation M(y;) = M(y) + R;(M(y)).

(i) Calculation of Var(Cu)
Var(M(y;)) = Var(M(y)) + Var(R;(M(y))) = 7 + (o3, —7) = oy, while
Cov(M(y;), M(y;)) = Var(M(y)) = v, for j # j'. Therefore,
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[\

ol v v
v o v
Var(Cum) = . . '
v oy o

= (0 =1 +7K; (4.37)

(i) Cov(Caq, Dy) = Var(Ca)
Since the jth element of D, is yj. = M(y)+7€j(/\/l(y))+7_€nj (yj) = M(yj)-I—ﬁnj (y5.),
and the level 1 residual is uncorrelated with both the level 2 residual and the overall
population mean, therefore Cov(Cpy, D,,) = Var(Cu).

(iii) For the balanced case Var(D,) = (02 — v + %E)IJ + 7K, the inverse of

which is a standard result.

Var(D,) ' =

Hence using (i) to (iii),

which upon simplication reduces to (4.35). [

4.5.2 The canonical resolutions

The canonical resolutions are the ordered eigenvalues of T,,. Given the special form
of T, in (4.35), we use the results in Searle et al. (1992; page 443), namely that

the eigenvalues of al, + bK,, are a, with multiplicity n — 1 and a 4+ nb. Hence, the
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eigenvalues A; of T,, are as follows.

L+ : ]

(02 — 7+ %) (02 — 7+ Z + J) (02 — )
B n(o? —~) m nJyo?
(o2 —7)+ 02 (n(02 =) + o2 +nJy)(n(o2 —7)) |’
n(o? —~) nJyo?

I

W% =)+ 02 (oE — )+ Dot~ 1) + a2+ n7)

n(os —v)(n(oy —v) + 02 4+ nJy) + nJyo?
(n(o2 —~) +02)(n(o2 —7) + 02 +nJ7)

?

n(oz —v)(n(on =) +02) +nJy(n(o; —v) + 0?)
(n(o2 =) + 02)(n(02 =) + 02 + nJv)

)

n(e —v) +nJy

u

" (02 — ) + 02+ ndy

Ao = (‘712‘—_7) (4.38)
(0F =7+ 75)

where Ay has multiplicity (J — 1).

It is obvious that A\; > g (A corresponds to a + nb and Ay to a above), with

equality if v = 0, that is no uncertainty about the population overall mean M (y).

We need to ensure that the largest possible reduction in variance is one, that is

Aj <1, for each j. From the definition of the shrinkage factor, 0 < Ay < 1. For )\

we have

>0, (4.39)

which is a coherence condition, namely that the belief specification of the level 1

variance is non-negative.
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We now have the following results. The largest eigenvalue \; depends on both
the levels 1 and 2 sample sizes n and J respectively. Further, as either n or J —
00, Ay — 1. This implies that the more we increase the level 1 and/or level 2
sample sizes, the more the uncertainty we expect to resolve about the corresponding
component in (M(y;)) by observing D,,.

The smallest eigenvalue A\ however, depends only on the level 1 sample size,
n, and as n — 0o, Ay — 1. Hence, the more we increase the level 1 sample size,
the more the uncertainty we expect to resolve in the direction of the corresponding
component in (M(y;)) by observing D,,.

Again the above results underline the importance of the shrinkage factor, since
the largest eigenvalue, A1, is a function of n while the smallest eigenvalue, Ay, is

equal to 7.

4.5.3 The canonical quantities

While the canonical resolutions (eigenvalues of T,) gave the magnitude of the re-
solved uncertainty, the canonical quantities (eigenvectors of T,), will provide the
type of resolution associated with each component in (M(y,)) upon observing D,,.
To calculate these canonical quantities, we exploit the special form of T, for which
the eigenvectors are proportional to the columns of the Helmert matrix of order J,
denoted by H; (see Lemma 11.62 of Goldstein and Wooff (2007; page 448)). For

example, the first two canonical quantities are

M(y1) — p
Wi =o <1 1 1) Mlya) =1 )
M(ys) —
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M(y) —
M(y2) — p
Womar(1 10 o) [T
M(yy) — p

where the first eigenvector W; is the average of the group means, while W5, as well
as all the remaining eigenvectors, are all of the contrasts, i.e. all of the vectors
summing to zero. We choose a; and as so that W, and W5 have unit variances and

zero means (after re-scaling M(y;)). Hence, the canonical quantities become

1

e Vo2 +J(J = 1)) (M) —pt . A Mlys) =), (4.40)
Wy = m(M(w) — M(y2)), (4.41)

where the denominator in (4.40) is the standard deviation of ijl M(y;).

We learn most about Wj since it has the largest resolution, A;. At the other end,
we learn least in the direction of W5 as it has the least resolution, Ay. In addition,
since A2 has multiplicity (J — 1), we learn equally about all possible contrasts, a
consequence of the balanced design we chose. If however, some contrasts are more
important than others, then we might choose an unbalanced design. An examination
of the canonical directions reveals that they do not depend on the level 1 sample
size n, and can thus be used to guide sample size choice in our multilevel design

problem.

4.6 Example: Bayes linear analysis of the

STAT1010 data

We shall now apply Bayes linear methods to analyze the Stat1010 data using [B/D],
the freely available Bayes linear programming language (Goldstein & Wooff, 1995).
[B/D] provides the required facilities for the specification and analysis of beliefs,
including diagnostic checks. In addition, [B/D] also produces Bayes linear diagnostic

influence diagrams. These may be particularly useful for analyzing the effects on
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our beliefs of multiple sources of information, as well as of potential covariates (both
at level 1 and level 2) using a partial Bayes linear analysis.

We shall update our beliefs about the SOEREF model using the prior specifi-
cations in Chapter 3. To check our [B/D] programme, we compare its output with
those from an R programme (Appendix B) we have written based on our derivations

for the adjusted quantities in Sections 4.3 and 4.4.

4.7 Discrepancy

Before adjusting our beliefs, we must check that our prior specifications do not
conflict with the observed data. We do so by applying the discrepancy measures of
Section 2.15. The corresponding R codes are in Appendix B.
To identify potential problems with individual observations, we compute the
standardized observation as follows.
S(y;s) = (w0 — E(y;1)) (4.42)
Var(y;:)
The discrepancy between observation and prior assessments is given by
2
Dis(yj;) = % (4.43)
The interpretation of S(y;;) and Dis(y;;) is not straightforward, depending on
context, including the experts making the prior judgements, and also on sample size
(see Goldstein & Wooff (2007), page 96). As far as our judgements are concerned,
we have been quite thorough in making our prior specifications. Also the data can
be trusted to be correct given they are official examinations data. As for sample
sizes, we have a total of 269 students (level 1) grouped in seven classes (level 2) with
a minimum of 23 students in one class and a maximum of 47 students in another.
Thus we have a sufficiently large sample of level 1 observations but a rather modest
sample of level 2 observations.
The standardized and discrepancy measures of the individual examinations marks
(yj;) are shown in the box-plots in Figure 4.1 (Appendix B, R codes lines 16 to 24).

We have grouped the students’ marks according to their respective class. From
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(a) Standardized observations (b) Discrepancy

Figure 4.1: The distributions of standardized observations (a) and discrepancy (b) for each class

in the STAT1010 data. The data marked “Best” in (b) is a student scoring 97% in the exams.

Figure 4.1(a), there do not appear to be any outlying observation. In fact, almost
all the observations lie in the interval (-2,+2), which looks quite short. Under a
Gaussian distribution we would expect 5% (13 out of 269) of the students to have
standardized marks outside the (-2,42) interval but as we are sampling only seven
groups, there is no cause for concern.

In Figure 4.1(b) all the median (and mean) discrepancies are less than one except
that the means for C1 (1.01) and C4 (1.16) are slightly above one due to the large
examinations marks of a few students. Since each discrepancy has prior expectation
one, this again points to an over-estimated prior uncertainty in Var(y;;).

A useful guide to detect outliers from any uni-modal continuous distribution 2
with standard deviation o , is the three-sigma rule (Pukelsheim 1994) given by
P(|Z—-E(Z)| <30z) = 0.95. Thus if many observations are three or more standard
deviations away from the mean, they may be considered a possible diagnostic signal.
In Figure 4.1(b), 12 out of 269 students have discrepancies above 3, representing 4.5%
which is close to the expected 5%. The largest discrepancy (marked “Best” in plot
(b) ) is for a student in an Engineering class who scored 97% in the examinations

and, although this observation is more than three standard deviations distant from

June 11, 2023



4.8. Adjusting beliefs about the overall and group means 100

our expectation, it is clearly not an outlier.

Figure 4.1(a) also supports our earlier arguments that on average students from
management classes (C1-C3) perform less well than those of engineering classes (C4-
C7), thus a SOEREG model with type of class as a level 2 predictor would be a
more suitable model than the present SOEREF model.

Discrepancy ratio
To compare discrepancies across classes, we calculate the discrepancy ratio Dr(g ;)

based on the Mahalanobis distance (Chapter 2) as follows

W= B@y) Var(Dn) '@ — E(3,))
br(g,) = rank(Var(D,)) (4.44)

(Appendix B, R code lines 21 to 31). For the STAT1010 data we obtain Dr(y,) =
1.1347 which is less than the upper bound for a discrepancy ratio based on Cheby-
shev’s inequality, i.e. 1+ % = 3.2678. Thus the maximal data discrepancy across

classes is in line with our prior expectations.

4.8 Adjusting beliefs about the overall and group
means

We shall now adjust beliefs about M(y) and M(y;) using the STAT1010 data. The
adjustments are calculated using [B/D] (Appendix B, lines 32 to 115). As a check,
we compare our [B/D] output with those of BALM (BAyes Linear Modeling), our
purposely written R programme (Appendix B, lines 116 to 136). The adjustments
using [B/D] shown in Table 4.1 are exactly the same as the output from BALM
(Appendix B, lines 137 to 153).

Table 4.1 summarizes the key results from our adjustments. The first two
columns show the mean components and their prior expectation. Column (3) reveals
that the adjusted expectations for management classes are below the prior expec-
tation while the adjustments for engineering classes are above. The direction and
magnitude of the changes from prior to adjustment are shown by the standardized

adjustment discrepancies between brackets in Column (3). The standardized adjust-
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Expectation Variance

Element Prior  Adjusted  Observed Prior Adjusted Resolution(%)

(1) (2) (3) (4) (5) (6) (7)
M(y) 550 53.86(-0.16) ! 56.3  8.03 85.7
M(y1) 550 44.64(-0.99) 43.73(41) 1153  5.33 95.4
M(ys) 550 46.02(-0.87) 44.65(23) 1153  8.95 92.2
M(ys) 550 47.61(-0.71) 46.71(28) 1153  7.53 93.5
M(ys) 550 68.51(1.28) 69.77(47) 1153  4.69 95.9
M(ys) 550 55.24(0.02) 55.37(43) 1153  5.10 95.6
M(yg) 550 57.75(0.26) 58.09(46) 1153  4.79 95.8
M(y;) 550 56.08(0.10) 56.29(41) 1153  5.33 95.4

Table 4.1: Adjusting overall mean M(y) and group j means M(y;) in the SOEREF model using
the STAT1010 data. Column (3) shows the adjusted expectations and the standardized adjustment
discrepancy in brackets. Column (4) shows the effect of the observed data on the adjustments.
Adjustment of M(y) (and each M(y;) also) depend on all group means and sample sizes (4;.,n;)
in column (4) as indicated by |. For the adjustment of each M(y;) the most influential data and

sample size (§;.,n;) is shown.

ment discrepancy for M(y) is given in (4.47) below. The corresponding expression

for M(y;) can be obtained by substituting M(y;) in (4.47).

VRVarp, (M(y))

The discrepancies are in the range (-0.99,1.28) while in practice we would expect

such standardized discrepancies to be in the range (-2,+2). It is also clear that
the pattern in the negative and positive signs in the standardized discrepancies is
associated with type of class. Column(4) shows the observed group mean g; with
the corresponding group sample size n; between brackets. Each population mean in
column (1) depends on all the observed group means. M(y) depend in a complex
way on all the observed group means, thus the arrow pointing downwards. For
each M(y;), the most influential data for the adjustment, namely g, is shown.
A comparison of column(3) and (4) shows clearly the proximity of the adjusted

and observed means. Columns (5) and (6) show that all prior variances have been
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reduced considerably leading to the substantial resolutions in column (7). The sizes
of these resolutions clearly depend on the sample sizes (column(4)). The latter
results, as well as the proximity of the adjusted and observed means, are most
probably due to the combined effects of the large group sample sizes as well as to

our prior uncertainties being too big. These are further discussed next.

4.9 Sensitivity of the adjustments to the prior
and sample sizes

Figure 4.2 shows the prior, data and adjusted means with their respective three
standard deviations limits. It is clear that the prior judgements have only a small
effect on the adjustments. As mentioned in the previous section, this is most likely
due to the large sample sizes and to our prior uncertainties which are too big. As
these adjustments form a key part of our analysis, we shall therefore explore the
interplay between changes in prior uncertainties and sample sizes in more detail.

For illustrative purposes, we consider that the prior variances that we have spec-
ified were upper bounds for our uncertainty. We introduce a scalar multiplier, ¢ say,
and explore what happens to the adjustment when c is reduced from one towards
zero. We only scale the prior variance v of M(y) by ¢, keeping the level 1 and level
2 variances unchanged so that we can explore the effects of changes in our prior
confidence in the overall mean relative to the remaining uncertainties. In addition,
we also consider the effect of sample size on our adjustments by reducing all sam-
ples by a common proportion, d say. We consider the joint effects of (c,d) on the
adjustments. The results are given in Table 4.2 and Figures 4.3 and 4.4.

Table 4.2 shows the effects of reducing the sample size and uncertainty in v on
the adjusted overall and group means. We show only the more significant changes,
those that result from reductions of 1.0, 0.5 and 0.1. For any adjusted mean, the
changes are more significant across rows (change in sample size) than down columns
(change in uncertainty). This is mostly due to v representing only about 16% of our
total prior uncertainty.

As the sample size and/or the prior uncertainty ~ is reduced, all the adjusted
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Figure 4.2: The effect of STAT1010 data on the adjustments of overall and group means. For
M(y) no data is shown as the adjustment depends in a complex way on all the group means, the
green bars. For each M(y;), the most influential data, namely §;. is shown. All three types of bars

are & three standard deviations.

means are pulled progressively towards the prior expectation of 55. Even for M(y4),the
group with largest sample size, the adjusted mean changes quite appreciably from
68.5 to 63.1 in the direction of the prior of 55.

We illustrate the effect on the adjustments of the changes in sample size and
uncertainty in Figure 4.3. The prior, data and adjusted means along with three
standard deviations are as shown in Figure 4.2. We have included the adjustment
of the means based on the sample and uncertainty reduced by 0.1 (in purple). All
the newly adjusted means (purple dots) are closer to the prior mean of 55. For
the overall mean, the adjusted standard deviations for the reduced sample and
uncertainty are smaller than for the full sample and uncertainty. This is because
the adjusted variance of M(y) depends quite strongly on «y (see Section 4.3.1) and we
have reduced v to one tenth its value. In contrast the adjusted standard deviations

(purple bars) of the group means are larger than for the full data (the blue bars). As
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Group Means and Sample reduction
Resolution M(y) M(y1) M(y2) M(ys)
reduction 0.1 0.5 1.0 0.1 05 1.0 0.1 05 1.0 0.1 05 1.0

0.1 54.9 54.6 54.5
0.5 54.7 541 54.0
1.0 54.6 54.0 539

49.3 455 477
49.2 455 47.6
49.2 454 47.6

51.5 471 46.1
51.3 47.0 46.0
51.3 47.0 46.0

51.4 485 477
51.3 484 476
51.2 483 476

Group Means and Sample reduction

Resolution M(ys) M(ys) M((ys) M(yz)
reduction 0.1 0.5 1.0 01 05 1.0 01 05 1.0 01 05 1.0
0.1 63.1 67.6 68.6 551 552 553  56.7 57.6 57.8 556 56.0 56.1

0.5 63.0 67.5 68.5
1.0 63.0 67.5 68.5

55.0 55.2 55.3
55.0 55.2 55.2

56.6 57.5 57.8
56.5 57.5 57.7

55.5 55.9 56.1
95.4 559 56.1

Table 4.2: Changes in the adjusted means M(y) and M(y;) as the uncertainty and sample sizes
are reduced by a factor of 0.1. As the sample and/or uncertainty are reduced, the adjusted means

are pulled closer to the prior mean of 55 and away from the data means ;.. and y;..

can be seen from Section 4.4.3, two important components of the adjusted variance
of M(y;) are (62—7) and Z—j Hence reducing n; leads to the increase in the adjusted
standard deviations of the group means, more so since we have also kept the level 2
variance (02 —+) fixed and large relative to the other prior variances. To summarize,
the reduced sample size and uncertainty in v pull the adjusted means towards the

prior mean and increase the adjusted variance of the group means due to the reduced

group sample sizes.

4.9.1 Design curves and the choice of sample size for ad-
justing M(y)

In Figure 4.4 we construct a spaghetti plot showing how resolutions for the ad-
justment of M (y) change when its uncertainty v and the sample size are reduced.
We shall refer to each curve in the spaghetti plot as a design curve. For exam-
ple, the lowest design curve corresponds to d = 0.1, that is the smallest sam-
ple n; = (4,2,3,5,4,5,4) while the uppermost design curve corresponds to the

full sample size n;. All the design curves slope downwards since for any quan-

tity Z the resolution Rp(Z) decreases with decreasing prior uncertainty Var(Z) as
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Figure 4.3: The effects of reducing the sample size and uncertainty on the adjustments of overall

and group means (purple bars). The red, green and blue bars are as defined in Figure 4.2.

Rp(Z)=1- ”V“;fg)).

A surprising feature of Figure 4.4 is that all the uppermost design curves (d
between 1.0 and 0.6) are very close together. This implies that only marginal losses
in resolution will be incurred if we sample 60% rather than the full sample size for
any given level of uncertainty. Hence, in planning a study similar to the design
of the STAT1010 data, it might be cost-effective to sample only half the full sam-
ple size, as the corresponding design curve for d = 0.5 is quite close to the other
uppermost design curves. This choice will result in a resolution of about 73% if
the uncertainty in v is reduced by 0.5. For the same reduction in v, we could still
achieve a decent resolution of 62% even if we choose the smallest design d=0.1, i.e.
n; = (4,2,3,5,4,5,4). This design is quite close to a balanced one with n; = 4 for

all j and we would prefer it on the ground of simplicity.
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Figure 4.4: Spaghetti plot showing changes in resolutions resulting from reductions in prior
uncertainty and sample size when adjusting the overall mean M(y). The initial prior uncertainty
v = 56.3 and group sample sizes n; = (41,23,28,47,43,46,41) are decreased successively by 0.1.

Small uncertainties and small sample sizes are associated with low resolution.

4.9.2 Design curves and the choice of sample size for ad-
justing M (y;)

Figure 4.5 shows the design curves for adjusting each group mean M(y;). In each
class the design curve slopes downwards as in Figure 4.4 showing that the resolution
decreases as uncertainty is reduced. Across the classes C1 to C7, classes with small
sample sizes n; have lower design curves than those with larger sample sizes since the
adjustment of a specific group mean M(y;) is largely influenced by its own sample
size nj. For example, the design curves for C2, the group with the smallest sample
size (ng = 23), are lower than the corresponding design curves for C4, the group
with the largest sample size (ny = 47). Also, for each class the upper three or four
design curves are quite close, although not as close as in Figure 4.4.

We may exploit these differences in resolution patterns at different uncertainty
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levels between classes to choose how much to sample in each of the seven classes.
For example, suppose we now feel confident that our prior uncertainty is half the
value we specified initially and we would like to achieve a resolution of at least 80%
for adjusting each M(y;). Then using Figure 4.4, we would sample 0.3 x n; for
classes C1, C4, C5, C6, C7 and 0.4 x n; for classes C2 and C3. Such a sampling
scheme is intuitive: we sample proportionately more in small classes (C2 and C3)
and less in the remaining larger classes. Note that despite the small classes having
roughly half the sample sizes of the larger ones, we sample only ten percent more
(i.e. 0.4n; vs. 0.3n;) in these classes to achieve the uniform resolution of 80% in all
classes; the reason being that in estimating the group mean of any given class we
borrow strength from the remaining classes.

The design question being addressed here and in Sub-section 4.9.1 is quite specific
and should be contrasted with two-stage cluster sampling design where normally an
optimal design is sought with costs constraints. Under the latter condition a more
efficient sample design is a balanced one where we sample as few level 1 units as
possible and use our resources to maximize the number of level 2 units (see our proof
of Theorem 4.12.1 and the recommendation that follows.) The important difference
with Theorem 4.12.1 is that here the number of level 2 units J = 7 is fixed and we
are seeking how many level 1 units to sample (independently) in each group based
on changes in our prior uncertainty ~ while in Theorem 4.12.1 we seek the optimum

design for a given design cost by allowing both J and n; to vary freely.
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Figure 4.5: Spaghetti plots showing changes in resolutions resulting from reductions in prior
uncertainty and sample size when adjusting each group mean M(y;). The initial prior uncertainty
Var(y;:) = 352.3 and group sample sizes nj = (41,23,28,47,43,46,41) are decreased by 0.1 until
Var(y;:) = 35.23 and n; = (4,2,3,5,4,5,4). The pattern of changes in resolution varies by class.

4.10 The resolution Rp (M

/N

y)) and the design of

cluster sampling

<

The resolution Rp (M (y)) has some important implications in the design of two-
stage cluster sampling as discussed below. In two-stage cluster sampling clusters (.J

level 2 units) are sampled at the first stage, and within each sampled cluster, indi-

June 11, 2023



4.10. The resolution R5 (M(y)) and the design of cluster sampling 109

viduals (n; level 1 units) are sampled at the second stage, thus generating two-level

hierarchies suitable to be analysed by our SOEREF models.

Implication of Rp (M(y)) for determination of sample size at level 2 and
level 1

In general, ignoring cost of sampling, for a fixed overall sample size (level 1 and
level 2 together), it is preferable to sample more level 2 units than level 1 units.
This is because increasing level 2 units is expected to reduce the uncertainty about
M(y) more than increasing level 1 units (and keeping level 2 units fixed). To see
this, first we note that Rp (M (y)) is maximized when ijl(gi — 7+ ‘T’L_i)fl — 00
which happens when J — oo, since Z;‘]:1(‘73 — v+ Z_i)fl is a sum of positive
quantities. Therefore, the larger the number of level 2 units J, the higher the
resolution. Whereas for fixed J, as n; — oo, ijl(ai — v+ Z—%)_l — J(o2 — )7,
hence Rp (M(y)) < 1 and cannot attain its maximum.

As a simple example, consider the following two extreme sample designs for
sampling a total of ten observations. If we sample ten groups each with a single ob-
servation (J = 10, n; = 1, for all j), then ijl(aﬁ —v+ Z—i)*l =10(c2 — v+ o) !
which is greater than (o2 — v + %)*1, as is obtained from sampling only one group
with ten observations (J = 1, n; = 10). Hence, in this case ten groups of a single
observation each are expected to produce a higher resolution than a single group

with ten observations.

Implication of Rp (M(y)) for balanced sample
Ignoring cost of sampling, it is preferable to aim for a balanced design rather
than an unbalanced one for the same overall sample size. We demonstrate this using

the following theorem.

Theorem 4.10.1. For a fized overall sample size, the resolution Rp (M(y)) is

larger for balanced designs compared to unbalanced designs.

Proof. We need to show that for a fixed number of level 2 units J, the sample

(ny, -+ ,ny) maximizes ijl((ai —7) + Z—g)*l, which in turn maximizes the reso-

lution Rp, (M(y)), when n; =n for j=1,... J.
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Using the method of Lagrange multipliers, we find

J 2 1
e = 2 _ &) 4.46
omax () Z (et = +3 (4.46)
J
subject to  g(ny, -+ ,ny) = an —nJ =0 (4.47)
j=1
vief{l,....J}
The Lagrangian is
L(ny, -+ npA) = f—Ag (4.48)
Equating the partial derivatives (,?TL]_ and %L to zero, gives
oL 2 (2 _ , 2. _9
on; n; n;
oL !
a:—;nijnJ:O (4.50)

Simplifying the above, we obtain n; in terms of A as follows.

S Nalr B o?
P o= @) 4o

Replacing n; in the constraint yields

> = A )

(o2 =)

from which

A= (n(agﬁ’(yj;%— a?)Q

Substituting A from the above and simplifying, yields

n

i=n, Vie{l,... J} (4.52)

Finally, we need to check that f(n,---,n) is indeed a maximum; we do so by
examining the effect of imbalance on (4.46). To create imbalance, suppose we swap
one unit between the first two groups, giving (n—1,n+1,n---,n) so that the total
sample remains n.J. The decrease ((03 —7)+ %) L ((05 —7)+ n”—fl) B is larger than
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((ai —7)+ %) B since f(n) = <(Ui—y)—|—%z)l,

being an increasing function with gradient f’(n) o< =5 (from (4.47) above), decreases

-1
. 2 o'z

the increase ((au =)+ ) -

at a faster rate than it increases. The more units are swapped to create imbalance,

the greater will be the decrease in (4.46) compared to the balanced case. Hence,

f(ni,ng--- ,ny) < f(n,---,n), when n; are unequal. [ |

To summarize, based on the resolution Rp (M/(y)) and ignoring cost of sampling,
for a fixed overall sample we would recommend the following for a two-stage cluster

sample to reduce uncertainty in M(y):

1. Sample more level 2 units.
2. Sample less level 1 units, reduce n; so as to maximize J to achieve 1. above.

3. Use a balanced sample.

It is interesting to note that the above recommendations agree with those of the
United Nations Statistics Division (2005) for a two-stage cluster sample design in

the context of designing an efficient household sample survey.

4.10.1 The canonical structure and the choice of sample size

In order to determine the desired sample size for our SOEREF model, we exploit
the result that the eigenvectors of the resolution transform T,, are the same for each
sample n in the adjustment of the collection of population group j means M(y;,). To
this end, we re-state Theorem 6.5 of Goldstein and Wooff (2007; page 198) below,

and prove it in the specific context of the adjustment of the SOEREF model.

Theorem 4.10.2. The eigenvectors of T, are the same for each n. Further, if
eigenvector W has eigenvalue X for Ty, then the corresponding eigenvalue A, for

W as an eigenvector of T, is

nA

RS (4.53)

Ay =
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Proof. The resolution transform matrix T, has an eigenvector v corresponding to

the eigenvalue X if
T,v = Mv

Substituting T, = Var(D,) 'Cov(D,,Cx) from the proof of Theorem 4.5.2, we

have
Var(D,) 'Cov(D,,Cym)v = Av
Multiplying both sides of the above equation by Var(D,,)
Cov(D,,,Caq)v = \Var(D,)v

Substituting expressions for Cov(D,,,Crq) and Var(D,,) (see proof of Theorem 4.5.2),

we obtain
2 2 0'2
(00 = DLy + Ko = Aoy — v+ )1y + Ko
0,2
= \N(o2 =)L, + vK v+ )\ilﬂj

2
(02 =)+ 7K1 = A = A%Iﬂ;

2= N+ Ky = ————=0ll 4.54
[(Uu /Y) J+ J]v n(l _ )\)05 JU ( )
Putting n =1 in (4.54),
Wﬁ—ﬂb+va~71_Mﬁbv (4.55)
Equating the right-hand sides of (4.54) and (4.55) gives

A A(n)
1= n(l=Aw)

from which we obtain the required result

n

Ay = ——————
™ = 1A+1

It is straightforward to verify that both Aj(,) and Ay(,), corresponding to A; and
Ao respectively of Sub-section 4.5.2; satisfy (4.53).
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Goldstein and Wooff (2007) use relation (4.53) to simplify sample size design
for general exchangeable adjustments. In this context, they also provide, via their

Corollary 6.6, inequality (4.56) below.

n =

- (4.56)

where « is the proportionate reduction in variance. We shall consider using (4.56)
to determine a suitable sample size to achieve the desired variance reduction over

the elements of (M(y;)).

4.10.2 The design of sample size at Level 1

For our SOEREF model the smallest canonical resolution is \,,;, = A\ with n =1,
hence

(02 —7)

YA 4.57
@2 =7 +07) (4.57)

)\min =

that is Ay = p, the intra-cluster correlation, which upon substitution in (4.56)

yields

n >

S (4.58)

As a simple application of (4.58), consider a reduction in variance of «=90%. If
level 1 units within a group are very similar, for example p = 0.9, then using (4.58)
a sample of n = 1 in each group is enough for a 90% reduction in variance when
learning about M (Y;) — M(Y3) or any of the J — 2 remaining contrasts associated
with Ag. This result is intuitive since, if units in a group were all similar, then
only one level 1 unit would provide all the information available from that group.
Whereas, if level 1 units within a group differ substantially for example p = 0.1,

then a sample of n = 81 is required to achieve the 90% reduction in variance.

4.10.3 Optimal design for a two-level model

In the previous section we considered the choice of level 1 sample size only. In a

multilevel setting the design problem is more complex for two main reasons. Firstly,
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in a simple two-level hierarchy, we need to decide on two sample sizes, each corre-
sponding to a level in the hierarchy. Secondly, in practical survey design, we need
to balance costs of sampling units at each level of the hierarchy against a total al-
located cost for the survey since it is usually more costly to survey an extra level 2
rather than an extra level 1 unit.

The problem, therefore, is to choose a design (n,.J), the number of level 1 and
level 2 units respectively, subject to a given cost constraint. In Section 4.4, we
saw that the resolution Rp M (y) depends on, and has important implications for,
the design (n,J). We therefore aim to choose a design (n,J) that maximizes the
resolution of the population grand mean Rp M (y) subject to a simple cost function.

We have the following theorem.

Theorem 4.10.3. In the two-level SOEREF model, suppose c¢; and cy are the costs
associated with sampling a single level 2 and a single level 1 unit respectively. Then
a simple cost function when sampling J level 2 and n level 1 units is C' = ¢ J +coJn,
where n and J each take integer values {1,2,...}. The optimal level 1 and level 2
sample sizes (Nopt, Jopt) 1S the sample design obtained by maximizing the resolution of

the population grand mean Rp M(y) subject to the cost constraint C, and is given

by
C1 o2
P e S — 4.59
O Vg ey (4.59)
and
C
ot — ——————. 4.60
vt (c1 + Cangpt) (4.60)

Proof. From Section 4.3.2, the resolution Rp M(y) for the balanced case may be

written as
2 02 \\ -1
Rp,M(y) =1+ —(o) —~v+ ;)) (4.61)
Using the cost function we obtain

J=— (4.62)
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and substituting J in (4.59) yields

0.2

Rp, M(y) = (1+ C%(cl +con) (o2 — v + ;5))_1. (4.63)

Taking the first derivative with respect to n and equating to zero gives

dRDnM(y) . 1 2 062 -2
T = —(1 + 0—7(61 + CQ?”L)(UU -7+ W))
(ca(02 —7) —c10?n™2) =0 (4.64)

Simplifying (4.64) yields

2

2 C1 O'6
== 4.65
TG (465)

from which n,, is obtained. The optimal level 2 sample size J,,: is obtained by
substituting n,,: in (4.62).

We compute the second derivative to verify that n,, is indeed a maximum. First
we note that (4.62) may be written as

dRp, M(y)

dn - _(RDnM(y))Q(CQ(Ui — ’y) — clafn_2) (4.66)

from which the second derivative is

R p, M(y) dRp, M(y) )
?T - _2(RDnM(y))D;7n(C2(Ui —) — clafn 2)
—Q(RDnM(y))chafn_g. (4.67)
Putting n = ney and noting that (ca2(02 — ) — c10?ng,;) = 0, (4.65) simplifies to
@Rp, M(y) _
—— = —2ARp, M(y)eroing. (4.68)

The above is clearly negative as the right-hand side is the product of —2 and terms
that are all positive. Since the second derivative is negative, therefore (ngp, Jopt) is

a maximum. [ ]

*

opt) for two-stage cluster

Compare (4.59) with the classical optimal sample size (n

sampling using the same cost function as above (see Cochran, 1999).

* [ C1 822
nopt = 6_25_57 (469)
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where S3 and S2 are the ANOVA estimates of level 1 and level 2 variances. Note
that we use cl to denotes level 2 cost and c2 level 1 cost. This is in line with the
classical literature, where cl denote cost of primary sampling units (level 2 units)
and c2 cost of second-stage units (level 1 units).

In both (4.59) and (4.69) the optimal sample depends on the ratio of the level
1 and level 2 costs and variances. An important difference is that the classical n},
depends on the ratio of the ANOVA estimates of level 1 and level 2 variances (see
Section 2.7.1) and, therefore, suffers from the disadvantages associated with these
estimators, especially the possibility of a negative estimate of the level 2 variance.
In contrast, our Bayes Linear n,, depends on the ratio of the level 1 and level
2 variances that we specify subjectively. In addition, for our specifications to be
coherent, we restrict both these variances such that 02 > 0 and (02 —7) > 0 (see
Section 3.7). In learning about variances, however, the possibility of a negative level
2 update cannot be excluded. The conditions under which a negative estimate of

(02 — 7) occurs will be considered in Chapter 5.

4.10.4 Some considerations in the application of n,,

Below we discuss some practical implications of the formula for n,, in the choice of

an optimal design.

The form of n,,

Firstly we note that n,, may also be written as

a(1-p)
Co P

(4.70)

Nopt =

showing the dependence of n,, on the intracluster correlation p. When p is small,
then the optimum size n,, increases. In other words when there is more variation
within than between groups, more level 1 units should be sampled. Similarly, 1,y
increases when c; is larger compared to c;. That is when it is more costly to sample
a level 2 unit compared to sampling a level 1 unit, then more level 1 units should

be sampled.
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Also, as n,, depends on the square root of the cost ratio ¢;/co and the intra-
cluster correlation ratio (1 — p)/p, the optimum size is not too sensitive to small

variations in these quantities.

The cost function C

We have assumed a simple cost function C, which is adequate in sampling situa-
tions where the cost of travel between clusters is negligible. This is the case for our
STAT1010 data in which the cost of travel between classrooms (clusters) is negli-
gible because the University of Mauritius has a single small campus. When travel
costs between clusters are substantial, C' = ¢;J + ¢ Jn + 03\/j is a more suitable
cost function. The derivation of this cost function, along with more general cost

functions are considered in detail in Hansen, Hurwitz & Madow (1953).

*

Because of the analogous form of the Bayes linear n,, and the classical n},,

the above implications are similar to those discussed in Hansen, Hurwitz & Madow
(1953). The Bayes linear approach to the design of two-stage cluster sampling that
we develop in this thesis aims to combine the strengths of both the classical and

Bayes linear methods.

4.11 Example: Two-level design for the STAT1010
data

Application of n,, to the STAT1010 data requires estimates of the costs ¢; and c,
and careful elicitation of the prior level 1 and 2 variances, o2 and (o2 —+). The latter
prior variances were elicited in Section 3.7. Therefore we only need to estimate the
various costs.

The costs ¢; and ¢y, or their ratios, may also be estimated using historical data
where available, and/or expert opinion, just as in the elicitation of prior variances.
But while variances are notoriously difficult to estimate for the many reasons that we
explained in Chapter 2, it is more common for an individual to think in terms of, and
assess, costs, rather than variances. Besides, even in the assessment of (subjective)
probability itself, one often thinks in terms of costs (prices) of lotteries and their
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rewards. The assessment of various elements of costs arising in cluster sampling,
as well as the construction of costs functions, are explained in detail in Chapter 6,
page 270 of Hansen, Hurwitz & Madow (1953). Furthermore, small inaccuracies in
the elicited costs and variances will not unduly affect the optimal sample size as the
resolution Rp, M(y) is mostly flat around n,y. We illustrate this below using the
STAT1010 data.

Based on our experience in conducting local surveys, we specify reasonable costs
(in Mauritian Rupees) for a small project as follows. The total budget available
is Rs 5000, the cost of sampling a class is Rs 500 and that of collecting data on a

student is Rs 100. The variances are specified as in Section 3.7. Thus we specify
C =5000 c¢; =500 c;=100 0°>=237 v=56.3 o>=115

Using the above specifications and Rp, M(y) as in (4.61), we calculate the resolu-

tions for different sample sizes as shown in Table 4.3.

Level 1 size n = 1 2 3 4 5 6 7 8 9 10

Resolution (%) 61.295 69.359 71.812 72.548 72.553 72.189 71.623 70.940 70.187 69.393

Relative Resolution  0.84 0.96 0.99 1.00 1.00 0.99 0.99 0.98 0.97 0.96

Table 4.3: resolutions and relative resolutions (the proportion of resolution relative
to the maximum resolution at n = 5, if a sample size other than the optimal is

chosen) for different level 1 sample sizes of the STAT1010 data.

As shown in Table 4.3, the resolution around n,, is flat; the maximum loss in
resolution relative to the optimum is 16% and corresponds to n = 1. Note that
taking a larger level 1 sample than the optimum also reduces the resolution. This
is due to the cost constraint that requires balancing level 1 and 2 sample sizes;
increasing n can only be done at the expense of reducing J. But, using our result
in Section 4.4, a one-unit reduction in J will result in a larger reduction in the
resolution Rp M (y) than a one-unit reduction in n.

Hence for our STAT1010 example, the optimal size is 1., = 5 and it is expected
to resolve 72.6% of the prior uncertainty in the overall population mean M(y). Us-
ing (4.60), the corresponding optimal level 2 sample size is J,,; = 5. The use of the
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resolution to guide sample size design (ngp, Jope) requires prior specifications of the

level 1 and 2 variances. This contrasts with the classical design (1, J

) that re-
quires estimates of these variances based on historical data or data from pilot studies.
Both these approaches have their own strengths. Incorporating prior information
from carefully elicited experts’ beliefs is an advantage of the general Bayesian ap-
proach, especially when data is scarce, while learning about model parameters from
data is equally important. Thus estimating variances based on observable data is
also advantageous. In this thesis, we aim to combine the strengths of these two ap-
proaches via the two-stage Bayes linear methodology that we will develop in Chapter
6.

For the simple cost function, use of the explicit formula for n,,; further simplifies
the calculation of the optimum. For more complicated cost functions, the calcu-
lations leading to Table 4.1 demonstrate an alternative method for obtaining 7y,
that is by evaluating Rp M (y) for various n and the given costs. We illustrate this

for the more complex cost function that includes travel costs between clusters.

4.11.1 Example: Application of two-level design for a more

complex cost function

Consider now the cost function C' = ¢;J + caJn + ¢3V/J, where 3, the travel costs
between clusters, tends to be proportional to v/.J (see Hansen, Hurwitz & Madow,
1953). For comparison sake we make the same specifications for the costs C, ¢1, o
and the variances as above. We assume that we are sampling classes in different
parts of Mauritius and that we are travelling by taxi. The cost of travel to and from
classes and the waiting time for a taxi is around Rs1,000. Thus we specify ¢z = 1000
which is twice ¢y, the cost of sampling an additional cluster.

Our aim is to evaluate the resolution for various sample sizes just as in Table
4.1. We substitute n = %}’33‘5 in the formula (4.61) for Rp M(y) and write
an R function to evaluate the latter . We also need to ensure that n > 0. Table 4.4
reveals that the optimal design is (ney: = 6, Jopr = 3) with a resolution of about 63%

compared to (ngr = 5, Jor = 5) with a resolution of about 73% for the simple cost

function. The additional traveling cost has thus resulted in a lower overall sample
June 11, 2023



4.11. Example: Two-level design for the STAT1010 data 120

Level 2 size J 1 2 3 4 5
Level 1 size n 35 13 6 3 1
Resolution (%) 45.988 59.156 62.870 59.291 35.534

Table 4.4: Determination of the optimal level 1 and 2 sample sizes and resolutions for the
STAT1010 data for a complex cost function.

size of 18 (a 28% reduction), fewer clusters J = 3 and slightly more level 1 units
n; = 6 being sampled. But what if we wanted to achieve the same resolution of
73% as in the simple cost situation, even at a higher sampling cost? We address

this issue next.

4.11.2 Determining the optimal design and cost to achieve

a desired level of resolution

So far we have determined the optimal sample size by maximizing the resolution
when the total sampling cost C'is given. In some situations though, it may be quite
difficult to ascertain C' while it may still be relatively easy to estimate the ratio of
the level 2 cost c; and the level 1 cost c;. We may then determine the optimal size
by minimizing C' for a pre-determined resolution. We show below that minimizing
cost subject to a fixed resolution or maximizing resolution for a fixed cost results in

optimal designs of the same form.

Corollary 4.11.1. Under the conditions of Theorem 4.10.2, minimizing the simple
cost function C = c1J + coJn when the resolution of the population grand mean
Rp, M(y) is kept fized gives the same optimal design (Nept, Jopt) as in Theorem
4.10.2., namely

G_ ol (4.71)

and

C

Joppt = —————.
P (e + Coopt)

(4.72)
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Proof. To minimize the cost C' subject to keeping the resolution Rp, M(y) fixed,

we re-write expression (4.63) for Rp M(y) as follows.

Rp,Ml(y) 2 o?
= = ¢ +can)(o, — v+ —). 4.73
=R, M) ) )
Taking the first derivative gives
d _
O B (02 ) crotn™). (4.74)

dn (1= Rp, M(y))
Equating (4.74) to zero yields n,, as in (4.71) and substituting it in C' = ¢;J+coJn
yields Jp as in (4.72). Also, from (4.74) we note that €5 o 2¢,02n~* > 0, therefore
(Nopt, Jopt) yields the minimum cost C' as required.

As an application of Corollary 4.11.1, we answer the question posed at the end
of Sub-section 4.11.1, namely using the complex cost function, which design will
achieve a resolution of 73% (as was obtained using the simple cost function) and at
what cost. We wrote a simple R function that finds the minimum cost by evaluating
C' for varying n using (4.73). Using this function we find that the design to achieve
the given resolution of 73% is (ngpt = 4, Jope = 6) with a minimum cost of Rs7,395.
We note that as the n’s must be integers, we must suitably round it up or down.

We may compare the above design with the one in the previous section, where,
using the same complex cost function, a resolution of 63% gave the optimal design
(Nopt = 6, Jopr = 3) for a given cost of Rs5,000. Thus to raise the resolution from
63% to 73%, we need to sample less level 1 units (n,, = 4 instead of 6) and more
level 2 units (J,,x = 6 instead of 3) resulting in an increase in overall sample size
of 33% (from 18 to 24) and an increase in cost of almost 48% (from Rs5,000 to
Rs7,395).

4.12 The finite SOEREF model

In formulating the SOEREF model in Chapter 3, we have assumed that, for each
group j, the level 1 outcome variables {y;1,yj2,...} form a potentially infinite se-
quence. At level 2, we again assumed a potentially infinite sequence for the popu-

lation group j means {M(y1), M(¥2), ...} induced by the level 1 SOE judgements.
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These assumptions allowed us to make use of the representation theorem for infinite
second-order exchangeable random quantities and to subsequently introduce and
adjust the overall and group 7 means of our SOEREF model.

Although multilevel data structures tend to be large in general, so that the
assumption of infinite sequences may be reasonable, there are situations however,
such as in longitudinal studies, where the populations at each level of a hierarchy
are more restricted. Besides, the very nature of a multilevel dataset implies that the
higher the level of the hierarchy, the fewer the units of observations: there are fewer
districts than schools, fewer schools than classes and fewer classes than pupils.

In such cases the assumption of infinite sequences may be viewed as a modeling
simplification and we wish to consider the consequences of relaxing this assumption
on the adjustments of the SOEREF model. We begin by reviewing finite exchange-
ability and finite second-order exchangeability as defined by Goldstein (1986). The

latter will also enable us to introduce some relevant notations.

4.12.1 Finite exchangeability

In explaining the concept of exchangeability, Bernardo & Smith (2000;p169) proceed
by first defining finite exchangeability as follows.

Definition 4.12.1. (Finite exchangeability). The random quantities
X1, To, ..., T, are said to be judged finitely exchangeable under a probability measure

P if the implied joint degree of belief distribution satisfies
P(:L‘l, T, ... ,:L‘n) = P(:L‘,r(l), l'ﬂ-(z), e ,Z[Zﬂ(n)) (475)
for all permutations m defined on the set 1,... n.

They then extend Definition 4.12.1 to sequences that are potentially infinite as

follows.

Definition 4.12.2. (Infinite exchangeability ). The infinite sequence of random
quantities x1,To, ..., 1s said to be judged infinitely exchangeable if every finite sub-

sequence s judged exchangeable in the sense of Definition 4.12.1.
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It seems natural to consider finite exchangeability first since real life populations
are finite and so are their associated sequences of random variables. For example, in
a multilevel data set, the sequences of pupils, classes and schools are all finite and,
using registration statistics, we can easily put an upper bound on the lengths of these
sequences. In other situations though, it may not be that straightforward to place
an upper bound on the sizes of populations being considered. In fact many surveys
have as primary objective the estimation of the population sizes themselves. When
it is difficult to specify an upper bound for a large population, we often resort to
assuming an in principle, infinite sequence. Such an assumption, like any modelling
assumption, requires careful examination.

Assuming infinite exchangeability for an arbitrary (finite) sequence in the sense of
Definition 4.14.2 implies that this sequence can be deemed to form part of an infinite
sequence. But as Bernardo & Smith (2000) show, not all finitely exchangeable
sequences can be embedded in a larger finitely exchangeable sequence, let alone
an infinite one. Using a mathematical example they show that an exchangeable
sequence of three binary random variables cannot be extended to a sequence of four
binary random variables. In addition, in some situations, there may be no logical
basis to extend a finite sequence. We have only 200 secondary schools for example,
and there is no logical basis to extend this sequence of schools.

Diaconis & Freedman (1980) show that deFinetti’s representation theorem for
infinite sequences does not hold exactly for a finite sequence. However, they prove
that the difference in probabilities when assuming an infinite approximation to a
finite sequence of length n is of the order (1/n). Hence the infinite assumption may

not result in any sizeable difference, especially when n is large.

4.12.2 Finite second-order exchangeability and finite popu-

lation representation theorem

We have already defined second-order exchangeability and stated the infinite pop-
ulation representation theorem in Chapter 2. Here we consider an alternative, but
equivalent definition of second-order exchangeability as given in Goldstein(1986).

The notations used in this definition and in formulating the finite representation
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theorem are most suitable for deriving the finite representation version of our SO-
EREF model.

Suppose a series of observations are made on a sample of individuals and we
group these in the collection C = {X7, X»,...}. Further, we denote the collection
for individual i by C; = {X1;, X2, . . .} and the full population collection by C*, where

C* is the union of all the elements in all of the individual collections.

Definition 4.12.3. (Goldstein (1986)). The collection of measurementsC is second-

order exchangeable over the full collection C* if

E(Xy) = my,Vv,1; (4.76)
Cov(Xyiy Xui) = dypu Vo, w, 15 (4.77)
Cov(Xyi, Xuj) = CowVv,w, 1 # j; (4.78)

The above definition applies to both finite and infinite collections. Using the
specifications in Definition 4.12.3, Goldstein (1986) states the finite population rep-

resentation theorem as follows.

Theorem 4.12.1. (Goldstein (1986)). If the population collection consists of N
individuals, that is C* = Ui]\ilci, and C 1s second-order exchangeable over C*,
then we may introduce the further collections of random quantities MW(C) =
{MWN(X)), MIN(X3), ...}, and, for eachi=1,...,N, REN}(C) = {REN}(Xl),

REN] (Xs) ...}, and write

X = MM(X,) + RIMV(X,) (4.79)

where MIN(X,) = (1/N) 2N, X,i. The collections MINV(C) and REN](C) satisfy

the following relationships

EMWMN(X,)) =m, VYo; (4.80)
ERN(X,) =0 vu,i; (4.81)
COU(M[N}(XU), M[N](Xw)) = Cpw + %(de — Cow) YU, W; (4.82)
Cov(MM(X,), RV (X)) =0 Yo, j; (4.83)
bde_ ww) o 1=7 Y,w;
Con(RM(X,), RM(X,) =¢ ( o) i i1 Ve (4.84)

—%(de — Cy) Otherwise.
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Just as in the case of infinite exchangeability, each observation is expressed as
the sum of a population mean quantity M (X,) and a residual RZ[-N] (Xy). And, as
before, the population mean collection is uncorrelated with the residual collection.
In contrast to the infinite case, the residuals are correlated to the order (1/N).
Furthermore, the population mean and residuals are unobservable in the infinite case
while they are clearly observable by virtue of their definitions in the above theorem.
The residuals REN] (X,) will be uncorrelated in the limit N — oco. Similarly, the finite
population representation theorem reduces to the infinite representation theorem in

the limit N — oo, the limit being in mean square.

4.13 The representation theorem for the finite SO-
EREF model

To derive the representation theorem for the finite two-level SOEREF model, we
assume that our multilevel population has a finite number of groups G, each with
a finite number of individuals N. We also assume that we sample J groups from G
where (J < G) and, in each of these J groups, we sample n individuals out of N
where (n < N), that is a balanced design. We observe a single response variable y;;
on each individual 7 in group j, where ¢ =1,2,...,nand 7 =1,2,...,J.

Our exchangeability judgements are similar to those of the infinite SOEREF
case (see Chapter 3) as follows. For each group j we assume individuals within
a group are similar, hence second-order exchangeable (Level 1 exchangeability).
Further we assume that groups also are similar, that is the group 7 means resulting
from the level 1 exchangeability are themselves second-order exchangeable (Level 2
exchangeability). We have the following finite population representation theorem

for the SOEREF model.

Theorem 4.13.1. Suppose a two-level population consists of a finite number of G
groups and a finite number of N individuals in each group. We consider exchange-
ability judgements at each level of the hierarchy in turn and make use of the same

second-order specifications as in Chapter 3 as follows.
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E(y;) =p, Var(yu) =0, YVij Covly,yu) =o0n i#7,

Cov(yji,yjr) = i #iand j#j'.

Level 1 exchangeability

If at level 1 of the hierarchy we judge that individuals within group j are second-
order exchangeable, then we may introduce the further collection of random quanti-
ties {MW(y)), MWN (), ..., M (ye)}, and, for eachi=1,2,..., N,

{REM (y1), yzid (y2),-- -, REN] (yg)}, and write

v = MM () + RN (y,) (4.85)

where the finite group j mean MWN(y;) = £ SN ... The collections MW(y;) and

RZ[N}(yj) satisfy the following relationships

EMM(y)) = p, Vi (4.86)
Var(M™N(y;)) = o7 + %(aj —02), Vj (4.87)
B(RM(y;) =0, Vij (4.88)
Cov(MWN(y;), MM (y;)) =, Vj # (4.89)
Coo(MM (y;), R (y;)) = 0 (4.90)

Nel(g? — g2) ifi=i' Vj
Coo(RM (), RN (w;)) =4 N | (4.91)
— 02 otherwise.

Level 2 exchangeability

If at level 2 of the hierarchy we judge that groups are second-order exchangeable, then
we may introduce the further random quantity M9 (y), and, for eachj =1,2,...,G,
{REAMDN (), RE (M (y)), ..., RE (MW (y))}, and write

MW () = M) + R (MM (y)) (4.92)

where finite population grand mean MICl(y) = ézjil./\/lm (yj). The collection
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REG} (MWN(y)) and the quantity MC(y) satisfy the following relationships.

EM ) =p, V) (4.93)

Var(MEy) =7+ Z((02 + 0%) — ), (4.99)

ERF (MM () =0, Vj (4.95)

Cov (M (y), R (MM (y))) = 0 (4.96)

cl ) G+ o) =) if =7

Cov(RIMM (), REN MM (y))) = (4.97)

—&((02 + x02) — ) otherwise.
Proof. The proof of Theorem 4.13.1 follows from an application of the finite popula-
tion representation theorem of Goldstein (1986) as follows. For the level 1 represen-
tation, we compare the specifications for y;; with those of X,; in Definition 4.12.3,
we see that ¢, = o) and dy, = o, and substituting in (4.82) and (4.84) yield the
corresponding relationships in (4.87) and (4.91).

For the level 2 representation, we derive the specifications for ¢; from those of

yji- ThUS, E(g]) = W, Cov(gj.agj’.) = O-Z + %O’z .7 = jla

Cov(y., yp) =7 J#J,

Again comparing the above with the specifications for X,;, we see that ¢,, = v and
dpw = 02+ 102 and substituting again in (4.82) and (4.84) yield the corresponding
relationships in (4.94) and (4.97). [

4.13.1 Comparing the finite and the infinite SOEREF model

Our SOE judgements are similar for both the finite SOEREF model of Theorem
4.13.1 and the infinite version of Chapter 3. And in both cases our observations
are expressed as the sum of a population mean quantity and a residual from this
mean via the appropriate representation theorem. Furthermore, below we demon-
strate that infinite and finite SOEREF models are similar if the level 1 and level
2 populations are large compared to the respective sample sizes. Therefore all our
analyses could be carried out in terms of finite exchangeability (which would be
more precise because populations are not infinite) but provided the populations are

large compared to the sample sizes, then this would make little difference.
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(V]

At level 1, MIN(y;) is the finite population group j mean and R; ' (y;) is the
collection of level 1 residuals, that is discrepancy for individual ¢ in group j from its
group j mean. As in the infinite case, (4.90) shows that each M®(y;) is uncorrelated
with the collection of level 1 residuals. In (4.91) the level 1 residuals have a small
negative correlation to the order of (1/N). In the limit N — oo all the quantities
in (4.87) and (4.89) tend to their infinitely exchangeable counterparts, that is

lim Var(M™(y,)) =02 Vj (4.98)

N—oo

02 -0 =02ifi=4 Vj
fim oo (R (35), RE (g = {77 7 = )

N—oo

(4.99)
0 otherwise.

We note that the level 1 residuals are uncorrelated as in the infinitely exchange-
able case. In the infinite SOEREF model the population group j mean, M/(y;)
and the level 1 residual for individual ¢, R;(y;) are unobservable while their finite
counterparts MM (y;) and RZ[-N] (y;) are observable.

At level 2, MIl(y) is the finite population grand mean and RBG}(M[N I(y)) is
the level 2 residual, that is the discrepancy for the group j mean from the grand
mean. The grand mean is uncorrelated with the collection of level 2 residuals as in
the infinite case. In (4.97) the level 2 residuals have a small negative correlation to
the order of (1/G). In the limit as both N — oo and G — oo all the quantities in
(4.94) and (4.97) tend to their infinitely exchangeable counterparts as follows

: Gl () —
Jlim Var(M(y) =7, (4.100)

o2 — ) if j =4
lim  Cov(RIAMM(y)), R (MM (y))) = (u =) g = (4.101)
(N,G) o0 0 otherwise.

The level 2 residuals are now uncorrelated as in the infinitely exchangeable case.
Both M[“I(y) and RE.G] (MIN(y)) are observable while the corresponding M (y) and
R;(M(y)) in the infinite case are not observable.

In multilevel data we may have a smaller population of level 2 units than of
level 1 units - there are fewer schools than children in these schools. The reverse,
a potentially infinite population of level 2 units and a finite population of level 1
units, is also possible: a population of dyads, for instance, have a larger level 2
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population (married couples for example) but with only two level 1 units (husband
and wife) in each dyad. It is straightforward to examine the effects of these two
cases on Theorem 4.13.1 by setting N — oo while G remains finite in the first case,

while in the second one G — oo while N remains finite.

4.13.2 Comparing the finite SOEREF and the finite ex-

changeable multivariate model

The proof of Theorem 4.13.1 reveals an important result: application of the finite
population representation theorem of Goldstein (1986) (here Theorem 4.12.1) to
each level of the hierarchy yields the finite representation for the two-level SOEREF
model. Although, Theorem 4.12.1 was stated for the multivariate variable X, it is
equally applicable to the multilevel variable y;; since the clustering of individuals in
a group j induces a correlation structure analogous to the multivariate situation.

In the multivariate context, Goldstein (1986) emphasizes that, whatever the total
number of individuals in the population, we only need to consider our SOE judge-
ments for two individuals, with all other specifications following from the perceived
symmetries in the population. But how does this translate to our multilevel model
where not only we have a population of individuals, but we have also a population
of groups? Intuitively, we need to consider only two individuals (N = 2) in each of
only two groups (G = 2). We demonstrate this as follows.

Using the expressions in (4.93), Var(RM(y,)) = 5 (07 — 02), hence

1
Cov(RM(y). Ry () = — 57— Var(R (wy)). (4.102)

Similarly, using (4.99), Var(RI%(y)) = E21((02 4+ +02) — v), hence

Coo(RY (MM (y)), R (MN(y))) = —%V@T(REG] ) (4.103)

For (4.102) and (4.103) to be coherent both N and G should be at least 2, that
is a minimum of two groups with a minimum of two individuals in each of these
two groups. Conceptually, this means that, whatever the number of groups and
the number of individuals in these groups, for our SOE judgements to be coherent,

we only need to consider beliefs between two individuals in each of two groups and
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beliefs between the two groups. All other specifications will then follow from the

perceived symmetries in our finite multilevel data.

4.14 Comparing the adjusted population grand
mean for the finite and the infinite SOEREF
model

We stated earlier that the assumption of infinite exchangeability is a modelling
simplification. We now explore the effect of this simplification on our adjusted
beliefs by comparing the adjustments of the population grand mean for the finite
and infinite balanced SOEREF model. To adjust the finite population grand mean

we use the same specifications as in the infinite case.

Theorem 4.14.1. Suppose a two-level population consists of a finite number of G
groups and a finite number of N individuals in each group, that is a balanced design.
Given the representation and SOFE specifications for the finite SOEREF model as in
Theorem 4.13.1, we adjust the population grand mean using the collection of observed
group means D, = {41, %a.,...,¥s}, where D, is Bayes linear sufficient to adjust

beliefs over the mean components. The adjusted grand mean is

J((oi—v)+%+Gv)) @)+ %+ G

Bp, (M) = (1=

Proof. Application of the Bayes linear rule gives:
Ep, (M9(y)) = E(M(y)) + Cov(M9(y), Dy)Var~(Du)(Dn — E(Dy))

We make use of Theorem 4.13.1 to obtain the quantities on the right of Ep5_(MI[Cl(y)).
From (4.93) we obtain E(MCl(y)) = p.

Using the representation for the finite SOEREF model we may write g; = M (y)+
RE»G] (MIN()) + %TQEN] (yj), where R (y;) = =50, RZ[-N] (yj). Together with the
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SOE specifications and relationships in Theorem 4.15.1 we obtain:

Cov(M9(y), =Cov

i

(M y) g0, 00)
= Cov(M(y), )1§,Vj
= Con(MEy), (M (y) + REMM () + R g1
— Var(ME ()17,
= (@24 ot + (G- )17

1

where Var(MI%(y)) is given in (4.94).
Var(D,,) depends solely on our second-order specifications which are similar to the
infinite case in Section 4.2. In Theorem 4.5.2 we obtained the inverse of Var(D,,)

as follows.

Var(D,)™ ' =

From the above results, we obtain

Ep, (M (y)) = BMI(y)) + Cov(M(y), D)Var™(D,)(Dn — E(Dy))

1
:M—l_G—N(N(U —’7)"—0' ‘l‘GN’V)].T
1 y _ _
2 [ - 2 K Dn_EDn
«ﬂ—v+%ﬂJ (G2 =7 +Z + ) /|8 - BEW)
1
:M—l_G—N(N(U —’7)"—0' ‘l‘GN’V)

2 o2 o o2
(02 —~v+25) (02 =y 4%+ Jv)

n

1
Zu—i-—(N(afL—’y)—i-Jf—i-GN’y)

3. = m)

:<1_J((05—7>+%+GV)>M+J((Z N+%E+GY)
G(o2 — W+7+J7)
n

We now compare the adjustment of the finite grand mean with the infinite bal-

anced case (4.13) of Corollary 4.3.1 which is re-written in the same form as the
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above adjusted finite grand mean.

Iy Jy _
Ep,(M(y)) = (1- ot y.
i ( (ai—wz—gﬂv)) (02 =7+ % +J7)

Comparing Ep (M(y)) above with the finite version in (4.106), we may write

T((02 =) + %) G

(M) = B B
Ep, (M“y)) = Ep,(M(y)) + Gt At Z 1) 7. — ) (4.105)

From (4.105) above, the difference between the finite and infinite adjustments de-
pends on the level 2 sampling fraction J/G, on our specified variances for level 1
and level 2 units, and also on our uncertainty for M(y) and its prior expectation via
the difference (y. — p). For example, if the level 2 sampling fraction J/G is small
and/or p has been specified close to g, then the finite and infinite adjustments will
not differ by much.

From (4.105) we also note that if we allow only the finite population group
size G to increase, then limg o Ep (MI(y)) = Ep (M(y)), that is the finitely
adjusted grand mean becomes similar to its infinite version in the limit, irrespective
of whether the level 1 population is finite or infinite. Next, if we allow only the level
1 population size N to increase while keeping G fixed, we obtain:

‘n E- (G] _ J((O-?L - 7))
i B, (MI7(0) = Ep, (M) +

(@.—m) (4106

The above expression shows that the difference between the adjusted finite grand
mean when N is large and its infinite version is as discussed for expression (4.105)

above.

4.14.1 Differences between the finite and infinite adjusted
grand mean in the STAT1010 data

We now explore the effect of the level 1 and level 2 sampling fractions on the differ-
ences between the finite and infinite adjusted grand mean for the STAT1010 data.
In order to obtain a balanced data set to which our finite results apply, we consider
only the first N = 23 observations for each of G = 7 classes. From this finite popula-

tion we have to sample a minimum of n = 2 students in a minimum of J = 2 classes
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Figure 4.6: Disparities between the finite and infinite adjustments of the population grand mean

M(y) for two, four and seven classes. The prior mean p = 55 and the data mean §.. = 54.04.

for our judgements to be coherent (see Sub-section 4.15.2). Thus our sample designs
(J,n) comprise of (2,2),...,(2,23),(3,2),...,(3,23),...,(7,2),...,(7,23) with the
corresponding sample means g, which is here denoted as y; (J,n) to highlight the
associated design. For example g;(2,2) corresponds to the mean of the four obser-
vations in the design J = 2,n = 2. We sort both the examination scores within each
class and classes (by their group means g; ) in ascending order so that the sample
means g, (J,n) increase with n and J from design (2,2) through to design (23,7).
Using ;. (J, n) for each design we compute the finite and infinite adjusted population
grand mean.

The results for two, four and seven classes are shown in Figure 4.6. The observed
increasing trends in the graph are a consequence of the effects of the increasing
sample means g; coupled with the increasing sample sizes (J,n) on the finite and
infinite adjustments. Also, as g, increases the component (7; — p) (see (4.105))
shrinks, explaining the convergence of the finite and infinite curves.

We also note that when J = 7 and n = 23 then Ep (M!(y)) = ¢, the sample
grand mean. This can be verified by setting J = G and n = N in (4.104). That is
when we sample the whole of our finite population, the prior receives zero weight
and the data, the maximum weight: the data swamp the prior. Sampling the whole
finite population also pushes the infinite adjustment Ep (M(y)) very close to .

but, unlike the finite case, the prior does retain some of the weight.
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In conclusion Figure 4.7 reflects mostly changes in (y;, — p¢) and these mask all
the other components in (4.105) that influence the disparities between the finite and
infinite adjustments. A further impediment of our example data here is that it is
quite small; the level 2 population is only G = 7, and that hinders studying the

effect of the level 2 sampling fraction.

4.14.2 Conditions for ignoring the difference between the

finite and infinite situations.

To overcome the above-mentioned limitations of our STAT1010 example, we shall
consider a hypothetical finite population with N = 40 and G = 15, about twice the
level 1 and 2 population sizes of the STAT1010 example. This gives us sufficient
data to explore the conditions for which the finite/infinite issue may be ignored,
that is they both hold, so that we may use the simpler infinite calculations. We put
yj. = 40 and p = 65, thereby also fixing (y; — p), for all sample sizes, so that the
finite and infinite curves are spaced sufficiently. This will allow us to focus on the
effects on our adjustments of varying the level 1 and level 2 sampling fractions, as
well as the prior uncertainty « for the underlying population grand mean M(y). We
set v to 16, 56 and 156.

The resulting adjustments are shown in Figure 4.7. All the curves slope down-
ward towards the data mean of 40 as more level 1 and 2 data are used in the
adjustment. The level 2 sample size J has quite a large influence on the adjust-
ment; in all three panels the curves with J = 15 are closer to the data mean of 40
than when J = 2. This is not the same for the level 1 sample size n where all the
curves, whether for the finite or infinite adjustments, tend to remain rather flat as
n increases from 2 to 40 for a given value of J. The effect of the prior uncertainty
v is also quite important on the adjustments; increasing v reduces the difference
between the finite and infinite adjustments. We summarize our findings as follows.

Conditions where the finite/infinite issue is ignorable:
e The level 2 sampling fraction J/G is small.

e The prior uncertainty = is large.
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Figure 4.7: Disparities between the finite and infinite adjustments of the population grand mean
M(y) for the hypothetical data with prior mean p = 65 and data mean .. = 40, finite level 1 and
2 populations of N = 40 and G = 15 respectively. Adjustments are shown for level 1 samples of
n =2 to 40 and level 2 samples of J = 2 and 15 for v = 16,56 and 156. The dashed lines represent
the adjustments of M(y) for the infinite SOEREF model.

The smaller the level 2 sampling fraction, the closer will the finite and infinite
adjustments be. However, a large prior uncertainty v coupled with a small level
2 sampling fraction, will result in almost similar finite and infinite adjustments.
The above two conditions can also be deduced from expression (4.105) that relates
Ep, (MIE(y)) and Ep (M(y)). The level 1 sampling fraction n/N has almost no

bearing on the differences between the finite and infinite adjustments.

4.15 The adjusted variance of the population grand
mean in the finite and the infinite SOEREF
model

Below we state and prove a theorem for the adjusted variance for the finite popula-

tion grand mean and we relate it to the infinite situation.

Theorem 4.15.1. Consider the balanced two-level population consisting of a finite
number G of groups and a finite number of N individuals. Using the representation

and SOFE specifications for the finite SOEREF model as in Theorem 4.15.1, the ad-
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justed variance of MG (y) given the collection of group means D,, = {§1., ., ..., U1}

18

1 o? J(az—v—Fﬁ—I—Gv)
Varp, (M (y)) = = (02 — v+ == + Gy) |1 — — N 4.107
D, (MT(y)) = &( N ) ot — 1+ Z 4 7 (4.107)
Proof.
Varp, (M9(y)) = Var(M(y))

— Cov(MU(y), D,)Var~"(D,,)Cov(Dy, M9 (y))
1o, ‘752 1 ‘752 24T

=7t +67) - mlow—y+ 5 + 6L

1 gl
I;— K;|1;
(02 =7+ %) (0 =7+ +77) }
—l( - +U—3+G )—i( — +U—3+G )
1 [1_ Jy }J
(@2—7+Z)L (o2 —y+Z+Jy)
. 1 2 062 G 1 062 G 2
=glon—r+ 5 +67) - -7+ 5 +67)
J

(02— 7+ Z + J7)

1 o? J(02 =y + % + Gr)
= Glol—v+ S+ G|l - N ,

G(o2 —y+ 7=+ Jy)

where the expression for Var(M!“(y)) comes from (4.94) and the covariance and

inverse variance expressions are as in Theorem 4.14.1. [ |

The adjusted finite variance depends on the level 1 and level 2 sample sizes
(n,J) and finite populations sizes (N,G) as well as on our prior variance speci-
fications. Since n < N and J < G, and all variance quantities in (4.107) are
non-negative, J(o2 — v + U—]\j + Gv)/G(o2 —~ + %2 + Jv) < 1. Hence, we deduce
that Varp, (MI%(y)) > 0, which is equivalent to the coherence condition that the
variance-covariance matrix over our beliefs and data is non-negative definite (see
Goldstein and Wooff (2007; page 67)). We note that Varp (M (y)) = 0 when
n = N and J = (G, which has the intuitive implication that when we sample all the

finite level 1 and 2 populations there is no uncertainty left in Ml (y).
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Irrespective of the size of the level 1 population N, as the finite level 2 population
G becomes large, in the limit we have from (4.107)
J 2
lim Varp, (M%) =7~ -

G (02 =7+ %+ J7)
1

e+ )

(4.108)

which is the same as the adjusted variance of the overall mean in the infinite balanced
case.
However, if G is small and only N becomes large then we have
J(op =7+ Gn)
G2 =~y + % + Jy

) 1
Jim Varp, (M) = 502 =5+ 6|1 -

] (4.109)
)

As mentioned before, it is more realistic for a hierarchy to comprise of a level 2
population with few groups (G) and a larger level 1 population N in each of these

groups so that (4.109) may be more useful in practice than (4.108).

4.16 The finite and infinite resolution

The resolution for adjusting the finite mean M (y) by D, is given by

_ Varp, MU(y))
Var(MIC(y))
:J(ag—7+"ﬁ+Gv) (4.110)
G(o2 — v+ % + Jv)

Rp, (M (y)) =

It is quite easily seen from (4.110) that Rp, (M[C(y)) lies between zero and one.
Rp, (MI(y)) will be zero when Varp (M (y)) = Var(M!9(y)). This will hap-
pen if either D, is not informative for adjusting M€l (y) or our beliefs specification
is not sufficiently detailed to exploit the information in D,,. The resolution will be
one if we sample all the level 1 and level 2 finite populations, i.e. (n = N) and
(J = G), hence D,, will contain all the information required to adjust M!“l(y), and
all uncertainty will be resolved.

To show the connection between the finite resolution and its infinite counterpart,
we rewrite (4.110) as the following sum of two terms

G027+ %) N 2l

(@2 —v+Z+Jy)  (o2—y+Z+Jy)

Rp, (M (y)) = (4.111)
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Figure 4.8: Disparities in the proportion of uncertainty resolved in the finite and infinite adjust-
ments of the population grand mean M(y) for the hypothetical data. The resolutions are shown for
level 1 samples of n =2 to 40 and level 2 samples of J = 2 and 15 for v = 16,56 and 156.

The first term in (4.111) is always positive, while the second term is the resolution
of the overall mean in the infinite balanced case, i.e. Rp (M(y)). Thus the finite
resolution Rp (MIC(y)) is larger than Rp_ (M(y)).

This difference between the two resolutions is also evident in Figure 4.8. The
latter shows the disparity between the finite and infinite resolutions for our hypothet-
ical data set with finite level 1 population N = 40 students, from which successive
samples of n = 2,3,...,40 are taken, and level 2 population G = 15 classes, from
which only two extreme samples J = 2 and J = 15 are considered. As before,
three levels of uncertainty v = 16,56, 156 in M (y) are considered. As 7 increases
the difference between Rp (M (y)) and Rp, (M(y)) decreases for both J = 2 and
J =15.

The differences between the resolutions are influenced to a large extent by the
level 2 sampling fraction .J/G. For example, Rp (M (y)) converges to Rp (M (y))
when the level 2 sampling fraction is decreased from J/G = 15/15 to J/G = 2/15
(see first panel of Figure 4.9). This convergence effect can also be demonstrated by
making the finite level 2 population size G large while keeping the level 2 sample

size J fixed. Irrespective of the size of the level 1 population N, as G becomes large,
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in the limit we have from (4.111)

Jy
lim Rp (MCl(y)) =
i fio M) (02 =7+ %+ J7)

(4.112)

which is equal to Rp (M(y)), the resolution of the overall mean in the infinite
balanced case.

Figure 4.9 reveals that for a level 1 sampling fraction n/N = 10/40 or more, the
difference between Rp (M (y)) and Ry (M(y)) remains more or less the same for
all values of J and ~. In fact, this discrepancy between the two resolutions persists
even if we allow the finite level 1 population N in RDH(M[G](y)) to become large
while keeping the level 1 sample size n and the level 2 population size G fixed as
follows.

(02 — ) Jy

2 o2 T 2 o2 ’
(02 —y+%=+Jy) (0Z—v+754+Jy)

lim Rp, (M(y)) = (4.113)

The second term on the right of (4.113) is the infinite resolution Rp (M(y)), so
that the difference between the finite resolution as N — oo and Rp (M (y)) is given
by the first term of the sum in (4.113).

4.17 The finite adjustments of level 2 quantities

In order to update the population group j mean M[N](yj), for j = 1,2,....G
in the balanced finite SOEREF model, we make use of the level 2 representation
MW (y,) = M[G](y)—FRE-G](M[N](y)). Since we have already updated the population

grand mean M(“(y), we only need to update the level 2 residual RE-G} (MN(3)) using
the sample group means D,, = {1, %2, ..., 7 }-

Theorem 4.17.1. The adjustment of each level 2 residual RBG}(M[N](y)) of the

balanced finite SOEREF model by the collection of sample group means D, =

{gldgz) cee agj,} 18

Ep, (RE(MWN(y))) = (G — 1) —

) G(o2—y+ %+ Jv)
(4.114)

) J(02 — v+ 2=+ GY)(§. — 1)
o
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Proof. Let Cg,; denote the vector of level 2 residuals {RQG}(M[N I(y)),
R[QG} (MM (y)), .. .REIG}(M[N](y))} in the finite SOEREF model. Using the SOE

relationships from Theorem 4.15.1, and in particular

BRI MM (y)) =0, Vj

G=1//.2 | 1 9 ey

G fe. = ((og +§0o2) =) ifj=j

Cov(RMN (), RFI MMy = ¢ ¢ 7V |
—z((oy + §02) — ) otherwise.

we calculate the required second order quantities over (C R Dn). We have E(C Rj) =

1,0 and Cov(Cg,, Dy,) = (02 — v + %)(I] — £K;) where 1; is a column of J ones,

I, is an identity matrix of dimension J and K is a J x J matrix of ones. Applying

the Bayes linear rule gives the adjusted vector of level 2 residuals as follows.

Ep,(Cr) = E(Cr,) + Cov(Cr,, Dy)Var~'(D,)(D, — E(D,))

2
:1J0+(05—7+U—JG)(IJ—%KJ)
1 N }
z L - 2 K Dn_]-
(‘75—7+%)[J (02 =+ 2=+ Jy) 7| at)
(3_7+%) 1 [ ¥ :|
= I, — —K;)|I; - K
(‘75—’Y+%S<J G )|l (03—7+%3+J7) J
("5‘“%){ (02 =7+ % +GY) } ]
_ £ oo 1
(03_'7+%g) (05—74—%_’_(],7/) J( JM)
=7 = —f\ (@G- w
:(03_7+U—]\§) —f 1-f —f (QQ,—/L)
(02 =7+ %)
- 1—f) \@—p)
(1. — ) fZ}]:1(§J 1)
_(ou—7+ 9| @ — 1) — £ @ — m) s
(02 =7+ %) :

2
(08 =+ +G)

Setti T (g, — ) = J(i. — ) in the jth f
G(02—y+ZE+J) etting 25 (0 — 1) (.. = p) in the jth row o

where f =
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(4.115) gives (4.114). u

We note that as G, N — oo, REG} (MM (y)) — R;(M(y)) as in Theorem 4.4.1
for the balanced SOEREF design.

Using the finite level 2 representation, we calculate the adjusted finite population
group j mean Ep, (MIN(y;)) by adding Ep, (M9(y)) (4.106) and Ep, (RY* (MM (y))

(4.116). However, unlike the finite case, it is not straightforward to interpret

Ep, (MIM(y,)) as it is the sum of two complex adjusted quantities.

4.17.1 The finite adjusted variance of RE-G] (M (y))

After calculating the adjusted mean of the level 2 residual REG} (MM (y)), we now
consider the adjustment of the variance and covariances of the collection of level

2 residuals Cgr,. We may then compare our results with the infinite adjustments

derived in Corollary 4.4.3 for the balanced SOEREF model.

Theorem 4.17.2. The adjusted variances and covariances of the collection of level
2 residuals Cg, = {R[lG] (MM (y)), R[zc}(/\/l[N] (y)), .. .RBGl (MIN(y))} in the balanced
finite SOEREF model by the collection of sample group means Dy, = {ij1., %2, - - ., Y.}

are obtained respectively from the diagonal and off-diagonal elements of

Q
n o

=

Varp,(Cr,) = I, - 5Ky)

n G

(02 =7+ %)

n

m

(ai—w—){(N—n)U_? 1
2 N

[\

+

(4.116)

(G—J)(%—v+”—]§)(05—7+%3+G7)KJ
G2 (02 =7 + %+ J7)

Proof. First, we note that (I, —aK;)(I;, —0K;) = (I, — (a +b— Jab)K}).

Varp, (Cr,) = Var(Cr,) — Cov(Cg,, D,)Var~"(D,)Cov(D,,Cg,)
2

2 1 o 1
= ( 5—7+ﬁ6)(1J—5KJ)—(UE—V‘FNG)(IJ—EKJ)
)

=N 2 KJ(?%_’Y—F
(02 — v+ %) (02 —y+Z + Jv) N

Q

2
9e

All the matrices above are of the form (I; — aK ;) and their multiplications result

in the same symmetric matrix form, simplification of which results in (4.116). H
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It is straightforward to verify that as N,G — oo, the variance and covariance
terms in (4.116) are the same as the corresponding infinitely adjusted quantities that
we derived in (4.30) of Corollary 4.4.3. As we mentioned in Corollary 4.4.3, calcu-
lating and interpreting adjusted level 2 quantities individually is not that straight-
forward, more so since these quantities as in Cg,; are correlated. We shall therefore
proceed to analyze and interpret overall changes in beliefs over the collection Cr; via

a canonical analysis as we did for our infinite adjustments of group level quantities.

4.18 Canonical analysis for the adjustment of the
finite population group means

We shall now analyze and interpret overall changes in beliefs over the collection of
finite population group means M (y;) using a canonical analysis. The motivations
for such an analysis are as explained in Section 4.5 for the adjustments of infinite
populations. In addition, here we are also interested in comparing the canonical
analysis of the finite and infinite cases. We begin by calculating the resolution
transform matrix which has a central role in Bayes linear statistics, ( Goldstein and

Wooff, 2007).

4.18.1 The resolution transform matrix for the adjustment
of MW (y))

First, let Cpqn = {MM(y1), MM (), ..., MIN(y,)} denote the collection of finite
population group means. In accordance with the notation for the resolution trans-

form matrix in Section 4.5, viz. Tpg.p, we have for the finite case, TCM[N .p,, Which

]
we write as Th" for simplicity.

Theorem 4.18.1. The resolution transform matriz for the adjustment of the col-
lection of finite population group j means Cpyn = { MW (y;), MIN (y),
MWy )Y in the balanced SOEREF model, by the collection of sample group
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means Dy, = {§1.,¥a,---, U7} is

1 2 (N_”)U_g
TL{V] = o2 (02 -7+ U_]\;)IJ + L Uzn K, (4.117)
(02 —v+°) (02 =7+ 2=+ J7)

Proof. From our second order specifications for the finite SOEREF model in The-
orem 4.13.1 we obtained Var(MW(y;))=0? + (02 — o2)=02 + o2, Vj, and
Cov(MW(y;), MM (y;))=r, Vj # j'. Hence,

[\

g

Var(Cym) = (o5 — 7+ ALKy (4.118)
Since, Cov(MW] (yj),REN] (y;)) =0, we have
Cov(Cpqm, D) = Var(Cpm) (4.119)

Using the above, the resolution transform matrix is

’]I‘LN] = VaT(CM[N])’lCO'U(CM[N],Dn)Var(Dn)’lCov(Dn,CM[N])
=Var(D,) 'Cov(D,, Cain)

1 {I i K]{( 2 7+U€2)I +7K]
p— —_— O'u_ —_
02—+ )7 2y + gy N

€
n

1 2 :
:m (Uu_'y+_)IJ

0-2_ _l_ﬁ J 2
+ <’}/_ /Y( U 702 N) _ 702 )KJ:|
(2 —v+2=+Jy) (02—7+=+J7)

On simplifying the multiplier term of K; between brackets, we obtain (4.117). W
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V]

We note that as N — oo, T}, ' in (4.117) above is equal to the resolution trans-

form matrix T, in (4.35) for the infinite population case. Also, if we sample the
whole level 1 population, i.e., n = N, then T%V l=1 7, that is the resolution transform
matrix becomes the identity matrix, implying that all the uncertainties in the col-
lection of linear combinations of the finite group means (MM (y;)) will be resolved.
This is to be expected since we have observed the whole finite level 1 populations.
Based on T%N], we shall now calculate the canonical resolutions (eigenvalues) and
their associated canonical directions (eigenvectors) that will be useful in achieving a

better understanding of the magnitude and type of information gained by observing

our multilevel data.

4.18.2 The canonical resolutions

The canonical resolutions, i.e. the ordered eigenvalues of TLLN], are easily obtained

from TY since it is of the form (al;+bK ;) which has eigenvalues a, with multiplicity

n — 1, and a + nb (see Section 4.5.2).

Corollary 4.18.1. Let /\[1N] and /\[QN] be the two distinct eigenvalues of ']I‘%V], where
A[lN] 15 the largest eigenvalue and )\[QN} 15 the smallest eigenvalue with multiplicity

(J—1). Then

2 o?
— v+ 2= + J
AN ("; b ) (4.120)
(08 =7+ +J7)
2 _ a2
AN = (0w =7+ UNQ), (4.121)
(o8 —7v+7)

where n < N, J < G.
We use the special form (al; + bK ;) of TV to prove Corollary 4.18.1.

Proof. The coefficient of I plus J times the coefficient of K for T in (4.119) gives
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the largest eigenvalue as follows.

2
1 o? J*y—(N_n)%
M= @)+ 5 ,
Gk (o2 =7+ +J7)
2 0? 2 Ug af
_ 1 N(oy =7+ %)y =7+ +J7) + (N —n)%
(02 =7+ %) N(o2 =7+ %+ Jv) ’
0.2
_ (o= v+ %+
(02— 7+ Z +J7)

The coefficient of I for TS in (4.117) gives the smallest eigenvalue as follows.

0_2

)\[21\/}_( v+ %)
- o2\
(o2 —v+75)

First we note that as N — oo, /\[1N] — A and )\[2]\” — Ay, their infinite counter-

parts. Both /\[1N] and )\[QN} depend on the level 1 sample and population sizes, n and
N respectively. Asn — N, )\EN] — 1, for each 7. Hence, the more we increase the
level 1 sample size, the more the uncertainty we expect to resolve in each of the two
directions of the corresponding components in (M (y;)) by observing D,,.

We need to verify that A[lN} > )\[QN}. Using expressions (4.120) and (4.121), we
obtain A[lN} > )\gN] if n < N, which is a trivial condition. Also, )\[IN} = A[zN} when
v = 0, that is when there is no uncertainty about the population overall mean
M(y).

We also need to ensure that the largest possible reduction in variance is one, that
is )\LN] < 1, for each j. Both )\[11\7] and )\[21\/} attain their maximum values when their
denominators are minimum, and this occurs when n is maximum. Putting n = N
in (4.120) and (4.121) we see that, for each j, )\EN] attain its maximum value of one
as required. In other words when we sample the whole level 1 finite population,
i.e. n = N, we resolve all the uncertainty about (M®™(y;)) by observing D,, as we

would expect.
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4.18.3 The eigenstructure of T%V ]

We now show that the SOE samples selected from finite and infinite multilevel

populations have similar coherence relationships.

Theorem 4.18.2. The eigenvectors of TN are the same for each n. If YIN! s
an eigenvector of T[lN] with corresponding eigenvalue AN, then the corresponding
eigenvalue AN for TiM s

/\[N] _ n(N — 1))\[N]
™ (n— 1)NAN + (N —n)

]

(4.122)

Proof. The resolution transform matrix TLN has an eigenvector v corresponding to

the eigenvalue AV if

TV = ANy

n

Substituting T = Var(D,) 'Cov(Dy, Cpyiyp) from the proof of Theorem 4.18.1,

we have
Var(D,) ™ 'Cov(Dy, Cpyiny)v = AV
Multiplying both sides of the above equation by Var(D,,)
C’ov(Dn,CM[N})v = \NMVar(D,)v

Substituting expressions for Cov(D,,Cry) and Var(D,) (see proof of Theorem
4.18.1), we obtain

[

2
o g
(o0 =7+ )+ Ko = AN[(o2 —~ + )y + 7K v

2
= A\M[(02 — ) I; + K v + )‘[N]&[J'U
n

2 2
(0% = N1+ 3K o + S Lw = AV[(0% = )1y + 7K o + AN 2 o

AN
(02 =)+ 95100 = NP0 = = = Dot
(ﬂ — 1
[(‘75 — I +vK;v = ﬁfﬁbv (4.123)
Putting n = 1 in (4.123),
2 _ VI, +~vK o) 27 4.124
[(Uu - 7) J +'7 J]U (1 IR )\[N}) 06 JU ( . )
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Equating the right-hand sides of (4.123) and (4.124) gives

AN % 2

_ ~
T=3M) ~ (@A)

which, after solving for /\EJ:)], gives expression (4.124). [ |

Theorem 4.18.2 shows that the canonical directions for the adjustment of (M” (y;))
by D,, are the same for each n as was the case for our infinite adjustments in Theorem
4.10.2.

Further, dividing the numerator and denominator of (4.122) by N, we obtain

M ()
™ (n—1)AN + (1 - 2)

(4.125)

]

n

+ is small, then the

It is clear that as IV becomes large or if the sampling fraction

N]
n)

in Theorem 4.10.2

eigenvalue )\E is the same as the corresponding eigenvalue A, for infinite sampling

4.19 Finite adjustment of population group means

MW(y,) for the STAT1010 data

To apply our results of the preceding sections to the STAT1010 data, we shall
consider a balanced subset of the original data. We sort the classes (groups) in
increasing order of group means, see column (2) of Table 4.5. We sample n = 23
students from each class which, for simplicity, we assume to have a finite popula-
tion of N=30 students each. There are J=7 classes where the first three C1 to
C3 are from the Faculty of Law and Management,and the remaining four classes
are from the Faculty of Engineering. We shall use the same prior specifications
as before, namely E(M(y)) = 55, Var(M(y)) = 56.3, Var(Ri(y;)) = 237, and
Var(R;(M(y))) =59 Vi,j.

Table 4.5 shows the results of our finite and infinite adjustments for the balanced
data. The prior expectation and variance are the same for all seven classes. The
finite adjusted expectations (column 3) for each class are shrunk towards the prior

expectation of 55%. The changes in expectation relative to the resolved variance
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in the respective group means are shown in column 4. For example, for the first
class, the prior and adjusted expectations are 55% and 43.598% respectively, and the
change in expectation relative to the resolved variance in M(y;) is -1.073 calculated
as follows

Ep,(M(y1)) — EM(y1))
VERVarp, (M(y1))

The changes in standardized expectations for the seven classes range from -1.073 to

S(Ep,(M(y1))) = = —1.073.

1.395, that is there is no surprising change as standardized expectations should have
expectation zero and variance unity. The finite adjustments differ to some extent
from the corresponding infinite adjustments since quite a large proportion of the
finite population was sampled (i.e. n=23 out of N=30).

The change in variance for each M(y;) from prior to finitely adjusted is 115.3
- 2.331 = 112.969, so that 98% of the prior variance is resolved, which is larger
compared to the infinite resolution of 92.2%.

Although the changes in expectation show no cause for concern, the pattern
in these changes indicate that variation in STAT1010 marks are associated with
faculty. All the changes (column 4) for Faculty of Law & Management (M (y;)
to M(y3) ) are negative while those for Faculty of Engineering (M (y,) to M(y;)
are positive. Students from the Faculty of Engineering require good A level maths
and thus perform better in STAT1010 compared to students from the Faculty of
Law &Management. A SOEREG model will be more suitable to account for these
differences.

It is of interest to compare the quality of the infinite population size approxi-
mation to the finite population. We randomly select a smaller sample of n = 10
students only from each of the 7 classes and compare the finite and infinite adjust-
ments of the faculty mean score. The results are in Table 4.6 below. There are very
little differences between the infinite and finite adjusted means and also in their
associated changes in expectations relative to the resolved variances. Hence, when
the sampling fraction is small compared to the population (here n=10 out of N=30),

we may use the simpler infinite adjustments.
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Expectation

Element Class means Finite Adjustment Change Infinite Adjustment Change
(1) (2) (3) (4) (5) (6)
M(y1) 43.217 43.598 -1.073 44.848 -0.984
M(y2) 44.652 44.983 -0.942 46.070 -0.866
M(ys) 46.087 46.368 -0.812 47.291 -0.747
M(ys) 56.826 56.734 0.163 56.434 0.139
M(y7) 58.087 57.952 0.278 57.507 0.243
M(ys) 59.043 58.875 0.364 58.321 0.322
M (ya) 70.391 69.829 1.395 67.982 1.259
Prior expectation 55.0 Prior variance 115.3
Finite adjusted variance 2.331 Finite Resolution  98.0%
Infinite adjusted variance 8.958 Infinite Resolution — 92.2%

Table 4.5: Finite and infinite adjustment of group j means M(y;) in the SOEREF model using
a balanced sample of the STAT1010 data.

Expectation
Element Class means Finite Adjustment Change Infinite Adjustment Change
1) (2) (3) (4) (5) (6)
M(y1) 41.200 41.641 -1.257 43.089 -1.155
M(y2) 40.500 40.965 -1.320 42.493 -1.213
M(ys3) 52.900 52.935 -0.194 53.050 -0.189
M(ys) 57.100 56.989 0.187 56.625 0.158
M(yr) 52.200 52.259 -0.258 52.454 -0.247
M(ys) 60.100 59.885 0.460 59.179 0.405
M (ya) 72.000 71.372 1.540 69.310 1.388
Prior expectation 55.0 Prior variance 115.3
Finite adjusted variance 2.331 Finite Resolution  98.0%
Infinite adjusted variance 8.958 Infinite Resolution ~ 92.2%

Table 4.6: Finite and infinite adjustment of group j means M(y;) in the SOEREF model using
a balanced but small sample of 10 classes of the STAT1010 data.
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Chapter 5

Bayes linear estimation of the

level-1 variance

In Chapter 4 we derived both infinite and finite adjustments of beliefs about the
population overall and population group means in the SOEREF model. We showed
that all these adjustments and the associated adjusted quantities, such as the res-
olutions for example, depended on the prior level 1 and 2 variances. However, we
did not learn about the population variances using the available data.

Learning about population variances is somewhat more complex when compared
to the estimation of mean components as explained in Section 2.14. In Section
2.14.3, we followed Goldstein & Woof (2007, pg. 265) to carry out a Bayes linear
adjustment of the variance of a sequence of exchangeable random quantities. We
now wish to extend Bayes linear methods to learn about population variances in
multilevel models.

We start with the simplest multilevel model, namely the SOEREF model which
has two variance components, one for each level of the hierarchy. Our interest centers
on the level 2 variance component which can be difficult to estimate, particularly
when data is scarce or when the true population variance is close to zero, in which
cases the estimate of the level 2 variance could even be negative. We shall consider
adjustment of level-2 variances in Chapter 6.

Below we consider adjustment of the level-1 variance for both the balanced and

unbalanced cases.
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5.1 Adjusting the level-1 variance - balanced sit-
uation

First, we revisit the SOEREF model. In Chapter 3 we used SOE judgements at
levels 1 and 2 of the hierarchy to derive the SOEREF model:

Yji = M(y) + R;j(M(y)) + Ri(y;),
t=1,2,...,n;, and j=12,...,J

In the balanced case n; = n. For assessing the level-1 variance, we reiterate our
SOE judgments of the level-1 residuals.
We assume the level-1 residuals R;(y;) are second-order exchangeable over indi-

viduals for each group j and write €;; = R;(y;) for individual ¢ in group j with:
ERi(y;) =0,  Var(Ri(y)) =0 Vi, j,

Cov(Ri(y;), Rury;)) =0  Vi#7d.

where the level 1 variance 02 > 0 and constant for all individuals and groups. Also,
for all 4 and j, R;(y;) is uncorrelated with the population grand mean M(y).
In order to learn about the level-1 population variance, we need to construct a
representation for the corresponding quantity as follows. If we assume the sequence
2

€;; 1s second order exchangeable then we have the decomposition

e =V

72 €ji

= M(Vo) + Ryi(Ve) (5.1)

Since Ele;] = E[R;(y;)] = 0 for all 7 and j, E[e}] is the variance of R;(y;). In
line with Goldstein & Woof (2007, pg. 265), we write Var[R;(y;)] = Va.. Hence,
E(M(V,))=Vg.. The sequence Rq1(V;), R12(V;), ... is uncorrelated with mean zero
and constant variance Vg(y,). Also, each element R ;(V;) is uncorrelated with M(V,).
The level-1 population variance is denoted by M(V,) while the variance of M (V%)
is denoted by V), . For simplicity, below we shall write R;;(y) in place of R;(y;).
Based on representation (5.1), updating the level-1 population variance is equiv-

alent to updating a mean component, here M(V,), using a suitable statistic. One

such statistic is the ANOVA estimator of the level-1 variance (see Section 2.7 for the
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properties of this estimator), that is the mean squared error (MSE) which we denote

by 62. Thus we shall use the decomposition 62 = M(V;) + T. to adjust M(V,). The

e =

2

difference between the decomposition for -

and the corresponding decomposition
(5.1) is that V., cannot be measured directly as M(y) + R;(M(y)) is unknown.
However, we need to make some additional assumptions about 7, which comprises
of products of residuals R;;(V;) and R;i(y) as follows.

Following Goldstein & Woof (2007, pg. 267), we assume the following fourth-

order uncorrelated properties:
Cov(M(Ve), Ri(y)Rjir(y)) = Cov(R;i(Ve), Ryi(y) R (y)) = 0, (5.2)
and

Cov(Ryi(y)Rjir(y), Ryi(y) Ry (y)) = 0, for j # j' (5.3)

We note that j # j' implies that ¢ # i/, i.e. the same student ¢ cannot belong to
two different classes j and j'.
Thus, to adjust the level 1 variance of the SOEREF model, we have the following

theorem.

Theorem 5.1.1. In the SOEREF model, we write the level-1 residuals as €;; =
R(y;i) with specifications E(e;;) =0 and Var(e;;) = 2. To learn about the population
level - 1 variance, we construct a representation for the squared level-1 residuals e?i =

Ve, =MV +Rji(Ve). We adjust M(V,) based on the mean squared error (MSE)

6]2
2

2 —
.=

a2 via the decomposition 62 = M(V.)+T.. Using the second-order specifications over

M(V,) and R;i(Ve), and assuming the following fourth order uncorrelated properties
Cov(M(Ve), R;i(y)Rji(y)) = Cov(R;i(Ve), Rji(y)Ryir (y)) = O,
and
Cov(Ryi(y)Ryjir(y), Ryri(y) Ry (y)) = 0, for j # ',
we derive the following joint prior assessments

E(62) = Vg, Var(6?) = Vi, + Vi, Cov(62, M(V.)) = Vay.. (5.4)
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The Bayes linear adjusted mean and variance of the level-1 population variance
M(V,) based on the mean squared error (MSE) 62 is given by
_ V62 + ViV,

E; Ve , 5.5
(M) = e (55)
with the corresponding adjusted variance
Vi Vr,
Vars V)= ————. 0.6
ars2(M(VL)) Vi, + Vo, (5.6)

Proof. First, we derive (5.4). The MSE is the mean squared deviations of each
observation y;; from its respective group mean ¥; , and it can be written in terms of

the squared residuals as follows:

2 1
o. = S =1) 1)SSE
1 2
1 2
= g(n—l) ZZ(GN 6])

We use the above to construct a representation for 62 as follows:

~92 1 [ 2 1 2
R TE P Zeﬁ—#zeﬂ‘”]

J L ? 7

o —(n—1), 2
S

= 2 IMO) + RV gn(f_ 5 20 SRRy (v)
= /\]/l(VG)JrTC, J (5.7)

where
1 2
T, = — R;ji(Ve) — ————— Rii(Y)R i 5.8
gnZZ (V) = T %3?@; (V)R (y) (5.8)
From (5.8) and the fourth-order uncorrelated properties (5.2) and (5.3), we may

now derive the following properties of T:

E(T.) = 0 (5.9)

1 2 9
Var(T,) = Vr, = g—nVR(VE) + m(vm +Vz) (5.10)
Cov(M(V,), T.) =0 (5.11)
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Using the above we obtain the results in (5.4), that is
E(62) = Vi, Var(62) = Vi, + Vi, Cov(62, M(V.)) = Var..

The proofs for the adjusted level-1 population variance (5.5) and its correspond-
ing a