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Abstract: The conformal field theory approach to calculate the elliptic genus of K3 surfaces
has revealed the Mathieu moonshine phenomenon, which highlights relations between the ‘small’
N = 4 superconformal algebra at central charge ¢ = 6, the sporadic group Mathieu 24 and
mock modular forms. Here we take a look at a family of "large’ A = 4 superconformal algebras,
labelled A,y € [%, oo[ (from which one can recover the small A/ = 4 algebras in some limit), in
the hope that a moonshine-like phenomenon might be observed. We consider realizations of A,
and its closely related family of non-linear algebras A, on SU(3) = WS(3) x SU(2) x U(1),
where W S(3) is a 4-dimensional Wolf space, i.e. a quaternionic symmetric space. The underlying
physical models are supersymmetric Wess-Zumino-Novikov-Witten models describing superstring
propagation on the SU (3) group manifold, for which explicit partition functions can be constructed.
In order to exhibit the /L (and A.) symmetries of these models at the level of partition functions,
we construct character sum rules which encode how products of affine sg(\?)) characters with a
character for four “Wolf space’ fermions decompose as sums of fL characters. We find close
analytic forms for the corresponding branching functions in a theory with .AL, symmetry where the
levels of the two affine m subalgebras of .%L are kt = 2and k— = 1, and we discover that
they form a vector-valued mock modular form of weight 1/2. To arrive at this result, we used the
transformation laws of the /L characters under the modular group SL(2,Z), which we derive in

the twisted Ramond sector.
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Chapter 1

Introduction

The driving force in theoretical particle physics is the construction of a consistent quant-
ized theory of the four fundamental forces of Nature. Experimentally, the Standard Model
of particle physics is the most successful theory which describes the combination of spe-
cial relativity and quantum mechanics. It gives a clue that the Universe is described by
an effective theory of quantum fields at low energy level. However, the combination of
general relativity and quantum mechanics is still mysterious. String theory is the most

likely candidate for the quantization theory of gravity.

One remarkable concept in particle physics is supersymmetry, which pairs bosons and
fermions. It is an extension of Poincaré symmetry and can also be viewed as an extension
of spacetime describing new quantum mechanical degrees of freedom. It could explain
why the masses of the fundamental particles of the Standard Model are so small compared
to the Planck Mass, provide unification of the electroweak and strong forces and offer clues
on the nature of dark matter. Moreover, supersymmetry arises naturally in string theory
at the Planck scale. However, because supersymmetry requires each known elementary
particle to have a superpartner of the same mass and opposite statistics, and since not
a single superpartner has been found experimentally to date, one must conclude that if
supersymmetry exists in Nature, it must be broken. But even if supersymmetry is broken at
some lower scale than the Planck scale, an explanation of the small masses of elementary

particles typically requires at least one of the superpartners to have a mass comparable
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to that of the heaviest Standard Model particles. Such a particle has so far failed to
be detected in experiments at the Large Hadron Collider. Nevertheless, supersymmetry
remains a powerful tool that has led to invaluable insights in other areas of physics and
mathematics. This thesis is very much inspired by the more mathematical consequences

of supersymmetry.

Indices, in the context of operator algebras and functional analysis, provide very helpful
information in theories governed by elliptic differential operators (EDO). The index of
an EDO is the difference between the dimension of its kernel and the dimension of its
cokernel, which is an invariant quantity. As such, any deformation of an EDO by a compact
operator may change the dimension of the kernel and the dimension of the cokernel, but
the difference is unchanged. The most famous example of EDO in physics is the Dirac
operator, which encodes the dynamics of a particle with spin, or the supercharge () of
a system with supersymmetric quantum mechanics, and its index is in fact the partition
function of such a system. This index was further studied by Friedan and Windey [FW84],
who related it to the chiral anomaly for fermion in background gauge and gravitational
fields. Slightly prior to that, Witten had been studying constraints on supersymmetry
breaking in supersymmetric theories defined in a spatial box [Wit82] and introduced a
topological invariant to count the difference between the number of bosonic states and
the number of fermionic states of zero energy in the Hilbert space H of such theories,
modelled by Try ((—1)F e‘ﬁH) ,8 — 0, F = 2riJ, with J, € 1Z being the generator of
infinitesimal rotation and [ being the inverse of temperature. He pointed out that, since the
bosonic zero modes satisfy Q|bos) = 0 and the fermionic zero modes satisfy Q|ferm) =
0, one actually deals with the ‘analytic’ index of the supercharge J(Q) := ker(Q) —
coker(Q) = Try ((—1)F e PH ) , 3 — 0 when studying supersymmetry breaking. There
is a priori another notion of index associated with an EDO , called the ‘topological’ index,
but in fact, the Atiyah-Singer index theorem [AS68] states that the analytic index and the
topological index of an EDO are equal. Using the path integral method on supersymmetric
quantum mechanics, Alvarez-Gaume presented a derivation of the Atiyah-Singer index

theorem [Alv83].



Index theorems in quantum field theories relate the spectrum of massless particles and the
topology of the spacetime in which they evolve. Generalisations of such index theorems
have been derived in string theory, where the Dirac operator is replaced by the Ramond
operator, which acts on the configuration space of a closed string, known as the infinite-
dimensional loop space L£(M) of the target space M [AKMW87a] [AKMW87b]. These
generalised index theorems relate the topology of £(M) to the string spectrum and the
elliptic genus of the quantum field theory on the string world sheet. In particular, Witten
[Wit87] showed that the large volume limit of the partition function of type IIB superstrings
reproduces the topological elliptic genus introduced by the algebraic geometer Ochanine
[Och87]. In this thesis, we call this object the conformal field-theoretic elliptic genus
to emphasize that it is calculated using conformal field theory techniques, as in Witten’s

approach.

Local conformal symmetry appears naturally in the study of Polyakov’s action for a
bosonic string, and in Euclidean spacetime, one can use the sophisticated technology
of two-dimensional conformal field theory (CFT) to analyse the string dynamics, which
is governed by a non-linear 0 model, i.e. a quantum CFT on the string world sheet.
In string theory, including fermions needs supersymmetry, and the Witten index arises
naturally in the supersymmetric generalization of conformal field theory (SCFT). It is
well-known that a bosonic string lives in a 26-dimensional spacetime while a superstring
emerges in a 10-dimensional spacetime, but the real world is 4-dimensional; hence the
wish to compactify the 10-dimensional spacetime to a 4-dimensional manifold that would
describe the physics of Nature. One popular compactification scheme uses Calabi-Yau
manifolds of complex dimension 3, for which one has N’ = 2 supersymmetry on the
worldsheet and N' = 1 supersymmetry in 4d spacetime. The worldsheet supersymmmetry
is encoded in a 2d superconformal algebra (SCA) with N' = 2 supercharges and central
charge ¢ = 9, and the conformal field-theoretic elliptic genus is expressible in terms of
the characters of specific representations of the SCA. Other compactification schemes
exist, and the one of interest when discussing Mathieu Moonshine is the compactification

of the type IIB superstring on a K3 surface, which is a Calabi-Yau manifold of complex



4 Chapter 1. Introduction

dimension 2. The corresponding 2d, chiral SCA is the small N' = 4 algebra with four
supercharges and central charge ¢ = 6. In this case too, the elliptic genus can be derived
using characters [ET88b] [ET88a] of this small N' = 4 SCA [EOTY89]. When one
approaches the calculation of the elliptic genus from the string theory perspective, one
arrives naturally at a formula where the elliptic genus is decomposed in small NV = 4
characters, which highlights a phenomenon that escapes detection when one takes the
expression of the elliptic genus of K3 found in the mathematics literature, and which
involves Jacobi theta functions. This phenomenon was first observed by Eguchi, Ooguri
and Tachikawa in 2010 [EOT11] and was since coined ‘Mathieu Moonshine’. It suggests
an action of the sporadic group Mathieu 24 ()M5,) within type IIB superstring theory, but

to date this action has not been properly understood.

We are not making progress in that direction here, but instead investigate another type of
SCFT, with an associated doubly-extended SCA called ‘large” N’ = 4 SCA (also known
as A, algebra). The words ‘doubly-extended’ and ‘large’ refer to the fact that this SCA
has an affine @ et X SZ\(Z) x— Subalgebra (as well as a u/(T) subalgebra) in contrast
to the ‘small” N' = 4 SCA, which only has one su/(2\)k subalgebra. It was discovered
by Sevrin et al [SSTV88a; SSTV88b; STV88] and emerged from a systematic study of
the restrictions imposed by extended supersymmetry on a Wess-Zumino-Novikov-Witten
model (WZNW). Realizations of the large N' = 4 SCA exist, in particular, when the
target space of the WZNW model is a manifold without curvature but with completely
antisymmetric torsion, i.e. an absolutely parallelizable manifold [SSTV88a]. Of all such
manifolds, the 8-dimensional group manifold of SU (3) is, after the almost trivial SU(2) x
U (1) manifold, the simplest manifold which admits an (almost) quaternionic complex
structure which is necessary for A' = 4 supersymmetry. Moreover, as shown by Sevrin
et al, any other absolutely parallelizable manifold leads to the existence of more than one
energy-momentum tensor in the theory, and we will not study these here. From the physics
point of view, we therefore concentrate on superstrings propagating on an SU(3) group
manifold, which could correspond to a compactification of type IIB superstrings leading to

a (14 1)-dimenssional spacetime, but even that interpretation is not straightforward, as the



central charge of the associated large ' = 4 SCA in this case is ¢ = 12k™ (kT +2), kT €
Z-,, which cannot be interpreted in the usual manner, for any value of k%, i.e. as the
contribution of d bosons and d fermions, namely ¢ := d + d/2, when d = 8 . We are not
claiming this is a realistic string model, but instead that it is worth exploring the more
mathematical aspects of the model, especially from an algebraic and number theoretic

point of view.

We will in fact mainly concentrate on a SCA which is closely related to A, i.e. the
non-linear SCA jw which is obtained from A, after factorization of a free boson and
four free fermions. ﬂy possesses an sZ\(Q) i+ X SZ(\Q) ;- affine subalgebra with levels
k= = k* — 1 and central charge ¢ = ¢ — 3. The subtraction of 3 is due to the decoupling
of the boson (¢ = 1) and the four fermions (¢ = 4 x %). We will exploit the fact that /L at
k~ = 1 admits realizations on manifolds corresponding to group cosets SU(3)/U(1) for
any positive integer value of k&t [GPTV89] and look in detail at the model with &t = 2
and k= = 1. Character sum rules associated with these realizations were presented in
[PT93], but failed to provide a complete analytic description of some of their constituents,
which are the branching functions E(T), 1 € L (for some model-dependent discrete set Z)
occurring in the decomposition of the products of SZ\(S)f§+ characters with the character
of a four-free-fermion system into products of JL characters and a rational torus character
emerging from the coset realization. We obtain analytic formulas for these branching
functions in the model k™ = 2,k = 1 and find that they form a vector-valued mock
modular form (different for different realizations), a fact not anticipated in [PT93]. In
order to pin down the information that was missing in that paper, we rely crucially on
the transformation of ./L characters under the modular group, which we have derived
using Appell functions and their modular transformations. The latter were worked out in
[STTOS] and also in [Zwe08]. The calculation was particularly challenging technically
and we have provided full details for reference. As anticipated, and in analogy with the
small A, case, the characters corresponding to short representations (massless) transform

under S as a finite sum of massless characters and an infinite sum of characters for long

representations (massive), while the massive characters transform into massive characters
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in a straightforward manner under SL(2, Z).

The conformal field-theoretic elliptic genus for theories with small NV = 4 symmetry was
calculated using, in particular, a realization of the SCA in terms of Gepner models. In
the calculation of the elliptic genus, the model-dependent branching functions of (sums
of) tensor products of minimal A/ = 2 characters into small N = 4 massive characters
would combine linearly in a model-dependent way but would, whatever the model, always
produce the same mock modular form 2(?)(7) encoding the information on Ms,. This
is a consequence of the topological invariance of the elliptic genus of A 3. One might
expect a similar phenomenon to occur in realizations of either the A, or fL SCA, since
the small V' = 4 can be reached from A, in the limit where one of the two SZ\(2) levels
tends to infinity [SSTV88a; SSTV88b]. However the conformal field-theoretic elliptic
genus for A, theories vanishes due to the structure of the characters, and prompted Gukov
et al [GMMSO04] to introduce a new type of index, which they calculate for the symmetric
product Sym"(S) where S is a realization of A, in terms of a free boson and four Majorana
fermions. This symmetric product has A, symmetry at k™ = k= = n. Their motivation
was the search for a holographic dual to AdS; x S® x S3 x S*. Our work on the other

hand provides a sound preparation for the calculation of this new index for the WZNW

coset realizations of A, and for exploring patterns that go beyond Mathieu Moonshine.

The structure of the thesis is as follows. Each chapter, apart from the Introduction and
the Conclusion, is accompanied by a number of appendices which gather notations, some
definitions and more technical information supporting the main text. In chapter 2, we
review the Witten index of a (0 + 1)-dimensional quantum spinning particle theory, and
present a physical understanding of the Atiyah-Singer index theorem by the path integral
approach. We then generalise the Witten index for a (1 4 1)-dimensional quantum field
theory, inspired by the work presented in [AKMW&87a] and show the link between the

Witten index and the elliptic genus.

We briefly introduce the small A = 4 superconformal algebra and its unitary representa-
tions in chapter 3. Using the characters of small N' = 4 SCAs, we recall the elliptic genus

for theories with small N = 4 symmetry and explain what the Mathieu moonshine is,



after a brief description of Monstrous moonshine.

In chapter 4, we review the unitary representations of A, and .AL SCAs and give the cor-
responding massive and massless characters. We then rewrite the .ZW massless characters
in the twisted Ramond sector in terms of the higher level Appell function and write the
massive characters as products of @ characters. It is not difficult to derive the modular
S-transformation of the massive characters in the twisted Ramond sector, but for the mass-
less case, we first rewrite the massless characters in a particular way so that we can use
some properties of higher level Appell functions, then proceed with the calculation of the
S-transformation of the massless characters for coprime levels kT, k~. We end the chapter
with an explanation of why the elliptic genus for .4, theories is zero. A new topological
invariant due to Gukov et. al [GMMSO04] is introduced alongside a straightforward coun-

terpart, which exploits an isomorphism of the algebra when T, ® — —T,®. We briefly

comment on which states contribute to these two new indices.

We review the /L character sum rules for k* = 2,k = 1in chapter 5 and derive the
S-transformation of the 6 branching functions E(T) appearing in the sum rules for this

model, alongside analytic expressions for all of them.
Finally, in chapter 6, we conclude this thesis and present ideas for future research.

The material presented in Chapter 4, Section 4.4, together with appendices 4.B.4, 4.B.2
and 4.D leading to the central result (4.4.47) is original, although we have benefitted,
at an early stage of this project, from a private communication from Dr Y. Sugawara,
who had derived a formula for the S-transformation of the massless /TV characters in the
Neveu-Schwarz sector using a different method. We agree partially with his unpublished
result after spectral flow (i.e. we agree with the contribution from massless characters
after S-transformation, but the structure of the massive character contribution to the S
transformation differs. We performed several consistency checks on our formula (4.4.47),
in particular in the process of calculating the S-transformation of the character sum rules in
Chapter 5. We are therefore confident in our results. The new perspective on the character
sum rules, which we acquired thanks to the precise knowledge of the S-transformation

of fE characters, in particular the confirmation that the branching functions F}(7) form a
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vector-valued mock modular form and that they may be expressed in terms of functions
known in number theory is also original. A paper in collaboration with Sam Fearn and

Anne Taormina reporting on these discoveries is being prepared.



Chapter 2

From Index Theorem to Elliptic Genus

Atiyah and Singer have provided us with a profound result on elliptic partial differential
operators on a compact manifold M, i.e. on those operators D such that dim ker D (the
dimension of the space of solutions to D f = 0) and dim coker D (the dimension of the
space of constraints g in Df = g, or equivalently the dimension of the adjoint operator
D) are finite. Although dim ker D and dim coker D are usually difficult to derive without
detailed knowledge of the operator D, Atiyah and Singer showed that their difference,
called the index of D, may be computed using tools from topology, namely cohomology
classes on the background manifold M . Interestingly, they also showed that it is sufficient
to analyse the index problem for the class of first order elliptic operators - the so-called
Dirac operators - which are of great importance in physics. From the physicists’ point of
view, the Atiyah-Singer index theorem [AS68] governs the spectrum of massless particles.
Indeed, the index of the Dirac operator [Wit82] can be derived from a modified partition
function of the spinning particle [FW84][Alv83], and one can probe the topology of the
configuration space M, i.e. the spacetime in which such spinning particles evolve, with
the help of the index theorem. A natural generalisation of such an index theorem has been
derived in string theory, where the Dirac operator is replaced by the Ramond operator
which acts on the configuration space of a closed string, known as the infinite-dimensional
loop space L(M) of M. This generalised index theorem relates the topology of L(M) to

the string spectrum. In this chapter, we will recall how the Atiyah-Singer index theorem



10 Chapter 2. From Index Theorem to Elliptic Genus

can be recovered in the context of field theory by using path integral techniques in the case
of a suitably modified spinning particle. We then review how to generalise the calculation
to a closed string, which gives a version of the index theorem for string theory and links it

to the elliptic genus introduced by Witten [Wit87].

2.1 Index Theorem in Field Theory

2.1.1 Witten Index

It is remarkable that the Atiyah-Singer index theorem can be derived in the framework of
supersymmetric quantum mechanics, as we sketch below. An N -supersymmetric quantum
mechanical system is a (0+1)-dimensional supersymmetric quantum field theory with N/

supersymmetry (SUSY) generators. The corresponding algebra can be written as,

{Qi, Q1Y = 20;;H,
{Qi,@Q;} ={Ql.@l} =0,
{Qi,(-1D)f}y=0, 4,7=1,..,N, (2.1.1)

where (); are the SUSY generators (or SUSY charges) and QI their adjoint, H is the
Hamiltonian of the system and (—1)*" is the fermion number operator (also known as the

fermion parity operator) defined as anticommuting with all the elementary fermion fields.

We follow [AKMW87a; AKMW87b] and consider an N = 1 theory, introducing a
Hermitian operator S = \%2 (Q+ Q"), and by the SUSY algebra we have S? = H. Let |E)
be an arbitrary eigenstate of the Hamiltonian H with eigenvalue E. If |E) # 0, we have
another eigenstate S| E) with the same energy as |E) due to the supersymmetry (e.g. if | E)
is a bosonic state, then S|E) is the corresponding fermionic state, and vice versa.), i.e. in
non-zero energy states, we have boson-fermion pairs in the spectrum of the Hilbert space
‘H of the SUSY system and states can only leave or reach ground energy by pairs. Witten
introduced a quantity, which became known as the Witten index, to count the difference

between the number of bosonic states (n£=") and the number of fermionic states (n£=?)
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in the Hilbert space of a supersymmetric system as [Wit82]
WIQ) = Tr ((-1)F exp(—pH) ) = nf™" — nf=". (2.12)

Due to the supersymmetry, the Witten index depends only on the ground states. The
above definition implies the Witten index is invariant under continuous deformations of
the Hamiltonian and hence is a topological index for the full quantum theory, which is
useful for calculating the index later on. Note that non-zero Witten index means the
supersymmetry cannot be broken.

In this case, the Hilbert space ‘H of a SUSY quantum mechanics may split into two
subspaces: H = Hp @ Hp such that (—1)" has +1(—1) eigenvalue on Hy(Hr) and
Q:Hp — Hp,ie. (—1)F|boson) = |boson) and (—1)%|fermion) = —|fermion), where
|boson) € Hp and |fermion) € Hp. For the ground states, we have ()|boson) = 0 and
Q'|fermion) = 0, and hence they are the supersymmetric states. Therefore we could

consider the Witten index as a topological invariant (i.e. an integer)
WI(Q) = Tr ((—1)" exp(—BH) ) = dimker Q — dimker QF, (2.1.3)

where the ker Q = {v; Q¢ = 0} with ¢ are states in the Hilbert space #.

From a statistical mechanics perspective, Tr ( (—=1)F exp(—BH) ) can be considered as
a partition function for an ensemble at finite temperateure 5~ with the density matrix
p = (=1)F exp(—BH). Hence in the path integral language it could be evaluated as

[Alv&3]

Tr (=) exp(=8H)) = [ do()du(t) exp(~Su(6,)) (2.14)

PBC

where ¢(t),1(t) are bosonic and fermionic fields respectively, the acronym PBC means
periodic boundary conditions with period (5 i.e. $(0) = ¢(5) and ¥(0) = ¥ (), and Sg is
the action in the Euclidean space. In this perspective, we can perform an expansion of the
action for small 3 (5 — 0), i.e. in the high temperature limit, to get an explicit topological

index in a physical system.
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2.1.2 The Index of the Dirac Operator

In this subsection, we will identify the analytic index of the Dirac operator with the Witten

index for a supersymmetric theory.

Let M be a 2n-dimensional compact oriented Riemannian manifold without boundary, and
let S (M) be chiral spin bundles' over M with positive and negative chirality respectively.
Let I'(S4(M)) be the smooth sections of the chiral spin bundles S (M ). Then we define

D as the covariant Dirac operator on S (M), namely

D= oD . po=-p', 2.1.5)

py 0

where ), : T(S,(M)) = T'(S_(M))and [p_ : T'(S_(M)) — (S (M)).
The analytic index is defined to be
[(Ip) = dimker ), — dim ker /b, (2.1.6)

i.e. the number of positive chirality spinor fields annihilated by I) minus the number of
negative chirality spinor fields annihilated by ).

Let A, = lDL]ﬁ . be the Laplacian. If ), 1) = 0 where v is a spinor field, then we have
Ay = PP =0,and

Avp=0= (P, A) = (0, PLD ) = (P, P ) =0= D=0, (2.1.7)

hence we have ker ), = ker A, and similarly ker [)_ = ker A _.

Let A be the nonzero eigenvalue of the Laplacian, i.e. A v = M. We then have
A Dy =Dy, as

ADAb=D"D D=0, D Db=D,A¢=DP N (2.1.8)

'A spin bundle needs the base manifold M to have a spin structure, i.e. the transition function
Aij € Spin(m), where m is the dimension of M and Spin(m) is the double cover of SO(m), satisfy-
ing Aijﬂjkﬁki = land A; = 1 with ¢(/~\ij) = A;; where ¢ is the double covering Spin(m) — SO(m).
One may think of the transition function, for instance, as e;(z) = A;;(x)e;(x), where e;(x) is a tetrad, and
this relation is a local Lorentz transformation.
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and

(W, Ap) = A(p,¥) = <lb+¢7 ID+¢> #0. = lD+¢ # 0. (2.1.9)

Therefore we proved that the nonzero eigenvalues of the two Laplacians are exactly
the same, which means the index is invariant under a small deformation of IPJF since
ker A, (ker ID,,) and ker A_(ker I)_) are paired. The Hamiltonian of the spinor system
could be defined as

o D) (o A, 0
H=1pp= P Do _ A . (2.1.10)
ptoo ) \p,. o 0 A

Hence the index of the Dirac operator (also known as the heat kernel formula for the index)

can be written as

I(B)=Tr (75¢) =Tr (ewi% ) Ty (ew”ﬁ— ) , @2.1.11)
= dimker A, — dimker A_

= dim ker IZ+ —dimker)_, VB >0, (2.1.12)

where s is diag (—1, 1), which satisfies { /), 75} = 0. Note that the index is independent
of 3, since the nonzero eigenvalues of ker(),, ) are paired.

Finally the identification between supersymmetry generator and the Dirac operator is given

Q=0, (-)F=~  ad H=QQ=Dp"D. (2.1.13)

2.1.3 Non-linear Sigma Model

In this subsection we will introduce a realization of the SUSY algebra (2.1.1), namely
a (0 + 1)-dimensional supersymmetric nonlinear c-model (a generalisation of SUSY

quantum mechanics) whose lagrangian is given by [FW84] [Alv83]

L= 59#”(¢)¢N¢V + %guvw)@w(wy + qpr/,;J’lvDJ)v w,v,p,0 = 17 e 7d> (2114)
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where d)“z%d)“(t) with ¢ () a scalar, 1)*(t) is a two component real spinor, g, (¢) is the
metric on the d-dimensional spacetime manifold M, and '}, is the Christoffel symbol.
The basic (anti-)commutation relations are [¢,,, p,| = ig,, and {¢,,, ¢, } = g,.,. Noether
theorem implies that in this case the supersymmetry charge is () = ip, " = %7“8,“ as
we define ¢* = %7“ with {7, 7} = 29,

When introducing the Cartan Formalism, the Lagrangian becomes

1 L. 1 . .
L= §gmx¢)¢“¢”+-inw¢ﬂ(¢b+-¢”wggﬁ%, (2.1.15)
where
wiy, = 0y’ + eI e” = —e’0,et, + e )T ey, (2.1.16)

is the spin connection, and the Vierbein e, is defined by e* ueb,,nab = g With e ,e,” =
d;, so that the spinor in curved spacetime is 1 = e“,¢". In this case the supersymmetry

charge becomes

1 1
V2Q = P = "0+ wy) = 7" (04 + Swuac™) 0" = 2 [79", 2117)

where we have used that {1)%,¢*} = 1 (after canonically quantising the theory) and
{v%,4*} = 2n?® which implies v* = /2%, and p,, = —id,,. The operator [) is called the
massless Dirac operator of the spacetime manifold M.

We next couple the non-linear o-model (2.1.15) to the external gauge field A,(¢) = A,‘jTa,
a = 1,...,dim(g), where T, are the generators of the Lie algebra g of the non-abelian

gauge symmetry. The Dirac operator then becomes
D=0, +w,+A,). (2.1.18)

To retain supersymmetry in the Lagrangian, one has to introduce a pair of fermionic
creation and annihilation operators x4 and kp to couple with gauge fields, where A, B =

1, ..., N with N the dimension of the representation of the Lie algebra g, satisfying

{KA, /iB} = {RA, /_ﬁB} = O, {/_iA, KB} = (SE (2119)
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The Dirac operator may be recast as
D = "0 + wu + FAu), (2.1.20)

where the indices of x(k) are omitted. The final Lagrangian, including background gauge

and gravitational fields, is of the form

L= S0u(D)d + o (0 + Fuft?) + iRA(R® — AT )

imF TAB Y% kg, (2.1.21)

where F3T, = Fj The."ey” is the gauge strength of gauge field A, which plays the
same role as the spacetime curvature 1,4 of ¢,,. Notice that this theory has a mismatch
between the number of bosons and fermions caused by the introduction of the fermions
ka and k 4; however, as mentioned before, the Dirac operator anticommutes with 75, and

we then can write the index of the Dirac operator as

Tr <75 6-51?2) =n"0(y5 = +1) — " (y5 = —1), (2.1.22)

where nf=0(v5 = +1) refers to the number of the zero eigenvalues of the Hamiltonian
H = lD I) with v5 = +1. Therefore when the index (2.1.22) is computed, we have the

equivalent Witten index (2.1.4) of the supersymmetric system.

We now turn to calculate the functional integral of Lagrangian (2.1.21) for the partition
function (2.1.22) in the limit 5 — 0 as the index is a topological invariant which does
not depend on . In this limit, the functional integral is dominated by time-independent
constant configurations, which indicates that the higher order interaction terms will drop

out from the action, i.e.

P(t) = op + &), () =g +CUt),  ca=¢ca=0, (2.1.23)

where £#(t)(¢*(t)) are the fluctuations of ¢(¢)) around ¢y(1)g), which are not constant
configurations, and we also expand around A, (¢o) for last two terms of (2.1.21). The

functional integral nicely splits into constant and non-constant configurations. Then in
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the saddle point approximation (see Appendix 1) by using Riemann normal coordinate
expansion around ¢, (which means local coordinates are chosen such that the form of a
generic metric is as close as possible to the flat metric), we obtain the Atiyah-Singer index
of the Dirac operator (2.1.20) of the 2n-dimensional spacetime manifold M,

sinh(iz:/2)’ (2.1.24)

I(lp) :( J )n/M(Treéd’gngab)ﬁ

o .
where z; are the eigenvalues of the skew matrix R, = %Rabcd@bg@bg.

More geometrically, we define the curvature and the gauge strength as the two-forms

1
R, = §Rabcddxc A dx?, (2.1.25)

1
F = §Fabdx“ N (2.1.26)

Here the states with one fermion ¢/°|(2) or their constant configurations )} |2) correspond
to one-forms on the spacetime manifold M due to the quantisation algebra {1;,¢,;} =
9i;(¢). Therefore, the Hilbert space of the supersymmetric quantum theory can be repres-
ented by the exterior algebra A*(M) on M. The index of the Dirac operator can be recast

as
(D) = (2;)” /M ch(F)A(M) (2.1.27)

in terms of
ch(F) =Tre"?  and A(M) = ﬁxli/Z
’ sinh(z;/2)’

i=1

(2.1.28)

where ch(F') is called the Chern character of the principal bundle in terms of the gauge

field A, and A(M) the A-roof genus of the manifold M [EGHS0].

2.2 Index Theorem in String Theory

2.2.1 Witten index in Superstring Theory

We saw that the Atiyah-Singer index theorem may be recast by computing the partition
function of a supersymmetric field theory (with the supercharge playing the role of the

Dirac operator) using path integral techniques. We also saw that index theorems probe
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topological properties of the configuration space M of a specified field theory, so one may
expect to find similar properties of the configuration space of a closed string theory, i.e.
the loop space L(M) of M, by studying index theorems in string theory [AKMW87a]
[AKMWS87b] [Wit88]. It was therefore natural for these authors to consider the general-
isation to string theory of the partition function used in the case of point particles, and
to calculate it with path integral techniques, while identifying which operator would play
the role that the Dirac operator plays in field theory. It turns out that this operator is the
supersymmetry generator (7, also known as the Ramond operator. It is the zero mode of
Tr(z), the fermionic part of the energy-momentum superfield 7'(z,6) = Tr(z) + 015(z)
in the superconformal field theory associated with the closed superstring, while Ly is the
zero mode of its bosonic counterpart. Its index W1(Gy) is given by the partition function
of a closed superstring sweeping a two-dimensional torus embedded in a 2n-dimensional
spacetime manifold M (in the point particle case, the particle moves around a closed loop

on the spacetime manifold /). One has,
WI(Go) = Tr ((—1)" exp(~27m:H + 2mim P) ) , 2.2.1)

where the complex variable 7 = 7 + i3, 75 > 0 parametrises the 2d-torus, which is the
world sheet swept by the closed string, (we ignore that the string can slide on itself during
its time evolution), P is the momentum operator generating a rotation between the initial
and final states of the closed string, signalling the existence of an S* action on £L(M). The
momentum P and Hamiltonian /' commute, i.e [H, P] = 0, and therefore, the states of
the system can be labelled by both the eigenvalues of H and P.

In the radial quantisation, the Hamiltonian is given by
_ 1 -
and the momentum is of the form

_ 1
P=Ly—Ly— —(c—c 2.2.
0 0 24(C C)? ( 3)
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where L (L) are the left (right)-moving Virasoro generators and ¢ (left-moving) and
¢ (right-moving) are the central charges of the corresponding superconformal field the-
ory. The Ramond operator commutes with P and H and anticommutes with the fermion
number operator, i.e. {(—1)¥, Gy} = 0. The underlying superconformal algebra reveals
that

G2 = Lo — c/24, (2.2.4)

which implies that the states |¢)y) invariant under supersymmetry satisfy Go|ig) = 0
and Lo (1) = 57|bo) (these are the supersymmetric ground states), and that the Ramond
operator may be used to pair a bosonic and a fermionic state if the eigenvalue of G% is

strictly greater than zero. Indeed starting with a state |1);,) such that

Lolgn) = hltpp) and  (—=1)7 [n) = |1hn), h #0, (2.2.5)

the state |y,) = Gy |1, satisfies

Loltn) = hltn) and  (—1)F |iy) = —[in), (2.2.6)

so that, for all h # 0, the pair (|¢5,), |¢5,)) consists of a bosonic and a fermionic state of
same conformal dimension h. This has an important consequence on the index of Gy: the
presence of the operator (—1)" in the trace means that all these pairs effectively disappear
from the counting and only supersymmetric states of type |¢y) may contribute to the index.
It is therefore possible to rewrite the index (2.2.1) in a more precise way, first with the

help of (2.2.2), (2.2.3) and (2.2.4), namely
WI(Gy) = Tr ((_1)F qLo—c/24 q—LO—a/24) — Tr ((_1)Fng q—ZO—a/24> : (2.2.7)

where ¢ = exp(2miT) and § = exp(—27iT), T € §, where §) is the complex upper half-
plane. Since the only states contributing are zero-eigenvalue states of the operator Lo — o7,

the index W1(G,), viewed as a trace restricted to these contributing states, takes the form

WI(Go) =Tr ((-1)7q ") =Tx ((-)F mnim?)

=Tr ((—1)F e2rinPr2mmil) (2.2.8)
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since

)= (L= =—(Lo—5) ad H=-P  (29)

P= (L - 24 24

with the trace restricted to the supersymmetric states |t)). Finally, one may write
WI(Go)=q" % 3 1,3 (2.2.10)
n=0

where the eigenvalues of P are of type —(h — i +n),n € Nand I, for each value of n
is an integer interpreted as an index on the subspace of states with momentum eigenvalue

—(h — & +n). Hence WI(Gy) is an example of a character-valued index.

2.2.2 The Index of the Ramond Operator

In this subsection we will realize the Ramond operator G5 in terms of a (1+1)-dimensional

supersymmetric non-linear o-model [AKMWS&87b], which generalizes (2.1.14), namely

L= gu(0)06"0¢" — g (0) (0" + 0¢°Th W V0", o, B,pv=1,...d, (2.2.11)

where 0 = 0,, 0 = 0, and ¢*(z, Z) are 2d-scalars with their superpartners 1)*(z) which
are 2d-, right-moving Majorana-Weyl spinors. Then the supersymmetric charge is defined

as
Q=Gy= / dzg,, Yo" . (2.2.12)

As for the Dirac operator, the index of the Ramond operator /(G)) can be calculated in a
similar approach, i.e. using path integral techniques on the partition function of the theory
with Lagrangian (2.2.11), but some modular functions appear. One expects the index to
only carry information about the loop space L(M ), i.e. it should only depend on 7; and not
79 (since P is the ‘loop’ generator) but (2.2.8), which is the character-valued index, clearly
depends on 7,. As pointed out in [AKMW87a], the character-valued index is the boundary
value of the index, which is an analytic function of ¢q. Therefore one calculates the path
integral in the small 7 limit and then analytically continues the result to the associated

analytic function to obtain the index. In order to do so, only the quadratic approximation of
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(2.2.11) is needed. We therefore consider the Riemann normal coordinate expansion about
the configurations ¢* = ¢} + &* and " = ¢ + (*, where ¢l and )/ are the classical
constant solutions while £# and (* are the fluctuations about these classical solutions. We

have
0) = s Drg(0) = 0, 0,01gul10) = =5 (Ryun + Riry): 2213
Then the quadratic approximation to (2.2.11) is
L = 06"0€, + Ru,06"E” + 0CH ¢, (2.2.14)

where R, = %RQBW@/J%ZJB. The index of the Ramond operator could be reduced to that

of the Dirac operator

1 d i d [Det’(é)]m
(2m)d/2 /M Tod'y [Det'(—00 + RI)]V/2’

1(Gy) = (2.2.15)

where Det’ means that the zero modes are not included in the calculation of the determin-
ant, and R is the matrix with entries 7. In calculations, the torus considered has periods
wi = 1 and we = 7 (recall that the modulus of the torus is defined as 7 := g—f, TES)
and we consider the period lattice I' := {w = m + n7|m,n € Z} (corresponding to
periodicity under z — z + 1 and 2 — 2z + 7) alongside its complex conjugate version
[ := {w = m+n7lm,n € Z}. In order to calculate I(Gy) it is helpful to rewrite the ratio

of determinants in (2.2.15) as

[Det’(é)]l/Q B [Deﬂ(—éa)]lﬂ [Det/(é)]l/g B / o
[Det'(90 + RA)|V2  [Det' (90 + RO/ [Det' (—00)] /2 = Det/(—0 + R) 2.

(2.2.16)

[Det'(9)]"/2
] [Det!(~d0)]1/>
—00 for the flat metric on the torus C/(Z + 7Z) is

We first evaluate the ratio

The regularised determinant of the Laplacian

Det/(—00) = 472 |n(7)|*. (2.2.17)

A detailed analytic derivation of this result may be found in [RS73] and Siegel’s Lecture

Notes on Advanced Analytic Number Theory [Sie65], where zeta function regularisation
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is used. We have presented the zeta function regularisation of the determinant of the
Laplacian in one dimension in Appendix 2.A to highlight the technique in a simpler
setting. As explained there, one starts by defining a zeta function for the differential
operator of interest. Here, O = —90, the Laplacian operator with eigenfunctions given
by

e T el el (2.2.18)

and eigenvalues (Zw)(Lw) = (;7;)2 |m + n7|* = A\, so that (s € C),

Cols)= 3 M= 5 (D) Zmtar

(m,n)#£(0,0) (mn)£(0,0) T2

:27T 2“)’z:n”fzs—l—2 2322]m+n7\ —2s
T2 m=1 n=1meZ

— ( )72 ¢(2s) 282 > im+nT|7, (2.2.19)
T2 n=1meZ

where ((s) is the Riemann zeta function. It is well-established that ((s) can be continued
analytically into the half- plane Re(s) > 0 and that the continuation is regular on that
half-plane, except for a simple pole at s = 1 with residue 1 (for a proof, see [Sie65] for
example). So ((2s) has an analytic continuation on the half- plane Re(s) > 0, which is
regular except at s = %, where it has a simple pole. For the regularisation of determinants,

one needs an analytic continuation of (_g,(s). The sought analytic continuation is [Sie65;

RS73]
Cs0(5) = —1—2s1n| ﬁ (1— g™ —2slnm —2sln2 + gTQ s, (2.2.20)
m=1
with (_55(0) = —1 and
¢ 55(0) = —21n]| ﬁ (1— g™ —2lnm—2In2+ grz. (2.2.21)

Since e757 = ¢~ (") = g g1z, and (1) = ¢21 [[2_,(1 — ¢™), one gets

Det/(—00) = e Cao® = 473 In(T)* (2.2.22)
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as announced. This is consistent with the familiar partition function of a free boson on a

torus (c = ¢ = 1), given by
Trgho—/2gho1/2 = y(7)~'p(7) " = 2Imr Det'(—00) /2. (2.2.23)

The regularised determinant for the operator 9 may be obtained by similar methods. The
eigenvalues are ~w, w € 1" and, after the appropriate definition of a zeta function C5(s)

for —m < argw < m, one gets (see for instance [QHS93]),
Det/(9) = —2ims ¢ Y/ 21()2 = —ig~/2Det/(9) (2.2.24)

This result is closely related to the calculation of the partition function of a free periodic
(R, R) fermion on a torus. If one integrates the (¢ = 3) holomorphic field only, ignoring

the zero mode, one gets
Tr' (—1)Fghom/48 = g7 V81 TT (1 — ¢™) = n(7) o (27) /?Det/(0)/2. (2.2.25)
n=1

In d dimensions the result is [AKMW&87b]

[Det'(9)]'2 1 d
[Det’(—00)]1/2 - [(27'2)1/217(%)]

We now briefly comment on the first ratio of regularised determinants in (2.2.16). Let

(2.2.26)

us denote by £27)\;,;7 = 1,.. .g the eigenvalues of the skew matrix R, i.e. we set

RQZ‘_LQi = —Rgﬁgi_l = 271')\2 Then,

[Det'(-da))'/2 42 2T\

- _ — 1 —
[Det' (=00 + R9)]'/2 z:Hl [(m,n]);[(0,0)( m +nT

d/2 QiTQ )\z

B (H 0(22'7'2/\,)

=1

! (2.2.27)

1
) exp[ng(w) Z A2, (2.2.28)

where we use the Weierstrass sigma function associated to a 2d-lattice A € C, namely

2
olz):=2 ] (- %) exp(i + 1Z—), (2.2.29)

2
BHER\(0,0) woo2w
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together with the weight-2 Eisenstein series

(2.2.30)

Go(w) = 2:Z<Z(m+lnﬂ2>

wen\{(0.0)} U m \m

(m,n)#(0,0)

Note that the above expression is not absolutely convergent since the G(w) is not abso-
lutely convergent. A nice way to avoid this is to let the coefficient of Go(w) vanish, i.e.
S A2 = py(M) = TrR? = 0, which means the first Pontryagin class of the manifold
vanishes.

Finally, we use the expansion of o(z)/z in terms of Eisenstein series

Gu(r)= Y (m+nr) %, (2.2.31)
{m.n}#{0,0}
namely
o) _ = exp[— Zz%Gk (2.2.32)
V4

in (2.2.27) and, after inserting (2.2.26) and (2.2.27) in (2.2.15), we obtain the final result
[AKMWS87b]

a2 g 2w 1
Go) = ¢~ /2N T _/ dd 1T,
1) zgu i 10 (izi/2m,w) n(q)*

d/2 [e’e)

= / ddeeXp kZQ (2% Gor(T)2?)n(q) ™. (2.2.33)

2.3 Elliptic Genus

Witten predicted that the role of the supercharge of the supersymmetric nonlinear o-model
in elliptic cohomology might be similar to the role of the Dirac operator in K-theory.
Consider the previous case of the index of the Ramond operator (2.2.12). We may define
the elliptic genus FG(Q) of the supercharge of the 2d supersymmetric nonlinear o-model

with supersymetric right-moving Ramond sector as

EG(Q)(q) = 1(Q)n(q)". (2.3.1)
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EG(Q)(q) is a modular form of SL(2,2Z)/Z, of weight d/2 which may be written as

EG(@)(g) = [T exp(2 (;WG%(T)A?’“), (23.2)

where \; are the eigenvalues of the curvature two-form R, and Gy, is the Eisenstein
series of weight 2k.

We may generalise the theory to the case of a closed type-II superstring with Ramond and
Neveu-Schwarz sectors for right and left moving modes respectively. The elliptic genus is

given by

n(=q"'"?)
n(g)n(=q)
where EG(Q)(q) is a modular form of weight d/2 for the congruence subgroup I'y(2)

Q) = ( Y EG(Q)(q) = Trg™ gho(—1)Fx, (2.3.3)

of SL(2,Z), and (—1)* is the fermion number operator for the right-moving Ramond
sector.
Hence, one might conclude that alternative supersymmetric nonlinear o-models will have

alternative way to define elliptic genera.
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2.A Partition Function and Path Integral

2.A.1 Partition Function of Bosonic Harmonic Oscillators

In this appendix, the determinant of the Laplacian operator is calculated in the case of
a one-dimensional harmonic oscillator. The aim is to highlight the technique of zeta-
function regularisation of determinants, which is used in Subsection 2.2.2 in the case
of the Laplacian for the flat metric on the torus C/(Z + 7Z). The Lagrangian of a one-

dimensional simple harmonic oscillator with mass m = 1 is given by
Lo = 5::':2 — —wiz (2.A.1)

with energy eigenvalue E,, = (n + %)w The partition function is easy to compute as

o 1
Zno = Tre PH = Bty -~ 2.A2
HO re Z c 2 sinh(%ﬁw) ( )

We now evaluate the partition function by using path integral methods, and the partition

function may be written as

g 1
Zno = Tre M = / dy(zle ™ |z) = / 01y DYV XL / dt5 (& + w?a?)]
B 0

z(0)=y
 pienl [ 4wl
= exp|— —r(——— tw
o=y 0P Jo T T ap
d2
= [Detppo(—— + w?)] V2, (2.A.3)

dt?

where "PBC’ stands for ’periodic boundary condition’. We used the Gaussian integral for

the last step above, i.e.
/Dx exp(— ZAUJL' x;) = (det A)~ 1/2 (2.A4)

where A is a real symmetric positive definite matrix. To evaluate the determinant with

PBC, we first write the Fourier expansion of x(t) in the form

(2.A)5)

-
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then we have

DetPBC(_jt? —i—w2) = H((22n)2 w2) — w2<f_j[1[(27ﬂrn)2 w2])2
_ - 27-(7” 212 w - 67@ 272
[nllll( 3 )?I( ]£[1(1+(27Tp) )2]
— Detp(— ) X @IIA+ (PP @A

where Det’ means the determinant with the ’zero modes’ excluded. To calculate Det’s 5 (— j—;)

we will use the zeta function regularisation.

Let Obea positive definite operator with eigenvalues { ), }, and formally we have
/ R R /
logdet O = Tt log O = > log A, (2.A.7)

where the prime denotes the omission of the *zero mode’. Now we define a zeta function
of the operator O as
!/
1

Cols) =2 (2.A.8)

The right-hand side of above zeta function converges if Re(s) is sufficienty large and ()
is analytic in this region. Note also that the zeta function can be analytically continued to

the whole s-plane except at some (finite number) positive points. Hence we have

dCo(s)

/
o =—S"log\,. 2.A.9
s |s=0 > log ( )
and then
T .
det O = exp[—dcgs(s)ho}. (2.A.10)
Now we take O to be O = —d? /dt?, hence
2mn —2s 5 2s
Cazjarz(s) = D (=)™ = 2(;-)*((29), (2.A.11)
0 Io] 2m

where ((s) := >>°, n~* is the Riemann zeta function with ((0) = —1/2 and {'(0) =

—1log(27). Then we have

d<,d2/dt2 (8)

I ls=0 = 2 x 2 x ((0) x logfﬁ +2x2x(0)=-2logB, (2.A.12)
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hence the final result is

27
Det  hut) = [1(1+ (2P = @2sinn(28w))? 2.A.13
etppo(——p +w') = [(6w)p];[1( + (o) )" = (2sinh(56w))",  (2.A.13)

and
1
Tre M = ———— 2.A.14
e 2sinh(3fw)’ ( )
which agrees with (2.A4.2). Note we used the formula
inh
Sh(@) _ 11+ (L 2.A.15)
x i’ nm
2.A.2 Partition Function of Fermionic Harmonic Oscillators
Recall that the Hamiltonian of a Fermionic Harmonic Oscillator is given by
1
H = 5(bTb — bbNw, (2.A.16)
where the operators b, b' satisfy the anticommutation relations
{b,b} =bb" +b'b=1, {b,b} = {b', b} =0. (2.A.17)
Then we could write the Hamiltonian as
L4 ; 1
H = 5([) b—(1—-0"0))w:= (N — i)w, (2.A.18)

where the number operator is defined as N = b'b with eigenvalue 0 or 1 since N2

bbb’ = bb = N. Therefore we could derive the partition function for a Fermionic
Harmonic Oscillator in the form

Tre " =3 " (nle ™ |n) = e /% + ™/ = 2 cosh(Bw/2).
n=0

(2.A.19)
Now we evaluate the partition function from fermionic path integral formula, i.e.
Tre P = / do*do(—0|e "110)e=0?, 6,0 Grassman variables (2.A.20)
where the completeness relation [ df*df|0 >< 0e=?"°

= 1 is useful. Note that we impose
anti-periodic condition #(3) = —6(0) in the trace. Inserting the completeness relation into
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the partition function and with the help of the expression
—B8H __ 1: . N
e = ]\}gr})o(l BH/N)™Y, (2.A.21)
we have

N-1 o
Tre "7 = lim /d@*d@e’e*e 11 46;dbre” Yo O

N—oo el

(=01 — BH/N|Ox—_1){Ox_1]...|0:)(6,|1 — BH/N|O)

N—oo

N N
— lim_ [ T] dojdoe S0
k=1
X (On|1 — BH/N[On_1){On—1]...|01){01]1 — BH/N| — O). (2.A.22)

Let us focus on one matrix element, i.e.

(0| (1 = BH/N)[Ox—1) = (Oxl0s1)[1 - f,%]

0x| H |0 —
~ (Onl6r-1) eXp[—Jer
= exp|0 0] exp[—f,wwzekl —1/2)]

= exp[g;] exp[(1 — ffw)@,j@k_l], (2.A.23)

where we used (0;|0x_1) = 1 + 0;0,_1 = exp|0;0;_1]. Then the partition function could

be expressed as

N N * N 8 *
Tre 1 = ¢™/2 lim 11 /d@Zdee’Zml 0 2 nms (1= N )030n—1
N—o0 el

N
= /2 Jim ] [ dojdge D 0500 (050
k=1

N—oo =
B fw. d
_ LBw/2 * . * N tad Yl
e /De DO exp| /0 it (1= 52) 2+ w)f)
w., d
= P Det appe((1 — f\f)dt tw), (2.A.24)

where "APBC’ denotes anti-periodic boundary condition §(5) = —6(0). The Fourier

wi(2n41)t

expansion of 0(t) is O(t) =>>° ___60,e” & ,then

N/4 _
Tre ## = e™/2 lim  J[ [i(1 - ﬁw)w + w]
N—oo k=—N/4 N 6
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= Pw/2e=Bw/2 ﬁ [(M)2 + w?]
k=1 5
STGELEI Bu

:1:[ = [:[H n_1>)] (2.A.25)

Note that the first product is divergent and need regularisation. Let us denote

> 2n(k —1/2
logP =32 log| X — 1/2)) (2.A.26)
= B
and the corresponding zeta function is of the form
. < or(k—1/2),_. B .
) = S - (D, A2
= g 2m
with P = e=%'(®) where the generalised ¢-function is defined as
((s,a) =) L 0<a<l (2.A.28)
s,a) =y ——— a<l1, A.
= (k+a)®

with ¢(0,1/2) = 0 and ¢’(0,1/2) = —3 log 2 as the derivative of ((s)ats = 0is
&(0) = log(Qi)C(O/l/Q) FC0.1/2) = 3 log2. (2.A.29)

Therefore we have P=2 and the final version of the partition function is of the form

_ 1 pw pw
Tre P% =2 TT[1 + (———)% = 2 cosh(— 2.A.30
where we used cosh(z/2) = [[>°,[1 + WQ_I)Q]
For later use, we next introduce the’twisted’ trace
F-BH _ —p(~ ) B _ o gy W
Tr(—1)"e =e 2% 4 (—1)e "'2’¥ = 2sinh TR (2.A.31)
-1 0
where (—1)F = , and H is the Hamiltonian of a fermion. And from above
0 1

calculation we may express the twisted trace as path integral of a fermion with periodic

boundary condition.
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2.A.3 The Supersymmetry Path Integral

To put the bosonic and fermionic path integrals on an equal footing, we may impose
periodic boundary conditions on the fermionic part of the partition function, i.e.
1

Te(—1)"e™ =3 _(0](=1)"e~*"|0)

n=0

— / d6*df(—6)(—1)F e 1 |g)e—0"

- / d6*df(8)e "1 |8)e 00, (2.A.32)
-1 0 0 —0
where (—1)F|0) = = =|—6) and (9|(—1)F = (0|. There-

0 1 1 1
fore the supersymmetry path integral in the Euclidean time is of the form

Te(=1)" exp(—BH) = [ do(t)du(t) exp(~Sp(6,v)), (2.A33)

PBC

where ¢(t), 1 (t) are bosonic and fermionic field respectively, the PBC is the periodic
boundary conditions with period /3 for short which means ¢(0) = ¢(/3) and ¥(0) = (),

and Sg is the action in the Euclidean space.

2.B Saddle point approximation to calculate indices

We will give detailed calculation of the index of the Dirac operator (2.1.20) by using
the saddle point approximation in the Riemann normal coordinate expansion about the

constant configuration ¢, which is of the form

1

g,ul/(QSO) = Ny a)\g;w(qbﬂ) = 07 nabwza(¢0) = §Rab;w€y' (2B1)

Then the second-order term in the expansion of the Lagrangian (2.1.21) will be given as

1 : : 7/ : 7/ ha .. — Z a [6% —
£2 = §nMV€M€V + §RMV€M€V + §nabCaCb T lRAKA — §¢O SFab(gbO)’{AT;BKB' (2B2)
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where R, = %wngRabW. Let us first consider the first three terms, and we will evaluate

the index of D, i.e.

(D) = /M DEDC exp(— /0 YLy, (2.B.3)

where we have used that the measure of the path integral DED( = D¢D1) is invariant
under the translation of ¢ and v). The Fourier expansions of £# and ¢* (for simplicity, we
assume [ = 1) are

o0

= > ghem?mm, (2.B.4)
(h= Y (e (2.B.5)

Then we could rewrite the 7()) by using Gaussian integrals of Grassmann even and odd

numbers as
L [Det/PBc(5 ui)]l/Q
I(D)=N —debdct —— O 086
() /M};[l V2 €0 dCo [Detppe(—0u 9 + Ryuw(o)4)]1/?
2n 1 / J )
— N /M MHl e A Detlppc (b g+ B (60)] v 0B

where N is the the normalisation factor which will be i"[7], 1/+/27 is from the Feynman
measure for the constant modes, and Det’ means we omit the zero modes in the determin-
ant. As R, = —R,,, is antisymmetric, we may write block diagonalized R, in 2n-dim

manifold M as

0 =
-z 0
R,, = , (2.B.8)
0 x,
-z, 0
and we focus on a 2 x 2 block,
/ _% 11 @& 2 2 2
Det = Det (—@ +27) = [[ (27 + (27n)?) (2.B.9)
—T1 Ty n#0
— [T ) [+ (2":?”)2]]2 (2.B.10)

n>1 n>1
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d* . sinh x1/2

= Det/(— dt2)( 2 )2 (2.B.11)
= (Smilj;p)z, (2.B.12)

where we used Det/(— d;) = 1 by Riemann zeta regularisation. Therefore the index of

the Dirac operator could be write as

x;/2
Ip /M H sinh z;/2 (2.B.13)

Then we consider the last two terms of the Lagrangian (2.3.2). As we did for the first

three terms by expanding around A, (¢,), we will compute the fermion determinant

d a,/b
Det’ (dt 2Fab¢o%)- (2.B.14)
By using the formula
Tre ™" = det(1 + €*), (2.B.15)

where w is an antisymmetric matrix, we have the final expression of the index

(D) = (Qir)n/M ch(FYA(M), (2.B.16)

where ch(F) = Tr ef/?" with F = 1F,0§y} is called the Chern character of the

principal bundle defined by the gauge field, and fl(M ) =11, Sinizg/c 2 73) is known as the

A-roof genus [EGHS80]. This (analytical) index of I) is the celebrated Atiyah-Singer

formula for index of the Dirac operator in even dimensional oriented compact manifold.



Chapter 3

Superconformal Algebras and Elliptic

Genera

In this chapter, we first review the Virasoro algebra and its representations, and then
discuss a natural extension of the Virasoro algebra, i.e. the superconformal algebras of
2-dimensional superconformal field theories. In 1971, P. Ramond introduced fermions in
the Dual Resonance Model [Ram71], which could be considered as the first example of
the super-extension of the Virasoro algebra. After that, Neveu and Schwarz considered
this model further by introducing fermionic operators [NS71a][NS71b]. Ten years later,
L. Alvarez-Gaume and DZ. Freedman [AF81] studied the superconformal o-model, and
physicists started learning superconformal field theory as the world-sheet theory of string
theory with two different superconformal algebras introduced by Ramond, and Neveu and

Schwarz, respectively.

We will briefly discuss the N' = 1 superconformal algebras when introducing a super-
charge operator, and then if there exists a current operator (R-symmetry) in a supercon-
formal field theory, we will have the extended N' = 2 superconformal algebras. From
N = 2 to small N' = 4 we will use Odake’s [0da89] approach, i.e. introducing a spec-
tral flow generator S(z). We then study the representation theory of the small N' = 4

superalgebra and give the characters of unitary, highest weight state representations of
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this algebra. Finally we will introduce the conformal field-theoretic elliptic genus of a
small N = 4 theory whose calculation requires knowledge of the characters, and recall the
Mathieu Moonshine phenomenon which was observed by Eguchi, Ooguri and Tachikawa

in 2011 [EOT11].

3.1 Virasoro Algebra and Representations

In this section, we will review the Viraroso algebra and its representations. The general

form of the operator product expansion for the energy-momentum tensor is given by

8T(w)+ 2T (w) N c/2

2

T(2)T(w) = ¥ .. (3.1.1)

z—w (z—w) (z —w)4

where ¢ denotes the central charge of a conformal field theory. We perform a Laurent

expansion (aka mode expansion) around the origin z = 0, namely

dz

= L= o

neZ

2HT(2). (3.1.2)

e

Then we could calculate the commutator of two generators L,, and L,, with m,n € Z by

the help of the OPE (3.1.1), i.e.

m+1 n+1
[Ems Ll me i 7T (w)

ST
%Qm gl ﬁzmﬂ(@T(w) N 2T (w) N c/2 )

w 278 z—w (z—w)? (z—w)?

= ;l:;w”*l # (On+ Dm(m — =25 4 20m + DT (w) + 00,7 (w))

d
_ 2w (12 <m3 - m)wm-i-n—l =+ 2(m 4 1>wm+n+1T(w) + wm-i—n—l—QawT(w))
T

C

= 5 (1 = M)+ 20m + 1) L +0 = (1141 +2) Ly

Em® = m)S im0, (3.1.3)

- - Lmn
(m —n) L T

where § and §, means the contour integral around origin and point w respectively, and we

denote L, = § 222"*'T(2) and L,, = § &2w™ T (w). We call the above algebra the

21 2m

Virasoro Algebra. One could also obtain the Virasoro algebra by the central extension (the
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term containing the central charge) of the Witt algebra. Note that there may exist different
CFTs with the same central charge, which will be important in the future discussion.
In a closed string theory, two decoupled Virasoro algebras with central charge (¢, ¢) play

an important role and are given below

C
[Lm7 Ln] = (m - n)Lern + E(mg - m)éern,O;

[Lom, L] = 0. (3.1.4)

In order to build a quantum field theory with conformal symmetry, we need a Hilbert space
H, a vacuum vector |0) and a bunch of observables. Consider a primary field ®(z, z) with
conformal weights (%, h). Then it satisfies the following OPEs with the energy-momentum

tensors 7'(w) and T'(w),

T(w)®(z,2) = ——=P(2,2) + 72(9,2@(2, Z)+ ...

Tw)®(z,2) = h@(z,z)—i-lzag@(z,z)-i-.... (3.1.5)

We can perform a Laurent expansion around the origin of the complex plane C? as
O(z,2) = S 2, (3.1.6)

nme”Z

Then we define an asymptotic in-state |P) as

) := lim ®(z,2)[0) = d_, ;|0), (3.1.7)

2,z—0

as z,z — 0 at the origin of the complex plane implies the infinite time (past infinite)
0o = —oo on the cylinder. The above relation is often called state-operator correspondence
that maps a field ®(z, 2) to a state |®). Note that the above map is bijective which means
every state corresponds uniquely to a single local operator while for different fields one

can find the same asymptotic in-state. Note also that

®,,0) =0 for n>—h, m>—h. (3.1.8)
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The Hermitian conjugation of a primary field ® is defined by

o101
Ol (2,2) = 272 272P(=, ), (3.1.9)
z Z
with its Laurent expansion
ol(z,2)= 3zt (3.1.10)
n,meZ

hence we have @], = ®_,, .. Then the Hermitian conjugate of the asymptotic in-states,

namely the asymptotic out-states is given by

Note that
(@0 =0, for n<h, m<h. (3.1.12)

Asymptotic states are created by primary fields acting on the vacuum. Indeed, using

(3.1.2), (3.1.5) and residue analysis, one shows that, for n > —1,

1
[Ln, ®(2,2)] = =— ¢ dww" ' T(w)®(2,2) = h(n+1) 2" ®(z,2) + 2" 0®(z, 2),
T Jz
(3.1.13)
with analogous commutation relations when 7'(1) is used. If one considers the asymptotic

in-state state (3.1.7), and introduce the notation |h, h) = ®(0,0)|0), the commutation

relations above reveal that |h, h) is an eigenstate of the Hamiltonian since
Lo|h, h) = h|h,h) and analogously Lo|h,h) = h|h, h). (3.1.14)
Furthermore, for n > 0, the same commutation relations yield
Ln|h,h) =0 and analogously L,|h,h) = 0. (3.1.15)

So for instance, the conformal weight £ is the energy of the state |h, i_l) with respect to
the energy-momentum tensor 7'(w). Although the full conformal field theory contains
holomorphic and antiholomorphic degrees of freedom, they very often decouple from each

other in physics systems and one can for instance ‘ignore’ the antiholomorphic degrees
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of freedom when performing complicated calculations since it is very easy to restore
the dependence on these degrees of freedom at the end. In this spirit, we now consider
the following commutation relations for the modes ®,, = § 22" +"~1d(w) of a chiral

27

primary field ®(z) of conformal weight h, namely,

dz [dw . .1 ,in
Lo, ®u] = p 5~ P 52 " T (2) @ (w))]

dw . dz .

= 277” +h—1 g 277”2' +1T(Z)q)(w)
dw o [ dz h 1

Y P Sy L (R ——0,®
omi w 277 ((z—w)2 (w) + Z—w (w)
d

— %(h(m + 1)wm+n+h—1q)(w) _l_wm-i-n-i-hawq)(w))

=h(m+1)Ppin — (Mm+n+h)Ppis

= ((h=1)m — n)®p,sp. (3.1.16)

Let |h) be an eigenstate of Ly with eigenvalue h, i.e. Ly|h) = h|h) which is also annihil-
ated by L,,, for alln > 0. Then (3.1.16) shows that ®_,,,n > 0 acts as a raising operator

on |h). Indeed,
Lo®_u|h) = [Lo, ®_n]|h) + ®_nLo|h) = (n+ h)D_,|h). (3.1.17)
Furthermore for a state | W) of conformal weight H,
LoLyn|¥) = [Lo, Lin][¥) + LinLo|¥) = (Fn + H)Lin|V), (3.1.18)

which means the generators L,, and L_,, are lowering and raising operators respectively
(as they decrease (resp. increase) the energy H of the state |U')). We can construct a set
of states by acting with products of the raising operators L_,,n € Z-, on the state |h),
which is commonly called the ‘highest weight state’ of the Virasoro representation. The
terminology of ‘highest weight state’ for |h) is misleading here, given that the module is
built on |h) by the action of operators L_,,n > 0 which increase the energy from h to
n + h. However we follow the common practice here and will not call |h) a lowest weight
state. We have

Loa|h), L_slh), L_iL_1|h), L_s|h), ... (3.1.19)
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The hermitian conjugate of L,, is given by
(h|L_, =0,Yn >0 (3.1.20)

where LT = L_,
We now exploit the so-called state-field correspondence further. Note that the asymptotic
in-state of the energy- momentum 7'(z) is given by
Lo|0), T(z)=)> 2" L,. (3.1.21)
neZ
and hence the asymptotic in-state of the first derivative of 7'(z) is of the form
L_5|0), OT(2) =) (—n—2)z""L,. (3.1.22)
neZ
Also the asymptotic in-state L;|0) corresponds to the field d®(z) while (L;)?|0) corres-

ponds to the field 9?®(z). Table 3.1 summarizes what we have just described. Although

State Field Level
Ih) ®(2) 0
LR 00 (2) 1
L_lL_1|h> 82<I>(z) 2
L_5lh) T(z)P(2) 2
L,1L71L71|h> 83(b(2') 3
L,2L71’h> T(z)@@(z) 3

3

L_3|h) A(T'(2)®(2))

Table 3.1: State-field correspondence up to level 3

above, ®(z) was considered a primary field, 0®(z) and other fields in Table 3.1 are not
primary: they are called descendants of the primary field ®(z) and the corresponding states
are called the descendant states. In general (if there are no null states) the descendant states

are defined as

L7n1Lfn2--'Lfnp‘h/>7 0 < n1 < 1o <...< ng, n; € Z>0 (3123)



3.1. Virasoro Algebra and Representations 39

and the level of a descendant state is defined as N = nq + no + ... + ni,. We call the set
of descendant states along with the primary state |h) of conformal weight h the Verma
module V), . where c is the central charge of the conformal system. The primary state |h)
is then called the highest-weight state of the module.

Given a Verma module V), . we can construct the character

Chvh,c (T) — Trvh’CqLo—c/24 _ qh—c/24 Z a(n>qn _ Z dim(vh7c>qn+h—c/24’
TLEZZO nEZZO
(3.1.24)
where ¢ = €*™7 7 € HT, HT is known as the upper half plane and a(n) is the number of
states at this level. The second equality implies that the character is the generating function
for the degeneracy of states at each energy level, which means a character encodes the
information on the states in a conformal system in dimension two. Moreover, denote by

P(n) the number of partitions of n, and the generating function for P(n) reads

1 120 1
— g/ (3.1.25)
1—gN n(7)

Y. P(n)q" = ﬁ

n€Zso N=1
where 7(7) is known as the Dedekind eta function and a(n) = P(n). Then we can rewrite

the character of a Verma module as
chy, (1) = ¢"*'n7}(7). (3.1.26)

We now study the null states (aka zero-norm states) in a Verma module. The inner product

of two generic states in a Verma module is given by
(W|Lyy--- Ly Ly ...L_p | 1), (3.1.27)
where p, ¢ € Z>(. Atlevel-1, with the help of the Virasoro algebra one gets
IL1[m)||* = (h|LyL_1|h) = 2(h|Lo|h) = 2h(h|h), (3.1.28)
which is non-negative when A > 0. It then follows for the case n > 0 that

1Al = (BlLaLalB) = (bl[Lo, Ll = n(2h -+ (a2 = 1)(BlR),  (3.129)
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which is non-negative when h,c > 0. Next we discuss the null states at level two. For
n = 1, either h > 0 or h = 0. In the latter case, ||L_1|h)|| = 01i.e. |h) = |0). Let us act

with L, on a general state at level two, given by,

L_2|h> + CLL_lL_1|h>, a€R. (3.1.30)
Then
(L1, Ls]|h) + a[Ly, L_1L_4]|h) = (3 +2a(2h + 1))L_4|h) =0 (3.1.31)
when a = 2(#‘11) Then we act on the state (3.1.30) with Lo, i.e.
(Lo, L_s)|h) + a[La, L_1L_y]|h) = (4h + g + 6ah)|h) =0 (3.1.32)
when ¢ = QhZ(Zjh). Hence for a conformal field theory with central charge ¢ = th(Zﬁh) ,
the null state at level-2 is given by
3 2
)|h). (3.1.33)

Ly————L
(L 202h +1) !

The detailed knowledge of all null states in a Verma module V. j, is crucial in the construc-

tion of characters of irreducible, unitary representations of the Virasoro algebra.

3.2 N =2and N = 4 Superconformal Algebras

In this section, we will introduce the two dimensional superconformal algebras, which
play important roles in the discussion of the properties of two dimensional superconformal
field theories. Suppose we have a two dimensional conformal field theory with Hilbert
space H (we assume the spectrum to be discrete). The left-moving and right-moving
Virasoro algebras with central charge c, ¢ are defined in (3.1.4). From now on, we only
consider the holomorphic (left-moving) Virasoro.

The super Virasoro algebra [FQS84][FQS+85] [GKO86] (aka N = 1 superconformal

algebra) is a supersymmetric extension of the Virasoro algebra, described by a superfield

Tr(z,9) = G(2) + 9T (2) (3.2.1)
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where ¢ is a Grassman variable, T'(z) is the generator of conformal symmetry and the
supersymmetry generator (G(z) has Laurent expansion
G(z)= Y G232 (3.2.2)
r€Z+e
with € € {0, %} (e = 0 corresponds to the Ramond sector [Ram71] and € = % corresponds
to the Neveu-Schwarz sector ( see [NS71a] and [NS71b]) of the theory. The algebra of

modes is of the form

(L, Gy] = (% —1)Gsr, MEZ (3.2.3)
c 1
{G,,G} =204, + g(r2 - Z)éTJrS’O' (3.2.4)

We now consider a conformal field theory with ' = 2 supersymmetry [Ade+76]. The
N = 2 indicates we include 2 fermionic (super-)currents, denoted G*(z) in the algebra of
the theory, and we also introduce a new symmetry, known as R-symmetry, which rotates
the fermionic supercurrents onto each other. We denote the generator of the U(1) R-
symmetry in ' = 2 as J(z). As the Virasoro generators transform a primary field ¢ with

conformal dimension d as (3.1.16),
(L, &n) = [(dp — 1)m — n|min, meZandneZor Z+ ;, (3.2.5)
the commutation relations
[Lin, Jn) = —1dmin, L, Gy) = (5 —1)Giryys (3.2.6)

correctly encode the conformal weights of the Virasoro primaries J(z) and G*(2), i.e.
dg+ = 3/2, d; = 1. Here again, the modes of the supercharges G* are integer (Ramond

sector) or half-integer (Neveu-Schwarz sector). The U(1) R-symmetry generators satisfy

[Jma Jn] = gm(strn,Oa (3.2.7)

and

[, G| = £G5 (3.2.8)
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—

which indicates the supercharge G* have charges = 1under this affine «(1) algebra. Finally,

the supersymmetry algebra is given by

{GF.GT) =0, (3.2.9)
Kﬁiﬁ}zzhﬁiﬂr—ﬂﬁﬂ+q%ﬂﬁ—lﬁﬁw. (3.2.10)
The N = 4 superconformal algebra can be generalised from the N/ = 2 case by introdu-

cing a spectral flow generator S(z) [Oda89]. The OPEs for the NV = 2 superconformal

algebra are given by

I ) = 5
J@xyww)::zfufiww)+.”, J@ﬁG‘hw::ZiiUG‘@O+a.w

GH)G (W) = 30 2—Cw>3 <z2 i% - aj(wg - ZTW o

GT(2)GT(w) =G (2)G (w) =0+ .... (3.2.11)

where z, w € C, T'(z) is the energy-momentum tensor as before, .J(z) is the U(1) current
and G*(z) are the supercurrents. As usual, the ... stand for regular terms in the OPE
when z — w. The spectral flow generator S(z), which is a primary field with conformal

dimension dg = s/2 has the following OPE with the U(1) current,

J(2)S(w) = S(w) + . .. (3.2.12)

G (2)S(w) =)+ ..., G~ (2)S(w) = +... (3.2.13)

where the new generator R(w) is a primary field with conformal dimension dg = % and

ﬂdR@O:j:iR@0+”w

sS(w) N 0S(w)

(z—w)?  z—w

+.0y  GTRRW)=0+.... (3.2.14)

We also normalise S(2)S(w) = —2~ + ...

(z—w)?

The small N' = 4 superconformal algebra with central charge ¢ = 6k is the s = 2 case
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with
I (2) = SS(zL J_(Z):\/ES'(Z)7 J?’(z):;J(z),
GYz) = —V2kR(z), GY(2) = —V2kR(2), G*(2)=G%(2), G*(2) =G (2).

(3.2.15)

Hence we receive the (anti-) commutation relations of the small ' = 4 superconformal

algebra, namely

k
[Lpny L] = (m —n) Ly + §(m3 — M) 000
{G*,G") = {G*,G*} =0, a,b=1,2,

{Gg7 ég} = 25abLT+S - Q(T - S)O-tilb‘]:—&-s + l;(4r2 - 1)5r+s,05ab7

[ T2 = €8T+ S M09

m)“n 2
) a 1 ) b i Ya 1 7% b
[‘]m’ GT] = _§O-ame+r7 [‘]m’ Gr] = _§Uame+r’
m — m _
(L, Go] = (5 — T)GZHT, (L, G = (5 — T)GZHT, (3.2.16)
(L, JE] = —nJl s, (3.2.17)

where k € N is the level of the affine su(2) algebra. In particular, k = 1 refers to the K3

SCFT [EOTY89].

3.3 Representation Theory of the Small V' = 4 Algebra

In this section, we briefly discuss the representation theory of the 2d small N' = 4 algebra
which encodes the information of states of a 2d superconformal field theory with small
N = 4 supersymmetry.

The small N' = 4 superconformal algebra (SCA) with central charge ¢ = 6k contains a
level-k affine Lie algebra SZ\(2> . as the enhanced algebra from zﬁ) affine symmetry in
N = 2 SCA [Tao87] [ET88a]. The highest weight states are labeled by the conformal

dimension / and isospin / ( i.e. the eigenvalue of the Cartan generator J3 of sZ\(2) ). The

unitarity constraint on the representations of the small N' = 4 SCA provides a bound on
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the conformal dimension of both V.S and R sector (due to the supersymmetry), i.e.

R: h > i, (3.3.1)
NS : h>¢. (3.3.2)
There are two different types of representations in each sector, namely
e massive(or non-BPS, or long) representations:
R: h>i, 0=1/2,1,...,k/2, (3.3.3)
NS : h>¢, €¢=0,1/2,...,(k—1)/2. (3.34)
e massless (or BPS, or short) representations:
R: h:]z, (=1/21,...,k/2, (3.3.5)
NS : h=1¢ (=0,1/2,...,k/2. (3.3.6)

Characters of the small A/ = 4 SCA are defined as the trace over the representationspace

(Hilbert space ‘H), formally
Chipe(T;2) = Tryg qho=/?y’0 |y = e 2 € C. (3.3.7)

The explicit formulae in the Ramond sector are given by

e massive character (for non-BPS, or long representations) [Tao87] [ET88a]:

2 _kUy(T; 2)?
Chl]j,h,ﬁ(T; z) = qh = 12277((7_)3)Xk1,31/2<7_; ). (3.3.8)

e massless character (for BPS, or short representations) [Tao87] [ET88a]:

CnR (7—- Z) _ 1 192(7_; 2)2 Z (y2(k+1)m+2lq(k+1)m2+2lm_y—2(k+1)m—2lq(k+1)m2+21m
R[4 Vi(7,22) n(1)* ‘= (1+y-tgm)? (1+yq—m)?
3.3.9)

Note that the denominator in the massless character originates from the BPS condition that
the supercharge annihilates the BPS states, and if we ignore the denominator, the massless

character becomes the massive character at the limit 4 = k/4. Further, one may observe a
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recursion relation by simple calculation [Tao87] [ET88a], namely

2 0y(r;2)?
Chﬁk/4,f(7—§ Z)+2ChkR,k/4,Zfl/2(T§ Z>+Chkﬂik/4,€fl(7—§ z) =q "1 ka—u_uz(ﬂ z),

n
(3.3.10)
which shows how the non-BPS characters (at threshold, i.e. taken at the unitarity bound)
decompose into a sum of BPS character. There exists an isomorphism of the small NV = 4
SCA, called spectral flow, whereby the primed generators below satisfy the commutation
relations of small N = 4 if the unprimed generators do, and this is true for any real value

of the parameter 6. In the following, n € Z,

L, = L,+20J3+ 9225,170,
J/i — Jg + egan’O’ (],i — T7.:Lt:|:267

G = Ghoy, G* =Gt (3.3.11)

where 6 € [0, 1). One flows between the R sector and the V.S sector by letting § — 0+1/2
and taking ¢ = 0, while letting & — 6 + 1 (and also taking ¢ = 0), one flows from the
R sector to the R sector. The spectral flow is implemented in the characters by shifting

z—z+0rorz— z+0.1f6 = 1, one gets,

Chgf§+z/2+k/4,k/2fe(7'§ z) = qk/4yk0h;§h¢(7'; z+7/2), (3.3.12)
Ohhﬁ,k,é(ﬂ z) = Ohﬁh,Z(T; z+41/2), (3.3.13)
Chyg (ri2) = ChYS(ri2+1/2). (3.3.14)

Note that the massless character in R sector C h§ (7;0) is the Witten Index.

Consider the case of £ = 1, i.e. the small mathcal N = 4 SCA with central charge
¢ = 6k = 6, whose corresponding non-linear sigma model has K3 as its target space. The
massless character in the R sector becomes

1 —

2m?2_ 4m yq

DO T p— (3.3.15)
meZ 1 + qu

1 Do (75 2)?
V1(7,22) n(r)?

ChkR=1,h=1/4,z=0(7'§ z) =
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By spectral flow (3.3.13) (under the shift z — z + 1/2, y — —y, ¥2(7; 2) — V1(7; 2)),

the massless character in the R sector could be written as

~ 1 V1 (73 2)?
ChkRzl,hzl/4,z:o(T§ z) = 01 (73 22) 1,,7((7.)3)

1 m
Y gyt YL (3.3.16)
mez L—yqgm

and the relation between non-BPS and BPS characters reduces to

. —1/8 (7 Z>2'

Chity et jaemto(752) + 20 sy jay—o(T32) = —q n(r)? (3.3.17)
Define the level-/ Appell function as [STTO0S5]
¢y
Ki(1;2) = , (3.3.18)
(73 2) gz =
then
= 1 9(71;2)?
ChkRzl,hzl/4,é:0(T; z) = 5022 n()? (Ka(152) = Ky(7;—2)). (3.3.19)
The general case is
5 1 (7 2)?

Ch/ﬁh:wx,z:o(ﬂ z) = (’C2(k+1)(75 z) — K2(k+1)(75 —z)). (3.3.20)

0i(7522) n(7)?

Another expression of the R sector massless character could be written as [eguchi1988 unitary;

ET88a]
1/29 ( . ) im(m+1), m
Yy 2\T; % q Y
CRE et aio(T3 2) = : : (3.3.21)
k=1,h=1/4,¢ 0( ) 77(7-)3 = 1_|_qu
and in the R sector,
- 1/29 (- _1\mam(m+1), m
yPh(r2) « (=)™ y
ChE i o(T:2) = ,
kfl,h71/4,£70< ) 77(7_)3 ,gz 1 — ygm
Ui(7;2)°
——— (72 (3.3.22)
oy 17
where p(7; z) is known as the Appell-Lerch sum [EOTY89]
_ i 1/2 —1)m %m(m-{—l) m
u(ri2) = (=D)"q y (3.3.23)
V1(752) 2 1 — yg™

One can use complex analysis to prove the equivalence of the two different expressions

forthe massless character by comparing poles and corresponding residues.
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3.4 Elliptic Genera and Mathieu Moonshine

We briefly discussed a topological invariant named conformal field-theoretic elliptic genus
[Wit87] for a 2d non-linear c-model in Section 2.3 and in this section we will continue to

study the properties of the elliptic genus for a 2d non-linear o model with supersymmetry

N =(2,2)or N = (4,4).

We first review the conformal field theory on the torus and its partition function. The
general procedure for constructing a conformal field theory on the torus is to map the
local information of the CFT operators constructed on the plane to a cylinder with the
boundaries identified. More precisely, consider a pair (a4, az) of complex numbers which
are free over R, i.e. such that, for r, 7y € R, ryay + r3a0 = 0 = r; = ro = 0. One may
define a two-dimensional lattice (which is a discrete abelian group in C) using («, o) in
the following way,

A = {ma; + naslm,n € Z}. (3.4.1)

Then the quotient space T := C/A is a 2-torus with periods a; and cs. An element of T is

an equivalence class of complex numbers for the equivalence relation
z=2' < 3Im,n € Z|Z = 2z + may + nay. (3.4.2)

The shape of the torus is measured by the modular parameter 7 defined by

r=22 . T +im, 1,72 €R. (3.4.3)
231

Note that a lattice could be generated by different choices of the pair («, cv2), hence under

a deformation of 7, namely

ar+b

= ;
T cT+d

ad —bc=1, a,b,c,de”Z, (3.4.4)

the shape of torus is unchanged. We call such transformation the modular transformation.
Choosing {a = 1,b =1,¢ = 0,d = 1}, we have the T-transformation 7 — 7 + 1, while
the S-transformation 7 — —% corresponds to the choice {a = 0,0 = —1,c¢=1,d = 0}.

The transformations 7" and S generate the modular group and satisfy S? = 1, (ST)3 = 1.
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Before we exploit the partition function of a conformal field theory on the torus, we first
discuss the relation between the energy-momentum tensor on the plane and on the cylinder.
Under the conformal transformation z — f(z) the energy-momentum tensor transforms

as
T(z) = (OFPT(F(2) + 155(F.2), (3.45)

afodf-3(af)? . : . . :
where S(f,z) = —arr with 0 = 0, is known as Schwarzian derivative. Setting

f(z) = e*, we have

Tep(2) = 2°T(2) — o, (3.4.6)
24
with mode expansion given by
—n C c —nz
Tcyl(Z) = Z LnZ — ﬂ = Z(Ln — ﬂ(sn’())e . (347)

neZ neZ
In particular, the zero mode is then (L¢y)o = Lo — ¢/24. As we mentioned before the
(real) Hamiltonian H of a conformal filed theory is the generator for time translation while
the (real) momentum operator P is the generator for space translation. As Ly + Lo and
Lo — Ly generate dilations and rotations on the plane respectively, when considering a

conformal field theory on a torus, the Hamiltonian H,; and momentum operator I, are

given by
H=Hey = Lo+ Lo — C;;C, (3.4.8)
P=Py=Lo—L - "¢ (3.4.9)
= Lceyl — L0 0 24 . 4.
Let us now study the partition function of a conformal field theory defined as
Z(r1,73) = Try (e T2l (3.4.10)

where H is the Hilbert space of the theory. When using (3.4.8) and (3.4.9), we obtain the

partition function for a conformal field theory on a torus with parameter 7 = 7 + 7o

Z(7,7) = Tryy(qgho—c/?* gho=e/24) (3.4.11)

2miT

where ¢ = e“™7 as usual. Note that 7; and 7» correspond to space and time on the torus
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respectively.
One can also explain the partition function from the characters of primary fields and

descendants, namely

Z(r,7) =Y Fychy, (1)chyy, (), (34.12)
ij

where I}; € Z-( are multiplicities.

In a superconformal field theory with N = (2, 2) symmetry, the full partition function is
defined as

Z(,7_7 7*.) 2, 2) — TrH(qLO_C/24yJO qio—f/Qélgjo) (3.413)

where y = ¥ jj = e 2% 2 7z € C and Jy(.Jy) denotes the zero modes of the U(1)
current with integral charges in the left-(right-)moving sector. In (3.4.13), the Hilbert
space of states H encodes information from the R and NS sectors as well as their twisted
versions.

We first introduce the conformal field-theoretic elliptic genus for an A = (2, 2) supercon-

formal field theory,
EGu (73 2) = Tryngyn ((—1)Fy g2 qho=et) | (3.4.14)

where (—1)F = ¢miho=h) with F = F}, + Fg, M is the target space of the non-linear
sigma model, i.e. SCFT, and H denotes the Hilbert space of the Ramond sector. Note
that the elliptic genus is independent of ¢ due to the (—1) % insertion. We notice that the
relation between Z e the partition function restricted to the twisted Ramond (R) sector

and the elliptic genus for a A = (2, 2) theory is

EGu(r:2) = Z,3(r 7. 2.2 = 0). (4.15)

Similarly, for a theory with ' = (4,4) supersymmetry, the conformal field-theoretic
elliptic genus is defined by taking the sum over all states in the left-moving sector of the

theory while the right-moving part is fixed at the Ramond ground states

EG(752) 1= Tryngyn(—1)Fy?0 glome/2 gho=e/24, (3.4.16)
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—

where and J3(J3) denotes the zero mode of the Cartan generators of the affine su(2)
subalgebra of the A = 4 algebra in the left-(right-)moving sector, (—1)F = ¢™(2/6-275)
with F' = Fp, + Fh.

Let us now study the modular and elliptic properties of the elliptic genus for an ' = (2, 2)
or N' = (4, 4) theory on a Calabi-Yau manifold [KYY94] (In the following we will only
discuss the elliptic genus for a Calabi-Yau manifold.). The first property of the elliptic

genus is easy to read from the definition of an elliptic genus, namely
EGu(T;—2) =EGN(T; 2). (3.4.17)

which means the spectrum of the Ramond sector is symmetric under charge conjugation.
The modular (7) and elliptic (z) transformations of the elliptic genus are of the form

[KYY94]

1 o2
EGu(r +1:2) = EGu(7i2), EGu(~—:7) = ™87 EGu(r:2),

EGu(Tiz+1) = (=1)5EGm(T:2), EGu(T;2+7) = (=1)3q 5 252G (75 2).

(3.4.18)

Recall that a weight & (k € Z), index m (m € Z>o) weak Jacobi Form [EZ85] on
SL(2,Z) is a holomorphic function ¢ : $) x C — C satisfying the two transformation

properties

b 7'ri7ncz2
© m—j__d; j—d) = (er +d)ke2w+d o(7;2), a,b,e,d € Z, ad —bec =1,
cT cT

o(riz+ At +p) = e 2mImNTH2AR) (1 2),\, weZ (3.4.19)

as well as an extra condition given below. By taking special values of (a, b, ¢, d) and (A, p),

one finds

2

p(==32) = M (riz); (0,-1,1,0)

gp(T;z—I—T) = q_m€_4mmz¢(7';z)§ (1,0)- (3.4.20)
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and

o(t+1L;2)=p(r;24+ 1) =p(r;2); (1,1,0,1) (0,1). (3.4.21)

Note that the invariance (3.4.21) implies a Fourier expansion
o(ti2) = Y c(n, Dq™y'. (3.4.22)
nlez
A weak Jacobi form is a holomorphic function ¢(7, 2) satisfying the modularity and el-
lipticity properties (3.4.19) and whose Fourier coefficients ¢(n,l) = (—1)*c(n, —() vanish
when n < 0.

One useful weak Jacobi form of weight 0 and index 1 is

po(r,2) =43 L0 (3.4.23)

The elliptic genus is a weight 0, index ¢/6 (when ¢/6 € Z) weak Jacobi form!. Note
that from the geometric viewpoint, the conformal field-theoretic elliptic genus we have
discussed is the elliptic genus of a complex manifold M with complex dimension ¢/3,
which could be considered as the target space of a non-linear sigma model, and is therefore
a topological invariant. One may read topological information by setting different special

values of the elliptic genus, namely [EOTY89],

EGu(T;2=0) = xu,

1
€QM(T;z:§) = on + O(q),

B 1+7

qc/mg(]M(T;Z— 5 ) = AM+O(q), (3.4.24)

where x s, o, Ay are the Euler characteristic, Hirzebruch signature and A-roof genus,

respectively.

3.4.1 Mathieu Moonshine

In Mathematics, the term ‘moonshine’ is used to describe an unexpected relation between

two areas of mathematics arising from speculation. The word was coined by the group

'Some special cases appeared in [KYY94]
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theorist John Conway in the 1980’s when it was observed by John McKay that J(7), the
modular function for the group SL(2,Z), admits a g-expansion
J(1)=q '+ > jug" = ¢ ' +196884¢+21493760¢°+8642909970¢°+. .., a, € Zxg
e (3.4.25)
where 196884 = 14196883, with 1 and 196883 being the dimensions of the first two smal-
lest irreducible representations of the Monster group M, which is the largest sporadic group.
After checking several coefficients j,,, n > 1, and showing that they could be decomposed
in dimensions of irreducible representations of M as well, Conway and Norton conjectured

that there should exist an infinite-dimensional graded module V' for the Monster group,

V = @22, V, with graded dimension
dimy (1) =Y ¢"dim(V;) = ¢J (7). (3.4.26)
r=0

This conjecture is known as the ‘monstrous moonshine conjecture’ and it was proved by
Borcherds in 1995. For details, see [Gan06] for example. Since modular functions arise
as torus partition functions in 2d CFT, it is natural to ask if J(7) could be the partition

function of a chiral CFT with M symmetry, i.e. whether
J(7) = Try (qho/*) (3.4.27)

for some Hilbert space H and some central charge ¢, with H = &7° H, and dim H, =
Jr- In [FLM89], Frenkel, Lepowsky and Meurman constructed a ¢ = 24 bosonic CFT
based on one of the twenty-four 24-dimensional Euclidean even, self-dual lattices called
the Leech lattice I'tch, Which provides the densest sphere packing in 24 dimensions.
This construction is almost what is needed for a realization of the Monstrous Moonshine

module. Indeed, the corresponding partition function is

o @Leech (T)

ZFLeech <T> - ,'724(7_) = J(T) + 24, (3.4.28)

with Opceen (7) providing the sum over momenta and windings on the Leech lattice, and
1/n**(7) providing the partition function for 24 bosonic oscillators. In superconformal

field theory, there exists a different type of moonshine, observed by Eguchi, Ooguri and
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Tachikawa in 2010 [EOT11] in the context of a 2d sigma model with target space the

hyperkihler manifold A3, and hence with A/ = (4, 4) symmetry [AF81].

The conformal field-theoretic elliptic genus of such a theory was calculated in [EOTY89]

using realizations of the sigma model as Gepner models and orbifolds, and was expressed

in terms of the N = 4 characters reviewed in Section 3.3, namely

EGrs(Ti2) = 20Ch§:1/4,4:0(7', z) — 2Ch§:1/4,£:1/2(7'a z) + Z anChE:n+1/4,e:1/2(7'» z),
"= (3.4.29)

where the coefficents a,, are positive integers that were first enumerated explicitly up to

n = 1in [Oog89]. They are given in Table 3.2.

aq ‘ a9 ‘ as ‘ Qg ‘ as ‘ Qg ‘ ay ‘ as

90 \ 462 \ 1540 \ 4554 \ 11592 \ 27830 \ 61686 \ 131100

Table 3.2: First few coefficients of massive N' = 4 characters in the
decomposition of £G k3.

The observation made in [EOT11] is that these coefficients are, up to an overall factor
of 2, either the dimensions of irreducible representations of the sporadic group Mathieu
24 (Msy), or sums of dimensions of irreducible representations of that same group. For
instance, a; = 45+ 45, as = 231 + 231 while ag = 2 x (3520 4+ 10395). This unexpected
relation between the conformal field-theoretic elliptic genus £G i3 and Mo, is called
‘Mathieu Moonshine’. Despite a lot of efforts since 2010, the deep reason why the Mathieu
24 symmetry appears to play a role in 2d non-linear sigma models with target space K3
remains a mystery to this date.

Finally, one can show that the conformal field-theoretical elliptic genus (3.4.29) is equal

to the ‘geometric’ elliptic genus of K3, given by
€9z (T32) = 200.(T, 2). (3.4.30)

One checks that with the definition (3.4.23), the Euler characteristic of /K 3, which is given
by EGk3(7;0) = 2¢01(7,0) is indeed 24. Note that the other Calabi-Yau 2-fold is 74,

and the elliptic genus for 74 is 0.
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3.A Theta Functions

We give the definitions of the different types of theta functions that arise in this work, and

summarize the properties that are useful to us.

3.A.1 Jacobi Theta functions

The Jacobi Theta Functions are defined as

o0

(1) = 0> (—1)"gr Dy = 2sin(n)gs [ (1— ™)1 —yg™)(1 -y g™,
nezZ m=1
= igsy: fl(l-—Q"U(l—-y¢”‘5(1-—y‘1¢”%
Da(73¢) = };qamﬁﬁd%5=:%wdﬂoqéfiﬂ-ﬂfﬁﬂ+zmmﬂl+y‘hm)
ne m=
= b L=+ wm) 04y,
Ds(75¢) = §;5 ﬁ:l—q YA +yg™ 2)(1+y ¢" 2) =9(7,(),
ne m=1
hirQ) = ey = [T - Dy, GAD
ne m=

where y = 2™ = e((), ¢ € C.

—_—

3.A.2 su(2), theta functions

—

1. Definition: the su(2), generalised theta functions are defined as,

Oi(7,C) = 3 ¢k (3.A.2)

n62+%

2. Transformation properties under the modular group SL(2,Z):

1 k2 -

mk(—1/7,¢/7) = (—i )1/2\/%6(47)7,@%;%6_7” F O k(T,¢) (3.A32)
O (T +1,0) = e(“z)emﬁk(n 0) (3.A.3b)

4k
where e(r) = 2™,
Remark: We note that (3.A.3a), which may be derived with the help of the standard

technique of Poisson resummation, is in agreement with the result obtained in a
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much more general context by Kac, and thoroughly studied in [FMS12]. In par-
ticular, we recover the prefactor e(’z—cj) starting with their definition (14.161) of
generalized theta function and specializing to the su(2) case. The authors write the

generalized level £ theta functions associated with the affine SZ\(Q) » weight A as

!

OO =e(~k) 3 o(~5(2ha".6) +20,8) ~ kla” + ), G.A4

aveqQV
where £ = —2mi(€, T, t).
In the case of su(2), one takes a¥ = na; with o} = 2 (o is the highest root for
su(2)) and £ = zw; with w; = %al (wy is the su(2) fundamental weight, so that
(o1, wy) = 1)>. Therefore, one arrives at the expression (14.176) in di Francesco et

al:

ol (e, r.t) =e(—kt) S e(k(n’r —nz)) (3.A.5)

nez+3L

The S-transformation on (£, 7,t) is (& %, t+ g) (see (14.214)) in [FMS12], so

T

2 2 . . .
we see that S = 2 (since w} = 1a? = 1) and the factor we wish to check is

2 2
e(|§7|_) - e<Z7) = emi/2r, (3.A.6)

3. Product formulae: the generalised theta functions satisfy the product formula

Ok (7, Q) O (7, C') =

¢(—¢ kC+ K¢

' Z emk’fm’k+2jkk’,kk’(k+k’) (7—7 k+ k/) 9m+m/+2jk,k+k’ (T7 W)’ (3A7)
JE€EZp i
or again, since 0, (7, () = 0_, x(7, —(),
em,k(Ta C) em’,k’ (7_’ C,) =
¢+ k¢ —K'¢
Z 0mk’+m’k+2jkk/,kk’(k+k’) (7'7 m) 0m—m’+2jk,k+k’ (T7 W) (3A8)

jGZk+k/

2See [FMS12] text under (14.87) and (14.175).
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4. Relation to the Jacobi ¢ function: the following relation between the Jacobi theta

function ¢ and the generalised theta functions is useful,

Op0(T,C) = 222 149207, 0C + br). (3.A.9)

5. Odd generalised theta functions: we introduce odd generalised theta functions,

e;z,k(Ta g) = Hm,k(Tv C) - gm,k(ﬂ _C> (3.A.10)

Upon using the periodic conditions 6,,, (7, —C) = 0_p, x(7, ) = Oog—m (7, C), the
S-transformation of the odd generalised theta functions reads
2 mm/’

0,1 (—1/7,¢/7) = —i(—iT)"* e Z —sm Y04 (1,0). B.ALD)

m/=1 k

Proof: We write

O i (=1/7,¢/T) = 9m7k(—1/77 /) = O-mi(=1/7.C/7)

= |\ —1T e 6 k m’ k 7— 6 % m/ k 7_
var & P
. ]- 2 "Lm .
= <_ZT)1/ZW Z e k ’k T, C Z 6 k em’k 7— C’)
2k—1 Qk 1 .
+ Z e T 9 m (T, C) — Z ™R O 1 (T, C))
m/=k+1 m/=k+1
) 1 kCQ k—1 - !
= (— 1/2_ = oS —mi i 9.,
(i pelgr) X (e ) o 1(7,C)
- _ i l@k—my i M
+ Z (6 k —€ )QQk m! k(T C))
m!''=2k—m/=1
k(2 k—1 2 mm’
= —i( 17)1/2e(4§_)ml:1 %sm(w ’ ) (Orr (7, C) — O (T, —C))
k(2 k—1 ) ’
= —i( 27‘)1/2e(4<7) s ESin(ﬂ-%)e;ﬁ,k(Ta 0) G.A12)
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—_—

3.B  su(2), characters

The SZ\(Q)k characters of irreducible representations of spin ¢ (0 < 2¢ < k) are?,

1
X’Z(Tv C) = m%}ﬂ’k”(ﬂ 2€) (3B1)

—

The following rewriting of the su(2), characters is also useful,

q(€+1/2)2/(k+2)—1/8

(v —y ) = (T —g™)(1 —yg™)(1 —y~tq™)
X Z q(k+2)n2+(2€+1)n{yQ(k-‘rQ)n-‘er-i-l _ y—Q(k+2)n—2€—l}7 (3B2)

XE(7,¢) =

nez
Using (3.A.11), their modular S-transformation is easily found to be

NI f_> - e<k< s X ( ST b0

2=

Z Sy X (3.B.3)

20'=

The following formulae are useful and immediate, foralln € Zand forp € {1,...,k+2},
k k k
X%(2n(k+2)+p—1) (T7 C) = X%(p_l) (7-7 C) = _X%(Qn(k—&&)—p—l) (7_7 C) (3.B4)
In particular,

e () =0 and X3 (70) = =X (7.€). (3.B.5)

2mi-2¢ I3

3The angle variable ( is associated with the zero-mode insertion e with the current normalisation

J3(2)J3(0) ~ A2






Chapter 4

A~ Algebras, Characters and Refined

Index

In this chapter, we discuss a one-parameter family of conventional d = 2 superconformal
algebras with A/ = 4 supersymmetry [STV88]. In the literature these algebras are also
known as maximal or large! N' = 4 superconformal algebras or again .A., algebras, where
the parameter y, alongside the central charge, encodes information about the levels of the

—

two affine su(2) subalgebras embedded in A,.

The large N' = 4 symmetry might provide a link between the instanton moduli space
and perturbations of the superconformal field theory discussed in [CHS91]. In that paper,
the authors are concerned with the construction of heterotic string solitons and focus on
5-brane solutions, in particular some with extended world sheet supersymmetry. These
solutions present a throat geometry and are exact solutions of the string theory. The non-
linear sigma model associated to these is the supersymmetric Wess-Zumino-Witten model
with SU(2) x U(1) target group manifold (with the radius of the U(1) tending to infinity).
It was first established by Sevrin et.al [STV88] that this model provides a realization of

the large N = 4 algebra. The first affine su(2) (at level 1) is associated with the usual

(small) NV = 4 superconformal algebra while the second (at level n, say, related to the area

'The term ‘large’ is used in contrast to the ‘small’ A" = 4 superconformal algebras studied in [ET88b;
Tao87]
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—

of the cross section of the throat) is associated with the affine su(2) algebra of the WZW
model and hence with the geometry of the throat. However, standard analyses of sigma
models enjoying extended supersymmetry require the canonically defined supercharges
and energy-momentum tensor to satisfy the small AV = 4 algebra [NW89], and this is
not happening in .A,. However, Callan et al. show that one may improve the energy-
momentum tensor by adding the derivative of a U(1) current JY(2) (and the supercharges
by adding a suitable derivative in the free fermion fields) so that the new generators
close on the small N' = 4, with central charge ¢ = 6 (as opposed to the central charge
¢ = 6(n+1)(n + 2) of A,). So there is a suitable subalgebra of the large N = 4
algebra which is equivalent to the small N = 4 algebra and this is a good evidence for the

WZW-Feigin-Fuks conformal field theory of the throat whose central charge is ¢ = 6.

More recently, Gaberdiel and Gopakumar showed that the large N = 4 cosets are dual to
the supersymmetric higher spin theory on AdS3; [GG14]. In this paper, the authors focus
on the symmetric product of large A = 4 superconformal field theories whose tensionless
limit is plausible to be the small N' = 4 which is better studied [Dij99]. The symmetric

product of large NV = 4 superconformal field theories was studied in 2004 [GMMSO05].

In this chapter, we first introduce the .A, algebras and the non linear (IV-type) fiy al-
gebras obtained when factoring out four dimension—% operators and one bosonic U(1)
generator [GS88] from .4, algebras. Then we discuss the unitary representation theory
of A, algebras [GPTV89] and the corresponding superconformal massive and massless
characters [PT90a; PT90b]. After introducing the characters, one quickly establishes that
a conformal field-theoretic elliptic genus constructed from a partition function with A,
symmetry, in analogy with the construction of the elliptic genus in the context of strings
propagating on /'3 [EOTYR89], is trivial. From a mathematical perspective, the root of the
problem is that the massless (and not just the massive) .4, characters have trivial Witten
index. However, Gukov et.al. [GMMSO04] introduced a refined index for large N' = 4
theories. We review the construction of this refined index and comment on its potential

use in the context of coset constructions of A.,.
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4.1 Large N = 4 Superconformal Algebras

The A, algebra contains an energy-momentum tensor L(z) with conformal dimension
2, four dimension—% supercharges G,(z) where a = {£,+K} and four corresponding
dimension-3 operators Q,(z), six dimension-1 commuting affine SU(2),+ generators

T+4(z),i € {+,—,3} atlevel k™ and k~ with k* € Z,, one dimension-1 affine u/(T)

generator U (z). The central charge ¢ of the Virasoro algebra is given by

6k k™
= ——— =6kty = 6ky(1 — 4.1.1
k+ _'_ ]fi ’y 7( 7)7 ( )
with
c
k=kt+k = ——— 4.1.2)
6y(1 =)’
where the parameter v = ’% labels the A, theory. The commutation relations of A,

are given in Appendix 4.A.1 for reference. We also reproduce in Appendix 4.A.2 two
of its N/ = 2 subalgebras and comment on the spectral flow induced by the affine (1)

subalgebras of these N = 2 superconformal algebras.

Given a superconformal theory with .4, symmetry, one can gauge a U (1) subalgebra, i.e.
a u/(I) boson and four fermions, to produce a new theory with a non-linear .AL symmetry
[GS88]. The fn contains an energy-momentum tensor L(z) with conformal dimension
2, four dimension-2 supercharges Go(2) where a = {#, £K}, six dimension-3 affine
SU( )i+ generators A¥7(z) atlevel k¥ = k™ —land k= = k= — 1 where i € {+, —, 3}

and k* € Z., and the central charge is given by
c=c—3, (4.1.3)

where 3 =1+4 X % is the central charge contribution from one boson and four fermions.

The relations between operators in .4, and ./L are below

L=1L+ ;(UU + aQaQa)
Qu = Qa + U@a— @ QQ+ Qb( AT — @ A7)
A* Aﬂ“—1 i “Qb Q=0Q, U=U. (4.1.4)
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The representations of the A, and ﬂw algebras are related. From (4.1.4), it is clear that
once a representation of A, is known, it provides a representation of /L [STV8E], but
given a representation of /IW, one can add four free fermions and a boson and obtain a

representation of .4, through the inverse relations to (4.1.4) [GS88].

4.2 The Unitary Representations of A, and A,

We will discuss the unitary representations of .A., and A, algebras in both Neveu-Schwarz
and Ramond sectors. From phycisists’ viewpoint, one may be interested in the unitary
highest weight representations (uhwr) with integer levels k= whose spectrum is bounded
from below. As there is no unique highest weight state in the Ramond sector of A,
algebras from which to build the representation [GPTV89], we will first consider the
uhwr in the Neveu-Schwarz sector and use the spectral flow to exploit the uhwr of the A,

algebra in the Ramond sector [PT90a].

A unitary highest weight state in the Neveu-Schwarz sector of the A, algebra is a state

|Q2) satisfying the following conditions:

Lo|Q) =TF|Q) = U, =0, YneZ,, T;itQ)=0,
1
Qar) = Gur|Q) = 0,Vr € Zso + 5@ € {+,+K}. (4.2.1)

Each highest weight representation (hwr) is characterised by the eigenvalues of |€2) under

the zero modes of the 4, algebra,
Lo|Q) = hns|),  Uo|Q) = —iu|Q), T5|) = £3s|), (4.2.2)

with © € R. Unitarity puts restrictions on the conformal dimension A and the isospins
i ¢ [GPTV89] and these depend on whether one considers massless (also called short) or
massive (also called long) representations. In the Neveu-Schwarz sector, the masslessness

conditions are

(G4)_3l) =0 and  khys = u*+ ((hs—lyg)* +E s +h 7 lhs = khiyg (4.2.3)
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while the conformal dimension of a uhws for a massive representation satisfies khyg >

kh% ¢. Moreover the isospin quantum numbers belong to %Z and are bounded,

1
0<lag < 5(/{i -1) for massless representations,
1
0< s+ < 5(/’4:jE —2) for massive representations, 4.2.4)

where we have introduced the /75 notation for the isospin quantum numbers of the massive
representations as a reminder that their range is different from the range for massless

representations.

We next analyse the quantum numbers of unitary representations in the Ramond sector by
using the spectral flow property (see Appendix 4.A) to flow from the Neveu-Schwarz to
the Ramond sector. Consider first the hws |€2) of a unitary massive representation of A,

in the NS sector with isospin quantum numbers (£}/s, /5's), Where £} € Z>0 and

1

0< /i < =~(k*—2) (4.2.5)

Do |

as already stated in (4.2.4). Then, following [PT90a],

1. spectral flow in SU(2)*:

|©2) flows to |€2,) of quantum numbers (¢1,(~') := ( — (s, 0Ns)-

2. spectral flow in SU(2)":

|€2) flows to [2_) of quantum numbers (¢, (7') = (({s, 5 — (/).

e The ranges of NS values (4.2.5) allowed by unitarity translate into the following ranges
for the quantum numbers of [Q,): 1 < /7 < % and 0 < /7' < %(k‘ — 2). Note
however that the massive representation built on |[(2,) is not labelled by the quantum
numbers of |€2,.), but instead by the highest value of SU(2)* and SU(2)~ isospins present
in the representation, which are 757°|Q) = ¢3/|Q,) and Ty ?(G_k)o(Q_)o|Qy) =
07 (G_k)o(Q_k)o| Q) with £ = E* — ¢+ and ¢/ = ¢~/ + 1. Hence 1 < (' < ET.

e The ranges of NS values (4.2.5) allowed by unitarity translate into the following ranges

for the quantum numbers of [Q_): 0 < ¢ < 1(k* —2)and1 < £~ — ¢~ < £~ The



64 Chapter 4. A, Algebras, Characters and Refined Index

massive representation built on |{2_) is not labelled by the quantum numbers of |2_), but
instead by the highest value of SU(2)" and SU(2)~ isospins present in the representation,
which are 75" (G )o(Q+x)o|Q-) == (7 (G+x)o(Q+x)o[Q-) and TG0 ) == (3|2-)

with (f/ = ("' + 1and ¢/ = £~ — (~'. Hence 1 < (' < %

In summary, the massive characters in the NS sector will be labelled by the quantum
numbers of the hws |Q2), namely (%%, while the massive characters in the R sector
will be labelled by either the eigenvalue of €2, ) under T, (¢}') and the eigenvalue
of (G_k)o(Q_k)o|24) under T, (£7)), or the eigenvalue of (G x)o(Q4 x)o|Q2_) under
T, (¢F) and the eigenvalue of |[Q2_) under Ty * (¢;). The two corresponding representa-
tions are isomorphic.

Now consider the hws |Q2) of a unitary massless representation of A, in the NS sector

with isospin quantum numbers ((% g, {5 ¢), Where (3¢ € %Zzo and

0 < lyg < (K —1), (4.2.6)

1
2
as already stated in (4.2.4). In this case, the NS hws |2) flows to [2,) under the SU(2)*

spectral flow, where |2, ) (with isospin quantum numbers (¢*, (7)) satisfies the following

masslessness conditions,

(G+)ol4) = (G1k)of24) = 0. 4.2.7)

Analogously, |€2) flows to |€2_) under the SU(2)~ spectral flow, where |Q2_) (with isospin

quantum numbers (¢, ¢7)) satisfies the following masslessness conditions,
(G-)ol€2) = (G_k)o|2-) = 0. (4.2.8)

e The ranges of NS values (4.2.6) translate into the following ranges for the quantum

numbers of [Q2;): 3 < % — (T < % and 0 < ¢~ < 1(k~ — 1). The massless repres-

entation built on {2 ) is not labelled by the quantum numbers of |2, ), but instead by the
highest value of SU(2)* and SU(2)~ isospins present in the representation, which are
To104) o= (41Q4) and Ty *(Q_k)ol) = (R(Q-x)o|2) with £ = & — ¢+ and

_ +
(=10 +1 Hencel</(; <k
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type of rep | sector SU(2)* isospin conformal weight

A, massive | NS | 0< s < 3(k* —2) | khys >u?+ (0 — lys)? + k0 + kH ey

R 1ge§’ < ikt khp >u? 4+ (05 ++ 07 —1)2 + 1kTk™
A, massless | NS | 0< (g < 3(kT—1) | khns =u+ ((ig — Uns)? +E Chg +hyg
R L<rg < ikt khp =u®+ (0 + 05 — 3% + 3kTh™

Table 4.1: A, quantum numbers - unitary bounds.

e The ranges of NS values (4.2.6) translate into the followingranges for the quantum
numbers of [Q_): 0 < ¢+ < I(kT —1)and 1 < - — ¢~ < £-. The massless repres-
entation built on |{2_) is not labelled by the quantum numbers of |{2_), but instead by
the highest value of SU(2)" and SU(2)~ isospins present in the representation, which
are 1o (Q1x)olQ-) = (5(Q+x)o|Q-) and T °|Q_) = (3|Q_) with (f; = ¢+ + 1 and
R="5 0. Hence% <lE< %ki.
In summary, the massless characters in the NS sector will be labelled by the quantum num-
bers of the hws |(2), namely /3¢, while the massless characters in the R sector will be la-
belled by either the eigenvalue of [$2, ) under T (¢}) and the eigenvalue of (Q_r)o|Q2)

under T, (£3), or the eigenvalue of (Q x)o|Q2_) under T, (¢},) and the eigenvalue of

|2_) under T, ® (£). The two corresponding representations are isomorphic.

We collect the data on quantum numbers labelling the representations in both NS and R

sector for massive and massless representations in Table 4.1.

Let us move on to the .4, quantum numbers. First we discuss the massive representations.

In the NS sector, the hws |©2) is unique with T&ig Q) = (5L|Q) and 0 < (L < (/~cjE —1).

1. spectral flow in SU(2)*:

Q) flows to |2 ) of quantum numbers (£, (") = ( — 055, ON%).

2. spectral flow in SU(2)":

Q) flows to |Q_) of quantum numbers (/t/,0") = ({15, ; —I5%).

e A massive representation built on |2, ) is not labelled by the quantum numbers of

|Q2,), but instead by (' := 7‘% — (s and 03 = (s + 1 with L < 7' < %i, where
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Ty 104) = 05190) and Ty (G-r)ol ) := 5 (G- )ol2).

e A massive representation built on |Q2_) is not labelled by the quantum numbers of
Q0_), but instead by ¢4’ := {5 + L and /' = 7‘% — Uy with £ < /£ < %, where
TB+3(@+K)O|Q_> = (5" (G1k)o|Q_) and TB_3|Q_> := (3'|Q_). The two representa-
tions are isomorphic.

So for massive Ramond ./T,Y unitary representations of labels (%', the bounds are

_ E=
< U(F < /<;2

N |

Now consider the hws |(2) of a unitary massless representation of ,AL in the NS sector

with isospin quantum numbers (£% ¢, (), where /% o € 37> and
+ 1oy
0< fis < 5k 4.2.9)

In this case, the NS hws |(2) flows to |2, ) under the SU(2)" spectral flow, where |2, )

(with isospin quantum numbers (E*, Z*)) satisfies the following masslessness condition,
(G_K)olQ) =0. (4.2.10)

Analogously, |2) flows to |€2_) under the SU(2)~ spectral flow, where |Q2_) (with isospin

quantum numbers (1, /~)) satisfies the following masslessness condition,
(Gix)o|Q-) = 0. (4.2.11)

e A massless representation built on |{2,) is labelled by the quantum numbers of |2, ).

The labels are thus (f; := E% — (g and (5 := [y with 0 < (F < %

e A massless representation built on |{2_) is labelled by the quantum numbers of |2_).

The labels are thus ng = Z}S and 57]}’ = % — ZJ_VS and with 0 < Zﬁ < % The two
representations are isomorphic.
So for massless Ramond .ZV representations of labels (L, the bounds are
_ 7+
0</(E< kQ

We summarize the information on quantum numbers of A, unitary representations in
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type of rep | sector SU(2)* isospin conformal weight
A, massive | NS | 0< /L <1k —1) khns > (0 — Ins)? + kg + kT lyg
with (5% = (5% with khys = khys — u?
R L< b < 1kE khp > (05 + 05" + (@ + 057" — 1)+ 1ktk-
with 5/ = (5" — 1 with khp = khg —u® — Lk
A, massless | NS 0<fEy < 1k* kg = (s — Ing)? +k lhg + kT lyg
R 0< (i< 1k* khY, = (Z}+@R)(e;+zg+1)+§/%+k*

Table 4.2: ,ZL quantum numbers - unitary bounds.

Table 4.2.

4.3 Characters for A, and ./17

The character of a module V' (c, h, ¢, ¢7) of the A, algebra is defined formally by the

trace over V [PT90a], i.e.
+3 -3
CRAY (It k™ by 07, 07 7wy w_) = Try (g2 2o 4.3.1)

where I denotes NS or R, and ¢ = €?™" with 7 € §) and 2. = *™* for w. € C through-
out correspond to the variables of the affine SU/(27€¢ charges. Note that in principle, one
could include a third angular variable y := > ¢ € C to keep track of the U (1) quantum
number of states in the module V' in the characters, but we set £ = 0 in this work, and most
of the time choose the eigenvalue u of the hws under the U(1) generator U to be zero.
The spectral flow property reviewed in Appendix 4.A.2 provides an isomorphism between
characters in the NS and the R sectors and is implemented at the level of characters through

specific shifts in the angular variables 2., namely

[

wt — wt j:§ or zy — qT2zy 4.3.2)

For a spectral flow in the SU(2)" direction one has, for instance,

3,NS —3,NS
LYS—c/24 2Ty 27,
Zy 2

ChANS (BT k™ h, 07 0751wy, w-) = Tr(g
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Ty (R T k fae/24 2Ty RJrlc+/2 21y B
r(g 2y )

+ R_,. +3.R o SR
_ qk+/4zi /2Tr(qL0 /24( 1/2Z+)2T0 0 )

q zZ_

_ qk+/4zi+/2ChA”’R(k+, kf, h—¢t + k+/4, k+/2 _ ng’g* + 1;7—7w+ + %,w,),
(4.3.3)

while in the SU(2)~ direction we have the similar result,

CRA NS (Kt k= h 0t 07 q, 2, 27)
= A PORAY R e =+ kA 1 k)2~ T wy wo g).
4.3.4)

We will mainly consider characters in the Ramond sector and using the spectral flow
isomorphism, one can easily get the characters in the NS sector. We very briefly recall
how to construct such characters and refer to [PT90a; PT90b] for details. The A, character
for the full reducible module built on a massive highest weight state in the Ramond sector

can be written as

c 20t

Chfull (k kT hp O U T Wy wo) = @R TR 2 R 2 X

2 (0.9}
B(q, z4,2-) (FR(q, z+,z,)) X (L4272 (L + 2722 (1= ¢™) 72, 4.3.5)
n=1

where
B(q,zy,2-) = [[(1=22¢") 7 (1 =22" ) (1= 22¢") (1 =22 ) (1 —¢") "
n=1
(4.3.6)
and
FR(q, 24, 2 H (14 202-¢") L+ 20271 ¢") 1+ 20 2o g) (1 + 27122 ). (4.3.7)

Explanation of the reducible character:

1. The states built from the hws |2, ) by negative modes of the Virasoro generator
L_,,n € Z.g are counted by [[°% (1 — ¢")™!, as are the states built with negative

modes of the operators U and 73,

2. The factors T[22 (1 — 22¢™) 71 (1 — 27%¢" 1) 11 — 22¢™) (1 — 22%¢" 1)t are



4.3. Characters for A, and A, 69

from the raising and lowering negative modes of operators 75 and 7'~ and the
two zero modes 7 SE " of the two affine Smi subalgebras on the highest weight

state. Hence the above B (q, 2z, z_) refers to the two affine SU(2),+ subalgebras

contribution.

3. The negative modes of the four fermionic operator ()1 and (1 give the contribu-
tion F®(q, z,, z_); while the other factor F®(q, 2, z_) corresponds to the negative

modes of the four fermionic operator G and G4 g, respectively.

4. The zero modes of the four fermionic operators ), Q)_g, G_, G_g give the

contribution (1 + 271z )2(1 + 272712

Note also that in the NS sector, we have

F¥(q,2,22) = [ (4 202¢") (U + 2022 " (14 20 2 ¢™) (1 + 20020,
nGZZo-‘rl/Z

(4.3.8)

The construction of irreducible characters requires the knowledge of all singular vectors
appearing in the reducible module V. A singular vector is a vector satisfying the same
conditions as the state hws, but unlike the hws a singular vector has zero norm and its
scalar product with all other states in the representation vanishes. One then subtracts
modules built on these singular vectors and adds back the states that have been subtracted
twice according to a technique advocated by Kac and which is quite involved in the case

of A,. We will not say more here, referring to [PT90a; PT90b] for details.

One may consider the singular vectors of .[lv instead of the full 4,. Note that
Ol = ChAer! s Cno, (4.3.9)

where Ch4ev! is the algebra for four fermionic operators Q+ and Q4 and one U(1)
bosonic generator, and in the twisted Ramond sector, we have

ChA R (w7 00y w ) = ¢ HFR (g 2y 2 ) x (=g (1 — 2720 (24 — =)
n=1

_ eai(mwy +wo )0 (T wy —wo)
= —q 3
n(7)

: (4.3.10)
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where Fﬁ(q, zy,2_) = F®(q,2,,—z_), the central charge ¢ = 3 is from four fermion

—

1

contribution 4c; = 4 x 5 = 2 and one boson ¢, = 1 and u?/k is from bosonic u(1)

contribution.

The characters for massive irreducible representations of A, in the Ramond sector are

given by [PT90b], formula (5.4),

C’h“ZV’R(l%JF,%_,ER(ZE',ZE,@ 50 T wy w_) =

th_6/24FR(Q7 AR - Q7 AT - H 1 - q 1 Z+ + 2 )(]. —+ Z_IIZ:I)
n=1
s ’ _ Py T+ + o= _
% Z qn2k++2n£; +m2k~+2mly Z €+€—Zi€+(€R +nk )zie_(ER +mk )7
m,n=—o0 er==1
4.3.11)

where 2 € R\ {0} and h((};', (7', ) is a continuous real parameter satisfying

1

T+ =1 / / a 1 1~~ ~~/~_,
Al T a) > O+ T4 T+ T = 5) + bR = I T = ),

(4.3.12)
and we recall that k= = k* — 1. The characters for massless irreducible representations
of ./L in the Ramond sector are (see [PT90b], formula (5.6))

cha“%%t B (0, Tr)imyw o) =
q R 0/24FR(q7 Rty 2 q7 Rty R H 1 _q Z+ + 2 )(1+Z-|_—1Z:1>
n=1

n2kt +2n£Jr +m2k~ +2m57
DD " :

7= 2y ((E4n e (0n+mk— el _ e —mn—
X > eJre_(—l)%Rzi+(€RJr kD) e (bgtmk )(z+ Tt ™)
er==+1
(4.3.13)
with
10 (+ - T N7+ - KTk~

as in Table 4.2. In the next section, we present a detailed calculation of how the .ATW
characters transform under the modular group SL(2, Z). We work in the twisted Ramond

sector, which may be obtained from the expressions in the Ramond sector ((4.3.11) and
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(4.3.13)) by letting = — —z_ (or equivalently, w_ — w_ £ %). Note that using spectral
flow, we may obtain the massive and massless characters for .AL in the Neveu-Schwarz

sector.

When the angular variables 2. are related by z_ = z, or z_ = 2", the massless characters

o~

in the twisted Ramond sector reduce to su(2), ., characters, namely

Ch?wR(E‘ia hé{a E;a El_?v q, 2+, Z—i—) = (_1)2£};+1X§£_§2—&-2£E (q’ Z—i—)a (4315)
Chy ™ (K, it O, (5 424, 250) = (D X 0 (0 24), (43.16)
where
1
X5 (7, ¢) = W{HZK—HJHQ(T; 2¢) = 0_2e11)12(7, 20) ), (4.3.17)

is the SU(2); character of irreducible representations of isospin ¢ (0 < ¢ < k/2), see
Appendix 3.B. One may derive the identity (4.3.15) by setting n = m and €, = €_ in
(4.3.13) and the identity (4.3.16) by setting n = m and €, = —e_ in the same character

formula (4.3.13).

4.4 S-transformation of A, Characters

In this section, we first present expressions for the fL, characters in the twisted Ramond
(R) sector by replacing w_ by w_ + % in the fL Ramond characters (4.3.11) and (4.3.13).
Our motivation for studying the /L R characters is driven by the wish to explore the pos-
sibility of a Moonshine phenomenon in theories enjoying /L symmetry. By analogy with
the Mathieu Moonshine observation, a potential Moonshine phenomenon in the present
context is expected to be easily recognisable in the RR sector of some relevant partition
function with fL symmetry. In a subsequent chapter we present some preliminary res-
ults of this exploration, which rely crucially on the transformations of the /L characters
under the modular group SL(2,Z) generated by the two transformations 7" : 7 — 7 + 1
and ' : 7 — —%. Although the T'-transformation is usually straightforward to derive,

the S-transformation is much more involved, and our first task is to rewrite the massless
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./LY characters calculated in [PT90b] in terms of Appell functions, whose modular trans-
formations at higher integer level than one were first derived in the mathematical physics

community by Semikhatov, Taormina and Tipunin [STT05].?

4.4.1 A, characters in the twisted Ramond sector

Recall that k™ = k™ — 1 and k~ = k~ — 1 are the levels of the two SZ\(2) subalgebras of

/L, and the central charge be given by,

6kTh

T k=R R 4.4.1)

c=c—3, c

Since we are only working in the R sector of the ﬂ,y algebra from now on, we shall sup-
press the subscript R and the tilde symbol over the isospin quantum numbers in an attempt
to make the formulas easier to read. So we set /*/ = gﬁ’ in the case of massive characters,

and we set /* := (7, in the case of massless characters from now on.

Massive characters
Starting with (4.3.11) and letting w_ — w_ + % one may obtain the flv massive characters

in the R sector,

CHAR(t b (€, 07 ), 0 077, w ) = (—1)2 g e/

X [T =221 = 2022 ") (1= 2 2 g™ (1 — 2221 (2 — 220 (1 — 24 120Y)

3
Il
—

3

x [[A—¢") A —-2A¢") A -2¢") A — 277" ) (1 =222 )
n=1

x i qn2k++2n€+’+m2k’+2m€*’ Z E+E_Zi€+(6+/+nk+)de_(£7l+mk7)
m,n=—00 er,e_==+1

_ (_1)2r+1 qER(Z+',€”,x)—6/24+é Vi(r,wi +w )t (1w —w-)
n(7)01(7, 204 )01 (7, 20 )

2.+ +/ 27.— —/ 2 €+/+ kT) 2e_(¢—' k—
Z qn kT 4+2nl™' +m k™ +2mk Z > e+( n )Z e—(~'+mk™)

X € € + _

m,n=—00 €4, e_==+1

B 20141 (e 0~ 22441 8- L2 02 0 (T, Wy +w )0 (T, wy — w_)
= (—1) q [aa & 2
n3(7)91(7, 2wy )1 (T, 2w_)

2See also Zwegers’ PhD thesis [Zwe08].
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XY epeOoprr g+ (T, 2e 4wy ) Oop—r g (T, 2e_w_)
ep,e_==+1

3.A8) (_1)zwq%R(£+',r',a:)—e/24+1/s—“:732_“;792 V1 (7, wy +w_ )0 (T, w0y —w_)
n3 (1) 01 (T, 2w )01 (7, 2w-)
(

W, o
el:e ) Ot —00-1 o1 1 (T, Ce e )

X Z Z €+€_92g+/k7+2£4k++2k+k*r,k+k*k(7_7
E+,€7::|Z1 T’Ezk

(4.4.2)
:(_1)24*'qﬁR(Z+/,£—’,x)—é/24+1/8—L;)Q —7“;92 Vi(m,wy + W—g)ﬁl(ﬂ wi —w-)
7(7)
+_ -—
X X§+/,21/2 (7, w+)X§—/—21/2 (r,w-),
(4.4.3)

—

where Xﬁ/j so(T,wy) and e 2 /o(7, w_) are affine su(2) characters (see Appendix 3.B),
1 < 2 < k%, 1 € R: \ {0} and BR(€+’,€",x) is the continuous real parameter
introduced in (4.3.12).

The lower bound, which is never attained for massive characters, corresponds to the
conformal dimension of massless Ramond characters, which is strictly positive. We write

_ 2

Ra(6+ 0 2) = B0 0 — ;) v reR\(0) (4.4.4)

with h% defined in (4.3.14) and define

N S . ()2 ()P e
AT 07 = hr(t 47 x) —¢/24+1/8 — o g

2
_ ‘/1 (\/:iﬁ,_ﬁg,) . (4.4.5)

Under the modular transformation 7": 7 — 7+ 1, the /L massive characters transform as,

ChA R+ B hp(0F 07 2), 07 07+ 1wy, w ) =

emilet tag (2T 20724} Ch“Z”’R(l%J“, = hp(0t 0 x), 07 0w w). (4.4.6)

In the next section, we study the transformation of the massive characters under S: 7 — — 1

T

wy+ — ==, with the characters expressed as

ChA R B hp(C 07 2), 07 0757wy, w)
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(T (T s W) s i N
= (_1>2Z 7]3(7_) qA(Z & )+2 X§+’—21/2(T;er)X?*’—zl/Q(T;w*)?

(4.4.7)

where x € R\ {0}.

In the context of some applications of the S-transformation, to be discussed in the next

chapter, it will also be helpful to introduce the definition of ‘massive character at threshold’,

/\~%~ - ~ o~ _ 1 _
R e ke RO (0 0 — T w0 ) =

C«hzfy,f%(]%-‘r’%—’%R(g-l-”é—”q;),é"",g_’;ﬂ w+,w_)‘ -0 (4.4.8)

Note that the massive characters at threshold defined above are not characters of repres-

entations of the .,17 superconformal algebra. One has

ChAY R E hp(CT 07 2), 07 07wy w) =
22— ~ry, R~ ~ = 1
= Rt B Wb (e, 0 — S w), @ €R\{0). (44.9)
Massless characters
The massless jﬂ, characters for unitary and irreducible representations in the R sector
may be obtained by replacing w_ by w_ + % in formula (5.6) of [PT90b] (reproduced in

(4.3.13)) and by imposing the chirality condition on |2, ). This yields

Chgwﬁ(];;‘f" /;:_, f;\g(f'f"f_)’g-ﬁ-’g—; T, w+7w_) _ (_1)%*4—1

ﬁ(£+,é—)76/24+1/8 Vi(r,wy +w )0 (1w —w-) Z

R
X n3(7)01(T, 2w, )04 (T, 2w_) Ere-Sc (T wp,wo).

€r,e—==+1

(4.4.10)

Defining Ty~ |Q4) = £*|Q2,) with 0 < 20* < k*, the conformal weight % of the

massless state |2, ) on which we choose to build the representation is given by

Tt -y — Lt (4 Kk~
(0", 0 ):E(é +L0T)(T+ 1 +1)+W’ (4.4.11)
in accordance with Table 4.2, and therefore,
~ 1 1
R (61 07) —E/24+1/8 = E(f* +O DT +0) + e (4.4.12)
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The infinite sum S;, . is given by
R
S€+,e_ (T7 W W_)
00 2e (0t +mkt) 2e_(£~4+nk™)
_ 3 R R 42 m 20 2+ 2
76+ _ —€_—
m,n=—00 2y g m—z_ q "
- 26, (0T +mkt+21)  2e_ (6~ —nk™)
n—-n Z qm2k++n2k*+(2£++1)m—2£*n “t -
m,n=—00 1- Zj—+2:67qm+n
2e4 (0T 4+mkT+1) o “—(p— -
00 + 3) 2 (L7 —=(p—m)k™)
p:g—i—n Z qm2k++(p7m)2k_+(2€++1)m72€_ (p—m) as -
€4 —€_
m,p=—00 1 -2y 2 qp

(e
— Z qk(m+%(é++€*+%—pk*))2—%(6++Z*+§—pk*)2+p2k*—2é*p
m,p=—00

2€4 (€++mk++%) Z2e, = —(p—m)k™)

x ——— . (4.4.13)
1—202"¢p

We are interested in the behaviour of the massless ./ZW characters under the modular group

SL(2,Z). Under the T-transformation, the characters transform as

OBt T RO 07), 0 057 + 1wy, w0 ) =
em{i [(20F 420 +2)(20F+207)+1]— 1} Chazml?(/%Jr’ f(, @(ﬁ) gf)’ g+, 077, wy, w,).
(4.4.14)

In order to derive how they behave under the S-transformation, we now partition the

summation index pas p = kr + s,r € Zand s € Z; and write

5 k—1 9]
gR (7,0, w ):Z Z qk(mfk*rJr%(£++£*+%75k*))27%(€++Z*+%)2+k*k+k(r+%)2
€4,6— -
s=0 m,r=—o00
2e+(€++mk++%) 2e_ (£~ +mk™ —k~k(r+%))
—(r42)(2kT e =2k 0+ —k—) “+ o
X q k ey Y , (44.15)
1 =272 "7¢"V"%

and note that

24 (CF+mkt+1) 2e_ (0 +mk™—k~k(r+3))
Zy Z_ =
i e R L ek kg1 o

2kt Jk_2e_k~ /k\ROm—kTr+ 3 ) [ 26y —2e \FTRTrHE 0TS (0T g —skT) 45
25 zZ 2y 2 .

(4.4.16)
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We define
Vereo = €qwy —€_w_ and (e, o = 2eikey —]: 2e kW “4.4.17)
and express Si _ in terms of
Yop o = EFeren = 2T g = @Peen = PAORTR2RTR 44.18)

In (4.4.15), the infinite sum over m is a theta function (see Appendix 3.A.2) namely

00 — Lopt i p—o 1 -
k(m—k—r+Lt+e-+L—sk=))2 k(m—kTr+3({T+7+5-5k7)) _
Z q ( i 2 2 Rt e 2 = 62€++2£—+172sk—,k<7—7 Ce+,e_)-

(4.4.19)

m=—0oQ

We therefore have

SGR%E_ (T, wy,w_)

k—1 oo
Lptap-aly2 Lkt —2kte- k)
_ R R Do D Oarrarias k(T Cope )
s=0 r=—o00
2ktk™ (r+2)
k= kT h(r4£)2—(r+2) (kT 0~ —2k— ¢t —k~) __ Yer oo (4.4.20)
1 _ y6+76_ qk(T+%) . A

X q

The rest of this chapter is original work. The next step is to rewrite the infinite series in

terms of a higher level Appell function (see [STTOS5] and Appendix 4.B)

00 Im

L2
Ke(r,v,p) = ) f—t:yqu (4.4.21)

m=—0oQ

with iy := e*™ and t := ¢*™*, 1, v € C. We introduce the notations

k = 2kkTk

b(f*,ﬁ_) = kT -2tk — k™ (4.4.22)
and define the function

X0 00),s7,0)
S ( kK — 1/k - k k
= g @D RN [ (kr, v (s — —b(CF, 7)) 7, =b(h, €7)7)
K KR

(4.4.23)
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so that Si is rewritten as

€

k—1
R _1 -1 1)2 _
Si,e, (7—7 w4, w—) =dq k (Z"’—&—Z +2) Z ‘92€++2£*+1—23k*,k(7—7 <E+,€7)X(b(€+7 E )7 5T, VeJr,e,)'

s=0
(4.4.24)
The .,ATW massless characters in the R sector are thus,
OB (5t T B (0, 07), 0 0 7y, w_)
_ (_1>2£_+1 ?91(7_7 Wy + w—)ﬁl(Tv Wy — w—)
3 (1)V1(7, 2wy )01 (7, 20_)

k—1
X Z €€ Z 92€++2Z*+1—23k*,k (Ta <e+,ef) X(b([i_v €_>7 85T, I/€+,57)' (4425)

er,e_==*1 s=0

Three properties of the function X (b(¢™, ¢7), s; T, ), which will be useful when deriving
the modular transformations of the massless characters can be easily checked from the
explicit form or properties of the higher level Appell functions. The first one is a ‘reflection’

property in the variable v,
Xt 07,81, —v) = =X (—(k+b(*,07)), —s;1,v). (4.4.26)
The second is the periodicity in the variable s, namely
X0 07),s+kym,v) =X, 07),s1,v). (4.4.27)

The third is the quasi-periodicity in the variable b(¢*,¢~). We consider here the case
where kT and &k~ are coprime® and we assume, without loss of generality, that k™ > k™.
With this in mind, we introduce, for each pair (¢*,¢~) in the ranges 0 < 2(* < k*, an

integer N ({+, (™)

+ J—
N(ﬁ,é*) = {b(ék,é)w , N(ﬁ*,ﬁ) c”Z (4.4.28)
so that
b(ﬁ*,ﬁ_) = N(ﬁ,é‘)k — b’(ﬁ*,é‘), 0< b'(ﬁ,ﬁ‘) <k-1, (4.4.29)

3This property allows us to express characters in terms of Appell functions having their third argument
equal to zero (4.4.32).
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noting that, given the definition (4.4.22), &' (¢*,¢~) cannot be zero (see Lemma in Ap-
pendix 4.C).
Since a given pair (¢*, () labels a unique .ZV massless character, we often use b, b’ and

N instead of b(¢1,¢7), b'(¢*,¢7) and N(¢*,¢7) in formulas.

We use the quasi-periodicity of Appell functions [STTOS5] reproduced in (4.B.8), as well
as the relation between the Jacobi ¥-function and the generalised theta-functions (see

(3.A.9)) to obtain
X(b,s;m,v) = X(Nk =V, s;7,v) = X(=U,s;7,v) + T(N,V,s;7,v) (4.4.30)
where

T(N,V,s;7,v) =
To (N, Y, s:7,0) = SN | g2 (hr=0)? O s—irivr, 5 (¢, ") for N >0
T< (N7 b/a 83T, V) - - Z?:N-{—l qii(krib/)Q egs—kr—&-b’,% <Qa y2/k) for N <0
0 for N = 0.

(4.4.31)

Using the average (4.B.2) with ¢ — 7,0’ — k,a — s and b’ — b', we further write

15 e e st B '
X(=V,s;1,v) = % > e 2mib's /quSQyI?S K (T, W]:;-—i_s,()). (4.4.32)
s'=0

4.4.2 S transformation of .ZQ characters in R sector

2
Consider the massive character (4.4.7). First note that the S-transformation of q% is

and
Ly o o ¢
191<_;7;)_(_7’)(_1T) e(?)ﬁ1(7—7g>) (4434)

where we introduce the notation e(z) := ¢*™. Using (3.B.3), the S-transformed massive

characters read
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T o T 1 - ., Etw? 4+ k= w?
CHAR(E T (04, 07 p), €4, 07 == 20 2oy gy o TR O
T T
k""
+/ —/ / 47 N—/ kt—2 k— _2
At Z Z )X BB )Slf+,_%’)/\+, Sé 1oL

221T'=1 22—'=1

X /oo dr cos(2prm) C’h“Z”’R(/%JF,l;;_,ER()\M, AN, AN g wl),

(4.4.35)
where Sg}), is defined in (3.B.3) and G2 = e~ 72,
Remark: The S-transformation of massive characters at threshold reads
G, e, -2y, e, o 2L ey GO R b
2 R (—ZT)E T
NG Z Z )2 g AGTAT) Séf/*:;)ﬁ_% Sﬁx__%w_%

22H'=1 2\~'=1

A B o~ 1
X ChAWR(kA—, kf—; h%(/\+/7 >\_l o 5)7 >‘+/a )‘_/;7—7 W+,w—)- (4436)

Massless characters

1. Infinite product

The S-transformation of the infinite product in (4.4.25) is standard, and reads

191( 1 W Fw— )191(_l w+—w,)

T T’ T

(—*)191(—* =)0 (=1, 2

)*3/26*@(w++w3) 191(7—7 Wi + W_)lgl(T, Wy — (,u_)
n3(7) 0 (7, 2w, )04 (T, 2w_)

= (—it (4.4.37)
2. Generalized theta function

Following (3.A.2), the S-transformation of the generalised theta function

O+ 4 20— 126k £(q, 2) appearing in (4.4.25) with z = >, ( as in (4.4.17), is

given by

1 ¢ (—ir)!/? = — i (20 420 +1—25k™)
92€++2Z*+172sk*,k(_;7 ;) = W ( Ar ) Z € k 9n’,k<7—7 C)

n/=0
(4.4.38)
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3. S-transformation of X (b, s; 7, v) Recall that b in (4.4.22) is parametrized as b =

Nk -V withl <V < k—1and N € Z. The S-transformation of (4.4.30)
involves that of X (=¥, s;7,v) and of T'(N,V, s;7,v). We first consider the S-
transformation of the function X (—¥', s; 7, ), and then give the S-transformation

of the generalized theta function term in (4.4.31).
Consider the S-transformation of the function (4.4.32),

1 1 - NN K G2 K 1 1
X(¥os—0 ) =4 2 b T T K (v — s 4 8'7), 0),
(4.4.39)
We use the S-transformation of Appell functions at even positive integer level as
given in Appendix 4.B.4, formula (4.B.12). Using (4.B.12) with 2m — k,v —

=(v— s+ s'7) and p — 0, we write

X(=V,s;— z) X1(=b,s;1,v) + Xo(=b, 857, 0) (4.4.40)
T

1
iy

where

Xi(=b,s;1,0) =

k-1
_ 7 i K2 K - K _ 1.N\2 1
—> e 2mil's' [k o=migan sty 178 omighy (Vmsts'T) ICH(T,E(V—S—FS’T),O),
’—0

\]

x>

(4.4.41)

which, using (4.B.7) with £ — k,¢' — 7,a — s',v — v and ¢ — —s, becomes

2 k-1
X (=b,s;1,0) = 7]{_; (;]{;1/2 Z 2 (s HYSHATRTsS) (! o),
s'=0
(4.4.42)
We also have
Xo(=V, 857, 1)
T HV? = —2mib’s’ = —2mid gy 4 (%) 2v
= _%e<2]€27> ;) e’ v ;) e’ R )hZQ (077>9£+2k’+k—s’,g(77?>7

(4.4.43)

where hég)((), 7) is given by (4.B.22) for 2m = k, while the S-transformation of
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T(N,V,s;T,v) is given by

1
T>(N,b/,3, 775):
T T
11 k2 N 1 N2 ~— 2mi (K / 2v
—iT)I——= g 2= r=t) I RekrtIm g s (1, 55) (4444
(=ir) e elape) 207 2 mg (T 7)) (4444)

11 K12 0 1 Ly ol o , .
IR TRE ~E (kim0 2V
(—iT)2 He(%gT) T:%:Hq > mz::()e e k)
(4.4.45)
for N < 0.
Let us define
o 1 )
Ot T R, 0,0, 075 =2 2 )
T g massless
= (e n =) (o, =)
(=10 (=1, o (-1, 2=
¥ 1 G ,
X Z €+€_ Z 92Z++227+172Sk77k(_77 L) Xl(_b bl 87 7—7 V6+7€7).
6+7€—:i1 s=0 T -
(4.4.46)

Then, from (4.4.37), (4.4.38) and (4.4.42), one obtains

Ftw? +h w? A Re e oo g e o 1wy wo
e(_ T )OhO (k 7k >hR(€ 7€ )7€ 7€ 7_;7777) 1
2 - _
:\/;(—1)% > (—=1)* sin (Z(2£++2€‘+1)(2)\++2>\‘+1))

0<2AE<kE
1<22A k™ =22~ kT +k—<k—1
O B b RO AT, AT AT 7wt w™) (4447

after a lengthy calculation reproduced in Appendix 4.D.1.

Now define

massive
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1B ~1 ~ —= 1 _
Chi BB+ B B (0, 07), 0+, 0= — =, 5 25
T T T
~ ~ .~ 1 _
_Ch’OAWR(k+7k_7h%(€+a€_)aé+7€_a_77w7+7w7) =
T T massless

(_1)247+1 791(—%7 %),ﬁl(_%u %)

(=) (=1, 2y (-1, 22

= 1 Gy
X Z €4€— Ze2z++2f—+1f2sk—,k(_*7 =)
E+,€_=il s=0 T T
1 € €_
X {X2(—b/7537, V) + T(N,V, s; —, ”*’)} | (4.4.48)
T T

which can be rewritten in terms of massive A, characters, as shown in Appendix

4.D.2. We arrive at

T po, -~ 1 wy w_
Ch64V7R(kj+ak_7hRa£+7€_;_7aivi)
T T T )
L Re -~ 1 ~
= OBk b, 0,0 =, 2 )
T T massive, N=0

Tnso(kt k= Vs mwi,w) if N >0,
+ TN<o(k+,l~€*,b’;T, wy,w_) if N <0, (44.49)
0 it N =0,

where Ché”’ﬁl%*, k= hp, 07,0 —%, 222 is given in Appendix 4.D.2,

massive, N=0

(4.D.28), while Tyso(kt, k=, 07, wy, w_) (resp. Tneo(kt k™ V7, wy w_)) is
given in Appendix 4.D.2, (4.D.38) (resp. (4.D.39)).

4. Summary
The main result of this chapter is the derivation of the S-transformation of massive
and massless ./L, characters in the twisted Ramond sector. The final formula for
the S-transformation of massive characters is straightforward and given in (4.4.35).
The final formula for the S-transformation of massless characters given in terms of
massless and massive .ZW characters is more involved and given below for future

reference. We first recall the relevant definitions and notations.
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With
ak™ + kT =1, a,8€Z,|a| < kT, |8] <k, (4.4.50)

26:;; = n+ap, 25;}; = n—l—ﬂp, 25:;’; = TH‘Oép—i-ﬁkJr and 26;/}2 — n—i-ﬁp—ﬁk*,
(4.4.51)

and

2 = vE kE 4 pE 2 = yE kR ot pE €{0,... KT} (4.4.52)

where
20, 205"
. n, x1 . __ n, _ . £
R e N e R ) (4.4.53)

the quantum numbers L/ and L;"

", appearing in the S-transformation of massless

characters are (see (4.D.26))

+/ +

1—(=1)"r v 1 —(=1)"r v
2L, = 5 k(=1 e =1, 2L = 5 k(=1 1.
(4.4.54)
Also, with
n=pkE 4, = LZ:J o e {0, B, (4.4.55)
and
i+ +11 . |nt1
n+1 = wp "k +p", W, ._{ o J,
no= wE 4T = M_J P e {0, .. kE), (4.4.56)

the quantum numbers A" and A" also appearing in the S-transformation of mass-

less characters are,

1 / ,
2N = (1= (1R + ()
1 " "
X = (= (CD)MRE 4 (-1 (4.4.57)

Let us consider the large N = 4 ﬂv superconformal algebra at central charge

c = W% — 3. The modular S-transformation of characters corresponding to

unitary massless representations in the twisted Ramond sector with isospins (¢1,¢7),
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¢+ €{0,...,k*}, is given by*

_ ktw? + k—w? i _
(—1)2 o(— Ry o R (o4 o), o s - L
T T T T
= > (—1)”\/7 sin (”(2@+ + 207 + 1) (20T + 207 + 1))
0<2AE<EE k :

1<22 k™ =227kt +k— <k—1

x CR R (RG (A7), AT, A 0™, w7)
2ktTk——1k—1 )
Z Z o~ (a—B)p(20+ +207+1) hiklp(oﬁ)
-

n+ap¢ Zkt n+pBp & Zk—

2
1 E—(r+ 41 kt o r—r 1
_ _ % ?(Ln,p+§)7 —(Ln,p+2)>
% (_1)2Ln,'p+uf{7'p+yn,’pq <\/ k k

E‘ =
e

—— AR = 1 1 1
XCh ! (h%(LTJLr,/p—i_§7Ln,/p)7LTJLF,Ip+§7Ln,/p+§;q’z+7z—)

2

1 +11 k+
" —1 — k (Ln +3 ) ( n + ))
¥ (- 1)2Ln v un A B(20T 4207 41) q" (V kTP p

AR~ 1 1 1
! (h(])%(Ller,/; + 77L7/;1§)7L+// + 5 Li// + 55T, w+,w_)

X Ch 2 n, n,p 2 ’ T n,p 2 )

(—iT) /25 2k:+k -1 ~7i(kr7b’)2 Mkn(l«ub’)
X {(_1)2)‘n +an +,un +1 q_A()‘n 7/\n )Ch (ho ()\T—il_/’ )\n/ — 7) >\+, )\,;/;7_, w+,w7)

+( 1)2>\ +N+”+M;”+1 _ﬂ'(25++1+2g—) e%k_(lﬂ’—b/) —A(A+" A7 //)

n »'\n >

Mo O A = 5 A w+,w—)} if N >0

Tk — ~7i r—bt')2 2%k (kr—b
—zr /25 Z’r N1 sz k——1 ar (kr=t')? 2t kn(kr—b')
X {(_1)2>\n TR q AN, ’)ChA” (ho ()\+/ )\ ’_ ,)7)\;{/,)\” ST W, W )

+(— 1)2)\n”+p+”+u;”e TLRETHI4207) 2Tk (kb)) (— AN AL")

Q

AR

K OB (WG O AT — 1) A AT w+,w_)} if N <0

0 if N=0.

(4.4.58)

*We have suppressed the dependence on k* of the characters to avoid over-complication of formulas.
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4.5 Indices for A,

4.5.1 Conformal field-theoretic elliptic genus for A,

We reviewed the conformal field-theoretic elliptic genus for a A" = (4, 4) superconformal
field theory on 7'4 and K3 in the previous chapter, and we expected there would be a well-
defined analogous elliptic genus for a theory enjoying .4, symmetry and that this might
lead to a new moonshine phenomenon. First recall the formal definition of a character of

A'y,
3 -3
CHAY (T K™ By 4,075,212 ) o= T (g0 4500 2207 (45.1)

where I denotes NS or R, and ¢ = €™ and 2z, = >+ for 7 € §),and wy. € C. The
variables z keep track of the isospin quantum numbers of the states stemming from the
affine Smi symmetries. For the N = 2 and small NV = 4 cases, the conformal
field-theoretic elliptic genus is given by the partition function in the R sector, where the
antiholomorphic (right-moving) R characters are specialized to w = 0 (recall (3.4.16)).
Since the partition function is a sesquilinear expression in the characters, calculating the
elliptic genus amounts to evaluate the Witten index of these characters, which is zero for
massive representations and non-zero for massless ones. Hence the elliptic genus counts
short right-moving representations only, so only counts supersymmetric (or BPS) states.
Viewed as the index of the supercharge, it is constant through smooth deformations of the

moduli of the theory. If ZHE denotes the partition function in the twisted Ramond sector

of a theory with A, symmetry, a possible generalisation of the elliptic genus to A, is

o4 Loz +3 -3
EGA QG 24, 2-) = Tryg, (—1)Fglo—e/24gto /242?0 P 4.5.2)
= ZHE(q, 2o, z-,u=0,¢q,zy =1,z =1, u=0), (4.5.3)

where I/ = 2T, % + 27,2, It counts states annihilated by (Qq)o(G4)o for a € {+, £K}.

One could be a little bit more general and define indices

— +3 -3 - __
SQ;H(q, G 24,2 ) 1= TrHR(—1)FqL°’C/24qL°’C/24ziT° 22T 2T 3), 4.5.4)



86 Chapter 4. A, Algebras, Characters and Refined Index

= Zu(q,21,2-,u=0,q, 2, = zELZ =Z,u=0), (4.5.5)

which count only states annihilated by (Q,)o(G,)o for either a € {=K} (when z, = %)

ora € {+} (when z, = z71).

However, all these specializations of z lead to vanishing elliptic genera, as a consequence
of the fact that massless R characters have a simple zero at z, = z_ and z, = z~!, while
massive representations have a double zero at these values of z, . Indeed, we have noticed
previously (4.3.9) that the A, characters (massive and massless) factorize in the twisted

Ramond sector according to
ChAE = opAer R CpAak (4.5.6)

where we recall (4.3.10), namely

ChAev Ry 7wy w_) =

GO R (g 2y H (1—g")™ (1 =222 (1 — 27 2 )2y, (45.7)

which vanishes when we set z;, = z*!. In fact, the zero-mode contribution from (1 —
271271 (24 —z_) is responsible for the vanishing, which means both massless and massive
characters in the twisted Ramond sector are zero when we set z, = z*!. Therefore we

have the following important statement: The conformal field-theoretic elliptic genus of a

theory with A, symmetry vanishes.

4.5.2 New Indices for A,

Motivated by the search of a holographic dual to string theory on an AdS5 x S? x S3 x S*
background, which enjoys A, symmetry, Gukov et. al. [GMMS04] introduced a new
index for conformal field theories where both left and right movers enjoy A, symmetry.

Let C denote such a conformal field theory whose partition function restricted to the
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twisted Ramond sector is Z.$_. Then the new index of C is defined by
R

j(C)(’B 7_—7 Wy, W—,y CD) = {_E+az_ ch(cb 67 Rty R—s Z> Z) }

=

_ To_z 2T 3 2T 3 o3 73
—_ TI"H~ (—FR(—l)F qLo 0/24qL0 C/24Z+ 0 2 0 Z2(TO +T, ) ’
R

(4.5.8)

where (—1)Fr = ¢2mT° (_1)F = 2mi(T°+Ty®) and 7 = €2™%_ This is a generalisa-
tion of the index introduced in [CFIV92]. Given the structure of Zﬁg as a sesquilinear
combination of A, characters in the twisted Ramond sector, to calculate the index (4.5.8),
one needs to act with the derivation operator —z,0;_ on the right-moving characters and
then set W, = w_ = w. We therefore review the contribution to the index J from the
A, characters. From the structure of (4.3.9) and (4.3.10), and from the expressions for
the massive and massless characters of ./L ((4.4.2) and (4.4.10)), one can see that the A,
massive characters have a double zero at w, = F+w_ while the massless characters have a
simple zero at these values of w,. Therefore the action of —z,0,_ on a massive character
will yield a zero answer once one sets w; = w_ = w, while the action of this differential

operator on massless characters is more interesting. We define

@i‘”_’é(ki, (5, u)(1,w) = {—z+(‘3z Ch?”’é(kJr, k= W 0k O us Ty wy w_)}

Wy=w_=w

(4.5.9)
It turns out that the only non-zero contribution to the index from a massless representation
of A, comes from the derivative of the zero mode factor in Agy. Indeed, the key observa-
tion is that the A%V character (4.3.10) has a simple zero at w, = w_, and thanks to this,

the action (4.5.9) can be simply calculated as follows,

DR (k= 65, u) (1, w) =

DAY R (K w)(r,w) CRA R (T k= B 06, (7w, w_) (4.5.10)

W=w_=w
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where

@_‘ﬁU R(/’{:jE w)(T,w) = {—ZJF@ZC'hQU’ﬁ(u;T, w+,w_)}

W =w_=w

2/I<:+1/8 H Z — s )(1 . qun)(l . Z—Qqn)

_ qu2/k+1/8 Z( 1)qu1n(m+1)(ZZWrl — zmh (4.5.11a)
m=0

_ QUQ/k‘gl_Q(T? 2w) = _iqu2/k191(7-, 2w), (4.5.11b)

where z = e¢?™ € C, the second quality is derived from the Jacobi triple product
identity, namely

IIl—q YL+ ¢ Y2 (1+ " V2 quz " (4.5.12)
in which we set y = —¢'/222 to reach (4.5.11a). In the third equality we used the fact that
9i2<T, QUJ) = 6132(7’, 2(.U) — (9,1’2(7', 2&)) = —Z'191(7', 2(4)), where

eu,k(T; 2&)) — Z qézé _ Z qk(n+ﬁ)22“+2kn _ q%zu Z qkn2+nu22kn’
LeZ f=p mod 2k nezZ neZ
(4.5.13)

see Appendix 3.A.2. From the point of view of (4.5.11b), the QU theory is a special A,
theory with &* = 1 and (% = 1/2.
Now using (4.3.15) for ChAvfo(k* k= hE, 05 l: 7wy, w )|y, —0 in (4.5.10) to-

gether with the definition of affine m characters (4.3.17), one obtains

DR, ) (7, w) = (1) g o

et 2t 14T 20) (4.5.14)

as the contribution to the index J% J¢_ from amassless A, character with labels (hp, E;, (g, u).
Note that i == 20 4+ 25 — 1 is the Witten index for a representation of A, with labels
(¢4, (5) as the number of bosonic ground states is (2((5 — 1/2) + 1)(2({5 — 1/2) + 1)
and the number of fermionic ground states is (2(¢}; — 1) +1)(2(¢z — 1) + 1) for that same
representation .

One can also check consistency of the action of the differential operator —z, 0, by acting

on the linear relation between massless characters and massive character at threshold of
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A, in the twisted Ramond sector [PT90b],
R R0k, 07) + CRi R0k +1/2, 05 — 1/2) = OB " (hg, 05, 07 + 1/2). (4.5.15)
Indeed, and it is easy to find [GMMS04]

P z 1
DI ) (ryw) + DI 0 % 5, u) (7 w) =

0 <(_1)2KR+19— (7, 20) + (—1)%76- (r, 2w)> ~0.  (45.16)

+ 1 op— + 1 op—
205 +205 1,k 24205 -1,k

Hence the new index (4.5.8) only encodes information from right-moving massless repres-
entations of .4, in the twisted Ramond sector. We note that, unlike what happens for the
small N = 4 case, the contribution to the new index (4.5.8) from a massless representation
of A, is a g-series as opposed to an integer. In fact, from the (antiholomorphic) contribu-
tion analogous to (4.5.14), we immediately read the quantum numbers of the right-moving

states counted by the index 3£7. Indeed, since

0~

(7, 20) = 37 [ PR gk g)? 2k ) (4.5.17)

nezZ

where [ := 2(6_}; + ﬁ_,}) — 1, we see that the states contributing have charge £/ (mod 2k)
under the operator 2(7;" + T;%) and eigenvalue a—]: +kn* +nji+ % under Lo — ¢/24. In
other words, the states that contribute are eigenstates of Ly —¢/24 = % + %(TOJ’ STy %)
This is exactly the condition for masslessness, which means that all right-moving states
contributing to J¢_ are annihilated by (Q_x)o(G_x)o.

In particular, it was found in [Sau05] that the right-moving states contributing to jfrf be-
long to orbits of special RR ground states under a spectral flow with (p, o) = (2n,2n),n €

Z (see (4.A.7)). Indeed, under this flow one has,

(T3 + Ty n = (T + T5%) — .
LoV —¢/24 = Lo —¢/24 — 2n(Ty% + Ty %) + kn?,
_
Tk
Ug 1 +3;2n,2n —3;2n,2n 2
=2+ (T0 + T, ) : (4.5.18)

1 - _ _ _
+ (07 +T7) = 2n(T57 + Ty %) + kn”,
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so the masslessness condition is preserved through this ‘symmeric’ spectral flow.

Remark: We could introduce a new index inspired by the index (4.5.9). Another observa-

tion on the A®Y character is

d - .
ZilEChQU’}%u; 45 =+ Z_) |Z+:Z:1:z =q" /k91,2(7-7 2W)§ (4.5.19)
J’_

hence by combining with the identity (4.3.16), we define a new index I’ as

Ché‘%[{(kﬁz kiu h(l)%u £E7 gév u; q, 24, Z,)|

_,—1_
zy=z_ =z

d
P (AR K O G ) (7,0) = 27—

2+

d ~ PO —~
= (Z_IChQUVR(U;Qa Z+az—)|z+:z1:z> X ChkoyR(k+7k_ah0R7€E>€;i;Q7 Z+7Z—)| !

B dZ+ Zy=z_ =z
= —ig" "9, (7, 2w) x Chy (K k™ W s g2y )] 1,
.
= (1RGO (7 20), (4.5.20)

4.A Commutation Relations and Spectral Flow

4.A.1 The A, Algebras

The Virasoro subalgebra of A, is as usual,

(L Lol = (m — 1) Loy + %5m+n,0m(m2 —1), mnez 4.A.1)

and the Virasoro generator L(z) transforms a primary field ¢ with conformal dimension
d, according to

(L, &) = [(dg — 1) — 1)y (4.A.2)

In the A, case, one has d¢ = 3/2, dr+: = dy = 1 and dg = 1/2. The A, supercharges

anti-commutation relations are of the form

c 1 e
{G+,m7 G*,n} = Lm+n + é(mz - Z)éern,O + (m - n) [7+T£in + Y Tm-?—n]’
c 1 I
{G+K,m7 G—K,n} - Lm+n + 6(m2 - Z)ém—l-n,o + (m - TL) [7+Tr—r’;—?—n -7 TminL

{Gi,ma G+K,n} = i’yi(n — 771)7_'ii

m—+n?
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{Gim, G gn}=+7T(n—m)TFT (4.A.3)

m—+n?

where v* = k¥ /k and {T£! i = 4,3} are generators of the affine Kac-Moody algebra

—

SU(2),+ atlevel k*, whose commutation rules are given by

1
[TEF, TE) = 2T+ mk* 6, 1m0, [T23,1F) = 5m/g%mmm

m TN m+n m »tn
2 T =Tot (020 T = —Thk. (4.A4)

One can explore the commutation relations between SU (2),+ generators and supercharges

and fermion operators, namely

1

[Tr::ta Q:I:,n] = 07 [Tnt:t7 Q?,n] = :l:Q:I:K,m-i-nu [Tntga Q:I:,n] = :l:§Q:t,m+n7
1

[T, Qi) =0, [T5%, Qernl = FQimin, [T Qirn) = iiQ:l:K,m-i—m
[Trgia Q:I:,n] - 07 [Tn_m:t7 Qi,n] — :l:Q:FK,m+n7
[Tr;:ta Q:FK,'rL] - 07 [Tr;ia Q:tK,n] = :FQ:I:,m—Hu
T,? . T} _ L
[T,.°, Q] = i2Qi,m+m 1.7, Qirn] = :FQQ:tK,m—i-m
[Tn—tia Gi,n] = 07 [T;rtia G:F,n] = iGiK,ern + zv_inK,n%#n;
[T$i7 GiK,n] = Oa [Tntia G¥K,n] = :FGi,ern + zfyiin,m+na

1
[Tnt:s? Gi,n] == :I:iGi,ern + 77in,m+n7

1
[Tngg, G:I:K,n] - j:§G:tK,m+n + /y_mQ:I:K,m—‘rna

[Tn;ia Gi,n] = 07 [Tn;ia G$,n] = iG¥K,m+n + 27+mQ$K,m+na
[Tn;iu G$K,n] = 0; [Tn;i, GiK,n] = :FGi,ern + 2fy+mQ$,m+n;

1
[Trgga G:I:,n] = :lziG:t,ern + 7+mQﬂ:,m+n7

1
[Tr;37 GiK,n] = q:§G:tK,m+n + ’Y+mQ:|:K,m+n- (4A5)

The remaining (anti-)commutation rules are given by

1

1 _
{inm’ G:FJL} = :F§(Tntin - Tmin) + §Um+n7

1 _ 1
{QiK,TM G¥K,n} = q:§(Tnt<3Hz + Tmin) + §Um+n7
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1 1
{Q:t,ma G+K,n} = §T$i[n> {Q:I:,m7 G—K,n} = _iTn:'—ji:nv

1 1
{Qraem Gent = =5Ton, {Q-sm, Gun} = ST
k
[Uma Ga,n] = mQaJn—i—n; [Um7 Un] = _m§5m+n,07
k
{Qem: Qin} = {Qusem, Q-rcn} = =7 mino. (4.A.6)

—

where U, is the generator of u(1).
There exists an isomorphism of .4, known as spectral flow [DST88], which relates dif-
ferent modings of the Laurent mode algebra, namely the generators with superscripts

p, o € R below satisfy the same .4, commutation relations as the ones given above,

kt k~
L5 = Loy = (0T + 0T,°) + | 0" + 507 | 0m Uh? = Upn,
GP,U — G :|: E _ k; Q Qp,cr;:l: _ Q
+,mE(p+0)/2 +,m P L o 2 +,m> +,mE(p+0)/2 +,m>
GPot =G + E + k; Q Qp’a?i =Q
+K,m+(p—0)/2 +K,m P 2 o 2 +K,m» +K m+(p—0)/2 +K,m;
Tp,a;+3 _ T+3 . E 5 Tpva;-&-:l: _ T+:|:
m —4tm P 9 m,0; mtp — Itm >
: k™ .
TR =T," - <02> 0,0, This t =T,

(4.A.7)
In particular, the algebras characterised by (p,0) = (0,0) and (p,0) = (—1,0) are
isomorphic and are known as the A, algebras in the Ramond (R) and Neveu-Schwarz (NS)
sector respectively. Analogously, (p, o) = (0,0) and (p, o) = (0, —1) are isomorphic A,

R and NS algebras. Actually, as long as v # %, all A, algebras are isomorphic.
4.A.2 N = 2 Subalgebras of A,
One of the N = 2 subalgebras of A, has generators {L;, J),,G". , } defined as
L =1Ly, J,=2"TP+2y T2 G\, =GCin, (4.A.8)

and the generators defined for all € R as

1 1
LY =L 4200y T + 4T3 + 6926/5’”’0 =L, +0J,+ 6920/5’”’0’
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1 1
JO =T+ gec’émo =TT 4 2y T3 + 590’5%0, (4.A.9)

GY . = Gy mso (4.A.10)

satisfy the same commutation relations as the generators (4.A.8). This isomorphism

extends to A4, with

Gfﬁ:K,m = G:l:K,m:I:G(’y*—’y*) + 407+7_Q1K,m+9(7+_,\/7),

0 _ 0 _ 0 __
Q:I:,m - Qi,mi@; Q:I:K,m - Q:I:K,m:l:@(*y*—’y—)a Um - Uma
140 et +T.0 _ T
I = Tm+9(v+—v’i1)’ I = Tm—9(7+—v*¢1)'

Another N = 2 subalgebra has generators
Ly, =1Ln, J,=29"T72-2y"T.7° Gig,=GCikm
The spectral flow

1 1
LY =L+ 200y T3 —y T3) + 0% 6o = L., +0J, + ~0*c 6o,

6 6
JO =7 + ;ec’ém,o =29TTH — 2y T3 + ;ec’ém,o, (4.A.11)
G,ﬁK,m - Gl:l:K,m:i:G?
and extends to A, as
Gl = Girmiort—-) F 407 Qi mso(rt—v-),
th,m = Q+m+0(y+—7-)s Q?I:K,m = Qirmro, UL =U,,

++,60 et +F,0 _ ETF
T = Tm%(“ﬁ*fil)’ T = Tm*G(’YJr*“FjFl)’

Note that one may check the consistency of spectral flow of the N/ = 2 SCA by considering

the invariance of operator %LO — J3.



94 Chapter 4. A, Algebras, Characters and Refined Index

4.B Higher level Appell functions

4.B.1 Definition

Level £ € N Appell functions are defined as [STTO05]

s) £m2, tm

2
K(rvp) = S f_t;/qm 4.B.1)

with ¢ = e?™7 y = 2™ and t = 2™, where 7 € §, u, v € C.

4.B.2 An average formula

We show that, for 0 < &/ < ¢, one can rewrite the Appell function at level ¢ as an ‘average’

of Appell functions at higher level /¢’

v b’ 14 e
Kell'm,v+ar + ZT =7 Z e~ 2 Yy Z/q iICM(T, vrarte (2/7 + C, 0). (4.B.2)
Proof. Let us start from the right hand side
14 Copitle ¥ _ab v+ar+c
Ze 2 Ty g/q Z/ICM’( T’O):
—27mb’ - ,+€m ,+€am o2 1 4B3
Z Z € y ¢ q Z q 2 a 2mic ( . )
" mez =0 1—ye'q' o qm
and rewrite
1 1 ¢-1 d ady g, 2micd
1 a 2mic = at+0'm Z y”qﬁl e v (4.B.4)
L—yrqre v gn  1=yg" " i5
so that
142 ible at/ v+ar+c
Ze 2 wy i/q f/[CM,( T’O):

meZdeZ,y

= 1 —27r2(b —d) 5 —b/;d—l—ém —a¥>4 pamtdm  Eom? 1
2 2\ X Py et ¢ . (4B3)
—Yq

Since the right hand side is zero unless d = ¥/, one has

1 o— r b/ bl
Z o2 Y Z/ v Ko (T, vrarte 0)=K,l'r,v+ar+ ik —ZT).

7 ,0) (4.B.6)
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[ |
We also note, for further reference, that
/-1 / /
_r b b
Koo (T, HC;/T—i_C’O) => 62me 7qr Kill'm,v+ar + — il ZT) (4.B.7)
¥'=0

Remark: the summand in (4.B.2) is periodic in ¢ of period ¢'. Indeed one has

/ ab/

- For ¢ = 0, the summand is y~ 7 ¢~ 7" Ko (1, 252,0)

. _ _ab
- For¢ = ¢, the summand is y~ 7 ¢~ ¢ Ky (1, Y5 4+1,0) =y~ 7q~ 7 Ko (1, 52, 0)

by (2.7) in [STTOS5]

However, the summand in (4.B.7) is not periodic in ¢’ of period ¢/, as is manifest in

[STTO5] eq(2.4).

4.B.3 Some quasi-periodicity properties

One has (see [STTO05])

T yqt vy ()" O(d at forn >0
Kelg,2q77,yq7) = (xy)" Kelg, 2, y)+ — (o) e )
- Zgzn-i—l (xy)" " 9(q", 2% forn < 0.
(4.B.8)

4.B.4 S-transformation

Formula (1.4) in [STTOS5] yields the following S-transformation for the Appell function

at non-zero, even integer level 2m, m € N\ {0}; with7 € $, 2z € Cand u € C,

1 1 2z wu
’CQm(Tvza —U) - 627”m ICZm(_*a ) _7) =

T T T T

5 2m—1

Z eﬂ-lm 25~ T)Q(I)(QmT, —2mu — 67')'19(27/”7—, 2mz + 67'), (4B9)

27r1m
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where
g e—QWixu/\/Th
@(T, U/) = — /R—it dxe W (4B10)
o<t<1

and where, using (3.A.9),
I(2mT,2mz + (1) = 6_2”i€26_”i7g2/2m0g,m(7, 22). (4.B.11)

Claim: the S-transformation of the Appell function /Cy,, (7, z, —u) can be rewritten as

1 1 2m—1
Kom(T, 2, —u) — e2mm ICgm( 7,—,—— Z he(u, T) (z 7), (4.B.12)
T T T
where
. . ) —27nz(2mu+£T)
hg(u, 7_) — ie*ﬂ1627/2m727rzfu dx 627rzm7—m2 € (4B13)
R—it 1 — 27z
0<t<1
and
TN T /2mA2midz
195%(2,7’) = oo™ [amt2mirz
AEZ,A=L (2m)
Z e7m(2mn+€) 7/2m+27i(2mn+£)z Z qm n+2m m(n+2m _ efm(T 22)
nezZ nezZ
(4.B.14)
with y = 2™,

Justification of claim: the claim is nothing else than a consistency check between the work

of [STTOS] and the work of Zwegers in his thesis [Zwe08], Chapter 3, Proposition 3.3 (6).

There, Zwegers uses the following definition of the Appell function at level 2m,

(m) e27rim)\2'r+47rim)\z
fulz,7) = fi (2, 7) = Z (ST ey (4.B.15)
\eZ
We note that
F (2, 7) = Ko7, 2, —u). (4.B.16)

Now use formula (2.38) of [STTO5] with 7 — 2m7, u = —2mu+ (2m — £)7, which gives

O (2mr, —2mu — 1) = ®(2m7, —2mu + (2m — €)T — 2mT)
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i T 2 1 u 2m - €
A e Gl LD B Y (R 4B.17
=T ¢ Tl » @BID
where
1 I — f 2nz(2mu—(2m—~£)7) //—2imT
q)(_ 7_g = ) == /R*it l‘e_ﬂxQ ° —2mx/\/—2imT (4B18)
2mt T 2m Oct 1—e
Now set ' = ——2— in (4.B.18) so that

vV —=2imt

—27z(2mu+(£—2m)T)

1 2m —/ :
O(——, — + - ) =—V QimT/ da e2rimTe® €

2mT T 2m iiayid 1 — 27z
(4.B.19)
—2mx(2mu+LT
_ 2ZTTLT/ dx 627rim7(m—i)2+27rim7 € ( :
R+-it 1 — g2z
o<t<1
) ) ) —2mz(2mu+~1)
— —\2%imr 627rz(m—€)7 6—47rzmu dx e27rzm7—m2 €
R—it 1— 627rz
o<t<1
(4.B.20)
We infer from the above that the right hand side of (4.B.9) reads
w2 2m—1 2m—1
— 2mim=- Z d(2mr, —2mu—€7)19rz,$(z,7) = Z hém)(u,T) ﬁgx\é(zm), (4.B.21)
£=0 =0

which provides the sought link between the results in [STTO05] and [Zwe08].

We remark that with the change of variable p = /2max + i\/%, the specialised function
h™ (0, 7) is given by,

_ p__; L
5 e 271'(\/% zzm)

(m) ___! 7
hz (0,7_) — \/% R-‘ri\/%—it dpq 2 1 _ 6_27((\/5771_1‘%). (4.B.22)
0<t<1
Furthermore, using [STTO0S5], formulae (2.28) and (2.30),
B (0, 7) + B ,(0,7) = ——— (—ir) 3. (4.B.23)
V2m

4.C Lemmas

Lemma 1: Let k* and k~ be coprime and assume, without loss of generality, that k™ > k™.
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Then, with 0 < 20+ < k* — 1, the quantity b({*,07) == 20" kT — 20Yk™ — k™ is never a

multiple of k .= k+ + k™.

Proof: It suffices to rewrite
bl ) =200k —k™) =20k~ — k™ =20k — k= (20 + 207 +1)

and to remark that £~ does not divide k, and that 2/~ + 2¢* + 1 is strictly positive and

strictly smaller than kk~.

Lemma 2: Let k™ and k~ be coprime and assume, without loss of generality, that k™ > k™.
With0 < 20+ < k*—1, letb((T,07) == 20~ (k—k™)—20Tk~—k™ = Nk—b for 1 <V <
k—1 and N € Z. Then there exists a unique pair ((] (7)) in the range 0 < 203 < k* —1

that satifies

200 +20;, = L

b(li ;) = =V, 4.C.1)

where 1 < b, <k —1.

4.D S-transformation of A, characters - Intermediate

steps

4.D.1 Derivation of formula (4.4.47)

From (4.4.37), (4.4.38) and (4.4.46), one obtains

.'Z,R I+ 31— 7 + —. 1 w+ w_
Ch‘()’y (k ,]f 7hR7€ 7€ 7_77777) =
T T T
‘massless’
v 20741 2 (R +hmw?) Vi(m,wi +w )t (T wy —w-)

W<_1) 03 (7)1 (7, 2wy )01 (T, 2w_)
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k—1 2k—1
Wi + — _ - ’ /ol +1— oo
> Z e Z Z e~ % [0/ (207420 +1-2sk™ )+2(sa’+b's'+2k1 k™ ss")]
eq,e—==+1 s,s’,a’=0 n'=0
o,
X Ont 1 (T, Cey e )X (=d, 8" 7,0, ). (4D.1)
Note that Vi1 = —Vo1,-1 and similarly C171 = —6_17_1, V-1 = —V-11 and Cl,—l =

—(_1,1. Therefore, the explicit summation over e, above yields

k—1 2k—1
Ini (! =2kt ks’ —a)s —Tin/ (20T 420 4+1)  — 2y o/
S = 2 : 2 : ek (k=n'—2k s'—a)s =7 e~ R

s,s8",a’=0 n'=0
X {en’,k(Ta Cl,l)X(_ala 8/; T, Vl,l) + en/,k(Ta _Cl,l)X(_a,a 5/; T, _l/l,l)

O o (1,C 1) X (—d, 8701 21) = O (T, —C1 1) X (=, "7, =11 1)} . (4D.2)

Let us first concentrate in (4.D.2) on the sub-contribution S; defined by

k-1 2k-—1
270 (L= ol k= o o\ Tl (9p+ 1 op— 2wy
SI:: 2: 2: @k(kn 2kTk™s a)se on' (207 +2¢ +1)6 b's

s,8',a’=0 n'=0

X {en’,k(Ta Cl,l)X(—a/a 5/; T, V1,1) + an,k(T, _CI,I)X(_ala 3/;7'7 —V1,1) . (4.D.3)

Using the property (4.4.26) on X (—a’, s'; 7, —11 1) as well as (4.4.27), one gets
kil kil 2kz_1 2ﬂi(k7 / 2k+k27 / /) s’ /(2£+ 20— 1) 27rib/ /
Sl — er n'— s'—a s€—7n + + e & S
s,8'=0a’'=1n'=0

X A O 1 (1, Q1) X (=d', 8" 7, v11) = O (T, =C10) X (= (k — @), =s"s 7, 011) }

k—1 _ _
+ 2k Z o~ W2KTETS (20T 1207 +1) — 2!

s'=0

X {02k+s’,k (7—7 Cl,l)X((); Sl; T, V171> - 0—2k+s’,k(7_7 Cl,l)X(_k7 _S/; T, Vl,l)} 9 (4D4)

where the last sum corresponds to the terms @’ = 0 in .S; and where we have summed
over the variable s. Now, using (4.4.22) with b = Nk — b’ and (4.4.30), this ‘boundary’
contribution becomes

k—1

2v
Qk’ Z 92k+k—5’7% (T, %) 92k+s’,k‘(7_7 Cl,l)' (4D5)
s'=0

We have isolated this boundary contribution since, according to Lemma 1 (Appendix 4.C),

for ' = 0 or a non zero multiple of k, the function X (—a’, s'; 7, /) does not lead to an A,
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massless character.

Upon the changes of variables a” = k—a’,n” = 2k —n', " = k — s’ in the sum involving
O (T, —C11) X (—(k—a’), —5'; 7,11 1), & # 0in Sy, one obtains for this sum (after using
(4.4.27))

k=l k-1 2k 27 — ! +1.— o / P -+ - 2mwips o
o Z Z Z eT(_k n'+2kTk~ s +a )se?n (20 +2¢ +1)@Tb5 en’,k(Ta ng)X(—CL,, S/; T, Vl,l)

s,8'=0a’=1n'=1

(4.D.6)

Now recall that, according to Lemma 2 (Appendix 4.C), to each value o’ in the range

1 < a' <k — 1 corresponds a unique pair (A\*, A7) in the range 0 < 2\* < k* such that

a' =2 k™ =2\ kT + k.

With this in mind, and after summing over the variable s, which only yields a non zero
value when

At 2N 1 =2k =puk, pez 4.D.7)

(4.D.4) becomes

k-1 /
Si=—4ik > > sin (W(%+ + 207+ 1)(2AT + 207 + 1))
s'=0 g<oat<k+ k
X Ooxtron+1-2k—s (T, CL)) X QATET = 20Tk~ — k7, 8" 7, 011)

k—1

+ 2]€ Z 92k+k—3/7%(7',

s'=0

2V171

T)%kw,k(ﬂ (11), (4.D.8)

/
where Z indicates that the variables summed over obey the constraint

1<22Tk™ =202 kT +k <k—1.

An identical treatment of the sub-contribution S, in (4.D.2), defined by
kil 2kil 21 (k‘* I _9ktk—g /) i /(2£+ 26— 1) 2mi gy of
SQ = — ek = STa)som +207 + e~ T Y

s,8",a’=0 n'=0

X { O o (7,C1-1) X (=, 7,01 1) + O (7, —C11) X (—d', s's 7, —v_11)}  (4.D.9)

leads to an expression for S5, which, up to an overall sign and the angular dependence
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beingin vy 1, 11,( -1 and (_q 1, is of exactly the same form as (4.D.8). This yields

S = Si+85=

k—1 /
—2ik Z €+€_Z Z
§'=0 g<2AE <k*

sin <7T(2£+ + 207+ 12N + 207 + 1))
ef=+1 =00< <
X 92)\++2)\ +1—2k—s/ k(T C€+7€7)X(2A_k+ — 2/\+k_ — k7. 5T VEJr € )

(4.D.10)
2V€ €—
+ k Z €€ Z QH e /ij_’ )92k+s’,k(7-a C€+757), (4D11)
ef==41
where the sum (4.D.11) vanishes. Indeed, using the change of variable s” = k£ — s’ and the
—1), one finds

periodicity of theta functions in the term corresponding to (e, ,e_) = (—1,
e_) = (1,1). So together they yield

a contribution identical to the contribution from (e,
k—1 21/1’1
2k Y Ot i(7, C11) 05 5 (T, A ) = 200 1+ (7, W )00, 1 (T, w-), (4.D.12)
s'=0
where one uses the theta product formula (3.A.7). A similar analysis for the contributions
)=1(1,—1) and (e4,e_) = (—1, 1) yields a contribution of

(6-1-7 €
(4.D.13)

— 2kb, o+ (T, w1 )80 k- (T, w_),

so that the sum (4.D.11) over all values of (e, , €_) vanishes as announced

The massless contribution to the S-transformation of massless characters is thus indeed
(4.4.47).

4.D.2 Derivation of formula (4.4.49)

Our starting point is the definition (4.4.48)

i 1 B
OB (5t e g, €F, 0 - “7*”7) _
e BER B CL

T}( )191( 7—720:—4—)191(_%72&)%) €q,e—==+1

k-1 1 €t € 1 €4 ,6—
Ceren ) {XQ(—b’,s;T, V) + T(N, ¥, s ——, Zeres )},
T T

X 292€++24 +1—2sk~ k:(
5—0 7' T

(4.D.14)
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where

0 < 20* < k¥,

bi=20"kt — 2k~ —k  =Nk—V, NeZ, 0<V <k—1 (4D.15)

and T'(N, V', s; 7, v) is defined in (4.4.31).

First case: N = 0: ¢* and ¢~ are chosen so that b = —V'.

From (4.4.37), (4.4.38) and (4.4.43), we obtain

3 T4, 12 1 L—,2
M = @(_1)2%4& 0> (7)1 (7, 2w )01 (7, 2w_) e(—k wi +k w?

(T, wy +w_ ) (1w —w-)

xC’hA” Tt B g, 07,07 — =, 2

k—12k—1 k-1

massive,N=0

_lfi Z ere Z Z Z e_@bw — i (20 4207 +1) {262;”5(71% —0— 2k+ks')}

€4, e_==*1 =0 n’=0 s’=0

& 2We, e
X hez (T, 0) 0£+2k+k*s’,g<7—7 ]:37 ) 0n’,k<7—7 Ce+,e,)7 (4D16)
with h\?’ (7, 0) given by (4.B.22) for 2m = .
The sum over s in (4.D.16) is non-zero (and with value k) for (n'k~ — ¢ — 2kTk™s') a

multiple of k. Within the ranges of ¢, s’ and n/, there are exactly 2k« triplets (¢,s",n’)

yielding a non-zero sum. In order to reconstruct massive character contributions from

(4.D.16), the following reparametrization is useful,

n = 2T -2 — 2k~ ¢
¢ = 2YET 4207 kT,
with0 < s <k —1and

either

22U =n4+ap and 207 =n+Bp
for0<n<2k"k~ —land0<p<k-—1,

or

2" =n+ap+1 and 207 =n+Bp

(4.D.17)

(4.D.18)

(4.D.19)
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for0<n<2k"k~ —land -k~ <p <kt -

In the above, and for fixed (k~, k), the values of « and (3 are fixed by Bézout’s lemma
and the extended Euclidean algorithm’. Indeed, exploiting the fact that k* and k~ are
coprime, we write ak~ + Skt = 1 for the Bézout coefficients («, ) obtained by applying

the extended Euclidean algorithm. In particular, |o| < £ and | 5| < k™.

This parametrisation produces 2k« triplets (¢, s’,n’) yielding a non-zero value for the
s-sum in (4.D.16). Note that some triplets have their n’ component out of the range
0 < n' < 2k —1but (4.D.16) is periodic in n’ of period 2k so it is always possible to

replace an out-of-range n’ value by one in-range at no cost.

We thus have

2kTk™—1k—1
. —Ti( 20T 4207 +1)
M= —i Zﬂ@r@ Z Ze (=B h(n—i—ap)lc it (7:0)
€+7€7:
k—1 o0
X Z 9(n+ap)k—+(n+,8p)k++2k+k—s’,g(7-7 %) e(a—ﬁ)p—Qk—s’,kz(Ta CEJ,_,E_)
s'=0

2kTk——1 kT-1

. L) 1)(20T+207+1
— Zil e Z S e (et h n+ap+1)k mippit (T50)
€4, 6= n=0 p=—k—

k—1
We, e
X Z 6(n+ap+1)k—+(n+ﬁp)k++2k+k—s/,g(7-7 T+) 9(04—ﬂ)p+1—2k—s/,k:(7-7 C€+,6_)' (4D20)
s'=0

Taking advantage of (4.4.2) and (4.4.3), one may rewrite (4.D.20) in terms of affine su(2)

characters as

M = —i0y (7, 2w5 )01 (7, 2w_) X

2kTk——1

— T (a—B)p(20T +20~ +1) 1. (5) kt—2 k-2
2_:0 {Ze i M h(n+ap)k +(n+5p)k+(T O)X%(n+ap—1)(w+) X%(n+ﬁp—1)<w—)

kT—1
a—B)p+1)(2et+1+4207) 1 (3) ko2
+ z:k e ( Ll ) h(n+ap+1)k +(n+5p)k+(7— O)Xl(n+ap)(w+)xl(n+5p 1)(w )}
—

2ktk——1k-1

= —id1 (7, 2w )01 (T, 2w_) Z Ze_ﬂ(o‘ P72 +1)h +p(7,0)

This lemma states that if a and b are two integers with greatest common divisor d, then there exist
integers « and §3 such that aa + 8b = d. These pairs («, /3) are not unique, but the extended Euclidean
algorithm produces a pair which obeys the bounds |o| < |%],]8] < |4].
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kt—2 k=2 —miB(20T+2¢=+1) kT -2 k-2
I (W2 (00) e i O e 0)} -
(4.D.21)
Setting
20" = ntap, 20, =n+Pp, 207 :=n+ap+LkT and 20,7 = n+Lp—pk~,
(4.D.22)
we rewrite the above as
M = =i (7, 2w )01 (T, 2w_) X
A i (20t —20," ) (20 420 +1) 7. (5) kt—2 k-2
MDY {e—m R 2 CENTI 2L s i (T O 2 ()X 2 ()
n= p=
— 2 (26 —24 ) 2020 +1) 1, (5) 0) k=2 k= —2 4D.23
+e 26;7’;k7+2€;’gk+(7—7 )XW,_%(M)X%,%_%(CU—) . (4.D.23)

Although elegant, the expression (4.D.23) for M does not provide all the su(2) characters
with (twice) their isospin quantum numbers in the unitary ranges {0, ..., k* — 2} and
{0,..., k= — 2}, which is necessary to formulate M in terms of massive .%L characters.
In order to achieve this, we exploit the properties of affine su(2) characters (3.B.4). For

each pair (n, p) where n € {0,...,2k"k~ —1}andp € {0, ...,k — 1}, we introduce the

notations
20 20"
I/Tj;; = { kﬂépJ’ 1/2:7;; = {ki’pJ = ]/;E;) + 5’ (4.D.24)
and write
208 = vl k4, 207 = Uit kE 4 p (4.D.25)
where p;, is an integer in the range {0,..., k" — 1} and p; , an integer in the range
{0,...,k= — 1}. We note that when any of p;° vanishes, the corresponding term in

(4.D.23) vanishes as a consequence of the properties of affine su(2) characters. We use

repeatedly the relation ok~ + Sk* = 1 and the properties of su(2) affine characters, and

!/

introduce the isospin quantum numbers Lip and Li’; for su(2),. , as follows,

+/ +

1—(—-1)" / 1 —(=1)" "
yki%—(—l)”’%pfm—l, QLi’; — yki—l—(—l)”’f”pf’p—

(4.D.26)

.
2LE = 1.
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This yields

2ktk——1k-1

M = =it (1,20 )01 (7, 20-) D D]
n=0 p=0

— I (248, —200 1) (20207 +1) 7, (3) 1)t bt =2 K2
{6 B\ hopir iy g (T2 0) (1) x G S(wi )X (w-)

— T (op ! _op !y (20 420~ +1) 1 (5) vy ket E——2
4ok @lnp—20n5)( )h%“k#%;%H(T’o) (—1)"mr "Xyin (W+)XL;';, (w_) .

(4.D.27)

One notes that, if pjgm (resp. p,,,) vanishes, the corresponding characters X]Z++72(w+),
X’;;;Q (wy) (resp. X]’f:_,_Q (wo), X’ZZZQ (w_)) vanish, so that effectively one restricts to p,\ , €
n,p n,p n,p .
{1,...,k* =1} and p,, € {1,..., k- —1}and 0 < 2L} 2L} < k* — 2, while

0<2L. 200 <k™—2.

n7p,

We now use (4.4.7) to rewrite the products of su(2) affine characters in (4.D.27) in terms
of massive fL characters, and given the definition of M in (4.D.16) and of h§m) (0,7) in

(4.B.22), one obtains

LR e v~ 1 wy w_ —1)20H Etw? 4k w?
Chy (et k™ b, 01, 0 —=, = ) _ )T Ry -
T T T 2kk T
massive, N=0
2kTkT—1k—1 2 (i (nkp))
mi - e VeI Uk
X Y > e~ 7 (a=B)p(20T+207+1) ’ dr _ -
n=0 p=0 Rt (nk+p)—i0 1 — o~ Ve @z (nk+p)

2
1 k;(L-H +1)— H(L—/ +1))
- - + \tn,p = &mp
x (_1>2Lnfp+u;;+un,;qk(vk 2V

T 1 1 1 1
x ChA R (kT k™, hp(L} + 3 L, + %), Ly, + g Lo+ 5T ws w0

2
1 k— 47,1 kTt -1
R (P0G s S L el IS
( 1)2Lnfz')+'/i’;§+un,’zﬁ+,8(2e++2z+1)qk( o7 Lapt3) =/ = Lnp 2)>

1 1
LL‘),L:;/; + 77[’7:,/;1/) + PN w+7w)} )

i . 1 1
AR - i
x C'h (k™ k ,hR(L;;/]/)—i— L7+ 5 5

2 2’
(4.D.28)

or again, using (4.4.9) and the definition (4.B.22) with k = 2m,

i B~ o~ o~ 1 _
i R (et ke b 0,07 —=, 5 25

T T T

massive, N=0



106 Chapter 4. A, Algebras, Characters and Refined Index

7 T +—_
k,—&-wi_'_k w% 2kTkT—1k—-1

7(_1)2€*+1 e( ) « Z Z e 7 p(20F+207+1) hnk+p(0,7')

5~
™

T

2
1 +/ Et o r—r 1
— — % (Ln p+ ) (L’ﬂ,}fi’))
« (_1)2Ln7’1,+1/,t’p+1/n7’1,q < V & P 2

AR, -~ 1 11
x Ch (k+7k 7h%(L:,;7+§7Ln,;))7L:,lp+§7Ln,lp+§

2
1 41,1 kt 7t
— & (Ln +35 ) (Ln +35 )
2Lt v M B(20T 200 +1) F <\/ KFATp R TP
_|_( 1) P P p+B( )q

7w, W)

Ay R,-, - & 1 1 1
x Ch ’ <k+7k_7h(1]%(L;’z—,,]g+2aL7:,/1,)>’L7T,/;I)+27L7_L,,];+2;Taw+vw—)}‘

(4.D.29)

Second case: N > 0

If N > 0, (4.D.14) also receives a contribution from (4.4.44), which reads,

TN>0(%+7%_7£+7€_;Taw+aw_) =
(—1)2 + e(i{;ﬂui +kmw? V(T wy + w )0 (T, wy — w_)

)

(—ir) 72

2kk T 3 (1) 01 (7, 2w )01 (7, 2w ™)
2k—1 k—1 —
27I"LS “n'—m 7r'm, -+
% Z €Le_ Z Z {Ze (k )} (2074207 +1)
€4,e_==+1 n/=0 m=0

N
PO Sy S 27 (fr b Y, 27/6 JE—
x Y gt SR rtm g (7 ) O (7, Gy ). (4D230)
r=1
The sum over s is non-zero (and with value k) for (k~n’ — m) a multiple of k. Within the
ranges of n’ and m, there are exactly 2k pairs (n, m) yielding a non-zero sum. In order to

reconstruct massive character contributions from (4.D.30), the following reparametrization

is useful,
n = 2" -2 -2k,
m = 27k +207 kY + 2k, 0<7r <k-—1, (4.D.31)
with
T =227 =n, and WU =207"4+1=n+1, (4.D.32)
for 0 < n < 2k*Tk~ — 1. This produces 2« pairs (n’, m) yielding a non-zero value for the

1 27

S-sum Zk o€k s(n'k™=m) Hut some of these pairs are out of the ranges 0 < n' < 2k — 1
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and 0 < m < k — 1 dictated by (4.D.30). However, (4.D.30) is periodic in n’ of period
2k and m is periodic of period k, so that one can replace out-of-range n’ and m values by

some in-range at no cost. This leads to

TN>O(IN€+7 ]%7’€+’€—;7_, w+7w7) =

. _% 1 207 +1 k Z;—"_Wi + if_wg 191 <T7 w+ _|_ w_)ﬁl (7-’ W+ _ w_) N 2ktk——1
r=1 n=0
G~ (kr=b")? 2 kn(kr—b) = 2V5+,6,
Xq 2= e r Z €r€_ Z 9nk+2k+k*r’,%( 2 )Q*Qk_r/,k(CEJ”e,)
€4,e_==*1 =0

2.,
nk+k—+2k+k—r/,g<7—> 6];;,6 ) 91—2kz—r’,k(7-7 C€+,e_)} ;

_i_ef%(zﬁwrﬂ) e%k*(krfb’) 0

(4.D.33)

or again, using (4.4.3),

TN>0(I~€+7 ]%_ag—i_ag_;Ta UJ+,(U_) =

ko ktw? + kw0 (1 wy Fw )0 (T, w0y —w)

e( =)

(—ir) 2 ()"

2K T n3(7)
N owE S kr—b')2 2T ko (kp—b et —2 k= —2
X Z Z q_ﬁ( r=bt)* T kn(kr=b') {X;(;_l)(w+)xé(;_l)(w_)
r=1 n=0

_mi - 278 o= (for —b' — =
Lo F (207 +20+1) 2k (k b)Xgr 2(W+)X2(n21)(w_>}' (4.D.34)

In order to take full advantage of the properties of su(2) affine characters, we rewrite

n= iR o, = L{ZJ 0<pt <k*—1 (4.D.35)

in ¥*'2(w,) and y*_7%(w_) respectively and
2 2

n+l = "k +p py = VlktlJ 0<p" <k"—1,
no= w'km+p" = M_J 0<p" <k —1, (4D.36)

in X'?_z(uur) and x*_7?(w_)® We note that if any of p’, p vanishes, the corresponding
2

n n

term in (4.D.34) vanishes as a consequence of the properties of affine su(2) characters.

SNote that y,” = ;" and that p,,"" = p".

n
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We also introduce the notations

1 , :
2= (= (GO (1
1 " 7
St el Co VR LS GVl (4.D.37)

The contribution (4.D.34) thus becomes

TN>0(%+7 %_7 £+7 €_7 Taw+a w_) =

(_@'7—)—% (—1)2 L (k+w +hkw? )191(7 ywi + w )t (1w —w-)

2K T n3(7)
N +E——
& ~ L (kr—b)2 2T (kr—b') w41 -2 k——2
X E: E: q 2= er (—1) XAw 1(W+)XA4 1(W )
r=1 n=0

+(_1) wt +1€f%(2z++1+2£—) e%k_(krfb’) Xl;iu 2 . (UJ+)X)\_N 2 . (w )}

1 -k Rt +Ew NW“-&# o2 2 ke
:(—ZT) 2( 1>2Z ﬂ (—i-— z:l Z:O q (k b')? enk(k b’)

x{(—1)”5’+ﬂ¢’+un gAY Yo (k:+ e WO (N A — ) AN

n ' 'n YA\ s Ay 3 Ty W, W )

—n +17 —n _ ﬂ + 27ri / _ 1 "
+(_1)2An L o= R QU R1420) B (k=) = A AT)

n J'’'mnm 2>7n7n7

I P 1
OB b RO (A A = D) A A w+,w)}.

(4.D.38)
Third case: N < 0

If N < 0, the contribution to (4.D.14) from (4.4.45) is analogous to (4.D.38) with

TN<0(];:+7 ]%77 £+7 677 T7w+7 wi) =

0 2ktk——1

Z Z q—i(kr—b/)Q o 2E kn(kr =)

r=N+1 n=0

x {( 1 bt AR R (o B I A — >A+' A

n ’'n 7n7n77-w+7 )

1 ko kW +kw?
— (—iT) 2 (=1)% v +—
(—it)72 (1) 5 €l

+11 -1 mi + — 27 7. — Y _ +11 =11
_|_( 1)2)\ "pt e (20T +142¢ )6 k (kr b)q AT

KRRt T O A — Ry A g w+,w)}.

n J'’'mnm 2771777,7

(4.D.39)
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4.E Expansion of A, massless characters

The characters for unitary representations in the twisted Ramond sector of A, are labelled

by ¢}, {5 and hp with

1 1 1
<(E< iki and  khr = u*+ (0 + 5z — 5)2 + Zk*k’. (4.E.1)

DO | —

We present here for reference the first few terms of the g-expansion of these characters,
where the coefficients of the g-powers are expressed in terms of SU(2) characters. For an
irreducible representation of isospin ¢, the SU(2) character is given by

S20-1 _ =21

X@(Z) = ﬁ = 2728 + 272€+2 + -+ Z+2£. (4E2)

Note that it is understood that x _; /> = 0. Gukov et.al. [GMMS04] provided the leading

(¢°) term. With k= > k* > 2, and introducing the shortcut notation th ‘= X¢(2+), one

has

Chy (K k™ ha, O Cgou = 07wy wo) = (=112 (), — xp )
X {(XZQ1/2X£R1/2 o X&flxé}%fl)qo
+(X1+/2 o XI/Z)S(XZQAQX;I;A/Q - ngqxequ)q
02 = X2 00 1poXe 1o = XX DI +x0) + 3]
+(XT/2 - X1_/2)2(XZ;—1/2X4_1;71/2 - X&—lxtz_;fl)
X (s +x2) +30a +x0) + i — 4 exa, + 7 (4.E3)
+ <XT/2 - Xl—/2)2(XZ;—1/2Xe_I;—1/2 B XZ‘;—IXK_E—l)
X [(x3 +x3) +306 +x3) + 120 +x0) 4T X3 i
— 16X )9X1/2 — 4X3)2X1 72 — 4XT )Xo + 19]4"
jL(XIF/Q - XI/Q)z(XZ;—1/2X;E—1/2 - XZ;—1XZ_1;—1)
X [(d +xa) +30G +x3) + 1206 +x2) + 390 + x1)
+ 22X X7 e T FATXe Fxaxg FXTXG FXe e

— 60X 15X 172 = 20X3/9X1/2 — 20X1 /9 X572 — 4Xa/2X1 )2
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- 4XIF/2X§/2 - 4X;/2X§/2 +47]¢°
+ (XIF/Z o X1_/2>2(XZ§71/2X£_§—1/2 N X&flxe_};q)
x [(x3 +x5) +30d +xa) +12(x3 +x5) + 4403 +x3)
+ 12300 +x7) + 93 XG +23xa xq + 23x X A xT AT NG
FXIXT T XX FXAXT XX TN T e TG X
- 188XIL/2XI/2 - 80X;/2Xf/2 - 80XIF/2X?:/2 - QOX;/zxf/z - 20XI?2X;/2
— AXT 10X — AXT 10X 2 — 24X3 9X5s0 — AX3jaX5s0 — AXEjaXap + 127)¢°
+(XT/2 - X1_/2)2(XZ§—1/2X£_;(1/2 - XZ;AXZ_;%A)
X [(xe +X6) +30xs +x5) +12(x5 +x5) +44(x5 +x3)
+ 144(x5 +x2) +362(x7 + x7) + 336X X7 +103x5 x5 + 103x7 X2
+ 233 X7 T 237G T E NG 246G HAE e HAEXE HAXT X
FAXTXT H XX I XT FXEXT G XT — 564X X
- 284)(;/2)(1_/2 - 284XT/2X§/2 - 84X;/2X1_/2 - 84XT/2X5_/2 - QOX;_/QX;/Q
- QOXT/QX;/z - 4X§/2X1_/2 - 4XT/2X§/2 - 108X:J{/2X§/2 - 24X;/2X5_/2

— 24X35X32 — 4X712X32 — 4X3/2X7/2 — 4XajaX5pe T 323]‘17} +o(¢%).
(4EA4)

Note that the above g-coefficients have constraints k= > 205 + kT — 20F.



Chapter 5

Sum rules for A, characters

In this chapter, we focus on a realization of A, at levels (k*, k) = (2, 1) on a manifold
based on the group coset SU(3)/U(1). As the simplest example of realizations at levels
(kT k™) = (n,1),n € Zoy,ged(k™ + 1,k + 1) = 1, it provides a toy model for
superstrings propagating on group cosets SU (k™ + 2)/SU(k~) where k™ enters as the
level of the affine @(/%_ + 2) algebra emerging from the associated supersymmetric
Wess-Zumino-Novikov-Witten model. The motivation is to investigate in the simplest
possible but not trivial setting whether a moonshine-like phenomenon is present in such
theories. Although we cannot conclude at this stage whether or not such a phenomenon
occurs, this chapter should be read as a preparation for a future in-depth investigation of
this question. Our guiding principle is that in this set-up, one can write explicit modular
invariant partition functions based on products of rational 5u(k~ + 2) 7+ characters and
characters of free fermions, which can be branched into products of ./L characters and
u/(T) torus characters, hence the name ‘sum rules for /L characters’. One may write
general formulas for such sum rules, and this was done for k= = 1 and arbitrary kT in
[PT93]. However, analytic expressions for the branching functions, which we generically
label Fy(7),i € T with Z a discrete set of labels, remained elusive then, not the least
because it was not fully appreciated in 1993 that these branching functions may be viewed,
for each theory considered, as the components of a theory-dependent vector-valued mock

modular form. For more information on mock modular forms, see [DMZ14; Zwe08]. A
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better grasp on these branching functions is welcome, as in analogy with the Mathieu
Moonshine observation, one might expect that, once one calculates the new index J(C)
(4.5.8) for C being the superconformal field theories we are interested in, the branching
functions organise themselves in such a way that interesting patterns emerge. Of course,
when considering Gepner models at central charge ¢ = 6 in the Mathieu Moonshine
case, the relevant index is the conformal field-theoretic elliptic genus, whose simplicity
relies on the Witten indices of the small N' = 4 characters being integers. In that case,
the dimensions of representations of My, (3.2) appearing in a specific decomposition of
the elliptic genus into characters of the small N/ = 4 algebra are the coefficients of a
mock modular form (called h(2)<7') in [DMZ14], formula (7.16)) obtained as a linear
combination of the components FZ(T) of the vector-valued mock modular form. In the
context of theories enjoying .4, symmetry, the situation is more challenging, first of all
because the conformal field-theoretic elliptic genus vanishes, and second of all because the
only other type of indices that could be exploited are those constructed in [GMMSO04]. As
pointed out in (4.5.11b), one of the crucial ingredient in the evaluation of the index J(C)
is the generalized Witten index for A, characters, which, for massless representations, is
essentially a Jacobi theta function, so definitely not a pure number. Identifying patterns

will therefore be more involved but nevertheless interesting.

5.1 Coset realizations of A,

In [SSTV88a; SSTV88b], the authors constructed the supersymmetric extension of the

Wess-Zumino-Novikov-Witten action as
1
S[6,0) = —5- [ &0 (9@ "6 + N (9)e 60"
_ 1 _
G DY = L U R (D)) @b € (0,1, S.LD)

where ¢*, u € {1,...d} are the coordinates on the target manifold M, their fermionic

superpartners ¢)* are tangent vector fields on M and their covariant derivative is calculated
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as

Dy = Ot + (T, 0% + T 0 )0u, (5.12)

—vp¥—

with a connection including a totally antisymmetric torsion term 7, namely

1
Piﬁ‘l/p = 5glw<g(w7p + 9op,y — Gup,o + 27—0Vp), (5.1.3)

where locally, 75, — —%)\[W’ o This action is invariant under the supersymmetry defined

by

5¢M = 530“,,wua 30#1/ = 5%/7
51/}“ == a(ﬁue - wi(€+r+uypw€ + E*S+Ml/pwi) + wi (gfrfﬂypwi + €+S*uypw€)7

(5.1.4)

where the rank 3 tensor (S ),,, must be antisymmetric and covariantly constant. Sevrin
et al show that solutions exist on group manifolds, and that, in that case, S can be chosen
as proportional to the torsion 7 [SSTV88a]. The action (5.1.1) thus enjoys N' = 1
superconformal symmetry. In order to have N' = N supersymmetries, one must be able
to define N — 1 almost complex structures J;, ¢ € {1,... N — 1}, which, together with J,

(see (5.1.4)), form a Clifford algebra, i.e.
33, Y43, " 31 = =204 (5.1.5)
and must satisfy the Nijenhuis conditions

N/, = J(io[V3 9 }U+3(M ‘ij)?/] =0, ¢j€ {Ovla"'aN_ 1}7 (5.1.6)

ij vp - 7) el i op

where (i, j) means symmetrization in the indices 7 and j, while [x, v] means antisymmet-
rization in the indices p and v. We restrict ourselves to N = 4 here, although [SSTV88a]
discuss cases where N > 4, which is possible when the target manifolds have no curvature
but totally antisymmetric torsion, i.e. when these manifolds are absolutely parallelizable.
According to these authors, realizations of A, may be constructed as follows. One starts

with the Lie group G := SU (k™ +2) and considers the coset G /H = SU (k=+2)/SU (k™)
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so that
B SU(E™ +2)
C SU(k™) x SU(2) x U(1)

WS(k™ 4 2): (5.1.7)

is a Wolf space (i.e. a quaternionic symmetric space) of dimension dim W S(k~ 4 2) =
4(§ — 2), where § is the dual Coxeter number of SU (k™ + 2). For k= > 1, one obtains
a realization of A, for each so-called ‘stage’ in the decomposition of the root system
A of the Lie algebra su(l;;‘ + 2) into Ay (the set of roots comprising the highest root 0
of su(if + 2), its negative and two zero roots corresponding to elements of the Cartan
subalgebra into which the generators £y transform under the complex structure i, as
well as all the roots non perpendicular to §) and A 4 (all the roots perpendicular to ¢). A

second stage would be provided by

Ty SU(k™)
WS(h™) = SU(E= —2) x SU(2) x U(1) ©-18)

with A |y decomposed into a set Ay of roots (comprising +6" where ¢’ is the highest
root in A | y, two zero roots corresponding to Cartan generators into which F. gy transform
under the complex structure and all the roots non perpendicular to 0'), as well as a set A | o
of roots perpendicular to ¢, and so on for subsequent stages. We are not interested here in
k= > 1, as in this case, one would obtain an energy-momentum tensor at each stage (since
A, is realized at each stage). This motivates our analysis of superstrings propagating on

SU(3), as there is only one stage, and hence one realization of A.,.

In the case of SU(3), the corresponding Lie algebra is su(3) of rank 2. If we label the
simple roots as «; and aw, the highest root is # = a; + ay and Ay = (). Let us call
Fio,a € {aq,as, 0} the generators associated with the nonzero roots, and H;, H, the
Cartan generators. SU (3) is an absolutely parallelizable manifold on which one can define

an almost quaternionic structure as follows,
31H1 = H17 31H2 - _H27
31E0c = iEan Jib_o = _iE—aa
1 ~ 1 ~
Jobia = 1(1 +1i31) (B, Eia] — 1(1 —i31) [Eg, Bxal,

J3 = J2J1- (5.1.9)
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The generators { F1y, Hy, Hy} satisy an su(2) @ u(1) algebra and the corresponding group
SU(2) x U(1) is such that

SU(3)

WSG) = sty <o)

(5.1.10)

is the 4-dimensional Wolf space associated with the A, realization. If we label the bosonic
fields ¢, A € {m, 0, a1, ay} and their complex conjugates ¢4, their superpartners are
¥" and 1)4. Among these, the four fermions {1, 1,,, %2, 14, } are associated with the

nonzero roots which are not perpendicular to the highest root § and they are called ‘Wolf

space fermions’ (see Fig. 5.1). The corresponding .4, realization for - =1(Ge k™ =2)
(Yay) a2 0=y + as ()
() < ) ()
(¥") (%)

Figure 5.1: su(3) root system and Wolf space fermions

and k* = n (i.e kt = n + 1) is given in terms of the eight bosonic and eight fermionic

fields described above, where the integer n appears in the bosonic OPE

4n

+35AB + FEVE (w) + F4 “Ve(w), (5.1.11)

VAEValw) ~ —

with F4. are complex structure constants for su(3). This realization is provided in

[GPTV&9], Appendix B.

In view of (4.1.4), it is straightforward to obtain a realization of jw once we have a
realization of A,. In the following section, we consider character sum rules associated

with a realization of A, at levels k* = 2, k= = 1.
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5.2 Analytic Structure of Sum Rules for A, Characters

In this section, we review the analytic structure of the sum rules for ./L characters in the

twisted Ramond sector and study the example of k* = 2 and k~ = 1.

For a given value of k*, the ./L realization is based on Hilbert spaces

—

WS @ O (5.2.1)

where H"® is the Fock space for the four free fermions associated with the Wolf space

o

WS(3) of (5.1.10) and ’HiU@)“ is the representation space for the affine Lie algebra
S/U(\?)) i+ with highest weight A = a1\ + as )9, where \;,7 = 1,2 are the fundamental
weights and (aj, aq) are the Dynkin labels, i.e. «a; are non-negative integers such that
a1 + ag < 2. The Hilbert spaces (5.2.1) provide more than the representations of fL; they

also provide representations for the rational torus algebra A3y, which extends the u(1) Lie

subalgebra of A, by an operator of dimension 3k (see [PT93]). Here, 3k = 3(1err + 3).

In the twisted Ramond sector, the above information can be schematically encoded as

R SU3); AR f .
XWS,R ® XAU(B)k+ — {@i <’].[(’)42j£_ ® H;‘éik)} ® {@j B, <HhAvﬁ - ® %éjk)} ’
AR LA I
(5.2.2)
where the first bracket on the right collects the contributions from massless representations

of ./L while the second bracket collects the massive contributions. The branching functions

we wish to pin down appear in this second bracket.

5.2.1 Building blocks

In the case k+ = 2, k= = 1 which is our focus here, the sum rules are built from

—

1. The su(3), affine characters.
For ¢ an affine algebra of rank r and level ¢ with g the associated Lie algebra, let us

define

W (7, w) = Traghom 3 e 2 i’ = =35 07, 2) (5.2.3)



5.2. Analytic Structure of Sum Rules for /Ty Characters 117

as the character of the unitary, irreducible representation of § built on the highest

weight state A, where h;,i € {1,...,r} are the Cartan generators of g, w :=
(wi,ws, .., w,) € C" and the central charge is ¢ = * jjr“,‘lg , h being the dual Coxeter

number of g.

Here we are interested in § = SZ\(B)Q, the affine Lie algebra of rank 2 and level

—

¢ = 2 based on the Lie algebra su(3). The su(3), affine characters are labelled by
the Dynkin labels (ay, as) of the 6 dominant highest weights of su(3) and we write

them as

)28)1’&2)(7', wy,we), a; €N, a; +ay < 2. (5.2.4)

It is helpful to organize these characters according to triality. Consider ¢t = a; —

—

as (mod 3) with ¢ € {—1,0, 1}, and define three doublets of su(3), affine characters

as
>(2) >(2) ~(2)
, X(2,0) , X(0,0) , X(0,2)
v& = C X = ;XY= . (5.2.5)
>(2) ~(2) ~(2)
X(0,1) X(1,1) X(1,0)
Note that
1
Lo|A) == h(ay,a2)|A) = m{a% + a3+ ajag + 3(a; + az)}A), (5.2.6)

—

so that the factor ¢"(®1:92)=¢/24 in the su(3), affine characters defined in (5.2.3) for
r = 2 has a fractional g-power clearly depending on the conformal weight of the
highest weight state considered. We call these fractional powers ‘g-offsets’. In

—

our case, the g-offsets for the six irreducible highest weight su(3), characters are
given in Table 5.1. In the sum rules we are considering, the su(3), characters are
expressed in terms of two angular variables w, and w,,, which are related to w; and

wy through

W1 = Wy + wy, Wy = Wi — Wy. (5.2.7)
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(al, as) | h(ay,az) | —c/24 | total g-offset
0) | 2/3 | —2/15| 8/15
Y | 4/15 | —2/15 2/15
) 0 —2/15 | —2/15
)
)
)

9/15 | —2/15 7/15
2/3 | —2/15 8/15
1715 | —2/15 2/15

Table 5.1: Fractional powers of q in level 2 su(3) characters

It is known (see [PT93]) that, with the order 3 transformation

¢(CL1, ag) = (ag,f —a; — GQ), (528)

—

the su(3), characters enjoy the flow property
(¢ _
Xga)l,az)(T’ Wi, Wy +7T) =gq —/3, 26/3 X((b()a1 az)(T Wi, Wy). (5.2.9)

2. The Wolf-space fermions characters

(7, w + wy) V1 (T, w_ — wy)

WS,R
’ _ = 5.2.10
X (7-7 w 9 wy) 772 (7_) ( )
with g-offset ¢'/¢.
3. The rational torus characters
R (1 w,) = b Or s (T gw ) (5.2.11)
m ') 77(7_) m, Y 3 Yy e

with g-offset ¢~1/24+m°/12kNote that x** (7,w,) = x3* (1, —w,) = x3_,.(T,w,).

These characters may also be organized according to triality. Define
Xon H(T,wy) = X (T wy), t € {=1,0,1}, (5.2.12)

and, in the case k = 5,

. ler?fSt(Ta Wy) + X1—57’nt+3t(7'7 Wy)a mc {17 2, 374}
O (T, wy) = (5.2.13)
Xt (T, 00y, m € {0,5}
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Note that

15,
o5t (1 w,) = o9l (T,wy). (5.2.14)
4. The massless .,41, characters for unitary and irreducible representations in the R

sector (4.4.10),

OB b RO (0 67), 0% 0570y, w0 ) =

(_1)2£*+1qhw%(é+,£*)75/24+1/8 Vi(r,wi +w)th(r,wy —w-)
(7)1 (7, 2w )0 (7, 2w )

S e SE L (rwpw) (5.2.15)

€r,e_==%1

where k* = kt — 1 and k= = k= — 1 are the levels of the two SZ\(2) subalgebras of

fL and the central charge is given by

 6kTET

T E=k"+k. (5.2.16)

c=c—3, c

Here ¢ = ¢*™, 7 € $ and 21 = €™+ w, € C. The conformal weight h% of the
massless state €2, ) on which we choose to build the representation is given by

Ktk
Ak

ho,(6,07) = li(ﬁ +O+ D) +00) + (5.2.17)

The infinite sum S i is given by

,E—

00 2eq (£t +mkt) 225_ (6=+nk™)

Sﬁ (7_ W, W ) — Z qm2k++n2k’+2€+m+2£*n 2y
€E4,6—\ "7 T

q n
(5.2.18)

—er _ —e
m,n=—00 Zy q m—z_

The g-offset is ¢"&(¢*#7)=/24 When k+ = 2 and k~ = 1, there are six massless
A, characters labelled by (¢*,¢7) = (0,0), (3,0),(1,0),(0,3),(3,2),(1,3). Their

g-offsets are respectively g—3/40, ¢3/40_ q13/40 43/40 13/40 27/40

5. The massive ./L characters at threshold (4.4.2),

— AR -, -~ 1 VRS VO iy SV sy BT
Ch ”R(k;+,k:‘,h%(€+’,£"—§),€+’,£—’;T,w+,w_)=(—1)2‘ g HVETTVIED

(T, wy +w )i (T we —wo) iy
7 (7) Xevy

(1; w+)xlz__,izl (;w-). (5.2.19)
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Note that the g-prefactor in (5.2.19) is obtained as'

In view of the derivation of the S-transformation of the sum rules, it is natural to

define the functions

QE’WR ~ ~ —~ ]_
Ch (kT k=, n (et 07 — 5),€+/,€4; T, Wy, w_) =

1 / + 7. 10
E \/;ﬁ_ \/:7— A’W k+7 k_7 h%(£+,7 f_/ - 1)7 £+/7 f_/; Ty W4, wi)

(T wy +wo ) (T, wy —w_ -
= (_1)2£ 1( - 773)(7_1)( - )Xﬁ/ 1(T w+)X§ ’ 21 (T w— )

(5.2.21)

as these transform covariantly under the modular group SL(2, Z) with weight —1/2.

Fork* = 2and k~ = 1, there are two massive /L characters ‘at threshold’ labelled

by (¢, ¢7') = (%,1),(1,1). They share the same prefactor (5.2.20) of ¢~/1%

272 2

(while their total g-offsets are ¢*/%° and ¢'*/%° respectively). This is completely

consistent with the linear relations presented in (4.5.15)>

Gl g 111 _
Ch (h (2 O)*4a27277—7w+7w*)*
A5 11 1 Ll 11
Oh (h%(o, 5) = 170, 5;7', Wy, W ) + Oh (hOR<§’O> = 1, 5,0,77 w+,w_)
_ (T, wy +w_ ) (T, wy —w_)
_ —1/120 71N A I\ Wt (.
q n3(7) Xo(T5w5)
—— AR 1 1
Ch (hO (1 0) 57 5 VT, W +,w_) =
iR, 11 111 id 1
Ch (hO (2 2) 57 5 5 7 Ty Wy, W ) + Oh (h%(l,()) = ia 170;7_7 w+,w_)
v )0 —w_
— q—1/120 1(77 W +w 3) 1(7-’ Wy W )Xll(,]_7w+) (5222)
7 (7) 2
6. The branching F;(7),i € {1,...,6} functions, each emerging from the sum rules as

a power series in the variable ¢ = ¢*™'" (typically multiplied by an overall fractional

I'This is different from the total g-offset for the massive fL characters at threshold in the twisted Ramond
sector, which is ¢ R (e 07 —3) =2 /24 _ g ETRETHN?
>We have suppressed the labels kT = 2, k= = 1 in the character functions to avoid crowded formulas.
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q-power). By expanding all other sum rules building blocks in powers of ¢, one

obtains® information on the branching functions in the form of g-series,

F(r) = ¢o(14+q+0+¢"+¢ +2° +d +*+¢" +3¢" + ..

By(r) = q®(1+ ¢+ ¢ +q* +20° + ¢" + 26> +2¢° + 24" + ..

By(r) = ¢ (@ +d" + "+ "+ q" +2¢° +¢" +2¢° + ..

Fi(r) = ¢®(1+q+¢+¢ +2¢"+ ¢ +2¢° + 20"+ 3¢° +3¢° + 3¢"° + ..
Fy(r) = ¢ (g+ @+ +¢" +2¢° +2¢° +2¢" +2¢° + 3¢° + 3¢ + ...

Fs(r) = ¢ (g +2¢% + ¢+ ¢ +2¢° + 247 + 2¢° + 3¢° + 3¢"° + ... (5.2.23)

Our aim here is to identify analytic expressions for these functions.

5.2.2 The character sum rules

Exploiting triality ((5.2.5) and (5.2.13)), the six sum rules take the form*

So: X1 wo,w,) X (1 wp,w,) =
gl 15,
1 017 (T, wy) 11 —00" (T wy)
ChAW (—,0,0; 7wy, w_) C’hA”’ (=, =,0; 7, wy,w_)
10 15,¢ 42 15,1
05 (7-7 Wy) ) (Ta Wy)
iRl 11 —o5 ' (rw) 4 os a7 o1 (7, wy)
+Chy (S, S, ST wy W) +Chy " ( ,0,0; 7wy, w_)
2°272 15,1 20 ey
03" (T, wy) oo (T, wy)
00" (1, wy)

+ @ (7 a 7;T7w+7w—) ;5 t(T,wy)

;" (T, wy)

3The sum rules will be written in terms of the 6’71 functions, which are the characters at threshold
‘stripped’ of the ¢~ 1/12° factor. This factor is now part of the definition of F; := ¢~ '/120F; i € {2,...,6}
and F} = q*1/120(1 + F1).

“In the .A character functions, the labels k™ = 2, k= = 1 have been suppreseed for readibility, and the
first three arguments are (h0 (0+,€7), 0%, 07) for massless characters, and (h0 (e 0= — 1), 0+, 07") for
massive characters.
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Ué57t(7—a wy)
—A.R 1 1
+Ch (§a L, 37 wi,W-) | o™ (r,w,) | ¢» (5:2:24)
o (, wy)
witht € {—1,0,1}.
Under the flow
Wi — Wi, Wy —> Wy +T, (5.2.25)
the sum rules generate two orbits
St — Sig — S, (5.2.26)

as can be checked using the analytic expressions for the fL characters and the torus
characters as well as the property (5.2.9). From (5.2.26), one sees that one orbit consists
of the three sum rules associated with the sextet, singlet, and anti-sextet representations of
:ﬂZ%\)z, and therefore contains a representative of each triality class, while the other orbit

consists of the sum rules associated with the anti-triplet, octet and triplet, which are also

representatives of each triality class.

Another interesting property of the sum rules is that Yt@) (1,wi,w,) and o5 (T, w,) be-
have analogously under the S-transformation, as we now show. We choose to perform

calculations in the splitting field of the polynomial P(z) = 2* — 522 + 5 € Q[x], whose
S 5 5 5
Y R N T L) (5.2.27)
2 2 2 2

2
—2sm(§)+sm(€) -

2 4
sin(g)—l—QSin(g) = \égb,

positive roots are

Useful relations are

QCOS(E) = 21 QSin(g) = (2 — a?)b. (5.2.28)
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—

The su(3), characters transform under the S transformation as,

2 2 2
>, 1 wi wy 1 2wy + 3wy —10tt' & = (2)
—_—,—) = e S, (T, wy,w,), (5.2.29
Xt ( T T) V15 ( - )t/e{z;,og}fw Xe (T, Wi, wy), ( )
where t € {—1,0,1}, &5 == eT5 and
- a b
S — . (5.2.30)
b —a

On the other hand, given that the torus characters transform under S as,

1 1 5 2
X (—= wy)zm (32) Z & X (T, wy), (5.2.31)

T T

the combinations of torus characters transform under S as,

—10tt/ 9 '
Yve(-1,01 $15 Yo (0™ + &y mm)afn'(Tva)

1 5, .2 for m € {1,2, 3},

T 0T ol (1, w,) for m =0
—10tt/ 5 miA Y -
2ref-101) &5 m/=0

(-=1)™ ot (1,w,) for m =5.
(5.2.32)

So the LHS and the RHS of the sum rules transform analogously with respect to triality
(through ¢, t"). We therefore can choose any one of the sum rule doublet gt to extract the
S-transformation of the six functions ]32-, and we consider §0 here, i.e. the doublet of sum

—

rules for the singlet and octet representations of su(3),.

5.3 The S transformation rules for the functions F}(7)

Besides the S-transformations for the su(3), characters and the torus characters discussed
above, we need the S-transformations of the Wolf space fermions (straightforward) and
for the .Z,Y massless and massive characters at levels kT = 2, A 1, for which we have

derived formulas. Explicitly we have,
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1. Wolf space fermions

~ 2 2 -
WS,R(_l w Wy) _ _e(w, +wy WS
T

) X T, W, Wy). (5.3.1)

2. Massive /L characters: refer to file on S-transformations of /L characters. In the

particular case where kT =2and k- = 1, there are two characters at threshold

labelled by (¢, ¢7') = (3,3), (1, 3). One has

) {571%% =y g 4O (= ialém,w},
e et
x {ﬁAwR(ﬁR = i, ; ;,7, Wi, w_) — EAWR(BR _ 111’ . ;;7, o }3 2)

3. Massless AA, characters: these characters transform into a sum of massless A7

characters and a sum of massive characters. In the particular case where k* = 2

and k~ = 1, define

Hi(t) = hi(0,7) — h31(0,7) + h11(0,7) — hs1(0,7),

He:(1) = h7(0,7) — h37(0,7) + hi7(0,7) — haz (0, 7). (5.3.3)

One has, for Z = {(0,0), (1,0),(1,1),(2,1)} and 0 < 20T < 2,0 <20~ <1,

(-1 (-2

T T

> )GI(—l)”‘ \E sin (g(zﬁ +200 + 1) (22T + 20 + 1))

(22,22~

X Chy P (RG(AF, A7), AT A7 7wt w)

x {—sin (25”(2e+ +20 1)) Hy(r) +sin (4;(244+ v+ 1)) i)}
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o

otherwise.

(5.3.4

Upon S-transformation, the singlet and octet sum rules provide six relations between the
functions Fj(7),i € {1,2,3,4,5,6}, their S-transformations FZ(—%) and the combina-

tions of Mordell-type integrals H;(7) and H(7). More precisely, if we define

!

F = (F,, F, F, Fy, F5, F})", T transpose, (5.3.5)

one gets the relations

= 1 1 a 0 0 b =2 —
AF(-*) = (-ZT)§ ®13><3+ ®13><3 F(T)+H(T) y
T
0 —a b 0
(5.3.6)
where
1 2 2
A=100® (1 2—a® 2—5° (5.3.7)
1 2—0® 2—a?
and

H = (—aH, + bHy, bH,, aHy, —bH, — aHy, —aH,, bH;)". (5.3.8)
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It is now a matter of straightforward matrix algebra to arrive at the S-transformation of

the functions F,. We get

= 1 1 L 1 0 0 1 =
F(—=) = Z(—ir)? ® B + QC F(r)+H' (1), (539
5 0 —1 10
with
a 2a 2a b 2b 2b
B=|4 % —p| and C:=1|p ¢ _% (5.3.10)
a —b % b —% a
and

H' = ((2b— a)Hy + (2a + b)H~, 0, —ab®Hy + a*bHs,

— (2a+ b)H, + (2b — a)H7, —a®bH, — ab®Hy, 0)*. (5.3.11)

From the above, we immediately see that F} and F) transform covariantly under SL(2,Z)
with weight % while the four other functions ]:}7 i € {1,3,5,6} transform ‘mock-covariantly’,
due to the presence of Mordell-type integrals H;, H; in their S-transformation law. We
note in passing that their behaviour under the T transformation is immediate from their

g-series expansions (5.2.23), namely,

477~ Imi

Fir+1)=e® Fy(r), Fa(r+1)=e'6 Fy(r), By(r+1)=e & EFy(7),
7 23mi - =~ 49mi  ~

F4(T—|— 1) = ¢ 60 F4(7'), F5(T+ 1) = 6776% ﬁg,(T), F6(7' + 1) =¢e 60 F@(T).

(5.3.12)

5.4 Analytic expression for the functions F;

In order to determine analytic expressions for the functions }A?’,-,z' € {1,...,6}, the first
attempt has been to match the first fifteen or more coefficients in their g-expansions (see
(5.2.23) without the g-offset) with coefficients of series in the On-Line Encyclopedia of
Integer Sequences (OEIS). The functions Fj(7),i € {2,3,4,5} correspond to series listed

in OEIS. They enjoy several representations, and can be expressed in terms of modular
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and mock modular forms of the following types:

1. The Ramanujan generalized Theta function

flz,y) = Z 2D 5=l gy e C, |ay| < 1, with
nezZ
f(—z) = f(—z,—2%). (5.4.1)

2. The Rogers-Ramanujan functions

S L g2 1
o) = TECE). O =X

Wr) = q¢w H(r), H(r):= i g 1

—_—, (5.4.2)
n=0 T (1—=¢d)
where ¢ = e*™ as usual, which transform covariantly under SL(2, Z), with
(1) = [bgr) +ah(m)], A1) = —=[ag(r) ~bh(r)] (543)
) = T a 7)1, —_— — | Q — T ST
with a, b as in (5.2.27), and
g(t+1) = e~ 5 g(t), h(r+1)= '3 h(T). (5.4.4)
3. Generalised Lambert series
—n n+1 1)nqn+7’
M (r; — = 0<r<l1 req, (5.4.5)

_ an+r
nezZ q

more specifically M (3; 57) and M (2; 57), which are closely related to the functions
®(g) and ¥ (q) introduced in [Hic88], formulas (0.7) and (0.8), in order to prove the

Ramanujan ‘Mock Theta Conjectures’, namely

1
qM(<

£:57) = (), q”ﬂg

g 51) = ¥(q). (5.4.6)

In fact, the generalised Lambert series are essentially Appell functions. In particular,

1 1 1
M(r;7) = ¢t —— K3(, 6(5T +1),r7 — G (57 + 1)), (5.4.7)

n(7)
as per the definitions and notations in [STTOS], and their behaviour under the modular

group SL(2,Z) can be read from [STTO5] (formulae (1.2)-(1.4)).
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We have
~ 5 ~ 49 2
By(r) = ¢ f(=¢")h(1),  F3(r)=q ™ q2M(5;5T),
_ . . ) 1
Fy(r) = q= f(—¢°)g(r),  F5(r)=q ™ q M(5:57). (5.4.8)

It turns out that the g-expansion of F} (1) 4+ F5(7) also matches a series in OEIS, namely

~

Fi(1) = —F5(1) + g f(—¢% —¢°) g(7). (5.4.9)

However, in order to determine ]36(7'), the use of one of the S-transformations in (5.3.9)

is helpful. We choose to work with the S-transformation of F 5(7), namely,

ﬁ2(—i) =

(—ir)2 { [aﬁlm + % Fy(r) — bﬁg(f)] + lbﬁﬁm +a Fy(1) — ba E(ﬂ] } ,

(5.4.10)

which must be equal to the S-transformation of F, when calculated directly from

Fy(1) = g2 f(—¢°) h(7). (5.4.11)

F(=) = (=% =) = 3 (1) g Z" 5" = ¢ 31 [530(7) — fas 0(7)] (5.4.12)

and use (5.4.3) together with the known S-transformations of Kac-Peterson theta functions

(3.A.3a) to obtain,

(—Z'T)% { [91,30(7') - 929,30(7') + 911,30(7') - (919,30(7')]

- [97,30(7') - 923,30(7') + 913,30(7') - 917,30(7')] - [95,30(7') - 925,30(7)] }

x{ag(r) —bh(r)}

49

= —(=in)? {g™ [ f(—¢" —¢) + af (", - | = [ f(—¢", —¢") + ¢ F(—¢"°, = ")]

—¢7 f(=q")} x {ag(r) —bh(r)}.

On the other hand, inserting (5.4.8) in the S-transformation of ]32(7) as given in (5.4.10),

(5.4.13)
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one gets

-~ 1 1 1 =~ 49 2 1

A=) = 5o [Atn —a B MG | + agb o —gte)
b s 2
- g2 f(—¢°) g(1) + % q*1 f(—q°) h(r)} L (5.4.14)

Comparing the total fractional g-offsets in the various terms of (5.4.13) and (5.4.14) leads

to the following relations,

g% f(—¢%,—¢*) g(7) = f(—¢*,—¢") + q f(—¢", —¢*),

and

-~ 49 2 49
Fy(r) = g7 10¢" M(5:57) + 4% | f(=q', ~¢") + ¢ (=", —¢7) | h(r). (5.4.16)

Incidentally, the first two relations allow to express the Rogers-Ramanujan functions as

e f(=® =)+ q f(—¢", —¢)
(=% —¢%) ’

hir) = w ) (5.4.17)

All relations obtained can be checked through ¢-series expansions.

In summary, the six functions E(T) that enter the character sum rules stemming from

the realization of the ﬂv algebra on the manifold corresponding to the group coset

—

SU(3)/U(1) with associated su(3), affine algebra form a vector-valued mock modular

N
form F'(7) whose components have the following analytic expressions,

1 1 1
Fi(r) = —q 1§°qM(g?57)+q410 f(=¢*—4¢*) g(7)?

Fy(r) = ¢% f(—¢°) h(7),
Fy(1) = q‘fégOQQM(?;E)T),

49 2 49 _
F(r) = a7 20q° M(Z:57) + g0 [ f(—q" ~¢") + ¢ f(=¢°. —¢ 7)) | h(r),

1
Fy(r) = ¢ ™ qM(g; 57),
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Fy(r) = ¢% f(—¢°) g(7), (5.4.18)

where we note that

Fi(r) = —F5(r)+q® f(—¢% —¢*) g(7)°

Fs(r) = Fy(r)+q™ | f(=q", =¢") + ¢ f(=¢"%, —¢") | h(r). (5.4.19)

Under the S-transformation, this vector-valued MMF transforms according to (5.3.9),

while under the 7'-transformation one gets
F(r +1) = diag(L, &, &, &o» 1, &) F(7), (5.4.20)
with £y = ev.

A previous attempt at finding analytic expressions for these functions, more directly based
on the structure of the sum rules, was partially successful [PT93]. There, one exploits
the fact that both affine algebras 3/\(3),~€+ and /L contain affine SE\(Q) subalgebras. More

precisely, the decomposition of su(3);; characters into su(2); characters for a regular

embedding of SU(2) into SU(3) yields the schematic structure

SU(3) = (parafermions) x U(1) x SU(2), (5.4.21)
or formally,
o o N ploven) () ok i
X(al7a2)(7-’ Wi wy) = Z Z P26i1n2 (T) X4(a1—a2)+6(n+3+)<7—7 wy) Xor+ (Ta W.|_)7
20+=0 n=0
(5.4.22)

where the functions Pégj:ff) (7) are the characters for the parafermionic theory SU(3)/( SU(2) x

U(1)), see [HNY90]. On the other hand, the massive A, characters decompose in char-
acters for the affine SZ(\Q) i+ X :@ ;- subalgebra with branching functions given by
products of Virasoro characters, defined as

Xoa (1) = 77(17) (er(m+1)fsm,m(m+1)(7—) - 9r(m+1)+sm,m(m+1)(7)) , o (5.4.23)
with m,r,s € Nym > 2,1 <r < m—1,1 < s < r. In the context of the sum

rules we are interested in, the parameter m takes the values m = k% and m = k= and
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an explicit formula in the Neveu-Schwarz sector can be found in [PT93], formula (2.43).
This information can be read in the R sector using spectral flow, however the functions
E(T) we are interested in are invariant under spectral flow. The reason why only a partial
identification of the set of six functions E(T) was possible in [PT93] is that the approach

relied on the knowledge of the branching functions YT(’?*?)(T) of some massless A,
characters (and difference thereof) decomposed into characters for the ‘@fd X SZ\(2),~€_
subalgebra (see [PT93], formula (2.44)), and that these branching functions could not
be completely determined. In fact, four of the six branching functions involved were
expressed in terms of the last two, chosen to be YO(A‘) (1) and }g(fg (7) in the case of interest
to us, namely kt = 2, k- =1 (see [PT93], formula (A.15)).

As a by-product of our approach, we have been able to determine Y0(4) (1) and 3/3(;15) (1),

and therefore all the branching functions appearing in [PT93], formula (2.44) in the case
kt = 2,k = 1 are now known. Interestingly, and contrary to what was suggested in
[PT93], the branching functions Yr(,;l) (7) do not transform covariantly under any congruent
subgroup of the modular group SL(2, Z). Indeed, first note that our functions F}(7) are
related to the functions Fé}tn(q) discussed in [PT93], formula (A.18), in the following

way:

1 ~ ~
Fi(r) = FO(’((?,omo)(q) + §q 1/120 By(r) = F&(l(),o)a,o)(q)’ By(r) = Fé7(20,0)72,0)(q)
~ 1 _ o~
Fy(r) = Fé,(ol’l)’w)(q), Ey(r) = Fé’(ll,l)Q,O)(q) - 54 1/120 Fy(r) = F()(,(c)l’o)’Q’o)(Q)~

(5.4.24)

The shifts by j:% in F; and F} are a consequence of the sum rules being written in terms
of some differences of massless ./L characters in [PT93], while we have not used such
differences in our sum rules. The freedom in the system is due to the linear relations

(4.5.15) between massless and massive ﬂw characters ‘at threshold’.

Remark: it turns out that some misprints are present in [PT93], formulae (A.18). The

fourth and fifth formulae should read,

1 _ 1
F()(,((?’O)’Q’O) (q) + §q VI = XVTS)(C]) {[PO(,OIO)’ZO)(Q) 00,10(q) + P()(%o),z,o)(q) 910,10(61)}
1
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+1(q) Yaa(q) |

,1),2, 1 — 1 1,1),2,0 1,1),2,0
Fln20 gy _ Lo _ %{{Pé,l) (@) 01.10(q) + Pig"*”(q) O.10(0) |

1

—n(g) Y (q) } - (5.4.25)
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Conclusion

The motivation of the thesis originated in the 2010 observation of a moonshine phe-
nomenon involving the sporadic group Mathieu 24 in the framework of type IIB super-
strings compactified on the hyperkihler surface K3 of complex dimension 2 [EOT11].
After nine years of efforts trying to understand the significance of this Mathieu moonshine
in string theory, we are still missing a deep physical explanation. At the heart of this
observation is the calculation of the conformal field-theoretic elliptic genus of K3, using
algebraic methods pioneered by Witten [Wit87], which brings to light the weakly holo-
morphic mock modular form h(?) of weight 1/2 on SL(2, Z) [DMZ14], whose coefficients
are the dimensions of representations of the group Mathieu 24 [Gan16]. The reason this
observation became quickly known as Mathieu moonshine is that a similar phenomenon
had been observed by McKay in 1978 between the modular function ./ and the dimensions
of representations of the largest sporadic group called the Monster group. Monstrous
moonshine was studied extensively in mathematics and lead to the discovery of beautiful
structures like Vertex Operator Algebras, and culminated in a Fields medal for Borcherds.
After Mathieu moonshine was observed, other moonshine phenomena were uncovered
and, together with Mathieu moonshine, are known under the collective name of umbral
moonshine after the work of Cheng, Duncan and Harvey [CDH12]. In our work, we have
asked the question: ‘Is there a moonshine phenomenon associated with large N = 4

superconformal algebras?’. This was a natural question to ask since one can recover the
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small " = 4 from the large N/ = 4 superconfomal algebra, and realizations of the latter

have been constructed. In particular, coset realizations [Pro89; ST90; GPTV89] do exist.

In the Mathieu moonshine case, the calculation of the conformal field-theoretic elliptic
genus relies on the knowledge of the partition function of a theory with small NV =
(4,4) symmetry at central charge ¢ = ¢ = 6. Since the elliptic genus is a topological
invariant, one may choose any theory in the moduli space of non-linear sigma models
on K 3 where the partition function can be constructed explicitly. This is the reason why
explicit calculations are done for Gepner models or Z,-orbifolds of toroidal CFTs. In
the large A = 4 situation, coset realizations are one class of models that can be used in
an attempt to uncover a moonshine phenomenon. Our first task has been to study more
closely the works of Witten [Wit82; Wit87; Wit88] and Alvarez, Killingback, Mangano
and Windey [AKMW&87a; AKMWS87b] on indices generalized to string theory in order
to appreciate better the nature of these topological invariants. This material is reviewed
in Chapter 2. We then proceeded with a brief account of superconformal algebras with
extended supersymmetry (A = 2 and small A/ = 4) in Chapter 3, with a description
of Mathieu moonshine. This was an opportunity to introduce notations and definitions
as well as provide material that one could compare and contrast with results obtained in
Chapters 4 and 5. In particular, the elliptic genus that was so useful in small N' = 4
vanishes in large NV = 4, as can be checked easily once the representation theory of that
algebra is provided, something we review at the beginning of Chapter 4. However, another
index was introduced in 2004 [GMMSO04] that might be useful in the search for a new
moonshine phenomenon. This new index is defined as an index for a conformal field
theory, and its calculation involves the action of a differential operator on characters of
the large N’ = 4 algebra. Unlike the Witten index, this action returns a theta series in
the variable ¢ rather than a pure number, signalling that the index does not only count
BPS states, as was the case for the Witten index in small N/ = 4. See Subsection 4.5.2
for details. In order to be able to evaluate the new index on a theory with large N' = 4
symmetry, we have concentrated on a particular example of coset realization of /L, anon-

linear algebra closely related to the large N' = 4 algebra, namely the realization emerging
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from considering a Wess-Zumino-Novikov-Witten model on the group manifold SU(3)
(this fixes one of the levels, k= = 1). This has required a detailed analysis of sum rules
directly related to the coset construction, involving sums of products of characters for
representations of the affine sz\(i%) at level k* = 2 with a character for four free fermions
and a boson, which are decomposed in /L characters, see €q.(5.2.24). The corresponding
branching functions, which were only known so far as g-power series expansions up
to ¢*° or so, are presented here in compact analytic form for the first time in Chapter
5, Subsection 5.4. Partial information was known in [PT93; Feal8], but the complete
information was only obtained thanks to the knowledge of the explicit transformations of
fL characters under the modular group SL(2, Z), which were derived in full in Chapter 4,
Subsection 4.4.2. The original work in this thesis confirms that these branching functions
are the components of a vector-valued mock modular form of weight 1/2, a fact that was
not anticipated in [PT93]. In the particular case where kt =2 (rkt =3)and k™ =1
(or £~ = 2), some of the components are mock theta functions of order 5, while the others
are not mock. Regarding the behaviour of ./L characters under the action of SL(2,Z), we
wish to stress that the massive characters are Jacobi forms, up to a power of ¢, while the
massless characters are ‘mock’ in the sense that they are proportional to a sum of products
of theta functions with higher level Appell functions (see eq.(4.4.25)), and that one would
need to introduce a non-holomorphic correction term for these Appell functions in order
for the massless characters to transform as Jacobi forms. Higher level Appell functions
were first introduced in the mathematical physics literature in [STTO05], and appear as well
in the PhD thesis of Zwegers on mock theta functions [Zwe08]. We presented in Appendix
4.B.4 a dictionary between the two works regarding the S-transformation of these higher

level Appell functions.

In this thesis, we have thus prepared the way for an in-depth analysis of new indices in
theories with large N = 4 symmetry. Early investigations of potential modular invariant
partition functions reveal that a moonshine-like phenomenon will not be easy to recognize
- if at all present - due to the complicated expressions obtained when calculating the new

index introduced in [GMMSO04] on those partition functions. However, future work might
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discover unsuspected patterns in such theories. One could also try to define other indices

that might lead to interesting phenomena.

Independently of a search for moonshine, several immediate technical questions arise. We
have derived the modular transformations of large N' = 4 characters when the levels k™
and k£~ are coprime. Although we do not expect a major difficulty if this restriction is
lifted, we have decided to concentrate on models where the levels are coprime due to time
constraints. A particularly intriguing situation might emerge when the levels are equal and
this deserves further study. Indeed, in [OPT92] the sum rules for the case kT = k= = 2
were analyzed in detail, and the branching functions could be identified without knowing
the modular transformations of the corresponding ./L, characters. Interestingly in that case,
the branching functions are not mock theta functions, but Jacobi theta functions. One
could investigate whether this is an accident or whether the nature of branching functions
(mock or not) is related to the levels being coprime or not. A classification of vector-
valued mock modular forms arising in coset realizations of ./L algebras for any values of
the levels would be interesting. Finally, one could use Zwegers’ prescription to complete
the higher level Appell functions (see [Zwe08], Chapter 3) and write down the completed

massless .,17 characters that would be Jacobi forms of weight 0.
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