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Jack Greenwood

Abstract

For decades, flux pinning scaling laws based upon unimodal, infinitesimally

narrow, averaged distributions of critical superconducting parameters have

been used to explain what limits the critical currents of practical superconduct-

ing materials in high fields. These scaling laws have enabled superconducting

technologies ranging from MRI scanners, to high field research magnets, to

magnets for particle accelerators and fusion energy. However in this work, we

progress beyond these approximations and provide:

(i) The first comprehensive analysis of critical current density data showing

that in high magnetic fields, technological low and high temperature super-

conducting materials can be treated as a percolative network of Josephson

junctions. We then extract the size and normal state properties of the grain

boundaries, the underlying TC distribution within the grains, and the dimen-

sionality of the current flow within the material

(ii) The first reported measurements of the in-plane, biaxial strain dependence

of JC for (RE)BCO tapes. This provides a description and understanding of

the effects of the two most important strain components on JC and

(iii) The first comprehensive framework for percolative current flow in LTS and

HTS superconductors under strain. It explicitly includes the factors suppress-

ing JC and describes percolative flow within an anisotropic material containing

a distribution of critical superconducting parameters.

Our results show that large improvements to JC are available from further

optimisation of the grains and grain boundaries in (RE)BCO and Nb3Sn which

will help enable the successful delivery of commercial fusion tokamaks.

Supervisors: Prof. Damian Hampshire and Prof. Ray Sharples
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Chapter 1

Introduction

The inherent issues with fossil fuels mean that renewable, low carbon sources of

energy must be developed and adapted at a rapid scale in the 21st Century. This

will likely be the defining challenge for this century. Several forms of renewable,

low carbon energy generation already exist, such as wind and solar power. How-

ever, these technologies are intermittent as they depend upon favourable weather

conditions, which cannot be controlled. Large scale energy storage is often thought

of as a potential solution, however, there are doubts that storage solutions of suffi-

cient energy density and efficiency can be deployed at scale in time. Nuclear fission

is another potential solution. However, it has potentially very severe safety issues

[1, 2, 3, 4], it is very costly to dispose and monitor the long-lived radioactive waste

[5], and it can proliferate the development of weapons of mass destruction. There

is one technology that has the potential to completely transform global power gen-

eration, with none of the drawbacks listed above - fusion energy.

Fusion is the process that powers the stars, in which lighter nuclei are fused into

heavier nuclei, and energy is released as a by-product. In the 21st Century, Fu-

sion is rapidly moving from the realms of science fiction into reality, with many

projects underway, both publicly and privately funded. Arguably, the most well-

studied approach to power generation from fusion is using a magnetically confined

plasma in a toroidal shape, using a tokamak. Since the early works of Tamm,

Sakharov, and other pioneers in the 1950’s, [6], the fusion community has moved

1



1. Introduction

ever closer to achieving net power output from a fusion tokamak. The ITER fu-

sion reactor, that is currently under construction in France, will demonstrate that

it is possible to generate enough fusion power within a plasma for the plasma to

sustain itself at its operating conditions [7]. Looking beyond ITER, concepts for

large prototype/demonstration fusion power plants are currently being studied by

several states and superstates such as Japan [8], the UK [9], China [10], and the

EU [11]. Several private start-ups/spin-offs have also been created that are invest-

igating faster ways to achieve commercial fusion power by using compact tokamaks

[12, 13].

The fusion power generated by the plasma scales very strongly with the plasma’s

magnetic field. The only way for magnetic confinement fusion power plants to gen-

erate the large amounts of power needed for commercially viable fusion is if they

use superconducting magnets. Only superconducting magnets can generate these

very high fields for long durations, as the superconductors have zero dc electrical

resistance. It is this unique property of superconducting materials, along with

their perfect diamagnetism, that has allowed technologies ranging from Magnetic

Resonance Imaging (MRI) scanners [14], to particle accelerators such as the Large

Hadron Collider (LHC) [15], to high-field, dc research magnets [16], to levitating

trains [17]. Superconductors continue to play prominent roles in other emerging

technologies as well, such as electric aircraft propulsion [18].

While Low Temperature Superconductors (LTS) such as Nb-Ti and Nb3Sn have

been used for decades in technologies such as MRI and high-field magnets, it is

likely that High Temperature Superconductors (HTS) will become the workhorse

of future superconducting technologies, including commercial fusion power plants.

This is because of their much higher critical temperatures (TC’s), upper critical

fields (Bc2’s), and critical current densities (JC’s). The HTS ‘grain boundary prob-

lem’ [19, 20], that was identified after the discovery of HTS in the 1980’s [21], has

largely been solved by the development of coated conductor technologies, enabling

high JC ‘tapes’. Nevertheless, the JC’s of technological HTS (and LTS) remain

2



1. Introduction

orders of magnitude below the theoretical depairing current density limit [22]. For

decades, flux pinning scaling laws, that consider the forces on the fluxons within

the flux lattice in the superconducting material, have been used to inform magnet

designers of the critical currents of superconducting materials (see Ekin’s excellent

review [23, 24, 25] and the voluminous number of references therein). These scal-

ing laws are perhaps less useful for HTS due to the many pinning mechanisms that

occur within the material.

All technological superconductors, with the exception of Nb-Ti, are brittle. This

is a key issue for the adoption of superconductors in fusion magnet systems, as the

Lorentz forces on the magnets are large. This issue is often exacerbated in HTS

fusion magnets, in which the high Bc2 and JC values are exploited to generate very

high fields using very high currents [26]. Traditionally, the flux pinning scaling laws

used to parameterise the strain dependent JC’s of technological superconductors

have assumed that the material under analysis has a singular, strain dependent

value of TC and Bc2, and therefore JC. This analysis approach has recently been

shown to not be viable for the HTS (Rare Earth)Ba2Cu3O7−δ (i.e., ‘(RE)BCO’),

and has also called into question the validity of analyses for the strain dependence

of Nb3Sn [27, 28, 29]. A 1D chain model has been developed to better describe the

strain dependence of JC of a superconducting material that contains 2 competing

domains with different strain dependencies [27, 28, 29, 30, 31, 32]. The source of the

competition between the domains for (RE)BCO is demonstrated by the intrinsic

anisotropic strain dependent superconducting properties of single crystals [33, 34].

The fact that the superconducting properties of (RE)BCO single crystals depend

upon the direction along which the strain is applied has implications for HTS cable

and conductor designs for fusion, too. The (RE)BCO tapes within the cables are

often twisted and/or transposed to reduce ac losses, which means that the strains

within the tapes in the cables are multi-directional. Of the experiments performed

on (RE)BCO tapes to investigate their strain dependent properties, the vast ma-

jority have focused upon tensile strains along the length of the tape. Fewer have

3



1. Introduction

investigated compressive strains along the length, even fewer have investigated the

effects of strain applied along tapes’ other axes [35, 36, 37, 38], and with the not-

able exception of the work by Ilin et. al. that considered the complex combination

of uniaxial, torsional and transverse strains, there are no reports of work that has

investigated the effects of multiaxial strains applied in-plane (along the important

a- and b-axes) simultaneously [35].

The aim of the work in this thesis is to better understand the factors that limit the

critical currents of (RE)BCO coated conductors, namely multiaxial strains, the

material properties and dimensions of non-superconducting regions within tapes

such as grain boundaries, imperfections within the superconducting regions that

manifest as distributions of critical superconducting parameters, and current per-

colation. A better understanding of these effects on JC will lead to improved HTS

fusion magnet designs and improved JC’s within the tapes themselves, moving the

fusion community one step closer to commercial fusion energy and other exciting

applications.

Chapter 2 gives an overview of the basic properties and theories of superconduct-

ors and an overview of fusion energy. Chapter 3 discusses the literature on the

key factors that can limit JC in technological HTS - strain, grain boundaries, and

current percolation. Chapter 4 presents (to our knowledge) the first reported meas-

urements for the in-plane, biaxial strain dependence of JC for (RE)BCO tapes. It

also extends the 1D chain model by incorporating the biaxial strain dependence

of the superconducting properties of (RE)BCO single crystals, to enable the ex-

perimental data to be analysed. The design of a 1 kA probe that will be capable

of measuring the biaxial strain dependence of JC at 4.2 K in high fields with in-

situ strain control is also presented. Chapter 5 presents in-depth measurements

for the field, temperature, strain and angular dependence of JC for a (RE)BCO

tape containing Artificial Pinning Centres (APC’s). We will show that global flux

pinning analyses [23, 24, 25] for this sample break down at low temperatures due to

the unphysically high values of Bc2 that are required to fit the data. The chapter

4



1. Introduction

then presents a new scaling law for JC that is based upon the current flow across

Superconductor Normal Superconductor (SNS) Josephson junctions with thick nor-

mal barriers that contain fluxons. With the analysis, we extract the dimensions

and normal state properties of the superconducting electrodes and normal barriers

(likely grain or twin boundaries) for APC and Non-APC (RE)BCO tapes, and a

Nb3Sn strand. Chapter 6 begins by re-analysing the JC data presented in Chapter

4 using the 1D chain model. We show that the 1D chain model cannot explain

the strain dependence of JC across the entire strain range. We therefore present

a percolation model for JC that contains distributions of critical superconducting

parameters. By using this model, not only can we obtain better fits to the data,

but we can also extract the TC distribution characteristics and the dimensionality

of the current flow within (RE)BCO tapes and Nb3Sn strands from JC data for

the first time. We finish the thesis with some concluding remarks and avenues for

future work in Chapter 7.

5





Chapter 2

Applied Superconductivity and

Fusion

2.1 Introduction

Superconductivity was first discovered by Kamerlingh Onnes in 1911, during his

experiments on the properties of mercury at low temperatures [39]. He found that

the dc electrical resistance of mercury dropped to zero below a certain temperature

known today as a critical temperature, TC. Since 1911, many materials have been

found to exhibit the phenomenon of superconductivity, such as the ductile alloy Nb-

Ti [40] and the brittle intermetallic Nb3Sn [41]. These two Nb-based compounds

have enabled technologies such as high-field research magnets and MRI scanners

[14], as well as contributing significantly to more experimental technologies such

as particle accelerators [15] and Magnetic Confinement Fusion (MCF) reactors [42].

In 1986, superconductivity in the cuprate La-Ba-Cu-O with a TC of ≈30 K was

reported by Bednorz and Müller [21], which caused the field of superconductivity

to undergo a renaissance. Cuprates with even higher TC’s such as YBa2Cu3O7–δ

(commonly known as ‘YBCO’, with a TC of ≈93 K) were quickly discovered [43],

which allowed the development of superconductor technologies that use liquid ni-

7



2.2. Characteristic Properties of Superconductors

trogen as a coolant rather than liquid helium. The quest to discover TC’s on the

order of room temperature or greater continues, with the highest known TC to

date (≈288 K) being found in a carbonaceous sulphur hydride under a pressure of

270 GPa [44]. However, superconductivity in this material has recently been called

into question by Hirsch [45].

This chapter provides an overview of the fundamentals of superconductivity and

how superconductors are used in fusion reactors. Section 2.2 discusses the char-

acteristic properties of superconductors and outlines London theory. Section 2.3

gives an overview of Bardeen-Cooper-Schrieffer (BCS) theory, Section 2.4 gives an

overview of Ginzburg-Landau (G-L) theory, Section 2.5 discusses critical currents

and flux pinning, Section 2.6 gives an overview of the crucial role that supercon-

ductors play in magnetic confinement fusion reactors and Section 2.7 gives some

concluding comments.

2.2 Characteristic Properties of Superconductors

All materials that are in the superconducting state share two key physical properties-

zero dc electrical resistance, and the ability to expel magnetic fields when they are

placed in a background magnetic field and then cooled below their transition tem-

perature. Kamerlingh Onnes was the first to observe zero dc electrical resistance

as discussed in the previous section and it was originally thought that supercon-

ductors were in fact perfect conductors due to their zero electrical resistance and

their ability to exclude a magnetic field that was applied after cooling. However,

in 1933 Meissner and Oschenfeld showed that if a magnetic field is applied to a

superconductor before it is cooled below its transition temperature, the applied

magnetic field is expelled when it is then cooled [46]. A perfect conductor would

not behave like this- it would retain its magnetic field upon its transition into the

‘perfectly conducting’ state. Figure 2.1 shows the differences expected between

8
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Figure 2.1: The transient behaviours of superconductors and perfect conductors
during zero-field cooling and in-field cooling. Adapted from [28].

perfect conductors and superconductors undergoing in-field cooling and zero-field

cooling. The brothers Heinz and Fritz London devised two equations, which com-

bine the phenomena of zero dc electrical resistance and field expulsion during field

cooling (i.e. superconductors behaving as perfect diamagnets), which are [47]:

∂Js

∂t
= nse

2

me
E (2.2.1)

and

∇ × Js = −nse
2

me
B, (2.2.2)

where Js is the supercurrent density, ns is the number density of superconducting

electrons, e is the elementary charge and me is the free electron mass. Equation

2.2.1 describes the phenomenon of zero electrical resistance. If a static current is

9
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maintained in a superconductor, there is no electric field, so there is no potential

difference and no dc electrical resistance. The second equation describes the perfect

diamagnetism and when it is combined with Maxwell’s equations it yields

∇2B = B

λ2
L

, (2.2.3)

where λL is the London penetration depth

λL =
(

me

µ0e2ns

)1/2
(2.2.4)

and µ0 is the vacuum permeability. For an infinitely thick superconducting slab

that spans from x = 0 to x = ∞, the magnetic field has the form of an exponential

decay function. As one moves from x = 0 into the slab, the magnetic field decays

over a characteristic length λL, known as the penetration depth. The penetration

depth is one of the two important length scales for superconductivity, the other

being the coherence length which is introduced in Section 2.4.

2.3 BCS Theory

BCS theory states that superconductivity occurs in a material due to an attractive

interaction between pairs of electrons, that is mediated by phonons. The origins of

the theory can be traced back to Fröhlich [48], who suggested that an electron with

momentum k can become coupled to another electron with momentum k′ via a

phonon of crystal momentum q. The phonon arises through the interaction between

the electrons and the positive ions in a metallic lattice. A simplified potential for

this interaction, proposed by Bardeen, Cooper and Schrieffer [49], is

Vkk′ =

−VBCS if |Ek| < ℏωD and |Ek′ | < ℏωD

0 otherwise
, (2.3.1)

where Ek and Ek′ are the energies of the electron states with wave numbers k and

k′ respectively, ωD is the Debye frequency of the phonons in the metallic lattice and

VBCS is a constant. Solving Schrödinger’s equation for a system of many electrons

10
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that interact according to 2.3.1 leads to the possibility of an energy state (the

superconducting state) existing below the normal ground state. The energy gap

∆s between the normal ground state and the superconducting state has the form

[49]

∆s = 2ℏωD exp
(

− 1
g(EF,s)VBCS

)
(2.3.2)

at zero temperature, where g(EF,s) is the density of energy states at the Fermi

surface at zero temperature. This equation is valid in the ’weak coupling’ limit,

where |∆s| ≪ ℏωD ≪ EF,s and EF,s is the Fermi energy.

One of the strongest pieces of experimental evidence that supports the phonon

coupling as described in BCS theory is the so-called ‘isotope effect’ [50, 51], where

TC depends on the masses of the ions in the lattice. BCS theory predicts

3.52kBTC = 2∆s(0) (2.3.3)

where ∆s(0) is the energy gap at absolute zero temperature. Comparing 2.3.2 and

2.3.3, we see that TC ∝ ℏωD and in turn, ωD ∝ M−0.5 where M is the mass of an

ion in the lattice.

2.4 Ginzburg-Landau Theory

2.4.1 The Ginzburg-Landau Free Energy

Ginzburg-Landau (G-L) theory examines superconductivity near the superconductor-

normal phase transition temperature [52]. In G-L theory, the phase of a system

is characterised by a complex order parameter ψ. If the system is in the super-

conducting phase, ψ ̸= 0 and if the system is in the normal phase, ψ = 0. In the

superconducting phase, in the presence of a magnetic field, close to TC (where ψ is

small), the time-independent G-L free energy density functional of the supercon-

ductor gs is [53]:

gs = fn+αs |ψ|2+βs
2 |ψ|4+ Υs

2m |(−iℏ∇ + 2eA)ψ|2+ B2

2µ0
−H0·B+µ0H0

2

2 , (2.4.1)
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where fn is the free energy density of the superconductor’s normal phase in the

absence of a magnetic field, αs, βs and Υs are temperature dependent coefficients

that are different for each superconducting material, ∇ × A = B is the magnetic

flux density, H0 is the applied magnetic field and m is the effective boson (Cooper

pair) mass. Writing the G-L functional in this way ensures that the magnetic en-

ergy associated with the coils that produce the field H0 is accounted for, and it

also ensures that the correct expressions for the critical fields of thin film super-

conductors are derived, if they are required in subsequent work [53]. In standard

analysis, Υs is usually set to be unity.

2.4.2 Ginzburg-Landau Equations

Minimising Equation 2.4.1 with respect to variations in the complex conjugate of

the order parameter ψ∗ using variational methods leads to the G-L equation

Υs

2m
∣∣∣(−iℏ∇ + 2eA)2 ψ

∣∣∣+ αsψ + βs |ψ|2 ψ = 0. (2.4.2)

By considering a one-dimensional superconducting system in zero applied magnetic

field (i.e., A = 0), we obtain

ℏ2Υs

2m
d2ψ

dx2 + αsψ + βs |ψ|2 ψ = 0, (2.4.3)

where x corresponds to the single spatial dimension. By further considering that

the superconductor spans from x = 0 to x = ∞ with the boundary condition

limx→∞
(

dψ
dx

)
= 0 (so that ψ is spatially invariant deep in the superconductor), we

obtain

ψ = ψ∞tanh
(

x

ξs
√

2

)
(2.4.4)

where ψ∞ = |αs|
βs

is the order parameter deep inside the superconductor and

ξs =
(

ℏ2Υs

2m |αs|

)1/2

(2.4.5)
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is the G-L coherence length. The coherence length can be thought of as the char-

acteristic length over which the order parameter decays from the value found in

the bulk of the superconductor. The coherence length is the other key length scale

for superconductivity, along with the penetration depth discussed earlier.

If we minimise the G-L free energy (Eqn. 2.4.1) with respect to variations in the

magnetic vector potential, then we obtain the second G-L equation:

Js = −2ieℏ
m

(ψ∗∇ψ − ψ∇ψ∗) − 2e2

m
|ψ|2 A (2.4.6)

This equation can be used to derive an expression for the G-L penetration depth

λs.

2.4.3 Type I and Type II Superconductors and Critical Fields

The Ginzburg-Landau parameter κs = λs/ξs can be used to classify superconduct-

ors into two types:

κs

 ≤ 1√
2 , Type I

> 1√
2 , Type II.

(2.4.7)

Type I and Type II superconductors have different magnetic properties, which are

summarised in Figure 2.2.

In the presence of an applied magnetic field, bulk Type I superconductors behave as

perfect diamagnets (i.e. they are in the Meissner state) until the thermodynamic

critical magnetic field BC is reached. BC is the field at which the diamagnetic

energy (associated with the currents that screen the applied magnetic field) is

equal to the superconductor’s condensation energy. In other words:

BC =
(
µ0 |αs|2

βs

)1/2

. (2.4.8)

A bulk Type II superconductor also behaves as a perfect diamagnet, but only

until the lower critical magnetic field Bc1 is reached. At this point, the applied

magnetic field begins to penetrate the superconductor as an array of magnetic flux

vortices (‘fluxons’). This is known as the mixed state for Type II superconductors.
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Abrikosov was the first to derive a solution to the G-L equations for the mixed

state, in the limit that ψ is small, and he showed that the fluxons form a periodic

lattice structure [54].

Figure 2.2: The magnetisation of Type I and Type II superconductors as a function
of applied magnetic field.

In the fluxon lattice, each fluxon has a magnetic flux equal to the flux quantum Φ0,

has a radius of ξs, and supercurrents circulate the fluxon up to a distance λs from

the fluxon’s core. The core of each fluxon is in the normal state. As the applied

magnetic field increases from Bc1, the spacing between fluxons gets smaller, until

the spacing is equal to ξs. The applied magnetic field associated with this vortex

spacing is the upper critical magnetic field Bc2 and at this field, the bulk material

is no longer superconducting. Close to Bc2, the coherence length can be related to

Bc2 using

ξs =
( Φ0

2πBc2

)1/2
. (2.4.9)

2.5 Critical Currents and Flux Pinning

Arguably, the most important superconducting material property for technological

applications such as high-field superconducting magnets, is the critical current

density JC. It is the maximum supercurrent density that a superconductor can

carry without dissipation. It is essential that high-field superconducting magnets

14
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operate well below J = JC, to reduce the risk of magnet quenches.

In the best technological Type II superconductors today, the critical current dens-

ity is orders of magnitude lower than the depairing current density JD, which is

the theoretical maximum current density (at which the kinetic energy associated

with the supercurrent is equal to the superconductor’s condensation energy). The

depairing current density calculated from G-L theory is [55]:

JD = Φ0

3
√

3πµ0λ2
sξs

. (2.5.1)
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Figure 2.3: The ratio JC
JD

as a function of reduced magnetic field Bapp
Bc2

for different
technological superconductors [22].

Figure 2.3 shows the ratio of JC
JD

for different technological superconductors.

In technological type II superconductors, it is energetically favourable for the

fluxons to be pinned in place on defects such as grain boundaries or dislocations,

which are non-superconducting. It is also thought that fluxons are pinned in su-

perconducting regions that have different values of κs from the bulk [56]. These

defects exert a pinning force FP on the fluxons. Flux pinning models attribute JC

to being the current density at which the Lorentz force on the fluxons is equal to

the pinning force. In other words, if J ⊥ B, then

FP = JC ×B. (2.5.2)
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2.5. Critical Currents and Flux Pinning

Above JC, the fluxons become unpinned in the material and begin to move, which

in turn generates an electric field (and therefore dissipation occurs). In general,

the magnetic field dependence of the pinning force can be parameterised using

[23, 24, 25, 56, 57, 58, 59, 60]

FP = Cbp(1 − b)q, (2.5.3)

where C is a field independent prefactor and b is the reduced magnetic field B/B∗
c2,

where B∗
c2 is the irreversibility field. The irreversibility field is the field at which

the vortex lattice melts or JC hits the noise floor of the measurement, and it is

always lower than Bc2. We will return to consider Equation 2.5.3 in detail later in

this thesis. The two indices p and q have different half-integer values depending

on the type of defect upon which a vortex is pinned [56]. For example, grain

boundary pinning, which dominates in polycrystalline Nb3Sn wires, has p ≈ 0.5

and q ≈ 2 [60, 61], whereas in Nb-Ti wires, α-Ti precipitates in the form of ribbons

lead to p ≈ 0.5 and q ≈ 0.5 − 1. In real type II superconductors, fluxons are

pinned on many different types of defects, so in practice, p and q rarely take exact

half-integer values. It is well-accepted that current percolation and distributions

of critical superconducting parameters can also distort the shape of FP(b) curves

near b = 1 [62, 63, 64], which led Ekin to remark that the "the tail does not scale"

[23].

The beauty of parameterising JC data using 2.5.3 is that the equation is separable,

with all of the reduced field dependence contained in bp(1 − b)q factor and the

remaining temperature and strain dependence contained in the C factor. Over the

last several decades, flux pinning scaling laws have developed to a point where they

can now accurately parameterise the magnetic field, temperature and mechanical

strain dependence of JC [60, 65, 66, 67, 68]. An excellent review of the flux pinning

scaling laws has been published by Ekin [23, 24, 25].
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2.6 The Role of Superconductors in Fusion

2.6.1 Magnetic Confinement Fusion - the Power Source of the

Future

The International Energy Authority (IEA) predicts that the world’s total annual

electrical energy demand will nearly double from its 2017 value of ~25 PW h to

~40 PW h by 2040 [69]. Other long-term models predict that this figure will increase

to ~100 000 TW h by the end of the century [70, 71, 72, 73]. This huge increase

in demand, combined with global climate change caused by CO2 emissions, mean

that alternative ways of generating cheap, clean energy must be sought quickly.

One of the most promising options is nuclear fusion power- the energy generation

process of the Sun.

In stars, fusion is a process in which nuclei that are lighter than 56Fe fuse together

to form heavier nuclei. The Sun’s fusion reaction chain begins with two protons,

but fusion reactors on Earth usually use a mixture of deuterium and tritium (D-

T) nuclei as fuel because these nuclei have a significantly higher fusion reaction

cross-section at temperatures that are achievable in reactors [74]. Deuterium has

an isotopic abundance of ~0.015% in water [75] and tritium can be bred from the

17.5 billion tons of 6Li that is available in, for example, seawater, [75, 76] using

neutrons. This means that there is enough D-T fuel on Earth to power it for ~6

million years [77].

In any fusion reaction, the parent nuclei need sufficient energy to overcome the

Coulomb repulsion barrier, which means that very high temperatures are required.

The cores of stars have these very high temperatures (~2 keV in the Sun [78]) be-

cause of the gravitational force acting on their huge masses (~2 × 1030 kg for the

Sun [79]). It is impossible to create such large gravitational forces on Earth, so

other techniques have emerged to create the high temperatures. The two main

techniques today are known as magnetic confinement fusion (MCF) and inertial
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Figure 2.4: A schematic of the TF, PF and CS coils used in MCF and how they
confine the plasma. Adopted from [80].

confinement fusion (ICF). The rest of this section will focus on MCF, as supercon-

ductors are generally not used for confinement in ICF.

2.6.2 Technological Superconductors for Fusion

In MCF, a high temperature, low density plasma (with a free electron density

of ~1018m−3 [81]) undergoing fusion is confined using high magnetic fields. The

conventional tokamak is the most developed MCF reactor design, in which a plasma

is confined to a toroid shape using toroidal field (TF) and poloidal field (PF) coils.

A central solenoid (CS) is used to induce a current in the plasma, which shapes and

ohmically heats the plasma. Figure 2.4 shows an overview of the magnet systems

in an MCF reactor.

In an MCF plasma, the volumetric fusion power density Pfus is

Pfus ∝ β2
fusB

4, (2.6.1)

for fixed βfus, where βfus is the ratio of the plasma pressure to the magnetic field

pressure [82, 83]. This is the driving factor for using superconducting magnets

with high JC and Bc2 values in MCF. Superconducting magnets can generate high
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magnetic fields for relatively low cooling costs compared to water or cryogenically

cooled conductors [26, 84]. Superconductors can be used in either the TF, PF or

CS coils. Even high residual resistivity ratio (RRR) copper and aluminium are

of limited use because they suffer from magnetoresistive effects in high magnetic

fields at cryogenic temperatures [85].

Table 2.1: A summary of some of the best commercially available superconductors
today, and some of their key properties. B∗

c2(0) is the irreversibility field at absolute
zero and JC,e is the engineering critical current density (the critical current density
of the whole conductor architecture).

Compound TC
(K)

B∗
c2(0)
(T)

JC,e(5 T, 4.2 K)
(GAm−2) Comments

Nb-Ti 10
[86] 16 [87, 88] 1.2 [89] Ductile. Cheap due to mass

adoption by MRI industry

Nb3Sn 18
[90] 30 [90] 0.77 [91]

Part of the A15 class of
superconducting materials.
Off the shelf wires must be
heat treated to form Nb3Sn

MgB2
39
[92] 25 [92] 0.57 [93]

Cheap to manufacture, but
the anisotropic in-field prop-
erties of single crystals limit
the performance of polycrys-
talline filaments in strands
[94].

Bi2Sr2Ca1Cu2O8
(Bi-2212)

95
[95]

≲ 100
(B||c-axis)

[96]
0.98 [97]

The only cuprate that is cur-
rently fabricated as a round
wire. The in-field super-
conducting properties of the
round wires are isotropic.

Bi2Sr2Ca2Cu3O10
(Bi-2223)

109
[98]

≲ 85 (B ⊥
tape) [99]

0.51 (B ⊥
tape) [100]

Its irreversibility field is re-
latively low at higher tem-
peratures such as 77 K, lim-
iting its use there.

(RE)Ba2Cu3O7−δ

((RE)BCO)
93
[101]

≲ 90 (B ⊥
tape) [29]

0.87 (B ⊥
tape) [97]

Best performance at 77 K
(< 2 T [99]). In gen-
eral JC is limited by weak
links in polycrystalline ma-
terial. Expensive to manu-
facture. Tapes have aniso-
tropic in-field properties.

Table 2.1 provides an overview of some of the key technological superconductors

that are available for use in fusion magnets today. The three key superconducting

parameters which determine a superconductor’s applicability for fusion magnets
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(and form the superconductor’s critical surface) are TC, the irreversibility field

B∗
c2(T ) and the engineering critical current density, JC,e. Technological supercon-

ductors usually have normal material such as copper in parallel with the super-

conducting component of the wire to improve thermal, electrical and mechanical

stability. By convention, JC,e is taken to be the JC of the whole wire.

2.6.3 The Path to Commercial Fusion Energy

The most important figure of merit for the performance of any fusion reactor is the

fusion energy gain factor Q. It is the ratio of the power produced by the plasma

and the heating power required to sustain it. A Q of 1 is known as breakeven

and has not yet been reached in any MCF reactor. Another important milestone

for fusion is ignition, at which point the heating produced by the fusion reactions

themselves is enough to completely sustain the plasma and Q → ∞. The Lawson

criterion is a triple product of plasma properties that represents a minimum plasma

performance needed for this to occur. For a D-T plasma [102]:

ni+eTτE > 3 × 1021keV s m−3, (2.6.2)

where ni+e is the combined number density of ions and electrons and τE is the

energy confinement time- the average time that a particle remains confined in the

plasma.

The ITER fusion reactor, a collaborative project between the United Kingdom,

European Union, United States, Japan, China, South Korea and India has been

designed to yield a Q of 10. Commissioning using a D-D plasma is due to begin

in 2025 and D-T experiments yielding Q ≥ 10 are due to begin in 2035. ITER

uses Nb3Sn for the TF coils and CS coils and it uses Nb-Ti for the PF coils [7].

The surplus energy generated by ITER will not be used to generate electricity and

a Q of 10 may not be enough for commercial fusion. Some of the states involved

in ITER are already planning separate demonstration (‘DEMO’) reactors that will

prove the commercial viability of fusion [9, 10, 11].
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There are several ways to reach higher Q’s. One is to reduce the ‘aspect ratio’ by

reducing the major radius and increasing the minor radius, which makes the reactor

more spherical. This allows the plasma to experience a greater magnetic field as

it sits closer to the field coils. However, these so-called spherical tokamaks have

much smaller central columns, which makes it difficult to fit in and adequately

shield the CS coils and TF coil sections in the centre column. Another way to

improve Q, motivated by Equation 2.6.1, is to use superconducting magnets that

use high temperature superconductors with high Bc2’s and JC,e’s, although this

will result in higher reactor capital costs because these superconductors are still

relatively expensive. One possible way to circumvent this, that is being pursued

by private enterprises Tokamak Energy in the UK [12] and Commonwealth Fusion

in the US [13, 26], is to build compact reactors whose production cycles are easier

to upscale.

2.7 Concluding Comments

BCS theory explains the fundamental origins of superconductivity on a microscopic

scale, but it struggles to explain some of the properties of more recently discovered

superconductors such as the cuprates, that have high TC’s. On the the other hand,

the phenomenological Ginzburg-Landau theory describes the behaviour of super-

conductors in magnetic fields well. Flux pinning theories take the flux lattice in

a superconductor and use it to explain how the pinning force on the fluxons de-

termines the practical current carrying capacity of technological superconductors,

known as the critical current. The critical current is arguably one of a supercon-

ductor’s most important properties when deciding if it can be used in an application

such as MCF. A deeper understanding of what limits the critical current will lead to

significant improvements in fusion power output in MCF reactors, due to the strong

scaling between the critical current and fusion power density. Future chapters will

explore in more detail what limits the critical current.
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Chapter 3

Factors that Limit JC in

Technological HTS

3.1 Introduction

As was seen in Chapter 2, the critical current densities of state-of-the-art inhomo-

geneous technological superconductors, including HTS, are much lower than the

theoretical limit, the depairing current density JD. This Chapter reviews three

key mechanisms through which the JC’s of HTS can be suppressed - strain, grain

boundaries in the superconductor, and current percolation caused by distributions

of critical superconducting parameters in the superconductor. Section 3.2 reviews

the effects of strain on JC. Section 3.3 reviews the effects that grain boundaries

have on JC in technological HTS, and it also introduces Josephson Junctions, as

Josephson Junction models of grain boundaries can be used to understand how

the grain boundaries limit current flow. Section 3.4 reviews percolation theory,

and how it has been used to understand current flow in superconducting materials.

Finally, Section 3.5 gives some concluding comments.
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3.2 The Effect of Strain on JC

3.2.1 Overview

During operation, the superconductors in superconducting magnet systems are

subjected to stresses and strains due to, for example, thermal contraction or hoop

stresses from the interaction between the magnetic field and current. With the ex-

ception of Nb–Ti, technological superconductors are generally brittle compounds,

so it is essential that the effects of strain on JC are well understood.

When a superconductor is strained, JC is generally reversible up to some value that

is known as the irreversible strain limit, εirr. If a strain less than εirr is applied to

a superconductor and then removed, JC is unchanged. The same is not true when

a strain greater than εirr is applied and removed. There is a permanent change

(and usually a degradation) in JC due to, for example, plastic deformation of the

superconductor or surrounding materials such as copper [103, 104], or cracking or

breaking of the superconductor [105, 106, 107]. There are various ways of defining

εirr. Two common definitions for (RE)BCO tapes include retention criteria (the

maximum strain at which IC stays above a certain value) and recovery criteria

(the maximum strain at which IC recovers to a certain value when the strain is

removed) [108, 109]. For (RE)BCO tapes, the exact values of εirr depend on the

tape’s manufacturer, as different manufacturers use different substrate materials

and thicknesses [108, 109].

For (RE)BCO tapes in the reversible region, JC(εapp) can usually be parameterised

using a simple parabolic relationship (see, e.g., [31]):

JC(εapp)
JC(0) = 1 − βε(εapp − εpeak)2 + βεε

2
peak (3.2.1)

where βε is a field and temperature dependent constant and εpeak is the strain at

which JC(εapp) is maximised and it is also field and temperature dependent. Figure

3.1 shows a parabolic fit to JC(εapp) data using Equation 3.2.1 [110].

24



3.2.2. The 1D Chain Model for JC

Figure 3.1: Experimental IC(εapp) data for a SuperPower Non-APC (Artificial Pin-
ning Centres) tape, for different fields and temperatures. In all cases, the magnetic
field was applied parallel to the ab-planes in the tape. The fits shown were obtained
by fitting the data using Equation 3.2.1, [29]. The open data points (and dashed
lines) were taken first, after which the field orientation was fully cycled. The closed
data points (and solid lines) were then taken.

The flux pinning scaling laws outlined in Section 2.5 can also be used to paramet-

erise the strain dependence of JC for LTS and HTS. Polynomial [66] or exponential

[111] expressions for the strain dependencies of TC and B∗
c2 are incorporated into

Equation 2.5.3. This type of analysis has been used for decades for LTS such as

Nb3Sn (see Ekin’s review [23, 24, 25]), but it does not explain why εpeak strongly

varies with magnetic field and temperature in (RE)BCO tapes [27, 29, 112]. A 1D

Chain Model for JC has been developed in the last few years to explain the field

and temperature dependence of JC [27, 29, 30, 31, 32], and is now outlined.

3.2.2 The 1D Chain Model for JC

It is well known that for the (RE)BCO single crystals, the strain dependence of TC

is anisotropic [33, 113, 114, 115]. This anisotropy, combined with the fact that the
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(RE)BCO layers of tapes have a twinned microstructure [116] with two distinct

orientations for the domains, has been used to construct a 1D Chain Model for the

strain dependence of JC.

In the 1D Chain Model, a tape’s (RE)BCO layer is treated as a 1D chain of do-

mains. Given in the SuperPower tapes (investigated in this thesis and previously),

the crystallographic axes of the microtwins are aligned either parallel or perpendic-

ular to the tape’s overall length direction, the domains are designated as type ‘A’

or type ‘B’. A-domains have their crystallographic a-axis aligned with the overall

tape length direction and B-domains have their b-axis aligned with the overall tape

length direction, as shown in Figure 3.2. The broad approach in the Chain Model

is to assume the strain dependence of TC for each of the domains determines the

strain dependence of the system.

Ⓐ
Ⓑ

Figure 3.2: A and B domains in a (RE)BCO layer of a (RE)BCO tape, showing how
opposite strain dependencies for A and B domains leads to competing behaviour
and a peak in the strain dependence of IC. Adapted from [30].

Given that that the strain dependence of TC in a single crystal along its a-axis is

approximately equal and opposite to that along its b-axis [33, 34], then the strain

dependencies of the TC’s of the domains are given by:

TC,k(εJD) =


TC,k(0) +

∣∣∣dTC,k

dεJD

∣∣∣
εJD=0%

εJD, i = A

TC,i(0) −
∣∣∣dTC,k

dεJD

∣∣∣
εJD=0%

εJD, i = B.
(3.2.2)

Here, TC,k corresponds to the critical temperature of the kth domain,
∣∣∣dTC,k

dεJD

∣∣∣
εJD=0%

is a constant, and εJD is the strain on a domain, defined as εJD = εapp − εJC,A=JC,B

where εapp is the applied strain and εJC,A=JC,B is the strain at which the JC’s (and
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3.2.2. The 1D Chain Model for JC

TC’s) of the A- and B-domains are equal. To calculate the JC of the 1D chain of

domains, one must first use the E − J power law [117]

E

EC
=
(
J

JC

)N
(3.2.3)

where EC is an electric field criterion, E is the electric field and N is a temperature,

magnetic field and strain dependent constant, often referred to as the N -value or

transition index in the literature. As the domains are in series, then(
J

JC,1DC

)N1DC

= f

(
J

JC,A

)NA

+ (1 − f)
(

J

JC,B

)NB

(3.2.4)

where JC,1DC and N1DC are the JC and transition index of the 1D chain of do-

mains as a whole, f is the fraction of A-domains in the chain (so that 1 − f gives

the fraction of B-domains), JC,A and JC,B are the JC’s of the A- and B-domains

respectively and NA and NB are the transition indices of the A- and B-domains

respectively.

The Chain Model has been used to parameterise εpeak(B, T ). Branch et al. [27, 29]

outlined a method to find an approximate analytic expression for εpeak(B, T ) by as-

suming a linear, equal and opposite strain dependence for JC,A and JC,B, assuming

NA and NB are equal to each other (and N1DC) at all strains, and taking a second

order Taylor expansion of Equation 3.2.4 around εJD. The resultant expression for

εpeak(B, T ) is:

εpeak = εJC,A=JC,B + 2f − 1
f (1 − f)

N0
g(B, T ) [N0 (N0 + 1) − 2SN (N0 − 1)] . (3.2.5)

Here, N0 is the transition index of the whole chain (or tape) at zero strain and it

is field and temperature dependent, g(B, T ) is an analytic expression that depends

upon the chosen temperature and strain parameterisation of B∗
c2. Figure 3.3 shows

a fit to experimental εpeak(B, T ) data for a SuperPower SCS4050 Non-APC tape.
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3.2.2. The 1D Chain Model for JC

Figure 3.3: Fits for ε(B, T ) using Equation 3.2.5 for a SuperPower Non-APC tape
and Nb3Sn [27].

Although the chain model broadly fits the experimental εpeak(B, T ) data well, it

predicts that as B → 0, εpeak(B, T ) → 0 because JC → 0 for p > 1, which is an

artefact of using Equation 2.5.3. The Chain Model also predicts that there is a

discontinuity in the gradient of the strain dependence of TC and Bc2 for the tape

at εJD = 0, because the probability density function for TC and Bc2 in the chain is

a bimodal delta-function.

The Chain Model also fits εpeak(B, T ) for Nb3Sn and challenges the idea that Nb3Sn

can be thought of as unimodal material, with the peak in JC occurring at some

optimal strain where the Nb3Sn lattice spacing leads to the highest values for some

superconducting parameters such as TC [27, 118, 119].
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3.3. Effects of Grain Boundaries on JC

3.3 Effects of Grain Boundaries on JC

3.3.1 Grain Boundaries in Technological HTS

Shortly after the cuprate HTS compounds were discovered, it was realised that

polycrystalline cuprate samples had very low JC values, due to poor current flow

across the grain boundaries. Over the last 30 or so years, a huge amount of exper-

imental work and theoretical work has been done to understand why high-angle

grain boundaries limit JC. A few key results of this work are presented here.

Figure 3.4 shows three simple examples of different grain boundaries.

Figure 3.4: Three types of grain boundaries in a cubic material - two tilt and one
twist boundary [20].

In tilt boundaries, the misorientation occurs around an axis that is parallel to the

plane of the grain boundary. In the twist boundaries, the misorientations occur

around one of the two orthogonal axes that are perpendicular to the plane of the

grain boundary. Fabrication techniques have been developed that allow very long

lengths of (RE)BCO tape to be made, in which the misorientation angles in the

(RE)BCO layer are very small (typically less than 5◦). At such grain boundaries,

rather than a strained, continuous grain boundary being present, a chain of dis-

locations is present instead. Figure 3.5 shows a TEM micrograph of a low-angle
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3.3.1. Grain Boundaries in Technological HTS

grain boundary [20, 120].

p

p

D

H

H

A

17nm1.

Figure 3.5: Left: TEM image of a 5◦ tilt boundary in bulk-processed YBa2Cu3O7–δ
[20, 120]. The boundary contains an array of dislocations (e.g., D) separated by
a distance H. The length of 1.17 nm is the magnitude of the Burgers vector of
the defect D. D has seperated into partial dislocations of characteristic dimension
p. Right: predicted insulating and normal regions (denoted by inner and outer
contours respectively), for Bi-2212, resulting from a 1D chain of dislocations along
the boundary [121]. The boundary has a misorientation angle of 15◦. d here
corresponds to the distance between the centres of the equally spaced dislocations
along the boundary.

Various models have been proposed to explain the effects these grain boundaries

have on JC and a comprehensive review has been published by Hilgenkamp [20].

JC can be suppressed by mechanisms such as strain-field induced reductions of the

superconducting order parameter (and Figure 3.5 shows an example of predicted

strain-induced normal and insulating regions at a low angle grain boundary for Bi-

2212) [19, 20, 121, 122, 123], distributions in critical superconducting parameters

resulting from sub-optimal stoichiometry in the grain boundary [20, 124, 125], and

reductions due to the dx2−y2 symmetry of the order parameter [20, 126].
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3.3.2. SNS Josephson Junctions

3.3.2 SNS Josephson Junctions

Josephson junction models can be used to explain how supercurrents tunnel through

a barrier such as a grain boundary. By considering the wave functions on either

side of the barrier, and solving the Schrödinger equations for the wave functions,

one can derive the Josephson equations [127, 128]:

I = IC sin(ϕJ) (3.3.1)

∂ϕJ
∂t

= 2eV
ℏ

(3.3.2)

where ϕJ is the phase difference of the order parameter across the barrier and V is

the voltage across the barrier. These equations describe the evolution of the current

and phase difference across the junction with time. More complicated Josephson

Junction models have been developed to describe the current flow characteristics of

junctions when they contain no fluxons, in both low and high fields [129, 130, 131].

These models offer fairly low utility for parameterising JC(B, T, ε) in the parameter

space relevant for high-field applications such as fusion, where there are likely to

be many fluxons in the junction. To address this, a new high-field expression for

JC has been developed for arbitrarily wide junctions where there are many fluxons

in the junction [132, 133]. This model is discussed in more detail in Chapter 5.

3.4 Current Percolation

Percolation theory is used to explain how the properties of a network change when

nodes and/or links between nodes are added or removed. It is a mathematical the-

ory and concept that has been adopted in a huge range of disciplines. Applications

of percolation theory include: modelling the spread of disease [134], the spread of

opinions through communities [135], forest fires [136], and mass bankruptcies in a

financial crisis [137], as well as more ‘physical’ phenomena such as the spread of
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3.4.2. Percolation in Resistor-Insulator Networks

liquids through porous media [138] and electrical current flow through a material

[139].

3.4.1 Basic Theory

The two common types of percolation model are ‘bond percolation’ and ‘site per-

colation’. Bond models contain a fixed number of sites (nodes) and the properties

of the network are investigated when bonds are added or removed between sites.

Likewise, site models contain a fixed number of bonds (links) and sites are added or

removed. Figure 3.6 shows the effects of removing a bond and site from a bond and

a site percolation model respectively. As shown in the Figure, removing a site can

have a greater impact on the overall connectivity of the network compared to re-

moving a bond, which is why site models tend to have higher percolation thresholds.

The percolation threshold pc is the minimum fraction of bonds or sites that must

be present in order for a network spanning cluster of bonds or sites to exist, when

bonds are added or removed at random. Its value heavily depends on the coordina-

tion number z of the network. The coordination number characterises the number

of adjacent sites or bonds to a particular site or bond when all possible sites or

bonds are present. Table 3.1 gives the value of the bond pc for several network

types found in the literature.

3.4.2 Percolation in Resistor-Insulator Networks

One of the first applications of percolation theory was the treatment of electrical

current flow in resistor networks when resistors (i.e. bonds) were added or removed.

In these models, a missing resistor can be treated as an insulating bond. Early ex-

perimental results on sheets of conducting colloidal graphite paper indicated that

just above the percolation threshold, when the fraction of resistive bonds pr is just

enough to cause a system spanning network of resistive bonds to form, the effective
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3.4.2. Percolation in Resistor-Insulator Networks

Figure 3.6: Left: the effect of removing 2 bonds in a bond percolation model.
Right: the effect of removing 2 sites in a site percolation model

Table 3.1: Percolation thresholds for different networks

Network Type Representation Bond Percolation Threshold pc

1D chain 1

2D honeycomb 1 − 2 sin
(

π
18

)
= 0.653 [140]

2D square 1
2 [140]

2D triangular 2 sin
(

π
18

)
= 0.347 [140]

3D simple cube ~0.247 [141]

Bethe (z = 3) 1
2 ( 1

z−1 in general) [142, 143]
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3.4.2. Percolation in Resistor-Insulator Networks

conductivity of the network σNet remains limited as pr increases, as the network

spanning cluster is a tortuous path with many dead-ends and weak-links. Around

the same time, the first computational results for σNet(pr) were produced and sim-

ilar phenomena were found, regardless of the coordination number and dimensions

of the network [139]. Figure 3.7 shows some of these early computational results

from Kirkpatrick [139].

In general, there are no exact analytic treatments of percolation in resistor-insulator

networks that lead to an accurate description of σNet(pr) in the range pc ≤ pr ≤ 1,

except for very simple networks such as a 1D chain of resistors. However, Effective

Medium Theory (EMT) describes the behaviour close to pr = 1 very well [139].

By considering the change in the local and external electric field when a resistor

is removed from a network that has a voltage applied to it, one is able to derive

[139, 144]:

σNet = σNet(pr = 1)pr − pc
1 − pc

(3.4.1)

Similarly, close to pr = pc, the effective conductivity of the network σNet can be

described using

σNet = σNet(pr = 1)
(
pr − pc
1 − pc

)tp
(3.4.2)

where tp is a constant with a typical value of 3
2 for both 2D and 3D networks.
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3.4.3. Percolation in Superconducting Materials

Figure 3.7: The probability that a resistive bond will belong to the system span-
ning cluster (P (pr)) and the effective conductivity of the network G(pr) (i.e.,
σNet/σNet(pr = 1)) for a 2D square lattice. The solid line is an EMT fit to the
computational scatter data for G(pr) [139].

3.4.3 Percolation in Superconducting Materials

Percolation theory has been used to explain a variety of phenomena in supercon-

ducting materials. Two examples from the literature are discussed here.

Markiewicz and Tóth modelled the resistive transition to the normal state in poly-

crystalline Nb3Sn using a finite element analysis (FEA) based percolation model,

in which the fraction of superconducting material is gradually increased from 0

upwards [145]. Their model results suggested that ≈ 15% − 35% of the material

needed to be superconducting in order for the effective resistivity of the material

to reach zero, which is common for 3D networks, as shown in Table 3.1. They then

modelled the resistive transition of the material from psc = pc to psc = 1 using an

empirical form σNet = C1exp (−C2/ (psc − C3)) where psc is the superconductor

fraction and the C’s are constants, along with a normal distribution of TC, for

four superconductors with different compositions investigated in the FEA model.

Figure 3.8 shows the results from their empirical model.
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3.4.3. Percolation in Superconducting Materials

Figure 3.8: The probability density function Phi(T) and cumulative distribution
function f(T) for a normal distribution of TC, for 4 different conductors [145].

The resistive transition broadens as more normal components such as copper are

added to the model. Although this model may be useful in analysing the resistive

transition of a Nb3Sn strand, it cannot be used to model JC and it does include

the possible bimodal nature of TC(ε) for Nb3Sn [27].

Eisterer et al. have also created a percolation model to calculate the JC of polycrys-

talline MgB2 superconductors [94, 146]. They argued that because grain boundar-

ies do not limit the current flow in MgB2, a distribution of grain orientations and

anisotropic B∗
c2 is responsible instead. To calculate JC, they used

JC(B) =
∫ JMax

C (B)

0

(
psc(J) − pc

1 − pc

)t
dJ (3.4.3)

where JMax
C is the JC of the element that completes the system spanning super-

conducting cluster at psc = pc, and t is a constant that is ≈ 1 − 2. In this model, J

is ramped from 0 until J exceeds the JC of an element. The excess current density

is then shared between the other elements. This process continues as J is ramped

further until all elements carry currents at their JC values. The overall JC of the

material is the value of J at which this occurs. Figure 3.9 shows fits to different

MgB2 samples using the model and Figure 3.10 shows how the fit parameters pc

and the B∗
c2 anisotropy factors vary with temperature. The fact that these para-
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3.4.3. Percolation in Superconducting Materials

meters vary with temperature suggests that a distribution of TC is also limiting

JC. The model also assumes that the E − J transition index N for each element

is infinite. This may not be appropriate for (RE)BCO at higher temperatures and

fields.

Figure 3.9: Fits to JC data using Equation 3.4.3 for unirradiated and neutron
irradiated MgB2 samples. The top panel shows fits at low temperatures for bulk
and wire samples and the bottom panel shows fits at higher temperatures for bulk
samples [94].

Figure 3.10: The temperature dependence of the anisotropy factor of B∗
c2 and

percolation threshold for a bulk MgB2 sample [94].

37



3.5. Conclusion

3.5 Conclusion

A comprehensive model of JC that takes into account the effects of strain, compet-

ing domains, grain boundaries and percolation is needed to understand properly

what is limiting the performance of state-of-the-art HTS. On the whole, the rest

of this thesis is dedicated to the development of such a model, along with the

necessary experimental validation.
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Chapter 4

The In-plane, Biaxial Strain

Dependence of JC of a (RE)BCO

Coated Conductor at 77 K in Low

Fields

4.1 Introduction

For quite a few years, it has been possible to measure the uniaxial strain dependence

of JC for (RE)BCO tapes, in both tension and compression, when the strain is

applied along the tape [147, 148]. However in practice, tapes are subjected to three-

dimensional strains (i.e. from multiple directions) during cable fabrication and

operation. For example, CORC® (Conductor-On-Round-Core) cables [149, 150],

which consist of HTS tapes helically wound onto a copper core, are subjected to

axial, transverse and shear strains in fusion magnet systems [151]. HTS Roebel

cables are also subjected to multiaxial strains, due to the discontinuties across the

width of the cable [36].

Multiphysics models are used to predict the electrical performance of HTS magnets

during operation. If the multiaxial strain dependence of JC is known, then the
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4.1. Introduction

designs of magnets and the cables and tapes they are wound from can be optimised.

Therefore, there is a need to develop experimental techniques and mathematical

models to measure and explain the multiaxial strain dependence of JC.

The strain dependence of JC is well understood when the strain is applied along the

length of the tape [27, 29, 31, 30, 112, 152, 99, 153, 154], and for strains less than

the irreversible strain limit εirr this can be described quite well using the 1D Chain

Model as outlined in Section 3.1. However, there have not been many studies

on the effect of strain on JC when the strain is applied along another direction

[35, 36, 37, 38], and even fewer studies on the effect of strain when it is applied

along multiple directions simultaneously [35]. In this chapter, we describe a new 2D

sample holder, known as a ‘Crossboard’, that is capable of applying biaxial strains

to a HTS tape in the plane of the tape, along with some experimental results and

analysis for JC(B, εxx, εyy), where εxx is the applied strain along the tape length

and εyy is the applied strain orthogonal to the tape length, in the plane of the

tape. This work has been published in two recent papers by the author of this

thesis [155, 156]. This chapter also outlines another 2D sample holder known as

a ‘Strutted Springboard’ that is capable of varying the 2D strain state of a tape

in-situ, and an accompanying probe that is capable of supplying currents on the

order of 103 A to a tape. This sample holder and probe will be used in future work

in Durham.

Section 4.2 details the design of the Crossboard and some mechanical finite element

simulations for its strain distribution under applied loads. Section 4.3 details the

experimental setup used to measure JC(B, εxx, εyy) in low fields at 77 K. Section

4.4 outlines the experimental results and extends the 1D Chain Model analysis for

the JC(B, εxx, εyy) data to consider samples strained with independent control of

strain in two directions in the plane of the tape. Section 4.5 outlines the Strutted

Springboard, associated high current probe and some preliminary results. Section

4.6 gives a discussion of all the results in the chapter and Section 4.7 gives some

conclusions.
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4.2 Crossboard Design

The Crossboard is a biaxial, cruciform shaped sample holder onto which (RE)BCO

tapes can be soldered. Cu-Be alloy Berylco 25 was chosen as the Crossboard

material due to its high elastic strain range and good solderability [157]. Figure

4.1 shows the design of the Crossboard and the equipment used to apply strain to

it. Stainless steel grippers with teeth are used to hold the Crossboard in place. M2

nuts and bolts are used to bend the wings of the Crossboard up or down around

the teeth, which strains the Crossboard. By bending the wings of the Crossboard

in this way, arbitrary combinations of x-strain and y-strain can be generated at the

centre of the board. In other words, the possible combinations of x- and y-strain

are not constrained by the Poisson ratio of the Berylco. The strain homogeneity

at the centre of the Crossboard was optimised iteratively using mechanical Finite

Element Analysis (FEA) software within Autodesk Inventor [158]. Figure 4.2 shows

the results of an FEA simulation when forces of 1800 N were applied to the four

points shown by the arrows. The values of εxx and εyy at the centre of the board

were 0.48% and -0.48% respectively. The effective Poisson ratio of the board when

only 2 opposite wings are bent in the same direction was νε,eff ≈ −0.42.

34.00 m
m

2.50 mm

Stainless Steel Gripper

M2 Nut

M2 x 20 mm Bolt

Cu-Be Crossboard

Figure 4.1: Left: a 3D Model of the Crossboard. Right: a 3D Model of the
Crossboard, along with the stainless steel grippers, nuts and bolts used to apply
strain to the Crossboard.
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Ɛxx (%)

-0.14-0.30 0.02 0.18 0.34 0.50

a) b) Ɛyy (%)

-0.60-0.80 -0.40 -0.20 0.00 0.20

Figure 4.2: FEA results for a) the applied x-strain distribution and b) the applied
y-strain distribution when the wings are bent.

4.3 Experimental Setup

Current transport measurements of JC(B, εxx, εyy) have been performed on mul-

tiple SuperPower APC SCS4050 tape samples [159] in low fields at 77 K. The

experimental setup is shown in Figure 4.3 and summarised below:

A 24 mm long and 4 mm wide (RE)BCO tape was soldered substrate side-down

onto the centre of the Crossboard using Pb-Sn solder. Voltage taps and current

leads were soldered onto the top surface of the tape. A HBM 1-XY91-1.5/120 2D

T-rosette strain-gauge [160] was then glued on top of the tape, in between the

voltage taps, at the centre of the Crossboard. The Crossboard was then placed

within the grippers and strained at ambient temperature using the nuts and bolts.

A Lakeshore Model 121 low-noise current source supplied current to the strain

gauge, and the voltages were recorded and converted into εxx and εyy values. The

Crossboard was then attached to the end of a probe and placed in an open liquid

nitrogen bath that was surrounded by a water cooled electromagnet that provided

a static, homogeneous magnetic field of up to 0.7 T. After the sample had reached

77 K (which was verified by monitoring the voltages from the strain gauge), the

strain gauge voltages were recorded (with the magnetic field switched off) and the

voltages converted into εxx and εyy values.
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2.50 mm

34.00 mm

24.00 mm

11.00 mm

Stainless Steel M2 Nut

Cu Current Lead

Voltage Tap
2D T-rosette Strain Gauge

Stainless Steel GripperCu-Be Crossboard

(RE)BCO Tape

10.00 mm

Figure 4.3: The experimental setup used to measure JC(B, εxx, εyy). The liquid
nitrogen bath, electromagnet, M2 bolts, some of the M2 nuts and one of the stain-
less steel grippers are not shown.

Before each sample was cooled to 77 K for the very first time, no strain was applied

at ambient temperature. This was done by ensuring that the M2 nuts and bolts

were loose. That way, the strain gauge voltages corresponding to zero applied

strain at both ambient temperature and 77 K could be recorded.

The background magnetic field was applied perpendicular to the direction of current

flow in the tape. The JC measurements were performed with the field aligned

parallel to the tape plane (0◦) and perpendicular to the tape plane (90◦).

After the JC(B, εxx, εyy) measurements were taken for a single combination of x-

and y-strain, the Crossboard was warmed back to room temperature and a new

combination of x- and y-strains were then applied.

4.4 Results and 1D Chain Model Analysis

Table 4.1 summarises the 3 samples measured in this work, and the types of strain

that were applied to each sample. All three samples were taken from the same

spool of SuperPower APC SCS4050 APC tape. In total, 6 datasets were collected

across the 3 samples. The datasets are labelled in chronological order. For example
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Dataset VI was taken after Dataset V, which was taken after Dataset IV, and so

on.

Table 4.1: The datasets collected for each sample.

Sample Year Measured Datasets Collected
A 2017 I
B 2017 II, III
C 2018 IV, V, VI

Figure 4.4 shows the strains that were applied to the tape for each of the 6 datasets.

A linear fit of the form εyy(εxx) = dεyy

dεxx
εxx + εyy(εxx = 0%) was performed for each

dataset and Table 4.2 contains the resultant fit parameters.

Figure 4.4: a) The strains that were applied to (RE)BCO tape samples A and
B (Datasets I-III). b) The strains that were applied to (RE)BCO tape sample C
(Datasets IV-VI).
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Table 4.2: The fit parameters for the linear fits of εyy(εxx) in Figure 4.4.

Dataset Temperature dεyy

dεxx

εyy(εxx = 0%)
(K) (%)

I 300 −0.35 ± 0.01 −0.008 ± 0.004
77 −0.33 ± 0.01 0.024 ± 0.003

II 300 −0.54 ± 0.01 −0.002 ± 0.002
77 −0.62 ± 0.03 0.029 ± 0.005

III 300 −0.349 ± 0.007 −0.097 ± 0.002
77 −0.34 ± 0.01 −0.068 ± 0.003

IV 300 1.03 ± 0.02 −0.002 ± 0.001
77 0.94 ± 0.01 0.034 ± 0.006

V 300 −0.330 ± 0.007 −0.100 ± 0.002
77 −0.33 ± 0.02 −0.066 ± 0.004

VI 300 −0.330 ± 0.007 0.000 ± 0.001
77 −0.31 ± 0.01 0.015 ± 0.003

Figure 4.5 shows E−J plots for different strains taken from Dataset III. To calculate

the values of J (and JC) from the raw current data, it was assumed that the

(RE)BCO layer had a thickness of 1 µm. JC was extracted from fits to the E − J

data that used Equation 3.2.3, with the criterion of EC =100 µV m−1.

Figure 4.5: E − J plots for four different strains from Dataset III. The applied
magnetic field was 0.2 T and was parallel to the tape normal.

Figure 4.6 shows plots for JC as a function of strain for Datasets I-III. In Dataset

I, strain was applied along the x-axis of the tape (i.e. its length direction). In
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Dataset II strain was applied along the y-axis of the tape (i.e. its width direction).

In Dataset III a strain was first applied along the y-direction and then x-strain was

applied. Although data have only been plotted for 3 different magnetic fields and

a single field orientation, data were obtained for 0.1 T, 0.2 T, 0.4 T, and 0.6 T and

other field orientations too. The values of JC for Dataset III were reduced by 7%

because the in-field, zero strain values for JC were 7% higher for this tape (sample

B) compared to the tape measured for Datasets I and II (sample A).

The JC data were fit using Equation 3.2.1 with εapp set to εxx and εpeak set to

εxx,peak. The results of these fits are shown in Table 4.3.

Dataset I Dataset II

Figure 4.6: a) The strain dependence of JC for Dataset I. b) The strain dependence
of JC for Dataset II. c) The strain dependence of JC for Dataset III. For all data
in this Figure, the magnetic field was applied parallel to the tape normal. The εyy
coordinates were calculated using the linear fits shown in Figure 4.4 and listed in
Table 4.2.
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Table 4.3: Fit parameters associated with the parabolic fits for the JC data in
Figure 4.6 for B = 0.5 T. The values of εyy,peak were calculated using the linear
fits shown in Figure 4.4 and listed in Table 4.2.

Dataset εxx,peak εyy,peak JC(εxx,peak)
(%) (%) GAm−2

I −0.01 0.03 8.65
II 0.1 −0.03 8.3
III 0.4 −0.2 9.61

Figure 4.7 shows JC as a function of strain for Datasets IV-VI, which were all taken

on sample C. In Dataset IV, both x- and y- strains were applied so that the strain

data lay approximately on the εyy = εxx line. In Dataset V, strain was applied

along the x-axis of the tape, and in Dataset VI a strain was first applied along

the y-direction and then x-strain was applied. Although the data presented here

are only for four different magnetic fields and a single field orientation, data were

obtained for 0.2 T, 0.4 T, and 0.6 T and other field orientations too (not shown).

Dataset IV

Dataset V

Dataset VI

d) Dataset V

Dataset VI

Dataset IV

Dataset IV Dataset V

Dataset VI

Figure 4.7: a) The strain dependence of JC for Dataset IV. b) The strain depend-
ence of JC for Dataset V. c) The strain dependence of JC for Dataset VI and d)
a surface plot for the Chain Model fit for the B = 0.5 T data. For all data in
this Figure, the magnetic field was applied parallel to the tape normal. The εyy
coordinates in a)-c) and the values of εyy,peak were calculated using the linear fits
shown in Figure 4.4 and listed in Table 4.2.
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The 1D Chain Model outlined in Chapter 3 has been extended to incorporate

biaxial strains (with independent control of strain in two directions), so that the

JC data for Datasets IV-VI can be analysed. As with the standard Chain Model,

it is assumed that the (RE)BCO layer can be represented by a 1D chain of A-

and B-domains that have their crystallographic a- and b-axes aligned with the

length direction of the tape respectively. The JC of the chain can be calculated by

rearranging Equation 3.2.4 to give

JC =
[
fJ−N

C,A + (1 − f) J−N
C,B

]− 1
N . (4.4.1)

To arrive at this expression, it was assumed that N1DC = NA = NB. This is a

reasonable assumption for this work because the experimental values ofN extracted

from the E−J data for this work were broadly independent of field and strain and

had a value of ≈ 18. The JC’s of the A- and B-domains are calculated using the

engineering scaling law [27, 29, 91, 161, 162]

JC,k = A
[
B∗

c2,k
]n−3

b∗p−1
k (1 − b∗

k)
q T ∗2

C,k
(
1 − t∗

2
k

)2
, (4.4.2)

where k is either A or B, A, p, q and n are constants, B∗
c2,k is the effective upper

critical magnetic field of domain type k, b∗
k is the reduced magnetic field B/B∗

c2,k,

T ∗
C,k is the effective critical temperature of domain type k, and t∗k is the reduced

temperature T/T ∗
C,k. For this work, n was fixed at 2.5 [60, 163]. The temperature

and strain dependence of B∗
c2,k is parameterised using [27, 29, 91, 161]

B∗
c2,k (T, εxx, εyy) = B∗

c2 (0, 0, 0)
(
T ∗

C,k (εxx, εyy)
T ∗

C(0, 0)

)w
(1 − t∗)s . (4.4.3)

B∗
c2,k(0, 0, 0) is fixed at 98.7 T for measurements where the magnetic field is parallel

to the tape normal and 185 T for measurements where the magnetic field is parallel

to the tape plane [27, 29, 164]. T ∗
C(0, 0) is fixed at 90.1 K [164, 113], w is fixed at 2.2

[27, 29, 91] and s is fixed at 1.26 [27, 29]. Single crystal measurements show that

the strain dependencies of the critical temperatures of the domains along any of the
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4.4. Results and 1D Chain Model Analysis

principle axes are linear [33, 34, 113]. Therefore their biaxial strain dependencies

can be given by

T ∗
C,A(εxx, εyy) = T ∗

C(0, 0) [1 + gA (εxx − εxx0) + gB (εyy − εyy0)] (4.4.4)

and

T ∗
C,B(εxx, εyy) = T ∗

C(0, 0) [1 + gB (εxx − εxx0) + gA (εyy − εyy0)] , (4.4.5)

where gA =
(
∂T ∗

C,A/∂εxx
)
εyy=0

=
(
∂T ∗

C,B/∂εyy
)
εxx=0

and gB =
(
∂T ∗

C,B/∂εxx
)
εyy=0

=(
∂T ∗

C,A/∂εyy
)
εxx=0

are the sensitivities of a domain’s T ∗
C when there are only strains

along the a- or b-axes respectively (i.e., when strains resulting from Poisson’s ratio

are not included). The strains εxx0 and εyy0 represent pre-strains that may be in-

duced in the (RE)BCO layer due to differential thermal contraction of the different

tape layers during fabrication and cooldown [27, 29, 165, 116]. For this work, it is

assumed that the pre-strain is isotropic and if there is no applied strain along any

direction, T ∗
C,A = T ∗

C,B = T ∗
C(0, 0), so εxx0 and εyy0 can be set to zero.

A global fit was performed to all JC(B, εxx, εyy) data for Datasets IV-VI, for both

θ = 90◦ and θ = 0◦, using non-linear least squares fitting. The prefactor A in

Equation 4.4.2 was allowed to vary between datasets and field orientations so that

a good fit could be obtained. The constants p and q were also set to be free (had

different values) for different field orientations. The parameters f , gA and gB were

set to be independent of the field orientation because they are determined by the

microstructure of the tape. The resultant fit parameters are given in Table 4.4,

and the lines of best fit are shown in Figure 4.7. The Figure also shows a surface

plot for JC(εxx, εyy) generated using the fit parameters in Table 4.4, that is shaped

like a ridge. The fit lines for Datasets IV-VI are also shown in the surface plot.

The fit line for Dataset IV lies along the top of the ridge, whereas the fit lines for

Datasets V and VI pass over the top of the ridge and exhibit parabolic behaviour.
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Table 4.4: Fit parameter values from the global fit to the JC in Datasets IV-VI.

Parameter Value
θ = 90◦ θ = 0◦

f 0.49 ± 0.03
gA (K %−1) 1.8 ± 0.1
gB (K %−1) −1.3 ± 0.1

p 0.706 ± 0.006 0.674 ± 0.006
q 0.0 ± 0.2 5.8 ± 0.3

AIV (MAm−2T0.5K−2) 20.0 ± 0.5 23.2 ± 0.7
AV (MAm−2T0.5K−2) 20.5 ± 0.5 23.2 ± 0.7
AVI (MAm−2T0.5K−2) 21.5 ± 0.5 23.6 ± 0.7

4.5 Design of a New Biaxial High Current Strain

Probe and Sample Holder

As shown in later chapters, one of the outcomes of the research in this doctoral

thesis is the requirement for a high current probe capable of measuring currents up

to 2 kA. Figure 4.8 shows the outline of the probe which was designed by the author

and built in the Departmental workshop. The probe was partly commissioned

together with C. Gurnham, and the commissioning was subsequently completed by

him. The design of the probe is briefly summarised here. A new Cu-Be biaxial

sample holder (known as a ‘Strutted Springboard’) has been designed and built

that is capable of varying the x-strain of a (RE)BCO tape in-situ using a push-pull

rod, which pushes the legs of the Strutted Springboard together or apart. The

push-pull rod mechanism is similar to that found in Durham’s 1D strain probe

[27, 148]. The y-strain of the Strutted Springboard is fixed at room temperature

using struts made of threaded rods and nuts. The strutted springboard is shown

in Figure 4.9. The strain homogeneity of the Strutted Springboard was optimised

using FEA. Figure 4.10 shows the results of an FEA simulation for the x-strain and

y-strain distributions of the Strutted Springboard. The probe and sample holder

are designed to fit in Durham’s 15 T horizontal magnet, and the probe is expected

to be able to supply currents of at least 1000 A to a tape at 4.2 K.
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4.5. Design of a New Biaxial High Current Strain Probe and Sample Holder

a)

b)

c) d)

Figure 4.8: a) An overall schematic illustration of the new 2D strain probe. b) A
close-up view of the bottom of the probe. Flexible current leads that connect the
busbars to the Strutted Springboard are not shown. c) A cross-section through the
top of the probe. d) An end view of the bottom part of the probe that must fit
within Durham’s 15 T magnet. The dimensions shown in a) and d) are in mm.
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4.5. Design of a New Biaxial High Current Strain Probe and Sample Holder

Figure 4.9: A 3D model of a Strutted Springboard and some of its associated
equipment.
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a) Ɛyy (%)
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b)

y

x
z

y

x
z

Figure 4.10: a) The x-strain distribution of the Strutted Springboard when forces of
150 N were applied to each of the four hoops on the top of the Strutted Springboard
and one of the pairs of legs on the bottom of the Springboard. The cubes attached to
the Strutted Springboard’s legs are mock probe connections. b) The corresponding
y-strain distribution for the same load conditions.

Preliminary JC data for a THEVA tape are shown in Figure 4.11, when different x-

strains were applied to it at 77 K. The value of dεyy

dεxx
was 0.25 for the THEVA tape,

and a simple linear fit for the strain dependence of the JC data using JC(εxx) =
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4.6. Discussion

JC(0, 0) (1 + cεεxx) yielded a value of −0.0748%−1 for cε. The data were collected

by C. Gurnham.

-0.6 -0.4 -0.2 0.0 0.2
0.98

1.00

1.02
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 0.3 T
 0.7 T
 Global Fit

J C
(e

xx
)/J

C
(0
)

x-strain, exx (%)

THEVA, 77 K, B || tape normal

0.10 0.05 0.00 -0.05

y-strain, eyy (%)

Figure 4.11: JC(εxx)
JC(0) for a THEVA tape.

Future work by Durham University Superconductivity Group will include the use

of the probe to perform comprehensive measurements of JC(B, εxx, εyy) at 4.2 K in

both low and high magnetic fields for different field orientations, but this is beyond

the scope (more strictly, beyond the time-frame), of the work presented here.

4.6 Discussion

As shown in Figure 4.4 and Table 4.2, when strain is applied purely along the

x-axis, the value of dεyy/dεxx is ≈ −0.33 to −0.35, whereas when strain is applied

purely along the y-axis, the value of dεyy/dεxx is considerably lower (≈ −0.54 to

−0.62) as shown in Table 4.2. In an effort to understand this difference, dεyy/dεxx

was measured for a 4 mm x 4 mm piece of tape that was soldered to the centre of
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4.6. Discussion

the Crossboard. A value of dεyy/dεxx of −0.48 was for strains applied along the

x-axis and a value of 1/0.48 was found when strains were applied along the y-axis.

Therefore, the difference in the dεyy/dεxx values for the full 24 mm length tapes

can be attributed to the mechanical asymmetry of the tape/Crossboard system.

The main limitation of the Crossboard is that the strain can only be changed at

room temperature. This slowed down the rate at which the JC measurements

were taken, and increased the risk of sample or instrumentation failure due to the

combination of large applied strains and repeated thermal cycling. For example,

measurements on Sample A had to be halted due to the failure of a strain gauge

lead, probably because of repeated thermal cycling. The scatter in the JC data

(e.g., ≈ 5% for Datasets IV-VI) was also attributed to the repeated thermal cyc-

ling of the tape. Nevertheless, with the setup used, the strain state of the tape at

77 K was reliably predicted from the strain state of the tape at 300 K, as shown by

the similarities in the values of dεyy/dεxx at 300 K and 77 K for the same dataset

shown in Table 4.2. Ideally, the apparatus would enable the strain state of the tape

to be varied along all three principal strain axes while the tape is held at cryogenic

temperatures within a magnet bore - indeed this was part of the motivation.

In order to obtain consistent fits to the data in Sample C, the parameter A in

Equation 4.4.2 had to vary between the three sets of strain data as well as between

different field angles. More data are required to determine why this has been neces-

sary. It is probably associated with plastic deformation in some components of the

tape or the Crossboard and is consistent with the relatively large variation in JC

of up to ∼ 10% at zero applied strain that was found throughout the experiments.

For example, during the experiments, the strain states of the tapes did not relax

back to zero strain when the stainless steel grippers,nuts and bolts were removed

and the Crossboard was allowed to relax.

The data in Figure 4.7 demonstrate a change from linear behaviour to parabolic

strain behaviour for the same tape, depending upon the direction of applied strain.

Linear behaviour occurs because the TC’s and JC’s of the A- and B- domains both
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increase with increasing tensile εxx = εyy strain. If |gA| > |gB|, then the tape’s

JC increases with increasing tensile εxx = εyy strain and if |gB| > |gA|, the tape’s

JC decreases with increasing tensile εxx = εyy strain. Parabolic strain behaviour

occurs when the JC’s of one of the domain types increases with increasing tensile

εxx strain and the other domain type’s JC decreases.

The twin boundaries in the (RE)BCO layers of SuperPower’s tapes are aligned

with the [110] direction. However other manufacturers such as Fujikura, have a

different microstructure such that the twin boundaries are aligned with the [100]

direction [116]. Indeed THEVA tapes also have twin boundaries that are orient-

ated along the crystallographic [100] direction, but the (RE)BCO layers in those

tapes are also at an inclination of 20-30° relative to the tape substrate [30, 166].

The uniaxial strain dependence of JC for a SuperPower tape is parabolic, whereas

Fujikura’s and THEVA’s tapes have a linear strain dependence [27, 29, 30, 31, 112].

The preliminary data for the THEVA tape taken using the new probe and Strutted

Springboard (Figure 4.11) also show linear behaviour that is in agreement with the

literature. D. van der Laan et al. have shown that the in-plane strain dependence

of JC is anisotropic with respect to the direction of applied strain [30]. For the

first time, in this work, both linear and parabolic strain behaviour on a single tape

sample has been achieved by applying strain in different directions with respect

to the twin boundary orientation. The fit to Sample C (Datasets IV-VI) shows

that the Chain Model can reproduce the main features of the data, but more work

is needed to provide confidence in the theory described here. For example, single

crystal measurements from Welp et al. generated values of gA and gB that were

positive and negative respectively and of roughly equal magnitude [33]. Our gA

and gB values have opposite signs, however the magnitude of our gA and gB values

are approximately 30% different. Experiments on annealed, detwinned (RE)BCO

tapes have also shown that gA and gB can have different magnitudes [113]. Some

variability in the magnitude of gA and gB is to be expected for the tapes in this

work because they contain artificial pinning centres (APC’s) to increase JC. How-
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ever, these APC’s will also strain the (RE)BCO matrix in which they are located,

introducing disorder. We have also assumed that the single crystal variable strain

data showing TC is linear in strain can be extrapolated to tensile strains and over

the relatively large range of strains measured in these experiments. This assump-

tion needs independent verification.

4.7 Conclusion

This chapter has introduced a new biaxial sample holder known as a Crossboard,

that is capable of applying arbitrary combinations of x-strain and y-strain to a

(RE)BCO tape at 77 K. The Crossboard has been used to measure the strain

dependence of JC on 3 different SuperPower APC SCS4050 tapes, for different

types of applied strain, in fields up to 0.7 T, for different magnetic field orientations.

The Chain Model has been extended to include the effects of biaxial strain on the

critical temperatures of the domains in the tape, and it has been used to fit the

most comprehensive JC(B, εxx, εyy) datasets (Sample C). The results show that the

fraction of A-domains in the tape is roughly the same as the fraction of B-domains

(f = 0.49), and that the strain sensitivities of the critical temperatures of both

domain types are similar - 1.8 K %−1 for strains along the a-axis and −1.3 K %−1

for strains along the b-axis. For the first time, a change between linear strain

behaviour for JC and parabolic strain behaviour for JC in a single tape has been

observed and explained. Future work will include the use of the new biaxial strain

probe and sample holder to measure JC(B, εxx, εyy) with in-situ x-strain control at

4.2 K in both low and high magnetic fields, for different field orientations. Future

work could also involve measuring the biaxial strain dependence of JC for tapes from

other manufacturers, whose (RE)BCO twin boundary orientations are different to

those in SuperPower tapes. Some preliminary measurements have already been

performed for a THEVA tape using the new probe and sample holder.
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Chapter 5

Is JC in High Fields Determined

by the Laws of Transmission and

Diffraction, Rather than Pinning?

5.1 Introduction

Flux pinning has long-provided the framework to describe JC in high magnetic

fields. As previous chapters have discussed, the pinning literature is voluminous.

However, in this chapter we present new experimental data for a (RE)BCO tape

with Artificial Pinning Centres (APC’s) that cannot be described using flux pinning

scaling without using non-physical fitting parameters. We consider an alternative

fitting approach for JC, based on a model for SNS Josephson Junctions. It is a

model based on the work by Blair and Hampshire (BH) [133], who have developed

an analytic expression for the JC’s of narrow Josephson Junctions across the en-

tire magnetic field range. It suggests that routes to improve JC(B) best consider

transmission and diffraction rather than pinning. BH have also extended these

expressions for wider junctions that can contain fluxons and have shown the model

predicts the Kramer-like dependence for JC(B) in Nb3Sn [60] and the power law

dependence for JC(B) in (RE)BCO [167].
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In the next two sections we briefly describe the experimental equipment that was

used to make the measurements and obtain the data. Section 5.4 provides an ana-

lysis of the data using the standard scaling/flux pinning approach and shows it

leads to non-physical parameters. This provides the motivation for us to proceed

to using an SNS model to describe our data. Section 5.5 provides the framework we

used to relate microscopic properties in the superconductor and the barrier (of a

Josephson junction) to the superconducting parameters in G-L theory. Two differ-

ent parameterisations of the G-L coefficients that appear in the G-L expression for

the free energy of the superconductor and normal barrier (see, for example, Equa-

tion 2.4.1 in Chapter 2) are considered. One uses the standard text-book BCS

parameterisation that relates the free parameters in G-L theory to microscopic

normal state parameters (i.e., Υs = 1). The second assumes that not all conduc-

tion electrons condense into the superconducting state (i.e., Υs < 1). Section 5.6

provides the formalism used for the SNS model. Then, Section 5.7 provides the fits

to the data using the SNS approach including the free parameters derived. We have

not only fitted JC for the APC (RE)BCO sample measured here but also provided

fits from the literature (from the Durham group) for a non-APC (RE)BCO sample

measured by Branch [28], and a Nb3Sn sample measured by Tsui and reported by

Branch [27, 28, 29]. We complete the chapter with a discussion and conclusions.

5.2 Experimental Setup

The experimental setup used to perform JC(B, θ, T, εapp) and B∗ρ
c2 (θ, T, εapp) meas-

urements depends on the type of superconductor that is measured. The exper-

imental setup used to perform the JC(B, T, εapp) measurements on the Nb3Sn

strand, whose data are re-analysed in this chapter, has been reported elsewhere

[157, 161, 168], and is therefore not discussed further here. The experimental setup

used to perform the JC(B, θ, T, εapp) and B∗ρ
c2 (θ, T, εapp) measurements on the Non-

APC (RE)BCO sample has been reported by Branch [27, 28, 29]. Here, the same
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experimental setup was re-used by the author to collect the JC(B, θ, T, εapp) and

B∗ρ
c2 (θ, T, εapp) for the APC (RE)BCO sample. Hence, only a brief overview of the

experimental setup used to make the APC (RE)BCO measurements is given here.

A 78 mm long SuperPower APC SCS4050 tape was soldered substrate side down

onto a Cu-Be springboard using Pb-Sn solder. Voltage taps with a separation of

13 mm were soldered about the centre of the tape. Three CernoxTM thermomet-

ers were attached to the top side of the tape using GE varnish. The variation

in CernoxTM resistance with magnetic field was corrected for using data from the

literature [169]. Three foil strain gauges were glued to the underside of the spring-

board and acted as sample heaters. The tape and springboard were enclosed in a

variable temperature cup, with a vent at the bottom. During the measurements,

the temperature of the (RE)BCO tape was controlled using LakeShore 336 tem-

perature controllers and a Proportional-Integral-Derivative (PID) control loop for

each CernoxTM thermometer and the heater closest to it. The helium boil-off in

the cryostat was vented using water-filled bubblers, as it was previously found that

these lead to lower variations in cryostat pressure than mechanical one-way valves

[28]. When taken together, the equipment maintained the sample’s temperature to

better than 100 mK during the measurements.

A strain gauge was glued alongside the centre of the tape on the springboard, to

measure the strain of the tape. Tensile and compressive strains were applied to the

tape by forcing the legs of the springboard together and apart respectively, using a

push-pull rod whose motion was controlled by a screwjack at the top of the probe.

After the desired strain was reached, the push/pull-rod was locked off. The strain

of the sample was changed in-situ at 4.2 K - this avoided issues with thermally

cycling the HTS tape as well as the temperature dependence of the strain gauge’s

resistance. The angle between the magnetic field and the tape surface was set us-

ing markings on top of the probe and a laser pen projected onto the walls of the

laboratory. Changes in angle as low as 0.5◦ could be measured and reproducibly

re-set using this setup.
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c2 (θ, T, εapp)

Two types of measurements were performed on the tape - JC measurements and B∗ρ
c2

measurements. The JC measurements were taken by ramping the sample current

over ~60 s. There was no detectable change in the strain gauge resistance during

the current ramp. The standard deviation of the E− J trace baseline noise during

the JC measurements was ≤ 3 µV m−1. The B∗ρ
c2 measurements were performed by

supplying a current of 100 mA to the tape. The value of 100 mA was chosen to

be as low as possible while maintaining a good signal to noise ratio. During each

measurement, the magnetic field was fixed and the temperature was lowered from

above the resistive transition to below it at a rate of 1 Kmin−1.

In terms of the order of the measurements, JC was first measured as a function

of angle for different magnetic fields and temperatures, with εapp = 0%. The ap-

plied strain was then taken to −1% and the angular measurements were repeated.

One of the purposes of these measurements was to identify the peaks in JC(θ) as-

sociated with the APC’s and ab-planes. Once the peaks were identified, detailed

JC(B, T, εapp) and B∗ρ
c2 (T, εapp) measurements were taken. The applied strain was

then changed to −0.75% and the measurements were taken at the same fields and

temperatures. This process continued in increments of εapp = 0.25% until the

measurements at εapp = 0.5% had been taken. After this, εapp was taken back to

0% to verify that JC(εapp = 0) had not been irreversibly lowered due to the applied

strain. It should also be noted that after the initial cooldown of the sample to 4.2

K, the probe and sample were not warmed up above ~100 K at any time during

the entire experimental campaign.

5.3 Overview of Results - JC(B, θ, T, εapp) and

B∗ρ

c2(θ, T, εapp)

First we consider the role of the springboard that was electrically in parallel with

the tape. Our approach is to subtract the current shunted through the spring-

board from the total sample current ITotal to give the current flowing through the
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c2 (θ, T, εapp)

superconductor ISC [28]:

ISC = ITotal − V

Rshunt
(5.3.1)

where Rshunt is the resistance of the springboard. Values of Rshunt were taken from

the resistivity traces for B∗ρ
c2 just above the superconducting transition. The typical

shunt current correction was 0.1 A at E = 100 µV m−1.

All E−J (or equivalently, V −I) traces that were collected during the experiments

were analysed using Equation 3.2.3 with I = ISC between E = 10 µV m−1 and E =

100 µV m−1 to extract JC and N . The JC values presented and fitted in the rest of

this chapter correspond to the values extracted at 100 µV m−1. Figure 5.1 shows

JC(θ) for different fields, temperatures and applied strains. The peak in JC that is

due to the field being aligned with the ab-planes is at 87.5◦ and the less pronounced

broader peak due to the APC rods aligning with the fluxons has its maximum at 0◦.

The peak positions do not change with magnetic field magnitude, temperature or

applied strain. The variation of N with angle is shown in Figure 5.2. The variation

of N with field, temperature and strain is similar to that found for SuperPower

tapes without APC’s [29].
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c2 (θ, T, εapp)
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Figure 5.1: The angular dependence of JC for different magnetic field magnitudes,
temperatures and applied strains.

a) b)

Figure 5.2: a) N(θ) for different magnetic fields and temperatures and εapp = 0%.
b) The same, but for εapp = −1%.

Figure 5.3 shows JC(εapp) for different fields and temperatures. The JC(εapp)

data were fitted using Equation 3.2.1 over the strain range for which JC(εapp) was

parabolic, −0.75% ≤ εapp ≤ 0.25%. The values of εpeak were extracted - it is clear

from the parabolic fits that εpeak is magnetic field and temperature dependent.
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Figure 5.3: a) JC(εapp) for different magnetic fields, with the field applied normal
to the tape surface. b) The strain dependence of JC for different temperatures, for
θ = 0◦.The solid lines were found by fitting Equation 3.2.1 at each temperature
and field and the value of εpeak noted.

Figure 5.4 shows the variation of N with JC. The data were fitted using

N = 1 + rNJ
SN
C , (5.3.2)

where rN and SN are constants. This expression was originally developed for LTS

[67], although it has found utility for parameterising (RE)BCO tapes too [27, 29].

The data for θ = 0◦ fit well, with exception to the data for T = 4.2 K, whose

N -values were affected by heating during the E−J transition, which was reported

previously by Branch for the experimental setup used in this work [28]. However,

it is found that rN and SN must be allowed to vary with temperature when fitting

the data for θ = 87.5◦. Table 5.1 gives the values of rN and SN for θ = 87.5◦.
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c2 (θ, T, εapp)

Figure 5.4: a) JC vs. N − 1 for θ = 0◦. The T = 4.2 K data were excluded from
the fit. b) The same, but for θ = 87.5◦. The dashed black line and rN and SN
values presented are for a global fit to the 60 K, 68 K and 76 K data.

Table 5.1: Fit parameter values for the fits to N(JC) for θ = 87.5◦ using Equation
5.3.2

Temperature (K) Parameter
rN SN

40 K 6 ± 5 0.2 ± 0.2
60 K 5.0 ± 0.3 0.42 ± 0.03
68 K 7.8 ± 0.3 0.37 ± 0.03
76 K 6.9 ± 0.3 0.52 ± 0.03

Figure 5.5 shows a ρ(T ) trace that was measured during the experiments. The

(cryogenic) normal state resistivity of the tape ρTape
N was assumed to be independent

of temperature over the resistive transition. The ‘bump’ in ρ(T ) close to ρ(T ) =

ρTape
N was also measured previously by Branch for a SuperPower Non-APC tape

[28]. The resistivity data that were used to extract B∗ρ
c2 data from each ρ(T ) trace
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c2 (θ, T, εapp)

were analysed using two different resistivity criteria - 0.1ρTape
N and 0.9ρTape

N .

Figure 5.5: Superconducting to normal state resistive transition for the APC
(RE)BCO sample with the 0.1ρTape

N and 0.9ρTape
N denoted by the dotted lines.

The B∗ρ
c2 data were fitted using

B∗ρ
c2 (θ, T, εapp) = B∗ρ

c2 (θ, 0, εapp)
[
1 −

(
T

T ∗ρ
C (εapp)

)ν]
(5.3.3)

where B∗ρ
c2 (θ, 0, εapp) = B∗ρ

c2 (θ, 0, 0)(1+bρε1εapp+bρε2ε2
app) and T ∗ρ

C (εapp) = T ∗ρ
C (0)(1+

cρε1εapp +cρε2ε
2
app). Here, B∗ρ

c2 (θ, 0, 0), bρε1, bρε2, T ∗ρ
C (0), cρε1 and cρε2 and ν are fit para-

meters. Table 5.2 shows the best fit parameters generated by the fits. In order to

get a good fit, the strain parameterisation of both T ∗ρ
C (εapp) and B∗ρ

c2 (θ, 0, εapp) had

to be allowed to vary as a function of angle. The values of B∗ρ
c2 (θ, 0, εapp) extracted

for both field orientations are in agreement with upper critical field measurements

performed on (RE)BCO single crystals using pulsed magnetic fields [164]. Fits were

also tried where B∗ρ
c2 (0, εapp) was related to T ∗ρ

C (εapp) using a form of an expression

developed for LTS [91]:

B∗ρ
c2 (θ, 0, εapp) = B∗ρ

c2 (θ, 0, 0)
(
T ∗ρ

C (εapp)
T ∗ρ

C (0)

)w
(5.3.4)

where w is a constant, however these fits had significantly higher RMS errors.
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Figure 5.6: B∗ρ
c2 (θ, T, εapp) for θ = 0◦ (solid lines and closed data points) and θ =

87.5◦ (dashed lines and open data points). The data were extracted from resistivity
traces at the 0.1ρTape

N criterion. The fit lines were generated using Equation 5.3.3
and the parameters for 0.1ρTape

N in Table 5.2.

Table 5.2: Fit parameters for the experimental B∗ρ
c2 data, along with the RMS fit

error, for 2 different resistivity criteria. The parameter ν was fixed at a value from
the literature [99, 164].

Fit Parameter 0.1ρTape
N 0.9ρTape

N

0◦ 87.5◦ 0◦ 87.5◦

ν 0.61 0.61
T ∗ρ

C (0) (K) 84.1 86.8
cρε1 (10−3%−1) −17.0 −18.3 −18.4 −16.0
cρε2 (10−3%−2) −29.4 −62.2 −20.7 −54.8
B∗ρ

c2 (0, 0) (T) 99.4 297 110 326
bρε1 (10−3%−1) 10.1 −70.6 77.8 −56.8
bρε2 (10−3%−2) −130 −87.1 −90.1 −99.7
RMS Error (T) 0.473 0.420
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5.4. Flux Pinning Analysis

5.4 Flux Pinning Analysis

The JC data for the θ = 0◦ and θ = 87.5◦ orientations were initially fitted using the

classic flux pinning theory in two stages, so that a universal curve of the normalised

pinning force vs. the reduced field for all JC data could be generated. In each stage,

the data were fitted using [56]

FP = FP,max

(
B

B∗
c2

)p (
1 − B

B∗
c2

)q
(5.4.1)

where FP,max is the maximum pinning force density, B∗
c2 is the irreversibility field,

and p and q are field, temperature and strain independent constants. FP,max was

treated as a free parameter for each combination of temperature, applied strain

and field orientation. Figure 5.7 shows the result of the fit.

*

*

40

Figure 5.7: FP
FP,max

vs. b∗ = B
B∗

c2
. The inset shows an RMS error surface for the

two fit parameters FP,max(0◦, 4.2 K, 0%), along with the value of B∗
c2 (300 T) and

FP,max (520 GNm−3) used to fit the data.
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5.4. Flux Pinning Analysis

Table 5.3: The strain dependence of the very high Bc2 values obtained from fits to
JC data after p and q were fixed at 0.25 and 1.58 respectively.

Temperature (K)
Parameter

B∗
c2(θ, T, 0) (T) b1ε (%−1) b2ε (%−2)

0◦ 87.5◦ 0◦ 87.5◦ 0◦ 87.5◦

4.2 300 - 0.0669 - −0.133 -
20 152 - 0.0669 - −0.133 -
40 52.1 1200 −0.0490 −0.397 −0.232 −0.885
60 - 800 - −0.397 - −0.885
68 - 300 - −0.397 - −0.885
76 - 27.3 - −0.397 - −0.885

Initially, the high temperature data (i.e. T ≥ 60 K for θ = 0◦) were fitted. In this

fit the values of B∗
c2 were fixed using the 0.1ρTape

N parameterisation of the B∗ρ
c2 data

(Equation 5.3.3 and Table 5.2). Values of p and q of 0.25 and 1.58 respectively were

extracted from this first fit. Then, the remaining low temperature data were fitted

for both orientations, with p and q fixed at 0.25 and 1.58 respectively. It was found

that fixing B∗
c2 using the parameterisation derived from the experimental B∗ρ

c2 data

generally led to poor fits, so B∗
c2 was parameterised using:

B∗
c2(θ, T, εapp) = B∗

c2(θ, T, 0)
(
1 + b1εεapp + b2εε

2
app
)

(5.4.2)

and the values of B∗
c2(T, 0, θ), b1ε and b2ε were left as free parameters for each tem-

perature and field orientation. The values for these parameters are given in Table

5.3.

Although a good fit can be found for the lower temperature data with p and q

fixed, the values of B∗
c2 required at lower temperatures are non-physical - much

higher than the values found in measurements of the upper critical magnetic field

for single crystals [164]. The global minimum in the error surfaces of FP,max vs.

B∗
c2 are also very broad. An example of this is shown in the inset of Figure 5.7.

The fit consistently forced B∗
c2 and FP,max to extremely large values, effectively

compressing the experimental data to the very low reduced field range in Figure 5.7.

This shows that universal flux pinning scaling breaks down across large temperature

ranges and multiple field orientations for this sample unless one introduces non-
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5.4. Flux Pinning Analysis

physical, very high B∗
c2 values at low temperatures.

Figure 5.8 shows the values of FP,max and B∗
c2 that underpin the universal FP

curve in Figure 5.7. The upper panel shows how the angle at which the field is

applied to the tape strongly affects the scaling of FP,max vs. B∗
c2. This is due to

the angular dependence of B∗
c2. If one uses an expression for FP,max developed for

LTS [23, 24, 25, 91, 163, 170]:

FP,maxκ
∗2
1 ∝ B∗n

c2 (5.4.3)

with the G-L parameter κ∗
1 ∝ B∗

c2/
[
T ∗

C

(
1 − (T/T ∗

C)2
)]

, then universal scaling be-

haviour can be found as shown in Figure 5.8.
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a)

b)
(a)

(a)

(b)

(b)

Figure 5.8: a) The scaling of FP,max with B∗
c2 for the two field orientations. Power

law fits for each orientation are also shown. The T = 40 K data for θ = 87.5◦ were
excluded from the fit for that orientation. b) The scaling of FP,maxκ

∗2
1 with B∗

c2,
along with a single power law fit for both field orientations.

Double-valued behaviour of FP,max with B∗
c2 is present for this APC (RE)BCO

sample, and similar behaviour has been found for Non-APC (RE)BCO and Nb3Sn

in previous analyses by Branch. However the non-physical very high values of B∗
c2

required to get a good fit at low temperatures for this APC sample, provided the

motivation to abandon the classic flux pinning and scaling approach as a good

description of JC and has lead to the SNS analysis presented in this thesis.
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5.5 Microscopic Properties of Superconductors and

Barriers

In this section, we first consider the standard text-book formalism for the normal

state properties of materials and then the equivalent formalism for superconducting

properties. We will use these to construct the SNS Josephson junction model for

JC outlined later in the chapter.

5.5.1 Normal State Properties of Superconductors

We note that the normal state properties can be calculated with 3 independent

measurements. Thereafter the other normal state properties can be calculated us-

ing well-known results from solid state theory [171, 172]. Orlando states that 3

independent material properties are needed to predict all the in-field properties

of superconductors in the simple limit considered here, namely that it is weakly

coupled and in the dirty limit [173]. Two normal state properties and the critical

temperature suffice. Were we to consider superconductors in the clean limit, then

the Fermi surface area of the charge carriers normalised to the Fermi surface area of

a free electron gas would be required. Were we to further consider strongly coupled

superconductors, a 5th parameter (e.g., the gap or the characteristic phonon fre-

quency) would be required to calculate the superconducting properties. Table

5.4 contains calculations and values for the normal state properties of Nb3Sn and

optimally doped YBCO. Three independent parameters were taken from the liter-

ature and the other parameters were derived using, for example, the well-known

free electron model and Drude model.
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Table 5.4: Normal state properties for Nb3Sn and YBCO, and the equations to
calculate them. For Nb3Sn, experimental values of ρN,s, γs and ns were used to
calculate all other parameters. For YBCO, experimental values of ρN,s, γs and
νF,s were used. The density of states g(EF,s) is the density of states for one spin
direction, and in the calculation for γs, there is a factor of 2 to account for spin
degeneracy [172]. The Fermi surface area quoted is for a gas of free electrons.

Parameter Definition Calculation Approx. Value at Optimal T ∗
C

Nb3Sn YBCO

ρN,s
Normal State

Resistivity ρN,s = ms
nse2τs

3.0 × 10−7 Ωm
[174]

2.5 × 10−6 Ωm
[175]

T ∗
C

Critical
Temperature - 18 K [174] 93 K [43]

SF,s
Fermi Surface

Area SF,s = 4πk2
F,s 5.0 × 1021 m−2 1.0 × 1021 m−2

γs
Electronic

Specific Heat γs = 2π2

3 g(EF,s)k2
B

1100 Jm−3K−2

[173] 200 Jm−3K−2 [172]

g(EF,s) Density of
States g(EF,s) = 3γs

2π2k2
B

8.8 × 1047 J−1m−3 1.6 × 1047 J−1m−3

kF,s
Fermi

Wavevector kF,s = ℏ2π2g(EF,s)
ms

2.0 × 1010 m−1 9.1 × 109 m−1

ns
Charge Carrier

Density ns =
k3

F,s

3π2

2.6 × 1029 m−3

[173] 2.6 × 1028 m−3

ms Effective Mass ms = 3ℏ2γs

2kF,sk2
B

5.4me 2.1me

νF,s Fermi Velocity νF,s = ℏkF,s

ms
4.2 × 105 ms−1 5.0 × 105 ms−1 [22]

τs
Scattering

Time τs = ms
nse2ρN,s

2.5 × 10−15 s 1.2 × 10−15 s

ls
Mean Free

Path ls = νF,sτs 1.1 × 10−9 m 5.9 × 10−10 m

Ds Diffusivity Ds = 1
3ν

2
F,sτs 1.5 × 10−4 m2s−1 9.8 × 10−5 m2s−1

5.5.2 Superconducting Properties of Bulk Superconductors

In standard Ginzburg-Landau theory, there are three free parameters αs, βs and

ms. Here we also consider an additional free parameter, Υs as shown in Equation

2.4.1 in Chapter 2, which is repeated here:

gs = fn+αs |ψ|2+βs
2 |ψ|4+ Υs

2m |(−iℏ∇ + 2eA)ψ|2+ B2

2µ0
−H0 ·B+µ0H0

2

2 (5.5.1)

In this section, the free parameters are rewritten in terms of the characteristic fields

B∗
c2 and B∗

C (or κs = B∗
c2√

2B∗
C

). We also reserve the starred values for the supercon-

ductor’s critical fields to represent characteristic values of those critical fields that

result from the underlying distribution of superconducting parameters in a real

superconductor, due to, for example, micro-structural defects or variations in the

superconductor’s chemical composition. Distributions of critical superconducting

parameters are considered comprehensively in Chapter 6.
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5.5.2. Superconducting Properties of Bulk Superconductors

We now assign the superconductor’s temperature and strain dependence. The

temperature dependence of B∗
c2 is the same as that introduced in Equation 5.3.3,

but the strain dependence is different. We have developed the following expression

to parameterise T ∗
C(εapp):

T ∗
C(εapp) = T ∗

C(0)exp
(

1 −
(
1 + cε1εapp + cε2ε

2
app + cε3ε

3
app + cε4ε

4
app
)2
)

(5.5.2)

where the coefficients in front of the εapp’s are constants. The advantage of this

expression compared to a polynomial (often used in the literature) is that T ∗
C(εapp)

always tends to zero at large compressive and tensile strains, regardless of the

values of the ‘cε’ coefficients, which is consistent with experimental data. The

strain dependence of B∗
c2 is parameterised using a form of Equation 4.4.3

B∗
c2(0, εapp) = B∗

c2(0, 0)
(
T ∗

C(εapp)
T ∗

C(0)

)w
. (5.5.3)

To parameterise the temperature dependence of the thermodynamic critical field

B∗
C we use [172]:

B∗
C(T, εapp) = B∗

C(0, εapp)

1 −
(

T

T ∗
C(εapp)

)2
 , (5.5.4)

and along with the aforementioned temperature dependence of B∗
c2, this completely

specifies the temperature dependence of the superconductor’s in-field properties.

The strain dependence of B∗
C is parameterised using [173, 176, 177]

B∗
C(0, εapp) = B∗

C(0, 0)
(
T ∗

C(εapp)
T ∗

C(0)

)1

(5.5.5)

which is true regardless of regardless whether the superconductor is in a clean or

dirty limit. The exponent here is unity because B∗
C(0, εapp) ∝ T ∗

C(εapp)1 and we

have assumed that all of the strain dependence in B∗
C(0, εapp) comes from the strain

dependence of T ∗
C.

To calculate Υs (and αs and βs) when it is not unity, we use a microscopic argument

[178]. The critical aspect of the derivations of |αs| and βs is that the reduction in

free-energy is only associated with that fraction of the conduction electrons within
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5.5.2. Superconducting Properties of Bulk Superconductors

∆s of the Fermi energy. We start by minimising Equation 2.4.1 in zero-field, which

yields

fs = gs = − α2
s

2βs
(5.5.6)

and

|ψs|2 = |αs|
βs

= ns. (5.5.7)

Using microscopic theory,

gs = −1
2g(EF,s)∆2

s, (5.5.8)

and the empirical relation

ns = g(EF,s)∆s, (5.5.9)

we obtain

|αs| = ∆s. (5.5.10)

We then write down βs as:

βs = g−1(EF,s). (5.5.11)

Basic thermodynamic considerations give:

fs = gs = −B∗2
C

2µ0
, (5.5.12)

therefore,

|αs| = ∆s = B∗
C√

µ0g(EF,s)
. (5.5.13)

We can also write ∆s using the famous BCS result in Equation 2.3.3, which means

that B∗
C(0, 0) = 1.76kBT ∗

C(0)
√
µ0g(EF,s). The fit that introduces the factor Υs,

allows the possibility for not all of the conduction electrons to contribute to the

supercurrents that flow, and the value of Υs depends on whether the supercon-

ductor is in the clean or dirty limit. To calculate Υs, we can combine Equation

2.4.5, Equation 2.4.9 and the microscopic expression for αs to obtain

Υs = ms |αs|
eℏB∗

c2
= 2msB

∗
C

eℏB∗
c2

√
µ0g(EF,s)

. (5.5.14)
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5.5.3. The Normal State and Superconducting Properties of Barriers

For a fixed temperature and strain, the value of B∗
c2 varies depending on whether

the superconductor is clean or dirty. In the dirty limit [173, 179]

B∗
c2(0, 0) = 12e

π3kB
ρN,sγsT

∗
C(0). (5.5.15)

Hence we have expressions for αs, βs and Υs in terms of normal state properties.

5.5.3 The Normal State and Superconducting Properties of

Barriers

We now define the normal state and superconducting properties of the normal

barrier in the Josephson junction. The normal state properties of the barrier are

denoted using the same symbols as those for the superconductor in Table 5.4,

except with the ‘s’ subscript replaced by ‘n’. For example, the number density of

charge carriers in the normal barrier would be nn. The only exception is the critical

temperature of the normal barrier, which is denoted using T ∗
C,n. In a similar way

to the superconductor, in the dirty limit, all of the in-field properties of the normal

barrier could be calculated if 2 of the normal state properties and the critical

temperature were known.

For the temperature dependence of the normal barrier parameters, we assume that

both B∗
c2,n and B∗

C,n have a simple linear temperature dependence, in other words:

B∗
c2,n(T ) = B∗

c2,n(0)
(

1 − T

T ∗
C,n

)
(5.5.16)

and

B∗
C,n(T ) = B∗

C,n(0)
(

1 − T

T ∗
C,n

)
. (5.5.17)

We also assume that T ∗
C,n, B∗

c2,n and B∗
C,n are independent of strain, the normal

barrier thickness d has a simple linear strain dependence for Nb3Sn:

d(εapp) = d(0) (1 + dε,1) , (5.5.18)
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where dε,1 is a constant. For (RE)BCO, we assume that the normal barrier thick-

ness has the following temperature and strain dependence:

d(T, εapp) = d(0) + ζ1

(
T

T ∗
C(εapp)

)
+ ζ2

(
T

T ∗
C(εapp)

)2

, (5.5.19)

and the normal barrier width ws has the following temperature and strain depend-

ence:

ws(T, εapp) = ws(0) −

ζ1

(
T

T ∗
C(εapp)

)
+ ζ2

(
T

T ∗
C(εapp)

)2
 , (5.5.20)

where ζ1 and ζ2 are constants. The temperature and strain dependent terms rep-

resent a correction to the barrier dimensions due to the temperature and strain

varying coherence length ξs(T, εapp) [180] and distributions of critical supercon-

ducting parameters close to the barrier. Section 5.8 discusses this in more detail.

Similar to the calculations for αs, βs and Υs in Section 5.5.2, we can use microscopic

theory to calculate αn, βn and Υn for the normal barrier. We can also write down

expressions for B∗
C,n(0) and B∗

c2,n(0) using the same approach as before. Table

5.5 shows the final expressions for the α, β and Υ values for the superconducting

electrodes and normal barrier of the SNS Josephson junction, as well as the values

in the barrier normalised to the values in the superconducting electrodes.
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Table 5.5: Expressions for α, β and Υ (and m̃n/Υ̃n(0, 0)) in terms of superconducting properties and normal state properties, for the 2
types of fit performed to each dataset.

Parameter Expression
Υs = Υn = 1 Υs and Υn are free parameters

αs
−πℏ2B∗

c2(0,0)
2ϕ0ms

(
T ∗

C(εapp)
T ∗

C(0)

)w (
1 − t∗

ν ) −1.76kBT ∗
C(0)T

∗
C(εapp)
T ∗

C(0)

(
1 − t∗

2
)

αn
πℏ2B∗

c2,n(0)
2ϕ0mn

(
T

T ∗
C,n

− 1
)

−1.76kBT ∗
C,n

(
1 − T

T ∗
C,n

)
α̃n −B̃∗

c2,n(0, 0)m̃−1
n

(
T ∗

C(εapp)
T ∗

C(0)

)−w
T

T ∗
C,n

−1

1−t∗ν T̃ ∗
C,n(0)

(
T ∗

C(εapp)
T ∗

C(0)

)−1 1− T
T ∗

C,n

1−t∗2

α̃n(0, 0) ρ̃N,ng̃(EF,n)T̃ ∗
C,n(0)m̃−1

n T̃ ∗
C,n(0)

βs
µ0e2ℏ2

4m2
s

(
B∗

c2(0,0)
B∗

C(0,0)

)2 (T ∗
C(εapp)
T ∗

C(0)

)2w−2 (1−t∗ν

1−t∗2

)2
g−1(EF,s)

βn
µ0e2ℏ2

4m2
n

(
B∗

c2,n(0)
B∗

C,n(0)

)2
g−1(EF,n)

β̃n

(
B̃∗

c2,n(0,0)
B̃∗

C,n(0,0)m̃n

)2 (
T ∗

C(εapp)
T ∗

C(0)

)2−2w ( 1−t∗2

1−t∗ν

)2
g̃−1(EF,n)

β̃n(0, 0) ρ̃2
N,ng̃(EF,n)m̃−2

n g̃−1(EF,n)
Υs 1 3.52kBT

∗
C(0)ms

eℏB∗
c2(0,0)

(
T ∗

C(εapp)
T ∗

C(0)

)1−w 1−t∗2

1−t∗ν

Υn 1 3.52kBT
∗
C,nmn

eℏB∗
c2,n(0)

Υ̃n 1 T̃C,n(0)m̃nB̃
∗
c2,n(0, 0)−1

(
T ∗

C(εapp)
T ∗

C(0)

)w−1 1−t∗ν

1−t∗2

m̃n/Υ̃n(0, 0) m̃n ρ̃N,ng̃(EF,n)77
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5.6 SNS Josephson Junction Model Formalism

Although flux pinning theory has provided a useful qualitative description of JC,

and has contributed to providing support for physical principles for increasing JC

values in many technological superconductors (such as through the addition of

APC’s in (RE)BCO [181, 182] or the refinement of grain size in Nb3Sn [61]), it

struggles to provide a quantitative description of the materials because it is ex-

tremely difficult to know how all the individual vortex-pin and vortex-vortex inter-

actions that occur on a mesoscopic scale in a superconductor lead to a macroscopic

JC value. Furthermore, the flux pinning scaling law fit given above for the APC

(RE)BCO sample has also highlighted that the pinning framework doesn’t even

meet the basic requirement of parameterising the data properly, since obtaining a

good fit requires non-physical values of B∗
c2.

As was shown in Chapter 2, minimising the functional leads to the two famous

G-L equations with solutions for the wave function order parameter usually in the

form ψs = |ψs| eiθ where θ is not gauge invariant. Here we briefly outline the SNS

Josephson junction approach of Blair and Hampshire (BH) [133] where the mater-

ial properties are uniform in the superconducting electrode and the normal barrier.

In the barrier, the two normalised gauge-invariant G-L equations are:[
Υ̃n

m̃n

(
∇̃2 −

(
∇̃γ

)2
)

+ α̃n − β̃n
∣∣∣ψ̃2
∣∣∣] ψ̃ = 0 (5.6.1)

and

J̃s = Υ̃n

m̃n

∣∣∣ψ̃2
∣∣∣ ∇̃γ (5.6.2)

where the tilde symbols denote standard normalised parameters, the subscripts

denote ratios with respect to the superconducting electrodes (for example, α̃n =

αn/αs) and the gauge invariant phase γ is given by ∇̃γ = ∇̃θ− Ã where Ã is the

normalised magnetic vector potential in the junction. Table 5.6 contains all of the

parameter normalisations that are used in this section.

In the limit that the junction system is very narrow (i.e., ws < ξs where ws is the
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5.6. SNS Josephson Junction Model Formalism

junction width), Equation 5.6.1 can be integrated over the y-direction to give Υ̃n

m̃n
∂2
x + α̃n − Υ̃n

m̃n
q2 − β̃n

∣∣∣ψ̃∣∣∣2 − m̃n

Υ̃n

〈
J̃s;x

〉2

y∣∣∣ψ̃∣∣∣4
 ψ̃ = 0 (5.6.3)

where q2 = 1
12

(
Bws
B∗

c2ξs

)2
is a field dependent pair breaking term and

〈
J̃s;x

〉
y

= Υ̃n

m̃n

(
∂xγ − B̃ỹ

)
(5.6.4)

is the supercurrent density in the x-direction averaged over the y-direction, with

B̃ = B/B∗
c2 with B being the applied field and ỹ = y/ξs.

Table 5.6: Definition of units used in the normalised TDGL equations (Equations
5.6.1 and 5.6.2).

Symbol Normalisation Interpretation
r̃ ξs = ℏ

√
Υs

−2mαs
Position Vector

t̃ τs = µ0λ2
s

ρN,s
Time

ψ̃ |ψ0| =
√

−αs
βs

Order Parameter

Ã A0 = ϕ0
2πξs

Magnetic Vector Potential
φ φ0 = ϕ0

2πτs
Electrostatic Potential

B̃ B∗
c2 = ϕ0

2πξ2
s

Magnetic Induction

Ẽ E = ϕ0
2πτsξs

Electric Field
J̃s Js = ϕ0

2πµ0κ2
sξ

3
s

Current Density

fs F = ϕ2
0

8π2µ0κ2
sξs

Free Energy
α̃n

αn
αs

Relative Condensation Parameter
β̃n

βn

βs
Relative Nonlinearity Parameter

m̃n
mn
ms

Relative Effective Mass
Υ̃n

Υn
Υs

Relative ‘Upsilon’ Parameter

Equation 5.6.3 can be rescaled and solved using Jacobi elliptic functions following

the zero-field approach of Fink [183] to find the maximum current density that the

junction system can carry without loss (denoted using JDJ), for very narrow, thick

junctions in high fields up to B∗
c2. The resulting expression is:

lim
d≫ξs>ws

{JDJ(B)} = 4Js
(
1 − q2

)3/2 1 −
√

1 − s̃f̃2
d/2

s̃ṽ
exp

(
− d̃

ξ̃n

)
(5.6.5)
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where d̃ = d/ξs and

f̃2
d/2 = ṽ2 + 1 −

√
ṽ2 (2 − s̃) + 1

ṽ2 + s̃
, (5.6.6)

with

s̃ = β̃n(1 − b∗)

α̃n −
(

m̃n

Υ̃n(T,εapp)

)−1
b∗
, (5.6.7)

and

ṽ = m̃n

Υ̃n(T, εapp)
ξ̃n

√
1 − b∗, (5.6.8)

and

ξ̃n =

√√√√√
(

m̃n

Υ̃n(T, εapp)

)−1 1

−α̃n +
(

m̃n

Υ̃n(T,εapp)

)−1
b∗

(5.6.9)

and Js can be written out fully as

Js(T, εapp) =
√

2B∗
C(0, 0)

µ0λL(0, 0)

(
T ∗

C(εapp)
T ∗

C(0)

)2− w
2 (

1 − t∗
ν
)− 1

2
(
1 − t∗

2)2
(5.6.10)

where BH used the London penetration depth in order to recover the standard ex-

pression for the depairing current density at zero strain and zero temperature. We

note that for anisotropic superconductors such as (RE)BCO, the Js for the trans-

port current flow direction should be used. Using Clem’s high field results [131],

BH assume that the junction width ws is replaced by the fluxon-fluxon spacing a0,

so that

JC = c0

(
ϕ0

Bappw2
s

)c1

JDJ(ws → a0). (5.6.11)

Clem’s work shows that c0 ≈ 0.3/c1 for junctions with a wide range of aspect

ratios [133, 184] and by combining this with Equation 5.6.5 and Equation 5.6.11

we ultimately arrive at

JC = 1.2
c1

(
ϕ0

Bappw2
s

)c1

Js(1 − b∗)
3
2

1 −
√

1 − s̃f̃2
d/2

s̃ṽ
exp

(
− d̃

ξ̃n

)
. (5.6.12)

In all fits, the constraint JC(Bcr) < JDJ for B = Bcr where Bcr is the crossover

field [184] must be included. For the (RE)BCO samples considered here, ws had to

be larger than 2 × 102 nm, as the value of c0 was close to 0.5. We will find that the

final fit values of ≈ 230 − 240 nm suggest that JC is close to JDJ in these samples.
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5.7. Using the SNS Josephson Model to Fit JC Data

The fit parameters α̃n(0, 0), β̃n(0, 0) and m̃n/Υ̃n(0, 0) can be rewritten in terms

of normal state properties of the barrier relative to the superconductor, as shown

in Table 5.5. This therefore allows us to extract some of these properties, and the

normal state properties of the barrier, when taken in conjunction with the values

for the superconductor in Table 5.4. For the parameter fits where Υn and Υs are

not fixed at 1, αn(0, 0) is a combination of two other free parameters, T ∗
C(0) and

T ∗
C,n, so αn(0, 0) is not a free parameter in those fits. Hence it is not possible to

calculate all of the normal state properties because knowledge of ρ̃N,n and g̃(EF,n)

alone is not enough to calculate all of the other normal state properties.

5.7 Using the SNS Josephson Model to Fit JC Data

The fits to the JC data using Equation 5.6.12 for the SuperPower APC (RE)BCO

sample, the SuperPower Non-APC sample, and Nb3Sn sample are now presented.

The fits to the JC data for APC (RE)BCO are shown in Figures 5.9, 5.10, 5.11, and

5.12 and the fits to the JC data for Non-APC (RE)BCO are shown in Figures 5.9,

5.13, 5.14, and 5.15. The fits to the JC data for Nb3Sn are shown in Figures 5.16

and 5.17. At large compressive strains, JC(εapp) tends to zero. The fit is similar in

quality to the flux pinning fit reported by Branch [28] (indeed, the flux pinning fit

for Nb3Sn by Branch and the SNS Josephson junction fits here have RMS errors

of around 0.02 GAm−2).
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5.7. Using the SNS Josephson Model to Fit JC Data

SuperPower® Non-APC SCS4050 SuperPower® APC SCS4050

Figure 5.9: JC(B) for both (RE)BCO samples, for θ = 0◦. The fit lines correspond
to the Υ̃n free fits.

Figure 5.10: JC(εapp) for the SuperPower APC sample, for θ = 0◦. The fit lines
correspond to the Υs = Υn = 1 fit.
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Figure 5.11: JC(εapp) for the SuperPower APC sample, for θ = 87.5◦. The fit lines
correspond to the Υs = Υn = 1 fit.

Figure 5.12: JC(εapp) for the SuperPower APC sample, for θ = 87.5◦. The fit lines
correspond to the Υ̃n free fit.
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5.7. Using the SNS Josephson Model to Fit JC Data

Figure 5.13: JC(εapp) for the SuperPower Non-APC sample, for θ = 0◦. The fit
lines correspond to the Υs = Υn = 1 fit.

Figure 5.14: JC(εapp) for the SuperPower Non-APC sample, for θ = 87.5◦. The fit
lines correspond to the Υs = Υn = 1 fit.
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5.7. Using the SNS Josephson Model to Fit JC Data

Figure 5.15: JC(εapp) for the SuperPower Non-APC sample, for θ = 87.5◦. The fit
lines correspond to the Υ̃n free fit.

Figure 5.16: JC(εapp) for Nb3Sn for different temperatures and applied magnetic
fields.The fit lines correspond to the fit where Υ̃n free fit.
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5.7. Using the SNS Josephson Model to Fit JC Data

Figure 5.17: JC(εapp) for Nb3Sn for different temperatures and applied magnetic
fields.The fit lines correspond to the Υs = Υn = 1 fit.

We note that for both (RE)BCO samples, fits were performed for 0◦ and 87.5◦

separately. The 0◦ fits were performed first and many of the fit parameters for

the 87.5◦ orientation were fixed using the values from 0◦. In the Nb3Sn fits, any

JC data below 0.02 GAm−2 were excluded from the fit, because these low JC

datapoints caused the non-linear least squares fitting algorithm to tend towards

poor local minima in the error surface. Low JC data were also excluded from the

APC (RE)BCO and Non-APC (RE)BCO fits too, in this case all JC data below 0.5

GAm−2. As JC data for the (RE)BCO samples were only measured at 7 different

applied strains, it wasn’t necessary to include 3rd and 4th order terms in Equation

5.5.2 for those samples.

Having a non-zero value of dε,1 leads to εpeak having some field and temperature
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5.7. Using the SNS Josephson Model to Fit JC Data

dependence. Figure 5.18 shows the fit to εpeak for the Nb3Sn sample. No analytic

expression could be found for εpeak by taking the derivative of Equation 5.6.12

with respect to strain, so the fit lines were produced by finding the values of εpeak

numerically. The strain dependencies in Equations 5.5.19 and 5.5.20 do not lead

to significant varying εpeak values.

Figure 5.18: εpeak for the Nb3Sn sample. The fit lines were generated using the
fit where Υ̃n was not fixed at 1. The εpeak values were taken from parabolic fits
performed by Branch [28].

Table 5.7 shows the resultant fit parameters for all 3 samples. We note that some of

the fit parameters are highly correlated. We found that the correlation matrices for

the fits did not always provide a good measure of the strength of the correlations as

a whole, due to the complex shapes of the error surfaces. Nevertheless, inspection

of Table 5.7 shows that reasonable values for the physical parameters are obtained

as discussed in the next section. It was found that a large range of β̃n values led

to equally good fits for the Υ̃n free fits, as highlighted by examples of the fit error

surfaces in Figure 5.19. For this reason, the density of states ratio g̃(EF,n) was

fixed at 1 in all fits, which meant that β̃n was fixed at 1 for the Υ̃n free fits and

β̃n(0, 0) could be written as β̃n(0, 0) = α̃2
n(0, 0)T̃ ∗−2

C,n (0) for the Υs = Υn = 1 fits.
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a) b)

Figure 5.19: a) Error surface for Nb3Sn for the fit with Υ̃n as a free parameter. b)
Error surface for Non-APC (RE)BCO, for θ = 0◦ and Υ̃n as a free parameter.
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Table 5.7: Fit parameters for the SNS model fits. Bold parameters were fixed from the literature or set at zero to reduce the number
of free parameters. For both (RE)BCO samples, for 87.5◦, the italicised values were fixed at the 0◦ values. The starred value (∗) of
ws = 450 nm was fixed from microscopy (see the references in [90]) and a factor of π to account for sphericity of grains. The dagger
values (†) of α̃n(0, 0) were not free parameters as α̃n(0, 0) = T̃ ∗

C,n(0) when Υ̃n is free (see Table 5.5).

Nb3Sn (RE)BCO (Non-APC) (RE)BCO (APC)
Υ̃n free, Υs = Υn = 1 Υ̃n free, Υs = Υn = 1 Υ̃n free, Υs = Υn = 1

Constraint Type Parameter 0◦ 87.5◦ 0◦ 87.5◦

Fit parameters

ws(0) (nm) 450∗, 450∗ [90] 334, 244 242, 245 234, 237 234, 237
d(0) (nm) 2.79, 3.14 0.584, 0.540 0.219, 0.0621 0.400, 0.400 0.0401, 0.0418

c1 0.524, 0.605 0.510, 0.504 0.510, 0.504 0.559, 0.559 0.559, 0.559
λL(0, 0) (nm) 93.5, 93.5 [22] 135, 135 [22] 135 ,135 135, 135 [22] 135 ,135

T ∗
C(0) (K) 16.3, 16.5 86.3, 88.1 86.3, 88.1 87.0, 91.0 87.0, 91.0

B∗
c2(0, 0) (T) 30.6, 31.5 94.2, 73.5 240, 240 [164] 112, 83.8 240, 240 [164]

ν 1.40, 1.49 0.616, 0.795 4.50, 3.67 0.387, 0.629 7.68, 6.05
cε1 (10−3%−1) −51.7, −51.0 −1.81, −1.63 -1.81, -1.63 9.44, 9.52 9.44, 9.52
cε2 (10−3%−2) 58.2, 55.8 18.6, 19.0 18.6, 19.0 27.3, 25.5 27.3, 25.5
cε3 (10−3%−3) 43.3, 41.3 0 0 0 0
cε4 (10−3%−4) 39.9, 12.3 0 0 0 0

w 2.45, 2.52 2.2, 2.2 [67] 2.2 , 2.2 2.2, 2.2 [67] 2.2 , 2.2
dε1 (10−3%−1) −60.5, −63.8 0, 0 0 , 0 0, 0 0 , 0

ζ1 (nm) 0, 0 2.64, 1.97 0, 0 1.85, 3.19 0.246, −1.20
ζ2 (nm) 0, 0 −1.50, −0.985 1.35, 1.85 −0.923, 1.60 1.53, 3.75
α̃n(0, 0) −3.23†, −2.34 −1.51†, −1.35 −1.51†, −0.893 −1.90†, −1.14 −1.90†, −0.876
β̃n(0, 0) 1, 1.49† 1, 0.410† 1 , 0.179† 1, 0.193† 1 , 0.114†

m̃n

Υ̃n(0,0) 4.35, 2.70 2.80, 7.32 4.01, 5.95 3.92, 3.64 2.15, 5.52
T ∗

C,n (K) −52.5, −31.6 −130, −186 -130, -186 −165, −236 -165, -236
Js(0, 0) (GAm−2) 9130, 9280 7690, 6790 7690, 6790 8380, 7250 8380, 7250

g̃(EF,n) 1, 1 1, 1 1, 1 1, 1 1, 1
Calculated ρ̃N,n 7.83, 3.29 2.80, 4.69 4.01, 2.51 3.92, 1.63 2.15, 1.86
parameters ñn n/a, 0.0506 n/a, 2.55 × 10−3 n/a, 4.76 × 10−3 n/a, 0.0207 n/a, 5.94 × 10−3

τ̃n n/a, 16.2 n/a, 614 n/a, 497 n/a, 108 n/a, 187
l̃n n/a, 2.22 n/a, 11.4 n/a, 14.1 n/a, 8.14 n/a, 6.11

RMS Jc Error (GAm−2) 0.0208, 0.0259 0.396, 0.543 1.82, 1.69 1.22, 1.38 4.51, 3.2289



5.8.1. B∗ρ
c2 and T ∗

C

5.8 Discussion

5.8.1 B∗ρ
c2 and T ∗

C

The B∗ρ
c2 measurements in this work indicate that there may be quite a broad range

of TC within the (RE)BCO layer, as the resistive transition spans several kelvin

(in both zero field and in-field), and the value of T ∗ρ
C itself is quite low, at ≈ 84

- 87 K compared to ideal single crystal values. This low value of T ∗ρ
C is probably

due to the strain fields in the (RE)BCO matrix that are caused by the APC’s

[185]. Conversely, the values of B∗ρ
c2 (0, 0) for θ = 0◦ are higher by about 20 T in

our tape that contains APC’s compared to the sample that do not contain APC’s.

This could be, for example, due to enhanced superconductivity in the vicinity of

the nanorods, that locally causes B∗ρ
c2 to increase towards the surface critical field

Bc3. At temperatures close to T ∗
C where the resistive measurements are performed,

the coherence length is much larger than the diameters of the nanorods, so it is

unlikely that the enhanced B∗ρ
c2 values are an artefact of enhanced pinning. There

is a difference between the T ∗ρ
C values that were measured directly at 0 T and the

T ∗ρ
C values extracted from the B∗ρ

c2 fits when they are extrapolated to 0 T. This

may be because the directly measured T ∗ρ
C values in zero field are associated with

the underlying distribution of TC within the (RE)BCO layer, while the extrapol-

ated values give an indication of the temperature at which JC effectively drops to

zero and the current shunts through the copper and silver layer(s) of the tape. To

gain a full understanding of the B∗ρ
c2 behaviour of the (RE)BCO tape measured in

this work, or indeed any (RE)BCO tape, one must consider the effects of current

percolation and distributions of critical superconducting parameters and current

shunting through other tape layers. This issue is the central theme for Chapter

6. For (RE)BCO, the temperature dependence of B∗
c2 is often parameterised using

(1 − t∗ν)s [186, 187, 188, 29], often with ν = 1, rather than the (1 − t∗ν) that

has been used in this work. When the B∗ρ
c2 data were fitted, there was no notice-
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able difference in fit quality between either expression, and it was decided that the

(1 − t∗ν) parameterisation should be used as it describes the behaviour for Bc2(T )

in (RE)BCO single crystals well [99, 164] and also prevents any coherence lengths

derived from B∗ρ
c2 using Equation 2.4.9 from blowing up to infinity as the temperat-

ure approaches the critical temperature. As an additional check, a full flux pinning

parameterisation of the JC data for the (RE)BCO APC data was performed using

the (1 − t∗ν)s expression and the conclusions of that analysis were broadly the

same, with regards to the extremely high values of B∗
c2 and FP,max needed at lower

temperatures to get a universal fit with a single value of p and q.

5.8.2 Pinning in (RE)BCO and Nb3Sn

Pinning within (RE)BCO tapes is complex but can broadly be split into two cat-

egories - ‘intrinsic’ and ‘extrinsic’. Intrinsic pinning sites include random point

defects resulting from the manufacturing process [189, 190, 191], stacking faults

in the ab-plane [192], and the periodic variation of the order parameter along the

c-direction [193, 194]. Extrinsic pinning sites include APC’s such as nanoparticles

and nanorods. The SuperPower APC (RE)BCO tape measured in this work is

loaded with nanorods, whose diameters are typically a few nm [182, 195], which is

larger than the ab-plane coherence length at all fields and temperatures except very

close to Bc2, which is why there is a strong peak in JC around 90◦ in this sample.

Given that each type of pinning site present in a tape contributes its own field and

temperature dependence to JC, it is not particularly surprising that a simple flux

pinning parameterisation with a single value of p and q failed to fit the JC data

at all fields and temperatures with physically justifiable fit parameters, since it

makes no assumptions about the temperature, angular or strain dependence of the

pre-factor FP,max. The peak in JC(θ) associated with the ab-planes has a similar

shape and field and temperature dependence as that for a (RE)BCO tape without

APC’s [29], suggesting that intrinsic pinning may dominate for this field orienta-
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tion. Given the long-standing use of scaling laws for Nb3Sn, it is clear that pinning

can provide a good parameterisation of JC. However, it has long been known

that the motion of flux through a polycrystalline superconductor is predominantly

along the grain boundaries, which naturally leads to an SNS Josephson junction

description and has not been described using a flux pinning approach that gives

the establish Kramer parameterisation parameters of p = 1/2 and q = 2 [60]. In

contrast to a pinning description which for any given values of p and q gives little

information about how to improve or increase JC, we turn to the SNS Joseph-

son junction description which provides detailed microscopic parameters that can

be tested with complementary measurements and provides optimisation strategies

that may help the community achieve values of JC in technological materials closer

to the theoretical limits.

5.8.3 Junction behaviour in (RE)BCO and Nb3Sn

The SNS Josephson junction model in this work considered the superconducting

electrodes and normal barrier of the junction to be gapless, s-wave superconductors

in the dirty limit. This is a reasonable assumption for Nb3Sn, however, there is

no overall consensus within the community on the pairing mechanism responsible

for superconductivity in the cuprates such as (RE)BCO although d-wave pairing

is one strong possibility [172]. While the G-L equations for a superconductor with

a different pairing mechanism such as d-wave are available, we leave it as a subject

for future work as to whether the complexity of introducing d-wave pairing war-

rants the changes to the final expression for JC. In this context, the fit parameters

and normal state properties for the (RE)BCO samples where Υs and Υn are free

should be interpreted with some caution, as these fits used the weak-coupling, s-

wave expression for the energy gaps ∆s and ∆n.

For transport JC measurements on (RE)BCO tapes taken in very low magnetic

fields, the self-field generated by a tape is greater than the background magnetic
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field, and JC tends to a constant value as B → 0. Gurnham has modelled the

effects of self-field on JC for a (RE)BCO tape by treating it as a collection of SNS

Josephson junctions in parallel, and investigated the characteristic crossover field

Bcr at which the applied magnetic field becomes larger than the self-field [184] and

the source of dissipation changes from fluxon-antifluxon annihilation to flux flow

along the normal barriers. For a (RE)BCO tape with a (RE)BCO layer that is

1 µm, using JC data taken at 77 K and 0.01 T by Higgins [196], the crossover field

is 12.6 mT.

The SNS junction model provides a straightforward building block for polycrystal-

line superconductors such as Nb3Sn. Simulations show that there is a large energy

penalty for the fluxons to leave the grain boundaries [179]. In this context, the

model assumes fluxons shear along low angle grain boundaries or twin boundaries.

Table 5.5 shows the normal barriers (cf d(0)) in the (RE)BCO samples appear to

be quite thin - as low as the approximate (RE)BCO unit cell size in the a- or b-

directions [32] or smaller. This is in broad agreement with the grain boundary

thicknesses resulting from grain boundary channel models, in which a low-angle

grain boundary is treated as a 1D chain of dislocation loops (see Chapter 3, or

Gurevich [121]). As the temperature increases, the barrier becomes considerably

thicker which indicates that there may be distributions of critical superconducting

parameters in the vicinities of the barriers, which is not surprising as strain fields

and poor oxygen content are often found at (RE)BCO grain boundaries, and these

can suppress TC. Alternatively, the increasing thickness could be thought of as a

correction to the chemical thickness of the barrier associated with the finite co-

herence length [180]. The temperature and strain dependence of the barrier width

was included to complement the expression for d(T, εapp), it had little effect on the

value of ws.

The G-L depairing current density of the superconducting electrodes JD can be

related to J0 using JD = 2
3
√

3J0. If the superconducting electrodes had B∗
c2(0, 0)

values that were equal to optimally doped single crystal values of ∼ 128 T for
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θ = 0◦ [164], then the depairing current density (and J0, and JC of the tape) would

be ∼ 7% − 20% higher for the APC (RE)BCO tape depending upon the chosen fit

from Table 5.7, and ∼ 20% − 30% higher for the non-APC tape. Improvements

in JD, J0 and JC of similar magnitudes could be achieved if the electrodes had

T ∗
C(0) values that were equal to the optimally doped single crystal value of 93 K

for YBCO [43]. This shows that to get substantial further improvements in JC

(through increasing JDJ), then the properties of the barriers need to be improved

(i.e., dimensions reduced and normal state properties being made more conducive

to supercurrent flow). This will probably require grain boundary engineering on

the coherence length scale, which will be a very challenging undertaking.

In the context of the SNS model, the two main reasons why JC appears to be

lower in the non-APC sample compared to the APC sample is because its normal

barrier dimensions are higher and the superconducting properties of the electrodes

(B∗
c2(0, 0) and T ∗

C(0)) are lower. This is not unexpected when one considers that

the non-APC sample was procured a few years before the APC sample, meaning

that the tape manufacturing process may have been refined in that time to improve

the quality of both the grain boundaries and the grains. The SNS model fit to the

Nb3Sn sample provide excellent parameterisation of the JC data and indicate that

the grain boundaries are quite resistive as concluded by Wang et al. [22]. The

fit is slightly poorer at 14 K and high fields, which is likely due to a combination

of a distribution in TC in the Nb3Sn filaments and current sharing between those

filaments and the copper matrix and is the subject of the next chapter.

5.9 Conclusions

In this chapter comprehensive JC data have been fitted to three high field supercon-

ductors. We argue that for the (RE)BCO tapes, the SNS description fits the data

better than a flux pinning model because the SNS model gives physically reason-

able Bc2 values whereas flux pinning does not. For Nb3Sn, the SNS model fits the
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JC data as well as flux pinning, but we suggest that because the free parameters

can be related to microscopic parameters, the SNS approach is far superior. In the

next chapter, we will include inhomogeneity and percolation in the description of

these materials. In this thesis, we have chosen to leave a detailed discussion of the

microscopic parameters (provided here in Table 5.7) and the quality of the fits to

the data, until they are finalised in Chapter 6.
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Chapter 6

The Effects of Current

Percolation and Distributions on

the Critical Surfaces of

Technological Superconductors

6.1 Introduction

Since the advent of the flux pinning framework to characterise JC(B, T, ε), the

material under analysis has generally been assumed to have single characteristic or

averaged values of the critical superconducting parameters TC, Bc2 and BC. This

assumption has a tendency to lead to relatively poor fits for the strain dependence of

JC for (RE)BCO as it cannot explain the strong field and temperature dependence

of the strain at which JC is at its maximum (i.e., εpeak). It also cannot fit JC data

close to B∗
c2 well. In this chapter, we first present the first global fits for JC(B, T, ε)

using the chain model, and show that while the chain model can fit εpeak well, it

cannot fit JC well at larger strains such as −1%. We then consider an alternative

model for JC(B, T, ε) that is based upon a rule of mixtures for current percolation

in a network that consists of a mixture of insulating bonds and SNS Josephson
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junction bonds, where the electrodes of the different junctions in the network are

allowed to take different critical superconducting parameter values TC, Bc2 and

BC. We show that in the limit that the distribution of TC is a delta function, and

that the percolation threshold pc → 1 (see Chapter 3), we recover the 1D chain

model, but the 1D chain model limit does not best describe the dimensionality of

the current flow and TC distribution characteristics of the (RE)BCO layers within

tapes, nor the Nb3Sn filaments within Nb3Sn strands. In the following section we

outline the 1D chain model that uses the BH SNS Josephson junction formalism

for JC in high fields, and we use it to analyse the experimental JC datasets that

were analysed in Chapter 5. We then outline the percolation model for JC(B, T, ε)

in Section 6.3, starting with a review of percolation in resistor-insulator networks,

then moving onto percolation in SNS Josephson junction-insulator networks that

contain distributions of critical superconducting parameters, and then percolation

model fits to experimental data. We complete the chapter with a discussion and

conclusions.

6.2 JC(B, T, ε) for a 1D Chain of Josephson Junctions

The 1D chain model in the literature treats a superconducting material as a bimodal

set of superconductors that are in series with each other and whose individual

critical superconducting parameters either increase with increasing tensile strain

(A-domains) or decrease (B-domains) [27, 28, 29, 30, 31]. There is a fraction f of

A-domains and a fraction 1 − f of B-domains. Until now, a high-field chain model

has only been developed using flux pinning scaling laws to relate the TC’s of the

domains to their JC’s [27, 28, 29]. Here, we consider a 1D chain of SNS Josephson

junctions instead, as shown in Figure 6.1.
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Figure 6.1: A 1D chain of SNS Josephson junctions that are either type A or B.
Each junction is treat using the BH framework [133, 132] outlined in Chapter 5.

The two superconducting electrodes within a single junction have the same critical

superconducting parameters (i.e., type A or B), but different junctions are allowed

to be type A or type B. We assume that the T ∗
C’s of the electrodes of a junction of

type k have a simple linear strain dependence:

T ∗
Ck (εJJ) =


T ∗

Ck (0) +
∣∣∣ dTC
dεJJ

∣∣∣
εJJ=0%

εJJ, k = A,

T ∗
Ck (0) −

∣∣∣ dTC
dεJJ

∣∣∣
εJJ=0%

εJJ, k = B.
(6.2.1)

Here, εJJ is the strain in the Josephson junction, which is assumed to be uniform

throughout the junction and given by

εJJ = εapp − εJCA=JCB (6.2.2)

where εJCA=JCB is the applied strain at which εJJ = 0%. T ∗
Ck(0) is assumed to be

the same for both type A and B junctions and
∣∣∣ dTC
dεJJ

∣∣∣
εJJ=0%

is the magnitude of the

strain dependence of the T ∗
C’s of the junctions and could, for example, be taken

from literature data for single crystals [33, 34, 197]. To relate the JC of a junction

to its T ∗
C value, we use the equations in Chapter 5 Section 5.6. We assume that we

can relate the JC of a junction of type k (JCk) to its E − J transition index Nk

using the empirical expression

Nk = 1 + rNJ
SN
Ck , (6.2.3)

where rN and SN are constants. This expression was originally developed by Taylor

for Nb3Sn [91], although it has also been used successfully by Branch for the 1D

chain model based upon a flux pinning expression for JC [27, 28, 29].

To calculate the JC of the 1D chain, JChainC , we assume that the E − J power
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law in Equation 3.2.3 can be used to calculate the electric field generated by each

junction. This leads to(
J

JChainC

)NChain

= f

(
J

JCA

)NA

+ (1 − f)
(

J

JCB

)NB

. (6.2.4)

Here, NChain is the E−J transition index of the chain as a whole. At J = JChainC ,

we obtain

1 = f

(
JChainC
JCA

)NA

+ (1 − f)
(
JChainC
JCB

)NB

. (6.2.5)

There is no analytical solution for JChainC , so it must be found using a numerical

technique such as a root-finding algorithm. This motivated Branch to instead de-

rive an approximate expression for εpeak and fit εpeak data that were obtained from

parabolic fits to JC(ε). In this work, we choose to fit experimental JC(B, T, ε) data

across the entire experimental strain range using Equation 6.2.5 instead. These fits

are now presented.

We have performed fits to the experimental datasets that were analysed in Section

5.6, for both the Υn = Υs = 1 case and the case where not all conduction electrons

condense (Υ̃n free). Figure 6.2 shows a fit to JC(B, T, ε) for Nb3Sn, Figure 6.3

shows a fit for the Non-APC (RE)BCO sample for θ = 0◦ and Figure 6.4 shows a

fit for the APC (RE)BCO sample for θ = 0◦. Table 6.1 contains the fit parameter

values. For the (RE)BCO samples, fits for θ = 0◦ were performed first, then fits

for θ = 87.5◦.
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Figure 6.2: Chain model fit for JC(εapp) for Nb3Sn, for the fit where not all the
conduction electrons condense (Υ̃n free).

While the fits identify the position of εpeak(B, T ) well, they do not fit JC(εapp) at

larger strains as well as the empirical exponential function for T ∗
C(εapp) introduced

in Chapter 5. In addition, the N -values that are needed to fit the data well using

the chain model are significantly lower than those extracted from experimental

E − J data (compare, for example, the rN -values in Table 6.1 for the APC sample

with those in Figure 5.4 and Table 5.1 in Chapter 4). In an attempt to improve the

fits, nonlinear expressions for the T ∗
C’s of the A- and B-junctions were implemented,

and the constraint that the strain dependencies for the T ∗
C’s of the two junction

types are equal and opposite was also removed. This did not substantially improve

the fit quality. As with the fit in Chapter 5, the fits also do not capture the field,

temperature and strain dependence of JC close to B = B∗
c2. This motivated the

101



6.2. JC(B, T, ε) for a 1D Chain of Josephson Junctions

development of the percolation model for JC.

Figure 6.3: Chain model fit for JC(εapp) for Non-APC (RE)BCO (θ = 0◦), for the
fit where not all the conduction electrons condense (Υ̃n was not fixed at 1).

Figure 6.4: Chain model fit for JC(εapp) for APC (RE)BCO (θ = 0◦), for the fit
where not all the conduction electrons condense (Υ̃n was not fixed at 1).
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Table 6.1: Fit parameters for the chain model fits. Bold parameters were fixed from the literature or set at zero to reduce the number
of free parameters. For both (RE)BCO samples, for 87.5◦, the italicised values were fixed at the 0◦ values. The starred value (∗) of
ws = 450 nm was fixed from microscopy (see the references in [90]) and a factor of π to account for sphericity of grains. The dagger
values (†) of α̃n(0, 0) were not free parameters as α̃n(0, 0) = T̃ ∗

C,n(0) when Υ̃n is free (see Table 5.5).
Nb3Sn (RE)BCO (Non-APC) (RE)BCO (APC)

Υ̃n free, Υs = Υn = 1 Υ̃n free, Υs = Υn = 1 Υ̃n free, Υs = Υn = 1
Constraint Type Parameter 0◦ 87.5◦ 0◦ 87.5◦

Fit parameters

ws(0) (nm) 450∗,450∗ [90] 336, 235 242, 244 234, 235 233, 235
d(0) (nm) 2.87, 3.16 0.579, 0.440 0.126, 0.0400 0.400, 0.430 0.0400, 0.0400

c1 0.519, 0.604 0.515, 0.513 0.515, 0.513 0.561, 0.555 0.561, 0.555
λL(0, 0) (nm) 93.5,93.5 [22] 135,135 [22] 135 ,135 135,135 [22] 135 ,135
T ∗

C(0) (K) 16.7, 16.8 86.4, 87.5 86.4, 87.5 86.5, 88.4 86.5, 88.4
B∗

c2(0, 0) (T) 31.4, 34.6 101, 73.5 240,240 [164] 113, 76.1 240,240 [164]
ν 1.45, 1.40 0.577, 0.774 2.83, 2.84 0.427, 0.743 5.10, 8.04

cε1 (10−3%−1) 12.7, 12.8 48.1, 51.8 48.1, 51.8 56.3, 60.7 56.3, 60.7
εJC,A=JC,B (%) 0.320, 0.320 0.170, 0.160 0.170, 0.160 −0.110,−0.120 -0.110, -0.120

f 0.551, 0.550 0.340, 0.380 0.340, 0.380 0.370, 0.370 0.370, 0.370
rN ((GAm−2)−SN ) 6.11, 2.98 1.24, 0.741 0.996, 0.646 2.39, 4.34 1.28, 1.21

SN 1.09, 1.59 0.843, 1.01 0.415, 0.423 0.656, 0.322 0.666, 0.665
w 2.88, 3.30 2.2,2.2 [67] 2.2 ,2.2 2.2,2.2 [67] 2.2 ,2.2

dε1 (10−3%−1) −59.0,−43.0 0,0 0 ,0 0,0 0 ,0
ζ1 (nm) 0,0 2.61, 2.27 0, 0 1.81, 3.22 −0.0879,−1.30
ζ2 (nm) 0,0 −1.49,−1.14 1.08, 0.895 −0.923,−1.61 1.79, 3.71
α̃n(0, 0) −2.98†, −2.86 −1.59†,−0.969 −1.59†,−2.51 −1.90†,−1.03 −1.90†,−1.01
β̃n(0, 0) 1, 1.16† 1, 0.183† 1 , 1.23† 1, 0.133† 1 , 0.129†

m̃n

Υ̃n(0,0) 4.32, 1.88 2.63, 9.67 8.00, 8.74 3.84, 3.51 2.77, 4.57
T ∗

C,n (K) −49.9,−44.5 −137,−198 -137, -198 −165,−249 -165, -249
Js(0, 0) (GAm−2) 9260, 9710 7960, 6790 7960, 6790 8420, 6910 8420, 6910

g̃(EF,n) 1, 1 1, 1 1, 1 1, 1 1, 1
Calculated ρ̃N,n 4.32, 2.03 2.63, 4.14 8.00, 9.70 3.84, 1.28 2.77, 1.65
parameters ñn n/a, 0.150 n/a, 1.11 × 10−3 n/a, 1.50 × 10−3 n/a, 0.0231 n/a, 0.0104

τ̃n n/a, 6.19 n/a, 2110 n/a, 602 n/a, 119 n/a, 266
l̃n n/a, 1.75 n/a, 22.6 n/a, 7.88 n/a, 9.62 n/a, 12.7

RMS Jc Error (GAm−2) 0.0350, 0.0245 0.403, 0.456 1.47, 1.48 1.26, 1.36 3.54, 2.84
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6.3 Percolation Model for JC(B, T, ε)

6.3.1 Percolation in Resistor-Insulator Networks

We start by considering an infinite network that has an occupation fraction pr

of resistive bonds and 1 − pr of insulating bonds. As the fraction of resistive

bonds increases from 0, isolated clusters of resistive bonds begin to appear. At

a critical fraction of resistive bonds, pc, an infinitely spanning cluster of resistive

bonds appears for the first time. This critical fraction is known as the percolation

threshold, as outlined in Chapter 2. As pr increases from pc up to 1, the sizes

of the isolated resistive clusters increase and the sizes of the infinite spanning

resistive clusters increase as more and more isolated resistive clusters and individual

resistive bonds become attached to them. Therefore, the active (current carrying)

conducting area of the network increases. We assume that the conductivity of the

network σNet can be related to the fraction of resistive bonds pr using Equation

3.4.2, with tp = 1. We further assume that the conductivity of the network can be

equated to an active conducting area Aact using:

σNet(pr) ≈ Aact (pr)
Atot

σNet(pr = 1), (6.3.1)

where Atot = Aact(pr = 1). Therefore,

Aact (pr)
Atot

=

 0, pr ≤ pc,

pr−pc

1−pc
, pr > pc.

(6.3.2)

We now consider a system where the bonds switch from being insulating to resistive

at a certain temperature, Ts, and there is a top hat distribution of such temper-

atures within the network, where the jth bond switches from being resistive to

insulating at Ts,j . The Probability Density Function (PDF) for Ts,j is given by:

g(Ts,j) =


1
δTs
, TMin

s ≤ Ts,j ≤ TMax
s

0, elsewhere.
(6.3.3)
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where δTs is the width of the PDF, TMax
s is the maximum Ts,j in the distribution

and TMin
s = TMax

s − δTs. The integral of the PDF from −∞ to ∞ has a value of

1. As the operating temperature decreases below TMax
s , some of the bonds become

resistive and they form isolated resistive clusters. The conductivity of the network

remains zero. At TMax
s,act , the first infinite spanning resistive cluster appears, and

the conductivity of the network begins to increase from zero. At this temperature,

pr(T ) = pc. As the operating temperature decreases further, the conductivity of

the network continues to increase and when the temperature reaches TMin
s , all

bonds are resistive. This is summarised in Figure 6.5.

Figure 6.5: Top panel- the conductivity of the network as a function of temperature.
Bottom panel- the top hat distribution of Ts,j ’s.

We have effectively created a rule of mixtures for percolation, where we have divided

the network into an insulating part and a conducting part, as shown in Figure 6.6.
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Figure 6.6: The rule of mixtures for percolation for an insulator-resistor network,
where the lattice is split up into a conducting and an insulating part.

The insulating and conducting parts contain slices which correspond to the dif-

ferent Ts,j ’s in the distribution. There are a range of Ts,j values in each slice,

that represent the isolated bonds and clusters and the critical bond that connects

these bonds to an infinite spanning cluster when it switches from being insulating

to resistive. A slice does not switch from being insulating to resistive until the

network’s operating temperature reaches the minimum switching temperature in

that slice. As we lower the operating temperature from just above TMax
s,act to just

below TMax
s,act , the active conducting area becomes greater than zero and the first

slice of the material (which is highlighted as the leftmost (purple) slice in Figure

4) becomes resistive. The minimum Ts,j in that slice is TMax
s,act . The weakest link in

the resistive material varies from TMax
s,act for the first (leftmost) slice at pr = pc to

TMin
s,act in the last part of the active conducting area (the middle highlighted slice).

TMin
s,act is equal to the operating temperature if the operating temperature is above

TMin
s , otherwise it is equal to TMin

s .
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6.3.2 Percolation in Josephson Junction-Insulator Networks

We begin by replacing the resistive bonds from the previous section with Joseph-

son junction bonds that have the characteristics of those described in Chapter 5.

A junction switches from insulating to superconducting when the operating tem-

perature is lowered and reaches the critical temperature of the superconducting

electrodes that are on both sides of the junction. Within the network, there is a

distribution of these critical temperatures. Like the Chain Model analysis, within

a single junction, the electrodes have the same superconducting (and normal state)

properties. We also assume that the properties for all of the barriers within all of

the junctions in the network are the same. We start by providing the expressions

for the distribution in TC and the resultant distributions in Bc2 and JC, building

upon the work in Chapter 5. Section 6.3.2.2 provides a method for calculating the

JC of the whole network, JNetC using a rule of mixtures for percolation, along with

fits to JC data.

6.3.2.1 Distributions of TC, Bc2 and JC

We start by considering a bimodal, top hat distribution for the critical temperatures

of the electrodes of the Josephson junctions g(TC,j). Mathematically, g(TC,j) can

be expressed as

g(TC,j) = f × g(TCA,j) + (1 − f) g(TCB,j) (6.3.4)

and

g(TCk,j) =


1
δTC

, TMin
Ck ≤ TCk,j ≤ TMax

Ck

0, elsewhere.
(6.3.5)

where k =A or B, 0 ≤ f ≤ 1, and δTC is the width of each mode of the distribution

such that
∫∞

−∞ g (TC,j) dTC,j = 1. Similar to the Chain Model analysis, we consider

the strain dependence for the TC’s in each mode of the distribution to be equal and
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opposite:

TMax
Ck (εJJ) =

T
Max
Ck (0) +

∣∣∣ dTC
dεJJ

∣∣∣ εJJ, k = A,

TMax
Ck (0) −

∣∣∣ dTC
dεJJ

∣∣∣ εJJ, k = B.
(6.3.6)

εJJ = εapp −εJC,A=JC,B is the strain on the junction such that at εJJ = 0%, TMax
CA =

TMax
CB . Figure 6.7 shows an example of such a distribution. In the figure, the strain

is sufficiently large to make the modes of the distribution fully separate.

Figure 6.7: An example of g(TC,j) after applying a strain of -0.5 % to a system
with an average TC of 87.5 K.

We can map each mode of the TC distribution to a distribution in Bc2, that we

denote g(Bc2k,j), using

g (TCk,j) =
∣∣∣∣∣dBc2k,j

dTCk,j

∣∣∣∣∣ g(Bc2k,j). (6.3.7)

To calculate the values of Bc2 within the modes of the distribution, we start by

relating Bc2k,j(0, 0) to the maximum Bc2 in the distribution at zero strain and

temperature, BMax
c2 (0, 0), using:

Bc2A,j (0, 0) = Bc2B,j (0, 0) = BMax
c2 (0, 0)

[
TC,j (0)
TMax

C (0)

]wd

(6.3.8)
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where wd is a dimensionless constant. This expression is similar to the empirical

expression developed by Taylor to relate the strain dependence of Bc2 at zero

temperature to the strain dependence of TC [91]. Similarly, we parameterise the

strain dependence of the Bc2’s in the distribution at 0 K using:

Bc2k,j (0, εJJ)
Bc2k,j (0, 0) = BMax

c2k (0, εJJ)
BMax

c2k (0, 0)
=
(
TMax

Ck (εJJ)
TMax

C (0)

)wε

=
(
TCk,j (εJJ)
TCk,j (0)

)wε

(6.3.9)

where wϵ is a dimensionless constant. By parameterising the Bc2’s in this way, we

allow the possibility of strain affecting a junction’s Bc2 at 0 K differently to how

the junction’s position in the zero-strain TC,j distribution affects Bc2 at 0 K. This

reflects the reality that (RE)BCO material properties such as oxygen doping may

affect TC and Bc2(0), as well as strain [198]. We parameterise the temperature

dependence of Bc2k,j using (1 − tν) as in Chapter 5 and Section 6.2 of this chapter.

Therefore, the full temperature and strain dependencies of the Bc2’s are

Bc2A,j(T, εJJ) = BMax
c2 (0, 0)

(
TCA,j(εJJ)
TMax

C (0)

)wd

×(
1 + 1

TMax
C (0)

∣∣∣∣ dTC
dεJJ

∣∣∣∣
εJJ=0%

εJJ

)we−wd
(

1 −
(

T

TCA,j(εJJ)

)ν)
(6.3.10)

for the A-mode and

Bc2B,j(T, εJJ) = BMax
c2 (0, 0)

(
TCB,j(εJJ)
TMax

C (0)

)wd

×(
1 − 1

TMax
C (0)

∣∣∣∣ dTC
dεJJ

∣∣∣∣
εJJ=0%

εJJ

)we−wd
(

1 −
(

T

TCB,j(εJJ)

)ν)
(6.3.11)

for the B-mode.

As the magnetic field is gradually lowered through the g(Bc2,j) distribution from

the maximum Bc2 value, the electrodes in the Josephson junctions will switch from

being insulating to superconducting. When B = BMax
c2,act is reached, an infinite

spanning cluster of junctions with superconducting electrodes appears for the first

time and the active superconducting area of the network begins to increase from

zero. BMax
c2,act is the maximum value of Bc2 in the active superconducting area.

Figure 6.8 shows an example of the temperature dependence of BMax
c2,act at εJJ = 0%.
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Figure 6.8: Example of the temperature dependencies of BMax
c2,act(T ), the minimum

Bc2 in the distribution (BMin
c2 ) and the maximum Bc2 in the distribution (BMax

c2 ).

Examples of the strain dependence of BMax
c2,act for different f and pc values are shown

in Figure 6.9. To ensure that BMax
c2,act always decreases at large tensile strains, we

require f < pc and to ensure that BMax
c2,act always decreases at large compressive

strains, we require 1 − f < pc. Incorporating these constraints ensures that pc is

always associated with the distribution mode whose Bc2’s are decreasing as the

strain increases at large compressive or tensile strains. The discontinuities in the

gradient of BMax
c2,act(εJJ) are due to our choice of using a simple top hat distribution

to describe each mode of the TC,j distribution. If we were to plot TMax
C,act(εJJ), we

would find similar behaviour. PDF’s that are continuous between 0 K and TMax
C (0)

such as a Beta or Weibull distribution would fix this issue, although it would also

require mathematical constraints to ensure junction electrodes never have negative

values of TC under strain.
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dTC

d�JJ �  = 0%JJ

= 4 K%
-1

dTC

d�JJ �  = 0%JJ

= 4 K%
-1

Figure 6.9: (a) The strain dependence of BMax
c2,act for different pc values. (b) The

strain dependence, but for different f values. The temperature was 20 K.

We can relate each mode of the distribution in TC to a mode of a distribution in

JC for the junctions, which we denote g (JCk,j), using

g (JCk,j) =
∣∣∣∣∣dTCk,j
dJCk,j

∣∣∣∣∣ g(TCk,j), (6.3.12)

where JCk,j is the JC of the jth junction in the kth mode in the distribution.
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Similar to the Chain Model analysis, we use the Josephson junction framework in

Chapter 6 to relate JCk,j to TCk,j :

JCk,j (B, T, εJJ) = 1.2
c1

(
ϕ0
Bw2

s

)c1

Jsk,j (T, εJJ)
(

1 − B

Bc2k,j (T, εJJ)

) 3
2

×

1 −
√

1 − s̃k,j f̃
2
d/2,k,j (T, εJJ)

s̃k,j ṽk,j
exp

(
− d̃sk,j

ξ̃nk,j

)
. (6.3.13)

The Jsk,j ’s are given by

JsA,j(T, εJJ) =
√
ϕ0
2π

BMax
c2 (0, 0)

µ0λMax2 (0, 0)

[
TCA,j (εJJ)
TMax

C (0)

]2− wd
2

×

[
1 + 1

TMax
C (0)

∣∣∣∣ dTC
dεJJ

∣∣∣∣
εJJ=0%

]wd−wε
2

×

[
1 −

(
T

TCA,j(εJJ)

)ν]− 1
2
1 −

(
T

TCA,j(εJJ)

)2
2

(6.3.14)

and

JsB,j(T, εJJ) =
√
ϕ0
2π

BMax
c2 (0, 0)

µ0λMax2 (0, 0)

[
TCB,j (εJJ)
TMax

C (0)

]2− wd
2

×

[
1 − 1

TMax
C (0)

∣∣∣∣ dTC
dεJJ

∣∣∣∣
εJJ=0%

]wd−wε
2

×

[
1 −

(
T

TCB,j(εJJ)

)ν]− 1
2
1 −

(
T

TCB,j(εJJ)

)2
2

. (6.3.15)

Here, we have used microscopic theory [176] to derive

BCk,j(0, εJJ)
BCk,j(0, 0) = TCk,j(εJJ)

TCk,j(0) =


1 + 1

TMax
C (0)

∣∣∣ dTC
dεJJ

∣∣∣
εJJ=0%

, k = A,

1 − 1
TMax

C (0)

∣∣∣ dTC
dεJJ

∣∣∣
εJJ=0%

, k = B,
(6.3.16)

and
BCk,j(0, 0)
BMax

C (0, 0)
= TCk,j(0)
TMax

C (0)
(6.3.17)

where BMax
C (0, 0) = 1

λMax(0,0)

(
ϕ0BMax

c2 (0,0)
4π

) 1
2

[53] is the maximum thermodynamic

critical field within the distribution at zero temperature and strain and λMax(0, 0)

is the maximum penetration depth within the distribution at zero temperature and

strain.
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Similar to Chapter 5, we can write down expressions for the normalised α’s, β’s

and Υ’s within the barrier of each junction in the distribution (α̃nk,j ’s, β̃nk,j ’s and

Υ̃nk,j ’s respectively). For a given temperature and strain, the normalised α’s, β’s

and Υ’s will have different values for each of the barriers within the distribution,

as the superconducting electrodes all have different values of TC, Bc2 and BC.

However, we can relate the zero temperature, zero strain values of α̃nk,j , β̃nk,j and

Υ̃nk,j to their maximum values in the distribution at zero temperature and strain

(α̃Max
nk,j (0, 0), β̃Max

nk,j (0, 0) and Υ̃Max
n (0, 0) respectively). In addition, like Chapter 5,

we can once again either assume that all of the conduction electrons condense upon

the transition from the normal state to the superconducting state (Υs,j = Υn = 1),

or not (Υ̃n,j is a free parameter). By parameterising the α’s, β’s and Υ’s in this way,

we are able to extract the normal state properties of the barriers in the distribution

that are normalised to the normal state properties of the junction in the distribution

whose electrodes have the maximal values of TC, Bc2 and BC at zero temperature

and strain. Once again, we use a dirty limit expression for BMax
c2 (0, 0):

BMax
c2 (0, 0) = 12e

π3kB
ρMax
N,s γ

Max
s TMax

C (0). (6.3.18)

We denote the normal state properties for the junction with TC,j(0) = TMax
C (0)

and TC,j(0) = BMax
c2 (0, 0) using the superscript ‘Max’ (for example its electrodes

would have a normal state resistivity of ρMax
N,s and an electronic specific heat of

γMax
s ). Table 6.2 summarises this information.
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istributions
of
T

C ,
B

c2
and

J
C

Table 6.2: Expressions for α, β and Υ (and m̃n/Υ̃Max
n ) in terms of superconducting properties and normal state properties. ms is the same in each

junction.

Parameter Expression
Υsk,j = Υn = 1 Υ̃nk,j free

αsk,j
−πℏ2Bc2k,j(0,0)

2ϕ0ms

(
TCk,j(εJJ)
TCk,j(0)

)wε (
1 − t∗

ν) −1.76kBTCk,j(0) TCk,j(εapp)
TCk,j(0)

(
1 −

(
T

TCk,j(εJJ)

)2
)

αn
πℏ2B∗

c2,n(0)
2ϕ0mn

(
T

T ∗
C,n

− 1
)

−1.76kBT
∗
C,n

(
1 − T

T ∗
C,n

)
α̃nk,j α̃Max

n (0, 0)
(

T Max
C (0)

TCk,j(εJJ)

)wd
(

TCk,j(εJJ)
TCk,j(0)

)wd−wε
T

T ∗
C,n

−1

1−
(

T
TCk,j (εJJ)

)ν α̃Max
n (0, 0) T Max

C (0)
TCk,j(εJJ)

1− T
T ∗

Cn

1−
(

T
TCk,j (εJJ)

)2

α̃n
Max(0, 0) ρ̃Max

N,n g̃Max(EF,n)T̃Max
C,n (0)m̃−1

n T̃Max
C,n (0)

βsk,j
µ0e2ℏ2

4m2
s

(
Bc2k,j(0,0)
BCk,j(0,0)

)2 (
TCk,j(εapp)

TCk,j(0)

)2wε−2
 1−

(
T

TCk,j (εJJ)

)ν

1−
(

T
TCk,j (εJJ)

)2

2

g−1(EF,s)

βn
µ0e2ℏ2

4m2
n

(
B∗

c2,n(0)
B∗

C,n
(0)

)2
g−1(EF,n)

β̃nk,j β̃Max
n (0, 0)

(
T Max

C (0)
TCk,j(εJJ)

)2wd−2 (
TCk,j(εJJ)
TCk,j(0)

)2wd−2wε

 1−
(

T
TCk,j (εJJ)

)2

1−
(

T
TCk,j (εJJ)

)ν

2

g̃−1(EF,n)

β̃Max
n (0, 0) ρ̃Max2

N,n g̃Max(EF,n)m̃−2
n g̃Max−1(EF,n)

Υsk,j 1 3.52kBTCk,j(0)ms

eℏBc2k,j(0,0)

(
TCk,j(εJJ)
TCk,j(0)

)1−wε 1−( T
TCk,j (εJJ) )2

1−( T
TCk,j (εJJ) )ν

Υn 1 3.52kBT ∗
C,nmn

eℏB∗
c2,n(0)

Υ̃nk,j 1 Υ̃Max
n (0, 0)

(
TCk,j(εJJ)
T Max

C (0)

)wd−1 (
TCk,j(εJJ)
TCk,j(0)

)wε−wd 1−
(

T
TCk,j (εJJ)

)ν

1−
(

T
TCk,j (εJJ)

)2

m̃n/Υ̃Max
n (0, 0) m̃n ρ̃Max

N,n g̃Max(EF,n)
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6.3.2.2 JC for a Percolative Superconducting Network

Now that we have expressions for the JC’s of the junctions in the network, we can

calculate the JC of the network as a whole, JNetC . We start by reconsidering the rule

of mixtures for percolation that we introduced in Section 6.3.1 for resistor-insulator

networks. We assume that the same rule of mixtures can be used to describe

Josephson junction-insulator network. We split the network up into an insulating

and superconducting part, with the superconducting part containing Josephson

junctions whose electrodes are in the superconducting state. The insulating and

superconducting parts are further split into slices, as shown in Figure 6.10.

Figure 6.10: Rule of mixtures for percolation for a Josephson junction/insulator
mixture.

There is a distribution of JC’s in each slice that spans from JMax
C - the maximum

JC in the material, to JC,i - the minimum JC in that slice. We denote the JC

distribution function for a slice by gi(JC,j), where the i subscript denotes the slice

and the j subscript denotes the bond in that slice. JC,i is found at the front of each

slice and JMax
C is found at the back of each slice. Each slice has a different JC,i

and the slices are arranged in order of their JC,i’s. For example, in Figure 6.10, we

have a JC,i distribution ranging from 10 to 1 with 10 being the highest JC,i and 1

being the lowest JC,i.

There is also a distribution of TC’s which corresponds to the distribution of JC’s.
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The ith slice has bonds with TC’s spanning from TC,i to TMax
C and the TC distribu-

tion for a slice is given by gi(TC,j). There is also a distribution of Bc2’s which can

be found by mapping gi(TC,j) to Bc2 space. The ith slice switches from insulating

to superconducting when the junction with the minimum TC and/or Bc2 in that

slice switches from insulating to superconducting as the temperature and/or field

are lowered.

There are some Josephson junction bonds with high TC’s which help to build sys-

tem spanning superconducting clusters, but they cannot complete them. These

bonds are labelled in Figure 6.10 as cluster building bonds and they form ‘virtual’

slices that cannot carry any current because the bonds in these slices are isolated

from each other. When the temperature is ramped down from above TMax
C , the

active superconducting area doesn’t begin to increase from zero until T = TMax
C,act.

For example, in Figure 6.10, the bond labelled 7 has TC,i = TMax
C,act and this is the

first slice that can carry current when the temperature is ramped down. All the

slices are superconducting for the first time when T = TMin
C .

To calculate the critical current of the network, we start by deriving an expression

for the critical current density of the ith slice, JSliceC,i . The JC,j PDF in the ith slice,

gi(JC,j), is given by:

gi(JC,j) = g(JC,j)∫ JMax
C

JC,i
g(JC,j)dJC,j

. (6.3.19)

The denominator ensures that the integral of gi(JC,j) over all values of JC,j within

the ith slice is equal to 1. By considering the ith slice as a 1D chain of bonds, where

each bond in the chain carries the same current density J , we use the continuous

form of the 1D Chain Model to derive:
(

1
JSliceC,i

)Ni

=
∫ JMax

C

JC,i

gi(JC,j)
(

1
JC,j

)Ni

dJC,j

=
∫ TMax

C

TC,i

gi(TC,j)
(

1
JC,j(TC,j)

)Ni

dTC,j . (6.3.20)

Here, we have related the JC values to their N -values using [67]:

Ni = 1 + rNJ
SN
C,i (6.3.21)
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and

Nj = 1 + rNJ
SN
C,j (6.3.22)

where rN and SN are constants. We have also assumed that Ni ≈ Nj . The rationale

is that the bonds that will generate the highest electric field (and therefore most

determine JSliceC,i ) are found at the front of the slice (i.e., they have JC,j values close

to JC,i).

Now that we have an expression for JSliceC,i , we can calculate the critical current

density of the whole network, JNetC . To do this, we add the critical currents of

all the superconducting slices together, and then divide by the total area of the

network. Mathematically,

INetC =
∑
i

ISliceC,i =
∑
i

JSliceC,i ASlicei ≈ AactJC,act, (6.3.23)

where ISliceC,i is the critical current in the ith slice, JSliceC,i is the critical current density

of the ith slice, ASlicei is the area of the ith slice, Aact is the active superconducting

area and JC,act is the average critical current density in the average superconducting

area. To calculate the critical current density of the network JNetC , we use:

JNetC = AactJC,act
Atot

(6.3.24)

where Atot is the total area for supercurrent flow when all the bonds are super-

conducting Josephson junctions. Calculating JC,act requires averaging over all the

JSliceC,i ’s in the active superconducting area:

JC,act =

∫ JMax
C,act

JMin
C,act

g(JC,i)JSliceC,i (JC,i)dJC,i∫ JMax
C,act

JMin
C,act

g(JC,i)dJC,i

=

∫ TMax
C,act

TMin
C,act

g(TC,i)JSliceC,i (TC,i)dTC,i∫ TMax
C,act

TMin
C,act

g(TC,i)dTC,i

. (6.3.25)

In the limit that pc → 1 and δTC → 0 K (i.e., a delta function), we recover the

1D Chain Model. In general, the integral in Equation 6.3.20 and the numerator in

6.3.25 have no analytic solution. Therefore, numerical integration is required. To
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make the expression for JNetC practical for analysing experimental JC datasets, it

is recommended that:

• The numerical integrals are calculated using an implementation of QUAD-

PACK [199, 200]. In the development of the percolation model, multiple

techniques were tried, such as Simpson’s rule and Romberg’s method, but it

was found that QUADPACK gave the most consistent results in the shortest

amount of time.

• The integrals are calculated with the TC’s being the variable to be integrated

over, rather than JC’s.

• Integrating over discontinuities in g(TC,j) is avoided. Discontinuities arise

when the two modes of the TC,j distribution partially overlap. The integral

should be split into multiple parts to avoid this.

• As a minimum, the integrands are written in a compiled language such as C,

rather than an interpreted language such as Python, to reduce computation

time. For example, the Cython package in Python [201] can be used to

generate C code for the integrands that can be interpreted and integrated in

Python.

• When calculating large numbers of JNetC values, multiple Central Processing

Unit (CPU) cores are utilised to parallelise the calculations.

6.3.2.3 The functional behaviour of JC in a Percolative

Superconducting Network

Some examples of the functional behaviour for the strain dependence of JNetC are

now presented. Figure 6.11 shows an example of JNetC (εJJ). For small strains

where the two modes of the distribution overlap and TMax
C,act can be found within

both, the JNetC (εJJ) behaviour is approximately parabolic. At larger strains, the

modes separate, TMax
C,act can only be found in one mode and JC(εJJ) is linear until
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very large strains where the active superconducting area begins to decrease due to

some junctions becoming insulating. At this point, JNetC (εJJ) has a convex shape

and it tends to zero.

Figure 6.11: An example of JNetC for a fixed field and temperature. Beyond those
parameters given in the top left of the figure, the other parameters used to generate
this curve are taken from the fit to JC for Non-APC (RE)BCO, θ = 0◦ (Υ̃n free).

Figure 6.12 shows the variation of JNetC (εJJ) with f . Unlike BMax
c2,act(εJJ), we do

not require f < pc and 1 − f < pc to ensure that JNetC always decreases at large

tensile and compressive strains respectively. However, as f → 0 and f → 1, we still

obtain linear behaviour for JNetC (εJJ). Figure 6.13 shows the variation of JNetC (εJJ)

with pc. For low values of pc, we observe double peak behaviour for JNetC . The

relative heights of the peaks vary depending on the value of f . As the N -values of

the bonds get lower for a given JC value (i.e., rN decreases), the relative heights

of the peaks compared to the value of JNetC (0) increases. Double-peak behaviour

has been observed experimentally on some samples [112, 152] and recently, Okada
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has provided a possible explanation for the double-peak behaviour based upon

multiple pinning mechanisms [202]. Further work is needed to understand whether

the behaviour observed on the samples in the literature can be described using the

percolation model.

Figure 6.12: An example of JNetC for a fixed field (6 T) and temperature (40 K),
but different f -values. Beyond those parameters given in the top left of the figure,
the other parameters used to generate this curve are taken from the fit to JC for
Non-APC (RE)BCO, θ = 0◦ (Υ̃n free).
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Figure 6.13: JNetC for a fixed field (6 T) and temperature (40 K), but different
pc-values. Beyond those parameters given in the top left of the figure, the other
parameters used to generate this curve are taken from the fit to JC for Non-APC
(RE)BCO, θ = 0◦ (Υ̃n free).
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Figure 6.14: (a) εpeak(B) for different f and pc values (at 40 K). (b) εpeak(B) for
different f and rN values (at 40 K). (c) εpeak(B) for different f ’s and temperatures.
The other parameters used to generate this curve are taken from the fit to JC for
Non-APC (RE)BCO, θ = 0◦ (Υ̃n free).

Figure 6.14 shows the variation of εpeak with field for different f ’s, pc’s, N -values

and temperatures. Qualitatively, the behaviour is similar to that of the Chain

Model [27]. Figure 6.15 shows FNetP (B) (i.e., JNetC (B)×B) for different pc and δTC

values. As δTC increases, the lower the value of reduced field at which Aact begins

to decrease from 1. If we were to fit these curves using Equation 2.5.3, we would

find different p and q values. When we use the percolation model in combination
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with the BH expression for JC, we find that the values of p and q required to fit the

FNetP (B) curves at each temperature and strain vary significantly. Figure 6.16 shows

an example of how the shapes of FP curves may vary with T and demonstrates

that the percolative superconducting network model offers a completely different

explanation for the temperature dependence of JC (and FP) associated with the

distribution in TC rather than the pinning literature usually attributes to different

pinning mechanisms.

Figure 6.15: FNetP /FNetP,max vs. B/BMax
c2,act for different pc and δTC values. Beyond

those parameters given in the figure, the other parameters used to generate these
curves are taken from the fit to JC for Non-APC (RE)BCO, θ = 0◦ (Υ̃n free) - See
Table 6.3.
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Figure 6.16: FNetP /FNetP,max vs. B/BMax
c2,act for different T values. Beyond those

parameters given in the figure, the other parameters used to generate these curves
are taken from the fit to JC for Non-APC (RE)BCO, θ = 0◦ (Υ̃n free) - See Table
6.3.

6.3.2.4 Fitting the Experimental JC Data using the Percolative

Superconducting Network Model

We now present the fits to experimental JC data. Figures 6.17 and 6.18 show the

fits to the JC data for Nb3Sn, Figures 6.19 to 6.22 show fits to the JC data for the

APC (RE)BCO sample and Figures 6.23 to 6.26 show fits to the JC data for the

Non-APC (RE)BCO sample.

Similar to Chapter 5, we fixed the density of states ratio g̃(EF,n) in all junctions to

be 1. We also imposed the constraints that wd = wε for all samples and restricted

the possible values of f to ensure that BMax
c2,act always decreased at large strains (see

Figure 6.9 and its accompanying text in Section 6.3.2.1). For the Nb3Sn sample, it

was still necessary to allow dε1 to be a free parameter to ensure a good fit to the data

in high compression, especially at the lower temperatures. For the APC (RE)BCO

fits with θ = 87.5◦, fits with significantly lower RMS JC fit errors for T ≥ 60 K
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could be found by not including the 40 K data in the fits. For example, an RMS fit

error of 0.470 GAm−2 was found for Υ̃n = 1 for T ≥ 60 K but when the 40 K data

were included, RMS fit errors on the order of those found for the Chain Model fit in

Table 6.1 for T ≥ 40 K were found. In a further attempt to assess and improve the

fit quality for θ = 87.5◦ for both (RE)BCO samples, the values of rN and SN were

allowed to have different values at each temperature. Branch found that universal

scaling of N with JC for the Non-APC sample for θ = 87.5◦ does not occur [28],

and we have found that this is also true for the APC sample, as shown in Chapter 5.
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Figure 6.17: JC(εapp) for Nb3Sn for the fit where not all conduction electrons
condense (Υ̃n,j free).
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Figure 6.18: JC(εapp) for Nb3Sn for the fit where Υs,j = Υn = 1.
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Figure 6.19: JC(εapp) for APC (RE)BCO for θ = 0◦ for the fit where not all
conduction electrons condense (Υ̃n,j free).
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Network Model

Figure 6.20: JC(εapp) for APC (RE)BCO for θ = 0◦ for the fit where Υs,j = Υn = 1.
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6.3.2.4. Fitting the Experimental JC Data using the Percolative Superconducting
Network Model

Figure 6.21: JC(εapp) for APC (RE)BCO for θ = 87.5◦ for the fit where not all
conduction electrons condense (Υ̃n,j free). The 40 K data were included in the fit.

Figure 6.22: JC(εapp) for APC (RE)BCO for θ = 87.5◦ for the fit where Υs,j =
Υn = 1. The 40 K data were not included in the fit. The rN and SN values for 40
K were assumed to be the same as the values at 60 K.
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6.3.2.4. Fitting the Experimental JC Data using the Percolative Superconducting
Network Model

Figure 6.23: JC(εapp) for Non-APC (RE)BCO for θ = 0◦ for the fit where not all
conduction electrons condense (Υ̃n,j free).
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6.3.2.4. Fitting the Experimental JC Data using the Percolative Superconducting
Network Model

Figure 6.24: JC(εapp) for Non-APC (RE)BCO for θ = 0◦ for the fit where Υs,j =
Υn = 1.
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6.3.2.4. Fitting the Experimental JC Data using the Percolative Superconducting
Network Model

Figure 6.25: JC(εapp) for Non-APC (RE)BCO for θ = 87.5◦ for the fit where not
all conduction electrons condense (Υ̃n,j free).

Figure 6.26: JC(εapp) for Non-APC (RE)BCO for θ = 87.5◦ for the fit where
Υs,j = Υn = 1.
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Table 6.3: Fit parameters for the percolation model fits. Bold parameters were fixed from the literature or set at zero to reduce the
number of free parameters. For both (RE)BCO samples, for 87.5◦, the italicised values were fixed at the 0◦ values. The starred value
(∗) of ws = 450 nm was fixed from microscopy (see the references in [90]) and a factor of π to account for sphericity of grains. The
dagger values (†) of α̃n(0, 0) were not free parameters as α̃Max

n (0, 0) = T̃Max
C,n (0) when Υ̃nk,j is free (see Table 6.2). For the APC sample,

for Υn = Υsk,j = 1 for 87.5◦, the 40 K data were excluded from the fit and the calculation of the RMS JC error.
Nb3Sn (RE)BCO (Non-APC) (RE)BCO (APC)

Υ̃nk,j free, Υsk,j = Υn = 1 Υ̃nk,j free, Υsk,j = Υn = 1 Υ̃nk,j free, Υsk,j = Υn = 1
Constraint Type Parameter 0◦ 87.5◦ 0◦ 87.5◦

Fit parameters

ws(0) (nm) 450∗,450∗ [90] 339, 334 245, 241 235, 234 234, 245
d(0) (nm) 2.84, 2.95 0.587, 0.156 0.0122, 0.0377 0.119, 0.126 0.0840, 0.269

c1 0.514, 0.505 0.520, 0.527 0.520, 0.527 0.625, 0.584 0.625, 0.584
λMax

L (0, 0) (nm) 93.5,93.5 [22] 135,135 [22] 135 ,135 135,135 [22] 135 ,135
TMax

C (0) (K) 17.9, 17.9 90.3, 93.0 90.3, 93.0 90.1, 89.7 90.1, 89.7
BMax

c2 (0, 0) (T) 35.0, 35.0 115, 89.4 240, 240 134, 85.1 240, 240
δTC (K) 1.72, 1.95 5.64, 9.63 5.64, 9.63 7.65, 4.84 7.65, 4.84

pc 0.65, 0.55 0.55, 0.55 0.55, 0.55 0.55, 0.60 0.55, 0.6
ν 1.51, 1.49 0.538, 0.755 7.08, 3.79 0.445, 0.700 1.50, 1.10∣∣ dTC

dεJJ

∣∣
εJJ=0%

(K%−1) 2.43, 2.46 4.77, 5.95 4.77, 5.95 7.09, 6.04 7.09, 6.04
εJCA=JCB (%) 0.350, 0.300 0.137, 0.101 0.137, 0.101 −0.0648,−0.0218 -0.0648, -0.0218

f 0.352, 0.461 0.460, 0.481 0.460, 0.481 0.452, 0.402 0.452, 0.402
rN ((GAm−2)−s) 45.3, 45.3 5.59, 5.59 Table 6.4 5.20, 5.20 Table 6.4

SN 0.461, 0.461 0.440, 0.440 Table 6.4 0.470, 0.470 Table 6.4
wε 2.27, 2.24 2.2,2.2 [67] 2.2 ,2.2 2.2,2.2 [67] 2.2 ,2.2

dε1 (10−3%−1) −76.4,−66.5 0,0 0 ,0 0,0 0 ,0
ζ1 (nm) 0,0 2.64, 3.19 0, 0 1.75, 3.21 −0.916,−0.176
ζ2 (nm) 0,0 −1.43,−1.59 1.10, 0.884 −0.875, 1.61 1.96, 3.96

α̃Max
n (0, 0) −2.64†,−1.84 −1.58†,−0.582 −1.58†,−2.69 −1.86†,−0.750 −1.86†,−4.88
β̃Max

n (0, 0) 1, 0.164† 1, 0.0594† 1 , 1.27† 1, 0.127† 1 , 5.36†
m̃n

Υ̃Max
n (0,0) 4.40, 6.37 2.39, 8.10 8.68, 8.83 4.18, 5.23 8.18, 2.45
T ∗

C,n (K) −47.2,−60.0 −143,−222 -143, -222 −168,−189 -168, -189
JMax

s (0, 0) (GAm−2) 9770, 9770 8490, 7490 8490, 7490 9170, 7310 9170, 7310
g̃Max(EF,n) 1, 1 1, 1 1, 1 1, 1 1, 1

Calculated ρ̃Max
N,n 4.40, 3.51 2.39, 1.97 8.68, 9.95 4.18, 1.86 8.18, 5.67

parameters ñMax
n n/a, 3.86 × 10−3 n/a, 1.88 × 10−3 n/a, 1.45 × 10−3 n/a, 6.98 × 10−3 n/a, 0.0680
τ̃Max

n n/a, 471 n/a, 2180 n/a, 610 n/a, 402 n/a, 6.35
l̃Max
n n/a, 11.6 n/a, 33.2 n/a, 7.83 n/a, 14.7 n/a, 1.06

RMS Jc Error (GAm−2) 0.0209, 0.0168 0.375, 0.373 1.50, 1.56 1.01, 1.27 3.38, 0.470
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6.4. Discussion

Table 6.4: N -value parameterisation for the (RE)BCO fits for θ = 87.5◦

Parameter Temperature (RE)BCO (Non-APC) (RE)BCO (APC)
(K) Υ̃n free Υs = Υn = 1 Υ̃n free Υs = Υn = 1

rN (GAm−2)−SN

76 - - 4.27 5.86
68 - - 4.54 3.23
60 4.16 4.05 5.98 2.61
40 0.359 0.126 4.22 -

SN

76 - - 0.773 ∼ 0
68 - - 0.122 0.719
60 ∼ 0 ∼ 0 0.798 0.698
40 0.900 1.17 0.285 -

6.4 Discussion

In this section, we begin by discussing the characteristics of the distributions of crit-

ical superconducting parameters in the grains of the (RE)BCO and Nb3Sn samples,

the current flow characteristics, and the strain dependencies of JNetC and the distri-

butions. We then discuss the consistency of our fit parameters with experimental

B∗ρ
c2 data and the ρ(T ) transition (Section 6.4.3). We then offer possible ways to

improve the fits to the θ = 87.5◦ data for both (RE)BCO samples, after which we

make some general comments about the quality of the analysis that our percola-

tion model is able to generate and how it may be particularly useful for modelling

irradiated superconducting materials.

6.4.1 Current Percolation and Distribution Characteristics of

(RE)BCO and Nb3Sn

The percolation threshold values for Nb3Sn and the (RE)BCO samples are consist-

ent with those found for resistor-insulator networks that have coordination numbers

of ∼ 3 - 4 [140]. These coordination numbers are often, but not exclusively, as-

sociated with 2D networks. It is not particularly surprising that such pc values

have been found for the SuperPower (RE)BCO tapes because the ab-planes of the

(RE)BCO are parallel with the macroscopic tape plane and the depairing currents

(and indeed critical currents) of (RE)BCO single crystals are substantially weaker
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6.4.1. Current Percolation and Distribution Characteristics of (RE)BCO and Nb3Sn

along the c-axis [22]. The (RE)BCO layer is also thin (∼ 1 µm) compared to its

width (∼ 4 mm) and the distance between the voltage taps (∼ 13 mm) used to

measure IC. As pc decreases, JNetC increases. It will be extremely challenging to

substantially lower pc for (RE)BCO tapes due to the anisotropy of (RE)BCO’s

material properties and the dimensions of (RE)BCO tapes themselves.

For Nb3Sn, one may have expected lower percolation threshold values that are often

associated with 3D networks (e.g., 1/3) due to the polycrystalline, isotropic nature

of the Nb3Sn grains within the filaments. However, our model has shown that low

percolation threshold values can not produce the correct behaviour for the strain

dependence of JC for reasonable values of
∣∣∣ dTC

dεJJ

∣∣∣
εJJ=0%

. The fact that the filaments

within the Nb3Sn strand are much longer than their diameter may be partially

responsible for the relatively high percolation thresholds. Equally, the preferential

transport current flow along the length of the wire rather than orthogonal to it may

also explain the high percolation threshold values (i.e. ∼ 0.6). Directed percolation

models can be used to describe such current flows and they tend to have higher

percolation thresholds than equivalent isotropic percolation models, for the same

network coordination number [140, 203].

In this work, we have restricted the TC distribution to be a bimodal top hat distri-

bution. Because of this, we get discontinuities in the gradients of Aact(B, T, εJJ),

TMax
C (εJJ), and BMax

c2,act(T, εJJ). Using an alternative distribution such as a Weibull

distribution will overcome this issue, at the cost of introducing additional free para-

meters into the global fits for JC. As far as we are aware, there are currently no

other experimental techniques that can be used to extract relevant TC distribu-

tion characteristics, other than by inferring them from JC data, as we have here.

New techniques need to be developed so that the results of this analysis can be

independently verified for example with local measurements of TC throughout the

sample.
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6.4.2. The Strain Dependence of JNet
C and the Distributions

6.4.2 The Strain Dependence of JNetC and the Distributions

The values of
∣∣∣ dTC

dεJJ

∣∣∣
εJJ=0%

for all 3 samples are physically reasonable [197, 33, 34,

113, 28]. The quite high values of TMax
C (0) mean that for large strains, the TC’s of

some of the Josephson junctions are as high as 93 K and therefore exceed a little

the values found in optimally doped single crystals. We don’t consider this to be

a serious problem since it may simply be an artefact of the top-hat distribution

we have used and the Josephson junctions with these high TC’s only contribute to

cluster building bonds (c.f. Figure 6.10). These bonds would play a larger role

in determining JNetC for samples with lower percolation thresholds. A more com-

plex percolation model for (RE)BCO would implement the dome-like behaviour for

TC(ε) that has been seen, for example, in detwinned tapes [113], but is not as yet

required.

6.4.3 The ρ(T ) Resistive Transition and B∗ρ
c2

For low currents, our percolation model predicts that the resistive transition width

for a superconductor in self field is equal to (1 − pc) × δTC. The products of the

1−pc and δTC values for the (RE)BCO samples in Table 6.3 are in good agreement

with the measured transition widths in self-field at εJJ = 0% (see Section 5.3 and

[28]). While the resistive transition was not measured for the Nb3Sn sample, the

pc and δTC values are also consistent with the transition widths of other similar

Nb3Sn strands in the literature [204].

For higher currents, in-field, we may expect the resistive transition width to broaden

because of flux flow. Flux flow will lead to the material having a non-zero voltage

before it transitions to the normal state. In our model, we are able to extract

approximate values of B∗ρ
c2 for (RE)BCO by identifying the field at which JNetC ×

ATot = 100 mA, as this was the current used to find B∗ρ
c2 for both samples [27].

We denote this field B∗JC
c2 . Figure 6.27 shows an example for the APC (RE)BCO
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6.4.3. The ρ(T ) Resistive Transition and B∗ρ
c2

sample and demonstrates that the calculated values of B∗JC
c2 are best associated

with experimental B∗ρ
c2 data at the 0.1ρN criterion. By comparing the BMax

c2,act (the

maximum field at which an infinitely spanning superconducting cluster can exist

in the material) and B∗JC
c2 data, we see that flux flow has a limited impact on the

measured voltages during the in-field ρ(T ) transition as the magnitude and strain

dependence of the BMax
c2,act data are in very good agreement (slightly higher) than

the B∗JC
c2 data. Also shown in Figure 6.27 is a comparison of the experimental B∗ρ

c2

data with the parameterisation of B∗
c2 in Section 5.6, in which a single value of B∗

c2

(i.e., a delta function) was assumed for the entire material (which we refer to in

this discussion as B∗δ
c2 ). While the temperature dependence is in broad agreement

with the other data in the figure, the strain dependence has a negative curvature.

Therefore, while reasonable fits can be achieved for JC across the entire field,

temperature and strain range for (RE)BCO by using the literature approach of

considering single values of the critical superconducting parameters, the only way

to get self-consistent fits for JC and B∗ρ
c2 is to consider the material as a percolative

network that has a bimodal distribution of superconducting properties.
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6.4.3. The ρ(T ) Resistive Transition and B∗ρ
c2

Figure 6.27: Different values of B∗
c2 for the APC (RE)BCO sample with θ = 0◦,

extracted from experimental ρ(T ) data or global fits to JC in this thesis. The
B∗0.1ρN

c2 and B∗0.9ρN
c2 data were calculated from Table 5.2, the BMax

c2,act and B∗JC
c2

data were calculated from Table 6.3 (for free Υ̃n), and the B∗δ
c2 values were taken

from the fit in Table 5.7 for free Υ̃n, that used a single value for TC for the entire
material (i.e., a delta function).

These results will need verification for the Nb3Sn strands by comparing detailed

B∗ρ
c2 and JC data on a single strand. We also suggest that the discrepancy between

the B∗JC
c2 values and the experimental B∗ρ

c2 data will decrease as the choice of res-

istivity criterion slowly decreases towards zero resistivity. This will require an

improvement to the experimental setup to improve the signal to noise ratio.

It is more challenging to associate the B∗ρ
c2 data at the 0.9ρN criterion with a distri-

bution or network characteristic within our percolation model. This is because in

the experiments, even when there is no infinite spanning superconducting cluster

in the (RE)BCO layer, some of the current may flow in/out of the isolated super-

conducting clusters from/to the Cu and Ag layers of the tape. Current shunting

will also affect the measured JC values at higher temperatures and fields and larger
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strains as the N -values get closer to 1. Future extensions to this work could include

B∗ρ
c2 measurements on tapes with the Cu and Ag layers removed, and possibly even

JC measurements if the thermal stability of the sample can be controlled. Altern-

atively, a normal conducting layer in parallel to the slices in our rule of mixtures

for percolation (Figure 6.10) could be introduced.

The measured B∗ρ
c2 data for the Non-APC and APC data on these samples are

best associated with the irreversibility field Birr in the literature, due to the convex

temperature dependence [205, 206], rather than single crystal Bc2 data that display

concave WHH-like behaviour [164, 207] that is also observed in LTS (see e.g., [90]).

The same is true for the temperature dependencies for the Bc2’s of each of the

Josephson junctions, and BMax
c2,act. In our percolation model, we tried incorporating

a concave temperature dependence for the Bc2’s of the junctions, and modelled

B∗JC
c2 for very large δTC and low pc values, however, we were unable to obtain con-

vex behaviour. Branch made the reasonable suggestion that current shunting may

be responsible for the discrepancy between the single crystal Bc2 and Birr data [28]

which is worthy of future work.

6.4.4 JNetC for B||ab for (RE)BCO

For both (RE)BCO samples, for θ = 87.5◦, the fields at which JC was measured

for T = 40 K are very low compared to the values of BMax
c2,act (and B∗ρ

c2,act). We

have demonstrated that significantly better fits can be achieved for θ = 87.5◦ by

excluding the 40 K data or equivalently that mapping the limited JC data we have

for θ = 87.5◦ onto the θ = 0◦ data is progressively less successful (or useful) at low

temperatures. This naturally points to a changing pinning mechanism or regime

at low temperatures. We suggest that the 2D-3D dimensionality cross-over [208]

provides a natural explanation. At this cross-over, which calculations suggest occur

between 20 and 50 K [208], the fluxons become smaller than the unit cell size, so we

can expect the pinning to change and perhaps as the data suggest, a marked change

to the strain dependence at 40 K. Necessarily this avenue is best pursued with more
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detailed JC data for θ = 87.5◦ at the highest fields available. There are some less

data driven solutions that we could in principle also look at - Incorporating the

effects of self-field [184] may provide a better fit to the 40 K data, and therefore a

better fit overall, however, we don’t expect it to improve the agreement with the

strain dependence. In Section 5.3, we saw the breakdown in the universal N vs JC

scaling for θ = 87.5◦, which is why the rN and SN values were allowed to vary for

the percolation model fits (see Table 6.4). We suggest that an alternative scaling

could be used for this field orientation. Preferably, the new scaling should lead to

the JC’s of the bonds at the front of the slices being weighted far more than those

towards the back in Figure 6.10 when the modes are separated, which would drive

down JC for larger strains.

6.5 Fitting JC Data Using the Percolative

Superconducting Network Model

The central issue in the analysis of the JC data presented in the last two chapters of

this thesis has followed from the break-down of the scaling law in (RE)BCO. The

very clear universality shown in Figure 5.7 clearly demonstrates why the scaling law

approach has been so useful for decades. However the non-physical values of B∗
c2,

namely ∼ 1000 T at 4.2 K, show the scaling law simply doesn’t describe the JC data

of (RE)BCO at all, at low temperatures. In this thesis we have first used the SNS

junction approach (Chapter 5) and then added percolative current flow through an

inhomogeneous superconducting network (Chapter 6) that naturally incorporates

the required break-down of scaling. It is clear from the figures in Chapters 5 and

6, that the approach adopted gives physically reasonable parameters across the

entire field-temperature-strain phase space and hence provides a route forward for

parameterising JC data for (RE)BCO. This approach also provides (for the first

time) the microscopic properties of the important pinning components as well as a

natural explanation for the prevalence amongst many different superconductors for
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JC to be at a maximum when the intrinsic strain is zero. It is important to note in

comparing the fits in Chapters 5 and 6, that in Chapter 5 we have used polynomials

to characterise the strain dependence of the critical superconducting parameters.

In Chapter 6, although we have introduced an additional free-parameter associated

with the inhomogeneity of the samples, we have reduced the number of free para-

meters by requiring competing strain dependencies. Here we consider some brief

final observations about the different fits made to the data in Chapters 5 and 6 in

turn:

Nb3Sn: The Nb3Sn data are the most comprehensive data known to the author.

Most fits to these types of data are limited to temperatures below 12 K because

the accuracies of the fits reduce when extended to the highest temperatures. The

quality of the SNS fits with polynomial strain dependencies (cf Figures 5.16 and

5.17 and Table 5.7) is simply state-of-the-art and also provides physically reasonable

values for the grain boundary thickness [209] and grain size (see the references in

[90]). In the context of G-L theory, all materials are eventually superconducting.

The fits suggest that the grain boundaries themselves are pair-breaking for the

superelectrons (T ∗
C,n is negative), which is not unreasonable, but clearly needs more

work to be independently confirmed. Adding percolative current flow with bimodal

grains and competing strain dependencies also gives good fits (cf Figures 6.17 and

6.18 and Table 6.3) to the data as well as physically reasonable and self-consistent

range of TC of ∼ 0.6 K [204].

(RE)BCO: The (RE)BCO fits (both APC and non-APC) are also good for both

Υn = Υs = 1 and Υ̃n free (cf Figures 5.9 to 5.15 and Table 5.7) at low temperatures,

although less good at high temperatures. The fits have been improved at high

temperatures by explicitly adding in the distribution in TC (cf Figures 6.19 to 6.26

and Table 6.3). Again the widths of the junctions are reasonable and the thicknesses

very small. These small thickness values are consistent with strong pinning sites

separated by superconducting matrix material that is hardly degraded at all -

analogous to strong pinning sites in a matrix. Again we interpret the barriers as
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pair breaking.

Finally, we include several routes to improve this analysis further. The percolation

model presented in this Chapter could be used with other expressions for the JC’s

of the bonds. The model originally used the flux pinning expression for JC in Sec-

tion 5.6, however, it was found that unphysically high values of Bc2 for the bonds

were still required at lower temperatures. Therefore we chose to use the BH SNS

Josephson junction expression for JC.

We suggest that our percolation model will be useful for predicting the degradation

in the superconducting properties of irradiated tapes and strands. While the δTC

values of these technological superconductors appear to be only a small fraction of

TMax
C (0), in fusion reactors, radiation damage from neutrons and gamma rays will

lead to a broadening of the TC distribution due to, for example, dislocation loops

or transmutation. For example, Iliffe has performed measurements on the effects

of cryogenic neutron irradiation on TC (via the resistive ρ(T ) transition) and JC

[210]. The transition broadened and JC was lowered with increasing dose, which is

consistent with the predictions of our percolation model. Accurately predicting the

evolution of the superconducting critical surface with neutron damage will be crit-

ical for future fusion power plants that are based on compact, spherical tokamaks

with superconducting magnets, such as UKAEA’s STEP reactor [9] and Tokamak

Energy’s ST-E1 reactor [211]. Compact, spherical tokamaks have limited room for

radiation shielding between the plasma and the magnets, especially in the centre

column.

6.6 Conclusions

In this chapterfits have been made to the JC(B, T, ε) data for Nb3Sn and 2 (RE)BCO

tapes using the chain model in the literature across the entire experimental strain

range, for the first time. We have shown that chain model cannot fit JC data at
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large strains or JC data measured at fields close to Bc2. In order to get good fits

to the JC data across the entire strain range, the material must be considered as a

percolative network of Josephson junctions with distributions of critical supercon-

ducting parameters that has pc < 1 and δTC > 0 K. Using the percolation model

is also the only way to ensure that the JC fits are self-consistent with B∗ρ
c2 data

extracted from ρ(T ) data. For all 3 samples, the extracted pc values are consistent

with network coordination numbers of 3-4. The δTC values are typically no more

than ∼ 10% of TMax
C (0).

More fundamentally, when taken in combination with the BH formalism for JC

in SNS Josephson junctions, our percolation model offers an alternative explana-

tion for the strong temperature dependence of the p and q values that are found

when fitting JC data for (RE)BCO using a flux pinning formalism. Distributions

in TC (and Bc2) lead to a suppression in JC at high fields and temperatures, near

b = 1. This effect cannot be understood by any existing model in the literature.

Understanding how factors such as δTC and pc limit JC will be crucial for further

optimising the JC’s of technological superconductors for all applications. For fusion

reactors, understanding how δTC evolves with radiation damage will be extremely

important, as it may prove to be the lifetime limiting factor for commercial fusion

power plants.
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Chapter 7

Conclusion and Future Work

This thesis has shown that flux pinning scaling laws for isotropic superconductors

do not adequately describe the field, temperature and strain dependence of JC for

(RE)BCO tapes. The 1D chain model is also unable to provide a full description of

JC across the entire reversible strain range. JC is better described by a new type

of scaling law in which the material is treat as a percolative network that contains

a mixture of insulating bonds and SNS Josephson junction bonds. This scaling law

has allowed us to extract the dimensions and normal state properties of the normal

barriers/grain boundaries within superconducting materials that limit or prohibit

supercurrent flow. It has also allowed us to extract information about the distri-

bution of TC within the material and the dimensionality of the supercurrent flow

via the percolation threshold pc. We have also presented the first measurements

for the 2D, in-plane strain dependence of JC.

In terms of future experimental work, the most obvious place to start would be

to commission the 2D strain probe outlined in Chapter 4 at 4 K for high field

JC(B, θ, εxx, εyy) measurements. This will enable a better understanding of the

biaxial strain dependence in an environment that fusion magnets are more likely

to be operated in. Special consideration will need to be given to the flexible super-

conducting current leads at the bottom of the probe to ensure that they can carry

1 kA without causing the probe to twist [148]. The probe could be modified to

include a variable temperature cup, to enable variable temperature measurements
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of JC to be made, and also B∗ρ
c2 (T, θ, εxx, εyy) measurements. The 15 T horizontal

magnet in Durham has a bore diameter of < 40 mm. Designing a temperature

cup would inevitably involve reducing the size of the 2D springboard so that it fits

inside the cup. Given that a lot of the hardware used to apply the strain is already

at the smaller end of what manufacturers are able to supply (see, e.g., [212]),

this will be a very challenging undertaking. Nevertheless, we ultimately envisage

an experimental setup with full in-situ strain control where one would be able to

measure JC(B, θ, T, εxx, εyy) and B∗ρ
c2 (θ, T, εxx, εyy) to the same level of detail as

the measurements outlined in Chapter 4 for the uniaxial strain dependence of JC.

In parallel to the biaxial strain measurements of JC, the biaxial strain measured by

the 2D T-rosette strain gauge on the sample will need to be calibrated against the

intrinsic strain within the (RE)BCO layer. This could be achieved using neutron

diffraction experiments that are similar to those that have been used to compare

the strain measured by strain gauges and the intrinsic strain within the (RE)BCO

layer for the 1D springboard [31, 32].

The model for JC in Chapter 4 was restricted to a simple linear strain dependence

for TC, taking into account the Poisson ratio. The biaxial strain response of the

TC’s of (RE)BCO’s A- and B-domains will need to be investigated, for all quadrants

of the εyy vs. εxx plot. Given the challenging nature of uniaxial pressure dependent

measurements of TC for (RE)BCO single crystals [33, 34], an easier method may

be to perform measurements on detwinned tapes that can be produced by bending

and annealing tapes [113, 213], if the f -value can be brought sufficiently close to 0

or 1.

The biaxial strain dependence of JC, could, of course, be measured for other tech-

nological superconductors such as Bi-2223 tapes or MgB2 tapes. However, it will

be very challenging to perform measurements like these on Nb3Sn strands, that

have already been shown to possibly exhibit competing behaviour. Some of the

earliest technological Nb3Sn superconductors were grown in a flexible tape form

using chemical vapour deposition so that they could be wound into magnets [214].
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JC(εxx, εyy) measurements on Nb3Sn tapes may shed further light on the competing

behaviour within Nb3Sn. However, if the grain boundaries in Nb3Sn are responsible

for the competing behaviour, rather than the grains, then the differences in grain

boundary structures between the tapes and filaments in strands may significantly

complicate the analysis.

The analyses in this thesis have shown that it is possible to extract rich inform-

ation about the mechanisms suppressing JC in technological LTS and HTS from

JC(B, T, ε) data alone. Many of the parameter values extracted from our fits will re-

quire verification using other experimental or simulation techniques. For example,

methods for measuring δTC and TMax
C (0) within (RE)BCO tapes will need to be de-

veloped. Devising a method of measuring the percolation threshold experimentally

without relying on transport measurements will be a formidable challenge. Perhaps

instead, 2D or 3D FE or TDGL simulations could be performed on representative

(RE)BCO or Nb3Sn grain structures, in which each grain is assigned a different

TC value (or even a TC distribution within each grain/superconducting electrode).

If one were to then extract JC for different temperatures and applied fields from

the simulations, it may be possible to extract information about the percolation

threshold, if the system size is sufficiently large.

If the dimensions of the normal barriers within the (RE)BCO layers of tapes are

indeed accurate, then it will be extremely challenging to experimentally determine

their normal state properties such as their resistivity. In fact, there is even a legit-

imate question to be asked as to whether the Sommerfeld model expressions used

to relate the normal state properties to each other in Chapters 5 and 6 are valid

on length scales on the order of, or smaller than, a unit cell. The normal state

properties and dimensions for the barriers extracted for (RE)BCO in this thesis

can only be used to quantify the amount that the grain boundaries are still sup-

pressing JC in tapes (if indeed the barriers are the grain boundaries, perhaps the

twin boundaries are responsible). This is also exemplified by the strong correlations

between the d(0) values and the phenomenological parameters α̃n, β̃n, and Υ̃n at
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zero temperature and strain. Another factor to consider is our choice of assuming

that the superconductors under analysis can be treated as weakly coupled, with

s-wave pairing, in the dirty limit. This was chosen to keep the analysis as simple

as possible, however, strong coupling corrections [91, 215], d-wave pairing [216], or

clean limit expressions [173] may lead to different values for the phenomenological

parameters α, β and Υ in the electrodes and boundaries (and therefore, the normal

state properties of these regions).

One of the original aims of the percolation model was to try to explain the discrep-

ancy between single crystal Bc2(T ) data obtained by RF measurements that display

WHH-like behaviour [164] and the experimentally observed Birr data. Current per-

colation and distributions in TC with bonds exhibiting WHH-like behaviour are not

sufficient to reproduce the convex Birr(T ) or B∗ρ
c2 behaviour seen in the samples in

the literature in fields up to 35 T [208]. The rule of mixtures for percolation in

resistor-insulator networks breaks down when there are only just enough resistive

bonds to form an infinitely spanning cluster [139]. The same will be true for our

mixed network of insulating bonds and Josephson junction bonds. Just above pc,

where the path for supercurrent flow is particularly tortuous, the active conduct-

ing area Aact will vary with the fraction of Josephson junction bonds as a power

law, rather than linearly [139]. As B∗ρ
c2 will likely be measured at Aact values just

above 0 in experiments, especially for low resistivity criteria such as 0.1ρN , it may

be that a power law dependence for Aact on the fraction of Josephson junctions

may reproduce the convex behaviour for Birr and B∗ρ
c2 . Alternatively, including

the effects of current shunting from the (RE)BCO layer to the Cu and Ag layers

due to the low N -values may explain the discrepancy between the concave WHH

behaviour and the convex behaviour observed.

It would be interesting to use our percolation model to analyse JC data for other

superconducting materials. For example, the JC’s of Bi-2212 strands have often

been reported to be limited by the connectivities of the grains due to the presence

of voids [217, 218, 219]. Efforts by the community have led to improved JC values
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via densification processes [220, 221]. In our percolation model, low connectivities

would correlate to low coordination numbers in the percolative network, making

the percolation threshold close to 1. Another interesting material to investigate

would be polycrystalline MgB2 wires, in which the effects of distributions of grain

orientations on JC have already been quantified by Eisterer [94]. The temperature

dependent percolation threshold found by Eisterer may well be explained by a dis-

tribution in TC. It may also be possible to extend our percolation model to include

distributions in TC and grain orientation.

In the coming years, a huge amount of work will need to be done to qualify

(RE)BCO tapes for prototype and commercial fusion magnet systems. This will

involve a thorough understanding of the superconducting critical surface for mul-

tiaxial strains, as already discussed. Equally importantly, the evolution of the

critical surface with neutron and gamma irradiation will need to be understood.

Some experiments for neutron irradiation are already underway [210, 222, 223]. We

suggest that many of the defects caused by radiation damage, such as transmuta-

tions, damage cascades and point defects will fundamentally affect the TC of the

underlying material due to changes in oxygen doping and the lattice parameters.

Experiments to measure the effects of radiation damage of (RE)BCO will be com-

plex and expensive. One of the reasons for this is that the oxygen in (RE)BCO is

quite mobile at room temperature, sufficiently so that simply bending a tape for

several hours is enough to cause the twinning to change substantially [213]. There-

fore, (RE)BCO tapes will have to be irradiated and then have their JC values

measured at cryogenic temperatures without any thermal cycles to room temper-

ature. Predicting the evolution of JC using a percolation model like ours may prove

to be a very useful tool to model how JC evolves under irradiation due to changes

in the distributions of TC and Bc2. It will also be interesting to see whether radi-

ation damage affects the values of
∣∣∣ dTC

dεJJ

∣∣∣
εJJ=0%

or even the nature of the competing

behaviour itself. For large doses of irradiation, where the microstructure of the

(RE)BCO could be substantially different, it is not clear if the twinning will still
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play an important role in the strain dependence of JC.

The future of global energy production and our climate look uncertain. Recent

events have only increased the urgency with which human civilisation must move

away from fossil fuels. Could HTS magnet technology be the key that finally un-

locks affordable energy for all, from fusion energy?
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