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Chapter 1

Introduction

In this chapter, the background of imprecise probability is brie y recalled within
which the motivations of this thesis are highlighted. Subsequently, the outline of

content is presented which elaborate logical structure of this thesis.

1.1 Motivations

Imprecise probability or sometimes called interval probability is a more general
framework of probability theory. Its development could date back to 1854, by Boole
[6]. From the time, most contributions had been made to the reconciliation between
theories of logic and probability. Later, the notion of imprecise probability has
been advocated by several authors including Peter Walley, Kurt Weichselberger, et
al. [36, 38{40].

But, why do we need imprecise probability, a more general probability theory
which quanti es uncertainty by a set of probability measure instead of one single
probability measure? There are many reasons for this and some of them from the
data perspective are illustrated below.

In the real application, in order to train the model properly, su cient data must
be gathered. However, to gather enough data is not always possible in practice.
In this situation, precise probability usually falls short of applicability, as a single
probability measure can hardly be deduced accurately due to lack of data. Imprecise

probability, on the other hand, provides a more viable resolution to this situation.
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Instead of using one single probability measure, imprecise probability uses a set of
probability measures which allows a degree of imprecision in the inference.

Granted that one can gather enough data to train the model, noises within data
are inevitable. When noise is contained in the data, modelling the uncertainty with a
single probability may not be justi ed, as the used single probability is likely di erent
from the true underlying probability. On the other hand, a set probability measure
is more likely to cover the true underlying distribution. Imprecise probability again,
in this case, is a more appropriate theory to be used.

Hence, imprecise probability seems to be a more applicable theory to model
uncertainties in reality as lack of data and noise contained in the data constantly
happen in the real practices.

Nowadays many imprecise probability methodologies have been developed, one
of which is nonparametric predictive inference (NPI) developed by Coolen [8,13,18].
It has been developed to handle di erent data types and has many successful ap-
plications in the eld of engineering reliability. The existing researches have shown
NPI always give consistent results. However, the current development of NPI for
Bernoulli data is facing two unsolved issues|the computation of imprecise expec-
tation for a general function of multiple future stages observations and handling of
imprecise Bernoulli data. Addressing these two issues is then the rst motivation of
this thesis. Also, modeling nancial uncertainty using imprecise probability appears
to have more advantages than its precise probability [35] and little e ort has been
dedicated to the NPI's application in nance so far. NPI for Bernoulli data may
not be a suitable method to model a sequence of future Bernoulli events which is
not close to identical distributed due to its positive learning from historical data. It
is, however, a suitable method to model a sequence of future Bernoulli events which
are approximately identically distributed but not necessarily independent. When
considering a certain asset over a short period of time on the binomial tree model,
one could assume the market participants over this time period are approximately
homogeneous. Thus the asset price upward or downward movement in each time
stage is approximately identically distributed and is suitable modeled by NPI for

Bernoulli data. Hence, the second motivation of this thesis is to apply NPI for
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Bernoulli data in nance trading.

1.2 Outline of thesis

Chapter 2 presents preliminary material in this thesis which includes the basic frame-
work language used in this thesis, review of NPI, relevant nancial concepts and
objects of interest in this thesis. It begins with a introduction of a set of mass func-
tion based imprecise probability de nitions. The idea of mass function comes from
Weichselberger’'s axiomatization of imprecise probability [39] and Dempster-Shafer’s
notion of basic probability assignment [26,34]. The introduced de nitions will serve
as the basic framework language in Chapter 3. Afterward, the imprecise probabil-
ity methodology | Nonparametric predictive inference (NPI) is introduced within
which the current development of NPI for Bernoulli data is reviewed in detail, and
two of its current challenging issues are identi ed. These are essentially the motiva-
tions of Chapter 3. In the end, with reasonable assumptions, the nancial objects
for later NPI application are de ned, relevant nancial concepts are introduced, and
some nancial terminologies are explained which provides necessary information for
one who is less familiar in nance.

The aim in Chapter 3 is to address two challenging issues in NPI for Bernoulli
data identi ed in Chapter 2. To achieve this, a general algorithm to nd imprecise
expectation measures for a general function of a nite random variable in an im-
precise probability space is rstly presented, which provides a tool to address the
rst issue. Second, in order to enable the usage of the presented algorithm in NPI
for Bernoulli data, the mass function of NPI is constructed using its latent vari-
able representation. By using a mapping between NPI imprecise probability and
path counting within a lattice, the constructed mass function is shown to produce
the same imprecise probability as presented in Chapter 2. The consistence of the
constructed mass function is also proved. With the presented algorithm and con-
structed mass function, a complete example of how to use the algorithm to construct
imprecise expectation measures for a general function of future observations in NPI

for Bernoulli data is presented. Finally, by extending NPI path counting method in
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its underlying lattice representation, NPI for imprecise Bernoulli data is developed
which addresses the second issue of NPI for Bernoulli data.

In Chapter 4, under the binomial tree model, NPI for Bernoulli data and impre-
cise Bernoulli data are applied in nancial asset trading in a prescribed scenario.
Two trading routes with di erent trading primary objectives are proposed and com-
puter simulation is conducted to evaluate the performance of the trading routes
under the di erent market conditions and data imprecision. The result shows that
the proposed trading routes for asset are able to execute correct action according to
the situation, has good predictivity and noise recognition.

In Chapter 5, under the binomial tree model, NPI for Bernoulli data and impre-
cise Bernoulli data are applied in nancial European call option and European put
option trading in two separate prescribed scenarios. Trading routes with di erent
trading primary objectives for both call options and put options are proposed. Com-
puter simulation is conducted to evaluate the performance of the proposed trading
routes under di erent market conditions and data imprecision. The simulation re-
sult con rms that the proposed NPI trading routes have good predictivity, quick
learning property, and moderate noise resistance.

In Chapter 6, under the binomial tree model, NPI for Bernoulli data is applied
in nancial portfolio assessment. Computer simulation is conducted to evaluate the
performance of NPl assessment method proposed. The viability for application of
NPI in portfolio assessment is con rmed.

In Chapter 7, a general conclusion of the thesis is drawn. Some of the potential

future extensions of the research presented are suggested.



Chapter 2

Preliminaries

In this chapter, using the concept of the mass function from Weichselberger’'s ax-
iomatization of imprecise probability [39] and Dempster-Shafer’s notion of basic
probability assignment [26, 34], a set of mass function based imprecise probabil-
ity de nitions is rstly introduced, which serves as a basic framework in Chapter
3. After that, the imprecise probability methodology | Nonparametric predic-
tive inference (NPI) is introduced. Speci cally, the current development of NPI for
Bernoulli data is reviewed in detail in which two of its current challenging issues are
identi ed. Next, with reasonable assumptions, the nancial objects for later NPI
application are mathematically de ned. Also, relevant nancial concepts are intro-
duced. Finally, some nancial terminologies are explained which provides necessary

information for one who is less familiar in nance.

2.1 Imprecise probability de nitions

In this section, a set of mass function based imprecise probability de nitions is
introduced. It is should be noted that throughout this thesis all sample spaces
considered are countable.

De nition 2.1.1 (Precise probability space K)

Given a sample-space , a sigma algebr@& of a collection of events in , and a
set functionp: A ! [0;1], the triple K =[ ;A ;p]is called a precise probability

space ifp satis es Kolmogorov axiom (I{I11):
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I p()>0 8 2A

: p()=1

lHi: 1f 2A fori2Nand ;\ ;= fori6],thenp([ini)= PiZNp( i)

p is called a precise probability for (;A )
De nition 2.1.2 (A set P of all precise probabilities for [ ;A])
Given a measurable space (A ), we denote all precise probabilities of this space
asP.

P = fpj p satis es Kolmogorov axiom (I-lll) in ( ;A )g
De nition 2.1.3 (Imprecise probability space )
Given a sample-space and a sigma algebrA of a collection of events in , a set
function m( ) mapping from elements inA to [0;1], m(): A ! [0;1].

The triple I =[ ;A ;m()]is aimprecise probability spacd if m() satis es
the following conditions:

. m(;)=0;,m() 0,8 2A

Il P m()=1

2A

m( ) is called a mass function for [;A ]

Given one imprecise probability spacé =[ ;A ;m()] de ned as above. The
corresponding upper probabilityp and lower probability p based on the mass func-

tion m() of aevent 2 A are de ned as:
P P
p( )= m() and p()= m()

2A 2A
\ 6;

Conjugacy property of the upper and lower probability
By De nition 2.1.3, for any [ ;A ;m()], there is a conjugacy property between
p() and p( ) as follows.
Foran event 2 A, let ¢ denote the complementof. °¢[ =, then:
p( 9+ p()=1
To show this, rst, let us prove two propositions.
Proposition 2.1.1
fj2A; \ ¢6.g\f | 2A; g=;
Proposition 2.1.2
fj2A;\ °6g9[f j2A; g=fj 2Ag=A



2.1. Imprecise probability de nitions 7

Proof:

For Proposition 2.1.1. If 2f j 2 A; g,then \ ¢= ;. Thus 62f] 2
A;\ ‘6

For Proposition 2.1.2. If =fj 2A; \ ¢6;g9,then ¢=fj 2A; \ ¢=
g=fj] 2A; g

Using Propositions 2.1.1 and 2.1.2, one then has:

X X X

m() = m( )+ m( ) 8 2A (2.1.1)
2A \26’-\6_ 2A
1 = p( )+ p() By De nition 2.1.3 (2.1.2)

Thus one can also have the following:

P
Lp)= " m()=0

2.p()=1 p(;)=1 by Equality 2.1.2

P
3.p()= m()=1
A

2

4.p(;6)=1 p()=0 by Equality 2.1.2

De nition 2.1.4 (Atom event)
If an event = fQg 2 A contains only one elemenQ in the sample space

(Q 2 ), we call this event an atom event.

Interpretation of the mass function on non atom event

Given [ ;A ;m()], the value that a mass function assigns to a non atom event
could be understood as the shared mass or uncertain mass between the atoms. For
example, for eventE = fQ; Qz; Q3g whereQq;Q,; Qs 2 , the mass value m(E)

can be understood as the shared mass betwe@it Q,; Qs. In other words, the mass
value m(E) can be assigned to even®; or Q, or Qz, but it does not necessarily
need to be assigned t®; or Q, or Q3. When one takes the upper probability of
fQ10, p(fQ10) = P m( ), which is an optimistic probability evaluation of Qq,

2A
\ Q16;
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the mass valuem(E) is included. In contrast, when one takes the lower probability

P
of f Q19, p(fQ19) = m( ), which is a conservative probability evaluation 0ofQ,

2A
Q1

the mass valuem(E) is excluded.

In the case where all mass values for non atom events are zero, the imprecise
probability space [ ;A ;m()] with nite sample space become a precise proba-
bility space [ ;A ;p()]. Thatis, p(fQg) = m(fQg), 8Q 2 .

De nition 2.1.5 (Consistence of a sequence of mass functions)

Given an index setl and 1 ; = [ ;Ai;m;()] a sequence of mass functions;( )

de ned on di erent event spacesA; with respect to same sample space i, 2 |. The
sequence of mass functiorfam;( )g is said to be consistently de ned or consistent
if8; 2A;,8¢2A] 6Kk, | Ky thenEj( i) Ek( k) whereEj andgk is the
lower probability induced by m; () and my( ) respectively.

De nition 2.1.6 (A subset P, of all precise probabilities P induced by a m())
Given a measurable space (A ), the setP of all precise probabilities on this space
and a mass functionm(') on this space, one can induce a subsBt, of P by the

mass functionm( ). P, is called a credal set or structure in some literature.

_ X X
Pn = fp()jp() 2 P; m() p() m( )g
2A \%é;

Thus within [ ;A ;Py], one has

(b PO)=p() and sup p()=P() 8 2A

By using imprecise probability, one now can use a single mass function and
work on the induced probabilitiesP,, instead of using a single probability in the
application. By doing this, the model can be more robust than its precise probability
counterpart as a set of probabilities is more likely to cover the true underlying
probability of the uncertainties. Also, since gathering perfect information is not
always possible in practice, imprecise model would be a more appropriate model to

re ect the lack of perfect information.

De nition 2.1.7 (Discrete Random variable X)

A discrete random variable is a functiorX : ! F whereF is a countable ordered
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eldand X (x)2A 8x2F

De nition 2.1.8 (Imprecise expectation of a discrete random variable)

Given an imprecise probability space [; A ;m( )], a discrete random variable is a

function X : ! F. We de ne the lower expectationE and the upper expectation
E of X as:
X
E(X)= inf X(M)p(') (2.1.3)
p()2Pm | 2
_ X
E(X)= sup X()p((!) (2.1.4)
p()2Pm 12
De nition 2.1.9 (The lower and upper expectation measure of X)

Given an imprecise probability space [; A ;m()], a discrete random variable is a
function X : ! F, We then de ne the lower expectation measure, ,,() and

and upper expectation measurpax)( ) as:

X

Pex, () = argmin X()p(!) (2.1.5)
P02 1

P, () =argmax X (!)p(!) (2.1.6)
P()2Pm | 5

To compute the imprecise expectation of a random variable or a function of a
random variable f (X), one needs to nd a way constructp_, () and pax)() or
Py () @nd P ) (). Based on the above de nitions of imprecise probability,
an algorithm for the construction of imprecise expectation measures for a general

function of a nite random variable is presented in Chapter 3.

De nition 2.1.10 (Product space of independent spaces)

A nite sequence of imprecise probability spaces [; Ai; m;( )]:il” are mutually in-
dependentif ;\ ;=; wheni 6 j.

[ ;A ;m()]is de ned as the product space oh independent imprecise probability

space if = 5 i A=A Ay An,andm():ngl”mi()

Given n nite random variables X; on dierent imprecise probability spaces

[ i;Ai;mi()]El”, Xi o ! Fi. i 2 f1,2,::ng, then on the product space
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Figure 4.6: Under di erent market condition, WR of trading routes 1.1 and 1.2 (WR
stands for win rate in all following gures).
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Figure 4.8: Under di erent market condition, WLR of trading routes 1.1 and 1.2
(WLR stands for win-loss ratio in all following gures).
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Figure 4.9: Under di erent market condition, IR of trading

stands for inaction rate in all following gures).

routes 1.1 and 1.2 (IR

From Figure 4.5, it could be con rmed again both trading routes are able to

execute correct action when the market condition is relatively one-sided. As we

expected previously, both trading routes avoid taking unreasonable actions when

market condition is neutral, indicated by the higher inaction rate when market

condition is p 2 (0:4; 0:6) in Figure 4.9. Moreover, from Figure 4.5, one could know

route 1.2 indeed prioritizes on maximizing the present value payo in the long run. It

generally has higheﬁ than route 1.1 under di erent market conditions. However,

from Figure 4.7, although both trading routes have similar loss rate when market

condition is favour for buying the asset, route 1.1 actually has better risk control
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than route 1.2 in loss rate when the market condition is in favor of short selling the
asset or has no trendp 2 (0:1;0:5). Also, with a higher value of threshold value
w set in route 1.1, route 1.1 tends to have higher inaction rate and higher win-loss
ratio throughout all di erent market conditions, indicated by Figure 4.8 and Figure
4.9

4.2.6 Performance of NPI asset trading routes under aver-

age market condition given imprecise data available

In this section, given imprecise data, under average market condition, the perfor-
mances of both NPI asset trading routes are evaluated.

From Figure 4.10 and Figure 4.11, it could be observed that under the average
market condition, both route 1.1 and route 1.2 preserve positivity on average present
value payo regardless what noise level contains in the data. With noise levg} =
0:1, the positive average present value payo surface of both trading routes resemble
the corresponding surface in Figure 4.1 which has no noise in data. As the noise
level increase, the positive average present value payo surface from both trading
routes are attened due to more inactions are taken in the trading. This indicates
both NPI asset trading routes e ectively recognize the noise level in the data and
are able to adjust its trading action correspondingly.

Figures 4.12-4.15 give more detail of the performances of both trading routes by
plotting fA, RA | RA and R at time T = 100 with di erent number of data point n
available. Win-loss ratioR%, is not presented in this section, because as noise level
gradually increases, the inaction rat&R} increases to nearly 1 and loss rafe, drop
to nearly 0, which eventually makes Win-loss ratidR, \blow up".

As the noise level increase, the information contained in the data becomes in-
su cient for one to make a sensible decision and both trading routes heuristically
choose to take no action. This can be seen in Figure 4.15. The inaction r&¢ of
both trading routes increases dramatically as the noise levg} increases. At noise
level p, = 0:5, the inaction rates of both trading routes are asymptotic to 1 after 50
data points become available.

With a relatively lower level of noise presented, 2 (0:1;0:3), both trading
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routes are still able to extract useful information from the data. Therefore, as the
number of low level noise data increase, both trading routes gradually recognize
underlying distribution and start to take more actions and the performances of all
index resemble the corresponding precise case in Section 4.2.4.

In contrast, when a higher level of noise presented in the da@ 2 (0:4;0:9),
given su cient data are available (n > 20), both trading routes realized the infor-
mation contained in the data is too ambiguous and avoid to take action in most
cases. (See Figure 4.15)

It could be seen from Figures 4.12-4.14 that both trading routes still maintain
their primary objective respectively under low noise a ection. Namely, route 1.1
emphasize risk control on loss rate and win-loss ratio while route 1.2 focuses on

achieving maximum average present value payo .

4.2.7 Performance of NPI asset trading routes di erent mar-
ket under di erent market conditions given imprecise

data available

In this section, given imprecise data, the performance of NPI asset trading routes is
further evaluated di erent market under di erent market conditions.

It is observed from simulations that both NPI trading routes, under all market
condition p; 2 (0:1;0:9), are able to e ectively and e ciently recognize the noise
from the imprecise data and gradually take less trading action as the noise level
increase. When low noise level is presentgd 2 (0:1; 0:4), both trading routes are
able to recognize the underlying market condition and execute correct action ac-
cordingly. Since both trading routes share similar patterns of decaying phenomenon
on the average present valud? surface, and one complete trading route example
requires nine pages of space, for the sake of brevity, we only present one complete ex-
ample of average present vaIuET surface for route 1.1 with threshold valuev = 0:6
in the Appendix A. (See Figures A.1-A.9)

Both route 1.1 and route 1.2 maintain their respective primary objectives in

trading under all market conditions when only low noise level is presented. As a
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example, the performance indexes 6f*, RA,, R? and R? under market condition
p; = 0:9attime T = 100 for both trading routes is demonstrated below. (See Figures
4.16-4.19). The win-loss ratio pro le is omitted for the same reason mentioned in

previous section.
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Figure 4.16: APVP of routes 1.1 and 1.2 at = 100 under market conditionp; = 0:9
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Figure 4.18: LR of routes 1.1 and 1.2 at = 100 under market conditionp; = 0:9
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Figure 4.19: IR of routes 1.1 and 1.2 al = 100 under market conditionp; = 0:9
and di erent noise levelsp,.

From Figure 4.16, under market conditionp; = 0:9, it could be found that
route 1.2 is dominating in term ofﬁ regardless what noise level is presented in
the data which is as expected as route 1.2 emphasize on achieve maximum present
value payo in the long run. Although from Figure 4.18, one may argue route 1.1
has worse performance in loss rate when the noise level is low, one should notice
that the under market condition p; = 0:9, the magnitude of the loss ratio di erence
between route 1.1 and route 1.2 is less thand®8 which is extremely small. And it is
observed from other simulation results for markep, 2 (0:1; 0:5) under di erent noise

levels, route 1.1 is better at risk control in loss rat®/ than route 1.2. Therefore, in
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essence, the risk control e ort of route 1.1 is signi cant when market has no trend
or in favor of short selling the asset and less noticeable when the market is in favor
of buying the asset. Overall, from Figures 4.16-4.19, one could notice that, as noise
level increase, both trading routes’ inaction rateR% increase, resulting in similar

trading outcomes in the high level noise region.

4.3 Overall review of NPI asset trading simula-
tion

From Section 4.2, one could reach the following conclusion:

The proposed NPI trading route 1.1 and route 1.2 have decent performance under
all market condition and di erent noise levels.

Both trading routes are able extract correct underlying information from the
data e ectively and e ciently and take corresponding correct action di erent market
under di erent market conditions. The data learning process also has moderate noise
resistance when low noise level is presented. When the data is a ected by high level
of noise, both trading routes are able to readily recognize and stop taking any non
sensible action.

Under no noise or low noise condition, given su cient data, throughout all dif-
ferent market conditions, route 1.1 has better risk control on loss rate while route

1.2 is able to achieve higher average present value payo .



Chapter 5

Application of NPl method in

European option trading

In this chapter, under binomial tree model, considering the nancial object European
call option ¢(Ar;K) and European put option ,(Ar;K) de ned in Chapter 2,
we apply NPI to learn the information from historical data and induced imprecise
probability space on the underlying asset pricd;(Sy). Based on the induce NPI
imprecise probability space and using CRR non-arbitrage price as current market,
two NPI European call option trading routes and two NPI European put option
trading routes are proposed. Simulations are subsequently conducted to evaluate
the trading routes’ performance. One should notice the crucial point in this chapter
is that we admit the non arbitrage price derived by the CRR model. The non
arbitrage price is used as the current market price in the simulations. Also, the
formulation of all trading routes in this chapter involves using the non arbitrage
price as current market price and NPI imprecise probability or expectation. This is
an important di erence from He et al.’s work [27,28] where they use NPI expectation
as an alternative option pricing model and investigate the trading result between

CCR believer and NPI believer under di erent market conditions.

82
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5.1 NPI method in European call option trading

In this section, we apply NPI method in European call option trading. A call
option trading scenario is rstly speci ed. Under this scenario, two NPI call option
trading routes are proposed. Subsequently, simulations are conducted to evaluate the
performance of the proposed European call option trading routes by ve performance

indexes.

5.1.1 Call option trading Scenario setting

Consider the scenario: one is allowed to long or short the one unit of call option
with strike price K and maturity date T at price (ap;K) in time 0. Also, one
is allowed to invest or borrow Q(ap; K) with risk free interest rate r. Whatever
position one enters, one has to keep the position for time lengihand is obligated
to close all risk position at timeT (One is allowed to buy, sell or short sell the asset
at price At for closing the risk position in timeT). How should one, who is a NPI
imprecise probability believer, without using any of his or her capital, make one’s
decision in trading to maximize one’s capital gain in present value probabilistically
or expectationally at time T? (Assume one’s capital is able to cover any potential
loss)?

In the scenario, the key points to emphasize are: xed entering position time
point, xed closing position time point, one single call is available to long or short.

One is interested in the call option payo (A1;K)=(A7(Sy) K)* attime
T. Since (At1;K) = (At K)* is monotonically increasing function ofA; and
A+ () is monotonically increasing functionSy. Thus (A1 (Sr);K) is monoton-
ically increasing function of S;. One therefore can computeE( (At;K)) and
E( (A7;K)) by construct p Lara(1:@nd P i) () using Formulas 2.2.29 and
2.2.30.

A NPI believer, who prefer to use imprecise probability operatop and p could
use following European call option trading route in this scenario at time O:

Set threshold value @ <w < 1. From NPI setting, one has 0< p((A7(Sr)
K)* >B (T) S(a0;K)) < P((Ar(Sr) K)* >B(T) 2(ag;K)) < 1if St (N J and
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Sr6 ;.

Imprecise probability European call trading route 2.1:

Exercise the option to buy the asset with price K at timeT and sell the asset
at market price At if At > K, return cash Q(ap; K)B(T) to the lender at time T

if: pl(Ar(Sr) K)™ >B(T) S(ao;K)I>w

Short the call option at time 0 for Q(ap;K), invest Q(ap; K) for risk free rater

8
3 Borrow cash Q(ap; K) and buy the call option at time 0,
g close all the position at timeT if p[(A7(Sr) K)* <B(T) Qag; K) >w

No action if none of above satis ed

Motivation behind NPI imprecise probability European call option trading route
2.1

Consider the event Ar(St) K)* >B (T) 2(ap;K) that the payo of the call
option at time T is greater than the interestB(T) &(ap;K) generated at timeT
by borrowing Q(ap; K) at risk free rater at time 0. If the lower probability of this
event is greater than the threshold valuav (w > 0:5), one would prefer to buy this
call option and expect to earn more tharB(T) 2(ap; K) from the call option payo
in future time T.

On the contrary, consider the event A1(St) K)* <B (T) $(ap; K) that the
payo the call option at future time T is less than interest generated by investing

Q(ap; K) at time 0. If the lower probability of this event is greater than threshold

valuew (w > 0:5), then one would expect the payo of call option more likely to be
less than the interest generated by investing (ap; K) at time 0. Thus one would
prefer to short sell the call option and invest the amount $(ap; K) with risk free
rate r.

If none of above conditions are satis ed, one would better o take no action as

the lower probability of the desirable event is not high enough for one to make a
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con dent decision.
One can show that only one of actions could be taken in Route 2.1: Using

inequality and conjugacy property of imprecise probability, one could know:

if pl(AT(Sr) K)* >B(T) 2(a0;K)]>w
then, by congugacy property

1 pl(Ar(Sr) K)" <B(T) aoiK)>w
by imprecise probability inequality

P(AT(Sr)  K)" <B(T) (ag;K)I< pl(Ar(Sr) K)" <B(T) J(anK)<1l w<w

Thus, only one action could be taken in the imprecise probability European call
option trading route.

Under the presetting scenario, a NPI believer, who prefer to use imprecise ex-
pectation operatorE and E could use following European call trading route at time
0:

Imprecise expectation European call trading route 2.2:

Exercise the option to buy the asset with price K at timeT and sell the asset
at market price At if At > K , return cash (ap; K)B(T) to the lender at time T

if. E[(Ar K)*]1>B(T) Qap;K)

Short the call option at time 0 for Q(ap; K), invest Q(ap; K) for risk free rater

8
g Borrow cash Q(ap; K) and buy the call option at time 0,
§ close all the position at timeT if E[(At K)*]<B(T) (ap;K)

* No action if none of above satis ed

Motivation behind NPI imprecise expectation call option trading route 2.2
When the lower expectation of call option payo E[(Ar K)*] at future time T is
greater than the returnB(T) &(ao; K) generated at timeT by borrowing Q(ag; K)

at time 0 with risk free interest rate r, one would prefer to borrowing 2(ap; K)
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at time 0 and buy the call option and expect to receive at least the amount of
E[(Ar  K)*] B(T) &(ao;K) at time T.

If the upper expectation of call option payo E[(Ar K)*] at future time T is
less than the current call option non-arbitrage price Q(ap; K ), one would rationally
choose to short the call option and invest the money received into risk free rate
at time 0, expecting receive at leasB(T) Q(ap;K) E[(Ar K)*]attime T by
close all the position.

It is also easy to show that only one of actions could be taken in Route 2.2: In
the imprecise probability framework, one ha&[(Ar K)*] E[(Ar K)*]and
therefore E[(Ar  K)*] > B(T) 2(ao;K) and E[(Ar K)*] < B(T) $(a0;K)

could not be satis ed at the same time.

5.1.2 Simulation of call option trading in NPI Bernoulli

model

In this section, we use simulation to study the performance of two proposed NPI
European call option trading routes in the prescribed scenario setting.

We only present simulation results with following valued prede ned parameters
r,u,d and ag, K. Other values of prede ned parameters value are also simulated;
they all have similar patterns.

[Prede ned parameters value forr, u, d, ag and K] We use the same prede ned
parameter value forr, u, d, a; as in the asset trading chapter and call option strike
price K is set atK =103

All the trading routes are simulated 100,000 times using the statistical software
R version 3.5.1. The data generating process of the underlying asset in this section

is the same as the previous chapter and thus will not be repeatedly stated here.

Performance evaluation function fc

The performances of NPI European call trading routes are measured by ve statistics

of the present value pay-o functionf ©(n; T;i) in 100000 simulations.f.¢(n; T;i) is
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de ned as follow:

fe(n;T;i

4 ( )
%(AT(ST) K)*B(T) *  Q(ag;K) if rstaction of the trading route is taken

= Qag K) (A7(Sr) K)*B(T) ! if second action of the trading route is taken

- 0 if no action

where the inputs:
n is the length of historical asset price data one could learn;
T is the future time that the this function is evaluate;

i 2 (1;100000) is the index of that particular simulation trial.

Five performance statistics of this function measure from 100000 simulations are:

P fic f i f C i
Average present value payofC = 160000 Win-loss ratio Ry = :'f:f:c—zgg:
ifi - fC > 0qi ifi :fC) < Ogj
Win rate RS, = wogj Loss rateR{ = jti 12.0 )OOOOQJ
Inaction rate RS = W

Sample simulation trials of di erent call option trading routes given pre-

cise or imprecise data

Several simulation trials are provided to illustrate how each call option trading route
work in the simulation process.

Simulation trial 1 Underlying market condition p = 0:2 (For the investor, this
information is hidden), one observes following precise data of the underlying asset

price in past 7 time stages

Time stage |-7|-6|-5|-4|-3|-2|-1
Data(p=0:2)| 0|0 0|0 |1]21]|O0

Equivalently (n;j) =(7;2)

With prede ned parameters value, one needs to decide whether or not enter a

risk position of a call option of which the mature time is at timeT = 7. By CRR
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d —

pricing model,q= & 0:5044 and current market price 2(ap;K) is

u d
Q 1XT T St AT S + .S T S
c(asK) = B(T) s, (Agu>d’ =™ K)'g(1 g T
ST=0
X7 1 7S
= B(7)* (100 1:03°7 () 103" (1 ' °"
s ST 1:03
= 2:0094

If one uses route 2.1 (imprecise probability trading route) and set threshold
valuew = 0:7. One rstly nds out m such that (A;(m) K)* = B(T) &(ag;K).
m 4:319, One then nd outm; = dme =5, m, = bmc = 4 and calculate
9(7;2)(87 m;) = 0:0512< w and 9(7;2)(87 m,) = 0:8569> w, thus one will take
second action of route 2.1 in this case, namely, one will short the call option at time
0 for 20094, invest 20094 for risk free rate M03 and close all the position at time
.

If one uses route 2.2 (imprecise expectation trading route), one will nd out
Eqpl(Ar  K)*1=0:4350<  Q(ap;K)B(7) = 1:9618 andE ;.5 (A7) = 1:3127<

Q(ap; K)B(7) = 1:9618. Thus, one will take second action of route 2.2 and execute

the same strategy as one uses route 2.1.

Simulation trial 2 Underlying market condition p = 0:5, one observes following

data of the underlying asset price in past 7 time stages

Timestage |-7|-6|-5|-4|-3|-2|-1
Data(p=05)| 0|1 ,0]0|1]|0]|1

Equivalently (n;j) =(7;3)

One needs to decide whether or not enter a risk position of a call option which
expired at future 7 time units. If one uses route 2.1 (imprecise probability trading
route) and set threshold valuew = 0:6. With the prede ned parameters value,
current market price (ap; K) is still 2.0094. The valuem such that (A7(m)

K)* = B(T) Qag;K) is still m  4:319. One then still nd out m; = dme = 5,
m, = bmc = 4 calculate 9(7;3)(87 m;) = 0:1430< w and 9(7;3)(87 m,) =

0:7040> w, therefore one uses route 2.1 will take the second action.



5.1. NPI method in European call option trading 89

If one uses route 2.2 (imprecise expectation trading route), one will nd out
E(?;S)[(AT K)+] = 1:312< S(a(hK)B(?) = 1:9618 andE(7;3)(A7) = 2:987 >
Q(ap; K)B(7) = 1:9618. Thus, one would take no action if one uses route 2.2 in

this case.

Simulation trial 3 Underlying market condition p, = 0:2, and noise levep, = 0:2,

one observes following data of the underlying asset price in past 7 time stages.

Time stage -7/-6| 5 4] 3 |-2|-1
Data (p,=0:2,p,=0:2)| 0| O |fO,lg| O |fO,lg| O | O
Equivalently [n;J] =[7;(0; 2)]

One again needs to make decision whether or not enter a risk position of the option.
If one uses route 2.1 (imprecise probability trading route) and set threshold value
w = 0:65. The valuem such that (A;(m) K)* = B(T) Q(ap;K)isstill m  4:319.
Setm; = dme =5, m, = bmc = 4 and calculate 9[7;(0;2)](87 5 =0 <w and
9[7;(0;2)](87 4) = 0:8569> w so one will take second action of route 2.1 in this
case.

If one uses route 2.2 (imprecise expectation trading route), one will nd out
Epol(Ar  K)'1=0 < 2(a;K)B(7) = 1:9618 andE 7,0.2 (A7) = 1:312<

Q(ap; K)B(7) = 1:9618. Thus, one will take second action of route 2.2 in this case.

Simulation trial 4 Underlying market condition p, = 0:7, and noise levep, = 0:6,

one observes following data of the underlying asset price in past 7 time stages.

Time stage -7| -6 S5 1413 -2 |-1
Data (p,=0:7,p,=06)| O [fO,lg|fO,lg| 1|1 fO,1g| O
Equivalently [n;J] =1[7;(2;5)]

With the same situation, one uses route 2.1 (imprecise probability route) and set
threshold valuew = 0:6. One calculate9[7;(2;5)](s7 5) = 0:0512 < w and
;_)[7;(2;5)](87 4) =0:2797< w so one will take no action in this case.

If one uses route 2.2 (imprecise expectation trading route), one will nd out

Epol(Ar K)*1=0:4351<  Q(ap;K)B(7) = 1:9618 andE (7,02 [(Ar K)*]=
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9:4747> Q(ap;K)B(7) = 1:9618. Thus, one who use route 2.2 will take no action

in this case.

Performance of NPI call option trading routes under average market

condition given precise data available

Under the average market condition, given precise data available, the performances
of NP1 European call option trading routes 2.1 and 2.2 are assessed and discussed
below.

Figure 5.1 plots the average present value payo surfac? of trading routes 2.1
and 2.2 for a call option with presetting parameter values and di erent maturity
data T 2 (1;100), givenn 2 (1;100) units of historical data available. One could
con rm that for all size historical data n 2 (1;100), both from Figure 5.1 that
both routes 2.1 and 2.2 produce positive present value payo in the long run under
average market condition. The surface shares a similar pattern to the corresponding
surface in asset trading chapter. Both trading routes 2.1 and 2.2 have a fast speed
of learning in data. At present ofn = 15 historical data, both trading routes have
the excellent trading results for all call option expired in future 1 to 100 time units.

One may notice with a small amount of data available, the average present
value payment surface has a \fan" shape in route 2.1 while route 2.2 does not have
this phenomenon. The reason for this is similar to the corresponding case in asset
trading chapter. Route 2.1 is an imprecise probability trading routes which aim to
minimize loss rate and avoid trading in the uncertainty situation while route 2.2 is
an imprecise expectation trading routes which aim to achieve higher present value
payo in the long run. This can be further con rmed in Figure 5.2.

Figure 5.2 presents the performances bf RS, RS, , RS

wl P rwros Py

and R¢ of both trading
routes for call option expired in future 100 time units. It could be observed that
route 2.2 generally have greater average present value payo for dierent size of
historical data available. However, route 2.2 has worse loss ra& and win loss
ratio RS, than route 2.1. Especially in the case where a small amount of data is
presented, the loss rat&®kS di erence between route 2.1 and route 2.2 is signi cantly

higher, with loss rateR{ of route 2.2 being around 8. The reason for this is that
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route 2.1 tends to avoid making trading when the number of data is insu cient to
extract enough information about the underlying distribution. (indicated by high
inaction rate RS in Figure 5.2 when small of data is available). In addition, with
adjustment of threshold valuew, route 2.1 also have better control in loss rat®¢
and win-loss ratioRS, .

Overall, given precise data, under the average market condition, both proposed
European call option trading routes are able to yield positive average present value
payo and have good performance iR}, , Ry and R} . Route 2.2 has better perfor-

mance in terms of average present value payo , while route 2.1 have better control

in loss rate and win-loss ratio.
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Figure 5.1: APVP of routes 2.1 and 2.2 under average market condition given precise
data.
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Figure 5.2: Performance comparison of routes 2.1 and 2.2 for a call option expired
at time T =100 under average market condition given precise data.

Performance of NPI call option trading routes under di erent market

conditions given precise data available

Given precise data, under a speci ¢ market condition, the performance of proposed

NPI European call option trading routes are further evaluated below.
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