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Numerical simulation of subcontinent lithosphere dynamics: cra-

ton stability, evolution and formation 

 
Hongliang Wang 

Abstract 
Through geodynamical modelling, two hypotheses about the craton stability and evolution were 

revisited and an important process of cratonization is investigated. Unlike most previous, related 

numerical studies, non-Newtonian rheology with composition dependence was used in these 

studies, and the rheological parameters are thus directly comparable with laboratory experiment 

of mantle. The first hypothesis, that the cratonic lithosphere is “isopycnic”, is found to be not 

strictly necessary for craton stability and longevity. The high viscosity of the cratonic litho-

sphere due to compositional effects on the mantle rheology is found to be essential to maintain a 

thickness difference between cratonic and non-cratonic lithosphere for over billions of years and 

it allows a modest negative buoyancy of the cratonic root, depending on the strengthening factor 

due to the compositional effects. The second hypothesis to be tested is that mantle plume im-

pingements cause rapid, significant removal of subcontinental lithosphere. The results presented 

in this thesis show that the erosion caused by a plume impact on a continent that is strong 

enough to have survived billions of years of Earth’s history is rather limited. A special weaken-

ing mechanism of such highly viscous and buoyant roots is required to reactivate this cratonic 

lithosphere and thus cause significant thinning within 10s of Myrs. The fluid/melt-rock interac-

tion during mantle metasomatism is probably the most likely mechanism to modify and weaken 

depleted cratonic lithosphere. Therefore, metasomatic weakening is essential for the significant 

thinning of subcontinental lithosphere observed, e.g.at North China Craton and Namibia, south-

ern African, no matter whether caused by a plume impact or another tectonic event.  

      Using the reasonable compositional effects on the buoyancy and rheology of mantle rocks 

from the above studies, numerical experiments are performed to study the formation of thick 

cratonic lithosphere from a layered, depleted mantle material. In this scenario, substantial tec-

tonic shortening and thickening of previously depleted material seems to be an essential ingre-

dient to initiate the cratonization process. Afterwards, gravitational self-thickening will cause 

further thickening. Compositional buoyancy resists Rayleigh-Taylor instability collapse and 

stabilizes the thick cratonic root, while the secular cooling also has a stabilizing effect on the 

cratonic root by reducing the thermal buoyancy contrast between lithosphere and asthenosphere 

and increasing mantle viscosity. The presented numerical results are consistent with the vertical 

movement of cratonic peridotite as suggested on petrological grounds.   
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Chapter 1 

Introduction 
 

The theories of plate tectonics and mantle convection provide a comprehensive view of how the 

silicate Earth evolves. Despite the efficiency of these mechanisms for recycling of material, as 

shown by the formation and subduction of modern oceanic lithosphere within about 200 Myrs, 

there are portions of the Earth's surface that are found to be older than 3.8 Ga, that is almost 85% 

of the history of the Earth [Bowring et al., 1989; Liu et al., 1992; Bowring and Williams, 1999]. 

These areas, together with slightly younger Archean areas (>2.5Ga), are referred to as cratons 

(“kratos” means strength in Greek) and are recognized as  the most geologically inactive and 

tectonically stable parts of our Earth (Fig. 1.1, [Pearson and Wittig, 2008]). Stable continental 

terranes that ‘only’ date back to Proterozoic are sometimes called Proterozoic cratons or Protons 

[Griffin et al., 2003b; Lee et al., 2011]. Although seismic studies suggest that Protons might 

have a similar thermal structure [e.g. James et al., 2001; Goes et al., 2005], they have substan-

tially different composition and longevity compared to Archean cratons. In this thesis, we use 

the word cratons as Archean cratons, and do not include Proterozoic cratons. Due to their long 

history, cratons provide unique information about early Earth evolution. Some first-order obser-

vations about Archean cratons include (modified from [Kusky et al., 2007]): 

1) Many cratons are preserved in the interior of continents (Fig.1.1), and it is difficult to 

map the exact margins of cratons [McKenzie and Priestley, 2008]. 

2) Typically, low heat flows are measured in cratons, averaging 41±11mW/m
2 

[Morgan, 

1984; Nyblade, 1999; Artemieva and Mooney, 2001], compared to higher heat flux 

(>60~80mW/m
2
) in most Phanerozoic regions [Lee et al., 2011]. 

3) Cratonic lithosphere is characterized by high seismic velocities and extends significant-

ly deeper than normal continental lithosphere and ocean lithosphere (>200km) [Jordan, 1978; 

Sleep, 2005; Priestley and McKenzie, 2013]. However, the existence of even thicker lithosphere 

(>250km) has been discarded using seismic anisotropy [Gung et al., 2003], which is consistent 

with the maximum depth extent of kimberlitic xenolith studies [Pearson and Nowell, 2002] . 

4) Diamonds are found from the kimberlites erupted from Archean cratonic lithosphere, 

which confirms the cold geotherms of thick cratonic roots as diamonds could only form in high 

pressure and low temperature environments [Boyd and Gurney, 1986]. 
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5) Highly refractory, buoyant peridotites are found from kimberlitic xenoliths erupted from 

cratonic regions, which experienced large degrees of melt extractions [Boyd, 1989]. Worldwide 

samples show variable degrees of mantle metasomatic overprinting of these cratonic peridotites 

from different areas [Erlank et al., 1987; Carlson et al., 2005; Tang et al., 2013]. 

6) Re/Os dating of cratonic peridotites demonstrates that the formation of cratonic mantle 

and crust are broadly coeval within error (i.e. ±200 Ma, see  Fig. 1.2) [Pearson et al., 1995; 

Shirey and Walker, 1998].  

 

Fig. 1.1: Global distributions of the Archean cratons and related geological observations (from [Pearson 

and Wittig, 2014] ). 

       These observations have made cratons as the most salient features at the Earth’s surface 

(Fig. 1.1) as well as in Earth’s mantle lithosphere. Based on these observations, the main aim of 

this thesis is to further our understanding of the cratons by using geodynamical modelling. The 

mechanism of the long term survival of cratons (both crust and mantle lithosphere) for over bil-

lions of year is probably the most apparent problem related to cratons. Fig. 1.1 indicates that the 

cratons are actually involved within plate tectonic activities (e.g. during the breakup of the Pan-

gean supercontinent). Thus, it is important to know how cratons evolved through Earth’s history, 

especially how they responded to major tectonic and mantle dynamic events. Furthermore, most 

cratons formed in the Archean, when the Earth was most likely much hotter and more vigorous 

than today [Herzberg et al., 2010]. So it is not immediately apparent how cratons managed to 

stabilize and survive in such a dynamic environment. This thesis aims to provide a geodynam-

ical perspective for these important scientific questions. 
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Fig. 1.2: The age histogram for the crust (U-Pb zircon ages, in yellow) and mantle (Re-Os ages, in blue) 

(from [Lee et al., 2011]) suggests that cratonic crust and mantle formed together. 

1.1 “Isopycnicity” and craton stability 
Seismic tomography studies demonstrate that there are significant differences between the ve-

locity structure of continental and oceanic lithosphere [e.g. James et al., 2001; Goes et al., 2005; 

Priestley and Mckenzie, 2006]. The compositional effects on the seismic velocities (both Vp and 

Vs) of mantle rocks are found to be secondary compared to the thermal effects [Cammarano et 

al., 2003; Schutt and Lesher, 2006], thus the seismic velocity structure of the lithosphere is 

largely caused by the thermal variation between different types of lithosphere. As a result of the 

thermal contraction effect on the density, the thick and cool lithosphere would experience sig-

nificant negative thermal buoyancy. This negative buoyancy, if not cancelled by other effects on 

the density, would almost certainly act to destabilise the thick cratonic thermal boundary layers, 

as suggested by Rayleigh-Taylor instability studies of the mantle lithosphere [Houseman and 

Molnar, 1997]. The “isopycnic” hypothesis was proposed to explain the long term survival of 

cratons [Jordan, 1978, 1988]. This hypothesis assumes that depletion-induced positive composi-

tional buoyancy offsets the thermal negative buoyancy, and permanently results in a neutrally 

buoyant cratonic root. Indeed, cratonic lithosphere probably experienced significant amounts of 

melt depletion, which increases the Mg-number (Mg# = Mg/(Mg+Fe)× 100) and reduces modal 

garnet and clinopyroxene (cpx) of  the cratonic peridotites, which results in significant chemical 

buoyancy of the cratonic root [Boyd, 1989; Kelemen et al., 1992; Pearson and Nowell, 2002; 

Kelly et al., 2003; Carlson et al., 2005]. This chemical buoyancy of the cratonic root is large 

enough to offset at least some of the negative thermal buoyancy and contribute to the stability of 

cratons. By assuming the isostatic balance at the base of lithosphere, Artemieva and Mooney 

[2001] further estimate that the Archean cratonic mantle lithosphere needs to be 1.5% less dense 

due to chemical depletion effects, while the stable Proterozoic lithosphere should be 0.6-0.7% 

less dense. 

       However, to exactly cancel out the negative buoyancy of a gradually changing thermal 

boundary layer to maintain an “isopycnic” root, a gradually changing depletion profile of cra-
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tonic peridotite (i.e. a gradual decrease in Mg# with depth) with an exactly opposite buoyancy 

effect is required. Well-stratified chemical layers with gradual depletion profiles are only ob-

served at the Slave and Tanzanian cratons [Lee and Rudnick, 1999; Kopylova and Russell, 

2000], but most other cratons don’t have such well-stratified lithospheric roots [Griffin et al., 

1999, 2003b; Pearson and Wittig, 2014]. On the other hand, numerical modelling of the secular 

thermal evolution of cratonic lithosphere has demonstrated that the isopycnic state of cratonic 

lithosphere is an inherently ephemeral phenomenon [Eaton and Claire Perry, 2013]. The need 

to reconsider the long-term craton stability beyond the traditional isopycnic hypothesis is thus 

warranted.  

1.2 Rheology of continental lithosphere 
Beside chemical buoyancy, other mechanisms have been proposed for the long term stability of 

cratons, in particular specific rheological conditions, such as shielding by mobile belts sur-

rounding cratons and the high strength of the cratonic root [Lenardic and Moresi, 1999; Shapiro 

et al., 1999; Lenardic et al., 2000; Sleep, 2003; Burov and Watts, 2006]. As the most abundant 

and probably weakest mineral in upper mantle material, polycrystalline olivine is suggested to 

dominate its rheology, and has a strong temperature, pressure, and stress dependence [Karato 

and Wu, 1993; Kohlstedt et al., 1995; Ranalli and Karato, 1995]. By assuming that other major 

minerals, such as clinopyroxene (cpx), orthopyroxene (opx) and garnet, have little effect on the 

mantle rheology, the composition-dependent rheology is often ignored. Many dynamical obser-

vations can be explained through geodynamical modelling using Newtonian and non-Newtonian 

rheology without considering the rheological effects of composition [e.g. Gurnis, 1988; Tackley, 

1998; Zhong et al., 2000; van Hunen et al., 2005]. The cool status of cratons, indeed, leads to 

stronger lithosphere compared to other types of lithosphere, but, by itself, such a cold viscous 

craton root doesn’t seem to be able to resist billions of years of craton erosion by mantle con-

vection [Doin et al., 1997; Shapiro et al., 1999; Sleep, 2003].  One of the main aims of this the-

sis is, therefore, to investigate the dynamical need for compositionally strong craton roots.  

       The compositional variation of the mantle lithosphere, especially  the varying volatile (wa-

ter, oxygen fugacity, melts) content are likely to have significant effects on the rheology [Hirth 

and Kohlstedt, 1996; Mei and Kohlstedt, 2000a; Karato, 2006; Keefner et al., 2011]. It has been 

proposed that the dehydration of cratonic roots due to their exceptional melt depletion might 

contribute to the high strength and longevity of cratonic lithosphere [Hirth et al., 2000; Carlson 

et al., 2005; Peslier et al., 2010].  However,  the effects of water on mantle rheology in labora-

tory experiments vary considerably between different experiments [Hirth and Kohlstedt, 1996; 

Karato, 2010; Fei et al., 2013]. Hirth and Kohlstedt [1996] found that the viscosity of water-

saturated olivine aggregates is reduced by a factor of 100 ~180 at a confining pressure of 300 

MPa (where the solubility of water is ~15.3 wt ppm or 250H/10
6
 Si). Karato [2010] proposed 

viscosity changes up to 4 orders of magnitude for a constant stress at depths of 200–400 km due 
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to the influence of water. On the contrary, a recent study of the silicon self-diffusion coefficient 

in forsterite suggests that the effect of water on upper mantle rheology is only up to one order of 

magnitude [Fei et al., 2013]. This debate about the water effects on the mantle rheology has re-

newed the discussion on the mechanism of the long term survival of cratons. Throughout this 

thesis, composition-dependent rheology with laboratory data derived parameters is used to study 

and long term stability of cratonic lithosphere, as well as the specific dynamical scenarios such 

as plume-craton interaction and thickening of cratonic root. 

1.3 Evolution of subcontinental lithosphere 
Even though the Archean cratonic lithosphere is generally considered to be stable and dynami-

cally inactive since it was formed, it is probably not isolated from the mantle convection and 

plate tectonics. The discovery that the North China craton (NCC) has lost more than 120 km of 

its lithosphere root in the Mesozoic [Fan and Menzies, 1992; Gao et al., 2002b] provides an 

unique example of how cratonic lithosphere can be completely destroyed during Earth’s evolu-

tion. There are some indications that other cratons or Proterozoic lithosphere have also experi-

enced some degree of thinning or recycling, such as the Wyoming craton [Goes et al., 2002; 

Carlson et al., 2004], the Colorado plateau [Levander et al., 2011], the Proterozoic lithosphere 

around the Kaapvaal craton [Bell et al., 2003; Mather et al., 2011], and the North Atlantic Cra-

ton (NAC) [Tappe et al., 2007].  

       Besides the physical thinning and recycling of Precambrian lithosphere, there is also signif-

icant evidence for chemical modification of the lithosphere root over time. With the develop-

ment of modern geochemical and petrological techniques, increasing evidence shows that much 

of the Precambrian lithosphere has experienced a progressive, multistage modification (or ‘en-

richment’) to their roots through mantle metasomatism [e.g. Carlson et al., 1995, 2005; Hang-

høj and Kelemen, 2001; Simon et al., 2003; Chesley et al., 2004; Sand et al., 2009; Janney et al., 

2010; Tappe et al., 2011; Tang et al., 2013; Smit et al., 2014]. Through fluid/melt-rock interac-

tion, metasomatic refertilization might increase the density and weaken the subcontinental litho-

spheric mantle (SCLM) and thus affect its stability [Carlson et al., 2005; Foley, 2008; Pearson 

and Wittig, 2008; Schutt and Lesher, 2010]. Metasomatic processes might also have a weaken-

ing effect on the rheology of the constituent peridotites by adding water to the originally dry, 

depleted continental root [Peslier et al., 2012]. Hydrous metasomatism, induced by water re-

lease from a stagnant slab in the transition zone underneath northeast China has been suggested 

to cause the destruction of the NCC [Niu, 2005].  

      Therefore, it is important to understand how stable subcratonic lithosphere responds to ma-

jor tectonic events (such as mantle plume impingements, nearby subduction events, or continen-

tal collision) and their related metasomatic modification. What are the main controlling factors 

in the thinning of the cratonic lithosphere? Is it the tectonic events themselves or rather the met-
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asomatism they induce? More specifically, it is important to understand under which conditions 

stable cratonic lithosphere would be completely destroyed or significantly thinned when using 

realistic rheologies. 

1.4 Origin and formation of cratonic lithosphere. 
Beside their long term stability and evolution, another important scientific question is the origin 

and formation of these chemically distinctive cratonic roots. Sleep [ 2005] suggested that craton-

ic lithosphere formed by processes analogous to modern tectonics. There are mainly three 

endmember hypotheses for the formation of cratonic lithosphere [Pearson and Wittig, 2008; 

Arndt et al., 2009; Lee et al., 2011]: 1. extensive melting in a mantle plume; 2. accretion and 

stacking of oceanic lithosphere; 3. accretion of the arc lithosphere. There has been much debate 

regarding the relative importance of mantle plumes versus subduction in this context [Lee, 2006; 

Aulbach, 2012; Pearson and Wittig, 2014]. The melting depth of the peridotitic protolith pro-

vides one of the key constraints in this debate [Herzberg, 1999; Canil, 2004; Pearson and Wittig, 

2008, 2014; Lee and Chin, 2014]. High pressure (3-6 GPa) melting conditions of craton proto-

liths as obtained from bulk-rock major element studies are used as evidence for a plume origin 

[e.g. Herzberg, 1999; Aulbach, 2012], although this approach does not consider later metaso-

matic processes [Lee, 2006; Pearson and Wittig, 2008]. Recently, Lee and Chin [2014] explicit-

ly calculated the temperature and pressure of peridotite melting through the bulk FeO and MgO 

of the residual peridotite and concluded that Archean cratonic peridotites are likely to be formed 

at melting temperatures of 1400-1750
o
C at 30-150 km and then transported to depths of 120-200 

km.   

       Geological evidence also suggests that vertical tectonics (i.e. tectonics in the form of pure 

shear shortening and stretching, rising diapirs and sinking Rayleigh-Taylor instabilities inside 

the lithosphere, as opposed to the more horizontal movements associated with plate tectonics) 

might have been more dominant in the Archean [Choukroune et al., 1995; Bédard et al., 2003; 

Sleep, 2005]. The oval-shaped TTG terranes surrounded by greenstone belts in the east Pilbara 

have commonly been suggested to be an example of the surface expression of such vertical tec-

tonics [Van Kranendonk et al., 2014]. Thus, the compressive thickening might have been an 

important process for cratonization in the Archean [Jordan, 1978]. A modern example of such 

compressive thickening is the Tibetan plateau, where it has been suggested that a new craton is 

forming [McKenzie and Priestley, 2008].  This thesis addresses some of these considerations by 

studying the vertical movement or the compressive thickening process in the Archean environ-

ment and investigating how it relates to the formation and stabilization of cratons, which might 

also help to understand why most cratons were formed in Archean.  
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1.5 Thesis outline 
The primary focus of this thesis is to investigate the main controlling factors on the long term 

stability and evolution of cratonic roots and how such roots originally formed and stabilized. 

This will be done using geodynamical modelling. The methodology parts are described in Chap-

ter 2 to 4. Chapter 2 describes the governing equations of mantle convection, rheology and state. 

Chapter 3 deals with the applied numerical methods including short descriptions of the finite 

element method and the particle-in-cell (PIC) method as well as some benchmarks of the code. 

Chapter 4 describes a conservative velocity interpolation developed for the particle advection in 

the PIC method and its advantage. The remaining four chapters present the main scientific re-

sults of this thesis. Chapter 5 studies the craton stability and longevity by using composition-

dependent non-Newtonian rheology and results are compared with experimental laboratory data 

on mantle rheology. Chapter 6 further extends this approach to a composite rheology between 

Newtonian and non-Newtonian rheology and studies the mechanical erosion of cratonic litho-

sphere by plume-induced mantle flow. It shows that such plume-related erosion on the original-

ly stable cratonic lithosphere is rather limited, and that metasomatic weakening must play an 

essential role on the thinning and recycling of the cratonic lithosphere. In Chapter 7, numerical 

experiments are performed to model the thickening and stabilization of thick cratonic roots from 

a horizontal layer of depleted viscous mantle material. It illustrates that the compressive thick-

ening is a dynamically viable process in the formation of cratons and that secular cooling has a 

stabilizing effect on cratons in an Earth that started off much hotter than it is today. This thesis 

ends with a final chapter with some suggestions for future studies in this research area.     
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Chapter 2 

 Mathematic equations and physical model   

2.1 Governing equations 
The solid rock of the mantle deforms and flows like a fluid on geological time scales, and as 

such mantle convection follows the principles of general fluid dynamics. For simplicity, three 

assumptions are often adopted, especially for the dynamics of the upper mantle: 1. incompressi-

ble flow; 2. infinite Prandtl number (ratio between the momentum diffusivity and thermal diffu-

sivity, Pr=~10
23

 for the Earth’s mantle) that makes inertial forces negligible; 3. The (Extended) 

Boussinesq approximation [Mckenzie et al., 1974; Schubert and Turcotte, 2004]. Generally 

speaking, the following non-dimensional governing equations for mass, momentum and energy 

conservation are solved: 

0∇ =u                                                                                                     (2.1) 

     0-∇∇∇∇- =CRbRaT++η+P
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A standard non-dimensionalisation is used, with 
0

2
/ ηη=ηκ,ht=th,x=x

'''
, where, in 

the equations above, the primes of the non-dimensional parameters are dropped for clarity. The 

dimensional physical parameters and their scaling factors are listed and explained in Table 2.1. 

The last two terms in Eq. (2.3) are added as an extension to the normal Boussinesq approxima-

tion (which makes it the so called “Extended Boussinesq Approximation”) and correspond to 

viscous dissipation and adiabatic heating, respectively [Christensen and Yuen, 1985; King et al., 

2010]. The Rayleigh numbers Ra (thermal), Rbi (chemical) and dissipation number Di are de-

fined as: 
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 Table 2.1 Symbols, units and default parameters. 

Sym-

bol 

Description Default value  

and units 

Scaling factors
b
 

A rheological pre-exponent (dislocation) [MPa
-n

s
-1 

]   

B rheological pre-exponent (diffusion) [MPa
-1

]  

E activation energy [kJ/mol] RΔT 

V activation volume [cm
3
/mol] RΔT/ρgh 

g gravitational acceleration 9.8 [m/s
2
]  

h model height [km]  

Cp thermal capacity 1250 [J kg
-1

K
-1

]  

n power law exponent [-]  

P deviatoric pressure [Pa] κη0/h
2
 

R gas constant 8.3 [J/mol]  

Ra  thermal Rayleigh number [-]  

 

 

Rb compositional Rayleigh number
a
 [-]  

T temperature [
0
C] 

 

ΔT 

Ts surface temperature 273 [K] 

 

 

ΔT temperature drop  [
0
C] 

 

 

  strain rate [s
-1

] 

 

κ /h
2
 

 thermal expansion coefficient 3.5x10
-5  

[K
-1

] 

 

 

η0 reference viscosity 10
20  

[ Pa∙s] 

 

 

 viscosity [ Pa∙s] η0 

 thermal diffusivity 10
-6  

[m
2
/s] 

 

 

 mantle density 3300 [kg/m
3
]  

Δρ1 density difference of upper crust and mantle 600 [kg/m
3
]  

Δρ2 maximum density change due to depletion 52.5 [kg/m
3
]  

Q0 radioactive heat production 0.02 [µW/m
3
] κρCp ΔT /h

2
 

Ci composition field 0~1 [-]  

Cη rheologically effective composition value
a
 0.6 [-]  

Δη0 strengthening factor when C≥Cη [-]  

t time [s] h
2
/κ 

ez vertical unit vector [-]  

u velocity vector m/s κ/h 

a 
Cη is chosen such that the second cratonic layer has the maximum strengthening factor due to 

its initial compositional field.  

b
 Scaling laws are depicted  as  X=X’*Sx, where X,  X’, Sx are the dimensional value, non-

dimensional value and scaling factor, respectively. 
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The chemical convection is simulated by solving the following composition conservation 

equation with particle-in-cell (PIC) method: 

  0∇
∂

∂
=C+

t

C

i

i
u                                                                          (2.7) 

2.2 Rheology of upper mantle 

The rheology of the upper mantle material is mainly controlled by temperature, pressure and 

stress and it has been suggested that mantle rheology is dominated by that of olivine (most 

abundant mineral, >50% in the upper mantle), and that the other minerals (cpx, opx, garnet, etc.) 

make little difference to the rheology of upper mantle [Karato and Wu, 1993; Ranalli and 

Karato, 1995; Hirth and Kohlstedt, 1996]. Many observations can be explained through geody-

namical modelling without having to consider the rheological impact of compositional hetero-

geneity. However, without this consideration, the long term survival of cratonic lithosphere has 

proved to be difficult to explain [Doin et al., 1997; Sleep, 2003; King, 2005]. Therefore, we aim 

to study the long term dynamics of the continental lithosphere by using a composition-

dependent rheology in our numerical models. 

2.2.1 Rheological law 

The deformation of rocks at high temperature, high pressure such as in earth's interior can be 

described by [Ranalli and Karato, 1995] : 

       









RT

PV+E
expdA=

mn
                                                                                  (2.8) 

       where σ is the deviatoric stress, d is the grain size, m is the exponent of grain size. Other 

variables are described in Table 2.1. However, in numerical studies, the rheological property of 

rock is often used as an “effective viscosity”: 
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                                                                               (2.9) 

        If n = 1, the viscosity doesn't depend on the applied deviatoric stress. This is referred to as 

“Newtonian rheology”, and applies to diffusion creep. The simplicity and numerical efficiency 

of Newtonian rheology has made it very popular in the geodynamic research and can be used to 

explain many geodynamic phenomena. However, rheological laboratory studies on mantle ma-

terial suggest that the dominant creep mechanism in the upper mantle is dislocation creep 

[Karato, 2010], which is characterized by a non-Newtonian rheology (n>1). 

       While the rheological parameters of a mantle peridotite (dominated by olivine) are well de-

termined by the laboratory studies, the rheology of crustal rocks is less constrained. In order to 

simplify the model and focus on the mantle dynamics, we ignore the rheological differences 

between mantle and crust in the models described in Chapters 5 and 6. 
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2.2.2 Composition-dependent rheology 

 The survival of cratons from the time of their formation in the Archean requires a cratonic root 

that is stronger than normal mantle material [Sleep, 2003]. Volatiles, especially water, are found 

to be one of the dominant influences on mantle rheology [Mei and Kohlstedt, 2000a, 2000b; 

Karato, 2010; Keefner et al., 2011]. The dehydration of cratonic roots due to their high melt 

depletion has long been proposed to contribute to the high strength of cratonic lithosphere 

[Hirth et al., 2000; Carlson et al., 2005; Peslier et al., 2010]. However, the effects of water on 

mantle rheology in laboratory experiments vary considerably between different experiments 

[Hirth and Kohlstedt, 1996; Mei and Kohlstedt, 2000b; Karato, 2010; Fei et al., 2013]. Hirth 

and Kohlstedt (1996) found that the viscosity of water-saturated olivine aggregates is reduced 

by a factor of 100 ~ 180 at a confining pressure of 300 MPa (where the solubility of water is 

~15.3 wt ppm or 250H/106 Si). Karato [2010] proposed viscosity changes up to 4 orders of 

magnitude for a constant stress at depths of 200–400 km due to the influence of water. In con-

trast, a more recent study of the silicon self-diffusion coefficient in forsterite suggests that the 

effect of water on upper mantle rheology is only up to one order of magnitude [Fei et al., 2013]. 

The important but disputed effect of water has left the composition dependence of the rheology 

rather unconstrained by laboratory experiments to the present. Therefore, it is important to con-

strain to what extent this composition dependence of the rheology is required for the long-term 

stability of cratonic roots. 

       The composition dependence of the mantle rheology is characterised by a strengthening 

factor ∆𝜂 in the numerical experiments presented in this thesis: 

Δη
nRT

ρgzV+E
expA=η n

n

n

dl
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where C2 is a composition value used to track the cratonic root material. This rheology has been 

used to study the craton stability and longevity during the normal plate mantle interaction in 

Chapter 5.   

       A composite rheology of non-Newtonian and Newtonian rheology is used to study the im-

pact of a plume on the cratonic root and thickening of the cratonic root in Chapter 6 and 7, re-

spectively. It is described by Eqs. (2.10)-(2.13).   
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Due to the non-linear stress-strain rate relationship used in the composite rheology, the ef-

fective compositional viscosity increase depends on the ambient stress or strain rate, and hypo-

thetically two endmember situations exist. For the case that strain rate is kept constant, changing 

the strengthening factor Δη in Eq. (2.11) will change the effective viscosity proportionally. If, 

however, stress remains constant, then increasing Δη will result in an effective viscosity increase 

of Δη
n
. We report ‘constant strain rate’ values Δη, and values used in this thesis (Δη =1, 2, 3, 4, 

5, 6,10) correspond to ‘constant stress’ values of Δη
n
 =1, 11.3, 46.8, 128, 279.5 and 529.1, 

3162.3, respectively, for n=3.5. Laboratory experiments, including those in [Hirth and Kohlstedt, 

1996; Mei and Kohlstedt, 2000b; Karato, 2010; Fei et al., 2013] listed above, often report ‘con-

stant stress’ values. Considering the significant variation in the results of laboratory experiments 

[Hirth and Kohlstedt, 1996; Karato, 2010; Fei et al., 2013], the range of strengthening factors in 

this study is considered representative. 

2.3. Thermo-chemical buoyancy 
The main driving force behind the thermochemical convection is the buoyancy force from den-

sity variations. As we focus on the lithospheric dynamics of the cratonic root, we ignore any 

density variations due to phase transitions.  Thus, the buoyancy force in the present models 

mainly consists of by two competing components: thermal and compositional buoyancy, as de-

scribed by the following equation of state: 

    𝛥𝜌(𝑇, 𝐶) = 𝛥𝜌𝑐 − 𝛼𝜌0(𝑇 − 𝑇𝑠)                                  (2.14) 

       The symbols and descriptions are listed in Table 2.1. The reference density ρ0 represents the 

density of the undepleted upper mantle under the condition of the Earth’s surface. The composi-

tion-dependent term depends on the depletion of the cratonic root during its creation and the 

metasomatic refertilization afterwards. The mantle potential temperature in the Archean has 

been suggested to be 250-350 K higher than the present temperature [Herzberg et al., 2010].  By 

using the standard thermal expansion coefficient and reference density as list in Table 2.1, a 

temperature difference of 250~350 K would give rise to a density variation of ~30 kg/m
3
, which 

is comparable to the Δρc. Combined with the fact that higher temperature also induce lower vis-

cosity, this suggested that the mantle convection must been  more vigorous and the dynamics 

for the cratonic lithosphere may have differed in the Archean, which will be discussed in Chap-

ter 7. 
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Chapter 3 

Numerical methods 
 

3.1 Stokes solver 
A Cartesian version of the finite element code Citcom [Moresi and Solomatov, 1995; Zhong et 

al., 2000; van Hunen et al., 2005]  is used to solve the mass, momentum and energy conserva-

tion equations 2.1 - 2.3.  The finite element (FE) method discretizes the model domain into 

many small subdomains, called finite elements, in which the variable field is described by a lo-

cal simple function (shape function) of the values on local nodes. Through variational methods 

(the calculus of variations), the problem can be approximated by minimizing an associated error 

function. By solving the equivalent weak formulation that satisfies the boundary conditions, a 

numerical solution of the partial differential equations can be obtained. Citcom is based on a 

Galerkin weak-form FE formulation for the Stokes flow [Hughes, 2000] and uses 4-node quad-

rilateral elements. An Uzawa algorithm [Atanga and Silvester, 1992] is used to solve the matrix 

equations from the weak formulations of Eqs. (2.1) and (2.2).  To avoid numerical instabilities 

in parts of the model domain where heat advection dominates over heat diffusion, the energy 

equation 2.3 is solved by a streamline upwind Petrov-Galerkin method (SUPG) [Brooks, 1981] 

with the velocity solution from Eq. (2.1) and (2.2). In order to speed up the computations, a 

multigrid solver is implemented that eliminates the iteration error simultaneously at different 

length scales [Moresi and Solomatov, 1995; Zhong et al., 2000].  

3.2 Particle-In-Cell methods 
As we focus on the effects the composition has on the rheology and buoyancy in the mantle, the 

chemical field, which is updated according to Eq. (2.7), plays an important role in this work. To 

avoid the presence of unwanted numerical diffusion,  Eq. (2.7) is solved with a particle-tracking 

technique [van Hunen et al., 2000; Ballmer et al., 2007]. In this method,  tracers carry composi-

tional information that is used for density and rheology calculations, and are advected at every 

time step by a 2
nd

 order Runge-Kutta scheme. The velocities at which those tracers move are 

interpolated from the FE solution of Eqs. (2.1) and (2.2) at the element nodal points. The tracer 

composition values are, in turn, required by the FE method at the integration points inside every 

element in order to calculate the buoyancy and viscosity, but we simply use an average ele-

mental value for all the integration points in an element. This value is calculated by interpola-

tion from the tracers within a given control volume by using the “ratio” method described in 

[Tackley and King, 2003]. Usually, and also in this version of Citcom, this control volume is the 

local finite element. The implementation of this socalled ‘Particle-In-Cell’ (PIC) method in the 

code has been benchmarked against van Keken et al.[ 1997] and Schmeling et al.[2008]. In or-
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der to handle the particle inflow and outflow in the open boundary problems such as those de-

scribed in Chapter 7, the particles within any element facing an open boundary (i.e. a boundary 

through which material can flow in or out of the computational domain) are refreshed at every 

time step (Fig. 3.1): we first remove all the old particles in these elements and then refill them 

with  randomly distributed particles. This technique uses a virtual pool of particles for the 

boundary elements, and this method maintains a statistically constant number of tracers in the 

computation domain. The new particles inherit the (interpolated) values of the old particles in 

the element. As we only do this in a single layer of elements, this technique does not affect the 

internal dynamics of the convection. 

       The commonly used velocity interpolation method to particles is bilinear (2D) or trilinear 

(3D) interpolation, which induces particle clustering and dispersion in regions of strong velocity 

gradients. To avoid these problems, we developed and implemented a solution to this problem 

by implementing a conservative, divergence-free velocity interpolation, which will be discussed 

in Chapter 4. 

Fig. 3.1: The particle refreshment in the boundary elements where there are particles inflow/outflow. 

  

3.3 Non-Newtonian rheology tests 

The implementation of non-Newtonian rheology has been benchmarked using the results of 

Christensen [1984], who shows 2-D results for non-Newtonian rheology convection for a range 

of rheological parameters. As temperature plays a dominate role on the viscosity contrast in our 

models, we choose his case 4.2b (strong pressure and temperature dependence) and 4.4b (tem-

perature dominated viscosity) as two benchmark problems for the non-Newtonian rheology. The 

Newtonian rheology counterparts (case 4.2c and 4.4c) of these two cases are also calculated for 

comparison. The reader is referred to Christensen [1984] for the detailed descriptions of model 

setup for these convection problems.  
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       The steady state solutions of these four cases are calculated for comparison with the pub-

lished benchmark results. Fig. 3.2 shows the viscosity and temperature field comparison (case 

4.2b, 4.2c) between the results from Citcom and the result from Christensen [1984]. As the con-

tours in Fig. 3.2 illustrate, our results have very similar (or almost the same) patterns of viscosi-

ty and temperature structures when compared to the benchmark results. Similar comparison re-

sults can also been seen for case 4.4b and 4.4c, as showed in Fig. 3.3. The Nusselt number, 

which characterises the ratio of the convective and conduction heat transfer across the boundary, 

is often used for the benchmarking for the mantle convection problems [e.g. Blankenbach et al., 

1989; King et al., 2010]. Table 3.1 shows the Nusselt number and root mean square of the ve-

locity for cases 4.2b and 4.4b with different resolutions. The similar results of the medium and 

high resolution models indicate convergence of these two models with improved resolution. The 

difference of the Nusselt numbers between the medium resolution (105-by-75) and the result of 

Christensen [1984] is within 5%. These comparisons confirm that both the Newtonian and non-

Newtonian rheology are correctly implemented in Citcom. 

      Christensen [1984] illustrated that if activation enthalpy for the Newtonian case is reduced 

by a factor X compared to the non-Newtonian case, the two models share similar temperature 

structures with their non-Newtonian counterparts, even though their viscosity structure differs 

significantly. This characteristic is commonly used in numerical studies to mimic the effectts of 

non-Newtonian rheology using a computationally more efficient Newtonian rheology (e.g. van 

Hunen et al., 2005). However, it is worth noting that the similarity in the temperature field is 

only observed in steady state situations, and the time dependent fluid dynamics can be quite dif-

ferent between models with Newtonian and non-Newtonian rheology. Thus, it is worthwhile to 

use fully non-Newtonian rheology models to study the long term dynamics of the continental 

lithosphere such as described in Chapters 5, 6 and 7.  

Table 3.1 Comparison of the Nusselt number and root mean square velocity for case 4.2 

and 4.4c (Christensen [1984])    

 50x70 75x105 100x140 
Christen-

sen[1984] 

  Nu Vrms Nu Vrms Nu Vrms Nu 

Case4.2b 8.01 2.350e2 8.355 2.3044e2 8.46 

 

2.290e2 8.59 

Case4.4b 7.72 1.529e2 7.78 1.530e2 7.75 

 

1.524e2 7.77 
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Fig. 3.2: Viscosity and temperature comparison between our numerical results (down) with the case 4.2b 

and 4.2c in Christensen [1984] (right). Strong pressure and temperature dependent viscosity is used in 

these models.  Case 4.2b and 4.2c use non-Newtonian and Newtonian rheology, respectively.  

 

 

 

 

  

 

 

Fig. 3.3: Viscosity and temperature comparison between our numerical results (down) with the case 4.4b 

and 4.4c in Christensen [1984] (right). Strong temperature dependent viscosity is used in these models.  

Case 4.4b and 4.4c use non-Newtonian and Newtonian rheology, respectively.  
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Chapter 4 

Advantages of a conservative velocity interpolation (CVI) scheme 

for particle-in-cell methods with application in geodynamic mod-

elling1 
 

Abstract 

The particle-in-cell method is generally considered a flexible and robust method to model the 

geodynamic problems with chemical heterogeneity. However, velocity interpolation from grid 

points to particle locations is often performed without considering the divergence of the velocity 

field, which can lead to significant particle dispersion or clustering if those particles move 

through regions of strong velocity gradients. This may ultimately result in cells void of particles, 

which, if left untreated, may, in turn, lead to numerical inaccuracies. Here, we apply a two-

dimensional conservative velocity interpolation scheme (CVI) to steady state and time-

dependent flow fields with strong velocity gradients (e.g. due to large local viscosity variation), 

and derive and apply the three-dimensional equivalent. We show that the introduction of CVI 

significantly reduces the dispersion and clustering of particles in both steady-state and time-

dependent flow problems, and maintains a locally steady number of particles, without the need 

for ad-hoc remedies such as very high initial particle densities or re-seeding during the calcula-

tion. We illustrate that this method provides a significant improvement to particle distributions 

in common geodynamic modelling problems such as subduction zones or lithosphere-

asthenosphere boundary dynamics. 

  

                                                           

1
 This Chapter has been accepted for publication to Geochemistry, Geophysics, Geosystems as “Ad-

vantages of a conservative velocity interpolation (CVI) scheme for particle-in-cell methods with applica-

tion in geodynamic modelling” by Hongliang Wang, Roberto Agrusta, and Jeroen van Hunen. The meth-

odology was elaborated and the manuscript written by H. Wang. The co-authors have participated in this 

study by providing training, feedback on the manuscript, the subduction model application, and useful 

discussions. 
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4.1. Introduction 

Chemical heterogeneities play an important role in mantle dynamics and an accurate numerical 

method to treat them in geodynamic models is of prime importance [Tackley et al., 2001; 

McNamara and Zhong, 2004]. Several techniques are used to track the composition field in 

computational fluid dynamics, and the particle-in-cell method (PIC), which advects composi-

tion-carrying particles with the ambient velocity field, is found to be a very flexible and robust 

method to model many geodynamical problems [van Keken et al., 1997; Tackley and King, 

2003], and is commonly used in the mantle convection community [e.g. van Keken et al., 1997; 

Schmeling, 2000; Gerya and Yuen, 2003b; Moresi et al., 2003; Tackley and King, 2003; Ballmer 

et al., 2009]. 

       The algorithm of the PIC method to track the composition field typically involves 1) veloci-

ty interpolation from a grid of computational nodal points (hereafter collectively referred to as 

the mesh) to the particle locations, 2) time-integrated advection of the particles, and 3) interpo-

lation of the particle information to the mesh. For most problems, a 2
nd

 or 4
th
 order Runge-Kutta 

scheme usually proves to be sufficiently accurate to advect the particles [Gerya and Yuen, 

2003b; Moresi et al., 2003; McNamara and Zhong, 2004]. Although a commonly used bilinear 

or biquadratic velocity interpolation to and from the particles may be sufficiently accurate for 

many flow problems [van Keken et al., 1997; Gerya and Yuen, 2003b; Tackley and King, 2003], 

these methods interpolate the velocity components independently, without considering the di-

vergence of the velocity field. Such interpolation schemes might induce non-physical clustering 

of the particles, depending on the flow field [Jenny et al., 2001; Meyer and Jenny, 2004]. This 

effect may not be significant or obvious when the velocity field is rather smooth, but an unphys-

ical distribution of the particles can become significant if strong velocity gradients are present. 

Ultimately, this may result in grid cells or elements totally void of particles, which are some-

times remedied using locally very high mesh resolutions and/or particle densities, or various ad-

hoc solutions, such as assuming a default composition for those empty cells, or repeated reseed-

ing with additional particles [Poliakov and Podladchikov, 1992; Weinberg and Schmeling, 1992; 

Edwards and Bridson, 2012]. As we will illustrate below, this problem can be particularly se-

vere in case of geodynamical applications with sharp viscosity contrasts and thus strong velocity 

gradients, such as plate interfaces in subduction zones.  

        An improved velocity interpolation scheme that conserves the divergence of the flow field  

has been developed by Jenny et al. [2001] and the simplified scheme for incompressible flow 

(i.e. divergence free) has been demonstrated that it largely eliminates the spurious distribution 

of particles for 2D incompressible flow problem [Meyer and Jenny, 2004]. Other types of di-

vergence free interpolations has also been proposed for specific 2D incompressible flow field 

[Vennell and Beatson, 2009; McNally, 2011], although equivalent schemes for 3D flow are of-
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ten absent. Impressed by the simplicity of the scheme in 2D Cartesian coordinate system as de-

scribed by Meyer and Jenny [2004], we test it in our code and further develop the equivalent 3D 

scheme in this study. We illustrate that the divergence free interpolations (i.e. conservative ve-

locity interpolation for incompressible flow) in both 2D and 3D calculations are very successful 

in many geodynamical scenarios where large local viscosity contrasts are common.  

4.2 Method 

4.2.1 Governing equations 

To illustrate the concept of particle divergence in an incompressible, infinite Prandtl-number 

flow field, the following standard non-dimensional governing equations for conservation of 

mass, momentum, energy and composition are solved under the Boussinesq approximation: 

0 u ,                                  (4.1) 

     0
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RbCRaTP euu ,                 (4.2) 
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where u, P, η, T, C, t, Ra and Rb represent velocity, pressure, viscosity, temperature, composi-

tion, time, the thermal and compositional Rayleigh number, respectively, and ez is the vertical 

unit vector positive upward. 

      For the steady state flow problems in section 4.3, analytical solutions for Eqs. (4.1) and (4.2) 

are applied at the nodes at every time step. In that case, particles are passively advected through 

the interpolated velocity field and do not affect the flow. For the time dependent flow problems 

in section 4.4, the flow field is solved numerically using a Cartesian finite element code Citcom 

[Moresi and Solomatov, 1995; Zhong et al., 2000]. In the case of active particles, the composi-

tion field carried by the particles can have a feedback on the solution of Eqs. (4.2) and (4.3).    

      Eq. (4.4) is solved by a particle-tracking technique, in which the particles are advected at 

every time step by a 2
nd

 order Runge-Kutta scheme with interpolated velocities based on the 

node velocities from Eqs. (4.1) and (4.2). The compositional value is then interpolated to the 

finite element integration points. 
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Fig. 4.1: Schematic diagram to show the node name convention of a 3D finite element used in this study.  

4.2.2 Velocity interpolation scheme 

The non-conservative interpolation from nodal points of a local finite element to any point with-

in the element is done using a bilinear (in 2D) or tri-linear (3D) interpolation scheme with 2
nd

-

order accuracy. In the general 3D case, this interpolated velocity U
L
 is defined as:  
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where Ui is the ith-component of the velocity field at local coordinates (x1, x2, x3) and super-

scripts a - h  refer to the nodal points of the unit cell, as illustrated in Fig. 4.1. The improved 

conservative interpolation can be derived by adding a correction term to conserve the diver-

gence velocity field after the interpolation. The 2D case for the incompressible flow is provided 

by Meyer and Jenny [2004], in which correction terms are added to the bilinear interpolations 

(Eq. (4. 5)): 

i

L

ii
UUU                      (4.6) 

with ΔUi a correction term. Here, we derive the general, 3D version of this correction term for 

incompressible flow as: 
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where the coefficients (C10, C12, C20, C23, C30, C31 ) are defined as (see Appendix A): 
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In 2D, the interpolation and correction schemes simplify significantly by ignoring all terms as-

sociated to the 3
th
 dimension (i.e. x3 = 0 and 0

h

i

g

i

f

i

e

i
UUUU ), in which case Eq. 

(4.7) simplifies to the 2D incompressible scheme of Meyer and Jenny [2004].  

Adding these corrections doesn’t improve the order of accuracy of the interpolation (it remains a 

2nd order accurate scheme), but they ensure a divergence-free velocity field over the cell. 

4.3 Steady state flow experiments 

In this section, two 2D steady state flow problems with analytical solutions are used to illustrate 

and test the non-conservative and conservative velocity interpolation, hereafter called n-CVI 

(Eq. (4.6) with Ui = 0) and CVI (Eq. (4.6) with Ui ≠ 0) respectively. The flow in these prob-

lems is incompressible, so ideally, no particle convergence or divergence should occur. 

4.3.1 Couette flow  

The first test is a simple laminar flow of viscous fluids between two relatively moving parallel 

plates, known as the Couette flow. This flow is characterized with a constant shear stress 

throughout the flow domain, so analytical solutions for different viscosity layering are easily 

derived. We imposed the analytical solution of the velocity field for a Couette flow with two 

different viscous fluids (viscosity ratio of 10
3
) in a unit model domain. The flow is at a 45-

degree angle to the boundaries of the domain, as shown in Figs. 4.2a and 4.2b. To clearly illus-

trate the potential problem with n-CVI scheme, a very course mesh of 8×8 cells is used and an 

initially randomly distributed set of 10
4
 particles. To provide a continuous solution in time, par-

ticles are allowed to flow into and out of the model domain at every time step.  
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      When the n-CVI is used, a significant pattern develops in the particle distribution, since the 

sharply contrasting velocities of the 4 corners of any cell that lies across the two viscosity do-

mains will result in spurious velocities inside the cell due to the imperfect interpolation (Fig. 

4.2a). The particle dispersion and clustering in those cells occurs because particles in the upper 

part of the cell move with a much faster velocity than they should, due to the bilinear interpola-

tion from the high velocity of the lower right node, while they will stay almost stagnant once 

they move to the next cell that doesn't contain any high velocity node. Fig. 4.2b illustrates that 

these spurious particle distribution patterns disappear when the CVI scheme is applied. 

Fig. 4.2: Particle distribution for the two steady-state cases after 5000 time steps, with black arrows 

showing the velocity field at the nodes. (a, b) Particle distributions obtained by a diagonal Couette flow, 

with red and blue areas indicating low and high viscosity, respectively. a) The velocity is interpolated 

with the n-CVI scheme. The dispersion (white areas) and clustering (highlight by pink arrows) of parti-

cles at the boundary between the two rheological layers is clearly visible. b) The interpolation is carried 

out with the CVI, in which case the particle clustering is absent. (c, d) SolCx test with the n-CVI scheme 

(c) and with the CVI scheme (d). The colour scale indicates the number of particles per cell. Using the n-

CVI produces almost empty cells and clustering of particles at the edge of the viscosity interface, while 

with the CVI any clustering is virtually absent.  

4.3.2 solCx with viscosity jump of 104 

The second test is the analytical solution for 2D incompressible Stokes flow with a sharp lateral 

viscosity jump, developed by Zhong [1996], which was later termed “solCx” [ Duretz et al., 

2011]. Here we use a viscosity jump of 10
4
 in the middle of the box. The computational domain 
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has a unit aspect ratio, and it is discretised by 32×32 cells. The flow is driven by an internal si-

nusoidal force [Duretz et al., 2011], with free slip mechanical boundary conditions. The analyti-

cal solution has been used as benchmark for high viscosity contrast experiments [Moresi et al., 

1996; Duretz et al., 2011; Thielmann et al., 2014]. The source code to calculate the analytical 

solution is provided as part of the open source software Underworld [Moresi et al., 2007]. 

A set of 25600 initially randomly distributed particles (~25 per cell) is advected using the 

analytical velocity solution at the nodes and interpolated from the nodes to the particles for eve-

ry time step. As shown in Fig. 4.2c, particle clustering forms with the n-CVI within 5000 time 

steps advection. Particle clustering develops near the viscosity jump where the strong velocity 

gradient is located. Strong gradients in the velocity field (which is originally divergence-free at 

the cell nodes) for cells that cross the viscosity interface result in an interpolated velocity that is 

not divergence-free anymore, because the interpolation scheme doesn’t explicit conserve the 

divergence (Fig. 4.2c). For the CVI scheme, the interpolation is explicitly divergence-free, and 

therefore particles do not cluster (Fig. 4.2d).  

Fig. 4.3: Rayleigh-Taylor instability benchmark test after van Keken et al. [1997]. a) and b) particles 

distribution for the case with a viscosity contrast of 100 (red and blue are high and low viscosity, respec-

tively)  obtained using the n-CVI (a) and CVI (b) scheme, respectively. The black arrows in a) indicate 

gaps in the particle distribution. c) and d) Time series of the velocity rms for three viscosity contrasts (1, 

10, 100) for the n-CVI (c) and CVI scheme (d) respectively. e) and f) The maximum and minimum number 

of particles per cell across all cells for100 calculations for an initial particle density of ~25 particle per 

cell (e) and ~100 particles per cell (f). 
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4.4 Time dependent flow in geodynamical applications 

To illustrate the advantage of the CVI scheme for more geodynamically interesting problems, 

three time-dependent flow problems in which particles affect the flow field are modelled with 

different particle velocity interpolations in this section. We first compare our results with the 

standard benchmark problem from van Keken et al [1997], and then we test two types of specif-

ic geodynamic problems. 

4.4.1 Rayleigh Taylor instability with a viscosity contrast.  

We use a Rayleigh-Taylor instability [van Keken et al., 1997] to test the bilinear interpolation 

for a thermochemical convection problem. This benchmark case has become a rather standard 

test in the geodynamical community for particle-based methods. The convection is driven by 

compositional density differences. The composition is advected with particles, and for the cases 

with viscosity contrast between the layers the viscosity is also carried by the particles. So an 

important difference with the previous, analytical test cases is that particles actively affect the 

flow field. Fig. 4.3a and 4.3b show flow results obtained for the case with viscosity contrast of 

100 performed in a model domain discretised by 64×64 cells and filled with ~25 particles per 

cell. Fig. 4.3a illustrates the gaps in the particle distribution using the n-CVI, whereas with the 

CVI scheme the particles remain proportionally distributed throughout the domain (Fig. 4.3b). 

The interpolation method does not significantly affect the flow pattern, as shown by the time 

series for the root mean square velocity of the three cases demonstrated (Fig. 4.3c, 4.3d). The 

advantage of using the CVI scheme is more clearly illustrated in Fig. 4.3e and 4.3f where the 

maximum and the minimum number of particles per cell throughout the simulation are plotted. 

This shows how, in the n-CVI scheme, the number of particles per cell is strongly time-

dependent, with some elements eventually being completely void of particles, whereas the CVI 

scheme maintains a statistically constant particle density everywhere.  

4.4.2 2D subduction dynamics  

Converging plates in subduction zones are decoupled by a thin weak layer [e.g. Agrusta et al., 

2014] (Fig. 4.4a), and here we explore how intense shearing and local large viscosity contrasts 

affect the velocity interpolation for each of the interpolation schemes. The dynamics are calcu-

lated using a finite element method, in which a ~15 km thick weak (10
20

 Pa∙s) decoupling layer 

(down to 200 km depth) between the converging plates is modelled using active particles. The 

model domain represents the upper mantle, with a box height of 660 km and an aspect ratio of 3, 

discretised into 520×127 elements. The ~3x10
6
 particles are distributed initially randomly 

across the domain. The box resolution is refined vertically and horizontally to better resolve the 

weak layer and area at subduction trench. For a detailed description of the numerical set-up and 

rheological model, see [Agrusta et al., 2014]. 
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       A model snapshot at 2.3 Myr (Fig. 4.4a) illustrates how the sharp viscosity contrast be-

tween the rigid plate and the weak layer generates a high velocity gradient that induces the par-

ticles to accumulate in the weak layer and leaves voids above it with the n-CVI scheme (Fig. 

4.4a, left panel), whereas the CVI scheme prevents this behaviour (Fig. 4.4a, right panel). This 

particle behaviour is very similar to the Couette flow illustrated above.  

4.4.3 3D lithosphere dynamics 

Another example of a geodynamical scenario in which particle distribution can be significantly 

affected is the long-term interaction between the base of the lithosphere and the convecting 

mantle. Here we test the CVI scheme on a 3D model of a very viscous cratonic root in a much 

weaker thermochemically convecting mantle that has often been studied in 2D situations 

[Lenardic et al., 2003; O’Neill et al., 2008; Wang et al., 2014]. The computational domain is 

660 km deep with a unit aspect ratio. To represent a buoyant craton, a half-sphere, composition-

ally different from the surrounding mantle is situated at the top of the cube (Figs. 4.4b-e). The 

viscosity contrast between the half-sphere cratonic root and the mantle is 10
3
. The initial inter-

nal temperature field is 1350
o
C everywhere. T=0 and T=1350

o
C are imposed on the surface and 

bottom, respectively, with zero heat flux on the sides and with free-slip mechanical boundary 

conditions everywhere. We use a coarse mesh resolution of 33×33×33 cells with 10
6
 particles. 

Fig. 4.4b shows the temperature field after a dimensionless time of 1200. The particle distribu-

tion in cross-section slices of one cell width, projected in a cross section, show the particle dis-

tribution with the n-CVI and CVI schemes in Fig. 4.4c and 4.4d, respectively. Similar to the 2D 

calculations, the trilinear n-CVI induces particle clustering near the compositional boundary 

(Fig. 4.4c), whereas the 3D CVI scheme maintains a homogenous particle distribution (Fig. 

4.4d). With the n-CVI, the minimum particle number reaches zero quickly and remains small 

afterwards; the maximum particle number keeps increasing steadily, which illustrates the ongo-

ing clustering of particles. In contrast, the minimum and maximum particle count per cell stays 

between 10 and 55 with the CVI scheme, which illustrates again a persistently homogenous par-

ticle distribution through time (Fig. 4.4e). 
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Fig.4.4: Two examples on the effect of the different velocity interpolation schemes for geodynamically 

relevant scenarios in 2D and 3D. a) Particle distribution around a weak layer that decouples converging 

plates in a subduction zone. Particle clustering develops at the interface between the weak layer and the 

overriding plate by using the n-CVI scheme (bottom left inset), whereas particles remain evenly distribut-

ed by using the CVI scheme (bottom right inset). b) Temperature field near an idealised buoyant craton in 

a 3D scenario, with particle distributions obtained with the n-CVI (c) and CVI (d) scheme. The arrows 

point towards occurrences of particle clustering. e) Time series of the maximum and minimum number of 

particles per element for each of the two interpolation schemes in the 3D craton model. 
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4.5 Discussion and conclusion 

In this study, we reported a solution for a commonly observed problem in geodynamic model-

ling related to the PIC method. Using the analytical solution of two steady-state flow problems, 

we demonstrate that the commonly observed clustering and dispersion of particles in a PIC 

method is insensitive to numerical discretisation techniques or particle advection methods, but 

instead is caused by the non-conservative interpolation method of the velocity field from the 

cell nodes to the particles. The conservative velocity interpolation (CVI) proposed in this study 

solves this problem for incompressible flow by ensuring a divergence-free velocity field for the 

particles. We illustrate that this method works very well for both steady-state flow problems and 

geodynamically more complex and relevant time-dependent flow problems.  

4.5.1 Numerical advantage and wider applicability 

Maintaining a certain minimum particle density in every computation cell is important for the 

success of PIC methods [van Keken et al., 1997; Tackley and King, 2003]. However, significant 

clustering and dispersion of particles commonly occurs in the presence of strong velocity gradi-

ents, e.g. due to locally high viscosity contrasts. Using a very high particle density might help to 

avoid significant gaps in the particle distribution but not always, and such remedy quickly be-

comes computationally expensive, especially in 3D models. Reseeding particles to the areas 

approaching low particle density may appear to solve the problem, but doesn’t have solid physi-

cal base. Our results show how the particle distribution problem can easily be solved by using a 

conservative velocity interpolation (i.e. divergence-free interpolation for incompressible flow) 

from cell nodes to particles. This method has the advantage that the divergence property of the 

velocity field is maintained [Jenny et al., 2001; Meyer and Jenny, 2004], which is physically 

reasonable. The proposed solution is very easily implemented and requires negligibly higher 

computational costs.  

      The presented new interpolation scheme has been applied to 4-node quadrilateral cells in a 

divergence-free flow field (i.e. incompressible flow), for which the proposed solution is very 

easily implemented. But the advantages of a conservative interpolation should apply more gen-

erally to compressible flow problems [Jenny et al., 2001] and more complex meshing tech-

niques. However, some modifications are required to apply this scheme to more complex mesh-

ing techniques. For example, staggered grids are commonly used in finite difference and finite 

volume methods (e.g.  Gerya and Yuen [2003b]), and have different node locations for the dif-

ferent velocity components. Therefore, an adapted implementation of the CVI scheme is re-

quired for more complex grid configurations, which will be the topic of future investigation. 
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4.5.2 Geodynamic application  

With the arrival of new numerical techniques and increased computational capacity, the geody-

namical modelling of chemical heterogeneity has become more and more prominent [e.g. Gerya 

and Yuen, 2003a; McNamara and Zhong, 2004; Tackley, 2008]. Examples include varying min-

eral compositions, or volatile content, which can have a substantial effect on the rheology of the 

crust and mantle [Hirth and Kohlstedt, 1996; Karato, 2006; Keefner et al., 2011]. These slow or 

non-diffusive properties can create and maintain sharp local viscosity contrasts and strong ve-

locity gradients. Here we show how, in such scenarios, non-conservative velocity interpolation 

such as the bilinear/trilinear scheme could lead to significant clustering and dispersion of parti-

cles. The 2D and 3D conservative velocity interpolation (CVI) schemes presented in this study 

provides a simple, effective way to improve the PIC method for the incompressible flow prob-

lems under this situation. CVI is a physically correct interpolation scheme that is easily imple-

mented and maintains statistically constant particle densities, thereby avoiding particle disper-

sion and locally decreasing particle densities over time. Initial particle densities can therefore be 

relatively low, which improves the computation efficiency, especially for 3D calculations. 

       The presented new interpolation scheme has been applied to 4-node quadrilateral cells in a 

divergence-free flow field (i.e. incompressible flow), but the advantages of a conservative inter-

polation should apply more generally to compressible flow problems [Jenny et al., 2001] and 

other meshing technique. However, further additional work might be required to apply such 

schemes to other meshing technique. For example, the commonly used staggered grid (e.g.  

Gerya and Yuan [2003b]) have different node points for different velocity components, which 

probably lead completely different implementation of the conservative or divergence-free inter-

polation. The derivation of the CVI scheme for a staggered grid and other meshing technique is 

beyond the scope of this paper. For more general flow problem, including 3D compressible flow, 

conservative interpolation can be achieved through more mathmatically advanced methods such 

as Galerkin projection of a discrete field [Farrell and Maddison, 2011]. However, the level of 

improvement and necessity to use a conservative velocity interpolation scheme depends on the 

geodynamical application 
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Chapter5 

Craton stability and longevity: the roles of composition-

dependent rheology and buoyancy2 

 

Abstract  

Survival of thick cratonic roots in a vigorously convecting mantle system for billions of years 

has long been studied by the geodynamical community. High strength of the cratonic root is 

generally considered to be the most important factor, but the role of lithospheric mantle deple-

tion and dehydration in this strengthening is still debated. Geodynamical models often argue for 

a significant strength or buoyancy contrast between cratonic and non-cratonic mantle litho-

sphere, induced by mantle depletion and dehydration. But recent laboratory experiments argue 

for only a modest effect of dehydration strengthening. Can we reconcile laboratory experiments 

and geodynamical models?  

      We perform and discuss new numerical models to investigate craton stability and longevity 

with different composition-dependent rheology and buoyancy. Our results show that highly vis-

cous and possibly buoyant cratonic root is essential to stabilise a geometry in which thick cra-

tonic lithosphere and thinner non-cratonic lithosphere coexist for billions of years. Using non-

Newtonian rheology, a modest strengthening factor of Δη=3 can protect compositionally buoy-

ant cratonic roots from erosion by mantle convection for over billions of years. A larger 

strengthening factor (Δη=10) can maintain long term craton stability even with little or no in-

trinsic buoyancy. Such composition-dependent rheology is comparable to the laboratory exper-

iments. This implies that a strict isopycnic state of cratonic lithosphere may not be necessary for 

the preservation of a cratonic root, provided a sufficient level of compositional strengthening is 

present. 

  

                                                           

2
 This Chapter has been previously published as “Wang, H.L., van Hunen, J., Pearson, D.G. & Allen, 

M.B. (2014). Craton stability and longevity: The roles of composition-dependent rheology and buoyancy. 

Earth and Planetary Science Letters 391: 224-233“. All model development and results were performed 

and the manuscript written by H. Wang. The co-authors have participated in this study by providing train-

ing, feedback on the manuscript, and useful discussions. 
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5.1 Introduction 

Cratons – the most ancient parts of the continents, are characterized by their old crust and thick 

lithosphere. Most cratonic lithosphere (e.g. that beneath the Kaapvaal, Siberia and Slave cratons) 

has a thickness up to 200-250 km [Boyd, 1973; Boyd et al., 1997; Gung et al., 2003; Mather et 

al., 2011], although some cratons have been subjected to recent thinning events, e.g. the North 

China Craton and Wyoming craton [Fan and Menzies, 1992; Goes et al., 2002; Gao et al., 

2008]. While the oceanic plates recycle into the mantle within about 200 Myrs, cratons are 

found to be covered by Archean crust. Furthermore, geochemical evidence, predominantly from 

diamond inclusion dating and Re-Os isotopes, suggests that the age of cratonic lithosphere is 

broadly similar to its crust, at least to the extent that Archean mantle lithosphere generally un-

derlies Archean crust [Richardson et al., 1984; Pearson, 1999]. Hence, it is clear that the pre-

sent cratonic lithosphere had a thick cratonic keel and survived erosion by mantle convection for 

billions of years.    

       While the evidence for the long-term stability of deep cratonic lithosphere is clear, our un-

derstanding of all the parameters that contribute to this stability remains relatively poor and con-

flicting. The longevity and stability of cratons has been attributed to either external factors such 

as weak mobile belts surrounding cratons, or internal factors such as the intrinsic buoyancy and 

high strength of the cratonic root [Carlson et al., 2005]. Mobile belts surrounding a craton may 

shield it from plate-tectonic related stresses and erosion, and can increase its stability signifi-

cantly [Lenardic et al., 2000, 2003; Yoshida, 2010, 2012; Yoshida and Santosh, 2011]. But for 

more continuous thermal erosion by the convecting mantle within the asthenosphere, the effects 

of peripheral mobile belts appear to be limited. This process, known as entrainment of cratonic 

material [Sleep, 2003] by the lateral and sublithospheric small scale convection, is driven by the 

lateral and vertical density contrasts surrounding the cratonic root [Doin et al., 1997; Shapiro et 

al., 1999; Solomatov and Moresi, 2000]. Hence, the role of compositionally distinct cratonic 

root needs to be investigated. Chemical buoyancy promotes resistance to thermal erosion and 

improves the stability of cratons, but has been suggested to be insufficient to ensure craton lon-

gevity by itself [Doin et al., 1997; Lenardic and Moresi, 1999; O’Neill et al., 2008; François et 

al., 2012]. Thus, “physical protection” from both mobile belts and chemical buoyancy does not 

appear to be sufficient to explain why the cratonic root has survived in a convecting mantle for 

billions of years. 

       Lenardic et al. [2003] proposed that a thick chemically distinct root with more than twice 

the thickness of typical oceanic lithosphere is required for long term craton stability even if a 

very viscous cratonic root (1000 times more viscous) is employed. They further argued that the 

high brittle yield strength for cratonic lithosphere is a more effective and robust way to provide 

craton stability over several mantle overturn times. O'Neill et al. [2008] updated this conclusion 

by demonstrating that long term craton stability can be provided by a compositional viscosity 
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ratio of 50 to 150, with a root /oceanic lithosphere yield strength ratio of 5-30. Based on a scal-

ing research, Sleep [2003] indicates that a viscosity factor of 20 with weakly temperature de-

pendent viscosity is needed for survival of cratonic lithosphere. Furthermore, Beuchert et al. 

[2010] argued that thermal craton stability in stagnant lid approach for billions years could be 

provided by sufficiently high temperature-dependent viscosity contrast (10
7
 to 10

10
) even with-

out invoking any compositional difference. While it is well known from petrological studies that 

the cratonic lithosphere is compositionally distinct from oceanic lithospheric mantle and even 

post-Archean continental lithospheric mantle [Boyd, 1989; Pearson and Wittig, 2008], the con-

flicting modelling results show that it remains far from clear to what extent composition-

dependent rheology is required. Also, because any mechanism for creating lithosphere creates 

strong compositional stratification, it is important to explore the role played by a composition-

dependent rheology and buoyancy. 

      The need to further explore the effect of composition-dependent rheology on lithosphere 

stability is also driven by results from laboratory rheological experiments. Volatiles, especially 

water are supposed to be among the dominant influences on mantle rheology [Mei and 

Kohlstedt, 2000a, 2000b; Karato, 2006; Keefner et al., 2011]. The dehydration of cratonic roots 

due to their exceptional melt depletion has long been proposed to contribute to the high strength 

of cratonic lithosphere [Hirth et al., 2000; Carlson et al., 2005; Peslier et al., 2010]. But the 

effects of water on mantle rheology in laboratory experiments vary considerably between differ-

ent experiments [Hirth and Kohlstedt, 1996; Mei and Kohlstedt, 2000a, 2000b; Karato, 2006; 

Fei et al., 2013].  Hirth and Kohlstedt [1996] found the viscosity of water-saturated olivine ag-

gregates is reduced by a factor of 100~180 at a confining pressure of 300 MPa (where the solu-

bility of water is ~15.3wt ppm or 250H/10
6
Si). Karato [2010] proposed viscosity changes up to 

4 orders of magnitude for a constant stress at depths of 200-400 km due to the influence of wa-

ter. In contrast, a recent study of the silicon self-diffusion coefficient in forsterite suggests that 

the effect of water on upper mantle rheology is only up to one order of magnitude [Fei et al., 

2013] .  

      The role of different deformation mechanisms in the upper mantle might also need further 

investigation. Most of the previous numerical research on craton stability used a Newtonian 

rheology for mantle deformation. François et al. (2012) used non-Newtonian rheology but 

without any compositional dependency. Mantle rheology laboratory studies suggest that the 

dominant creep mechanism in upper mantle is dislocation creep, even though diffusion creep 

(grain-size sensitive) may operate in some conditions [Karato, 2010]. This point has also been 

supported by geodynamical modelling and measurements of seismic anisotropy of upper mantle 

[Mainprice et al., 2005; van Hunen et al., 2005; van Hunen and Čadek, 2009]. Diffusion creep, 

usually taken as Newtonian rheology in numerical modelling, could turn into non-Newtonian 

rheology if the grain-size dependence is not ignored and influence the mantle flow pattern sub-
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stantially [Rozel, 2012]. Although Newtonian rheology is proved to be able to mimic non-

Newtonian rheology with an equivalent activation energy [Christensen, 1984], it may fail to 

capture some important characteristics of mantle convection (e.g. Asaadi et al., 2011). 

       Given the significant variation in results from both geodynamical modelling and laboratory 

rheological experiments, further investigation in the effects of compositional rheology and 

buoyancy due to mantle dehydration and depletion on craton stability is warranted. Here, we 

present numerical modelling results on the effects of compositional rheology and buoyancy on 

the stability of cratonic roots. We aim to determine how viscous or buoyant cratonic roots need 

to be to ensure craton stability and longevity over Gyr timescales using both non-Newtonian 

and Newtonian rheology. 

5.2 Model description 

 5.2.1 Governing equations 

A Cartesian version of the finite element code Citcom is used in our numerical simulation 

[Moresi and Solomatov, 1995; Zhong et al., 2000; van Hunen and Allen, 2011], which solves 

the incompressible flow using the Boussinesq approximations. The non-dimensional governing 

equations of conservation of mass, momentum, energy are: 

0∇ =u                                                                                                                                 (5.1) 
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A standard non-dimensionalisation is applied, with 
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'''
. The 

primes of the non-dimensional parameters are dropped in the equations above for clarity. Their 

dimensional counterparts are defined in Table 5.1. Different chemical fields are used to track 

different material (C1 for upper crust and lower crust; C2 for depleted mantle and fertile mantle), 

which are advected with the flow through the equation:  
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i
u                         (5.4) 

where Ci is calculated from the distribution of tracers. Eq. (5.4) is solved by a particle-tracking 

technique [van Hunen et al., 2000; Ballmer et al., 2007], in which the tracers, that carry the in-

formation about density and rheology, are advected with the velocity field from Eq. (5.1) and 

(5.2). This method has been benchmarked against van Keken et al. [1997] and Schmeling et al. 

[2008].  One tracer function is used to track crustal material (including upper and lower crust), 

while another tracks different depletion of  mantle material (fertile mantle, highly depleted, and 

less depleted cratonic root material) (Fig. 5.1).  
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 Table 5.1 Symbols, units and default parameters. 

Symbol Description Default value and units 

A rheological pre-exponent [MPa
-n

s
-1 

] (ds), [MPa
-1

] (df)  

E activation energy 500 (ds), 310 (df) [kJ/mol] 

V activation volume  [cm
3
/mol] 

g gravitational acceleration 9.8 [m/s
2
] 

h model height 660 [km] 

Cp Thermal capacity 1250 [J kg
-1

K
-1

] 

n rheological power law exponent 3.5 (ds), 1 (df) [-] 

P deviatoric pressure [Pa] 

R gas constant 8.3 [J/mol] 

Ra  thermal Rayleigh number 4.43x10
6
 [-]  

 
Rb

a
 compositional Rayleigh number 1.69x10

7
, 1.97x10

6 
[-] 

T Temperature [
0
C] 

 
ΔT temperature drop over model domain 1350 [

0
C] 

 
έ strain rate [S

-1
] 

 
α thermal expansion coefficient 3.5x10

-5  
[K

-1
] 

 
η0 reference viscosity 10

20  
[Pa∙s] 

 
η Viscosity [Pa∙s] 

κ thermal diffusivity 10
-6  

[m
2
/s] 

 
ρ mantle density 3300 [kg/m

3
] 

Δρ1 density difference of upper crust and mantle 600 [kg/m
3
] 

Δρ2 maximum density change due to depletion 70 [kg/m
3
] 

Q0 radioactive heating 0.04 [µW/m
3
] 

Ci composition field 0~1 [-] 

Cη
b
 rheologically effective composition value 0.6 [-] 

a
 1.69x10

7 
and 1.97x10

6 
are the compositional Rayleigh numbers for crust and cratonic root, 

respectively.  

b 
Cη is chosen to make the second cratonic layer has the maximum strengthening factor due to its ini-

tial compositional field.  
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The thermal Rayleigh number Ra and compositional Rayleigh number Rb are defined as: 

   Ra=
α ρ0 gΔT h

3

κ η0
                                                              (5.5) 

  R bi=
δ ρi g h

3

κ η0
                                             (5.6) 

      The description of parameters in Eqs. (5.5)-(5.6) is listed in Table 5.1. The Rayleigh num-

bers given in the table are calculated by using relatively high reference viscosity η0. The viscosi-

ty of asthenosphere is, however, significantly lower (e.g. Fig. 5.2). 

 5.2.2 Model setup 

Our models extend to 660 km in depth and 2640 km in horizontal width, with a 660 km-wide 

craton positioned in the middle of the model domain (Fig. 5.1). In order to deal with locally 

sharp and large viscosity contrast, a resolution of 192-by-96 finite elements is used, with mesh 

refinement in the cratonic root area. This provides the vertical resolution is 4.7 km around the 

cratonic root area and 8-9 km in the circum-cratonic regions. 640000 tracers were used in the 

model, which provides an average tracer density of about 35 tracers per finite element.The ve-

locity boundary conditions used in the models are free slip at the surface and side boundaries, 

and no-slip at the bottom. Half space cooling models are used to define the initial thermal struc-

ture of cratonic lithosphere (400 Myrs in most cases) and normal lithosphere (150 Myrs). Tem-

perature is fixed at the surface (T=0
o
C ) and bottom (Tb=1485

o
C in most cases), while side 

boundaries are insulating. This setup leads to a mantle potential temperature around 1350 
o
C in 

asthenosphere after the thermal boundary layers form at bottom in our models. In order to moni-

tor the thickness changes of the lithosphere, we define a thermal lithosphere asthenosphere 

boundary (LAB) by the isotherm of T=1215°C and calculate the average thicknesses of cratonic 

and non-cratonic lithosphere through time. The selection of rheological parameters in most 

models (all except N11 and N12) is based on the assumption that non-cratonic lithosphere 

should have a thickness of about 140 km. This value is a reasonable average for Phanerozoic 

and Neoproterozoic lithosphere, i.e. lithosphere younger than ~1 Ga (Artemieva, 2011). These 

rheological parameters also result in a reasonable viscosity at asthenosphere between 10
18 

Pa∙s 

and 10
19

Pa∙s that is constant with the value suggested by Solomatov and Moresi [2000]. 

       A two- layer cratonic keel model (modified from Afonso et al. (2008)’s three-layer model) 

was used: a highly depleted layer (with C=1) from 36 km (Moho) to 144 km depth and a less 

depleted layer (C=0.6) from 144 km to 234 km depth.  We assume the density reduction to be 

proportional to C, with the most depleted lithosphere 2.1% (70 kg/m
3
) less dense than fertile 

lithosphere, which is within the range of density reduction (1.5% ~2.5%) due to a bulk Mg 

number change from fertile mantle (e.g.Mg# = 88) to depleted cratonic root (Mg# = 92 - 
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94)( Pearson and Wittig, 2008). The density of crust and the depleted cratonic root is described 

by:   

 ρc= ρm−C i ∆ ρi          (5.7) 

       All models have a buoyant crust composed of 18 km upper crust and 18 km lower crust, 

which are 600 kg/m
3
 and 400 kg/m

3
 less dense than the normal mantle, respectively. However, 

we found that, the effect of this crust density contrast on the dynamics of the convection system 

is minor. We ignore the difference in radioactive heating between crust and mantle and their 

decay over the long-term history of the Earth, but use a uniform, equivalent value of Q0= 0.04 

µW/m
3
, which is roughly twice the value of modern, undepleted mantle as an average for the 

past 2 Ga. This simplified heat production model allows us to investigate the statistically steady-

state situation, and therefore gain a more fundamental understanding of the dominant processes. 

Fig. 5.1: Model setup, including initial material setup, mechanical and thermal boundary conditions. The 

model extends to 660km depth and has a 1:4 aspect ratio. The material setup includes: a 36km crust on 

the surface, two cratonic layers in the middle of the model domain (extends to 234km depth); normal 

mantle elsewhere. The first and second cratonic layers are 70kg/m
3
 and 42kg/m

3
 less dense than the 

normal mantle, respectively. Half space cooling models are used to define the initial thermal structure of 

cratonic lithosphere (400 Myrs unless mentioned otherwise) and normal lithosphere (150 Myrs). The 

curve in the domain indicate the isotherm of and 1215
0
C.  

 5.2.3 Rheology 

As this study focuses on the role played by the rheology of cratonic root, we ignore any rheo-

logical differences made by the crust to simplify the model setup. The effective viscosity in our 

models is described by: 










 





nRT

gzVE
A n

n

n

m


 exp

11

          (5.8) 

with n=3.5 for non-Newtonian rheology (i.e. dislocation creep) and n=1 for Newtonian rheology 

(i.e. diffusion creep). Our non-Newtonian rheology has been benchmarked against results of 

Christensen (1984). The descriptions and default values of the parameters in Eq. (5.8) are listed 

in Table 5.1. 
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       In order to study the effects of composition-dependent rheology of cratonic root, a strength-

ening factor Δη is used. As a result, the effective viscosity of cratonic root is dependent on the 

depletion, and given by:  

),1min(
2




C

C

mC
                      (5.9) 

       Combined with Eq. (5.8), Eq. (5.9) defines a composition-dependent rheology in which the 

effective viscosity of cratonic root is times of normal mantle at constant strain rate. This is 

equivalent to a viscosity contrast Δη
n
 if the constant-stress definition of effective viscosity is 

used for non-Newtonian rheology. A maximum model viscosity cut-off was set up to 10
25

 Pa s 

in most models, but tests with10
26

 Pa s and 10
27

 Pa s were done to assure that higher viscosity 

cut-off would not affect the results.  

5.3 Results 

To investigate cratonic stability under a range of circumstances, numerical model calculations 

were performed with different rheology and buoyancy settings (Table 5.2). We define a success-

ful model for craton preservation using the following two criteria: 1) the cratonic root survives 

erosion via mantle convection and preserves a thickness in excess of 200 km for 2 Gyrs; 2) over 

the same period, non-cratonic lithosphere maintains a reasonable thickness of ~140±10 km To 

illustrate the dominant geodynamical features in those models, we start with the description of a 

reference model.   

5.3.1 Reference model 

Our reference model uses the two-layered cratonic root and non-Newtonian rheology with a 

compositional rheological factor Δη=10 (Eq. (5.9)). Fig.5.2 shows the evolutions of temperature, 

cratonic root shape and viscosity for the duration of 2 Gyrs. The main part of the cratonic root is 

stable, with only limited erosion at its edges. There is a viscosity contrast of about 3 to 4 orders 

magnitude between the cratonic root and asthenosphere (Fig.5.2). Hence, due to the combined 

non-Newtonian and temperature dependent effect, the compositional rheological factor Δη=10 

results in sufficient viscosity at the cratonic root to resist significant erosion from the underlying 

convecting mantle. 
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Fig. 5.2: Thermal (a,b,c) and rheological (d,e,f) evolution of the reference model N3 for a model time of 

0.5 Gyrs after the start of the model calculation (a,d), 1.5 Gyrs (b,e), and 2.0 Gyrs (c,f). The white 

contour outlines the compositionally different cratonic root. The isotherm of T=1215°C is plotted in the 

temperature image to represent the lithosphere asthenosphere boundary (LAB). The reference model 

shows cratonic root has been well preserved through about 2 Gyrs. 

      The thickness changes of cratonic lithosphere and non-cratonic lithosphere are monitored 

through time by using the T=1215°C isotherm as the LAB. The results are plotted as the red 

lines in Fig.5.3A, with thick and thin lines represent cratonic and non-cratonic lithosphere re-

spectively. In this model, the thicknesses of cratonic and non-cratonic lithosphere are main-

tained as 210 km and 140 km respectively.  

5.3.2 Compositional rheology 

Fig.5.3A shows four numerical experiments performed with different strengthening factors Δη 

in terms of thickness evolution of cratonic and non-cratonic lithosphere, including reference 

model N3. All of the other three models have the same initial buoyant cratonic root setting as in 

the reference model. Without any compositional rheology (model N1, Δη =1), the thickness of 

cratonic lithosphere decreases slowly with time (Fig. 5.3A), and cratonic root almost disappears 

over 1.2 Gyrs (Fig.5.4A). This means that just starting with a buoyant and cold cratonic keel 

(and therefore stronger than the surroundings) is not sufficient to preserve a craton from long 

term heating and erosion. An even higher strengthening factor (model N4, Δη=30) restricts the 

erosion of cratonic lithosphere only marginally more than the default Δη =10 (Fig.5.3A). Com-

parably, a smaller strengthening factor (N2, Δη =3) may also maintain the thick cratonic root for 

billions of years (Fig. 5.3A), but the lowermost cratonic root is stretched significantly 

(Fig.5.4B).  
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Table 5. 2 Comparison of parameters in all models. 

Model Δη Buoyancy V[cm
3
/mol] A Tb

e 
[

0
C] 

N1 1 Y 5 2.32x10
5
 1485 

N2 3 Y 5 2.32x10
5
 1485 

N3 10 Y 5 2.32x10
5
 1485 

N4 30 Y 5 2.32x10
5
 1485 

N5 1 N 5 2.32x10
5
 1485 

N6 3 N 5 2.32x10
5
 1485 

N7 10 N 5 2.32x10
5
 1485 

N8 30 N 5 2.32x10
5
 1485 

N9 10 Y 10 5x10
6
 1512 

N10 10 Y 15 8x10
7
 1552.5 

N11
a
 10 Y 5 2.32x10

5
 1485 

N12
b
 10 Y 5 2.32x10

5
 1485 

N13 10 Y 5 2.32x10
6
 1485 

N14
c
 10 Y 5 2.32x10

5
 1485 

L1
d
 10 Y 2.5 6.5x10

-3
 1485 

L2 100 Y 2.5 6.5x10
-3

 1485 
a   

Compared with reference model N3, maximum viscosity cut-off is changed from 10
25

 to 10
24

 
 
Pa∙s. 

 b   
Compared with reference model N3, maximum viscosity cut-off is changed from 10

25
 to 10

26 
Pa∙s. 

c  
Radioactive heating is changed from 0.04uW/m

3
 to 0.06uW/m

3
. 

 

d
 Model L1 and L2 use Newtonian rheology with activation energy of E 310kJ/mol, while other models 

use non-Newtonian rheology with V=500kJ/mol (Table 5.1).
 

e
 Tb is selected so that the internal mantle temperature would be around 1350

0
C in our model. 
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Fig. 5.3: Thickness evolutions of cratonic (thick lines) and non-cratonic lithosphere (thin lines) for 

models with non-Newtonian rheology over a time period of 2000 Myrs. The red lines represent the 

reference model N3, while green, blue and black lines represent models with strengthening factor of 

1(model N1),3(model N2) and 30 (Model N4) . Fig.5.3B shows models without extra buoyancy of the 

cratonic root (model N5,N6, N7, N8), compared with models in 5.3A.  

       From Fig. 5.3A, an estimate of the thinning rate of cratonic lithosphere is calculated 

through polynomial fitting. Models with composition-dependent rheology show a substantial 

reduced thinning rate compared to model N1. The thinning rate in the reference model N3 (Δη 

=10) decreases from ~30km/Gyrs in the beginning to ~2km/Gyrs at 2 Gyr, which makes a well-

preserved craton. The thinning rate in model N1 (Δη =1) also decreases with time, but it start at 

~80km/Gyrs and maintain a rate of ~20km/Gyr at 1.5Gyr, which precludes the longevity of 

thick cratonic lithosphere. This shows that a strong cratonic root is essential to resist the long-

term erosion from the convecting mantle. 

      Another 4 similar experiments were performed but without compositional buoyancy in the 

cratonic roots (Figs.5.3B, 5.4C, 5.4D). Despite the absence of compositional buoyancy, the cra-

tonic lithosphere is still well preserved with Δη =10 in model N7, and keeps a thickness well 

beyond 200 km throughout the entire 2 Gyrs model calculation (Fig.5.3B, 5.4D). Again, the dif-

ference between Δη =30 (model N8) and Δη =10 (model N7) is statistically insignificant. Thus, 

no higher strengthening factor than Δη =10 is required even if the cratonic root is not composi-

tionally buoyant. 
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Fig. 5.4: The temperature field and cratonic root (white box) of model N1at 1.2 Gyr (A), N2 at 1.4 Gyr 

(B), N6 at 1.4 Gyr (C) and N7 at 2 Gyr (D) from the model start time. Compositional buoyancy of 

cratonic root delays the erosion process in model N1 (A) compared with model N5. Model N7 has a 

different shape of cratonic root with the reference model N3, which  indicates that  compositional 

buoyancy of cratonic root might have an important effect on the long term deformation of cratonic 

lithosphere.  

5.3.3 Compositional buoyancy  

The effects of compositional buoyancy are investigated by the comparison between models with 

and without buoyant cratonic roots (model N1-N4 in Fig.5.3A versus N5-N8 in Fig.5.3B). 

Model N5 shows that the cratonic lithosphere would be eroded away rapidly within 400 Myrs 

(Fig.5.3B) if the compositional buoyancy is removed from model N1. Model N6 demonstrates 

that the smaller strengthening factor ( Δη =3) cannot prevent substantial entrainment of cratonic 

material if the cratonic root is not compositionally buoyant (Fig.5.3B, 5.4C). This illustrates that 

compositional buoyancy could cancel the negative thermal buoyancy of cratonic root and thus 

keep cratonic material stay underneath the area surrounding the craton (Fig.5.4A, 5.4B). The 

changes in the geometry of cratonic root in model N7 (Fig.5.4D) also shows the compositional 

buoyancy has some effects on the long-term deformation of cratonic roots. However, due to the 
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lack of sufficient negative thermal buoyancy to counteract the compositional buoyancy, the 

lowermost cratonic root may suffer from an extensional gravity instability that stretches the root 

and thus smoothes the boundary between cratonic and non-cratonic lithosphere as Fig.5.4B 

shows. Hence, the compositional buoyancy of the cratonic root plays a dual role: while compo-

sitional buoyancy can help resist the entrainment of cratonic material into asthenosphere signifi-

cantly and contribute to the longevity of thick cratons, it may also reduce the craton thickness 

via extensional gravity instability in the lowermost root. 

Fig. 5.5: Thickness evolutions of cratonic and non-cratonic lithosphere over a time period of 2000 Myrs 

in different models, compared with the reference model N3. (A): Different activation volumes (models N9, 

N10). (B):Different maximum viscosity cutoff (models N11, N12). (C): More vigorous mantle by reducing 

the background viscosity with higher A (model N13) or using higher radioactive heating Q0 (model N14). 

Despite the significant effect of compositional buoyancy in some of the models discussed 

here, it is unlikely to play a dominant role in the survival of cratons for billions of years. Com-

positional buoyancy has important influence in models with less strong cratonic roots (model 

N1, N2), but the geometry of cratonic root is not well preserved in these models. The models 
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with Δη =10 or more have the capacity to maintain long-living cratons, but in those models, the 

role of compositional buoyancy is rather modest. 

5.3.4 Mantle viscosity 

Long term craton stability may not only be affected by the strength of the cratonic root itself, 

but also by the viscous properties of the surrounding mantle and lithosphere [Doin et al., 1997; 

Beuchert et al., 2010]. In this section, models are designed to investigate the effects of pressure-

dependent viscosity and the maximum lithospheric viscosity cut-off. Additionally, experiments 

with less viscous mantle and a warmer mantle are also performed in order to explore the param-

eter sensitivity. 

       Relative to reference model N3, we first increase the activation volume from 5 cm
3
/mol to 

10 and 15 cm
3
/mol in model N9 and N10. In order to keep non-cratonic lithosphere at around 

140 km, the basal temperature and rheological parameter A were adjusted accordingly. Higher 

activation volume V induces stronger variations of lithosphere thickness, but a thickness differ-

ence of ~70 km between cratonic and non-cratonic lithosphere is still maintained (Fig. 5.5A). 

Higher V increases the viscosity of the deeper mantle, which results in a thicker basal thermal 

boundary layer and larger, less frequent, but more regular upwelling thermal structures forming 

under the cratons, which, in turn, tend to erode the cratonic root slightly (Figs.5.2, 5.6A, 5.6C). 

This induces a periodic pattern of cratonic root thickness variations in model N10 (Fig. 5.5A). 

The shape of the cratonic roots deforms due to these upwelling thermal structures shown in 

Figs.5.6A and 5.6C, but they do not thin the cratonic lithosphere significantly. Hence, a 

strengthening factor of 10 with non-Newtonian rheology could still ensure long term craton sta-

bility even with stronger pressure dependence of the viscosity.   

       To investigate the effects of viscosity contrast, model N11 and N12 were performed with a 

maximum viscosity changed from 10
25

 Pa∙s to 10
24

 Pa∙s and 10
26

 Pa∙s, respectively (Fig.5.5B). 

While the non-cratonic lithosphere keeps the same thickness as in the reference model, a higher 

maximum viscosity makes only marginal difference to cratonic lithosphere, whereas a lower 

maximum viscosity leads to a significant thinning of cratonic thickness (Fig.5.5B). This con-

firms that the default viscosity contrast in our model is sufficiently high for long term craton 

stability, that more elevated values will not induce a substantial difference, and that a signifi-

cantly lower value would not be sufficient to maintain craton stability for billions of years.  

       Model N13 and N14 in Fig.5.5C illustrate the effects of a more vigorous and warmer man-

tle, respectively, conditions that may be applicable to the Archean Earth [Herzberg et al., 2010]. 

Both cratonic and non-cratonic lithosphere are thinner than in the reference model N3, but the 

thinning of cratonic lithosphere (~10-15 km) is significantly smaller than that of non-cratonic 

lithosphere (~30-40 km) (Figs.5.5C, 5.6B, 5.6D). This shows that a difference in thickness be-
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tween two types of lithosphere is expected to maintained (or even enhanced) in a more vigorous 

mantle.  

 

 

Fig. 5.6: Temperature (A,C) and viscosity (B,D) distribution of model N9 (V=10 cm
3
/mol)at 1.3Gyr and 

model N13 at 1.2 Gyr from the model start time.  Model N9 shows the effects of stronger pressure-

dependent rheology, which  strengthens the upwelling flow under cratons.  Model N13 shows the effects of 

a more vigorous mantle, in which the thickness of non-cratonic lithosphere decreases much more than 

cratonic lithosphere. 

 

Fig. 5.7: Thickness evolutions of cratonic and normal lithosphere over a time period of 2000 Myrs for 

Newtonian rheology models (L1, L2), compared with reference model N3.  

5.3.5 Newtonian rheology  

All previous models were calculated using a non-Newtonian rheology with typical dislocation 

creep parameters. To compare with previous studies and to put the non-Newtonian results in 

context, we performed several Newtonian calculations. The activation energy is chosen within 

the range from laboratory experiment, and the rheological pre-factor A is adjusted to assure that 

non-cratonic lithosphere maintains a thickness of ~140 km (Table 5.2). Fig.5.7 shows the litho-

sphere thickness evolution in Newtonian models (L1 and L2), together with the reference model 

N3 for comparison. 
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       A modest activation volume of V=2.5 cm
3 
/mol is used in model L1 and L2 to introduce a 

pressure-dependent rheology and a slightly more viscous transition zone. In Newtonian rheolo-

gy, Δη =10 cannot maintain a cratonic root whereas Δη =100 enables the cratonic root to main-

tain a thickness of ~190 km for 2 Gyrs (Fig.5.7). This required viscosity contrast for Newtonian 

rheology agrees with the findings by O'Neill et al. [2008], who found that a viscosity ratio of 

50~150 is required between the cratonic root and asthenosphere when Newtonian rheology is 

applied. However, our reference model N3 and even model N2 (Δη =10 and Δη =3 with non-

Newtonian rheology) still preserve cratonic lithosphere better than model L2 (Δη =100 with 

Newtonian rheology) according to the thickness evolutions of cratonic lithosphere (Figs 5.3A, 

5.7). 

5.4 Discussion  

5.4.1 Comparison with previous work 

Our geodynamical models illustrate the critical role of compositionally dependent rheology and 

buoyancy in the long-term stabilisation of thick Archean lithosphere. A strengthening factor of 

Δη=10 in non-Newtonian rheology can protect the cratonic keel in a stagnant lid situation for 

billions of years even with little or no compositional buoyancy, while a smaller strengthening 

factor Δη=3 could also maintain thick but neutrally buoyant cratonic root (isopycnic status). In 

comparison with laboratory studies on mantle rheology, strengthening factor of Δη in Eq. (5.9) 

would translate into Δη
n
 for the constant-stress definition used in the laboratory studies. There-

fore, Δη=10 falls into the range of experimental results for dehydration strengthening for dislo-

cation creep between ~140 [Hirth and Kohlstedt, 1996] and 10000 [Karato, 2010]. Fei et al. 

(2013) argue that that the effect of water on viscosity of upper mantle is only up to one order of 

magnitude. Such low values may apply better to our findings that Δη = 3 with non-Newtonian 

rheology might be sufficient to support longevity, and could indicate that buoyancy plays a 

more significant role. 

       The role played by composition-dependent rheology has been previously questioned by 

Beuchert et al. [2010], with the argument that published numerical models have insufficient 

temperature dependent viscosity contrast, which could drives an artificial requirement for com-

position dependent rheology. Our research confirms that the viscosity contrast of 10
5
, normally 

used in many geodynamic modelling, is not suitable for modelling long term craton stability 

(Fig.5.5B). However, our models shows that composition-dependent rheology is still required to 

resist the long term erosion and maintain the different thicknesses between cratonic and non-

cratonic lithosphere, and such behaviour is almost inevitable from the observed compositional 

variation of many cratonic lithospheres [e.g., Pearson and Wittig, 2013]. The erosion process in 

our model, previously described as entrainment of cratonic material, requires high viscosity ra-

ther than buoyancy alone for craton preservation as emphasized by Sleep [2003].  Using a scal-
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ing law relationship, Sleep [2003] concluded that weakly temperature dependent viscosity re-

quire lower strengthening factor than strong temperature-dependent viscosity. With non-

Newtonian rheology, the temperature dependence of viscosity is reduced by a factor of  “n” (3.5) 

and also by the strain rate dependence compared to Newtonian rheology , which plausibly ex-

plain why non-Newtonian rheology require a much smaller Δη than Newtonian rheology in our 

models. 

5.4.2 Cratons in a thermally evolving earth 

Our models are designed largely from consideration of the current mantle status and result in a 

strengthening factor of 10 or less is required for long term craton stability. It is widely accepted 

that the mantle in the Archean was much hotter and thus more vigorous than the current mantle 

[ e.g., Herzberg et al., 2010]. A hotter early mantle means that cratons possibly experienced 

stronger convection and erosion when formed in the Archean and so we need to consider this 

potential effect. As our models show, the thickness difference of more than 70 km between cra-

tonic and non-cratonic lithosphere could persist in a less viscous upper mantle (Figs. 5.5C, 5.6B, 

5.6D), even though such a hotter mantle leads to a reduced thickness of both cratonic (10~15 

km) and non-cratonic lithosphere (30~40 km). Hence, the Δη=10 in our model is able to main-

tain the thickness difference between cratonic and non-cratonic lithosphere in a hotter and vig-

orous mantle, thought to be more akin to Archean conditions. More realistic convection parame-

ters of the present-day Earth with plate tectonics and perhaps mantle plumes, might require ad-

ditional conditions for the survival of cratons, such as weak mobile belts or continental margins 

[Lenardic et al., 2000, 2003; Yoshida, 2010, 2012]. However, this is beyond the scope of this 

paper. 

       The compositional buoyancy of cratonic roots could delay the erosion from small-scale 

convection significantly (Figs. 5.3A and 5.3B) and has an influence on the long term defor-

mation and shape of cratonic roots (Figs. 5.2 and 5.4D), but it is not really necessary for craton 

preservation. The intrinsically more viscous cratonic root would allow modest negative buoyan-

cy of the cratonic root according to our numerical experiments. Modest negative, or variable 

buoyancy in cratonic roots is consistent with modelling of temperature induced gravity anoma-

lies beneath cratons [Kaban et al., 2003]. that indicates that density variations due to tempera-

ture are only partly compensated for by density variations due to composition. Such observa-

tions along with petrological studies of cratonic mantle xenoliths that show variations in density 

with depth/equilibration temperature deviating significantly from the expected variation of den-

sity with depth for an isopycnic state [Boyd et al., 1997; Lee et al., 2006; Schutt and Lesher, 

2010] indicate that the “isopycnic” hypothesis of Jordan [1978] is not a necessary condition for 

craton survival. Furthermore, a 500~1500m topographical depression of cratons compared to 

previously predictions from pure crustal isostasy, has been suggested by crustal isostatic re-
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search [Mooney and Vidale, 2003].  This, combined with the fact that a number of cratons with 

thick lithospheric roots such as the Kaapvaal and Siberian cratons are covered to some degree 

with Phanerozoic oceanic sediments, indicates that craton freeboard might have varied through 

time. Our modelling has the important implication that the common petrological processes that 

lead to an increase in the density of the cratonic root after their formation, such as refertilization 

of peridotites by silicate metasomatism [Simon et al., 2003; Schutt and Lesher, 2010] do not 

necessarily jeopardize the stability of cratons. 

5.4.3 Implications for thinning of cratonic lithosphere 

The process of thinning and removing cratonic lithosphere has generated great attention recently 

since some cratons have been found to have lost part of, or most of their lithospheric roots [Fan 

and Menzies, 1992; Kusky et al., 2007; Foley, 2008; Lee et al., 2011]. Our models illustrate that 

the cratonic root should be more viscous and thus very robust against long term erosion by 

small-scale convection, and explain craton stability and longevity in a stagnant lid regime. Geo-

dynamical modelling of the process of significant removal of cratonic lithosphere should take 

this increased viscosity of cratonic root into account. As the cratonic root is more viscous than 

normal mantle under the same conditions, the heating (from mantle plumes or any other thermal 

events) would likely have a bigger impact on non-cratonic lithosphere than on cratonic roots. 

The greater susceptibility of less depleted, non-cratonic mantle to thermal erosion is in line with 

the observed thickness reduction experienced by circum-cratonic lithosphere in southern Africa 

[Bell et al., 2003; Mather et al., 2011]. Given the robustness of cratonic roots, a special weaken-

ing mechanism is required to destabilize them. 

      Compared with previous studies, this study shows that non-Newtonian rheology (dislocation 

creep regime) with compositional strengthening due to mantle depletion and dehydration that is 

in agreement with laboratory experimental studies is able to ensure long term craton stability. 

This point, on the other hand, also indicates the cratons could be very susceptible to stress 

change. Furthermore, recent laboratory experiments show that the interaction between melt seg-

regation and stress would weaken mantle material more than a homogeneous melt distribution 

[Holtzman et al., 2012]. This effect would enhance the stress and strain rate localization during 

any thermal-tectonic events and make significant removal of cratonic lithosphere possible. Wa-

ter, despite its debated direct effects on mantle rheology, could also play an important role as it 

could induce hydrous redox melting by lowering the solidus of mantle rocks and thus weaken 

cratonic root in that way [Foley, 2008, 2011; Green et al., 2010]. These factors, combined with 

stress effects, need to be investigated geodynamically for their potential to destroy cratonic roots. 
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5.5 Conclusion 

We have studied the role played by composition-dependent rheology and buoyancy on craton 

stability and longevity in non-Newtonian rheology. Based on our models, the following points 

are concluded. 

1. Composition-dependent rheology is necessary in order to maintain a different thickness be-

tween cratonic and normal lithosphere for over billions of years. 

2. With non-Newtonian rheology, a strengthening factor of 10 could preserve a cratonic root 

from the erosion by small scale convection over 2 Gyrs, no matter whether the cratonic root is 

compositionally buoyant or not. A smaller strengthening factor (=3) can also protect the cra-

tonic root from eroding away for billions of years but a neutrally buoyant root is also required in 

this scenario.  

3. The buoyancy of a cratonic root does have some effects on long term cratonic stability, but its 

effects may be secondary compared to composition-dependent rheology. Positive or even mod-

est negative buoyancy of a cratonic root is permitted, provided that sufficient composition-

dependent rheology is present. This conclusion is in agreement with the relatively subtle petro-

logical controls on the buoyancy of mantle rocks and the geological evidence that the freeboard 

of cratons may have varied considerably through time, with several cratons having been at or 

below sea level for distinct periods. 
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Chapter 6 

The thinning of subcontinental lithosphere: the roles of plume 

impact and metasomatic weakening3 
 

 

Abstract  

Geologically rapid (10s of Myr) partial removal of thick continental lithosphere is evident be-

neath Precambrian terranes such as North China Craton, southern Africa and the North Atlantic 

Craton, and has been linked with thermo-mechanical erosion by mantle plumes. We performed 

numerical experiments with realistic viscosities to test this hypothesis and constrain the most 

important parameters that influence cratonic lithosphere erosion. Our models indicate that the 

thermo-mechanical erosion by a plume impact on typical Archean lithospheric mantle is unlike-

ly to be more effective than long-term erosion from normal plate-mantle interaction. Therefore, 

unmodified cratonic roots that have been stable for billions of years will not be significantly 

disrupted by the erosion of a plume event. However, the buoyancy and strength of highly de-

pleted continental roots can be modified by fluid-melt metasomatism, and our models show that 

this is essential for the thinning of originally stable continental roots. The long-term but punctu-

ated history of metasomatic enrichment beneath ancient continents makes this mode of weaken-

ing very likely. The effect of the plume impact is to speed up the erosion significantly and help 

the removal of the lithospheric root to occur within 10s of Myr if affected by metasomatic 

weakening. 

  

                                                           

3
 This Chapter has been accepted for publication in Geochemistry, Geophysics, Geosystems as  “The 

thinning of subcontinental lithosphere: the roles of plume impact and metasomatic weakening”  by 

Hongliang Wang, Jeroen van Hunen and D. Graham Pearson.  All model development and results were 

performed and the manuscript written by H. Wang. The co-authors have participated in this study by 

providing training, feedback on the manuscript, and useful discussions. 
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6.1 Introduction 

The contrasting composition and heterogeneity between ancient cratonic and oceanic litho-

sphere is one of the most salient features of modern plate tectonics. Thick Archean cratonic lith-

osphere is generally considered to be stable and dynamically inactive since it was formed. How-

ever, the discovery that the North China Craton (NCC) has lost a significant part of its root in 

the Mesozoic [Gao et al., 2002a; Zhu and Zheng, 2009] shows that cratons are not isolated fea-

tures in Earth’s dynamic system. The chemical distinction of highly melt-depleted cratonic roots 

is considered to be the most important reason for the survival of Archean lithosphere [Boyd, 

1989; Carlson et al., 2005]. Geodynamical research supports this hypothesis through numerical 

modeling by using reasonable density structure and mantle rheology [Doin et al., 1997; 

Lenardic and Moresi, 1999; O’Neill et al., 2008; Wang et al., 2014].  

      Increasing evidence due to the development of modern geochemical and petrological tech-

niques shows that many Precambrian terranes have experienced some degree of progressive, 

multistage modification (or enrichment) to their roots through mantle metasomatism [e.g. Carl-

son et al.,2005; Hanghøj and Kelemen, 2001; Simon et al., 2003; Chesley et al., 2004; Sand et 

al., 2009; Janney et al., 2010; Tappe et al., 2011; Tang et al., 2013; Smit et al., 2014], even 

though such roots appear to be mostly physically stable. Seismic tomography further indicates 

the widespread refertilization of Archean lithosphere by mantle thermal events, e.g. the Bush-

veld and Karoo events in the Kalahari craton [James et al., 2001; Griffin et al., 2003a]. Through 

fluid/melt-rock interaction, metasomatic refertilization might increase the density and weaken 

the rheology of sub-continental lithospheric mantle (SCLM) and thus affect its stability [Schutt 

and Lesher, 2010]. By decreasing the Mg number (Mg#) of the originally depleted continental 

lithosphere and raising its pyroxene and garnet content, the enrichment of the depleted mantle 

could reduce the chemical buoyancy of SCLM significantly [Pearson and Nowell, 2002; Griffin 

et al., 2003b; Carlson et al., 2005; Pearson and Wittig, 2008; Gibson et al., 2013]. Metasomatic 

processes might also have a weakening effect on the rheology of the constituent peridotites by 

adding water to the originally dry, depleted continental root [Peslier et al., 2012]. Moreover, 

research on the Slave craton in Canada indicates that metasomatism may affect the mantle rhe-

ology based on the correlation between elastic thickness and mantle composition [Poudjom 

Djomani et al., 2005]. Hence, the accumulating evidence that metasomatic refertilization affects 

both the compositional buoyancy and the rheology of the SCLM and leads to the possible desta-

bilization of thick lithospheric roots, provides the motivation to numerically simulate this pro-

cess to constrain the overall controls. 

      Although most Precambrian terranes appear to have been geologically stable/inactive, many 

have experienced some degree of thinning or recycling [Lee et al., 2011], such as the North 

China Craton (NCC) [Gao et al., 2002a], the Wyoming craton [Carlson et al., 2004], the Colo-
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rado plateau [Levander et al., 2011], the Proterozoic lithosphere around the Kaapvaal craton 

[Bell et al., 2003; Mather et al., 2011], and the North Atlantic Craton (NAC) [Tappe et al., 

2007]. The destruction of the NCC appears to be a unique example of complete removal of the 

cratonic root, and has received a lot of attention recently [Zhu and Zheng, 2009]. With its abun-

dant kimberlite pipes, the Kaapvaal craton of southern Africa provides a good natural laboratory 

to study the modification and evolution of Precambrian lithosphere [Simon et al., 2003; Griffin 

et al., 2003a; Gibson et al., 2008; Kobussen et al., 2008]. Carlson et al. [2005] suggested that 

the loss of buoyancy through mantle metasomatism is a possible mechanism that could rapidly 

transfer the continental lithospheric mantle into the asthenosphere and cause intracontinental 

deformation and volcanism. These events might, in some cases, lead to continental breakup 

[Tappe et al., 2007]. The increased temperatures and flow stress related to mantle plume impact 

provide another, perhaps related mechanism for the lithosphere removal events [Ebinger and 

Sleep, 1998; Sleep et al., 2002; Bell et al., 2003].  

     Geodynamical modeling has long been used to study the general mantle dynamics of plume–

lithosphere interaction [Ribe and Christensen, 1994; Nyblade and Sleep, 2003; van Hunen and 

Zhong, 2003; François et al., 2012], but the mechanical erosion and thinning of the continental 

lithosphere has received less attention. Sleep et al. [2002] demonstrated that a cratonic root can 

deflect plume material and convection can focus on the edge of the root, which could lead to a 

reduction of the root width. Morency et al. [2002] found that, depending on the width of the cra-

tonic block, it takes 50 -750 Myrs to convectively remove a 250 km thick cratonic root if the 

lithosphere has an equilibrium thickness of about 100 km, but the chemical heterogeneity of 

continental lithosphere and plume events were not considered in their study. Guillou-Frottier et 

al., [2012] argued for several different plume-induced dynamical instabilities near the cratonic 

root to explain the P-T-t paths recorded by the metallogenic data from South Africa. These stud-

ies do not explicitly explore the role of compositional buoyancy and strengthening on cratonic 

mantle dynamics for a situation in which a plume impacts on the subcontinental root. In particu-

lar, metasomatic refertilization could change the chemical heterogeneity of mantle lithosphere, 

and may have important geodynamical consequences. 

      In this study, we perform new numerical experiments to explore how the buoyancy and rhe-

ology of subcontinental lithosphere affect plume-continent interaction and study the mechanism 

of lithosphere removal. The potential mechanisms of lithosphere removal underneath Precam-

brian terranes such as southern Africa and the NCC will be discussed based on the numerical 

results. 
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6.2 Model description 

6.2.1 Governing equations 

We use a Cartesian version of the finite element code Citcom [Moresi and Solomatov, 1995; 

Zhong et al., 2000; van Hunen et al., 2005] to solve the incompressible flow with the extended 

Boussinesq approximations [Christensen and Yuen, 1985; King et al., 2010]. It solves the fol-

lowing non-dimensional governing equations for mass, momentum, energy conservation:  

0∇ =u                                                                                                          (6.1)
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       A standard non-dimensionalization is used with 
0

2
/ ηη=ηκ,ht=h,tx=x

''' , where, in the 

equations above, the primes of the non-dimensional parameters are dropped for clarity. The di-

mensional physical parameters are listed and explained in Table 6.1. The thermal and chemical 

Rayleigh number Ra and Rbi are defined as:  

Ra=
α ρ0 gΔT h

3

κ η0
                                                                (6.4) 
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                                     (6.6) 

A particle-tracking technique is used to track different chemical materials) [van Hunen et 

al., 2000; Di Giuseppe et al., 2008], which has been benchmarked against van Keken et al. 

[1997] and Schmeling et al. [2008]. The following compositional equation is thus solved: 
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Table 6.1 Symbols, units and default parameters. 

Symbol Description Default value and units 

A rheological pre-exponent (dislocation) [MPa
-n

s
-1 

]  

B rheological pre-exponent (diffusion) [MPa
-1

] 

E activation energy 500 (ds), 300 (df) [kJ/mol] 

V activation volume 10(ds), 6(df) [cm
3
/mol] 

g gravitational acceleration 9.8 [m/s
2
] 

h model height 660 [km] 

Cp thermal capacity 1250 [J kg
-1

K
-1

] 

n rheological power law exponent 3.5 (ds), 1 (df) [-] 

P deviatoric pressure [Pa] 

R gas constant 8.3 [J/mol] 

Ra  thermal Rayleigh number 4.43x10
6
 [-]  

 
Rb compositional Rayleigh number

a
 1.69x10

7
, 1.48x10

6 
[-] 

T temperature [
0
C] 

 
Ts surface temperature 273 [K] 

 
ΔT temperature drop over model domain 1350 [

0
C] 

 
Tp maximum plume excess temperature  250 [

0
C] 

Rp plume radius 50 [km] 

έ  strain rate [s
-1

] 

 
α thermal expansion coefficient 3.5x10

-5  
[K

-1
] 

 
η0 reference viscosity 10

20  
[ Pa∙s] 

 
η viscosity [ Pa∙s] 

κ thermal diffusivity 10
-6  

[m
2
/s] 

 
ρ mantle density 3300 [kg/m

3
] 

Δρ1 density difference of upper crust and man-

tle 

600 [kg/m
3
] 

Δρ2 maximum density change due to depletion 52.5 [kg/m
3
] 

Q0 radioactive heating 0.04 [µW/m
3
] 

Ci composition field  0~1 [-] 

Cη rheologically effective composition value
b
 0.6 [-] 

Δη0 strengthening factor when C ≥ Cη [-] 
a 
1.69x10

7
 and 1.48x10

6
 are the compositional Rayleigh numbers for crust and cratonic root, respectively.  

b
 Cη is chosen to make the second cratonic layer has the maximum strengthening factor due to its initial 

compositional field.  
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       Two particle functions are used in our models, with i=1 and 2 representing the crust and the 

depleted mantle, respectively. As non-Newtonian rheology has been found to be important for 

both the stability and dynamics of the cratonic lithosphere [Wang et al., 2014; Wang et al., 

2015], we use a composite rheology of non-Newtonian and Newtonian rheology to represent the 

dislocation creep and diffusion creep, respectively. Thus, the composition-dependent viscosities 

are calculated as follows: 

Δη
nRT

ρgzV+E
expA=η n

n

n

dl











)
1
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1

                                             (6.8) 
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The implementation of non-Newtonian rheology has been benchmarked against Christen-

sen [1984]. Due to the non-linear stress-strain rate relationship used in the composite rheology, 

the effective compositional viscosity increase depends on the ambient stress or strain rate, and 

two end member situations exist. For the hypothetical case that strain rate is kept constant, 

changing the strengthening factor Δη in Eq. (6.8) will change the effective viscosity proportion-

ally. If, however, stress remains constant, then increasing Δη will result in an effective viscosity 

increase of Δη
n
. In this study, we report ‘constant strain rate’ values Δη in Eq. (6.8) and values 

used (Δη =2, 3, 4, 5, 6) actually lead to an increase of non-Newtonian viscosity by Δη
n
 =11.3, 

46.8, 128, 279.5 and 529.1 in the definition of “constant stress”. Thus, we use a strengthening 

factor of Δη
n
 for Newtonian viscosity in Eq. (6.9) to have similar compositional effect. Consid-

ering the significant variation in the results of the laboratory experiment on mantle rheology 

[Hirth and Kohlstedt, 1996; Karato, 2010; Fei et al., 2013], the range of strengthening factors in 

this study is considered representative. 

6.2.2 Model setup 

The computational domain is 660 km deep and 3980 km wide, with mantle plumes rising up on 

the left side of the thick chemical root (hereafter referred to as the “craton”). This model setup is 

illustrated in Fig. 6.1A together with the mechanical and thermal boundary conditions. We cal-

culated a model with a stable chemical root (with compositional buoyancy and strengthening 

factor of Δρ =31.5 kg/m
3
 and Δη=4, respectively) to a quasi-steady-state thermal condition and 

use it as the initial temperature field in this study. Typical thermal and viscosity profiles for cra-

tonic and normal lithosphere are displayed in Fig. 6.1B and 1C.  
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Fig. 6.1: A) Model setup, including the initial chemical layers of cratonic root, mechanical thermal 

boundary condition and plume locations. B) Typical geotherms (left) and effective viscosity profile (right) 

of cratonic (black) and normal lithosphere (grey) as the initial thermal condition. 

A two-layer chemical root is used, with the following characteristics for all the cases in the 

parametric study (section 6.3): (1) a highly depleted layer from 36 km (Moho) to 150 km depth 

in which the chemical value decrease from 1 to Cη; (2) a less depleted layer from 150 to 200 

with constant chemical value Cη. To avoid the sharp transition between chemical root and as-

thenosphere, a 20 km thick buffer layer is added underneath the chemical root in which the 

chemical value gradually decreases to 0. Thus, an initial chemical root of 200-220 km is setup 

in our models. The composition value C tracked with tracers controls both the buoyancy and 

strengthening of continental root through:  

  ρc= ρm−C i ∆ ρi          (6.11) 

∆η = ∆η0

𝑚𝑖𝑛(1,
𝐶2
𝐶𝜂

)
                     (6.12) 

       Because the two chemical layers in all calculations have initial compositional values larger 

than or equal to Cη, the initial strengthening factor of the whole root is always Δη0 in Eq. (6.8)-

(5.10). Any reasonable buoyancy variation of the first chemical layer is found to have little ef-

fect on the dynamics. So we focus on the compositional buoyancy (Δρ) and strengthening factor 

(Δη) of the second layer to explore the effects of metasomatic refertilization on the depleted 

continental lithosphere. The density reduction due to a bulk rock Mg number (Mg#) change 

from fertile mantle (with Mg# = ~88) to depleted cratonic root (Mg# = 92–94) is found to be 

~1.5-2.5% [Schutt and Lesher, 2010]. As the second layer is less depleted, we use a reduced 

density of 3258 kg/m
3
 (density reduction of 42 kg/m

3 
or 1.27% of the reference mantle density 
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of 3300 kg/m
3
) to represent the maximum effect of mantle depletion on the density of litho-

sphere root. In order to quantitatively monitor the lithosphere thickness changes caused by the 

convective erosion, we define a thermal lithosphere-asthenosphere boundary (LAB) by the iso-

therm of T = 1325
o
C and calculate the average thicknesses of the specific area through time.  

Mantle plumes are generated through a basal Gaussian thermal anomaly with excess poten-

tial temperature Tp, and radius Rp [Zhong and Watts, 2002], centered at x=1500 km (unless stat-

ed otherwise) (Fig 6.1A). An open flow boundary condition is used at the bottom, so the thermal 

plume would rise up where the thermal anomaly is located. The instantaneous non-dimensional 

plume flux Fp is calculated at every time step as:  

𝐹𝑝 = ∫ 𝑉𝑧 ⋅ 𝑑𝑇𝑑𝑠                                                                                                (6.13) 

while the total plume inflow (Ftotal) is monitored using: 

              𝐹𝑡𝑜𝑡𝑎𝑙 = ∫ 𝐹𝑝𝑑𝑡                                                                                                             (6.14) 

where Vz and dT are the vertical velocity and excess temperature at the bottom, respectively. By 

controlling the location, radius, and total plume inflow of the Gaussian thermal anomaly, a vari-

ety of different plumes are set up for different models. The plume forms at an arbitrary time (30 

Myrs after the model start in most calculations) and ends automatically when the total plume 

inflow reaches a pre-defined threshold value. This procedure ensures the same total plume in-

flow for varying plume parameters such as the plume location or radius. 

       A total of 96-by-576 finite elements are used with mesh refinement near the root area, 

which provides a spatial resolution of 4.5 km per element for the root area and 8-9 km per ele-

ment elsewhere. A total number of >2.5 million tracers are randomly distributed in the domain 

at the beginning of the computation, which provides an average tracer density of 47 tracers per 

element. In order to handle the tracer inflow and outflow, tracers at the elements facing any 

open boundaries are refreshed at every time step. Thus, the total number of tracers in the com-

putation domain is statistically constant. 
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Fig. 6.2: A) Temperature distribution when a plume rises up near the thick continental root. The grey box 

indicates the zoomed area in Fig. 6.2B-E to focus on the erosion of continental root by the plume induced 

flow. Fig. 6.2B-2E) The temperature (left), buoyancy (middle) and effective viscosity (right) of a model in 

which a plume (30 Myr) impacts the thick root, with four time snapshots at 0 Myr, 30.6 Myr, 41.7 Myr, 

125.5 Myr, respectively. The chemical boundary of the root is outlined by the white line in the buoyancy 

field that is the defined by the C=0.1 contour. The black box in Fig 6.2B specifies the area of the left root 

edge where the erosion is monitored. This model has Δρ=21kg/m
3
; Δη=3. The buoyancy field is calculat-

ed relative to a reference density profile based on the average geotherm of normal lithosphere before the 

plume arrival.  

 6.3 Plume-root interaction 

We first illustrate how the plume impacts and erodes thick continental lithosphere through tem-

perature, buoyancy, chemical, and viscosity evolution. Then the effects of different root buoy-

ancy and strength are explored by monitoring the erosion of the root in different models. We 

also compare these models with those without any plumes to understand the actual effects of 

plume impact. Afterward, the effects of different plume setups are investigated.  
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6.3.1 Plume impact on the subcratonic root 

Fig. 6.2A illustrates how a plume rises up near the edge of a craton, and impacts on the thick 

continental root. Fig. 6.2B-E show the temperature, buoyancy and viscosity images of four time 

snapshots when a plume impinges on the thick root in the enlarged area indicated in Fig 6.2A. 

The changing chemical root shape through time (Fig. 6.2B-2E) illustrates that the main impact 

and erosion focuses on the edge of the root whereas the top layer of the root shows little effect 

from the dynamics of plume impact. Therefore, we only further explore the effects of the com-

positional buoyancy (Δρ) and the strengthening factor (Δη) of the lower cratonic layer on the 

erosional behavior of the root in the early stage. The root setup in Fig. 6.2 is characterized by 

Δρ=21 kg/m
3
, Δη=3 of the second layer, which is further explained in section 6.3.2. For other 

model calculations with different Δρ and Δη (see below), the dynamical details might vary, but 

the general deformation pattern as shown in Fig. 6.2 still applies. 

      The buoyancy field has a strong vertical stratigraphy and the peak negative buoyancy is at a 

depth near the LAB of normal lithosphere (middle in Fig. 6.2B-E). This structure is dependent 

on the chemical layer setup and the thermal structure of both two types of lithosphere. The up-

permost root is frozen by its positive or neutral buoyancy and high viscosity (>10
24

Pa s, Fig. 

6.2B-E.), and it has little effect on the dynamics. The deeper root area, that contains the maxi-

mum negative buoyancy, is also protected by its high viscosity (>10
23

 Pa s) as it is located in the 

interior of the root (Fig. 6.2B-E). The lowermost root is almost neutrally buoyant because the 

negative thermal buoyancy of the root decreases with depth. As it falls into the rheologically 

active area, the lowermost root is the most susceptible part to dynamical removal, especially in 

the peripheral area.  
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Fig. 6.3: Effects of root chemical buoyancy and rheology on its erosion. (A) and (B) shows the average 

thermal lithospheric thickness (A, defined as the T=1325
o
C isotherm) and remaining chemical root per-

centage (B, in terms of geometrical volume) of the left root edge (1914 km-2046 km) at 50 Myrs after the 

model start time. C) and D) Evolution of average thermal thickness (C) and chemical root remaining (D) 

through 140 Myrs. Each line represents one of the models with a coloured triangle in Fig. 6.3B: a 

“strong” root (black, Δρ=31.5kg/m
3
; Δη=4 ), an “intermediate” root (red, Δρ=21kg/m

3
; Δη=3), a “weak” 

root (blue, Δρ=10.5kg/m
3
; Δη=2), and a “buoyant” root (green, Δρ=31.5kg/m

3
; Δη=1). 

      When the buoyant plume material arrives and ponds nearby, the lower part of cratonic root 

becomes gravitationally more unstable and strongly sheared by the plume-induced flow (Fig. 

6.2C-D). Due to the non-Newtonian rheology Eq. (6.8), the shearing of plume flow reduces the 

viscosity of the root edge significantly (Fig. 6.2C), which allows instantaneous erosion. Howev-

er, the compositional buoyancy and strengthening of the root interior prevents the development 

of a significant gravitational instability such as described by Houseman and Molnar [1997] and 

only the root material at edge of the root is sheared and eroded away. After the major plume 
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impact, small-scale convection dominates the underside of the normal, non-cratonic lithosphere, 

which also propagates to the edge of the cratonic root and causes further local erosion (Fig. 

6.2D). Once the plume-affected material has cooled down, the lower part of the root returns 

back to approximate neutral buoyancy (Fig. 6.2E), in which thermal and compositional buoyan-

cy cancel each other out.      

6.3.2. Effects of chemical root: buoyancy and strength 

      The thermochemical erosion of a thick continental root by a plume is studied using two 

observables: the local geotherm and the removal of the chemical root material. Because a 

change in the thermal profile does not necessarily correspond directly to the removal of the 

chemical root, the following two physical quantities are calculated at each time step as monitors 

of the erosion: (1). the average thermal thickness; (2). the remaining chemical root as a percent-

age of its original volume. Since the main erosion takes place at the edge of the root, we monitor 

the erosion of the left root edge between x = 1914 km and x = 2046 km as illustrated by the 

black rectangular box in Fig. 6.2B. 

 

 

 

 

 

Fig.6.4:The temperature field and chemical 

root shape at around 120 Myr for four 

models with a “strong” (A), “intermediate” 

(B), “weak” (C) and “buoyant”(D) root.  
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       Fig. 6.3 shows the average thickness (A) and remaining root percentage (B) for the left edge 

of the root at 50 Myr (i.e. 20 Myrs after the plume event) for 19 models with different root set-

ups. Both of the two erosion monitors demonstrate that the erosive strength of the plume on the 

root strongly depends on the chemical buoyancy and strengthening of the root: more buoyant 

and stronger chemical roots experience less erosion. A “strong” root model (Δρ =31.5kg/m
3
, 

Δη=4) shows very limited erosion (~5%), while an “intermediate” root model (with Δρ 

=21kg/m
3
, Δη=3) shows some degree of erosion (~15%). By either reducing the buoyancy (to 

Δρ ≤10 kg/m
3
) or the strengthening factor (such as in the “buoyant” root model with Δρ 

=31.5kg/m
3
, Δη=1), the erosion of the root edge would increase substantially. If both the buoy-

ancy and strengthening factor are reduced, such as in a “weak” root model, very significant ero-

sion (>30%) occurs (Fig 6.3A-B).  

      Four root models (“strong”, “intermediate”, “weak” and “buoyant”) as defined above in Fig. 

6.3B, are selected to demonstrate the evolution of the left craton root edge through time in Fig 

6.3C-D. The impact of the plume arrivals around 30 Myr is clearly indicated by sudden changes 

of the curves in Fig. 6.3C and 3D. After the main plume impact, the average thermal lithosphere 

thickness grows slowly as the mantle cools down (Fig. 6.3C), while the erosion of the “chemical” 

root might still continue (as in most models) or slow down significantly (such as in the “strong” 

root model) in Fig. 6.3D. The shapes of chemical roots and thermal structures at around 120 

Myr of these four models are shown in Fig. 6.4. Models with the ”strong ” and “intermediate” 

root only demonstrate local changes of the root edges by the plume impact (Fig 6.4A, B), while 

there are more widespread erosion effects in the other models (Fig. 6.4C, 4D). 

      To separate the effects of a plume impact from normal plate-mantle interaction, we also cal-

culate three non-plume models with “strong”, “intermediate”, and “weak” roots and monitor the 

chemical root remaining for the left edge and the whole root for a much longer period of 1 Gyr 

(Fig. 6.5A). The thermal thickness is not monitored as it is affected significantly by cooling of 

the lithosphere over such a long period. The “strong” root maintained a well-shaped root (Fig 

6.5B) with 99% of the original root still present. The “intermediate” strength root also survived 

with 92% of the root intact, albeit with significant erosion (Fig. 6.5C) at the edges. The “weak” 

root, however, almost completely loses its lower part after 1 Gyr with 65% and 75% of the root 

remaining for the left edge and the whole root, respectively. This implies that such a “weak 

“root would essentially not survive since its formation in Archean or Proterozoic times until 

today. Comparison of the erosion at the left craton edge between models with and without 

plume impact shows that the short term erosion with plume impact is quite similar to the long 

term erosion without plumes: 92.5 versus 92.8% for the “strong” root, 79.5% versus 76.4% for 

the “intermediate” root.  
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      All these results demonstrate that the compositional buoyancy and strengthening of the cra-

tonic root plays a significant role in mantle dynamics in which a plume impinges on a thick con-

tinental lithosphere. A well-preserved root seems to be characterized by being “strong” (Δρ 

=31.5 kg/m
3
 and Δη=4), and under such conditions, the plume impact does not erode the root 

very much. While a less buoyant and viscous root (“intermediate” root with Δρ =21kg/m
3
, Δη=3) 

shows significant erosion of its edge by a plume impact, the overall fractional erosion is similar 

to that which would occur over 1 Gyr of plate-mantle interaction without any plume impact. An 

even less buoyant and viscous root (“weak” root with Δρ =10.5kg/m
3
, Δη=2) will not be able to 

survive at all, with or without a plume impact. Therefore, the effect of the plume impact is to 

speed up the erosion significantly over a short period (from 100s Myr to 10s Myr), but it does 

not necessarily induce extra erosion in the long term. This agrees well with craton stability re-

sults presented by Sleep [2003]. 

 

Fig. 6.5: Results for three long duration models without a plume impact. A) The evolution of the chemical 

root   remains over a time period of 1 Gyr for the “strong” root (black), “intermediate” root (red); and 

“weak” root (blue). The solid lines show the change of the root remains for the left root edge, while the 

dashed lines show the result for the whole root. B, C, D) The temperature field and root shape at 1 Gyr 

for the models with “strong,” “intermediate”, and “weak” root, respectively.  
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6.3.3  Influence of plume characteristics 

The effects of different plume setups are explored in this section. The temporal evolution of the 

average thermal thickness and fraction of chemical root remaining at the root edge is shown in 

Fig. 6.6. The “intermediate” root (Δρ=21 kg/m
3
, Δη=3) is applied in all models in this section 

and the default plume setup in previous models is used as the reference. A model with total 

plume inflow Ftotal=0 (Eq. (6.14)) shows that the root edge would still experience some erosion 

without any plume impact. But the total erosion after 200 Myrs (i.e. a relatively long period in 

comparison to a typical plume impact duration) is significantly smaller than the rapid erosion in 

the reference model with a plume impact. Compared to the reference model, the model with half 

of the total plume inflow shows much less erosion through both the average thermal thickness 

and chemical root remaining in Fig. 6.6A-B. However, by doubling the total plume inflow, the 

erosion of the root edge increases only marginally (Fig. 6.6B), although the average thickness 

shows a clear difference (Fig. 6.6A). Therefore, a certain critical amount of plume flux is re-

quired to erode the thick chemical root substantially and quickly, but increasing the total plume 

inflow beyond this critical level does not necessarily induce significantly more erosion of the 

chemical root if the compositional buoyancy and strengthening are unaltered. A model with a 

much smaller plume radius (25 km) also makes some difference. As the same total plume in-

flow is applied (i.e. the smaller plume remains active for longer), the change in thermal thick-

ness of the root edge is comparable to the reference model (Fig. 6.6A), but the erosion of the 

chemical root decreases substantially (Fig. 6.6B). However, no obvious increase is found when 

an even larger plume radius is applied (not shown). This means that the instantaneous removal 

of the chemical root by plume impact depends on the vigor of the plume induced flow, but a 

threshold value of plume vigor is required for the impact to be significant. 

      A model with the plume rising up directly underneath the root (x=2200 km) does not show 

an increase of erosion (Fig. 6.6A, B). On the contrary, the average thermal thickness is similar 

to the model with half of the total plume inflow (Fig. 6.6A). This rather counterintuitive result 

can be explained by the fact that the impact of plume flow on the root is weaker when it flows 

from the thick lithosphere to the thin lithosphere and encounters less resistance. Such an impact 

would cause similar erosion at the right root edge which is not monitored in Fig. 6.6. However, 

the impact of the plume directly underneath the root is still distinguished, as the root remaining 

in Fig. 6.6B shows a small increase after the main decrease at 30 Myr. This change is due to the 

transition of the flow direction near the root area during the plume impact.  
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Fig. 6.6: The evolution of thermal thickness (A) and chemical root remaining (B) over a time period of 

200 Myrs for models with different plume setups. Ft, Rp, and Xp are the total plume inflow (relative to the 

reference case), plume radius and plume location, respectively. The reference model has Xp=1500 km, 

Rp=50 km, Ft=100%, while the every other model one of these parameters is changed as indicated. For 

Ft=0, there is no plume event in the model. For other models, the plume is at the left side of chemical root 

when (Xp=1500 km), except for Xp=2200 km, in which case the plume is right underneath the root as 

shown in Fig. 6.1A.  

      Fig. 6.7 compares the long duration model in section 6.3.2 with a model in which a series of 

three plumes impacts the subcratonic root sideways, with plume number 1 and 3 positioned at 

x=1500 km and plume number 2 at the other side of the craton at x=3000 km, each with the in-

tensity of the reference plume above. The chemical portion of the whole cratonic root is not 

evenly affected by the three plume impacts, though the root edge shows a clear change corre-

sponding to every plume impact (Fig. 6.7A). The slight increase in size of the chemical root re-

maining at the left-side root edge indicates that plume number 2 transports root material in the 

direction of plume driven flow. The comparison between Fig.6.7B, D and 6.7C, 7E demon-

strates that the most recent plume impact erodes and deforms the chemical root to some extent, 

but the long-term plate-mantle interaction would overwrite this effect. Therefore, this compari-

son further confirms the very limited effect on the cratonic lithosphere of thermo-mechanical 

erosion by mantle plumes. 
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Fig. 6.7: Results of multiple plumes experiment. A) The evolution of chemical root remains for models 

with no plume (red) and three plumes (blue) through 1000 Myrs. The dashed lines show the evolution of 

the whole craton, while the solid lines show the evolution for the left root edge. The three plumes are: 200 

Myr at x=1500 km; 310 Myr at x=3000 km and 420 Myr at 1500 km. B) and D) Temperature field and 

root shapes (dashed lines) in the model without any plume impact at around 430 Myr and 630 Myr. C) 

and E) Temperature field and root shapes (white lines) in the model with 3 plumes at around 430 Myr 

and 630 Myr. The root shapes in B) and D) are also plotted as dashed line for comparison in C) and E), 

respectively. 

6.4 Discussion  

6.4.1 Effect of plume impact on thick continental lithosphere. 

Our modeling results illustrate that plume arrival beneath cratonic mantle has two main effects: 

(1) due to the stress-dependent rheology, the arrival of a strong plume-induced mantle flow de-

forms and weakens the continental root, especially at the root edges; (2) the hot, buoyant plume 

material increases the vigor of the thermochemical convection surrounding the root and causes 

further erosion. However, only relatively strong cratonic lithosphere would have survived since 

its creation in the Archean or Proterozoic.For such cratons, mechanical erosion caused by a 

nearby plume would be rather limited, unless the chemical root has been recently weakened. 

Thus, according to our results, a mantle plume is unlikely to cause short-timescale (10s of Myr) 

mechanical erosion of an unweakened ancient cratonic root. 
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       Plume-craton interaction is likely to be more complicated than our (by definition simple) 

model calculations suggest. Plume-induced mantle depletion is not included in our models, but 

it might actually inhibit the thermal erosion of the root once a layer of depleted material formed 

at the base [Manglik and Christensen, 1997]. Plumes in a three-dimensional (3D) dynamic sit-

uation might exhibit different behavior compared with 2-dimensional (2D) models [Ribe and 

Christensen, 1994; van Keken and Gable, 1995]. However, mechanical plume erosion is not 

expected to be more efficient in 3D as the plume vigor would reduce with distance from the 

plume stem, and the 3D situation might require a more proximal plume in order to have a sub-

stantial influence on the cratonic root. Our models agree with previous work showing that a 

plume can reduce the width of a cratonic root [Sleep et al., 2002], but they also indicate that this 

reduction would be rather limited for classic cratonic roots that have already survived since the 

Archean. The impact of a plume on a cratonic root might be stronger if widespread melts are 

induced by a craton-centred plume and lead to metasomatic weakening. Also the advective 

transport of heat by melts that penetrates the lithosphere is not included in our models and is 

likely to be more efficient than the thermal conduction alone at the base of lithosphere. The ef-

fects of such plume metasomatism require further geodynamic investigation with interactive 

feedback between melt extraction and metasomatic weakening. 

6.4.2 Metasomatic weakening  

Rapid, significant removal of thick continental lithosphere that previously survived billions of 

years of Earth’s dynamic history is only likely to happen if the compositional buoyancy and 

strengthening of large fractions of the root are significantly altered somehow. While the thick 

lithospheric “lid” provided by cratonic roots limits adiabatic melting compared to that seen in 

shallower lithosphere, it is clear that silicate melt metasomatism strongly affects lithospheric 

mantle, even at the base of >150 km thick cratons [e.g., Smith and Boyd, 1992]. By refertiliza-

tion and enrichment in garnet and/or clinopyroxene, the compositional buoyancy of originally 

depleted cratonic root could be removed. Carbonate-rich low degree melts generated at 6 GPa 

will infuse the lower-most cratonic lithosphere with phlogopite mica and carbonate [e.g., Foley, 

2011]. Such water-rich melts add water both bound to metasomatic phlogopite and by diffusion 

into olivine. Besides weakening the lithosphere by adding water [Peslier et al., 2012], any melt-

rock interaction during the process of metasomatism could also have a substantial weakening 

effect on the rheology of the refractory continental root [Foley, 2008; Holtzman et al., 2012], 

especially for local melt accumulation. Hence, even though we do not model the process and the 

rheological effects of metasomatism explicitly, the important geodynamical implications (i.e. a 

buoyancy and rheological weakening) of metasomatic refertilization on the stability of thick 

continental root [Foley, 2008; Lee et al., 2011; Tang et al., 2013] are manifest in our models. 

       Our results also show that, for the lower part of the root, there is a range of realistic cratonic 

compositional buoyancies (21 kg/m
3
 < Δρ < 42 kg/m

3
) and rheological strengthening (Δη≥3), 
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within which the thick root is not significantly affected by the mechanical erosion of mantle 

plumes. This suggests that a low degree of metasomatism does not necessarily change the dy-

namical stability of the whole continental root. As cratonic mantle is not found to be composi-

tionally refertilized significantly on average [Rudnick et al., 1998; Pearson and Nowell, 2002], 

this finding may explain why many cratonic roots are still extant, even though they might be 

metasomatized locally to some degree during their secular evolution. Kimberlite pipes and other 

small-degree melts that sample the lower parts of the lithospheric mantle only provide small 

local snapshots of the cratonic root at specific points in time. More detailed, widespread studies 

of the distribution, extent and effects of metasomatism on cratonic roots are required to fully 

understand the geodynamical implications of metasomatic refertilization. Nonetheless, it is clear 

that the extent of lithospheric weakening that occurs via high-pressure infiltration of carbonate-

silicate melts at the base of the cratonic mantle depends on the intensity and spatial extent of the 

metasomatic events. 

6.4.3 Global implications 

As discussed above, our numerical models clearly demonstrate the effects of both plume impact 

and metasomatic refertilization on the erosion of the subcontinental lithosphere during mantle 

thermal events. The models thus may have important implications for continental dynamics, 

including the cause of continental breakup and lithosphere thinning. Lithosphere thinning has 

been suggested for a number of Precambrian terranes [Lee et al., 2011], and here we choose 

thinning of the lithosphere underneath Gibeon, southern Africa, the destruction of North China 

Craton (NCC) and the breakup of the North Atlantic Craton as three examples that highlight the 

global relevance of the presented numerical model results.  
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Fig. 6.8: Comparisons of current thicknesses from global seismic study [Priestley and McKenzie, 2013] 

and paleo-thickness from kimberlites at southern Africa [Mather et al., 2011] and the North China Cra-

ton (NCC) [Menzies et al., 1993]. These comparisons have indicate removals of lithosphere by ~40 km 

for Gibeon, Southern Africa and by ~120 km for NCC. 

6.4.3.1 Lithosphere thinning beneath southern Africa 

Kimberlite-derived mantle xenoliths show that the Proterozoic lithosphere underneath Gibeon, 

Namibia in southern Africa used to have a similar geotherm to the Kaapvaal craton at 70 Ma, 

which indicates a lithosphere thinning of 40-50 km to reach the current lithosphere thickness 

(Fig. 6.8A) of this area [Bell et al., 2003; Boyd et al., 2004; Mather et al., 2011; Priestley and 

McKenzie, 2013]. Given the multiple plume tracks across southern Africa starting at 44 Ma 

[O’Connor et al., 2012], lithospheric thinning by mantle plume erosion seems to be a good can-

didate for this thinning event. However, according to our model results, a rather sudden signifi-

cant thinning of this lithosphere after its long-term survival since Proterozoic times [Pearson et 

al., 2004] until at least 70 Ma requires a substantial, recent weakening event. This indicates that 

some metasomatic weakening must have occurred relatively shortly before or during the plume 

arrival. Multistage metasomatism has indeed been documented since 170 Ma, including the 

Group I (108-74Ma) and Group II (143-117Ma) kimberlite eruptions [Konzett et al., 1998; 

Griffin et al., 2003a; Becker and Le Roex, 2006; Gibson et al., 2008; Kobussen et al., 2008]. 

Therefore, we conclude that these documented metasomatism events must have played a very 

important role in the weakening of the lithosphere mantle, while the recent plume events may 

help the thinning to occur rapidly after the weakening. 
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6.4.3.2 Destruction of the North China Craton 

The destruction of the eastern part of the North China Craton (NCC) has attracted a lot of atten-

tion as the only undisputed example of the almost complete removal of the cratonic root [Zhu 

and Zheng, 2009]. The dramatic loss of >120km of lithosphere was first demonstrated by Men-

zies et al., [1993] who noted the difference in equilibration depths given by deeply derived gar-

net-peridotites from Ordovician kimberlites versus the shallow depth of lithosphere in the Ce-

nozoic indicated by spinel peridotites erupted by alkali basalts. The shallow present-day litho-

spheric thickness is confirmed by seismic tomography (Fig. 6.8B). The survival of this cratonic 

root from the Archean to the Mesozoic suggests an initially strong cratonic root that could resist 

long-term thermo-mechanical erosion by interaction with the mantle. Our model results suggest 

that the relatively sudden removal of this cratonic root requires a recent, significant weakening 

of more than perhaps 100 km cratonic lithosphere. This unusual requirement has also been sug-

gested by the geodynamic modeling of subduction-related convective erosion of the NCC [He et 

al., 2014]. A dehydrating stagnant slab underneath east Asia has been suggested to initiate the 

upwelling of “wet plumes” [Richard and Iwamori, 2010] or the formation of a large mantle 

wedge [Zhao et al., 2009, He et al. 2014]. A recent find of hydrous ringwoodite trapped in dia-

mond [Pearson et al., 2014] confirms the enhanced water-carrying capacity of the transition 

zone. In this scenario, water originating from stagnant slabs in the transition zone that are heat-

ing up acts to lowers the solidus of mantle rocks, producing large amount of melts that metaso-

matize the cratonic root through fluid/melt-rock interaction (hydrous metasomatism) [Niu et al., 

2005]. In addition, water or hydrous fluid at the subduction zone might also can trigger the ec-

logitization of the lower crust [Jackson et al., 2004; Krystopowicz and Currie, 2013] and pro-

vide the negative buoyancy required for foundering of the lower crust as well as the mantle lith-

osphere underneath [Gao et al., 2002a; Yu et al., 2012]. The gravitational instability of the 

chemically buoyant lithosphere [Jaupart et al., 2007; Wang et al., 2015] provides a supportive 

mechanism of the destruction of the NCC. Wang et al. [2015] demonstrated the feasibility of 

episodic and multistaged gravitational instabilities of the weakened cratonic lithosphere con-

sistent with the episodic magmatism/volcanism events of the NCC in the Mesozoic and Cenozo-

ic. We note that, regardless of the exact mechanism, significant weakening by hydrous metaso-

matism and related processes must have played an essential role in the sudden destruction of the 

NCC and is consistent with our model results that emphasize the role of metasomatic weakening. 

6.4.3.3 Rifting of the North Atlantic Craton and opening of the Labrador Sea 

Our last example highlights the role played by exotic small-degree volatile-rich melts in weak-

ening the base of cratonic mantle over an extended time period prior to full-scale continental 

rifting. The continental breakup phase during the supercontinent cycle is often linked to plume 

impingement [Hill, 1991; Anderson, 1994; Courtillot et al., 1999; Li and Zhong, 2009; Brune et 
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al., 2013; Yoshida, 2013]. Brune et al. [2013] studied the thermal and mechanical influence of a 

plume on 3D continent breakup and found that a plume would reduce the strength of continents 

by several TN/m if tens of kilometers of lithosphere are eroded from the base of the continental 

lithosphere. Continental root erosion by mantle plumes without weakening of the originally sta-

ble lithosphere, however, is found to be very limited according to our modeling results. But (po-

tentially plume-generated) melt weakening effects in the lithosphere assist the process of conti-

nental rifting [Buck, 2006; Schmeling and Wallner, 2012]. The North Atlantic Craton, exposed 

on the W and E sides of the Labrador Sea was rifted apart between 60 and 55 Ma, accompanied 

by the eruption of flood basalts. Prior to this, the cratonic root experienced a protracted history 

of metasomatic weakening that began with the eruption of Mesoproterozoic lamproites through 

deep ancient cratonic lithosphere followed by Neoproterozoic ultramafic lamprophyres in both 

Labrador and W. Greenland [Tappe et al., 2007, 2011]. This magmatism infused the lower lith-

osphere with carbonate and water at this time. Initially small-scale (~30 km depth) lithosphere 

removal appears to have accompanied the eruption of alkalic melts during the Jurassic [Tappe et 

al., 2007], probably driven by small-scale convective flow whereas the arrival of a major plume 

at 60-55Ma drove full-scale continental rifting of the metasomatically weakened lithosphere. 

This sequence of metasomatic weakening and thermomechanical erosion by small and large-

scale mantle flow is aligned with our model results. 

6.5 Conclusion 

The hypothesis that a mantle plume might cause significant thinning of ancient, depleted conti-

nental mantle lithosphere is tested in our numerical models. The results show that the erosion 

caused by a plume impact on a strong continent (moderately strong and buoyant) is rather lim-

ited. Plumes impacting on less strong or less buoyant subcontinental roots produce significantly 

more erosion at root edges in a relatively short (approximately 10s of Myrs) amount of time. 

Without such a plume impact, a similar amount of erosion could eventually occur due to contin-

ued plate-mantle interaction, albeit over much longer time scales (several 100 Myrs to 1 Gyr). 

Varying the plume radius, location, or total plume inflow does not significantly change the ef-

fectiveness of the erosion. Instead, our modeling shows that generating a distinctly weakened 

root (less strong and less buoyant) is essential for significant thinning of subcontinental litho-

sphere over timescales of a few 10s of Myr. 

      Fluid/melt-rock interaction during mantle metasomatism is probably the most likely mecha-

nism to modify and weaken the depleted subcontinental lithosphere. Therefore, metasomatic 

weakening must have played an essential role on the thinning and reactivation of the originally 

stable subcontinental lithosphere, while the effect of any plume impact was to speed up the ero-

sion and helped the removal of the lithospheric root to occur rapidly after the weakening. De-

pending on the extent of the metasomatic weakening, as well as the tectonic environment, dif-
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ferent types of reactivation of the subcontinental lithosphere may occur, such as thinning of 

subcontinental lithosphere (e.g. underneath southern Africa), complete destruction of the craton-

ic root (e.g at the NCC) and continental rifting (e.g. of the NAC). For the cases of southern Af-

rica and the NAC, the documented plume activity may have enabled this process to occur rapid-

ly. Other Precambrian terranes (e.g. the Colorado plateau and Wyoming craton) may have un-

dergone similar processes, but more detailed studies of the distribution, extent and effects of 

metasomatism might be needed to confirm this.  
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Chapter 7 

Thickening and stabilization of cratonic lithosphere in a thermal-

ly evolving mantle 

 

Abstract 

The formation mechanism for the Archean craton is still enigmatic, as showed by the strong 

debate on the plume related versus the subduction related origin. The latest evidence from both 

geophysical and petrological approaches, however, both suggest a vertical thickening of the cra-

tonic peridotite after its formation. This study therefore focuses on the thickening process of 

craton formation in a thermally evolving mantle by using geodynamical modelling.  Our numer-

ical experiments demonstrate a cratonization process in which a depleted buoyant layer (30~120 

km) forms a cratonic root that is thicker than 200 km within a few hundreds of Myr.  Our results 

show that substantial initial tectonic shortening and thickening of previously depleted material 

is essential to initiate the cratonization process. This could perhaps have been caused by tecton-

ics similar to today’s orogenic processes associated with phenomena such as subduction accre-

tion, lithosphere underplating, or continental collision. The Tibetan Plateau serves as a good 

tectonic modern-day analogue of such a thickening process, though it may not form a craton. 

Gravitational self-thickening takes place after the initial tectonic compressive shortening and it 

contributes to a second thickening regime. Unlike previous gravitational instability studies, the 

intrinsic compositional buoyancy of the cratonic root, as well as the secular cooling of the man-

tle, prevents a Rayleigh-Taylor type collapse, and stabilizes the thick cratonic root. So our mod-

els provide a possible cratonization scenario that is consistent with petrological and geophysical 

constraints.  
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7.1 Introduction  

Cratons, the geologically oldest parts at the surface of our earth, owe their longevity and stabil-

ity to the chemical distinction of highly melt-depleted cratonic roots [Jordan, 1975, Boyd, 1989; 

Carlson et al., 2005; Wang et al 2014].  The formation of this chemically distinctive root, how-

ever, continues to be strongly debated, with more and more information about cratonic litho-

sphere becoming available through recent scientific and technological advances [e.g. Griffin et 

al., 2003b; Carlson et al., 2005; Pearson and Wittig, 2008; Lee and Chin, 2014]. 

      Three main endmember hypotheses for the formation of cratonic lithosphere have been pro-

posed [Pearson and Wittig, 2008; Arndt et al., 2009; Lee et al., 2011]: 1. extensive melting in a 

mantle plume; 2. accretion and stacking of oceanic lithosphere; 3. accretion of the arc litho-

sphere. There has been much debate regarding relative importance of mantle plume origin and 

subduction related origin [Lee, 2006; Aulbach, 2012; Pearson and Wittig, 2014].  However, 

even though no current single hypothesis is able to explain all the observations of modern cra-

tons, two aspects of the craton formation seem to be commonly acknowledged [Carlson et al., 

2005; Lee and Chin, 2014; Pearson and Wittig, 2014]: 1. delamination of eclogite (i.e. fate of 

abundant eclogite); 2 compressional thickening of buoyant root/depleted mantle. The “evolved”, 

andesitic continental crust has a different average composition from the basaltic crust generated 

at present day crustal growth sites [Rudnick, 1995; Liu and Rudnick, 2011], which has been re-

ferred to as the “crust composition paradox”. As one of the main ways to solve this paradox, the 

delamination of eclogite has been commonly discussed in the theories of craton formation [e.g. 

Zegers and van Keken, 2001; Griffin et al., 2003; Carlson et al., 2005; Bédard, 2006; Rollinson, 

2010; Tappe et al., 2011; Aulbach, 2012; Herzberg and Rudnick, 2012; Lee and Chin, 2014]. 

However, the dynamics associated with compressional thickening during craton formation 

(probably related to Wilson cycle) is comparatively less studied [Rapp et al., 2003; Mckenzie et 

al., 2005; Rollinson, 2010; Pearson and Wittig, 2014], though it has long been proposed as an 

important process of cratonization [Jordan, 1978], and vertical tectonics might have played a 

more important role in the Archean that it does today [Bédard et al., 2003; Sleep, 2005]. Thus, 

we will focus on the dynamics of the thickening process of cratonic lithosphere in the Archean-

like environment in this study. 

      The melting depth of the peridotitic protolith is one of the key constraints for formation of 

cratonic peridotite [Herzberg, 1999; Canil, 2004; Pearson and Wittig, 2008, 2014; Lee and Chin, 

2014]. High pressure (3-6GPa) melting conditions of craton protoliths obtained from bulk-rock 

major element studies are used as evidence for a plume origin [e.g. Pearson et al., 1995; 

Herzberg, 1999; Aulbach, 2012], although this approach does not consider later metasomatic 

processes [Lee, 2006; Pearson and Wittig, 2008]. In contrast, mildly incompatible trace element 

results that are insensitive to metasomatic processes argue for a low pressure origin of cratonic 



                     The thickening of cratonic lithosphere     Chapter 7 

 

79 

peridotite (<3 GPa) [Canil, 2004; Wittig et al., 2008].  Lee and Chin [2014] explicitly calculated 

the temperature and pressure conditions of peridotite melting events through bulk FeO and MgO 

measurements of the residual peridotite. Fig. 7.1 shows the comparison between the subsolidus 

equilibration P-T status and the calculated P-T condition of the igneous protolith of selected 

cratonic peridotite samples. They concluded that Archean cratonic peridotites are likely to be 

formed at melting temperatures of 1400-1750
o
C and pressures of 1-5GPa (~30-150 km) and 

then transported to depths of 120-200 km and cooled (Fig. 7.1). The driving force for the verti-

cal movement of cratonic peridotite is either an external tectonic force or the internal gravita-

tional force. The numerical study of the secular thermal evolution of the cratonic lithosphere 

demonstrated that the  isopycnic state of the cratonic lithosphere is an inherently ephemeral 

phenomenon due to the evolution of the negative thermal buoyancy [Eaton and Claire Perry, 

2013]. Laboratory experiments on the physical properties of depleted mantle rocks further sug-

gest that subcratonic mantle formed above ~110 km is negatively buoyant with respect to adia-

batic mantle [Schutt and Lesher, 2006], which suggests a gravitational driven vertical move-

ment.   

       Geodynamical modelling of the thickening process of depleted mantle rocks is required to 

know how a craton grows to its current thickness and may help us gain new insights for some 

geological phenomena. Cooper and Miller [2014] studied the thickening of the buoyant material 

over a mantle downwelling and suggested that mid-lithospheric discontinuities might be related 

to the localized deformation during the thickening phase of the cratonic lithosphere. In this 

study, we perform new numerical experiments to investigate the thickening process of cratonic 

lithosphere in a thermally evolving mantle and explore the potentially important model parame-

ters related to the craton thickening and stabilization.  
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Fig. 7.1: P-T plot for cratonic peridotite with both igneous protolith and metamorphic, subsolidus condi-

tions (Lee and Chin [2014]). The lines connect protolith and metamorphic P-T conditions for those sam-

ples for which both sets of P-Ts could be calculated. They indicate a downward vertical movement of 

these rock samples as a consequence of root thickening during cratonization. 

 

7.2 Model description 

7.2.1 Governing equations 

We use a Cartesian version of the finite element code Citcom [Moresi and Solomatov, 1995; 

Zhong et al., 2000; van Hunen et al., 2005] to solve the incompressible flow with Boussinesq 

approximations. The non-dimensional governing equations for mass, momentum, energy con-

servation are: 

  0∇ =u ,                                                                                                                (7.1) 

     0-∇∇∇-∇ =CRbRaT++η+P
zii

T
euu ,                                             (7.2) 

0

2
∇∇

∂

∂
Q+T=T+

t

T
u .                                                    (7.3) 

A standard non-dimensionalisation is used with 
0

2
/ ηη=ηκ,ht=h,tx=x

''' ,while the 

primes of the non-dimensional parameters are dropped for clarity in the above equations. The 

dimensional physical parameters are listed and explained in Table 7. 1. The thermal and chemi-

cal Rayleigh number Ra and Rbi are defined as: 
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Ra=
α ρ0 gΔT h

3

κ η0
,                                                      (7.4) 

R bi=
δ ρi g h

3

κ η0
.                                 (7.5) 

A particle-tracking technique is used to track different chemical materials[van Hunen et al., 

2000; Di Giuseppe et al., 2008], which has been benchmarked against van Keken et al. [1997] 

and Schmeling et al. [2008]. The evolution of the compositional field is solved with:  

0∇
∂

∂
=C+

t

C

i

i
u ,                                          (7.6) 

where C1,C2 represent the crust and depleted mantle material, respectively.  Considering 

the significant shortening of both crust and mantle lithosphere in our models, here we use a dif-

ferent rheology for the crust in order to take into account the potentially important effects of the 

weak and buoyant crust. A critical value of C1 is set up in order to distinguish between the crust 

and mantle when the viscosity is calculated.  We use a composite rheology of dislocation creep 

and diffusion creep that is similar to Chapter 6, but we ignore the pressure dependence of the 

rheology in order to simplify the models and focus on the lithosphere dynamics. The composi-

tion-dependent viscosity for dislocation creep and diffusion creep are defined as:  

      Δη
nRT

E
expA=η

n

n

n

dl
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(
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 ,                    (7.7) 

      
n
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Δη

RT

E
Bexp=η 








.                                 (7.8) 

In addition, we apply a yielding mechanism [van Hunen and Allen, 2011] to consider the 

brittle yielding of strong lithosphere during the imposed shorting process: 

             𝜂𝑦 =
min (𝜏0+𝜇𝑃,   𝜏𝑚𝑎𝑥)

�̇�
,                                                     (7.9) 

whereas the descriptions of the parameters are listed in Table 7.1. Therefore the effective vis-

cosity is defined as: 

     𝜂𝑒𝑓𝑓 = min (𝜂𝑑𝑙 , 𝜂𝑑𝑓 , 𝜂𝑦).                                  (7.10) 
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    Table 7.1 Symbols, units and default parameters. 

Symbol Description Default value and units 

A rheological pre-exponent [MPa
-n

s
-1 

] (ds), [MPa
-1

) (df)  

E mantle activation energy 500 (ds), 310 (df) [kJ/mol] 

Ec crust activation energy 375 (ds), 260 (df) 

g gravitational acceleration 9.8 [m/s
2
] 

h model height 400 [km] 

Cp Thermal capacity 1250 [J kg
-1

K
-1

] 

n rheological power law exponent 3.5, 3.4 (ds), 1 (df) [-] 

P deviatoric pressure [Pa] 

R gas constant 8.3 [J/mol] 

Ra  thermal Rayleigh number 1.1228x10
6
 [-]  

 
Rbi

a
 compositional Rayleigh number 3.7632x10

6
, 1.9757x10

5 
[-] 

T Temperature [
0
C] 

 
ΔT temperature drop over model domain 1350 [

0
C] 

 
  strain rate [s

-1
] 

 
Α thermal expansion coefficient 3.5x10

-5  
[K

-1
] 

 
η0 reference viscosity 10

20  
[Pa∙s] 

 
 viscosity [Pa∙s] 

κ thermal diffusivity 10
-6  

[m
2
/s] 

 
ρ mantle density 3300 [kg/m

3
] 

Δρ1 density difference of crust and mantle 600 [kg/m
3
] 

Δρ2 maximum density change due to depletion 31.5 [kg/m
3
] 

Q0 present day mantle radioactive heating 0.02 [µW/m
3
] 

Ci composition field 0~1 [-] 

Cη
b
 rheologically effective composition value 0.6 [-] 

τ0 yield stress at the surface 40 [MPa] 

τmax maximum yield stress 400 [MPa] 

μ friction coefficient 0.6 [-] 

P0 lithostatic pressure [Pa] 
a 
3.7632x10

6
 and 1.9757x10

5
 are the compositional Rayleigh numbers for crust and cratonic root, 

respectively.  

b 
Cη is chosen to make the second cratonic layer has the maximum strengthening factor due to its initial 

compositional field.  
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       Different rheological parameters are applied to the crust and mantle as listed in Table 7.1. 

For the crust rheology, there is no strengthening factor (Δη=1). For the mantle rheology, a 

strengthening factor of Δη=3 is used in Eqs. (7.7) and (7.8) for the depleted cratonic root areas. 

Due to the non-linear stress-strain rate relationship used in the non-Newtonian rheology, the 

effective compositional viscosity increase depends on the ambient stress or strain rate. In this 

study, we report ‘constant strain rate’ values Δη, and values used in this study (Δη = 3) corre-

spond to ‘constant stress’ values of Δη
n
 = 46.8, for n=3.5. The choice of Δη = 3 is based on the 

study of Chapter 5 and 6 and it is well within the range of acceptable values obtained from la-

boratory measurements [Hirth and Kohlstedt, 1996; Karato, 2010; Fei et al., 2013]. 

Fig. 7 2:  Model setup, including mechanical and thermal boundary conditions, initial thermal condition 

and initial chemical profile of the cratonic root. The initial compositional profile C, as plotted in the left 

inset diagram A2, increases from 0.6 to 1 between 30 km and 75 km and decreases from 1 to 0.6 between 

75 km and 120 km. The chemical buoyancy reaches its maximum value at 75 km, where it is 0.95% less 

dense than typical 3300 kg/m
3
 reference density for peridotite. For comparison, the depth-dependent de-

pletion effect for 20% melting on the density of mantle peridotite is plotted in the right inset diagram A3 

[Schutt and Lesher, 2006]. 

7.2.2 Model setup 

The computational domain is 400 km deep and 1600 km wide, with the layered depleted mantle 

material at located between x=200 km and x=1400 km. This model setup is illustrated in Fig. 

7.2, together with the mechanical and thermal boundary conditions. The side boundaries of 

computation domain have an imposed constant in/outflow velocity profile as shown in Fig. 7.2 

which pushes the lithosphere towards the centre of the domain for a given period.  This process 

shortens the lithosphere with the chemical root as well as the remaining lithosphere in the model 

domain and could potentially form a thick cratonic root.  The shortening of the lithosphere is 

mainly controlled by the imposed boundary inflow velocity and duration, and we define a short-

ening length as:   

𝐿𝑠 = 2 × 𝑉𝑠 × 𝑡𝑠  .                                                  (7.11) 

So strictly speaking, this shortening length LS represents the amount of lithosphere pushed 

into the model domain from two side boundaries.  It is 1000 km in the reference model L (see 

Table 7.2). After the compressive shortening phase, free slip boundary conditions are applied at 
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the side boundaries. The bottom boundary is open to allow material to flow in or out of the 

model domain. We ignore any initial thermal differences between the depleted mantle and nor-

mal mantle, and use a 30 Myrs halfspace cooling age for the initial thermal structure of the 

whole lithosphere as shown in Fig.7.2. We define the thermal lithosphere asthenosphere bound-

ary (LAB) as the T=1350
0
C isotherm. As we aim to model the thickening of cratonic root in the 

hotter Archean era, we use a mantle potential temperature of 1550
0
C in the models, which is 

well within the range of petrological estimates [Herzberg et al., 2010]. The first order effect of 

mantle secular cooling is included by a constant cooling rate λ (
0
C/Gyr) for the temperature 

boundary condition at the bottom, as described by: 

𝑇𝑏 = 𝑇𝑏0(1 − 𝜆𝑡)                             (7.12) 

Secular cooling of the Earth's mantle has been estimated to be 50-100 
0
C/Gyr [Schubert et 

al., 1980; Grove and Parman, 2004; Michaut and Jaupart, 2007; Herzberg et al., 2010]. In or-

der to highlight/protrude the effects of the secular cooling, we use λ =100 
0
C/Gyr in the refer-

ence model, but we also explore the effects of different cooling rates in section 7.3.2.3. The de-

pleted mantle material is composed of two layers: 1) a highly depleted layer from 30 to 75 km 

depth; and 2) a less depleted layer from 75 to 120 km with compositional value decrease from 1 

to Cη. The effects of melt depletion on the mantle density has been suggested to be smallest at 

pressures between 1 and 3 GPa, within which 20% melt removal results in only a 0.42% ~0.46% 

density reduction (Fig.7.2A3)[Schutt and Lesher, 2006]. Thus, even though the depletion profile 

ideally decreases with depth, the chemical buoyancy may peak within the depleted layer be-

cause of the depth-dependent effects of depletion on density. Instead of considering a compli-

cated depth-dependence of depletion on density, we simply use a chemical profile as illustrated 

in Fig. 7.2A2 to mimic its effects. To avoid the sharp transition between chemical root and as-

thenosphere, a 10-km thick buffer layer is added underneath the chemical root in which the 

chemical value gradually decreases to 0. This profile results in a maximum chemical buoyancy 

at 75 km(C=1) in the initial chemical field, which would transport to deeper mantle during the 

thickening of the root. We use a maximum density reduction of 31.5 kg/m
3
 (0.95%) in our mod-

els, which is within the range 0.90%~1.14% where the depletion has maximum effects on the 

density under the pressure 3.5~4.5 GPa [Schutt and Lesher, 2006]. This value also agrees with 

the results in Chapter 5 and 6. More or less density reduction would have significant effects on 

the stability of the cratonic root as discussed in the previous chapters. In this chapter, we simply 

use 0.95% as default value, and focus more the effects of other model parameters. The composi-

tion value C controls both the buoyancy and strengthening of continental root through:  

ρc= ρm−C i ∆ ρi          (7.13) 

∆η = ∆η0

𝑚𝑖𝑛(1,
𝐶2
𝐶𝜂

)
                      (7.14) 
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Because the two chemical layers in all calculations have initial compositional values larger 

than or equal to Cη, the initial strengthening factor of the whole root is always Δη0 in Eqs. (7.7) 

and (7.8). Besides the rheology and buoyancy of the crust, the high radiogenic heating in the 

crust may also play a role in the lithosphere dynamics during the shortening of the lithosphere. 

We made the following assumptions: 1. a constant ratio of 30 of the radiogenic heating between 

the crust and mantle; 2. The heat production in the Archean is 3 times of the present-day value 

based using exponential decay with a half-life of 1.8 Gyrs for both the crust and mantle. These 

assumptions fall within the suggested ranges for the Earth’s thermal evolution and heat produc-

tion values [Mareschal and Jaupart, 2006; Michaut and Jaupart, 2007; Michaut et al., 2009]. 

The crustal rheology and radiogenic heating may have significant influence on the lithosphere 

dynamics, especially shortly after the imposed shortening in our models. But as we focus on the 

long-term thickening and stabilization of the cratonic root, we did not vary these crustal parame-

ters, and as such, their effects on craton formation are not explicitly examined in this study. 

 A total of 96-by-394 finite elements are used, which provides a uniform spatial resolution 

of 4.17 km per element. A total number of ~1 million tracers are randomly distributed in the 

domain at the beginning of the computation, which provides an average tracer density of 25 

tracers per element. In order to handle the tracer inflow and outflow, tracers at the elements fac-

ing any open boundaries are refreshed at every time step. Thus, the total number of tracers in the 

computation domain is statistically constant. The tracer velocity interpolation is done with the 

method described in Chapter 4. 

7.3 Numerical modelling results 

 7.3.1 Thickening process of the cratons  

Fig. 7.3 demonstrates the general thickening process of cratonic root in our reference model L 

(Table 7.2). A layer of thin depleted mantle material grows to a thick cratonic root in a few 100s 

of Myrs after 50 Myrs of the compressive shortening. The green contour outlines the depleted 

mantle material. As the area with T>1350
0
C is removed, the temperature images actually show 

the thermally defined lithosphere. Hereafter, we refer the areas showed by the temperature im-

age and chemical contour (green) as the thermal root and chemical root, respectively. The thick-

ness of the cratonic root is monitored through time as the average depth extent of the chemical 

root (defined as the depth of the green contour in Figure 7.3) between x=550 km and x=1050 

km. We also calculate the amount of remaining root defined as the remaining percentage of the 

original chemical root volume to monitor its erosion. The results of four models are shown in 

Fig. 7.4 with the red lines indicate the evolution of average root thickness (Fig. 7.4A) and re-

maining root (Fig. 7.4B), respectively.  
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Fig. 7.3: The thickening process of the cratonic root in the reference model L. The initial thermal status 

and chemical field are shown in Fig. 7.2.  Colours indicate the temperature distribution, from which tem-

peratures above 1350
o
C (taken as the ‘thermal root’ in this study) are removed to clarify the lithosphere 

thickening process. The dashed black lines show the depth of 200 km. The green lines depict the cratonic 

root with chemical contours. These rules also apply to the following figures with temperature images. 

      There are two regimes of the thickening process: 1) the quick compressional tectonic short-

ening imposed by the velocity at the two side boundaries, for t < 50 Myrs in this case, and 2) the 

self-driven gravitational thickening of the pre-thickened root after t = 50 Myrs. As constant in-

ward velocities are imposed at both side boundaries, the depleted root material in the middle of 

the domain is pushed downward to the deeper mantle which causes the initial thickening and 

shortening of the cratonic root (Fig. 7.2 and 7.3A). As the depleted mantle material is composi-

tionally buoyant and viscous compared to normal mantle, it resists this thickening process, 

which results in more thickening at the edge than at its interior (Fig. 7.3A). In this case, the de-

pleted root material is thickened from 120 km to about 175 km depth within 50 Myrs (Fig. 7.2 

to 7.3A), while the thermal root is significantly thinner. The resultant thermal and chemical 

structure after the imposed compressional thickening ceases is by no means in steady state. 

When the thickened root cools down and becomes denser, the negative thermal buoyancy ex-

ceeds the chemical buoyancy and causes further thickening. In this phase, the cratonic root 

grows from 175 km at t = 50 Myrs to 220 km depth at t = 600 Myrs (Fig. 7.4A), during which 

the thermal root grows to approximately the same depth as the chemical root (Fig. 7.3A-C). 

This self-driven gravitational thickening is controlled by the cooling of the cratonic lithosphere 
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and thus it has similar timescale as that of the thermal diffusive cooling of the lithosphere. Both 

of the two thickening regimes involve some recycling of the root material as illustrated in Fig. 

7.4B: ~17.5% during the compressive thickening regime and another ~5.5% during the self-

driven thickening regime. The cratonic root still slowly thickens and shortens as a result of the 

deformation after 600 Myrs (Fig. 7.3C-D), but almost no chemical root recycling occurs as indi-

cated by Fig. 7.4B. This indicates that the buoyancy and high viscosity of the depleted root  

prevent the development of a significant Rayleigh Taylor instability and stabilizes the root in 

the long term.  

 

 

 

 

 

 

 

 

 

 

 

Fig.7. 4: A) Thickening of the cratonic roots over a time period of 1000 Myrs, measured as their average 

thickness between x=550 km and x=1050 km in models with different shortening lengths. The thickness is 

calculated by using the compositional (rather than thermal) root definition in order to exclude any effects 

of secular cooling.  There are two thickening regimes in model L and L2: tectonic compressive thickening 

and gravitational thickening. B) Volumetric percentage of remaining root material over time to illustrate 

the amount of recycling into the underlying upper mantle of chemical root material. 
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7.3.2Parameters sensibility study 

7.3.2.1 Shortening length 

The effects of different shortening lengths are investigated in this section. The same shortening 

velocity is imposed at the boundary but with different shortening durations of 0 Myr (L1), 30 

Myrs (L2), 50 Myrs (L) and 80Myrs (L3), which result in shortening length of 0 km, 600 km, 

1000 km and 1600 km (Table 7.2), respectively.  Fig. 7.4 illustrates the evolutions of the chemi-

cal thickness and the amount of remaining root in these models. Without any imposed shorten-

ing (model L1), the self-driven thickening of the depleted mantle material doesn’t occur (Fig. 

7.4A). Although most of the depleted material survives for 1Gyrs in this case (Fig. 7.4B), a 

thick cratonic root is not formed. In model L2 (1cm/yr × 30 Myr) , the slow self-driven thicken-

ings as described in section 7.3.1 follows the imposed shortenings and helps to form a cratonic 

root with an average depth of 180 km (Fig. 7.4, Fig. 7.5A-D). However, 180 km is thinner than 

the thicknesses of most cratons [Rudnick and Nyblade, 1999; Gung et al., 2003].  From the 

thickness evolutions in Fig. 7.4A, the self-driven thickening after the initial imposed thickening 

in the reference model (~41 km) is larger than in model L2 (~20 km).  This indicates that the 

substantial initial thickening and shortening of the depleted material is essential for the devel-

opment of further, late stage gravitational thickening of the cratonic root. 
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Fig. 7.5: A)-D) The thickening of the chemical root in model L2 that has less shortening (600 km) than in 

the reference model L (1000 km). E)-G) The shortening and recycling of chemical root material in model 

L3, which has undergone much more shortening (1600 km). 

        However, too much imposed shortening leads to different dynamics, as demonstrated by 

model L3 (Fig. 7.4 and 7.5E-G). In that case, the depleted material is pushed down to a depth of 

more than 240 km within 80 Myrs, but late stage, further thickening is not occurring in this 

model, and instead, significant thinning of the root occurs (Fig. 7.4). Unlike the previous models, 

the chemical root undergoes significant instability and recycling before it has the chance to cool 

down sufficiently to form a stabilizing thermal boundary as in the reference models (Fig. 7.5E-

G). Instead, more and more root material is recycled over time (Fig. 7.4B) and the root becomes 

progressively smaller (Fig. 7.5) over time, which is not the characteristic of a stable craton. 

Therefore, a certain minimum amount of shortening is required to create thick enough cratons, 

but too much initial shortening may prohibit the formation of a stable cratonic root.  
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   Table 7.2 Comparison of parameters in all discussed models.              

model shortening 

 length (km) 

shortening 

velocity(cm/yr) 

basal cooling 

rate (
0
C/Gyr) 

L1 0 0 100 

L 1000 1 100 

L2 600 1 100 

L3 1600 1 100 

S1 1000 2 100 

S2 1000 0.5 100 

S3 1000 0.25 100 

S4 1000 0.125 100 

SC1 1000 1 50 

SC2 1000 1 0 

 

7.3.2.2 Shortening speed  

Next, we apply the same shortening length as in the reference model but with different shorten-

ing speed, which results in 25, 100, 200, 400 Myrs shortening period in models S1, S2, S3, S4 

(Table 7.2), respectively. As Fig. 7.6A shows, although the imposed shortening speed varies 

over more than an order of magnitude between the models, all of these models form a cratonic 

root of  ~220 km or even thicker. The root recycling during the craton thickening shows a posi-

tive correlation with the imposed shortening speed as illustrated in Fig. 7.6B: faster shortening 

recycles more root material. The sudden drop in the amount of remaining root at the end of the 

imposed shortening period in the S1, L, and S2 models in Fig. 7.6B are caused by the delamina-

tion of root material in these models, which doesn’t occur in the slow shortening models (S3, 

S4). This can be explained by the stress field imposed by the shortening, as faster shortening 

induces stronger stress weakening effects on the rheology of the root material which leads to the 

delamination or dripping of the root material.  
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Fig. 7.6: The thickening and recycling of the cratonic root in models with different shortening speeds 

(Models S1, L, S2, S3, S4) over a time period of 1000 Myrs. The same shortening lengths are applied in 

these models (1000 km), which results in different shortening periods (25Myrs, 50 Myrs, 100 Myrs, 200 

Myrs, 400 Myrs, respectively). Faster shortening leads to more and faster root recycling.      

       The root shapes at around 600 Myrs in model S1-S4 are plotted in Fig. 7.7 in order to clari-

fy the effect of the shortening speed. In the fastest case, this shortening occurs within 25 Myrs 

(Model S1), significant yielding of the lithosphere occurs, and induces an undulating boundary 

on the top of the root. This preserved undulating structure is similar to those described for the 

localized thickening of cratonic lithosphere by Cooper and Miller [ 2014]. In the slowest 

endmember (model S4), the shortening of the lower part of the root is not very developed (Fig. 

7.7D) compared to other models because the shortening is so slow that the mobility of lower 

root is reduced significantly by the secular cooling for 400 Myrs. The wider root shape of model 

S4 (Fig. 7.7D) also explains why it doesn’t have a thicker root than other models, even though it 

has more root material survived (Fig. 7.6B). Therefore, slow shortening is generally better than 

fast shortening for the amount of root survival, but a well-developed cratonic root requires the 

thickening to be fast enough to avoid the significant effect that simultaneous cooling may have 

on the thickening process. 
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Fig. 7.7: Cratonic root shapes at 600 Myrs model time for models with different shortening speeds.  

Strong yielding in model S1 (A) induces an undulating boundary at the top of the chemical root. The 

chemical root shape in S4 (D) is not well-developed since the mantle cools down significantly during the 

imposed shortening. 

7.3.2.3 Secular cooling  

In our reference model L, the basal temperature reduces by λ=100
0
C/Gyr in order to mimic ef-

fects of the secular cooling of the mantle. In this section, we compare models with different 

cooling rates (Table 7.2) and demonstrate how this affects the craton thickening and stabiliza-

tion process. Fig. 7.8 shows the thickness and remaining root evolution of three models with 

cooling rates of 100
0
C/Gyr (L), 50

0
C/Gyr (C1), and 0

0
C/Gyr (i.e. no cooling, C2). While the 

reference model and model C1 remain stable even after t = 1 Gyr, model C2 without basal cool-

ing (
0
C/Gyr) has a quiet period until t=1Gyr, but then start to show significant perturbations as 

observed in both the thickness (Fig. 7.8A) and remaining root percentage (Fig. 7.8B). The cra-

tonic root is clearly thinned and recycled during this period, which requires substantial dynam-

ics of the cratonic root. The root-mean-square velocities of the cratonic root (“vrms”) are calcu-

lated based on the composition field and plotted in Fig. 7.8C. It shows that the cratonic root in 
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model C2 becomes dynamically active after 1 Gyrs by approaching the “vrms” of the whole 

domain area (thick, red), while the root in the reference model L becomes more and more inac-

tive over time and the root in model C1 suggests a relatively constant degree of activity through 

time. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 7.8 Thickness (A), remaining volumetric percentage (B) and root-mean-square velocity (C) of the 

cratonic root material in models with different secular basal cooling rates over a time period of 1500 

Myrs. As a comparison, the thick red line in C is root-mean-square velocity of the whole model domain 

(model L).  Whereas models L (100
0
C/Gyr) and C1 (50

0
C/Gyr) remain stable indefinitely, the cratonic 

root in model C2 without basal cooling starts to show significant thinning and recycling of the root mate-

rial after ~1 Gyrs. 
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       Fig. 7.9 shows the root dynamics of model C2 over a short period of 45 Myrs. The core of 

the thermal root doesn’t really change shape within this small period as showed by the evolution 

of temperature field in Fig.7.9. However, a dramatic cycle of the movement of the root material 

is illustrated in the same period (Fig. 7.9): the root material to the left side of the craton sinks 

down to the bottom (Fig.7.9A to 9B) in 19 Myrs, then it move back upward (Fig. 7.9C) to its 

original position (Fig. 7.9D) after 26 Myrs. This cycle occurs over and over again with more 

and more root material eroding away (Fig.7.8B). Unlike a Rayleigh Taylor instability of the 

thickening lithosphere [Houseman and Molnar, 1997] in which the root material typically never 

returns, this instability of the compositionally buoyant root demonstrates an oscillatory behav-

iour. Similar oscillatory instabilities was also found in both laboratory studies [e.g. Jaupart et 

al., 2007]  and independent numerical modelling studies [e.g. Wang et al., 2015]. 

Fig. 7.9: Illustration of the oscillatory instability of the cratonic root after 1 Gyrs in model C2 without 

secular cooling of the mantle: the chemical cratonic root undergoes periodic dripping down and moving 

up over several 10s of Myrs. 
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7.4 Discussion 

Our numerical models demonstrate that a craton with a >200 km deep root can be formed 

through the compressive shortening of a layer (30-120 km) of depleted mantle material, fol-

lowed by a self-driven thickening process. Significant downward movements of cratonic root 

material occurs in our models, which agrees well with the observation that the equilibration P-T 

position of cratonic root material is deeper and cooler than that of its protolith as illustrated in 

Fig. 7.1. Using the presented modelling results from this chapter, we discuss below the cratoni-

zation of depleted mantle material as a combination of two processes: craton thickening and 

craton stabilization.  

7.4.1 Thickening of cratons 

Our modelling results show that root recycling during the thickening process is positively corre-

lated with the shortening speed: fast shortening mostly induces faster and more recycling of root 

material than slow shortening (Fig. 7.4, 7.6). However, such compressive shortening and thick-

ening is not likely to last 100s of Myrs (Model S3, S4) in reality. Thus, even though the slow, 

long-term shortening (model S3,S4) preserves more root material, faster shortening models (L, 

S1) with substantial recycling (~20%) of the root probably provide more realistic scenarios of 

how a craton builds its thick root. This also suggests that more initially depleted material is re-

quired for craton formation than is presently observed in craton roots. 

       The initial, externally driven compressive thickening plays an essential role in the initializa-

tion of the thickening process. Without enough initial compressive thickening of the depleted 

mantle material, the self-driven thickening of the root will not take place (model L1) or cannot 

form a realistic root thickness (model L2). The compressive thickening may be a tectonically 

more complex process, and might involve phenomena such as subduction accretion, lithosphere 

underplating, or continental collision, all of which require tectonic, localised deformation that 

cannot be achieved by our relatively simple model setup. A present-day example of lithosphere 

thickening is the formation of the Tibetan plateau, which has undergone a several 100-km short-

ening of the lithosphere over 10s of Myrs [DeCelles, 2002; Tian et al., 2013]. McKenzie et al. 

[2008] suggested this to be a modern example of a craton-forming process. Whether the Tibetan 

plateau will eventually form a stable craton or not is beyond the scope of this study, but it pro-

vides a real example of the scale of compressive thickening as envisioned in our craton thicken-

ing models. Sleep [ 2005] suggested that cratonic lithosphere formed by processes analogous to 

modern tectonics. Our models demonstrate how a process analogous to modern orogenic short-

ening could lead to the formation of the thick cratonic lithosphere. 

       On the basis of laboratory studies of the effects of melt depletion on the physical properties, 

Schutt and Lesher [2006] concluded that any subcratonic mantle formed above ~110 km is neg-

atively buoyant relative to the adiabatic mantle. This negative buoyancy provides an inherent 



                     The thickening of cratonic lithosphere     Chapter 7 

 

96 

driving force for the vertical transportation and thickening of the cratonic root besides the im-

posed compressive thickening. It would promote the thickening of the cratonic root in the case 

of less compressive shortening, but it is unlikely to form a thick craton by itself without the ex-

ternally imposed compressive thickening. 

       The gravitational, second-stage thickening regime of our models is driven by the cooling 

and growth of the negative thermal buoyancy of the root material as a result of the compressive 

thickening and subsequent diffusive cooling. The cratonic root grows vertically by ~41 km in 

~600 Myrs in our reference model. Mareschal and Jaupart [2006] suggested that the thermal 

field of cratonic lithosphere remains in disequilibrium for ~1-2 Gyrs after the root emplacement, 

which is not out of line with the ~600 Myrs of thickening in our models as result of the thermal 

adjustment.   

7.4.2 Stabilization of cratons  

Even though the high viscosity and chemical buoyancy of the depleted root play an important 

role in the long-term stability of the cratons, our models show that a large amount of depleted 

mantle material doesn’t guarantee the stabilization of cratons. In the reference model, a self-

thickening process is driven by the growth of the negative thermal buoyancy due to cooling of 

the root after the 50 Myrs compressive shortening. This process, leads to the convergence of the 

thermal root and chemical root and thus stabilizes the cratonic root (Fig. 7.3C-D).  In model L3, 

where significantly more shortening is applied, the same amount of depleted mantle material 

cannot stabilize the cratonic root, not even after 1 Gyrs. Unlike in the reference model, the thick 

root in model L3 experiences continuous, significant recycling of the root as the chemical root 

cannot form a strong thermal layer even after 1 Gyr. Although part of the chemical root survives 

for more than a billion years in model L3, such an unstable root is not a good example for the 

cratons that survived many tectonic events. Therefore, the quick compressive shortening (10s of 

Myrs) of the depleted mantle material to a depth as observed for the present cratons may not 

form a stable craton. Instead, a slow self-driven thickening and adjustment process is required to 

stabilize the thick cratonic root. 

       Apart from an instability caused by too much thickening, our model results also illustrate 

another type of instability that can occur if no secular cooling is taken into account. In that case, 

a specific mode in which parts of the cratonic root drip down and move up again periodically 

(over 10s of Myrs). These models demonstrate such oscillatory characteristic after an initial, 

long quiet period of ~1 Gyr (model C2 in Fig. 7.9). Previous 2D thermochemical convection 

modelling with varying buoyancy number (ratio between chemical buoyancy and the negative 

thermal buoyancy) and lithospheric Rayleigh numbers have identified three dynamic regimes of 

chemically buoyant lithosphere [Jaupart et al., 2007; Wang et al., 2015]:  a stable regime, a lay-

ered convection regime and an unstable regime. The unstable regime includes an oscillatory 
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sub-regime in which the destabilized root moves up and down in the mantle [Wang et al., 2015] 

similar to our model results in Fig. 7.9. Due to the different model setups, direct comparison of 

buoyancy numbers with these studies is difficult, but the oscillatory instability in models with-

out secular cooling suggests that the initial chemical and thermal buoyancy in these models ac-

tually falls into an oscillatory regime. The secular cooling rates of 100 or 50 
0
C/Gyr (model L, 

C1), however, increases the buoyancy number (ratio between chemical buoyancy and thermal 

buoyancy) into a stable regime by reducing the total thermal buoyancy and leads to the stabili-

zation of the cratonic root. In addition, the increase of mantle viscosity as a result of mantle 

cooling also contributes to the stabilization of the thick root by reducing the Rayleigh numbers 

as suggested by Michaut et al [ 2009]. Increasing the buoyancy number by an even more chemi-

cally buoyant root would dampen the oscillatory instability beyond 1 Gyr, but a root with too 

much buoyancy may not allow for enough thickening to form a thick craton.  

        As a result of the long-term thermal evolution, the cratonic root that is approximately iso-

pycnic under present conditions would be either more or less buoyant in the past [Eaton and 

Claire Perry, 2013]. This indicates that the long-term stability of cratons require other mecha-

nism than the isopycnic status, thus the contributions from high viscosity of the root and secular 

cooling to the craton stabilization must be essential. Schutt and Lesher [2006] proposed another 

possible stabilization mechanism based on the laboratory study of the physical properties of the 

melt depleted mantle rock. They argue that the highly depleted mantle material that formed 

above 110 km is negatively buoyant relative to the adiabatic mantle but it may be neutrally 

buoyant once it is moved to a larger depth because of the depth-dependent effects of melt deple-

tion on the density of the rocks and the thermal expansivity. How such a mechanism promotes 

the stabilization of cratonic root is yet unclear, but it is worthy of a future investigation.  

 

7.5 Conclusion  

Numerical experiments have been performed to study the thickening and stabilization of craton-

ic root in a thermally evolving mantle. The following conclusions are drawn based on the anal-

yses and discussions of our numerical models:  

1. Geodynamical modelling supports the vertical movement of depleted material during the cra-

tonization process as previously suggested on petrological grounds  [Lee and Chin, 2014] and 

using geophysical arguments [Schutt and Lesher, 2006]. 

2. Substantial initial tectonic shortening and thickening of previously depleted material is essen-

tial to initiate the cratonization process, and could perhaps have been caused by tectonics similar 

to today’s orogenic processes associated with phenomena such as subduction accretion, litho-

sphere underplating, or continental collision. 
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3. Gravitational self-thickening occurs after the initial tectonic compressive shortening and 

causes further thickening, while intrinsic compositional buoyancy of the cratonic root prevents a 

Rayleigh-Taylor type collapse, and stabilizes the thick cratonic root. 

4. Secular cooling has a stabilizing effect on the cratonic root by reducing the thermal buoyancy 

contrast between lithosphere and asthenosphere and increasing mantle viscosity, and may be an 

essential ingredient for the long-term survival of cratons.  
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Chapter 8 

Summary and outlook 

 

8.1 Summary and conclusions  

This thesis has aimed to study the different scenarios of the evolution of the cratonic lithosphere 

by using geodynamical modelling. The most salient but relatively poorly understood observa-

tion of cratons is the long term survival of both the crust and mantle lithosphere, which led to 

the study of the stability and longevity of cratonic lithosphere as in Chapter 5. It was found that 

the composition-dependent rheology of the mantle rheology is essential for the longevity and 

stability of cratonic lithosphere. A related question is how such a stable craton responds to ma-

jor tectonic events such as nearby mantle plumes, subduction zones, or continental collisions. 

Chapter 6 tested the hypothesis that a mantle plume may cause significant thinning of the sub-

continental lithosphere by modelling such plume-craton interaction. Underlying all of these 

studies is the basic scientific question how such stable, thick cratonic lithosphere was formed in 

the first place if it is so impregnable because of its chemical root. The modelling results in 

Chapter 7 demonstrated that a thick cratonic root could have been formed through initial com-

pressive tectonic shortening followed by further gravitational thickening of viscous, buoyant, 

mantle material. Unlike most previous, related numerical studies, non-Newtonian rheologies 

with composition dependence was used in these studies, and the rheological parameters are thus 

directly comparable with laboratory experiment of mantle rheology [e.g. Hirth and Kohlstedt, 

1996; Karato, 2006; Fei et al., 2013]. Through these numerical studies, two hypotheses about 

the craton stability and evolution were revisited and the process of cratonization was investigat-

ed. 

       The first hypothesis is the “isopycnic” hypothesis of the cratonic lithosphere [Jordan, 1978, 

1988].  It had been found that the strict “isopycnic” status of cratonic root is not necessary for 

craton stability and longevity, and a modest negative buoyancy of the root is allowed if the cra-

tonic root is compositionally more viscous than the normal mantle. Furthermore, such a compo-

sitionally more viscous cratonic root was found to be essential to maintain a thickness differ-

ence between cratonic and non-cratonic lithosphere for billions of years. With non-Newtonian 

rheology, a strengthening factor of 10 (in the constant strainrate definition, corresponding to a 

factor of 10
n
 in the constant-stress definition) can preserve a cratonic root from the erosion by 

small scale convection over 2 Gyrs, no matter whether the cratonic root is compositionally 
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buoyant or not. A smaller strengthening factor of 3 can also protect a cratonic root from eroding 

away for billions of years but a chemically buoyant root is also required in this scenario.  

       The second hypothesis is that the mantle plumes might cause the significant removal of 

subcontinental lithosphere. The results presented in this thesis show that the erosion caused by a 

plume impact on a strong continent is rather limited. Plumes impacting on less strong (and/or 

less buoyant) subcontinental roots produce significantly more erosion at root edges in a relative-

ly short (~10s of Myrs) amount of time, but even without such a plume impact, a similar amount 

of erosion could eventually occur due to continued plate-mantle interaction, albeit over much 

longer time scales (several 100 Myrs - 1 Gyr). Instead, this work illustrates that generating a 

distinctly weakened root (less strong and less buoyant) is essential for significant thinning of 

subcontinental lithosphere by a mantle plume impingement over timescales of a few 10s of 

Myrs. In other words, highly viscous and buoyant cratonic roots can provide the long term sta-

bility of most cratons as observed, but a special weakening mechanism of such roots is required 

in order to reactivate the cratonic lithosphere by a tectonic or mantle dynamic event such as a 

mantle plume impingement. Fluid/melt-rock interaction during mantle metasomatism is proba-

bly the most likely mechanism to modify and weaken the depleted subcontinental lithosphere. 

Depending on the extent of the metasomatic weakening, as well as the tectonic environment, 

different types of reactivation of the cratonic lithosphere may occur, such as thinning of subcon-

tinental lithosphere (e.g. underneath southern Africa), complete destruction of the cratonic root 

(e.g at the North China Craton) and continental rifting (e.g. of the North Atlantic Craton). 

       As a potentially important process of cratonization, the thickening of cratonic lithosphere in 

a thermally evolving mantle is studied with geodynamical models. The numerical results show 

that substantial initial tectonic shortening and thickening of previously depleted material is es-

sential to initiate the cratonization process. This initial shortening could perhaps have been 

caused by tectonics similar to today’s orogenic processes associated with phenomena such as 

subduction accretion, lithosphere underplating, or continental collision. Gravitational self-

thickening takes place after the initial tectonic compressive shortening and causes further thick-

ening, while compositional buoyancy resists the Rayleigh-Taylor instability collapse and stabi-

lizes the thick cratonic root. Secular cooling since the Archean has a stabilizing effect on the 

cratonic root by reducing the thermal buoyancy contrast between lithosphere and asthenosphere 

and increasing mantle viscosity. More importantly, the presented numerical results are con-

sistent with the vertical movement of cratonic peridotite as suggested on petrological grounds 

[Lee and Chin, 2014] and using geophysical arguments [Schutt and Lesher, 2006]. 
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8.2 Research outlook   

8.2.1 3D plume craton interaction with melting effects 

       In this thesis, I mainly focused on the 2D geodynamical modelling and ignored any 3D fea-

tures of the cratonic lithosphere for simplicity. However, it is worthwhile to further investigate 

similar geodynamic problems in 3D models as the cratons are not typically elongated in both 

two horizontal directions.  Plumes in a 3-dimensional (3D) dynamic situation might exhibit dif-

ferent behaviour compared with 2-dimensional (2D) models [Ribe and Christensen, 1994; van 

Keken and Gable, 1995]. For example, the plume flow around the cratonic root in 3D geometry 

cannot be modeled in 2D simulation (Fig 8.1). Protracted regional heating events between 

150Ma and 65 Ma have been recorded around the Kaapvaal craton in southern Africa [Bell et al., 

2003]. The 3D geodynamic modelling of plume craton interaction may help to find out how 

they correlated spatially to the various mantle plume events in Africa. 

Fig 8.1: 3D plume-craton interaction with plume induced melting and depletion. The three bottom images 

show the mantle depletion at a depth of 120 km caused by the plume induced melting. 

       Also, melting and depletion effects of a plume impingement event are not explicitly mod-

elled in the presented studies (even though they are implicitly incorporated). As mentioned in 

Chapter 6, such mantle plume event might induce widespread melting and thus may cause meta-

somatic weakening of the cratonic lithosphere. Since the cratonic lithosphere is significantly 

thicker than normal lithosphere, any decompression melting underneath cratons is rather limited 

and it is the edge of the cratonic lithosphere that is most likely affected by plume melting. 

Fig.8.1 demonstrates how a mantle plume event impacts the cratonic lithosphere by using 3D 

geodynamical modelling in which melting is explicitly incorporated. How and to what extent 
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these melts migrate and interact with the cratonic root is of significant importance to the erosion 

of cratonic lithosphere. Recent laboratory experiments show that the interaction between melt 

segregation and stress would weaken mantle material more than a homogeneous melt distribu-

tion [Holtzman et al., 2012]. This effect would enhance the stress and strain rate localization 

during any thermal-tectonic events and make significant removal of cratonic lithosphere possi-

ble, which need to be included in future geodynamic modelling. Another interesting observation 

from Fig. 8.1 is the depletion patterns of the mantle at 120 km. These patterns share similar 

structure with the giant radiating dyke swarms on Earth and Venus [Ernst et al., 1995], such as 

the Mackenzie swarm. 

 

8.2.2. Growth of Cratonic lithosphere. 

 

Fig. 8.2: The growth of the cratonic lithosphere by adding depleted mantle material from nearby mantle 

plumes. The thin lithosphere represents the rifted lithosphere after the Midcontinent rift underneath Vic-

tor Mine at Superior craton. The melting and depletion are explicitly incorporated in this model. 

Another possible scenario of craton evolution is the growth of cratonic lithosphere by adding 

depleted mantle material. Kimberlite evidence shows that diamond-stability field conditions 

formed after the Midcontinent rift at 1.1 Ga underneath the Victor Mine (a world-class primary 

diamond deposit) in the  northern Superior superterrane [Smit et al., 2014]. The rift failed to 

break up the continent, so the two parts of thick lithosphere are separated by a thinned, but not 

completely rifted lithosphere. The preliminary modelling shown in Fig 8.2 illustrates that the 

thin, intermediate lithosphere grows to a similar thickness as the surrounding thick lithospheres 
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in ~300 Myrs: after a major melting event, the depleted (and therefore compositionally strong, 

but still thermally weak) mantle material first fills up the gap between thick lithosphere at 

~25Myr, and the following mantle cooling thickens the thinning lithosphere and combine two 

separate thick root together in ~300 Myr. A similar experiment without depletion strengthening 

effect does not show any significant growth of lithosphere. This suggests again that the rheolog-

ical effect of mantle depletion plays an important role in the growth of thick cratonic lithosphere, 

even for parts of the cratonic lithosphere that are growing laterally adjacent to an already exist-

ing craton. These results illustrate how mantle plume melting might lead to the growth of the 

cratonic lithosphere after the failed continent rift. In Chapter 6, the plume and plume related 

metasomatism was shown to be capable of causing significant thinning of the subcontinental 

lithosphere. Thus, it is very interesting to investigate in future studies that under which condi-

tions a mantle plume might result in the removal of the lithosphere, and in which cases it can 

help cratonic lithosphere grow. 

8.2.3. Crust dynamics during the craton formation. 

 

 

 

 

 

 

 

 

 

 

 

Fig. 8.2: The crust dynamics during the thickening of the cratonic lithosphere. The white lines indicate 

the Moho discontinuity.  
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Any hypothesis for craton formation must address the question how the continental crust 

evolved to its current status [Carlson et al., 2005; Herzberg and Rudnick, 2012; Pearson and 

Wittig, 2014]. The continental crust paradox mentioned in Chapter 7 remains an important prob-

lem in the Earth science community. Sofar, the added complexity of crust dynamics during the 

thickening of the cratonic lithosphere in Chapter 7 has been ignored in order to focus on the 

formation of the thick mantle root.  But preliminary numerical models show that the high heat 

production of the crust has a pronounced dynamical influence over short timescales, especially 

during and shortly after the compressive tectonic shortening. The crust also experiences signifi-

cant thickening during the compressive shortening, but this mainly focuses near the edge of the 

craton because the viscous and buoyant interior of the mantle root make crustal thickening more 

difficult in the craton interior (Fig. 8.3). The high radiogenic heating in the Archean crust heats 

the edge of the cratonic root significantly and forms a sharp transition between cratonic mantle 

and normal mantle after ~50-200 Myrs (Fig. 8.3). This hot, weak crust at the cratonic edge may 

help to form the weak mobile belts around cratons that have been proposed to shield them from 

later tectonic stresses [Lenardic and Moresi, 1999; Lenardic et al., 2000]. The transition from 

basalt to eclogite (at around 1.2 Gpa and 800
0
C under equilibrium conditions) causes a signifi-

cant increase in density of the lower crust. This effect was not included in the presented models, 

but, if added, could potentially cause substantial amounts of eclogite to be formed at the edge of 

the craton and to be delaminated into the mantle. The delamination of eclogite might contribute 

significantly to the current composition of the Archean crust by removing mafic materials 

[Arndt and Goldstein, 1989; Jull and Kelemen, 2001], and as such be a possible solution to the 

continental crust paradox. A combined geodynamical-petrological modelling approach for the 

formation of cratonic root and continental crust is an important and challenging problem.  
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Appendix A: Conservative Velocity Interpolation4 
 

Derivation of 3D Conservative Velocity Interpolation (CVI) for  

 Incompressible Flow Problem 

      We focus on the incompressible flow problem, in which the conservative velocity interpola-

tion is actually a divergence-free interpolation. Here we first describe the 2D divergence-free 

velocity interpolation by Meyer and Jenny [ 2004] and further derive 3D divergence-free inter-

polation formulations. 

       In a 4-node 2D rectangular cell system, bilinear interpolation provides a simple and quick 

interpolation scheme and is widely used. If we transform the rectangular cells into unit squares 

(Fig 1), the interpolation we used can be written as: 

𝑈𝑖
𝐿(𝑥1,𝑥2) = {(1 − 𝑥1)(1 − 𝑥2), 𝑥1(1 − 𝑥2), (1 − 𝑥1)𝑥2,   𝑥1𝑥2}                

                                 ∙ {𝑈𝑖
𝑎, 𝑈𝑖

𝑏 , 𝑈𝑖
𝑐 , 𝑈𝑖

𝑑}                                                                        (A1) 

where the two velocity components are interpolated independently as two separate scalars with-

out considering the divergence of the vector field need to be 0: 

                 
∂U1

∂x1
+

∂U2

∂x2
=0                                            (A2) 

        The 2D divergence-free interpolation is achieved by adding correction items as follows 

[Meyer and Jenny, 2004]: 

    
i

L

ii
UUU  ,                                 (A3) 

            𝛥𝑈1 =
𝛥𝑥1

2𝛥𝑥2
𝑥1(1 − 𝑥1)(𝑈2

𝑎 − 𝑈2
𝑏 − 𝑈2

𝑐 + 𝑈2
𝑑),                                      (A4) 

    𝛥𝑈2 =
𝛥𝑥2

2𝛥𝑥1
𝑥2(1 − 𝑥2)(𝑈1

𝑎 − 𝑈1
𝑏 − 𝑈1

𝑐 + 𝑈1
𝑑).                   (A5) 

In Eqs (A4) and (A5), the correction item for each velocity component is calculated based on 

the other velocity component of the nodes. We extend this approach into 3D situation by adding 

a quadratic item of xi to each velocity component:  

                                                           

4
 This Appendix has been submitted as Supplementary material to a manuscript that has been submit-

ted for publication, and that appears as Chapter 4 in this thesis.  
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       The coefficients C10, C12, C20, C23, C30, C31 in Eqs (A7-A9) are to be determined. They 

should satisfy the following divergence free condition for 3D incompressible flow field: 

𝜕𝑈1

𝜕𝑥1
+

𝜕𝑈2

𝜕𝑥2
+

𝜕𝑈3

𝜕𝑥3
= 0.                                                                                            (A10) 

Thus, we take the first derivatives of Ui  with respect to xi  based on Eqs (A3, A6, A7, A8, and 

A9): 

𝛥𝑥1

𝜕𝑈1

𝜕𝑥1
= (1 − 𝑥2) ∗ (1 − 𝑥3) ∗ [𝑈1

𝑏 − 𝑈1
𝑎] + 𝑥2 ∗ (1 − 𝑥3) ∗ [𝑈1

𝑑 − 𝑈1
𝑐] 

  +(1 − 𝑥2) ∗ 𝑥3 ∗ (𝑈1
𝑓

− 𝑈1
𝑒) + 𝑥2 ∗ 𝑥3 ∗ (𝑈1

ℎ − 𝑈1
𝑔

) 

                   +(1 − 2x1) ∗ (𝐶10 + 𝐶12 ∗ 𝑥2)                                                (A11) 

𝛥𝑥2

𝜕𝑈2

𝜕𝑥2
= (1 − 𝑥1) ∗ (1 − 𝑥3) ∗ [𝑈2

𝑐 − 𝑈2
𝑎] + 𝑥1 ∗ (1 − 𝑥3) ∗ [𝑈2

𝑑 − 𝑈2
𝑏] 

  +(1 − 𝑥1) ∗ 𝑥3 ∗ (𝑈2
𝑔

− 𝑈2
𝑒) + 𝑥1 ∗ 𝑥3 ∗ (𝑈2

ℎ − 𝑈2
𝑓

) 

                 +(1 − 2x2) ∗ (𝐶20 + 𝐶23 ∗ 𝑥3)                                       (A12) 

    

𝛥𝑥3

𝜕𝑈3

𝜕𝑥3
= (1 − 𝑥1) ∗ (1 − 𝑥2) ∗ [𝑈3

𝑒 − 𝑈3
𝑎] + 𝑥1 ∗ (1 − 𝑥2) ∗ [𝑈3

𝑓
− 𝑈3

𝑏] 

+(1 − 𝑥1) ∗ 𝑥2 ∗ (𝑈3
𝑔

− 𝑈3
𝑐) + 𝑥1 ∗ 𝑥2 ∗ (𝑈3

ℎ − 𝑈3
𝑑) 

                              +(1 − 2x3) ∗ (𝐶30 + 𝐶31 ∗ 𝑥1)                                       (A13) 

Substitute Eqs (A11-A13) in to Eq (A10) and we have an identical equation with the six un-

knowns (C10, C12, C20, C23, C30, C31). As the result, the following items should have their coeffi-

cients to be zeros: 1, x1, x2, x3, x1x2, x2x3, x3x1, which leads to 7 equations: 
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1 :  
1

𝛥𝑥1
[𝑈1

𝑏 − 𝑈1
𝑎 + 𝐶10] +

1

𝛥𝑥2
[𝑈2

𝑐 − 𝑈2
𝑎 + 𝐶20] +

1

𝛥𝑥3
[𝑈3

𝑒 − 𝑈3
𝑎 + 𝐶30] = 0               

x1:  
1

𝛥𝑥1
[−2C10] +

1

𝛥𝑥2
[𝑈2

𝑎 − 𝑈2
𝑐 + 𝑈2

𝑑 − 𝑈2
𝑏] +

1

𝛥𝑥3
[𝑈3

𝑎 − 𝑈3
𝑒 + 𝑈3

𝑓
− 𝑈3

𝑏 + 𝐶31] = 0  

x2 :  
1

𝛥𝑥1
[𝑈1

𝑎 − 𝑈1
𝑏 + 𝑈1

𝑑 − 𝑈1
𝑐 + 𝐶12] +

1

𝛥𝑥2
[−2C20] +

1

𝛥𝑥3
[𝑈3

𝑎 − 𝑈3
𝑒 + 𝑈3

𝑔
− 𝑈3

𝑐] = 0 

x3 :  
1

𝛥𝑥1
[𝑈1

𝑎 − 𝑈1
𝑏 + 𝑈1

𝑓
− 𝑈1

𝑒] +
1

𝛥𝑥2
[𝑈2

𝑎 − 𝑈2
𝑐 + 𝑈2

𝑔
− 𝑈2

𝑒 + 𝐶23] +
1

𝛥𝑥3
[−2C30] = 0  

x1x2:  
1

𝛥𝑥1
[−2C12] +

1

𝛥𝑥3
[𝑈3

𝑒 − 𝑈3
𝑎 + 𝑈3

𝑏 − 𝑈3
𝑓

+ 𝑈3
𝑐 − 𝑈3

𝑔
+ 𝑈3

ℎ − 𝑈3
𝑑] = 0 

x2x3:  
1

𝛥𝑥1
[𝑈1

𝑏 − 𝑈1
𝑎 + 𝑈1

𝑐 − 𝑈1
𝑑 + 𝑈1

𝑒 − 𝑈1
𝑓

+ 𝑈1
ℎ − 𝑈1

𝑔
] +

1

𝛥𝑥2
[−2C23] = 0 

x3x1:  
1

𝛥𝑥2
[𝑈2

𝑐 − 𝑈2
𝑎 + 𝑈2

𝑏 − 𝑈2
𝑑 + 𝑈2

𝑒 − 𝑈2
𝑔

+ 𝑈2
ℎ − 𝑈2

𝑓
] +

1

𝛥𝑥3
[−2C31] = 0          (A14) 

       From Eq.(A10), we could also derive  

(𝑈1
𝑎+𝑈1

𝑐+𝑈1
𝑒+𝑈1

𝑔
−𝑈1

𝑏−𝑈1
𝑑−𝑈1

𝑓
−𝑈1

ℎ)

∆𝑥1
+

(𝑈2
𝑎+𝑈2

𝑏+𝑈2
𝑒+𝑈2

𝑓
−𝑈2

𝑐−𝑈2
𝑑−𝑈2

𝑔
−𝑈2

ℎ)

∆𝑥2
+

(𝑈3
𝑎+𝑈3

𝑏+𝑈3
𝑐+𝑈3

𝑑−𝑈3
𝑒−𝑈3

𝑓
−𝑈3

𝑔
−𝑈3

ℎ)

∆𝑥3
= 0

                                        (A15) 

                                   

which reduces 7 equations (A14) into 6 independent equations. Therefore, the coefficients in 

Eqs (A7-A9) as the six unknowns  are determined as follows :  
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