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Abstract: In this work we focus on the phenomenology of the charm system,
more specifically the description of D-mixing and the lifetimes of the D°, D™ and
DY meson. We start with a brief introduction of flavour physics and the role the
charm quark plays in the Standard Model (SM). Then, we focus on more specialised
techniques like the Weak Effective Theory (WET) and the Heavy Quark Effect-
ive theory (HQET) as well as the Heavy Quark Expansion (HQE), a framework
built to express inclusive decays of heavy hadrons as a series of local operators.
We continue with the description of the neutral meson mixing system in general
before focusing on the D° case and discuss the peculiarities arising that make its
theoretical description more difficult than the B system. We propose two different
methods of tackling these issues and show that we can get results in the ballpark
of the experimental measurements. Then, we move to the calculations of the D
mesons lifetimes. Including the recently calculated Darwin operator contribution
and DI Bag parameters, we present updated results for the total and semi-leptonic
decay rates and their ratios. We conclude that after comparing our results with
experimental measurements by the LHCb, Belle II and BESIII collaborations we can
describe inclusive decays of charm mesons in the HQE framework albeit with large
theoretical uncertainties. Finally, we suggest how this work could continue in the

future and what new measurements would be needed to get more precise results.
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Chapter 1

Introduction

Particle physics tries to describe the fundamental particles of the Universe and their
interactions. The ultimate goal is the development of a theory that can explain all
physical observations at a small scale. Although we are not there yet, after decades
of research and discoveries we have a working theory that describes three of the
four (known) fundamental forces, and the currently known particle content. This
is the Standard Model (SM) of particle physics. In the rest of the chapter we will
introduce the SM and we will discuss in particular some specific features of it that

are the basis of the work developed in the remainder of the thesis.

1.1 The Standard Model

The SM is the culmination of many years of developing theories trying to explain
the laws of physics at the smallest scales. Mathematically it is defined as a quantum
field theory (QFT) with its dynamics described by the SM Lagragian, Lg,,. Histor-
ically one could say that the first part of the SM was the development of Quantum
Electrodynamics (QED), a theory that describes electromagnetism at the quantum
level. This was the achieved by the work of many physicists like Dirac [9], Feyn-

man [10-12], Schwinger [13,14] and Tomonaga [15]. Since then many more steps
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were taken towards the SM, including the development of QCD [16-18], the devel-
opment of a weak theory [19,20], its unification with QED [20-22], and the Higgs

mechanism [23-25].

The Lagragian of the SM is given by

1

Loy = —5FuP"”
+ WPy
— Y0 H + hec.
+ |D,H]?-V(H), (1.1.1)

where the RHS terms are the self-interactions of the gauge fields, the kinetic terms
of the fermions and their interactions with the gauge fields, the interactions of the
fermions with the Higgs field and the kinetic term and self-interactions of the Higgs

field. The gauge symmetry of the SM is
SU@3). x SU2), xU(l)y — SU3). x U(1)gn (1.1.2)

where the SU(3), is the gauge symmetry of QCD (c stands for the colour charge) and
SU(2)r, x U(1)y is the symmetry of the electroweak sector (L stands for left chirality
and Y for the weak hypercharge). The arrow shows the spontaneous symmetry break
of the electroweak symmetry to U(1) gy, (EM stands for electromagnetism). Further-
more the SM is symmetric under the Poincare group. In the end, all renormalisable

terms that obey the gauge and Poincare symmetries are included in Equation (1.1.1).

The particle content of the SM can be split into matter (fermions), force medi-
ators (vector bosons) and the Higgs boson (scalar boson) that is responsible for
giving mass to particles. In the next two sections we will look into the separate parts

of the SM and present them in more detail.
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1.1.1 QCD

Quantum Chromodynamics (QCD) is the non-abelian (i.e. its generators do not
commute) gauge theory that describes the strong nuclear force with gauge group
SU(3).. The SU(N) group has (N? — 1) generators, so in the QCD case we have
8 generators denoted as 7. The colour label ¢ can take the ‘values’ red, blue, and
green (these have nothing to do with the actual colours of the visible EM spectrum).
The strong force is mediated via the gluon particle. Since there are 8 generators in
the gauge group, there are 8 gluons too. If we isolate the pure QCD terms from

Equation (1.1.1) we get:

1 a v T
‘CQCD = _ZF;U/F(;L + T/Q(ZIDU - m(5zj)1/13 s (113)

where the mass term originates from the Yukawa term of the SM Lagrangian. Under

the SU(3). group the quark fields lie in the fundamental representation while the

gluons lie in the adjoint. The field strength tensor in QCD reads
« a a abc Ab gc
F,, = 0,A, — 0,A, + g, f AL AL (1.1.4)

where Aj, is the gluon field and a runs from 1 to 8, g, is the coupling constant of
QCD and f** are the structure constants of the gauge group that satisfy [T Tb]ij =
i fabchj. Note that f** vanishes for abelian groups such as U(1) in QED. In that
case the field strength tensor is reduced to the first two terms of Equation (1.1.4).

As a consequence the gluons self-interact while the photon does not.

1.1.2 Electroweak Theory

The rest of the SM Lagrangian describes the electroweak theory and the Higgs
mechanism through which the symmetry SU(2);, x U(1)y spontaneously breaks to
U(1)gpr and the fermions and the weak gauge bosons obtain their mass. As the
subscript L indicates, the electroweak sector distinguishes between left and right

handed fermions (theoretically proposed by [26] and experimentally verified by [27]).
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This experimentally observed parity violation can be theoretically demonstrated by
putting left handed fermions in the doublet representation of SU(2) while the right

handed are singlets. The field strength tensors of this theory are

wWe, = Wi —0,Wi+ g™ Wy, (1.1.5)

B,, = 9,B,—,B,, (1.1.6)

1%

where the first line describes the field strength tensors of the weak force (notice
the similarity to the QCD one, where the structure constant is now simply the
Levi-Civita tensor) and the second line is the U(1)y field strength tensor. Wy are
the three gauge boson fields of the SU(2),, theory and B, is the boson field of the
U(1)y theory. Mass terms for the gauge bosons can not be simply added, since they
are not gauge invariant. However, the weak interaction seems to have a very short
range indicating very massive mediators. How do the W and Z bosons (and the

fermions of course) obtain their mass?

This is where the Higgs mechanism comes into play, causing the spontaneous sym-
metry breaking of the electroweak symmetry group as mentioned above. All that is
needed is the addition of a complex scalar field with a certain potential term.

The Higgs field is introduced as an SU(2);, doublet,

.
H= Z“ , (1.1.7)

where the ¢T, ¢° are complex scalar fields. The potential is given by
V(H)=p*(H'H)+ MNH'H)? (1.1.8)
where for ;> < 0 there is a non-trivial minimum of the Higgs potential at

— (1.1.9)
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Due to this non-zero VEV the Higgs field breaks the electroweak symmetry down
to the U(1)gy. Expanding the Higgs field from Equation (1.1.7) around the VEV

we get

0

H= , (1.1.10)
v+h
V2

where h is the scalar field associated with the Higgs boson. Below we will shortly

show how the Higgs mechanism gives the gauge bosons their masses. For the fermion

case, see Section 1.2.1.

Gauge Boson Masses

The mass of the W and Z bosons comes from the third line of Equation (1.1.1) and
more specifically the |D,H|* term. To see it clearly we use Equation (1.1.10) to

expand the covariant derivative

a

. a0 .
D, = 8,u — Zg1WM? — /LQQYLB

. (1.1.11)

)

where g1, g, and Y}, are the coupling for the SU(2); interaction, the coupling of
the U(1)y interaction, and the weak hypercharge respectively. For the mass terms
we keep only the terms proportional to v* as the terms including the field h are
associated with interactions of the Higgs boson with the W and Z bosons. So the

mass terms are

2
. =i | eBur W g Wy —igWi ) [0 1112)
gauge—mass ~ /o ek
2v2 ngj + iglVVi 92B,, — QIWE v

2
v

= o (GO + @B+ W2+ gt (W) — 20,9,B"W}i)

Now we rewrite the above equation by defining 4 new fields, as linear combinations

of the old ones

1

+ .
Wu = \/§(W,} $ZW3) )
Z, = c,W, —s,B,, (1.1.13)
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A, = s,W)+c,B, ,

m

where s,, = sin#f,, ¢,, = cosf,, and 6, = tan"* (Z—f) widely known as the weak angle,
first introduced by Glashow [20]. We recognise this new basis as the fields of the
actual W and Z bosons as well as the photon. In fact, in this basis the photon

remains massless as it should and we get

_ G
= Ty

v
my; = 5\/gf+g§,

as the masses of the weak bosons.

Fermion couplings

For the fermion couplings we will use the mass basis introduced above for the gauge

fields, thus rewriting the covariant derivative

. . 3
o 101 + 4+ _ 2% o .92 .
D, = au—ﬁ(wua +W, o )— p—r <2—sm HwQ> Z, —ieQA,

(1.1.14)

3
where @@ = % +Y and corresponds to the electric charge, oF =o' tio?, and e the
electron charge satisfying e = ¢; sin6,,. Now if we consider the kinetic part of the

SM Lagrangian regarding the quarks and expand it to separated terms we get
L=QL(iD)QL +up(iD)up + dg(i))dp , (1.1.15)

u
where Q; = “1. After substituting Equation (1.1.14) we obtain
dp,

£=Qui)Qr+ g (Wi Mg + Wi dlig + Zuhg) +eAulhg . (1116)
where

1
J#VJ,FQ = ﬁﬂL'VudLa
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_ I -
Twe = ﬁdL’Y“UL,
1 1 2 _ I 1. n
Jho = P {(2 —3 sin? 9W> upy ug, + (—2 + gsm2 HW) dry*dy,
220 o L 20 g ~mg 1.1.17
— 33111 WURY uR+381n WaRrY GRr| , (1.1.17)

2 1-
Jiog = gﬂ’y“u - gdfy“d .

1.2 Flavour Physics

In Section 1.1.2 we mentioned how the left handed fermions can be expressed as

doublets of the SU(2)y, i.e

Here the quark doublet ()} consists of two component Dirac spinors of the up and
down quark with weak isospin +1/2 and —1/2 respectively. The lepton doublet L;,
consists of two Dirac spinors of the neutrino and the lepton with weak isospin +1/2
and —1/2 respectively. It was later discovered that there are two more (heavier)
copies of these doublets and in total we have three generations of fermions. Flavour

physics studies specifically these different types of fermions and their interactions.

1.2.1 CKM

The way fermions obtain their masses is encoded in the Yukawa interaction term [28]
(third line of Equation (1.1.1)) since terms of the form my (@LQR + @RQL) would
not be gauge invariant under SU(2);. The Yukawa Lagrangian for the interaction

of fermions with the Higgs field is

‘CYuk‘awa = QL?UFIUR + QL?deR + h.c. , (121)
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where Q; has three components (as many generations of fermions) and each com-

ponent is an SU(2);, doublet i.e.

ur, cr 133
QLL = ) Q2,L = ) Q3,L = . (1-2-2)

dy, SL br,

V4 are the complex Yukawa coupling matrices of the up- and down-type quarks.
Finally, up, dp are three-dimensional vectors of the right hand spinors of the up and
down-type quarks respectively. Notice also that in order to give the masses to the
quarks we need to introduce a modified Higgs field that depends on the original one:

H=io,H" . (1.2.3)

Now, if we replace the Higgs field with its expression in Equation (1.1.10) and keep

only the terms proportional to its VEV we get:
Ly uramwa D —=ti, Vg + —=d, Vedg + hec. . (1.2.4)

V2 V2
which looks like fermion mass terms. The Yukawa matrices in general do not need
to be diagonal. However, in order to get diagonal mass terms we will need to rotate
the basis of the quark eigenstates. The way to do this is to apply the singular value
decomposition and change from the weak eigenstate basis to the mass eigenstate

one. To do so we perform the transformation

u
up,r — Upgupp

dpr — U rdp g (1.2.5)

where the matrices Uj 5 are unitary. In order for the Lagrangian terms to remain

unchanged the mass matrices need to transform accordingly

My,

MY = —Y" o —_(UH'V UL = me :

5

v
V2 2
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mgq
G \%(Uﬁ)*f/d(]}% - m, . (1.2.6)
myp

Now we can see how this transformation changes the neutral and charged currents of
Equation (1.1.18). The combinations G, "¢y, r remain unchanged under the change
of basis. So the neutral currents remain as they are with the mass eigenstates. The

charged current however changes. See for example the W* current:
JG/TQ —ug (Ui‘)* YUy =0 Voray"dy | (1.2.7)
where we have introduced the Cabibbo-Kobayashi-Maskawa (CKM) matrix as
Vorn = (UR)' UL (1.2.8)

In exactly the same way we can show the transformation of the negative charged cur-
rent, with the hermitian CKM matrix. Although the CKM matrix could theoretically
be diagonal, it has been shown experimentally that it is not. These non-diagonal ele-

ments are responsible for the interactions between the different generations of quarks.

Historically the CKM matrix was first proposed as a 2 x 2 matrix in 1963 by
Cabibbo [29]. However, ten years later the current form of the matrix was expanded
to its current form by Kobayashi and Maskawa [30] (even before the ¢, b,t quarks
were discovered). A general n x n complex matrix has 2n® parameters. Using its
unitarity property, the number of free parameters is reduced to n* and if we discard
unphysical phases we end up with n(n — 1)/2 real parameters and (n —1)(n — 2)/2
phases. In case of the SM with 3 generations of quarks this leaves 3 real parameters
and 1 phase. The complex phase is the source of CP violation in the SM. This is

something that can only happen with at least 3 generations of quarks, as for n = 2
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no complex phase is possible. The current CKM matrix can be written in detail as

Via Vs Vi 0.974 0.225 0.004 — 0.001i
Voku = | Vg Vg Vi | = | —0.225-0.0i  0.974 — 0.0i 0.042 :
Vie Vis Vi 0.006 — 0.001i —0.041 — 0.0 0.999
(1.2.9)

where the CKM elements are calculated based on input from the CKMfitter group [31]
(note that numbers are rounded and errors are omitted here). As we can see, the
diagonal elements are dominant (and close to 1) but the non-diagonal are still non-
zero. This implies that a quark is more likely to decay to same generation quark

(e.g. t — b,) than “jump” between generations'.

CKM Parametrization

There are two widely used ways of parametrizing the CKM matrix. The first one
parametrizes the CKM elements in terms of three angles, 6,3, 6,5 and 6,53 and one

phase ;5 as

—i8
C12C13 512C13 sige
— 1011 7014
Vorm = | —$12C03 — C12823513€""%  CraCog — S12523513€" ™ 523C13 , (1.2.10)
1013 613
812523 — C12C23513€ —C12S523 — 512€23513€ C93C13

where s;; = sin §,; and ¢;; = cos 6;;. This is called the Standard Parametrization [32].

The other parametrization is an approximation that is based on the experimental
hierarchy s;3 < $y3 < s;9 < 1 by introducing the parameter A ~ V,, and per-
form a Taylor expansion in this parameter. There are 3 more parameters (A, p,n)

introduced defined as

Vus
S12 = A= ‘2 | 3
V |Vud| +|Vus|
Sy = AN =) “f’) : (1.2.11)

1Only if the decay is possible, e.g. a b quark is most likely to decay in a ¢ quark and not a ¢.
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Figure 1.1: The unitarity triangle for the first line of Equation (1.2.13)

(0,0) (1,0)

size™s = Vi, = AN (p+in) .

Up to O(A\*) the CKM matrix becomes

1— 1 A AN (p—in)
Voryu = ) 1-1 AN + 0\ . (1.2.12)
AN (1 —p—in) —AN 1

This is the Wolfenstein parametrization [33]. The unitarity of the CKM matrix gives

rise to three orthogonality conditions

By ViaVap + VedVay +ViaViy = 0,
BS : Vusvjb + ‘/cs‘/cz + ‘/tsv;fz = 0 )

where the first one can be depicted as a triangle in the (p,n) plane as shown in
Figure 1.1. These equations can be used in studies of neutral meson mixing and

other calculations simplifying them significantly without affecting the result.

1.2.2 Charm Quark and the GIM Mechanism

In this section we give a short historical review of the prediction of the charm quark
leading to its experimental discovery and its implications in the Glashow-Iliopoulos-

Maiani (GIM) mechanism [34].
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u

Before the proposal of a fourth quark, the quark model consisted of a triplet ¢ = | ¢

s
and the Eightfold way was explaining the known meson and baryon states very

well [35,36]. Considering only the quark content, the weak interaction current was

written as

J' = ay"(1 —75)d + h.c. = @y" (1 — v5)Cq + h.c. |
d = cosfod+sinfgs , (1.2.14)
0 cosbts sinfq
C =10 o 0 |
0 0 0

where 6 is the Cabibbo angle and C, C' can be recognised as the raising and lowering
generators of the weak SU(2) group. The third generator is given by their commut-
ator and is not diagonal. Because of that this model allowed for Flavour Changing
Neutral Currents (FCNC) at tree level, something that was not suggested by data.
Another issue was arising when Glashow proposed his unification of the electroweak
theory in 1961 [20]. It could only be applied to leptons as it would require the quarks
to form SU(2) doublets, which was not possible with the quark content found till

then.

That was the case till 1970 when Glashow, Iliopoulos and Maiani introduced their
solution to suppressed AS = 1,2 neutral currents. Their model required a fourth
quark with electric charge of +2/3 which was named charm quark. The introduction

of this new particle would change Equation (1.2.15) by adding

J = "1 —5)s + hec. |

s = —sinfod+ coslps . (1.2.15)
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This way the matrix C becomes:

0 0 cosbl- sinfq u
0 0 —sinf- cos@ c
C— “ “1 . ¢= (1.2.16)
0 0 0 0 d
00 0 0 s

Now the third generator associated with the Z boson is diagonal and FCNCs are
forbiden at tree level. How does it help with the AS = 1,2 amplitudes though?
Two examples of such processes are the amplitudes K; — pu*p~ and K° — i’
respectively. From these amplitudes it was known experimentally that [1]
D(Kp—p'p)

DNKY = u'p,)
My, — My, = 3.481x107" MeV ,

= 260x1077,

where My, . are the masses of the long-lived and short-lived mass eigenstate of K 0
(which are linear combinations of the K O,FO mesons). Now the problem with the
three quark theory is that the diagrams contributing to these observables (shown in
Figure 1.2 in red) predict a much higher value. With the GIM mechanism though
and the introduction of the charm quark for every diagram in Figure 1.2 (shown in
blue) we get a second one where the u-quark is replaced by a c-quark. Notice however
the total sign of the coupling being opposite to the diagrams with the u-quark line.
In the case of m,, = m, the total amplitude would vanish. Now that the masses are
different, the amplitude is proportional to az% where « is the fine structure
constant. As we can see the sum of the two diagrams is very suppressed. In the
same way, GIM mechanism helps with the AS = 1 amplitudes. In Chapter 3 we will

see how the GIM mechanism affects the mixing of D" meson with its antiparticle

and makes theoretical predictions very hard.

Although the charm quark was predicted in 1970, it was only confirmed experiment-

ally in 1974, independently in SLAC and BNL by teams led by Burton Richter [37]
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cosbq, sin 6, cosbq,
—sinfe ¢ coslc —sinfc
d—»— —— "
u.c A V/J
_ W _
5 — e e
sin 0, cosbq, sin 0,
cos O —sin 6o cos Oc

Figure 1.2: Box diagrams contributing to the K mixing amplitude (left) and K, —
pp~ amplitude (right). The coupling in each vertex is included so that the colour
matches the quark lines.

and Samuel Ting [38] respectively. The two teams observed a new resonance with

peak at around 3.1 GeV which was identified as a bound state of c¢, more widely

known as “Charmonium”.

1.3 Rest of the Thesis

In this introductory chapter we presented the basics of the Standard Model. We also
focused on the flavour physics part of the SM and how the quarks interact with each
other and gain their masses. Finally we explained the importance of the discovery

of the charm quark through the GIM mechanism.

The remainder of this thesis splits into 4 more chapters. In Chapter 2 we introduce
some more specialised tools like Effective Theories and the Heavy Quark Expansion
framework. These topics play a very important role in the work done in the following

chapters and we try to present the reasoning behind them and their basic properties.

In Chapter 3 we discuss the system of D° — D" oscillations. We present the ba-
sic formalism of neutral meson mixing and focus on the theoretical difficulties the
D’ - D° system shows. Moreover, we present a new point of view regarding the
renormalisation scheme applied traditionally in these calculations. Using this new

method we show that it is possible to get theoretical predictions in agreement with
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the current experimental values, alas with large theoretical uncertainties.

In Chapter 4 we focus on the lifetimes of D mesons, more specifically D, DT and
D7 and how we can calculate them in the Heavy Quark Expansion framework. We
conduct a very thorough study including two recently calculated contributions, the
Darwin term for the decay of the charm quark and the Bag parameters of the D
meson. We also show the effect that these new results have in other observables like

lifetime ratios and semi-leptonic decays and their rations.

Finally, in Chapter 5 we summarise the work presented in the previous chapters and
comment on the effect these results can have for future work. We will also point to
the pieces missing in order to get better theoretical predictions and how attainable
this is in the near future. In Appendices A-D we include supplementary material,
like numerical input, example calculations and relevant proofs of equations used in

the previous chapters.






Chapter 2

Theoretical Methods in Flavour

Physics

In this chapter we will present some key concepts that are crucial in the study of
flavour physics. We will start by presenting the Weak Effective Theory (WET) that
simplifies our calculations at a lower energy scale by integrating out heavier particles.
In this theory we will present some key calculations that will be used throughout the
rest of the thesis. Next we will move to some more specialised methods, introducing
the Heavy Quark Effective Theory (HQET) and the Heavy Quark Expansion (HQE)
that are used to approximate the state of hadrons that include at least one heavy
quark in low energies and enables us to study their inclusive decays (e.g. hadron

lifetimes, mixing decay width).

2.1 Effective Theories

Effective Field Theories (EFTs) are a very powerful tool when you are interested in
calculating a process at a lower energy scale. Essentially you use only the theory that
is relevant to your energy regime and you “integrate out” higher degrees of freedom.
In this section we will introduce two examples of EFTs; the Weak Effective Theory

(WET) and the Heavy Quark Effective Theory (HQET). These two are examples of
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W+

u d u d

Figure 2.1: Tree level diagrams contributing to the process ¢ — sud in the full theory
(left) and the effective theory (right). In the process from left to right the W boson
has been integrated out and a four-quark operator has been created instead.

a top down approach where you take a theory that works in a higher energy scale
(the SM in this case) and you integrate out the degrees of freedom higher than your

energy. What is left is an EFT that describes the “full” theory in this lower energy.

2.1.1 Weak Effective Theory
Matching

The weak decays of hadrons are driven by weak interactions of the quarks. However,
the quarks bind into hadrons at an energy scale of ~ 1 GeV while the weak interaction
has a much bigger scale (My,z ~ 80 — 90 GeV). In order to develop a low energy
theory of the weak interaction we can employ the Operator Product Expansion
(OPE) [39,40]. To describe this method we will consider the decay ¢ — sud which
happens through a W7 boson as shown in the left diagram of Figure 2.1. In this

section we will follow the same procedure as [41,42]
The amplitude of this process at tree level is given by

ASH0) Z.Z'91Vc>§ 191 Vud <§i7u(1 - 75)Ci) (ﬂj%(l - 75)dj)
22 2V/2 k2 — My, ’

where k? is the momentum transfer through the W boson, the indices 4, j show the

(2.1.1)
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w w

u

u d u d

Figure 2.2: One-loop QCD correction diagrams in the SM. Gluon lines are shown in
red. Their symmetric counterparts are not shown here.

colour charge of the fields, and the superscript (0) indicates the calculation is at
tree level. We can expand the denominator of Equation (2.1.1) in powers of k* /Mg,

since k* < Mj,. By doing so we rewrite

ATH0) — z'?/gvggvud (5'¢),_, (@), _, +O00* /M) (2.1.2)
where
GF 9%
YF , (2.1.3)
V2 8My

We have also used the notation V' — A which indicates the vector-axial vector current
ie. (§1¢2)y_4 = 07" (1—75)qe. The expression in Equation (2.1.2) is represented by
the diagram on the right side of Figure 2.1. What if we also include QCD corrections
to the diagrams of Figure 2.17 In this case we will also need to calculate the one-
loop diagrams of Figure 2.2. The corresponding diagrams in the effective theory are
identical to the “full” theory ones, but with the W propagator contracted to a point,
just like in the right diagram one of Figure 2.1. So far at tree-level we have seen only
one operator arising )1 = (EicZ) v (ﬂj &’ )V_A. If we include the QCD corrections
though, a second operator arises with a different colour structure. This operator can

be expressed as )y = (Eicj )V_A (ﬂj di) v-A'Q With these two operators we can build

2The notation of @1, Q4 is just a convention and in the literature they can appear interchange-
able.
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our effective Hamiltonian:

Gp o
%eff = TSX/CSVUCI (ClQl + C2Q2) ’ (214>

where C, C5 are called Wilson coefficients and can be considered as the couplings
of the effective vertices (e.g. the crossed circles in the right diagram of Figure 2.1).
The central aspect of this OPE is that low energy (long distance) and high energy
(short distance) effects are split into the matrix elements of these operators and the
coefficients respectively. Both of these quantities depend on an energy scale u which
is the threshold of the above separation. However this parameter is unphysical and
so observables should be p independent. This is achieved through the cancellation

of the p dependence of C;(u) and (@Q;) () at every order in the perturbative series.

If we calculate the effective amplitude at tree level (right diagram of Figure 2.1) we

get the expression

G * ree ree
AFHO) = ZTSVCSVMI (01<Q1>t + Co (@) ) , (2.1.5)

where (Q;)"* is the tree level matrix element of the operator @;. By requiring

ATUO) — A1) we immediately get the values of the Wilson coefficients at LO:
Cl =1 + O(Oés) s CQ = 0 + O(Oés) . (216)

As we mentioned earlier, the point of an EFT is to allow us to calculate quantities
at a smaller energy scale than the one of the full theory, simplifying the process as
we remove higher degrees of freedom that are not present in such energies. However,
after calculating the Wilson coefficients with their dependence on the matching scale
we still have one more thing to do. If we calculate the coefficients at a specific
(n™) order, we will include corrections up to O(a?) terms. In these calculations
though we will also get large logarithms of the form In(t,aten/ teate) Where fiaeen
is the matching scale of the full and effective theories and fi.,. is the energy scale

of our calculation. Since typically the calculation scale is much smaller than the
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matching ones, these logarithms become quite big and spoil the convergence of the
series. This problem can be solved by using the renormalisation group equations
(RGE) to sum these logarithms order by order. In Table 2.1 we can see specifically
what terms are included at each order. The results we show below correspond to
a LO+LL order (LL stands for Leading Logarithms). This means we perform the
matching at one-loop level and keep only leading logarithmic corrections of order

a, - In. In order to obtain the QCD corrections to the Wilson coefficients we need

LL | NLL | NNLL | N°LL
tree-level 1 - - -
1-loop agln Qg - -
2-loop a2ln? | o2ln ol -
3-loop Al | ?ln? | o®ln o

Table 2.1: Terms included in the perturbative expansion of the Wilson coefficients
calculation.

to calculate the diagrams of Figure 2.2 and their corresponding ones in the EFT.
In the following calculations we will assume massless external quark and off-shell
momentum p such that p*> < 0 [41]. These assumptions will not change the result for

the Wilson coefficients but will simplify the calculation. We start with the results

for the full theory:

dl gy 1 — s i(p+ l
Afull,(l) _ / —j ‘Y1 5 } olc p i
1 (27T>d s \/§’y 2 ( Zg Y

( Ta o (?—i_l) Zgl 1/ 75 l) 1g,uz/ ngo
l2

VesVa
(p+1)° V2 M2, d
1G o, . M;
= \/gvc Via(#)y_a(@d)y_as (5 104k, — 5 5kl) In _;2/
— ZGF Qs MW tree i tree
— 2\[VCSVMZ In—; ) (<Q2> No (@1)) , (2.1.7)

d’l g 1 —si(p—1),
Afulh(l) _ =i 91 5 T
2 / e | \F R T ol g

ﬂkzifh7 v 1 =50 (P"‘l) 9. T d! z—iQuVQ —igpo

ch Vud
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1Gp ., 1 o, . M
= \/gVCSVud(S C )V A(U d )V A= (6 (52k — Nicé §kl) ln _7;:/
1G Q, M ree 1 ree
- \/f‘/csvud - (<Q2>t - N70<Q1>)t ) ’ (218)
dl S =gy ,(1—n5)ilp—1) -
Afull,(l) _ sTm 1 _pn 5 0. T.~%
3 /(27'(') g J ,7 ( l)2 \/§7 2 (p_ Z)Qng mi”) €
—k Zgl v - V5 ik Zg,u,l/ Z.gpo
5 d ‘/;svu
(u V2! 2 ) M2 TP ]
_ Gy Oy (T )@ d¥)y_aC +1nﬂ
\/— cs ud4 V-A —AYF p
— ZGF 1 ,U2 tree
= A VcsVud4 Cr ( +In 7 )] Q)7 (2.1.9)

where the indices 1,2, 3 correspond to the diagrams of Figure 2.2 from left to right
and the superscript (1) indicates the calculations are at one-loop level. In the second
step of the above calculations we have kept only the terms that correspond to LO+LL

accuracy, discarding the rest and we have used the following identities:

15T

1 1
0T = Crpoy (2.1.11)
where Cp = (N& — 1)/2Ne and Ng is the number of QCD colours (N = 3 here

and so Cr =4/3).

If we add all the diagrams together (the symmetric diagrams give the exact same
result) we get
Afull . pfull(0) | 2(A{ull,(1) n Aguu,u) n A?{uu,(l))
G ) 1 2 3 M2
™ ) Ne P

\/_
+ ( 31n MW)(@W“) . (2.1.12)
P

™
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The corresponding results in the EFT are
Aeffu(l) ZGFV *V ~+1n M2 <Q >tree
1 \/5 cs ud4 6 —p2 2NC 1
1 2 C
+| -+ 11’1 " 3 (CFCQ + 1) <Q2>tree] ,(2113)
€ —p 2
€ ZG 1 l’LZ C ree
AT = \/gvcsvud4 Pl In - < 22 + OF01> (@)
1 NZ Cy t
— 4+ 1In— ree 2.1.14
L R | G o) [ A ICRET)
QZG 1 ,u C,
Aefﬁ(l) _ F +1n ( _C ) tree
3 \/— Vrcsvudzl c 2NC 2 <Q >
( “p =2 01 Q2>”6€] . (2.1.15)

s

As previously if we put all contributions together (and include symmetric diagrams

that give the same result) we get

ASFE — fef 10 +2< ARy gef £ A;ff,(l))
_ZGF * tree tree
= \/5 csVud (A1<Q1> + Bl <Q2> > y (2.1.16)
where
ag 1 12 3
Al = 14+ — *+1H72 2CF+7 Cl
T € —p Ne
1 2
37 (E +1n _’;2) AN
(2.1.17)
ag (1 1 3
- 52 4 2 =
By <1+4W(€+n_p2>)<CF+NC>CQ
ag 1 /f
_2Q_ 2| _ 1 LA .
347T<6+ n_p2>01]
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a, (1 ,u2
= ——3|-+Ih—]. 2.1.1
CQ 47T3(€ +In MI%V) ( 8)

Looking at Equations (2.1.17) and (2.1.18) we see the main objective of the OPE
which is the factorisation into short- and long-distance effects. Ignoring the divergent
terms which we will deal with in the next section the expressions of the Wilson

coeflicients and the matrix elements are of the form

Ly e M)y (2.1.19)
— 1N —— — N — L.
4 1P 4 —p* ]

respectively. Multiplying the two to calculate the amplitude we get

oy My ay W a, My )
I+ —Ih—||{l+—Ih—|=|1+—Ih—7 | +O(a3) , (2.1.20)
] 4 4T —p

which are the logarithmic terms we get in the full theory. So indeed the OPE splits

the effects using the unphysical scale p as a threshold.

Operator and Coefficient Renormalisation

If we look at Equations (2.1.12) and (2.1.17) we see some divergent terms. The ones
that are common in both equations cancel during the matching procedure (they are
not present in Equation (2.1.18)). Independently they could also be removed by
renormalising the quark fields. For the remaining ones we will have to renormalise
the bare @); operators. To separate between the bare and renormalised operators we

will indicate the first ones with the superscript (0). We write
QEO) = Z‘j@j - <Qi>(0) = Zq_zziij J (2.1.21)

where Z is a 2 x 2 matrix and Z, is the renormalisation constant for the quark field
which removes the common divergencies of the two theories. The matrix Z can be

easily identified as
A 1 [ 3/N, -3
7= H%S* /e . (2.1.22)
el -3 3/Ng
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Inserting these updated matrix elements in Equation 2.1.17 we can extract the

renormalised Wilson coefficients:

Qg 3 MW
0, = 1+ 2
! +47TNC n ILLQ ’
M2
C, = —3%p =W (2.1.23)
47 0

The same result would be obtained if instead of the operators we decide to renormalise

the coefficients. In that case we can write
0 .
c = zec; (2.1.24)

and the effective Hamiltonian can be rewritten as

1

G *
TI; cs Vud

Herr = CVQilq"™) = 23 25C;Q; (2.1.25)
To get the effective amplitude we write

AN = W 5p) = Z226C(Q) (2.1.26)

(]

while by using the operator renormalisation we get

AT = 722710500 (2.1.27)

(Iﬂ

and by comparing the two expressions we find

75 = 25" (2.1.28)

Renormalisation Group Equations

As we mentioned earlier it is not wise to simply set the p scale to a value and
calculate the Wilson coefficients at that energy. The reason is the arising of large
logarithms that can spoil the perturbative expansion. In this section we will see how

we can perform a resummation of these logarithmic terms.

We start with the statement that H.;; can not depend on the scale . That would
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mean

d _d B dC; () B dQ, (1)
dlnMHeff = dlnu(@@i) =0 = Qi(p) = —Ci(p) dinp (2.1.29)

Additionally, we can use that the bare fields should be scale independent to get

Q" o dQi(n) [ dZy(w)
dlnu_o = Zi;(1) dljllu = - dlil,u, Qi) - (2.1.30)

The above equation can be rewritten in matrix form as

—

dQ(p)
dlnp

— 50, (2.1.31)

_d_
dlnp

matrix. Applying Equation (2.1.30) on Equation (2.1.29) we get the RGE for the

where 4 = Z7 ()% Z(1). The matrix 4 is defined as the anomalous dimension

Wilson coeflicients
dC'(p)

T~
= . 2.1.32
dnp C (2.1.32)

To solve this equation we will need to define the [ function of QCD as

1 das (/I’) ag 3
_ - — —eqr. — Ba—2 2.1.
Bay) 2 dln e 604% + O(ay) , (2.1.33)
where 3, = % and f is the number of active flavours. Applying this we can

calculate the 4 matrix giving

—6/Ne 6
H=s /Ne . (2.1.34)

Il 6 —6/Ng

Applying Equation (2.1.33) we can solve the RGE for the Wilson coefficients and
get
C(p) = U (n, My )C(Myy) (2.1.35)

where the superscript (5) indicates the 5 active flavours between the scales My, and

my . The evolution matrix U is given by

B as(p) o
U(u, Myy) = exp [/a.(M )dagﬁgfgl : (2.1.36)
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Substituting the expressions for 4, 8 we get

= 50T a N
C(u) = exp [— 72 o (as (J%))] C(My) . (2.1.37)

Notice that this solution is valid for energies up to my;. For lower energies (as we
will need for this thesis) we will need to perform another matching of the 5-flavour
effective theory and the 4-flavour one, integrating out the heavy b quark. Then we
can apply the 4-flavour evolution matrix to the new initial conditions at m;. This
process has to be followed every time we go to lower energies and need to integrate

out heavier degrees of freedom.

If one wants to consider more generally the decay of the charm quark then the

effective Hamiltonian of Equation (2.1.4) can be extended with the addition of the

penguin operators Q3 — Qg

Qs = (Wc)v-a Z(@jCIj)V—A ;
q
Qs = (Uicj)v-a Z(QjQi)VfA )
q
Qs = (Wci)v-a Z(quj)V-i-A ) (2.1.38)
q
Qs = (Wicj)v—a Y (Q@)via -
q
where the ¢ index runs for all quark flavours and (gq)y4 = 37" (1+5)q. In the rest
of the thesis the Wilson coefficients used are also taking into account these QCD
penguins since we are looking into inclusive decays of the charm quark. We will

also consider two-loop corrections. A good review of this calculation can be found

in [41,42]

In conclusion, the procedure to calculate the Wilson coefficients at the charm mass

scale can be summarised in the following steps:

o (alculate the matching conditions at u© = My, for all the operators of the

effective Hamiltonian. For this we would need to calculate the corresponding
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diagrams both in full and effective theory and do the matching.

Remove the remaining divergencies by performing the appropriate renormal-

isation.

Sum over the logarithmic corrections at the considered order by using the RGE.
For this, we would need to calculate the anomalous dimension matrix at the

required order.

Derive the evolution matrix and run down the scale to m;. Above we give the

result for the LO+LL calculation.

From there, we will need to match a 5-flavour EFT to a 4-flavour EFT integ-

rating out the bottom quark i.e.
CW (my) = M(my)C™ (my) . (2.1.39)

The matrix M needs to be determined in a similar matching process. This

matrix can be found in [43].

We then apply the 4-flavour evolution matrix to this matching condition and

run down to p = m,, i.e

— A

CD () = 0 (1, my)CD (my) (2.1.40)

2.1.2 Heavy Quark Effective Theory

One of the main properties of QCD that is unique to it, is the confinement property,

i.e. colour-charged particles are not allowed to be observed and they have to combine

themselves to colour singlet states which are called hadrons. Thus, hadron dynamics

are governed by the confinement scale or QCD scale Agep ~ 0.2 GeV. At such a

low energy scale however the running coupling « is larger than 1 and hence can not

be expanded over. As a result, perturbative QCD can not be applied in this case

but it is still possible to calculate hadronic matrix elements by considering certain
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approximations. HQET [44-51] can be applied to hadrons that contain one heavy
quark @ i.e mg > Agep. Excluding the top quark which decays before hadroniza-
tion, heavy quarks can be assumed to be the bottom with m; ~ 4.18 GeV (in the
MS scheme) and the charm with m, & 1.27 GeV (again in the M S scheme). In such
an approximation the hadron can be simulated as a heavy quark softly interacting
with the light constituents. In the remaining of the section we will show how we can
describe such a system mathematically and how under this assumption the QCD

Lagrangian changes to the HQET one, giving a new set of Feynman rules.

The rest of the section follows the reviews [52-54]. In HQET the heavy quark
can be assumed to be almost on-shell, resulting in the following expression of its

momentum

Ph = mgu* + k" (2.1.41)

where the LHS corresponds to the heavy quark momentum and v" is the velocity
four-vector of the hadron with v? = 1. k* is the residual momentum which is of order
Agep and comes from the interactions of the heavy quark with the lighter degrees of
freedom. If we use Equation (2.1.41) we can rewrite the QCD quark propagator as

1 1
Py —mg +ie moy + § —mg + i€

i (14 k
_ U.kﬂ_e( . )+0(mQ), (2.1.42)

can be understood as a positive-energy projection operator.

where the operator %

In the same way we can define a negative-energy projection operator

_1£Y

P
+ 9 )

(2.1.43)

satisfying the projection identities

PP, = 0. (2.1.44)
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Figure 2.3: The quark propagator and the heavy quark-gluon vertex in the HQET
framework

By using that P,v*P, = P _v"P, we can also rewrite the gluon vertex ig,7“vy" as

igsT"v" up to leading order in 1/my,.

The parametrisation of the QCD heavy quark field can be written (using the projec-

tion operators) as
Qz) = ¢ mave (hv(x) + Hv(:c)) , (2.1.45)

where the two effective quark fields are defined as

mi) = e itlow),

A 1—
H,(x) = ezmQ”“QﬁQ(x) , (2.1.46)
and satisfy the equations

P—i-hv(x) = hv(x) = ﬁhv(l’)

P H,(x) = H,(z)=—yH,(x) (2.1.47)

The large component h,(z) annihilates a heavy quark with velocity v while the small
one H,(x) creates a heavy antiquark with velocity v. The exponential prefactor
in Equation (2.1.45) subtracts mgv from the heavy quark momentum so that the
effective quark fields contain only small effects of O(k). By looking at Equation
(2.1.46) we can see that effects from h,(z) are produced at leading order (because of
the presence of P, in the effective propagator) while effects from H,(z) are included

as 1/mg corrections.
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If we consider only the large component of the heavy quark field, h,(x) and substitute

Equation (2.1.45) in the QCD Lagrangian we get

using that P_h,(x) =0 and P,v,P, = P,v,P,.

As we can see the above Lagrangian has no dependence on the heavy quark mass,
making it flavour symmetric. This gives rise to an SU(N,) symmetry where N}, is
the number of heavy quark flavours. Furthermore, since the operator v - D does not
include gamma matrices, interactions of the heavy quark with the gluons leave its
spin unchanged. This is associated with an SU(2) spin symmetry. Together for N,

heavy flavours we get an SU(2N,,) flavour-spin symmetry, see e.g. [44]

Expanding the covariant derivative in Equation (2.1.48) we obtain
Locp — hy(z)(iv -0+ g, Tyv- A%)h,(x) , (2.1.49)

from where we can obtain the same Feynman rules as earlier and can be seen in

Figure 2.3. Considering the theory with only h, we have no way of creating or

annihilating antiquarks since h,(h,) annihilates (creates) a heavy quark Q. Thus, no

pair production is possible in the infinite heavy quark mass limit.

To consider 1/mg, corrections we substitute the full Equation (2.1.45) into the

QCD Lagrangian and we obtain the effective one

Locp — QU —mg)Q — (h, + H,)(mgy + i) — mg)(h, + H,)
= (h,+ H,)(—2mgyH, + ilph, + i]DH,)
= hyilPh, + h,ilDH, + hilDH, + H,(i]) — 2mg)H,
= h,(iv-D)h, — H,(iv- D+ 2mg)H, + h,ilpH, + H ilDh,

(2.1.50)
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where in the first step we have used the right hand equality of Equation (2.1.47),
in the second step the orthogonality of the two effective heavy quark fields and in
the third step the left hand equality of Equation (2.1.47). To simplify the above
Lagrangian it is convenient to define a parallel and an orthogonal part to the velocity

vector v" of the covariant derivative. This reads
D =D"'—v"(v-D) . (2.1.51)
Using this definition, the last two terms of Equation (2.1.50) are changed to
hyilp, H, + h,ilp H, . (2.1.52)

This new effective Lagrangian has two separate quark fields (h,,, H,), where the first
one describes a massless degree of freedom, while the second massive fluctuations
with mass equal to twice the heavy quark mass mg. Finally, the last two terms of the
effective Lagrangian mix the two fields and describe virtual processes. An example
of such processes is the annihilation of a quark that moves forward in time to an an-

tiquark moving backwards and then turns back to a quark moving forward again [55].
From Equation (2.1.50) above we can derive the equations of motion for h,(z)
and H,(z)

(iv- D)h,(x) = —ilp, H,(z) (2.1.53)

(iv- D +2mg)H,(x) = ilp h,(z) . (2.1.54)
Rearranging the second equation we can define H,(x) in terms of h,(z)
Hy(z) = (iv- D+ 2mg — ie) "ilp, h(z) (2.1.55)

With this redefinition we can derive the effective Lagrangian from Equation (2.1.50)
as

Lesp = hy(iv - DYhy + hyil  (iv- D +mq —ie)"ilp b, . (2.1.56)



2.1. Effective Theories 49

This makes very clear that effects from H, correspond to 1/mg corrections in the
effective Lagrangian. The remaining two terms of Equation (2.1.50) cancel each other
by using Equations (2.1.54) and (2.1.55). The effective Lagrangian is now expressed
only in terms of the large component of the heavy quark field h,(x) while it includes
the effects of the small component H,(x) in the second term clearly suppressed as

an 1/mg correction.

From the initial expansion of the heavy quark field in Equation (2.1.45) the x-
dependence of the field is weak and derivatives acting on h,(x) will return only the
residual momentum A" which is of order Agep. We can take advantage of this and

expand the second term of the Lagrangian in powers of 1/mg. We then obtain

Lesp = hy(iv- D)h, + %hv(ilDL)(ilDL)hv +0(1/mp) . (2.1.57)

Next we can use the identity
Pyl i), P, = P, |(iD,)* + %JWG’“’ P, | (2.1.58)
where we have used [D,, D,| = ig,G,, and o, = i[y,,7,]/2 to write it in the form

_ 1 — _ Ky
Leff = hv(ZUD)hU+ hv(iDJ_)2hv+ Js hvauuG

h 1/m%) . (2.1.
2 2mg 5 » T O(1/mg) . (2.1.59)

Finally, we can remove the 1 subscript since the parallel component of the covariant

derivative vanishes between the two fields i.e.
hy(2)0" 0,0, (2) =0, (2.1.60)

which follows from Equation (2.1.47). With this rewriting we can identify two

operators arising at order 1/mg

Ol = EU(I)(ZDL)2hv(x)7

0, = %hv(x)awG“”hv(a:) . (2.1.61)
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The first operator describes the kinetic energy of the heavy quark arising from its
off-shell motion inside the hadron state, while the second one describes the interac-
tion of the spin operator of the heavy quark with the gluon field. We will call them
kinetic and chromomagnetic operator respectively. Due to their nature, the kinetic
operator breaks the heavy quark flavour symmetry due to its explicit dependence
on mg, while the chromomagnetic operator breaks additionally the heavy quark

symmetry and so on.

Before continuing, it is convenient to organise the Lagrangian differently. This will
become clear in the calculation of matrix elements in HQET. In Equation (2.1.56),
we consider the first term as the HQET Lagrangian, and the second term as power

corrections expanded in 1/mg

£HQET = hv<iU'D>hv,

Lopower = hyild (iv- D +mg —ie) "ilp, b,

1

_ 21£1+ (2) Lo+ O((1/2m0)?) . (2.1.62)
mq mq

In this case, the equation of motion for h,(x) reads
iv- Dh,(z) =0 . (2.1.63)
Up to order O(1/mg,), the effective Lagrangian becomes
Le.is = hy(iv-D)h, + %hv(i%)% +0O(1/my) . (2.1.64)
A big advantage of expressing the effective Lagrangian as in Equation (2.1.62) is the
calculation of matrix elements. To begin with, we will assume our Lagrangian takes

the form of Equation (2.1.50) and using Equation (2.1.55) express the QCD quark

field as
Q(z) = e~ imQU-T (1 + (iv- D+ 2mg — @'e)_lilDL>hv(x)

ilp
m

2mq

_ eimQ”'f@ + 2L 4o /mg)) ho() (2.1.65)
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If we consider the vector current involving a heavy quark and a light one i.e. V¥ (z) =

G(x)y"Q(x) then this can be expressed as

Vi(z) = eV Tg(z)y, (1 + ;ﬁ; Lo /mé))hv(a:) . (2.1.66)

Taking the matrix element of this current between a heavy meson with velocity v,

M(v) and the vacuum. The QCD matrix element can then be written as

OV |M(v)) = (Olgy, by M(v)) (Olg,ild 1 ho|M(v))+O(1/mg) . (2.1.67)

4+

mq
However, even if we ignore the explicit dependence in my, in the prefactor, the second
term in the RHS still depends on mg, as the equation of motion for h,(x) includes
such corrections. If we instead use the Lagrangian form of Equation (2.1.62), the
equation of motion is independent on mg and the matrix element of V* can be

written as

OV IM(v))oep = O0lgy, holM(0)) noer + i@@%lﬂh ho|M(v)) noer

QmQ
+ 21<0|i/de{qW“hv(O),51(95)}|M(U)>HQET
mq

where 7" is the time ordered operator. Now all the mass dependence of the matrix
element has been absorbed by the last term which is a power correction to the leading

order matrix element of the current.

Finally, we will discuss hadron masses in the HQET framework. Splitting the
quark field in two components we see that we have absorbed the heavy quark mass

in the exponential factor outside the field. Because of that, we can express the

hadron mass in HQET as

As a consequence, all hadrons with a heavy quark () have the same mass mg at

order még. The parameter A which is of order mOQ stems from the interactions of the
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heavy quark with the light degrees of freedom inside the hadron and can be defined

as
1

A= S (H[Mo|H) , (2.1.70)

where H, is the Hamiltonian derived from the Lyopr + Liight giuons and the Lag-
rangian for the light quarks and gluons is the same as in QCD. We have also used
the normalisation of [56]. Similarly, the 1/m correction to the hadron mass can be
expressed as the expectation value of the Hamiltonian derived from the first power

correction L.

2.2 Heavy Quark Expansion

The Heavy Quark Expansion (HQE) is a very powerful tool in the study of heavy
hadron inclusive decays, e.g. their lifetimes or mixing-induced decay widths. As
it was mentioned earlier, a heavy hadron system can be considered as the heavy
quark approximating the hadron state at leading order, while the interactions with
the lighter degrees of freedom are included as correction terms suppressed by some
power of 1/mg. In the limit of mg — oo, only the leading term survives and one
can write I'(Hg) = I'g where Hy, is the heavy hadron. As a result, all hadrons with
a () quark should have the same lifetime. In the case () = b the correction to the
experimental values are of the order of few percent, but in the charm system they
are much larger. More specifically, the experimental values show that the biggest
lifetime ratio among charmed hadrons can reach almost 7 (7(D")/7(Z2) ~ 6.8) while
in the B system it is 7(€; ) /7(A)) ~ 1.1. It is clear that the infinite mass limit is not
a good approximation for the charm system and in the remaining of this section we
will develop the framework that will help us consider the corrections to the infinite
mass limit systematically. It is instructive to mention the primary contributions
to the development of the HQE for inclusive weak decays through the years and
its early uses. Many terms of the HQE were published first in [57] while its first

applications were focused both in semi-leptonic [58-60] and non-leptonic decays [61].
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A very good review focusing on the main steps in the development of HQE is [62].

The decay rate of a particle H to an n-particle final state is given by

T(H 2MH Z/H (2) ) (pH - ;pz) (nMIE)? . (2.2.1)
We can also calculate the decay of the particle H in a different way though, using
the optical theorem which connects the imaginary part of the forward scattering
amplitude with the total cross section for the production of all possible final states.

To see this we need to start from the definition of the scattering amplitude Sy;

between an initial state ¢ and a final state f
Spi = (f1S|i) = Opi + 1Ty (2.2.2)

where

Ty = (2m)*6(ps — pi) My (2.2.3)

is ensuring the conservation of 4-momentum between initial and final state particles.
In the matrix element between a general initial and final state we can add a full set

of states while integrating over the phase space and write using the unitarity of S

> /] H 5 {F1SIm) nlS'1i) = 0 (2.2.4)

where

(n|ST)i) = (i|S|n)* . (2.2.5)

Using that and Equation (2.2.2) we can rewrite Equation (2.2.4) in the case of

forward scattering (|f) = |i)) as
n d3p
e (O — 1T5,) (0 +1T5,) = 0 =
3 ] 1L g O~ ) 0 4720
n d3p
(T =T+ 2 [ 1] o Tl = 0 —
i N Someys
Lo dp 2
oAmT, — / 4D o2 2.2.6
=2 | My, (226
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and after substituting Equation (2.2.3) one gets

n d3p n
MMy — / P oy (o =S s | IMogl? 2.2.7
s =3 [ 1T 502" (= 3o i 227
Finally, if we apply Equation (2.2.1) we obtain

T(H) = —TmMpy . (2.2.8)

mpy

In the presence of an effective Hamiltonian (as in our EFT) we can write the transition
matrix as

1
Tyn = §<H|S’H> ) (2.2.9)

where
S = z’/d4:c/d4yT{Heff(x)Heff(y)} (2.2.10)

is the first non-vanishing term from the expansion of the scattering matrix
. 4
S = Te i/ @ atess () (2.2.11)

The notation T in the definition above indicates the time-ordering operator. After
some algebraic manipulation we can get rid of the integration over y (without loss of

generality one could eliminate x), and applying Equation (2.2.3), Equation (2.2.8)

becomes
1
where
T=if d%tp{%eﬁ(mmeﬁ(m} . (2.2.13)

Taking H to be a heavy hadron with heavy quark () and considering the soft
interactions of Q with the background gluon field® or the spectator quarks we expand

Equation (2.2.12) in a series of local operators O, of increasing dimension d i.e.

1 (Oq)
F(HQ) = Cq—= (2.2.14)
2MHQ d mé 3

3For more details about the expansion of the quark propagator to the soft gluon background
field we point you to the excellent reviews [63,64]
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where (O,) = (Hg|O4Hg) and ¢, are their corresponding AQ = 0 Wilson coeffi-
cients. Because of the double insertion of the H.;s, in our calculations ¢; will be
quadratic functions of the AQ) = 1 Wilson coefficients. The operators can have any

gauge-invariant form and should be bilinear in the heavy quark.

Since the heavy quark @) is interacting with the light degrees of freedom at scales of
order Agep, much smaller than mg we can extract this large mechanical part from
Q i.e.

Q) = ema"Q, () | (2.2.15)

where v is the hadron 4-velocity. Notice that @), is similar to h, from HQET but in
this case it is a rescaled full QCD four-component spinor and not a two-component
static field as described in Section 2.1.2. In general, the HQET is an effective theory
designed to systematically use the simplified QCD interactions at the heavy quark
limit. The HQE on the other hand is a framework that lets us calculate inclusive
decays of heavy hadrons without having to calculate all exclusive decay channels
at hadronic level. Furthermore it is, an OPE that by definition is expressed in full
QCD i.e. the fields entering Equation (2.2.14) are four-component full QCD fields.
Of course it can be implemented with HQET fields as well (as is done in Chapter 4).
More details about the difference between the HQET and the HQE can be found
in [64].

Starting with the lowest order operator, QQ we can express it at leading order
as Q,Q, but we can also get higher order corrections. To do so we will need the
following identities stemming directly from the expansion of Equation (2.2.15) and
the equation of motion (i) —mg)Q =0

ip

2mQ

P_Qy(x) = Qu(z) (2.2.16)
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and its conjugate form

‘<—
P - 0P

2.2.1
e (22.17)

where P_ is the projection operator defined in Equation (2.1.44). Expanding QQ

we get

Ql
O
I
I

@v@v = @UQU - @v%@v + @vﬁ@v
= Qu¥Q, +2Q,P-Q,

= Q¥Q, +2Q,P-P.Q,

.% .
= @vﬁ@v + 2@1} ;:nz ;EQ Qv

A\ 2
= Q,¥Q, + Q, g””; Q, + total derivative , (2.2.18)
mq

where the total derivative does not contribute to the forward scattering since the
matrix element of such an operator vanishes in zero momentum transfer [65]. Now
we take the middle term and expand it splitting the Dirac structure into a symmetric

and antisymmetric half.

~ @p)? = (D) (DY) — ({11} (ED")(iD¥)
Q’U 2m2Q Qv - qu ( 4m2Q )Qv _'_ Qv ( 4m2Q )Qv
= leQv(iD“)(z’ D")(~i0,,)Qy + 212Qv(iD#)(z‘D“)Qv ,

(2.2.19)

So finally we can write (excluding the total derivative term)

QQ = QyQ + —5 0, (iD")(iD")(—i0,,)Q + —5Q,(iD,)iD")Q, . (2.220)
m m
Q Q

Following this expansion we can make some interesting observations:

o The first term arising in the expansion of Q@ is proportional to unity up to a
normalisation factor as it corresponds to a conserved charge related to the the

heavy quark flavour [61].

 There is no correction proportional to 1/mg. Such dimension-four operators
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would have a single derivative and through equations of motion are reduced to
dimension-five or higher. Also we can not include a dimension-four operator
in Equation (2.2.14) either as it would have the form QQ and it would
reduce to QQ via equation of motion. This result is known as the CGG/BUV

theorem [58,61]. In HQET this result is known as Luke’s Theorem [50].

From here on we will indicate the two operators at dimension-five as

Okin = Q,(1D,)(iD")Q, (2.2.21)

Ocmag = Qv(iDM)@Dy)(_io—uu)Qva (2222)

where both are the equivalent operators we derived in HQET. Further expansion

gives us the 1/m$ corrections [66]

0,, = Q,(D,)(iv-D)(iD")Q, , (2.2.23)

PD

Ous = QuiD")(iv- D)(iD")(~i0,,)Q, - (2.2.24)

At dimension-six we are also getting four-quark operators of the form QI'qgl'Q where
I' refers to a Dirac structure and ¢ is the spectator quark. For brevity we are not

including the colour indices here but when necessary they will be made explicit.

In general we can expand Equation (2.2.14) for the decay of a hadron H, as

o o - (Og) = (O
F(HQ):F3+F5< §>+F6< §>+...+167r2 <F6< §>+F7< Z>+...> , (2.2.25)
mQ mQ mQ mQ

where the tilde indicates the four-quark contributions. These terms at leading order
in o, arise from one-loop diagrams while the two-quark contributions come from
two-loop diagrams. Therefore, the first ones are enhanced by a 167® phase space

factor. The T'; coefficients can be calculated as a series in a; i.e.

2
I, =T+ Z—;Fgl) + (Z;) r? +0(?), (2.2.26)
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while in Equation (2.2.25) we also use the notation

Hy|O;|H
(0,) = (HqlOilHq) (2.2.27)
2My
Q
In terms of units, the —i5 functions have units GeV*™* while (O;) come with units
mQ

GeV'™®. Thus each term of Equation (2.2.25), and hence the total decay rate I'(H),

has units GeV.

We still need a way to calculate the matrix elements of Equation (2.2.14). These
encode low energy effects so we need to use non-perturbative methods to evaluate
them such as Lattice QCD [67] or QCD Sum Rules [68]. In the HQET framework
these matrix elements can be expanded in series in 1/mg and parametrised by
non-perturbative parameters. Depending on the matrix element we are evaluating,
various methods can be used, such as fitting to experimental data (see e.g. [69]) or
spectroscopic relations (see e.g. [55]). The matrix element of QQ can be expanded
in this framework as
= fa — 16

(Hql|QQ[Hg) =1 — WQTé +0(1/mg) (2.2.28)

where pi2, u parametrise the matrix elements of the kinetic and chromomagnetic

operators respectively, i.e.

—(Hq|Q,(iD,)(iD")Qu|Hg) = 2Mpy, iz (2.2.29)
(HolQu(iD,)(iD,)(~i0,u)Qul Hg) = 2Mpy,pié; - (2.2.30)

Identical to Equation (2.2.30) we can parametrise the matrix elements of O, ~and

O}¢ just by replacing p with p3, and pig respectively.

For the four-quark operators, apart from the standard non-perturbative methods one

can apply Vacuum Insertion Approximation (VIA) to estimate their matrix elements.
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Using VIA we can write

(Hq|QTqql'Q|Hg) = (Hq|QT'q|0){(0[gTQ|Hy) - (2.2.31)

The four-quark operators we will be mostly interested in will have the Dirac structure
V —Aor §— P. To evaluate them one can start from the definition of the hadron

decay constant
(0[77,7:QHq) = ifu, by » (2.2.32)

where p,, is the hadron momentum. Also in the case of a pseudoscalar meson, parity

conservation requires

Oy"Q[Hgq) = 0, (2.2.33)

(0[gQIHg) = 0, (2.2.34)

and thus we can construct the V' — A and S — P structures.






Chapter 3

D-Mixing

In this chapter we will introduce the basics of neutral meson mixing focusing on the
case of D° mesons. We will derive the basic quantities that define a mixing system
and see why the D’- mixing system has some peculiarities that make its theoretical
description very difficult. To tackle them we show two different ways of choosing the
renormalisation scale and present updated results that show better agreement with
the experimental measurements even with large uncertainties. A great review of
neutral meson mixing can be found in [70] while for a recent update in the D°-mixing

we refer you to [71].

3.1 Introduction to Neutral Meson Mixing

Out of all the mesons, K, D’ B; and B, are the only ones that mix with their
antiparticles. These processes are driven by AF = 2 transitions at the partonic level
where F' = S, C, B (strangeness, charmness, bottomness). The Feynman diagrams
for D-mixing can be seen in Figure 3.1. In order to develop the framework of neutral
meson mixing systems we start with the time-dependent state |D°(t)). We use the D

meson as an example in this section but all this applies to all other mesons mentioned
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C —»—

d, s, by

wW- d,3,b

Figure 3.1: The box diagrams contributing to D-mixing.

above, unless specified otherwise. We can express the state as
— 50
[D°()) = A()|D") + AB)| D7) + 3 Ai()Ifi) (3.1.1)

where the A coefficients carry the time dependence and correspond to the likelihood
of the original state transitioning to the respective one in the RHS. Out of the terms
above, for mixing we are only interested in the transition | D®) — |EU>, and vice versa.
Using the Wigner-Weisskopf approximation [72] we write down a Schrodinger-like

equation describing the D° — D’ system

z'jt !Do(t)> =H |DO> : (3.1.2)
D" (1)) 1D”)
where
H = <M - ;F> . (3.1.3)

The matrices M, [ are 2 x 2 complex and hermitian. The latter stems from the fact

A

that you can decompose any matrix in a hermitian (M) and an anti-hermitian (4T

i
2
part. By considering the hermicity of these matrices as well as CPT invariance we

can write M and I as

F11 F12 : M Mll M12 . (314>
PTQ I—‘11 MTQ Mll

>
I
I

The non-vanishing I',, M, are the quantities that drive the mixing dynamics. These
are the absorptive and dispersive parts of H,,. The first one corresponds to box
diagrams with internal on-shell particles, while the latter includes only virtual con-

tributions (including possible BSM particles). Because of their CKM structure these
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quantities can be complex and so can be written as

'y = ‘I112|‘5i(ZSF ) (3-1-5)

M12 = ‘]\412|€i¢]u . (316)

In the case of no mixing, the non-diagonal elements would vanish, M;; would cor-
respond to the mass of the meson and I';; would describe the total inclusive decay
rate of the meson. In the case of mixing, in order to get the physical eigenstates of

the mesons we need to diagonalise the matrices M, . To do so we can write

. NI DA M;, —iT 0

ot (M—ZF>U: I . (3.1.7)

0 My — 5Ty
where the matrix U has the form
U= . (3.1.8)
q —q

This form is possible because of the original structure of [ and M. The subscripts

{L, H} indicate the light and heavy meson eigenstate respectively. Once we substi-

tute Equation (3.1.7) in Equation (3.1.2) and solve it we can write

[D°(#)) g+(t) fg-()] [ID")
= s (3.1.9)
|D°(1)) 29-1)  g+(t) ) \ID)
where
, 1 r r
gi(t) = e memalt {cosh A4t cos AME isinh A4t sin AMt} , (3.1.10)

: | ATt AMt ATt . AMt
g_(t) = e memalt {— sinh s+ i cosh e sin 2}(3.1.11)

In the above expressions we have used the following notation:

My + My, Iy +Ty
mo= Ty =T

(3.1.12)
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It is easy to check that the g, (¢), g_(¢) functions satisfy the obvious initial conditions

g+(0) =1,¢9_(0) = 0. Using Equations (3.1.10) and (3.1.11) we can now calculate

the time-dependent decay rate of a meson (or an antimeson) to a final state f or f.

For the transitions D — f, D — f we define the amplitudes
Ap={fID),  A;=(fID), (3.1.14)

and similarly for D — f and D — f

Ap={fID), A= (f|D). (3.1.15)

For this work we will only focus on flavour specific decays which have the following

properties:

1. The decays D — f and D — f are forbidden and these transitions can only

occur as D — D — fand D — D — f. Thismeans/_lf:Af:O.

2. No direct C'P violation arises in such decays, which means [A;| = [Aj]|

An example of such a decay is D — X1y,

In general, for the time dependent decay of a D meson to a state f we can write
L[D = f1(t) = N;(FID@) (3.1.16)

where Ny is a normalisation constant and we take Ny = Ny since it depends only
on the kinematics. Using Equation (3.1.9), the expressions for g, (¢) and g_(t) and

considering only flavour specific decays we get

_ Nf’Afyze—Ft

LD = f1(t) = =05

ATt
(cosh — + cos AMt) : (3.1.17)

Similarly for the other processes we get

- Ny Ay ? AT
LD — fl(t) = f|2f|e_rt z <C08h2t — cos AMt) . (3.1.18)
. Ny|Ag? ’ ATt
I'[D— fl(t) = f|2f|e—1“t ]z <C08h2 — CoS AMt) . (3.1.19)
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- Ny |Ag? ATt
LD — fl(t) = f|2f|ert <cosh2+cosAMt> ) (3.1.20)

3.2 Mixing Observables

So far, we have introduced the time-evolution equation for the mixing system and
built most of the notation we will need to define the quantities that describe this

system. We start by considering the eigenvalues of H:
i
Arg=Mpp— §FL,H ; (3.2.1)

which satisfy
(AL —An)* = 4H 1 Hy (3.2.2)

The LHS of the equation above can be expressed as

7 2

(A —Au)* = ((MH = My)+ 5 (T — FH)>2 = (AM + ;AF>

= AM?— iAW +iAMAT | (3.2.3)

while for the RHS we get

1 1
AHioHo = 4<M12 - 2F12> (M21 - 2F21>
1 7
= 4(M12M21 - ZF12F21 - §(M12F21 + M21F12))

= 4| Mys|* — [Tof? 4 4| My|[T1a] cos 15 (3.2.4)

where in the last line we have used M, = M5, and 'y, = I'3;. Using additionally

that the non-diagonal elements of the matrix U~'HLU vanish we can write

_2M, il _AM + AT (3.2.5)
AM + AT 2Myy — il -

=R

Equating the real and imaginary parts of Equations (3.2.3) and (3.2.4) we get

1
4 Ms|* — [Ty = AM? — ZAFQ =a, (3.2.6)

4‘M12HF12| COS ¢12 =AMAT = b s (327)
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where ¢, = arg ( — ]\él;) In B-mixing one can simplify these equation by using

|T'15/Mi,| < 1. This is not valid in D-mixing and in order to calculate AT, AM one

needs to calculate both M5 and I'y5.

Experimentally it is found that the C P-violating phase ¢y, is small (HFLAV [73]
states a [—1.2°,2.42°] range) and so we can use it to expand the mass and decay
width in a Taylor series® [71]. To do so we solve Equation (3.2.6) and Equation
(3.2.7) for AT';, AM and write

AN — Va* + b +a

5 , (3.2.8)
A% =2 (\/a2 +b* — a> : (3.2.9)

The quantities AM, AT, a,b can also be rewritten in terms of the ratio
rig = [Lia/Mis| (3.2.10)

as

2
AM:i\g_‘M12’\/w+4_r12 y (3211)

AT = V2| My |Vw + g — 4, (3.2.12)

a= |M12|2(4 —T12) (3.2.13)
b = 4|M12|2\/7’12 COS ¢12 s (3214)

where w = \/(4 — 715)% 4 16715 cos ¢1,” and then we can write

\/ GQ =+ b2 +a= |M12’2 (\/(4 — T12>2 + 16T12 COS ¢122 =+ (4 — T12)> . (3215)

If we expand this in small ¢, we get

161 :
Va* + b £ a = [Myo|*(4 +r12) (1 - (4+T12)2¢212> + (4= r12) + O(¢1) - (3.2.16)
12

“The expansion in ¢, that is included in this section and in Ref [71] has been independently
cross-checked by us before its publication.
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Now we can express AI', AM in the small ¢, regime

3 4 ¢t "
AF_iﬂﬂﬂ@—4+mm2+me0, (3.2.17)
_ T T 4 )
AM_cﬁMLﬂ@ G oGl) (3.2.18)

4 712
441157 44119

We notice that the quantities can only vary between 0 and 1 and the first
corrections to Equations (3.2.17) and (3.2.18) arise at order ¢7,. Using the range of
values of ¢, stated above®, the correction to the leading term for both AT and AM
is less than 0.1%. Finally, we can easily derive from Equations (3.2.17) and (3.2.18)

the approximations

In the case of B%-mixing we can also consider the approximation || < |M},| and
express the ratio of AI'Y/AM? and the semi-leptonic C'P asymmetries very simply
in terms of I'{, and M{,. First by solving the system of Equations (3.2.6), (3.2.7)

for AT? and AM? we can write

AT = 2|Ty|cos ¢, + O((|Ta|/[MTo])?) . (3.2.20)

AM® = 2[M| + O((IT%,]/|M7])°) - (3.2.21)

Then we can write

AT? | TY,
AM? | M,y

X
cos ¢f, = Re <—]\41q2> . (3.2.22)
12

Next we define the C'P asymmetry in flavour specific decays a‘jfs as

_T[B" = fl1) =T [B" = f]()
T TBT S () + DB — ] (82.23)

where f is a flavour specific state. In the case of semi-leptonic decays the above

quantity is also called semi-leptonic C'P asymmetry, af,. Considering the semi-

PHFLAV defines ¢, = arg (Jl\fllj) which is a 7 factor different from our definition. This however

does not change the above results since the only dependence on ¢4 comes from cos (¢12)2 which
is the same for both definitions.
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leptonic case we insert Equations (3.1.18) and (3.1.19) in the above formula and

write

1— |
p
1
q
1+ 4]
4|Mf2||F‘112|sinq512
4| M| + [T

Y, | .
B ‘ = sin o, + O((IPI/[Mi1)°)

’4

127

'y

Q

where in the second line we have used the two expressions of Equation (3.2.5). The
result up to the second line is valid for all neutral meson mixing, however, in the

third line we have used |I'{,| < |M{,| and it can be used only in B%mixing.

3.3 D-Mixing

All the definitions and formulas above are not valid only for the D"-mixing system
but can be generalised to other mesons that mix with their antiparticles. From now
on though we will focus specifically on the D-mixing system. The current theoretical
understanding of charm physics needs to be improved so that we will be able to
use the current and future huge amount of data obtained from experiments like
LHCD [74], BESIII [75] and Belle II [76]. One of the latest big discoveries was the

announcement of a non-vanishing measurement of AAcp [77]
AAcp = ACP(DO — KTK™) - ACP(DO — a7, (3.3.1)

where
—0

L(D°(t) = f) =T(D(t) = f)
DDO() = f) +T(D" () = f)
In fact, the value measured was AAcp = (—15.4 + 2.9) x 10~* and it is the first

Acp(t, f) = (3.3.2)

discovery of C'P violation in the charm system. Possible explanations of this de-

viation from zero can be contributions from BSM physics (see e.g. [78,79] partly
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based on the calculation of [80]) or it could still also be explained within the SM

(see e.g. [81-84]).

The quantitative description of D-mixing is still an unsolved puzzle in charm phys-
ics. Due to immense recent progress, D-mixing is by now experimentally very well

established and precisely measured [73,85]

AM AT
r=—= 0.409T008% , y= = 0.61570025% | (3.3.3)

where ' is the total decay of the D® meson. Using Equation (3.2.17) and Equation

(3.2.18) we can rewrite the quantities z,y as

| Mis| o, _ Il

TR Tyg =2 ) ~ Y12
I'p I'p

(3.3.4)

up to corrections of O(¢3,). This way = and y depend on the non-diagonal elements
of the mixing matrix. Different theory approaches for x,y can cover a huge range of
values, differing by several orders of magnitude, see e.g. [86,87]. Future measurements
are expected to give even more precise values and also a stronger bound (or even
a measurement) of the C'P-violating phase ¢, . So is there a way to improve the

theoretical values of these quantities?

3.4 HQE in D-Mixing

We start to investigate I'1, within the framework of the HQE, as presented in Section
2.2. The study of M, is beyond the scope of this work. Therefore we are not in a

position to determine the value of ¢ = ™ — ¢r — ¢, Using HQE we can write

T =T + %Fg” + O(aﬁ)] <g§> + {P&O) + O(as)] <QZ> +O1/md) . (3.4.0)

(&
Unlike the full decay rate of the D meson the HQE for mixing starts from dimension-
six with four-quark operator contributions. Diagrammatically one can see Equation

(3.4.1) in Figure 3.2. The product of two AC = 1 operators from the effective
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Hamiltonian is matched into a series of local AC' = 2 operators (note in this case
this is the “full” theory unlike in Section 2.1.1 where full theory was the SM). The

operators arising at dimension-six are

Q = &l —v)ucy" (1 —vs)uy , (3.4.2)
Qs = (1 —ys5)uc;(1—5)uy , (3.4.3)
Qs = @l —y)ue;(1— v , (3.4.4)

which are not independent from each other. In fact, a linear combination of them

gives a 1/m,. suppressed operator [88,89]

_ 1 _
Ry = Qg+ a1Qg + 5%@ +O(A/m,) , (3.4.5)
where
13
ay = 1 —|— CF (6 log LA ) (3.4.7)
m, 2

The matrix elements of the above operators can be parametrised as (see e.g. [88])

8

(D°|QID") = gM%f%Bl, (3.4.8)
— 5
(D°|Qs[D") = —gM%f%Bé, (3.4.9)
I 1
(D°|Qs[D°) = SMbfpBs . (3.4.10)
where
M2
By = =B, (3.4.11)
mC
M2
By = —2UBy, (3.4.12)
m

and the bag parameters By, By, B are equal to 1 in VIA. Equation (3.4.15) is tradi-

tionally used to eliminate Q, or Qg from the calculation.
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At subleading order 1/m, we have four additional operators arising, along Ry

1
= macﬁm(l = 75) Dyuiein" (1 = 5)u; (3.4.13)
1D ¢
R3 = m2 C; I/(l - ’)/5>DZ,’U/ZC](1 - 75)16] P (3414)

and the operators R; which are obtained by switching the colour indices to get the
colour rearranged operators. Note that the missing R, operator is not present in D-
mixing since it is proportional to m, = 0 (see e.g [88]). We just choose to follow the

notation of most literature, e.g. [88-93]. Their matrix elements can be parametrised

as
(D°|Ry[D°) = —i(éﬁf}—QM%fﬁB}%, (3.4.15)
(D°|Ry|D°) = —2((%%2—1)%)@332, (3.4.16)
(D°|R,D") = §<(%%2—1>M%f%352, (3.4.17)
DIRIDY = D( 22, )asp e, 19
(DT = Z((ﬁfl)mmﬁg, (3.4.19)

see e.g. [88]. The parameter m% by definition is the pole charm quark mass. Normally,
the pole mass is not a suitable parameter in HQE due to renormalon ambiguity that
leads to bad convergence of the perturbation series. These can be avoided by using
an alternative mass scheme (like the short-distance M S mass scheme). However, we
can not just replace the pole mass with another one. We need to use a conversion

formula between them. Typically this conversion formula has the form
mo™ = my (1 + O(a)) (3.4.20)

As we can see, at LO the pole mass can be taken equal to the new one and all their
differences are included as QCD corrections. However since I'; is only known to LO
we can lose significant information by just using the LO result of the mass conversion.

Therefore we choose to use the initial value of the pole mass. Additionally in the
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case of B-mixing it was suggested in [93] to use a power correction mass for similar
reasons and also to make sure the bracketed terms of the Equations (3.4.15) - (3.4.19)
are of order Agop ~ 0.2GeV. Here we find that even when using the value of pole
mass we can achieve that and hence we will use m? = 1.67 GeV. Ideally of course,
with more orders of I'; known, m? can be replaced by a renormalon-free mass safely,

using additional terms of the conversion formula.

To calculate Féo) and Fél) we need to evaluate the left and middle® diagram of Figure
3.2. The results can be found in [88-93] after substituting m;, — m., m. — m, and
all other relevant parameters. The LO calculation can also be found in Appendix
D. The expression for T\ can be taken with similar switches from (88,90, 93] and
is included in Appendix D as well. The dimension-six matrix elements have been

calculated in [4,94]. Using the experimental value for y in Equation (3.3.3) we can

=
ol

Figure 3.2: (a) Diagrams describing the mixing of neutral D mesons via intermedi-
ate s§, sd, ds and dd states in the “full” theory at LO-QCD (left) and NLO-QCD
(right). The crossed circles denote the insertion of AC' = 1 operators of the effective
Hamiltonian describing the charm-quark decay. The dependence on the renormalisa-
tion scale pq in the Wilson coeflicients cancels against the p; dependence of the QCD
corrections. (b) Diagram describing mixing of neutral D mesons at NLO-QCD in
the HQE. The full dot indicates the insertion of AC' = 2 operators. The dependence
on the renormalisation scale u, cancels out between the QCD corrections to the
diagram and the matrix elements of the corresponding AC' = 2 operators.

write

ATF™ > 0.027ps ™" | (3.4.21)

The middle diagram is only one of the diagrams contributing to Fél). See [89].
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at one standard deviation.” Based on that and using the approximation |AT| & 2|T',|

we define the following quantity

2|0, M

S L — 3.4.22
0.027ps™* ( )

A value of 2 smaller than 1 indicates that we are unable to describe D-mixing
within 1. A naive application of HQE leads to Q = 3.4 x 10™° at LO-QCD and
Q0 =6.2 x 107° at NLO-QCD. As we can see this prediction is around five orders of
magnitude smaller than 1. We can split y into separate contributions based on the

internal quark content

y="+y") - (" +y") . (3.4.23)
AS=1 AS=0

It turns out that every bracket gives a value larger than the experimental measure-
ment of y with an implicit uncertainty of at least 20%. By taking the numerical
difference of AS = 1 and AS = 0 however, we end up with a result approximately in
the range [10_4, 10_5]. Taking this result at its face value we are implicitly assuming
a precision of 107*...107° in the individual AS = 1, AS = 0 which of course is
unrealistic. For the above calculation of (2 and the following ones we are using
PDG [95] for all the masses and the strong coupling while for the CKM elements we
are using input from [96]. For the non-perturbative matrix elements we have used [4]

and the meson decay constant is from [97].

Using CKM unitarity we can further work out where this huge cancellation is ori-
ginating from, expressing I', as
Fio = = (M + 20015 + A{E) (3.4.24)

= —AI(Pf5 - 20y + 1) + 2200, (I - T5) - NTES . (3.4.25)

"In [6] a value of 0.028ps ™" was used since the latest measurement of y was not available. This
difference does not have a significant numerical impact.
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where \, = V,,V,;, and F‘f%/ denotes the contribution from the diagrams with internal
quark pair q¢’. We have also used the CKM unitarity equation \; + A\, + A, = 0.
The peculiar feature of Equation (3.4.25) is that in terms of absolute size, the CKM
dominant factor A2 multiplies the doubly GIM suppressed term, the CKM suppressed
factor A\,\, multiplies the more lightly GIM suppressed term and the doubly CKM
suppressed factor A7 multiplies a term with no GIM suppression. This results in all

three terms of Equation (3.4.25) having similar size and all of them being heavily

suppressed:

Ty = (208-1077—1.34-107"1) (1st term)
— (3.74-1077+8.31-10777) (2nd term)

+ (222107 =25-107°1) (3rd term) . (3.4.26)

This feature is very different from the case of B-mixing, where the CKM dominant

term multiplies the term with no GIM suppression.

The suppression in I';, seems to be lifted by one order of z = m? /mz if we go
from LO-QCD to NLO-QCD [98]. More specifically, if one expands the I';; combina-

tions of Equation (3.4.25) in powers of z one finds

1.62—-2342—5.072>+... (LO),
= (3.4.27)
142 — 4302 — 12452 + ... (NLO),

o —1.172-2532*+... (LO),
Fiz — F].Z == (3428)
—2.152—6.262+... (NLO),

. o —13.382° +... (LO),
12 — 2F12 —|— F12 - (3429)
0.072* —29.722° + ... (NLO).

Several possible solutions have been proposed as an explanation for this big difference

between HQE and experiment:

« Higher orders in HQE could be less affected by GIM suppression [99-101]. A
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full determination of dimension-nine and twelve will be needed for that though

(first estimates of dimension-nine can be found in [102]).

o Quark hadron duality could also explain it. In [103] it was shown that a duality
violation of only 20% could be enough to match the experimental values. For

a recent investigation see also [104].

e One might also argue that the HQE is simply not applicable in the charm
sector because of the relatively small mass of the charm quark. In e.g. [105-107]
different methods, such as summing over exclusive decay channels, have been

investigated.

o It is also possible that contributions from BSM physics could enhance the

theoretical predictions (see e.g. [108-110]).

3.5 Alternative scale setting

If we look at Figure 3.2 we will see that there are two renormalisation scales arising,
py and pp. The first one originates from the AC' = 1 Wilson coefficients and from
the NLO-QCD correction diagrams. It is essentially the same scale we introduced
in Section 2.1.1. The second scale comes from a different matching procedure and
is included in the the radiative corrections of the HQE diagrams (right diagram of
Figure 3.1.7). This cancels exactly with the scale dependence of the matrix elements
of the AC = 2. Normally, in a calculation going from LO-QCD to NLO-QCD the
dependence to the renormalisation scale is reduced, but that does not seem to be the
case in D-mixing. In fact, if you look at Figure 3.3 it looks like the scale dependence
gets worse in the case of |I'15|. However, if we look in a specific Filjz contribution
in Figure 3.4, the scale dependence looks better at NLO-QCD. This weird scale
dependence behaviour in |I'j5| can be understood then as another effect of the severe
GIM cancellations. Since the cancellation of the u, dependence is very pronounced

we will only consider the p, scale.



76 Chapter 3. D-Mixing
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Figure 3.3: Scale dependence of |I'j5| at LO-QCD (blue) and NLO-QCD (orange)
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Figure 3.4: Scale dependence of |T'}3| at LO-QCD (blue) and NLO-QCD (orange)

In the naive application of HQE that we mentioned earlier, we set u; = m, so
that terms proportional to ay(p)log(ui/m?) are minimised. In order to estimate
the scale uncertainties due to truncation of higher orders, we vary p; from 1 GeV
to 2m,. Normally in the B system we would vary between m,/2 to 2my, but for
the charm mass that would lead us to very low energies where the perturbation
theory is not valid anymore. Thus we set a bound at 1 GeV. Here we propose two
alternative ways of treating the scale p;. Both of them are based on the idea that

different internal quark pairs contribute to different decay channels of the D° (EO)
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meson. More specifically, the s3 pair corresponds to a K™K~ final state, the sd(ds)
to K nt(K"n") and the dd pair to 777n~. For each of these observables we will
introduce their specific u, scale indicated as /fij , Where ¢, 7 is the internal quark pair.
While traditionally these scales were set equal uf* = pi% = uf = m,, we introduce

two alternative renormalisation scale setting schemes.

1. The central values of all three scales are set to m, but they are varied inde-

EE
1

pendently from each other between 1 GeV and 2m,. Note that we set u5* = pf?
throughout this calculation while 5 is varied independently from the other
two. The reason for this is because final states K™K~ and 777~ are not fully

independent as can be connected through rescattering, but the AS = 1 state

is independent.

2. We introduce a new parameter e which is related to the kinematics of the
decay and set the scales according to the available phase space. For s5 we will
set p3* = m, — 2¢, for sd (and ds) we set pi® = m, — € and for dd we keep

dd
Hi = M.

By using the first method, we get a very extended range of values for 2: Q2 € [4.5 x
1077, 1.82]. In fact, by scanning independently the two available scale parameters,
84 out of the 121 values give Q > 0.1, while only 11 yield < 10™%. These 11 values
correspond to ui’ = /ﬁd = ,u‘ljd. As we see, even a slight deviation from equal scale
values starts lifting the GIM suppression. In this calculation we are using the M S
scheme, the {Q, Q s} operator basis for dimension-six and HQET Sum Rules results
for the computation of the matrix elements. Using instead the Pole scheme, the

{Q, Qg} operator basis or Lattice QCD results for the matrix elements, we find in

general an increased range of values for (2:

« Using the Pole scheme we get Q € [9.8 x 107°,9.07] with all choices of different

scale parameters giving €2 > 0.1.

o The choice of {Q, Qg} basis increases the maximum value of € to almost 7 for

the M S scheme and 23 for the Pole.
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o Using the Lattice QCD values increases the result by 2-3 units in all cases,

compared to the HQET Sum Rules.

Importantly, in all cases we can obtain values of 2 > 1!

Using instead the e method for setting the renormalisation scales, we can estimate
the numerical value of the parameter € as the strange quark mass, i.e € =~ 0.1 GeV,
or we can compare the energy release of D' — KTK ™, Mo —2M .+ = 0.88 GeV,
with that of D° — =tz Mpyo —2M_+ = 1.59 GeV, leading to an expectation
of € = 0.35 GeV. As we can see in the top right plot of Figure 3.5 we can match
the experimental value of y for € ~ 0.2 GeV. Again, the above calculation is done
in the MS scheme, using the {Q,@S} operators and HQET Sum Rules results
for the matrix elements. In Figure 3.5 we can see the behaviour of €2 as we vary
e in all different scenarios (mass scheme, operator basis, non-perturbative input).

In all of them we can see that we can achieve €2 = 1 with a choice of € =~ 0.2—0.3 GeV.

Finally, we need to test this alternative renormalisation scale setting procedure
with other HQE predictions and see how it affects them. In lifetime calculations
(both in charm or bottom system) as well as in the decay rate difference in B%-mixing
there are no significant suppressions arising, thus our alternative scale setting (any
of the two methods) would produce results already covered by the current range of
theoretical uncertainties. However, there are (less pronounced) GIM cancellations in

the calculation of semi-leptonic C'P asymmetries in B%mixing. In the SM we get:

re,\*M AT, —(49.9+6.7)-107" ¢=s
Re W = _AM == ) ) (351>
12 a —(49.7+£6.8)-107" ¢g=d
19\ M +2.2£0.2)-107° g=s
Im (Ml§> = al) = ( ) ! : (3.5.2)
12 (=5.0+04)-107* ¢=d

The results of applying the ¢ method in these observables can be found in Table

3.1. The blue entries in the table indicate values that lie within the theoretical
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Figure 3.5: Comparison of the e dependence of Q2 at LO-QCD (blue) and NLO-QCD
(pink) for different values of p: the central lines corresponds to p = m, while the
other lines to 4 = 1 GeV and p = 2m,.. In the label of each plot are stated the
scheme used, the dimension-six operator basis and the values of the non-perturbative
matrix elements.
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e (GeV) 12/ M7y F01l2/]\41d2
0 -0.00499 + 0.000022 I | -0.00497 - 0.00050 I
0.2 -0.00494 4 0.000023 T | -0.00492 - 0.00053 I
0.5 -0.00484 + 0.000026 T | -0.00482 - 0.00059 I
1.0 -0.00447 4 0.000037 T | -0.00448 - 0.00084 I
1.5 -0.00287 4 0.000091 T | -0.00309 - 0.0021 I

Table 3.1: Numerical results of I'1,/M;, for B, and B; meson mixing after applying
the € renormalisation scale setting.

uncertainties while the black ones are not covered by them. We can see that the real
part of '}y /M7, remains within the uncertainties for values of € up to 1 GeV, while
the imaginary part can be increased by almost 100% for both B, and B,; mesons.
Note that we use values of € up to 1.5 GeV since in the B system the heaviest internal

quark would be the charm instead of the strange.



Chapter 4

Lifetimes of D Mesons

The lifetimes of charmed mesons are very precisely known experimentally [1,111].
Unlike the B meson lifetimes though, they exhibit a much wider range of values, as
mentioned in Section 2.2. Apart from the lifetimes, inclusive semi-leptonic branching
fractions have been measured [1], including a very recent measurement for the D
meson by the BESIII Collaboration [2]. In this chapter we revisit the inclusive decays
of D mesons. Including the recently evaluated Darwin operator contribution [8] and
D} Bag parameters [5], we present an updated theory status of the D lifetimes.
We start by summarising the results for the calculation of the perturbative HQE,
followed by a listing of non-perturbative parameters for the AC' = 0 matrix elements.

Finally, we show our numerical results for different quark mass definition schemes.

4.1 Introduction

The current status of lifetimes and semi-leptonic branching ratios for all three D
mesons is shown in Table 4.1. To calculate such inclusive decays we will use the HQE
framework. The decay of a D meson can be written then as in Equation (2.2.25)
with the substitution of mg — m.. The I';, (O;) follow the notation of Equations
(2.2.25)-(2.2.27). We can see the expression for the decay of a D-meson is a series

expansion in two parameters A/m, and ag(m.) where A = Agep. While in the B
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D’ Dt Df
7 [ps] 0.4101(15) 1.040(7) 0.504(4)
I [ps™'] 2.44(1) 0.96(1) 1.98(2)
7(D,)/7(D°) 1 2.54(2) 1.20(1)
Br(D, — Xetv,)[%] 6.49(11) 16.07(30) 6.30(16)
(D, — Xe'
(Dy = €+”e) 1 0.977(26) 0.790(26)
I'(D” = Xe'v,)

Table 4.1: Status of the experimental determinations of the lifetime and the semi-
leptonic branching fractions of the lightest charmed mesons (D? € {DO, DY, Dj})

All values are taken from the PDG [1] apart from the semi-leptonic D] -meson decays
which were recently measured by the BESIII Collaboration [2].

system these parameters are small enough to expand in them, for the charm one this
is not very clear. As a starting point we will investigate whether these parameters
can give a convergent series. The Particle Data Group [1] gives the following values

for the pole and M S mass of the charm quark

mPle = 1.67+0.07 GeV , (4.1.1)
m.(m.) = 1.2740.02 GeV . (4.1.2)

The choice of mass as well as the loop order of the calculation has a big effect on
the value of the running coupling. In Table 4.2 we show the values of a,(m,) for

three different values of m,, at 2-loop and 5-loop using the RunDec package [3]. Even

ag(me) || m.=1.67GeV | m, = 1.48GeV | m. = 1.27GeV
2-loop 0.322 0.346 0.373
5-loop 0.329 0.356 0.387

Table 4.2: Numerical values of the strong coupling o, evaluated at different scales
and different loop order, obtained using the RunDec package [3].

though the determination of the M S mass is well founded, that of the pole mass
seems to be affected by a potential breakdown of the perturbation theory. However,
we can not just choose the M S-mass a priori as the HQE is naturally defined via the

pole mass. We can write the pole mass as a function of the M.S mass up to third
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order of the running coupling [112-114]

4 __ __ 2 __ 3
mfole _ mc(mc) 1 + 7as(mc) + 10.43 <as(mc)> + 116.5 (as(mc)> ]
3 m s T

= m.(m.) [l +0.1642 + 0.1582 + 0.2176] | (4.1.3)

where we have used the 5-loop result for the running coupling. In Table 4.2 we have
used a third value for m, which corresponds to the pole mass at first order in «a; as
calculated from Equation (4.1.3).

The leading term in the decay of a free charm quark (I's) is proportional to m
so the way we treat these higher orders in the mass relation can potentially have big

effects. If we truncate the series at first order in « then we can write

(mF)” = () [1 -+ 0.1642]° = 2.1477,(7,)° (4.1.4)
If we keep only the terms up to «y, discarding higher orders, we obtain
(chole>5 ~ m,(m,)° [1 45 - 0.1642] = 1.82m.(m,)° | (4.1.5)

which is almost 15% smaller than Equation (4.1.4). Finally, if we keep all the terms

of Equation (4.1.3) we get
(Pole>5_——5 5 — /—\b
mP®)” = 77, (m,)" [1 + 0.1642 + 0.1582 + 0.2176]° = 8.66m,(m,)° ,  (4.1.6)

which is almost 4 times larger than the value of Equation (4.1.4). Since our results
seem to have a strong dependence on the way we treat the charm mass we will

consider the following possibilities.

1. Use Equation (4.1.3) to first order in a, since this is the order to which
most of the Wilson coefficients are known. In this case we fix mF°° = 1.48
GeV and a, = 0.356 and express everything in terms of the pole mass. A
further possibility would be to consider the expansion in Equation (4.1.3) to
be an asymptotic one, whose smallest correction appears at order o, which

is where we stop the expansion. In this case we get the pole mass value from
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PDG, m2®® = 1.67 GeV. We did a numerical test for this large value of the
charm quark mass and the results for decay rates are roughly 30% larger than
the values obtained in the 1S scheme discussed below. Since we expect this
enhancement to be compensated by missing NNLO corrections to the non-

leptonic decay rates, we will not separately present results for m:® = 1.67

GeV.

. Express the c-quark mass in terms of the MS mass [115],

mi® = m,(m,) [1 + ;l%(:%)] : (4.1.7)

taking m.(m.) = 1.27 GeV [1], and expand consistently up to order c,. Because
of the dependence on the fifth power of the charm-quark mass, in this case I';

is affected by a large correction 5 x (4/3)(ay /7).

. Express the c-quark mass in terms of the kinetic mass [65,116]. The kinetic

scheme has been introduced in order to obtain a short distance definition of the
heavy quark mass which allows a faster convergence of the perturbative series
and is still valid at small scales © ~ 1 GeV. The relation between the kinetic
scheme and the MS and Pole schemes can be found, up to N°LO corrections,
in [117]. At order a, one has

4@8 4 Iucut 1 Iucut 2
1 e o | T 4.1.8
e (3m§<m T3 (mK 418

chole _ mi(in

where 1 is the Wilsonian cutoff separating the perturbative and non-perturbative

regimes. Using m,.(7,.) as an input, the authors of [117] obtain

mE™(1GeV) = 1.128GeV  (NLO) , (4.1.9)

me(1GeV) = 1.206GeV  (NLO). (4.1.10)

Comparing with Equation (4.1.7) it follows that the kinetic scheme might be
preferred to the MS scheme, if the coefficient of a, /47 in Equation (4.1.8),

would give a suppression factor. For u™ = 1GeV and mE™ = 1.2 GeV, this
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is not the case, while using lower values i.e. u™" < 1 GeV, the convergence
of the series could be improved, however this would bring in an additional
uncertainty due to the closeness to the non-perturbative scale Agcp. In our
numerical analysis we will investigate the kinetic scheme with ;™ = 0.5 GeV.

From [117] we take the following value
me™ (0.5 GeV) = 1.363 GeV (4.1.11)
obtained for consistency at NLO in a, and using as an input m,(m,,).

4. In addition, we will consider the 1S-mass scheme defined as [118,119]

2
mfole _ mis (1 + @?> , (4112)

where Cr = 4/3, and the 15 mass ml® ~ 1.44 GeV is obtained using the
conversion from the M S-scheme (implemented in the RunDec package [3])
at one loop level. Note that the correction within the 1.5 scheme in fact
starts at order a2, which however is still considered to be a NLO (not NNLO)

effect® [118)].

In the following study we are using updated results for both the AC' = 0 Wilson coeffi-
cients and for the non-perturbative parameters. I's is known at NLO-QCD [121-128]
for non-leptonic decays. NNLO-QCD [129-138] and NNNLO-QCD [139,140] correc-
tions have been computed for semi-leptonic decays, while for non-leptonic decays
NNLO corrections have been determined in the massless case and in full QCD (i.e.
no effective Hamiltonian was used) in [141]. I'; was determined at LO-QCD for
both semi-leptonic and non-leptonic decays [61, 142-144]. For the semi-leptonic
modes even NLO-QCD corrections are available [145-147]. In the b-system, I'g was
first computed at LO-QCD in [148] and recently the NLO-QCD corrections were
determined in [149], both for the semi-leptonic case only. Very recently I'g has been

determined also for non-leptonic decays [150-152] and the coefficient was found to

8Similarly7 another possibility would be to study the potential subtracted mass [120].
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be large. For semi-leptonic D-meson decays, I's was determined in [153], see also
the recent [154], while the corresponding results for the non-leptonic charm modes
are presented for the first time in [8]. Iy is known at NLO-QCD for lifetimes of
B-meson [155,156] and of D-meson [157], while T'; and I'y have been estimated in
LO-QCD in [158,159]. The calculation of I'y and I'; can also be found in Appendix D.

On the non-perturbative side, at dimension-five, the matrix element of the chro-
momagnetic operator can be determined from spectroscopy, while for the kinetic
operator there exist several Heavy Quark Effective Theory (HQET) determinations
with lattice simulations [160-164] and using sum rules [65,165,166]. The matrix
elements of the four-quark operators (@6) have been computed using HQET sum
rules [4]. Violations of SU(3)r and so far undetermined eye-contractions could yield
visible effects and a calculation of these corrections with HQET sum rules, follow-
ing [167], has been performed in [5]. Corresponding lattice results for the matrix

elements of the four-quark operators would be highly desirable.

4.2 'Total Decay Rates

The effective Hamiltonian for inclusive charm decays can be decomposed in three

parts

NL SL rare
Heff :Heff—i-?‘[eff—F eff (4,2,1)

where the three terms correspond to non-leptonic decays of the charm quark (¢ —
1Gxu, ¢; = U, d, s), semi-leptonic decays of the charm quark (¢ — ¢/ v, £ = e, u and
q = d, s) and rare decays of the D meson like D — 7/"¢~. The branching fraction
of such rare decays is much smaller than tree-level transitions, and hence we will
not include them from now on (see e.g. [168,169] for studies for New Physics in such

decays) The other two terms can be written as

G 6
TS A, [C1 QB + Q9] — 0, Y. Ci0Q; | +hc, (42.2)
\/§ q1,2=d,s Jj=3

NL
Heff =
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G )
Hiy = 7; > S Vi@ +he., (4.2.3)
q=d,s l=e,p
where A, . = Vi, Vi, and A, = V3V, are the CKM factors and C;(y;) denote the

Wilson coefficients evaluated at the renormalisation scale p; ~ m.. The operators
Q12 Q9% denote the tree-level AC = 1 operators while ;,7 = 3...6 are the
penguin operators arising in the single Cabibbo suppressed decays ¢ — ssu and
¢ — ddu, or in even further suppressed decays like ¢ — wwu. The operator Q¥ is
the semi-leptonic operator arising at tree-level and its Wilson coefficient is equal to

1. The tree-level operators can be written as

Q™ = (@i7.(1 =) (W1 =75)ah) . (4.2.4)
Q4% = (@71 —1)¢) (#4"(1 = 5)a), (4.2.5)
Q" = (7"(1—)0) (Tyvu(1 = )0) - (4.2.6)

The values of the Wilson coefficient for the non-leptonic operators can be found in

Table 4.3. We see that the Wilson coefficients of the penguin operators are very small

111[GeV] 1 1.27 1.36 1.44 1.48 3
O\ () 1.25 1.20 1.19 1.18 1.18 1.10
11 (1.34) (1.27) (1.26) (1.25) (1.24) (1.15)
Colinr) —0.48 —0.39 —0.40 —0.37 —0.37 —0.24
2\ (-0.62) | (—=0.50) | (=0.53) | (—=0.49) | (-0.48) | (—0.32)
Calin) 0.03 0.02 0.02 0.01 0.01 0.00
3\ (0.02) (0.01) (0.01) (0.01) (0.01) (0.00)
Can) —0.06 —0.05 —0.04 —0.04 —0.04 —0.01
4\ (—0.04) | (=0.03) | (-0.03) | (=0.02) | (-0.02) | (—0.01)
Calin) 0.01 0.01 0.01 0.01 0.01 0.00
5\ (0.01) (0.01) (0.01) (0.01) (0.01) (0.00)
Colrnr) —0.08 —0.05 —0.05 —0.04 —0.04 —0.01
6\H1 (=0.05) | (=0.03) | (-0.03) | (=0.03) | (—0.03) | (—0.01)

Table 4.3: Comparison of the Wilson coefficients at NLO-QCD (LO-QCD) for dif-
ferent values of ;.

and additionally their contributions are also strongly CKM suppressed by a factor

Ap K Ag,q,- Therefore in our analysis we will neglect their effect. The expansion in
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Figure 4.1: The diagrams describing contributions to the HQE in Equation (2.2.25).
The crossed circles denote the AC' = 1 operators @); of the effective Hamiltonian
while the squares denote the local AC' = 0 operators @; and O;. The two-loop
and the phase space enhanced one-loop diagrams correspond respectively to the
two-quark operators @; and to the four-quark operators O, in the HQE.

these terms as in Equation (2.2.25) can be presented graphically as in Figure 4.1.

Starting from the lowest order in the HQE we obtain the free decay of the charm

quark I's, which at LO can be written as

FZ(’;O) =Toe3 =T [f (Zsa Zes Zue> +f (257 Zp ZVH) + |Vud|2Na [ (26, 20, 24) + . } )

(4.2.7)
where the following notation is introduced
GEm? 9
ry = | Ves|™ s 4.2.8
0 = TV (123)
N, = 30f+20,C, +3C5 , (4.2.9)

and we introduce as well z, = mg /mZ. In the remaining of the thesis we assume
the masses of the electron, neutrino and up and down quarks negligible, thus z, =
2, = 2, = 2g = 0. The function f(z,, z,,, %,,) denotes the phase space effect of the

final state particles. In the approximations of one massive particle and two equally
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50 v
LO
e - E
= 400
3-57 ........................ E
3-0 | | ‘ 1 1
1.0 15 2.0 ” )

pir [GeV]

Figure 4.2: Scale dependence of the Wilson coefficient combination N, = 3C} +
3C5 +2CC,.

massive particles it can be simplified to

f(2,0,0) = 1—8z+82"— 2" —12%logz , (4.2.10)

f(2,2,0) = V1—4z(1 - 142 — 22* — 122°)
141 —4z
1—+v1—-4z"

while the general expression can be found in e.g. [170]. In Equation (4.2.7) the

+ 242%(1 — 2% log (4.2.11)

first two terms correspond to the semi-leptonic decays ¢ — se™

v, and ¢ — S[JJJ'_VH
while the third term to the CKM favoured ¢ — sdu. The ellipsis denote the CKM
suppressed modes. The dependence on the scale j; enters the calculation via the
Wilson coefficient N,. Its dependence on i is depicted in Figure 4.2 indicating a
shift from LO to NLO and a reduction of the the scale uncertainty at NLO. In order

to calculate the full NLO result of I's we also need corrections coming from NLO

diagrams. It is helpful to express the full result for I'; as
I's=T, [3 Ct C311+2C1C3Cs15+3 C3 Cso0 + C3,SL} ; (4.2.12)

where each Cj;; includes contributions from all possible decay modes. The NLO
parts of C311,C390 and C3 g1, were calculated at [121] while we have used [124, 128]

for C5 ;5. The LO results are presented in Appendix B.
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Mass scheme 159 [ps™! T30 [ps™]
Pole (m, = 1.48 GeV) 1457917 1.5279%
MS (Equation (4.1.7)) 0.6970 0 1.3270:05
Kinetic (Equation. (4.1.8)) 0.97519 1471927
1S (Equation (4.1.12)) 1.257013 1.5070:33

Table 4.4: Numerical values of [5° = I'{"”) and T§"° =T{” + ag(m,)/(4m) 'Y using
different schemes for the c-quark mass. The uncertainties are obtained by varying
the renormalisation scale pi; between 1 GeV and 3 GeV.

Numerical results for I'; in different mass are presented in Table 4.4. We find
that the NLO values are in good agreement with the experimental measurements of
Table 4.1. Looking more closely at the NLO effect in I'; we see some very interesting
cancellations, more visible in the Pole scheme. In fact, for non-leptonic modes the
corrections from the NLO diagrams and the NLO corrections to the Wilson coeffi-
cients come with different signs. Additionally, the total NLO correction from the
non-leptonic modes and the one from the semi-leptonic ones have similar sizes but
different signs, cancelling each other out up to a final small NLO contribution. In
the MS scheme though the correction coming from the mass conversion formula in

Equation (4.1.7) is very large (due to the m? factor) and breaks this cancellation

NL SL
2
prele — 7O |14 [T84—074-067| 2+ 0 (O‘) : (4.2.13)
v v ™ ™
diag. WC

NL SL conv.fac.
M5 Lo F s s |
i = 0 |1+ | 20000071+ 660 | & +0(

diag. WC

A

)2 (4.2.14)

™

Similar effects happen in the 1.5 and Kinetic schemes. To obtain a first indication
of the convergence rate of the QCD perturbative series we look at higher orders of
the series. More specifically, NNLO [137] and NNNLO [139] corrections are known
for the semi-leptonic decays of the b quark, and preliminary NNLO [141] corrections
are available for the non-leptonic decays of the b quark. We find that higher order
corrections seem to be crucial for a reliable determination of I';. Note however that

the results of [141] can not be used for phenomenological applications since they are
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not complete.

The first corrections to the decay of the free charm quark arise at dimension-five
and can be split in two operators as we have seen in Section 2.2, the kinetic and
chromomagnetic operators. By considering all contributions at this order in the

HQE we can write schematically

(Os) = T
F573 = FO Cﬂwﬁ + CG 7G2 s (4215)
where the coeffcient ¢, = —céo) /2 and the coefficient cg can be expressed as
Cqg = 3 012 CG,ll + 2 0102 CG,12 +3 022 00722 + CG,SL . (4216)

The individual contributions to ¢g can be found in Appendix B. In e.g. [150] they
were calculated for the non-leptonic decays of the b quark, but since there are no IR-
divergencies we can use them for the charm system with the appropriate replacements
e.g. my — Mg, m. — m,. For the ¢ = suv mode we would need the expression
for two different massive particles in the final state which can be found in [170].

However, since my = m,, ~ 100 MeV we can safely use the formula from the ¢ — s3u

o
mode by setting N, = 1,C; = 1 and Cy; = 0. By neglecting the final state masses

and the CKM suppressed modes we can approximate cg as
- 2 [9( 2 2
Cqg ~ _|Vud| 9 Cl + CQ + 19 0102 - 3. (4217)

The coefficient in front of C'C} is very large and comes with a negative sign, causing
cancellations in cg. In Figure 4.3 the p; behaviour is shown in LO and in partial
NLO where only corrections to the Wilson coefficients have been included. Because
of the previously mentioned cancellations we can see that depending on the scale at
which we compute cg, the sign is changing, leading to big uncertainties due to scale

variation between 1 GeV and 3 GeV.

For details about the calculation of short-distance effects and expansion of the



92 Chapter 4. Lifetimes of D Mesons

4 —
[ LO
ol "NLO”
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_4’\ 1 1 . AL 1
1.0 1.5 2.0 2.5 3.0
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Figure 4.3: Scale dependence of the coefficient of the chromomagnetic operator.

dimension-three and five matrix elements one could refer to e.g. [142,143,150,171]

while a detailed calculation can be found in [172]. As before, we can write for I'g

O 3
r,! §> — T, ch;Dg , (4.2.18)
for the Darwin operator, where
Cpp =3 Ct Cop1 T2C1C,C, 12+ 3 C3 Cop2tCpp 5L - (4.2.19)

The non-leptonic coefficients have been computed in [150-152] for b quark decays
but unlike ¢ we can not simply change the masses and use the expressions for the
charm quark. The expressions for the charm system can be found in Appendix B,
after the authors of [150] modified them to include full dependence on the strange
quark mass [8]. For the semi-leptonic modes we can simply use the expressions de-

rived for the non-leptonic ones and substitute No = 1, = 1,5 = 0 and m; — m,,.
Neglecting the final state masses and the CKM suppressed modes we find

68
Cop, ~ |Vual? (18 Cc - 3 CiC +18 CS) +12. (4.2.20)

As we can see, no cancellation arises here since all coefficients have the same sign,
and can potentially give a big contribution to the full decay rate of D mesons

(based on the size of the coefficients). Of course there is still the non-perturbative
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parameter pp to be determined. We will discuss this in the next section. The p; be-
haviour of I'g can be seen in Figure 4.4 where again we compare the LO result with a

partial NLO result, where only corrections from the Wilson coefficients are included.

80 ——
LO
00 "NLO” -
S 60},
500 el
40 1 L L L L 1 L L L L 1 L L L L 1 L L L L |7
1.0 1.5 2.0 2.5 3.0

pi [GeV]

Figure 4.4: Scale dependence of the coefficient of the Darwin operator.

So far we have not discussed the spectator quark (the light quark of the meson),
because all the previously mentioned contributions are the same for all charmed
hadrons — the non-perturbative parameter can differ from hadron to hadron as
we will see in the following section. Starting at order 1/ m?, four-quark operators
arise that involve the spectator quark. As mentioned in Section 2.2 we will denote
these contributions with a tilde i.e. T's, Iy etc. There are three different topologies
for these diagrams, shown in Figure 4.5, corresponding from left to right to Weak
Exchange (WE), Pauli Interference (PI) and Weak Annihilation (WA) diagrams.

Non-leptonic contributions enter through all three topologies; however, semi-leptonic

5N e
NN o e TS

Figure 4.5: Spectator quark effects in the HQE expansion: WE (left), PI (middle)
and WA (right).
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modes can appear only through the WA diagram. The AC' = 0 operators appearing

at dimension-six are

Of = (el =)9) (77"(1 = 5)0), (4.2.21)
05 = (e(1=)q) (q(1+5)0), (4.2.22)
05 = (e7(1 =%)T") (q7"(1 = 25)T"), (4.2.23)
Of = (e(1=)T%) (q(1 +5)T7), (4.2.24)

where ¢ is the spectator quark and T are the colour matrices and summation over

them is implied. Their matrix elements can be parametrised as

D,0YD,) = f» AMp (B;+ 61, 4.2.25
gl 1"—q q q ¢
(DOF D) = fHAMPOY . q#d (4.2.26)
/ M% 9
where q,¢ = u,d,s, Ay3 = 1, Ayy = m and B; are the Bag parameters

in QCD. The 5;-"7/ parametrise the so-called eye-contractions, (see Figure 4.6) and
describe subleading effects in the matrix elements. In VIA all §’s vanish while

By =1and €5 = 0. In the HQET framework one can also define a similar set of

Figure 4.6: Diagrams describing the eye-contractions.

1
operators 0

Of = (hyv.(1 = 75)q) (T7"(1 = ¥5)h,), (4.2.27)

9Note that in the remaining of the chapter we may refer to Bs 4 as €; 5 as it is more standard
in the literature.

YNote that all quantities defined in HQET will be defined with a tilde, comparing to the QCD
ones.
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0 = (hy(1—)q) (@1 +)h,), (4.2.28)
Of = (hyv,(1 = 5)T%) (77"(1 — v5)T"h,), (4.2.29)
Of = (h,(1—%)T") (q(1 +~5)T"h,), (4.2.30)

which are parametrised as

(Dy|OF D) = F*(m.) Mp, (Bf + 1), (4.2.31)

(D,|07|D,) = FQ(mC)MDqSiq'q, q¢#q (4.2.32)

where F(p) is the decay constant defined in the HQET as

(017" ysho| Dy(0)) = i F(u) /M, 0" (4.2.33)

The relation between the QCD decay constant defined in Equation (2.2.32) and the
HQET one up to «, and 1/m, corrections [55,173] for u = m, is

4 + +6G2(mc)_1/\—mq
3 7 M M, 2 m,

fp, =

q / MDq

where A = M D, — Me and the parameters GG;, G5 characterise the matrix elements

F(m,) (1 _ 2ay(me) | Gi(me) ) (4.2.34)

of non-local operators of dimension-seven. Again in VIA BLQ = 1 while B374 =0. In

this study we are assuming isospin symmetry i.e.

(N)u - (N)d (~%qu (Nc)lq/

(N)u (N)d

Note that in order to work properly in HQET and calculate these contributions
at NLO we need to take into account the extra corrections coming from Equation
(4.2.34) instead of simply using fp,. There are also 1 /m, corrections in the same

equation which will be included in the calculation of dimension-seven contributions.

By considering only the CKM dominant modes and neglecting for brevity the ef-

fect of eye contractions, we can write the LO-QCD expression of the dimension-six
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contribution for D°, D" and D} meson as

~ O D M 2
1672 r€0< 6>3 = F0|V;d\2167r2%]50(1 — z,)?
me me
L 2 ~0 Au ~. B
501 +2C,Cy+3C5 ) [(By — BY) + 2, ( 2By — 5
+2CF l(ézj — &) + 2 (26’5 - 2)] } : (4.2.36)
~ Dt 2
. M
167270 <06>3 = o[Vl 16w2%ff’+(1 —2,)°
m. me
[(C}+6C.Cy+C3) B +6(CF +C3) &} (4.2.37)
~ + 2
. : M 2.
167> Fg): <06>3 = To|Vil? 1672%
me me

1 HS S ~S ~S
{(3012 +2C,C5 + 3022 + 7“/* |2> (Bz — Bl) +205 (€5 — 61)} ;
ud

(4.2.38)

where the equations correspond to the WE, PI and WA topologies respectively. Note
that in the DI expression we are including two WA diagrams, one non-leptonic and
one semi-leptonic as they are both CKM dominant. For the semi-leptonic expression
we have neglected the muon mass for brevity but it will be included in the numerical
evaluation. The above equations show some interesting numerical effects. First, in
the charm system one expects that the spectator effects have a similar size to I's
unless additional cancellations take place. Using m?”® = 1.48 and Lattice QCD

value for the decay constants [97] we roughly get

Mo f? M o+ f%,
16#% — 41~ O(cs) | 16#% =60~ 0(c;) . (4.2.39)

This result led the authors of [174] to suggest a different ordering of the HQE series
for the charm system. Looking more closely to the Wilson coefficient combinations

appearing in Equations (4.2.36) - (4.2.38) we find

1
Cwe = 5012 +2C,Cy + 303, Cp =203, (4.2.40)
Ci = CY+6C,Cy 4 C3, Ch =6(C?+C3), (4.2.41)

1
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where the superscripts S and O refer to the colour-singlet and colour-octet operator.
In Table 4.5 we show the valus for all six combinations at different values of the

renormalisation scale ;. As we can see, the coefficient Cop s strongly suppressed

p1 [GeV] 1 1.27 1.36 1.44 1.48 3
Cive(LO) 0.09 0.03 0.02 0.02 0.01 0.01
Cwe(NLO) || —0.03 | —0.03 | —0.03 | —0.02 | —0.02 0.04
CYs(LO) 3.57 3.24 3.16 3.11 3.08 2.63
C&:(NLO) 3.11 2.89 2.83 2.79 2.77 2.44
C1(LO) —2.80 | —2.12 | —1.96 | —1.85 | —1.79 | —0.79
C3i(NLO) || —1.74 | —1.28 | —=1.16 | —1.08 | —1.04 | —0.27
CH(LO) 13.0 11.4 11.0 10.7 10.6 8.50
CH(NLO) 10.6 9.55 9.31 9.13 9.05 7.60
Civa (LO) 3.82 3.61 3.56 3.53 3.51 3.24
Civa (NLO) 3.57 3.42 3.38 3.36 3.35 3.16
CFa (LO) 0.77 0.55 0.51 0.47 0.46 0.21
Cqa (NLO) 0.41 0.30 0.27 0.25 0.24 0.10

Table 4.5: Comparison of the combinations C’{?\}g’PLWA, respectively at LO- and
NLO-QCD, for different values of the renormalisation scale p;.

and it can even change sign within the considered range of ;;. On the other hand,
the coefficient Cy is much bigger. Additionally, the Bag parameters of the colour
singlet operators cancel exactly in VIA in Equation (4.2.36). All this indicates that
the octet and singlet terms might contribute similarly to the WE diagram. For
PI the coefficients Cay, C5; are significantly larger than the WE ones (again the
octet coefficient is much larger than the singlet one) and we get large modifications
compared to the case C; = 1,y = 0, hinting that gluon radiative corrections can be
very important. Finally, in WA we see that Cyy, is the largest one, but the singlet
Bag parameters cancel each other exactly in VIA, hence the octet term can not be
neglected. Therefore, a determination of the non-perturbative parameters is crucial

for the numerical calculation of the above expressions. If we include all CKM modes
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and NLO corrections we can express the four-quark contribution at dimension-six as

=D, <(’) >Dq
].67T2F6 77613 - |V |2 Z{ Z

Q17q2:d75

AWE <Dq|0~?|Dq> API <Dq|Oz'q2|Dq>

%,49192 mg %,9192

A

a19 3
192 ms

wa (Dg|Of"|D,)
3

i7q1QQ

T WX 4 Aty APALID)] } |

C = e, mC

q1=

(4.2.43)

where the matrix elements of the four-quark operators are given in Equations (4.2.31),
(4.2.32), and the short-distance coefficients for the WE, PI and WA topologies, cf.

WA WA
and Al »4192° Al ,q1¢

Fig. 4.5 are denoted by AVE APl

,414927 2,9192

, respectively. The LO calcu-
and A}l

i q1 o i.q1q, Have been

lation can be found in Appendix D. NLO corrections to A}

computed for HQET operators in [156]. The corresponding results for Ay can be

21,9192
obtained by Fierz transforming the AC' = 1 operators given in Equations (4.2.4),
(4.2.5). Since the Fierz symmetry is respected also at one-loop level, the functions

AWA

A by replacing C; <+ C5. For the semi-leptonic modes,

are derived from ANE a0
the coefficients A q,¢ have been determined in [157]. Note that in our analysis we
treat the contribution of the 53 7 parameters as a subleading “NLO” effect, therefore
their coefficients are included only at NLO-QCD. To demonstrate the importance
of the NLO-QCD corrections to the spectator effects, we show in Table 4.6 the
dimension-six contributions to the D-meson decay widths (see Equation (4.2.43))
splitting the LO and NLO parts, both in VIA and using HQET SR results for the
Bag parameters (the values used will be discussed in the following section). NLO-
QCD corrections turn out to have an essential numerical effect for the four-quark
contributions. In the case of the D° and D} mesons these corrections lift the helicity
suppression of weak exchange and weak annihilation in LO-QCD when using VIA.
For the D meson, in addition to the CKM dominant WA contribution, there is a
correction due to the CKM suppressed but nevertheless large PI topology. In the
case of the DT meson the overall contribution from Pauli interference turns out

1

to be huge, of the order of —2.5 ps™". In addition, the NLO correction to Pauli

interference also turns out to be very large, 50% — 100% of the LO term depending



4.2. Total Decay Rates 99

on the mass scheme. Already in the B system this NLO-QCD corrections were found
to be of the order of 30% for the ratio 7(B¥)/7(B,), see e.g. [155] in the Pole scheme.
Thus, neglecting these contributions for charm lifetime studies, as done in [175], is
clearly not justified and a knowledge of NNLO-QCD corrections to the four-quark

contributions would be highly desirable.

Mass scheme D° Dt Df
VIA
Pole —0.014 = 0.000-0.014 | —2.64 = —1.68 —0.97 | —0.20 = —0.12 —0.08
N—_—— S~ —— | N — N | N—— N ——
NLO LO ANLO NLO LO ANLO NLO LO ANLO
MS —0.010 = 0.000 —0.010 | —2.49 = —1.23 —-1.25 | —0.18 = —0.08 —0.10
N—_—— S~ —— | N — N | N—— N ——
NLO LO ANLO NLO LO ANLO NLO LO ANLO
Kinetic —0.012 = 0.000 -0.012 | —2.53 = —1.42-1.11 | —0.19 = —0.10 —0.09
N—_—— S~ —— | N—— N | N—— N— e N——
NLO LO ANLO NLO LO ANLO NLO LO ANLO
15 —0.013 = 0.000 -0.013 | —2.60 = —1.58 —1.02 | —0.19 = —0.11 —0.08
N—_—— S~ e | N — N e | N—— N N —
NLO LO ANLO NLO LO ANLO NLO LO ANLO
HQET SR
Pole 0.007 = 0.019 -0.012 | —2.89 = —-1.87-1.02 | —0.21 = —0.16 —0.05
N—— SN~ —— N—_—— N | N—— N— e N——
NLO LO  ANLO NLO LO ANLO NLO LO ANLO
MS 0.020 = 0.014 +0.006 | —2.72 = —1.37 —1.35 | —0.20 = —0.12 —0.08
N—— S— N—— N—— N N | N—— N N —
NLO LO ANLO NLO LO ANLO NLO LO ANLO
Kinetic 0.014 = 0.016 —0.002 | —2.76 = —1.58 —1.18 | —0.20 = —0.13 —0.07
SN—— S~ —— N—— N N | N—— N N —
NLO LO  ANLO NLO LO ANLO NLO LO ANLO
1S 0.009 = 0.018 —0.008 | —2.84 = —1.76 —1.08 | —0.21 = —0.15 —0.06
N—— S~ —— N—— N N | N—— N N —
NLO LO  ANLO NLO LO ANLO NLO LO ANLO

Table 4.6: Dimension-six contributions

to D-meson decay widths (see Equation

(4.2.43)) (in ps™') and split up into LO-QCD and NLO-QCD corrections within
different mass schemes and both in VIA and using the HQET SR for Bag parameters.

The 1/m? contribution is obtained by ignoring the effects of the light quark in
the incoming momentum expression p* = pt + p; . If we include linear correc-

tion terms proportional to p,/m, we will get the 1/ mi contributions which can be
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. . . . 11
described by a basis of dimension-seven operators

P! = m,(e(1 —5)q)(q(1 —5)c), (4.2.44)
P = (D12 D) (@" (1~ 5)e) (1.2.45)
P = (@1~ ) D01 + 7)) (4.2.46)

o

together with the corresponding colour-octet operators S7, S5, S4. Due to the pres-
ence of a covariant derivative acting on the charm field in the operators Py, P§ (and
the colour-octet ones) which scales as m,, at this order there is no immediate power
counting for these operators cf. the HQET operators in Equations (4.2.48), (4.2.49).
To evaluate the matrix elements of these operators in the HQET framework we need
to expand the charm quark momentum i.e. p" = m." + k* + pj/ and also include
1/m, corrections to the effective heavy quark field and to the HQET Lagrangian as

shown in Section 2.2. Thus we get the following basis of dimension-seven operators

Pl = mg (hy(1 = 75)0)(@(1 = 75)hy) (4.2.47)
Pi = (hyu(l =) (v - D)g)(ay" (1 = 5)h), (4.2.48)
P = (hy(1 =) (iv - D)g)(@(1 +75)h) (4.2.49)
and
B = (ol — 35)0)(@* (1 — 1) (D)) (42.50)
Ry = (ho(1=5)@)(q(1+75)(iP)h,), (4.2.51)

supplemented by the corresponding colour-octet operators 5?7273 and [7{172, and the

non-local operators

M. = i [ d'yT [010), (h(iD)h)()] (4.2.52)

"Note that usually in literature a redundant basis is used in which the operator denoted by Py
is the hermitian conjugate of Py, namely Pj = m,(¢(1 + v5)q)(G(1 4+ 75)c). These two operators
lead to the same matrix element so we only include P} in our analysis.
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M. = i [dyT[080), (h(iD)h) ()] (4.2.53)
~ . [ ~ 1 - o
Mg = i [ d'yT|010), 50, (howsGh,) ()] (4.254)
~ . [~ 1 - o
Miqg = Z/d4yT 03(0),5% (hvaaﬁG Bhv) (y)] , (4.2.55)

also supplemented by the corresponding colour-octet operators. The operators
P{. P, P{ originate from taking into account light quark momentum, R?, RY come

from the expansion of the effective field h, as in Equation (2.1.65), and M{

Lrr M3,
M{ 5, Mj g stem from corrections to the HQET Lagrangian as shown in Equation
(2.1.68). The parametrisation of these matrix elements is shown in Appendix C.
At LO-QCD these matrix elements can be parametrised by the non-perturbative
parameters F(u), G1(11), Go(p) and A. Because they are only determined in large
uncertainties, we will be using instead the QCD decay constant as input which is
computed very pricisely using Lattice QCD [97]. In VIA and at the matching scale
it = m, the matrix elements of the local operators R%Q as well as the that of the
non-local ones can be absorbed in the QCD decay constant using Equation (4.2.34).
To make this point clearer, consider the contribution to the PI diagram at LO-QCD

including 1/m; effects,

327
7" = FO’Vu*d2 m@ (1_25)2

Rd+MC{ +Mﬁg+21+zsﬁ>§>

m, m, m, 1—2z,m,

+ (colour-octet part)] . (4.2.56)

Evaluating this in VIA, the colour-octet contribution vanishes and using the para-

metrisation stated in Appendix C and in Equation (4.2.31) we get

-, RY M. MY A 2G, 12G
d 1 1, i 1’G>HQET - 2 MD+ 1— 2 4 1 + 2
m me me me

= fb Mp+ = (Of)qon (4.2.57)

where the matrix elements are taken between the same D meson states and the
parameters F, G, G5 are calculated at y = m,.. The same arguments can be made

for the WE and WA topologies. We should mention that in VIA, and neglecting the
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strange quark mass, the contributions to WE, WA vanish due to helicity suppression.
This is lifted once we include gluon corrections or strange mass effects, but again
the contributions of R?, /\;lﬁ7T and M?,G in HQET can be completely absorbed in
fp by evaluating the matrix elements in VIA. For Of the only difference is that
RY is absorbed by the combination (Mp fn/m.)* ~ (1 +2A/m,) fp. A detailed
analysis of 1/m; contributions has been made in [173] for the case of B-mixing. It
was found that in VIA, subleading effects of non-local operators can be absorbed in
the QCD decay constant. Further corrections stemming from the running of local
dimension-seven operators down to p &=~ 1 GeV are small, and in fact neglecting them

one can absorb all 1/m, effects in fp.

Similarly to the 1/ m? contributions, by summing over all CKM modes the 1 / me

effects can be written at LO-QCD as

2

A

we (DPIDy) o (Dy|PPID,)
4 4

1,4142 4,919

2 1D, <@7>Dq Iy &
167~ I'; 1 = v, |2Z Z a1
c cs =1

m 91,92 :d75

c

,4192

c q1=d,s l=e,p ¢

(D|P"|Dy) (Dy|P"|Dy)
+GWA % + Z ‘chlﬁ Z GZ‘Z]/?E q -~ q
+(colour-octet part) . (4.2.58)

and G GWYA are

The results for the short-distance coefficients Gy, Git it

414927 4192 4414927
presented in [157] and the full calculation is included in Appendix D. Note that,
due to the current accuracy of the analysis, at dimension-seven we include only the

contribution of the valence-quark, therefore e.g. (D°|Pf|D°) = 0. In Table 4.7 we

show the central values for dimension-seven using the kinetic mass scheme. As we

D° Dt DF

e [ps ] 4.6 x 1077 1.05 0.10

Table 4.7: Dimension-seven contributions to D-meson decay widths (see Equation
(4.2.58)) in ps~' within VIA in the kinetic mass scheme.
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can see, 1/m, corrections can vary from almost negligible in the D case to almost
as big as I'y for DT. It is therefore important to get a more precise measurement of

this contribution.

4.3 Determination of Non-perturbative

Parameters

In the previous section we discussed how to calculate several perturbative terms in
the HQE. However, we also need to have a way to determine the non-perturbative
parameters that couple them in order to get a reliable result. Starting with the
kinetic operator at dimension-five, there is no precise determination available for the
charm system. There are several predictions for the B system covering a wide range

of values. These can be found in Table 4.8. Assuming heavy quark symmetry, we

Source | LQCD [176] | LQCD [161] | Exp. fit [69] | QCD SR [166] | QCD SR [165]

12[GeV?] || 0.05(22) 0.314(15) | 0.477(56) 0.10(5) 0.6(1)

Table 4.8: Different determinations of ;2 (B) available in the literature.

can use the recently obtained value from [69] and get the estimate for the D meson
pz(D) = (0.48 £0.2) GeV?* | (4.3.1)

where we have added an uncertainty of 40% to account for heavy quark symmetry
breaking. This value still fulfills the theoretical bound p2 > uZ, see e.g. [54]. With
this value we expect corrections of order —10% (based on Equation (4.2.15)). Due
to isospin symmetry we can use this value of p2 for D° and D' mesons. For the D

meson we can use the SU(3)r breaking which has been estimated in [157,177]
p2(DH) — p2(D%) ~ 0.09CeV?, (4.3.2)

leading to

p2(DF) = (0.57 4 0.23) GeV? . (4.3.3)
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Of course a more precise experimental determination from fits to semi-leptonic de-

cays of D mesons (like it has happened for the B mesons) would be very desirable.

Moving to the chromomagnetic operator, the value of ug has been determined

for B decays by fitting to experimental data in semi-leptonic decays [69]
pe(B) = (0.306 & 0.050) GeV?. (4.3.4)

Again by assuming heavy quark symmetry we can expect a similar size for the charm

system. However we can also use spectroscopy to estimate this parameter [178]

3
“2G<D(S)) = gMe (MDZ“S) - MD<S)) ) (4.3.5)

up to power corrections. Using meson masses taken from PDG [1] and setting

m. = 1.27 one gets
pe(D) = (0.268 4 0.107) GeV?, & (D,) = (0.274 4+ 0.110) GeV?,  (4.3.6)

where again we have added a 40% uncertainty. These values are roughly 19% smaller
than the ones for the B system, while there is only a tiny amount of SU(3) p-symmetry
breaking of ~ 2% which can be enhanced by power corrections. Alternatively, there
is another relation widely used in the literature independent of the choice of m,, see

e.g. [179]

3
2 B 2 2
pa(Dey) = 1 (MDE}) - MD(S)) : (4.3.7)

that yields

pe(D) = 0.41 GeV?, pa(D) = 0.44 GeV?, (4.3.8)

which are roughly 23% higher than the value for the B mesons. In our analysis we

will take the average of Equations (4.3.6) and (4.3.8) that gives

pe(D) = (0.34 £0.10) GeV?,  p& (D) = (0.36 +0.10) GeV?, (4.3.9)
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which agrees well with Equation (4.3.4). Again from Equation (4.2.15) the effect
of the chromomagnetic operator lies between —6% and +8% compared to I';. We
see again the issue with the coefficient ¢, and the cancellations it exhibits. A full
NLO-QCD determination of ¢ would give us a better idea of the size of this term.
For semi-leptonic decay rates the contribution of the chromomagnetic operator can

reach up to 20% as we can see in the following section.

For the Darwin operator there is only a determination for the B system from fitting

to semi-leptonic decays data [69]
ph(B) = (0.185+0.031) GeV?. (4.3.10)

Again using heavy quark symmetry and adding a 40% uncertainty we could write a

first estimate for the charm system
ph(D) = (0.185 £ 0.08) GeV?. (4.3.11)

Alternatively, the p?, parameter can be expressed in terms of the Bag parameters of
the dimension-six four quark operators by expanding the equation of motion for the

gluon field [172]. At leading order 1/mg we have

2
Js ~ ~ 3~/ 3~
pp(H) = EJ%MH 285 — BY +Ze? —ieg

+ 3 (25# iy ng'q . 25;{"1) ] , (4.3.12)

q=u,d,s
where H is a heavy hadron with mass My and decay constant fy, ¢ = u,d, s is the
light valence quark in the H-hadron, and the Bag parameters BY, BY, &2, &, Si/q
Sg'q Sg'q and SZIQ were introduced in Section 4.2. The numerical values for all these
parameters can be found in Appendix A. For the strong coupling g,, [180] suggests
setting oy, = 1. Using Equation (4.3.12) we present in Table 4.9 the values for o
for B and D mesons for three different values of a,. As we can see when setting

a, = 1 we get values closest to Equation (4.3.10) indicating corrections at 1/m, of
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n=15GeV i =1.0 GeV a, =1
ph[GeV?] || VIA | HQET || VIA | HQET | VIA | HQET

BB, | 0.048 | 0.047 | 0.066 | 0.064 || 0.133 | 0.129
B, 0.072 | 0.070 |} 0.098 | 0.095 | 0.199 | 0.193
DT, D% ] 0.021 | 0.020 | 0.027 | 0.026 | 0.059 | 0.056
Df 0.030 | 0.029 || 0.040 | 0.038 | 0.086 | 0.082

Table 4.9: Values of p3,(H) for B and D mesons in VIA and using HQET SR for
Bag parameters for three different choices of «, in Equation (4.3.12).

about 30%. Moreover, we find that VIA gives in Equation (4.3.12) values which
are very close to the HQET sum rule ones. We emphasise that due to the sizeable
SU(3)p breaking in the decay constants, Equation (4.3.12) leads also to a sizable
SU(3)p breaking for the non-perturbative parameters ph(D), ph(DY). Taking the
values corresponding to a, = 1 and using HQET SR we get a second estimate for

the Darwin parameter
ph (D) = (0.056 £ 0.022) GeV?,  ph (DN = (0.82 4 0.033) GeV?, (4.3.13)

where once more an uncertainty of 40% has been added. Equation (4.3.12) in VIA
becomes

2
c gs
Ph(H) ~ 1—8j}2{ My . (4.3.14)

If we assume the Darwin parameter has similar size in B and D mesons then we can

write

2
fl%mD 3 3 o fD‘mD

pp(D) = pp(B), pp(Dy) “pp(B).  (43.15)

~ 3
femp

These expressions lead us to a third estimate
ph(D)YM = (0.082 £ 0.035) GeV?,  p% (D)™ = (0.119 £ 0.052) GeV? , (4.3.16)

where again 40% uncertainty has been added. These values are consistent with the
last column of Table 4.9 and as we can see there is a much bigger SU(3) p-symmetry

breaking stemming from the ratio f,,+/f,0 (and a similar observation can be made
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for the B mesons). In our numerical analysis we will use the values of Equation

(4.3.16). Of course a more precise determination of p3 would be very desirable.

The dimension-six Bag parameters of the D' and D° mesons have been determined
using HQET Sum Rules [4]; strange quark mass corrections, relevant for the Bag
parameter of the D meson, as well as eye-contractions have been computed for the
first time in [5]. The numerical values can be found in Appendix A and the HQET

sum rules suggest values for the Bag parameter that are very close to VIA.

For the dimension-seven Bag parameters (defined in HQET), we apply VIA. As
one can see from Appendix C, the matrix elements of dimension-seven operators
in HQET depend also on the parameters A(s) = Mp,, — M, for which we use the

following ranges [5].

A =(0.5+0.1)GeV, (4.3.17)

Ay = (0.6 40.1) GeV. (4.3.18)

Notice that we use only Equation (2.1.69) ignoring further 1/m, corrections as they

contribute to higher orders of the calculation.

4.4 Numerical Results

Moving to the numerical analysis we will be looking at total decay rates, semi-
leptonic decay rates and their ratios. We investigate several quark mass schemes
(with the kinetic scheme as default) and compare results using both VIA and HQET
SR values for the Bag parameters. All input values for these calculations can be
found in Appendix A. For the renormalisation scales, we fix the central values at
to = pp = 1.5 GeV and vary them independently between 1 and 3 GeV. For the py
dependence of the Bag parameters we have used the anomalous dimension matrix
from [4]. Moreover we add an estimated uncertainty due to missing higher order

corrections.
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VIA

Observable Pole MS Kinetic 18 \?a}l?l)e
(D) [ps ] 1.71 1.49 1.58 1.66 2.44
(D) [ps™] 0.22 —0.01 0.11 0.18 0.96
D(D)[ps™] 1.76 1.51 1.61 1.71 1.88
(DY /7(D%) | 255 2.56 2.53 2.54 2.54
F#(DH)/r(D% | 097 0.99 0.98 0.98 1.30
BE1%] 5.43 6.55 6.14 5.75 6.49
B2 (%] 13.8 16.6 15.6 14.6 16.07
B2 (%) 7.12 8.42 7.95 7.50 6.30
ro"re’ 1.00 1.00 1.00 1.00 0.985
ro ro’ 1.06 1.05 1.05 1.05 0.790

Table 4.10: Central values of the charm observables in different quark mass schemes
using VIA for the matrix elements of the 4-quark operators compared to the corres-
ponding experimental values (last column).

Starting with the total decay rates, we are expecting them to have big theoret-
ical uncertainties due to the dependence of the free quark decay on m_ and due
to large perturbative and power corrections. In Tables 4.10, 4.11 we can see the
central values of all observables for various mass schemes using VIA and HQET SR
results respectively. In Table 4.12 we summarise the results for the kinetic scheme,
using HQET SR values and including full uncertainties (parametric, po- and p;-
dependence). The estimated uncertainty due to missing higher orders is included in
the parametric value. The values of the total decay rates can be found in the first
three rows of these tables. These contents can also be visualised in the top graph of

Figure 4.7.

In all tables the last column corresponds to most recent experimental measurements.
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HQET SR

Observable Pole MS Kinetic 1S ‘gilfe
(D) [ps ] 1.73 1.52 1.61 1.68 2.44
(D) [ps™] —0.03 —0.24 —0.12 —0.06 0.96
T(D)[ps™ ] 1.75 1.50 1.60 1.69 1.88
(D) /(D) 2.83 2.83 2.80 2.82 2.54
7(DH)/7(D°) 0.99 1.01 1.00 1.00 1.30
BE1%] 5.26 6.42 6.00 5.5 6.49
B2 (%) 13.4 16.3 15.2 14.2 16.07
B2 (%) 7.10 8.36 7.91 7.48 6.30
ro" 1.002 1.001 1.001 1.002 0.985
o re’ 1.08 1.06 1.07 1.08 0.790

Table 4.11: Central values of the charm observables in different quark mass schemes
using HQET sum rule results [4, 5] for the matrix elements of the 4-quark operators
compared to the corresponding experimental values (last column).

There is a small subtlety regarding 7,+; the experimental result includes the semi-
leptonic mode DY — 71v. which is not included in the HQE as the tau lepton is
heavier than the charm quark. Taking into account this we can define a reduced

decay rate for D7

[(DY) =T(DH) —T(Df = 771,) = (1.88+0.02)ps !, (4.4.1)
using [1]
Br(D — 77v,) = (5.4840.23)%. (4.4.2)

This also leads us to a reduced lifetime ratio

(Dy)
(D)

il

—1.30 £ 0.01 . (4.4.3)
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Observable HQE prediction Exp. value
(D" [ps™] 1.61 £ 0.371055 7001 2.44 4+ 0.01
(D) [ps™] —0.12 £ 0.7719 53705 0.96 & 0.01
(D )[ps™"] 1.60 + 0.4470 57 7001 1.88 4 0.02
(DY) /7(D°) 2.80 4 0.8570:71 056 2.54 4 0.02
7(DH)/r(D%) 1.00 £ 0.1619.03 7001 1.30 £ 0.01
B2 1% 6.00 & 1.57+033 6.49 +0.11
B [%)] 15.23 +4.07738 16.07 £+ 0.30
BY (%] 7.01 + 2641043 6.30 = 0.16
DT D°
s rf 1.001 = 0.008 £ 0.001 0.985 + 0.028
D+ DO
bl 1.07 £ 0.24 £ 0.01 0.790 + 0.026

Table 4.12: HQE predictions for all the ten observables in the kinetic scheme (second
column), using HQET SR results for the Bag parameters. The first uncertainty is
parametric, the second and third uncertainties are due to u;- and pgy-scales vari-
ation, respectively. The results are compared with the corresponding experimental
measurements (third column).

The main result we can draw from Table 4.12 and Figure 4.7 is that the HQE can
reproduce the experimental values of I'(D?),['(D") and T(DJ) within big uncer-
tainties. The decay rate of DY is in good agreement with the experimental value
while I'(D°) and I'(D™) are underestimated. A potential reason for that could be
the missing NNLO-QCD corrections to the free charm quark decay. It is also expec-
ted that while the various mass schemes yield similar results, further higher order
corrections will reduce these differences. We observe that the results on Table 4.10
and Table 4.11 do not differ much as the HQET SR values for the Bag parameters
are very close to VIA. Of course we could not ignore the negative result we get for
the DT meson; this is an effect of the large negative value of the PI diagram which is
dominant for D*. This gets even worse if we consider NLO-QCD corrections but it
is partly compensated by dimension-seven corrections. An independent confirmation

of the HQET SR results with lattice QCD, as well as higher order QCD corrections
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to the spectator effects might give some more insights.

To analyse further the result for the total decay rates we can express them in
terms of the non-perturbative parameters. Using the kinetic scheme we can write

for the D° meson'?

2 2 3
D D D
DY = 6.15Tp| 1 + 048 —0.13 L= gy #alD) g PD(D)
-~ == 0.48 GeV 0.34 GeV 0.082 GeV
c3 Acy
6 B¢ 6Bg &l él
— 0.0 —0.005 2L 4 0.005 2 +0.137 —L —0.125 —2_
= 0.02 T2 TV Tom —0.04
dim—6,VIA
4+ 0.00 —0.0045 7% — 0.0004 47 — 0.0035 % + 0.0000 47
dim—7,VIA
—0.0109 757 — 0.0079 757 — 0.0000 757 + 0.0001 757 |, (4.4.4)

where we have normalised the parameters p2, u& and p}, to their central values and
we have introduced the following notation as a measure of deviation from VIA for

the colour singlet Bag parameters
Bl =1+4+6B! i=1,2. (4.4.5)

The parameters 53;1 are normalised conservatively to 0.02 while €;, €5 are normalised
to 0.04. Finally, we use the notation rgql = qu'/<53q/), with <5§ql> being the central
values (shown in Appendix A). The contributions of the eye-contractions do not
seem to be very important while, due to selecting p; = 1.5 GeV, we get a very small
value for the coefficient of pZ. By varying the scale between 1 and 3 GeV though
we can get an effect of 5 — 10%. The series for the D® meson looks convergent with
the biggest correction coming from the Darwin term and the NLO-QCD corrections
to I's, making further QCD corrections to I'; and a more profound determination
of p% very important. Due to helicity suppression, the four-quark contributions are

very small (especially since the HQET SR values are very close to VIA).

2From here on we will be using the same label ¢ in the Bag parameters for both u and d quarks
due to isospin symmetry.
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For the D™ meson we can write in the same way

2 2 3
D D D
P(DY) = 615T| 1 + 048 —0.13 =) g HGD) a0 rpD)
== 0.48 GeV 0.34GeV 0.082 GeV
3 Acg
Bq Bq ~q ”‘q
— 266 i i
<2 0.02 0.02 001 “0.04
dim—6,VIA
+ 110 —0.00007% — 0.00007% — 0.0011 4% + 0.0008 74
<~
dim—7,VIA
—0.0109 757 — 0.0080 757 — 0.0000 757 + 0.0001 rzq] , (4.4.6)

where we encounter huge negative corrections due to Pauli Interference diagrams.
Here we can see some very interesting cancellations between the three dominant terms
Féo) and 1677 [(f‘éo) + as/wfél)) (O6)V™ Jm? + f‘go)(@ﬁvm/mﬂ that make the res-
ult sensitive to sub-dominant terms, e.g. higher order QCD corrections to T'g, I'y, T's,
I's, I's, and to deviations of the Bag parameter from VIA. It would be interesting to

study higher orders of the HQE, see e.g. [158,159].

For D} we obtain

D &(D H(D
I(D}) = 6.15Ty| 1 + 048 .15 HxDa) 0.00 16WDs) o 45 _roLD:)

1+ 0, . - A
S 0.57 GeV 0.36 GeV 0.119 GeV

0.20 0161631+0157 5 + 0.089 —— i +0.122 %
=~ 0.02 0.02 —004 004

+0.10 —0.00647% — 0.0007 r%° — 0.0036 7% + 0.0012 7%°

(4.4.7)

Again here the series convergence looks nice and, similar to the D° case, the domin-
ant correction comes from the Darwin operator and the NLO-QCD corrections to the
free quark decay. There is still a cancellation between dimension-six and dimension-

seven but it is less pronounced than D° because of the CKM suppressed PI diagrams.
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Moving to lifetime ratios, we can define them as

=1+ [M9¥(D°) — TH¥(D))| (D)) - (4.4.8)

This way we can eliminate the contribution of the free-quark decay and also re-
duce the dependence on isolated non-perturbative parameters. The expressions for
THRE (DY), THE(D) and TH¥ (D) can be found in the kinetic scheme in Equations
(4.4.4), (4.4.6) and (4.4.7) respectively, while their central values for several mass
schemes both in VIA and HQET SR can be found in the fourth and fifth rows of
Table 4.10, Table 4.11, Table 4.12 as well as in the second graph of Figure 4.7. As we
can see, the ratio 7(D) /7(D") is well reproduced in all schemes while 7(D.) /7(D"),
which is dominated by the SU(3) p-symmetry breaking differences of p2, ug; and p3,

is calculated to be closer to 1 than to the experimental value.

The large lifetime ratio 7(DT)/7(D°) can be written as

D-‘r
") 962 — 109
T(D") —— ——
dim—6,VIA dim—7,VIA
6B¢ 6Bl & &l
0.049 —% +0.003 —=2 4 0.676 —0.132
* 0.02 0.02 —0.04 —0.04
— 0.004 777 — 0.000 747 — 0.005 747 — 0.001 747, (4.4.9)

Note that due to isospin symmetry there are no terms depending on 2, jiz, ph or on
any of the eye contractions. Again we find a big cancellation between dimension-six
and dimension-seven, hinting that a more precise determination of the colour-octet
Bag parameters, as well as a calculation of higher order QCD corrections to spectator

effects can be very important.

Expanding the 7(D7)/7(D°) ratio we get

Dt 2(D.) — 12(D 2(D.) — u%(D
T(D") 0.09 GeV 0.02 GeV
3 3
D.) — o3 (D
_o.om1 2o = b(D) 40 s
0.037 GeV —— =

dim—6,VIA dim—7,VIA
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oB! 6B 0B; 6B;
—0.003 0.003 —2 + 0.081 —0.079
0.02 0.02 0.02 0.02
+0.069 i 0.063 & 0,045 _ 0062 -2
U004 T =004 T =004 T 0.04

—0.0033 799 — 0.0002 % — 0.0018 2 + 0.0000
—0.0055 7% — 0.0040 7%° — 0.0000 7%° + 0.0001 7%°

+0.0032 777 4+ 0.0003 57 4 0.0018 r57 — 0.0006 73 . (4.4.10)

As we can see, the biggest SU(3)p-breaking effect comes from the Darwin term

(= —7%) while the four quark contributions are limited to only +5% using VIA.

Moving to the semi-leptonic decays we introduce the notation I'}) = T'(D — Xe'tv,)
and BY] = Br(D — Xe'v,) and determine the theoretical values of the semi-leptonic
branching ratios as

BRHQE _ pDHQE L fy\Exp. (4.4.11)

sl

The central values for the HQE predictions in various mass schemes, both in VIA
and HQET SR, can be found in the sixth, seventh and eighth row of Table 4.10,
Table 4.11 and Table 4.12 as well as in the third graph of Figure 4.7. We can write

the semi-leptonic decay rate of D in the kinetic scheme

2 2 3
D D D
r2 = roar,| 1 - 016 013 FmP) g #GD) g, rolD)
<7 S5 048Gev 0.34 GeV 0.082 GeV
cs3 Acy
— 0.0007 747 — 0.0005 7§ — 0.0118 75 — 0.0087 737, (4.4.12)

where the biggest correction comes from the chromomagnetic operator. Notice that
due to D having only WE contributions in dimension-six, the only terms arising

here come from eye contractions.

For the D' meson we similarly write

2 2 3
D D D
I8 = 102n| 1 — 016 —0.13 B g og HelD) g oy PDD)
S 32T 048GeV 0.34 GeV 0.082 GeV
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(DY) o
I'(D") .
I(D}) -
-1 -0.5 0 0.5 1 1.5 2 2.5
[ps™']
7(D*)/7(D") }
7(D})/r(D°) —— o
| |
0 0.5 1 1.5 2 2.5 3 3.5 4
0
By .
BY' . .-
BD+ ———e—
sl
0 5 10 15 20
[%]
oty -
ey’ " ————
1 ; 1 1
0 0.5 1 15 2

Figure 4.7: A comparison of the HQE prediction for the charm observables in the
kinetic scheme (blue) with the corresponding experimental data (green).

SBY S B4 & &
— 0.00 —0.005 —X +0.005 —2 + 0.004 —~— — 0.004 —2
=~ 0.02 0.02 —0.04 —0.04
dim—6,VIA
— —0.0118757 — 0.0088 54 (4.4.13)

which is the same series as D" up to two-quark contributions, supplemented by CKM
suppressed WA terms that vanish at VIA. The deviations from VIA give only minor

corrections.
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Finally for the D} meson we obtain

2 2 3
— 0.1 _015M_030M 0.29 pp(Ds)

+
I = 1.02T,| 1 6 —0. 5 — 0. 5 +0.29 P
~ == 0.57 GeV 0.36 GeV 0.119 GeV
c3 Acs
8BS 6Bs & &
— 000 —0.15-—= +0.15—2 +0.10 0.09 —=
=S 0.02 7002 Y Zo0a TV 00
dim—6,VIA
—0.00107* — 0.0007 4°| , (4.4.14)

where we see higher two-quark contributions due to SU(3) p- breaking effects and we
also have CKM dominant WA contributions to dimension-six and dimension-seven.
Again due to helicity suppression they vanish in VIA but the terms deviating from

it are much bigger than in D™.

Using the experimental value for T(DO) we can define the semi-leptonic ratios as

+ r 7 exp
FD HQE DO
1= 1+ F? Sl Al (4.4.15)
o | B
+ r 7 exp
FDS i HQE D°
o= 1y [FZS —ro ul D0> , (4.4.16)
Fsl L le |

0] HQE +7HQE L 71HQE
where {Fg ] , [Fg } and {ng} are given in Eqs. (4.4.12), (4.4.13) and
(4.4.14), respectively. The HQE predictions of these ratios can be found in the last
two rows of of Table 4.10, Table 4.11 and Table 4.12 as well as in the last graph of
Figure 4.7. For both ratios, HQE give values very close to 1, the first one agreeing
with experimental data while the second one being higher than the experimental

value. Expanding '} ’ / FQO

i 1 000553§+0005§BS+0004 60032
ro’ TUT0.02 0 0020 T =004 T —0.04

(4.4.17)

we see that due to isospin symmetry all contributions at the two-quark level vanish

+ 0
and only deviations from VIA can move this ratio from 1. Finally, for Fss / D we
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obtain
+
rbs 2(D.) — 1u2(D 2(D.) — u(D 3(D.)— p3(D
o 0.09 GeV 0.02 GeV 0.037 GeV
0B; 6Bs & &
0.00 —0.15 —= +0.15 —2 +0.10 —— + 0.09 —=—
G 002 V002 T Zo0a TV o0a
dim—6,7,VIA
+0.0007 799 + 0.0005 2% 4 0.0118 57 + 0.0087 15
—0.0001 7% — 0.0007 r* , (4.4.18)

which is clearly dominated by the SU(3)g-breaking effects as well as deviations
from VIA. As we can see, the negative effect of the kinetic and chromomagnetic
operators is more than compensated by the Darwin term, while even some of the eye

contraction terms could have a visible effect, making their determination necessary.






Chapter 5

Conclusion

While experimental results become more and more precise, we need to improve our
theoretical predictions in order to get a better understanding of the fundamental
laws of physics. The Heavy Quark Expansion (HQE) has been proven a very effective
tool in the b system, however its applicability in charm decays has been argued over.
In this thesis we are testing this by considering the mixing of the D° meson and the

inclusive decays of the D°, D' and D} mesons.

This study consists of two parts. We began with Chapter 1, introducing the Standard
Model and flavour physics while also discussed briefly the role of the charm quark in
it. We continued in Chapter 2, by introducing some of the fundamental tools needed
in the study of heavy hadrons. More specifically, we presented the notion of an
effective theory and discussed two examples that are necessary for the calculations
following, the Weak Effective Theory (WET) and the Heavy Quark Effective Theory
(HQET). These let us simplify our calculations significantly by decoupling heavy
degrees of freedom from our theory. Moreover, we presented the HQE framework

which we then used for the inclusive decays calculation.

In the second part of the thesis, we focused on the phenomenology of the charm

system. More specifically, in Chapter 3 we presented the notation and framework
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to understand the mixing of neutral mesons and focused on the decay width dif-
ference of the D® meson. This is a quantity well determined experimentally, but
theoretical predictions within HQE failed to come close. This has been one of the
main arguments against using HQE in the charm system. Finding that the reason
behind this are pronounced Glashow-Iliopoulos-Maiani (GIM) cancellations appear-
ing in the expression of Al'p, we considered an alternative renormalisation scheme.
We proposed two different versions for the alternative scale setting, finding in both
of them that the GIM suppression is lifted. Moreover, considering different mass
schemes, operator bases, and values of non-perturbative parameters we were able to
reproduce the experimental value within large uncertainties. We also checked how
the new renormalisation scale setting affects B,-mixing, apart from the semi-leptonic
C' P asymmetries which exhibit weak GIM suppression, all other observables remain

inside current theoretical uncertainties.

In Chapter 4, we studied the total and semi-leptonic decay rates of the D°, D' and
DY mesons. We conducted a comprehensive study of the HQE for the decay rates
of D mesons including the recently evaluated contribution of the Darwin operator
and D} Bag parameters. We also presented a more consistent way of calculating the
dimension-seven spectator effects both in QCD and in HQET. We explored various
mass schemes and calculated the total and semi-leptonic decay rates and their ratios.
All of them seem to agree or being close to agreeing with the experimental values, in
some cases with large theoretical uncertainties. More specifically, we get good agree-

ment with the ratio 7(D")/7(D°), the decay rate of DY and all semi-leptonic results.

To conclude, our results, even coming with large uncertainties, do not support the
claim that HQE breaks down in the charm system. Calculation of higher orders both
in QCD and HQE, as well as theoretical determination of many non-perturbative
parameters, are crucial to reducing these uncertainties and getting more precise

results. For the study of D-mixing there is still no theoretical calculation of the
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non-diagonal mass matrix element M;,. This could be done in the future, using
dispersion relations, see e.g. [106,181,182]. Such a calculation would be highly de-
sirable since it would enable us to calculate the C' P-violating phase ¢;5. Of course,
to further test our solution to the D-mixing puzzle, higher orders in QCD and HQE

would also be very important.






Appendix A

Numerical Input to Chapter 4

Parameter Value Source
ag(My) 0.1179 £ 0.0010 PDG [1]
Voo 0.224834 10500252 CKMfitter [96]
Ve 0.0416275-00538 CKMfitter [96]
Visl /[ V| 0.088496 5001555 CKMfitter [96]
5 (65.807953)" CKMfitter [96]
m.(mm,) [GeV] 1.27 4 0.02 PDG [1]
mE™(0.5GeV) [GeV] 1.363 PDG [117]
m, [MeV] 93+ PDG [1]
Mo [GeV] 1.86493 PDG [1]
M+ [GeV] 1.86965 PDG [1]
M+ [GeV] 1.968343 PDG [1]
fp [GeV] 0.2120 + 0.0007 Lattice QCD [97]
fp+ [GeV] 0.2499 + 0.0005 Lattice QCD [97]

Table A.1: Numerical input used in our analysis.
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HQET B, B, & &
D*P 1.0026700108 | 0.9982100052 | —0.016510 0390 | —0.000415 5350
Df 1.002270:0088 | 0.998370:952 | —0.01047953%2 | —0.0001 150599
HQET 5 3, 5 04
(D,|OY|D,) || 0.0026%00665 | —0.001870:00%5 | —0.0004100055 | 0.000320:0008
(D,|O9D,) || 0.002559085 | —0.0018T0:007% | —0.000400053 | 0.000310 9053
(D,|O°|D,) || 0.0023%0060) | —0.001770:00% | —0.0004100055 | 0.000370:0008

Table A.2: Numerical values of the HQET Bag parameters [4,5] evaluated through a
traditional HQET sum rule at py = 1.5 GeV. The B and € include the corresponding
57% and the column with 0;* has been removed because it only exists in the sum with

d/d
the valence parts, whereas 6/? are present because we have ¢’ /du.



Appendix B

LO Analytic Expressions for
C(CI1CI2) C(CI1CI2) and C(Q1¢12)

Here we present the LO results for dimension-three, five and six in two-quark con-

tributions as they have been used in [8] and Chapter 4 of this thesis. A detailed

calculation can be found in [172].

The coefficients Cgl% for the decay ¢ — ¢,q,u that satisfy

2 5
4192 __ GFm

57 199278

read for p = m?2/m?, see e.g. [183]:

' =1,

= 1-8p+8p" — p' —12plog (p) = 57

c® = VT—dp(1—14p—2p° — 129%)

1+ yT= 1)
+ 2421 — pP)log V2P
1—y1—4p

The coefficients 2% for the decay ¢ — ¢;g,u where ij = 11,12, 22 read:

dd) 3 dd
C(G’ll = 5 = C(G,Q)Qa

|ch1’2‘ |2NC(11¢12 7

(B.0.1)

(B.0.2)

(B.0.3)

(B.0.4)
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cs = —129 , (B.0.5)
cel = —; (3= 8p+24p” — 24p% + 5p" + 120 log (p))
— ), = ckh = k), (B.0.6)
ciR, = —; (19— 56p + 720> — 400" + 5p" + 12p%log (p)) = Cits (B.O.T)
c5h = —; (M (3 —10p + 10p° + 60p°)
—24p*(1 — 5p*) log <i i_ {ﬁ::ig)) = ng)z , (B.0.8)
Cora = —; (\/1_—4/) (19 — 2p + 58p° + 60p°)

—24p(2 + p — 4p* — 5p*) log (H\/m» . (B.0.9)

1—y1—4p

The coefficients C{%%) (p, uo) including full p = m?/m? dependence are given by the

Pp,Mmn
expressions:
~ 12
Cl'% = 6+8log <m°2> (B.0.10)
dd 34
cii, = 3 (B.0.11)
2
) M
Ch, = 6+8log <m°2> (B.0.12)

5 2
Céi,)n = 5(1 - p) [9 +11p — 12p° log(p) — 24 (1 — p2) log(1 — p) — 2502 + 5p3]

+8(1—p)(1—p) log (“%) , (B.0.13)

C

5 2
c\®, = -3 [17 +12p (5 +2p — 2p2) log(p) + 48(1 — p)(1 — p*)log(1 — p)

PD>
,u2
—26p + 18p° — 38p" + 5p" +24p (14 p — p*)log <02> ] (B.0.14)
mC

5 2
Céil),)m = §<1 -p) [9 + 11p — 12p* log(p) — 24 (1 — p2) log(1 — p) — 25p° + 5/)3]

+8(1—p)(1—p) log (“%) , (B.0.15)

C

sd 2 2
Coiy = 3 lg —16p — 12p* + 16p° — 5p* + 121og (:;)] : (B.0.16)
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r 2
cih, = —3[17+12p2<3—p>1og<p>—24(1—p>310g<1—p>

2
— 50+ 90p° — 540° + 5p* — 12p (3 — 3p + p°) log (“‘;)] ,(B.0.17)
m

c

s 2
Comn = 3<1—p>[9+11p—12p210g<p>—24(1—p2)1og<1—p>

2
—25p% 4 5p° + 12 (1 — p*) log (“‘;)], (B.0.18)

C

SS 2
i = 2T s o))
14+41—4
—12(1 - p—2p*+2p" +10p") log ST
1—1-4p
2
1
—12(1—p)(1 —p%) <1og(,0) —log <m[32>>

Cc

: (B.0.19)

sS 2
9, = 3 [M (—33 + 24 log(p) — 24 log(1 — 4p) + 46p — 106p° — 60p*)

B 2 3 _ )1 N
+12(3 —2p + 4p° — 160" — 10p") log (%M)

+4(1=p)* (4+3(1 = p)log(p) — p)

2
—12 (1 —VI—4dp—3p+3p° — p3) log (“2)] , (B.0.20)
me
5 2
C,SZS,)22 = 3 {\/1 —4p (9 + 24 log(p) — 24 log(1 — 4p) + 22p — 34p* — 60p3>

14+4/1—4p
9y 293 _ 5,41 TTVEiTEp
+24 (1 2p—p° —2p 5p) og (1—\/@)

2
+12yT—4p log (m) . (B.0.21)

2
me







Appendix C

Derivation of AC = 0 matrix

elements in HQET

Here we derive the expressions for the AC' = 0 matrix elements in HQET using VIA.

As a starting point we will use from e.g. [55]

TR M) = 5 F(uo) T (CM(0)) | (©0)

(010, @h,) IM()) = SKF(io)Tr (1,IM(0)) | (C02)
OFFGDIRIM@) = ST {(Filpo)o, + Bl TMG)} . (C.03)

where M (v) is the meson state with velocity v, I' is a generic Dirac structure and

A = Mp —m,. In order to calculate F}(ug) and Fy(u) we can contract Equation

(C.0.3) with v*. Using v* = 1, (v - D)h, = 0 and

M) = L (C.0.4)

for the pseudo-scalar meson M we get F(ug) = Fs(j1g). Next by taking the matrix

elements on both sides of Equation (C.0.3), contracting with v*, and using

0, (@h,) = qTiD,h, + 7 D,)Th, | (C.0.5)
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<
as well as g(—ilp) = m,q we get

Fi(1i0) = Filpo) = 3 Fyy (K = m,) Tk (CM(0) (€.0.6)
Thus
(O[T (iD, )y | M (v)) = —éF(uo)(A — )T { (0, 3) TM()} . (C07)

If we evaluate the matrix element of Equation (C.0.5) we can write

: ? _ _
(0[7(—iD ) Th, | M(v)) = (o) { (48 = my) 0, Tr (CM()) + (K —m,) Tr (,0M(@))} -
(C.0.8)
Now we can calculate the building blocks of the local HQET operators matrix

elements. Using the results in Equations (C.0.1), (C.0.7) and (C.0.8) we can find

O[gy" (L =5)ho|Dy) = —iy/ MpF(po)v" (C.0.9)
(Ofg(1 £ 35)h D) = Fir/ MpFo) | (€.0.10)

(01g(—i DY)V (1 — 45 ho|Dy) = il MpF(uo)v"v” | (C.0.11)
Ofa(~iD*)(1 =)k, |Dy) = K/ MpF ()" | (C.0.12)

0[gy"(1 — v5)(iD)hy|Dy) = i(A —my)\/MpF(uo)v" ,  (C.0.13)
(0lg(1 +5)(iP)hy|Dy) = —i(A —my)\/MpF(po) . (C.0.14)
The matrix elements of the AC' = 0 operators can be calculated in VIA based on

Equation (2.2.31) as the product of two matrix elements of the above form. Starting

with dimension-six we have

(D,JOUD) = (Dl 31 = 35)al0) (017 (1 = 5)h, D)
(01791 =75 D)) 0l[g7"(1 = 5)hu D)

- () ()

= MpF?(u) , (C.0.15)
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Similarly for O,
(Dy| 031D,y = (D[R, (1= 75)al0)(01[g (1 +75)h, Dy)
= (07 (1 +75)ha|Dy)) (Ollg (1 + 75)h,D,)
—(zMDFu0)< MpF(u )

= MpF?(u) . (C.0.16)

Moving to dimension-seven operators, we use

(Dyfhu(1 = 75)al0) = (017 (1 +3)hD,)) (C.0.17)
(DyFr" (1= 75) (iv- D) gl0) = v, ((0fa(~iD") 7"(1 — 1), |D,)) (€C.0.18)
(D1 = 35) 0= D) al0) = v, ((Ola(=iD*) (1 +95)hu|Dy)) s (C:0.19)

and now we have all pieces to calculate the matrix elements of P, and R; operators

getting the following results

(D,|P\|D,) = —m,MpF*(u) , (C.0.20)
(D,|Py|D,) = —MpF*(uo)A (C.0.21)
(D,|P5|D,) = —MpF*(uo)A (C.0.22)
(Dy|By|Dy) = —MpF?(uo)(A —my) (C.0.23)
(D,|Py|D,) = MpF*(uo)(A—my) . (C.0.24)

For the non-local operators M(LQ)’(mg) we use [55,173] and define

<0li/d493T[(JFhv)(O),Ol(SB)] (M(v)) = Fluo) Gi(po) Tr[TM(v)],

(C.0.25)

(Ofi [ d'w T (@7 0,)(0), 05(@)] M) = 6 F(j10) G (o) THTM(v)]
(C.0.26)

Next we can write

(Dyfi [ d'=T((@T h,)(0), O4(@)] 1Dy)
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= (D, faCh,|0)(0li [ =T ((aTh,)(0), Ou@)][D;)  (C.0.27)

and similarly for the O.,,,, operator. Evaluating these for the specific Dirac struc-

tures appearing we find

(Dy|M{ D) = 2MpF?(110)G1(puo) (C.0.28)
(Dy|M3.|Dy) = 2MpF?(110)G1(puo) (C.0.29)
(Dy|M{s|D,) = 12 MpF?(1g)Galpo) » (C.0.30)
(Dy|Mio|D,) = 12 MpF?(115)Ga(po) - (C.0.31)

Since we are doing this calculation in VIA all matrix elements of colour rearranged
operators vanish. As a correction factor from VIA we insert in each result a bag
parameter which measures the deviation from VIA. For the colour rearranged oper-
ators we are using the same parametrisation as their colour singlet counterparts but

their bag parameters at VIA vanish.

Since at dimension-seven we are limited to LO-QCD we can substitute the HQET

decay constant F'(ug) with the full QCD, using F(ug) = fpv/Mp.



Appendix D

Calculation of Spectator Effects
for F12 and F(D)

Here we present the spectator effect calculation for both I';5 and the total decay rate

of D mesons. We start from the effective Hamiltonian for a general ¢ — ¢, qyu.

Hepp = f’/g {CLQ, + CyQy} + hec. (D.0.1)

where Q; = (¢' ¢)v_a(@B v )v_a, Q2 = (¢ ¢])v_a(g u')y_4 are the AC =1 operat-
ors and ¢;, ¢y, = s,d. By considering the time-ordered product T {’Heff(a:)?-[e ff(O)}
and contracting two pairs of light quarks'® and using the Wick theorem we get four

different contributions

1. Decay width difference for the D° meson

T [Heps(2)Heps(0)]

mix

()T ()05 () T (@) O) T s (O (0T u(0) : . (D.0.2)

2. Dominant contribution to I'g for I'(D°) from Weak Exchange diagram (WE)

T [Heps(2)Heps(0)] ‘ =

13Contracting all three pairs of light quarks corresponds to the I's contribution for the free charm
quark decay.
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)Ty () () 0@ O, OO 0s(0) - - (D.0.3)

3. Dominant contribution to I'y for I'(D") from Pauli Interference diagram (PI)

PI

T [Heps(@)Heps (0)]

1 \
@) ()0, ()T (), O, (OO x(0) : . (D.0.4)

4. Dominant contribution to 'y for T'(DJ) from Weak Annihilation diagram (WA)

T [Heps(w)Hers (0)] ’ =
WA

[

- 2()T 1 (2 (@) T ()1 (0)T, c(0)T(O)Tg(0) . (D.0.5)

In the above expressions we have used the notation I', = 7,(1 — v;). For most
of the calculation of these diagrams we will work with general colour structures of
AC = 1 operators and only in the end we will evaluate the specific operator insertions.

2
We will also ignore the factor %VCKM where Vegy = (Vi Vi,..)? for mixing and

Cq1 " ugs

Vorn = |Vii V. |? for brevity and we will add it in the end. The quantities T'{3%

Cq1 " Uuqgs

and F?f/ where A = WE, PI, WA and ¢¢’ is the internal quark pair read

| —
T2 = ———(D|Tp|D D.0.
12 2MD< |7;)’L”Ll‘| >7 ( 06)
/ 1
r¢ = ——(D D D.0.

where

Tniz = Im {i/d4$T [Hepp(x)Hep(0)]

} =Y CCTE, . (D.0.38)
mix 2,

T, = Im {i/d4$T[Heff(x),H6ff(0)}

}:Z@@ﬁﬁ (D.0.9)
A 1,

Starting with the D-mixing expression we use the Wick theorem to write for the

time ordered product:

T [Heps(w)Heps (0)]

mix
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d'k i+ my)
172 7,

(2m)" k™ — m7 + i€

. 'l i(l+m

"y, (1 - 75)/ O (_ g j)iewg —7s)ut

¢! Petpu—htl) sipgnk (D.0.10)

where the latin indices indicate the colour structure and the greek indices represent

the components of four-vectors. We have also used

Y(x) = e (outgoing (anti)fermion with momentum p), (D.0.11)
Y(x) = e ™ (incoming (anti)fermion with momentum p)(D.0.12)

—— AU il Em) e i
! J = i(@=y) i D.0.13
U (2)P (y) / e F Pt i ( )

Next, using

/d4xe = (2m)*(p 1), (D.0.14)

we can perform the integration over x

¢‘/1d4x'1*[1{eff(x)7{eff(0)]::

CrodM il+p+m) .
Z/ (2m)*° L= %) (I +p)* —mi+ie (1=

i(l +m _—
Y (1 75)[ : 2 2). (1 75)“15”5 g
— my + 1€
°17 +1p°
—4i / 2 . 2 2 .
(1 +p)? —mi +ie)(I* — mj + ie)
(€.(1 = 75)%7 u?) (@, (1 = y5) 7.7 0 ) 76" (D.0.15)

where all the terms involving m,, m, vanish (easy to check if you rearrange the

(1 —~5) terms) and p = p. + p,. Taking the imaginary part of Equation (D.0.15) we
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get

7;2]193 = —4Im [ingBOO + /l.pppo-(Bll + Bo)] 5]p5nk

(@7, (1 = )77 u?) (@, (1 — )7 ') (D.0.16)

where we have used the notation for the one-loop integrals

/de : = B (D.0.17)
@rP) ([ +p)* —mi +ie)(I® —m3 +ie) 0.
dPk kit
= p'By D.0.18
/f%ﬁﬂa+pf—wﬁ+kxﬂ_ng+k> P Fo (D.0.18)
dPk kMY
= ¢" By + p"p" By, (D.0.19
/(27#7) (o i tio i ¢ Dot 77 Bu DO19)

We can determine the parameters Bj, Byy, and By; in terms of B by contracting
Equations (D.0.18) and (D.0.19) with p,,, g,,, and p,p,, a procedure called Passarino-

Veltman reduction [184]. We can then write for D = 4

2 2 2
P —mi+m;

B, = L TmiTmeg (D.0.20)
2p
1
BOO = - 2)\2(p2am%amg)B ) (D021)
12p
1
Bll = ]?(m%B — 4300) y <D022>

where A(a,b,c) = \/a2 +b* 4+ ¢* — 2(ab+ be + ca). Using the equations above as

well as

VYoVl = 75) @YY (1 —75) = 4y (1 — %) @7 (1 =), (D.0.23)

VP =) @V'Pr" (1 —75) = 4p(1— ) @p(1 —15) . (D.0.24)

Cq1 " ugz

2
we can rewrite Equation (D.0.16) including the factor SE (V* Vi )

T = =% (Vi Vi)’ 1B QR4

+ (2°QVs — 4QLT) Im(i( By + By))| 6770

“Here we ignore the terms that are real since we are only interested in the imaginary part of
the integrals.
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G2 * 2 mix . p2
= —167F (chquqz) ( V—A Im (Z <BOO + 5 (Bll + BO)))

— QU Im (i (By + o)) ) 675"

2

G%‘ * 2 (ml - m§>2 - p2(2p2 - m% - m%) miT
= 2 (Vi Vaas) { 2 V-4
b
2 212 2, 92 2 2
p
(D.0.25)
where we define

P = (@ (1= )l ) (@ (1 = ys)uf) (D.0.26)
B = (@p(l—s)u) (@ p(L — s )u’) (D.0.27)

To create these operators we have additionally used the Fierz transformation

(@102)v-a(@qa)v-—a = (@194)v-a(T392)v—a - (D.0.28)

The operator Q%% can be expanded (ignoring the colour indices) as

P = (ep, (1= ys)u)(ep (1= 5)u) + (1 +5)p,u) (e, (1 — 75)u)
+ (@, (1 —75)u) @1+ )p.u) + @1+ v)p,u) (el + 75)p,u)
= —me(e(1 —v5)u) (1 + 75)u) + memy, (e(1+ v5)u) (1 — 5)u)
+ memy (E(1 = 75)u) (€(1 + y5)u) = my (1 + 75)u) (e(1 + 75)u)

= —m2Q¥*, | (D.0.29)

where we have used the equation of motion for fermions and we have neglected the

up-quark mass. Using the result from [185] for Im(iB) we find

7-’ij — i% (V* 174 )2m2A(1+j>Z1722)
mix €q1 " uqg c

24m (1+7)
{1 =2 = 1+ D)@ +3) — 2 — )} QP
+2{2(Z11+_;2)2 —(L+a+2+2)) gﬂixp} 5757 (D.0.30)
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where Q2™ = (¢'(1—75)u') (€™ (1—75)u?) and we have used the notation z; = mj /m?

and 1+ & = p°/m2 = 1—1—2’951—%‘—1—(9(]03)

Each quark propagator will give us a product of delta tensors indicating the flow

of colour to the external quarks. We have three different possibilities for operator

insertions: Q1 ® Q1, @1 ® Q2 and @y ® Q1 and Q, ® Q3 (Q1 ® @, and Qy ® Q; give

identical results).

« For Q, ® Q, we have in total a factor §7§"F§4 g §P45™" = 545%™ creating the
operators

= (5i7#(1 - 75)Uk)(6k7ﬂ(1 - 75)7/) ) (D.0.31)

Qs = (@1 —)u") (1 —ypu) . (D.0.32)

« For Q, ® Q, we get 77651 gH gmagin = s 5ilg1m — N, 6%§7™ which creates
the operators

Q = (@1 —)u)(@ (1 —yp)u") , (D.0.33)

Qs = (@ (1—)u)(@ (1 —y5)u™) . (D.0.34)

« For Q,®Q, we get 677554 g 5ma5Pm — §59™ giving the Q, Qg operators again.

We also get a factor 2 from symmetry by including the identical contribution

from @y ® Q.
We can write now the full result for ['{5® (using @ = @ through Fierz transforma-
tion)'?
rae 1 % ( * >2m2)\(1 + T, 21, 22)
12 2Mp 24 \Ch M) T (] 4 g)?

0n(3,21,2) (3CF +20:C, + CF) Q

2, 21, 2) ((3C3 +201C) Qs + C30s) } . (D.0.35)

"Here we define T slightly different than Equation (3.4.24), i.e. T'jp = > s ri®.
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where

wi (%, 21,2) = (51— 2)2 = (1 +3)20+3)—2 —2)), (D.0.36)

2 . 2
wg(j, 21, 22> = <211—|—;2) — (1 + T+ z21 + Zg) . (DO37)

The leading order contribution of the above expression is obtained by setting & = 0.
To get the dimension-seven contribution from Equation (D.0.35) we expand the
coefficients to first order in  and discard higher order terms. Then, we identify the

subleading operators

Q= 2P (1 e)u) (@ (1 = pe)u™)
= @D ) D) (1= ™)

PQs = 25t (@1 =)@ (1 )"

C

= @D — 1) D)@ (1~ ™)

where we have used the equations of motion to express the momentum operators as
covariant derivatives acting on the fields. In an identical way we derive R273 from
Q, Qs respectively. As mentioned in Section 3.4 the operators Q, Qg and Qg are
not independent and a linear combination of them (see Equation (3.4.15)) yields the
subleading operator Ry. This relation is used to eliminate either Qg or Qg from the

dimension-six result.

Moving to the lifetime calculations, we will start with the Weak Exchange dia-
gram. The calculation of WE, PI and WA topologies has an extra factor of 2 due to
the symmetric contribution we get by swapping 0 and x in the time-ordered product.

This symmetry is not present in mixing as the initial and final states are different.
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Similarly to mixing we can write

T [Heps () Hep s (0)] ‘ =

WE

2 2 (2) D () (o) D ()7 (O) T " (O) T (O)T43(0) :
= 20(2) (1 — ) )(8) T (0) 7 (1 — 75) €"(0)

2(0) 7" (1 — 75) g3(2) T () 7u(1 — 75) vl (x)

'k i+ m)
om) k? —mi + e

Yo(1 —5) "

= 2civu(1—75)/(

o d'l il +m
w' (1 —75)/ 1) l2<_m%_i)l-€’7“(1 — ) u

¢i(Petpu—ktl) sim sak (D.0.40)
and by using Equations (D.0.11) — (D.0.14) we get

i / 'z T [Hops(x)Hoss(0)]

WE

22,/ d* (1= ) i(l+p+m)

1/1_ "
(27r)4c (14 p)? —m1+167( Rk

AV (1 — AT ) e léjm(;qk
u’ " ( 75>l2—m§+i67( V5) U
I°1° + p°l°
—8i / i
(1 +p)* —mi+ie)(I* — m3 + ie)
(@1 —75)%%0 )@ A" (1= y5)70" ') 67 67 (D.0.41)

Taking the imaginary part of Equation (D.0.41) and using Equations (D.0.17) -
(D.0.22) and (D.0.28) we get

g G3, u : ’
WgE = —32— (Vah VUQQ) (QV_A Im (z (BOO + % (BH + BO)))

Qi (B + ) ) 575
4G (mi —m3)® —p*(2p° —mi—m3) ,
= 3 (‘/rcq1 quQ) |: ! 2 pQ ! 2 QV*A

_2(2(771% - m§)2 - p2(p2 —+ m% + mg)) ppu :| Im(zB) 5]m5qk

p4



141

. G%’ * 2/\(1‘{"%,21,22)
= for (VeVom) =g

{mg {(Zl —2)° = (L+ )21 +7) — 2 — Zz))} Qv_a

2(z — 2)? N u | cim
—2{% —(+F+x+ zz)}Qgp’P] Fmett - (D.0.42)

where for a general colour structure and spectator quark ¢ we define

voa = (@0 =w)a)@" 1 —s)c) , (D.0.43)

Q% = (@p(1 —75)q)(@p(1 —vs)c) . (D.0.44)

Considering now all the possible Wilson coefficient combinations we get the following

contributions

« For Q, ® Q, we have in total a factor 67§ ™§™§"*§*1§% = 5§ creating the

operators

O = (@91 —)u)(@y" (1 —25)c) (D.0.45)

OF = (@1 — 1s)u)(@ (1 + 7)) (D.0.46)

« For Q, ® Q, we have in total a factor 6% §m§m1§% 5™ = N,5"6™ creating

the operators

O1 = (@7(1=)u")([@H"(1 =5)d) (D.0.47)

OF = (&Pl — )Y (@ (1 +7s)pc) (D.0.48)

e For Q, ® Qy we get §95m5ma5 gk s — 515" creating the operators O,
and O We also get a factor 2 from symmetry by including the identical

contribution from @y ® ;.

So far we are proceeding as in the previous computation. For lifetimes, however, we

want to express the results in terms of the colour-singlet and colour-octet operators
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instead of the colour rearranged ones. To do so we use Equation (2.1.10) and write

1
Oy = 2Ty + — 0O, , (D.0.49)
N¢
1
OrF — TP 4 _— O (D.0.50)
N¢

where T7 = (€7,,(1—75)t"u) (@y"(1—75)t%c) and 13" = (ep(1—5)t"w) (@(1+75)t"pc).
Putting everything together we can write for WE

2

1 G | Ve Vags| M1+ 7, 21, 20) 1
Fqqu _ 1 2 y ~1y <2 702 200 N 02
WE 2Mp 127 (1+2%) ) (N b+ Neby
{m? wl(f, 21, 22) O, — 2w2(:i, 21 2’2) ng}
+ 2012 |:m(2: wl(:f, 1, TQ) T1 — QlUQ(j’, 21, 22) Tgp:| } s (DO51)

where w(Z, 21, 25) and wy(Z, 21, z5) are defined in Equations (D.0.36) and (D.0.37)

For the Pauli Interference we start with

T [Heps(2)Heps(0)]

PI

4 . ‘ | \
2: El(x)ruéi () () TPl () ()T, " (0) ()T g3(0) :

Ak i(F+my)
(2m)* k* — mi + ie
d'l il +my)
—k _n 1 — / U
q2 Py ( 75) (27T)4 l2 B m’i _'_ 7;6

¢! (Pe=Pa,—k=1) 5im glp (D.0.52)

Yo (1 —75) "

= 22 79,(1— ) /

Y (1 =) ¢5

Next, we integrate this over x and k to get

i [ d'aT [Hepp(@)Hep(0)]

PI
o i —p+m)
2 [ 151 - (1 —5) "
1 (27T)4 & P)/,u( 75) (l . p)2 . m% + /L'G 7 ( 75) c
. [ l+ My, v m
31— 25) L1 = 3 g 67 o

2 2 .
7 —mj + e
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g / d'l "7 —pl°
T R e
(@ (1 = 95)7% ) (@ 7 (1 = 75)7,7" ¢8) 67 07 . (D.0.53)

In PI we have a different Dirac structure from before. In order to simplify it we use

YooY —=75) @AM (1 =) = 167,(1 —75) @ (1 —3) , (D.0.54)

V1L —=75) @Y Py (L =) = 4p*y,(1 —75) @ (1 —75) . (D.0.55)

The one-loop integral in Equation (D.0.53) is a little different from before. The ?17
part of it gives the same result as Equations (D.0.22) and (D.0.21) despite having
(I — p)? in the denominator. On the other hand, the p”I° part has a different sign
from Equation (D.0.20) but it comes with an overall minus, so the sign difference is

countered. Thus, we get

g G% . ., 2 , . .
= i (i 4 50) 0
GE: i ., 2 JAN1+7,2,2,) _ im <l
o A v (RS RS LACS
(D.0.56)

where we have also used Equation (D.0.28). Similar to before we check all operator

insertions

« For Q, ® Q, we have in total a factor 67§75 P61 = §* creating the

operator
0; = (5i7u(1 - 75)95)(@157”(1 — %)ci) ) (D.0.57)

« For Q, ® Q, we have in total a factor 6*6"§P" ™ 5761 = 5% creating the

operator O] again

o For Q, ® Q, we get §75m§m1g* 5P§P1 = 5165 creating the operator

O1 = (@51 —7%)6) @7 (1 — 7)) - (D.0.58)

We also get a factor 2 from symmetry by including the Q)5 ® (), contribution.
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Using again Equation (2.1.10) we get PI

1 G 2 G AN147,2,2,)
e — el * 2 15 % 1
PI 2MD 27T ‘/qu VUQQ c (1 + l’) ( + x Zu)
{ (N (CF +C3) + 20102> O, +2(C7 +CHT| . (D.0.59)
C

Finally if we look at the Weak Annihilation topology we write

= =22 7,(1 —y5)q] Tr|7v*(1 — ) / (d " i(%+m2). Y (1 =)

o)t k? — m3 + ie

d'l i
/ ( Z(l + mu) qqln%j(l s )Cn ez(pc+pq1+k—l)5kQ5lp , (DO60)

2m) 12 — m2 + ie

where the trace over the spinor indices and minus sign come from the fermion loop.

Performing the integral over x and k we get

i [ d'aT [Hegp(@)Hep(0)]

WA
—2¢" v, (1 — J / Trl~%(1 —
o oy T T e

v Z(l+mu) —m n
7 (1 - 75)m T (1—s)c gka str

4./ d'l 117 + pP1°

= 4l

(2m)* (1 +p)® —m3 + ie) (1> — mi; + i)

(@ (1 = 75)a]) (@' (1 = 75) ) Tr [/ (1 = 75)7,7" 7, ] "6 . (D.0.61)

Taking the imaginary part of the one-loop integral and computing the trace we

obtain
77[3’4 - F ‘/5111‘/“‘12 X
2
i <BOO Ty 2 (Bii+ BO)) — (B + By) Q&% grast
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Gr

127

2 A1+ 2, 21, 29)
(1+7)?

= Ve Vi

C€qy " ugz

m? {(2’1 — ) = (1+2)2(1+F) — 2 — 22))} QU _4

(U 4Eda+ z2>} @zp%] a5

(D.0.62)

As we can see we have reproduced the same result as in WE (up to the deltas). This
is not an accident as the two structures are connected via a Fierz transformation.

As we will see though after considering the colour flow the final results differ.

« For Q; ® Q, we have in total a factor §7§P§P159%§F 5™ = N,6Y 6™ creating

the operators

01 = (@71 —)a)@ " (1 —s)c™) , (D.0.63)
OFF = @p(1 —vs)ai)@" (1 + v5)pc™) . (D.0.64)

« For Q, ® Q, we have in total a factor %857 §7%§*459™ = §§9™ creating the
operators

Of = (@7.(1—7)a") @ (1 —75)c) (D.0.65)

O0F" = (@p(1 —v5)ai") (@ (1 + y5)pc’) - (D.0.66)

e For Q; ® Q, we get §Y5mI59*sM P 5P — §96™ creating the operators O,

and O We also get a factor 2 from symmetry by including the identical

contribution from @ ® Q.

Using Equation (2.1.10) we put everything together for WA

2
1 GF Ve Vags| A1+ %, 21, 20) 1
Fuq2 _ 1 2 s ©1y <2 N, 2 ) T 2
WA 2MD on (1 n j’2) X Ccl + Cng + NC 02
wi(E, 21, ) meOy — 2ws(Z, 21, Zz)ng}
+ 2022 U)1<Z%,7”1,T'2) mng - 2w2(£721722>T2pp:|} ) (DO67)
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The expressions of Equations (D.0.51), (D.0.59) and (D.0.67) can be expanded to
give the exact dimension-six and dimension-seven results. For dimension-six we can
simply set # = 0 and p* = m? ignoring effects from small momenta. To include
dimension-seven contributions we expand the coefficients in T keeping terms of order
O(z")'®. We still need to expand the operators'” O and T¥”. Their expansion is

identical so we will show only for Q2"

03" = (p(1 — 75)a)(q(1 + 75 )pc)
= (@p,(1=5)a) @1 +)p,c) + (e, (1 —5)a)(@p (1 —75) )
+ @ +5)p, @1 +5)p,0) + (@1 +5)p, ) (@p (1 —5) )
= me(e(1 = 75)a) (@1 +5)e) — memy(e(1 = 75)q) (@(1 = 75)c)
— memg(e(1+7)a) @1+ 75)e) + O(myg)

= m2 (0§ —2P!) +O(m}) , (D.0.68)
where Of and P{ are defined in Equations (4.2.22) and (4.2.44). Similarly we get
TP = m? (T{ — 257) + O(m?) . (D.0.69)

The final dimension-seven operators arise from Z Of and & O

DDy

c

= @D ) D)@ (L)) = —Pf . (DOT0)

C (&

701 = 2p7fq( c(1 = 5)a) (@1 +75)c)

T0f = 2511 — 1)) (@ (1 —5)c)

= D (1 =)D +5)0) = Y (D.0.71)

C

where P, and Py are also defined in Equations (4.2.45) and (4.2.46).

So far we have performed these calculations in QCD. To get the expressions for

1Note that 7 = 22e pq for WE and WA since p = p. +p, but T = — I:npq for PI where p = p. —p,

"Note that from thlb point on we will use the fact that an operator and its hermitian conjugate
have the same matrix element and therefore we add a factor 2.
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WE, PI and WA in HQET we need to make some adjustments. First of all, we

decompose p! = m" + k" £ p % where v* and k* are the hadron velocity and the

residual momentum as introduced in Section 2.1.2. Then Z = 2% + 2% where we

c

have replaced k" with iD since the derivative acting on h, returns only the k part
of the momentum. Next we expand the QCD quark field as in Equation (2.1.65) to
get!?

ilp
2m,.

c=h, (1 + ) +O(1/m?) . (D.0.72)

We are also using Equation (2.1.68) to write

- 1 Ay _ - S
@) = (L)@ + 5 (=i D) arh) + (L) (D))
1 _
+ i [deT{(R L)@ h), L)} + O(1/m?) (D.0.73)
where the ~ sign indicates that the LHS is evaluated in QCD states while the RHS

in HQET?® and £, contains the 1 /m, corrections of the HQET Lagrangian. Now

we expand O2*F as

04 = (elmep— B +p)(1~)0) (70 +25)mep + 1D +p,) )
= 2 (@1~ 25) ) @01 +20)pe) +me (=i D)1~ ) q) (a1 + 7))
+ e (1 —5) @) (71 +35) (iP)e) +me (§(1 = 75) @) (A1 +75)p,c)
+ me (ep,(1—75) q) (@1 +5)pe) + O(1/m?) (D.0.74)

and using Equations (D.0.72), (D.0.73), ($—1)h, = h,, (iv-D)h, = 0, (ilp—m,)q =0

and the relation 1) = —ID¢ + 2v - D we can write

- Ry ML, M P
oI = 2 (Og 42y m P26 971 , (D.0.75)
mc mc mc mc

18Again here WE and WA come with the plus sign while PI has a minus sign
YNote that the exponential factor in Equation (2.1.65) is already removed during the HQE so
we do not include it here

*YWe indicate this relation here but for simplicity we will continue using the = sign.
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where the HQET operators are defined in Section 4.2. In a similar way we can also

write

Of = Of =L 4 —Lr 226 (D.0.76)
C mC mC
. Pe
0! = F2-2, (D.0.77)
mC
. Pa
10§ = F2-2% . (D.0.78)
mC

where the minus sign corresponds to WE and WA topologies and the plus to PI. The
calculation for the colour-octet operators is exactly identical with the appropriate

substitutions.
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