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Abstract

We studied the physical meaning of tidal force singularities in non-relativistic space-
times. Typical examples of such spacetimes include Lifshitz spacetimes, Schrodinger
spacetimes and hyperscaling violation spacetimes. First I will discuss the exten-
sion of singularity-free hyperscaling violation geometry. To understand the physical
meaning of singularity in the deep non-relativistic IR bulk, I will calculate string
scattering amplitudes to find a field theory interpretation of bulk singularity. Since
geometric quantities like singularities or horizons are not physical observables in
higher spin theory, we will discuss whether it is possible to resolve such singular-
ities in non-relativistic spacetimes from higher spin theory context. We will show
singularity resolution cannot be performed in 2 4+ 1 dimensional higher spin theory.
Finally, we will give an explicit construction of Schrodinger spacetime solutions in

3 + 1 dimensional higher spin theory.
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Chapter 1

Introduction

1.1 Singularity

The theme that this thesis is going to explore is singularity in physics. In clas-
sical field theory or mathematics, singularity is defined as a point where physical

quantities are infinite. For example, the Coulomb potential is singular at » = 0:
q
Vir)=-
(r) =12

It has taken people years to understand the meaning of physical singularities [5-8]
in general relativity where the divergent quantity is spacetime itself. The notion of
“a point” is physically meaningful if metric g, is defined everywhere else around
it. The singular point in spacetime is usually considered as being excluded from
spacetime.

A well-known example of a metric with singularities is the Schwarzschild black
hole:

2GNyM 2GNM
Gw )dt? + (1 — 26w M

ds®* = —(1 —
r r

)7 rdr? 4 r?(d6* 4 sin® 0d¢?)  (1.1.1)

Apparently, this metric is singular at r¢ = 2GM and r = 0. The former one is called
the “Schwarzschild singularity” in pre-1960s books. From the modern perspective,
we understand this singularity to be no more physical than the north/south pole
singularities on earth in latitude and longitude frame. On the contrary, the r = 0 sin-

gularity is known as the black hole singularity, which is physical. Why do these two
1



1.2. Holography 2

singularities receive unequal treatments? This question concerns the notion of phys-
ical observables, which are invariant under transformations. In general relativity,
physical quantities are those which are invariant under diffeomorphism transforma-
tion, i.e. coordinate independent. A simple test to confirm that » = 0 is a physical
singularity of the Schwarzschild metric is to calculate curvature scalars [5]:

48G2, M?

urpo __
Ryupn R = =5

(1.1.2)

It is obvious that the scalar curvature above is singular at » = 0 but regular at
r =2GNyM. Here r = 0 is not a part of spacetime.

Regularity in scalar curvature is not a sufficient condition to guarantee a surface
being non-singular. There are other types of singularities which have finite scalar
curvature at singular points. For example, spacetimes with component of Rgp.q
blowing up in parallelly propagating orthogonal frame are also considered to be
singular [9,10]. Since we exclude singular points from spacetimes, the definition of
infinite scalar curvature at this point is not obvious. Therefore, we need a more
general definition of singularity. Time-like geodesics incompleteness turns out to be
of physical significance to construct such definition since it implies that free moving
observers probe an inextensible spacetime region in finite proper time. Inextensible
means that the history of these free moving observers is lost after a moment. So we

have [6] following definition:

o Time-like and null geodesic completeness are minimal conditions for space-

times to be singularity free.

If a spacetime is time-like geodesics incomplete, we will say it has a singularity. We

will see later the singularities in Lifshitz/Schrodinger spacetime are of this type.

1.2 Holography

The understanding of fundamental physics is usually improved by recognition of new
principles. The holographic principle [11] may be one of the most profound discov-
eries in the last few decades. Just as the equivalence principle to general relativity,

the correspondence principle to quantum mechanics, the holographic principle is
May 7, 2016



1.2. Holography 3

believed to be the basic characteristic for a quantum gravity theory. The idea of
holography was inspired by black hole entropy, which is proportional to area A of

black hole horizon [12].
A

T 4Gy

It was recognised later that black hole entropy has thermodynamical interpretation

S (1.2.3)

after Hawking [13] discovered thermal radiation of black hole.

Black hole entropy is rather exotic when one consider the entropy derived from
a local quantum field theory, where the entropy of an ensemble is proportional to
volume of the space. When we take gravitational field into consideration, the black
hole entropy formula actually imposes an upper bound of entropy that a compact
space with area A can have. Any attempt to add more than ﬁ degrees of freedom
in space region with area A is going to create a black hole. Thus Black holes are

the most entropic object in nature.

The formal statement of holographic principle is [11]:

o A region with boundary of area A is fully described by no more than e
N

degrees of freedom, or about 1 bit of information per Planck area.
The counter intuitive part of the statement above is that the degrees of freedom of
bulk gravitational system are encoded non-locally at the boundary of a region. The
mechanism for the non-locality is rather mysterious. As a principle for quantum
gravity, holography is a very abstract concept and hard to prove. Its rapid develop-
ment has been based on the appearance of AdS/CFT [14,15], a concrete model for
holography. It is recently proposed that AdS bulk information are encoded on the

boundary of spacetime by the spirit of quantum error correction [16-18].

1.2.1 AdS/CFT

The duality between gravity theory in d 4+ 1 dimensions and gauge field theory in
d dimensions is a remarkable realization of holography. The well studied example
was proposed by Maldacena [14]:  Type II B string theory in AdSs x S® is dual to
N =4 SU(N) super Yang-Mills theory.

May 7, 2016



1.2. Holography 4

His motivation for this duality was to consider the low energy theory of D-branes
in string theory and use open/closed string duality. Maldacena considered a stack
of N D3-branes in the limit of o/ — 0. The dynamics in the bulk decouples from
dynamics on the brane. From the open string point of view, where string coupling g,
is small, N' = 4 super Yang-Mills theory lives on the worldvolume of D3-brane. The
theory living in the bulk is type IIB supergravity theory in flat space. Therefore,

lim Sopen = SYM on D3-brane
o’ —0

From the closed string point of view, where g,V > 1 with o/ — 0, backreaction of
closed strings on D-brane will support black brane solutions. In the asymptotically
flat region, the theory again is again type IIB supergravity in flat space. In the
near horizon limit, any string excitations are allowed since the energy measured in
the infinity is redshifted to zero. Therefore, the string theory is still restricted to
low energy limit. The theory near the horizon is decoupled from the theory in the
asymptotic region. The near horizon geometry of black D3-brane turns out to be

AdSs x S®. Then in the same limit
limo Selosed = string theory in AdSs x S°
a’'—

The open string description and closed string description are considered equiv-
alent since they are used to described the same theory from different perspectives.

By the statement of Sopen = Seiosed, We are led to the fascinating conjecture
N =4 SU(N) super Yang-Mills theory < Type IIB string on AdSs x S°

This duality conjecture has now passed hundreds of tests by matching calculation
results from both sides of theories. An intermediate check is the symmetry group of
both theories match. On the gravity side, AdS; has isometry SO(2,4), which is the
conformal group of 4-dimensional CFT. The compact direction S® has symmetry
group SO(6) which turns out to be R-symmetry in ' = 4 super Yang-Mills theory.
For the purpose of this thesis, I will review one of remarkable calculations [19]
in Chapter 3, where Maldacena and Alday showed gluon scattering amplitudes in

N = 4 super Yang-Mills theory could be reproduced by a gravity calculation in

AdSs.
May 7, 2016



1.2. Holography 5

The duality conjecture is also checked beyond semiclassical gravity calculations.
In the limit A < 1 or (&/ — o0), AdS radius is much shorter than string length.
The field theory living on the boundary is weakly coupled. A free scalar field can

generate infinite number of operators with integer spin
Vo, 00,0,, other higher derivative terms

On the gravity side, these operators are supposedly dual to many light higher spin
states. By doing so, one has to introduce infinite tower of higher spin fields, which
makes the theory very complicated. A duality between higher spin fields in AdS bulk
and vector like CF'T on the boundary is proposed as an extension of the semiclassical
gravity version of AdS/CFT. In 4-dimensional bulk, it is conjectured Vasiliev higher
spin theory in AdS is dual to O(N) vector model [20-22]. Despite complexity in
calculating higher spin theory, this duality is actually simpler than semiclassical
gravity theory. The central charge of O(NN) vector model is of order N at large N
limit whilst the central charge of CFT dual to classical gravity is of order N2.

It is said gravity in 3-dimensions is dynamically trivial. However, AdSs;/CFT,
duality is never a trivial duality. The first gift from this duality is to understand
microscopic states corresponding to black hole entropy [23]. The integrable nature of
CF'T; offers the theory more fruitful structure than its higher dimensional cousins.
Although bulk excitations in AdSs are pure diffeomorphisms, boundary gravitons
have non-trivial dynamics. Higher spin fields in AdSj is conjectured to have a
specific type of dual C'F'T5: minimal model [24]. Locally the bulk theory can be

formulated in terms of Chern-Simons theory [25], whose action is
k 2
Scs=-— [ Tr(ANdA+-ANANA), (1.2.4)
A iy 3

where k is the Chern-Simons level. AdSs spacetime has isometry group so(2,2) =
SL(2,R) x SL(2,R). This allows one to decompose the gravity theory in terms of
two copies of Chern-Simons gauge fields A4, A, resulting in Sgy = Scs[A] — Scs[A].
Each gauge field takes values in one copy of gauge group SL(2,R). The identification

between gravitational fields and gauge fields is

May 7, 2016



1.2. Holography 6

Asymptotically, the symmetry group SL(2,R) is enhanced to two copies of Virasoro
algebra [26]

1
UQJLm]:(n——nﬂ[m+m—%15nwnf——1ﬁ%+m@ (1.2.5)

If gauge fields take values in group hs[\| x hs[)\], we will have a higher spin theory
which generically has infinite tower of massless higher spin fields. The dual CFT is
usually known as W [A\] CFT, where A is related to Chern-Simons level k by

N
Dcre - <1 1.2.6
SASNIES (1.2.6)

In general, A\ can take arbitrary real values. Theories with different A may be
related [27] at quantum level. The simplification of the theory happens when A = N
is integer: the infinite towers of higher spin fields are truncated and hs[\] reduce to
SL(N,R). For example, if A\ = N = 3, we are dealing with spin-3 gravity theory
formulated by SL(3,R) x SL(3,R) Chern-Simons gauge fields [28].

1.2.2 Non-relativistic holography

The holographic duality in AdS/CFT is a strong-weak duality. In the semiclassical
limit, gravity is weakly coupled while its dual theory is strongly coupled. We do
not have effective tools to do calculations in the strongly coupled theory. Therefore,
many endeavours have been made to use this duality to understand physics at strong
coupling [29].

In reality, many strongly coupled field theories in condensed matter cannot be
dual to AdS gravity. There are field theories respecting anisotropic scaling symmetry
near fixed points

t— N7t T = A\x (z>1)

A famous example is z = 2 Lifshitz scalar model, whose action is

S:/ﬁ*%ﬂ-@@f+aﬂ@ﬂ (1.2.7)

These are called non-relativistic field theories due to different weight of time and
space coordinates. Two theories considered as holographic duals are supposed to

have the same symmetry group. To construct holographic dual to these strongly

May 7, 2016



1.2. Holography 7

coupled field theories, we need to search for spacetime taking these non-relativistic
symmetry group as its isometry. To our interest, we will discuss progress made for

3 simplest types of spacetimes:

where there are d, spatial coordinates . The spacetime has Lifshitz isometry

r

t—= Nt, x— Ay, r— (1.2.9)

where z is called the dynamical critical exponent, which realises the anisotropic
scaling symmetry geometrically. Lifshitz gravity is proposed to be dual to

anisotropic condensed matter theory at fixed point.

e Schrodinger spacetime whose geometry is [33,34]
2 2 0, dr? 2 - 272
ds” = —r*dl” + — + 2r°dtdz + r dz; (1.2.10)
r

Note x~ is an extra bulk direction, which means this holographic duality is
between gravitational theory in ds 4+ 3 dimensional geometry bulk and ds + 1
dimensional field theory. This is because there are two conserved quantities in
non-relativistic field theory: energy M and particle number N. The isometry

group of (1.2.10) forms a symmetry group called the Schrédinger group.

For general z # 2, the isometry of the spacetime contains translation P, = 0,

particle number N = id¢, non-relativistic boosts K; = x;0¢ + t0; and non-
relativistic scaling D = zt0; — 170, + z;0; + (2 — 2)0¢. At z = 2, symmetry
group can be enhanced. There is a special conformal generator [35]

C =120, — tro, + tw;0; + %(T% + 27)0¢

satisfying algebra

[H,C]=D, [D,C]=2C, [D,H]=-2H

May 7, 2016



1.2. Holography 8

e Hyperscaling violation Lifshitz spacetime [36,37]. The general hyper-
scaling violating geometry has the form [36-38]

1 dr?

ds? — 0 (—F%dt? + Pdi® + =) (1.2.11)

The 6 = 0 case is the Lifshitz spacetime (1.2.8). For 6 # 0, the isometry
under (1.2.9) is broken; the metric has an overall scaling under this trans-
formation ds> — \**/%ds?. Theories with such a hyperscaling violation have
a characteristic thermodynamic behaviour which is that of a theory living in
ds — 0 dimensions. As a result, it has been suggested that these metrics with
0 = dy — 1 have a thermodynamic structure which may be a useful model
for a field theory with a Fermi surface [37] (as the effectively one-dimensional
behaviour reproduces the behaviour near a Fermi surface). After redefining
radial coordinate so that it is proper size of spatial direction, hyperscaling
violation spacetime above is equivalent to

d 2
ds* = —r*™mdt® + S 4 127 (1.2.12)
r n

The relation between the coordinates is 1 ~ #2(4s=0/ds " and

dez — 0 ds
= n

d,— 0’ ' d,—6

m

(1.2.13)

As one can see, if n =1, (1.2.12) is exactly Lifshitz spacetime with dynamical

exponent z = m.

Non-relativistic spacetimes are not vacuum solution of Einstein equation (with
negative cosmological constant). Instead, matter fields are required to support
these spacetimes. The minimal matter fields one can add to support Lifshitz and
Schrodinger spacetime are massive vector fields [32]. For simplicity, let’s consider

gravity in 4 dimensions described by following action:

Si/d4x(R—2A—

9.2
2K]

1 2
TP F, %A“Au) (1.2.14)

Lifshitz geometry (1.2.9) is supported by massive vector fields satisfying

2(z — 1) 224244

A, dat = 5

ridt;  m?=2z A= (1.2.15)

May 7, 2016



1.2. Holography 9

Time-reversal symmetry is broken by gauge field. Similarly, in general dimensions,
massive vector fields can also support Schrédinger spacetimes [33,34]. For example,

for A = —3 and m? = 6, gauge field
A =r2dt

together with metric (1.2.10) are a solution to action (1.2.14). In three dimensions,
a gravitational Chern-Simons term can be added to Einstein-Hilbert action [39]. We

then get an action:

1
5= 167TGN

1 14 loa 2 g T
/ d*zy/—g (R —2A + ﬂe’\“ (rggaurpy + grf;ormrw» (1.2.16)
Variation of this action results in Einstein equation with Cotton tensor C,

1

RW—2

1
Rg;w + Ag,ul/ + /_JJC,uzx =0 (1217)

Schrédinger spacetime can be a solution to equation of motion above considering
A = —1 and p = 2z — 1. This theory is called topological massive gravity. In this
thesis, we will show higher spin fields can also support Schrodinger spacetime [3,4]
in general dimensions.

Another motivation to consider non-relativistic holography is to explore some
properties of a quantum gravity theory. As it is shown in Table 1.1, different physical
theories are characterised by nature constants i, Gy, c. Theories (1)-(6) in the table
are well-studied and people are trying to construct the ultimate theory (8) - a theory
quantising gravity. Semiclassical approximation of quantum gravity, by combining
quantum field theory and general relativity, reveals a corner of quantum gravity.
However, the corner ¢ = oo and £, Gy finite is much less-studied until recently [40].
An example of non-relativistic quantum gravity is Hofava Lifshitz gravity [41], where
Lifshitz solutions are allowed without matter fields to support. In holography, the
natural geometrical framework coupled to non-relativistic field theory was found
out to be Torsional Newton-Cartan Gravity (TNC). Interestingly, Hofava Lifshitz
gravity emerges when TNC gravity is made dynamical [42]. This is not a major

topic of this thesis, but it is interesting to explore.

May 7, 2016



1.3. Singularities in non-relativistic spacetimes 10

1/c h Gn Theory
1 0 0 0 Classical Mechanics
2 | Finite 0 0 Special relativity
3 0 Finite 0 Quantum mechenics
4 0 0 Finite Newtonian Gravity
5 | Finite | Finite 0 Quantum field theory
6 | Finite 0 Finite General relativity
7 0 Finite | Finite | Galilean quantum gravity
8 | Finite | Finite | Finite | Relativistic quantum gravity

Table 1.1: Regime of physical theory under change of constants
1.3 Singularities in non-relativistic spacetimes

By following AdS/CFT calculations, one can calculate correlation functions in Lif-
shitz/Schrédinger spacetimes to probe their causal structures [39,43]. However, as
one goes to limit r — 0, one might encounter a curvature singularity even though all
the curvature scalars are finite. This singularity exists in all Lifshitz spacetimes with
z # 1 [44]; Schrodinger spacetimes with 1 < z < 2 [35] and hyperscaling violation
spacetimes m < n. We will take general hyperscaling violation spacetimes (1.2.12)
as an example to illustrate its singular nature, since Lifshitz is a special case of the
former.

As a solution of Einstein equations with matter fields, hyperscaling violation

spacetimes are also supposed to satisfy the weak/null energy condition
Gopk®k’ = Tosk®k” >0

for all null or timelike vector k% [45,46]. Violation of the weak energy condition intro-
duces negative energy density into the theory, generically making vacuum unstable

to particle pair creations. For the null vector k%,
1 1
Gopk®k® = (Rop — §ga5R)kakﬁ = Rophk” — 5 Rkak® = Ropk®k’
The Ricci tensor components of (1.2.12) in dy = 2 are

Ry = m(1+m 4 n)r2mn-b
May 7, 2016



1.3. Singularities in non-relativistic spacetimes 11

m?+m(n—1)+2n
_ >
Ry = —(1+m+n)r?y; (1.3.18)

Rrr =

For an null vector k,,
(kt)Q _ r—2m—2n(k,7‘)2 + TQ—ZmEZ

Then the null energy condition is equivalent to condition

. kr 2
0 < Ropk®k? = (1 +m +n)(m — Dk** + (m — n) ( 7“2) (1.3.19)

Then the null energy condition is satisfied if

m>n (1.3.20)

(I+m+n)(m—-1)>0 (1.3.21)

We are interested in m > n > 1 cases. The r = 0 surface looks like a singularity
for generic m,n. If m = n = 1, the geometry is AdS in Poincare coordinate.
Since we know AdS has a global coordinate patch to cover the whole spacetime
manifold, the » = 0 horizon is just a coordinate singularity. A free falling observer
in hyperscaling violation spacetime with generic m,n can reach Poincare horizon
r = 0 in finite proper time, (i.e.) the spacetime is geodesically incomplete. To
check whether » = 0 is a real physical singularity for generic values of m,n, we
need to move on to parallely-propagated-orthonormal-frame (PPON) to examine
the Riemann tensor components. These components are tidal forces experienced by

a freely falling observer. Consider the geodesics

2

. 'S .
e= —p2mizy L4202
T2n

Since the metric is independent of the time coordinate ¢t and spatial coordinate z;,
the Killing energy and the Killing momentum are E = r?>™f and p; = r?4;. We can
rewrite geodesics in terms of the Killing conserved energy as

E2 -2 2
=t + 2 (1.3.22)

TZm 7”2” 7’2

With the geodesics above, we can construct the PPON frame as

2

(eo) = —B(9)! +r "t \/E2 — (1 + %)(ar)“ +p(d,)" (1.3.23)
May 7, 2016



1.3. Singularities in non-relativistic spacetimes 12

(e) = Bi(9)" + B2(0,)" (1.3.24)
(e2)! = (0" + Y2(0)" + 73(0,)" (1.3.25)
()" = r(0z)" (1.3.26)

Constants (f1, B2, 71,72, 73) are chosen so that e, are orthogonal. We then use
the constructed veilbein to transform from the static observer to the free falling

observer [45]:
Raped = R;wpo(ea)u(eb)y(ec)p<ed)a

The Riemann components include following terms:

Roioi = "2 2[(m — n) E* + r*™2[(n — 1)p* + nr?] (1.3.27)
T2n72m[<m _ n)E2 _ mr2m72(p2 + 7a2)]
ili = 1.3.2
Riin (P2 + 12) (1.3.28)
m—n ET2n72m71 2
Roii = ( p2) s \/E2 —r2m(1+ ];—2) (1.3.29)

As one can see, 7 = 0 would be regular if n > m + 1 or n = m. Recall that
the null energy condition requires m > n, which contradicts n > m + 1 and n > 2.
Therefore, the only possible non-singular hyperscaling violation spacetimes are those
with m =n > 2.

One may conjecture that the singularity in m # n spacetimes can be resolved
by introducing string effects (at o/ order). This is not true. A test string moving
towards these naked singularities will be infinitely excited [44]. The physical meaning
of these singularities is unclear at this stage. In a specific model, Lifshitz singularity
is resolved by considering the brackreaction effect from matter fields [47]. We will
discuss the geometric extension of nonsingular hyperscaling violation spacetime in
chapter 2. In chapter 3, we will try to construct physical observables to probe the
nature of Lifshitz singularity. In chapter 4, we will discuss the problem to resolve
these tidal force singularities from higher spin theory point of view. Unfortunately
there is no example in which singularity is resolved. We will be interested in knowing

whether there are other resolutions.
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Chapter 2

Extending nonsingular

hyperscaling violation spacetimes

This chapter is based on paper [1], written in collaboration with Simon Ross.

2.1 Introduction

The application of holography to the study of field theories of relevance to condensed
matter systems has been a subject of intense activity in recent years (see e.g. [29,48]
for reviews). In particular, the application to non-relativistic theories represents
an interesting extension of the usual holographic dictionary. The simplest example
of this type is the Lifshitz spacetime (1.2.8) [30,32]. The case z = 1 gives the
familiar AdS spacetime, while z — oo gives an AdS, x R% spacetime. These two
limiting cases have a smooth extension through the apparent singularity at » = 0
in the geometry (1.2.8). However, this is not the case in the Lifshitz spacetime,
as was already noted in [30], and was later stressed in [44,49]. Scalar curvature
invariants constructed from (1.2.8) are necessarily finite — indeed, constant — as
a consequence of the Lifshitz symmetry, but there are divergent tidal forces as we
approach r = 0 along geodesic congruences. The consequences of this singularity
for observers in the spacetime were explored in [44], who argued that observers near
the singularity would experience large effects.

The significance of the singularity in the Lifshitz metrics from the point of view

13



2.1. Introduction 14

of the dual field theory is less clear. As in the usual AdS/CFT correspondence, the
natural observables to consider in the field theory are local correlation functions,
which correspond to bulk correlators with their endpoints on the boundary of the
spacetime at r = co. By causality, the calculation of these correlators only involves
the region of spacetime r > 0, so they are not directly sensitive to the singularity.
Indeed, the correlators can be calculated by analytic continuation from the Euclidean
version of (1.2.8), which has no divergent tidal forces. In the Euclidean solution,
r = 0 is at infinite proper distance, so the Euclidean metric in these coordinates
is already geodesically complete, just as in Euclidean AdS. There is no question of
extension of the solution in the Fuclidean solution.

We conjecture that this singularity is reflected in the field theory in the struc-
ture of the infrared divergences appearing in scattering amplitudes. Scattering am-
plitudes are an intrinsically Lorentzian observable, and it is well-known that in
massless theories they have infrared divergences associated with the emission of soft
collinear particles. In the AdS context, non-trivial initial and final states in the
Poincare patch of the geometry (corresponding to scattering amplitudes in the field
theory) are associated with particles/fields crossing the Poincare horizons [50]. Fur-
ther, in the work of Alday and Maldacena on gluon scattering amplitudes [19] the
infrared divergence was cut off by introducing an explicit brane source in the bulk
spacetime away from the Poincare horizon; the infrared divergence appears in the
limit as the cutoff brane approaches the horizon. So there indeed seems to be a close
connection between the r — 0 limit in spacetime and infrared structure of scattering
amplitudes.

To support this speculation, we need to understand what is special about cases
where these tidal divergences don’t arise. This is relatively easy to understand in
the relativistic case; scattering amplitudes are not really a good physical observable
in a relativistic conformal field theory, and one should work instead with the ex-
tension of the field theory to the Einstein static universe R x S%. The extension
of the spacetime beyond the Poincare horizon seems necessarily connected to this
extension of the field theory. This is also connected to the existence of special con-

formal transformations, as it is the special conformal transformations that map the
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2.1. Introduction 15

conformal boundary of Minkowski space to finite position (the inversion symmetry
exchanges null infinity with the light cone of the origin).

There are two non-relativistic examples where the tidal divergences also don’t
arise. The first is the Schrodinger spacetimes, which we discuss in section 2.2,
reviewing the extension constructed by [35]. Schrodinger with z = 2 follows the
same pattern as the relativistic case; there is a special conformal symmetry, and the
smooth extension of the spacetime is associated with an extension of the boundary
geometry. Indeed, the bulk coordinate transformation was obtained in [35] by using
the special conformal symmetry. However, there is a smooth extension for z > 2,
and not just in the case z = 2 where the special conformal transformation exists.
This thus seems to provide an example of a solution with an extension both in the
field theory and in spacetime, but without a special conformal transformation. Our
new contribution to the consideration of this case is just to note that (except for the
case with three bulk dimensions) these extensions are not present once we consider
asymptotically Schrodinger spacetimes with non-zero particle number. Thus, the
unexpected extensions appearing in the z > 2 cases appear to be some special
property of the field theory in an “empty box”, when we consider a system with
Schrodinger symmetry, but with no actual field theory particles present.

The more interesting and surprising non-relativistic example is the case found in
[46], who showed that there is a particular class of hyperscaling violating spacetimes
which have no tidal singularity on the horizon. This case is the main focus of our
work. We will show in section 2.3 that these solutions have a smooth extension
through r = 0, by explicitly constructing a good coordinate system there. The dual
field theory has no special conformal symmetry; indeed it doesn’t even have a scaling
symmetry. Furthermore, we will argue that the boundary of the extended spacetime
has two disconnected components, as in AdSs. Thus, the extension of the spacetime
is not connected to an extension of the field theory to a larger background.

Applying the usual holographic correspondence, we would expect such a space-
time to be dual to two copies of the field theory, with separate Hilbert spaces as-
sociated to the two boundaries. But the horizon separating the two asymptotic

regions has zero cross-sectional area, so unlike in AdS,, it seems problematic to
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2.2. Extension of Schrodinger spacetimes 16

interpret this geometry as corresponding to an entangled state in the two copies of
the field theory. Thus, this example poses a challenge not just to our understanding
of the significance of the singularities, but also to the picture advocated for example
in [51,52] that connectedness of the spacetime is dual to entanglement in the field
theory.

In AdS,, some of these issues find their solution in the fact that finite-energy
excitations modify the asymptotics [53], so it is not actually possible to propagate an
influence from one boundary to the other without violating the asymptotic boundary
conditions.! In section 2.4, we will argue that there will be a similar resolution in this
hyperscaling violating example. We consider the position-space Green’s function for
a source on one boundary, and while we are not able to fully calculate its form, we
will argue that it is divergent along the horizon.

While this provides a possible resolution of the puzzle, it still seems surprising
even at the level of vacuum states that we can have a connection in the spacetime
between the two asymptotic boundaries without any entanglement in the field theory
vacuum state. It would be interesting to understand the field theory interpretation

of these cases better.

2.2 Extension of Schrodinger spacetimes

In this section we review known results on extension of the Schrodinger spacetimes.
This will provide a useful warm-up for our later consideration of the hyperscaling
violating spacetime, and this is also an interesting example worth including in the
discussion in its own right.

These spacetimes were introduced in [33,34] as duals to non-relativistic theo-
ries where the anisotropic scaling symmetry is supplemented by invariance under
Galilean boosts. In the special case z = 2, the symmetries also include a special
conformal transformation. It was shown in [35] that the Schrédinger solutions have
a smooth extension through r = 0 for z > 2. The extension for z = 2 is consonant

with our expectations, and indeed the smooth coordinates of [35] were constructed

1See e.g. [54,55] for a discussion of the conceptual issues in AdSs.
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2.2. Extension of Schrodinger spacetimes 17

by making use of the special conformal transformation. The fact that the extension
continues to exist for z > 2 is surprising, however. We will review the construction
of [35] and comment on what happens when we consider non-vacuum states in the
field theory.

Schrodinger geometry represents a holographic dual of the ground state for a
field theory in d, spatial dimensions with a Schrodinger symmetry, which includes
an anisotropic scaling symmetry and Galilean boosts. Realising this extended sym-
metry requires an extra dimension. In particular the addition of the & coordinate
enables us to realize the conserved particle number appearing in the Schrodinger
algebra as momentum in the £ direction. As in the Lifshitz spacetime, this solution
has an apparent singularity at » = 0. An extension of the spacetime beyond r = 0
was found in [35] for z > 2. For z = 2, their construction was based on the special
conformal symmetry C' which appears for this choice of dynamical exponent. They
define a new timelike coordinate 1" such that O = H + C = 0, + C. This led them
to define the new coordinates (T, R, X, V) given by

t=tanT, r= CO;T, T = CO)S(T’ (2.2.1)
E=V+ %(R2 + X?)tanT. (2.2.2)
In these new coordinates, the metric for z = 2 is
PN + i(—szdv — (R? 4+ X?)dT? + dR? + dX?). (2.2.3)
R*  R?

The null surfaces at » = 0 in the original metric correspond to surfaces cosT = 0
which are evidently smooth in the new coordinates. There is still an apparent
singularity at R — oo in the new coordinates, but because of the harmonic potential
in grr, geodesics are prevented from reaching R — oo, so this new spacetime is
actually geodesically complete. From the point of view of the boundary at r = co
(R = 0), the extension adds regions to the future and past of the existing boundary.
For z = 2, this extension of the boundary can be understood as a result of the special
conformal transformation. Thus, the case with z = 2 has the same qualitative

structure as for AdS.
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2.2. Extension of Schrodinger spacetimes 18

The surprise is that this coordinate transformation also provides a smooth ex-
tension of the spacetime for z > 2. Applying the same coordinate transformation in

the case of general z gives

ar? 1 > >
ds* = —(cos T)QZ*‘*F + E(_QdTW — (R + XHdT? + dR* +dX?). (2.2.4)

Thus, for z > 2, the extension is still smooth at cosT = 0. The geometry no longer
has a T-translation symmetry, which is a consequence of the absence of the special
conformal transformation, but there is no obstruction to the extension, and the
picture from the point of view of the causal boundary is the same as before. This
is an example where the field theory unexpectedly has a smooth extension; there
was no symmetry in the theory in the ¢, x,¢ coordinates which suggested that it
would be reasonable to treat ¢ — oo as being at finite position, but the coordinate
transformation (2.2.1), which maps this to finite 7', gives a smooth bulk geometry
with an extended boundary.

A natural suspicion is that this smooth extension is a special feature of the
vacuum solution. To say that an extension really exists in the field theory, we would
like to see that there are excitations of the geometry which remain smooth in global
coordinates, corresponding to non-trivial states of the field theory on the extended
spacetime. In the next two subsections we consider two kinds of excitations; changes
in the state in a sector with a given particle number, and changes in the conserved

particle number of the field theory.

2.2.1 Excitations: mode solutions

We want to consider excitations about the Schrodinger solution, and look for ex-
citations which remain smooth in global coordinates. In this section we consider
normalizable mode solutions, corresponding to excited states of the field theory, fol-
lowing [35,56]. In appendix 2.A, we give some new results on position space Green’s
functions in this spacetime.

The simplest thing to do is to consider mode solutions in the original coordi-
nates. However, unlike on a black hole spacetime, there are no mode solutions

which are regular at the horizon; that is, there is no analogue of ingoing modes
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2.2. Extension of Schrodinger spacetimes 19

on the Schrodinger background. This is trivial to see. The mode solutions in the

original coordinates are

(b _ e*'im£+iwt+il;-ff<r). (225)

As r — 0 along a generic ingoing geodesic, all of t,&, ¥ diverge. For example, if
we take r — 0 keeping V finite, ¢ will blow up. Whatever the dependence of f(r)
on r is, the assumption that the mode depends separately on ¢,Z and r means
that the dependence on ¢ cannot become a dependence on the finite coordinate V.2
Thus there are no mode solutions in the original coordinates that are regular at the
horizon. This is of course no obstruction to the existence of smooth solutions; it
just says that the modes (2.2.5) are not a good basis for constructing them.

For the Schrodinger solution with z = 2, the geometry has enough symmetry to
allow us to solve for mode solutions in the new coordinates. This analysis was carried
out in [35], for the solutions for a probe scalar field on the Schrodinger background
in the new coordinates. If we solve the massive Klein-Gordon equation with mass u

in the new coordinate system, the solutions can be decomposed in modes as

¢ =e"PTe™™VYL(0:) oL n(p)drn(R), (2.2.6)

where p, 0; are spherical polar coordinates on the spatial X coordinates, Y7 (0;) are
the appropriate spherical harmonics, and ¢y, ,(p) is given in terms of a generalized

Laguerre polynomial. The radial function ¢, ,(R) satisfies

_ds+1 (m* + 1*)

L d,
¢+ (2Em —dm(n+ = + ) — m*R* — =

¢ > T Jp=0. (2.2.7)

The solutions of this equation can be written in terms of confluent hypergeometric

functions. The two independent solutions near R — oo are

¢ ~ eF2mE (2.2.8)

2In a black hole spacetime, the mode solutions are ¢ = €™ f(r), and the divergence of ¢ on the
future horizon can be cancelled by choosing an ingoing solution for f(r), so that ¢ ~ ™% near
the horizon, where u is an ingoing Eddington-Finkelstein coordinate. The point of this comment
is that because more coordinates blow up on the Schrédinger horizon, no such cancellation can be

engineered just by choosing f(r).
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2.2. Extension of Schrodinger spacetimes 20

Following [35], the boundary condition is taken to be that we keep only the expo-

nentially damped falloff in the limit R — oo. The regular solution is then
¢ = e 2™ RA U(a, b, mR?), (2.2.9)

where U(a,b,mR?) is Tricomi’s confluent hypergeometric function, and

1 L dy FE
= (1 —+———, b=1 . 2.2.10
a 2( +y)+n+2+4 5 +v ( )

This solution is clearly regular in the interior of the spacetime. However, it only
has an interpretation as a change in the state of the field theory if it only excites
the normalizable (fast fall-off) part of the field near the boundary.® The Tricomi
function is

I'(1-0b)

r'(b-1)
Fa—b+1)

Ula,b,z) = I(a)

1Fi(a, b, 2) + A F(a—b+1,2-b,2). (2.2.11)

The regular solution is purely normalizable at infinity if the first term is absent,
which can happen if we encounter a pole in the I' function in the denominator, that

is if a — b+ 1 is a negative integer. This will select a discrete set of energies F,
ds
E=lt+v+2+L+o+r, rel (2.2.12)

Thus the situation in z = 2 Schrodinger is very similar to that in AdS. There is a
discrete spectrum of smooth mode solutions with respect to the new coordinates,
and we can describe smooth excitations above the vacuum state, at least at linear
order in perturbations, by considering linear combinations of these modes.

It is difficult to extend this analysis to z > 2, as the geometry now has no
time-translation symmetry in 7', so we cannot Fourier transform in the 7" direction.
Solving the wave equation in the new coordinates would therefore requiring solving
a PDE. It would be interesting if this problem could be shown not to have smooth
solutions, as this would indicate a difference between the z = 2 and z > 2 cases. We
will not pursue this further as we will see in the next section that both z = 2 and

z > 2 encounter a problem when we consider non-zero particle number.

3A point which was neglected in [35].
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2.2. Extension of Schrodinger spacetimes 21

2.2.2 Excitations: nonzero particle number

Since the Schrodinger algebra contains a conserved particle number, in addition to
asking if the extension through r» = 0 applies to excitations above the ground state,
it is also natural to ask if it applies to the ground state in sectors of the theory with
non-zero values of the particle number. Here we will consider what happens for
uniform distributions of particle number, as one would expect in the ground state
in a sector of fixed particle number.

For z = 2, one might think that exciting non-zero particle number would allow us
to preserve the smoothness at » = 0, since the particle number operator N is central
in the algebra, so it commutes with both the dilatation and the special conformal
transformation. However, from the geometric point of view the relevant quantity
is not the total particle number but the local particle number density p; it is the
dimension of this local operator that will determine the effect of particle number on
the bulk spacetime. For z = 2, the particle number density p has dimension d,, so
we would expect that giving it an expectation value will produce a deformation of
the spacetime whose effect is more pronounced in the IR, modifying the structure
of (1.2.10) at r = 0.

This is indeed what we find if we consider the geometries obtained by taking the
zero-temperature limit of the black hole solutions for d, = 2 found in [57-59] while

holding the particle number fixed. The limiting geometry (in string frame) is
2 dr2

ds® = k(r) ' (—r*dt* + ﬁdgg — 2r?dtd€) + (r*di® + 7), (2.2.13)
where k(r) =1+ Z—j The spacetime is asymptotically Schrodinger, with the 1/72
falloff for the deviations expected for a non-zero particle number density. We can see
that the introduction of the non-zero density indeed deforms the spacetime in the IR;
this solution is now singular at » = 0. This is again a tidal divergence, with Riemann
tensor components like Ry;; diverging in a parallelly propagated orthonormal frame
along ingoing geodesics:

(14 PP). (2.2.14)

This component is finite if the density v vanishes while becomes divergent in the

finite density spacetime. Thus, there is no smooth extension through r = 0 for
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2.2. Extension of Schrodinger spacetimes 22

these solutions with non-zero particle number. We should note that there is also a
divergent tidal force if we consider the metric in Einstein frame. Although we do
not have explicit solutions for z > 2, we would expect a similar logic to apply there
as well.

The exception to the preceding discussion is Schrodinger spacetimes with three
bulk dimensions, as then ds = 0, and non-zero particle number produces a marginal
deformation of the geometry. Indeed, in this case the Schrodinger solution has
been identified with the null warped AdS; geometry, and the solution with non-zero
particle number is the spacelike warped AdS; geometry [60], with metric

2

d
ds? = —r*di® — 2%t + 2 + (22.15)

This metric is a fibration over AdS,, as can be made manifest by defining p = r?
and = 2V fﬂt, S10)

(—p%ﬁQ+fﬂf)4—v%d5—-——ll——dﬂQ. (2.2.16)
p? 2(1+7?)

Here, the singularity at » = 0 can be resolved by passing to global coordinates for the

1
ds? = =
ST

AdS, factor, both for vanishing and for non-vanishing particle number. Thus, the
extension of the spacetime exists for non-zero particle number. On the other hand,
the fact that the geometry involves AdSs, implies that the excitations in a sector
of given particle number considered in the previous section fail once we take into
account back-reaction (at zero or non-zero particle number), since AdS, does not
have finite excitations which are asymptotically AdS; on both asymptotic boundaries
in the global coordinates [53].

Another caveat to the argument is that it applies to solutions with finite particle
number density; it may be that there could be some solutions with finite total
particle number (in a spatially infinite field theory) which remain smooth at r = 0.
However, as such solutions would necessarily be time-dependent it is significantly
more difficult to analyze the question, and it is the case of finite particle number

density which is of real practical interest.
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2.3. Hyperscaling violating spacetimes 23

2.3 Hyperscaling violating spacetimes

In this section, we turn to our main subject, the non-singular hyperscaling violating
spacetimes. We will first review the general class of spacetimes, and briefly discuss
the non-singular case, before explicitly constructing a smooth extension for this case
through the horizon at » = 0 and discussing the resulting global structure.

As mentioned in introduction, hyperscaling violation geometries generically have
a curvature singularity at » = 0, but there is an exception; as noted in [46], the case
m = n > 2 has no diverging tidal forces as we approach r = 0. In general, the
parameters are restricted to m > n by the null energy condition (generalizing the
familiar restriction to z > 1 in the Lifshitz case). Given this, we can see that for the
components of the Riemann tensor (1.3.27) to (1.3.29) to remain regular as r — 0,
we must have m = n > 2. It can be checked that given this condition, all the
components of the Riemann tensor remain finite in the limit [45,46].

The non-divergent case is special in the sense that it saturates the bound from
the null energy condition.* For two spatial dimensions, the choice z = 3/2, § = 1,
which gives m = n = 2, was also previously identified as special because it gives rise
to a logarithmic violation of the area law for entanglement entropy [37], so it may
be interesting for modelling Fermi liquids holographically.

For simplicity, we will focus mainly on the case m = n = 2, and comment briefly

on the extension to larger values at the end. The metric is
2 40 dr? 272
ds® = —r*dt* + 1 +7r d&lz (2317)
T

The fact that the metric is non-singular precisely when g,, = 1/gy suggests that it
will be useful to introduce a tortoise coordinate r, such that dr, = g,.dr, as in the

Schwarzschild spacetime. Indeed, if we define

1

- (2.3.18)

u==t

4Although the null energy condition is satisfied, this spacetime does require negative energy
densities, and as noted in [45] it is not straightforward to construct reasonable matter Lagrangians
that give rise to it as a solution. Since our interest is mainly in using this example to test our
general understanding, rather than to advance it as a physically interesting model, we have not

attempted to address this issue.
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the metric becomes

ds® = —ridu® + 2dudr + rdz?. (2.3.19)

The u, r part of the metric is regular, but this cannot be the end of the story, as the
metric in the x; directions is still degenerating as r — 0. We can get some insight
into the situation by considering the behaviour of the geodesics. The conserved

energy and momentum along the geodesics are F = rt and p; = r22;. Thus
it = E? — p*r? — ert, (2.3.20)

where € = 1 for timelike geodesics and ¢ = 0 for null geodesics, which implies

dt 1 E
L , (2.3.21)
dr 7 riy/E2 — p?r? — ert
dr; T Di
== _ 2.3.22
dr 7 r2\/E2 —p2r?2 — et ( )
where we are considering ingoing geodesics. Near r = 0,
1 1 p?
t —+=——+... 2.3.23
3r3 + 2 E?r * ( )
and
Di
P & e 2.3.24
T r + ( )

where the terms not written explicitly are bounded as r — 0. For null geodesics, we

can explicitly integrate (2.3.21) and (2.3.22) to obtain

(E2 + 2]?27”2) /E'2 _ p27=2
t= T + (2.3.25)

and
E2 — p22

. (2.3.26)

T = Pi

If we introduce p; = p;/E, this can be rewritten as

(1 +2p°r?)\/1 — p*r? V1 —p%r?

t= = +to, =P + T (2.3.27)

We see that the ingoing coordinate w is finite (in fact constant) along the radial
null geodesics with p = 0, as in Eddington-Finkelstein coordinates on a black hole.
However, for the general geodesics with p # 0, the coordinate transformation has
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removed the leading divergence in ¢ but both u and the spatial coordinates x; diverge
like r—! near r = 0.

To remove these divergences, we define

X, = ra; (2.3.28)
and
X2 11
T=u——t=t—— — —rg 2.3.29
YT 33 o i ( )

The metric can be written in a simple form by introducing polar coordinates (R, §,)

in the transverse X; space:

1
ds* = —rtdT? — ZR%? + (1 — R*r*)dR* + R*dQ; _, (2.3.30)
+(2 4+ R*r*)dTdr + R*rdRdr — 2Rr*dRdT.

We can see that the components of the metric remain finite at » = 0 in these

coordinates; in addition, the determinant of the metric is
det g, = —R* %=1, (2.3.31)

which is finite at » = 0, so the inverse metric is also smooth there. Thus, these
coordinates provide a smooth extension of the metric through » = 0. The surface
r = 0 is a null hypersurface, a smooth event horizon. We have constructed ingoing
coordinates, allowing us to smoothly cross the future horizon at ¢t — oo as r — 0;

we could similarly construct outgoing coordinates by taking

1 1
T = — 4 —ra?. 2.3.32
t~|—3r3+2mZ (2.3.32)

Since the metric (2.3.30) is invariant under r — —r, ' — —T', we see that the region
r < 0 is isometric to the region r > 0.

This method can also be generalized to other n > 2 cases by taking

1
T=t- 5 17’_(2"_1) — gxf, X; = ra;, (2.3.33)
n pa—

which gives
1
ds? = —r?dT? 4+ (1 — P2~V RY)4R? — ZTQ(n_Q)R4dT2 + RQd935_1(2_3_34)

+(2 + 2"V RHYATdr — 27" *RATdR + r*" 3 R3*dRdr.

Note that as expected, this provides a smooth extension only for n > 2.
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2.3.1 Global structure

To understand the meaning of this extension of the geometry from the point of
view of the dual field theory, we would like to understand the relation between the
regions r > 0 and r < 0; in particular, we want to understand the relation between
their asymptotic boundaries at large r, where we conventionally think of the field
theories as living. (More precisely, as the hyperscaling violating spacetime is singular
as r — 0o, we should introduce an explicit cutoff and work on a surface of constant
r =79). In an AdS,; spacetime for d > 2, when we extend the Poincare patch to
global coordinates, the boundary is connected, and there is a single Hilbert space
for the dual field theory®; by contrast, in a black hole spacetime or in AdS,, there
are two disconnected boundaries, which have separate field theory Hilbert spaces
associated with them. The field theory dual in those cases is some entangled state
in two copies of the field theory. We would like to know whether our hyperscaling
violating spacetime is of the former or of the latter type.

In our smooth coordinates (2.3.30), the spacetime certainly does not look con-
nected, but this may be just a defect of our coordinates. To consider this question
in a more coordinate-independent manner, we will consider the causal structure of
the spacetime. In the cases where the boundary is connected, an initial time slice in
the boundary is a Cauchy surface for the full extended boundary in the field theory,
and the whole of the boundary lies either to the future or to the past of this initial
time slice. So if we find that there are points on the boundary which are not in the
future or past of the initial data slice in one asymptotic region of the hyperscaling
violating spacetime, we can conclude that the extension of the spacetime does not
correspond simply to further evolution of the CF'T state defined on that initial slice,
but must instead involve some extension of the CFT Hilbert space.

We are therefore interested in considering the future and past of an initial time
slice, which in the bulk spacetime corresponds to a constant ¢ slice of the boundary.
Thus, we want to find I=(r = rq,t = t3). We can see from (2.3.21) that motion in the

x; directions restricts the motion in r, so the future or past of r = rg, t = tg will be

5The extension for the Schrédinger spacetimes reviewed above is also of this form.
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bounded by the radial null geodesics. The ingoing/outgoing coordinates u, v = t:F#
are constant along the radial null geodesics, and the x; are constant, so T, although
not constant, remains bounded. Thus, the ingoing radial null geodesics from r = ry
will intersect the surface r = —ry beyond the future horizon at some finite value
of t. Thus, there is indeed a part of this new asymptotic region which is spacelike
separated from the initial time surface. (No part of the region beyond the future

horizon is to the past of the initial surface.)

Figure 2.1: A qualitative depiction of the causal structure in the region covered by
the ingoing coordinates. Note that although we draw the T',r space, the geometry
does not have a translational symmetry in the transverse space in the coordinates

regular at the horizon, so this is not a true Penrose diagram.

This implies that the structure of the spacetime is qualitatively similar to that of
AdS,, as depicted in figure 2.1; there is a separate boundary at r < 0, disconnected
from the boundary at r > 0.5

If we follow the usual holographic dictionary, we would associate these two
asymptotic boundaries with two copies of the field theory Hilbert space. Now an
interesting problem is that the horizon at » = 0 has vanishing cross-sectional area, so
it is difficult to interpret the geometry as dual to an entangled state in two copies of

the field theory. If we assumed the usual Ryu-Takayanagi prescription applied, the

6Tt is not clear if successive boundary regions at r > 0 are connected, as they would be in AdSs;

our construction has not given us a single coordinate patch covering two such regions.
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entropy density in the reduced density matrix obtained by tracing over one of the
boundaries should be given by the area of the horizon, as this is clearly an extremal
surface [61,62]. The field theory coordinates are ¢, z%, so the vanishing of g, at
r = 01in (2.3.19) appears to say that the reduced density matrix has zero entropy
density.” Thus, the state of the field theory asociated to this spacetime would seem

to have no entanglement, contrary to the general conjectures in [51,52].

2.4 Excitations of the smooth spacetime

The smooth extension of the spacetime indicates that the ground state of the field
theory can be thought of as naturally defined on the full asymptotic boundary of
the spacetime, rather than just on the boundary in the original » > 0 region. As in
the Schrodinger example, it is then interesting to ask if this extension has meaning
also for excited states. In this section we argue that finite-energy excitations will
indeed destroy the extension. We will first consider looking for mode solutions of
this equation in the different coordinates, and then consider a Green’s function for

an operator insertion on the boundary.

2.4.1 Scalar fields in the static coordinate

In the original static coordinates, we can consider the plane wave modes
B(t,r, 7, k,w) = e “HFTR(p). (2.4.35)

The Klein-Gordon equation V2¢ — m2¢ = 0 then reduces to an ODE,

1 A+d, w? k2 2
Op(r* "0, R) + T—4R(r) - T—QR(T) —m~R(r) =0, (2.4.36)

rds "

"The horizon has a non-degenerate metric on the surfaces of constant 7 in (2.3.30),
dssz’T:wnst = dR* + R*dQj _,, but since finite R at r = 0 corresponds to infinite values of
2%, it seems to us that this is not naturally related to the entropy density in the field theory. How-
ever, the rules for such cases with non-compact horizons are perhaps not entirely clear. We can’t
easily resolve the problem by compactifying the x; coordinates as this would spoil the smoothness

at the horizon, as in the Poincare patch in AdS.
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The near horizon region is at » — 0 and boundary is at r — oco. We can’t solve
this equation in closed form in general, but we are interested in the behaviour in the
near horizon region. The method of solving near r = 0 limit of R(r) is asymptotic
expansion. A useful reference for introduction of this method is in [63].

To make our derivation reasonable, we need to introduce the notation of asymp-
totic. Two functions f(r), g(r) are considered asymptotically equivalent, written as
f ~ g at point = a, if and only if

A (2.4.37)
r—a g(r)

If two functions are asymptotic equivalent f ~ g, then ef ~ €9 if and only if
lim, ,(f(r) — g(r)) < 1. Now we can use the idea of dominant balance to derive
asymptotic behavior of function R(r). Assume R(r) = 5. The equation (2.4.36)

reduces to

2 /{32
rH(S"(r) + S' (1)) + (4 + dy)r3S (r) + ‘:—4 - —m?=0 (2.4.38)

Near r = 0, for equation to be held, we should expect dominant terms are cancelled.

Therefore, one can find
2

TRy D
riS'(r)" ~ —
)~
There are two solutions to S(r), corresponding to ingoing and out going coordinates

we found in section 2.3. Let’s take

S(r) = z% + o)

where C(r) is subleading terms near r = 0, satisfying equation

(0" 4 C™) — 2iwC’ — ds% + C'(4+dy)r® — 5 m? =0

One can solve asymptotically,

Note C(r) is not negligible near r = 0, we should proceed this procedure. C(r) =

k2
—i—— + D(r), one can solve
2wr
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Terms in O(r) are negligible near horizon. Therefore, the final solution of scalar

equation ¢(t,r, Z) has asymptotics

s k?
G~ P exp <—z’wt ik + i — z—> (2.4.39)

3r3  2wr
There are two possible ways to deal with this solution. One is to insert the
geodesics expansion (2.3.23) and (2.3.24) into asymptotics and identify Killing con-
served energy with w, k here. One would find all the divergent terms in exponential
function would cancel. Therefore, scalar fields propagate through horizon r = 0
smoothly at a point. Alternatively, since all mode solutions are independent, we
can integrate over all momentum k evenly. This is equivalent to an inverse Fourier

transformation of our solution. We can get

. 1 2 L
o(t,x,rw) = /qub(t,r, x, k,w) ~ 1 exp (—iw(t 53 Tg’ )> — el
(2.4.40)

iw/3r3

There is an overall r~%/2 divergence, but leaving that aside, the e behaviour

here is reminiscent of a black hole; it indicates that we could define “ingoing” and

2

. - ~ ro:

“outgoing” modes behaving as e“T| T where T, T =t F (ﬁ + 21
r

while 7" would remain finite as we approach the horizon along geodesics, it would

). However,

diverge as we approach the horizon along more generic directions. Thus, unlike in a
black hole spacetime, and like in the Schrodinger example, there are no individual
mode solutions which are well-behaved on the horizon. The assumption that the
dependence on t,r and ¥ separates immediately implies that the modes cannot
become functions of T" as we approach the horizon.

As in the Schrodinger case, this tells us nothing about the smoothness of the
extension, but just indicates that these modes do not provide a good basis near the

horizon.

2.4.2 The scalar fields in new coordinate

We can attempt to look for solutions of the Klein-Gordon equation in the new regular
coordinate. However, this is more difficult, as there are no additional symmetries
which are manifest in the new coordinates, so the wave equation does not separate

in these coordinates.
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The inverse metric is
1 p4 1 1
ZR 1-— §T2R2 —§TR3
1-— %r2R2 rt R ) (2.4.41)
—%rR?’ R 14+ r2R?

so the equation of motion in the new coordinates is

iR‘*@%qﬁ + (2 = r’R®)07r0,¢ — rR*0p0r¢ + 14 02¢ + 2r° ROR0,#(2.4.42)

L4 RY)oRe - & +4rR28T¢+ (dy + 4)r%0,0
dS - 1 Q(ZS
+ ( R + (ds + 4)7“2R)(93¢ + ﬁ — 2¢ = 0.

The € stands for all the angular parts which have dy — 1 dimensions. The §2 depen-
dence is separable (as a consequence of the rotational symmetry in the X; plane), and
we can take advantage of the time translation invariance in T to Fourier transform

in the T direction, so we can write
¢ =eTYL(Q)H(r, R). (2.4.43)

then we can arrange the equation into

O*H O*H 0*H OH
4 2 2 3 - 2 2
r 8T2+(1+rR)a g T2 Rp o+ (—iar’R? + (ds + 4)r° +2204)8T
+ (—iarR® + SR + (ds + 4)r R)gR (2.4.44)
Lopt dtd. o L? B

but the » and R dependence in this equation does not separate, so it is not possible to
make further progress analytically in general. It is possible to separate the equation
for a« = 0, but this essentially reduces to the special case w = 0 of the previous
analysis in the original coordinates.

It would be interesting to investigate this equation numerically. For each spher-
ical harmonic, one should look for values of o such that the solution is a regular
function of r, R which is purely normalizable as r — 4oc0. This seems a challeng-
ing numerical problem however, so in the next section we turn to an alternative

approach, studying the Green’s functions for sources on the boundary.
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2.4.3 Green’s function

As an alternative to the mode solution analysis, which corresponds to considering
excitations of the incoming initial state at past infinity, we can consider an excitation
created by acting with some localized source on the boundary. That is, we can ask
if the boundary to bulk Green’s function is smooth at the horizon. We will consider
first a spatially uniform source, where we can explicitly find the Green’s function
analytically, and we can gain some understanding of their structure. We will then
argue that the Green’s function for a spatially localized source is well-behaved at the
horizon, although we can’t do the full calculation of the Green’s function explicitly
in this case. It may be useful to read this section in conjunction with appendix
2.A, where the same calculation is done for z = 2 Schrédinger, as in that case the
calculation can be carried out explicitly in full.

The hyperscaling violating spacetimes do not have a scaling symmetry; instead
scaling the coordinates produces an overall rescaling of the metric. However, if we
consider massless fields, this is sufficient to produce a simplification in the form
of the Green’s function. We will therefore restrict to the consideration of massless
fields. The spacetime has a real Euclidean section defined by analytically continuing
t — —i7, so we define the Green’s function in the Lorentzian spacetime by analytic
continuation from this Euclidean section. In the Euclidean spacetime, the massless
equation is

1

1 1
E&(#”ﬁ@) + Faf.gzﬁ + ﬁafqa =0 (2.4.46)

This equation has a symmetry under the scaling transformation
r— Al T — A7 z; — Ny ds® — N\ds?, (2.4.47)

as the scaling of the metric comes out as an overall factor in this massless equation.
We consider a source which is smeared over the spatial directions. By translation
invariance in the original coordinates, we take the source to be at 7 = 0, so that the

boundary condition is

lim ¢ = Co(7). (2.4.48)

r—+00

The solution with this boundary condition will be independent of the x;. The delta-

function in the boundary conditions breaks the symmetry under the scaling (2.4.47),
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but it transforms covariantly, so the solution should behave as ¢(N\37,A\7'r) =
A73¢(7,7). Thus, the solution should have the form ¢(r,t) = r®f(r37), and the

problem reduces to an ODE,
(922 4+ 1) f"(x) + (36 + 3d,)zf'(x) + (18 4 3d,) f(z) = 0, (2.4.49)

where = r37. The solution satisfying our boundary conditions is

C

= oy

(2.4.50)

that is,
C'r3
6= . 2.4.51
(9672 4 1)1+% ( )

This solution satisfies the boundary conditions because it vanishes as r — oo for

t # 0, and the scaling form ¢ = r3f(r37) automatically implies that the integral
[ ¢dr over a surface of constant r is independent of r. Explicitly, integrating against
an arbitrary test function,

> 7 o 1 x
lim —————g(r)dr = 2 [ lim —————g(=)dx (2.4.52
/OOHOO (9x2+1)%9( ) /0 r—>o (9x2+1)¥g<r3) (24.52)

2V/AT (24)

dsr—(%s)g(()). (2.4.53)

We therefore get a remarkably simple result for the Lorentzian Green’s function

defined by analytic continuation,

6= dor” (2.4.54)

(9r6¢2 — 1)1+ %

Note that this has a singularity along t = j:?%, which corresponds to the radial null
geodesics emanating from the point ¢ = 0 on the boundary; these are the light-cone
singularities that we expect to see in the Lorentzian Green’s function. To study the

behaviour as » — 0, we write
3 3 L1,
x:rt:rT+§+§Rr (2.4.55)

so we have .
. ri=%
lim ¢ ~ - (2.4.56)
r—0 (6Tr + 3R2)1+?
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This implies the solution becomes singular at the horizon for large spatial dimension
ds.

Mathematically, the singularity at the horizon is related to the light-cone sin-
gularity: the function f(x) must have a singularity at @ = £z, as this is the bulk
light cone, but by (2.4.55) we see that # = &5 on the (future/past) horizon as well,
so the solution will also be singular there. There is an additional factor of 7* in ¢
which vanishes on the horizon, but this is not sufficient to kill the singularity for
large enough dy. This mathematical relation makes it easy to see why we might
expect the Green’s function not to be regular on the horizon, but it’s important to
note that it’s a mathematical relation, not a physical one; not all of the horizon is
causally connected to the source, as discussed in the previous section.

The cases d, < 3 seem special, as ¢ is then regular on the horizon for R # 0,
although there is still a divergence as we approach the horizon for R = 0. For d, = 2,
which is physically the most interesting case, the Green’s function on the horizon is
proportional to 6(R):

lim ¢ oc T-35(R?). (2.4.57)

However, the finiteness of ¢ in these cases is somewhat misleading; if we consider
the stress-energy tensor, we find that we can still expect a strong back-reaction on

the metric. For a massless field,

1
Ty = 0,00,¢ — ng(ags)?, (2.4.58)

and we find that in the new coordinates T,., ~ r~24/3 ag r — 0 even for R # 0.
Thus, there is a real singularity associated with this Green’s function on the horizon.
However, considering a spatially uniform source can lead to divergences even in
cases where generic finite-energy excitations are regular on the horizon, as we see
in appendix 2.A for the Schrodinger case. We therefore need to consider a spatially
localized source. Unfortunately, this problem is more difficult, and we were not able
to explicitly determine the Green’s function.
We consider again the massless Klein-Gordon equation, but now with a boundary
condition
Jim ¢ = C16(t)0% () (2.4.59)
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for some constant C. This boundary condition is covariant under the scaling sym-
metry satisfied by the equation (2.4.47), so the solution should satisfy ¢p(\t, \@&, A\~1r) =
A~QdsH+3) (¢ 7 r). Thus, the solution should be of the form ¢ = r2%+3H (13t 1r2p),

2

where p? = 27 is a radial coordinate in the plane. Thus, finding the Green’s function

can be reduced to a problem in two variables,

0*H 0*H 0*H OH
2 2 il
(92% — 1) 7z 12xyaxay + (4y* + 1) % + (15d, + 36)r—— (2.4.60)
ds —1.0H
+[(10ds + 22)y + ]a—y +3(ds +2)(2ds +3)H =0

where ¢ = r?=T3H (z,y) and x = r3t, y = r?p, p* = 2. The form of this equation
can be slightly simplified by a change of coordinates,

T

= =, 2.4.61
3 Qi 'Y (2.4.61)
which allows us to rewrite the equation as
1 0*H 0*H OH
9¢* — + (4y* + 1) + (9ds + 36)§—— 2.4.62
ds —1.0H

+[(10ds + 22)y + ]a—y(4y2 + 1) + 3(ds + 2)(2ds + 3)(4y® + 1) H(2:4063)

This transformation has eliminated the mixed derivative term. However, unlike in
the Schrodinger case, this equation is still not separable, so we cannot solve for the
Green’s function exactly.

We do have some general expectations for the singularity structure. Because of
the non-relativistic causal structure of the boundary, the light-cone of a point on the
boundary at t = 0, ¥ = 0 is the same as the light cone of the surface ¢t = 0; thus we
would expect that the Green’s function will have singularities along the light cone
t = +55, that is at 2 = £4. The future horizon corresponds to (z,y) — (3,0), so
this light cone singularity leads us to expect that H diverges on the horizon as well.

Let us assume that near the horizon, we have a leading singularity H ~ (3x—1)°.

That is, assume a double Taylor expansion around (z,y) — (3,0) of the form
H=a(B3x —1)*(1+c1y + oy + e3(3x — 1) + cay(3z — 1) +..). (2.4.64)

Noting that near the horizon y = rR ~ O(r), while 3z —1 = $r2R?+ 3r*T ~ O(r?),

the leading divergent terms in (2.4.60) near the horizon are the %2712{ and %—Ix{ terms,
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which go like (3z — 1)*~!. This then fixes a:

18a(ar — 1) 4+ 3(5ds + 12)a = 0, (2.4.65)
soa=0ora=—-1-— %. Taking the divergent solution, we would have
2ds+3 ds 11
limpm ——— ~ UR— (2.4.66)
=0 Bz — )% (BR246rT)' s

So the solution would be regular at » = 0 and the stress tensor would be regular
at r = 0 for R # 0 for any d,, with increasing numbers of derivatives regular as
we consider larger dimensions, but the solution has a singularity at R = 0, where

¢ ~ r~%/2_ In fact, this singularity is a mild Dirac function:

L
lim¢ ~ lim — (2.4.67)
r—0 r—0 (3R2 + 67’T)1+ 5
ds 00 2 5ds
~ limrs ™ / e S BHIT) 755 1 (2.4.68)
r—0 0
s +oo w 2 s
~ lim r‘df/ e 2Ty %6 du (2.4.69)
r—0 0
~ S(R)T %! (2.4.70)

The singularity here is milder than the spatially uniform case, particularly for
large dimensions. The big difference in the spatially localized case is that while H
is divergent at the horizon, this comes with a stronger suppression: the factor of
r24s+3 in ¢ weakens the singularity at the horizon. This corresponds to the physically
expected effect that the energy of the disturbance can now spread out in the spatial
directions. However, the solution is still singular along the horizon at R = 0. Since
the light-cone only intersects r = 0, R = 0 at 7" = 0, this is not just the light cone
singularity; we take it to mean that this Green function is not well-behaved, and
that the smooth extension of this spacetime is a property just of the vacuum state.
The geometry is concentrating some of the energy in the boundary excitation along
this ray on the horizon, so it looks here more like the AdS, case.

Clearly we have not established this divergence with any real rigour, and it would
be useful to explore the behaviour of excitations in more detail. However, for the

present Green’s function analysis it is not clear that numerical solution of (2.4.60)

will be particularly useful, as the Green’s function is really defined by satisfying the
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boundary condition in the Euclidean space and then analytically continuing to the
Lorentzian section to evaluate it at the horizon. The best route to further work may
be to look numerically for values of « such that the solution of the wave equation
(2.4.44) is regular in the interior and normalizable at infinity. We conjecture that

no such values exist.

2.A Schrodinger Green’s functions

In section 2.2, we studied the smoothness of extensions above the Schrédinger space-
times by studying mode solutions. Another approach to considering whether the
extension remains smooth for finite excitations is to consider instead of a purely
normalizable mode, an excitation created by acting with some localized source on
the boundary. That is, we can ask if the boundary to bulk Green’s function is
smooth at the horizon. It is interesting to do this analysis for Schrédinger because
in our analysis of the hyperscaling violating case we work with this Green’s func-
tion approach, so it is useful to have the corresponding results for Schrodinger for
comparison.

One can give a simple abstract argument to suggest that the Green’s function will
remain smooth at the horizon in the case z = 2; the geometry in the new coordinates
(2.2.3) has a translation invariance in the 7" direction, so the horizon at T' = /2
is not a special surface; if the Green’s function insertion is at some arbitrary time,
there is nothing to pick out this surface so the Green’s function can’t blow up there.

However, this argument misses a subtlety, so it is useful to carry out an explicit
analysis. We consider for simplicity the Green’s functions for a massless scalar,

V2¢p = 0. In the Schrodinger geometry with z = 2, this is

1
pds+1

——até)@ + 029 +3 62¢ + ——0,(r**39,¢) = 0. (2.1.71)

We will always assume that the solutions are plane waves in the ¢ direction, e~
corresponding to considering sources carrying particle number proportional to m.

Consider first a source which is only localized in the time direction, and smeared
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uniformly with respect to #. Then ¢ = e=¢¢(t,r), and

2im

—3 00 —m 26 + O 4139,4) = 0. (2.1.72)
We want to impose a boundary condition
lim ¢ = e ™465(t), (2.1.73)

r—00

but we cannot impose such a delta-function boundary condition literally in the
Lorentzian spacetime; the Lorentzian Green’s function is divergent on the boundary
not just at the point where the source is inserted but also at light like separation. The
Schrodinger spacetime does not have an analytic continuation to a real Euclidean
spacetime, but for the construction of the Green’s function, it is sufficient to continue

t — —i7, so the wave equation becomes

2m
——50:0 - m>¢ + 0, (r*30,¢) = 0, (2.1.74)

pdst1

and require the field to satisfy

lim ¢(r,7) = e"™5(7). (2.1.75)

T—00

The key simplification that makes it possible to solve this equation in closed form
is that the scaling symmetry under ¢t — A%, r — A~'r implies that the solution is
of the form

¢ = e "er? f(r?r). (2.1.76)

Thus, the problem reduces to an ODE. Writing x = r?7, the equation for f(z) is
42202 f + (2(ds + 8)x — 2m) D, f + (2ds + 8 — m?) f = 0. (2.1.77)

The general solution is

ds+6 _ v ds + 6 v m ds+6 | v de +6 v m

= a1 2, [ —.1 -7 1 tz (=2 1=y, ——
f(x) =cx 1Fi(= 1 2 +v, 21‘>+sz 11 ( 1 5 2 2x)’
(2.1.78)

where 1? = (d5+2) + m?2. In the asymptotic region r — oo, the first term is the

normalizable solution, and the second term is the non-normalizable solution.
Since we want to impose a delta-function boundary condition, we want ¢ — 0

as 7 — oo for t # 0, that is we want ¢ — 0 as * — oo, so we set co = 0. We
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can formally argue that the result must be a delta-function, because the scaling
form (2.1.76) implies that the integral ffooo ¢dt over any surface of constant r is
independent of r. However, this integral is actually badly behaved because of the
divergence of (2.1.78) when x approaches zero from below. Ignoring for the moment
this issue, we adopt this as our definition of the ‘Euclidean’ Green’s function.

Analytically continuing back to the Lorentzian section, the proposed Green’s
function is

; ds+6_ v ds +6 v m
6 = ce”™Er2(r2) " U5y ( Tyl ). (2.1.79)

This solution has a singularity at ¢ = 0, which can be understood as the expected
light cone singularity in the Lorentzian spacetime, since surfaces of constant t are
null surfaces in the Schrodinger spacetime. It is easy to see that this Green’s function
is also singular at the horizon » — 0. The argument is the same as for the mode
function in section 2.2: the dependence on £ cannot be converted into dependence
on the regular coordinate V.8 This is surprising in light of the previous abstract
argument. The resolution is that we chose to put the source at ¢t = 0, which is a
special point with respect to the horizon at T = 7/2, and while the form of the
source is invariant under the ¢-translation symmetry, it is not invariant under the
T-translation symmetry, as this will act non-trivially on the e~ factor.

Physically, this divergence in the response to a spatially uniform source may be
interpreted as the result of the harmonic potential in the X directions in the metric
(2.2.3). After half a period, this will cause particles starting at arbitrary values of
X to become concentrated at a single point.

Remarkably, for Schrédinger with z = 2, we can go beyond this analysis for
a spatially uniform source and construct the Green’s function for a fully localized
source. For a fully localized source, the scaling symmetry implies that the solu-
tion will be of the form ¢ = e~"&r2¥ds f(r2t r¥). As before, we make an analytic

continuation to set ¢t = —i7, and write the solution as

¢ = e MmEp2Hds £ (1 ), (2.1.80)

8In addition, using the asymptotic form of the confluent hypergeometric function given below,
we would find that ¢ ~ r—%/2,
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where x = 7?7 as before and y = |Z|?/7. The equation of motion then becomes

42202 f + (2(3ds + 8)x — 2m) 0, f + (2d> + 8dy + 8 — m?) f

o (40 + (2, + 2my)0, f) = 0. (2.1.81)

This is separable; what is more, there is a separable solution which satisfies the
boundary condition

lim ¢ = e "™5(7)d(). (2.1.82)

=00

This solution is

de +6 v m
—.1 - 2.1.
T Tty 235), (2.1.83)

¢ = Ce—imf—%r2+dsx—%(ds+2)—§lFl(
where v is as before. To see that this satisfies the boundary conditions, note that
the x dependence makes it vanish as r — oo for 7 £ 0 as before, so ¢ is supported
only at 7 = 0 in the limit, and then that as 7 — 0, e "%/2 — 0 for & # 0, so ¢ is
supported only at & = 0 in the limit. We can then argue formally as before that
i ddtd®z over a surface of constant r is independent of r as a consequence of the
scaling form of the solution, and that hence it should converge to a delta function.
(Note however that as before this argument is only formal due to the problem with
defining the integration.)

Thus, analytically continuing back in ¢, the candidate Lorentzian Green’s func-

tion is

+_71+V7 :

ds +6 v m
1 5 ﬁ) (2.1.84)

. a2
Q= ce—ImETITE 2+ds <7’2t)7%(d5+2)7%1F1(

Again, this is singular at ¢ = 0, which is the light-cone singularity in spacetime. This
is singular at ¢t = 0 for all & even for a source which is localized at ¥ = 0 because of
the non-relativistic causal structure: all points at ¢ = 0 are lightlike separated from
this boundary point. To examine the behaviour near the horizon at r — 0, use the

asymptotic expansion of the confluent hypergeometric function [7]

0 s, TO)

S Lo ()

(—z)"@ (2.1.85)

which gives

. a2 im s
(/5 _ efzm£+z b (Cl<7’t>7d8726m _’_C//,r%derZ(rt)*d?) . (2.1.86)
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sinT

% is finite as T —

Making the coordinate transformation (2.2.1), we see rt =
/2, so the second term vanishes and the first term is finite. Using (2.2.2), the

combination appearing in the exponential is

i 1 L o | 2
_ﬂ_ﬁ:v_é(}% + X*)cot T (2.1.87)
soas T — 7/2,
¢~ eV RAH2 (2.1.88)

is perfectly regular.

This Green’s function analysis does not extend simply to z > 2. The particle
number m has a non-zero scaling dimension, so the previous argument that ¢ will
only involve a function of r*¢ and rZ does not apply; the function can depend
separately on r,t, ¥ with the scaling being soaked up by appropriate powers of m.
Thus even the spatially uniform source will involve solving a PDE, and we have not

explored the problem further.

2.B Scalar equation in HSV with curvature cou-

pling

The analysis of the Green’s function for the smooth hyperscaling violating spacetime
can be extended from the massless case to consider a scalar field with a curvature
coupling, as the resulting equation still satisfies the scaling symmetry (2.4.47). Con-
sider the equation

V26— ERp = 0. (2.2.89)

The Ricci scalar is R = —30r2, so the Ricci scalar term scales the same way as the
Laplacian under (2.4.47). For the spatially uniform case, we can therefore conclude
that the solution will be of the form ¢ = r®f(z) with z = r®r, and the Euclidean
problem reduces to the ODE

(922 + 1) f"(z) + 42z f'(x) + (24 + 30) f(x) = 0. (2.2.90)

The solution satisfying the boundary condition is

flo) = P(5(=3+ V55 - 345% 5 3i7) (2.2.91)
(922 4 1)3
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where P(a, b, z) is Legendre function. Analytically continuing back to the Lorentzian
spacetime, we have the Green’s function

_ Gt P(F(=3 + V55 — 249), §,3r°)

(9r6¢2 — 1)3

¢ (2.2.92)

The singularity structure of this solution at r — 0 is the same as in the previous

case.

2.C General HSV spacetime

For general HSV spacetime with m = n > 2, the calculation would be quite similar.

For a time localized boundary condition, the equation is

[(2n—1)%2% — 1] f"(z) + (2n —1)(8n — 4+ dy)zf'(z) + (2n — 1)(d, +4n — 2) f(z) = 0
(2.3.93)
where x = r?"~'t determined by scaling constraint. According to regular coordinate

(2.3.33), as we are approaching the horizon,

1 T2n72R2
2n—1 2n—1
= t= T 2.3.94
r=r r + 51 + 5 ( )

The solution of the equation again has a simple form:

fla) =[(2n — 1)%? — 1]\ "7 (2.3.95)
This means
2n—1
b = dor — (2.3.96)
[(2n —1)222 — 1) T2eeD
1_ds(nfl)
r 2n—1
~ e (2.3.97)
(R2 + 2rT) Foen—n
which is always divergent at R = 0 no matter 1 — d;szl__ll) > () or not.

For a fully localized source, the solution should be ¢ = 7?1+ [ (. y). we will
have the equation:
0?’H O?H 0’H
2n(2n — 1 v+ 1
52 T n(2n ):z:yaxay + (n’y” + )83/2
0H 9 9 ds — 1.0

+ (2n—1)(8n —4+2dsn+ ds)xa— + [("Tn* — 3n + (2n° 4+ n)ds)y + —2-3:
x Y )
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+ 2n—1+dmn)(An+ds+nds—2)f =0 (2.3.100)
Apply similar approximation shows the solution diverge like
T2n—1+dsn
H ~ ETEnT (2.3.101)
[(2n — 1)z — 1] " 2@n=D
e 2.3.102
- 2 1+ Gty (23.102)
(R% + 2rT) " 2@n-1
Therefore, at the horizon r — 0,
1+2n 1
limH ~ lim 2.3.103
T )RR (23109
400 " s
~ lim / e*(RQ”’“T)s(izf—)ﬂ ds (2.3.104)
r— 0
a. [T B2 oy (2ntl)ds
~ limr T / e~ 2D 51 duy (2.3.105)
T 0
~ §(RHT 'z (2.3.106)
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Chapter 3

Scattering amplitudes in Lifshitz

spacetimes

This chapter is based on my paper [2], written with Tomas Andrade and Simon
Ross. T will first give a review of calculating scattering amplitudes in AdS gravity.

Then we move on to the Lifshitz gravity case.

3.1 Introduction

In this chapter, I will use another form of Lifshitz metric (1.2.8), relating the original

one by coordinate transformation r — r=!. The new form of Lifshitz geometry is

dt*  dr?® + d7?
2

ds® =

(3.1.1)

2 r
where there are d, spatial dimensions 7, and we have set the curvature scale to
one for convenience. Holographic dictionary for Lifshitz spacetime generally has a
similar structure to that of AdS [31,32,64,65]. It is also proposed one can learn
Lifshitz holography from AdS holography by doing z = 1 + €2 expansion [66]. How-
ever, while AdS is smooth at r = 0, Lifshitz singularity at this surface forbids any
geometric extension. It is not so clear how this singularity is reflected in observables
in the dual field theory. The correlation functions of local field theory operators
are not sensitive to the singularity, as they can be obtained from analytic contin-

uation of Euclidean correlators, and the Euclidean spacetime is not singular. In
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Chapter 2 it was argued that the singularity could be reflected in the structure
of the infrared divergences in scattering amplitudes. Scattering amplitudes are an
intrinsically Lorentzian observable, and it is well-known that in massless theories
they have infrared divergences associated with the emission of soft collinear parti-
cles. The singularity in the spacetime in the geometry (3.1.1) is related to the dual
field theory having more soft modes, as the anisotropic scaling symmetry implies a
dispersion relation w ~ k*. The IR divergences in scattering amplitudes therefore
seems a suitable place to look for observable effects of this physics.

The aim of the present chapter is to investigate this by calculating the scattering
amplitudes following the pioneering work of [19] in the AdS case. In that work, the
scattering amplitude was related to the calculation of a minimal surface (following
[67] or more recently [68] in the flat space case). The appropriate minimal surface
was obtained in [19] by working in a T-dual geometry where it is a minimal surface
ending on light-like segments on the asymptotic boundary of the T-dual spacetime,

whose geometry is again AdS. This gives the leading behaviour of the amplitude as
A~ e (3.1.2)

where S is the action of a string wrapping the minimal surface determined by the
boundary conditions; this represents a stationary point approximation to the am-
plitude. In the case of N' = 4 SYM, the scattering amplitude can be related to a
Wilson loop [69,70], and (3.1.2) can then be understood in terms of the saddle-point
calculation of the dual Wilson loop; the leading IR singularity is then related to the
cusp anomalous dimension [71]. We are not claiming that such an amplitude-Wilson
loop duality extends to the Lifshitz field theories; we simply want to use (3.1.2) as
a convenient trick to evaluate the leading behaviour of the amplitude, working in a
T-dual frame because it’s easier to find the minimal surface there, in the spirit of
the discussion in [19]. This can perhaps be made more rigorous in the context of
the string embedding of z = 2 Lifshitz spacetime in [72-74], or in the construction
of [75], but we will leave this as a problem for the future.

In the AdS case, the external states in the scattering amplitude have a dispersion
relation w = +k determined by the conformal invariance, and the amplitude is re-

lated to a closed polygonal Wilson loop made up of light-like segments whose lengths
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are related to the momenta of the external particle states. In [19], the expectation
value of the Wilson loop related to the four-point amplitude was shown to be related
by conformal invariance to a simple case with two light like segments meeting in a
cusp, originally analysed in [76]. In AdSs, the minimal surface corresponding to this
cusp is simply

r? = 2(t* — %), (3.1.3)

which satisfies the boundary conditions r =0 at t = +x.

We will consider the analogue of this cusp in the Lifshitz case. Since we have
less symmetry than in AdS, this is no longer related to the Wilson loop with four
segments, and finding the appropriate minimal surface in the bulk for a full scattering
amplitude is much more difficult. But considering this cusp will suffice to enable us
to control the leading IR singularity in the amplitude.

In section 3.3, we will set up the calculation in Lifshitz. In the Lifshitz case, the
anisotropic scaling symmetry determines the dispersion relation to be w = +ak?,
where « is an undetermined parameter which would be fixed by the microscopic
details of the field theory. Since we can’t control these details of the field theory,
We will look for minimal surfaces satisfying » = 0 at ¢t = fax?, treating « as a free
parameter. The lines t = +ax® are timelike in the boundary at » — 0 for any «
because of the non-relativistic causal structure in the boundary of (3.1.1). Therefore
in section 3.4 we will give a brief discussion of null and timelike cusps in the AdS
case, to fix expectations for the behaviour of our results as z — 1.

Then in section 3.5 we find the minimal surfaces satisfying these boundary con-
ditions, and determine the leading IR divergences in the amplitudes. We will find
that these minimal surfaces have a peculiar “mushroom” shape, where the surface
initially bends away to larger x before turning around. The leading divergence is
controlled by the near-boundary behaviour of the surface. We find this divergence
is stronger than in the corresponding timelike cusps for z = 1, with a universal
(z-indepenent) dependence on the cutoff with a coefficient which vanishes as we
take the limit. This result is reminiscent of the behaviour of the bulk singularity,
where curvature diverges as 1/72 along the worldline of geodesics which approach

the singularity (where 7 is the proper time), with a coefficient which vanishes as
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z — 1 [49]. It should be understood in the field theory as due to the presence of the

higher density of soft modes implied by the modified dispersion relation w ~ k*.

3.2 Review of scattering amplitudes in AdS

Scattering amplitudes in N' = 4 super Yang Mills should correspond to scattering
processes in string theory in AdSs. The leading order in strong coupling is deter-
mined by classcial string configurations. The ends of open string are quarks whilst
the open string can be thought to be a gluon tube. We then will consider open string
scattering process which is dual to gluon scattering in field theory. It is helpful to
review how this calculation is formulated. Useful reviews of this calculation can be

found in [77,78]

3.2.1 Simplification of boundary conditions

Scattering amplitudes in string theory are calculated by the insertion of vertex

operators at the boundary

Ay ~< [ Vilki, x(07)) >~ / DX el Xim kix(ei) (3.2.4)

i=1
where S is string world sheet action in AdS spacetime and k? = 0.

0ur)(0%T)

Sads = Zl/—: /dadr[%(@ax“)(a%u) + ( ] (325)

r2
where Alf = R},s. The value of integral above can be approximated by the value
of action at stationary point [67]. However, unless the string is propagating in flat
spacetime, the equation of motions are rather difficult to solve.

In AdS spacetime, Alday and Maldacena found a beautiful method to simplify
the calculation [19], which is known as T-duality transformation. Recalling that
in a scattering process, momentum is considered conserved. Then we can pick a

momentum in nth vertex operator so that

k,=—Y k; (3.2.6)
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The boundary conditions can be written as
ij x(0;) = Zk /dax )0(o —0;)
j=1

_ Zk /dox ) (8(0 — 0;) — 8(0 — 04))

= Zk /dax )0,0(c;0;,04)

where the distribution function is defined as

1, 0; <o <0
0(0;04,05) = (3.2.7)
0, otherwise

After integration by parts, we find
> k;-x(0;)
j=1
n—1
= ij- (—/do@UX(J)Q(J;Jj,Un)~|—/daﬁg(x(o)9(a;0j,an)))
j=1
nl orojn
- -y / ox(0) - (ki +¢) (3.2.8)
j=1"77;

i<j

where ¢ is a constant vector. Next, a T-duality transformation is performed by
changing the variables in the path integral. We can do the transformation by gauging
each fields x* in action (3.2.5). The action preserving local shift symmetry with

boundary condition is

\/_/dad (aX—A)—zy F)—ZZ/%H@X (Y ki+e)do

(3.2.9)
Here y is a Lagrange multiplier used for imposing constraints so that new action
(3.2.9) is equivalent to (3.2.5). We have F = 0,A, — 0,A,. By gauge transforming
A, — A, + 0.%x, we can absorb J,x into gauge field A, . After integrating the F

term by parts, we are left with

S = \/_ dUdT|:
47T

—12/%1 Ar- () kitc+ £y)d (3.2.10)

1<j

A A“
72

+i(Ay -0,y — A, - 0,y)
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This action will generate two equations of motion for gauge field A. The ”bulk”
equation solves

A, = irte,s0sy (3.2.11)

The boundary equation is

A
Zkl+C+4£Y(U] §U§0j+1) =0 (3212)
T

i<j
By plugging (3.2.11) into action (3.2.10), the action reduces to

A
4£ dodTr?0,y 0™y (3.2.13)
™

This means the transformed geometry is again AdS in Poincare coordinate. We can

do transformation r — r—1!

so that string world sheet action is exactly given by
string propagating in AdS spacetime

 dxydzt + dr?

ds® = (3.2.14)
The boundary equation enforces a boundary condition on A, .
4
o)) —v(oi) = —=k; 3.2.15
y(oi) = y(oit1) N5\ ( )

The prefactor on the right hand side is not important. The key point is that y
should form a closed polygon since momentum is conserved in scattering processes.

Let’s summarize what’s happening in above calculation. We reduce the problem
of finding stationary point of action (3.2.5) to a problem of finding stationary point of
action (3.2.13) under boundary conditions (3.2.15). Geometrically, this is a problem
of finding minimal surface anchored on given boundary polygon segments in AdS
spacetime. Massless gluons in field theory k? = 0 correspond to light-like segments

in the T-dual problem.

3.2.2 AdS scattering amplitudes

AdSs

The simplest case is two light-like segments which meet at a cusp in AdS3 geometry

[19]:

—df? + da? + dr?
s> = _ e ar (3.2.16)

r2
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The to light-like segments are given by t = £x with ¢ > 0. To simplify the
string worldsheet action, the best strategy is to make full use of AdS isometries

to parametrize the coordinate as:
t =¢€" cosho; r = €’ sinho; r=ew

Boost symmetry and scaling symmetry are manifest in these coordinate: boost is
a shift in o while scaling is a shift in 7. What’s more, the boundary condition is

automatically satisfied by this parametrization. As one can see, as r — 0,

222 =¢e" 50 as 7 — —0o0

The action then is a functional of w(7).

S = Q dodr \/1 B (U}(T) + w,<7-))2

27 w(T)?

The solution to the equation of motion is w(7) = v/2. In terms of (t,z,r) coordi-
nates, the solution is

r? =2(t* — %) (3.2.17)
This solution was first found in [76]. Using this solution to evaluate action will tell

us that the action is imaginary at stationary point. Therefore, scattering amplitudes

A ~ " are exponentially suppressed.

AdSs

The most fascinating part of the theory is the above result can be generalized to four
light-like segments case. Consider (r,yo,y1,y2) with y3 = 0. The string worldsheet
embedded in bulk spacetime can be parametrized by any two coordinates. Let’s
take y1, yo as coordinate on world sheet and 7(y1, y2), Yo(¥1, y2) as functions of yi, yo.
Using scaling symmetry we can restrict the discussion to a square with segments
ranging y1,y2 € (—1,1). The segments are living at the boundary, so we have the
boundary conditions

r(£1,y0) = 7(y1, £1) =0 (3.2.18)

Besides, since the boundary segments are light-like, we also have

Yo(£1,92) = £y2;  yolyr, £1) =y (3.2.19)
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String world sheet action is then

VA

S = o drda\/— det (g, 0ay"0py")
N2 — (D)2 — — 2
— \2/_: / dy,dys V14 (@) - Bu) 2 (Orrthi — 7 01in) (3.2.20)

The equations of motion are extremely complicated non-linear partial differential
equations. Miraculously, there exists a unique simple solution satisfying boundary

conditions [19]
==y -8); % =unw (3.2.21)

After inserting the stationary point solutions into action, one can find the scat-
tering amplitudes calculated from gravity side exactly match BDS ansatz in N’ = 4

SYM. For details, see [19,78].

3.3 Lifshitz amplitudes

We are interested in considering a scattering amplitude in the Lifshitz background
(3.1.1). This involves insertion of on-shell particles in the boundary field theory at
t = £oo. In the bulk, it is determined by a string world sheet located near the
singularity » = oo in (3.1.1); it is thus infrared divergent. This divergence can be
cut off as in [19], by considering a brane at some fixed r = r( (taking ro — oo at the
end of the calculation). Lifshitz amplitudes are calculated by string propagating in

Lifshitz spacetimes, which are exactly of the form (3.2.4), with

guuaﬂ'XuarXV g,waTX“a,X”
g,LLl/aO'XMaTXV guyao-Xuaa—XV

o PN (CLE (0.1)(Dt))” + [(0:1) (Do) — (0,2) (1))

S = /deO' —det

r2z+2

[(9,7)(95) — <afx><aar>]2) : (3.3.22)

rd

May 7, 2016



3.3. Lifshitz amplitudes 52

being the Nambu-Goto action of the string worldsheet,! and the string world sheet
has a boundary on the regulating brane at » = ry, with Dirichlet boundary condi-
tions on r and Neumann boundary conditions on the field theory directions. We
approximate the scattering amplitude by a saddle point which extremizes (3.3.22)
subject to these boundary conditions.

As in [19], the minimal surface is more easily obtained by working in the T-dual
coordinates, T-dualizing along the boundary directions ¢, ¥. We view this as a trick
to obtain the minimal surface we are interested in living in the original spacetime, so
we will not carefully investigate this T-duality transformation. This has been studied
extensively in the AdS case [79], and some of those results may admit extensions
to the Lifshitz context, at least in the context of the supersymmetric realizations of
z = 2 Lifshitz in [72, 73], but we will not investigate this further.

T-dualizing (3.1.1) along ¢, Z to T-dual coordinates ¢’, ¥’ gives us back a Lifshitz
spacetime in the coordinates t', 7 ;7" = 1/r, but with a different dilaton field? ¢ =
(2+4ds) Inr. The minimal surface we wanted to find thus becomes an extremum of the
Nambu-Goto action (3.3.22) in terms of the T-dual coordinates, with a boundary at
r" = 1/ro with Dirichlet boundary conditions in the ¢', #’ directions. The momentum
of the external states becomes separation in the ¢, ¥ directions, so the boundary
of the string worldsheet is fixed to lie on a closed polygon at " = 1/ry made up of

7'|* for some a. In the limit ry — oo, this is a polygon in

segments with At' = a|AZ
the boundary " = 0 of the T-dual spacetime.

Our main aim is to find the minimal surface satisfying these boundary conditions.
Actually, this is rather difficult for a non-trivial polygon, so we will consider just
the corner between two such segments; that is, we take the boundary conditions for

our minimal surface to be ' = 0 at ¢’ = +a|7'|?, for ' > 0. Since two segments

define a plane, we can orient our coordinates such that the separation is just along

'If we were to do a proper top-down construction this should be replaced by an appropriate
superstring action, but we will neglect such details; at least in the simplest AdS context the problem

reduces to finding the minimal surface which extremizes (3.3.22) as we will do here.
2This expression will formally have an imaginary part due to T-dualizing the time direction.

However, this dilaton does not affect the evaluation of the saddle-point minimal surface.
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one of the spatial directions in the Lifshitz metric (3.1.1), and the minimal surface
will lie in a three-dimensional subspace of (3.1.1). One may wonder whether it is
possible to find four-cusp like solutions as the one found in AdS case (3.2.21). We
prefer to believe such solution does not exist. AdS space has global coordinate to
cover the whole manifold. Single cusp solution in Poincare coordinate corresponds
to four-cusp like solution in global coordinate. However, due to existence of Lifshitz
singularity, global extension of Lifshitz Poincare coordinate is impossible. Then it
is unlikely to have four-cusp like solution in Lifshitz spacetimes.

We will henceforth drop the primes on the dual coordinates. Our interest is then
in finding a minimal surface in the three-dimensional subspace

dt?  dr? + dz?

2 _
ds® = 5

(3.3.23)

r2z r

satisfying the cusp boundary conditions r = 0 at ¢t = +ax” for t > 0.
One might be tempted to parametrize the surface by ¢, z, but we will find that it
is actually not a single-valued function of x: the surface moves initially to larger x
as r increases, before returning to smaller z. Using the fact that the action (3.3.22)
is invariant under x — —ux, the surface satisfying our boundary conditions will be
symmetric under x — —x, so we can restrict attention to the surface for x > 0. We
can then parametrize the surface for x > 0 by ¢,r. Using the scaling symmetry, a

more convenient choice of parametrization of this surface is in terms of o, f where
t =07 z = ou(f); r=of (t >0) (3.3.24)

Our task is to determine the form of u(f) which extremizes the Nambu-Goto action,
subject to the boundary condition u(0) = g for some arbitrary parameter ug > 0,

where uf = «, and u(fy) = 0 at some fo > 0. The Nambu-Goto action is

- 27r1a’/ AX X Aot (G0, X0, X7) (3.3.25)
1
= 27Ta//6%7/fil{rl V(= W ufP I+ (22 — it fE2),

The stationary point equation is

f[fZ(sz o 22) —i—fQZuZ]u”—i—fQ(z—l— 1)<22 _f2z>u/3
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B4 Duu® + [P(f(2 = 1) + 22 + 1) — 220 (3.3.26)
—(z = 1) u=0.

Note that the points at which

A(f) = LA = 2%) + f7u?] = (3.3.27)

are singular points of (3.3.26). The choice of parametrization (3.3.24) thus reduces
the problem to an ODE. This is a complicated non-linear ODE, but it is straight-

forward to solve numerically when A does not change sign.

3.4 Timelike and null cusps in AdS spacetime

Before discussing the solutions of (3.3.26) in the Lifshitz case, it is useful to briefly
return to AdS by setting z = 1. This equation then simplifies, and analytic solutions
can be found for ug = 1, corresponding to a null cusp in the boundary. There are
in fact two analytic solutions satisfying the boundary conditions, u = m,
which corresponds to the solution (3.1.3), which is spacelike in the bulk, and u =

\/1— f2, which corresponds to a null surface in the bulk spacetime. For u =

/1 — f2, the action (3.3.25) vanishes identically. For u = /1 — f2/2,

do 12 do
YR 22— f?) 47ra / (3.4.28)

where in the second step we have kept the part that gives the leading divergence
near f = 0. We want to introduce a cutoff At = Ax = € to regulate this divergence.
This corresponds to cutting off the ¢ integral at o.,;, = €, and cutting off the range

of u at Upme, =1 — £, corresponding to 2. = 4<. Thus the leading divergence is

SNi

— (Ine)? (3.4.29)

In the Lifshitz case, the boundary conditions correspond to a timelike cusp in
the boundary, so it will be useful to understand the minimal surfaces for timelike
cusps in AdS to facilitate the comparison for the z — 1 limit of our results. This

corresponds to taking ug < 1. Here we cannot find analytic solutions; we will first
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consider a series expansion and then find full solutions numerically. There is a series

expansion near f = 0 which is valid for uy # 1,

u(f) =uo+usf*+ > uif’, (3.4.30)
i=5
where uy and ug are free data and the first few subleading terms are
3us 2u3ug
Uy = — e, Ug = g (3.4.31)
5(u — 1) (ud —1)

Note that the general series expansion has no O(f?) term, so it cannot match
smoothly on to the u = (1 — £2/2)'/2 solution at uy = 1.
We construct solutions numerically by picking some value f; at which to take

u = 0, and integrating inwards towards f = 0. Near f; we take an ansatz
u(f) = (fo _f)1/2zbi(f0_f)i; (3.4.32)
i=0

where fj is left undetermined by the equation of motion and the first coefficients

are given by

B B 5—4f2
bo=+fo, b= BT ST (3.4.33)

For f, = /2, these coefficients agree with v = (1— f2/2)"/2. We find numerically that
in the ranges fy < 1, fo > v/2, A has a definite sign, so we can construct the surfaces
integrating inwards from v = 0. We plot these surfaces in figure 3.1. For fy < 1
they are time-like; they approach a null surface near the turning point as fo — 1,
see fig. 3.2(a). For f; > /2 the minimal surfaces are space-like, see fig. 3.2(b), and
as fo — V2 they seem to approach the analytic solution. We were unable to find
solutions for 1 < fy < v/2 using either this simple radial integration or relaxation. It
was remarked in [76] that there are no minimal surfaces in AdS for uy approaching
1 from below. We note that there is a range of ug values ~ 0.463 < ug < 1 where
we find no minimal surfaces, in agreement with the claim of [76]. We do not have
a physical understanding of the non-existence of surfaces with 1 < f; < v2. In
principle, one could attempt to construct them by patching radial integrations from
u = 0 to the vicinity of the singular point A = 0 and from the singular point towards
the boundary. If they exist, we believe that they would change signature in the bulk,

see figure 3.2(a). Extremal surfaces with non-definite signature have been found [80],
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so we do not expect this feature to be an obstruction for their existence. A possible
tool to attack this problem is to use Padé approximation of Taylor series [63]. We

leave this investigation for future work.

1.0}

0.8¢

067

u(f)

04

0.2+

0.0L, . . -
0.0 0.5 10 1.5

Figure 3.1: The timelike (uo < 1) and spacelike (1o > 1) minimal surfaces in AdS.
The black lines are extremal surfaces for fo = 0.8, 0.99, v/240.05 v/2+0.1, v/2+0.2,
the blue line corresponds to fo ~ 0.889 (which has maximum wuy among our timelike
surfaces) and the red line is the exact solution u = (1 — £2/2)/2. Note that u is

not a monotonic function of fy in the timelike case, its maximum being uy ~ 0.463.

The leading divergence in the action comes from the behaviour near the boundary

f =0. For uy # 1 the action simplifies to

1
S ~ /({Ta j—‘é 1—ul (3.4.34)

2o/
If we cut off u at u = ug — £ as before, this now corresponds by (3.4.30) to cutting

off f at fmm = ( : )1/37 and?

lug|o

1 — 2
S~ Vo0 (3.4.35)

c1/3
Note that the divergence for these timelike Wilson loops is stronger than in the null

case. Note also that because of the ¢ dependence in the cutoff for f, the integral

3Note that we assume u3 < 0 to obtain a consistent form for f,,;,. This is consistent with our

numerical solutions.
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Figure 3.2: (a): square of the on-shell Lagrangian for extremal surfaces in AdS
with fo = 0.8 (blue), fo = 0.9 (green), fo = 0.995 (red). All surfaces are time-like
(L? > 0) and they become almost null near the turning point as we approach fy = 1.

(b): square of the on-shell Lagrangian for extremal surfaces in AdS with f, = 1.42
(blue), fo = 1.6 (green), fo = 1.7 (red). All surfaces are space-like (L? < 0).

over ¢ is now finite; the leading divergence in the action for the timelike case is not
concentrated in the vertex of the cusp, but comes from the limit of the range of x
at every t.

Thus, the leading divergence for the AdS surfaces with uy # 1 is stronger than
in the case uy = 1 considered previously. For the surfaces with ug > 1, the action
is imaginary, corresponding to an exponential suppression of the amplitude (3.2.4),
and the coefficient of this stronger divergence will vanish as we approach the null
case. For ug < 1, the action is real because the surface is timelike.

Since our Lifshitz surfaces will always have timelike cusps on the boundary, we

expect them to approach these timelike cusps in the limit as z — 1.

3.5 Minimal surfaces in Lifshitz

We now turn to our main results, solving (3.3.26) to find the minimal surfaces in
Lifshitz giving a saddle-point approximation to the amplitudes. We will consider

generic values of z, focusing on the range 1 < z < 2. As usual, there will be some
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Figure 3.3: Extremal surface for (a) fo = v/2+ 0.1 and (b) fo = v/2 + 0.01 in
the region close to f = 0 and fit with the asymptotic expansion (3.4.30). Since
the integration from f = f; produces surfaces connected to u = (1 — f2/2)/2, the

asymptotics (3.4.30) do not fit well the data for fy close to v/2.

additional logarithmic terms arising for specific values such as z = 2; we display the
asymptotic expansion in Appendix 3.B.
As in AdS, we can first consider an asymptotic expansion near the boundary

f = 0. In this case we find

b4 (3.5.36)

U(f)zuo—i‘(z_—m?

223(2 — 2)
As z — 1, the coefficient of the leading non-trivial term in the series vanishes, and
we recover the expansion (3.4.30) in the AdS case. Actually, the limit as z — 1
of the asymptotic series expansion is somewhat subtle, as there are terms in the
expansion with powers which coincide in the limit. We discuss this limit for the full
series expansion in more detail in appendix 3.A.

From (3.5.36) we see a remarkable feature of the Lifshitz minimal surfaces; the
value of u (and hence z at fixed t) is initially increasing for any choice of the free
parameter b. Thus, any solution consistent with this asymptotic series solution will
initially move to increasing u as we move into the interior of the spacetime, even
though our boundary conditions imply the surface must reach u = 0 at some finite f.
Minimal surfaces satisfying these boundary conditions will thus have a “mushroom”

shape. This is indeed what we find in our numerical analysis.
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As in the AdS case, numerical solutions are found by starting from the point
fo at which v = 0 and integrating in. We find that the equation can be satisfied

perturbatively near this point with an expansion of the form
u(f) = (fo—= D bilfo— 1), (3.5.37)
i=0

which reproduces the expected behaviour that f'(u) = 0 at u = 0. At the first

non-trivial order in (fy — f), the equation of motion implies
bol2fo — (z + 1)b3)(f2% — 2%) = 0. (3.5.38)
This leads to three different branches of solutions characterized by
L 2fo— (z+ 1) =0,
2. fEF—22=0,
3. or by = 0.

We were able to find numerical solutions satisfying our boundary conditions
only for the first case, in the range f; < z'/*. The equation of motion can then be
easily integrated towards f = 0. Zooming in near the f = 0 region, we note that
u'(f) changes sign, giving rise to surfaces with a “mushroom” shape, see figures
3.4(a), 3.4(b), as expected from the asymptotics. The behaviour near the boundary
is consistent with the asymptotic expansion (3.5.36). In the limit z — 1, these
solutions approach the timelike surfaces of section 3.4 with fy < 1.

On the other hand, for f, > z!/# the integration encounters a critical point
A(f) = 0 before reaching u = 0, see figure 3.5. We also attempted to find solutions in
this regime by a relaxation method, but this also fails to converge. As mentioned in
section 3.4, one could attempt to construct these solutions by patching two shooting
procedures.

The divergence of the action is determined by the near boundary expansion
(3.5.36). We are primarily considering the case z < 2, where the second 2z term
dominates. If we considered instead z > 2, the third z + 2 term would dominate

the near-boundary expansion. In either case, u' =~ 0 near f = 0, so the leading
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Figure 3.4: (a): Extremal surfaces for fy = 0.9. The values of z are (from top to
bottom) z = 9/8,5/4,3/2. (b): Extremal surface for fo = 0.9 and z = 9/8 in the
region close to f = 0. The points are data obtained by numerical integration from

f = 0.9, while the solid line is the fit with the asymptotic expansion (3.5.36).
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3.5. Minimal surfaces in Lifshitz
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Figure 3.5: For fy = 2.5 and z = 3/2, we plot part of the extremal surface (solid line)

and A(f) in (3.3.27) (dashed line). The vanishing of A prevents us from continuing

with the shooting from f = f.

near-boundary contribution to the action is simply
(3.5.39)

Ny
T o | o | fU

We want to impose a cutoff €, such that Az = ¢, At = ¢*. The o integral will thus

have a lower bound €, while u — g is bounded by £, implying
223(2—2) € 1/22

min = | ————— 3.5.40

/ [ (z — Dug O':| ( )

for z < 2, and
1 1Y/
for z > 2. Thus, for z < 2,
z—1
S~ , (3.5.42)
NG
while for z > 2,
1
S~ —. (3.5.43)

€212
As in the timelike AdS case, this divergence is coming from the integral over x at
all ¢, and there is no additional divergence from the corner contribution at small o.

We note that the divergence here is stronger than for the timelike surfaces in

AdS, but with a coefficient which goes to zero in the limit as z — 1, which is
May 7, 2016



3.A. Asymptotic expansion for Lifshitz minimal surfaces 62

consistent with these minimal surfaces reducing to the ones in AdS in this limit.
The mushroom feature in the shape of the surface also goes away in this limit, as
can be seen from the expansion (3.5.36). As remarked in the introduction, this
stronger divergence in the Lifshitz case can be attributed to the presence of the
higher density of soft modes implied by the modified dispersion relation w ~ k*. It
is interesting that this produces a divergence with a power that is independent of z
for z < 2; this is consistent with the behaviour of the curvature singularity in the

bulk for geodesic probes.

3.A Asymptotic expansion for Lifshitz minimal
surfaces

In section 3.5 we presented the leading terms in the asymptotic series around f = 0.
Here we discuss the full series and its behaviour as z — 1. The general form of

solution expansion is conjectured to be

’LL(f) = Uup + Z Aijfaij + Z anfbmn> (3144)

2,7=1 m,n=1

where the possible powers appearing in the expansion are
a;j =(22—2)i+2+22(j — 1) (3.1.45)

and

b = (22 —2)m+4 — 2+ 2z(n — 1), (3.1.46)

and the first few coefficients are

(z = Dug B
Ay = 25— By =b (3.1.47)
_ (z — Dug , _ g2+ 2)
Az = 22422 —1)(32 — 4)(z — 2)’ Ba == (3.1.48)
B (z —1)(22 — 3)u
Az = 226(z — 2)(5z — 6)(3z — 4)(3z — 2) (3.1.49)
_ U3k71<z — 1) HZ:Z&[(QQ — 4>Z B (204 — 3)]] (k > 3) (3150)

22 [k — (k — 1)] [ 15, [(26 — 1)z — 25
May 7, 2016



3.A. Asymptotic expansion for Lifshitz minimal surfaces 63

(z—=1)(22 — 1)(3z — 1)uyg
826(3z2 —2)(2 — 2)

We note that this series expansion is valid for general values of z; there are

A = (3.1.51)

special rational values where some of the denominators in these expressions for the
coefficients vanish. At these values, two of the powers in (3.1.44), which are in
general distinct, are coinciding. There will thus be log terms in the series expansion
for these values. We do not consider them further here.

Now consider the limit as z — 1. This limit is clearly very special for the above
series expansion, as all the terms in the summations over ¢ and m will have the
same power of f in the limit. We are particularly interested in the leading term at
j = 1, which would give a leading f? behaviour for the asymptotic series expansion
as z — 1. From (3.1.50), we see that each of these terms vanishes individually as
we take the limit, but there are infinitely many of them, so it is not clear what the
behaviour of the sum is in this limit.

Comparison to the asymptotic series (3.4.30) in the AdS case would lead us to
expect that the coefficient of the f? term will vanish as we take the limit for our
minimal surface solutions with ug < 1, and that is consistent with our numerical
results, but here we want to consider if there is some other way to take the limit
that could converge to the solution u = m at z = 1, which does have a
non-trivial f? part in its asymptotic expansion.

We therefore consider the limit of (3.1.44) assuming ug — 1 as z — 1. Let us
write

uy = 1+ ge + O(?), (3.1.52)
and z = 1+ ¢. We want to calculate

= _ (Z - 1)”0 (Z — 1)u%
A= ;Am T 23(2—2) 22422 — 1)(3z — 4)(z — 2) (3.1.53)

o0 ugk 1(2 —1) Ha ;20— 4)z — (2o — 3)]
+k2:3 22%k[kz — (k —1)] ngl[(% 1)z —25] (3.1.54)

= 2(1 4 €)3(1 — e) + 21+ (1 + 26)0(1 390 E)(3.1.55)

L (20— 4)
kz 2(1 + €)?#(1 + ke) Hﬁ 1= (28— 1)€ (3.1:56)
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One can find that

A = (1 —2€)ur? (3.1.57)

WE
N

1

Uo . _i

(NN e

where we used (3.1.52) in the last step. Thus, for up — 1, the sum of the series
can give a non-zero answer. Note that for uy # 1 the sum is zero, consistent with
the expansion (3.4.30) in the AdS case for uy # 1. To obtain the u = /1 — f2/2
solution in the limit, we would need ¢ = 1.

Thus, if there were solutions with uy — 1 from above in the limit, they could
be smoothly connected to the usual AdS minimal surface for the lightlike Wilson
loop. However, numerically we have only found solutions for minimal surfaces in
Lifshitz with ug < 1. In the z — 1 limit these converge to the timelike AdS surfaces

discussed in section 3.4.

3.B Asymptotic expansion at z = 2

If z = 2, two branches of solution in (3.5.36) coincide, resulting in a log term. We
are not surprised by this since similar phenomenon happened in z = 2 holographic
Lifshitz renormalization theory [81].

The series solution to equation of motion is

0 17ud + 192u?
u(f) =y~ f g o p gyt T TR0

6
2.
192 2304 ;o (3:2:59)
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Chapter 4

Connection/ metric description of

higher spin non-AdS solutions

This chapter is based on paper [3], written with Simon Ross.

4.1 Introduction

There has recently been considerable interest in higher spin gravity, particularly in
the context of holography [21,24,82]. As in Einstein gravity, the three-dimensional
case is particularly simple, and provides a useful laboratory for exploring the issues.
The higher spin theory in three dimensions is simply a Chern-Simons theory: in
general it is based on the infinite-dimensional hs(\) x hs(\) gauge group, but for
integer values of A it reduces to the finite-dimensional SL(N,R) x SL(N,R) [28,83~
86]. From the Chern-Simons perspective it is evident that this theory has no local
degrees of freedom. This includes the case of pure gravity for N = 2. In this case it
is well-known that the Chern-Simons theory corresponds to a first-order description
of pure gravity with a negative cosmological constant, with the spacetime vielbein
being obtained as e,, = %(Au — A,), where A, A are the two SL(2,R) Chern-Simons
fields [25,87]. Similarly the theory for integer N corresponds to a theory of Einstein
gravity coupled to massless fields of spin up to N, which are all constructed from

the “zuvielbein” e, = 1(A, — A,), which is now an SL(N,R) valued one-form.

For any N, the solutions of the Chern-Simons theory include all the solutions of
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the SL(2,R) x SL(2,R) theory, so pure gravity solutions are also solutions of the
higher spin theories. This includes asymptotically AdSs solutions, and the higher
spin theory with asymptotically AdS3 boundary conditions is conjectured to be dual
to a 141 CFT with Wy symmetry [86]. But the higher-spin theory is richer, and
can include solutions which are not solutions of vacuum gravity. Our discussion will
focus on the realisation of spacetimes with non-relativistic symmetries, the Lifshitz
spacetime [30] and the Schrodinger spacetime [33,34].

These are of interest as potential holographic duals of field theories with non-
relativistic symmetries. It would be particularly interesting to realise these as solu-
tions of the higher-spin theories, as the large symmetry algebra may make it easier
to explicitly identify the dual field theory. In addition, the IR tidal force singulari-
ties discussed in the previous two chapters (for z # 1 in the Lifshitz case [30,44,49]
and for 1 < z < 2 in the Schrédinger case [35]) make their interpretations doubtful
in a conventional metric theory. But in a higher-spin theory, the diffeomorphism
symmetry is enhanced, and these singularities could possibly be just gauge artifacts,
as in [88-91].

Solutions of the higher-spin theory which give metrics of this form were obtained
in [92], as we will review in section 4.2. As a simple example, a z = 2 Lifshitz
solution can be obtained in SL(3,R) x SL(3,R) Chern-Simons theory by taking the

gauge connections to be

A = Lodp + Wae*dt + LiePdx, A= —Lodp+ W_se*dt + L_ e dx, (4.1.1)

which solves the Chern-Simons equations of motion F' = F = (. Defining the

spacetime metric as
1
gul/ - Etr(eu6y> (412)

reproduces the metric (1.2.8), with » = e”. In the metric language, one would expect

this solution to be supported by the spin-3 field

1
Gur = gtr(eueyex). (4.1.3)

In [93], it was found that the spin-3 field has a non-zero ¢, component. It is

interesting to note that this breaks time reversal symmetry, so the Lifshitz solution
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would have to be holographically dual to some field theory with a vacuum which is
not invariant under time reversal.

But as we will discuss in section 4.2, we can choose flat connections such that the
metric takes the Lifshitz form (1.2.8) but the spin-3 field identically vanishes. This
is in conflict with the equations of motion in the metric formulation, as the Lifshitz
metric is not a solution of the vacuum theory, and the stress tensor is constructed
from terms quadratic and higher order in the spin-3 field ¢,,,. It also suggests that
the breaking of time-reversal symmetry is not essential to the Lifshitz solutions.

In section 4.3, we will argue that the solution of this puzzle is that the relation
between the Chern-Simons and metric formulations fails for the solution (4.1.1).
In the pure gravity case N = 2, it is well-known that there are solutions of the
Chern-Simons theory which do not correspond to regular solutions in the metric
description: the vielbein e = $(A — A) may fail to be invertible, implying that the
metric is degenerate. These are singular configurations in Chern-Simons theory [94].
The relation between the Chern-Simons and metric formulations for the SL(3,R) x
SL(3,R) Chern-Simons theory was studied in [95-97]. In particular, [96,97] give a
generalization of the non-degeneracy condition for the vielbein. We will see that this
condition is not satisfied for the Chern-Simons fields (4.1.1). Thus, we do not have
access to a metric-like formulation for this case. The cases which give a Schrédinger
metric involve N > 3, so we need to analyse the equivalence between Chern-Simons
and metric formulations from first principles; we will find that the z = 2 Schrédinger
solutions are non-degenerate but the 1 < z < 2 solutions are degenerate. We will also
comment in passing that the realisations of AdS via non-principal embeddings [98]
also have a degenerate frame.

One might hope that this is basically a technical issue and that one could still use
these solutions to explore non-relativistic holography in a Chern-Simons language:
the connections (4.1.1) are solutions of the flatness conditions, and they manifestly
exhibit a non-relativistic scaling. However, as we will discuss in section 4.4, the set
of gauge transformations that leaves (4.1.1) invariant is a global SL(3,R) x SL(3,R)
subgroup of the SL(3,R) x SL(3,R) gauge group, just as in the AdS case. This

is because the solutions have no holonomies, so they can be related to A = A =0
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globally by a single-valued gauge transformation. As a result, the symmetry group
is the same as that of A = A = 0. This provides a general understanding of a fact
which was uncovered as something of a surprise in the analysis of asymptotically
Lifshitz solutions in [93].

If we could legitimately pass to a metric formulation, this could be separated into
the Lifshitz isometries of the metric (1.2.8) and some higher-spin gauge transforma-
tions, but in the Chern-Simons language there is nothing to pick out the Lifshitz
subgroup of SL(3,R) x SL(3,R) as special. Thus, purely in the Chern-Simons for-
mulation, it is not clear how we identify these backgrounds as non-relativistic, in
the sense that their field theory duals would have a non-relativistic symmetry. This
is consistent with the results of [93], which concluded that the dual of the Lifshitz
cases is a field theory with Wy symmetry, just as in the AdS case.

For the Lifshitz case, asymptotically Lifshitz boundary conditions based on the
solution (4.1.1) have been described in [93,99-102]. In section 4.5, we comment on
the extension of our analysis to asymptotically Lifshitz solutions, and argue that the
boundary conditions of [93] could be re-interpreted as a novel kind of asymptotically
AdS boundary conditions. Finally, we conclude in section 6 with a discussion of the

significance of the degeneracy we find and prospects for further work.

4.2 Non-relativistic solutions in the higher spin
theory

The SL(N,R) x SL(N,R) Chern-Simons theory has action

S = Scs[A] — Scs(A], (4.2.4)

where the Chern-Simons action is (1.2.4). The equations of motion are the flatness

conditions

F=dA+ANA=0; F=dA+AnNA=0. (4.2.5)

The theory is invariant under SL(N,R) gauge transformations

A— A =g tAg+gldg, (4.2.6)
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and similarly for the barred sector. Since the connection is flat on-shell, it is locally
gauge-equivalent to A = 0, that is in open regions we can write A = g~'dg for some
g. If the gauge field has holonomies they form an obstruction to writing A as pure
gauge globally.

We will write solutions in the “radial gauge” , where we choose a radial coordinate
p and write

A=bltab+b'db, A=bab +bdb" (4.2.7)

where b = e’™, and a is a one-form with no dp component, which is furthermore
independent of p, and a similar form is taken for the barred sector.
This theory can be related to a higher spin gravitational theory by introducing

the “zuvielbein” and spin connection
ep = 5(Au—Au), wp= (A + A, (4.2.8)

where we introduce an arbitrary length scale [ in defining the zuvielbein. The

equations of motion then become in terms of these variables
de+eNw+wANhe=0, (4.2.9)

1
dw—l—w/\w—l—l—Qe/\e:O. (4.2.10)

¢ is a 3 X 3 matrix which we can interpret

In the N = 2 case, writing e, = €t,, €},

as the gravitational vielbein, and these are the equations of motion of pure gravity
in a frame field formalism [25,87], with Newton constant G = [/16k. For N > 2,
e, is an SL(N,R) valued one-form, with 3(N? — 1) independent components, and
it can be traded for a metric and higher-spin fields up to spin N. For example, for

N = 3 [28], we have a metric defined by

1
Guv = Etr(eueu) (4211)
and the spin-3 field
1
Guvr = gtr(eueuex)- (4.2.12)

Henceforth we will take units with [ = 1. Above map between frame fields and

metric-like fields is supposed to be invertible. In N = 3 case, there are 3 x 8 = 24
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independent components in veilbein. g, has 6 independent components while spin-3
field ¢, has 10 independent components. The 8 extra independent components in
frames are fixed by requiring metric-like fields invariant under local Lorentz trans-
formation.

A simple class of solutions of this theory is constructed by taking the princi-
pal embedding SL(2,R) C SL(N,R) and considering flat SL(2,R) connections,
corresponding to vacuum gravity solutions. The global AdSs3 solution in Poincare

coordinates is obtained by taking
a= Lidx", a=L_idx, (4.2.13)

where Lg, Ly, are the usual SL(2,R) generators. Our conventions are set out in
appendix 4.A. In the metric description ¥ become null coordinates on the surfaces
of constant p.

We are interested in the non-AdS solutions constructed in [92], in particular the
Lifshitz and Schrodinger solutions. There it was found that one can construct a

Lifshitz solution with integer z by taking
a=a Wydt+ Lidx, a=W_dt+ asL_1dx (4.2.14)
where W are required to satisfy
(Wi, Lo) = £2Wy, [Wi, Liy] =0, tr(W,W_)#£0, (4.2.15)

and ay, as are normalization factors. For example, by taking W = W, in SL(3,R)
we can realise Lifshitz with z = 2; this produces the solution in (4.1.1).

A Schrodinger solution with integer z is obtained by taking
a=(a1L; +aWy)dt, a=W_dt+ L_qdz". (4.2.16)

With the same condition on W, and appropriate choices of ay,as, this gives the
metric (1.2.10), with » = e”. We will focus on the realisation of z = 2 Schrédinger
in SL(3,R) as an example of this class of solutions. Schrodinger solutions with

fractional weights are obtained by taking

a=(aW" + aW™at, a=war+ whdaz (4.2.17)
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where
[4] _ [i] 77,71l (1] (2 _ [yl — .5 ¢
(Wi, Lol = £RUWE,  [WE W] =0, tr(W.oWEY) =t,0,5, 6 # 0. (4.2.18)

We will take the case with z = 3/2 in SL(4,R) as an example of this class of

solutions, where

_ ) ) _
a = (Ug + Wg)dt, a = —ﬁUfgdt + 2—4W,2d$ (4219)
The corresponding metric is
5 dr?
ds* = 3 <—r3dt2 — 2r’dtdz™ + LQ) (4.2.20)
r

after replacing r = 2.

In addition to these non-relativistic cases, we will also comment on the non-
principal embeddings of AdS: for example, in SL(3,R) we can realize AdS by taking
98]

a=Wydx", a=W_odx". (4.2.21)

4.2.1 A puzzle

In the above solutions, we introduced some normalization constants to cancel trace
factors to make the metric take the usual form with no additional numerical factors.
These can be thought of as a suitable scaling of the boundary coordinates (¢, z or
t, & respectively). But we could go further: for example, in the z = 2 Lifshitz case

we could take
a = aWadt + boLydx, a=bW_sdt + asL_1dzx. (4.2.22)
This is still a flat connection for any values of the constants. The metric is
ds® = —arbe™dt® + dp® + asbye*da’. (4.2.23)

We can re-absorb the constants here in redefinitions of the coordinates. But the

change in the spin-3 field is more significant: the only non-vanishing component is

1
tow = —1(5153 — aya3)e®. (4.2.24)
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(Note that our conventions for the generators are different from [93], as set out
in appendix 4.A.) In [93], this term was interpreted as supporting the Lifshitz
spacetime. It was also noted that it breaks time reversal symmetry. However, if we
choose b1b3 = aja3, we set the three-form field to zero. How can we have a Lifshitz
metric with no matter field to support it? Note that we can keep the metric fixed
and change the value of the three-form field by varying the constants appropriately,
so we expect that the metric equations of motion fail to be satisfied for generic values
of the parameters; there might at best be some special choice of ay,as, by, by such

that the resulting ¢ correctly sources the metric.

4.3 Degeneracy of the non-relativistic solutions

The puzzle noted above suggests that there is a problem in the relation between the
Chern-Simons and metric descriptions in the Lifshitz solution. In this section we will
see that there is indeed a problem for Lifshitz, some of the Schrodinger solutions,
and AdS with non-principal embeddings.

The issue is one that was already noted in the pure gravity case in [25]: the Chern-
Simons description includes solutions, such as for example A = A, for which the
vielbein €j; is degenerate, and hence not invertible. For pure gravity, such solutions
are not acceptable solutions in the metric formulation. In addition, it is not possible
to determine the spin connection in terms of the vielbein, because the vielbein is
not invertible. It is this latter issue which will generalize to our case. Clearly the
problem for the Lifshitz solutions is not that the metric is not invertible. But in the
higher spin context, even when the metric is invertible the zuvielbein €, can fail to
determine the connection wy.

In general, the issue is that to convert from a frame formulation of the equations
to a second-order metric formulation, we want to solve the torsion-free condition
(4.2.9) to determine the spin connection w in terms of the zuvielbein e. The spin
connection is an SL(N,R) valued one-form, so it has 3(N? — 1) independent com-
ponents. The equation is an SL(N,R) valued two-form, so it also has 3(N? — 1)

independent components. This is a linear algebraic system for the components of
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w, so generically it has a unique solution, and knowing e is sufficient to determine
w. In passing to the metric formulation, we exchange the information in e for the
metric and higher-spin fields, as in (4.2.11, 4.2.12), and this data is then equivalent
to the connections A, A.

But there can be special values of e such that the solution of (4.2.9) is not unique.
(If we obtain e = A — A as the difference of two flat connections, then w = A + A
is always a solution of (4.2.9), so it can’t happen that there’s no solution.) The
metric formulation, where we retain only the data in e, is then not equivalent to the
Chern-Simons formulation. The two pictures are equivalent only when we can solve
(4.2.9) for w uniquely.

In the N = 2 case, we can solve (4.2.9) explicitly by multiplying it by the inverse
frame field, so the uniqueness of solutions is equivalent to the invertibility of e};. For
N > 2, e} is not a square matrix, so we cannot express the problem in terms of
its invertibility. In [96,97], this was addressed for N = 3 by introducing additional
auxiliary quantities ej,, constructed out of ej; such that the collection e}, e}, forms
a square matrix, and (4.2.9) was again explicitly solved using the matrix inverse.

These additional quantities are constructed by first defining the symmetric tensor

~ 1 2
e = 5{6“’ e} — §gw/[3 (4.3.25)

where I3 is the identity matrix, which is added to ensure traceless of € as a group

element. Then we define the traceless tensor

R . R .
Cuv) = Cur — S 9uPs p= g’\ﬁem (4326)

3

There are five independent components of e(,,). Thus the combination (e, ef,,,,)
can be treated as a square matrix. In [96], it is shown that invertibility of this
matrix is necessary and sufficient for w to be uniquely determined by e. For the
AdS realisation in (4.2.13), [96] show that this matrix is indeed invertible.

Thus, for the SL(3,R) cases, checking degeneracy reduces to checking the in-
vertibility of this matrix. For the Lifshitz z = 2 case, the matrix is not invertible,
as

R 1 1
Ctp = Ctp = §{et, ep} = 562”{a1W2 — b W_o, Lo} =0, (4.3.27)
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so the matrix has a row of zeros. This explains why the metric-like fields we obtained
in (4.2.23,4.2.24) don’t solve the equations of motion in the metric formulation: from
the Chern-Simons point of view there’s a higher-spin component in w which is not
determined by g, ¢ which plays a role in satisfying the flatness conditions. The

general solution of the torsion-free condition (4.2.9) in this case is

w= %(A + A) + M\ [—e’Lodt + (W1 + W_1)dz + %e"’(—Wg + W_3)dp] + \oWodzx
(4.3.28)
where the \; are arbitrary constants parametrising the non-uniqueness of the solu-
tion.
For the z = 2 Schrodinger solution (4.2.16), by contrast, the matrix is invertible,
so the Chern-Simons and metric formulations are equivalent. The explicit calculation

is given in appendix 4.B.1; the determinant is
a ,a 1 10
det(e}, () = —55€ " (4.3.29)

which is non-zero for finite p. We can also check that the equations of motion in the
metric formulation are satisfied by the z = 2 Schrodinger fields g, ¢; this is discussed
in appendix 4.B.2.

For the AdS solution in the non-principal embedding (4.2.21), the matrix is again
not invertible. It is not hard to show e, = e__ = 0. Therefore, we again have zero
rows leading to vanishing determinant. The general solution for the connection w

in this case is

1
w=5(A+ A)+ W (4.3.30)

where © is an undetermined one-form.

Finally, we would like to consider the non-integer Schrodinger solutions. To do
so we need to go to N > 3, so we cannot use the description from [96]. But for a
given e, it is a simple linear algebra problem to check if (4.2.9) has a unique solution
for w or not. In the case of the z = 2 Schrodinger solution in (4.2.19), we find that
it does not have a unique solution. The general solution for the connection w in this
case 1s

w=(A+A)+&, (4.3.31)
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where the extra term @ written in components is

25 ) 10 25 25

W = —ﬁ)qellpw_z + AoLg — §A1U3 + ?)\QUO — m)\3U—2 - E/\IU_?’

) 5 25

Wy = 5)\1€3p — 6—4)\1€3pr1

. 5 3 10

Wy = —g)qele + >\3L1 + )\1L0 + 5/\3U1 + ?AlUO (4332)

The constants \; again parametrise the non-uniqueness of the solution.

4.4 Symmetries of the Chern-Simons solutions

In the previous section, we found that the Lifshitz solution (4.2.14) and the fractional
z Schrodinger solution (4.2.19) do not have a metric formulation, as the connection
w is not determined uniquely by e. Can we formulate a duality relating them to
non-relativistic theories directly in the Chern-Simons formulation? In this section
we will argue that this is challenging because the Chern-Simons formulation does not
associate a distinguished set of non-relativistic symmetries with these backgrounds.

Originally, the Lifshitz and Schrédinger metrics (1.2.8) and (1.2.10) were con-
structed to have the corresponding symmetries as isometry groups. In the higher-
spin context, these diffeomorphism isometries are supplemented by some higher-spin
gauge transformations that also leave the background invariant, but one could argue
that in the metric formulation we can draw a distinction between diffeomorphisms
and the higher-spin gauge transformations and still regard the backgrounds as hav-
ing a non-relativistic symmetry. But in the Chern-Simons formulation, it is not clear
how to make such a distinction. All of the symmetries are simply gauge transfor-
mations that leave the given flat connection unchanged.

In the discussion of asymptotically Lifshitz solutions in [93], it was found that the
higher-spin gauge transformations extend the Lifshitz symmetry of (1.2.8) to a global
SL(3,R)x SL(3,R) symmetry group. In fact, there is a simple argument to see that
the same happens in all cases. The symmetries are the gauge transformations e such
that

d0A=de+[A el =0, (4.4.33)
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and similarly in the barred sector. The Lifshitz and Schrodinger metrics (1.2.8) and
(1.2.10) are analogous to AdS in Poincare coordinates, so the boundary coordinates
are non-compact, and cannot be compactified without eliminating the anisotropic
scaling symmetry (with the exception of the Schrédinger z = 2 case, where we can
compactify £). Thus, in the Chern-Simons formulation there can be no non-trivial
holonomies, as there are no non-trivial topological cycles in the spacetime to measure
holonomies around. As a result, the connection is globally gauge-equivalent to zero,
that is each of our solutions is of the form A = g~'dg, A = g~'dg for some globally
defined group elements g, g. Now if we use A = g~1dg, and set ¢ = g~ 1€'g, (4.4.33)
reduces to

de’ =0 (4.4.34)

which is satisfied by arbitrary constant ¢, forming a global SL(N,R) subgroup
of the gauge group. Thus the € that leave A invariant will always form a global
SL(N,R) group (although for a given A, the gauge transformations e = g~'¢’g are
not themselves constants). Thus, the symmetry of any Chern-Simons solution with
no holonomies is always SL(N,R) x SL(N,R).

Explicitly, for the z = 2 Lifshitz solution, de’ = 0 can be solved by writing

1 2
€= L+ > MW (4.4.35)
i=—1 i=—2

where el and €"i are constants. The relevant group element g such that A = g~ 'dg

W2t+L1x€pL0

gives the Chern-Simons field in (4.1.1) is g = e Thus the symmetries

€= g g are

e = el(—ae + e Pl e — dtxe 2L (4.4.36)
+ (e — 2wl 4 4tV Ly + e Pl L
— (2l — dtwett — 220 4w — V2 4 3V a2V V)
e (—4tert — 20e™o 4 M 4 322V — 43 V)Y
+ ("0 = 32" £ 622V )Wy + e (e — dweV )W) + eV 2,
reproducing the result of [93]. If we interpreted these symmetries in terms of dif-

feomorphisms using € = —¢#A,, as suggested in [93], €2, €&, !0 parametrize
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time-translation, spatial translation and Lifshitz scaling respectively, although it is
not clear if this is valid given that the frame is degenerate [25].

For the AdS solutions (4.2.13), (4.2.21), the appearance of an SL(N,R)xSL(N,R)
symmetry is expected. But for the Lifshitz and Schrodinger solutions it implies that
we cannot identify a non-relativistic isometry group from the Chern-Simons perspec-
tive. For z = 2 Schrodinger, we can pass to a metric formulation, and identify the
Schrodinger algebra as the subgroup of this SL(N,R) x SL(N,R) which is realised
as diffeomorphisms. But for the other cases with no metric formulation there is no
clear sense in which they are non-relativistic, despite the manifest scaling properties
of (4.1.1); this scaling is only one of a set of SL(N,R) x SL(N,R) symmetries.

A possible subtlety in this argument is that when we take a background and
define asymptotic boundary conditions where the fields approach the background
asymptotically, the isometries of the background may not form a subgroup of the
asymptotic symmetry algebra (see [26] for an example of this). So the non-relativistic
symmetry could potentially be picked out by a notion of asymptotically Lifshitz/Schrodinger
boundary conditions. But a choice of boundary conditions such that the asymptotic
symmetry algebra does not include the symmetries of the background is usually
considered undesirable. In particular, this does not happen for the asymptotically
Lifshitz solutions of [93], where the full SL(3,R) x SL(3,R) symmetry is included

in the asymptotic symmetry algebra.

4.4.1 Map to AdS

One way of thinking about this result is that since all the topologically trivial solu-
tions are gauge-equivalent to A = A = 0, the Lifshitz and Schrodinger solutions can
be related to the usual AdS solution by a suitable gauge transformation; so the fact
that they have the same symmetries can be seen as a reflection of their just being
AdS in a different gauge. Let us give this transformation explicitly in the Lifshitz
case. For the AdS solution (4.2.13), Aags = g~ 'dg with g = eX1*" e while for the
Lifshitz solution (4.2.14), Ar;y = h™'dh with h = e"V2!*+11zerlo Tdentifying the AdS
coordinate ™ with ¢ + z in the Lifshitz solution, the transformation is then

Apip = f7f + f ' Aaasf, (4.4.37)
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with
1 0 0

f=g'h= —\/2ert 1 0 |- (4.4.38)
t(t+2)e* —/2ert 1

A similar argument in the barred sector produces

1 —V2ert t(t+2)e?
0 1 —V2ert |- (4.4.39)
0 0 1

|
Il

We have assumed that we work with non-compact x, as compactifying it breaks
the scaling symmetry, but it is interesting to note that compactifying = does not

obstruct this relation.

4.5 Asymptotically Lifshitz solutions

So far, we have focused on the non-relativistic backgrounds, and seen that some
interesting examples fail to have a corresponding metric description. Holographi-
cally, such solutions are dual to the vacuum state in the dual field theory, and it
is essential to consider solutions which asymptotically approach these backgrounds
to define the holographic dictionary. Since the failure of the metric description is
non-generic, one would expect that considering these more generic solutions could
also offer a resolution of it. In addition, imposing a given asymptotic boundary con-
ditions partially fixes the gauge in the asymptotic region, eliminating those gauge
transformations that take us out of this choice of boundary conditions. Since the
bulk theory has no local degrees of freedom, it is these gauge transformations that
are broken by the choice of boundary conditions that provide the physical content
of the bulk theory - the higher spin analogue of the boundary gravitons.

In this section, we will consider spacetimes which asymptotically approach the
Lifshitz background (4.2.14). We will first consider the asymptotically Lifshitz
boundary conditions of [93], which are the most well developed, and then consider

alternatives. In [93], asymptotically Lifshitz solutions were defined in the radial
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gauge as Chern-Simons solutions with
A=bdb+ b0 +a@ 4+, A=0"tdb+ b7 1@ +a® 4+aM)p, (4.5.40)

where b = e?%0 and a(®, a® is the background solution (4.2.14). The first fluctu-
ations a®,a® have only an z component. Let’s take unbarred sector as example,

and expand it in terms of generators

CL(O) CLLOLO + CLLl L1 + (ZLilL_l + CLW2 W2 + CLWl W1 + CLWOWO + (ZW71W_1 + CLW72W_2

2? =

Imposing equation of motion, aﬁ)) satisfies equations

a" —4a"2 = 0
V=t =" =" = 0
a" +2ad" = 0

" +4a" = 0 (4.5.41)

Similar equations can be written for barred sector. Solution is determined in terms

of four functions £(x), £(x), W(x), W(x),
aO = 4tWLy — LL_| — 42WW, + 4tLW, + WV _,, (4.5.42)

a\W = —4tWLy — LL, — APWW_y — &LLW_| + WW, (4.5.43)

(the constant coefficients here are different from in [93] because we use a different
convention for the SL(3,R) generators, as set out in appendix 4.A). The second
subleading terms a(!), @™ are general, having arbitrary ¢ and  components, but are
required to fall off at large p, aV,a™ ~ o(1).

In [93], this definition of the asymptotic boundary condition was shown to
lead to finite, conserved canonical charges (constructed from the boundary func-
tions £, L, W, W and the gauge transformations preserving the boundary condi-
tions) which generate a Ws @ Ws asymptotic symmetry algebra, containing the

SL(3,R) x SL(3,R) symmetries of the background (4.2.14).

1
0L = Llef + 2L + 3Wey, + 2W' ey — §E’L” (4.5.44)

1 3 ) 5
5W = 3W6,L + W/EL — BEWGW - Z£”€§/V — ZEIG%/ - ELE/I:{/
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8 8 1

with similar expressions for the barred sector. We put the detailed derivation in
Appendix 4.C.
Because the first subleading terms do not affect the a, component, the extended

vielbein at this order is still degenerate:
1
Etp = é{et, ep} ~ 0, (4546)

up to terms coming from aM, a"). Thus, it would seem that there are solutions with
non-zero values of the charges here where the metric formulation is still not possible.
For solutions with sufficiently general a®, @), the extended vielbein may be non-
degenerate in the bulk, but as these terms vanish as we approach the boundary,
we would expect that the inverse vielbeins of [96] will blow up there. Thus, the
degeneracy is a real obstacle to the construction of a good metric description for
this class of asymptotically Lifshitz boundary conditions.

It was argued in [93] that these boundary conditions are distinct from the usual
asymptotically AdS boundary conditions [28]. Two main arguments were given: one
relied on the breaking of time-reversal invariance in the Lifshitz solution, but as we
have seen it is possible to take the generalised backgrounds in (4.2.22) such that the
spin-three field vanishes, eliminating the breaking of time-reversal symmetry. The
other was that the asymptotically Lifshitz boundary conditions involve functions
of , while asymptotically AdS boundary conditions involve functions of z*. This
indeed shows that asymptotically Lifshitz solutions are distinct from the asymptoti-
cally AdS solutions, if we relate the two backgrounds using the gauge transformation
(4.4.38).

However, given the failure of the metric description in the gauge (4.2.14), we
think it may be more straightforward to understand the physical significance of
these boundary conditions if we apply this gauge transformation to re-express them
in terms of the AdS solution (4.2.13). That is, let us take the solutions (4.5.42,4.5.43)
and apply the gauge transformation (4.4.38). We then obtain a family of solutions
of the form (4.5.40), but where now a(®, a® are the AdS background (4.2.13), and

aV = —L1PL, —2LtLo — LL_y + WHTW, + AW, (4.5.47)
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+FOWEW, + AWtW_ + WIV_,,
a" = —Lt®L_, —2LtLy — LL, + WHW_y + AWEW_,
+EWEW, + AWEW, + WW,. (4.5.48)

Thus, the asymptotic boundary conditions of [93] can be rewritten in a different
gauge as a new kind of asymptotically AdS boundary conditions. Since in this
gauge the relation to the metric formulation is possible, the physics of the boundary
conditions may be clearer in this gauge. Note the asymptotic symmetry algebra
(4.5.44), (4.5.45) is unaffected when we shift from Lifshitz gauge solution to AdS
gauge solution.

An alternative asymptotically Lifshitz boundary condition was given in [100].

The connection is taken to have the form

2 1
ar = W2 - Q,CWO + §£/W_1 - QWL_l + (,CQ - ELH)W_Q, (4549)
a, = L1 — EL_l + WW_Q, (4550)

where £ and W are now functions of both ¢ and x, subject to the consistency

conditions

L = 2W, (4.5.51)
A 4 2\/ 1 "

= = —=L". 4.5.52
V4% 3(£ ) 6£ (4.5.52)

Similarly, for the barred fields

_ 2 _ 1
a, = W_g—2LW, — gz’wl +2WL + (L — 6L”)WQ, (4.5.53)
C_L;B - L,1 - ELl - WWQ, (4554)

with consistency constraints

(Y
I

—2W, (4.5.55)
4 r2\/ 1 A
— —g(ﬁ ) +5L” (4.5.56)

In these asymptotic boundary conditions, the degeneracy of the generalised frame

is resolved for generic £, WW. The determinant is

—KB(T2 + L)Y + L) = 2W[(r* + L) (r* — £)? — 2. (4.5.57)

Q14
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There are some specific points r where the determinant vanishes. These singularities
would not spoil the non-degeneracy property and can be avoided by method of fibre
bundle [96]. Since the determinant is not vanishing even at large r, one would expect
a metric formulation is possible even in the asymptotic region. It may be interesting
to explore these boundary conditions further; it was noted in [93] that the canonical
charges in this case are finite but not conserved.

In [100], there was also a further generalization to turn on some source terms,

taking

ay = ,UQWQ + ,u1L1 — Q,C[LQWO — (QW,MQ + E/ll)L—l + (£2M2 + W/lzl)W_Q,

a, = L1 — EL_l + WW_27 (4558)
and barred sector

ar = pW_oo — Ly — 2LpsWo + (2Wpa + L) Ly + (L2 12 + Wiy )W,

ay = L_i—LL —WWs. (4.5.59)

The presence of the sources ji1, ps makes the determinant of the generalized vielbein
non-zero even for vanishing £, W, so this deformation away from Lifshitz resolves the
degeneracy of the generalized vielbein even in the vacuum. The metric formulation
is well-defined in this case since metric-like fields solve Einstein equations by the
method in appendix 4.B.2. We leave further study of these deformations to future

work.

4.A Conventions

4.A.1 sl(3,R) Algebra

The conventions in two cases are different. The sl(3, R) generators satisfy algebra

[Ly, Lin] = (n — m)Lyirm, (4.1.60)
[Ln, W] = 2n — m)Wiih, (4.1.61)
(Wo, W] = a(n — m)(2n* + 2m* — mn — 8) Ly 1n (4.1.62)
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In our calculation o = I Our generators are
0 v2 0 0 0 0 1 0 0
Li=10 0 v2 |, Li=| =2 0 0], Li=| 00 0
0 0 0 0 —v2 0 00 —1
00 2 00 0 1 0 0
Wo=|0001|, Wa=|00 0 0 —2 0
00 0 2 0 0 0 0 1
0 1 0 0 0
W_, = ! 00 —1 W, = L 100
—1—\/5 — ) 1—\/§ —
00 0 0 10
4.A.2 sl(4, R) algebra
Our representation of sl(4, R) algebra is slightly different from [92].
0 v3 0 0 30 0 0 0 0 0
0 0 2 0 01 0 0 -3 0 0
L*lz ) I/O:1 ) L1: \/_
0 0 0 V3 2100 -1 o0 0 -2 0
0O 0 0 0 00 0 -3 0 0 —3
Quintet:
0 0 00 00 2v3
0 0 00 00 0 2v3
W2: ) W—Q_
223 0 00 00 0
0 23 0 0 00 0
1 0 0 0 0 V3 0 0O 0 0 0
0 -1 0 0 0 0 0 0 /30 0 0
WOZ ) W—l_ ) Wl_
0 0 —1 0 0 0 0 —/3 0O 0 0 0
0 0 0 1 0O 0 0 0 0 0 V3 0
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Septet:
0 000 0 0 0O 0O 0 0
0 00 0 0O 0 00 2 —v3 0 0
U3 = 9 U2 == ) Ul = -
0 000 V3 0 00 5 0 3 0
—6 0 0 0 0 -3 00 0 0 —/3
30 0 0 0v3 0 0
1 0 -9 0 0 0 =3 0
UO = 1A ) U—l -
010 0 9 o 00 0 3
0O 0 0 -3 0O 0 0 O
00 V3 0 000 6
00 0 —V3 0000
U—2 - ) U—3 -
00 O 0 0000
00 O 0 0000
4.B Schrodinger higher spin calculations
4.B.1 Determinant
We consider the most general form of Schrodinger solution after normalization:
a; = kWy + cLq; ay,- =0 (4.2.63)
1 2
a; = EW,Q; C_Lx— = ELil (4264)
Dreibein e can be found to be
1, 1, 1 _
e = Lodp + 5(/{36 PWo + ce? Ly — 7€ PW_9)dt — —e’L_ydx (4.2.65)
c
The extra introduced 5 tetrads are
_ 201y 4.2.66
e(ff) = C—2€ —92 ( L. )
1y, k-,
e(pp) = Wo — @6 W_2 - 3_66 L1 (4267)
1, ko 1,
e(tx—) = —56 pWO + &6 le — @6 pW_Q (4268)
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c? 1 k c
€ty — Z€2PW2 - €4pWo + @eﬁpW_g + §65pL1 + ﬁe?)pL_l (4.2.69)
1
Cp) = §cepW1 (4.2.70)
1
e(pz*) = —EE'OW,1 (4271)

We only need 5 of these tetrad since they are linearly dependent due to the traceless

condition g"”e(,,) = 0. In this specific case,
€a=a) T €pp) T 26" P (zm) =0

Therefore, we calculate the determinant of 8 x 8 matrix with spacetime indices
excluding (pp).
1

det(ej;, €f,,)) = _3_2610p (4.2.72)

We find this nonvanishing value is independent of the choice of £ and c¢. Then we
should be able to map frame-like Schrodinger solution (4.2.63) (4.2.64) to metric-like
fields.

4.B.2 Einstein equation in D=3 higher spin theory

We showed that the zuvielbein of z = 2 Schrédinger solution in SL(3, R) has non-
vanishing determinant. One would then expect the fields constructed from it to
solve the equations of motion in the metric formulation. In terms of metric-like

fields g, ¢, Lagrangian of (4.2.4) can be written as [95]
L=Lgu+ LF, (4273)

2
where Lp.g = R+ B and L contains terms depending on ¢ (note that we set [ = 1).

L was worked out to quadratic order in ¢ terms in [95], with general expression:

3
£F<¢2) = ngVP(FMVp - ég(ullfp)) + m1¢uyp¢uyp + m2¢,u,¢'u (4274)

+ 3Ry (k10 @7 + kot ¢ + ks¢?97) + 3R(kapuwpd™” + ks 0ud”)

where ¢, = ¢, ", F, =F, " and F,, is the Fronsdal tensor defined by

3

Fuvp = VoV gy — g(vav(ugbw + V. V) + 3V, V.0, (4.2.75)
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The mass coefficients m; are determined by requiring invariance under gauge trans-

formations, which gives
9

Different k;s may parametrize the same theory if one performs a redefinition of
metric and spin-3 fields. For convenience, let’s take those values of k; in [95],
3 3 1
]{31 = = ]{?2 = O, ]Cg = —— /{34 = —57 k’5 =0 (4277)
The unique choice of k; were determined by requiring asymptotically AdS solution

solving Einstein equation.

1 o 1 5(\/ —gﬁp)
R‘uzx §g,u1/R g;w — \/_—g (Sg’“’ (4278)

Exact expression of T, is accessible in [103]. We perform the calculation by the

help of zAct package [104,105], and the result is

T,Lw — 3m1¢a0d¢bcd + 9k4R¢aCd¢bcd + %k2R0d¢a¢bcd + 6k1RCd¢ace¢bde + m2¢a¢b
+%k2RCd¢acd¢b + 3k2R6d¢abe¢cde + %Rbc¢ade¢cde + 3k1 Rbc¢ade¢cde + 6Rbcdf¢a0d¢f

+%Rac¢bde¢cde + 3k1Rac¢bde¢cde + 2m2¢abc¢c + 6k5R¢abc¢c + %Rbc¢a¢c + 3k3366¢a¢c

+3 R pde + 3k Ro Opde — 3Rpearda ‘b — 3Rucar o™ dc! — 1y GapPede ™™
_gk4gabR¢cde¢0de + 3gadefeg¢cfg¢Cde + 3/€1gadefeg¢cfg¢Cde - %mQQab¢d¢d
290 R 0 aer + 2R Papeda + 6ks R Papedy + 3ky Ry dac’ b + 3ky R bue’da
+3k5 Ravd ba — §h39a0 RO b0 — §9ab R Gcba — 3k39ab R cda — 3k gab R Gea b
+6 Racas b " — V0%V iede — 6ky Va0 % Videde + 3Va0? Vg — 6k5V a0 Vg
—6k, 0"V V 4 Pede — k50 ViV ada — 3VphaV et — %k2vb¢dv6¢a6d — 3Y,04V 0
—3kyVa0aV ™ — 2kyVadp“ Vade — 2ky ViV ade + LSV Vet — k307 VaVaty
+305°'V gV ate — 3kygab R Guer — 2kytp VaVade + LV aVida — Sksd?V Vi
+30a“IV iVt — ka0 VaVide — 2Vp0aV bg + 3VePa V! Gar” + 3V iV hat”
+-3ky V4PV Par” + 3k3VatyViba + 3V 00V epa® — 3V cup V¢ — %kgvb%vd(ba
—%Vd%vd% - %Va%vd% - %k:ava%vd% - %va¢b6dve¢cde - %klanSdeveQScde

_%vb¢a0dve¢cde - %kl vb¢a6dve¢cde + %vagsbvegbe - %k3va¢bve¢e + 18_5vb¢ave¢e
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3k VpPaVed® — 320°%VVuBhea — Sk 0V eV atbed — 2k VeV atpa® — 30"V eV athed
—%k1¢b0dveva¢cde — 2PV eVad® — 2k3ppVeVad® + 3k RapPege ™ — %¢Cdevevb¢acd
=3k 0"V ViPuca — Sk100 Ve Vibed® — F0aVe Vot — 3ksdaVe Voo + 30V eV adase
—3¢"V e Vadar® — 30"V e Vadae” + 305V Vada™ — 300"V eV adp" + 30V Vas™
+30ab Ve Vade™ — 39apd™ Ve Vade + 2kygapd ™V eVade + 2kyd?V Ve Papa
+%¢b0dveve¢acd + %k1¢b0dveve¢acd — ROV Voo + Sk Ve Vg + %¢a6dveve¢bcd
35100V eV Pred — 20aVeVDy + 3ksdaVe VD — 300t VeV e + Shydar Ve VDo
+2V30cae VD™ — 2k Viteae VEha™ — 3Vatbee VD™ — 2V etpeaVe ™ + 3Ky Vedpea V™
2V Pede VD™ — k1 Vaeae Vo™ — 290V ade VS + 3ks0ab Vade VD! — 390y VedaV o
+6ksgabVedaV D + 290V 0V pdac’ + 2k19apV eV pdae’ + Bkngar VDTV pPae’

2 ks gt Va0tV 167 4 39V 1Vt + 3kygundV 1V b 4 3 gund Y 1V eea
+%k’29ab¢dvae¢def + 6k 9ap°V 1V Gege + 6k5gapd?V 1V b — %gabve¢cdfvf¢6de
+%k19abve¢cdfvf¢0de + 6k GapV f Pede V! 6% + 3ks Ropachy, + %gabvf¢cdevf¢6de

30,V Vided® — 2V Vidud® + 290 Va0V ;¢ + 3k gub 0V 1V e Pea’ (4.2.79)

Schrodinger spacetime is not asymptotically AdS. However, one can consider it

as perturbative deformation of AdS [39]. The zuveilbein to our interest would be
ap = L1 + O'WQ; Ap— = 0 (4280)

C_Lt = O'W_Q; C_me = 2L_1 (4281)

which corresponds to metric

d 2
ds> = —o?r*d + 4 22 dtde” (4.2.82)
T
and spin-3 field
o o
(bt,, = §T4; (bttt = —ZTA (4283)

o measures deformation from pure AdS in lightcone frame. Apparently metric fields
would solve Einstein equation if o = 0.

After substituting (4.2.82) and (4.2.83) into (4.2.78), one can find the equation
holds at the lowest order of ¢. Similarly, one can also check the equation of motion

about ¢,,, [95] can be solved at the same order of o.
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4.C W;j algebra from asymptotically Lifshitz bound-
ary condition

Let’s consider gauge transformations e preserving boundary conditions (4.5.42) and
take the case of unbarred sector. The barred sector can be derived in exactly the
same procedure. Denote € = b~ leph. Gauge transformation on field a is described
by equation

609 = dey + [a, € (4.3.84)

Expand gauge parameter ¢, in terms of
€0 — €L0L0 + €L1L1 + GL_lLfl -+ €W2W2 + EW1W1 + EWOWO + EW_IW,1 + €W_2W,2

and note 6a®) = (4t0W Ly — 0LL_, — 426WWso + 46 LW, + OWW _5)dz, we will be
left with following equations:
e { component equations
¢l — V-1 =0 elo — 42 =

2o =0; M 44t =0

-L_4 — éW() — éW71

=2 =9 (4.3.85)

e 1 component equations

Li:  0ye™ +efo — aWter +2Lte™0 + 4wtV = 0
Lo:  0.€™ +2Le™ + 2eb-1 - 4We™> 1 2Lt + 16WHEV 2 = 4tsW
L_i:  Opel=t + Lelo + Wtel— + W™ —ALtéV 2 = —6L
Wa: 0,2 — 8Witelo —aLtelr + ™ — gWiteV2 = —4t25Wy
Wi 0, eV + ALteRo — 16WiHEel—1 4 20 — AWt 4+ 4LV = 45
Wo:  0pe™ +3(4Lte" 1 + LN + 1) =0
W_y:  0,e"=t —aWwelr 4 2L 4 WtV 4 4éV2 =0

W_g:  0peV=2 —2Webo + L1 + 8WiteV=2 = §W (4.3.86)

Solutions are parametrized by two free = dependent functions e (z), ey ()

1
el-1 = §G’L/ — 2Wew — Ley, (4.3.87)
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Vo = 56’&, — 2Leyw
V= gﬁe’W — ée’lﬁ{/
V2 = Wep + Lleyy — =L ew
el = 42t — €
elr = V4
M = —4t(%e'L’ —
V2 = 4PV 2t e

—€

7 2
~pfew gl W

2Wew — Ler) — €y

(4.3.88)

(4.3.89)

"

4.3.90

4.3.91

=
w
©

(4.3.90)
(4.3.91)
(4.3.92)
(4.3.93)
(4.3.94)

4.3.94

Insert the solution into equation (4.3.86) we will get transformations laws (4.5.47)

for conserved charges £ and W.
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Chapter 5

4D Schrodinger higher spin

solution

This chapter is based on paper [4]. To understand whether degeneracy problem
in 3D non-relativistic solution is a result of special property of 3D gravity, it is
necessary to construct non-relativistic higher spin solutions in higher dimensional
spacetimes. Field theory with non-relativistic higher spin symmetry was studied
in [106-108] to model unitary Fermi gas. The lesson we learnt from 3D construction
is Schrodinger spacetime with dynamical exponent z is supported by higher spin
fields with spin s = z + 1 [92]. Every spin-s field will back react on lightcone AdS
geometry and deform it by a factor 72D dt? (Here we use r — 7! to define radial
coordinate in Schrodinger metric (1.2.10)). To have a Schrédinger spacetime with
dynamical exponent z, we need to truncate the infinite tower of higher spin fields.

In 3D higher spin theory, truncation of higher spin tower can be realized by
tuning A to be integer [24]. This trick is not allowed in D > 4 manifold. On the
other hand, that Schrédinger gauge fields (4.2.80) and (4.2.81) can solve flatness
equation is independent of SL(3, R) representation of W, L generators. Instead, it
depends on commutativity of W5, and L,. This immediately leads to a conclusion:
for generic value of A, even higher spin fields are not truncated, (4.2.80) and (4.2.81)
still solve flatness equation. This sounds more like an analogy to higher dimensional
case.

There should exist another scheme to truncate infinite tower of higher spin fields
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5.1. 3D Schrodinger higher spin solution 91

even in the theory with all s > 2 spin fields. We will review this truncation scheme
in section 5.1 by analysing 3D Schrodinger solution in hAs[A] theory. Based on this
idea, we will give an explicit construction of 4D higher spin Schrodinger solutions

i 5.2.

5.1 3D Schrodinger higher spin solution

5.1.1 Vasiliev formulation

We would like to reformulate our 3D higher spin Schrédinger solution (4.2.80)-
(4.2.83) in Vasiliev theory.

Our normalization in this section is slightly different from [109] but is self-
consistent. Let us introduce oscillators g, (a = 1,2) fulfilling

1
(e, T3] = 5eaﬁ(l +vk) ko = —Jak =1, (5.1.1)

where v is a free parameter and k is the Klein operator. Define bilinear oscillators
Top
Top = {9095} (5.1.2)

that generate a sl(2) algebra
[Ta[g, TA/U] = EBWTQU + TBUEQ,Y + TCWEBU + Echg7 . (513)

Higher (symmetric) powers of these oscillators give the higher spin generators. The
connection with the Chern-Simons formulation is explained in section 5.A.

In the current case, the gravitational connection
1
W:w+7¢e, Vi=1, [, 9. =0, (5.1.4)

where 1 is the central involutive element and [ is the AdS radius, satisfies the

equation of motion [109]
AW +W AW =0.

The z = 2 Schrodinger gauge fields (4.2.16) translate to the oscillator form

1 l l
e = l(—TTH + %TQTHTH - %T2T22T22)dt — ETTQQdé + 2—T12d7”, (515)
r

4
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5.1. 3D Schrodinger higher spin solution 92

1 o o 1
w = <4_LTT11 + §T2T11T11 + §7’2T22T22)dt + §TT22d§~ (5.1.6)

via (5.1.60). It is then trivial to check that they solve the above equation of motion
(setting [ = 1), which in component form reads

Torsion free equations

YT, de®? + 2" A w“’ﬂem + e A Wy =0, (5.1.7)

$0Tag Tyt de®™™ 4 205 A P+ 20 A e,

4260 A WMBe, 4 20PN WM, =0, (5.1.8)
Y Topg T Do WP A ™ =0, (5.1.9)
Curvature equations:
IE dw®® 4 W™ A wwem + %eo‘” A aﬂﬁem =0, (5.1.10)
oTogTyy dwPT 4 20O A WP 2P A W,

1
+l—2(2eam” A €™ e + 2P A e ) =0, (5.1.11)

TopTy T W AW @ Ae® =0, (5.1.12)

This solution has no non-trivial holonomy, so one can do a large gauge transforma-

tion to relate this solution to empty AdS [3].

5.1.2 Scalar equations

In this section, we consider the motion of a scalar in the above 3D Schroédinger

background, characterized by
dC+AxC —-C*xA=0. (5.1.13)

We briefly review the analysis of [110] in terms of the lone-star product in this
subsection. The notation and its relation with the previously mentioned oscillator
formalism is explained in Appendix 5.A.

All the fields take value in the higher spin algebra

C—iZc;vg, A—iZAanni, A—iZA;V,;, (5.1.14)

s=1 |m|<s 5=2 |m|<s s=2 |m|<s
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5.2. 4D Schrodinger solution 93

with Cj being the physical scalar. We now extract the equation of motion of Cj. If A
and A span pure AdSs gravity, equation (5.1.13) reduces to Klein-Gordon equation.

Now consider z = 2 Schrodinger spacetime [92,99]
A= (0e®V3 4 ePVHdt + Vidp, A= ce®V3,dt+ 2e’V?dE — Vidp, (5.1.15)

where the constant source o parametrizes the higher spin deformation. Plugging
these expansions into the scalar equation (5.1.13) we get an infinite set of equations,
one from each term proportional to V dz* =V} . Remarkably, as shown in [110],
we can choose a set of equations, being the coefficients of {V{l,, Vils, V2, Vi, Vi,

V3, V2 V2 p V3 p},1 that reduce to the explicit equation of motion for C

(0e*0} + 800} + 20(11 — N*)e* D> — 8oe*(A\* — 3)0, + oe* (N — 1)(\* — 9)

+26*(1 = N*)0, + 4€*°0,0, + 2¢*°0,0, — 00 + 40,02)Cy = 0. (5.1.16)

Furthermore, as ¢ — 0, one gets the x-derivative of the Klein-Gordon equation
in AdS background [110]; thus, we can solve the full equation perturbatively with

respect to o.

5.2 4D Schrodinger solution

5.2.1 Star product in 4D

Most of the notation in this section will follow [21], where z# (1 = 0, 1,2, 3) denote
spacetime Poincaré coordinates with x5 = r. In this coordinate, the AdS spacetime

metric is
2 _ —dx + dat + dr? + daj
r2 '

ds

(5.2.17)

The internal twistor space is parametrized by spinors (Y, Z) = (y*, 7%, 2%, 29), a, & =
1,2. Here 2%, 2% are auxiliary coordinates; physical fields are those with constraints
2% =7z%=0.

The star product of two spinor-valued functions can be defined as [21]

[, 2)xg(Y,Z) = f(V.Z)exp [e(T o+ 0.0)(D s — 0.0)

LOur choice is slightly different from that in [110].
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e
+Ea*8<agd + @ga)(agﬁ‘ - 825) g, Z). (5.2.18)

There are in addition Klein operators K (t) = e'*"%» and K (t) = e!**¥s.

Vasiliev master fields include a gravitational connection W = W, (x|y, g, 2, Z)dz*,
an auxiliary fields S = dz*S,(z|y, 9, 2, 2) + dz*Ss(z|y, ¥, 2,2) ? and a scalar field
B(z|y,y, z,Z). The equations of motion that determine the dynamics of the system

are

AW+ W x AW =0, (5.2.19
d;W +d,S+{W,S}, =0, (
dzS +S %S =BxKd:*+ Bx Kdz*, (
d,B+WxB—Bxn(W)=0, (5.2.19d
dzB+SxB—Bx7(S)=0, (5.2.19¢

where 7(H) flips the signs of unbarred spinors (y, z,dz) in H while it preserves the

signs of barred coordinates (g, z,dz). These master fields also satisfy
R, W], ={R,S}.=[R,B]. =0, (5.2.20)

where R = KK. This implies W, B are even functions of (Y, Z) while S is an odd
function of (Y, Z).
In this section, we will discuss the vacuum solutions of master equation (5.2.19),

ie. B=0, S=dz%2,+dz%zs and W(Y,Z) = W(Y) from (5.2.19Db).

5.2.2 AdS solution in lightcone coordinate

Vacuum AdS, spacetime

B=0, S=d*z,+dz*z,, W= eaﬁyagg + Wapy®y” + wdé,gdy/g, (5.2.21)

2The spinor indices are raised and lowered by the antisymmetric tensor €,g,

A% = ea’BAB; A, = Aﬁega, €l =¢€2=1.
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is a solution to the Vasiliev equations (5.2.19), which reduces to the component form

vyt deas + deye N wagew —de,5 A wd@ew‘ =0, (5.2.22)
yyP dwags + €ay N i€ + dwge A Wary€™ =0, (5.2.23)
gjng : dwss — €xa A emge% + 4wz, A wMeM =0. (5.2.24)

Explicitly, we have
€op = %e“(aa)aﬁ‘, Wap = _Wa(0a2€)a57 (Ddg' = _Wa(€5-a2)o'¢37 (5225)

sa sa I . .
where e = Edzt, w® = gdx" are the veilbein and the spin connection of AdS

spacetime (5.2.17) in the lightcone Poincaré coordinate

2dtd¢ + dr? + da?

g_l'l—i[)o _$1+£C0
) \/5 ) \/5 )

We have further employed Pauli matrices in the lightcone coordinate in (5.2.25)

ds?

T =T3. (5.2.26)

_O'0+0'1 _—0'(]+0'1 . .
Oy = 3 O¢ = ) Or = 02, Oz = 03,

V2 V2

O'QM+0'1M . _00u+01u _ 60#+61N _ _6_0M+61,u

Oy = , Oy = ———"—, Oy =—r, O¢g, =
tp \/i sp \/§ tp \/5 Ep \/5

Further notice that we work in the Minkowski signature, so the Pauli matrices are

the familiar ones that are hermitian. As a consequence, the parity action is our
convention is then y, <> ¥s, 24 < Za, and further accompanied with hermitian

conjugation of the coefficients of the oscillators.

5.2.3 Schrodinger solution with z = 2

We are now ready to construct 4D Schrodinger geometry (1.2.10) in Vasiliev higher
spin theory. The simplest non-trivial example is the z = 2 Schrédinger geometry
which turns out to be supported by extra s = 3 higher spin fields. We consider a
variant form of the Schrodinger metric

oldt*  2dtdé + dr? + da?
— % T 2
r r

ds® =

, z2=2, oceR,0#0, (5.2.27)

which can be converted from (1.2.10) by field redefinition ¢t — ot, & — oL,
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General solution

We try to find a ground state solution to (5.2.19) of the form
B=0, S=d"z,+dz*z;y, W, Z|z)=W(]|v), (5.2.28)

with some spin-3 fields turned on in W. We simply take W = W5 + W3, where W,
is the spin-2 piece (5.2.21), (5.2.25), and W3 encodes spin-3 fields that are quartic

in the y, y oscillators

Ws = wagrwt Y YY" + Wasity ¥ Y T + Wapsiy YT T + 0o VBT + Wi 0 00T
(5.2.29)
The only nontrivial equation (5.2.19a) decomposes schematically to
y? o dWo + Wox AWy =0, (5.2.30a)
vt A Ws + Wy AWs + Wy AWy =0, (5.2.30b)
Y Wi AWy =0. (5.2.30c)

The equation (5.2.30a) simply means we can take W5 as the AdS connection (5.2.21)
and (5.2.25). The equation (5.2.30c) is very restrictive and can only be solved due
to the wedge product: we take W3 to be proportional to dt in the light of our aimed
solution (1.2.10). The only remaining equation to be solved, namely (5.2.30b),

decomposes to

y4 : dwaﬁ'yﬁ + 260(5' VAN wﬁ,ymgﬁéé + 16wa§ A OJﬁ,ym;G{a =0,
TR dwa gy + 8egs A wa575€§6 +deye A wﬁy&%e&s + 12wae N wm(g,:ieg‘s
5
+4wk$~ N waﬁ,ﬂgef =0,
TR TalE dwapsi + 6egs A wa55k€£6 + Geaé A\ wﬁwﬁgeg‘s + Bwae A W55,y,{€£6
3)
+8w%~ A waﬁk(?e& =0,
Yy dw,gss, + 4ee N wm;%ef‘s + 8eye A wﬁ-%geg‘s + dwae A waﬁ-%eg‘s
3
—1—12(,0/3&' VAN Wawéeg =0,
T : €80 : RS
g dwsgss + 2€c6 N wspan€” + 10w A wss 56 = 0. (5.2.31)

Considering only time independent, spherical symmetric solution, this set of equa-

tions is solved to get
Cl —iC1 —301 '001 C(1

Wa222 = 2 Wog2s = —5 > Wa29s = o2 Wag9s = 20 Wa999 = 120

r2
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—(CY 2iCYy 2iCYy Cy
Wa221 = Woooi = 5 5 Wood1 = 5 5 Woosi = —
62 2221 32 2231 32 2221 = T3
Cy —2iCy —2iCYy —CYy
Wadst = 5 Wasi = ~3 3 Wisn = o Wi = =g
Cs —iC}y —3C}5 1Cs Cs
Wil = 5 Wi11i = — 5 Wiii = 55— Wiiii = —5~ Wiiii = —>
12 111i 2 11ii 972 1iii 2 il = 2
—CYy 2iCYy Cy 2iCYy Cy
Wi122 = Wi122 = 5.9 w1192 = —5 Wiioe = 5 5 Wii2e = —5
6r2 ’ 3r2 ' r2’ 3r2 ' r2’
Cy —21Cy —21C}y —Cy
Witz = 5 Wiisy = 33 Wiisy = 35 Wiisy = 53
—C% 2iCly 2iCls Cs
wite = — Wit = % 5 Wiis = & 5 Wiy = —5
Gr2 ) 1112 372 ) 1112 32 ) 1112 r2 )
N _05 '.‘_—22'05 _—2iC5 “_._—05 5939
Wiiiz2 = 720 Wiiia = T Wiiiz = 372 Wiiiz = 62 (5.2.32)

where C; (i = 1,...,5) are arbitrary real constants. Furthermore, this solution is
manifestly parity invariant.

We would like to remark that, in general, once spin-3 generators in D > 3
dimensional higher spin theory are included, one is forced to include the infinite
tower of higher spin fields to solve the equation. This problem is avoided in our
construction since the spin-3 fields are only turned on in the ¢ direction and dt Adt =
0. For this reason we are able to isolate a single spin-s field, which back-reacts and
supports the z = s — 1 Schrodinger spacetime. The spinorial index structure of
w(4) fields implies that the above solution can be expanded in a basis consisting of

tensors of two Pauli matrices. Making use of the identity [111]

Ohs O+ OOl = 0" 005075 + 4(o e)a5(66l”)d5, (5.2.33)

the W3 field can be recast into

W3 = (e 000y +H™ 04(0196) +H 04 (€6p2) + H?, (049€)(0p2€)+HE (€0a2)(€Tb2))dt .

(5.2.34)
We have checked that the e, H% fields can be determined for the Schrodinger
spacetime (5.2.32). However, the result is not much simpler than (5.2.32) and is not
very illuminating so we do not show them explicitly.

Another comment is that given a generalised vielbein
E = e, 39° 7 + wapsst "y T 7" (5.2.35)
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which means fixing the C;, 1 = 1,...,5 parameters, the W field is fully determined.
This is equivalent to the statement that (generalised) spin-connection can be fully
determined by the (generalised) veilbein from “torsion free” equations. Therefore,

our z = 2 Schrodinger solution is free from degeneracy problem [3].

The metric

As we have briefly explained in the previous section, we do not treat the spin-3 fields
as probe but take their backreaction on the geometry into account. We thus propose

the following formula to compute the metric from the (generalised) vielbein
g=Tr(ExE), (5.2.36)

where the trace is defined in (5.1.59). Notice that this definition reduces to the more
familiar definition g = Tr(e * ) in general relativity when the higher spin fields are
turned off.

This formula is determined by requiring the invariance of the metric under gen-
eralised local Lorentz transformations that rotate the local Lorentz indices and thus
the local basis. This idea was first proposed in 3-dimensional [28] and we simply
generalise it to higher dimension. To justify our proposal, we start with the general

gauge transformation of any solution of the set of Vasiliev equations (5.2.19)
W =de+ [W . el., 6B=Bxm(e)—exB, 05=1[9,¢. (5.2.37)

Since we have B = 0 and € = ¢(Y'|z), we only consider the first transformation. From
which we can read off the general transformation 0F of our definition £ (5.2.36).

Then we want to decompose the gauge transformation as
e =&+ A+ Acxtra, (5.2.38)

where £ parametrizes the generalised diffeomorphisms, A parametrizing the gener-
alized local Lorentz transformations and Aey» parametrizes the extra gauge trans-
formation associated to the extra auxiliary fields and other terms from higher spin

generators 3. The difference between the latter two is that the A only rotates the

3 Although the equation of motion is truncated by wedge product, the symmetry group is not
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index in the first row in the two-row Young tableaux notation while Ay rotates
indices in both the two rows. We thus require the metric to be invariant under all
transformations parametrized by A.* It can be explicitly checked that our proposal
(5.2.36) fulfils this requirement: the extra variation of the vielbeins under the local
higher spin transformation is cancelled by the variation of the generalised vielbeins
Wapsi- In fact, there is a much easier way to demonstrate this invariance. The
variation takes a nice form dF = [E, Al, then it is trivial to verify the invariance of

the metric by cyclicity of the trace °
6ng = Te([E, AL, + E+ E+[E,Al,) = 0. (5.2.39)

With this definition, the solution we have found gives the following metric

dt?  2dtdé + dr? + da?

ds* = —(72C% — 640,05 + 1440103)F + - (5.2.40)
Higher spin fields
The spin-3 metric like field can be determined similarly
O=Tr(ExFExE), (5.2.41)

which is again invariant under the higher spin generalisation of the local Lorentz

transformation. Linearising the above spin-3 field leads to traceless symmetric tensor

Ppiny ~ Tr(€0 5, Y™ T % €T # Wanyinist Y TT) ~ 002025 000850

(5.2.42)
which agrees with the expression given in [21] up to normalization. The authors are
acknowledged there are some nontriviality with this definition. However, (5.2.41) is
shown to be invariant under local Lorentz transformation. Considering it matches
the known result at linearised level, the definition is a potential candidate for spin-3

field at least in this Schrodinger vacuum case.

truncated. Commutator between spin-3 generator in master field W and gauge transformation A

can result in terms with spin s > 3
4The metric does transform under Aeyxra, which is the higher dimensional analogue of phenom-

ena discussed in, e.g. [88,98].
5We thank Stefen Theisen to point this out to us.
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We can further evaluate the fully nonlinear spin-3 fields (5.2.41) explicitly

3((3C1+8C2+3C5—12C4—8C5)r2+512(4C3—9C1 C5Ca—8CoC5Ca—6C1 C2—6C3Cs ) )

Gt = 2,6 )
_ —4C4—3(C1+C3) _ =30148C3—3C3+12C4+8C5 _ (3C1+43C3+4Cy)
(btt{ - o} ) ¢t££ - ord ’ ¢t:m - o} )
V2(3C1 +4C2—3C35—4C5) 3C1—4C>—3C5+4C:
Pue = o , e Y — (5.2.43)

with all other components vanish. Notice that in most of the terms the power at
the boundary is exactly the dimension A = 4 of a conserved spin-3 currents in
the dual field theory. The only exception is the 7~% term in ®,; which has cubic
coefficients C;C;Cy; both its scaling behaviour and its coefficient structure indicate
the non-linear nature of this term.

As we have shown explicitly, the metric and the spin-3 metric like fields can be
uniquely determined. To determine metric like higher spin fields with s > 3, more
information is needed, which is similar to what happens in 3D [112], in addition to
the requirement of local Lorentz invariance and the correct linearisation limit. This
is because there are more than one combinations of veilbeins satisfying the above
constraints. For example, for s = 4, (tr(E * E))? and tr(E * E * E * E) are both
local Lorentz invariant. Only a linear combination of these two terms gives the right

Fronsdal field
W = tr((E+ Ex ExE),) +ctr(E* E)tr(E+ E),

where (a*b)s = a*b+ b+ a is the totally symmetric star product. The coefficient ¢
can be fixed by imposing the double-traceless condition or by imposing a Fefferman-
Graham-like gauge condition ®,..,.. = 0 [113]. Remarkably, the two conditions lead
to the same value ¢ = —%.6 This result agrees with our expectation and also agrees
with what happens in 3D.

We comment here that even though we only turn on spin-2 and spin-3 compo-
nents of the frame like field W (5.2.29), there can be a nonzero spin-4 metric like

field as constructed above. This property can only be seen at the fully nonlinear

6The exact value of ¢ depends on our definition of the trace, but the conclusion that the two
conditions lead to the same value is independent of our definition of the trace; the latter can be

checked explicitly.
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level; the linearised spin-4 field, defined similarly as (5.2.42), vanishes. Moreover,
we believe the whole tower of the metric like fields of arbitrary spin are nonzero

unless protected by some hidden symmetries.

Symmetries of the solution

Relation with the AdS spacetime One immediate question is if the solution
we have got is gauge equivalent to the AdS vacuum. This is a reasonable question
since both of them are solutions of equation (5.2.19a). However, we can show that
the two solutions are physically distinct.

e Indeed, the following transformation
W =de+ [W,e€l., (5.2.44)

maps a solution W of (5.2.19a) into another solution W + dW of (5.2.19a). For

the case we are interested in, the AdS solution can be mapped to our Schrodinger

solution with the parameter € = egpeqy®y yy?,

1 -1 —1 tCh + dy
€9992 = —€9099 = ——€ohds = —— €059 = €s595 — ——————
4 62222 g C2222 4 2222 9999 172
1 ) -1 -1 —1 —1 tCy + dy
1999 = —Commi = —C1oms = —— €105 = —— Conis = — €155 = — oty = Ciopy = — o2
42221 = €122 g €122 g C2212 4 1222 4 2122 1929 672
1 -1 —1 tCs + ds
Cl11L = —€111 = —— €111 = — €111 = €iiiy = —o 3
4 C111i g Ciiii 4 Cuiii iiii 172
1 1 -1 -1 -1 —1 —1
€1122 = 151221 = 161122 = _6 €119 = _6 €12i2 = _6 €221 = Zﬁliéé = Z%iii
. B tCy + dy
— €ii2o — _T
r
1 1 —1 -1 —1 —1
€1112 = 151112 = 151121 = 6 €11i2 = 6 €12ii = ZGQiii = Zﬁliii (5‘2‘45)
— 6.... — tcs + d5
iiis 62

However, as discussed in [21,114], any transformation relating two solutions with dif-
ferent boundary falloff behavior is not a true gauge transformation. The Schrodinger

solution we found has ¢ component being
1

W:W2+W3—>—2NW3 as r—0
r
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which is different from AdS boundary condition. This fact can also be seen from
the parameters characterizing the transformation (5.2.46); the parameters diverge
at the boundary r = 0, which means they are non-trivial on the boundary. Such
transformation relates two different physical solutions, which means our Schrodinger
solution is not equivalent to the AdS solution.

e [t is intuitive to have an interpretation of the fields in terms of Einstein classical
gravity theory. It is confirmed [3,95] by perturbation calculations that 3D Einstein
equation can be solved by z = 2 Schrodinger metric and its spin-3 matter fields.
In the current 4D example, we again expect the spin-3 fields to be responsible for

supporting the non-AdS metric solutions
1
R, — §RgW +Ag =T . (5.2.46)

The solution in Vasiliev frame equation is a strong evidence indicating that the

higher spin fields give the correct stress-energy tensor T, although it is not simple

iz
to compute it explicitly due to the lack of an action. This nonvanishing 7},, tensor
also indicates that this solution is physically different from AdS vacuum solution.
We expect this solution can be a simple model to study the interaction between

spin-2 metric and higher spin fields. ”

Spacetime symmetry We can find the spacetime symmetry of the full solution
by finding all the Killing vectors of both the metric and the higher spin metric like
fields. By definition, the Lie derivative of the fields along the direction of any killing

vector y* vanishes
LG =0, Loy, =0, LyOuvpe =0 ... (5.2.47)

Solving the first equations, we find the follow killing vectors generating the Schrodinger

isometry of the spacetime in our z = 2 example

XH = O, X = Ok, xXp =0y, XK = 20 — t0,, (5.2.48)

“In another known example, Schrédinger spacetime in D > 4 can be obtained by coupling a
gauge field A, to the Einstein gravity and then turning on finite background A, field [34]. (Notice

this gauge field also only has non-vanishing component in ¢ direction.)
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Table 5.1: Symmetry enhancement and metric like fields

Killing vectors —gur? spin-3 fields
(a) XK 162C2 e = 7353
(b) X 162CF | fu = — 250, fue = 22, frpe = 5
6(3C3r2—-8C3) _2C
Gt = (—7 Gue = —5°
(c) XD — \/§XK %C;?

thta: - 6\f03 ¢t$$ = %ﬂ%

6(3(iﬁfﬁ) r2—8(£v/Cr+vC5)" )

Pute = 6
c c —2(+V/C1+V/C3)” 6\/3(C1—C:
(d) XD + —\(fclfﬁ\/\/;\)/xj 9(Cf +34C3Cy + C3) ¢tt§ = ( TZ 3) ) ¢ttaz = W
2(+v/C1+/Cs )
¢tmm - - 4 -

Xp = 2t0; + x0, + 10, , Xo = 20, — 2(2® +1°)0¢ + txd, + trd, . (5.2.49)

Applying the Lie derivatives associated with these vectors to the spin-3 fields, we
find in general only H, M, P remain symmetry of the spin-3 fields. However, for
special choice of the parameters C;, i = 1,...,5, the symmetry of the system could
get enhanced. These extra enhanced symmetries can be summarized in Table 5.1

where the coefficients take the following values in different cases:

(a):  Ch—3Cs, C1—Cs Cy——3Cs Cs— 3Cs, (5.2.50)
(b): Cy—0, Ci—C; Cy—3iC3 C5—0,

(c): C1—=0, Co—0, Ci——1C3, C5—3Cs,

(d) : 02—>%<Clq:m>,C4—>i(—clztélm—Cg),C%—)%(:Fm—l-Cg) .

Thus we see that in case (a) the boost K generator restores and the symmetry

is enhanced to a Galilean group.® For another choice of the parameters (b), the

8In our convention, the Galilean group is generated by translations, rotations and boosts. One
could also add in a dilatation generator, but the particle number will not be conserved under this
scaling transformation for z £ 2. Therefore in this paper we do not include this dilatation generator
to be part of the Galilean group and consider it as part of the extension to the Schrodinger group

at z = 2.
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scaling symmetry is respected. Furthermore, it is possible for some other choices
of parameters (c), (d) that a linear combination of boost and scaling becomes a
symmetry. But it is impossible that both of them become symmetry simultaneously;
there are at most 4 generators in the symmetry of the solution.

The solutions (a), (b) and (c) have different boundary behaviour and hence are
different physical solutions. While in case (d) the parameter C is a gauge parameter
that relates the solutions (d) to (c).

We then consider the symmetries of the spin-4 metric like fields. Astoundingly,
the previously determined symmetries of the metric and spin-3 metric like fields are
all symmetries of the spin-4 metric like field as well. This is very likely to be a
consequence of the fact that in the frame like field W, only spin-3 components of
the higher spin fields are turned on; even though the spin s > 3 metric like fields are
non-vanishing, they do not carry new physical information.” Therefore we believe
the symmetries we have found previously are symmetries of the full solution that

we have constructed.

Global internal symmetry Global symmetry of a vacuum solution to the Vasiliev

equation can be extracted from the equation
de(ylz) + [W, e(yla)]. = 0. (5.2.51)

which determines how does a given symmetry parameter €y(y) at any fixed spacetime
point extend to a small neighborhood around this point. Since W is a solution to
the flatness equation, it is always possible to rewrite the vacuum solution in the

form of a pure gauge in this neighborhood [115-117].
W =g~ (ylz) * dg(ylx). (5.2.52)
The solution to the equation (5.2.51) in this gauge can be trivially solved as

e(ylz) = g7 (ylz) * eo(y) * g(ylz) (5.2.53)

where €y(y) does not depend on spacetime coordinates and fully determines the

global (internal) symmetry. It is concluded in [3] that the symmetry of Schrédinger

9We thank Wei Li for a discussion on similar situations in 3D.
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higher spin solution in 3D Chern-Simons theory is just SL(N, R) x SL(N, R) by
applying the gauge function method above. In the current higher dimensional case,

one could also conclude that €y(y) exhausts the whole Vasiliev higher spin symmetry

group.

5.2.4 Solutions with other scaling factors

As we have mentioned in the introduction, z = 2 Schrodinger spacetime has a larger
isometry group than Schrodinger spacetime with z # 2. To demonstrate that our
construction is universal for all integer z rather than merely a result of the larger
symmetry group at z = 2, we have also constructed the z = 3 Schrédinger spacetime
in a similar way. The z = 3 Schrodinger spacetime turns out to be supported by
spin-4 fields in the ¢ direction. I put the solution in appendix.

From the construction, we find explicitly that the back-reaction of spin-s fields
“deforms” AdS, to Schrodinger spacetime in 4D with z = s — 1.

A general spin-s field Wig,_2) = {walma%_w - wdl...dzs_z} has N, = 2(432 —1)
independent components, which is the same as the number of independent equations
in (5.2.32). In other words, if one specifies a group of parameters as “boundary
conditions” of the differential equations, all the components of master field W can
be uniquely determined. Furthermore, if this group of parameters can be fixed from
a given set of generalised vielbein, as in our spin-3 example, there is no degeneracy
problem. This property can only be checked case by case.

We have considered solution to the Vasiliev equation that corresponds to space-
time with Schrodinger isometry. These solutions are derived by turning on higher
spin fields with one given spin. One immediate question is what if we turn on fields
with different spins in a similar manner. '°

From the above construction, we notice that the higher spin fields only enter
equation (5.2.30b) and hence fields with different spins are in general independent
to each other. Therefore, the general solution with different higher spin fields turned

on is simply a linear combination of the previous solutions where only one single

10We thank Matthias Gaberdiel for pointing this direction to us.

May 7, 2016



5.A. Higher spin algebra in D =3 106

higher spin field is turned on. Thus the general solution gives the following metric

e g odtde + dr? + da?
ds = (Y Ly o 2AE AT d

r2i—2 r2 )

(5.2.54)

where the index 2, and i, are the minimal and maximal spins we have turned
on in the t-direction. The number of independent parameter f; agrees with the
number of different higher spin fields. Higher spin Fronsdal fields can be similarly
determined.

Geometrically, these solutions interpolate between Schrédinger-like geometries
with different dynamic exponents. This can be easily verified not only for the metric
but also the higher spin Fronsdal fields. The existence of this type solution is due
to the presence of higher spin fields, as well studied in the pure AdS case [98].

5.A Higher spin algebra in D =3

We will follow the notation in [24,118]. The higher spin algebra hs[\] generator V2
are defined to be

s—1-m (S +m — 1)'

Vi =(=1) (25 — 2)!

V2 V2L IVEL (VPN (5.1.55)
s—m—1 terms

where

VEi=L, Vi=1Ly,, V3=1L_,.

If A = N, the algebra is truncated to sl(N) and all the s > N generators can be

removed. The lone star product between generators has a closed form

s+t—|s—t|—1
s t __ st . Ss+t—u
Vex V= 5 ; gy, (m,n; NVt (5.1.56)
with
1 1
st )\ —(Z u—2 st )\ Nst
g .13 ) = ()" g S N ),
where

N (m,n) = Y (—1)k (u R 1) [s—=14+m]u_1 k[s—1—m|g[t—14+n|p[t—1—n]y_1 &,
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1 1 2—u l—u
_+>\’_ _)\7_7_
P (N) =aF3 | ° ? 21
%—s,%—t,%—l—s—i—t—u

Here [a], = a(a — 1)...(a — n + 1) are the descending Pochhammer symbol. The

commutator of two generators are defined as
X,Y]=X*Y -V *X. (5.1.57)
Vs transforms in the (2s — 1) dimensional representation of si(2) Lie algebra

V2Vl =(—n+m(s—1)V?

m)'m m+n

(5.1.58)

which is also one of the useful formulas used in verifying Schrédinger solution. The

trace of lone star product is defined to be

tr(X *«Y)=XxY

VrfL:07s>0 . (5159)

The relation with the oscillator realization is via the identification

1 1
Tll ) Vo2 = §T12, V_21 = §T22. (5160)

1
VEi=—
L)

Other higher spin generators V,? are related to 7,5 via equation (5.1.55).

5.B Prove local Lorentz invariance of metric-like

fields in 4D

We are going to show in the section that metric-like fields defined in section 3 are

invariant under generalized local Lorentz transformation. Take the following ansatz:
E = €9 + €3 = eaﬁ‘yagﬁ -+ wamkyayﬁgjﬁy’%

We will take spin-2 metric-like fields g,, as example. Invariance of higher spin fields
can be proved in similar way, but requires more texts to explain.
It is very straightforward to check g = Tr(eg*e5) is invariant under local Lorentz

transformation A, if only spin-2 fields are involved. In this case, we can confirm

e = el w=wasy"y’ +wiy Y’ (5.2.61)
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§ = e’ M=y + e300 (5.2.62)

Then
562 = df + [627A2] + [wa g]

0g = Tr([ea, Ag)s * €2 + €9 * [e2, A3],) =0

Spin-3 case is more complicated. For clarity, we will try to prove its invariance
under the basis of oscillator y*. Denote the generalized local Lorentz transformation

as A = Ao+ A3. Aj are those terms whose commutator with £ would vary it by d E.

IWE+E=[E/A,xE
= [ea, Ao]s x €3+ [e3, Asli x e3 + [e2, As|i % €2 + [e3, Ao)u xe2 (5.2.63)

+[62,A2]* * €9 + [63,A3]* * €9 + [62,A3]* * e3 + [eg,AQ]* * €3 (5264)

Note finally, we need to prove dyg = 0. The trace structure helps us simplify the
calculation. Note all the 4 terms in (5.2.63) would not have contribution to dag.
Take first term as an example. The commutator results in terms with odd numbers
of €4 tensor, so [ez, Ao, only has terms with two ys. The trace contraction of 3>
and y* by star product is always zero.

We are interested in those spin-3 gauge transformation terms whose commutator

with F change the value of E. These terms are

A3 ~ Eapniy Y YT+ Eapaiy I YT
We take the calculation of first term as example. By calculation, [es, Asl. * e3 + e3 *

[ea, A3), has a term

gy U’ Erory Y YT |ikes = 26,4600t (3™ Y YT Y+ Ty Yy Y ) kes (5.2.65)
The second term above is not important since it vanishes after taking trace. The

first term results in

Tl“(6€a5€»ym+€a7ynygﬂﬁl7+ * eabédyaybgé _d)

= 96e, 4 moreT e el T (5.2.66)
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This term is exactly cancelled by its counter partners in [es, Asl. * es + eo * [e3, Asl,.
Since

ak bo _d

[637 Eaﬁ'yi%yayﬁy’ygk]* = O(y6) + 48€abéd€’yli0+€ € € y'ygc'
The first term has no influence on the result. The second term contracts with ey
and gives 96e_, Béwﬁeabédea”eb"edfeweéﬁ. , which exactly cancels the term (5.2.66). The

cancellation of other term related to €_;.. can be shown in similar way. The other

afyk
two terms in (5.2.64) can be trivially cancelled by counter partners in E * [E, Al..
Putting all these results together, we prove the metric defined by star-product trace

has local Lorentz transformation invariance.

5.C z =3 Schrodinger solution

We will show explicitly a solution to spin-4 ¢ component Vasiliev equation. Consider
W,y t component perturbation near AdS vacuum (5.2.30), then equation (5.2.30a) is
modified as

de4 + W2 * /\W4 + W4 * /\WQ =0 (5367)
Expand in terms of components, Wy is

kb =T

Wit = Wapresrd VUV VY + @aprnsiV™ VWYV T + ©oponesi vy Y 00

0o st UV T VT 4 WitV VTV VT + 0oy V0 TG

+wo’zﬂ'w5%y_ag Py (5.3.68)

The solution to (5.3.67) turns out to be

1C 1Cs Cs 1Cy
Wasa358 = _ﬁ ) Wi%9993 = _@ ) Wiisgoy = _W ) Wiiigsgy = W )
Cs 1C5 1Cy Ch
Wiiiis = TiE 30 Wiiiiis = T 50 Wiiiiii = T 50 Wasddds = T3
Cs 2iCs 3C, 2iCg
Woi9993 = ﬁ’ Woiiggy = — 53 Waiiigg = — 103’ Woiiiia = — 573
Cs 5iC 51Cy Cs
Woiiiii = ﬁa Wo99229 = 9,3 Wo2i929 = o3 Woaiisg = ﬁ )
3iCr Cs 10C, 10Cy
Wagiiia = T4 Wooiiii = 73 Wo92299 = "33 Wog2i%g = RETE
4iCls C 51Cy 51Cy
Wo22ii2 = 3,3 Wa2iii = 73 W22292 = T8 Wo222i2 = T30

May 7, 2016



5.C. z = 3 Schrodinger solution

110

Cs Ch Cy 1C
W ii = — =% W 5 = = W i = = W222222 = ——=
222211 3 222222 3 222221 73 63’
Cy 2iCs 3C, 2iCy
(55555 _ = (5550 — _Z"e — =T - _°7°
122222 73 112222 53 11222 103’ 1iii22 53
Cs Cy 5iCy Cs
Wi — Waiiiis — . — WDrminss —
1iiii2 3 1iiiii 73 122222 93 121222 -3
3iCr Cs 51C5 1005
WDroiias = — WDrmiiis = —2 Wemiii: = ——=2 Wronsss = —
121122 A3 12iii2 3 12iiii 973 122222 33
4iCly Cy 4iCl 51C5
WDromiss — 7 [ W Lo
122122 373 122112 73 1221ii 3,3 122222 93
Cs 3iCy Cs 2iCs
w iy = ——— w = w y = — w L= —
122212 -3 122211 473 122222 73 122221 53
1Cy Cs 3iCr Cs
W122222 = W119999 = —% 999 = — =2 ii99 = =
63’ 112222 -3 111222 473 111122 -3
5iC5 5iCy 4iCl Cr
Wyaiiis = [ Dr1onsy = —2 WDr1miny = —
11iii2 93 11iiii 973 112222 33 112122 -3
4iCl 10C5 Cs 3iC;
Wy19ii9 = Wi19iii = — w 9 = ——— w iy = ——
112112 373 112iii 373 112222 3 112212 473
Cs 2iCs 3C% Cs
w o= = w , = — w | = — 7T = W112222 = 7o 3
112211 -3 112222 5r3 112221 1073’ 153
Cr 4iCl 10C5 10Cy
Wi11292 = 73 Wii1i2e = 3,8 Wiiiiiz = "33 Wii1iii = "33
3iCy Cs 51C5 3C;
w 5y = w iy = —— w = = w y = ————
111222 473 111212 73 111211 93 111222 1073
2iCg 1C7 Ce 5iC
W i = — W111222 = — 5~ 3 w ) = T o w 9= — Q5 a3
111221 53 20,3’ 111122 -3 111112 93
5iCy 21Cy Cs Cs
w o= w , = — w i = —<% Wi11122 = 75 =
111111 93 111122 53 111121 3 153
Cs Cy 1C5 1Cy (5.3.69)
w 5 = — w ;= — w = — w = — .o,
111112 111111 111112 111111
r3’ r3’ 63’ 6r3

This field will backreact on AdS geometry to give a z = 3 Schrodinger spacetime

metric.
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Chapter 6

Discussions and outlook

We explored nonsingular hyperscaling violation spacetimes in chapter 2 and found
that these geometries have smooth extensions beyond Poincare horizon in vacuum
case. We conjectured singularity in singular non-relativistic spacetimes is reflected
as IR divergences of field theory scattering amplitudes. By applying Maldacena and
Alday’s trick [19] in chapter 3, we found scattering amplitudes in Lifshitz space-
times have universal stronger IR divergences than those in AdS spacetime, which is
considered as a result of higher density of soft modes w ~ k?.

In chapter 4, we want to discuss whether it’s possible to resolve tidal force
singularity in higher spin theory. We have seen that the Lifshitz and non-integer
Schrodinger solutions of [92] have degenerate generalized vielbeins, so they are not
equivalent to some solution in the metric formulation of the higher spin theory. We
also found that in all cases the symmetries of the backgrounds in the Chern-Simons
formulation are SL(N,R) x SL(N,R), generalizing and simplifying an observation
of [93]. These seem significant obstacles to interpreting these backgrounds as non-
relativistic solutions. The Schrodinger solutions with integer z have non-degenerate
generalized vielbeins, so they remain as non-trivial examples of non-relativistic back-
grounds in the higher spin context. But our results prevent us from studying several
interesting questions about these backgrounds, such as identifying examples of Lif-
shitz field theories or addressing the physical meaning of the IR singularities in the
metrics (1.2.8, 1.2.10).

These problems could be moderated by considering classes of solutions which
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asymptotically approach these backgrounds, although one would be concerned that
the problem with the vacuum solution would reappear in the asymptotic region. For
the most well-developed example of asymptotically Lifshitz boundary conditions in
the higher spin context [93], we find that the generalized vielbein is still degenerate
at first subleading order. We have proposed that these boundary conditions may be
more usefully viewed instead as a novel asymptotically AdS boundary condition. In
that gauge a metric formulation is available, and it would be interesting to under-
stand the differences from the usual asymptotically AdS boundary condition. For
the boundary conditions of [100], the degeneracy of the generalized vielbeins was
lifted, and it appeared that an inverse could exist even in the asymptotic region. It
would be interesting to understand this case further.

The problems we have found are likely to be special to the case of three bulk
dimensions, as the Chern-Simons formulation is particular to this case, and the
absence of bulk degrees of freedom also obstructs obtaining richer families of solu-
tions. Therefore, we showed explicitly how to construct Schodinger solution in 4D.
These solutions of the Vasiliev higher spin theory have Galilean symmetry in D = 4
dimensions. Generalization to other dimensional spacetimes is straightforward by
using vectorial construction. We show that the spacetime symmetry group can be
the Galilean group or a non-relativistic scaling symmetry group. The field theory
interpretation of this solution can be considered as an analogue of massive vector
case [39]. Turning on spin-3 fields in the bulk corresponds to spin-3 current. Since
bulk AdS higher spin theory corresponds to free 3D boundary CF'T, the Schrodinger
solution is expected to dual to a deformed CFT with spin-3 current. Therefore the
immediate next step is to consider correlation functions of the bulk higher spin
system on the Schrédinger background and in the dual field theories. This would
provide another piece of strong evidence of whether our proposal is sensible or not.
This is currently under investigation.

It is possible to construct z = 2 3D Lifshitz spacetime by dimensional reduction.
One can show that if one adds a constant one-form 7 = n,dt to the AdS gravitational
connection

e=c P+ w=wasy®y’ + w70, (6.0.1)
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the master field W still solves Vasiliev equation. It turns out that the corresponding

metric represents the z = 0 Schrodinger spacetime

2dtd¢ + dr? + da?

2 _ 2,2
ds® = —n,dt* + 2

(6.0.2)

To proceed, we use the fact that D — 1 dimensional z = 2 Lifshitz spacetime emerges
from z = 0 Schrédinger spacetime in D > 4 dimension by dimensional reduction
in the ¢ direction [73,74,81,119]. Those 3D Lifshitz spacetimes are solutions of
Einstein equation with supporting matter fields and therefore safe from degeneracy
problem in higher spin theory [3]. One may be able to study how higher spin trans-
formation operates on the Lifshitz geometry, and understand the physical meaning
of IR singularity.

Even though we offer many calculations and discussions about the nature of
Lifshitz/Schrodinger singularity in this thesis, we are still unable to draw any con-
clusion to tell how to resolve it. This singularity does not affect many holographic
computations, thus many constructions of non-relativistic holography are then valid
without exploring this issue. Apart for this topic, there are many unanswered ques-
tions in non-relativistic holography. A few interesting topics are mentioned in [32].
Let me list several important ones.

It would be interesting to know whether Schrodinger black hole solution exists
in 4D Vasiliev theory. The known higher spin solution in 3 dimension [120,121], the
charged black hole solution with asymptotic Schrodinger geometry [57-59] together
with the reformulation of AdS, Kerr black hole solution into the unfolding formalism
[122] hint on possibility of finding black hole solutions with asymptotic Schrédinger
geometry in higher spin theory. We will leave this for future work.

One important question is whether Lifshitz solution exists in higher spin theory?
Although we prefer to give a negative answer to current construction [3], Newton-
Carton gravity is potentially able to contain such a theory. The advantages of
Newton-Carton gravity contain two perspectives. One statement is Horava Lifshitz
gravity emerge from Newton-Carton gravity if the latter is made dynamical [42]. Ho-
rava Lifshitz gravity allows Lifshitz solution without matter to support. Therefore,

(4.2.22) may be able to solve the modified Einstein equation. On the other hand,
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Newton-Carton gravity allows degenerate metrics g,, = —7,7, + hy,. Then Lifshitz
higher spin frame solution may have well-defined metric-like interpretation [123].

Newton-Cartan gravity as a non-relativistic limit of AdS/CFT, may be more
suitable to model non-relativistic holography. In this formulation, the symmetry
of holographic Lifshitz theories can be enhanced [124-126]. One may wonder what
kind of holographic Lifshitz may allow such constructions or further the enhanced
symmetry. This is still an open question.

Calculations of non-relativistic holography is technically more challenging. Per-
turbation methods are introduced to study non-relativistic holographic theories
which are small deformation of AdS holography: Lifshitz geometry near z = 1
and boosted Schrodinger geometry (4.2.82) [39,66]. However, z — oo limit Lifshitz
is less explored. This is due to back reaction [53,127] and other subtleties of the limit
geometry AdSs. Backreaction effect can deform the AdS,; geometry to be a Lifshitz
like spacetime [128] in some models. An interesting question is to what extent do
Lifshitz spacetimes inherit backreaction effect from AdSy geometry? Besides this,
one can see that the asymptotic boundary geometry of Schrodinger spacetime also
contains an AdS, factor [129]. Understanding AdS; gravity can promote the study

of non-relativistic holography.
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