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Abstract

In this thesis we explore aspects of correlation functions and scattering amplitudes in
supersymmetric field theories.

Firstly, we study correlation functions and scattering amplitudes in the perturbative
regime of N/ = 4 supersymmetric Yang-Mills theory. Here we begin by giving a new
method for computing the supercorrelation functions of the chiral part of the stress-
tensor supermultiplet by making use of twistor theory. We derive Feynman rules and
graphical rules which involve a new set of building blocks which we can identify as a new
class of N' = 4 off-shell superconformal invariants. This class of off-shell superconformal
invariant is related to the known AN = 4 on-shell superconformal invariant pertinent to
planar scattering amplitudes.

We then move onto the six-point tree-level NMHV scattering amplitude. Previous
results are given in terms of a manifestly dual superconformal invariant basis called the
R-invariant. We define and analyse a generalisation of this invariant which contains
half of the dual superconformal invariance (Q + S invariant but not Q + S invariant).
We apply it to the six-point tree-level NMHV scattering amplitude and find a new
representation which manifestly contains half of the dual superconformal invariance
and physical pole structure. This is in contrast to the R-invariant basis which manifests
symmetry properties but does not manifest physical pole structures.

Finally, we find the superconformal partial wave for four-point correlation functions
of scalar operators on a Grassmannian space Gr,,,(2m|2n) for theories with space-time
symmetry SU(m,m|2n). This contains N = 0,2,4 four-dimensional superconformal

field theories in analytic superspace as well as a certain class of representations for
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the compact SU(2n) coset spaces. As an application we then specialise to N = 4
supersymmetric Yang-Mills theory and use these results to perform a detailed super-
conformal partial wave analysis of the four-point functions of arbitrary weight %—BPS
operators. We discuss the non-trivial separation of protected and unprotected sectors
for the (2222), (2233) and (3333) cases in an SU(/NN) gauge theory at finite N (where
(ijkl) = (tr(W?) tr(W7) tr(W*) tr(W'))). The (2233) correlator predicts a non-trivial
protected twist four sector for (3333) which we can completely determine using the

knowledge that there is one such protected twist-4 operator for each spin.



Declaration

The work in this thesis is based on research carried out at the Department of Mathe-

matical Sciences, England. The results are based on the three collaborative works:

e D. Chicherin, R. Doobary, B. Eden, P. Heslop, G. P. Korchemsky, L. Mason and
E. Sokatchev, Correlation functions of the chiral stress-tensor multiplet in N = 4

SYM, JHEP 1506 (2015) 198, [arXiv:1412.8718]

e D. Chicherin, R. Doobary, B. Eden, P. Heslop, G. P. Korchemsky and E. Sokatchev,
Bootstrapping correlation functions in N = 4 SYM, JHEP 1603 (2016) 031,
[arXiv:1506.04983]

e R. Doobary and P. Heslop, Superconformal partial waves in Grassmannian field

theories, JHEP 1512 (2015) 159 [arXiv:1508.03611]

No part of this thesis has been submitted for a degree in this or any other institution.

Copyright (© 2016 by Reza Colin Doobary.
The copyright of this thesis rests with the author. No quotations from it should be
published without the author’s prior written consent and information derived from it

should be acknowledged.

v



Acknowledgements

First and foremost, I would like to express my gratitude to my supervisor Paul Heslop
for being a truly great teacher and mentor. In the sense of teaching, he has always been
a constant source of knowledge, enthusiasm and guidance. In the sense of a mentor, he
has taught me a great deal about how to perform research and how to demonstrate it
to the wider audience. I will surely take these lessons with me where ever I go. Above
all else, I thank him greatly for his patience at all moments.

I would also like to take the chance to thank Burkhard Eden for providing advice
and guidance well beyond expectation at various moments. These varied from advice
about paper writing to postdoc applications. I also thank Emery Sokatchev for similarly
sharing some of his wisdom with me.

I would like to thank my collaborators, Dmitry Chicherin, Burkhard Eden, Paul
Heslop, Gregory Korchemsky, Lionel Mason and Emery Sokatchev. I have thoroughly
enjoyed the projects that we have worked on so far, and indeed I hope that we will
work together again!

This thesis, the ideas that have built it up together with my own understanding of
mathematics and physics have benefited greatly from conversations with many people
at the department. I resist writing a list as it would surely be incomplete since over
the past years I have learnt so much from various people through both long and short
conversations. Without a doubt, such an environment has been absolutely critical in
making progress.

Whilst I have thoroughly enjoyed my PhD here at Durham, I must think back to
Queen Mary UoL and thank Andreas Brandhuber, Gabriele Travaglini and especially
Rodolfo Russo for playing such a major role in getting me to Durham in the first place.

It is my belief that without such support and their mentorship at these early stages I



vi

would never have made it here.

I must thank my viva examiners, James Drummond and Douglas Smith for being
incredibly accommodating and providing great recommendations to this thesis. These
recommendations have pushed this thesis to be the best it can be.

More socially, I give tremendous thanks to Helen Baron, Raguram Subramaniam
and Philipp Burda for being good friends! Helen, for essentially always being up for
a chat about absolutely anything! Our conversations often served as an important
distraction and often led to much procrastination but have always been enjoyable (and
on occasion useful). Ragu and Philipp, for being great housemates and for sharing a
love of long conversations about politics, science and topical matters (often very late
into the night). Indeed, I enjoyed many days and nights in front of the whiteboard
trying to figure out whatever we found interesting, frustrating or out-right hilarious.
Further to this, I must thank Ragu, Helen and especially Jingxi Luo for bearing the
brunt of my constant chatter surrounding postdocs.

I thank my family for being supportive. I thank my dad Hosen for being my first
maths teacher, and for always pushing me forward. I thank my mum Nazneen for
having an unwavering belief in me. I thank my two brothers, Sayad and Irfan, for
being exceptionally supportive, caring and compassionate in my times of need and
always knowing just the right things to say.

Finally, I thank Sarah for her love, patience, care, strength and her infinitely many
other wonderful qualities.

My research was funded by the STFC.



Contents

Abstract ii
Declaration iv
Acknowledgements v

1 Introduction 1
2 Superspace 7
2.1 Constructing superspaces from cosets . . . . . . . ... ... L. 9
2.1.1 Bosoniccase . . . . . . ... 10

2.1.2  Supersymmetric case . . . . .. ... 15

2.2 Twistor superspace . . . . . . . . ... 20
2.3 Harmonic and analytic superspace . . . . . . . . .. ... ... ... .. 28
2.3.1 From harmonic superspace... . . . . . . . . . ... ... 28

2.3.2 ..to analytic superspace . . . . . . . .. ... ... .. ... .. 32

3 A Twistor approach to correlation functions in /' =4 SYM 36
3.1 Review . . . . . o 38
3.1.1 Triality . . . . .. 42

3.1.2 Hidden symmetry . . . . . . ... Lo 45

3.2 Correlation functions in twistor space . . . . . . . . . ... ... .. 49
3.21 N =4 SYM on twistor space . . . . . ... ... ... ... 49

3.2.2  Feynman rules from twistor space . . . . .. .. ... ... ... 52

3.2.3 From lower components to higher components . . . . . . .. .. 56

3.2.4 Properties of the R-vertices . . . . . . ... ... ... ..... 61

vii



Contents viil

3.3 Consistency check: lightlike limit . . . . . . . ... ... ... .. ... 63
3.4 Computations . . . . . . ... 67
3.4.1 (6’8“)4 COMPONENt . .\ v v vt vt e e 67
3.4.2 (65 )2(ab) (QSC)Q(Cd) component . . . . ... ... 76
3.5 Conclusion . . . . . .. . 80
4 Scattering amplitudes: the six-point NMHYV amplitude 82
4.1 Review . . . . . . L 83
4.1.1 Derivation from twistors . . . . . .. .. .. ... 83
4.1.2 Properties . . . . . . ... 85
4.2 The six-point NMHV amplitude . . . . . ... ... ... ... ..... 88
4.2.1 Constructing a new kind of basis . . . . .. ... ... ... .. 88
422 Results. . . . . .. 91
4.3 Conclusion . . . . . . . ... 95
5 The superconformal partial wave 97
5.1 Review . . . . . o 99
5.1.1 From the OPE to the four-point function . . . . . . . . . .. .. 99
5.1.2 Towards superconformal partial waves . . . . .. .. .. .. .. 101
5.2 Aspects of representation theory . . . . . . .. ... 103
5.2.1 Operator Spectra in Grassmannian superspace . . . . . . . . . . 103
5.2.2  Operator protection and Unitary bounds . . . . . .. .. .. .. 107
5.2.3  The Schur Superpolynomial of GL(m|n) . . .. ... ... ... 110
5.2.4  Schur superpolynomial relations and decompositions of typical
representations . . . ... ..o Lo oL 112
5.3 The superconformal partial wave in Grassmannian field theories . . . . 114

5.3.1 The OPE and its relation to an expansion in Schur polynomials 115

5.3.2  Free field theory OPE and Wick’s theorem . . . . . . .. .. .. 118

5.3.3  Deriving the superconformal partial wave for Grassmannian field
theories . . . . . . 119

5.3.4 The GL(m|n) superconformal partial wave . . . . ... ... .. 124

5.3.5  Superconformal partial wave relations and decompositions of typ-

ical representations . . . . . .. ... 125



Contents ix
5.4 Application to N =4 SYM . . . ... ... 127
5.4.1 The N = 4 superconformal partial wave . . .. ... ... ... 127

5.4.2 OPE coefficients in NN =4SYM . . . .. ... ... ....... 129

5.4.3 The Cauchy Identity . . . . . . . ... ... .. ... .. .... 130

5.4.4 Results: Free theory OPE coefficients (before recombination) . . 132

5.4.5 Consistency checks for the above OPE coefficients . . . . . . . . 137

5.4.6 Physical OPE coefficients: recombination of operators in SU(N) 139

55 Conclusion . . . . . . . .. 146

6 Outlook 148
Appendix 150

A Proof of (3.2.66) in section 3.2.3 151
B Component expansion of R-vertex 153
C Some computational details from section 3.4 158
C.0.1 (3.4.110) . . . oo 158

C.0.2 (34.117) . . . .o 159

C.0.3 (3.4.122) . . . .o 160

C.04 (3.4.143) . . . o 160

D Further free theory coefficients 162
E Colour factors used in free theory correlators 166
F Superconformal invariant on Grassmannian space 169

G The eigenvalue basis of the quadratic Casimir for the GL(m) conformal

partial wave from section 5.3.3 173

Bibliography 177



List of Figures

2.1 1) The basic statement that lines in twistor space correspond to points
in conformal Minkowski space. ¢¢) Non-intersecting lines leads to non-
lightlike separated lines. %) intersecting lines leads to lightlike sepa-

rated lines. . . . . . . L 24

3.1 A diagrammatic summary of the triality of observables in N'=4 SYM. 46
3.2 i) The diagram representing a superpropagator from twistor line i to

j. %) An interaction vertex. In both cases, bold lines are twistor lines

whilst faint lines are propagators. . . . . . . .. ... ... L. 53
3.3 A contributing Feynman diagram to an n-point correlation function

in (3.2.53). Each bold lines corresponds to a twistor line parametrised

by a pair of twistors, and therefore correspond to a point in space-time

(x,0), whilst faint lines are superpropagators. . . . . . . ... ... .. 54
3.4 %) The Feynman rule for the superpropagator and 4¢) the Feynman rules

for interaction vertices. In addition to this we must perform the overall

integral [/, d*0~. . . . .. 55
3.5 A contribution to Gpyo . . . . . ..o 57

3.6 1) The Feynman rule for the superpropagator and #2) the Feynman rules

for interaction vertices . . . . . .. ... 60

3.7 Five contributing Feynman graph topologies to G,,.q. . . . . . . . . .. 65
3.8 Graph B and C contributions to Gy.1. . . . . . . . ..o 65
3.9 Contributions to G4;1’(98L)4' ........................ 69
3.10 Contributions to Gs,]| () 72
3.11 Contributions to G6;1’<90+>4. ........................ 75
7

3.12 Contribution to G4;1|(0+)2(ab)(9+)2(cd) .....................
0 o/



List of Figures xi

3.13 Contributions to G5;1’(93)2(ab) (63/)2@)- ................... 78
4.1 A single graphical contribution to the n-point NHMV amplitude. . . . 83
5.1 A general Young tableau associated to gl(m|n) . . . . . .. .. ... .. 104

5.2 An example of a typical Young tableau associated to gl(mln) . . . . . . 112



List of Tables

5.1
5.2
2.3
0.4
2.5
2.6
5.7
2.8
2.9

D.1

E.1
E.2
E.3
E.4
E.5

A4d CEFTreps . . . . . . o o 109
N =2SCFTreps. . . . . . . . i 109
N =4SCFTreps. . . . . . . . . s 109
U(N) colour factors associated to the (1122) correlator . . . . . . . .. 133
U(N) colour factors associated to the (1133) correlator . . . . . . . .. 134
SU(N) colour factors associated to the (2222) correlator . . . . . . .. 134
U(N) colour factors associated to the (2222) correlator . . . . . . . .. 135
SU(N) colour factors associated to the (2233) correlator . . . . .. .. 135
SU(N) colour factors associated to the (3333) correlator . . . . . . .. 136
SU(N) colour factors associated to the (4233) correlator, note that A is

always zero. . . ..o 163
Colour factors for (5344) in SU(N), note that A is always zero. . . . . . 166
U(N) colour factors associated to the (4233) correlator . . . . . . . .. 167
U(N) colour factors associated to the (2233) correlator . . . . . . . .. 167
U(N) colour factors associated to the (3333) correlator . . . . ... .. 168
Colour factors for (5344) in U(N) gauge theory . . . .. ... ... .. 168

xii



Chapter 1

Introduction

Quantum field theory (QFT) is by now part of the standard toolkit for any modern
theoretical physicist, which has broad applications from condensed matter physics to
particle physics all the way to applications in gravity.

A major development since the discovery of QFT is superstring theory. Initially,
much of the interest around superstring theory was in the hopes of gaining a way to
unify all physical QFTs, and have a way to encapsulate all interactions. Whilst this
remains an active area of research a related direction is to construct new QFTs from
an overarching string theory set up. The most famous of these set ups actually led
to an exact duality in which string theory propagating on spacetimes of the form of
anti de-Sitter space times a sphere ~ (AdS x S) is dual to conformally invariant gauge
theories (CFT) of one dimension less than the anti de-Sitter background spacetime [1].
This is known as the AdS/CFT duality. This is in fact a strong-weak duality, whereby
strong coupled physics on the CFT is related to weakly coupled physics on the AdS
side. This therefore leads to a method of gaining strongly coupled data of the CFT
that would otherwise be unattainable by standard QFT means.

A major concept that fell from string theory was that of planarity in SU(/N) or U(N)
gauge theories with coupling g. It was shown in [7] by t’Hooft that the topological
structure of string theoretic diagrams are matched by the 1/N corrections to the N —
oo limit of the gauge theory whilst keeping ¢ N fixed. The planar limit is defined to
be the N — oo limit, and leads to a very large simplification. We will often make this

approximation in this thesis.
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In recent times it has become fruitful to turn the microscope back on QFT by
virtue of studying some of the ‘simplest’ possible QFTs and asking refined questions
about simplicity, underlying symmetries and potentially transferable techniques and
structures. These questions are often answered not by referring to the Lagrangian

itself, but rather the structure of the observables.

Superconformal field theories

Famously, N’ = 4 supersymmetric Yang-Mills theory (SYM) is a QFT which possesses
many remarkably simple structures. This theory contains a gluon, four fermions (plus
four conjugates) and six scalars, it also has the spacetime symmetry PSU(2,2|4) where
all fields are in the adjoint representation of gauge group SU(N). A characteristic
example of this simplicity is that whilst the Lagrangian takes the somewhat complicated

form:

1 1 : 1
L =tr ( - ZFaﬁFO{B + ZDad¢IJDaa¢IJ + §g2 [(bIJa ¢KL} [¢1J7 (bKL]

+ iar DYl — i (D*ar) VL — V2gi! (615, 07] + V2giar (0", 05 ) ;
(1.0.1)

its planar one-loop four-point amplitude can be written as only one term (see [2]).
In general QFT, we would expect three classes of Feynman diagrams the so-called
box, bubble and triangle. However, it turns out that in N' = 4 SYM the bubble
and triangle contributions are absent leaving only the box contribution. A further
interesting aspect is that the theory is conjectured to be integrable in the planar limit
as suggested by the Yangian invariance of the amplitude and the relation of the two-
point correlation function of scalars to the integrable spin chain [48,49,5] (see [3] and
references therein). In fact, this conjectured integrability has gone through some precise
numerical checks [4,73] by checking anomalous dimensions and three-point function
structure constants.

It has therefore become incredibly fruitful to study the observables using new and
interesting mathematical techniques. Twistor theory has provided a great way to study
scattering amplitudes in N/ = 4 SYM [6,64]. The underlying integrable structure of

scattering amplitudes in most easily seen via twistors through the scope of the so-called
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Grassmannian formalism [69] (itself, also grounded in twistor space). Fascinatingly, the
Grassmannian formalism has recently led to many famous discoveries such as the posi-
tive Grassmannian, on-shell diagrams and the Amplituhedron yielding methods related
to combinatorics and projective geometry [25,65,69,71]. Some view the succession in
new methods as being a revolution in QFT itself.

Finally, the notion of duality within the observables of N' = 4 SYM has played
a remarkable role. It was first discovered in [39] that the scattering amplitude and
the expectation value of Wilson loop were exactly dual at strong coupling. This was
observed in the weak coupling regime in [45,46] and was extended to supersymmetry
via the twistor formalism in [47]. It was then found in [31] that the square of the
expectation value of the Wilson loop is in fact dual to the lightlike limit of a correlator
in any bosonic conformal field theory. This was then applied to a correlator/amplitude
duality in [50,51]. Then came a supersymmetric proposal of the correlator/amplitude
duality in [36,37]. This altogether leads to a ‘triality’ relationship between the scat-
tering amplitude, the Wilson loop and the correlation function. It has thus become
of great importance to understand the mechanisms and structures involved in setting
up these relations. This is a great motivator for computing such observables as this
not only allows for a structural understanding of highly symmetric theories like N' = 4
SYM, but to potentially uncover such properties of more general QFTs.

This opens the discussion to other superconformal field theories (SCFTs). These
are theories which possess superconformal symmetry. This symmetry algebra is built
from Lorentz generators, a generator for dilation weight and the special conformal
generator, together with supersymmetry operators and so-called special superconformal
generator. For four-dimensional N-extended SCFTs the group is SU(2,2|N). Some
of the structures that have been found for the N' = 4 SYM case are similar to the
so-called ABJM SCFT, which has the form of a 3d Chern-Simons theory [8,9].

Whilst integrability structures have not been found in general SCFTs, one can in-
stead ask questions regarding the minimal required constraints for a consistent SCFT.
The argument of [74] is that we only need the general symmetry, operator product
expansion (OPE) and the four-point function. One can use the OPE to gain a basis
for the four-point function called the superconformal partial wave. Then the crossing-

symmetry of the four-point function of four-like operators leads to non-trivial con-
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straints on the four-point functions. The argument claims that these constraints can be
analysed to exclude inconsistent SCFTs whilst placing bounds on the allowed SCFTs.
These methods are referred to as superconformal bootstrap.

The most successful application of the conformal bootstrap was in the study of
the 3d Ising model in [20], where the theory was found on a remarkable point on the
boundary of the exclusion plots. There have also been applications to SCFT with
four dimensional N’ = 2,4 and six dimensional (2,0) theories [95,75,96]. In order to
get these results one has to know the required superconformal partial waves, which
are acquired through Lie algebraic and representation theoretic methods. The study
of superconformal partial waves was studied some time ago in view of the AdS/CFT
in [10,88]. However, the work in [77,79,80,87]( and [94] for higher dimensions) some-
what systematised the results, whereby important pioneering work in the extraction of

quantum data via the superconformal partial wave analysis was performed.

Themes

The grand goal for those who study the structure of observables in the ‘simplest” QFT
is to try and understand all aspects of QFT in a general sense.

We view this thesis (and the work that it is based on) as a small contribution to
the very large and rich tapestry of ideas and methods. This thesis contains two major

themes:
TWISTOR METHODS AND SUPERCONFORMAL PARTIAL WAVES.

Having seen how useful the twistor methods have been as applied to the study of
on-shell observables (like amplitudes and Wilson loops) in planar N’ = 4 SYM, it is
interesting to see if one can find similarly robust structures in applying these methods
to off-shell observables. In particular we will study the supercorrelation functions of the
stress-tensor supermultiplet in A" = 4 SYM. The idea is simply to find some structure
and see how these structures relate to the previously understood scattering amplitudes.
This is a rather apt question as the scattering amplitude is known to be reproduced in
the lightlike limit of correlation functions in planar N'= 4 SYM.

Within the same theme, we shall also consider the so-called NMHYV tree-level scat-

tering amplitude. This is a well known object and the form which manifests full dual



Chapter 1. Introduction 5%

superconformal symmetry is the one which does not manifest physical pole structures.
We aim to use a different basis for the result which manifests pole physicality at the
expense of manifesting half of the superconformal symmetry. We then find a result
which manifests as much physical and symmetry related properties as possible.

We then look towards the superconformal partial waves. These objects form a basis
for four-point correlation functions which are pertinent to the conformal bootstrap
programme. We derive a superconformal partial wave for four-point functions of scalar
operators in what we will call Grassmannian field theories which are a 2-parameter
family of superspaces. These Grassmannian field theories are theories with space-
time symmetry SU(m, m|2n) (where m and n are the two parameters) and exist on the
Grassmannian space defined to be Gry,,,(2m|2n), namely the space of m|n-dimensional
planes in 2m|2n-dimensions. For m = n = 2, this becomes a four-dimensional N' = 4
SCFT, in which we perform various superconformal partial wave analyses on various

correlators.

Structure of this thesis

This thesis is built from three parts. An introduction to superspaces, a second part
discussing twistor methods and a third part discussing the superconformal partial wave.
Each of these parts are built from chapters which each have their own reviews and
introductions which elaborate on the motivations and previous work. This means that
each chapter can in principle be read independently of each other.

The first part is chapter 2 and reviews the construction of different superspaces
and some of the consequences. This first part aims to provide a picture of how many
different superspaces may arise from a single coset construction. This chapter is to be
viewed as providing the overarching theme of superspace techniques used throughout
this thesis.

The second part is chapters 3 and 4. The main theme will be twistor applications to
N =4 SYM. In chapter 3, we use the aforementioned works in scattering amplitudes
as motivation to study twistor theoretic methods to compute correlation functions of
the stress-tensor supermuliplet. The main result of this chapter will be a new set of
graphical rules associated to a bosonic propagator and a ‘R-vertex’ which is to be

viewed as an off-shell generalisation to familiar superconformal invariants pertinent to
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scattering amplitudes.

In chapter 4, we will derive, investigate and apply a new basis for the six-point tree-
level NMHV scattering amplitude which manifest properties which were previously
hidden in other results. In particular, we will find a remarkably compact formula
which preserves the supersymmetry and the conjugate special superconformal charge
(Q + S), whilst only containing manifestly physical pole structures. The main point
in comparison to the previously known fully superconformal invariant result, is that
we may gain manifestly physical pole structures at the expense of manifest (Q + S)
symmetry.

The third part is chapter 5. The theme is the superconformal partial wave. We
perform a derivation of the superconformal partial wave valid for four-point functions
of scalar operators with SU(m, m|2n) space-time symmetry in so-called Grassmannian
field theories (which in four dimensions reduces to analytic superspace). In general this
will turn out to be a completely general set of results, however we apply this to N' = 4
SYM, in which we find OPE coefficients for a variety of free theory correlation functions.
We will then consider the notion of operator recombination at the unitary bound for
the (3333) correlator. The main point will be that the (2222) and (2233) can be used
in conjunction with information regarding the number of operators accommodating a
representation to a fix a non-trivial twist-4 protected sector.

Chapters 3, 4 and 5 are based on the papers [29], [55] and [72] respectively.



Chapter 2

Superspace

Superspaces are a natural arena in which to study supersymmetric quantum field the-
ories. We may denote such a space as F™" (where [ is some field of variables e.g. C or
R). As an example, C™ is said to be a Z,-graded vector space of complex variables.
There exists an even and odd subspace which in this case is C™ and C" respectively,
whereby the odd subspace is built from Grassmann odd variables. Functions on such
a space are generically functions of both subspaces but whilst any complex (or real
subspace thereof) function may exist in the even subspace, only a finite expansion in
Grassmann variables exists for the odd subspace.

This leads to the concept of a superfield where supermultiplets which are innately
Lie algebraic objects may be established in a field theoretic language. Physical su-
perfields, which correspond to physical supermultiplets are found by applying some
constraint onto the superfield.

As an example, we may consider an unconstrained four dimensional N' = 1 su-
perspace, namely R**.  This is given by the coordinates (2,6 6%), whereby z¢
is a Grassmann even object whilst the #* and #% are are both Grassmann odd. An

unconstrained superfield takes the form:

S(x,0,0) = f(z) + 0“Yo(z) + - - - + F()0%6%. (2.0.1)

One can construct the derivative operators D, and Dg4. Considering the N' = 1
superalgebra, one finds that derivative operators commute with the supercharges and

among themselves but for {Da, Dd} = 21P,4, where P,; is the momentum operator.

7
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The chiral supermultiplet is defined to be
Dy®(x,0,0) = 0. (2.0.2)
This is solved by:

Oy, 0) = fy) + 0"Valy) + F(y)07, (2.0.3)

where y®® = 2% + {#*#%. This is an example of a shortened superfield. This leads
to three fields, a scalar, a fermion and another scalar which vanishes on-shell in the
superspace action (since we can only have AN/ = 1 supersymmetry), thereby producing
the physical supermultiplet.

In N-extended supersymmetry, one introduces N supercharges and hence the odd
subspace enlarges. This also enlarges the supersymmetry algebra to include a group of
automorphisms, which we will often refer to as the internal group. This enlarges the
space to RV which in practice amounts to giving the Grassmann odd variables a
second index, 67,

Upon introducing many more supercharges, it becomes possible to produce short-
ened supermupltiplets in a non-trivial way where the corresponding superfield is an
explicit function of some mixture of § and @ variables, but not all Grassmann odd
variables. This arises from allowing the supercharges (or some combination thereof)
to directly annihilate the supermultiplet. In the context of four dimensional NV = 4
theories, these are BPS and semi-short multiplets (more in chapter 5). This leads
to complicated superfield constraints which are often difficult to solve. However, one
may use the so-called harmonic superspaces to project the constraint onto a subspace in
which corresponding superfields are solved by chirality-like conditions like (2.0.2). Such
a space will be of use throughout this entire thesis and we will discuss its construction
in this chapter.

Viewing the aforementioned superspace as being useful in constraining aspects of
component operators appearing in the superfield, we may also consider superspaces
which constrain aspects of the kinematics appearing in a superfield. Suppose that
we are dealing with observables in some theory where we are only interested in its
massless sector. An example would be scattering amplitudes in some four dimensional

massless theory. Scattering amplitudes are on-shell objects and do not benefit greatly
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from an over-complete configuration space which includes off-shell kinematic variables.
Namely, one could instead pick a slice of such a configuration space which manifestly
solves the corresponding masslessness constraint. In this way, all statements regarding
external data in some calculation are manifestly physical statements of on-shellness
and therefore masslessness.

In four dimensional massless gauge theory, twistor space is precisely such a space
which has proven to yield quick and efficient results. Extending this to a superspace
amounts to introducing some appropriate Grassmann odd variables. We will be using
this space in chapter 3 and chapter 4 and we will review its construction in this chapter.

In this chapter we will review a coset construction for a large variety of super-
spaces, paying close attention to harmonic, analytic and twistor superspace, as these
will appear in later chapters. We hope that this will be a guiding review into this
subject, where we will prioritise practicality above formality. As a result, this should
not be viewed as a complete review. An elaboration on the formal aspects of the topics

discussed in this chapter can be found in [13,21].

2.1 Constructing superspaces from cosets

We begin by stating that the superconformal group in four dimensions with N -extended
supersymmetry is given by SU(2,2|N;R). For the discussion that follows, it is useful
to consider its complexification, which makes this group SL(4|N;C). We will later
generalise this to SL(2m|2n; C), in preparation for chapter 5 in the study of supercon-
formal partial waves. We will also from here on out omit the C from any group (e.g.
we will simply write SL(2m|2n)) with the understanding that unless otherwise stated
we take the complex setting to be the case.

Coset superspaces that are of interest to us are given by
F, = P\SL(2m/|2n), (2.1.1)

where P is a parabolic subgroup generated by a parabolic subalgebra. In general,
we may begin by constructing an appropriately defined parabolic subalgebra (which
are lower triangular block matrices) and then exponentiate the result to obtain the

subgroup. The resulting supermanifold in (2.1.1) is known as a flag supermanifold.
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We will present a review of this topic by starting with the purely bosonic case.
We will find that the Dynkin diagram is the most succinct way to recapture not only
the superspace itself, but its local coordinates and some aspects of the corresponding
representation theory. We will give some immediate results for conformal and super-
conformal Minkowski space. Whilst leaving a more complete treatment relevant to

operator spectra for chapter 5.

2.1.1 Bosonic case

A complex semi-simple Lie algebra g, admits a decomposition into a maximally com-
muting subalgebra b (the Cartan subalgebra) and a set of subalgebras which are diag-
onalised with respect to the Cartan subalgabra with some well defined eigenvalue « in

the root space ®. This is given by

g="b& P g (2.1.2)

acd
Since for most of this thesis we will be discussing SL(2m) and its supersymmetric
extension we may keep sl(2m) as our running example. We may recall the structure
of the explicit Lie algebra. Taking e;; to represent an explicit matrix with zeroes
everywhere but for a one at position 4, j, then the explicit matrix form of the Cartan

subalgebra is given by
Hi = €ii — Citli+1 for i € [1, 2m — 1] (213)

Given the complete set of roots ®, one can find the simple roots A from which one can
decompose the simple roots into positive and negative roots AT U A~. We may define

such roots as

+ _
Eaz. = €ii+1,

EC'_li = €i+1i- (214)

So that the subalgebra of postive (negative) roots n. (n_) are the set of lower left (upper
right) triangular matrices. This is opposite to the familiar convention and is because

we are considering the group action from the right (see (2.1.1)) as opposed to the left.
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Since the e;; matrices themselves obey a gl(2m) algebra:
[€3,7s €x] = Orjeis — duerj, (2.1.5)

one finds that

(E. . Ef
Q541

]

]
B, B, =B

|

[E+ o5

aitogy1) o1t aig2

(2.1.6)

_ +
= €42, E

+
and so on. Here we have taken E 2041+t

it = €4i+5, etc. For

the algebra of raising operators there is the analogous set of relations for the lower
operators.

The parabolic subalgebra is defined to be the subalgebra which contains the Borel
subalgebra. In the context of s[(2m), the Borel subalgebra is the subalgebra spanned

by the upper triangular matrices. Formally, this is given by

b=bo P g (2.1.7)

acd+
We can choose a specific parabolic subalgebra by selecting a set of simple roots S,. In
defining ®(I) = span(S,) N ®, the so-called Levi subalgebra is given by
[=b® B g (2.1.8)
0)
In the context of s[(2m) this fills out a specific block diagonal part of the algebra.
Schematically, if one first defines the set S,, we immediately get [ as some block diagonal

form with an overall tracelessness condition, namely for some set {kq, ko, ...} defined

by Sy, we have

I
=n

B ook |z P @sik)oc (2.1.9)

k;

The first statement follows from the form of the [ as we will see in many examples to
come, however the second equivalence comes from breaking the gl(k;) blocks into their

traceless sl(k;) subalgebras. However, there remain elements of the overall matrices
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which are traceless yet not part of any sl(k;), which we associate to a charge C. There
are as many of these charges are there are simple roots which we do not take to make
up Sy, namely there are |A/S,| of them. !

To produce the parabolic subalgebra we simply need to fill out the lower triangular
block so that the Borel subalgebra will be contained in it. Hence, we simply add this

subspace to produce the parabolic subalgebra p:

p=le P g (2.1.10)
)

acdH\a(I
Finally, we can exponentiate this subalgebra to give the corresponding subgroup P and
therefore produce the manifold F, as in (2.1.1).
We can label different parabolic subalgebras by the chosen set of simple roots S,.
This information can be represented by Dynkin diagrams. Recall that for sl{(2m), the

Dynkin diagram is given by 2m — 1 many nodes connected by edges:

nq N9 . Ce Ce Nom—2 Nom—1
o—— 00— @ @ o———O

(2.1.11)

Then one can represent the parabolic subalgebra by putting a cross on those nodes
whose corresponding roots do not appear in S,. This is a useful way to provide in-
formation, since we require all field representations to transform under the parabolic
subgroup we also learn about the index structure of those fields. This essentially follows
from the fact that the field representations need to transform under the block diago-
nal part of the algebra defined by S,, whilst transforming trivially under the off-block
diagonal parts of the parabolic subalgebra. This is since the off-block diagonal parts
are the raising operators which act trivially on highest weight states.

As an example at the bosonic level, we may consider complexified compactified
Minkowski space in four dimensions. It is known that this space can be identified with
the space of 2-planes in four dimensions, which is otherwise known as the complex
Grassmannian Grp(4) [14]. The appropriate group is SL(4), whose algebra sl(4) con-

tains three simple roots {ay, ag, a3} which correspond to the three nodes in the Dynkin

Hor e.g. [=35(gl(2) ®gl(2)) = sl(2) ® sl(2) @ C where a basis for C is diag(—1,—1,1,1) .
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diagram. To produce Gry(4), we require S, = {a1, ag}. This corresponds to putting a

cross in the second node in the Dynkin diagram:

nq N9 ng
* * (2.1.12)
In which the subalgabra takes the form:
° 0
p = 2x2 2x2 7 (2‘1‘13)

®ox2 ®2x2
where the o5 and 0y are generically non-zero and zero two by two blocks. One can then
exponentiate this to produce the corresponding group. Since these are coset manifolds,
local coordinates are found by fixing the degrees of freedom in the subgroup, revealing

the coordinate matrix: 2

I Z@ad
xAB — [ 72 where A, B=1,... 4 (2.1.14)

O2><2 H2><2

Here

204+ 23 al —ia?
Tos = (Uu>ad$u - (2115)

ol i 20— 23
and we can also define 7% = (5,,)**z* or put another way 7% = eaﬁxﬁﬁ-egd , Where o
are the four two by two Pauli matrices whilst ¢ is its conjugate. It is in fact possible
to make the Grassmannian structure more obvious by not fixing all of the elements

of the parabolic subgroup. This can be done by allowing the top left quadrant of the
parabolic subgroup to be left unfixed. Namely,

A 0 D
If 2x2 2X2 7) and 2X2 2Xx2 SL(4),
BQ><2 CV2><2 F2><2 G2><2
we have A2><2 (D2><2a ngg) € P\SL(4) (2116)

A

2, where there exists a local GL(2) right action

We label this local coordinate by z

which acts on the a-index of z2, whilst there is a global left action which acts on the

a )

A-index. Fixing the GL(2) freedom reveals the coordinate (I3, ixag)-

T « s 0 T -
2This is found from exponentiating 2x2 Tad )
O2x2  O2x2
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Now that we have recovered the usual space-time coordinate ¢ from this coset, we
should be able to induce the non-linear transformation of dz*¢ from the linear action
of the groups that make up the coset. Note that in finding the representation (2.1.14),
we had to fix the parameters of the parabolic subgroup, which we call a ‘section’. If we
consider the action of SL(4) (which includes the parabolic subgroup), this will perform
a full transformation which will take us away from the current section. In order to
restore the form in (2.1.14) we need to find the appropriate section again. Using the

notation in (2.1.16), the statement is
XA°GE = PAX'PB for G4 € SL(4) and Pj € P, (2.1.17)

where by X’ we mean the SL(4) transformed point, i.e. infinitesimally X' = X + §X.
We can go to the Lie algebra, by taking G4 = 64+ ga and P4 = d5+ pa for ga € sl(4)
and p4 € p. By taking the infinitesimal limit of (2.1.17), we get

SXAB = x40q8 _ pd X OB (2.1.18)
In taking
—APB iB .
g5 = R (2.1.19)
iCY D¢,
B
we find
5ai = Baa + A wpa + 1,5D" 4 + 2,50% w44, (2.1.20)

which is the well known non-linear action of the conformal algebra upon a space-time
point.

Considering representation theory concepts, we define an operator inserted at x = 0
to be O(0). We recall that a conformal primary is a highest weight state and is defined
to be the specific operator O(0) such that [K,O(0)] = 0. We may thus associate K
with the parameter Cy3. We can build the infinite dimensional conformal multiplet by
acting the momentum generator, namely [P, O(0)], thus we may associate P with the
parameter B,. This ties in with our definition of the positive(negative) subalgebra
ny(n_) in (2.1.4). We also have the dilation weight and the Lorentz generators (D,
M = {Ji, Jo}) which make up the Cartan subalgbra. These generators come from the
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su(2,2) algebra and are explicitly given by [22]

. 1 -1, O . 1( o3 0O R 1{0 0
A==z ? == Y - . (2.1.21)
2\ o0 1, 2\ 0 0 2\ 0 o4

In previously used notation, the Cartan subalgebra of sl(4) is explicitly made from
H1 = €11 — €92, H2 — €99 — €33 and H3 — €33 — €44. (2122)

Each node n; of the Dynkin diagram in (2.1.12) is associated with each element of the
Cartan subalgebra H;. Given this explicit basis, we can rewrite the n; in (2.1.12) in

terms of more familiar conformal field theory data in (2.1.21). Doing this, we find
ny = 2J1, Ng = —A — Jl - JQ, ng = 2J2 (2123)

Demanding that all irreducible representations transform under the subalgebra defined

by (2.1.12), implies that we are interested in irreducible representations of
[=sl(2) ®sl(2) dC, (2.1.24)

which we can take to be labelled by the Dynkin nodes [nq,ns,n3]. The reason is that
the off-block-diagonal part of the parabolic subalgebra are raising operators and since
we define irreducible representations by highest weight states they are immediately
annihilated thus transform trivially.

We can also read off the tensor structure of the corresponding field representation.

A generic field representation is

OR@)R/ (&) (2.1.25)

where o and & are indices corresponding to the fundamental representation of each of
the s[(2)s. R(«) takes the index in some representation.

As an example, a massless scalar, fermion and vector with index structure O, O,
and O, in four dimensions would have Dynkin labels [0, —1,0], [1,—1,0] and [1, —3, 1]

respectively.

2.1.2 Supersymmetric case

We now move onto the supersymmetric case, in particular focussing on sl (2m|2n). In

principle, the only thing that will change is that the commutator used to define the
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Lie algebra has now generalised, namely

{91,92] = —(—1)deg(gl)deg(92) {92,91] Vg1,9:2 € g, (2.1.26)

and in the current context of sl (2m|2n), we now have supertraceless® matrices.
Having reviewed the machinery in the previous section, we work somewhat in re-
verse. Since the essential information is given by how one puts crosses in the super
Dynkin diagram we can start from this point of view. However, in contrast to the
bosonic case, there are now multiple distinct ways to choose simple roots. This amounts
to how one distributes the odd nodes in the Dynkin diagram (see [15] for some dis-
cussion regarding ' =4 SYM). The case of interest to us, namely sl (2m|2n) has the

form:

nq o Ny, oo nm+n PPN nm+2n e n2m+2n_1
*o—  —O—@ L L 2 L
T (2

Where the black nodes are the even roots and the white nodes are the odd roots.
Generically, one considers explicit matrices in sl (2m|2n) to have the structural form

of

2m><2m‘2n><2m

, (2.1.28)
2m X 2n ‘ 2n X 2n

where the 2m x 2m and 2n x 2n blocks are Grassmann even, whilst the rest are
Grassmann odd. However, it turns out to be advantageous to make a change of basis,
such that the structure of the group is sl (m|2n|m), in which case the explicit matrix

structure takes the form:

mxm | 2nXm | mXxXm

mx2n |2nX2n|mx2n |, (2.1.29)

mxm | 2nXm | mXxXm

where the m x m and 2n x 2n blocks are all Grassmann even, whilst the others are odd.
In the current context, the advantage of this form is that the parabolic subalgebra of
the cases of interest to us takes a lower block triangular form, making it closer in form

to the bosonic case. This restructuring was first performed in [18].

3recall that the supertrace of a matrix M € Mat,,,, is given by str(M) = > | M;;— Z?:mﬂ Mj;.
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Following the bosonic case, we can seek out a form of the Cartan subalgebra and

its corresponding roots. We can take the Cartan subalgebra as

Hi = €55 — €i+1,i+1 VZ c []., m — 1] >

H,, = —€m,m — €m41,m+1,

H =e€;—¢€t1i11 Viem+1m+2n—2],
Hyvon = €maonm+2n + €mtont1m+2n+1,

Hi =€ — €i+1,i+1 Vi € [m + 2n + 2, 2m + 271] . (2130)

For the positive simple roots, we can choose the one used in the bosonic section,
namely EJ = e;;11. However, under the change of basis as described by (2.1.29), we
have two odd roots given by Ef = e, 41 and E;“m+2n = Em+2nmt2n+1-

A small cautionary remark is that the number of odd nodes in the Dynkin diagram is
independent of the basis chosen. In the current case, the odd nodes directly correspond
to the intersection points in the new basis in (2.1.29). However, one can indeed find
similarly two odd nodes in the basis defined in (2.1.28). See [15] for two examples in
N =4 and [16,17] for a more general discussion.

We can check some important commutation relations that distinguish this Lie su-

peralgebra from the bosonic case. For example, whilst in similarity to the bosonic case

we still have for even Lie brackets (2.1.6), we also have

{E:ma E;m} = —H,, and {E+ Et;m+2n} = Hpqon (2.1.31)

am+42n?

As an example we may consider an unconstrained four dimensional N -extended
superspace. To achieve this space we need to put crosses in the fermionic nodes of the
s[(4|N') Dynkin diagram. Namely:

ny o ns Ng ... NN NipN No+N N3+ N
@ %5 @ *—O0 —0 —© I L J

(2.1.32)

Then the subalgebra in the structural form given by (2.1.29), has the form

02 | Onxa | O2x2

P=1 eon|onvsn | Ooxn | (2.1.33)

®%2 | ONx2 | ®2x2
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where the zero entries Opryo and 0oy nr are both Grassmann odd whilst the entry 0oy is

Grassmann even. As a result, the coset can be parametrised by the local coordinates

]12><2 z@é iXad
AB _ 2 R N T
X =1 Ogun | Iyxn | 969 ,where X,4 = Toa + 2«9a0a1, (2.1.34)
O2><2 O./\/'><2 ]I2><2

in which we recapture the familiar coordinate system for this space.

As can be read off from (2.1.32), irreducible representations must transform under

[=5l(2) ®sl(N) @sl(2) ®C (2.1.35)

In comparing to the real form of the group, namely SU(2,2|N') whose internal group
is U(N) we can write the Dynkin nodes in terms of physical superconformal data.

To do this we need to review some aspects of superalgebras, in which a complete
treatment can be found in [11]. The four dimensional A -superconformal algebra is
built from the conformal generators which have already been discussed together with
the supercharges Q¢ and Q¢, and the special superconformal charges S¢ and S¢¥. We
also have the generators of u(N) = su(N) @ u(1), denoted (R’, R). The Cartan of
the conformal subalgebra is already given by (2.1.21), these matrices are placed in

su(2,2|N) by putting the Oxrxpr block in the middle of the matrices, namely [22]

—loxo | Onx2 | O2x2 03 | Onx2 | O2x2
A= % O2xz | Onxn | O2sen | jl = % O2x2 | Onxn | O2xa | >
O2x2 | O2xn | Ioxo O2x2 | O2xn | O2x2
O2x2 | Onrx2 | O2x2
j2 = % O2x2 | Onxar | O2xnr (2-1-36)
O2x2 | O2xn 03

The Cartan of su(AN) are identical to the bosonic case, namely if the su(N) Dynkin

nodes are given by [ay, ...

,an—1) , then we have that a; = €;19,42 — €;43,13. Together

with this, we also have the R-charge associated to the u(1) given by

]12><2 O./\/'><2 02><2
1
R= 5 | Vexe I | Oaxnr (2.1.37)
O2x2 | Ooxn | Ioxo
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In N = 4 the R-charge is taken to vanish. This is since all of the algebra relations
associated to the R-charge commute such that the generator associated to the R-charge
becomes the center, and thus acts on the state space in a trivial way. This promotes
the superconformal group to PSU(2,2[4). Finally, we can relate these physical Cartan
matrices directly with the generators of (2.1.30). We get

ny = 2J1, NNz = 2J2, Nj1o = Ay,
N— N-1 1 N—
(A R)+ i + 17 Z ;a e = (A+R )+~ NZ

=1 =1
(2.1.38)

We leave the further details of unitary bounds, long and short operators to chapter 5.

Similarly to (2.1.25), irreducible representations are given by
[=5l(2) @sl(N) @ sl(2) @ C? (2.1.39)
and so the tensor structure is given by

ORr(a)R!(@)R"(I)- (2.1.40)

This is where o and & are sl(2) indices in representations R and R’, but now we
have an s[(N) index I in representation R”. Note that here we also an extra C in
comparison to previous cases, where the first one is related to the conformal dimension
A (as in the bosonic case), and second is related to the R-charge. We may label
representations as [ny,ng, ng, ..., Naris)-

As an example we may consider N’ = 4, in which Ok 1) 1s a scalar operator with
A=2 and su(4) representation [0,2,0] which makes this a 3$-BPS. Ok has the
same properties but for the su(4) representation, which is instead [1, 0, 1], making this
a i—BPS. We also give the example of Oa,@d,@”[u} which is a spin-2 operator with A =6

and su(4) representation [0, 2, 0], making it a semi-short operator. The aforementioned
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examples have Dynkin labels 4

O[IJ][KL] = [07 07 07 27 07 07 0] )
O(I[J)KL] = [07 07 1a 07 ]-7 07 O] )

OaBdB[IJ] - [2737072707372] . (2141)

2.2 Twistor superspace

Having reviewed sufficient superspace technology, we can look at four dimensional
twistor superspace which we shall use extensively in chapters 3 and 4. In the previous
section we gave a short discussion on the corresponding representation theory after
having selected a parabolic subgroup. Since our interest in twistor superspace will be
purely in the kinematic parts of correlation functions and scattering amplitudes, we
shall not make any statements about the representation theory. Moreoever, the repre-
sentation theory requires further mathematical concepts which we have not discussed,
see [12,13].

The commonly used form of twistor superspace is a projective twistor superspace,
in which the parabolic subgroup of SL(4]4) is given by the data (in the basis defined
by (2.1.29)):

nq N9 ng Ty Ny Ng nyr

(2.2.42)

® 1 O1x1 | Osx1 | O2xy

®1x1 ®1x1 | ®4x1 | ®2x1

p= . (2.2.43)

®1x4 O1x4 | ®4x4 | ®2x4

®1x2 ®1x2 | ®4x2 | 92x2

We can fix the coset to find local coordinates, which can be written in the form (by

4The index structure [ee] means antisymmetrisation, whilst (ee) means symmetrisation.
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allowing the top left element of P to remain unfixed):

)\a
ZA=| I | eCcP (2.2.44)
He

We denote z4 = (f;Z) to be the bosonic twistor and is comprised of two dimensional
vectors, in the forthcoming context of Minkowski space-time we can take the (a, )
indices to be spinor indices. The A-index in (2.2.44) is a fundamental index of s((4[4),
whilst the index I in the bosonic subspace is in the fundamental of s[(4). We also have
x! which is a four dimensional Grassmann odd coordinate and is in the fundamental
of sl(4).

Twistor superspace contains a deep connection with superconformal Minkowski
space. This is due to the fact that these two spaces and a third space called a ‘cor-
respondence space’ fit into a structure (which we will not study here) called a double
fibration [13,12,21].

We can state some of the consequences of these structures. We focus on the bosonic

subspace. A first consequence is the incidence relation which is given by

- o
He = 1Taa ",

X' = 0L\, (2.2.45)

where (2,4, 0%) define a chiral superspace. Now, we can define two different space-time
points as corresponding to the same twistor point, namely take ps = i(21)0aA* and
fe = 1(22)aa A As a consequence we find that (212)asA® = 0. This implies that the

matrix xs is of rank 1 and has determinant zero. Following (2.1.15), we have

det(r) = ~2%7% = 2°. (2.2.46)

It follows that a twistor point corresponds to two lightlike separated space-time
points. Put another way, we may solve (12)asA® = 0 by setting (212)aa = AaAg, where
As is arbitrary. Similarly for the Grassmann odd part, we end up with (f15)L\* =
0 — (b12)! = n'\, for an arbitrary Grassmann odd parameter n’. The constraints
are equivalent to z2, = 0 and (6)%s (12), = 0, which are manifestly space-time

statements.
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On the other hand, we may have two twistor points related by the same space-time
point. For example, given 14 = iTag Ay and piog = 1746\, together with x!I = 0L\

and x2 = L)y, we get

[ Mak2s — Aatha
Tag = —1 B )
€aBATA;

_ AlaXé - )‘ZaX{
€ap NI

9[

(2.2.47)

We can manifest some of these geometric notions with some useful notation which we
will use later. Focussing on the bosonic case, in order to reconstruct the notion of
a point in Minkowski space-time we need two twistor points, hence we may allow a

second ‘local’” index, namely 24 — 2 so that subjected to the incidence relation we

have
)\a (e
24 = ‘ = 7 | (2.2.48)
iSBBd)\g i$5d
Then we get

ab,A_B _ yAB
€Vzn ) = X7,

B
where X48 = Cap i

(2.2.49)

zxg — 2P

Note that in doing this we have taken A? = §7. This follows from the covariance of
a GL(2) action on the (a, b) indices in the left hand side of the first equation of (2.2.49).
Put another way, we may think non-projectively in which we have two lines which we
anti-symmetrise to produce a 2-plane. The local GL(2) action allows us to rotate two
lines defining the 2-plane, however the 2-plane should not depend on the basis chosen.
Indeed, we have simply recovered the Grassmannian of 2-planes in four dimensions
Gry(4). In this way, we can think of X4Z € CP® in which we can identify these with

the so-called Pliicker coordinates [65].
52

This all implies that we can take 2z = (mad), however we can define a conjugate

object, namely Z4, = (—ixad, 5‘5‘). This gives

a

. 0
ZjvdAZz{,qa = (_ixj,ada 53) . ¢ = 1Tj 04 (2.2.50)
15 a6

)
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From (2.2.49), we have
eapcpXABXOP = 0. (2.2.51)
Now, the incidence can be taken to come from (where Xag = %EABCDXCD = edbéj,?%)
Xapz? =0. (2.2.52)

In this language, X p is a point in space-time. Since X4p is defined by a line

parametrised by 2:! and z3' and X 4p is built out of 2{! and 24, it follows from (2.2.52):

Xapz2(0) = 0 where 2P(0) = 280" = 2Po! + 2502, (2.2.53)

where 0¢ = (0!, 0?) parametrises the corresponding line in twistor space. We will use

this notion extensively in chapter 3.
Finally, space-time differences can be built from the X4Ps. Taking into account

the relation in (2.2.49), we find

1_ 1
2 cD b cd A _B_C 7D
T =3 icpX; " = 716“ €“eaBon?; o 2ip25c L% = (%i,1%i22,1%52) - (2.2.54)

We see that given two points X; and X, whose corresponding lines are spanned by
A

2;, and zfa are non-lightlike separated if all four points are distinguishable. However,
if a point is a linear combination of the other points (for example z;; = z;2) then by
virtue of (2.2.54) we have z7; = 0. The statement is then that intersecting twistor
lines correspond to lightlike separated points, whilst non-intersecting lines correspond
to non-lightlike separated space-time points.

We can summarise our statements made diagrammatically from figure 2.1. An
important point regarding figure 2.1 is that diagrams éi) and i) are relevant to off-
shell and on-shell physics respectively. In particular, we will see that Feynman diagrams
which include diagram i) as sub-diagrams are of relevance to correlation functions or
partially off-shell objects. Conversely, Feynman diagrams for scattering amplitudes or
partially on-shell observables will include diagram iii) as sub-diagrams.

Let us emphasise an important point the will feature entirely in this thesis. When

considering amplitudes we will be dealing with momentum, and as we shall see in

section 3.1.1 we can and will employ the relation

Ti—l,a6 — Tiad = Pi-1,ad> (2.2.55)
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Zi2
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o2 32 Xi Xi
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i1 Zj,1 24,1 Zj,1

%EABCDXfogn)#(%%‘oﬁﬁhdF %GABCDXfBX§H)=()—>bDﬂth

i) iit)

Figure 2.1: 4) The basic statement that lines in twistor space correspond to points in
conformal Minkowski space. 4%) Non-intersecting lines leads to non-lightlike separated

lines. 4i%) intersecting lines leads to lightlike separated lines.

where p is a momentum label. Importantly, the x variables here are to be regarded as
different to the usual space-time and are to be thought of as a dual space-time. The
same correspondence with twistor superspace follows and as a result the corresponding
superconformal transformations are referred to as dual superconformal transforma-
tions [48]. These are the natural coordinates when dealing with Wilson loops [47].

Another coordinate system that will feature in this thesis that are related to twistors
are the projective hypercone coordinates. In general the projective hypercone is useful
since whilst twistor space has been constructed for a limited number of dimensions
(see [23] for a six-dimensional application), the projective hypercone is valid for any
dimension. For us, the projective hypercone coordinates will be useful in practical
calculations. In the current context, d-dimensional Minkowski space is embedded in
the projective hypercone in d + 2-dimensions. As a result the natural coordinate is a
50(2,d) vectorial object XM . In the four dimensional case we have the real isomorphism
50(2,4;R) = su(2,2; R) from which we can recover the X4Z coordinates and hence the
relation to twistor space.

The projective hypercone is defined in R%? and is given by (also known as the Klein



2.2. Twistor superspace 25

quadric)

nun XY XN =0 for M,N =—1,...,d+1,

MN = dlag(+7 +7 UEEEEE] _)a
d

XM ¢ RP (2.2.56)

The first condition above may be recast into light-cone coordinates, namely defining

X* = X1 4+ X9 yields the embedding
X*X™ 4+ XPX"n,, = 0, (2.2.57)

where 7, is the d-dimensional Minkowski metric. Which allows us to declare the
coordinate system as XM = (X, X~ X#) € RP*!, where as expected X7 still enjoys

scale invariance. One can fix the scale invariance by setting X = 1:
Xt=1 = X'+ X" =1, (2.2.58)

which by virtue of the condition in (2.2.56) implies that X! = —z% We could either
take the light-cone coordinates X™ = (1, -2 2*), or we could solve the system of

equations for X' and X%+

X' 4 X =1,

XU X — g2 (2.2.59)

In the original coordinates, solving (2.2.59) results in:

1— 2 1 2
XM= (X X X = ( 293 Lzt J;x ) (2.2.60)
In either case, one readily finds
1

Much like in (2.1.17), one can recover the non-linear action of the conformal algebra
by first performing a SO(2,4) transformation. This also includes scaling transforma-
tion, hence we require a further scale transformation (akin to P in (2.1.17)) to lie in

the solution to (2.2.59).
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Next we consider the relation that the projective hypercone coordinates have to
Twistor space coordinates. It is instructive to first consider a similar situation in
four dimensions, in which the pertinent isomorphism is s0(4; C) = s((2; C) & sl(2; C)
°. The useful implication is that given a vectorial representation of the complexified
Lorentz group, we can recover the vectorial representation of s[(2; C) @ sl(2; C), which

corresponds to the fundamental of each algebra. In practice, this was stated in (2.1.15)

as

)2 (2.2.62)

o — oY = (o4

where o are the four two by two Pauli matrices. In a similar sense, we have the
isomorphism s0(2,4;R) = su(2,2;R). The object of interest is then the six four by
four matrices (I’ M)AB (where M are six-dimensional whilst (A, B) are four-dimensional)

which live in the Clifford algebra of su(2, 2; R) defined by the metric in s0(2,4;R). This

is given by
{(FM)AB ,(Cw) BC} = 2nN o8, (2.2.63)
where
(Tar) 4 = %eABCD (Tar)°P. (2.2.64)

Then the relation between the projective hypercone and twistor coordinates is given

by a similar relation to (2.2.62), namely

XMy XAB — (1,48 xM

XY = Xap = (Tu) ,, XM (2.2.65)
We see that the definition of (f‘M)AB is consistent with X 45 = 1e4pcp X P, With this
knowledge we can work out the relation between the various inner products on both

sides. Let us project (2.2.63) with X XN 6§ (where i and j is some position label, for

instance particle number) in which we immediately find
{(Xi)AB ) (XJ)BA} - _2€ABCDXZ'ABXJ'CD = 8X; - Xj,

— —eapep X/ PXEP = 4X; - X; (2.2.66)

5The three real forms s0(2,2;R),s0(1,3;R) and s0(4;R) can be recovered from this, (see [12]).
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which is consistent with (2.2.54) and (2.2.61). Note that these inner products were
both found independently of this relation.

From what we have learnt so far, it also follows that

{(X)°7 (X)) pa} = —2505. (2.2.67)

One of the main reasons for introducing projective hypercone is more to do with prac-
tical ease in various explicit computations (see section 3.4). In particular, some ob-

servables can be naturally expressed in basis where the following object appears:
€iriigizisic = EM My MaMaMs Mo X X 2 XA X M XM X Mo (2.2.68)

Whilst this object can be constructed in twistor space, this is a very compact way of
writing this object.

Finally, let us conclude this subsection by making some statements about the full
superspace. In the full twistor superspace the coordinate is given in (2.2.44), in more
common convention written as

e
ZA= 4y | eCP (2.2.69)

XI

Now, following [24], similar to our discussion we take two such supertwistors by intro-

ducing a new index, namely Z4 — ZA. We get

24 b
zi=| "~ imaa |- (2.2.70)
X4
A

where zZ' is the purely bosonic pair of twistors. To get the right-most hand side, we
may use the incidence relation to write x2 = 02 A%, Then much like in (2.2.49), we can
use the GL(2) covariance to take Ay = §¢.

Recalling the paragraph after (2.2.46), in which it was found that lightlike sepa-
rated lines are given by the conditions (z12)aaA* = 0 and (612)4A® = 0. This implies
that z7,,, = 0 and (Bii1)™ (%5i41),4 = 0 which is a condition found by intersecting

supertwistor lines. We finally note that this is a manifestly chiral superspace.
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2.3 Harmonic and analytic superspace

In this subsection, we now review harmonic and analytic superspace techniques which
we will make use of in chapters 3 and 5. As opposed to twistor superspace, the space-
time structure remains fixed here whilst the structure of Grassmann odd variable is
subject to change. The main point of constructing such superspaces is so that we may
describe certain supermultiplets in an unconstrained way.

The philosophy is as follows; a full generic expansion in all possible Grassmann odd
structures in a superfield will correspondingly contain all possible fields that can occur.
However, we may indeed have a supermultiplet not containing all of the possible fields.
Instead, we would like to consider a subspace in which we may write a completely
unconstrained superfield which produces the correct supermultiplet.

Harmonic and analytic A -extended superspaces (with algebra sl(2m|2n)) do this
by simply reducing the number of Grassmann odd degrees of freedom. There are
two ways to do this. Firstly, in harmonic superspace one constructs the space Fy =
Fo—fam,amiany X M where Fy_(, . a,...,} is the generalisation of full Minkowski super-
space defined by (2.1.32). M is a coset space of the internal group (in the current
context it is M = H\SU(2n) for some subgroup H), as well shall see, this can also be
constructed from an appropriate choice of simple roots p’. Analytic superspaces cannot
be written in any such form and are written directly as a coset manifold of sl(2m|2n)
as in previous examples. Here, we will see that it is essentially a Grassmannian of a
certain type which will be of use in chapter 5.

Finally, it is worth noting that in practice for certain choices of M, both of these

superspaces can be made to be related, namely one can achieve analytic superspace by

fixing a specific local coordinate system on M = H\SU(2n).

2.3.1 From harmonic superspace...

We will be making extensive use of harmonic superspace in 3.
In general, for the supergroup SL(2m|N), a 2m dimensional (N, p,¢)-harmonic

superspace is given by the data:
ny R Npm41---Mp oo MN—g- - - TV4N NN -+« NM2m—14N
° 3% ° ° . = ° (2.3.71)
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Where the crosses are on the odd nodes n,, and n, . but also on the even nodes
corresponding to the internal group , namely n, and ny_,. Then the subalgebra in the

structural form given by (2.1.29), has the form

®nxm OA xm Orxm
®pxp ON—p—qxp Ogxp
P= ®mxV | ®pn—pg ON—p-gxN-p-q Ogxn—p—g |Omxn |- (2.3.72)
®pxq N —p—gxq ®gxq
®nxm O\ xm ®nxm

As can be read off, the irreducible representations must then be given by those of
[ = sl(m) & sl(p) ® sI(N —p —q) & sl(q) ®sl(m) & C. (2.3.73)

From here, we can see that the space takes the form of Fly = Fy_(.. 0,y X M with
the subgroup in the real form H C SU(N) generated by the algebra of matrices given
by the central block of (2.3.72). The particular choice of p and ¢ that we will use in this
thesis is by taking N = 2n, then p = ¢ = n. In chapter 3 we will specify to m = n = 2
but we will be general in chapter 5 in our application to superconformal partial waves
where we will be able to derive very general results.

Let us also remark on the tensor structure of operators in this space, given the
(N, p, ¢)-harmonic superspace, the fundamental N-dimensional vector is projected
into p-dimensional ,(N — p — ¢)-dimensional and g-dimensional fundamental indices,
labelled I — (a,a’,a”). The result is that the operator is in general described by five

representations:

OR(Q)R/(d)R//(a)R///(al)Rl///(all) (2.3.74)

In taking NV = 2n and p = ¢ = n, we essentially get an internal structure iden-
tical to (2.1.12), namely it has the structure of Minkowski space. However, whilst in
conformal Minkowski space we considered infinite dimensional representations, here we
consider finite dimensional ones. One finds irreducible representation of the internal
coset must transform under su(n) & su(n) @ u(1), hence a coordinate system u’, € M

is assigned as

ub = (w5 (2.3.75)
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Here, the lower J-index is the usual anti-fundamental index of su(2n), whilst the upper
index has been split in accordance with the subalgebra, and the 4-charges are associ-
ated to u(1). Along with the u} variable we may define a conjugate @}, = (a’,,a’,)

defined such that
uhad, = wital  +u el = ok (2.3.76)

and since u, € H\SU(2m), by unitarity we have 4 = u', so that the condition above

reads uu' = I. Consequently, we get that

I 4b b I b _ b
U qup = 0,, U_myu; = 0u,
T +b =T Y
u uy” =t u;” =0. (2.3.77)

Now, one can use these (2n x n) matrices to project the SU(4) indices in the Grassmann
odd variables of the full Minkowski superspace into the two U(2) indices. Namely they

act as,

I
~
N~—
|

(6%,,6%,) . (2.3.78)

This in turn implies that we can express 61 and 65 in terms of the projected com-

ponents, namely:

KT
J Uk
)Y = éf'}ﬂ{(uf = Q_iaufa + 6% ,u;“/ (2.3.79)

Now, in general, given that this space is F' = Fiq,, a0,y X M the complete coordi-
nate system is given by the full Minkowski superspace coordinates and u}. However, we
can break apart the various @ and  variables, so that the complete coordinate system
iS Taa, (057,057, (0%,,0%,) and up. We would like to have superfields which match
certain short supermultiplets, which can only happen if these fields are a function of
part of the # variables, for example, functions of 81 but not of 9;“/. This is reminiscent
of the problem of producing a chiral superfield in full Minkowksi superspace, in which

the solution there was a differential constraint. The solution in the current context

works in a similar way.
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Constraints are built out of acting covariant derivatives on superfields, such covari-

ants derivatives satisfy
{Dar, DI} = i0] Ona.- (2.3.80)

We may then consider projecting these covariant derivatives along any on the har-
monics, for example, we may project (2.3.80) with faiau;b/ or ul ,u}rb, in which we

get

u+aujb {DQI,D } { a+a,Dd_b/} =0

I ’uJb {DOJ’D } {Doc aUD;{_b} =0 (2381)
So now, if we have a superfield such that it depends on the coordinates

YY) Yo )T

® (x,0L,0%) = ( A eia,eda,), (2.3.82)
then by using (2.3.80) we have that if

Dowr® (,01%,0,%,0%,,0%,) =0 — D0 (2,61°,0,%,05,,0%, ) =

Yo Y« Ya )«

— O (2,00%,0%,). (2.3.83)

Yo )

Under the constraint of the first equation (which is to be thought of as analogous to
half the chirality condition), it follows that we have dependence on only half of the
Grassmann odd variables (like the chirality condition). Fields that satisfy the first
constraint in (2.3.83) are referred to as G-analytic © [26,19]. Depending on the su(4)
representation, the resulting field is one of few potential shortened representation.
When doing explicit computations, we should regard the u variables as parametris-
ing the internal manifold. For example, in the N’ = 2 for p = ¢ = 1 one has u € S?
hence the u variables may be expressed directly in terms of spherical harmonics 7 [26].
As a result of this, these variables claim a local point in some correlation function

calculation. In analogy to (2.2.49), we can construct the SU(2) invariant

eabu;rau}rb Y7, (2.3.84)

SThere also exists a notion of H-analytic (referring to the subgroup of the internal coset), which is

the same condition, but this time with respect to the internal w variables (see [26,19]).
"this is the reason for the name of this superspace.
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then due to this local invariance we can take 8

a
Y

0 &

ul = such that o = (52, y2) , (2.3.85)

where we also have %% = ey e’ . We find
1
yia = det (1 —92) = 7€V 1 Vo s (2.3.86)

Indeed, since su(4) = s0(6), which allows us to immediately define a Euclidean so(6)
vector, Y™ such that

1
YMYj = éyfj. (2.3.87)

whereby Y7, satisfies the same Clifford algebras as in (2.2.63), but this time on a
Euclidean metric. These internal differences of points will appear in the correlation

functions that we will study.

2.3.2 ...to analytic superspace

We will be making extensive use of analytic superspace in chapter 5.
Analytic superspace is similar in structure to the harmonic superspace, but instead
the number of Grassmann odd variables are decreased. In particular, a 2m dimensional

(N, p, q¢)-analytic superspace is given by the data

n]_ nm nm+1...np ...n/\[_q...nl+N nm+N n2m_]_+_/\/'
® @ @ A 4 L ]
(2.3.88)

Where as in the harmonic case, there are crosses on the nodes corresponding to the

internal group, namely n, and ny_,, but this time no crosses on the odd nodes. Then

0 5,

8note that we can take @}, = < " ! ) such that @! , = ( ) ) , from which it follows

‘a1 _ a
that Uy p Uy _qr = (yji)a,
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the subalgebra in the structural form given by (2.1.29), has the form

®mxm ®xm O./\/fpqum 0q><m Omsxcm
®mxp ®pxp ON—p—gxp Ogxp Omxp
b= O mxN—p—q | ®pxN—p—q ON—p—gxN—-p—q OqX/\/—p—q Omx/\/—q—p : (2389)
®mxq ®pxq ON—p—gxq ®4xq ®mxq
®nxm ®)xm O N —p—gxm ®,xm ®nxm

As can be read off, irreducible representations must be those of
[ =sl(m|p) ®sl(N —p—q) Bsl(gm)d C?, (2.3.90)

whereby we see the appearance of superalgebras as opposed to a purely bosonic algebras

as in previous cases. It follows that the tensor structure is given by

O'R(A)'R’(B’)R”(a)a (2.3.91)

where R, R’ and R” are representations of sl (m/|p), sl (¢/m) and s{(N —p —¢). The
A and B’ indices here are really superindices and some theory has been developed and
applied in [27]. We will explain some details in chapter 5, where it will be more relevant
in view of protected and unprotected operators.

As in harmonic superspace, we will take A" = 2n and p = ¢ = n, in which the

subalgebra in (2.3.89) takes the form

®nxm | ®nxm  Onxm | Omxm
b ®nxn | ®nxn Onxn | Omxn 9.3.0
_ | (2.3.92)
®mnxn | Onxn  Onxn | ®mxn
®nxm | Onxm  Onxm | ®mxm

Importantly, we see that this is identical in general structure to the conformal Minkowski
case studied in (2.1.13), in which some of the information can be translated across by
simply taking the 2 by 2 matrices there and enlarging them to (m|n) by (m|n) matrices.

We find that coordinates system can be given by ?

AA
]Im|n><m|n X

XAB — : (2.3.93)

0n\m><m|n ]In|m><n|m

9Note that we have take the factor of i away with respect to the conformal Minkowski case, this is

to fit conventions used previously, e.g. in [28]
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where the matrix X44" is an n|m xm|n. It then follows that if an elements of s[(2m|2n)

is given by

—AA BAB’
i b e (2.3.94)
—Cyp D,P

We find in complete analogy to the conformal Minkowski space
OXAB = BAB' 4 A XBE 4 XAYD P+ XAY Crip XPE (2.3.95)

A particular matrix representation that we can choose is (where we have reversed the
Grassmann ordering)
AB/ :L‘Oéd p?x
X4 = . . (2.3.96)
P Yo'
This is in analogy with conformal Minkowski space where we had a Grassmannian

structure, namely for group SL(2m) and parabolic p = ( S O >, the result

®mxm ®mxm

10 In this case, the situation

is the space of m-planes in 2m dimensions, Gr,,(2m)
is generalised to the space of m|n-planes in 2m|2n-dimension, namely the analytic
superspace is equivalently described by the coordinate U3, whereby the A are m|n
indices and the A is the 2m|2n index, then under the left action of GL(m|n) on the A

index we get:

a
Hme T On><m Pa

gfuﬁ Nuj‘;‘ - - < Hmlnxmln xXAX ) (2'3'97)

e a
Onxn Pa Luxn Yy

Finally, the variables of this analytic superspace can be identified with that of

harmonic superspace if we identify

Ootis " = pa

0t , = po. (2.3.98)
We see that simply by looking at the index structure that there are no further harmonic

projection onto the full Minkowski superspace that we can identify with analytic coor-

dinates. The main point here is that by definition the analytic superspace has already

1ONote, that we had previously taken m = 2, but the space generalises in the obvious way.



2.3. Harmonic and analytic superspace 35

got a truncated Grassmann odd sector. As we will see in chapter 3, this identification
allows for the chiral half of the stress tensor supermultiplet to be described by either

of these superspaces.



Chapter 3

A Twistor approach to correlation

functions in N =4 SYM

This chapter is based on the paper ‘Correlation functions of the chiral stress-tensor
multiplet in N' = 4 SYM’ by D.Chicherin, R.D, B. Eden, P. Heslop, G.P. Korchemsky,
L. Mason and E. Sokatchev [29].

It has been known for some time that observables in planar N' = 4 SYM possess
highly symmetric structures. This is most notable in the study of scattering amplitudes.
The new found structures were first established in the study of scattering amplitudes by
employing manifestly on-shell variables for all external data. This simplicity was first
observed by Parke and Taylor [30], and the connection to twistor theory was developed
by Witten in [61]. This simplicity was then used to develop rules and algorithms to
compute higher point amplitudes from lower point amplitudes through new on-shell
rules and recursion relations, which are known as CSW and BCFW rules [62,63].

In the meantime, a formal development from the twistor space community, in which
a string of papers illuminated a top-down view of these simplified results ( [64] is a
review). The twistor formalism established an action S[A] (where A is a twistor
superfield) together with Feynman rules. Whilst these Feynman rules were initially
found in view of studying scattering amplitudes, it is indeed possible to use them to
compute correlation functions.

Some applications of twistor methods to correlation functions where studied in [33,34]

in view of the supercorrelator/superamplitude duality [36,37]. Particular, the construc-

36
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tion of certain operators on twistor space was given. More recently, twistor methods
have been applied to two-point functions in view of known integrable structures of
certain two-point functions [35].

In this chapter, we will review this application of the Feynman rules to correla-
tion functions of the stress-tensor multiplet studied in [29]. The main result is a new
method for computing the correlation function of the chiral part of the stress-tensor
supermultiplet derived from the twistor action. We gain correlation functions at Born
level as a sum over these Feynman diagrams which involve propagators but no integra-
tion vertices. This in turn allows us to build new off-shell gauge dependent building
blocks which in view of the supercorrelator/superamplitude duality represent an off-
shell generalisation to on-shell superconformal invariants ! used as a basis in tree-level
scattering amplitudes (see [32]).

We will be focussing on the planar theory, in which we will begin by giving a short
progress review in the study of the correlation functions of the chiral stress-tensor
supermultiplet, which will demonstrate the motivation for this study. We then study
the main result which is the derivation of the aforementioned off-shell building block.
Since the stress-tensor supermultiplet is defined in harmonic superspace. The novel
aspect is a projection of the appropriate twistor operator along a harmonic basis. This
essentially describes a hybrid superspace.

Upon gaining our main result we can test some of its necessary consistency condi-
tions, namely that it correctly reproduces the scattering amplitude in lightlike limit.
Two other consistency checks which can be found in [29] are that a certain concatena-
tion of yet-to-be defined graphical rules produce gauge independent results and finally
that the short-distance limit correctly reproduces the required contribution from the
operator product expansion.

Finally, we end the chapter with some explicit computations which exemplify not
only the results (some of which were newly acquired at the time of writing [29]), but

the efficiency in gaining them.

since these are gauge dependent we must transform the gauge parameter accordingly to gain

superconformal invariance.
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3.1 Review

The stress-tensor supermultiplet 7 plays a privileged role in planar A" = 4 SYM since
it comprises of all local conserved currents as well as the Lagrangian of the theory. It
is an example of a %—BPS operator (see chapter 5 for details of the general properties
of protected operators). This means that it is protected by supersymmetry, namely
half the number of Q¢ and Q¢ annihilate the operator. A further consequence is that
contrary to the chiral superfield, the stress-tensor supermultiplet expands in half of the
6 and @ variables. In terms of the representation theory built in chapter 2 this operator
is a spin-0, A = 2 (twist-2) and has su(4) representation [0,2,0]. The Dynkin nodes

corresponding to the superalgebra are given by
7 :10,0,0,2,0,0,0]. (3.1.1)

The implication of the stress-tensor supermultiplet being protected is that the two-
and three-point functions are protected from quantum corrections.

In defining a superfield we follow section 2.3.1 in projecting accordingly, we take

I e fov I
0r* =0 uf*, 0%, =0%u

(3.1.2)

and defining the stress-tensor supermultiplet to be a function of 4 and 6_ only
T="T(z,0",6_,u). (3.1.3)

In what follows we will set §_ = 0, hence the superfield is really only a function of 6+
and is thus chiral. The reason for this is that we would like to demonstrate and use the
duality with scattering amplitudes which are chiral 2 in the superspace sense, namely
it’s a function of x!. T (x,6%,0,u) is given by the chiral harmonic projection upon the
constraint defining the full stress-tensor. In particular, the chiral half of the fermionic

part of the super-curvature is given by

W (x,0) = 6™ (2) + 207200 (2) + iv/20103) f*P (2) + .. ., (3.1.4)

2Whilst it is true that this will allow us to exploit the duality it is worth remarking that there is
no ‘correlator’ reason to do this simplification other than focussing on the chiral half of the %—BPS

operator, which is still a valid study.
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where the ‘...  imply coupling constant dependent ‘g’ contributions which are propor-
tional to the non-abelian contributions.
This superfield is the chiral half of a twist-1 operator in the su(4) representation

[0,1,0]. W17 in (3.1.4) is a solution to the following constraint equation in Minkowski

superspace
a IJ__% I mayy/JIL

DW= = 3<5KDLI/V , (3.1.5)

where D} = %, and would otherwise be the usual D¢ covariant derivative which in-

K +a, +b I +a __

cludes . We may project (3.1.5) along the harmonics @, u}*ut’, and since a! ,u® =

0, we get
a”, Do W yfoutt = Do, Wttt =, (3.1.6)

where Waett = W1/ u}r“u}rb and we can make a scalar by projecting (3.1.6) with €.

The result is then the constraint
Dfa,I/VJ“Jr =0. (3.1.7)

This is a G-analytic constraint as was discussed in (2.3.83). It implies that W** is not

an explicit function of A%, hence we write
Wt =Wt (z,6%,u), (3.1.8)

and then in performing an unconstrained expansion in " we recapture the chiral half
of the supermultiplet.
Then the chiral half of the stress-tensor supermupltiplet is given by

T (x, 6%,0, u) =tr (I/V’LJr (:v, o+, u) Wt (a:, o+, u)) . (3.1.9)
Now, we can perform an expansion in terms of component operators
T(x,07,0,u) = O () + 01O (x) + (9+)§ﬁ(9++’0‘5(x)
+ (07205 () + (07)3°0F*(2) + (07)* L(2), (3.1.10)

Where here we use the notation (67)2; = 0701 €, (07)2% = 6701°*?, (67)3 =

Oibﬁgcﬁjaebcem and (07)* = Qg“@;bﬁj CQ;debceadeaﬁ ¢”°. Each component is given by [36]
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(we have put the coupling g back in):
O = (gt ot),
O = 2v2itr (Y *¢™™),
OF+aB _ ¢y <w+c(a¢;h8) _ i\/ﬁFo‘ﬁqﬁ**) ’
Ot = _¢ +v+_\/§+J* ++
ab r (Ve Y, — 9V2A00 s dnn]oTT )

4 ) @
O = =g tr (Fgwa” +igley”, drcn]v™)

1 1 1
L= 3tr {_§Fa6FQB + V290 [prs, 0] — §92[¢U7 " b1, ¢KL]} , (3.1.11)
where the various SU(4) projections are given by 2:
_ 1
or 7 = ewufto’’ G = UWlyPr7 P = _§u}_a€abu}_b¢1J ;
P = equfty®t R T e (3.1.12)

Now that we have defined the stress-tensor supermultiplet we would like to consider

the general form of the correlation function. The n-point supercorrelaton function is

given by (where T (i) = T (z;, 0], w,)):
Gn(1,...,n)=(T(1)...T(n)). (3.1.13)

This supercorrelator admits an expansion in terms of polynomials in % | namely if

Gp 1s a homogeneous polynomial in 0% of degree 4p, then
G, = Gn;o + Gn;l +---+ Gn;n_4. (3.1‘14)

Notice that the expansion truncates to a degree 4(n — 4) polynomial, which follows
from (the chiral half) of the superconformal symmetry. Namely, we have Q¢G,.,, =
SIG,., =0 (details in (3.1.2)).
Taking the theory to be an SU(N) gauge theory and the operator to exist in the
adjoint representation means that we may take (at ¢-loop order)
Grp = Z "G

>0

¢*N
where the t"Hooft coupling is a = ) (3.1.15)
7

3Here ¢!’ = %61 JEL 1, and all symmetrisations are weighted.
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where now éﬁf}, is still homogeneous in @ of order 4p. Finally, another important
aspect of this operator is that it includes the on-shell Lagrangian in the supermulti-
plet and the main consequence of this is that we may obtain higher-loop integrands
from Born level supercorrelation functions. This methodology is called the Lagrangian
insertion procedure.

Let us provide some schematic details of how the Lagrangian insertion procedure
works, in which a nice guideline is provided in section 7.1 of [66]. In ' =4 SYM, the

correlator of the operator 7T is given by

G = / [d®] e Ex=1T (1) ... T (n)

=G94+ 200 1+ 'GP 4 .| (3.1.16)

where ® represents all of the fields in N/ = 4 SYM. It also follows that
2 0 2 ~(1) 4(2)

which implies that the first term is of order ¢ and is the one-loop correlator. We can
recapture the same correlator by performing a rescaling of all of the fields. Namely,
we take ® — ®/g in which the Lagrangian scales as Ly—y — Lxn—4/g* and the new
Lagrangian is independent of the coupling. One can similarly rescale the stress-tensor

supermultiplet as 7 — T /g%, where the new stress-tensor supermultiplet is also inde-

pendent of the coupling. In which case the correlator now reads

1 & [ L=
Gn = [A®] ea® Y= (1) .. T (n), (3.1.18)
however the structure of the correlator in terms of its loop expansion is identical to
the second line of (3.1.16), since we also have to scale up the Feynman rules, i.e.

propagators. Applying the same derivative gives
dg 97"\ g
It turns out that there are contact terms from the insertion of the kinetic part of the
Lagrangian which results in a cancellation with the second term on the right hand side
of (3.1.19), in which we get [36]:
i

2 0 o L (=N [ .
9520 = (92) /d o (T(1)... T(n)L(0)). (3.1.20)
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The cancellation has resulted in the truncation of the complete N' = 4 SYM Lagrangian
insertion to the on-shell action which can be found in the last line of (3.1.11) (which is
independent of g due to the stress-tensor rescaling). However, since this operator is in
the stress-tensor supermultiplet, we can uplift the on-shell Lagrangian insertion into a
Grassmann integration over the full stress-tensor supermultiplet. From (3.1.11) we see

that since

L(0) = /d49§T(O), (3.1.21)

it would follow that

0 —1

gga—gQGn = o / d*rod*0f (T(1)...T(n)T(0)) = —i / d*rod*0f Gy (3.1.22)

Hence, given (3.1.17), the (#*)* component of the Born level G, supercorrelator
gives the integrand of the one-loop correction to the G,, supercorrelator. In fact, we
can iterate this method to give

)¢
GY = % / A d g d O A0 Gl (3.1.23)

This illustrates an important aspect of this operator and thus motivates us to study

its correlators further.

3.1.1 Triality

The mathematical and conceptual structure of observables in N' = 4 SYM has not
only received attention because of their remarkable beauty and new found simplicity
but also because some of the observables are related in various limits. Whilst the
simplicity in the structure of the observables certainly imply a deeper structure (or
potential symmetry), and the fact that the observables are related strongly suggest
this.

It was first realised that the scattering amplitude and the expectation value of the
Wilson loop are exactly dual to one another in the strong coupling regime [39]. This
was initially found by making use of the AdS/CFT correspondence. Meanwhile, a
conjecture was made for the n-point all-loop MHV amplitude in [40], in an exponenti-

ated form which has been dubbed the ‘BDS ansatz’. By once again making use of the
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AdS/CFT correspondence it was found in [41] that there is a discrepancy between the
BDS ansatz and the actual answer at six-legs and onwards, this was further confirmed
in [42]. Whilst the BDS ansatz is not the full answer, it does encapsulate some of the
answer. There was thus a need for a correctional term which is called the ‘remainder
function’, which together with the BDS ansatz gives the full answer. The remainder
function was first introduced in [43,44]. Later, came [45,46], which showed that this
duality holds at weak coupling. It remains an unproven phenomenon but has provided
amazing results, in particular since the Wilson loop is a far more economical object to
compute than the scattering amplitude.

We now give the main features of the duality. We take this moment to explain some
basic notation of the scattering amplitude and when discussing the duality we focus
on the gluonic sector (such that the bosonic Wilson loop will suffice here).

The n-particle superamplitude is given by a function of on-shell momenta p; and a

fundamental SU(4) Grassmann odd parameter x':
A, =Apo + Apa + -+ Apna, (3.1.24)

where A, is the N°'MHV amplitude which has total helicity 4 — n 4+ 2p and is a
homogeneous polynomial in x! of degree 4p. The momentum variables are the massless
(and therefore rank 1) Lorentz vectors pas = )\MS\M. Then with P = Y7 Diaa, @ =
S Aiax ™ and (if) = P\ o\ 5, we have

0 (P)o%(Q)

iy = 4 (N N, X, g, N, 3.1.25
Anp <12><23...(n1>“4’p( X9, N) (3.1.25)
A;ree
where
An;pOH 5\7 X5 9, N) = ZGEA%;(A, 5\, X), (3.1.26)
>0

and A&?ﬁ, = 1. It is worth mentioning here that whilst scattering amplitudes in ' = 4
SYM do not contain UV divergences they do indeed contain IR divergences.

The expectation value of the bosonic Wilson loop (where n is parametrised by the
contour) is defined to be

(W [C,]) = tr Pexp [ig 7{ d:p"A“] => X, (3.1.27)

n >0
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where W,” = 1. If we take the contour to be polygonal and defined by n many vertices
%% whereby the edges are to be thought of as lightlike vectors and should be identified

with the momentum vectors

1% — ot = pe, (3.1.28)

)

then we may identify

VA
0 A
n;0

4
Yok Wi, (3.1.29)

n;0

upto some minor details, e.g. the UV Wilson loop regulator must be identified with
the IR amplitude regulator. The full superspace duality was considered in [47], by
making use of the supersymmetric Wilson loop in twistor space. It is also important
to recognise that this is a duality between two objects which are on-shell.

Famously, this duality led to the in depth study into the symmetry structures in
which it was found that N'= 4 SYM was not only invariant under the superconformal
symmetry but also an entirely different set of generators spanning the so-called dual
superconformal symmetry algebra [48]. This eventually gave rise to the notion of
Yangian structure in the amplitude [49], which has eventually led to widely believed
conjecture that planar N'= 4 SYM is an integrable field theory.

Next, we review the supercorrelator/superamplitude duality. This was first studied
in [31] whereby it was argued that any generic bosonic conformal field theory reproduces
the square of the expectation value of the Wilson loop in an appropriate lightlike limit.
Importantly, this is to be contrasted with the Wilson loop/amplitude duality, where
here we are taking a limit rather than having an exact duality.

Thereafter came the work in [50,51], which coupled the reproduction of the expec-
tation value of the Wilson loop in the lightlike limit of the correlation function with the
fact that the Wilson loop is exactly dual to scattering amplitudes. This is non-trivial
since it is really the square of the amplitude which is dual to the correlator, and this

implies that there are non-trivial relations between the basis of integrands on either side

4 Linguistically, it would therefore be more appropriate to call this a correspondence, however we

will continue to call it a duality.
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which increase in complexity as one goes to higher-loops. However, there are indeed
non-trivial relations due to the Lagrangian insertion procedure outlined in (3.1.23).

The work of [36,37] developed a supersymmetric extension of the bosonic proposal.
Given that the Wilson loop/amplitude duality had been supersymmetrised [47], and
considering (3.1.14) and (3.1.24) together leads to the proposal that at the level of the
integrand (defining a = <~‘fﬂ]§ ))

> (Zi#/&ﬁ;) . (3.1.30)

It’s important to note that in (3.1.30) we have performed the scaling G,,,, = a PG, SO

(2505

22~ \ 50 om0 Gno

that the right hand side is not explicitly the correlation function. This is simply so that
we have a formula that produces the correct result. In order to compare components,
one should then compare Grassmann degree.

In [36,37], various examples of proposal was tested. In particular, there is a two
step process; one can use the Lagrangian insertion procedure to express the intergrands
of G(HE, supercorrelators in terms of the integrands of G%L 1 supercorrelators. How-
ever, one can use the supercorrelator/superamplitude duality to yield corresponding
integrands for (¢ + ¢')-loop amplitudes. This is particularly fruitful when dealing with
Born level supercorrelators (i.e. ¢ = 0), in which Born level supercorrelators contain
information about higher-loop scattering amplitudes. For example, from the six point
Born level supercorrelator (Gé?%) we may extract the tree level six point N°MHV am-
plitude (/léog), the integrand of the one-loop five point NMHV amplitude (AS{) and
the integrand of the two-loop four point MHV amplitude (/lffg)

As has become clear, a single supercorrelator G for some fixed parameters ¢, n
and p has a profoundly large amount of information and it appears to be highly relevant
to try and understand the structure of these objects.

We summarise this subsection with the diagram in figure 3.1.

3.1.2 Hidden symmetry

Over the last few years an impressively simple but powerful symmetry was discovered,

namely for a particular component of the n-point supercorrelation function there exists
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1
Di = Ti — Tiq1 n
\are T
Dual variables
An(pla"'vpn>. <Wn> (xla"wxn)
n-point scattering amplitude n-gon Wilson loop

Light-like limit T 1imgc;gl_+1 — 0

[ ]
[ )
o
o
o
o
Gu(xy,...,xy)

n-point correlation function
Figure 3.1: A diagrammatic summary of the triality of observables in A/ =4 SYM.

a full S, permutation invariance [52] °. In this thesis, we will not really need to
discuss this very much, however we will take this opportunity to build up some notation
regarding the structure of such supercorrelators (in particular so that we can see an
amplitude analogy in section 4) whilst including the hidden symmetry for completeness.

As we explained in the previous subsection, the n-supercorrelator is a function of the
spacetime and internal coordinates but also the chiral half of the harmonically projected
Grassmann odd variables, namely 61¢. We recall that we have Q4G,,,, = S{G,., = 0.

In general, we have the (Q + S) transformation
07 = (e -+ 28 e (.131)

and was used in [54,55], since {Q?, S } = 0 a superconformal invariant Z,., can be

written as

Toip (2,4,0") = QS Tnipia (2, 9,67) (3.1.32)

5This symmetry is so powerful, it has sometimes been referred to as an integrability approach

(see [53])
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and is a solution to the constraints Q¢G,., = S{G,, = 0. The object J,,.,14 (7, y,0%)
is a homogeneous polynomial in 6% of order 4(p + 4). An integral representation may

be written as

Ly (2.0.0%) = [ Sl &et AT, i (5,0.0%) = [ PedeTpe (0.67).

(3.1.33)

where §1 = Q7 +64549T = g+ 4 56T, It therefore follows that in general, we have
Gn;p = Zzn;p,(i) (ZL‘, Y, 0+) fn;p,(i) (fL‘, y), (3134)

where the sum is over all of the possible invariants multiplied by some coefficient
functions fo.p ) (2, y).

We will omit the most general discussion whilst focussing on the p = n—4 invariant,
namely the G, ,,—4 component. From the previous discussion, we recognise that this

component has the maximal number of Lagrangian insertions, in fact it is given by

) 6" (67"
X (OO (O (B)O T A)L(B)L(6). .. L(n)) + perms, .
(3.1.35)

Now, we can take (since J,,, is required to be the maximally nilpotent homogeneous
polynomial in 6 of degree 4n)

Tnin (:c, Y, 9*) = gn(z,7) H (9;)4, (3.1.36)

=1
for some polynomial g, (x,y). However, for the full answer to the maximally nilpotent
component of the correlator we can always absorb this function into the coefficient

function, such that the dependence of G,,,,—4 on the kinematics is given by

Grnes ~ fu(2,Y) / dBedSE ﬁ (éj)4. (3.1.37)
i=1

The key point is that G, ,,—4 has full S, permutation symmetry by virtue of crossing
symmetry in G, since all the operators are identical. However, 7, , also has S,, per-
mutation symmetry, thus it follows that f,(x,y) must also have S,, point symmetry.

Note that in the non-maximally nilpotent component correlators (i.e. p < n —4) we
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have homogeneous polynomials of less than degree 4n, which means we that 7, is
generally some linear combination of objects and it follows that we do not have only
a single coefficient function which we can say is permutation invariant, rather we may
have some non-trivial sum of unrelated terms.

Let us now unpack the integral invariant [ d®edS¢ T, (éj )4. A useful gauge
associated to the (Q + S) symmetry is given by 0] = 65 = 05 = 6f = 0. Then one
finds [52]:

4 n
I’I’L,n*4 = H l'lsz(l, 27 37 4) H (9;)4 ’
=5

i<j i
where R(1,2,3,4) = 912923934914 (95%39534 - 1’%21’34 - 1’%495%3)
+ 912924943931 (xix% — Tly3y — xf3x§4)
+ 913932924911 ($32x§4 - x%ﬂ%z& - x%3$§4)
+ 01203110 T54 T G13054T13T5s + 91195507475, (3.1.38)
where g;; = % From this we find the conformal weight of Z,,,,_4 is (—2) at each

ij

point and the U(1) charge of (+4) at each point. Since G, must have conformal
weight (42) and U(1) charge (+4) we deduce from (3.1.37), that f,(z,y) does not
depend on the internal structure and must have conformal weight (+4) at each point.
It turns out that this is enough information to deduce the general structure of this
particular component, at the very least an ansatz can be given in which the basis
are some permutation invariant functions. A consequence of the OPE is a further
constraint that the singularity structure of f,(x,y) must only appear through factors

of propagators, see [38] for details. For example, at five points we have
B 1
H1§i<§5 x?j '

This example is particularly appropriate at exemplifying the correspondences with

fs(z,y) = fs5(z) (3.1.39)

amplitudes in the lightlike limit, namely it is clear the the four-point cyclic lightlike
limit of R(1,2,3,4) is the four point tree level correlator. Then this leaves multiplying
the pre-factor of R(1,2,3,4) in (3.1.38) by f5(z), the result is

4
lim Gsq = lim f(2) T] 22 R(1,2,3,4) (62)°
{1%2:70%3:35%4@4211}%0 {x%Q,azgg,x&,zil}HO g ’
1 4
— G4;treeT (0;_) y (3140)

2 .2
L15L25L35L 5
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where we observe that

1
A
is the famous massless box function which is the four point one-loop amplitude [37].

Let us conclude this short review by bringing together the three important factors in
the computational aspects of correlation functions. We have in the first instance the La-
grangian insertion procedure described in (3.1.23), followed by the correlator /amplitude
duality described in (3.1.30) and finally hidden symmetry construction in this subsec-
tion. Suppose that we were interested in higher-loop scattering amplitudes, then a
huge amount of information can be obtained by looking at the maximally nilpotent

component (G;?Zl_ 4) of the n-point Born level supercorrelator. Given some choice of ¢
(there are non-unique choices for large n), we can find the folm_ 44¢ component from

which we can find an amplitude via the light-limit.

3.2 Correlation functions in twistor space

In section 2.2, we spent time reviewing some technical details regarding twistor space
whilst in the previous section we have provided some details about what to expect from
these particular correlation functions. We can now put everything together and look
towards using twistor space to provide a new approach towards computing correlation

functions.

3.2.1 N =4 SYM on twistor space

In this subsection we provide sufficient twistor technology for our purposes in the
computation of correlation functions in N/ = 4 SYM theory. The fields of N = 4
SYM theory are described in projective twistor space by a superfield A(z, z, x). Since,
the space is itself complex, we have two unrelated coordinates z# and z# in which
A(z,z,x) is a (0,1)-form. As a superfield, it admits an expansion in the Grassmann
odd coordinates

1

A(Z, ZaX) = CL(Z, 5) + XIfS/I(ZVg) + EXIXJQbIJ(Za 2)

1 1
+ §€1JKLXIXJXK7L(Z7 z) + IGIJKLXIXJXKXLQ(Za z), (3.2.42)
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where a(z, Z) and ¢(z, Z) are to be identified with the self-dual and anti-self-dual states
of the gluon (or positive and negative helicity states), ¢;;(z, z) is the six scalars whilst
31(z,Z) and (2, z) are the four fermions and their conjugates. It was shown in [56]

that the following action reproduces the known space-time N’ = 4 SYM theory

S[A] = DMZ Atr (%A DA + %A AAA A) + / d*x d®0 Ly (z,0),  (3.2.43)
Ccp3l4

where D32 = LespopzdzPdzCdzPd'y is the integration measure on the complex

projective space and
Lint(z,0) = ¢g° [Indet(d — A) — Indet 9] . (3.2.44)

We note that generally Z4 is the full supertwistor, and we will soon double these up
by putting another lower GL(2) index as in (2.2.70), namely Z2. Given the action
we require a superpropagator and super interaction vertices in order to gain a set of
Feynman rules that we may use. The theory defined in (3.2.43) is a gauge theory and as
a result requires gauge fixing. A useful choice is the so-called axial gauge, in which the
component of the superfield A in the direction of an arbitrary reference supertwistor
Z, vanishes.

Deriving these are quite involved tasks and so we only aim to provide the basic
results here whilst referring the interested reader to [57,58,59]. Following [57,58,59], to

gain the propagator one is required to solve

du

N (21, 2y) = 634 (2, 2,) = /75‘”4 (Z1 +uZy), (3.2.45)

where 67l is a ‘distributional form’ [57] . The solution to the propagator equation is

Aab (Zl, ZQ) - <Aa (Zl> Ab (ZQ)> - 52|4 (Zl, Z*, ZQ) 5(11)
— @%5‘”4 (82, + 12y + Z,) 0, (3.2.46)
S

where the a and b indices are fundamental gauge indices. We see the explicit emergence
of Z, in the propagator. All computations will involve some sum over contributing
diagrams, and whilst individual diagrams may be Z,-dependent the corresponding

sum must not be.

6 For all intents and purposes this is essentially a delta function.
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Turning to the interactions, all interaction vertices are produced by L;, in the axial
gauge. First, one must take In det (5 — A) —Indet d = Indet d (1 — 5‘54) —Indet 0 =
In det (1 — 5’1./4). Then using Indet m = trlnm, we can perform an expansion in the
object 01 A.

Via [47], one finds that

1 _
Ling(z,0) = —g* Y —tr(07'A...07'A4 (3.2.47a)
Sheea o
_ Z 1 / tr (A(Z(01)) A Doy ... A(Z(ok)) A Doy,) 7 (3.2.47D)
= k (0109) ... {oRo1)
where Do; = (04, do;) = e,02do? is the projective measure and
(oi0;) = eabafag. (3.2.48)

In the second relation in (3.2.47a) the superfields are integrated along the line in twistor

space Z(0;) = 210} + Z,0? parameterised by coordinates o = (o}, 0?) with two
reference points Z; and Z5 of the form (2.2.69) whereby under the incidence relation
we have the same z®* and 64 but different \,.

Now, to make contact with our correlator story, we make the following assertion
T (2,07 u) = /d49_Lmt(x,8), (3.2.49)

where #~ = 0% = 6Zu;® is the harmonic projection of the # variable which we do not

take to be within the stress tensor supermultiplet. We now justify our assertion.
Suppose that we do indeed have such an operator T (z,0%,u) which is implicitly

defined through the superfield A in some way. Then we can define the correlation

function, whose corresponding action is (3.2.43), namely in defining
G, =(T(1)...T(n)), (3.2.50)

we find that

9 .
750G = / 101 (T(1) .. T() Lot (a1, Orsn) - (3.2.51)
This expression bears a resemblance with (3.1.20), in fact we can identify these if

we separate the full # integration into its harmonic projections, namely we can do

[ d*0t [d*6~ = [ d®0det (u), where is det (u) the Jacobian when projecting the full 4
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dependence into 67 = #Lu}® and 6% = 6Lu;® . Since, u € SU(4), we get det (u) = 1,
hence in putting all this into (3.2.51) and imposing that we should get (3.1.22), our
assertion naturally arises

0
928_92Gn - i/d4xn+ld40:+1 <T(1) e T(n) \/d40;+1Lint (I’n+1, 0n+1)> s

[ J/
-~

=T (n+1)
_/ﬁ%wﬂwLMTuy”Tm+1»_g/#mﬂfﬁﬁgwy (3.2.52)

Indeed we find (3.2.49), from which it follows that a twistor representation of our

correlators of interest is given by

@:/ﬁ&@m“u”%m» (3.2.53)

In practice, a correlation function is a set of twistor line X; which correspond to space-
time points where the operators lie. We plug in (3.2.47a), and at the lowest order in

g%, we may simply wick contract the fields to produce the propagators in (3.2.46).

3.2.2 Feynman rules from twistor space

In this subsection we will introduce, explain and then apply a graphical formalism for
computing correlation functions in twistor superspace. In principle, this new graphical
formalism is to be thought of as an off-shell generalisation of the rules used for the
scattering amplitude via the Wilson loop duality used in [47,60].

The fundamental operator is A(Z (o)) whose dependence of o is through Z(o) =
ZAo®. Whilst in space-time it sits on a point, in twistor space it sits on a line
parametrised by two reference points defined by Z20®, which identify the same space-
time point through the incidence relation. Space-time interactions occur when multiple
fields occupy the same point instantaneously. Diagrammatially, the propagation of a
field occur when propagators are emitted and absorbed by a twistor line, whilst in-
teractions are given by vertices with many propagators emitted from it. Figure 3.2
presents such diagrams whilst giving a truncated diagram which is made of bullets and
lines.

In general the correlation function in (3.2.53) is therefore a collection of non-
intersecting lines and bullets. An example of what such a contributing diagram is

given by figure 3.3.
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Ji i)

Figure 3.2: 4) The diagram representing a superpropagator from twistor line i to j.
#4) An interaction vertex. In both cases, bold lines are twistor lines whilst faint lines

are propagators.

As a quick example we can work out how a propagator contributes to a full Feynman
graph like figure 3.3. We consider an arbitrary single propagator extended between two
twistor lines X; and X;. We denote integration variable o;; to be associated to the
propagator emitted at point 7 and absorbed and point j 7, and we neglect fermionic

integration and gauge indices here:

/ (0ijdoiz) (ojidoji) (2 (Zi(0ij) 2.2 (0)) 5, (3.2.54)

with 621 (Z; (04;) , 2.2 (055)) = [ %64 (521 (0y5) + tZ2(045) + Z.). We can perform

the change of variables 0;; — so;; and oj — toj; in which the result is

/ d*o;j / 06" (0820 + 00 210+ 2.) (3.2.55)

This tell us that the projective measures can always be absorbed into the integration

measures of the propagator to give a full two dimensional integral.

"Its worth noting that this notation prescription of ‘emitting’ and ‘absorbing’ is strictly for nota-
tional ease as it helps organise integration variables, however it is physically vacuous as otherwise it

would imply some notion of orientation which the lines do not have
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Figure 3.3: A contributing Feynman diagram to an n-point correlation function
in (3.2.53). Each bold lines corresponds to a twistor line parametrised by a pair of
twistors, and therefore correspond to a point in space-time (z, 0), whilst faint lines are

superpropagators.

Putting together everything we have learnt so far, in particular together with (3.2.46)

and (3.2.47a), we gain the following Feynman rules:

e To each line connecting vertices ¢ and j we associate two pairs of spinor variables
o and of; (with a = 1,2). They define the coordinates of the end points o} Z; o
and 0§, Z; ., belonging to the sth and jth lines, respectively, in projective twistor

space,
e A propagator connecting vertices ¢ and j produces a graded delta function
a;a; 44 fe fo
) | (Z* + UijZi,a -+ Ujizjva)
with a; and a; being SU(N) colour indices,

e Each vertex comes with the following factor
—tr (Tajl T%2 ... T“jk)
k
[Te=1(0%5,Tiji.1)

(with jr+1 = j1 and (05,04,.,) given by (3.2.48)). Since tr (7%) = 0 , we must

have at least two lines coming from each vertex,

e Finally, at each vertex i = 1,...,n we have to perform an integration

2 2
/d Uijl---d Oiji
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over the o-parameters of all lines attached to that vertex and, in addition, inte-

grate out half of the Grassmann variables by [ d*6; .

Diagrammatically, the rules are summarised as in figure 3.4.

i J

605U (08 20 + 05 Zjo + Z.)

tr (791 .. Tk )

_ 2. 2. .
[ dPoij, ... d%0yj, (51327132 (T 1327138 ) {30 711 )

Figure 3.4: ¢) The Feynman rule for the superpropagator and #¢) the Feynman rules for

interaction vertices. In addition to this we must perform the overall integral ]}, d*0~.

Finally, now that we know how to compute a Feynman graph, we would like to know
what graphs to compute. To do this we simply need to look at the Grassmann degree
of a graph. Since we require at least two propagators to each vertex, we minimally
require as many propagators as there are vertices. Denoting the number of propaga-
tors as ¢ and number of vertices as n, we take ¢ = n 4+ p many propagators. Each
propagator is Grassmann degree 4, but we perform 4n many fermionic integration thus
the Grassmann degree of any given diagram is 4¢ — 4n = 4(n + p) — 4n = 4p. So, for
example if we want to compute the maximally nilpotent component of the five-point
Born level supercorrelator, we require all graphs with five vertices but six propagators.
Since the component G, has Grassmann degree 4p, it follows that Gy, is equal to the
sum of all diagrams with n vertices and n + p propagators.

Before proceeding to look at the correlator in more detail let us very briefly discuss
the Feynman rules for scattering amplitudes. Recalling figure 2.1, we stress the critical
difference of twistor space graphs when discussing off-shell and on-shell physics. To
understand the graphical difference we are required to go back to the twistor lines and
propagators graphical rules (as opposed to bullets and edges) that are on left hand side
of figure 3.3 and use this form in conjunction with figure 2.1. Correlation functions are

built from off-shell external data and thus contain twistor lines that do not intersect.
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Scattering amplitudes contain on-shell external data and thus have intersecting twistor
lines. When dealing with loop level amplitudes, one has a twistor line associated to
the variable in the various loops and these are off-shell and therefore cannot intersect
with any other line. An /-loop level scattering amplitude has ¢ off-shell points which
have (-many non-intersecting lines.

A consequence is that for any twistor line in a scattering process associated to the
loop level variable, the correlator Feynman rules that we have studied in figure 3.4 are
used. However, for on-shell external lines we require a further rule for the insertion
of a single A superfield. This is simply because in scattering processes we scatter
fundamental states which are in the A superfield as opposed to being in any composites
of A.

The new rule is simply that for a twistor line which emits a single propagator:

= | =, (3.2.56)

for some Z(s) = Z; + sZ;. We can consider propagators joined by two twistor lines,
namely given Z(u) = Z; + uZ; and Z(v) = Zj; + v2Z;, a contribution to the so-called
NMHYV amplitude is given by

/@@A u), 2., Z(v))

du dv ds dt
— | SR A tZ Z, 3.2.57
s OB 2(0) + 2, (3257)

and we will return to this computation in section 4.1.1, where we will compute the full
n-point NMHYV scattering amplitude at tree level.
These are in fact the rules used in the Wilson loop representation of the scattering

amplitude used in [47,60].

3.2.3 From lower components to higher components

Having described the main method of computation, we will apply the formalism as
a first test to the lowest component of the supercorrelation function, namely the n-

correlator for the 3-BPS operator OT"F. Upon doing so, we will find that a direct
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Figure 3.5: A contribution to G,

applications of the aforementioned Feynman rules for higher components with non-
trivial Grassmann oddness is difficult in general, hence we restructure the Feynman
rules to new building blocks. This will be the main result.

Following the previous section, the Feynman graphs required to compute G,y are
all graphs with n vertices and n propagators. Since, every vertex requires at least two
propagators, there is a structurally unique graph given by figure 3.5.

In addition to this we must sum over permutation of points (since the correlator
itself has an m-point bosonic permutation symmetry) and sum over only connected
graphs (otherwise we gain those which correspond to products of lower point graphs).
Let us use the prescription defined in the previous section and apply it to figure 3.5,

in which we get 8

- i i_1d?0; 41 +
G = (N? — 1)H/d49i/ e +154|4(‘7z‘ai—1zi,a + 071 i Zic1a + 24)
=1

<Ui i—107% i+1>2

+ (S, —perm), (3.2.58)

In evaluating this result, we will need to use some of the machinery built in section 2.2.

We begin by taking ZA = (zf, Xi) and Z;f‘a = (zA ! ) The required g € GL(2) fix-

1,00 Y 1,0
ing that gives the form of (2.2.70) comes from acting Z; 5 — ¢,°Z; 5. This variation can

be compensated in (3.2.58) by the change of the integration variable ofk — (971)%500,

8We will generally omit all factors associated with color from here on out.
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of which the entire object remains unchanged. Let us first perform the fermionic inte-
gration, we look at a particular piece of the calculation before generalising to the rest.

At points 1 and 2 the fermionic contribution to (3.2.58) is given by (setting . = 0):

/ do7 / d*05 0 (09,0, o + 03,02.0)0% (02,00 + 05,01.0)0% (05500 + 05505.0.).

(3.2.59)

We can apply the decomposition with respect to harmonic projections namely ! =

T Yo H0,7u” . We now use the following useful identity:
/d20f§e/d29_ 8 (08010 + 05100.0) (3.2.60a)
—_ 2n— —
= /d nge/d 92n¢4|€ABCD
X 075018 u’f‘_a,JuQ v uy ,0;191_5@20’_6,05101_’)‘1/@?& (3.2.60Db)
~ 012§0126021n021¢ZEIJKL?lUYQKL = 0125012602177021&%2- (3-2-60(3)

This requires some explanation, (3.2.60b) is the expansion into the pieces of 6~ that will
be involved in the calculation. We recall (2.3.84) to get the first equation of the third
line. The last equality follows from the definition of ¥ in terms of @ used in (2.3.85),
we also dropped the numerical prefactor as it is not important. Now, in making use
of this identity we clearly only use half of the d*6~ integrals in (3.2.59), whilst using
the other half to execute a similar identity with different delta functions. The result
is a set of o-variables all contracted with an €*®. Doing this with all the fermionic

integrations gives (3.2.58) as
Gno = (N? — l)ﬁyziﬂ/d 01 i 1d?0; 110 (08 1 Zia + 0P 210t 2)
_ + (S,—perm). (3.2.61)
We now need to localise the bosonic delta functions, namely we want to solve
0fi1Zia + 001 iZicta + 2 =0, (3.2.62)
in which the solutions are

Oii-1 =

a B <Zi,ﬁZ*Z¢71,12i71,2> s _ 0B <Zi71,52*zi,1zi,2>
<2i71,12171,221',12’i,2> ’ <Zi71,1zi71,22i,1zi,2>

i—1,3 )
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in making use of (2.2.54) to write (2;12;22;12i2) = o7, we explicitly have

ij)

1 - 20225125 - Zi 1225125
(54(0 Zi o +J Zio+ 2) = —2(5 ( 5—< 325 2],1 j’2>) ) (O'?j — €a6—< Bl 23,1 ]’2>)
z] ng 'Tij
3 Z] 2Rx %5175 2) 5 2 ap <Zj,lz*zi,lzi,2>
i L)
(3.2.63)

This means that integrating the o-variables is (upto imposing the solution (3.2.63))

/d i im1d°0,1 1000 120 + 0| jZic1a + 2) = —5—, (3.2.64)

i—1,

hence we have

; 2
1 Lii+1

n 2
Guo =[] el 4 (S, —perm). (3.2.65)

i

This exercise demonstrates firstly how to perform the relevant integrations but also
the fact that this procedure will become increasingly inefficient if we want to compute
the higher components. In general we will want to integrate a function of Grassmann
degree 4(n + p) against a 4n integration. The previous example was relatively simple
because we had p = 0, but now we wish to investigate p > 0.

The main result is yet another restructuring of the aforementioned Feynman rules
in the previous subsection, whereby we make use of harmonic superspace.

The useful result is that we can perform the decomposition

I (e + i+ 03050) = U0 (05 + A) O (305, + A) . (3260

zg i, ]’L 7,

where

’

Al = [xiuir + o50fa + 0500) (vi), (3.2.67)

VA Ke ij i,

The proof can be found in appendix A. The advantage in this modified object is that
the delta function is no longer associated to both points ¢ and j with respect to the
[ d*6~ integrations. Instead, the object 6°? (626;, + A;;) is associated to point i only.

z] (e

It follows that each bivalent vertex i (connected to vertex j and k, say) brings a factor

of

/ d0; 6 (020, , + Aij) 8“7 (0530, + Ai) = (o3500)°. (3.2.68)
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2
5a7;aj — 5aiaj yij
9ij = 3

v 22,
©J

tI‘(Tajl .. .Tajk)R(i;jle, e 7]k)

Figure 3.6: ¢) The Feynman rule for the superpropagator and ¢¢) the Feynman rules

for interaction vertices

Going back to our rules in figure 3.4, we find that a k-valent vertex brings a factor of

(05,00 + AP (08,00 + Aig) - (08,01, + Aiy)

17 1,0 27 1,x Pk b

(0ij10ijs) (0ijyTigs) - (Cij Tijy )

R(i; j1j2 - - - Ji) = _/d49i

Y

(3.2.69)

and since we already gain the factor of yfj from the procedure in (3.2.66) together with
the 1/x7; from the bosonic integration in (3.2.64), it follows that we gain the following

set of new Feynman rules:

e A line connecting vertices ¢ and j is associated with the propagator g;; = y3;/23;,
e Bivalent vertices are associated with R(i; jija) tr (791 T%2) = R(i; j1ja)0%1%2

(note that R(i; j1j2) = 1, but we write it here for generality),

e Higher valency vertices are associated with R(Z; 7 ... i) tr (T%: ... T%) evalu-

ated for the o-parameters given by

2i BZxZil%i 2 B2 2i1%
af‘j = eo"B—< LB ;’1 s2) , 0;?; = 60‘5—< 3.8 *21’1 i2) , (3.2.70)

These are summarised in figure 3.6. In terms of computational organisation, we can eas-
ily organise all of the propagator factors away, whilst dealing with the R(3; j172 . .. ji)-
It is this object which we can think of as superconformal invariant, in a similar way to

how we think about the R-invariant in the study of scattering amplitudes [32].
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3.2.4 Properties of the R-vertices

In this section we aim to provide some of the properties of these R-vertices. As we will
see, the most general k-valent R-vertex can be written in terms of the product of k—2
trivalent R-vertices. Thus, it is computationally relevant to know the expansion of the
trivalent R-vertex in its Grassmann components which we shall explore here.

The object R (i;j1js - - . jx) in (3.2.69) has a numerator which is completely permu-
tation invariant under the exchange of points, whilst its denominator is not. Instead,
it obeys the symmetries of the Parke-Taylor structure usually found in amplitudes,
namely R (i;j1j2 ... ji) is cyclically invariant and invariant upto a sign if we take the

following shift j, <+ jx—,+1 of all points:

R (i 51J2- - Jk) = R (45203 - 1) = = R (4 Jkjr - - - Je-1)

R (i;j1jo - gw) = (=1)*R (i3 jijb—1- - - J1) - (3.2.71)

These two symmetries form the dihedral group in k-elements upto the (—1)* signature.
This is particularly interesting when we take k£ = 3 as the dihedral group becomes the
permutation group (although still upto a sign). The result is the object R (i;7172J3)
which is completely antisymmetric in the 7 indices. As a result when two of the indices
are equivalent, say 71 = ja, R (4; j2j2j3) = 0. There is also the so-called U(1)-decoupling

relation:
> R(57 (ajs ) = 0. (3.2.72)
TEcycle,_
Moving towards the trivalent R-vertex, which is written as

5 (o0 + i) O (05,00, + i) B (05,6, + Ay

1J1 7« 172" t,Q 173" t,Q

<Uz‘j10ij2> <Uij2 Uz'j3> <0ij3 %’J

9

R (4; j1j23) = _/d40i_
(3.2.73)

we recognise that our o-variables are related by the two dimensional schouten relation
055,(0ijs0ijs) + 035,015 0152) + 073,(045,045,) = 0, (3.2.74)

which we may implement by rewriting the last delta function such that (3.2.73) be-
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comes,

0" (giajlgi_,a + Aijl) 00l (0-%291'_,04 + Ai]é)

R(i;jjj)z—/d‘*ei
LIRS (0ij10ijs) (TijaTijs) (TijsTigy )

5002 (— (02,(0ij,005,) + 0%, <0ij30ij1>)9m 4 A¢j3> (3.2.75)

(Cij1Tijs)

We can rewrite the third delta function on the support of the first two, namely the

@ o'

solution of o7} 6, g’ + A%l = 0 and of;,0; c‘j/ + A‘};Z = 0 is given by 6 c‘j/ = ——éiélai?) —
, ) ) 13 9ij1
o ga!
% We apply this solution to the third delta function, rendering it independent
ij1 9ijg

of 0;,. We finally apply the integration to the only remaining delta functions that

depend on ¢, ,, from which we find

50”((%10@2)14@73 + (0 0ijs ) Aijy + <Uz‘j30ijl>f4ij2>

(01, Gije) (TijyOigs) (TijsTijy)

R(i; j1jajs) = — (3.2.76)

This process works recursively for higher valency R-vertices, however it is only for the
trivalent case that we can completely integrate away 6; , completely. Nonetheless, in

the first instance we can write
R (i 5172 - jk) = R (45 J1d2 - - - Je—1) R (4 Jage—17k) » (3.2.77)

which follows from selecting three js, in this case ji, jr_1 and jr and applying the
procedure to jr. We successfully make the delta function associated to j; independent
of ¢;, which allows for the factorisation. The remaining delta functions still have
Grassmann degree of more than 4 and the integration remains unevaluated. In iterating
the process, we arrive at

k—1
R (isjija - ji) = [ [ B (i jrjsdssr) - (3.2.78)

5=2
This is the critical statement that all higher valency R-vertices can be written in terms
of the trivalent R-vertex.

Having come to this realisation, we recognise the importance of expanding the
trivalent R-vertex in terms of its Grassmann components. This will prove to be useful

for practical computations. To proceed we find that given (3.2.70), we may define the
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following index-less notation

b ~ b
Yisk = Wijk)y = Wij) g Wik)

b aa’ /~ a'c ~ d'b
Yijkim = Wijkim)q = Wis)™ )" Wkt) egr Wim)" ",

(ijk) == <aijaik>x§jx§k, (3.2.79)

where the third definition naturally follows from section 2.2 in conjunction with (3.2.70).

Given the form of the trivalent R-vertex in (3.2.78), we find that
R(is jij2js) =Ra(is j1jz) + 5 Ra(i: juja) + 5 Ra(is j1j2)

1 o 1 L .
+ 5 Ra(t j1725s) + G Rs (45 1j2s) + antisymyys - (3.2.80)

Here we have defined

(i, |0 Yiju 3203510

Ry (45 j1j2) = — —
(171J2)9ij1 Gijo
(052105 Y5132 0, |00
Ry(i; j1ja) = —— 22
(i71J2)Gijr Gijo
2
Ra(i: juja) = — (| (07) loiga) 3,5,
’ (1J1J2)9ij1 9ige
2 .. .
L 2 Ty (192]3)
Ry(i5 j172j3) = (04,4 (05)7 |ojui) ——2—— ,
il (03)" 17, (i71J2)(17371) 9ijy
L a 1
Rs(i; j1jajs) = (0 Yijujnisi0in) 555 » (3.2.81)
Yii1Yi55Yigs

where we used (3.2.79) and introduced an index-less and bra-ket notation for aesthetic

purposes

0, Yirosili, = 915(9i123i>ab9i7a+b
. bpB
<Uz’j1‘9;ryi129jt‘0j2i> - Uiajle:—g(yijljg)a 9j2,+baj2iv3
Y2
ij

We have presented a derivation of some of the components in appendix B.

3.3 Consistency check: lightlike limit

We would like to give an example of the lightlike limit in action. The easiest example

to choose is the component correlator G,.;. At Born level the correspondence given
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n (3.1.30) reduces to

—4 ngo;)o —4 0 2
0 = ZAn . (3.3.83)
=0 n;0 p=0

We can expand this in Grassmann degree and match the appropriate parts, namely

given that
1 R 2
lim (14 —= (GO + G0 +...¢0 )| = (1+ A0 + A+ + A0 ),
Tj,i+1—0 G(O()) ’ ’ ’ ’
(3.3.84)
we gain
ao
lim —2 =24 9)1,
ZZZ,H»IA)O Gilo()) "
GO
lim 22 =240 (A(O)) , (3.3.85)
sz,i+1_>0 Gg)())

and so on. In this subsection we will show how the correspondence works at the level
of the first equivalence in (3.3.85). We recall that Aflo)l is a linear combination of the
R-invariant:
dsydsydssds
Anl — RNMHV Z/ 1Uo2US3 464|4 (Z* + SlZi—l + Sng_l + S3Zj—l + 84Zj),

§18283S
i<j 1929394

(3.3.86)
where Z are supertwistors.

G, in terms of our graphical rules are the set of all graphs that have n + 1 edges
(propagators) and n vertices (space-time points). All such graphs are given in figure 3.7.
This includes both planar and non-planar contributions. Since the correspondence is
a planar correspondence, we take only the planar contributions to the correlator. In
section 4 of [29], a detailed analysis of the color structure is given which we will omit
here. The main result of the analysis is that the kinematic parts of graphs B and C
survive with an overall multiplication with N(N? — 1).

We provide some of the basic intermediate points of the full analysis found in [29].
The vanishing of graph A is easiest to see, where the Kronecker deltas follow around
the loop, namely we have §%%+1§%+1%+2 §§%h-20k-15%-10k —= §9%ty (TG THTU) =

tr (T T%T). Since T%T% = ((N* — 1)/N)I, we then have tr (7%s) = 0. Graph
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n 3

4

6

Figure 3.8: Graph B and C contributions to G,;.

B comes with a factor of N(N? —1). A further non-trivial fact is that in the sum of
graph C, graph D and graph E, the 1/N dependence drops out to leave the planar
result. It turns out to be no different to using the kinematics of graph B multiplied
with N(N? —1). As a result we only need to work with graph B and graph C.

We would like to categorise the (sub)set of Feynman graph topologies that contain-
ing the leading singularity in the lightlike limit. Two example graphs of contribution

from type B and C are given in figure 3.8 where we use the notation

Yij : . (3.3.87)

9ij = 3 Gijrjo..ge = Yij1 95142 - - - Sjn—1de>

from which we find that graph B possesses the leading singularity in the lightlike limit.
The lightlike limit of the tree level sz% is given by limxlgi+1 -0 Gi% = §12..n1, in which
we therefore find that

lim GV =G gyR(ii—1j i+ 1)R(j;j—1ij+1)

1,041 Z#]

G
—  lim % =2 Ry, (3.3.88)

2
<. .—0
7 Gn;o i<j
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where
Riy = gyR(ii—1j i+ 1) R(j—114 j+1) (3.3.89)

In order to prove that this really does equal the corresponding linear combination of
R-invariants as in (3.3.86), it is easier to go to the previous incarnation of the Feynman
rules, namely the corresponding result for the rules in figure 3.4. In applying those
rules and performing the [, [ df; integration one finds the corresponding result to

the previous found R;;:

d2 i'd2 ji \U1i—1V4 jJ— jJ
Rij :/< 0i;4"0; <U 10 +1><U]] 10']]+1> 64|4(Z*+U%Zi,a+o'%zj,a)‘ (3390)

01i-10ij)(04j0ii+1)(05j-104:)(0i0jj+1)
We now need to take this object onto the super-light cone by making it on-shell.
First we recall the form the o-variables given in (3.2.70). In the lightlike limit we

2
take x7,;

1 — 0, which immediately makes these variables singular. However, note
that in (3.3.90), there is a scale invariance which allows us to scale away the singular

denominator of the o-variables, such that we have

B _ _Ba B _ fBa
0;5-1 =€ <Z*Zi—1,1zi—1,22i7oc> ) Oii+1 — € <Z*Zi+1,12i+1,22’¢,a> )
B _ Ba B _ B«
051 = € (2zj-11%-12%)a) » 0r i1 = € N2zji11%412%50) - (3.3.91)

In twistor superspace the lightlike limit z3,, — 0 and 0;‘ 2 (%41)ac — 0 corresponds
to the intersection of the supertwistor lines Z; , and Z; 1 ,. Since there is a local GL(2)

matrix action on the a-indices, we can make the choice to take
Zi’g = Zi+1’1 = Zz (Z =1... TL) (3392)

This identification is taking what were once free twistor lines and forcing them to
intersect, recall figure 2.1 from section 2.2.

We can implement the incidence relation in full twistor space, namely
Zi = (] = (X i1.0aX°10°Ass ) (3.3.93)
Applying (3.3.92) to the purely bosonic part of the supertwistors results in

o =081 =0, 00 =~ (3.3.94)
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Using the component form of; = (s1,52) and 0§; = (t1,t2) we find that (3.3.90) has
now become:

ds;dsedssd
Rij = / w54\4(3* + 8121+ 522 + 8325 1+ 8425). (3.3.95)

51525354

S0, the conclusion of this subsection is that taking the explicit lightlike limit on G,
using the twistor rules as governed by the R-vertices results in the statement given
in (3.3.88). This result is equivalent to (3.3.95) which is the tree level NMHYV scattering

amplitude at n-points.

3.4 Computations

In this section we will apply the R-vertices towards some components of the GG,,.; piece
of the supercorrelation function. We first note that we will have to deal with the
reference supertwistor, which is the main price we pay for manifesting superconformal
symmetry throughout our entire discussion. In certain instances it is easier to gain
gauge independent results and other times it is harder. We will perform the four-, five-
and six-point computation which makes use of a gauge invariant building block that we
will construct for the (98“ )4 component of the supercorrelation function. On the other
hand, we will compute the four- and five-point correlator for (Har )Qab (Hai)ml (where 0
and 0" are two external points).

We remind the reader that we will use the previous notation used in (3.2.79),

2
and with g;; = i’; and Gijk..mi = Gijgjk - - - gmi- This section will involve technical
ij

computations and we leave some parts for appendix C.
Finally, we state that for the entirety of the discussion that follows we will take
Xs = 0. This means that finding gauge invariant results amounts to seeking z,-invariant

results.

3.4.1 (03)4 component

It is useful to construct a z,-invariant quantity. Recall that the dependency is in the

three-brackets (ijk) that we have defined and used in (3.2.81). It turns out that such
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an object is (defining some points 0,1, ..., p):

f(i; J1jags) = =2 Ra(is jija) + Gijy Ra(Gas iJagr) + cyCyag
J1J2
s o = \aB
_ (xw1$12132€]w32x]31> (e:r)iﬁ (3.4.96)
L1550 s

This is actually a basis for a much larger additive set of z,-invariants, namely we can

define

P P (0 < = aB

C . . .. . T X 4Ly Tji 2
FGs ugodsia - dp) = D (05 judnoifi) = D [y, ] i) (67) .5 -
k=3

k=3 Lj1i%ijy 1 Ligy,

(3.4.97)

Some interesting results follow from this, recalling the definition of the matrix X4%

and X5 from (2.2.49), and defining the shorthand

= X X,5e X" Xjaa, (3.4.98)
we get
N tr (i142J3071J475) — tr (i75J4510910273) [ pen4
F s jrjags) f (35 jriads) = 05", (3.4.99)
2x§j1x22j2x12j3xzzj4x?j5
Recalling the Clifford algebra in (2.2.63), we find that
(X5 X} = —aii00, (3.4.100)

which then implies that

...................

(3.4.101)

Finally, at the point of tracing over six matrices we need to split this into a symmetric
and an anti-symmetric part. Doing so and applying the Clifford algebra in (2.2.63)

recursively we have the general identity

- 1
] =\ __ 2 .2 2 2 2 2 2.2 2 2,2, 2 2.2 2
tr (ijlmn) - 5( - xinxjmxk‘l + l.iml.jnxkl - mijmklwmn + xinxﬂxkzm - xilxjnmkm

2 2,2 2.2 2 2 .2 .2 2 .2 .2 2.2 .2
- ximlexkn + milxjmxkn - xinxjk:xlm + xik$jnxlm - xijmknxlm

2

2 2 2 2
+ Tin Ty, — Ty

jm

2 2 2 2 2 2 .2 2
kmTin — TiTipTmn T TipT )

2 2
Tin + xijx jlxmn

+ tr([ijklmn]), (3.4.102)
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A1230 Bl230

Figure 3.9: Contributions to G4;1|(9+)4.
0

where tr([ijkl_mﬁ}) is the anti-symmetrised part of this six-trace, and is equal to
4i€;jkimn as defined by the hypercone coordinates in (2.2.68).

In any case, for the computations that follow in the ((9+)4 component of G,,.1, making
use of (3.4.96) and (3.4.97) serve as an entry points to gaining a z.-invariant results.

A computational strategy is to first recall that

G = (0T (1) ...OTT (n)L(0))

= YiaYs - - Y F1(T0, 1, s T) F 1/1123/?2,4935 o YnaFa(0, T, )
+ e + pern’lslznn7 (34103)
where the ‘+...7 are the remaining different y-structures. The y-structures are the

internal basis for the result and can be made to form groups of terms related by S,, per-
mutations, e.g. y,y2, and its S, permutations are one group whilst y{,y2,y3 . . . y25 and
its S, permutations are another group. Correspondingly the coefficient functions be-
long to the same group, thus we only need to work out one of these coefficients for each
representative of a group. In (3.4.103), this corresponds to finding Fi(xo, 21, ..., %)
and Fa(xg, 21, ..., x,) first and finding the remaining terms for the other corresponding

y-structure by permutations.

Four-points

Previously in figure 3.8, we saw the graph topologies that contribute to G,.;. We
can refine these for the four-point case. There are two contributing graphs given in
figure 3.9.

In fact due to N' = 4 superconformal symmetry, we expect this component and

indeed any Grassmann odd component of the four point Born level supercorrelator to
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vanish. The result is given by
G4;1‘(9+)4 ~ Ayg30 + Biaso + permsys. (3.4.104)
We find that
Ata30 = g123910920930 12 (25 103) R (0; 321)
= g123910920930 (14 (25 031)) (R3 (0; 32) + cyczy)
= —01231 [90234(2; 031)] {901903 R3(O§ 31)] )

913
B30 = g1231901903 % (1; 230) R (3§ 012)

= G1231 [90134 (13 023)] [90334 (3; 012)] . (3-4-105)

In Ais39, going from the first equivalence to the second one, we recognise terms of the
. . 2 2
form Ry (7;0kl) R3 (0;mj) o a&agjagmagj (9+)aﬂ (9*)7/) x (00j00;) = 0.
Then, in order to get all contributing terms, we need to sum over permutations.
However, since all terms contribute to the y-structure in g231, we only need to cycle

through points 1,2 and 3, this gives the result

go1903
913

G| gy ~ = oo Ra(2:031) { Rs(0; 31)} + [g01 Ra(1;023)] [gos Ra(3; 012)]

+ CYCqg3- (3.4.106)

It turns out that this result is proportional to a quantity which depends on various 3-
brackets (ijk) (defined in (3.2.79)) which tuns out to be zero. This quantity is defined
and shown to be zero in appendix C.0.4, however we take a different approach from
this direct one.

An instructive approach is to make use of (3.4.96). This is useful as it directly gives
us z,-invariant results. We begin by noting that the result (3.4.106) can be rewritten

as:
1
G gy = = [RS™(2:031)] [R5 (0:3)] + 5 [R5 (1 023)) (75 (3:012)], (34.107)
where

RZijk(k; 0i7) = gioRa(k; 0ij) + CYCijk;
Rgijk (0 ki) = g?gm R3(0; ki) + cyc
ki

e (3.4.108)
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Note, that R4(i;05k)R4(i;05k) = 0 and the factor of half is to avoid over-counting

terms. Now we recall from (3.4.96) that the f-function is given by

£(0;123) = —R§™3(2;031) + R (0; 31),
— %f(o; 123)% = %RZ”B(Q; 031)% + %Rgm(o; 31)°
— [23%(2; 031) Ry (0; 31),
= R{(2;031)R5(0;31) = %ij(z; 031)* + %R?”(O; 31)° — %f(O; 123)%
(3.4.109)

Thus, by substituting the R x Rj'**- terms into (3.4.107), we retrieve
1 C12
G4;1}(60+)4 =5 (£(0;123)% — R§**(0;31)%) . (3.4.110)

Finally, we must show that f(0;123)? — R$**(0;31)?> = 0 which is indeed true and
simpler to prove than the vanishing of (3.4.106). We leave this for appendix C.0.1.

Five-points

As in the previous section, we give the contribution of graphs at five points to G5, | (o7 )*
0
in figure 3.10. This is the first such correlator that has a non-trivial result. The result

takes the form

G5 | (o)~ A12340 + Bi2saso + Ci2sao + Di23ao + Fi23a0 + permsyggy

~ g12341.7:1(:c0, L1y ,$4) -+ gfgg§4.7:2(a:0, T1,... ,.%'4) + pPerms; o3y, (34111)

for some yet to be found functions h(zg,x1,...,2,) and m(xg, z1,...,x,). We fol-
low the basic strategy outlined around (3.4.103), namely we will find the functions
Fi(zo, 1, ..., 2,) and Fo(wo,x1,...,x,) first, and use the permutation invariance to
generate the remaining terms. In the following equations (3.4.112)-(3.4.116), we give
the explicit result which comes from the Feynman rules, then the second line will give
the contribution which applies to the (QSL )4 component of the Gs,;. We will also have

for the first four graphs, a third line which puts the result in a suggestive form for the
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Figure 3.10: Contributions to G5;1|(9+)4.
0

ze-invariant function described earlier. We find:

Ata3a0 = 912349109209209303(0; 124)3(2; 301)

= §1234910920920930 [RS(OQ 12) + CYC124] [R4(25 013)]

goago1
914

R [ Rg<o;41>] lg0o Ra(2; 031)]

Biasao = 91234901903904 R(0; 134) R(3; 402)

= 1234901903904 [R3(0; 13) + cycys4] [R4(3;024)]

go1904
J14

= —012341 |: Rg(o, 41>‘| [g03R4(3, 042)] ,
Cha310 = 12341901904 R(1; 240) R(4; 013)
= G12341901904 R4 (1; 024) R4(4; 013)

= Gr2341 [go1 R4 (1; 024)] [goaR4(4; 013)]

D9340 = Gr234192094012(4; 103) R(2; 301)
= 123419409204 (4; 031) R4(2; 013)

= 12341 |g0a R4(4; 031)] [go2 R4(2; 013)],

(3.4.112)

(3.4.113)

(3.4.114)

(3.4.115)



3.4. Computations 73

FE12310 = 901902903904912934 R (0; 4123)
= 9019029039049129343(0; 412)R(O§ 234)
= §01902903904912 [ [(R3(0;41) + cycyy9) (FR3(0;23) + cycazy)]

+ [Rs(0; 412)] [R5 (0; 234)] } . (3.4.116)

In a similar way to the previous section, we now try to rewrite the result in terms of
the z,-invariant described in (3.4.96). However, graph Fjs349 involves Rs type terms,

which we can get rid of using the identity °

[(123(0;41) + cycyp5) (R3(0;23) + cycasy)] + [R5(0; 412)] [R5(0; 234)]

YiaYss — 2U33Yss + Yials

= R3(0;12)R3(0; 34) + R3(0;41)R3(0;23) +
2y§1y§2y83y§4

(3.4.117)

We can set the term R3(0; 12)R3(0;34) to zero as it cancels with a similar contribution
which is a permutation (12) € Sy of R3(0;12)R3(0;34). Substituting (3.4.117) back
into (3.4.116) results in

9 9 2.9 9 9
Y14Ya3 — 2Y13Yas T Y12l
El9340 = 901902903904912934 [R3(0;41)R3(0; 23) 4 214728 13724~ 712 34}

291 Y52Y53Y01
1
= 12341 [ {904901 R3(0; 41)] {MR;;(O; 23)] + _114;23}
g4 923 2
1 2 2
+ 9 [_2912431]13;24 + 912934]12;34} 5 (3.4.118)

where we have introduced a generalisation of the so-called box function:

2,.2
Ti5Tk

Lijm = (3.4.119)

As can be seen in (3.4.118), the y-structures associated to the g?,g3,-type terms are
already z,-independent.

So now we can put together the coefficient of gya341 in (3.4.118), together with
(3.4.112)-(3.4.115). We want to write this in a way that allows us to use the f-functions

in (3.4.96). In order to do this and employ (3.4.96) we should sum over all cyclic

permutations, however this will add terms which do not come from any valid Feynman

9This was discovered explicitly using Mathematica, but some details have been included in ap-

pendix C.
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graph, which in turn must be explicitly taken away. We get

(3.4.112) + (3.4.113) + (3.4.114) + (3.4.115) + (3.4.118) + cyeyos

1 1
= —R$*4(0; 12) R$>**(1;024) + 511255234(1; 024)% + 51%51234(0; 12)?
1

~ 1
2R§1234 _ = (114;23 + 112;34) , (3.4.120)

2
where ]:251234 is the over counting of terms and therefore needs to be taken away, it is

defined to be

8 1 2 2
R§23 =2 ((5%) R3(0;12)% + (%) R3(0;12) R3(0; 23) + Cy01234> .
12 12923

(3.4.121)

The factors of half in (3.4.120) are there to avoid over-counting. In making use of

the f-functions from (3.4.96), we find

(3.4.112) 4 (3.4.113) + (3.4.114) + (3.4.115) + (3.4.118)’g12341 + CYCig34
1 .
= 5 (f(o, 1234)2 — R§1234 — (]14;23 + ]12;34)) s (34122)
in which we leave the details of this computation for appendix C.0.3. It’s worth not-

ing that the object R§1234 is z,-invariant although not manifestly so. Finally, putting
everything together

(3.4.112) + (3.4.113) + (3.4.114) + (3.4.115) + (3.4.118) + cyc 934

1 ~ 1
= guzsn |5 (F(0:1230)2 = B> ) = S (huaas + Diz)

1
+ 5 (9%2932,4[12;34 + 9%39%4[23;41) (3.4.123)

Using what we have learnt in (3.4.99), we find that
1 - 1
3 (f(O; 1234)? — Rg”“) =3 [I12,30 — 201324 + 14:23] (3.4.124)

from which it follows that (3.4.123) becomes:

1
g12341 (—713;24 — Lig93 — T1234) + B (9%299%4]12;34 + 9339f4f23;41) . (3.4.125)

Finally, we perform two further transpositions on this result, namely (12) + (23), yields

the final result:
G5;1|(90+)4 ~ 12341 (11324 — T1a:03 — T12:34) + G132a1 (L1234 — L1423 — L13.24)

+ go13a2 (Toz1a — Toais — Tiosa) + 919954 T12,34 + 93391a L2301 + 913950 1300 (3.4.126)
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Figure 3.11: Contributions to G6;1|(9+)4'
0

Six-points

Having developed the basics in the previous section, we now present the result at six-
points. The contributing graphs are given in figure 3.11. In a similar way to previous

case, the result has the form

G| ()™ Anaza50 + Biasaso + C2saso + Di2saso + Permsy s

3 2
~ 9123451]:1(%, T1,... 7555) + 912934]:2(930, T1y .- ,955) + perms;gsys,

(3.4.127)

The result of each graph after concentrating on the relevant part for the (Har )4 compo-

nent is given by

gos901
gis

Al23450 = —G123451 [ R3(0; 51)] (03 R4(3;042)]

Biasaso = 9123451 [go1Ra(15025)] [go1 Ra(5;012)]

Ch23450 = 123451 [go1 Ra(1;025)] [goa Ra(4;053)]

1=
D193450 = G123451 {905901 R3(0; 51)] {903904 R3(0; 34)} + 123451 153
915 934 2

I 2 [13;45
— 9123451114;35 + 91231945 5

(3.4.128)
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As before, in order to group together all terms proportional to gi93451, we permute

the last diagram by (45) to yield the result:

Jos901 903904 Ii5.34 I3.45
D/12345o = (123451 { R3(0; 51)} [ RS(O; 34)} — 123451 + 91231925
gi15 g34 2 2

(3.4.129)

Further diagrams can be found by performing permutations, and we can group together
terms proportional to gio3451. Doing this and tranferring to the f-function as we have

done previously gives the result

1 -
G6;1‘<90+>4 N5912345 [f(O; 12345)2 — Ry — (115;34 + ¢yCi9345)

1
+ §g1231g§5[13;45 + perm812345 (34130)

In which we can use the discussion following (3.4.96) to unpack the result, which

gives:

81€012345
2.2 .2 .2 .2
Lp12022L03L04L05

G6;1‘(90+)4 ~g123451 | L13;24 + T14;03 — L1234 +
+ 91231955[13;45 + Perms; o35, (34131)

where €g19345 is defined by hypercone coordinates in (2.2.68) and is given by

4i€012345 = tf([012§)45]) (34132)

3.4.2 (03)2(6117) (967)2(00[) component

In this subsection we work out the (93 )Z(Gb) (957)2(Cd)

component for G,,.; at four- and
five-points.

In contrast to the previous section, we do not need to work too hard to find a z,-
invariant object. On the other, since the component has non-trivial y-structures which

are matrices (as opposed to previously being scalars), we have to work a little harder

to work them out properly.

Four-points

At four points, the contributing graph is given in figure 3.12.
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0/
AOIO’Q

Figure 3.12: Contribution to G4;1’(9+>2(ab) (9+)2(cd>.
0 o/

The correlation function is given by the sum over the non-trivial permutations of

this graph,
Gy ~ Aoz + Aor2o + Agoora + Arozor + Aooriz + Aoozr - (3.4.133)
where
Aoiora = go1910r gor2920900' R(0; 10'2) R(0'201), etc. (3.4.134)

To extract the contribution (6 )2(ab (967) Cd), we have to replace the R—vertices by

the corresponding R; component, we get

A . 90/2902(y010')ab(y010/)cd . 910'902(yo10/)ab(y0/2o)cd
0102 — 22 72 2 .2 22 72 42 .2
01%10 Lo Yoo 0100 Lor2Y00r

(Y010'20) ac (Yor 40107 )b (ac) (bd)
r(1e 2)} o o5) 2
2081 T80 Tl Yo ( ) ( 0)

Aotay = (012/) 912(y010')ab(y0'20)cd (0+) (ad) (9+) bc)’
(0107) 3301350,2%0,:1002
012)(0'12 10)a Ne . (a
Aoy = ( /)( : ) 912(yo 10) b(y02o) d (0+) (be) (957) d)’ (3.4.135)
(2007)(100) x02$01$20,:r0/1
where we remind the reader of the index-less notation
Yijk = YijYjk » Yijkim = YijYikYkiYim (ijk) = (os00m) @533, - (3.4.136)

The expressions for the remaining terms on the right-hand side of (3.4.133) can be
obtained from (3.4.135) through permutation of the indices, e.g. Ajg20r = Ap120[0 <>
0,1 4 2], Agor12 = Aot [1 <> 2] and Aggor = Agian [0 <> 0'].

Note that the contribution to (3.4.133) from Agjo2 is independent of the reference
twistor. Substituting (3.4.135) into (3.4.133) we use Schouten identities and perform
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Figure 3.13: Contributions to G5;1|(0+)2(ab)(9+)2(cd).
0 o/

some algebra to find the result:

1

2.2 2 .2 2.9
Lo1T10 oo Tor2To2Y00

G4;1 ~

[yg/Qy(Z)Q(y010’)ab(y0’10)cd - y%l)’ygl(yOQO/)ab(yOO/Q)cd

- Z/%OIygo(Z/Olo')ab(yo/20)cd - ygoﬂ/%o(3/020/)ab<3/0’20)cd - y%zygof (y010')ab(3/0/20)cd

+ (y010’20)ad(y0’2010’)bc] (93)2@) (987)2(bc) : (3.4.137)

The expression inside the square brackets vanishes via a non-trivial y-identity. The
casiest way to see this is to use the SU(4) covariance of (3.4.137) in order to fix the

y-variables at the four points as:

10 y 0
Yo — ; Y1 — 00, Yo =0, Ya — : (3.4.138)
01 0 ¥
. . . +\ 2(ad) +3\2(be)
Implementing this choice sets (3.4.137) to zero. Hence, the (@0) (6’0,) compo-

nent of G4, vanishes. Similarly to the (05{ )4 case, we expect G4 to completely vanish

for all components due to AN/ = 4 superconformal symmetry.

Five-points

We now turn to five points, in which the set of graphs are in figure 3.13.
At five points, the correlation function G5;1| (0 +)2(ab)( ; +)2(cd) receives contributions
0 o’

from the graphs of three different topologies:
Av2031 = 902920/ Joo Jo1 931903 12(0; 20/1)3(0/; 302),

Byays1 = 90390'390190/1902920'R((); 312)R(0/; 213) )

Co20r31 = 902900/903901920’931R(0; 0/31)3(0; 20/3) . (3'4139)
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G5;1} (0 g)z(aw (0 (J)FI)Q(cd) is given by their total sum symmetrised with respect to the per-
mutations of the five points. Replacing the R-vertices in (3.4.139) by their expansion
in powers of the Grassmann variables, we find that this component does not receive
contributions from graphs of type C for all possible relabelings of the points. The total

set of contributing graphs is

Gs, 1‘ (852 (63, ~Aoors1 + 5 (A100/32 + Aoz + Aszoo12 + Asooi2 + Biorsoz)

1
+ 6 B020/31 + permyo3 . (34140)

Here, numerical factors are introduced to account for over-counting in the sum over
permutations. The set of graphs within the parenthesis have been explicitly permuted
by (13), hence a further sum over permutations will double this, thus we include the
factor of a half. The graph Byag31 sees points 1, 2 and 3 with equal footing, hence there
exists a complete S5 symmetry and thus a factor of 1/3! = 1/6 has to be included.
Going through calculations similar to those performed in the four-point case, we

obtain the following expressions for the component (9;{ )Q(Gb (965) (cd),

Y31 (Yor230)ab (Y20 Jde [y 2(ad) (4 2000)

Aogorz1 = 0 0 ,
x32x§0,x30/x3,3x§1x§1 ( ) ( )

(0/31>y23y21(y010’)ab(y0’30>cd (6)*) (ad) (0+)2(bc)7

/ 2 .2 2 9
(0r30) 3,22, 22 23, 3523,

A100’32 =

(402130) ab (Yor3120) e 2(ab) )
%ngolx?)/gx%()m%lxg,l ( ) ( 0/) )

O 31 031 / a /) e C a
Biysos = ( : )( ,) 92329212(90230)21)@(2)102 d (9+>2(b (9*)2( d) (3.4.141)
(300)(100") 25, %5371 323325
The remaining graphs can be obtained by permuting the indices in these expressions.
Notice that the expressions for Agays1 and Bgays1 do not depend on the reference

twistor and have the correct conformal and SU(4) properties. Then, we examine the

sum of graphs in the parentheses in (3.4.140)

Avoors2 + Aroos2 + Asoonz + Asporz + Biosoz =

9 9 2.2 .2
y2,y TooXE0 T (be) ad) o
Mo, 2 (300)(100) Vs (Boro ) (65" (8)**" x |30 031}

<1<y< 1]

+ (310)(0'10)x3,5 + (00'3)(10'3)x3, + (0'31)(10°0)z2; + (310)(030’)x§,l}

y y (ad
— 2B 50 (Yor30) ab(Yor10) de (9+) (eg) ) (3.4.142)
H0<z<]<1 .CC i
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where in the second relation we made use of the six-term identity:

(10'3)(0'30)23, — (10'3)(013)z2, + (010')(10'3)x3,

+ (013)(00'3)z7, — (010")(00'3)235 + (010')(013)z3,5 = 0, (3.4.143)

in which a derivation is given in C.0.4. We observe that the dependence on the reference
twistor disappears in the sum of graphs.
Finally, we substitute (3.4.141) and (3.4.142) into (3.4.140) and obtain the following

expression for the component (67 )Q(GC) (65 )Q(bd) of the correlation function

1 1
_ 2 92 4 92 9
- 2 | = 5%2%0/%1%1923(9030/)ab(ymo')cd
III§i<j§5 Tij

Gsq

)

2 2 2 92 9
— Tp3LogTo1Tor1Ys1 (y01230’)ab<y020’)cd

1 2(ac 2(bd
+ éxgo’xg?)x%lxgl<y02130)ac<y0’3120’)bd + permy o | (67) () (65) (bd). (3.4.144)

This completes the computational part of this chapter.

3.5 Conclusion

In this chapter we have developed a new approach to computing the correlation function
G, of the chiral part of the stress-tensor supermultiplet at the Born level. It relies on
the reformulation of the ' = 4 SYM in twistor space and gives G,, as a sum of Feynman
graph build from vertices and edges. Whilst the edges are bosonic propagators, the
vertices are some concatenation of trivalent R-vertices R(i;7j172j3). Throughout the
calculation, superconformal invariance is always manifest however the price to pay is
the existence of the reference supertwistor Z,, in which the complete sum of diagrams
in independent of but individual diagrams are not. In the last section, we showed some
computations and how some z,-invariant blocks can be built.

An interesting connection to scattering amplitudes is through the lightlike limit. It
is known that the corresponding amplitudes are not only superconformally invariant
but dual superconformal invariant, which join to form Yangian invariance [49]. A
consequence of this is that the lightlike limit of these correlation function are Yangian
invariant, it is therefore an interesting question as to whether the twistor reformulation

permits some manifest notion of enlarged symmetries.



3.5. Conclusion 81

Another interesting direction is in light of the ‘Amplituhedron’ in which the proposi-
tion is that scattering amplitudes can be viewed as volume forms of a positive subspace
of various Grassmannians [25]. A precursor to the Amplituhedron is the Grassmannian
formulation [65], which is essentially rooted in the twistor Feynman rules [32]. Now
that we have a better understanding for how the twistor reformulation of the correlation
function works, it would interesting to see if an analogous development can be made
for the correlation function. More importantly, this development would endeavour to
find some geometric notion whose lightlike limit recaptures both algebraic as well as
geometric features of the amplitude.

Lastly, one could develop the method here beyond the stress-tensor supermultiplet.
The next operator to check would be the twist-3 %-BPS operator. It would interesting

to see how the graphs and the corresponding R-vertex should generalise.



Chapter 4

Scattering amplitudes: the
six-point NMHYV amplitude

This chapter is based on the paper ‘ Boostrapping correlation functions in N' =4 SYM’
by D.Chicherin, R.D, B. Eden, P. Heslop, G.P. Korchemsky and E. Sokatchev [55]. In
particular, we will review section 4 from that paper.

Much effort has been made in understanding and developing computational as well
as conceptual progress in scattering amplitudes in planar N' = 4 SYM. We developed
much of the basic construction in section 3.1.1, and in this chapter we will be solely
interested in the simplest possible nilpotent superamplitude, which is the NMHV am-
plitude at n-points in planar N = 4 SYM. We recall the result from section 3.3, as

- dsidsedssds
A5L)1 Z/ — 454|4 (Z* + SlZi_l + 52Zj—1 + Sng_l + S4Zj) . (401)
i< 51525354

The main result of the present chapter is to write a different representation of /léol)
in (4.0.1) which manifests as much information about the physical pole structure and
dual superconformal symmetry as possible.

The current representation in (4.0.1) is manifestly dual superconformal invariant
(as we shall show). The only poles that appear in this result are bosonic and come in

two types. Firstly there are the so-called physical poles which have the form

(zic12izj-125) = eABCDzﬁlzfzﬁlzf, (4.0.2)

using the twistor notation in (2.2.54). We also have non-physical poles which are simply

poles not of the form in (4.0.2). Non-physical poles are spurious which means that over

82
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Figure 4.1: A single graphical contribution to the n-point NHMV amplitude.

the complete sum in (4.0.1), they will vanish to reveal a result which only contains
physical poles. In this way, one may regard the required physical pole structure as
being an emergent property in this formalism. In the current chapter we would like to
find a different representation for ./Aléoi that will manifest half of the dual superconformal
symmetry whilst possessing physical poles only.

An addition, we will also find that the result is remarkably compact. It contains a
single non-trivial term plus its dihedral permutations.

To get there, we will begin by familiarising ourselves with the result in (4.0.1) by
deriving it from the twistor Feynman rules in (3.2.57). We shall highlight some of the
basic properties of this class of superamplitude. We will develop the new but related

basis for the result and we will proceed to give the result at six points.

4.1 Review

In this section we will review the construction of the n-point NMHV scattering am-
plitudes from the on-shell twistor Feynman rules studied in the previous chapter and
given by (3.2.46) and (3.2.47b). We will also briefly explain some of the basic prop-
erties related to superconformal symmetry, identities between R-invariants in (4.0.1)

and the singularity structure of the result.

4.1.1 Derivation from twistors

A single graphical contribution to the n-point NMHV superamplitude is given by fig-

ure 4.1. Using (3.2.57), we find the result in terms of dual twistors (with color structure
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given by tr (TYT?...T™), but stripped away from here on out):

du dv
Ry — /——A (W), 24, Z(v)), (4.1.3)
where Z(u) = Z;_1 + uZ; and Z(v) = Z,_1 + vZ;, and also
A(Z),2,,2,) = ds dt54‘4 (sZ +t2,+ 2.). (4.1.4)
S

To simplify the situation we perform the change of integration, namely in defining

u

z = su and y = tv, thus gaining du = (dz + uds) 7 and dv = (dy + vdt) 7, in which

we find

dx dy ds dt
Rij = xx yy SS t54‘4( i1 T2 tZ 0+ yZi+ 2. (4.1.5)

As we have previously observed, we have four bosonic delta functions against four
bosonic integrations, hence we expect to be left with a four dimensional fermionic

delta function only. Using standard delta function manipulations, we find
1

(2i-12i2j-1%;)
<5 (S (#7177 )5 (x B <Z*Zz'12j12j>)
(2i-12i%j-1%;) (2i-12i%j-1%;)
(om e Y, s ) o

2i—12i%5-17%) (zic12i25-125)

6 (szio1 + a2+t + Yz + 2) =

Putting this back in (4.1.5), results in
Hol4 (( 1ij—1j)x«+cyclic,_ Lij— 1]*)
(i—=1i7—1)0j—17%)G—17 1= xi—1){(xi—14ij—1)
(4.1.7)

Rij =

where we are using the shorthand (ijkl) = (z;zj2x2).

The Z, is the reference supertwistor and is the gauge parameter as explained be-
low (3.2.46). The sum of all contributing terms in (4.0.1) is independent of Z,. We
may therefore set it to one of the external data points. Given R;;, if we set Z, to one
of the other points in (4.1.7), for example setting Z, = Z;_; makes (4.1.7) linear in
zero (the numerator being fourth order, whilst the denominator is third order). This
holds true when taking any of the five supertwistors making up (4.1.7) to be collinear.

The full n-point NMHV amplitude is therefore written as
0W(P)o*(Q)
= Ri, 4.1.8
Ani <12)<23>...<n1); 7 (4.18)

where we recall the pre-factor from our discussion in (3.1.25), as well as the summation

existing for non-zero contributions.
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4.1.2 Properties

We would like to review some important properties of the n-point NMHV amplitude.
We will discuss aspects of the superconformal invariance, identities and the result
having the correct pole structure despite not manifestly being so.

@ and Q invariance

Following [67], in dual twistor space we can package the supercharges and supercon-

formal charges into the objects
Q= (@7, 57) Z
Q= (@4 51) sza 2 (4.19)

where the definition of 2 and x! are given by (2.2.48),(2.2.49) and (2.2.69). One can

compute the algebra

{Q1.Qh} = 0pR] + 6/ K}, (4.1.10)
where
_ 0 _ 0
I E I A A
RJ = 2 Xla_X;] and KB = 2 Zi @ (4111)

Whilst R% is the twistor representation for the internal SU(4) operator, K3 is a gen-
erator for the conformal algebra. In this subsection we would like to apply the charges
@ and Q to the object R;; and see that we get zero explicitly. We will follow this with
some comments on properties of general superconformal invariance.

For convenience let us take Rs; and set Z, = Z;. Beginning with Q4 we see that
it will act non-trivially on the numerator of Rss, namely Q4 invariance follows from

5
: 0 :
Q? (<1234> XE{ + CYC11012345) = Z ZzAa_XI (<1234> XE{ + CYC11012345)
i=1 i

=0/ (Zf‘ (2345) + CYCMC12345) . (4.1.12)
However, we know that

(21! (2345) + cyclicgy,5) = 0, (4.1.13)
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as this is the Schouten identity. Importantly, it follows that any function whose y
dependency is through the combination in ((1234) x¢ + cyclicypsys) is @ invariant.
Next we look at Q). In this case it is advantageous to go back to the form given

by (4.1.5), in which we find that
5
_ drdydsdt O
QYR =Y ! / SEE L M (sZy+ a2y +tZi+yZs+ 21).  (41.14)

We need to split the delta function into its constituent bosonic and fermionic parts,

whereby we recall the definition of the bosonic delta function!, to get

Q! Ras o< (sx5 + xx5 + tx4 + yxi + x1) 0 (sx2 + X3 + txa + x5 + X1)

— 0, (4.1.15)

since we are multiplying the same Grassmann odd combination by its maximally nilpo-
tent amount. In contrast to the () case, here we require the x dependency to be at its
maximal order (of four) since if it had not been then Q% Rss # 0.

More generally, Q invariance of both charges required the dimensionality of the even
and odd space to be the same. As noted in [70], the full set of generators associated
to the superconformal group in dual twistors is packaged into the charge

0 1 0
A A_ _ —(__1\deg(A)+deg(C) 5A A_
T 2{3@ 525 50D 82/ 527 (4.1.16)

from which the diagonal parts of the algebra annihilate R3; and correspond to gen-
erators the maximal bosonic subalgebra, whilst the off-diagonal parts are @ and Q.
It can be shown that there exists a bilocal operator which is a function of JZ', which
also annihilates the amplitude. This turns out to imply Yangian invariance which is a
signature of a powerful integrable structure [70].

In fact, one can essentially build any superconformal invariant of the more general

group SL(m|m) by demanding that the basis is built out of functions of §™™ (3" s, Z;).

- A A A A A
164 (szo + w23 +tza +yzs +21) ~ [ d4geian (=2 +ozg +tzi +yzg 427
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Identities

Let us for the moment define

dr dy ds dt
Rijkim = —x—y—s754'4 ($Zi+aZ; + 12+ y 2+ Z,), (4.1.17)

x Yy s
so that the subscripts now label the supertwistors appearing in the argument of the

delta function. Then given six points labelled i, . .. 75, we have
Rivivigigis + Rigivigizia + Risigivinis + Risisigivia + Rigigisigin + Rigigigisic = 0, (4.1.18)

which is true for any 7; labels.

Singularity Structure

Consider the computation of scattering amplitudes from the traditional Feynman dia-
gram approach whereby amplitudes in a Yang-Mills theory are necessarily functions of
momenta and the polarisation vectors. More specifically, we expect poles to only come
from propagators which come in the form of ~ 1%2

Comparing this to results via the twistor formalism, it is important that the final
result is in terms of 4-brackets of the form (i — 14 j —1 j) ~ xf] Since these are dual

twistors, there is a correspondence with momenta, namely z!',,; = k' mod n and so
([L’i i+1 + Lit1 42 + -+ Tj—1 j),u = ZL‘Z = (kﬁl + ... k‘j_l)u . (4119)

So, for any physical scattering process to make sense in the twistor formalism the
pole structure of an amplitude should only come from structures like (4.1.19) and
singularities should only develop in certain cases where for example an external leg
is made to be soft or made to be collinear with another leg. This means that any
non-physical pole (one which is not of the form (: —1¢ 5 — 1 j)) in A,;; must vanish.

Let us consider this. The six-point NMHV amplitude is given by /lflo)l = ic j R;;.
Now, since each R;; is Z,-dependent, but the sum given in /17(10)1 is Z,-independent,
we can fix it to a specific external value. However, it is also pertinent to the gauge
invariance of the .[léo% that apparent poles involving Z, vanish. We can look at the

five-point example:

A} = Riz + Rig + Ros + Ros + Rys. (4.1.20)
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In setting Z, = Z5, Rsy is the only surviving term and all the poles are physical.
Instead, let us suppose that we didn’t do this then we would expect the residue of the

pole, for example (123x%) to vanish. Focussing on this example, we expect
Residue<123*>:0 (ng + R24) = 0, (4121)

since these are the only R’s in which this pole appears. Focussing on the x| term, we

find

xt T (123%) \ (5123) (3% 51) (x512)  (1234) (34 * 1) (4 * 12)
(4.1.22)

(Rus + Rat) |, = X1 ( (23 % 5)° - (234x)° ) |

Then by using the Schouten identity (4512) 22 + cyclic,sp5, = 0 repetitively on the
constraint (123x) = 0, we gain the result in (4.1.21). This illustrates how the residues

of non-physical singularities vanish.

4.2 The six-point NMHYV amplitude

We now reach the main purpose of this chapter. In the first subsection we will describe

the basic ingredients whilst in the second subsection we will explain the result.

4.2.1 Constructing a new kind of basis

As given in (3.1.24), the full superamplitude can be written as
A = A (1 Ay -+ A1) (4.2.23)

To construct the required invariants let us follow the construction in section 3.1.2.
There we wrote the (Q + S) invariant as Z,.., (x,y,0") = Q3S8Tp.pra (7, y,07).

Similarly for the amplitude, one can invent an invariant I,,,,, such that

In;P('ZvX) = nggjn,p+4<Z7X)7 (4224)

where J,, p14(2, X) is a homogeneous polynomial in x of order 4(p + 4).
Let us study the maximally nilpotent component first before going the the next-
to-maximally nilpotent component. The maximally nilpotent component of the super-

amplitude is given by An;n,4, and thus has p = n — 4. This implies that J, (2, x) is



4.2. The six-point NMHYV amplitude 89

a homogeneous polynomial in y of order 4n, from which one can only write (where we

use x* = 6% (x))

Jnn(zx) = [T = TT6" 0o (4.2.25)

i=1
Following the invariance under the operators in (4.1.9), we note that the variation

of x! is given by
==X MY, (4.2.26)

where MY is a 4 by 4 matrix of parameters associated to Q% and S¢. It therefore

follows from (4.2.24) that

J—— / dM 6" (). (4.2.27)

i=1

Then for all n the result should take the form

-’Zln;nf4 = f<z>[n;nf47 (4228)
and since [,,,—4 has homogeneity (+4) at each point, f(z) is required to have homo-
geneity (—4) at each point. 2

Since we have seen the five-point NMHYV tree-level amplitude from the basis in (4.1.7),

let us re-observe the result from this point of view. At five-points the result is given by

X 8014 ((1234) x5 + cyclicgzys)
As.i = Rss = 123457 4.2.29
T T T (1234) (2345) (3451) (4512) (5123) ( )
and since this result must give R3s = f(2)I5,1, we can identify
(2) : (42:30)
z) = 2.
(1234) (2345) (3451) (4512) (5123)°
and we require that
5
Isa(z,x) = /dlﬁM LT 0% (i) = 6% ((1234) x5 + cyclic;gyys) (4.2.31)
i=1
2By homogeneity we mean that given a function of supertwistors H(Z1,..., Z,), the function has

homogeneity {a1,...,an} at points {1,...,n} if H(MZ1,..., A\ 2Z0) = AT OAH(Z,. .., 2,).
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To see the equivalence in (4.2.31), we can either simply compute the result at each
component in x;s on either side of (4.2.31), or more elegantly we can multiply /5, by

the unit insertion

— / ds; ... dss0" (z5 - Z Si zl> (1234) , (4.2.32)

from it which it follows that we get (4.1.5) ?

Let us now investigate a new basis which we can use for the next-to-nilpotent compo-
nent of the superamplitude, namely .,Zln’n%. Here, ./Aln,n,5 is a homogeneous polynomial
in x of order 4(n — 5). The invariant in (4.2.24) becomes I, 5 = Q*S%J, . 1(2, X)
and therefore .J,,,1(z, x) is a homogeneous polynomial in x of order 4(n — 1). In
comparison with the previous case in (4.2.25), we cannot write a single unique term
as a basis given by the product of all x}. Instead, we need to strip off four units of
Grassmann oddness. This can be accomplished in general by taking derivatives of the

maximally nilpotent case

9 0 0 0 u .
Jijrrrarn(z, x) = T %7 OXK D F /d16M| |50|4 (Xi) s (4.2.33)
7 J =1

then we have

S I ) -
I _ (KL _ _IJKL /leM 6% (%
gki(z,x) =€ kg L(z,X) =€ ox! an oxXE oxk g ()

(4.2.34)

and so now we have a new basis relevant for the fln,n,5 component of the superam-
plitude. We have the freedom to choose the set {i,j, k,l} as we wish and therefore
this is certainly a large but useful basis for the result. A key property is that I,z is

3To see this, [dsi... ds,6* <z5 + Zle sizi> (1234) I,y can be put on the support of the bosonic
delta function which implies §°* (x5 + 25 M) — §°14 (X5 — Zle siziM> — 014 (Xs + Zle Sin‘),
where the second implication follows from the support of the fermionic delta functions. This renders
this final delta function as independent of M, in which the remaining M-dependent delta function

integrate to give (1234)*. The result is then

4
/d51 ... dsy6* <z5 + Zsz) (1234) Iy, = /d51 ... dsg 6t <z5 + ZsZ) (1234)°

i=1

from which (4.2.31) follows.
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() invariant by construction but it is no longer @ invariant. Schematically, one can
see this from the fact that the x derivatives in I;;,; will lower the Grassmann degree
but the result will depend on x through the function of form ((1234) x7 + cyclicyggys)-
From the results of (4.1.12) and (4.1.15), we recall that @) invariance requires precisely
the aforementioned y dependence but @ invariance requires the maximal Grassmann
order in y which cannot be the case since we have taken derivatives in y. We take this
moment to recall that by generalising the basis at the expense of ) symmetry we will
be able to find a result for the six-point NMHV scattering amplitude fl&l which has
no spurious singularities thus containing manifests physical poles structures.

An important property of I;;;; is that it satisfies the following superconformal Ward

identity

6
> i =0. (4.2.35)
=1

To see this, recall that since ¥/ = x! + 2z M} for each i, we also therefore have

a n
A i=1 i
It follows that
_ 0 o 0 0
AI'L :/d16M I.]KL
;Zz gkl Zzz a I aXJ axk[( aXl
8
/dlﬁMaMI( ) =0, (4.2.37)

since MY is a fermionic matrix.
So, in this subsection we have established a basis valid for the A,,,_5 component

of the superamplitude at n-points.

4.2.2 Results

We now turn to the main result of this chapter.

The tree-level six-point NMHV scattering amplitude ./Zléol) has a well known form
which is given by the basis we defined in (4.1.7). Let us use the definition in (4.1.17),
where R;jp,, labels the external supertwistors appearing in the argument of the delta

function.
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Namely if we define,

dz dy ds dt
Rijrim = §§§?54|4 (sZi+ a2 + 2, +yZi+ Zn), (4.2.38)
then
Aé?% = Razuse + Ri2a56 + 12345, (4.2.39)

which in terms of the new basis defined in (4.2.34) is given by

2(0) I 13333
As1 = (2345) (3456) (4562) (5623) (6234) * (4561) (5612)(6124) (1245) (2456)
15555
i (6123)(1234) (2346) (3461) (4612)

(4.2.40)

We have shown in section 4.1.2 that these so-called R-invariants possess complete dual
superconformal symmetry. However, they individually come with spurious poles and
we illustrated how such poles should vanish. The new basis defined by I;;;; differs from
the R-invariant by containing half of the dual superconformal symmetry. In this section
we want to give a result for fléoi which is given by a combination of I, from (4.2.34)
whilst always containing manifestly physical poles.

We do this by giving an ansatz for the answer given by

6
A0 _ Zi,j,k,l:l Cijrilijni (4.2.41)
G (1234)(2345) (3456) (4561) (5612) (6123) (1245) (2356) (3461)’ -

The coefficients ¢;;; are polynomials of the external bosonic twistors and we can find a
general form based on the homogeneity of the rest of the function. I;;;; has homogeneity
(+3) at point {4, j, k,I} and (+4) otherwise, whilst the denominator of (4.2.41) has
homogeneity (+6) at each point. This implies that ¢;j; must have homogeneity (+3)
at points {7, j, k, [} and (+2) elsewhere. So we would have

Cijkl ()\121, RN )\626) = ()\1 ... >\6)2 )\i)\j)\k)\lcijkl (Zl, R ,ZG) for A € C. (4.2.42)

Due to dual conformal invariance we are required to assemble the bosonic twistors in
¢ijii into some function of the 4-brackets . Consider the case where {1, 7, k,{} are all
different, then four points are occupied with homogeneity (+3), which correspond to

12 twistors. The remaining points are necessarily different to {i, 7, k, [}, and since we
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have six points to choose from in total, there are only two remaining points which we
may take homogeneity (+2). The result is the 12 twistors corresponding to {3, j, k,(}
and 2 X (4+2) = 4 from points not equal to this set. Thus, we have 16 twistors and
arranged into 4-brackets requires the product of four 4-brackets. If we take {4, j, k,(} to
not all be different, a similar counting argument follows, but as we do this the possible
ways of distributing the points increases and the corresponding ansatz enlarges.

A further consequence of this argument is that since c;j;; is built from 4-brackets
which are totally anti-symmetric, ¢;;;; = ci;i; = 0 for all possible labels. This is because
it inevitably leads to repeating bosonic twistors in the 4-brackets.

The idea is rather simple, putting these constraints in place we would like to com-
pare our ansatz in (4.2.41) with the known result in (4.2.40). To do this, we give every
possible allowed coefficient ¢;j;, whilst taking away terms related by the Schouten
identity in (4.1.13).

Explicitly, subject to the aforementioned constraints on c;;i;, we want to equate

and solve for ¢;;p:

A0 _ I n I3333
1 (2345)(3456) (4562) (5623) (6234)  (4561)(5612)(6124)(1245) (2456)
]5555
6123)(1234)(2346) (3461) (4612)
6
Zi,j,k,lzl Cijkilijhl

~ (1234)(2345) (3456) (4561) (5612) (6123) (1245) (2356) (3461) (4.2.43)

1

The problem is itself rather large and as a result we would like to make use of
Mathamatica. The first task is to use the superconformal Ward identity to rewrite all

possible I;j;; in terms of a common basis, for instance in practice one could choose

{Is555, Is556, L5566, L5666, Lo6es } - (4.2.44)

This is so that in having a common I;;; basis on either (4.2.43), we only need to
compare the coefficients of the choices in (4.2.44).
A simple example of this identity is found by setting j = k =1 =5 in (4.2.35), and

projecting the result with egopazP2§ 2P, so that we get

6
B._C.D A
0 = epcpazy 25 23 E 2 Lisss
=1

= <1234> [4555 + <1235> [5555 + <1236> 165557 (4245)



4.2. The six-point NMHYV amplitude 94

which gives Iy555 in terms of I5555 and Ig555. An example of a more complicated result
is given by
I5555(1345)%(2345)% 205556 ((2345)(2346) (1345)% + (1346)(2345)2(1345))
(1234)4 (1234)4
N Iss66 ((1346)2(2345)% + 4(1345)(1346)(2346) (2345) + (1345)?(2346)?)
(1234)4

9 Tss66 ((2345) (2346)(1346)2 + (1345)(2346)2(1346))  Isaes(1346)2(2346)?2
* (1234)" (1234)4

11122 =

(4.2.46)

In rewriting all of the /;;;’s into a common basis we may regard the resulting I;;x;’s
as a symbolic basis allowing us to work completely bosonically. We simply look at the
coefficients of I5s55, I5556, L5566, I5666 and Igees in (4.2.43) which leads to a large solvable
linear system of equations.

The ansatz for the coefficients ¢;;i; are the allowed coefficients within the criterion
stated earlier with some arbitrary coefficients. We also add up all cyclic permutations
and the parity transformation {1 —+ 6,2 — 5,3 — 4,4 — 3,5 — 2,6 — 1}, which to-
gether make the dihedral group in six elements. We also impose that the all 4-brackets
are physical, namely are of the form (i —1¢ j — 1 j). Schematically, some terms in

the numerator of (4.2.41) is given by

A (11244(1346) (2346) (1245)* + I»355(1345) (2356)*(1245) + ... )
+ B (11244(1234) (1245)(1346) (2456) + I5355(1245) (1356) (2345)(2356) + ... )

. (4.2.47)

Then we would like to take away any over-counting due to the Schouten identity.
Doing so results in 14 free coefficients.

The main computational exercise is to solve (4.2.43) for the coefficients A, B,C .. ..
There are many solutions with varying levels of simplicity. In defining the ‘simplest’
solution as the one involving the least number of non-trivial terms, we find the remark-
ably compact form for the answer

i =2 QL dihedral 4.2.48
Asit = 3 11232 (1245) (1256) (2345) (3456) | nedralizse (4.2.48)

where ‘dihedral’ denote 11 other terms with permuted indices needed to ensure the

invariance of .,Zléoz under the cyclic shift of indices and point reversal. Whilst these

extra terms exists, it’s pleasing that there is only one non-trivial term.
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One of the main consequences of this result is further evidence of the tension be-
tween manifest full dual superconformal invariance and having manifestly physical pole

structure. A similar consequence was also observed in [71].

4.3 Conclusion

In this chapter we set out to generalise the natural basis used for the six-point NMHV
scattering amplitude to ;5. The familiar basis is given by R;jkm, in (4.2.38) possesses
full dual superconformal symmetry but the I;;;; basis differs from the R;jum, by not
containing () invariance.

In using ;i as a generalisation of the R;ju, basis, we sought out a different
representation of the six-point NMHV amplitude which would manifest the property
of only containing physical poles. The price we pay for this is that the manifest Q
symmetry is lost.

From a purely aesthetic point of view it is pleasing that the new result only contains
a single term whilst having an entire set of terms related by the dihedral symmetric
group in six elements.

Looking forward, we can make computational progress by first extending the anal-
ysis to higher points. This may lead to the possibility of finding some structure which
may lead to some predictive power. If this could be established then it would be inter-
esting to look towards a higher level of nilpotence, again with a view towards structure
and predictability.

A useful direction would note that since I is ) invariant, we should collect
some linear combinations of such objects to produce () invariants. Thus some linear
combination of these invariants built from I;j;; should produce the amplitude. This
would be a large problem but would lead to a structural understanding.

More conceptually, it would be very useful to understand why there is an appar-
ent tension between the physical pole structure and manifesting all of the symmetries.
Modern approaches like that of the Amplituhedron and the Grassmannian formalism
in [69,25] usually manifest the superconformal properties whilst treating physical poles
as an emergent property. However, it remains true that the Amplituhedron has the

advantage that it has attached geometric meaning to this concept, namely non-physical
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poles are as a result of tessellating the physical space. It appears that to get a result
with manifest physical pole structure we had to give up a basis with manifest Q sym-
metry, it would fruitful to understand this mechanism more precisely. This may lead

to better understanding of the modern geometric methods.



Chapter 5

The superconformal partial wave

This chapter is based on the paper ‘Superconformal partial waves in Grassmannian
field theories’ by R.D and P. Heslop [72].

Operators in any given superconformal field theory (SCFT) enjoy the associative
relation of the operator product expansion (OPE). The OPE in the context of a SCET
is the relation between two local operator and a finite sum of infinite dimensional local
operators. The infinite dimensions come from the infinite number of momentum oper-
ators that can be applied to some highest weight state to create descendent operators.
A well known version of an OPE is in the Littlewood-Richardson rule as applied to the
concatenation of finite dimensional representations of su(N).

Here we define a Grassmannian (or more specifically Gr,yj,(2m|2n)) field theory to
be an analytic superspace whose supergroup is SL(2m|2n), recall section 2.3.2. This

space has the coordinate system

xag _ [ miwcnn - Xax ) (5.0.1)

0n\m><m|n ]In|m><n|m
The superconformal partial wave is a basis for four-point supercorrelation functions
which manifests data that arises from the OPE of the constituent operators. The

superconformal partial wave is in general a series expansion which is an eigenfunction

of the quadratic Casimir of the superconformal algabra. Schematically, one has that
DOXT = CXTOLY, (5.0.2)

where D is the quadratic Casimir operator, A is the conformal dimension, s is the spin,

Rep is the internal representation and C’Z{ff is the corresponding eigenvalue. One can

97
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then organise the four-point function into so-called superconformal partial waves (each
associated to an operator appearing in the OPE), and these functions are eigenfunctions
with the quadratic Casimir with eigenvalue C’Z{if .

For particular correlators of N' = 4 SCFT, Dolan and Osborn were able to perform
superconformal partial wave expansions in [77,87]. This was done by making use of the
superconformal Ward identities solved by Nirschl and Osborn in [83] in conjunction
with unitarity and crossing symmetry constraints. Moreover, they pioneered the use
of the superconformal partial wave to extract quantum data in [77,79,80].

In the very recent past, two applications which have enjoyed the use of the super-
conformal partial wave is the computation of three-point structure constants and the
superconformal bootstrap. In the former case, Vieira and Wang used the superconfor-
mal partial wave to find corrections to the structure constants and compared against
novel integrability techniques in [73]. The latter case began famously with the work of
Rattazzi, Rychkov, Tonni and Vichi in [74], where they applied the crossing symmetry
of the correlator of scalars in the conformal partial wave basis to deduce the minimally
required conformal dimension of an operator appearing in the OPE. This leads to a
basic consistency condition of any SCFT, and has been applied to theories with N' = 4
superconformal symmetry by Beem, Rastelli and Van Rees in [75] and Alday and Bissi
in [76].

In this chapter, we wish to solve the quadratic Casimir equation for the supercon-
formal partial waves in analytic superspace with superconformal group SL(2m|2n).

Along with solving the quadratic Casimir equation the superconformal partial waves
are superconformal invariant. We therefore express the superconformal partial wave
as a linear combination of superconformal invariants, which turn out to be the Schur
superpolynomial, s,(z|y). Simply stated, a superconformal partial wave defined by
some representation in sl(2m|2n), can be expanded as

F*(zly) = > RiPsu(zly), (5.0.3)
p=>0
where by ‘solving the quadratic Casimir equation’ amounts to finding the numerical
coefficients R;P.
After providing a review of the Schur superpolynomial and various pertinent as-

pects of representation theory, we write the superconformal partial waves as a linear
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combination of such superpolynomials in which the non-trivial data are the correspond-
ing coeflicients RP. The problem of finding R;P turns out to be dependent on the
representation yet independent of the group. This means that rather than finding R}®
for s[(2m|2n) for some representation, we can instead solve the problem by consider-
ing the same representation of sl(2m|0) (or s[(0|2n)), we thus avoid dealing with the
superalgbra directly.

We then write the superconformal partial wave in a novel matrix form based on a
form of the Schur superpolynomial.

We then apply the superconformal partial wave to a variety of N' = 4 supercor-
relators to find the free theory OPE coefficients (the square of three-point structure
constants). As an application we work through operator recombination of short op-
erators into long ones which yields a non-trivial twist-4 sector for the the four-point

function of tr(WW?3) in the SU(N) theory.

5.1 Review

In this review we will go through some basic motivating concepts by first defining
the OPE and how to gain the superconformal partial waves from the four-point func-
tion, whilst giving the basic definition of the bosonic conformal partial wave and some
schematic details of the supersymmetric case as studied in [77,83]. We regard the work
of Dolan and Osborn in [80] and Heslop [81] to be the leading motivating study, hence

some details of that work is provided here.

5.1.1 From the OPE to the four-point function

Given two scalar operators ¢; and ¢ of conformal dimension A; in some four dimen-

sional CFT, the OPE is given by [79]
Aj+Ag—A

¢ I gbg IQ ZCA1A2 <:L'_%2) CA (31712782)0 (IQ) (514)

where A is the conformal dimension of operators O in the OPE, there is also the index

structure au@ which represents some chain in o and ¢ indices. The object C29% (115, 9,)

is a formal expansion in x¢¢ and Oy, where the derivatives act on primary operators
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to produce descendent states. Since the OPE is of two scalars the right hand side must
also be an overall scalar and since factors of x‘f‘g‘ and Oynq come with equal number
of dotted and undotted indices it follows that the corresponding operator should also
have equal numbers of dotted and undotted indices.

The two- and three-point functions are fixed by conformal symmetry, and thus we
may consider the four-point function. We can take the OPE of the four-point function
at points x; and x5 and at points x3 and x4 which leads to double sum. However, since
the two-point function can be used an inner product to make operators orthogonal, the

four-point function may be written as
(P1(21)P2(2) d3(23) Pa(24))

1 72 3(A12) 22 3(Az4)
24 14
B 2 R CoFo(u,v),  (5.1.5)
(m%z)%(AlJFAQ) (1:%4)%(A3+A4) (xﬂ) (93%3) %:

where
2 .2 2 .2
Ti,x T3,
= ;2 34:3172, v = ;4 33:(1—@(1—2),
To4T73 L4213

where u and v are conformal cross-ratios, and the functions Fo(u,v) depend on the
operator data of the contributing operator and the data of the external data. We also
have Co which are the so-called OPE coefficients built from the two- and three-point
structure constants. Now, the OPE that is formed by points z; and x5 goes on to form
the conformal partial wave built from operators which are naturally eigen-operators
of the conformal quadratic Casimir. It therefore follows that each function Fp is an
eigenfunction of the conformal quadratic Casimir with a defined eigenvalue dependent
on the data of O, i.e. spin and conformal dimension. In fact, using [80], we can define
the conformal generator as L and take D = 1L? = 1(Ly + Ly)* to be the quadratic
Casimir. The contribution of an operator with conformal dimension A and spin s,

satisfies the equation:

(D = (A(A = 4) + s(s + 2))) (¢1(21) 9a(22) d3(w3) Pa(w4)) = 0. (5.1.7)

This leads to a second order differential equation on Fo(u,v), which has the solution
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[80]

3 1 1
Folu,v) = u_<x1+32F1 (§(s+A—A12),§(3+A+A34);3+A;x>

r—z

2F1 (%(—S+A—A12—2), (—5—|—A—|—A34—2),—8+A—2,Z) _(tz)>)

1
2
(5.1.8)
where 5 F} is a hypergeometric function and 7 = A — s is known as the twist. Un-
derstanding this function is critical as this allows one to find corrections to the OPE
coefficients as well as A(g), where g is the coupling of the theory.
A motivating feature of the work in [80,81] is that (5.1.8) is in fact a re-summed
form of an infinite linear combination of Schur polynomials. In practice, the authors

of [80] write an ansatz for the conformal partial wave

Fyow= 3. oS, (5.1.9)

m>A1,n>A2

where \; = (A +5s) and Ay = £ (A —s). Then upon acting D upon F), ,, it acts

upon the Schur polynomials. In imposing the eigenvalue equation in (5.1.7) for F}, ,,

A1z

mn

one finds a recursion relation on r in which a solution is found. Thus one has
the conformal partial wave as a series expansion in the Schur polynomial which turns
out to be the series expansion of (5.1.8). We will re-derive this result in view of more

general superpolynomials relevant towards SCFTs.

5.1.2 Towards superconformal partial waves

The content of this chapter is to find the superconformal partial wave in a polynomial
form which we then sum up into an analytic form.

In this subsection we provide some key points regarding previous successes in this
direction. There are two main result which are related, the first of which is a general
superconformal partial wave analysis found in [77]. The second result involves solving
the superconformal partial wave so that the result is dependent on two non-trivial func-
tions, one of which is completely associated to the contribution of protected operators

to the OPE [83].
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The first of the aforementioned works considers the four-point function of the six

dimensional vector of scalar operators in N’ = 4 SCFT

<(I)11< )(I)IQ(,%‘Q)CDI3($3)(I)I4($4 12x34 ZArep u, v Prfe1p121314 (5110)
rep

where Péllfﬂ?’f‘l are projection operators which form the six SU(4) channels from the
internal structure of ®* x &2 whilst A,,(u,v) are associated space-time functions.
For the stress-tensor supermultiplet the constraints following superconformal symmetry
allows in conjunction with the OPE yields a form for the functions A,e,(u,v).

The work of [83] aimed to solve the superconformal partial wave in a very general
way. It begins by essentially projecting the operators above to an index-less form,

namely by taking ® = ®1Y; , then writing the result in (5.1.10), one finds

(@ (1) D(22) @ (w5) P (4)) = —— 5 Y Avep(u,0) PRI, 1Yo 1, Y5 1, Yag,,  (5.1.11)
12034 "0

and by defining

YY) Y ]
=1 32 1 1_o)(l—a)=
a6 = PSS (- a)i-a)

g=2a—1, g=2a-—1

2
r==-1, r==-1
z

5.1.12
. , (51.12)

where Y; - Y; is the Euclidean inner product of the six dimensional vectors, the authors
of [83] found that

Lilaplsly _ (q—=r)q—7)(f(r,q) + f(7,q) — (r > T)
2 Al G = (r=r)a—q)

+lg—r)lg=m)(q—r)(@-TH(qqrT). (5.1.13)

rep

Where here, the functions f(e, ®) depend on the protected operators traversing through
the OPE and the function # (¢, q,r,7) contains contributions to from protected and
unprotected operators. Importantly, H (q,q,r,7) is the only relevant function when
looking for quantum corrections to correlation functions, thus this is the relevant part
of the answer when bootstrapping the correlation function. This is since all other
parts of the result are found from the free theory. This result was also encapsulated
in the partial non-renormalisation theorem studied in [78], where such a protected and

unprotected sector where found.
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In N =4 SCFT, {-BPS are built from powers of the ®. Calling O, = tr (9?), the
work of [87] completed the superconformal partial wave analysis for (O;020205),
(03050303) and (0,0,0,0,) by finding the functions f(e,e) and H (q,q,r,7). We

aim to recapture some of these results.

5.2 Aspects of representation theory

In this section we will define operators as representations on the so-called Grassmannian
superspace. We will begin by giving some basic concepts and in particular showing
relevant Young tableaux for the first time. We will then move onto protected and
unprotected operator classification and potential operator recombination of protected
operators into unprotected operators and how the Young tableaux are used with these

concepts.

5.2.1 Operator Spectra in Grassmannian superspace

Grassmannian superspace is defined to be a natural extension of analytic superspace
defined in section 2.3.2, namely we define Grassmannian superspace to be a (2n,n,n)-
analytic superspace. The Dynkin diagram is given by

ny v Ny Nm+1 -+ Mg -+ Mi4on Nm+2n - - - N2am42n—1
¢—— O—0—0—X—0—@ ®
(5.2.14)

Importantly, above the Dynkin nodes we have the Dynkin labels which determine
irreducible representations of sl(2m|2n). However, since we have a cross through the
(m+n)’th node, we really need to consider irreducible representations of sl(m|n) @
sl(m|n) @ C. Whilst it is true that for SCFTs, we are interested in infinite dimensional
representations of sl(2m|2n), we only seek finite dimensional representations of the
parabolic subalgebra. The parabolic subalgebra contains sl(m|n) @ sl(m|n) @& C as
well as the raising operators (which annihilate all highest weight states), thus highest
weight state representations are given by finite dimensional representations of sl(m|n)®
sl(m|n)®C. We also note that the internal groups is SU(2n), so that C-charge is related

to the conformal dimension.
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AgAs At de A5 Ar A3 A2 A1
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n

Figure 5.1: A general Young tableau associated to gl(m/|n)

In this work we will actually consider representations of gl(m|n) @ gl(m|n) & C,
since these will be more natural in view of Schur polynomials. The price that we have
to pay for using gl(m|n) is that there will exist different representations of gl(m|n) that
correspond to the same sl(m|n).

Recalling from section 2.3.2, tensor representations in this space are given by

ORr(ayr/(B), (5.2.15)

where R are representations of one of the gl(m|n). In the work that follows we will
be dealing with OPEs of multiplets whose superconformal primaries are scalars, which
here means we will only be concerned with operators which in the aforementioned
tensor structure implies that we have R = R’. This means that it is sufficient to give
the representation of a single gl(m|n) and the charge C.

We will be making use of Young tableaux in this chapter. We define representations

of gl(m|n) by the vector
A: [>\17>\27"']7 (5216)

where ); is the number of boxes in the i’th row. We define the transpose representation
AT = AT AL ...] to be defined by the heights of the column of the Young tableaux,
e.g. [3,2,1,1] = [4,2,1]7.

Representations of gl(m|n) are given by all Young tableaux that fit into a thick
hook tableau with thickness m horizontally and n vertically and an example is given
in figure 5.1.

We define the charge associated to C to be 7, such that we may now refer to a
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generic representation as O7. The operator 072 defines a representation of gl(2m|2n)
and thus of s[(2m|2n) and in turn then of the real form su(m, m|2n).
Representations of su(m,m|2n) are thus given via Dynkin labels associated to the

su(2n), sl(m) @ sl(m) and the charge. The Dynkin nodes are given by

5u(2n) : [al, A 7a/2n71]

sl(m) ®sl(m) =[5 g it ], (5.2.17)

and the dilatation weight A (weight under x — Az as usual). The translation between

the labels of the operator then (2 and the corresponding representation is given by

@G =an1-; =M _; —Ab_;q for 1 <i<n—1,
an =7y — 2T,

~ ~

jz' :]ZL :‘]ZR = )‘m—i — )\m—i-i-l for 1 S 1 S m—l,
m—1
m
A=" i 5.2.18
2fy+;j ( )

where we defined

R Ni—n LA >n
A= (5.2.19)

In the work that follows we will be considering operators as certain powers of a basic
field whose representation is called W and has a,, = 1, A = m/2 with all other Dynkin
labels vanishing. In this way, 7 is the number of these basic field in an operator, for
example O~ ~ tr(11/2).

This translation in (5.2.18) can be obtained by considering the highest weight states,
and this is explained in [28]. Let us describe schematically how this comes about, we
can look at the Young tableaux associated to sl(2) and gl(2). Representations are given
by single row Young tableaux in s[(2), which we label as M (which is the essentially
the number of boxes in that row). However, Young tableaux associated to gl(2) are
allowed two rows and we can relate this to the sl(2) representations by taking the
difference of the two rows to be M, namely if A = [A1, A\o] is a representation of gl(2)
then M = A\; — s is a representation of s[(2). In this case, the degeneracy is manifested
by the freedom X\; — A; + u, where p is some constant number. In [28], this was fixed

to yield so-called ‘canonical representations’.
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We can now consider the degeneracy in our description of operators @ mentioned
above. The vanishing supertrace of s{(m|n) distinguishes it from gl(m|n), thus there
is a single degree of freedom more in the latter with (m 4+ n) than the former with
(m +n —1). This is manifested by some degeneracy in (5.2.18). Indeed we see that

the relations (5.2.18) are invariant under the following shift:

Gf Ay >n+1) (if AL >m +1)
Ni—N—1 forl<i<m )\z’—>)\?—1,f0r1§i§n
)\;-r—>)\iT+1,for1§i§n Ni—MN+1 forl<i<m
v—=y+2 vy —2. (5.2.20)

The above transformations are also valid as they stand in the two bosonic cases m = 0
or n = 0. For n = 0 the condition )\Z > m + 1 does not make immediate sense and is
interpreted as always being satisfied for any Young tableau. Then the transformation
adds columns to the Young tableau in favour of reducing v. One possibility is to use
this freedom to ensure that v = 0. This then corresponds precisely to the form chosen
in [80]. Similarly in the case m = 0 we can ensure that v = 0. However for general m
and n, we do not perform this transformation to change v as we would like to keep the
direct connection between v and the number of basic fields W.

Finally, let us define the notion of atypicality. This quantity is defined to be
k =min {j|\; + m —n —j <0}, (5.2.21)

and distinguishes different Young tableaux and is pertinent towards the definition of
the associated Schur superpolynomials. If & = m + 1, then the Young tableau in
question is referred to as ‘typical’, otherwise it is referred to as ‘atypical’. We can also
define £’ = min { J \)\]T +n—m-—7< O}, in which the typical representations are given
by ' =n+ 1.

In the physical context the measure of atypicality distinguishes short from long
operators, typical representations being long and thus have a completely unconstrained
expansion in superspace whilst atypical representations are short and have a shortened

expansion in superspace.
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5.2.2 Operator protection and Unitary bounds

Let us now return to the cases of physical interest, namely four dimensional SCFTs.

Here, the Dynkin diagram takes the form

ny U ng ... Nayn ... Nopgl Non+2 Non+3
® —0—X—0—@ L ]

(5.2.22)

We also recall the relation to the physical SCFT data

ny = 2Jy, noppz =2Jy, N0 = ay,

2n—1 2n—1 2n—1

1 1 : 1 :
Ng = §A + Jl + % ; 1a; — ; a;, TMopy2 = QA + JQ - % ; (s (5223)

where [ay,...,a9,-1] are the Dynkin labels for the representation associated to the
internal algebra su(2n) and (Ji, J3) is the spin. The physically known cases are n = 1
and 2 which correspond to N'= 2 and 4 SCFTs.

We will be interested in operators which have the same gl(2|2n) representation. In
terms of (5.2.23), this implies that

2n—1
Jy=Jy and Z (t—n)a; =0. (5.2.24)

i=1
The second condition is satisfied manifestly for n = 1 without putting any condition
on ay, but for n = 2 this sets a; = as.

In extended supersymmetry, the supercharges enlarge in size. Shortened represen-
tation are a result of some form of operator protection. There are essentially two cases
of interest for protected operators, these are the fractional BPS operators and semi-
short operators. Operators which are not bound by any constraint are unprotected
and are thus long. A detailed analysis relevant to four dimensions can be found in [11],
we provide a qualitative description whist expressing the precise statement in terms of
Dynkin labels.

If the internal group is SU(2n), then the there are 4n total supercharges. Then
§-BPS operators are those which are annihilated by § x 4n of the supercharges. More
generally we can label these by <%, %)—BPS corresponding to annihilation under @)
and Q separately. However, since we are interested in operators with the same gl(2|n)
representations in the parabolic subalgebra, we take g =28 =2 Inthe N =2

a a2
case this corresponds to only having %—BPS operators, whilst for A/ = 4 we can have
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% and as well %—BPS operators. In the semi-short case one has instead annihilation
under a certain linear combination of the supercharges which correspond to the so-
called unitary bound at which unprotected operators become protected. Importantly,
unprotected operators may decompose into protected operators as they approach this
unitary bound.

The so-called unitary bounds were given in [82] and in the language of Dynkin nodes

in [28], they state that all operators in four dimensional SCFTs of our description with

internal group SU(2n) can be fit into the bounds:

Series A: ng >mny+ 1, nopio > nNopys+ 1
Series B: no >n;+1, nouio=0, nop3=0

Series C: ny =0, ny =0, nop2=0, ng3=0 (5.2.25)

When (5.2.24) is satisfied, which occurs when ny = ng,3, it’s clear that series B
operators won'’t ever appear in our analyses. Thus, in terms of (5.2.25), operators in
series A are above the bound are generically unprotected and are long, operators at
the bound of series A and series C operators are semi-short and BPS operators which
are protected and are short.

The notion of protectedness is connected with the notion of atypicality in the cor-
responding Young tableaux mentioned in (5.2.21). To see this we apply the definition
in (5.2.18) and match this against the definition of atypicality, we consider N' = 4
SCFTs for simplicity. Following (5.2.18), we have

leij%an:n?:;M—;\z
:)\1—)\2 if)\l,)\2220r

= - 20f A > 20 < 2, (5.2.26)
and using (5.2.23), we get
ng —nyp = AL, (5.2.27)

thus the protectedness of the operator in question is dictated by the length of the
second column in the Young tableau. We can now compare the definition of atypicality

given in (5.2.21), with the fact that ny — n; = M. The unprotected case is when
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ng >n+1 — X{ > 2, which requires at least Ay > 2 which leads to £k = 3. The
semi-short case is when ny = n; +1 = Al = 1, which leads to k = 2. Finally, the
BPS cases are given by n; =0, no =0 = Al = 0 and this leads to k = 1. A similar
analysis can be done for N = 2 theories.

Indeed the measure of atypicality extends beyond the physical SCFTs and is a
general representation theory concept of gl(m|n), which we will touch upon in regards
to Schur superpolynomials. We provide tables relating Young tableaux and operators
in a four dimensional N'=0 CFT (n =0), NV =2 and N/ =4 SCFTs in tables 5.1,5.2
and 5.3. In tables 5.2 and 5.3, in which we deal with SCFTs the Young tableaux
associated to typical representations are referred to as unprotected and long whilst

atypical representations protected and short.

A dimension spin

A Xa] {[ v+ A+ X2 | A — A

Table 5.1: 4d CFT reps

A dimension spin | su(2) rep | multiplet
0] v 0 v 5-BPS
Al (A>1) yHA-1 A—1 v—2 | semi-short
A, A0, 14 (Mg > 1) || v+ A +Ae—2 | Aj—Xo | v—2u — 4 long

Table 5.2: N =2 SCFT reps

A dimension spin su(4) rep multiplet
0] ¥ 0 [0,7,0] 1-BPS
A 14] (A > 2) YHA—2 A—2 [y y—21—2, semi-short
[1#] o 0 (1t v =241, 4] i-BPS
(A1, Ag, 202 19 ] 4 A+ Aa—4 | Ai—Xo | [ —p2, v—2p1 — 4, p11— 2] long
(A2 >0)

Table 5.3: N'=4 SCFT reps
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5.2.3 The Schur Superpolynomial of GL(m|n)

In the work to follow we will be extensively using Schur superpolynomials as a basis for
the superconformal partial wave. Since these are intimately connected with the Young

tableaux described previously we review these objects here.

Schur polynomials of GL(m)

Given a partition A = [A1, A, ..., Ap] with Ay > Ay > -+ > A, the corresponding
Schur polynomial is the symmetric polynomial of m variables z;,7 = 1...m, given by

det (x;\’ el ) B
sy(z) = I=hjsm (5.2.28)

- det (:r;-n_] )
1<i,j<m

The Schur polynomial is the character of the corresponding GL(m) representation

described by a Young tableau with row lengths A;. In particular, the Schur polynomial
is the trace over the representation Ry of an element Z € GL(m) written as a function

of the m eigenvalues x; of Z,
sy(z) =tr(Ry(Z)). (5.2.29)

A GL(m) Schur polynomial containing a full, length m, column is equal to the

Schur polynomial with that column deleted, multiplied by the product of all z’s:

Sl () = (Hﬂf) X s1x(2), (5.2.30)

where A+ 6] ;=AM + 5, +9,...].

For example for GL(2) the fundamental representation has character tr(Z) = x4
in agreement with the formula above for A = [1]. As another example, again for GL(2),
consider A = [1, 1] corresponding to the antisymmetric representation. The trace over

the representation gives
1
tr (RE(Z)> = 202] = 2 (0(2) - (2%) = w12, (5.2.31)

and the Schur polynomial formula (5.2.28) gives the same result sp 1)(z) = 2122.
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Schur superpolynomials of GL(m|n)

We define the Schur superpolynomial as the characters of the supergroup GL(m|n) just
as in (5.2.29) but this time using the supertrace

sx(zly) =str (RA(Z)) , (5.2.32)

where we define the eigenvalues of g € GL(m|n) tobe z;|y;i =1...m, j = 1...n. Thus
for example for the fundamental representation the character is simply the supertrace
of g so spj(zly) = str(Z2) = >, xi — >_; y; with the minus sign due to the nature of the
supertrace.

In 2003 Moens and Van der Jeugt wrote down a remarkable determinantal formula
for the Schur superpolynomials [84]. This formula is the analogue of the determinantal
formula (5.2.28) for the standard Schur polynomials and takes the form of a (n + k —
1) x (n+ k — 1) determinant *

Xy R
sa(2ly) = (1) D E= /2 pot gep [ : (5.2.33)
O YAT
where
i+m—n—j L
X) = (mjﬁ ]> 1<i<m f= ( )
EEm Li = Yj /) 1<i<m, 1<j<n

Vor — AT fn—m—i D— H1§i<j§m<xi — ;) H1§i<j§n(yi — ;)
= ((=y;) 1<i<n—m+k—1 - 11 (25 — y;)
1<j<n 1<i<m, 1<j<n\Ti — Yj

(5.2.34)

where k is the atypicality which we restate as k = min {j|\; + m —n — j < 0}.
There exists a form of the Schur superpolynomial in which the Y-part of (5.2.33)
is instead fixed and does not depend on the representation. In [72], it was shown that

given any integer p such that

p>m—n and p> A\ . (5.2.35)

!The minus signs here agree with those of [84] after sending y; — —y; (bringing a (—1)n(n=1)/2

from D) and swapping the columns so that R appears in the top left block.
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Figure 5.2: An example of a typical Young tableau associated to gl(m|n)

Then a different formula is given by

X\ R
sy(zly) = (~1)3@mt2Eme=Dplger | 72 : (5.2.36)
K, Y
where D, R are as defined in (5.2.34), and
~ i Ty a>0
AT <[x;\J+ J]>1<i<m where [x}] =
1<5<p 0 a<0,
KA - < - 6i§_()\j+m—n_j)> 1<i<p+n—m Y - (y;_l) 1<i<p+n—m ’ (5237)
1<j<p 1<j<n

where the square brackets define the regular part, giving zero if the power is negative.
We also see that whilst this form relieves Y of being representation dependent, we
have introduced a matrix of —1s and 0s; K, which does depend on the representation.
When we sum up the superconformal partial wave to gain an analytic form, it will be

built out of this form.

5.2.4 Schur superpolynomial relations and decompositions of

typical representations

In supergroups, representations occur as typical or atypical representations. Typical
representations of gl(m|n) are ones for which the atypicality measure k = m + 1 and
so the first m rows and first n columns are fully occupied and A,, > n, (A\"), > m.
An example of such a representation is given by figure 5.2. In this example the m x n
block is bounded in red. If one deleted this block we would be left with two Young

tableaux, one which we call A, and the other A,. So the full Young tableau is given in
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terms of A, and A\, as
A=A +n,7 (5.2.38)

where by A\, +n we simply mean add n to each row. Using the form of the Schur
superpolynomial in (5.2.33), we see that the matrix becomes block diagonal with X,
being m x m and Y)r being n X n from which we see that for A in figure 5.2 we have
sx(@ly) = sy, (#)sar(—y) X H (x; — yj), (5.2.39)

1<i<m, 1<j<n
where s) (z) and s (—y) are bosonic Schur polynomials. Since for these forms we have

3, () = sy () (T2, 20) ™ amd s, (—9) = 57,1 () (TTy —9) ™" Tt ollows that

H;il Ly ’
S[Az-i-n&y] = m S[Az—ts-i-n,néyéy]’ (5240)

Another important identity among the Schur superpolynomials is one which manifest
the decomposition of typical representations into two atypical representations. More
specifically, the sum of atypical representations with £ = m can sum to a factorised
form. Let A\, be an m — 1 row Young tableau and similarly let Ag be an n — 1 row
Young tableau. Then consider the three gl(m|n) Young tableaux A, A;, Ay with A the
typical representation defined in (5.2.38) and A, A, the two atypical Young tableaux

Al = [Ag; + (n_l)an_laAy]v
A2 - [Ax—’_naAyL

A= +nm, ) (5.2.41)

Then we have
(H :c) x sy, (xly) + (H —yj> X sy, (x]y) = sx(zly). (5.2.42)
i=1 j=1
We will use this relation extensively as an application to N' = 4 so let us elaborate
on how it works by virtue of an example. The minimal example is taking (m,n) = (2, 2)

and A, = A, = 0 so that we have

sp2(T|y) = (T122)sp1(z|y) + (Y1) s (z|y)

= (Wcz)H + W) T (5.2.43)
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which can be checked and if we divide through by (x125), we therefore have

_ Y192
g seaiCaln) = sua(ely) + (L2 ) s el

but since @s[g,g] (z|y) = lim, 1 sp,p)(z|y), we can write

. Y1Y2
},ILI% S[p,p]<$|y) = S[1,1] (1’|y) + (E) S[2] (:13|y), (5244)
where sp, ,(x|y) is taken to be a typical representation i.e. k = 3. The limit is

understood for arbitrary real p via an analytic continuation of the results for the long
representations p = 2, 3,4, ... etc.

From the point of view of protected and unprotected operators, we can view
the limit as taking an unprotected operator to the unitary bound. Results of the

form (5.2.44) generalise to

. Y1Y2
%]E;q. S[)\+p7p71u](x|y) = S[A+1’1v+1]<$|y) + (E) S[)\+271V](£U|y>, (5245)

which are a 2-parameter family of identities parametrised by A\ and v.

5.3 The superconformal partial wave in Grassman-

nian field theories

In this section we consider four-point functions of scalar operators of arbitrary weight on
the Grassmannian and in particular obtain the superconformal partial wave associated
with any operator occurring in the OPE of two of them. We will obtain explicit
formulae for the partial waves, both as an expansion in Schur superpolynomials with
given coefficients, and in a summed up form.

We remind the reader that coordinates on Grassmannian field theories are given by

a
T loa

XAB = : (5.3.46)

ey a
pa’ ya’
where z is an m X m matrix, y is an n X n matrix, p is an m X n matrix and p is an

n X m matrix.
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5.3.1 The OPE and its relation to an expansion in Schur poly-

nomials

Here, we examine the connection between the OPE and superconformal partial waves
of four-point functions in a general Gr,,),,(2m|2n) field theory. We take the OPE of two
scalar operators, OP', OP? with arbitrary integer weight p;, po. In the N = 4 context
this corresponds to taking two %—BPS operators with dimension p; and lying in the
SU(4) representation with Dynkin labels [0, p;, 0].

The OPE takes the general form [89]

P1t+p2—7Y

O (X,)O™(Xy) = Z iy © OO (X, 3,)07(Xa),

v = |paal [par| + 2, .. p1 4 p2, (5.3.47)

where we define p;; = p; — p; and where
gij = Sd@t(Xl - Xj)_l (5348)

which becomes the superpropagator in the physical cases where m = 2. Here the sum
is over all superconformal primary operators in the theory. The index structure A and
A’ is a string of superindices dictated by the representation of O.

The object C7444° (X5, 3,) is a formal expansion in powers of X{5*" and derivatives
(0/0X3)aa which act on the primary operator (thus producing descendant operators).
It takes the form

CAY (X1, 0) 0T, (X) = 3 Co2 (X)) P [l 002

p>A

(5.3.49)

BB’

where the sum is over all Young tableaux p which contain A, where |u| = >, p1; the
number of boxes in the Young tableau y. There are |u| powers of X;2 and both
primed and unprimed indices are symmetrised into the representation p according to
the Young tableau. B and B’ denote the correspondingly symmetrised string of indices.
Descendent operators are built from O and its derivatives which yield a total of |y
primed and unprimed downstairs indices with B, B’ index structure. Since the left
hand side is a scalar, the right hand side must have all indices contracted.

The first term in this expansion is always normalised to one

CP =1, (5.3.50)
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whilst the remaining coefficients will be fixed by symmetry.
To obtain the contribution of operators to the four-point function, we insert the
OPE into the four-point function twice (once at points X;, X5 and once at points X3,

X,) and use the two-point functions which is also fixed by symmetry to be 2
<Oﬁ/(X1)OBB’(X2>> C(’)o912(X12p\|)A’E(Xl_z‘M)E/Av (5.3.51)

from which we obtain

p1+p Y p3+p Y
(O (X1) O (X5) 0% (X5) 0P (X)) ZCO CO Cootrs * s *

Pp1p2 ~ P3p4

x CVAY (X1, 05)CEE (X34, 04) g3, (X ;AI ) ars(Xo )4 (5.3.52)

Here for Cp5 to be non-zero, the representations of O and O must be the same. In
particular 7 takes on values appearing both in the range for the OPE OP'(X;)OP?(X,),
(Ip12] < v < p1 + p2) as well as for the OPE OP3(X3)OP4(Xy), (Ipsa] < v < p1 + pa2).
If we assume (without loss of generality) that p; + ps < p3 + ps then there are two

inequivalent cases to consider

Case 1: Ip12| > |p34l = Ip12] < v < p1+p2

Case 2: Ip12] < |p3al = 1p3a] < v <p1+p2 (5.3.53)

The superconformal partial wave expansion given in (5.3.52) is not manifestly su-
perconformal invariant. It is however possible to re-expand the superconformal partial
wave in a way that makes the superconformal symmetry manifest in terms of Schur

superpolynomials.

(OPH(X1) 0P (X5) 0P (X3) 0P (Xy))

e Et g e g4 aps 913924 2" A
_ Zcmpzp?,m 2 gu,? 924 g14 FO‘B’L(ZL

914 913 912934

=1(y—pi) B=3(v+ps), (5.3.54)

2Two examples of this formula are if in A' = 4 and A = [0], v = 2 then (0219(X,)O%(X,)) =
. 201 A2[1 - - .
Copfia: if A = [1] and v = 2 then (O°L(X1)041 (X)) = Coppdts (X52') 45 (X12) prgy I
this second case it may be more familiar to consider Grz(4) == 4d CFT, in which we get
2[1 A2[1
(023l @0)03)(22)) = Cop iy (#12)as (#12)a
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where

coprrs = N 09 0O Cop (5.3.55)

P1p2 ~ P3p4
o072 OYA

is the OPE coefficient. The superconformal partial wave is given as a sum over Schur

superpolynomials s, (Z) = ZM4Y 4 (traces over irreps as described in the next section)
FoPA(Z) = Z RZﬁWAZM(A)u(A) ’ (5.3.56)
u=0

of the GL(m|n) cross-ratio matrix Z
7 = X192 X0 X3 X5, (5.3.57)

of which it is shown in appendix F that taking traces over this Z matrix manifestly
solves the superconformal ward identities. In addition, there are numerical coefficients

RSP with

RYPA =1, (5.3.58)

Here we have restricted ourselves to two cases without loss of generality

Case 1: (p1+p2 < ps+pa, P1 > D2, P3 > Pa, P12 > Paa)
= (0,1,...p2)
B = (%(pm +p34), %(pu +psa)+ 1, %(pl + p2 —i—p34))
v = (p12,p12+2,....p1 +p2)
Case 2: (pr+p2 < ps+pa, P2 > 1, pa>ps, por < pas)
o= (2(por + paz), 2 (P21 + pas) + 1,.. . p2)
B = (0, L.. -7%(p1 + P2 +P34))

v = (paz,paz+2,....,p1 +p2) (5.3.59)

It is one of the main purposes of this chapter to derive a formula for the numerical
coefficients in (5.3.56), Rzﬂﬁ. Furthermore we would like to sum up the superconformal
partial wave expansion.

Crucially the coefficients RZMA only depend on «, 3, and the Young tableaux p, A

but are independent of the group. This fact can be seen by considering the limit of the
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GL(2m|2n) Grassmannian field theory to either GL(2(m—1)|2n) or GL(2m|2(n—1)).
In this limit F**72(Z) simply becomes the equivalent partial wave for the reduced group
(or vanishes if the corresponding representation A does not exist for the reduced isotropy
group GL(m—1|n) or GL(m|n—1) respectively). Similarly the Schur superpolynomials
ZHA) u(4) become the equivalent Schur superpolynomial for the reduced Z (or otherwise
vanishes). We thus conclude that the coefficients of the Schur superpolynomials in the
partial wave must reduce directly, and hence be independent of m,n.

It is instructive to see how the first term of the expansion in trace structures over
the Z-matrix arises. We begin with the form of the four-point function in (5.3.52) and
input (5.3.49) whilst taking z = A, we obtain (recall that C3* = 1)

(O (X1) 0P (X5)OP*(X3)OP*(X4))

p1+pPo2—y P3+Pa—7

A\ AA’ A ! A —|A
Zoz?lpzcgm 06912 ° 934 ® 9;4(X‘12|)A7 (X:‘34|)@ (Xoy A ‘)AE(XMl ‘)EA

+ O(X1a, Xs4). (5.3.60)

We can write (X73)42 (X33 22 (X5,) 4r5(X50™) pra ~ (X2 Xai Xaa X025, which
we can view as the double OPE limit taken on a single Z matrix given in (5.3.56). From
this we expect some correction terms dependent on X5 and X34, we thus arrive at

P1+pP2—Y pP3tP4—v

ZC’ng’gm 06912 ° Y ® 934ZA(A)A(A) + O(X12, X34) - (5.3.61)

The object Z2(A) A(4) 1s the trace over the representation A of Z and is hence equal to

the Schur superpolynomial s, (z|y).

5.3.2 Free field theory OPE and Wick’s theorem

The discussion of the OPE in section 5.3.1 is completely general and essentially only
uses symmetry. In the free theory, we can be explicit about the operators appearing
in the OPE.

As described in [88] the easiest way to derive the OPE in a free field theory con-
text is to simply use Wick’s theorem. The time ordered product of two operators
O,, (X1)0,,(X5) is equal to the normal ordered product, together with the sum over

contractions multiplied by appropriate powers of propagators. In this context, we get
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that (for p; < po)

p1—1
O, (X1) 0y, (X)) =1 O, (X1)Op, (X2) - + Z 912 " Opppr2p( X1, Xo) (5.3.62)

p=0

where for example O, 4,2 is the result of a single contraction
1
Opypr2p( X1, Xo) = tr(WP V) (X)) tr(WWP2H)(Xy) « (5.3.63)

whereas O, _,,_4 will involve two contractions etc. Here the contractions simply give
a Kronecker delta in the corresponding adjoint gauge index.

Now we Taylor expand the right hand side and rearrange the result into primaries
and descendants to obtain (5.3.47) but with explicit expressions for the operators which
appear.

So if v = p; + pe, the operators are double trace operators from the product (in
general with derivatives) of O,, and O,,. If however v = p; + ps — 2, then in the U(XV)
theory the single Wick contraction will glue together the two traces to form a single
trace. Similarly for the SU(NN) theory in the large N limit. For finite N in the SU(N)
theory however there will be a % correction (from writing the Kronecker delta’s in

adjoint indices back in terms of fundamental gauge indices via T5Ty = 0i105 — %(52-]-(%1)

giving back a double trace operator.

5.3.3 Deriving the superconformal partial wave for Grassman-

nian field theories

In this subsection we finally derive and give a summary of the results for the supercon-
formal partial wave in Grassmannian field theories. In the later part of section 5.3.1,
it was explained that the coefficients of the Schur superpolynomials, namely Rzﬂﬂ are
independent of the m and n. From this argument, we conclude that the coefficients
relevant for the full superconformal partial wave are no different from the coefficient
for the conformal partial wave, thus we aim to find RzﬁM for GL(m). We find the
conformal partial wave for the GL(m) case in a determinant form inherited from the
determinant form of the GL(m) Schur polynomial. We then use the same numerical
coefficients for the superconformal partial wave in which we find a novel determinant

form which is in this case inherited from (5.2.33).
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The GL(m) conformal partial wave

We now find the coefficient RZBVA associated to GL(m) conformal partial waves, we
give the key formulae whilst leaving the details for appendix G. The proof follows a
similar procedure to that of [80] for the conformal 4d case (m = 2,n = 0).

We take the space-time coordinate % to be an m-dimensional matrix, where

1 L
T2 = det(xij) — E (J]al L pOm )6a1...am€almam' (5364)

i | ijc *Hijéum

We may then consider some scalar operators ®a(z) which take a representation of

sl(m). The four-point function of these operators is given by

1 22 1An 22 5043
(B () 05) 0, 29) = sz (—) (—) Fla).
2

(215) "7 (23, T Tl
(5.3.65)
Where F(x) is a function of the m many eigenvalues of z = 195, 4375, labeled ;.
We are considering the Grassmannian Gr,,(2m) which can be viewed as the space of
2m x m matrices given by uZ. This is where the small Greek indices refer to the
isotropy group whilst the big Latin indices refer to the global group. Explicitly, one

can put coordinates on this by using the section

e

: . —x
ud = (55,955) s = o« (5.3.66)
5
B
So that we have ugﬂ?A = 23,. In the m = 2 case, we may view u’l as being a pair

of twistors, as was used in a similar context in [24]. The benefit of this is that the

generators of GL(m) are given by

. 0
Dy = s (5.3.67)
which satisfies the algebra:
(D3, D§] = 65Dy — 65D, (5.3.68)

The conformal partial waves are eigenfunctions of the quadratic Casimir operator which

will act on the four-point function (5.3.65) at points x; and xo. This is given by

1 1
§D%2 = §(Dle + Dip)(DPy + DTy). (5.3.69)
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will proceed by doing two things. Firstly we will re-express (5.3.69) in terms of the
eigenvalues of z; namely x;, by considering its action on GL(m) Schur polynomials
of z. We can then apply it to the correlation function (5.3.65). This will lead to an
action upon the conformal partial wave F2(x) = J=A th . Su(x) (where F(z) =

which we solve

)\ . . . . )\
> niiisn F2(@)) , which in turn leads to a recursion relation on ¢3;, .,

and apply to the superconformal case.

Leaving the details for section in appendix G, Defining D™ := %D%z, we find that

1 = 1 %)
p =L [ (L o 5) - 2n )
Vdet(m)(iﬂ) ; [ 9 ( 34 12) 6:1:1
0? 1 1
m
+ g(m —1)(2m — 1)] vdet™ (), (5.3.70)

where we define the Vandermonde determinant:

vdet(m)(x):(—1)< 2 >detij(xg_1):detij(x;n_j): I[I @-=). (37

1<i<j<m

The action of the Casimir operator corresponding to the contribution of an operator

in the OPE yields the eigenvalue equation on the four-point function
DU (D (21) D (22) D (w5) B (x4)) = D AN — (26 — 1)) (D(1) P (2) D(3) D (24)) -
i=1

(5.3.72)

This eigenvalue is simply the value of the Casimir for the corresponding representation
of SL(2m).

We define the GL(m) conformal partial wave in (5.3.65) to have the form F(x) =

ZN‘-HZM FA(:E), where

FA=3 th (@) - (5.3.73)

p>A

By noting the action of the Casimir upon the Schur polynomial

D™Ms,(x) = (Z m(,ui—(Qi—l))> su()

- (Z(Mi—(i—l)—%Alz)(/vbz’—(i—l) + %AM)S(---MH,---)(I)) , (5.3.74)

i=1
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and following (5.3.72), it follows that the action of the quadratic Casimir operator upon

the four-point function yields the recursion relation on tﬁl,..., .

> ((Mz‘ =) N+ = 2= 1))t

i=1

o1 o1
- (Mz’ —1— §A12) <,ui —1+ §A34) t//\u,...,ui—l,...,um> =0 (5.3.75)

which is solved by:

m ' a1 Hi—Ai ' a1 Hi— i
P N+ 1—i+20)" 7 N+ 1 — i+ 2A3) (5376

o (ps — M) (2N — 2 4 2)1
where (x) is the ascending Pochhammer symbol. In taking m = 2, we find agree-
ment with [80]. However, in the supersymmetric case the conformal partial wave is

accompanied with the super-cross ratio

1

27 1

(913924) Faﬁwé(z) = sdet(2) §’YF0¢6’YA(Z>' (5.3.77)
912934

In view of this we instead consider a shifted conformal partial wave

P =N e S (), (5.3.78)

M1 bm E+m
120
where A +m = [\ + m, Ay +m, ..., A\, +m]. Noting that sy, = ([[%, z:)" sy =
det(2)™s,, we find that

FAtm — (H xz) Ztﬁiﬁumsﬁ(x) (5.3.79)
i—1

p>A
where we may now define the resulting coefficients by r}‘jﬁ%um

m

o _pen P liv ) T Lok G

— 5.3.80
Hloealtm =t (= A @A+ 2 = 20+ ) (5380)

Where here, o = % (2m — Ays), B = % (2m 4+ Agy) and v = 2m.

The sum in (5.3.79) sums over all Young tableaux u that fit in A in an unconstrained
way, i.e. ;11 is not always greater than p; which leads to the appearance of nonsensical
representations. The appearance of such representations is circumvented by the so-

called affine Weyl reflection symmetry of the Schur polynomials (upto a sign) [13].
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This symmetry is generated by the discrete action w, where o € S, and acts on the

Young tableaux labels as

Wo (s vy o) = (foy + 1 = 01, floy +2 — 0oy ooy flg,, + M — Op). (5.3.81)

This essentially re-orders the Young tableaux labels to make sense whenever they do

not (i.e. piy1 > ;). We therefore find:

A A A
FOOR = i su= ) Rysy, (5.3.82)
u=>0 u>0
Hit1 2> i
where ReP2 =% o (—1)l] Zf z:l - Notice that because of the form of refn |
we do not need to impose the sum to be to u > A since if A > y then rffj%um =0

The coefficients RZBVA are our sought after coefficients.

The summation of the GL(m) conformal partial waves

Given the result in the GL(m) case, we can re-sum the whole result in (5.3.82) to

retrieve an analytic form. In particular we use the fact that since

w T R (A= +a, A~+1—j+ﬁ~ 2Aj+2-2j+7; i)

(5.3.83)

Z )\—l—l j—l—a Y =A) (N 1—j4+B) X))

P WA F2=2j )0

where a™ = a(a+1)...(a+n — 1) is the ascending Pochhammer symbol. Now using

the determinate form of the Schur polynomial from (5.2.28) we get that

et (a277)

A _ Ao ByA
Fomd= Y BMs= ) R
det(xi I

©=>0 p=>0
Mt 12> G Hit1>pg

det (2", Fy (Lo, A 1=+ 5 20+2- 247 3:) )

1<i,j<m

>1<ij<m

1<ij<m

det (x:»nﬁ

>1sm‘§m

(5.3.84)

Indeed, in the case m = 2 we recapture the well known form in (5.1.8).

It is worth remarking there exists the relation

Faﬁ'y)\ (H I1> (@=8)(B—=0)(v— 25)P‘+§]< ) (5385)
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To see this, one recalls that s,.s(x) = ([[2, ;) su(z). We invert this and plug
it into (5.3.84), and noting the form of the coefficients, namely (5.3.80) we find the

necessary transformations in «, 3, and \.

5.3.4 The GL(m|n) superconformal partial wave

The coefficients of the Schur superpolynomials in any GL(m|n) partial wave expansion
are universal, which implies that they do not depend on the group but only on the
representations defined by Young tableau. This means that having obtained the GL(m)
partial waves for any m, we can immediately write down the GL(m|n) partial waves
as an explicit expansion over Schur superpolynomials.

We can now state the superconformal partial wave associated to GL(m|n). This
subsection encapsulates the main results of this entire chapter so let us restate the
correlator and what have found before summing the result. We have found that the

contribution of an operator 02 to a four-point function (p;popsps) is given by

<p1p2p3p4> =
(OPH(X1) 0P (X2) 0P (X3) 0P (Xy))

i aall (/7 2 Jia aps 913924 2" A
_ Z Cp1p2p3p4 RN 924 g14 FO{/D’V,(Z),
914 913 912934

= %(7 p2) B = %(7 + p34) (5.3.86)

where, in terms of OPE coefficients,

e = N 09 00 Cop. (5.3.87)

p1p2 ~ P3pa
072 O

Here we have that

Faly) = 3 Ry s(ely).

©>0

aBfyA _1\lo| aByA
RIAW = Z( 1) P (11 sevspm )

gESm

e ﬁ (N +1—j+a)l M +1 -4 §)kA)
L] (/L] — )\j)'(2)\3 + 2 — 2] + fy)(,uj—)\j) )

(5.3.88)

j=1
where RZBVA are exactly the same numerical coefficients as defined and used in the

GL(m) case and s, (z|y) are the GL(m|n) Schur superpolynomials defined in (5.2.33).
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Indeed in the practical computation of OPE coefficients — as we will do for N'=4 SYM
in section 5.4 — this form of the partial wave is the most useful one.

Following the form of the summed up GL(m) conformal partial wave and its close
relation with the corresponding Schur polynomial, we give the summed up GL(m|n)

result based on the Schur superpolynomial in (5.2.36). We find

1 F¥ R
FoP(gly) = (—1)3@m+2ptn)n-1) p-1 qot [; o | (5.3.89)
A

where here we define
p = min {a, B} (5.3.90)

and D, R are just as defined previously for the Schur superpolynomial, in (5.2.34), K,

is defined in (5.2.37) and F5¥ and F are matrices of hypergeometric functions

FY = ([xjﬁm‘”‘GFl(Aj Fl—j4a +1—7+06;2)\4+2—-2j+~; xi)D

1<i<m
1<5<p

FY = ((yj)"*lgFl(z’ +m-—n—a,i+m-—n-—L3;2i+2(m—n)— V;yj)>1§i§p+n7m .

1<j<n
(5.3.91)
Here we again define the square brackets to mean “the regular part at x = 07 i.e.
-1
() (k)
— N I o a k—t
[ZE 2F1(6L7 ba G l‘)] =T 2F1(a7 ba G I) - - k! C(k) T

0 (k0 pk+0)

=y (G (5.3.92)
k::O

5.3.5 Superconformal partial wave relations and decomposi-

tions of typical representations

In section 5.2.4, we reviewed various relations that exist between Schur superpolyno-
mials and here we see similar relations on the full superconformal partial wave. One
first observes the factorisation into external and internal groups, namely for a typical
representation in which A\ = [Ax +n, Ay}, one has

FOP2(g]y) = Flatn)(B+n)(v+2n)A +(2]0) x [la—m)(B—m)(y—2m)A, (0] — y) H (2 — y;)-

1<i<m,
1<j<n

(5.3.93)
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We also have the relation

FoOA(]y) = [TiZ @i FlAD@EDE2Y (1) (5.3.94)

[T (=)
for when

A=A 40, A XM= —1+n,n,A,] . (5.3.95)

Another relation is that if given two atypical representations A\, and ), and a typical

one A, where A, and A, are m — 1 and n — 1 row Young tabluex respectivly, namely

A2 - [Ax + nuAyL
A=A +n,n A, (5.3.96)
we have
<H xz> x FP21(z|y) + <H —yj> x FEDE=DO=2)2 ()
i=1 j=1
— platn=1)(B+n—1)(y+2n-2)A, (x) w fla=m)(B-—m)(y=2m)A, (0| — y) X H (xz - Z/j) .

1<i<m,
1<j<n

(5.3.97)

Let us refine this final relation for N” = 4 SCFT, where here we take (m,n) = (2,2) and
as a representative example let us consider A, = [0] and A, = [0]. As an application

to (5.3.97), we get

(w122) x FOOM(]y) + (yryn) x FODEDO2B] (5]
:F(a+1)(6+1)(v+2)[0]<x> X F(a—2)(/8—2)(v—4)[0](0| —y) H (zi — ;) - (5.3.98)

1<i<2,

1<5<2

We divide through by (z123), and we use the fact that from (5.3.85) we have

;F(a+1)(6+1)(v+2)[0] (z) = Flat2)(B+2)(y+4)[-1,~1] (z), (5.3.99)

(2172)

then by putting this together and using (5.3.93) we find that

FoABl () + (y1y2> FeDE=D0=2] (1)) = lim F21A (2]y), (5.3.100)
T1T2 p—1



5.4. Application to N =4 SYM 127

where F' ’”‘ﬂ”[””’](x]y) is the superconformal partial wave for a typical representation.

This relation generalises to

Eﬁfgvuﬂ’lm] = lim FoOPHrr (1))
p—1
= (_ylyQ) F(a—l)(ﬁ—l)(v—Q)[AJer”](x|y) _{_Focb’w[/\Jrl,1”“]($|y)7 (5.3.101)
T1X2

where the limit is understood for arbitrary real p via an analytic continuation of the
results for the long representations p = 2,3,4,..., etc. We define a separate super-

: aBy[A+1,17+1]
conformal partial wave Fj

since it has Young tableaux labels that would
have previously been described by an atypical representation, but here by writing the
subscript ‘long’, we are instructed to take & = 3. We will make extensive use of the

relation (5.3.101) in our application to N’ =4 SCFT.

5.4 Application to N =4 SYM

For this section we specialise to N' = 4 SYM. We thus take the partial waves of the
previous section and set (m,n) = (2,2). We begin by giving the summed up form for
the superconformal partial wave pertinent to the study of N/ = 4. We then consider

the free theory OPE coeflicients of various correlators.

5.4.1 The N = 4 superconformal partial wave

In section 5.3.4, we provided the superconformal partial waves corresponding to a
theory with SU(m,m|2n) symmetry. We now write the result specifically for N' = 4
SCFT.

The results can be rewritten in terms of two functions, a one variable (in each of
x and y) function, f(x,y), and a two-variable function f(xi,zs,y;,y2). Recalling that
p = min {a, #}, the full superconformal partial wave is written in terms of these simply

as

FP2(xly)

_ P T,
o) o (422 - ) - ]
12434 1 — Y1

+ D_lf(xhl'%ylayQ)} (5.4.102)
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where here

1 (@ —y) (@ — ye) (@2 — yi) (22 — 42)
D= T . (5.4.103)

We define the following functions:

FY7 () = P (A A+ B 22+ 73 ),
G (y) =y TR (N — a, X = 332N — ). (5.4.104)
Then the functions given in the superconformal partial wave defined in (5.4.102), are
given by
A2 > 1 (long) :
f(z,y) =0
f(x1, 02,91, 92) = (_1)/\/1“/2 (F;lm (1) Fffjl (z2) — 1 > $2>

X (Gif”( DG (y2) =y yg) . (5.4.105)

1
A =0,1 (semi—short and ZL_BPS> :

e = () CoME@E)

flormpm) = 30 (I (R (@) B (@) = (01 02))
< (G5 () G577 () = (o w2)
+Z P (FE () T (1) = (01 0 22)

(G577 () G5 () = (1 w)) o (5.4.106)

A=0 (%-BPS) :
) = ( ) ZFaB"/ G2 ()

flanmmp) = Y (FQM FP2) (1) — ($1<—>$2)>

1<i<j<p

< (G ) G () — o ). (5.4107)
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5.4.2 OPE coefficients in N =4 SYM

We wish to perform a superconformal partial wave expansion on free theory correlation
functions in order to illustrate and confirm the partial waves of the previous section,
and obtain new results in this theory.

A general free theory correlation function of four arbitrary charge %—BPS operators

is given by a sum of products of propagators

yz]

gij = det (X; — X;)™ +0(pp) - (5.4.108)

l]

Any free theory correlation function can be written, by observing that

-1
sdet (1 — Z) = (M) , (5.4.10)
d13924

in the general form:

<p1p2p3p4>

=

: - L)
p1+p2  P3+pP4 2P21 5P43 2 ‘
R el 0 g14 913924 —i

=012 U3s® (_) (—) E ( ) a; sdet (1 — 2)

¥

914 913 912934 =

l\.’:\»—‘

(5.4.110)

where p;; = p; —p; and where a,; are colour factors which can be computed using Wick
contractions. The restrictions on 7 are the same as in (5.3.59).
On the other hand we wish to compare this with the conformal partial wave expan-

sion (5.3.54)

(p1P2p3pa)
, ). $p21 $pa3 37
(5.4.111)
The exercise is then to equate
137
D aysdet (1—2)7 =Y CpF*3(Z) (5.4.112)
= A>0

in order to find the OPE coefficients C,, = co o Cod

Pp1p2 ~ P3p4

The simplest way to proceed is to use the so-called Cauchy identity to rewrite the

right hand side of (5.4.112) as an infinite sum over the Schur superpolynomials. This
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then allows for a direct comparison with the superconformal partial wave expansion
(which we also view as a sum over Schur superpolynomials) and thus allows us to solve
for the OPE coefficients. Remarkably, this means we never in fact need to know the
form of the Schur superpolynomials themselves, both sides are given as expansions in
Schur superpolynomials and since we know these are independent this allows us to

equate the coefficients of each Schur superpolynomial.

5.4.3 The Cauchy Identity

The Cauchy identity provides a way to write functions of sdet(1 — Z)~ for some q as
an expansion in super Schur polynomials. Cauchy’s identity states that (see appendix

A of [90]):

_ 4.11
Hi,j(l eTng ; A A (5 3)

where A is some Young tableau. If we set the z;’s to 1 we gain the following formula

relevant to the bosonic case:
_ 1 GL(p)
_ p_ - p
det(1—2)77 = Ma—zp g/\ sy(z)dy ™, (5.4.114)

where dG ()

is the dimension of some Young tableau A in GL(p). In particular this
means we can never see Young tableaux with more than p rows.
In the supersymmetric case, this formula generalises naturally to

H(l_x) ZSA oly)ds . (5.4.115)

7

The standard Hook dimension formula gives

JGH®) _ P p—i+ 1)

S 1 (S | ROV YR GRS D I

(5.4.116)

where (™ is the ascending Pochhammer symbol. Implicitly, this formula has a label
for p + 1 which we must switch off, namely A\, = 0.

For example for p = 1, in N' =4 SYM, one finds that

sdet(1 — Z)~ ! = ((11 :538 : Z‘22>) = Z S0, (x]Y). (5.4.117)
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whereas for p = 2, we get

L (-w)P-w) <
sdet(1 — Z) 2 = (1= x1)2(1 — ;2)2 = Z (A = A2+ 1)spay x000,.0(2]Y) -
A12A22>0

Using the above results it is now straightforward to obtain the OPE coefficients in
the free theory. In the next section we give a number of low weight examples of this.
Note that at this stage we are not considering the fact that in the interacting theory
certain short multiplets can combine together to become long. We will consider this in
the following subsection.

Let us outline a basic example for precisely how this works. In the example of

(1111) which we study in the next subsection, we will encounter the function
A(1 +sdet(1— 2)71), (5.4.118)

which we want to compare with a linear combination of superconformal partial wave ex-
pansions of the form F''?M (corresponding to twist-2 operators). So using the Cauchy

identity we equate

A(L+sdet(1 — Z)7) = 24s)(zly) + A spy(aly) =D Copy FPY - (5.4.119)

i>1 A>0

We can expand the rightmost-side explicitly using (5.3.88) giving

1 1
2Aspg)(z]y) + AZS[A] (zly) = Cop (S[O](ﬂy) + 551 (zly) + s (zly) + .. )

i>1 N 3
FHE[O]
1 9
+Com { s (@ly) + 58 (2ly) + g5smlely) + .
h F?l;[l]
3 12
+ Copg | sp(y) + 58[3] (x|y) + 78[4] (xly)+ ... | +... (5.4.120)
) F1‘1r2[2] 3
Comparing the coefficients of sjg(x|y) requires that Cop = 2A. A consequence of

this is that this automatically sets coeflicient of sp)(z|y) to A on the right hand side,
which yields an overall equality if we set Cy;;; = 0. We may continue to the next
order to find Cyp) and there onwards to find the rest of the coefficients. With enough
terms, one can spot a pattern and write a general formula. As we will see in the

next subsection, it turns out that the only non-zero OPE coefficients in this case are
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A € Zeyen, corresponding to even spin operators. All results are found in this way. Note
that as mentioned previously, one never even needs to know the explicit form of the

Schur superpolynomials for this.

5.4.4 Results: Free theory OPE coefficients (before recombi-

nation)

The purpose of this section is to display the OPE coefficients before taking into account
any recombination in the interacting theory. We do this for the list of the correlation
functions (1111), (1122), (2222), (2233) and (3333) whilst leaving (2433) and (3544) for
appendix D. Clearly the first two correlators can only exist in the U(V) gauge theory
(since tr(W1) = 0 for SU(NV)) whilst the others may exist in either U(N) or SU(N).
For notational convenience we have defined
[37]

fy (a0, o1 ) = Z:; asdet (1— Z) (5.4.121)

where a,; are the associated colour factors.

We consider all %—BPS operators, both single- and multi-trace at finite N. We
denote A, = tr(W7) so the multi-trace operator tr(17?)? is denoted (A3)? etc. Finally,
we tabulate all (or almost all) colour factors for both U(N) as well as SU(V) gauge
theories, however for some cases these tables are very large and so we relegate these

tables to appendix E.

(1111)

This correlator can only exist in the U(N) gauge theory and is given by

(1111) = A (914923 + 913924 + G12934) = 12934 (fo(A) + (%) f2(A, A))
1293

The colour factor is given by

A= N? (5.4.122)
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Correlator type A B
(A1A1 A2 As) 2N3 | AN
(A1 A1(A])?Ay) 2N? | 4N?
(A1A1(A1)?*(A)?) | 2N3 | 4AN3

Table 5.4: U(N) colour factors associated to the (1122) correlator

In comparing with the superconformal partial wave expansion, one finds that

(1111) = 12934 (A + (M) ZC2[AJFH2N>

912934 >0
2A(N)?2

with Copyy = W for A € Zeyen and zero otherwise. (5.4.123)

(1122)

(1122) = Agi2g3, + B (914923931 + 913924934) = 91295, <f0(A) + (?3524> f2(B, B))
12434

(5.4.124)
The colour factors for U(NN) for the various types of correlators are tabulated in table
5.4.
Since p12 = p3s = 0 (which means we use the same set of superconformal partial
waves), we see that this result is structurally identical to the (5.4.123), but for the
change

2B(\)?
20!

Copy = (5.4.125)

which is simply a change in the colour factor.

(1133)

(1133) = Agiagsy + B (914923954 + 913924951) = G129 (fo(A) + <z13524> f2(B, B))
12434

(5.4.126)
The U(NV) colour factors for the various types of correlators is given in table 5.5.
The result of the superconformal partial wave expansion is identical to the (1122)

previously shown but for the precise colour factors.
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Correlator type A B
(A1A1A3A3) 3N?(1+ N?) | 18N?
(A1A1(A1Ay) As) 6N3 6N (2+ N?)
(A1A1(A1A9)(A1Ay)) | 2N%(2 + N?) | 2N%(8 + N?)
(A1A1(A1A9)(A)3) | 6N3 18N3

(A (A (As)) | 6N 18N

(A1 AL(A)3(A)?) 6N 18N*4

Table 5.5: U(N) colour factors associated to the (1133) correlator

(2222)

This is the first case where we have a correlator which may exist in either the U(V) or

SU(N) gauge theory. The correlator is given by

(2222) = A(912954 + 913951 + 914053) + B(g12923931941 + 913932921914 + G13931942921)

— (fo(A) ' (913924) fo(B.B) + (&) f4<A,B,A>>

(5.4.127)
912934 912934

For the SU(N

) theory, there is only one possible colour structure where the operator

is Ay which is given in table 5.6.

Correlator type SU(N) | A B
(A Ay Az As) 4(N? —1)* | 16(N? — 1)

Table 5.6: SU(NV) colour factors associated to the (2222) correlator

On the other hand there are a few variations in the U(N) theory, which are given
in table 5.7.

Comparing to a superconformal partial wave expansion yields

(2222) = ¢%,¢2, (A + (913924) ZC 2 F2N (913924) Z 64[/\17&}]7224[)\1,)\2]) ,

912934 >0 912934 A >0

(5.4.128)
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Correlator type U(N) | A B

Ay Ay AsAs) 4N* | 16N
(A1)?A2A2A) AN® | 16N
(A1)*(A1)* A As) AN* | 16N?
(A1)?(A1)*(A1)?Az) | 4NP | 16N?
(A1)*(A1)*(A1)*(A1)%) | AN* | 16N
(A1)*Az(A1)* A) AN? | 16N?

{
{
(
(
{
{

Table 5.7: U(N) colour factors associated to the (2222) correlator

where the coefficients are given by

2B(\!)?
Copyy = (2(—)\)2 for A € Zeyen zero otherwise,
c A DA (AN = A+ 1) (A 4 A+ 2) + B(—1)*)
el (2X2)! (2 + 1)!
for A{ — Ay € Zeyen > 0, Ay € Z > 0 and zero otherwise. (5.4.129)
(2233)

One may write the free theory correlator as

(2233) = Agthg3s + B (914931953 + 913931934) + C (912914923934 + 912913924954)

+ Dg13914923924934,

2
= 9205 (fo(A) + (913924) £2(C.C) + (913924> f4(B,D,B>> (5.4.130)

912934 912934

The colour factors for SU(N) can only come from one correlator and is given in table 5.8.

Correlator type SU(N) | A B|C D

6(N2—1)2(N2—4 36(N2—1)(N2—4 72(N2—-1)(N2—4
(Ay Ay AsAs) SVP-1P(NP—g) | (g | S6NVP-L(NE—g) | T2NEL(NE)

Table 5.8: SU(N) colour factors associated to the (2233) correlator

For the U(N) theory we have 18 possible ways of partitioning the p;s into local
operators, and we leave this for table in table E.3 in appendix E
We see that this result here is structurally identical to the (2222) case, the only

difference is as in previous cases the precise difference in the colour factors. Namely,



5.4. Application to N =4 SYM 136

the result is identical to (5.4.128), but instead we have

2C' (A2
Copy = (C;/\)R for A € Zeyen zero otherwise,
c S D) (B (A = A+ 1) (A + Ao+ 2) + D(—1)*)
el (222)! (22 + 1)!
for A{ — Ay € Zeyen > 0, Xy € Z > 0 and zero otherwise. (5.4.131)
(3333>

The free theory correlator is given by

(3333) = A (914955 + Gis9as + 912951) + B(91395 4924955 + 912914931953

+ 913014954923 + 912914934923 + 912913924934 + 912013934934) + Cg12913914923G24934,

2
— gl (fo(A) T (&) fo(B.B) + (&) fi(B.C. B)

912934 912934
913924 ’ A BB A 4
+ 12034 fﬁ( sy 5y ) (5 132)
There is only one SU(N) correlator which has colour factors given in table 5.9.
Correlator type | A B C
(A3 Az AsAs) 9(N2—435§N2—1)2 81(N2—;1\;§(N2—1) 162(N2—4)(1\§2—1)(N2—12)

Table 5.9: SU(N) colour factors associated to the (3333) correlator

For the U(N) theory we have 17 possible ways of partitioning the p;s into local
operators, and we leave this for table in table E.4 in appendix E.

Upon comparing to a superconformal partial wave expansion we get

2
(3333) = ghaody (A b (D20) 3 a0 g (L220) 5Ty

912934 >0 912934 e

3
+ (913924) Z CGD\L)\Q,)\S]F336[)\17>\27>\3]>7 (54133)

912934 A S AaSAs>0

Similarly to previous examples we see structures repeating again. Namely, the v = 2
is identical to (5.4.129) and v = 4 sector is structurally identical to (5.4.129) but for

the change of colour factor A — B and B — C'. We also get a 7 = 6 sector where the
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OPE coefficients are

A%(A MA2) (M +3) A=A+ 1) A+1) (A +2) (M + A+ 4)

F4B (=1 +1) M A+ 5) +8(=1 + ((=1)™ = 1) e (Ao +3) +4) )

Cﬁ[,\l,,\g] = mx,

for A — Ao € Zeven > 0, X\ > 0 and zero otherwise, (5.4.134)

1
CG[/\l,)\Q,l] == m)\l - <A ()\1 + 1) ()\1 + 4) <)\]_ - )\2 + 1) )\2 ()\2 _I_ 3) ()\1 _|_ AQ + 4)

)\24
FAB (=12 — 1) (A = Ao+ 1) (A + Mg +4)>

for Ay — Ay € Zoga > 1, Ao > 1 and zero otherwise, (5.4.135)

Cﬁ[)\h)\z,?] = m)\1,>\21_12 <A)‘1 ()\1 + 5) ()\1 - )\2 + 1) ()\2 - 1) ()\2 + 4) (/\1 + )\2 + 4)
H4AB (D2 + 1) M (M +5) + (1) = 1) A2 = 1) (A2 +4)) )

for A{ — Ao € Zeyen > 0, XAy > 2 and zero otherwise, (5.4.136)

where

(A1 +2)12 Ay + 1)1
(202 + 2)! (2M + 4)1

M Ay = (5.4.137)

We give two further cases in appendix D, namely (4233) and (5344).

5.4.5 Consistency checks for the above OPE coefficients

It is possible to perform non-trivial consistency checks for the above results if we have
some information concerning the number of operators in each representation.
To see where these consistency checks come from, consider writing the OPE coeffi-

cients as follows,

C%p2p3p4:<cp1pzv papa) = Z ce,.co ¢ (5.4.138)

P1pP2 ~ P3p4 (9(9’
O'y)\ O'y)\

such that the rightmost-side defines an inner product of the structure constants of the
three-point function with a metric defined by the two point function. Here we sum
over all operators in the same representation defined by v and A and we take Cj,p,

to be a vector in which the dimension is equal to the number of operators in this
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representation. If we choose a basis for the operators where we have diagonalised the
two-point functions, then we have simply Cp5 ~ 03 and this becomes the standard
scalar product.

The first observation that follows from this is that

Coings Croapa )
cos?(0) = Corpr Coups , 5.4.139
O = G- Corad Conrr G (5:4.139)

where 6 is the angle between the two vectors C¢_ and C9

oipo papy» and so it follows that

(CP1P2P3;D4 )2

0<

— (Cpip2p1p2(0P3paP3ps

(5.4.140)

for all OPE coefficients. 3
Furthermore, if there is only one operator O in the representation in question, then

the vector space has dimension 1 and it follows that

(CP1P2P3P4 )2

=1. (5.4.141)

(CP1p2p1p2 (P3PAP3P4A
Indeed if we know how many operators there are in a particular representation, M,
(so we know the dimension of the relevant inner product space) then we know that any

Gram determinant of dimension M + 1 must vanish 4. So

det (Cpipjpkpz>(p“pj)es 7 (5.4.142)

(Pr>p1)ES

where S is any set of pairs (p;, p;) such that |S| = M + 1.
So for the previously mentioned case where the number of operators is one we let

S = {(p1>p2)7 (p37p4)} and then

CP1P2P1P2 Cmpzpsm

Gram = det — (CP1P2P1P2(PP3PAP3P4A _ (Cmmpsm)? =0, (5'4'143)

Cp1p2p3p4 Cp3p4p3p4

which is equivalent to equation (5.4.140) being equal to one. For the case where we
have two operators the Gram determinate becomes
CPip2p1p2 (Cp1P2P3Pa (CP1P2P5P6

Gram = det | (Cpip2pspa  (Cp3papsps  (CP3P4P5P6 =0. (5,4,144)

CP1P2P5P6 Cp3p4p5pe Cp5p6p5p6

3For long operators, this need only be true after taking (5.2.20) into account.
4Recall the the Gram determinant is the determinant of some inner product, i.e. given some inner

product (v;,v;), we define Gram := det ((v;, v;))
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Let us check these conditions in a few cases. Firstly, consider the case with only
one operator. This is the case for all twist two operators O in the SU(N) theory.
Looking back at the results above one can straightforwardly check that indeed

CHPC - (G

2(A)2\? ) 81(N2—4)2(N2—1) [36(N2—1)(N2—4)\"
:(@W>[mW—Ux 2 -( - )]:m

(5.4.145)

Similarly in the U(N) case there are two twist 2 operators O? for each spin A
(a single-trace and a double-trace one). Thus the following 3 x 3 Gram determinant

should vanish

Cllll 01122 61133

ol Lopy Lo
det | oz ¢z czp | =0 (5.4.146)

C%[l/\?ig CQQ[Q)?]Q Cg[z):\?]:s
which can be seen to be true via previously found results.

In the next section we will show how similar considerations give information about
the disentangling of protected and unprotected operators. We will make use of such

relations in order to completely disentangle the protected and unprotected sectors in

the (3333) correlator.

5.4.6 Physical OPE coefficients: recombination of operators
in SU(N)

It is known that free theory supermultiplets in N/ =4 SYM combine together to form
long supermultiplets, which are then free to develop an anomalous dimension. In order
to separate out the OPE coefficients into free and interacting pieces, it is useful to
be able to disentangle the genuine short multiplets from those which become part of
long multiplets. This is also required in the conformal bootstrap programme where
one requires the contribution of all protected operators to the free correlator [76].

It is impossible to uniquely disentangle this information from the free theory alone,
one requires some information from the interacting theory. At least in some situations

however, knowledge of mixed charge correlators, together with simply the knowledge of
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the number of long/short operators (the precise form of them is however not required)
allows us to uniquely disentangle the protected and unprotected sectors. The number of
short and long operators can be obtained by an examination of the classical interacting
theory [27,91]. We will give an example of this in the current section, and we will
obtain the precise separation of the free SU(N) correlator (3333) into protected and
unprotected sectors by making use of the (2233) and (2222) correlators.

In order to gain the correct answer, we make repetitive use of the reducibility

equation at the unitary bound (5.3.101) which we restate for convenience

B ™ Naly) o= tim ForPeee ) (aly)
p—1

-1
- (_:313324) FEDE-DO-2D4217] (1) | paByReL ]
12434

(5.4.147)

There then remains the question as to how to decide which operators become long
without doing explicit computations.

In this subsection we present the physical OPE coefficients of gauge group SU(N),
in particular for (2222), (2233) and (3333). Let us begin with the (2222) case.

(2222)

Stating the result again, we had

2
(2222) = 9%2932,4 <A + (M) ZCQ[/\}FIHN + (M) Z C4[,\1,>\2}F224[)‘17A2]> 7

912934 >0 912934 NS>0

(5.4.148)

where the coefficients are given by (5.4.129), but for convenience we repeat them

Copy = 2(%;\;')2 for A € Zeyen zero otherwise,
Cannn — M+ DD 2 (AN = A+ 1) (A + Ao+ 2) + B(—1)*)
(2X2)! (221 + 1)!
for \{ — Aa € Zeyen > 0, Ay € Z > 0 and zero otherwise. (5.4.149)
with
Correlator type SU(N) | A B

(5.4.150)

(Ay Ay Ay Ay) A(N? = 1) | 16(N? — 1)
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We recognise the term F™?? as being the Konishi operator. Famously, the Konishi
operator gains an anomalous dimension in the interacting theory, hence it should be
long whilst as it stands it is short. By looking at the structure of the Wick contractions,
one also observes that the semi-short operators that follow, namely F'2124 are all
long in the interacting theory and have the form tr(Wg(9)*W4B) [27]. The operator
corresponding to F''20 on the other hand, corresponds to the stress-tensor multiplet,
and is the only v = 2 protected operator. It will remain short in the interacting theory.

In order to manifest these points one may make use of the reducibility equation

P2 <913g24) (Ffﬁg)ﬁl’l} _ F224[>\*171]> ) (5.4.151)
912934

In which we get

2 o)
2222} = g2 02, [ A + (913_924) op 120l 4 <913924) C o 224N
< ) 912934< 912934 912934 Z 40

A>0
A>1 A1>A2>2 A>1
(5.4.152)
where
Ci[m] = Capn1) — Copryg- (5.4.153)

Here the second line consists of unprotected operators, whereas the first line corre-
sponds to genuine short operators.

So we have used qualitative knowledge (essentially that all twist two operators
become long) to disentangle the protected and unprotected sectors. This result is

consistent with [77].

(2233)

As we discussed above, the structural form of (2233) is the same as that of (2222). The
reason for this is that we are computing the overlap of the A; Ay OPE with the A3A;
OPE, which in fact contains all the sectors of the As Ay OPE. With coefficients given
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by
2 1?2
Copy = (C;(;\)l) for A € Zeyen zero otherwise,
c S DI A2 (B = A+ 1) (A + Xa 4 2) + D(—1)*)
el (222)! (22 + 1))
for A\{ — Ao € Zeyen > 0, Ay € Z > 0 and zero otherwise. (5.4.154)

with table 5.8.

Correlator type SU(N) | A B|C D

2_1)\2 2 2 2_ 2_ 2_
(Ay Ay Ay Ag) 6(N 1])V(N 9 | o | B ]1\;(N 4) | 72N ]1\;(1\/ 4)

(5.4.155)
The multiplet recombination is then identical to the (2222) case: essentially remove
all F112 (except for the %—BPS case F1120) in favour of long operators.
The result of performing this is:

2 o0
913924 112[0 913924 224\
2233) = ¢2,¢° A+(—)20F ”+<—) Cyp 224
< ) g12934< 912934 J12934 Z 4D

A>0
+ Z CQ[A,1]F224[)\’1] + Z C4[,\1,A2}F224[)‘1’A2] + Z CQ[/\+1} Eiiih,l}) ) 7
A>1 A1 >N >2 A>1
(5.4.156)
where
Cz’l[)\,l] = Cypr 1) — Caprs)s (5.4.157)

and again the first line consists of protected operators and the second line unprotected
operators.

Interestingly, the coefficient Cy, |, of F 2241 namely £(4B —2C — D) is subleading
in the planar limit, whereas for the (2222) case it is not. This can be understood as
follows. The coefficient Czlx[1,1] is related to the OPE coefficient of the genuine twist four
quarter BPS operator. In the large N limit this is a double trace operator (see [27,92]).
As described in section 5.3.2 the twist-4 operators arising from the A; Ay OPE are
double trace operators whereas the twist four operators arising from the AsA3; OPE
on the other hand involve a Wick contraction, which in the large N limit reduces to a

single trace operator.
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Also note that the presence of non-zero coefficients Cyp\ and le[/\ 1 imply that the
OPE coefficient C’gWiSt * where O™ist 4 are the protected twist-4 operators, can not be
zero. This in turn has some unexpected implications for the twist four part of the

protected sector of the (3333) correlator as we shall see.

(3333)

Now we come to a more non-trivial case, the (3333) correlator which contains operators
up to twist-6.

Firstly we restate the result before recombination from the previous section. The
OPE coefficients here are as in (5.4.129) and (5.4.134) where for the Ay, coefficient of
the former, we must do the change A — B and B — C.

2
(3333) = 9%29::3)’4 (A + <M> ZC2D\]F112W + (M> Z C4[>\1,>\2]F224[’\17)\2}

912934 >0 912934 A a0

3
4 (913924) Z CG[/\l7)\27>\3]F336[z\1,)\2,>\3]) : (5.4.158)

912934 A S A oA >0
with coefficients

2B(\!)?
Copyy = % for A € Zeyen zero otherwise,
M+ DD 2 (B(A = A+ 1) (A + X2 +2) + C(—1)*)

(2X2)! (21 + 1)!
for A — Ao € Zeyen > 0, Ay € Z > 0 and zero otherwise. (5.4.159)

Capaipo) =

and exactly as is given in (5.4.134), with colour factors

Correlator type | A B C

2_4\2(N2_1)2 2_\2(N2_ 162(N2—4)(N2-1)(N2-12
(Ag Ay Ay Ay) 9(N 4])V§N 12 | s ;l\;z(N 1) ( )(N2 )( )

(5.4.160)

Here, the first manoeuver is to use the reducibility equation (5.4.151) to replace the
short Konishi and the succession of v = 2 semi-short operators by long operators as in
the previous two cases.

However, now we need some additional information to help us with the twist four
(v = 4) sector. In particular we need to know how many genuine short twist four
operators there are in the theory (we already know from the (2233) correlator that

it can not be zero). This can be answered by appealing to the classical interacting
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theory [27]. In analytic superspace the short twist four operators O™ and Q*A-11
are double trace operators of the form A,0* A, whereas those which combine to become
long operators are single trace operators. Just as for the twist two operators, there is
precisely one such operator for all even \. The first few cases can also be checked with
table 6 in the appendix of [91].

Armed with this knowledge that there is only one protected twist four operator
for each case, we can then use the considerations of section 5.4.5 to predict the OPE
coefficients, C3333, after multiplet recombination, using the corresponding coefficients
from (2222) and (2233) via (5.4.143).

Namely we predict that

- (Ciff’]g) - 1206 (N2 — 4)° (N? — 1) \I(A + 1)! (5.4.161)
TR T N @A+ DA+ 3) + (A DA+ 2N+ 2) h
2
(CHR) s1savi— (v - 1) (A1 D)) (5.4.162)

Capr1) = c'22 N22XA +2)L (AN +3) (N2 —1) — 12)’

A[N1]
where we have explicitly put in the colour factors.

We therefore deduce that we must use the reducibility equations to send part of the
~v = 4 superconformal partial waves to the v = 6 sectors, leaving the above coefficients.
Moreover we find another consistency check in the fact that (,:'4[1’1} = Cz/1[1,1] correspond-
ing to a protected }L—BPS operator which can not be combined with any higher weight
operators to become long.

Altogether, this requires the use of the three reducibility equations, and the final

equation comes from the redundancy of the Dynkin labels

P2 <913924> (F224[)\—1,1} B F224[A*1’”>

912934 ong
2240 <913924> F336>\ 1,1] F336[A—1,1}>
912934 long ’
224001 (913924) F336 A—1,1,1] F336[>\—1,1,1}>
G12034 long ’
F2240 ) (gz;jz) F336[A1 1Ao—1, 2}) (5.4.163)
We thus obtain
3333
< 3> = protected + unprotected, (5.4.164)

9:132934
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where

protected = A + (M) 9 B F112(0]
912934

+ (913924) (2B + C’)F224[0 + ZC ,\]F224[’\ + ZC F224[,\ 1}]

912934 ‘oo o1

3

913924 336[A] 336[1,1]
e E Cein F 184 —14B — CF

- (912934) e + 10( )

L A>0
+) Chpy PPN 43 chl]F?’%“vl?”] (5.4.165)
A>3 A>2
and
unprotected = (913924) [Z Capr2) Ay Z Coprt) 13)?:;)\ . ]
912934 o2 1
3
+ <913924) Z CG[/\I,)\Q]F336[>\17>\2] + Z C6[)\17)\2’1]F336[>\1,>\2,1]
912934 A SAg>2 AM1>A2>2
3360011
+ Z Cs 6[A1 Ao 2]F336 P22 ZCG[,\ 1,1] long I+
A1>Ag>2 A>2
e 5.4.166)
A>1
where

b1 = Coin) — Caprrt) + Caprry,
b1 = Coptt) — Caprna) + Copaa + Capaty,
Coirnnozl = Coirane.2) T Capry +1.0041);
é/[/\,1,1] = Capr1,) — Coprgg) — é4[A+1,1],

é’[’x,m] = Capry1) — 64[)\+1] (5.4.167)

The existence of a non-trivial protected twist-4 sector, C, differs from the assumption
made in [87] that these should be absent and absorbed further into long operators using
the third line of (5.4.163).

Note that both the results here and the results of [87] are consistent with positivity
of the OPE coefficients (we have checked and indeed all these coefficients remain non-
negative). Furthermore these results agree with [87] in the large N limit, since the

coefficients C are subleading.
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5.5 Conclusion

In this chapter we have provided the superconformal partial waves relevant for four-
point functions of scalar operators in so-called Grassmannian of the form Gr,,,(2m|2n).
These are interesting mathematical objects in their own right, however they gain phys-
ical relevance for some selected values of the (m,n) parameters, which yields N = 4,
N = 2 and bosonic (super)conformal partial waves in four dimensions together with
the purely internal conformal partial wave (which we omitted here but can be found
in [72]). This all comes from the very same coefficient function R2#"* which does not
depend on any particular group, but rather the Young tableaux only. The precise
group only comes in via the Schur superpolynomials. We performed a summation on
the expansion in Schur superpolynomials to give a novel determinant form for general
(m,n).

We then considered N' = 4 analytic superspace and initiated a detailed analysis
of mixed charge %—BPS four-point functions in the free theory. We analysed the free
theory OPE coefficients in both the SU(/N) and the U(N) gauge theory for a number
of correlators. We finally considered the multiplet rearrangement due to the recom-
bination of short operators into long operators for the SU(N) theory. In particular,
using the (2233) correlator in the SU(V) gauge theory implied that there must be a
non-trivial twist-4 sector appearing in the (3333) correlator which remains protected.

We also remark upon a result obtained in the paper in which this chapter is based
but omitted here. It was also found section 3.4.4 of [72] that one can set m = 0 in the
summed up form of the superconformal partial wave (5.3.89) and expand in internal
Schur polynomials. The result is a completely different set of coefficients that works
such that we can compare the external with the internal coefficients. We found that
the numerical coefficient of the external representation A is equal to the coefficient of
the internal representation A7

Looking forward, there are a number of directions to take. Computationally, in the
N =4 SYM case there is much data — anomalous dimensions and structure constants
— to be extracted, which can then be compared to those computed via integrability.
Moreover, by understanding what the dimensionality of the vectors C© are and using

pip2

its inner product we could go ahead and work out the precise OPE coefficients for
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further correlators, in particular those which we have not studied all the way here.

On the bootstrap side it would be interesting to revisit and continue the work
of [75,76] analysing the superconformal bootstrap in N' = 4 SYM for higher charge
correlators.

Other superconformal theories not covered by the Grassmannian theories here is
the six-dimensional (2, 0) theory. A superconformal partial wave analysis of the energy-
momentum correlator in the (2,0) theory was performed in [93] and superconformal
partial waves were also considered in [94]. On the bootstrap side there has been recent
work analysing the restrictions on anomalous dimensions for this theory in [96].

It would therefore be interesting to see if the method presented here can be mod-
ified to (2,0) SCFTs and related theories. In the work presented here, we made use
of Schur superpolynomials. These polynomials belong to a one-parameter family of
polynomials called the Jack polynomial J,(x), parametrised by « [85], where for the
Schur polynomials one takes @ = 1. For a completely analogous study for (2,0) SCFTs
in six dimensions one would instead use J% (x) instead of the Schur polynomials. Some
aspects of this have been studied in [93,80]

Finally, our work has been solely considering the OPE of scalar operators. An
important question would be to try and find out how much of what we have previously
learnt follows into the OPE of non-scalar OPEs. A starting point for N' = 2 SCFTs
has begun in [97].



Chapter 6

Outlook

In this final chapter we would like to bring this thesis to a close and remark on the
most important points found in this thesis.

This thesis covered two major themes. The first was in the application of twistor
theoretic methods in the perturbative regime of N' = 4 SYM. The second was the
derivation and application of superconformal partial waves on what we have called
Grassmannian field theories.

Beginning with the twistor methods we studied a novel approach to the supercorre-
lation functions of the stress-tensor supermultiplet in chapter 3. Here, the main result
was a complete re-writing of the Feynman rules with some new graphical methods.
The new set of rules contained essentially two rules, for every propagator we have a
factor of ¢;; = % and for every p-vertex we have a factor of R(i;7;...7j,). Schemati-
cally, we found that the lightlike limit of the n-point Grassmann degree four correlator,
namely G;O;)l / G;O;B) is the on-shell superconformal invariant relevant to scattering am-
plitude (namely, the R-invariant), thus we may think of R(7;7;...7,) as an off-shell
generalisation.

The main lesson that we gained from this work was that much like the twistor
approach to scattering amplitudes, the application here has led to a clear simplification
that has given computational ease and efficiency. Most importantly, it was provided
some structure in its formation. Critically, the main obstruction in comparison to

amplitudes is that it is not as easy to gain gauge invariant (Z,-independent) results.

Looking forward, we recall that the scattering amplitudes in N' = 4 SYM are
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conjectured to be integrable as suggested by the Yangian invariance. In view of this,
the supercorrelation functions are objects whose lightlike limit reproduces this Yangian
invariance. An outstanding yet pertinent question is therefore, what is the precise
mechanism in which lightlike limit reproduces the Yangian invariance? It would even
be interesting to reverse the question and quantify the aspects of the full Yangian
invariance that is preserved in the correlator, if at all. Understanding this may lead
to a mirroring of progress for the correlator as has been done for the amplitude. The
twistor approach demonstrated in chapter 3 provides a first step towards gaining the
correlator analogy to the Grassmannian formulation studied in [69].

In chapter 4, we considered the six-points tree-level NMHV scattering amplitude.
Previous methods which have come directly from the twistor approach gave results
which manifest full dual superconformal symmetry but needs to be summed up to see
the emergent physical pole structure. The main result was by making use of a new basis.
In expressing the result in terms of this new basis we found a result which contained
manifestly physical poles and manifestly preserved half of the dual superconformal
symmetry. The new result contained only one non-trivial term whilst the others are
related by the six-point dihedral symmetry.

The main lesson is that we found further evidence that in the twistor language one
cannot write a result which contains manifestly full dual superconformal symmetry
as well as physical pole structure. A remark is that most modern methods prioritise
manifest dual superconformal symmetry whilst allowing the physical pole structure
to be an emergent property. The Amplituhedron studied in [25] is the only method
that attributes the non-physical pole structure to a geometric property, namely the
tessellations of the Amplituhedron.

The second major theme was the derivation and application of the superconformal
partial wave.

In chapter 5 we found the superconformal partial wave associated to four-point
functions of scalar operators for Grassmannian field theories with SU(m, m|2n) sym-
metry. In particular for m = 2 and n = 0,1,2 we get N' = 0,2,4 four dimensional
(S)CFTs in which the four-point function in question is that of %—BPS operators. By
considering the structure of the the OPE as applied to the four-point function, we

found that the superconformal partial wave can be expressed as an infinite linear com-
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bination of GL(m|n) Schur superpolynomials, i.e. F*2(z|y) = > 50 RoPAs, (x]y).
The problem then reduces to finding the coefficients RZBVA. By a series of arguments,
we found that R2%7* can be obtained from the purely bosonic GL(m) problem. By
constructing a conformal quadratic Casimir operator, we found a recursion relation on
RZBVA which we solved and thus found the superconformal partial wave.

We then went on to apply the superconformal partial wave to the A" = 4 SCFT case
in which we performed superconformal partial wave analyses for various correlators in
the free theory. We then considered the possibility of the recombination of two short
operators into long operators. By making use of the (2222) and (2233) correlator,
we were then able to deduce a non-trivial twist-4 sector for the (3333) which were
previously undiscovered [87].

There were two major lessons in this work which are rather remarkable. The first
is that at the core of this problem are the coefficients Rgﬁﬂ which are attained in
the bosonic sector and can be applied to the supersymmetric case. The second major
lesson was in the re-derivation of the OPE coefficients of free theory correlator (3333)
after any operator recombination had taken place. This showed that the result are
required to satisfy consistency conditions which rely on knowledge of other correlators.
This input was not included in previous works.

The problem as solved in chapter 5 was done completely as an exercise in group
theory and representation theory, particularly that of SU(m,m|2n). It is only for par-
ticular values of m and n that we gain physically relevant theories. More generally, we
have found the infinite dimensional representations that follow from the concatenation
of certain representations, all in SU(m,m|2n). In view of this more general problem,
there are two directions we can take. Firstly in the current context of SU(m, m|2n), we
can consider non-scalar operators, such as O44. Secondly, and more interestingly we
can attempt to go beyond this group, namely another relevant supergroup is Osp(8|2N)
which corresponds to six-dimensional (A, 0) SCFTs. In our work, we could very easily
switch m or n = 0, to reveal superconformal partial waves for the corresponding maxi-
mal bosonic subgroups of SU(m, m|2n), namely SU(2n) and SU(m, m) respectively. In
the Osp(8|2N) case, the two maximal bosonic subgroups are rather different, in this
case being SO(8) and Sp(2N). It would very fruitful in view of more general groups to

see if a similar methodology can be employed to find the superconformal partial waves.



Appendix A

Proof of (3.2.66) in section 3.2.3

In section 3.2.3, we claimed that

0 (X + 08050+ 0%0;0) = y20%2 (020, + Ayy) 0% (0905, + Az) . (A0.1)
where
AL = [+ 00605t + 0267 (gh)! (A.0.2)

In this appendix we wish to prove it. We begin by remarking that
5 (o + 08010+ 05%0;0) = / dhwer (aFoltiataofifsa), (A.0.3)
then we perform the change of variables

_ ,ta, (i) +a,.(5)
Wr = U; 1 Vg —i—uija ,

in which we get

d'w = Elet (7, u;f}l)_l d*v @ d*v9), (A.0.4)

-~~~

—2
Yij

This result follows from the basic fact that if we have some Grassmann odd n dimen-
sional vector p’, then we may consider the integral [ d"pf(p). Then the contribut-
ing term from f(p) will be maximally nilpotent and under some change of variables
p! — mlp” we have f(mp) — det(m)f(p). For this to be a valid change of variables, we

require d"(mp) = det(m)~'d"p. One can check from (2.3.85) that det (u;7,u7) = ;.
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Applying all of this gives back
I apgl apgl
/d4we°‘” (o0l ato5i0].a)
; N @) (o ta T, _agtay _agl ,+a @) (,+a I sapgtay apgl . +a
_ yij2/d2v(z)d2v(])eva (“i,]X*+‘7i,79i,a+‘7ji9,j,aui,1)eva (uj,lx*-i-ajiej’a-&-aijeiyauj’])

=y 0% (wirx! 4 080i.0 + 050 i) 6% (wjrxl 4+ 0500 + 050l us 1) (A05)

In each delta function there exists the term O'%QA ujj which we can write as

i,

apl 4a _ _« +b-1 —b -1 +a

ity I T g\ Vha
_ _apta apn—a . a
= 05078 + 050, 5 Yl ars (A.0.6)
- —1 ,+b _ sb o
where once again we make use of (2.3.85), namely we used u; | ,u 7 = 0, and u; _,u;; =

b - apgl ,+a
Y;i - Performing the analogous manoeuvres to 03;0; ,u/7,

and putting everything back
in leads to the last line of (A.0.5) being equivalent to

—2¢0|2 a +b. I an+b an+b —1\a apn—a
Yij 8" (yij,a’ |:<ui,IX* + Ujieia +‘7ji9j,a) (yij )a +Uji9j,a D

x 6% (yj?,af [(Uﬁxi + 0050+ aB0rD) (v + a.a.efa’D . (A.0.7)

ijrjo 177 1,00

Using the property of fermionic delta functions that §°" (Mp) = det(M)d(p), we apply
this to the matrix y;; in the argument of the delta functions to find that (A.0.7) is

equal to

Y50 (0360, + Ai) 0% (0560, + Aji) (A.0.8)
where

AL = [Lult 4 o801+ 06 (v;1) (A.0.9)



Appendix B

Component expansion of R-vertex

In this appendix, we would like to show some of the derivation regarding the expan-

sion (3.4.116) of the R-vertex used in section 3.2. For convenience we repeat the

findings:
L 50‘2<<Uij10ij2>14ij3+<Uz‘j20z'j3>Aij1+<0z‘j3<7ij1>Az‘jz)
R(i; j1j2J3) = —
<Uij1<7z'j2> <0z‘j2%‘3> (Uz‘jgffz‘h)
o 1. . 1. 1.
= Ri(i;j1j2) + §R2(Z;J1J2) + §R3(Z;Jljz) + §R4(2;J13233)
1 A .
+ 6R5(Z§]1]2]3) + antisymy s (B.0.1)
where
a I 4b o ptb antb —1\a
Af; = [X*uj,f —|—aji9j+’a —1—02-].0%} (yij )b , (B.0.2)
gives
- +
Rulis juja) = — (0ijy |91 yij1j29j2|0j2i>
(4512) Gijr Gijo
+ +
R o) = 210l
(45172)Gij1 Gijo
O;i 0+ 2 O 2.
Rg(i;ﬁjz) _ _< ]1|.( z-) | J2>y31J2 ’
(2]1]2)91';‘191';'2
2 .. .
. 2 Xis (132]3)
Ry(i; 41j273) = (0404 (05) " |0jyi) m— 2 ,
(G ads) = (il (65,)" e, >(Zjuz)(wsjl)gm
L N 1
R5(%]1]2]3) = (Q:F yz‘jmjgi@:a)ﬁ ) (B~0~3)
Yij Yij2Yijs
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where we have also used the index-less notation is used:
Yijk = (yz'jk)ab = (yz‘j)ad (?jjk)zc, )

~ a’c ~ d
Yijkim = Wijkim) gy = Wig) aw Tik)" " Ykt)ear (Tim)y
(ijk) = (os00m) ;25 (B.0.4)

Since x4 is a gauge parameter we can set it zero, thus we take

AL = (09652 + 0267] (y;)‘;'. (B.0.5)

717« 1J 71,0

We would like to derive Rj(i;j17273) and Rs(; j1j2) explicitly. First we note that
R(i; j1j273) has Grassmann degree two which means one has

R(is jujads) = O (07)2 5 + O3 (05)2, + Cian (07)° + C52 05005

ij1ab’ia V518

+ 00 050 (B.0.6)

J1jeab” ji,a” jo

Throughout the forthcoming exercise one must be very careful with numerical factors

as these can arise subtly and lead to precise simplifications, we recall that

1 /!
ab b'a 2
§yaa’ybb’€ € =Y

ab 2
Yoo’ Yoo € = Y €y’

(y™)" =y, (B.0.7)

’

where §% = Py, e
Corresponding the R3 and R are C}' 7 and Ciup respectively. Let us begin with C}" g ,

namely we can take Q;Z = 0 for k € {j1, Ja, 3}, and in applying

AL = [0360,0 + 0560:] (uis")y (B.0.8)

77,0
to (B.0.3), we get
R(i§j1j2j3)|9i+

50'2( [<Uij10ijz>0?j3 (Wiis )y T (010033005, (Wi3y), + (0i,003)0%, (%21)” Qj"‘b)

(0341 0ija) (TijnOigs) (TijsTijy)

(B.0.9)
then from the Schouten identity

(0, 0ijy) 05, + (0ij3 0451 ) 055, + (0ij,0455) 055, = 0, (B.0.10)
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we can solve for (0;;,0:;, )05 and substitute this in, and noting that

2
Y — Vi =Y Wi+ Y)Y = Y Y (B.0.11)

where we have omitted the indices, we arrive at

R(i§jlj2j3)’9i+
50'2< [(Uz‘jﬁz’jz)U%S (Wi Uinis st )y + (Oisn0iss) 05, (?/i}Qlngjly{lzl‘)H 9?22)

(0ij10ijs) (CijyTigs) (TijsTigy )

(B.0.12)
We can write the delta function in the previous object as
O (MEOFE) = ey MO MV 07207, (B.0.13)

We may then write the Grassmann odd objects in terms of irreducible Grassmann
objects of degree two,

1 1
egaeg—b _ §Ea,3(0+)2ab + éeab(e—i_)iﬁ‘ (B014)

In this way, we get both of the components that we want. Let us focus e,5(07)% first

in which we directly get :

1 (Yigujajai — (1 €
Cz'ab _ __(y J1J2J3 (]1 ]3))(117‘ (B015)

2 .2 ,2
2 YijnYig2Yijs

However, we note that (Yijyjajii)ey = — Yijijajsi)p, Which is seen easiest by using what

. . . _ tesr1d KL, +d
we have learnt in section 2.3.1 to write (Yijyjnjii)e, = Cactodlis Yiy" Yinax Y5, uip. It

follows that

texr Iy, KL, +d _  +dy 1]y,
ui,IYje, Yaz,JKle W = ui,LY;g Y;

KL +c
Jz,JKle U
. 4dKLy IJ tec
—uz‘,Lle sz,JKng Wi T

= —u 1Y Y, Vi (B.0.16)

where we used that Y7 and Y7, are anti-symmetric in their indices. Using
2ab 2ba
Wisagiri)ap = — Wisijaai)pe and (07)77 = (607)77, (B.0.17)

we have

1 1J1J2731%
Ciab = L hiisoii)ap (B.0.18)

TR 2 a2 a2
0 Yiji YisnYiss
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1

where we have put in a

since all the external legs are anti-symmetric, this corresponds
to Rs(4; j1j2]3). '
To get C A , we simply look at the corresponding component in (B.0.14). A direct
computation yields
2 2
cof __ (96510,) o« B < Yjng ) L {oi00) o B ( Yjrj >
' (ijy0ijs) (Tijs0ijn) 7> \ Y, Y55 (0ijn0ija) (0ijs0ijy) 7\ Yo
B - -
55 Tijs ST (Yijs YjrjoYjasYjai)
(0i50i5) Vi Yin Y

(B.0.19)

Recalling the structures investigated in section 2.3.1, we have (defining Y;; := Y,!Y; ;; =

%GIJKL}/;,IJ}/},KL):
5 5 — — 1
tr (yijlyj1j2yj2j3yj3i) =tr (Y1Y31Y32Y;3> - Z (Y;;jBY}IjZ - Yz’j2Yj1j3 + Y;jly}zjs) ) (B‘O‘20)

which follows from the fact that Y,p obeys the Clifford algebra in six dimensions,

namely
1
(Vi Yii} = 5¥udy. (B.0.21)
Since, Yi; = 2y;; it follows that
tr (Yij, TjnjaYiniaTisi) = YiisWinin — Yina¥iris T Vi Yinjs- (B.0.22)

Now that all y-structures are in the same basis, we need to use the Schouten identity

to simplify. For example, consider the coefficient of y7, . in (B.0.19). It is given by

2 a B 2 a B 2
(0ij0ijs) o B ( Yizjs ) v T Yiis %% Yinis
g g i3 ij3 2 92 g 2 .2 g 2 92
(0ijs0i45) (Oijs Tija ) YiiaYijs (Tijs0ig) YijaYjsi (04j,0ij5) YijoYjsi
(B.0.23)
o e} — e 3
Where we have used (0j,04,) 05, + (0i5,0i45) 055, = — (0i45045,) 05;,- By implement-

ing (B.0.4), we gain R3(i; jo, j3) where the symmetry factor of § comes from the anti-

symmetry Rs(i; Ja, J3) = —R3(1; js, jo)-

Note that aside from the permutation we have discussed already we also have (omitting indices)
uinlea sz u; = —uinleQ }7“ U; — %y?QjB uinlui which follows from the fact that Y satisfy the Clifford
algebra in six dimensions, however uinlui = 0 since le is antisymmetric in its indices. This is an
example of permutation invariance upto a sign under neighbouring points, in this case points jo and

J3-
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The remaining components can be found in a similar manner. However, there exists
a package called grassmann.m which is to be used on Mathematica [98] and can easily

be used to find the expansion of R-vertex.



Appendix C

Some computational details from

section 3.4

In this appendix we gather up important results relevant to section 3.4. We put the

relevant equation as subheadings in this appendix.

C.0.1 (3.4.110)
We would like to show that
£(0;123)* — R$23(0;31)* = 0. (C.0.1)

Recalling (3.4.99), we note that

1 22,72 xt 4
f(0;123)* = = (2 s 2 —I—CyC123> (65)" (C.0.2)

2\ 2fy73073 o3
Given that
C123 . 930901 .
R52%(0;31) = R3(0;31) + cycyas (C.0.3)
912

a direct calculation using (9+)?a5) (9+)?~/p) = L (6ya€8p + €pasy) (01)* gives the z,-

independent result

22,72 xd 4

R§#(0;31)% = 22 12 05) - C.0.4
a8 ) <x31x32x33 22173 s ( 0) ( )

The fact that R$**(0;31)? is z.-independent works term by term, there are no non-

trivial intermediate identities required, for example one such result is

2 2
930901 2 T13 +\4
R3(0;31)" = — 0 . C.0.5
( 913 ) al ) 2x§0x‘110( ) ( )

Since we have (C.0.4) and (C.0.2), it follows that f(0;123)* — R$'%*(0;31)? = 0.
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C.0.2 (3.4.117)

We turn to the result in (3.4.117), which we display again as

[ [(R3(0:41) + cyeaua) (Rs(0; 23) + cyeany)] + [R5 (0 412)] [R5(0;234)

YiaYss — 2U33Ys + Yialsa (C.0.6)
2?4(2)1?/82?/33934

= R3(0;12)R3(0;34) + R3(0;41)R3(0;23) +

We would like to show some details of how this result comes about. More generally,

this came from a five-point correlator graph which had a four-point R-vertex. One has:
R(0; j1jagajs) = R(0; j1j2gs) R(0; jajajr) =
| R3(03512) + €€, 5, + Ra(035125) | | s 03 jaia) + vy, + Rs (03 jajagn)]

= (R3(0; j1j2) + €¥Cj, nis) (R3(0; Jaja) + cycyyi,i) + R5(0; 51j2js) R5(0; jzjajr) (C.0.7)

Now, there exists a nice simplification if we focus our attention on the term which is

quadratic in Rj’s, in which we can write
R5(0; g1723) R5(0; jsjajgi) = Rs(0; j1j273) R5(0; j17354) (C.0.8)
It turns out that Rs x Rs terms can be expanded into a sum of Ry x Rs: !

R5(0; 717273) R5(0; g3jagi) = —R3(0; j273) R3(0; jsja) + Rs(0; jogs) Rs(0; jsjr)

+ Rs5(0; j271) R3(0; j1js) + R3(0; jajs) Rs(0; jagi) — R3(0; jaji) Rs(0; j17a)

2 42 _9u2 42 42 2
+ R3(O§j3j1)R3(0;j1j4) _ R3(0;j3j1)R3(0;j1j3) + y]2jly]3j4 y]234y]3J1 y]QJSy.M]l .

yg]é ygjs ygjz; y(QJj 1
(C.0.9)
When we put all this back into (C.0.7), we arrive at the result:
R(0; j1j2sjs) = R3(0; j23) Rs(0; jag1) + R3(0; j1j2) R3(0; jsja)
2 .2 2 .2 2 .2
+ yj2j1yj3j4 o 2yj2j4yj3j1 + yjzjsyj4j1 (0010)

2 2 2 2
2Yj,Y075 Y054 Y05,

which is what we used in (3.4.117).

!This was discovered explicitly using the grassmann.m package on Mathematica [98]
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C.0.3 (3.4.122)

Here we would like to show that (3.4.122) follows from (3.4.120). Essentially, we wish
to show that

1 1 1
— Ry (0;12) R§™(15024) + S Ry™ (1;,024)° 4 S R§™4(0;12)° = o £(0;1234)°

(C.0.11)
Now recall the f-function at 4-points.
f(0;1234) = —R5'**4(0;12) 4+ Ry'*4(1;024),
from which we find that
1 2 1 C 2 1 C 2
— §f(0; 1234)* = §R31234(0; 12)° + §R41234(1; 024) (C.0.12)
— R5™2#1(0; 12) Ry*(1;024).
C.0.4 (3.4.143)
The non-trivial six-term identity
(234)(341)2%, — (234)(124)2%, + (123)(234)22,
+ (124)(134) x5, — (123)(134)x3, + (123)(124)z3, = 0, (C.0.13)

was of use in (3.4.143) as well as (3.4.106). We wish to provide a proof here. It is
convenient to introduce an auxiliary dual reference twistor ¢, normalised as t, Azf =1.

It then allows us to define two sets of dual variables

tia = X; apzl ht = XAPt.p | (C.0.14)
with XZ»BC = zflz% - 251252 and X; ap = %EABCDXZ'CD . They satisfy the relations

tiazd = hitta =0. (C.0.15)

We also notice that since the X p takes values in the Clifford algebra of SU(4), the

following holds true:

hi'tia + hitia = —tiazl (X" Xjpc + X Xipe) = —(X; - X;), (C.0.16)
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where the left-most hand side is the dot product defined on hypercone coordinates in

(2.2.61), such that X;- X; = —%x?j, but as we shall see later we can omit the prefactor.

Using the dual variables (C.0.14) we can obtain two equivalent representations for (ijk)
> L aBep 1 ApB1C_D -
(1jk) = 5€ tiatiptrotip = §€ABCDhZ» hi hy 2, = (ijhx). (C.0.17)

According to (C.0.15), the twistors t;4 with j = 1,...,4 are all orthogonal to zZ,
therefore, they are linear dependent. The same is true for hf with y = 1,...,4. This

yields two identities

tlA <234*> + tQA <34*1> + t3A <4*12> + t4A <*123> = 0,

hit (234%) + hg' (34x1) + hi (4%12) + hy (x123) =0 (C.0.18)

Finally we multiply the expressions on the left-hand side and contract the SU(4) indices
to get

(234)(341) (X, - Xa) — (123)(134) (X, - Xy) — (234)(124)(X; - X3)
+(123)(234) (X1 - Xy) + (124)(134) (X, - X3) + (123)(124) (X5 - X4) =0.  (C.0.19)

where we made use of (C.0.16) and took into account that (X;-X;) = 0. Since the last

relation is homogenous in X’s we can simply replace (X, - X;) — xf]



Appendix D

Further free theory coefficients

In this section, we give the free theory OPE coefficients of correlation functions (4233)
and (5344) relevant to section 5.4.2. These cases distinguish themselves from the cases
studied in the main text. Firstly, we now have p;o = 2 # 0. Secondly, for the first time
there can be more than one type of 3-BPS operator in the SU(N) gauge theory (e.g.
at charge four tr(1W?) as well as tr(W?)2.)

(4233)

The correlator is written as

(4233) = A (91495,9%5 + 931955913) + BYi3923924974 + C 2913951914

+ D (9129149249319%5 + §12914923931913)

2
= ﬁaﬁﬂ( (913924) £2(C,0) + (913924) (D, D,0)

924 912934 912934
3
+ (913924) fo(A, B, A, 0)> (D.0.1)
912934

We tabulate the SU(N) colour factors in table D.1, whilst leaving some of the U(N)
factors for table E.2 in appendix E since these tables are a lot larger.
In comparing with the appropriate SCPW expansion one finds the result

2
(4233) = 9?2933:4% ((913924) ZC2[/\]F012[)\] + (913924) Z 64%7/\2]}7124[,\1,,\2}

24 912934 "0 912934 A S ra >0

3
i (913924) Z Cﬁ[/\l,/\z,Ag]F236[/\1’/\2’/\3])7 (D.0.2)

912934 M S AaSAs>0
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Correlator type | B C D

<A4A2A3A3> 72(N2—1)(J]VV22—4)(N2—6) 72(N2—1)(]\]f\j2—4)(2N2—3) 144(N2—1)(]]VV22—4)(N2—6)
2_ 2_ 2_ 2_ 2 2_ 2_

((A2)2A2A3A3> 144(N ]\1])(N 4) 72(N 1)(1\]/\] 4)(1+N?) 288(N ]\1])(N 4)

Table D.1: SU(N) colour factors associated to the (4233) correlator, note that A is

always zero.
with the following coefficients

Cojo) = C all else 0,

DX (X +2)!
Capy) = ﬁ for A\{ € Zeven and all else 0,
c A=) M +2) (A +3) M +2) (A +2)D2 (A + 1) 2
6[A1,A2] —

2(—1) M + 5(—D)™ — (1) (2M + 41 (22 + 2]

1
X (ﬁA (12 (A — 3) A\p 4 (96A1 — 1225 (A2 + 3) +25) +23) + B(—1)A2)

for A — Az € Zieyen > 0, A0 > 0 . (D.0.3)

All other coefficients are vanishing.

As anon-trivial check we can compute the OPE coefficients for the correlator (3342).
We find the the explicit ingredient of the SCPW expansion change, namely one uses
F12 0 2L and F36R instead of the SCPW's used in (D.0.2). However, critically
the result for the OPE coefficients give identically the same result as in (D.0.2). Fur-
thermore we also note that the results for Ce|z, 5, agree perfectly in the large N limit
with those obtained from free three-point functions in [73] (see the first row of table

5).
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(5344)
The correlator is given by
(5344) = A(g14954915 + 914953913) + B(91192395.9%5 + 911933924973)

+ C(912911954931953 + G12914953931913)

+ D(9129%3954923924934) + E(9%29139%4923932,4 + 9329%3914924934) + F(9:f29139149§4)

2
- 9329;14%( (913924) F2(F,0) + (9”’924) f(E. E,0)

g24 912934 912934
3 4
n (913924> £5(C, D, C,0) + (M) fg(A,B,B,/LO))
912934 912934

(D.0.4)

We have given some of the colour factors in table E.1 and table E.5 in appendix E.

The SCPW expansion is given by

2
(5344) = 9?293%4? ((913924> ZC2[,\]F012[>\] + <%> Z C4[A1,,\2]F124[A1,/\2}
24

912934 >0 912934 e

3
913924 ‘
i (M) Z CG[AL)\%,\S}F236[/\1,)\2,)\3]

A12A22>A32>0

4
913924
+ (—g12g34) Z CB[A1,A2,A3,A4]F348[)\1,)\2,/\3,/\4}> , (D05)

A12A2>A3>042>0

whereby the result is structurally identical to (D.0.3) for the v = 2,4 and 6 but for

changes in the precise colour factors:

Cojg) = F all else 0,

EX (M +2)!
Capry) = ﬁ for A\; € Zeven and all else 0,
A=) M +2) (A +3) M +2) (M +2)D2 (A + 1)) 2
CG[)q,)\g] -

(2(_1>>\2)\1 + 5(—1))\1 _ (_1))\2) (2)\1 + 4)[ (2)\2 T 2)'
X (ic (12 (/\1 - 3) A1+ (96)\1 — 12X, (/\2 + 3) —+ 25) + 23) + D(_l))\g)

for A — A2 € Zeven > 0, X2 > 0 and all else zero. (D.0.6)
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For the v = 8 sector we get:

Cgp\l’)\ﬂ = TL,\L)Q% ()\1 + 4) (2)\2 + 5)
X (A()\1+2) M +5) (M —de+1) Mo+ 1) (Mg +4) (A + Ay + 6)
+12B (=12 +1) (M +2) (A +5) + (=12 = 1) (Ao + 1) (Mg +4)) )

for Ay — Ag € Zeyen 2 0, A2 > 0 and zero otherwise,

1
2219
X <A (A1 +1) (A 4 6) A2 (A2 +5) +12B ((—1)* — 1) )

Cendat] = Mg do 75 (A +4) (A1 = Ao+ 1) (A1 + A +6) (2A2 +5)
for Ay — Ay € Zoaqa > 1, A2 > 1 and zero otherwise,
1
Coinre2l = Mgy (A1 +4) (2A2 +5)
X (A0 (4 +7) (1 = da +1) (= 1) (A + 6) (A1 + Xa +6)
+12B (1) + DA+ 7 (D2 + ) M+ (D™ = 1) (A2 — 1) (A2 +6)) )

for \{ — A2 € Zeyen > 0, A9 > 2 and zero otherwise, (D.0.7)

where

(1 +3)D (o +3))?

_ D.0.8
s =T 0N 1 6) (20, + 6)! (D-0.8)
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Colour factors used in free theory

correlators

In this appendix we collect the tables that are too large

section 5.4 and appendix D.

Note that in the following M = (N? — 4)(N? — 1)

to fit in the main text of

Table E.1: Colour factors for (5344) in SU(V), note that A is always zero.
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Correlator type B a D
(A5 A3 A AL) 240]\4(N2—6)AE£11V476N2+36) 4801\4(1\1276)]&\/476N2+36) 480M(N6+31]\\/[1+72N27864)
((AsAg) A3 Ay Ay) 480M(N2;Vi)(2N279) QGOM(NZJ—Vi)(ZN2—9) 2880M(2N;;21N2+72)
(A5 Ag(AsAs) Ay 1440M(N2N—56)(N2—2) 2880M(va—36)(1v2—2) 5760M(N;];7N2+24)
((AsAg) A(AsAs) Ay) 16011 (N?-6) (N?+9) 3201\J(N2]\—[26)(N2+9) 9601\'1(N3+§$£\/2—6N—78)
Correlator type E F

(AsA3A4A,) 480M(N676]J\\[,1+99N27378) 4801"1(N2*2)]§i\7476N2+18)

((AyA3) A3 Ay Ay) 2160M(N‘;V—310N2+42) 480A'1(va—36N2+18)

(A5As(AsAs) Ay) 1440M(3N]‘;;13N2+42) 960M<N2]—V23)(2N2—3)

((AgAz) A3(ArAs) Ay W(V;N—ﬂ %oM(iizv—a)
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Correlator type A B C D

(A4 A, A3 As) 216N?(1 + N?) | 72N%(5 + N?) 144N?(2 + N?) 144N?(5+ N?)
((A3A2) Ax A3 As) 432N3 144N (1 +2N?) T2N(2+ N)(1+ N?) | 288N(1 + 2N?)

(A1 A3) Aa A3 Ay) 54N3(7+ N?) | 216N (1 + N?) 108N (1 + 3N?) 432N (1 + N?)
((A2A5) Ay A3 Az) 216N%(1+ N?) | 432N? 36N2(9 + 2N + N?) | 864N?
(A4(A1)2(A1A2) (AL Ay)) | 432N3 16N (12 + 13N2 +2N*) | 48N(6+ N +2N?) | 96N (4 + 5N?)
((A)*(AD2(A))3(A)?) | 432N6 432N 432N 864 N6
((A2A45)(A1)2(A1A9)A3) | T2N2(54+ N) | 24N%(14+ N +3N?) | 48N?(5 +4N?) 48N?(15 + N + 2N?)
((A242)(A1)2(A1Ag)As) | 144N (2+ N) | 48N (4 +4N?% + N?¥) 48N (4 + 5N?) 96N (6 + N +2N?)

Table E.2: U(N) colour factors associated to the (4233) correlator

Correlator type U(N) A B C D

(Ag Ay A3 Asz) 6N3(1+ N?) | 36N3 36N(1+ N?%) | 72N(1+ N?)
((A})2A,A434;) 6N2(1+ N?) | 36N? T2N? 72N(1+ N?)
((A1)%(A1)%A3A3) 6N3(1+ N?) | 36N 72N? 144N
(AgAs(A1Ar) As) 12N1 12N?%(2 + N?) | 72N? 144N?

(A3 As(A1A5)(A1As)) AN3(2+4 N) | AN(2+ N2)2 | 24N(2+ N?) | 48N (2 + N?)
(A2 A5(A1)® Az) 12N°? 36N3 72N 144N

(A3 A5(A1)%(A))?) 12N° 36N3 72N3 144 N3

(A A5(A1)* (A1 Ay)) 12N* 12N?(2 4+ N?) | 72N? 144 N?
((A1)?Az(A1)>Az) 12N? 36N? 72N? 144N?
((A1)2A5( A1 As) As) 12N3 12N(2+4 N2) | 24N(2+ N?) | 48N (2 + N?)
((A1)2A5(A1)% (A1 Ay)) 12N°? 36N3 72N3 144 N3
((A1)2A2(A1)3(A1)%) 12N* 36N* 72N* 144 N*
((A1)?2A5(A1Ar) (A Ar)) 4N%(2+ N) | 12N?(2+ N?) | 8N2(8 + N?) | 16N%(8 + N?)
((A1)?(A1)? (A1) As) 12N1 36N1 72N1 144N1
((A1)2(A1)% (A1 Az) As) 12N* 36N? 24N?(2 + N?) | 144N?
((A1)2(A1)2(A1)3(A14g)) | 12N4 36N* 72N4 144N*
((A))?(A1)?(A145)(A1Ag)) | AN3(2 + N?) | 36N3 8N3(8+ N?%) | 144N

(A1) (A1) (A3 (A 12N° 36N° 72N? 144N°®

Table E.3: U(N) colour factors associated to the (2233) correlator
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Correlator type A B C

(A3 A3 A3A3) IN%(1 + N?)? 8IN2(3+ N?) 162N%(7 + N?)
((A1)3A3A43A4;) 18N?(1 + N?) 108N%(2+ N) 1296 N2
((A1)3(A1)°A3A3) 18N4(1+ N?) 324N? 1296 N2
((A1)3(A1)3(A1)3As) 36N* 324N* 1296 N'*

((A1)> A3(A1)>Az) 36N? 324N? 1296 N2

(A A9) A3 A3 As) 18N3(1 + N?) 108N (2 + N?) 1296 N

(A1 A2) (A1 Ag) Az Az) 6N2(1+ N%)(2+ N?) | 36N?(8 + N?) T2N%(17 + N?)
(A1 A7) (A1 A) (A1 A2) A3) 12N3(2 + N?) 12N (12 + 14N?% 4+ N*) | 48N (144;3N?)
((A1A2)A3(A1Ag) As) 36N* 36N%(8 + N?) T2N%(17 + N?)
(A1) (A1 A2) (A1 A9) (A1 Ag)) | 12N3(2 + N?) 36N3(8 + N?) 48N3(26 + N?)
((A1)3(A1)3(A145) (A1 As)) 12N%(2 + N?) 324N 1296 N4
((A1)3(A1)3(A1)3 (A1 Ay)) 36N° 324N 1296 N3
((A1)3(A1)3(A1)3(A))?) 36N6 324N 1296 N6
((A1)3(A1A2)(A))? (A1 Am)) 36N* 324 N* 1296 N'*

(A1) (A1 Az) A3(A))?) 36N° 108N3(2 + N?) 1296 N3
((A1)?(A1A2)A3(A1 Ag)) 36N 108N?(2 + N?) 144N?(8 + N?)
((A1A2) (A1 A7) (A1 Ag) (A1 Ay)) | AN2(2 + N2)2 AN?(60 4+ 20N + N*) | 48N?(22 + 5N?)

Table E.4: U(N) colour factors associated to the (3333) correlator

Correlator type

A

B

C

(A5 A3 A, AL
((A2A43) A3 AsAy)
(A5 A3(AsAz) Ay)
((A245) A3(A245) Ay)
(As(A; Ap) Ay Ay)

34560N2(1 + N2)(5 + N?)
69120N (1 + N2)(1 4 2N?)
69120N3(5 + N?)
138240N2(1 + 2N?)
69120N3(5 + N?)

240N2(2 + N%)(23 + N?)
480N (9 4 23N?% 4+ 4N1)
480N (8 + N?)(1 + 3N?)
160N?(63 + 38N? + N*)
480N (8 + N?)(1 4 3N?)

480N?%(47 4 24N% + N*)
480N (19 +46N2 + TN*)
960N (8 + N2)(1 + 3N?)
320N?%(64 4 37N? 4+ N*)
960N (8 + N?)(1 + 3N?)

Correlator type

D

E

F

(A5 A3 A4 AL)
((A243)A3A4Ay)
(A5A3(AA2)Ay)
((A2A3) A3 (A2 A2) Ag)
(A5(A1A2) A AL)

480N?(158 + 57N? + N*)
480N (65 + 139N? + 12N4)
1920N (16 + 35N2 + 3N*)

960N2(77 + 5N + 25N2 4+ N3)

1920N (16 + 35N2 + 3N*4)

480N?(74 4 33N? + N*)
240N (55 + 146N? + 15N%)
1440N (10 + 23N?% + 3N*)
17280N2%(2 + N?)

1440N (10 + 23N?% 4+ 3N*)

480N%(13 + 10N2 + N4)
1440N (1 4+ 6N? 4+ N*)
1920N (1 + 4N? + N*)
5760N2(1 + N?)
640N (3 + 13N + 2N*4)

Table E.5: Colour factors for (5344) in U(N) gauge theory
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Superconformal invariant on

Grassmannian space

In section 5.3, we took the Schur superpolynomial over the matrix
7 = X192 X0 X3 X5, (F.0.1)

from which we claimed traces over such matrices yields a manifestly superconformal
invariant basis of variables. Here we would like to show some of the steps towards this.
This is essentially a mini-review of [28].

The superconformal transformations of a point in Gr,,p,(2m|2n) is given by
OXAP" = BAB 1 A X BB XAY D P 4+ XAC Cip X PE (F.0.2)
where the Lie superalgebra of sl(m|n) is given by

_AA . pAB [(m|n [(n|m
—Cuyp D,P gl(m|n) gl(n|m)

We would like to provide some steps towards finding a function at four points, namely

F (X1, Xa, X5, Xy), (F.0.4)

that is invariant under the superconformal transformations given in (F.0.2). We will
use an index-less notation for simplicity where we will use (A - X) = Agp XPP to

imply a scalar quantity whilst (AX) = AEXP" implies a matrix quantity.

169
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In general we have §(TT~') = 0 for some matrix 7', and from this we have
ST ' =—(T7'[oT)T™) (F.0.5)

Beginning with the B transformation, we may take the basis of superpoints to

F (X1, X2, X13, X14). In doing so we find that since dpX;; = 0, we must have

0
5B-F(X17X127X137X14) — B * 87~F(X17X127X137X14> - 07 (F06)
1

from which we conclude that F(X;, X12, X3, X14) does not depend on X since B is
arbitrary.

Now since 0c X = (XCX) it follows that §c X1; = (X;CXp)—(X,CX;) = (X10Xy;)+
(X1,CX1) — (X1;,CXyy), from (F.0.5) we have

Sc Xt =C — (X' X:0) — (CX1 X;;1). (F.0.7)
Returning back to the function in question we can take it to be
F(Xl,Xl_;,Xl_;,Xﬂl) —>.F(X1,X1_217Q3,Q4), (FOS)

where Q;!' = X;;' — X;5,'. This leads to Q; = (X12X5;,'X;1) which can be checked
directly and by using (X5 X5, X;1) = (X1, X5,' Xo1). By direct computations we get

5cQi = (Q:CX)) + (X,CQ,). (F.0.9)

From the point of view of §o.F (X1, X5, @3, Q4) the infinitesimal transformation
associated to X;, and @; both have pieces dependent on X, in (F.0.7) and (F.0.9),
however we concluded in (F.0.6) that F (X1, X;5', Q3, Q4) is independent of X1, and so
we may set X; = 0. We conclude that

0

6C‘F(X1aX1_217Q37 Q4) =C- FF(XIaXl_Ql7Q37Q4) = 07 (FO]'O)
12

we therefore find that F (X1, X5', @3, Q4) is independent of X;,' since C' is arbitrary,

leading to

F(X1, X135, Qs, Qs) = F(Qs,Qu). (F.0.11)

Finally, we have d44pX = (AX) + (X D) which leads to 44 pQ; = (AQ;) + (Q:D)
and by once again using (F.0.5) we have §4,pQ; " = —(Q;'A) — (DQ; ). Now, we
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may consider R = Q4Q53", in which d4,pR = (AR) — (RA). It can be shown that
R=(Xp[l-2ZX,") =1— X15ZX,' 1. Since I is trivially invariant under §, we
define T' = XIQZX1_21 and write

F(Qs,Qq) = F(Q3,T). (F.0.12)

where F(Q3,7T) is an invariant if

(AQs + @Q3D) - (%3 +(TA—- AT) - (% F(Qs,T) = 0. (F.0.13)

Now the details of the group numbers m and n become important. Consider the

case where m # n, where in order to guarantee str(A) = str(D), we may take A =

str(D) . It follows that (TA — AT) = 0 and (AQ;3 + Q3D) = (Qs [str(D)- + DJ)

m—n

which is arbitrary, and therefore forces F(Q3,T") to be independent of @3, thus we have
F(T).
If m=n the situation is different, as taking A oc I renders it supertraceless which

necessarily makes D supertraceless. We gain the action of the schematic form

ML F 0, 1), (F.0.14)

Qs

which is only valid for when M is supertraceless, hence we cannot completely get rid
of the (Y3 dependence. However, the best we can do is get rid of all parts of ()3 but for
its supertrace, K = str (()3). We now get

0 )
str (A4 D) K e + (TA = AT) - | F(Qs, T) = 0. (F.0.15)

In [28] it was shown that after a set of redefinitions one ends up with what would

be found in the m # n case, namely

SF(T) = [A, T a%}"(T) ~0. (F.0.16)

The main consequence of this is that 7" transforms under the adjoint representation of
gl(m|n). It therefore follows that any and all trace structures of the matrix 7" yield

0F = 0, of which a basis of such polynomials is given by the Schur superpolynomial. It

"This is since R = (X12X5," X41 X3, X3 X5 ), one can take Xy = Xy3+X3; and Xoz3 = Xo1 + X3
to get T— X122 X5



Appendix F. Superconformal invariant on Grassmannian space 172

also follows that since we are using traces and T' = X,ZX 1_21, we can take T' — Z and
so F(T) — F(Z). For similar reasons the superdeterminant is also an invariant, namely
dsdet(Z) = 0. We therefore have that F(Z) is a combination of Schur superpolynomials

and superdeterminants of Z.



Appendix G

The eigenvalue basis of the
quadratic Casimir for the GL(m)
conformal partial wave from

section 5.3.3

In section 5.3.3, we found the form of the conformal partial wave for theories with
SL(2m) ‘conformal’” symmetry. In this appendix, we elaborate on the details of the
derivation.

Following the discussion there we begin with the statement of the generator

0
Dg = in, (GOl)
B

from which we derive the quadratic Casimir in terms of the eigenvalues of the matrix
cross-ration z.

In the first instance it is useful to consider the inverse cross-ration w = z~! whose
eigenvalues are the inverse of z. If the eigenvalues of z are z1, ..., x,,, then the eigan-
values of w are wy = 1/z1, ..., wy, = 1/zp,.

Now let us consider the entire correlator function in (5.3.65), in which we take the

function F'(w) to a be linear combination of Schur polynomials, a direct application of
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the Casimir gives

L 1 %y 28 %5 28e
§D12(q)(xl)q’(@)@(%)q)(ﬂ»: RN 2aia, T 5

(ﬁz) 2 (I§4) 2 T24 T14

. (G.0.2)

1 s, 1 "1 1
(5 (Azqy — Ays) m — ZAMAH ; E@) F(w) + §D%2F(w)

Since F'(w) is a linear combination of Schur polynomials it is useful to consider the

action of the Casimir upon these first. We note that since
Dy S = ufs08 and D12A1] —52@5 (G.0.3)
for © = 1 and 2, it follows that

Diw§ = 2(2mw§ — mdg),

Dfy ;i Diyw) = 2w pWh — Wydg — G W (G.0.4)
We find
1 a AN ?sx(w)
§D%28A(w) = (2mw5 — méﬁ) awg —{—wp ( 57) m (G05)

In order to retrieve the usual form in terms of m variables w;, one simply diagonalises
the w matrices.

The first two terms of (G.0.5) are linear in differential operators and are therefore
trivial to diagonalise. The corresponding eigenvalue result will also be in terms of linear

differential operators. The results are

o 0sx(w) —~ 9 S
2muwg 0 =2m [ZZ wi@wi] sy(w) = 2mZ)\isé(w),

0s sy (w “ 0
mos aAw( 2 - maﬁw - [Z 8wi] ()

=m Z(}\Z — 17+ ’rTL)S()\h/\2 77777 Xi—1, Am) (w) (G06)

A proof of the of the second expression can be found in appendix A of [86].

The last two terms of (G.0.5) are slightly more non-trivial than the previous cases,
since these are quadratic in differentials, however in the eigenvalue basis it may include
quadratic as well as linear differentials. Instead, we can apply the matrix action of

quadratic differential terms upon [[", tr(w’)*, and consider as many different values
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of m in which in it takes to find a consistent differential operator in terms of w;. It is
good enough to consider [, tr(w")* since this produces symmetric polynomials upon
diagonalisation.

We begin by defining the Vandermonde determinant:

vdet™ (w) = (—1)( 2 )detij(wf_l) = det; (w"7) = H (w; —wj), (G.0.7)

1<i<j<m

one then finds that

jkajay tr (W) | 15

+ZZ TN [Tt (G.os8)

i=1
by putting in various examples for m, we find that the following operator always gives

the correct result

0? 0
W) ——vdet™ (w;) — 2(m — 1) ;
“’p”ﬁawgawﬁ e ;wl " 2V et'"™ (w;) ;w 5w,
- %(m —1)(m —2). (G.0.9)
Similarly we find
« 82 X 1\ a;
p5gm Htr(w )
Z j2a;tr (w~1) N Xm: § jajtr (wk) tr (w?=F1)
tr wﬂ 1 k=0 tr (w’)
& jkajag tr (w1 -
+ . tr(w")*, (G.0.10)
;; tr (w?) tr (wk) g

in which with various different values of m, always agrees with the operator:

0? 1 0
wod) i=—vdet™ (w i G.0.11
PP dwpowg vdet(m)( Z 8wlw dw; me 8wl ( )

Putting this together with (G.0.2), inverting the coordinates so that the Casimir is
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in terms of x; where z; = wii, namely with D(™) := %szlwﬁ%, we find that

Z[ZL’Z< ( A34—A12)—2m+3>—2m+2) 0
a.fl?i

=1

2 1 1

(m—1)(2m — 1)] vdet™ (z). (G.0.12)
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