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Abstract

This thesis discusses branes in string theory and M-theory. In chapter 1, we present
background materials. In chapters 2 and 3, we discuss an application of a D3/D7 model
in the framework of gauge/gravity duality, which uses the results of a gravity theory
calculation to obtain informations about the corresponding gauge theory. Gauge/gravity
duality is usually studied in a non-compact space. This thesis, however, focuses on the
duality in a compact space. In chapter 2, we study a strongly coupled gauge theory in
a compact space. We find that a homogeneous ground state is unstable at a sufficiently
large isospin chemical potential. We then construct a new ground state which corresponds
to a scalar meson condensate charged under a global SO(4) symmetry. In chapter 3, we
discuss an on-going work. We study a strongly-coupled gauge theory living in a compact
space with a generic value of quark mass at zero temperature in the presence of an external
magnetic field. We are investigating the phase diagram of the external magnetic field and
quark mass.

In chapter 4 and 5, we move to M-theory. In chapter 4, we construct a complete
non-linear theory of a supersymmetric single Mb-brane with a 343 splitting. The M5-
brane lives in a general background of M-theory. The idea of our construction is to get
equations of motion that agree with that obtained from the superembedding approach.
In chapter 5, we consider a model which attempts to describe a theory on multiple M5-
branes. Using this model, we construct self-dual string solutions which describes M2/M5
branes intersection. These solutions are supported by magnetic monopoles. For self-dual
strings with large number of M2 and Mb5-branes, we obtain the required radius-distance

relationship and energy.
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Chapter 1

Introduction

This thesis explores aspects of recent developments in string theory and M-theory, which
are important theories of high energy physics. In particular, we focus on objects which
are called branes. These objects are important in the development of non-perturbative
aspects of string theory and M-theory.

In particle physics, the Standard Model has been very successful; its predictions about
behaviours and interactions of subatomic particles are experimentally confirmed. Despite
its successes, this model is far from being complete. For example, it does not incorporate
the gravitational interaction, which, at a very high energy scale, should be combined with
the other three already incorporated interactions — electromagnetic, weak, and strong.

In order to describe all these interactions, one needs to combine quantum mechanics
with general relativity. String theory is the best candidate which achieves this. In this
theory, the quantisation of a one-dimensional object, called a string, naturally gives rise to
gravity. String theory also contains objects called D-branes, which are infinitely extended
hypersurfaces. Theories on D-branes are gauge field theories, which shares some properties
with the Standard Model.

Within the framework of the Standard Model, there is a theory called Quantum Chro-
modynamics (QCD) which describes the interaction between quarks and gluons. The
study of this theory at strong coupling is important but difficult. A modern develop-
ment of D-branes leads to a conjecture called AdS/CFT correspondence which states that
a gravity theory is equivalent to a gauge theory. By studying the dual weakly-coupled
gravity theories, it is possible to use AdS/CFT correspondence to explain some cousins of
a strongly-coupled QCD. These cousins, however, are originally quite different from the

real QCD. Generalisations of AdS/CFT correspondence can be done in many ways, and
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the purposes are mainly to get as close to the real QCD as possible. We are particularly
interested in the extension in which the QCD-like theory contains quarks. Furthermore, a
finite-size effect is important in some phenomena, so we study the extension which explains
also a finite-size system. The first part of this thesis concerns an application of AdS/CFT
correspondence.

Another important development of string theory gives rises to M-theory, which can be
thought of as more fundamental than string theory; in certain limits, string theory can be
obtained from M-theory. In M-theory, there are also brane-like objects, which are called
M-branes. These objects are still not fully understood, and there are still much to be
done. The second part of this thesis is aimed to construct theories on M-branes.

Below, we review some basic backgrounds of string theory and M-theory. The rest of

this chapter is mostly based on the books [9-12] and review articles [6,13—16]

1.1 Bosonic string theory

String theory is a theory of a quantum string whose classical dynamics are described by a
worldsheet in a D-dimensional spacetime. The theory is characterised by a string length

ls and a dimensionless coupling constant gs. The string has the tension which is given by

1
T= oyt where of =12, (1.1)

Let XM with M = 0,1,2,...,D — 1 be spacetime coordinates, and let (7,0) be the
string worldsheet coordinates. It is convenient to denote (7, ) collectively as (¢®), where

1

a = 0,1 with 0% = 7, 0! = 0. The embedding of the string worldsheet in the spacetime is

described by a bosonic embedding function X (7, ). The action of the string is given by

the Nambu-Goto action:

M N
S = —T/dea\/— det (gMN(X)%ﬁ)é%)C;), (1.2)

where gpn(X), whose signature is given by diag(—1,1,1,...,1), is the metric of the

spacetime.

The presence of a square root in the Nambu-Goto action will make the quantisation
difficult. An alternative action called the Polyakov action is classically equivalent to the
Nambu-Goto action. The Polyakov action does not contain a square root, but it introduces

an auxiliary field hog(7,0) which is called a worldsheet metric. The Polyakov action is
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given by
1
S = _2T/deU\/jhhaﬁgMN(X)aaXMaﬂxN’ (1.3)

where

h=dethag,  h* = (b1 (1.4)

Let us consider the string in a flat spacetime, whose metric is given by gy = nun =
diag(—1,1,1,...,1). The action can be simplified with the help of symmetries. We focus

on the reparameterisation symmetry:

o’ Do’ ,
= Goe 907 07 )

«

o — o'*(0), hag(o) XM (o) = XM (o), (1.5)

and the Weyl symmetry:
haﬁ — ecp(T’U)haﬁ. (1.6)

These symmetries leave the Polyakov action invariant. They are enough to fix the com-

ponents of h,g so that the Polyakov action reduces to

T / (aXM 0Xy OXM aXM>
drdo — .

(1.7)

S=3 or or 90  do

The vanishing of the variation of this action with respect to XM gives the equation of

motion
0? 0?
—— _\xM_ 1.
(672 802> 0, (1.8)
as well as the vanishing of the boundary term:
X X
/ dr aiMa)(M\m - MaxM\azo =0, (1.9)
do do

where we have taken o to be in the range o € [0, 7]. There are also other conditions which

are needed to be satisfied. They are

IOXM Xy 10XMoX,y 10XMoXy,
or Oo =0, 2 Or Ot +§ 0o Oo =0 (1.10)

These conditions can be thought of as the equations of motion of h,g. Although we have
fixed hqgp, its equations of motion are not trivially satisfied.

Let us now discuss a classical string solution. To make the boundary term vanish, a
string can be either closed or open. String worldsheets are illustrated in the figure 1.1. For
a closed string, the embedding function is periodic in o : XM (7,0) = XM (7,0 + 7). For an
open string, there are two types of endpoints that solve the boundary conditions. The first
type is the Neumann boundary condition (0X™ /95)|o» = 0 where the string endpoints

are free to move. The second type is the Dirichlet boundary condition § XM lo,~ = 0 where
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Figure 1.1: A closed string worldsheet (left) and an open string worldsheet (right) in an

X9 — X! — X2 slice of a spacetime.

the string endpoints are fixed. Open strings are in fact related to objects called D-branes.
We postpone the discussion of open strings until we discuss D-branes.
For a closed string, the solution to the equations of motion is given in terms of a

right-mover X 1]%[ and a left-mover X ﬁ/f . That is

XM(T,J):X%(T—U)+X£/[(T+U), (1.11)
where
XM = Lom +apM(r — o) +i o Z Lo g=2in(r—o) (1.12)
2 2 n " ’

1
XM — 2:UM+ap (T+0)+iy/ = Z aMe=2in(r+o) (1.13)

Note that this classical solution contains informations of the centre-of-mass position, total
string momentum, and superpositions of oscillation modes.

Let us now mention some key steps to quantise a closed string. The Poisson brakets
are computed classically. Then, they are promoted to commutators. The commutators of

the oscillation modes are given by

[a%7 ar];[] = [&n]\{’ dfm = mnMN‘Sm—i-n,O? [a%v 6‘7];[] = 0. (1‘14)

Defining
N =aoN &Nt =aN_ n>o0, (1.15)

we have
(oM aNT] = [aM aNT] = mnMN 5, m,n > 0. (1.16)



1.2. Supersymmetrising strings 5

These commutation relations look like those of quantum harmonic oscillators. States can
then be created by repeatedly acting on the vacuum state |0) with creation operators

O ,oszf Note however that when M = N = 0, this gives
(¥, a% = [aY &l = —m. (1.17)
These commutation relations are problematic because, for example, the state
a%1|0) (1.18)

has a negative norm. Negative norm states are unphysical. A result of a further analysis
states that in order to eliminate all the unphysical states, the number of spacetime dimen-
sions should be fixed to D = 26. Furthermore, it states that the ground state is given by
a vacuum state |0) which is an eigenstate of a mass squared operator M? = —pupM with
an eigenvalue —4/a/. Therefore, the vacuum state describes a tachyon. States in the next

level can be written as
CMNal ay T’()) (1.19)

where M,N = 2,3,...,25. They are eigenstates of the mass squared operator with an
eigenvalue M? = 0. The traceless symmetric part of ¢ & corresponds to a graviton. The
antisymmetric part corresponds a field called B-field. Finally, the trace part corresponds
to a dilaton. Note that an exponential of the vacuum expectation value of the dilaton field
is identified with the string coupling constant gs. Therefore, the string coupling constant
is actually not a free parameter.

Higher excited states of the closed string spectrum are massive. For example, a state
ozéw Ta2 f10) has M2 = 4/¢/. In the main chapters of this thesis, these massive states are
not relevant to us. If the closed string theory has an energy E < 1/ Vo, then the massive
states can be discarded. This is because the energy E < 1/v/o/ is not enough to excite
the massive states, whose masses are of order 1/ Va!.

The presence of the tachyon in the closed string spectrum poses a problem. It makes

the theory unstable. Furthermore, this spectrum lacks fermions. It turns out that both of

these problems can be solved by including the supersymmetry into the string theory.

1.2 Supersymmetrising strings

In order to supersymmetrise a string, it is natural to extend the string worldsheet coor-

dinates to include fermionic coordinates. The approach which utilises this idea is called
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the Ramond-Neveu-Schwarz (RNS) formalism [17,18]. In this approach, the worldsheet is
now a superspace which contains the usual bosonic coordinates () as well as fermionic
coordinates

0, = : (1.20)

a

Here, 0 is an example of a spinor. In this chapter, we use the indices a, b, ¢, . .. to represent
components of spinors. A generic spin-1/2 fermion in a d-dimensional Lorentzian space
(meaning, the space whose metric is of the signature diag(—1,1,...,1)) is given by a
Dirac spinor, which has 2l%/2] complex components. Note that a worldsheet is a two-
dimensional Lorentzian space, therefore a Dirac spinor on a worldsheet has two complex
components. Sometimes it is possible to impose conditions which restrict the components
of the spinor. There is a Majorana condition, which requires all the components of a
spinor to be real. Also, there is a Weyl condition, which splits a Dirac spinor in an even
dimensional Lorentzian space into two Weyl spinors. Hence, a Weyl spinor has 2ld/2]-1
complex components. At the moment, a Majorana condition is of relevant to us. The
spinor 6 is taken to be a Majorana spinor. This means that 6_ and 6, are real. Note also
that the components of 8, are Grassmannian. This means that they anticommute with
each other:

{04, 05} = 0. (1.21)

Also 6,0, = 0 (no summation on a). When describing a fermion, one needs gamma

matrices vo, which satisfy
{Vafyﬁ}ab = 277(155(1127 (1‘22)
where 1 = diag(—1,1). In this case, the gamma matrices are taken to be

. (o -1 . o1
v = , v = . (1.23)
1 0 10

A conjugate of 6 is given by 8 = 67+, Note that, in fact, in two dimensions, both a
Majorana and a Weyl condition can together be imposed. The spinor 6 is Majorana. So
each of its components: 6_,6, is a Majorana-Weyl spinor. Note also that in an even
dimensional Lorentzian space, it is always possible to define a chirality operator whose
eigenspinors are Weyl spinors. For our case, although 6_ and 6, are Majorana-Weyl
spinors, only the Weyl property is of relevance to the discussion of the chirality. A chirality

operator is given by
-1 0

7941 : (1.24)
0 1
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Each of the Weyl spinors is an eigenspinor of 4%y! in the sense that

0_ 0_ 0 0
4041 _ , A0y =4 . (1.25)
0 0 0. 0.

Therefore, #_ is said to have a negative chirality, while 6, is said to have a positive
chirality. This discussion extends to higher even dimensions; it is always possible to
construct a chirality operator, and each Weyl spinor either has a negative chirality or a
positive chirality.

An embedding function, now being a function of the superspace, is called a superfield

YM (5% 6). Tt can be Taylor-expanded in fermionic coordinates. This gives
_ 1-
YM (6% 0) = XM(c%) + M (6%) + 590BM(0°‘). (1.26)

Note that due to the anticommutation relation, the series terminates at 6. The fields
XM(5%) and BM (o) are bosonic, while the field " (¢) is fermionic. One can construct

an action which is invariant under a supersymmetry transformation
00% = €, 5o = 07, (1.27)
under which the component fields transform as
oXxM =M, oM = 129, XMe + BMe, oBM = &9, M. (1.28)
Such an action can be written as
S = —g / drdo (9aX™0* X + My 0utors — BuBM) . (1.29)

This is the action which is used to analyse a supersymmetric string (also known as super-
string) in a flat spacetime. Note that the equation of motion for BM of this action is given
by BM = 0. So only the fields XM (%) and ¢M (c%) are relevant for our discussions.

To quantise a closed superstring, we follow the steps which are similar to the quan-
tisation of a bosonic string. The boundary condition for XM is exactly the same as its
bosonic string counterpart. As for ™, there are two possible choices of the boundary
condition. The first choice is the Ramond, or R, boundary condition which requires ¢
to be periodic in . The second choice is the Neveu-Schwarz, or NS, boundary condition
which requires ¥ to be antiperiodic in o. Each of the left-mover and the right-mover can
either be R or NS separately. When the two movers are combined, there are 4 possible
cases: R-R, R-NS, NS-R, and NS-NS. Recall that in the case of a closed bosonic string,

Nt ~Nit

bosonic creation operators an ', &y ' are used to construct states. In the case of a closed
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superstring, in addition to the bosonic creation operators, there are also fermionic creation
operators. Together these operators are used to construct states.

The quantisation of a superstring requires the number of spacetime dimensions to be
D = 10. The spectrum of a closed string originally contains tachyons. However, by using
the GSO projection [19], the tachyons along with some other states are excluded from the
spectrum. On each mover, the NS sector originally contains both bosons and fermions.
The fermions are projected out by the GSO projection. For the R sector, every state is
fermionic. Since these fermions live in the even dimensioal spacetime, each of them can
have either a positive or a negative chirality. After the GSO projection, all of the states
of the R sector have the same chirality.

When the left-mover and the right-mover are combined, states in the NS-NS and the
R-R sectors are bosonic while states in the R-NS and the NS-R are fermionic. There are
two possibilities of combining the movers. R sector states from different movers can have
either the opposite chirality or the same chirality. By this chirality consideration, there
are two types of the string theory. They are respectively named as type IIA and type IIB.
The massless spectrum of type ITA contains states coming from NS-NS, NS-R, R-NS and
R-R sector as follows. The NS-NS sector contains a dilaton (a scalar), an antisymmetric
2-form gauge field, and a traceless symmetric rank-two tensor (a graviton). Each of the
NS-R and R-NS sectors contains a gravitino (a spin-3/2 field) and a dilatino (a spin-1/2
field). The gravitinos in the different sectors have opposite chiralities. The R-R sector
contains a 1-form gauge field and a 3-form gauge field. For type IIB, the NS-NS sector
is the same as that of type IIA. However, the other sectors are different. The NS-R and
R-NS sectors contain the same contents as their counterparts from type IIA, but the type
IIB NS-R gravitino has the same chirality as the type IIB R-NS gravitino. In the R-R
sector, the states are a 0-form gauge field, a 2-form gauge field and a 4-form gauge field.
The 4-form gauge field has a self-dual field strength.

Let us make a small pause to explain how these massless fields look like. We have
already explained how the fields from the NS-NS sector look like. So let us consider
fields from the other sectors. A spin-1/2 field is represented by a spinor. A spin-3/2 field
contains both a spinor index and a spacetime index. As for an n-form gauge field, it is

represented by a differential n-form:

L
C" = SO apyar, AX M AN AXME AN dXM (1.30)
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Its (n + 1)-form field strength is given by
FOtl) — go™), (1.31)

The dual of the (n + 1)-form field strength is a (D — n — 1)-form which is given by
*(F(”+1)), where * is a Hodge dual. The 4-form gauge field from the massless R-R sector

has a self-dual field strength. Explicitly, its field strength satisfies
() _ Lo@ 1 3) 6) _ Lo@ 1 3)

The massless spectrum of the closed string contains an equal number of bosonic and
fermionic on-shell degrees of freedom. The equality suggests that the massless spectrum
is obtained from a theory with spacetime supersymmetry. Since it is supersymmetric and
contains a graviton, this theory is called a supergravity (SUGRA) theory. To study this
theory, one constructs an action which is invariant under transformations. In particular,
consider a local supersymmetry transformation on a gravitino ¥,,. In a usual supersym-
metry theory, an infinitesimal spinor € of a supersymmetry transformation is coordinate
independent. However, in a supergravity theory, the spinor ¢ becomes coordinate depen-
dent. A typical form of a local supersymmetry transformation on a gravitino is given by
oW ~ Opre+ -+ - . The massless spectrum of a closed superstring contains two gravitinos;
therefore there are two e. A supersymmetric theory containing two € is called N = 2. So
the massless spectrum of a closed string gives an N = 2 supergravity theory. The name of
the supergravity theory is related to the name of the associated superstring theory; type
ITA and type IIB superstring theories give type IIA and type IIB supergravity theories.
It is indeed possible to construct type ITA and type IIB supergravity theories (see, for
example, a standard textbook [10]).

It can be shown, by counting states, that the number of bosonic degrees of freedom
and the number of fermionic degrees of freedom in the closed string spectrum matches
at each energy level. This suggests that the superstring theory has spacetime supersym-
metry. An approach called the Green-Schwarz (GS) formalism [20] makes the spacetime
supersymmetry manifest at the action level. This approach naturally supersymmetrises
the Nambu-Goto action. A bosonic string worldsheet (7,0) is embedded into a target
superspace (XM, 0!, ©?). This means that the spacetime coordinates are extended to
include fermionic coordinates ©', ©2.

In this approach, the number of spacetime dimensions and the number of € are not

specified a priori. Consistency conditions at classical level determine possible values of
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D and N. We are particularly interested in the case of D = 10, N' = 2. Furthermore,
let us consider a flat bosonic spacetime. In this case, the bosonic spacetime coordinates
XM transform as a vector in SO(1,9). So they give 8 on-shell bosonic degrees of freedom.
However, the fermionic spacetime coordinates contain 16 on-shell degrees of freedom. This
is because each of ©! and ©? is described by a Majorana-Weyl spinor. A Dirac spinor in
ten dimensions has 2119/2) = 32 complex components. As discussed previously, Majorana
and Weyl conditions reduce the number of components down to 16 real components. One
also needs an on-shell condition which further reduces the number of components down to 8
real components. Therefore, the fermionic coordinates (0!, ©2) have 16 fermionic on-shell
degrees of freedom. To eliminate the mismatch between bosonic and fermionic degrees
of freedom, an extra symmetry is needed. To obtain this extra symmetry, a new term is
introduced into the action. As well as supersymmetry, the full action is invariant under
a new symmetry called the x-symmetry [21]. The k-symmetry transformation provides
a projector which projects out half the degrees of freedom of the fermionic spacetime
coordinates.

One of the advantages of the GS formalism is that it can easily be generalised to the
case of a curved target superspace. In this case, it is realised that the x-symmetry requires
background SUGRA fields to be on-shell [22]. Although it is very powerful at the classical
level, the disadvantage of GS formalism is that it is very difficult to quantise.

Before we end this section, let us make a couple of remarks. The first remark is
that there is a duality, called T-duality, which relates type IIA and type IIB superstring
theories. For example, consider a type IIA superstring theory on a compactified spacetime
which is R® x S where the radius of S! is given by R. This theory is dual to a type IIB
superstring theory on a R® x S1 spacetime where the radius of S! is given by o/ /R.

The other remark concerns the construction of a superstring theory. We have discussed
the RNS approach in which a supersymmetric worldsheet is embedded into a bosonic
target space. We have also discussed the GS approach in which a bosonic worldsheet
is embedded into a supersymmetric target space. It is therefore natural to ask if it is
possible to supersymmetrise a string theory by embedding a supersymmetric worldsheet
into a supersymmetric target space. This is indeed the case. This formalism, called the

superembedding formalism, is constructed by the reference [23].



1.3. D-branes 11

X,...,.XP

XPrxe*2 X8

Figure 1.2: A single Dp-brane. This Dp-brane stretches along X* directions, where p =
0,1,...,p. The directions X/, I =p+1,...,9 are transverse to the Dp-brane. Note that

the X direction is not shown in this figure.

1.3 D-branes

1.3.1 Single D-brane

Apart from strings, type ITA and type IIB superstring theories also contain objects called
D-branes. The introduction of D-branes breaks symmetries of the underlying superstring
theory. For example, D-branes in a flat spacetime break translational symmetry.
D-branes are extended hypersurfaces on which open strings end. In flat spacetime with
Cartesian coordinates XM M = 0,1,...9, using an appropriate frame of reference, a D-
brane can be described as having coordinates X*, = 0,1,...,p on its worldvolume, and
XTI =p+1,...,9 transverse to it. This D-brane is called a Dp-brane, where p denotes
the number of spatial directions on the D-brane. A Dp-brane is illustrated in figure 1.2
D-branes couple to background fields which are created from a closed string spectrum.
Let us restrict the discussions to the low energy limit, where the background fields are
massless. We then focus on R-R gauge fields. Recall that in four dimensions, a gauge field
is electrically or magnetically coupled to a point electric or magnetic charge. Consider
a static electric or magnetic point charge in a four-dimensional flat spacetime written in

terms of spherical coordinates
ds? = —dt* 4+ dr* 4+ r?(d6? + sin® 0d¢?). (1.33)

The charge is located at the origin » = 0. In the case of an electric charge, the radial



1.3. D-branes 12

direction of the electric field is given by
E, = —-0,A: = Fy. (1.34)

The electric charge is computed using the Gauss’ law which instructs us to integrate the

electric field over the sphere surrounding the electric charge:

electric charge = / E-dS = / E,r?sin0dfd¢ = * I (1.35)
g2 g2 g2

In the case of a magnetic charge, the radial direction of the magnetic field is given by

1
B, = ———Fp,. 1.
" r2sing (1.36)
The magnetic charge is given by
magnetic charge = / B.dS = B,r?sin 0dfd¢ = F. (1.37)
S2 52 52

The coupling of an R-R gauge field to a D-brane generalises this idea. Consider a Dp-
brane which sources an R-R gauge field. There are 9 — p directions which are transverse
to the Dp-brane. These transverse directions are shown in figure 1.3. Let us decompose
these directions into 1 radial direction and 8 — p angular directions. These 8 — p angular
directions form an S8 which surrounds the Dp-brane. In order to compute the electric
charge, one integrates *F' over the asymptotic (8 — p)-sphere. That is

electric charge = / xF. (1.38)

58—

This requires xF' to be an (8 — p)-form, and hence F is a (p + 2)-form which is the field
strength of a (p + 1)-form R-R gauge field. Similarly, in the case of magnetic charge, we
have

magnetic charge = / F. (1.39)
S8—p

Therefore, F' is an (8 —p)-form which is the field strength of a (7—p)-form R-R gauge field.
In other words, if we set ¢ = 6 — p, then a (¢ + 1)-form R-R gauge field is magnetically
coupled to a D(6 — ¢)-brane.

So for p = —1,0,1,2,3, a (p + 1)-form R-R gauge field is electrically coupled to a
Dp-brane and is magnetically coupled to a D(6 — p)-brane. In this sense, a D(6 — p)-brane
is magnetic dual to a Dp-brane. In a special case where p = 3, a D3-brane actually carries
both electric and magnetic charges. This corresponds to the fact that a D3-brane couples

to a 4-form R-R gauge field which has a self-dual field strength.
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Dp-brane

&P

Figure 1.3: A hyperplane transverse to a Dp-brane. The Dp-brane which is seen as a dot
in this figure is surrounded by an (8 — p)-sphere.

Dp-branes with p = —1,0,1,2,3 carry electric charges while Dp-branes with p =
7,6,5,4,3 carry magnetic charges. Dp-brane charges y,, are quantised according to Dirac-
Teitelboim-Nepomechie charge quantisation condition [24-26] which is given by ppue—p =
2mn, n € Z. For D3-branes, each of them carries both electric and magnetic charges.
Furthermore, the electric and magnetic charges have the same magnitude. The charge
quantisation condition is modified [27,28] to pgub + pspus = 2mn, n € Z, where primed
and unprimed notations denote charges of different D3-branes.

D-branes carrying charges are stable. In a type ITA superstring theory, stable D-branes
are D0,D2,D4,D6 since R-R gauge fields are of odd-forms. In a type IIB superstring
theory, stable D-branes are D(—1), D1,D3,D5,D7 since R-R gauge fields are of even-forms.
By using T-duality, D8-branes can also be included into a type IIA superstring theory.
Similarly, D9-branes can also be included into a type IIB superstring theory.

States on a stable Dp-brane can be obtained by quantising open strings which end on
that Dp-brane. The lowest energy states are massless. The bosonic sector consists of 9 —p
scalar fields and a gauge field. The total on-shell degrees of freedom of the bosonic sector
is then (9 — p) + (p — 1) = 8. The fermionic sector consists of spinors which have 8 total
on-shell degrees of freedom. The reason that degrees of freedom of fermions and bosons
are the same is because the Dp-brane is supersymmetric.

A supersymmetric Dp-brane action can be obtained by using a similar approach to
that of a superstring action. Although it is not known how to apply the RNS formal-

ism (worldvolume supersymmetry), it is possible to apply the GS formalism (spacetime
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supersymmetry). The action is given in the references [29-31].

Let us discuss some of the symmetries of a supersymmetric Dp-brane in a ten-dimensional
flat spacetime. The Dp-brane is invariant under an SO(1, p) Lorentz symmetry. The 9—p
scalar fields transform under an SO(9 — p) internal symmetry. The D-brane also has

L €2 of super-

supersymmetry. There are two ten-dimensional Majorana-Weyl spinors e
symmetry transformation. Together these spinors have 32 independent real components.
The k-symmetry projects out half of this number. So there remains 16 independent real
components. We thus say that this D-brane has 16 supercharges.

Let us now turn to a supersymmetric Dp-brane in a more general background. For
applications in chapters 2 and 3, we are only interested in the bosonic part of a Dp-brane
action. The bosonic part of background fields contains a metric Gy, an NS-NS 2-from
gauge field Byy, a dilaton ® and R-R n-form gauge fields C(™. The bosonic part of
worldvolume fields contains 9 — p scalar fields encoded in an embedding function XM (¢#),

and a gauge field A, with field strength F),, = 0,4, — d,A,. The bosonic part of the

worldvolume action is given by
S = SpBr+ Swz, (1.40)

where the first part is the DBI action [32,33]:

SpBr = —Tpp/alerlﬁe_<I> \/— det(gu + Fu), (1.41)

where
gy = PG = 8;22/1 égvaMN, (1.42)
Fup =270/ Fpy + byyy by = P[B], = a;;w %);iVBMN, (1.43)
w,v=0,1,...,p, M,N=0,1,...,9. (1.44)

Here PJ...] is a pull-back of a background field into the Dp-brane worldvolume. Note that
we have made a shift in the dilaton field ®igina1 = ® + log g5, so the vacuum expectation
value of @ is zero. We will adopt this convention throughout this thesis. The second part

of the bosonic D-brane action is the Wess-Zumino (WZ) term

Swz = ,qu/ (Z P[C™] A €F> ; (1.45)

p+1
where the sum is over all background R-R gauge fields. The exponential is expressed
formally as Taylor expansion with wedge product omitted. The (...),+1 means that a

(p + 1)-form should be extracted from the bracket.
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P1 P2

Figure 1.4: Two parallel but non-coincident Dp-branes with strings stretching between

them.

In the Dp-brane worldvolume action, T, is the Dp-brane tension which is given by

1
Tpp=—""—¥—5. 1.46
P (27r)pgsl§+1 ( )
The quantity pp, is the Dp-brane charge!. Supersymmetry requires that
HDp = TDp. (1.47)

We have discussed that a stable Dp-brane can be added into a type II superstring the-
ory. It is also possible to add more than one Dp-brane and still get a stable configuration.
There are several possible configurations. However, we will only state some configurations

that are relevant to us.

1.3.2 Multiple D-branes

The first example of multiple D-branes that we will discuss is a set of N coincident Dp-
branes. At low energy, the matter contents of this system is not simply N multiples of the
contents from a single low-energy Dp-brane. Instead, the degrees of freedom get enhanced
due to the coincidence of the Dp-branes.

This is easily seen from the open string point of view. Consider two parallel but non-
coincident Dp-branes which are shown in figure 1.4. Let us label them as p; and ps. There

are four types of open strings which stretch from these Dp-branes.

'The Dp-brane charge discussed here has a different normalisation from that discussed previously.

Notice that the symbol pp, here is differed from the symbol p, which is used previously.
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e A p; — p; string where both endpoints are on the p;.
e A p; — ps string where one endpoint is at the p; while another is at the ps.
e A po — p; string where one endpoint is at the ps while another is at the py.
e A py — po string where both endpoints are on the ps.

Note that the strings are oriented, so it is necessary to distinguish between p; — p2 and
p2 —p1 strings. The spectrum of each of p; —p; and ps — po strings contains massless states
with matter contents the same as those discussed in the previous subsection. However,
the spectrum of each of p; — p2 and ps — p1 strings generically contains no massless states.
So these states are not relevant at low energy.

But when the two D-branes coincide, some states become massless. The field contents
from each of p; — po and py — p; strings are the same as those from each of p; — py
and po — po strings. Note that even if the matter contents are the same, the strings are
still distinguishable. The matter contents can in fact be realised as fields transforming
in an adjoint representation of a U(2) gauge group. The internal degrees of freedom can
collectively be represented by a 2 x 2 matrix. Different strings are realised as different
components of this matrix.

The discussion can be generalised to the case of N coincident Dp-branes. In this case,
the massless fields transform under an adjoint representation of a U(N) gauge group. In
fact, the U (V) gauge group can be decomposed as U(1) x SU(N). The U(1) part decouples
from SU(N). So N coincident Dp-branes contain massless fields which consist of 1 gauge
field, 9 — p scalar fields and fermionic superpartners. All these fields transform in an
adjoint representation of an SU(NN) gauge group.

The matter content suggests that, as in the case of a single Dp-brane, the coincident Dp-
branes in a flat spacetime has 16 supercharges. However, the complete supersymmetric
action is not known. In fact, it is already difficult to obtain a non-Abelian version of
DBI action. Since the fields are non-Abelian, the ordering of the fields is important.
For example, commutators that obviously vanish in single D-brane action have to be
introduced at appropriate places in the coincident D-branes action. Attempts are carried
out for example in [34-36]. The DBI action is obtained with the help of T-duality and
is written using a symmetrised trace prescription. However, this action does not work
beyond the fourth order in field strength [37—40]. Furthermore, the D-branes have to be

in a static gauge, in which the embedding function is given by X# = ¢# X1 = XT(¢H).
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k D1-branes ° °

N D3-branes ° ° ° °

Table 1.1: The D1/D3 brane intersection in a ten-dimensional flat spacetime.

This means that a subset of spacetime coordinates is identified with the worldvolume
coordinates. Note that the non-Abelian WZ action can also be written down and is given
by the reference [36].

Let us now consider N coincident D3-branes in a flat spacetime with all other back-
ground fields turned off. Up to the second order in field strength, the complete action can
be obtained, and the worldvolume theory is an N' = 4 SU(N) super-Yang-Mills (SYM)
theory in a four-dimensional flat spacetime. This theory is N' = 4 because the 16 super-
charges that the D3-branes possess are realised as forming 4 Weyl spinors in 4 dimensions.
The matter content of this theory consists of a gauge field, four Weyl spinors, and six real
scalars. These fields form a group called the A" = 4 vector supermultiplet. Because of
supersymmetry, all the fields in the supermultiplet transform in the adjoint representation
of the gauge group, which in this case is SU(N). Other properties of this theory will
be discussed in section 1.4. For now, let us instead discuss other examples of multiple
D-branes configurations.

Apart from multiple D-branes with 16 supercharges, it is also possible to construct
systems that are still supersymmetric but has less amount of supersymmetry. We are
interested in a particular case of D-brane intersections which has 8 supercharges.

Consider a stack of k£ coincident D1-branes and a stack of N coincident D3-branes in
a ten-dimensional flat spacetime. The directions of D1-branes and D3-branes are given
in table 1.1. The D3-branes are in X%, X!, X2, X3 directions while the D1-branes are in
X0 X4 directions. The two stacks of D-branes intersect if they share the same position
in X° X6 ..., X? directions. For any value of k and N, the system has 8 supercharges.

More generally, intersecting D-branes have 8 supercharges if the total number of di-
rections that only one stack of D-branes span is equal to 4 or 8. In the above example of
the D1/D3 system, such directions are X!, X2, X3 X%, so there are 4 in total.

The D1/D3 system can be explained from the point of view of either D-branes stack.
However, we are mainly interested in looking at D3-branes worldvolume. Although the

action of multiple D3-branes has 16 supercharges, the solution which corresponds to the
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D1/D3 brane intersection preserves only 8 supercharges. The solution is static, and in the
case of Kk =1, N = 2, it contains a non-Abelian gauge field and a scalar field transforming
in an adjoint representation of an SU(2) gauge group. The solution is recognised as a
non-Abelian 't Hooft-Polyakov monopole in the BPS limit. This non-Abelian monopole is
smooth everywhere. Furthermore, it has SU(2) gauge symmetry at its core, but the gauge
group is broken to U(1) asymptotically. We will give a further review of this solution in

chapter 5.

1.3.3 D-branes as solutions of supergravity

We have been looking at low energy stable D-branes from the worldvolume perspective.
Alternatively, D-branes can be viewed as solutions of type IIA /IIB supergravity theories.
But before we discuss these solutions, let us first review how to obtain a trivial solution
of the type ITA/IIB supergravity theories.

A solution of the type ITA/IIB supergravity theories can be obtained by solving equa-
tions of motion of the theories. A trivial solution is given by setting the metric flat:
GyN = myvn, and turning off the other fields. This solution is simply a ten-dimensional
flat spacetime. If we consider a local supersymmetry transformation of this solution, we
see that

SV (X) = oye(X),  i=1,2, (1.48)

while local supersymmetry transformations of the other fields are trivially satisfied. In
order to see if a solution preserves supersymmetry, one looks for €(X) which make local
supersymmetry transformations vanish, and counts the total number of independent real
components of these €¢/(X). In this trivial case, the vanishing of the local supersymmetry
transformations implies that 9yse'(X) = 0. Therefore, € are arbitrary constant spinors.
Because each of the ¢ is a ten-dimensional Majorana-Weyl spinor which has 16 indepen-
dent real components, there are in total 32 independent real components from all the €.
With this results, we say that the ten-dimensional flat spacetime preserves (all of the) 32
supercharges.

Let us now turn to solutions which correspond to D-branes. A solution called extremal
p-brane solution is associated to a stack of N coincident stable Dp-branes in flat spacetime.
Some of the symmetries of this solution are the same as that of D-branes. For example,
this solution has SO(1, p) x SO(9—p) isometry, meaning that the metric is invariant under
the group SO(1,p) x SO(9 — p). This group is identified with the Lorentz group SO(1,p)

and the internal symmetry group SO(9 — p) of the Dp-branes. Furthermore, the extremal
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p-brane solution preserves 16 supercharges which is the same amount of supersymmetries
that Dp-branes have.
An extremal 3-branes solution is of relevant to us. The non-vanishing fields are given

by [41,42]

ds* = H™V2(—dt? + da? + da? + dzd) + H'/?(dr? + r?dQ3),

(1.49)
F®) = £(1 + #)dtdw drodzsdH ™,
where
R4
H=1+-7,  R'=dmg,a”N, (1.51)
T

and dQ% is a metric of a unit S°. The sketch of the geometry of this solution is given in
figure 1.5. Note that the + sign of F(® in fact only depends on orientation, so without
loss of generality, we can choose either + or — sign. Note also that we have omitted the
wedge product A in the expression of F(®). The hyperplane t — z; — x5 — 3 is interpreted
as the D3-brane worldvolume while the other six directions are interpreted as transverse
directions to the D3-branes. The electric and magnetic charges of the solution are given

by integrating *F(®) and F®) over the large S® which surrounds the sources of the *F'®)

and F©®)
/ PO = / FO o N. (1.52)
S5 S5

By using the charge quantisation condition, the quantity N is discrete. It can be inter-
preted as the number of D3-branes. This is because N D3-branes source the N units of
the 5-form R-R charges. We will discuss more about the extremal 3-brane solution in
section 1.4.

There are solutions called non-extremal black p-brane solutions [41], which break all
the supersymmetry. These solutions contain outer and inner horizons. In the case where
these horizons coincide the solution no longer has any horizon, and is identified with the
extremal p-branes. Entropy of black p-branes can be obtained. In particular, the entropy
of a near extremal black 3-brane solution is given by the reference [43]. The idea is to
compute the area of the event horizon of the near extremal black 3-brane solution. This
area is proportional to Bekenstein-Hawking entropy of the solution. The entropy scales as
N? which is identified with internal degrees of freedom of large N limit of SU(N) gauge

group on the worldvolume of N coincident D3-branes.
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Figure 1.5: A sketch of the geometry of an extremal 3-brane solution.

1.4 Development: gauge/gravity duality

AdS/CFT correspondence [44] is a conjecture stating that a certain type of gauge theory
is equivalent to a certain type of string theory. This correspondence and its generalisations
are used to compute and describe physics of strongly coupled gauge theories which are

tractable by only a few of other approaches.

1.4.1 Original AdS/CFT correspondence

Let us first motivate AdS/CFT correspondence in its original form. Consider a stack of
N, coincident D3-branes. We have seen in the previous section that there are two possible
low-energy interpretations of the D-branes: either as an object on which open strings can
end or as a solitonic solution of type IIB supergravity theory.

In the first low-energy interpretation of D3-branes, the action is of the form
S = Spuik + Sbrane + Sint- (153)

Spur describes the interactions between closed strings that propagate in the bulk. In
the low energy limit where E < 1/vo/, the closed strings become free. So gravitons,
which are from spectrum of closed strings, are non-interacting. This gives rise to a flat
spacetime. Similarly, the S;,; part, which describes the interaction between closed and
open strings, also vanishes in the low-energy limit. This implies that the D3-branes live
in a ten-dimensional flat spacetime with other background fields turned off. As for Sprane,
which is a worldvolume action on the D3-branes, its DBI part is reduced to YM in the low
energy limit. Therefore it describes an N' =4 SU(N.) SYM theory in a four-dimensional

Minkowski (flat Lorentzian) space.
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Let us now consider the second low-energy interpretation. In the low-energy limit, type
I1B superstring theory reduces to type IIB supergravity theory. The stack of D3-branes is
then viewed as a supergravity solution which is given by the equation (1.49). Two limits
of the metric are worth mentioning. The first limit is » > R, which is far away from the

D3-branes. In this limit, the metric reduces to
ds? = —dt® + da? + dad + dod + dr? + r2dQE, (1.54)

which describes a ten-dimensional flat spacetime. The second limit is » < R, which is
close to the D3-branes. This limit is also called the near-horizon limit. In this limit, the
metric reduces to

7n2

d82 = ﬁ(

RZ
—dt? + da3 + do3 + dr) + 74—2(dr2 + r2dQ3), (1.55)

which describes AdSs x S°. We say that the AdSs part (t,z1, 2, z3,r) of this metric is in
the Poincaré coordinates. The full geometry of the equation (1.49) interpolates between
a ten-dimensional flat spacetime and an infinite throat region with geometry AdSs x S°.
In the low energy limit, only these two geometries are important. Consider closed string
excitations in the full background geometry. The proper energy E, of an object at a

position r is observed by an observer at the asymptotic flat spacetime as

E,
E=—"" (1.56)

(1+%) v

If the object gets closer to r = 0, its the energy as observed by an observer at infinity
would appear to be lower. In the low energy limit £ < 1/ Vo, the proper energy of a
closed string near » = 0 can become very large. As a result, the full spectrum of the
quantised closed string should be considered. This gives a type IIB superstring theory
in AdSs x S°. From the point of view of an observer at infinity, there are two kinds of
low energy excitations: any excitation from the region which is very close to r = 0 or
low energy excitations in the asymptotic region r > R. These two kinds of excitations
decouple from each other. An excitation near r = 0 cannot escape to the asymptotic
region r > R, while an excitation in the asymptotic region r > R cannot be captured by
the branes which are very small when compared to the wavelength of the excitation.

Therefore, to a good approximation, this second low-energy interpretation describes
two decoupled systems: type IIB superstring theory in AdSs x S° and a system of free

closed strings in flat spacetime.
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free closed strings in free closed strings in
a ten-dimensional flat = a ten-dimensional flat
spacetime spacetime
+ +
H=4 SU(N,) SYM theory| type 1B
in a four-dimensional = superstring theory
Minkowski space in AdS; x S°
the first the second
low energy interpretation low energy interpretation
of D3-branes of D3-branes

Figure 1.6: A diagram showing a motivation of AdS/CFT correspondence. The equiva-
lence between the two low energy interpretations of D3-branes suggests that an N = 4
SU(N.:) SYM theory in a four-dimensional Minkowski space is dual to a type IIB super-
string theory in AdSs x S°.

In each of the low energy descriptions, there are two decoupled systems. Both descrip-
tions have, in common, a system of free closed strings in a ten-dimensional flat spacetime.
It is then natural to assume that the rest are equivalent. This means that an N = 4
SU(N,) SYM theory in a four-dimensional Minkowski space is expected to be equivalent
(dual) to a type IIB superstring theory in AdSs x S°. The equivalence is called AdS/CFT
correspondence. We summarise the results of the motivation in figure 1.6. Note that
the background in which the type IIB superstring theory lives is in fact given by the full
solution (1.49). We, however, usually mention only the metric.

The N =4 SU(N,.) SYM theory in a four-dimensional Minkowski space is invariant
under a group called the conformal group which consists of four translations, six Lorentz
generators, one scale transformation and four special conformal transformations. These
fifteen generators form an SO(2,4) algebra. The conformal invariance of this theory re-
mains at the quantum level. Because of this property, this theory is called a conformal
field theory (CFT). The implied invariance under the scaling transformation implies that
this theory has no dimensionful scale. Since this theory has no length scale, it is charac-
terised by dimensionless quantities which are a dimensionless coupling constant gy s and
a number N, from the SU(N,) gauge group.

For our purpose, AdS/CFT correspondence will be useful for studying the SYM theory
at large N, and strong coupling. As N. — oo, the coupling of the SYM theory is better
described by the 't Hooft coupling A = g% mNe. Therefore, by strong coupling, we mean
A — oo. In particular, consider the limit where gy — 0, N. — oo but A is kept fixed.

Then take the limit A — oo.
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When the SYM theory is in this strong coupling limit, the dual superstring theory in
AdS5 x S° becomes tractable. This can be seen by relating the dimensionless constants
between the two theories. The dimensionless constants of the SYM theory are gy s and N,
while the dimensionless constants of the string theory are gs and R/ Va/. The relationships
are

1, R

gs = %gYMa 22 = 2Q}QfMNc =2\ (1.57)

Therefore, the limits in the field theory translates to gs — 0 and R*/a’? — oco. In these
limits the string theory reduces to classical supergravity.

Our discussions of AdS/CFT correspondence and its applications will be based on this
limit. This means that we consider the case where N' = 4 SU(N.) SYM theory in a
four-dimensional Minkowski space at large N, and strong coupling is dual to a classical
type IIB supergravity in AdSs x S°. We will call the former as the field theory side while
the latter as the gravity side.

We can also motivate the correspondence between the two theories by discussing sym-
metries. The field theory is invariant under the SO(2,4) conformal group. Furthermore,
it is also invariant under a group called the R-symmetry group, which, in this case, is
SU(4)g. Recall that the matter content of this theory consists of a gauge field, four Weyl
spinors, and six real scalars. The field theory’s matter content transforms in this R-
symmetry group as follows. The gauge field transforms in 1, the fermions in 4 and the
scalars in 6 of the R-symmetry group. This means that the R-symmetry rotates each type
of the fields among themselves. The conformal symmetry and R-symmetry are bosonic;
that is, the generators of these symmetries transform bosons to bosons and fermions to
fermions. The field theory also has fermionic symmetries, whose generators transform
bosons to fermions and vice versa. This theory has 16 supercharges. Additionally, there
are 16 real superconformal charges which are needed to ensure the closure of the algebra
of the bosonic and fermionic symmetries. These bosonic and fermionic symmetries all
together combine into a superconformal group SU(2,2|4).

This symmetry group can also be realised from the gravity side. The AdSs5 part,
(t,z1,x2,23,7), of the equation (1.55) is by definition the solution of the embedding of the

hypersurface

4
Xg+X3-> X2=R’ (1.58)
n=1
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into an R?* space with metric

4
ds® = —dX§ —dX2+)_ dX2. (1.59)
n=1
This solution is given by
R? r 9 5 9 r
XO 277"+W R +jzlﬁﬂ]$]t 5 X5:§t,
X; = %xi (i=1,2,3), (1.60)
R? r 9 5 9
4 QT’_W R —]Z:lxjx]—l-t

Both the ambient metric (equation (1.59)) and the constraint (equation (1.58)) are invari-
ant under the rotation group SO(2,4). Therefore, the AdSs part has an isometry group
SO(2,4). The S® part of the metric (1.55) has an isometry group SO(6) = SU(4). The
fermionic symmetries are coming from preserved supercharges. Although the background
(1.49) preserves only half the supersymmetry, its near-horizon limit » < R preserves all
the supersymmetry. In other words, AdSs x S° has 32 supercharges. When combining the
bosonic and fermionic symmetries, the full symmetry group of the gravity side is SU (2, 2|4)
which is the same as the symmetry group of the field theory side.

Note that in fact the SU(2,2|4) symmetry of the field theory side is a global symme-
try while the SU(2,2|4) symmetry of the gravity side is a gauge symmetry. This is an
example of a correspondence between global symmetries of the field theory side and gauge
symmetries of the gravity side.

Consider the AdS5 part of the metric (1.55). The r coordinate ranges from 0 to oo.
The Gy = —TQ/RQ component of the metric is zero at r = 0, so there is a horizon at r = 0.
We call this horizon as the Poincaré horizon. Another point of interest of this AdSj is its
boundary, which will be described in terms of the conformal boundary. A metric d3? is
conformally equivalent to a metric ds?(X) if d3? = k?(X)ds?(X) for a function k(X). Let
us multiply the AdSs part of the metric (1.55) by R?/r2, and then take the limit r — oo.
We obtain

ds® — —dt* + da? + da3 + da?. (1.61)

This is the conformal boundary of the Poincaré AdSs. This conformal boundary is a four-
dimensional Minkowski spacetime which can be identified with spacetime in which the
field theory lives. In this way, the field theory side of the AdS/CFT correspondence can

be thought of as living on the boundary of the gravity theory. This is also true in the
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generalised version of AdS/CFT correspondence where the conformal boundary of the
gravity side is no longer flat but the field theory still lives on this boundary.

Important quantities in a quantum field theory can be obtained by studying correla-
tion functions, all of which are encoded in a generating functional. It is usually difficult
to compute a generating functional of a generic quantum field theory. However, in the
framework of AdS/CFT correspondence the calculations are much simpler. A generat-
ing functional of the field theory side can be obtained [45,46] by computing a partition

function in the dual gravity theory. More explicitly,

<6f d4x¢0(gp)(9(x)>CFT — ZSUGRA’d)(m,oo):(bo(x)’ (162)

where the left-hand side describes the generating functional of the field theory while the
right-hand side describes the partition function in the gravity side. On the gravity side,
one solves the equation of motion for the field ¢(z,r), where z is a collective name for
(t,x1,x2,x3). Then one computes the on-shell supergravity action, which in turn can be
used to obtain the on-shell supergravity partition function Zgyagra and then evaluates at
the boundary r — oo. This gives, via AdS/CFT correspondence, the generating functional
of the field theory side. The field ¢g(x) is identified with a source of the field theory
operator O(x).

As an example, consider a massive scalar field in AdSs which can be thought of as
coming from a Kaluza-Klein (KK) reduction on S° of the scalar field in the full AdS5 x S°

spacetime. This means that the scalar field ¢1op(z,7,Q5) in AdS5 x S° is given by
$100(x,7,95) = > iz, 7)Yi(Qs), (1.63)
l

where Y;(€25) is a spherical harmonics on S® with a collection [ of quantum numbers. The
equation of motion is given by

9(00) (P R
P\ o o 2

= ¢ =0, (1.64)

,
where Z = (1, 22, r3). Note that m? depends on quantum numbers of the spherical har-
monics on S°. Note also that we have omitted the index I. The asymptotic form of the

solution of the above equation of motion is given by

b — fj(i) + d’?{f), (1.65)

where A = 2 ++1/4 + m2R2. Note that if m? is considered arbitrary, this solution holds as
long as m2R? > —4. This is an example of Breitenlohner-Freedman (BF) bound [47, 48)].
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From the asymptotic form, one can identify ¢o(x) as a source of the corresponding operator
O(x) in the field theory, and identify ¢;(x) as a vacuum expectation value (VEV) of
the operator. Note that the VEV can also be obtained by a functional derivative of
Zsuara- In some cases, the on-shell supergravity action is infinite, so regularisations and
renormalisations are needed to be applied before computing the action and Zsygra-

Although there is still no concrete proof, it is widely believed that AdS/CFT corre-
spondence can be extended. In the extended version, the field theory side does not need to
be CFT, and the gravity side does not need to be AdS. We call this extended framework
as gauge/gravity duality. It is often the case that several motivations of a given proposed
duality are sufficient to start the investigation.

In our case, we want to extend the original AdS/CFT correspondence to study the field
theory at finite temperature, finite volume, and containing flavour fields. Such models are

in fact already available in the literatures. Let us discuss the cases that are relevant to us.

1.4.2 Extension: finite temperature and finite size

So far, we have considered the field theory side which is at zero temperature and lives in an
infinite space. We will also be interested in studying the field theory at finite temperature
and lives in a compact space. This generalisation can be done simply by compactifying
the Wick rotated time direction and making AdSs to be in global coordinates.

Let us put the field theory in a compact space. This is equivalent to studying the

gravity side with a metric

2 r? 2 dr? 2 132 2 102
R 1+ 7

We call this metric as the global AdS5x S® and call the AdSs part (¢, 3, 7) of this metric as
the global AdSs. Recall that the Poincaré AdSs has the Poincaré horizon. On the contrary,
the global AdSs is smooth everywhere. The point » = 0 in which the radius of the three-
sphere shrinks to zero is called the AdS centre. Another difference between the Poincaré
AdSs and the global AdSs is that while the boundary of the Poincaré AdSs is R13, the
boundary of the global AdSs is R x S3. The boundary of the global AdSs is at r — co. In
order to obtain this boundary, we multiply the global AdS5 metric by 1/(1 4+ 72/R?), and
then take the limit » — co. This gives the boundary metric ds%oundary = —dt* + RQdQ%
As in the case of the Poincaré AdSs, the global AdSs satisfies the equations (1.58) and
(1.59). However, the Poincaré AdSs covers only a part of the global AdSs.

The temperature 7' can be added into the global AdSs x S° by Wick rotating the time
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coordinate t — 7 = it, then compactifing it on a circle 7 ~ 7 + 8, and finally identifying
the period with the inverse temperature 5 = 1/7. This temperature is identified with the
temperature on the field theory side. The global AdSs x S° at finite temperature is valid
for T'< Typ = 3/(2R). For our application, if T < T p, the results will not depend on
T. So whenever we consider T' < T p, we will simply focus on zero temperature.

In the case T' > Ty p, another metric is thermodynamically preferred. It is obtained [49]

simply by introducing a black hole. The metric is given by

207 1 —u? 2p? wR? R?

2= H 2 H 2 2 2 1002

ds” = TWR27 _ ukR? dt” + vl 107 df23 + mdu + RdQys.  (1.67)
4p?;

This metric has an event horizon at v = 1, and a boundary at v = 0. The temperature
whose inverse is identified with the period of the Wick rotated time coordinate which makes
the near-horizon metric contain no conical singularity is called the Hawking temperature.

For this metric, the Hawking temperature is given by
V2pu
R2./1 — RZ’

which is identified with the temperature of the dual field theory. We will call this metric

T = (1.68)

as (AdS — Schwarzschild)s x S in the global coordinates, and call its AdS part as the
global AdS-Schwarzschild.
In the TR — oo limit, the metric becomes

2

— du? 2d02. 1.
4u2(1—u2) u +R 5 ( 69)

a2 — 20 (—(1 —w?)dt? +dz*) +
- uR?

This metric has an event horizon at v = 1, and a boundary at v = 0. The Hawking

temperature is

_ \/§le
mR?

(1.70)

We will call this metric as (AdS — Schwarzschild)s x S° in the Poincaré coordinates, and
call its AdS part as the Poincaré AdS-Schwarzschild. Before taking the TR — oo limit,
R is the radius of the S? in which the field theory lives. So one may interpret that in the
TR — oo limit the dual field theory is at finite temperature and lives in the infinite-volume
space. Alternatively, one can say that the field theory is at infinite temperature and lives
in the finite-volume space. We will often adopt the former point of view.

Let us now try to visualise the AdSs part of these spacetimes. We start with the global
AdS5 metric.

2 r? 2 dr? 2 102
ds“=—(1+ 72 dt” + ) >+ r°dQ3 (1.71)
+ =2
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0=mn/2 0=0 0=mn/2

Figure 1.7: Illustrations of the space which is conformal to the global AdSs. 7 is the time
coordinate and is in the vertical direction. 6 is the radial coordinate of the global AdSs,
and is shown in the figure as the radial direction. The § = 0 axis corresponds to the AdS
centre, while the cylinder’s boundary § = /2 corresponds to the AdS boundary. ¢ is the
S1 representative of S3, and is shown as the angular direction. The picture on the left
shows the full cylinder. The picture on the right shows the cylinder’s vertical slice which
passes through the § = 0 axis. 6 is increasing from 0 to 7/2 both to the left and to the
right of the 8 = 0 axis. The values of ¢ on the left and on the right of the § = 0 axis are

¢ =m and ¢ = 0, respectively.

After the coordinate transformation: ¢t = R7, » = Rtan#, the metric becomes

d 2—L2(—d 2+ db* + sin? 0d03) = s
5= cos2 6 T St 37 cos26

ds’. (1.72)

Instead of visualising ds?, it is simpler to visualise ds’?. The range of 7 is —0o < T < 00,
and the range of 0 is 0 < # < m/2. For illustration propose, let us view S% simply as S*,
that is, we replace d2 with dp?, where ¢ is in the range 0 < ¢ < 27. The AdS centre
is at 6§ = 0, while the AdS boundary is at § = 7/2. We visualise this conformal space of
global AdS5 in figure 1.7. We draw it in the cylindrical coordinate system in which 6 is
the radial direction, ¢ is the angular direction, and 7 is the vertical direction. In the same
figure, we also present the vertical slice which passes through the 6§ = 0 axis of this space.
Let us now turn to the Poincaré AdS5 metric

2 2

R
ds? = ?(—dtz + da? + da? + dxd) + T—er? (1.73)
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Figure 1.8: Hlustrations of the space which is conformal to the Poincaré AdS5. This space
is embedded into the space of figure 1.7. The picture on the left is taken from figure 2(b)
of the reference [5]. It shows that the conformal space to the Poincaré AdSs occupies
a wedge-like region within the cylinder. Region I represents the Poincaré AdS boundary
while Regions VIII-XVII represent the Poincaré horizon. Details of these and other regions
are discussed in the reference [5]. The picture on the right shows the cylinder’s vertical
slice which passes through the 6 = 0 axis. 6 is increasing from 0 to 7/2 both to the left
and to the right of the § = 0 axis. The values of ¢ on the left and on the right of the
0 = 0 axis are ¢ = m and ¢ = 0, respectively. The light blue shaded region corresponds

to the (¢,7) subspace at 1 = x9 = x3 = 0 of the Poincaré AdSs.

Again, we want to visualise the space associated with the metric ds’> which is defined via

R2
cos2 @

ds* = ds”, (1.74)

where 6 here is the same as 0 in the metric (1.72). Since the Poincaré AdSs is a part of the
global AdSs, it is possible to find the relationship between the coordinates (¢, 7, 1, x2, x3)
of the Poincaré AdSs and the coordinates (7,6, 23) of the metric (1.72). The reference
[5] thoroughly studied this relationship and show explicitly how the Poincaré AdSs is
contained within the global AdS5. We reproduce their results in figure 1.8. This figure
shows that the conformal space of the Poincaré AdSs occupies a wedge-like region within
the cylinder of the conformal space of the global AdSs. The same figure also shows the
vertical slice which passes through the # = 0 axis. The resulting triangular region shows

the (¢,7) subspace at 1 = x9 = x3 = 0 of the Poincaré AdSs.
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Let us now visualise the global AdS-Schwarzschild. The metric is given by

2p% 1 —u? 2p? uR? R?
ds? = -1 dt? 27— 03 + ————du®. 1.
° uR?1 — Zif T 4p% 3t 4u?(1 — u?) “ (175)
PH

It is useful to make the coordinate transformation

4p%{ 1
t = = . 1.
R, YT R (1+ 2tan?0) (1.76)
This gives
R? d6? R?
ds* = —— | —g(0)dt* + —— +sin*0dQ3 | = ds" 1.
s =33 < g(0)dt* + (0 + sin 3 g (1.77)
where
1 (16p% cos* 0
0)=1-—- —1 . 1.78
9(9) 4 ( R4 ) sin® 6 (178)

Since the metric (1.77) is put in the similar form as that of the metric (1.72), we can
visualise the global AdS-Schwarzschild by following the steps similarly to those outlined in
the case of the global AdSs. The only difference is that 6 here is in the range 0y < 0 < 7/2,

1 1 4p2H
= —A\— —1]. 1.
Oy = tan <\/§ 72 (1.79)

We show the conformal space of the global AdS-Schwarzschild and its slice in figure 1.9. In

where

the figure, the black hole is depicted as a cylinder whose boundary at 8 = 0 corresponds
to the black hole horizon. The value of 6 is increased as the temperature of the black
hole increases.

Given the gravity theory on each of the AdS5 x S° spacetimes, let us now try to see to
what field theory this gravity theory corresponds. The motivation of the duality can be
done by following the low energy limit discussion. The only metric that can be motivated
in this way is (1.69). It can be realised (see for example [50]) as a near-horizon limit of a
non-extremal black 3-brane solution which is a solution of type I1IB supergravity theory.

Unlike the extremal 3-branes, the non-extremal black 3-brane solutions do not preserve
supersymmetry. So we may expect that the worldvolume theory on the corresponding
3-brane in string theory also does not have supersymmetry. However, the matter con-
tent should be the same? as that of N’ = 4 SU(N.) SYM theory in a four-dimensional
Minkowski space. Although supersymmetry is broken, we will sometimes call the the-
ory as if it has N’ = 4. This is just to remind us of the matter content. Note also that

temperature introduces a scale. So the field theory is no longer conformal.

2Strictly speaking, the reference [49] states that in this case the supersymmetry is broken such that

scalars and fermions gain mass and are ignored from the discussion.
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0=m/2 | 6;:0 I 0=m/2

Figure 1.9: Illustrations of the space which is conformal to the global AdS-Schwarzschild.
7 is the time coordinate and is in the vertical direction. 6 is the radial coordinate of the
global AdS-Schwarzschild, and is shown in the figure as the radial direction. The grey
cylinder represents the black hole with horizon at § = 6. The boundary 6 = 7/2 of the
light blue cylinder corresponds to the AdS boundary. ¢ is the S' representative of S3,
and is shown as the angular direction. The picture on the left shows the full cylinder. The
picture on the right shows the cylinder’s vertical slice which passes through the 6§ = 0 axis.
0 is increasing from 0 to 7/2 both to the left and to the right of the # = 0 axis. The values

of ¢ on the left and on the right of the § = 0 axis are ¢ = 7 and ¢ = 0, respectively.

This motivates the correspondence between an N' = 4 SU(N.) SYM theory with
large N, A in a four-dimensional Minkowski spacetime at finite temperature and type I11B
supergravity theory in (AdS — Schwarzschild)s x S° in the Poincaré coordinates. In fact,
the metric (1.69) is a part of the type IIB supergravity solution

2

2 2
ds? = LI (_(1 — u?)dt® + d7®) + du® + R%dQ2,

R2 4u2(1 — u2
Z o u( f ) (1.80)
Fs = E(l + %) (Ré)g?’ dtdxldmgdxgdu> = E(l + *)Vol(AdSs),

where Vol(AdSs) is the volume form of the AdS part of the metric.

Let us now consider the other cases. The metrics (1.66) and (1.67) cannot be realised
as coming from near-horizon limit of a certain solution of type IIB supergravity theory.
However, we simply believe that the duality still applies. So in the case of (1.66) we say
that an N =4 SU(N.) SYM theory with large N, A in R x S3 is equivalent to type IIB
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supergravity theory in global AdSs x S® where the full background is given by
ds? = — (1 + ;;) dt? + 1dr2ﬂ +r2dQ3% + R%d0Z,
T R (1.81)
Fy = %(1 + %)r3dtdrVol(S3) = %(1 + %) Vol(AdSs),
where Vol(S%) is a volume form of the unit S®. This background is a solution of type IIB
supergravity theory, but it is not a near-horizon limit of any known solution of type IIB
supergravity theory. This solution has the isometries SO(2,4) and SO(6) and preserves
the full supersymmetry. So, the dual field theory should still have the same symmetry as its
infinite volume counterpart. However, the generators of the conformal group SO(2,4) are
modified® in such a way that the conformal group no longer contains a scaling symmetry.
This agrees with the fact that the theory now has a dimensionful scale which is the radius
R of S3.
Similarly, for the case of (1.67) we say that there is a correspondence between an
N =4 SU(N.) SYM theory with large N, A in R x S3 at finite temperature and type I1B

supergravity theory in global (AdS — Schwarzschild)s x S® where the full background is

given by
2p% 1 —u? 2p? uR? R?
ds* = ——“1 dt? a1 - dO% + ————du® + R*dO?
° uR? 1 — ul? T 4p% 3t 4u?(1 — u?) ut o RdAy
L ot 40y 2 ) (1.82)
_ PH u 3 _

which is a solution of type IIB supergravity theory.

1.4.3 Further extension: adding flavour fields

We have discussed the extension of AdS/CFT correspondence to the case where the field
theory is at finite temperature and/or living in the compact space. We are now interested
in making the field theory more resemblance to the real QCD. There are several directions
to do this. However, we will only focus on a model called the D3/D7 model. This model
is not the most efficient* , but it is relatively simple to compute, and its results can be

used to give some insights into QCD-like systems.

3See for example [51] for generators of the conformal group SO(2,4) on R x S3.
4A more efficient model, called the Sakai-Sugimoto model [62,53], describes a QCD-like system with

Ny massless flavour fields having SU(Ny) x SU(Ny) flavour group that is spontaneously broken down
to SU(Ny). This behaviour is in a close resemblance to the real QCD. The efficiency of Sakai-Sugimoto
model is realised for example in the computation of meson masses which is in a reasonable agreement with

experiments.
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X0 x| x| x3 | Xt | X X6 X7T| X8| XY

N, D3-branes | e ° ° °

Ny D7-branes | e ° ° ° ° ° ° °

Table 1.2: The D3/D7 system in a ten-dimensional flat spacetime.

8 w9
XX X4,X5,X6,X7

x1 ,X2,X3

N. D3-branes

Figure 1.10: The D3/D7 system in a ten-dimensional flat spacetime. The D3-branes and
the D7-branes are separated by the distance L. In this figure, the X direction is omitted.

The matter content in the N' = 4 SU(N,) SYM theory transforms in the adjoint
representation of the gauge group. To move towards QCD, the D3/D7 model introduces
multiplets which transform in a fundamental representation of the gauge group while still
preserving as many supersymmetries as possible.

In the D3/D7 model, we consider a stack of N, coincident D3-branes, and a stack
of Ny coincident D7-branes. For simplicity, let us consider the case of a flat spacetime
with coordinates XM M = 0,1,2,...,9. The D3-branes cover X°, X1, X2 X3 while the
D7-branes cover X°, X1, ... X7 These two types of D-branes do not necessarily coincide;
the stack of D7-branes can be separated from the stack of D3-branes. The setting is shown
in table 1.2 and figure 1.10.

As in the case of the original AdS/CFT correspondence, here it is also possible to
discuss the low energy limit. We consider a probe limit where Ny < N,. In this case, the
gravity side consists of closed strings and open 7—7 strings. The strings and branes live in
AdSs x S° spacetime. In this probe limit D7-branes do not back-react on the background
geometry. The field theory side of the correspondence contains open 3 — 3, 3 — 7, and

7 — 3 strings. The 3 — 3 strings give, as usual, the A/ = 4 vector supermultiplet. The
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duality describing X8 X8

flavour X4 X5, X8 X7
x1 x2x3

original AdS/CFT
correspondence

Figure 1.11: An illustration of gauge/gravity duality from the D3/D7 model. On the
gravity side (left) D7-branes wrap around AdSs x S within AdSs x S°. The relevant
degrees of freedom are from the closed strings propagating in the bulk and the 7 — 7
strings on D7-branes. The S° is not shown in the figure. On the field theory side (right),
the relevant degrees of freedom are from the 3 — 3 strings which correspond to the closed
strings and the 3 —7, and 7 — 3 strings which correspond to the 7 —7 strings on the gravity

side. This figure is adapted from the figure 3.1 of the reference [6]

3 — 7 and 7 — 3 strings give Ny copies of the N' = 2 hypermultiplets transforming in
a fundamental representation of the SU(N.) gauge group. An AN = 2 hypermultiplet
contains a Dirac spinor and two complex scalars. The R-symmetry group of the N' = 2
hypermultiplet is given by SU(2) . The spinor transforms in 1 while the scalars transform
in 2 of this R-symmetry group. Since the A/ = 2 hypermultiplets are introduced, the full
supersymmetry of the theory is reduced to N/ = 2. Because of supersymmetry, every field
in the hypermultiplets has the same mass. If the D3-branes coincide with the D7-branes,
then the hypermultiplets are massless. However, if the D7-branes are separated by the
distance L from the D3-branes, then the hypermultiplets gain the mass m, = L/(2ma/).

Having motivated the correspondence, we present the statement. On the field theory
side, there is an A/ = 2 SYM theory in a four-dimensional spacetime. The matter contents
are from an A = 4 supermultiplet transforming in an adjoint representation of the SU(N,.)
gauge group and from N = 2 hypermultiplets having SU(Ny) flavour symmetry and
transforming in a fundamental representation of the SU(N.) gauge group. On the gravity
side, there is a stack of Ny D7-branes wrapping AdSs x S3 within AdSs x S° spacetime.
The correspondence is shown in figure 1.11.

Massless hypermultiplets on the field theory side corresponds to Ny D7-branes wrap-
ping the whole of AdSs and an equatorial S® C S°. An embedding which gives massive

hypermultiplets is more complicated. It is determined by minimising the area of the D7-
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branes. Then the hypermultiplet mass is determined from how far the asymptotics of the
D7-branes are from the origin of the X® — X? plane.
Let us now discuss embeddings into each type of spacetimes and how to draw field

theory informations from these embeddings.

Low temperature T' < Typ systems in an infinite space

For the AdSsx S® in the Poincaré coordinates, the part of the metric on the six-dimensional

transverse space to the D3-branes is given by
R2
r—2(dr2 +r2dQ3). (1.83)
This part of metric is conformal to
dr? + r2dQ3, (1.84)

which is a six-dimensional flat metric. When visualising the six-dimensional transverse
space to the D3-branes, it is often convenient to instead visualise the six-dimensional flat
space which is conformal to the actual transverse space. We adopt this view point for the
case of AdS5x S° in the Poincaré coordinates considered here and for the subsequent cases
of the other AdS5 x S° spacetimes. Let us express the metric part (1.84) into Cartesian

coordinates. We can write

r? = (X1 4+ (X7 + (XO)? + (X7) + (X%)* + (X?)?, (1.85)
as well as the relationships between Q5 and (X4, X°,..., X?). The full metric is then given
by

o 1 2 N 42 512 62 7\2 82 92
ds® = ﬁ(—dt +dx )+r7((dX )+ (dX?) +(dX®) 4+ (dX)*+(dX®)*+(dX7)?). (1.86)

To describe the embedding of D7-branes, let us define
PP = (X2 (X°)7 + (X0 + (XT)?, (1.87)
L? = (X%)? + (X7)?, (1.88)

as well as the coordinates {23 and ¢. The coordinates p and €23 are polar coordinates of the
hypersurface X% — X5 — X6 — X7 while L and ¢ are polar coordinates of the hypersurface
X8 — X9, The coordinates Q3 describe the S2 C S° which the D7-branes wrap. The
coordinate transformation (¢, 2, X*,..., X%) — (¢, %, p,Q3, L, ¢) gives

2
ds 72

(—dt* + di®) + (AL? + dp?® + L?d¢? + p*dQ3). (1.89)

p2+L2
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Let us consider the D7-brane embedding which is given by (¢, Z, p, Q23) = (¢, Z, p,3) and
L = L(p),» = 0. The equation which determines the embedding is given by

L(p)+ L)+ L) =0, (1.90)

which is subject to the boundary conditions at the AdS boundary p — oo and at p = 0.
Instead of solving this boundary value problem, it is more convenient to use a method
called the shooting method to transform this problem into an initial value problem. In
this case, let us consider the initial condition at p = 0. Numerically, it is not possible to
impose the condition exactly at p = 0; we need to make an expansion near p = 0. This
gives

L(p) = Lo + O(p%). (1.91)

Then we are instructed to solve the differential equation subject to this initial condition

near p = 0, and match the solution with the asymptotic behaviour near p — oo :

Lip) = m-+ %5 +0 (plg) . (1.92)
The value of m is proportional to the dual field theory’s N' = 2 hypermultiplet mass,
which we will simply call the quark mass. Since m is the distance between the D3- and
D7-branes, the quantisation of the string stretching between these branes gives rise to the
quark mass mg; = m/(2ma’). The asymptotic expansion also determines the VEV of a
quark bilinear operator (qg), which in this case is proportional to the coefficient ¢ of the
sub-leading term.

Various embeddings are shown in figure 1.12. There are two kinds of embeddings which
we will call the equatorial embedding and the Minkowski embedding. This figure visualises
these embeddings by showing that while the equatorial embedding reaches all the way to
the Poincaré horizon, the Minkowski embedding stops at some point above the Poincaré
horizon. If we consider the AdSs part, then we see that the equatorial embedding covers
the whole AdS5 but the Minkowski embedding does not. These behaviours are visualised
in figure 1.13. At each position on the AdSs part of the D7-brane embedding, the D7-

branes wrap an internal $2 C S°. This wrapping is shown in figure 1.14. It is characterised

by an angle # which is given by

6 = tan! <§> . (1.93)

For example, for § = 0, the brane wraps the equatorial S® of the S while for § = 7/2,
the S3 shrinks to a point at the pole of the S°. In figure 1.15, we show the angle @ for

various D7-brane embeddings. The plot shows that the equatorial embedding wraps the
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i X4 X3, X8 X7

LR

Figure 1.12: Examples of D7-brane embeddings into the Poincaré AdSs x S° spacetime.
These pictures show the D7-brane embeddings from the point of view of the six-dimensional
flat space which is conformal to the transverse space to the D3-branes. The plot on the left
shows the embeddings plotted in the p — L plane. The red curve is called the equatorial
embedding, for which the D7-branes cover the whole AdSs part. The blue curves are
called the Minkowski embeddings, for which the D7-branes do not cover the whole AdSs
part. These two kinds of embeddings are visualised by the pictures on the right. In these

pictures, the black dots represent the positions of the X! — X? — X3 hyperplanes.

equatorial S3 of the S® at every position 7. The behaviours for the Minkowski embeddings
are clearly different from this. Asymptotically as r — oo, a Minkowski embedding wraps
the equatorial S® of the S®. However, as r is lowered, the S? is shrinking, and at r = 79 > 0,
the S3 shrinks to a point. The value r( is the shortest distance between this Minkowski
embedding and the Poincaré horizon.

Having discussed the geometry of the embeddings, let us now discuss the asymptotic
behaviour. The equatorial embedding has m = 0 and ¢ = 0 while the Minkowski em-
beddings have m > 0 and ¢ = 0. Note that every embedding has ¢ = 0. This behaviour,
however will no longer be true when we discuss the embedding at finite temperature and/or

finite space.

Low temperature T' < Typ systems in a finite space

Let us now consider the embedding in global AdSs x S°. We need to change the radial
coordinate to u which satisfies

—— =R'—-. (1.94)
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Figure 1.13: Schematic diagrams showing D7-brane embeddings into the AdSs part of the
Poincaré AdSs x S° spacetime. The Poincaré AdSs x S° spacetime is represented by the
slice of its conformal space (see figure 1.8). These pictures show that for the equatorial
embedding, the D7-branes (grey-coloured) fill the whole AdSj5 part, but for the Minkowski
embedding, the D7-branes fill from the AdS boundary down to some point outside the

Poincaré horizon.

We choose [7]
VTR

u = — (1.95)

The AdS centre is now at u = R/2 while the AdS boundary is at « — oo. In this coordinate

system, the six-dimensional transverse space is conformal to the flat space with metric
du® + u?dQ2. (1.96)

At the AdS centre, the S° in this space has the radius R/2. This S® is just an artefact of
this coordinate choice. Let us now describe the embeddings. Instead of (p, L)., it is more
convenient to use (u, x = sinf). So the metric is now given by

2 R2\? R2\? _
d32:—;2(1+w> dt2+u2<1—4u2> dQ?

P2 52 (1.97)
+ du® + R 4 R232d6? + RA(1 — x%)d03.
u 1— 2
The equation which determines embeddings is given by
") + 3R*x(u) = 4u (R*+4R*u* + 16u?) x/(u)?
o u? R (16u* — R%) (1 — x(u)?) (1.98)
(3R + 16R3u? + 80Ru*) x'(u) L X w? '
16ud — R*u 1—x(w)?

Near the AdS centre, there are two main types of embeddings. Let us call them the Ball
embedding and the Minkowski embedding. A Ball embedding has the expansion

2
X(®) = Xban — QiRQ (u - g) Xball + O((u — R/2)%), (1.99)
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SS

85

Figure 1.14: A part of a D7-brane embedding which wraps an internal S® C S°. The big
sphere represents S° while the red circle represents S3. The internal angle @ characterises

the position of the wrapped S3.

where 0 < xpan < 1. For a Minkowski embedding, as in the case of its counterpart in
Poincaré AdSs x S°, it does not reach the AdS centre. Instead, it ends at some point

u = Uprink > R/2. The expansion near u = upink iS given by

+ R' — 16“14\/[ink
R4uMin + 4R2u§/ﬁnk + 16”15\/[ink
2 (68R iy — 16R* Uy, — 384uly, . + 5RP)

2 3
a U — UM + O((u — u; )
3 (AR + 16uyyyy + RY) 2 ( Miak) (( Mink) ")

x(u) =1 (u — unink)

(1.100)

There is in fact another type of embedding which is called the critical embedding. It
satisfies the initial conditions of both the Ball and Minkowski embeddings. The expansion

near u = R/2 is given by

) =1— % <u _ 1;)2 4 % <u _ §>3 +O((u—R/2)%). (1.101)

Every type of embeddings has the same AdS boundary condition which is given by

_m mR? u 4
X(w) =+ 3 — 5 g log 5+ O0(u™). (1.102)

We present the embeddings in figures 1.16, 1.17, and 1.18. There exists a Ball em-
bedding which satisfies y = 0. As in the case of Poincaré AdSs x S, this Ball embedding
always wraps around the equatorial S? C S°. So we call this embedding as the equatorial

embedding.
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Figure 1.15: The internal angle 6 at each position r of the Poincaré AdSs x S°. The
curves in this figure correspond to the curves presented in figure 1.12. This figure clearly
shows the difference between the equatorial and Minkowski embeddings. The equatorial
embedding reaches the AdS centre r = 0, and the internal angle 6 is always § = 0 (S?
always wraps the equatorial of S%). On the other hand, the Minkowski embeddings have
varying 6, and they stop at some point at which § = 7 /2 (which corresponds to the internal

S3 shrinking to a point).

Out of possible embeddings, only the critical embedding is irregular; it contains conical

singularities. Consider an induced metric of a D7-brane embedding;:

2 2\ 2 2\ 2
ds2=—“<1+R> dt2—|—u2<1—R> 02
U

42
R? R2X'(U)2 2 2 2 2
—_—+ R“(1 — Q3.
+<u2+1_x(u)2>du + R*(1 — x(u)”)dQ3

(1.103)

Let us expand this metric near u = R/2 of the critical embedding. In order to do this, we
make a change of coordinate u = R/2 + £/(2v/2). This gives
2 2

ds? ~ —dt* + Ed(zg + de? + Edﬁg, (1.104)
which shows conical singularities at both external S3 (whose metric is d©2%) and internal S3
(whose metric is d©23); if there were to be no conical singularity, the numerical coefficients
in front of £2dQ§ and §2dQ§ should have been 1 instead of 1/2. On the contrary, the other
embeddings are smooth everywhere. Each of them could potentially becomes singular at

the position where the S? shrinks to a point. At the AdS centre of a Ball embedding, the
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Figure 1.16: Examples of D7-brane embeddings into the global AdS5 x S® spacetime. The
red curves represent ball embeddings, the blue curves represent Minkowski embeddings,
and the black dashed curve represents the critical embedding. The idea of this figure is

from figure 1 in the reference [7].

external S% shrinks to a point. The expansion around this point gives
ds? ~ —dt? + €2dQ% + de? + R*(1 — xEo)dQ3, (1.105)

where £ = 2u — R. Clearly, there is no conical singularity. Similarly, at the tip of a
Minkowski embedding, the internal S® shrinks to a point. The expansion around this
point gives

(4R + 1) ®

ds? ~ — dt? + (403sims — 1) 2dQ§ +d€% + £2d03 (1.106)
16 R Ui, 1603

where
2R? (u — upsink) (16ud. . — R*
€= (u . o ( Mink z . (1.107)
UMink (4R uMink + 16uMink + R )

Again, there is no conical singularity.

The on-shell action of the D7-branes is given by

B ul R2 R2\3 /1 Y2 1/2
(1.108)

The free energy of the embedding is given by —Sp7. However, this value is not finite; a
regularisation is needed to be performed before computing the free energy. We follow the

discussions outlined in the references [54,55]. Let us define

B Spr
Tp7NsRT [ dQ3dsdt

0o ul R2 R2\% /1 W 1/2 -
= — 1+ =) (1-= RS 1— /2
/R/gd“m(*w)( ) (erre) 0o

So
(1.109)



1.4. Development: gauge/gravity duality 42

X8 X°

X4,X8, X8 X7
""
equatorial embedding generic Ball embedding
critical embedding Minkowski embedding

Figure 1.17: Various D7-brane embeddings in global AdS5 x S°. The pictures are shown
in the six-dimensional flat space conformal to the actual transverse space. Each blank
sphere represents S° with a radius R/2 at the AdS centre. These spheres are artefacts of

coordinate choice we use.

The divergence of this action is due to the behaviour near the AdS boundary. To fix this
problem, the integral over u should be from R/2 to R/(2¢) for a small e. Consider the
AdS5 part. The hypersurface perpendicular to the u direction at u = R/(2¢) has a metric

1 2\2 R2 1— 2\2
ds? = vy datda” = ! +§ ) dt? + ( 26 ) dQ3. (1.110)
4e 4e
The Ricci scalar R, is given by
6 4¢?
R. — 1.111
TOR2(1—€2)2 ( )
The counter-terms are given by
1 V- 1
L= T (1+€2)(1 — €2)3, (1.112)

" 4RSsinfcosf  64é
— 4
L_v=oRy _(1-¢) (1.113)

Lo = — I _
> 48 Rsinfcosh 32¢2 7
1 =x? 1 ) s s
h=3 peosh 1 1- 1.114
4T 2 R6sinfcosd 3264( +e)(1 - )X, ( )
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Figure 1.18: The internal angle 6 at each position r = (4u? — R?)/(4u) of the global
AdSs x S®. The curves in this figure correspond to the curves presented in figure 1.16.
This figure clearly shows that while all the Ball embeddings reach the AdS centre r = 0,
the Minkowski embeddings stop at some point at which § = /2 (which corresponds to
the internal S shrinking to a point). The critical embedding interpolates between these

two kinds of embeddings, and reaches the AdS centre » = 0 when 6 = /2.

1 \/j’nyy o 9 (1_64) .

> = 2 Risineosd 8 (Xe) Xe = ez los () x&, (1.115)
1 \/_77 4 1 9 3. 4

Lt = R sinfeos s = gt 1- , 1.116

f = i Rsnfeosd T gaad LTI )X (1.116)

where

Xe = X <R> . (1.117)

2¢

The subtracted action is given by
Ssub = So + L1 + Lo+ Ly + L5 + Ly. (1.118)

The scaled free energy is given by

F = lim Sy, (1.119)
e—0
and the condensate is proportional to
. RS R® . _ ~0Ssub mR? m
c=— lg% 66 = sin f cos 6 oxe =a-— log <E> . (1.120)

These quantities are plotted in figure 1.19. They are not multivalued for any given
quark mass. This implies that the phase transition between the Ball embeddings and
the Minkowski embeddings is continuous. The reference [8] shows that the phase transi-

tion is of third order.
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Figure 1.19: Free energy (left) and condensate (right) versus quark mass. For each plot,
the red curve presents the data from Ball embeddings, the blue curve from Minkowski
embeddings, and the black dot from the equatorial embedding. These plots show the
smooth phase transition between the Ball embedding phase and the Minkowski embedding

phase. The reference [8] shows that the phase transition is of third order.

High temperature T > Ty p systems

Let us now briefly discuss the embeddings into an (AdS — Schwarzschild)s x S° spacetime.
For our purposes, the discussions in the cases of infinite and finite volume are similar, so
we consider them together. The embeddings are shown in figure 1.20. There are two main
kinds of embeddings: the Black Hole embeddings for which the branes pierces through
the event horizon, and the Minkowski embeddings for which the branes closes off before
reaching the horizon. These two types are separated by the critical embedding. Within
the class of the Black Hole embeddings, there exists the equatorial embedding for which
the branes always wrap around the equatorial S3 C S°. In this thesis, for the systems with

T > Typ, we only consider the equatorial embedding.

Mesonic excitations

Having discussed the embeddings, we are now interested in describing mesons on the field
theory side. This corresponds to studying certain fluctuations of D7 worldvolume fields
transforming in an adjoint representation of the SU(Ny) gauge group.

The meson mass spectrum can be obtained by studying normal modes of the corre-
sponding fields on gravity side. This means that one needs to require the fields to be
regular everywhere and to vanish at the AdS boundary. The frequency of a field which
satisfies this condition tells us about the value of the meson mass in the dual field theory.

For the case of finite temperature, the mesons are not stable, and cannot be described in
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Figure 1.20: Various D7-brane embeddings in (AdS — Schwarzschild)s x S°. The pictures
are shown in the six-dimensional flat space conformal to the actual transverse space. Each

sphere represents the black hole.

terms of normal modes. Instead, one has to determine both the mass and the decay rate.
These informations are encoded in complex frequencies which can be determined from the
quasi-normal modes (QNM) of the corresponding fields on the gravity side. In this case,
one demands the fields to be ingoing waves near the black hole horizon, and to vanish at
the AdS boundary.

In our study, we will limit ourselves to the case of Ny = 2. The SU(2) flavour symmetry
is historically called isospin symmetry. It appears in a QCD Lagrangian if up and down
quarks are of the same mass and there is no other quark flavours. The up and down
quarks are eigenstates of 73 = 03/2 with eigenvalues 1/2 and —1/2 respectively. Here, o3
is the third component of the Pauli spin matrices. The flavour fields in our case can be
described in a similar way.

Initially, there are equal numbers of the ‘up’ and ‘down’ flavours. We want to introduce
the imbalance of the numbers. This can be done by introducing an isospin chemical
potential. On the gravity side, this is equivalent to introducing a gauge field A(()g) on D7-

branes. The subscript 0 means that the field is in the time direction while the superscript
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(3) means that it is in the 73 direction of the gauge group.

After turning on the isospin chemical potential, the mass spectrum of mesonic exi-
tations will be changed. When the isospin chemical potential reaches a certain value,
we expect that the system is unstable. In the finite temperature case, the instability is
demonstrated when an oscillation of a field corresponding to a meson keeps growing over
time. In other words, its complex frequency has a positive imaginary part. In the zero
temperature case, it is more difficult to determine the instability. A potential situation
is when a meson has a zero frequency. If the isospin chemical potential is increased fur-
ther, then there is a possibility that the meson can develop a frequency with a positive
imaginary part.

When the old system is unstable, a new system is developed. In other words, the system
undergoes a phase transition. In our case, mesons are condensed in the new system. The
order parameter of the phase transition is given by VEV of the mesons.

In chapter 2 and 3, we will demonstrate how to use gauge/gravity duality to describe

and investigate instabilities of N' = 2 systems living in a compact space.

1.5 M-theory branes

The discussions so far have covered some aspects of superstring theory and its applications.
There is another direction which we want to cover. This concerns M-theory, and will be
discussed in the rest of this chapter and in chapters 4 and 5.

There are 5 types of consistent superstring theories. They are called type I, type
ITA, type IIB, heterotic Eg x Eg, and heterotic SO(32). We discussed type ITA and IIB
superstring theories in the previous sections. The type I superstring theory can be obtained
from the type IIB superstring theory by requiring that strings are unoriented. This means
that one projects out the states which are not invariant under the worldsheet parity

I —¢gl. This operation exchanges the left- and right-moving oscillation

operation: o
modes of a closed string, so for example, only one of the two gravitinos survives this
projection. This will imply that the type I superstring theory has A/ = 1. In addition
to the unoriented closed string, the theory also contains unoriented open strings. The
heterotic theories are obtained by combining the left-movers of 26-dimensional bosonic
strings with the right-movers of 10-dimensional superstrings. The heterotic theories also

have N' = 1 supersymmetry.

Different types of superstring theories are related by dualities. For example, T-duality
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Figure 1.21: Examples of string dualities. This web of dualities suggests how to obtain

string theories and the eleven-dimensional supergravity from the M-theory.

relates type IIA to type IIB, and relates heterotic Eg x Eg to heterotic SO(32). Another
duality called S-duality relates one theory at weak coupling to another theory at strong
coupling. For example, type I is related to heterotic SO(32) while type IIB is related to
itself. A type IIA superstring theory at a strong coupling has an extra dimension which is
a circle of radius gsls. So the strong coupling gs — oo theory has eleven dimensions. This
theory is called M-theory, and was discovered in the reference [56]. Additionally, a strong
coupling heterotic Fg x Eg theory has an extra dimension as a line interval of size ggls.
The eleven dimensional strong coupling gs — oo theory obtained this way is again M-
theory. Furthermore, the low energy limit of M-theory is given by an eleven-dimensional
supergravity theory [57]. Examples of these string dualities are shown in figure 1.21.

M-theory does not have any strings or any perturbative objects, so its matter contents
cannot be obtained from the same approach as that of string theories. Nevertheless, since
the low energy limit of M-theory is an eleven-dimensional supergravity theory, whose
Lagrangian is known [58], the matter content of low-energy M-theory is just the matter
content of an eleven-dimensional supergravity theory. The bosonic part contains a graviton
(44 degrees of freedom) and a 3-form gauge field (84 degrees of freedom) while the fermionic
part has a gravitino (128 degrees of freedom). All of these fields are massless.

As in the case of string theory, there are objects charged under a form field. In the case
of M-theory, these objects are called M-branes. Since there is only one type of form fields,
the types of M-branes are limited. There are M2-branes which are electrically coupled to
the 3-form gauge field and M5-branes which are magnetically coupled to the 3-form gauge
field.
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Recall that in type IIA and IIB supergravity theories, there are extremal p—brane
solutions which are associated to multiple Dp-branes of type ITA and IIB superstring
theories. In the eleven-dimensional supergravity theory, the solutions associated to M2-
branes and Mb5-branes can be obtained. The entropies of these solutions can also be
computed. They scale as N3/2 and N3 for M2-branes and M5-branes respectively, where
N is the number of coincident M-branes. These entropy scalings are clearly differed
from the case of D-branes whose entropy scalings N? are associated to internal degrees
of freedom of Yang-Mills theories. Ones are not familiar with the N3/2 and N3 scalings
of internal degrees of freedom. From this point of view, it is a puzzle to determine a
non-Abelian theory to which the stack of multiple M-branes is related. Fortunately, the
case of coincident M2-branes is already known. However, there is still no known complete
low-energy worldvolume Lagrangian for M5-branes.

The matter content on M-brane worldvolumes can be obtained by considering the
symmetries which are broken by the associated supergravity solution. For each broken
symmetry, there is a massless field called the Goldstone mode. These fields form the
matter content of the associated M-branes. For an M2-brane, there are 8 scalar fields in
the bosonic sector and 8 on-shell fermionic degrees of freedom in the fermionic sector. For
an Mb5-brane, the bosoic sector consists of 5 scalar fields and a 2-form gauge field with
a self-dual field strength. The 2-form gauge field has 3 on-shell degrees of freedom. The
fermionic sector contains 8 on-shell fermionic degrees of freedom which are given by 2

(symplectic) Majorana spinors.

1.5.1 M2-branes

The low-energy description of the theory on a single M2-brane is known. It was first
obtained by the GS formalism [59] and later by the superembedding approach [23]. The
extension to the case of multiple M2-branes is non-trivial because there is no 1-form gauge
field in the matter content. Nevertheless, a 1-form gauge field can be introduced as long
as it does not have any degree of freedom. In this case, the gauge field is technically the
Chern-Simons gauge field.

The maximally supersymmetric N' = 8 multiple M2-brane theory is given by the
Bagger-Lambert-Gustavsson (or BLG) model [60-63]. This model uses a 3-bracket [-, -, ]
which is a generalisation of a commutator [-,:]. Let 7% be a generator of the 3-bracket

algebra. The commutation relation is given by

[T, T, T¢ = fobe, 1, (1.121)
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where f is totally anti-symmetric in the upper indices a, b, c. The metric is given by
he® = tr(T°,T?). (1.122)

It is used to raise and lower the indices, for example fo¢d = fabc_ped The 3-bracket is
used to define the derivative:

dapX =[A, B, X]. (1.123)
The derivative on the 3-bracket has the property:
0ABIX,Y,Z] = [64X,Y, Z] 4+ [X,04BY,Z]| + [X,Y,04,BZ], (1.124)
and the trace should be invariant:
0=104ptr(X,Y) =tr(64pX,Y) +tr(X,04,8Y). (1.125)

These conditions give the fundamental identity

[T, 1%, [T, T, T°)) =[[T*, T°, T, T, T + [T, [T°, T, T, T°]
(1.126)
+ [T, T[T, T°, 7],
as well as

tr([T%,T° T¢), T + te(T¢, [T, T, T9)) = 0. (1.127)

The appearance of the 3-bracket in the BLG model is seen for example in the scalar
potential which is of the form tr([X7, X/, X*], [ X!, X7, XK]), where I, J, K = 1,2,...,8.
The BLG model can be well-defined as long as one can find a 3-algebra which satisfies the
above properties. It is shown [64,65] that the only non-trivial finite-dimensional 3-algebra

with positive definite metric h% is given by
fabed o gabed - pab o gab. a,be,d € {1,2,3,4}. (1.128)

This algebra is called A4. The BLG Lagrangian with A4 describes 2 coincident M2-branes.
If one relaxes the requirement that the 3-algebra is to be finite-dimensional, one can
have the Nambu-Poisson bracket. On a three-dimensional manifold N3 with coordinates
{y', 42,52}, the Nambu-Poisson bracket is locally given by (here y is the collective name
for {y", y*,y°})

df'(y) 0f%(y) 0f°(y)
oyt Oyl oyk

{fl(y)a f2(y)7f3(y)}NP = €k iaja ke {172a3}' (1129)

Let x*(y) with a = 1,2,... be a basis of functions on N3. The commutation relation and

the trace are given by

W), X" W) X Ive = fax (), (1.130)
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and

(L, 1) = / Fyn) () W), (1.131)

N3
where p(y) is chosen to ensure that the trace is invariant under the derivative

(5AyBXE{A,B,X}Np. (1.132)

The representation of the Nambu-Poisson bracket is given for example by the reference [66].
The BLG Lagrangian with the Nambu-Poisson bracket describes an infinite number of
coincident M2-branes.

We have mentioned above that theories on maximally supersymmetric N coincident
M2-branes can be constructed as long as N = 1,2,00. In order to describe different
numbers of N, one needs to relax some conditions.

If one relaxes the condition that the theory should be maximally supersymmetric,
then one can have an alternative model. This is called the Aharony-Bergman-Jafferis-
Maldacena (or ABJM) model [67]. The ABJM Lagrangian also uses a Chern-Simons
gauge field and a 3-bracket. However, the 3-bracket here is less restrictive and allows
one to describe any number N of coincident M2-branes. The ABJM theory has A/ = 6
supersymmetry for a generic case. The reference [68] shows that the ABJM theory gives

the desired N3/2 scaling of degrees of freedom.

1.5.2 Mbi-branes

The low energy description of a single M5-brane is expected to be a (2,0) superconformal
field theory. The first description was obtained by the superembedding approach [69],
which gives equations of motion of the fields on the M5-brane. We will be mainly interested
in the equation of motion of the 2-form gauge field B. If we ignore all other fields, then
this equation contains two kinds of 3-from fields. The first one is a field strength H = dB
of the 2-from gauge field while the second one is an auxiliary field h. The auxiliary field is
not a field strength of any 2-form fields but it is self-dual h = xh. Let the Greek indices
label the directions on the M5-brane. The duals of H and h are given by

~ 1
HMP = (xH)MP = ge“”p’\”H,\W, (1.133)
~ 1
hHP = (xh)MP = ge’“’p)‘”hmg = hH"P (1.134)
where €912345 — 1 and the indices are raised and lowered by the Minkowski metric. The

equation of motion

1
ZH,W =my, M, (1.135)
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—1X

" is the inverse matrix of

algebraically relates the two kinds of the 3-from fields. Here m
m, =8, — 2k, (1.136)

where ku)\ = h#,,ph)‘”p.

Let us now discuss how to construct the action which will give the equations of motion
(1.135). Such an action with manifest Lorentz invariance cannot be constructed without
introducing an auxiliary field. To get some insights into why this is not possible, let us
consider a naive attempt. Quadratically, the action should give the equation of motion

H,,, = H,,, We require the action to be invariant under the gauge transformation

0B = dY. All possible gauge invariant quadratic terms in the Lagrangian are

H"™PH

HV P> H“VPH;,LV,D7 HHVpHMVp- (1137)

However, the first term and the second term are not linearly independent to each other

while the third term is a total derivative:
H"PH,,, = "(3B""Hy,,,). (1.138)
So at the quadratic level, the Lagrangian is of the form
Lquadratic 0 H"? Hypp, (1.139)

which fails to give the linearised self-duality condition H,,, = H wwp-

Let us now discuss the attempts which will lead to the correct result. One way to do
this is by dropping the requirement that the action should be manifestly Lorentz invariant.
One makes the 1+5 splitting [70,71] in which one direction is split from the six-dimensional
manifold. One can either split the time-like direction or the space-like direction. Let us
focus on the latter case and label the separated direction as 2°, and the other directions
as 2%, a=0,1,2,3,4. Let us first consider the quadratic level, for which the action is given
by

S = % / d (H Hy — H ). (1.140)

The equation of motion is given by

WD (H g — H ) = 0, (1.141)
which gives general solutions
H;.—H;, = —26[62@@]. (1.142)
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The gauge transformation

0oBss = ®a,  aB,; =0 (1.143)

leaves the action invariant. This transformation B — B + 04 B is therefore the symmetry

of the theory and can be used to gauge transform the equation (1.142) to give

Hjes — Hjes = 0, (1.144)
which is, as required, equivalent to H,,, = d wp- As well as giving the linearised self-

duality condition, the quadratic action should also be Lorentz invariant. The Lorentz

transformation z# — A*,x¥ = —A, *z” on the B-field is given by
B (27) = ALPAT Boo (AT 2). (1.145)
Infinitesimally A,” =~ 4}, + A,” the Lorentz transformation is
0By = As"270,B,, + A\ By + X By (1.146)

The component B;; enters the quadratic action only through the total derivative. There-
fore, it is convenient to use the gauge transformation B = dY to choose the gauge in

which B;s = 0. The only relevant Lorentz transformation is then

EéBd]@ - )\éczxda@Bag + )\61'6853&8 — )\61'58@3 7 (1.147)

ab’

0By = 2)

where X\ = \%. The quadratic action is not invariant under this transformation, but

rather under the modified Lorentz transformation

0B = 2X;°Bae — N g 0: By + Nowo g — Na0: B, (1.148)
which is equivalent to the usual one at the level of equations of motion. The quadratic
action is manifestly invariant under the Lorentz transformation in the five-dimensional
part {z%}. Therefore, we only need to check the part of the transformation which mixes
x% with 2°. The relevant transformation parameters of this part are given by X¢. So, it is

sufficient to show that the transformation

5B&§ = )\éxéﬁdiﬁ - )\é(ESaéB&l;, (53&5 =0 (1.149)
leaves the action invariant. As is explicitly shown in the reference [71], this is indeed the
case.

Having made sure that the quadratic action (1.140) is desirable, let us now consider

the full non-linear action [71]:

1 ~ .5
S = /de <4H“bH&B + L) : (1.150)
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where

2 ~ 1 - 1 - 1, -
L = /det(6? +iHy) = \/1 + itrH2 - ZtrH‘L + g(ter)Q. (1.151)

Here we define

Hyy = Hys,

H;=H;.. (1.152)
The quantities Hdi’, ﬁdi’ are 5 X b antisymmetric matrices. The trace and determinant of
these matrices are denoted as tr and det . The full non-linear action also has the symmetry
(1.143). It is invariant under the modified Lorentz transformation for which the relevant
part is

0B,; = \aeV,; — ANa°0:By;. (1.153)
The check is shown in the reference [71]. After an appropriate gauge fixing, the equation

of motion of the non-linear action is given by

H

ab =V,

ab

(1.154)

where
1772 7 73
I (1+ §e?) i — A
0 = 2 L — (1.155)
oH" \/1 + JtrH? — JtrHY + §(trH?)?

The reference [72] shows that the equations (1.154) and (1.135) are equivalent. To get

ab —

some insights into the derivation, let us show the key steps which follow the reference [72]

very closely. The equation (1.135) gives

1
T Hap = QM (1 + 2trh®)hy; — 8h2;), (1.156)
1~ —1 2 3

Q = 1+ 4(trh?)? — 16trh*, (1.158)

where h is the matrix form of hdi’ = hdi’5. It is also convenient to denote the matrix forms
of H&B,fI&B as H, H. In most steps of the derivation, one needs to repeatedly use the

Cayley-Hamilton formula for the 5 x 5 antisymmetric matrix X:
5 1 2 1 22 1 2y v3
This formula implies that, without loss of generality, A can be written in the form
h =aH + bH?, (1.160)

where a, b are scalar functions. It is also convenient to express h in the form

h=(x+yh®H, (1.161)
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where x,y are scalar functions. By using the equation (1.157), applying the Cayley-

Hamilton formula (1.159), and then comparing the coefficients of h and h3, one gets
2 2 H
h = (1+ 2trh” — 8h )Z (1.162)

By substituting h from the equation (1.160) into the equation (1.162), using the equation
(1.159), and then comparing the coefficients of H and H?3, one gets two equations for the
unknown variables a and b. There are two possible solutions, but we choose the one for
which its leading order is h = H /4. The required solution gives

trH?(—4 + 4L) — 4trH*) H?

h = Er( ~ ~ - —
A((trH?)2 — 4trH4) 4+ 4L + trH?

(1.163)

As a check, by making an auxiliary scaling h — ah, H — aH, H — oH, and expanding
near o = 0, the equation (1.163) becomes ah = aH/4 + O(a?). By substituting the
equation (1.163) into the equation (1.156), one arrives at the result (1.154).

Having shown that the action (1.150) agrees with the equations of motion from the
superembedding approach, let us now review the extension of this action. The idea is
to use the GS formalism, that is, to include the other fields and get a supersymmetric
action in which the worldvolume fields couple to an eleven-dimensional background. One
can either keep using the 1 + 5 splitting [73,74] or try to complete the GS formalism
after making the action manifestly Lorentz invariant [75,76]. Let us review the latter
case, which is of relevance to us. In order to keep the manifest Lorentz invariance, the
references [75,77] introduce an auxiliary field a(x) which can be seen as projecting out one

direction. The quantities

0Pa ~ 0fa

" H,, = H e
VOya0%a’ . He . /8,007 a

will appear in the action. The quantity d,a can either be space-like or time-like, but for

Hyy = Hyyp (1.164)

5 one can see that

definiteness, we choose it to be space-like. By simply choosing a(z) = x
the equation (1.164) reduces to the equation (1.152). Let us keep a(z) arbitrary and write

down the action:

”: L
S = 2/M6 d6l‘ [\/det(éuy + ZHHV) + Wa)\(lH)\'u Hm,papa . (1165)

Here, the symmetry which ensures that the equation of motion is the non-linear self-duality
condition is given by

0By = 20,0 ®,)(z), da(x) = 0. (1.166)
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In an appropriate gauge, the equation of motion of B, is

) 5 dy/det(8% 4 iH,Y)
H V() = — a— (1.167)

v — I/H7
H u() 0,

while the equation of motion of a(x) is the consequence of the equations of motion of the
B-field. There is an extra symmetry (called the PST symmetry)

oa = ¢(x), 5Bw,:4igflwﬁhy—l¢n, (1.168)

(0a)?

which ensures that a(x) is auxiliary. One can see that after gauge fixing, this covariant
formulation gives the non-covariant one. It is possible to choose the gauge in which
a(z) = z°. In this gauge, the action (1.165) reduces to the action (1.150), and the equation
(1.166) reduces to the equation (1.143). Furthermore, by fixing the gauge, one can obtain
the non-covariant modified Lorentz transformation. One first chooses the gauge a(z) = 2°,
then makes the gauge transformation which is a combination of the PST symmetry and
the Lorentz transformation to ensure that one still has the gauge a(x) = z°. By using
this gauge choice and fixing Bss = 0, one gets the modified Lorentz transformation whose
relevant part is given by the equation (1.153).

One can naturally promote the action (1.165) to the one which fully describes an M5-
brane coupled to a general eleven-dimensional supergravity background. This involves
working with curved metrics as well as supersymmetry, so before writing down the action,
let us review some essential materials.

The eleven-dimensional target space has the coordinates ZM = (XM, 6), where XM are
eleven bosonic coordinates and 6 are 32 real fermionic coordinates. Here M = 0,1,..., 10,
and we omit the fermion index. When a theory involves a fermion in a curved space, it is
necessary to define a flat space on which the gamma matrices can be kept constant. This
flat space is called the tangent frame. The map between the bosonic part of the target
space and the bosonic part of the tangent frame is given by the vielbein eﬁ(X ), where
A =0,1,...,10 is the index on the tangent frame. The tangent frame also contains the
fermionic part, whose indices represented by the beginning of Greek alphabet: o, 3,... €
{1,...,32}.

As we have discussed previously, the field content of the eleven-dimensional super-
gravity theory consists of a graviton ef,(X), a gravitino 1$,(X), and a 3-form gauge
field Cpynp(X). The superfields which encode these supergravity fields are respectively
given by a tangent-space vector supervielbein E4(Z) = dZMEy*(Z), a Majorana-
spinor supervielbein E*(Z) = dZMFE\®(Z), and the 3-form gauge superfield C3(Z) =
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3dZMdZM2dZM3C gy pymm, - Tt will be convenient to also define the Cg(Z) dual of the
C3(Z). Note that the index ordering of differential forms here is in the opposite order to
those given in the definition (1.30). The convention here is usually applied when super-
symmetry and superfields are involved.

Let us now show essential equations of motion of the background supergravity theory.

The vector supervielbein satisfies the following essential torsion constraint
T4 = DE* = dB* + EPQp* = —iE°T,E” (1.169)

where Qp4(Z) is the oneform spin connection in D = 11, Fgﬁ = Fga are real symmetric
gamma matrices and the external differential acts from the right. The field strengths of

C3(Z) and Cg(Z) are constrained as follows

i 1
dCs = _§EAEBE°‘E’8(FBA)O<B + ZEAEBECEDFL()%BA(Z) ,
2 1 2
ACs — CsdCs = 5EA1 .. ‘EASEaEﬁ(FA5...A1)aﬁ + ﬂEAI .. .EA7FIE‘77),,_A1( -170)
LA
Fp(MA-A7 ag“l A“FX;)._AH ; 10 = —¢p 10 = 1.

Here I'4, 4,...4,, = F[A1FA2 .. -FAn]-

Let us now show the fields on the M5—brane worldvolume. The induced metric on the

worldvolume is constructed with the pull-backs of the vector supervielbeins E4(Z)
guw(@) = ELEPnap, B} =0,2VExnY(Z(2)). (1.171)
The generalised field strengths of the B-field By(z) = §dz"dz” By, () is
Hs = dBy + Cs, (1.172)

where C3(Z(x)) is the pull-back on the M5-brane worldvolume of the 3—form gauge field.
To ensure the 6d worldvolume covariance of the M5-brane action one uses a normalised
gradient of the auxiliary scalar field a(x) which can be chosen to be time-like or space-like.

For definiteness, we show the space—like case:

oua
v, (x) = ) vt = 1. 1.173
() Bra o) Ora b (1.173)
The projector of rank one
v aﬂa’aya 2 VA v
P (z) = (@) PP =P, (0a)” = 0,a 9" Ora = 0y,a0”a, (1.174)

singles out one worldvolume direction from the six, i.e. makes the 1+5 covariant splitting

of the 6d worldvolume directions.
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Let us now present the M5-brane action [74-76] in a generic eleven-dimensional su-

pergravity background:

S = +2/ dSz [\/— det (g + iﬁw) + 7'_928)\(11{[)‘“”prapa
Mg

4(0a)
—/ (Cs + H3 A Cs), (1.175)
M

with

7 1 ~ 0fa -

PV — T _pUVACT _ .

HPH = 6\/jge Hyor, Hp = (8@)2H9W7 g=det g, (1.176)

where €75 = —¢p.5 = 1.

In addition to the gauge symmetry 0 Bo = dY, the action (1.175) has also the following

two local gauge symmetries :
0By = 20,0 ®,)(z), da(x) =0, (1.177)

as well as

da=¢(x),  0Bu = ——=(Hu — V), (1.178)

. dy/det (6% 4 iH,Y) p
V() = — 85 . Hu = H,wp\a/%, (1.179)
nv a

with ¢(z) and ®,,(z) being arbitrary local functions on the worldvolume. The first symme-

where

try (1.177) ensures that the equation of motion of Bs reduces to the non-linear self-duality

condition

H,uu - ,uzx(H)a (1180)

while the second symmetry (1.178) is responsible for the auxiliary nature of the scalar
field a(x) and the 6d covariance of the action.

The action (1.175) is invariant under the supersymmetry transformation of the form

6 EA =0, 6.0 =id(eA?), (1.181)
6B = —ieA2, 6.0 = 2id(eA®) — i(eA?) A dC®).

It is also invariant under the local fermionic kappa—symmetry transformations with the

parameter K*(x)

1 _
inE* =6, ZMEY = S+ )", i B4 =6,2MEY =0, (1.182)

Ot = —4EG,(Ty))apinE’,  6,H® =i dC®),  §a(z) =0,
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where (1 + I')/2 is the projector of rank 16 with ' having the following form

— _ 1 - 1 . -
/ , 6 A A
det(él’j +iH,)T = 7( ) _ §FW P, Hy,, — 16\/jg€ul S H iy pis M H i juap P T s s

r =1, trl = 0, (1.183)

where

1
F/‘L = EMAI‘A’ ’7(6) = mﬁ“l HGF#I...“G . (]_].84)

When compared with the other symmetries, the kappa—symmetry is relatively difficult to

check. So let us give a brief review of its proof. Let us decompose the action (1.165) as
S =580+ S2+ Swz, (1.185)

where

— 6. V9 3 .YN% 12
Sy =2 » d 334(8a)2a>\aH H,,,0"a,

Sy = 2/ dﬁx\/— det (g, + iH,,) = 2/ dSz\/—gL, (1.186)
M(j MG

Swz = —/ (Cs + H3 N Cs).
Me
Their kappa—symmetry transformations are found to be of the form
580 = —2ivV=gE(J§)apinE",
682 = —2i/=gE(J4)apinE”, (1.187)
58wz = —2iv/—gES(Jly 1)apin E”,

where (with fermion indices suppressed)

1 p(kevr)vavsvavsvey, FT T 1 - .
J(‘]L _ <_2U € _'Usz 2 V51/6> T, + (_2Huu1u2 + 3H[“V1UV2]> | AP
~ ~ 1 eV3VaVs V1V
J; = <2gl“/ﬁ — tI’(VH)H/J‘V + Q(VH)(I“/))FV — <2VV3V4’UV5\/TQ> FV1V2,<1.188)
1~ .. _
J{/LVZ = <2H“ YR e — 2I‘“fy> ,
where I = g — P*_To determine T, one requires

LI =—L(J} + T )T, (1.189)

with
=1, wl=o0. (1.190)
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If this is true, one will have (with fermion indices suppressed)
68 = —2i/—gE,(J§ + Jh ) (1 = T)i E
= —iv/—gE,(J§' + Jh, )1 -T)1+T)x
= —iv/=gBu(J§ + Ty ) (1 =Tk

=0.

(1.191)

If one contracts the equation (1.189) with I',, then one gets [ which is given by the
equation (1.183). The I obtained this way indeed satisfies the equation (1.189).

It is also possible to construct the M5—brane action by using a different splitting. We
are particularly interested in the so called 3+ 3 splitting. Recall that in the 14 5 splitting,
the manifest SO(1,5) 6d Lorentz symmetry is broken to SO(1,4). In the 3 + 3 splitting,
the manifest 6d Lorentz symmetry is broken to SO(1,2) x SO(3). The 3 + 3 splitting is
motivated from the construction [66,78] in which a 5-brane action based on the BLG
action is obtained. To see whether this 5—brane action would be related to the original
M5-brane action, the reference [2] constructs a full non-linear M5-brane action with a
3 4 3 splitting. We discuss this full action in chapter 4.

Having discussed single M5-brane actions, let us now turn to coincident M5-branes.
The worldvolume description of coincident Mb5-branes is very subtle. There have been
various attempts, for example in references [3,4,79-97], to describe the worldvolume theory.
However, it is still no known complete description.

We are mainly interested in the model [87]. This model describes a non-Abelian 2-form
field with a self-dual field strength. We have mentioned above that in order to include
a non-dynamical gauge field in the case of coincident M2-branes, one needs the Chern-
Simons gauge field. In the case of Mb5-branes, however, the Chern-Simons gauge fields
are dynamical. A non-dynamical 1-form gauge field is instead obtained from boundary
values of the 2-form. We are interested in studying the solutions of this model in which

the relevant equation of motion is given by
H,, = 95B,,, v € {0,1,...,4}, (1.192)

where

[] 1 oT
H[u/ = 6€MV5PO'THP ) H/,LI/)\ = 3D[,uB1/)\} = 3[8[,u + A[;u Bu)\]]' (1193)

The auxiliary gauge field is determined by the equation:

Fu =0,A, —0,A, + [Au, A = c/dx5 H,. (1.194)
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Solitonic solutions of this model are obtained in [3,4,97]. In chapter 5, we will explain
the solutions [3,4] which describe M2/M5 intersections as viewed from the worldvolume

of Mb-branes.



Chapter 2

Instability of NV =2 gauge theory
in compact space with an isospin

chemical potential

This chapter is largely based on [1]. We use a D3/D7 model to study, via gauge/gravity
duality, a strongly coupled N' = 2 gauge theory in compact space with an isospin chemical
potential. We show an instability of an old ground state and show the presence of a new
ground state.

In section 2.1, we first briefly review D3/D7 system in global coordinates at finite
and at zero temperature. We consider the set up which corresponds to turning on an
isospin chemical potential in a homogeneous ground state of a strongly coupled N/ = 2
gauge field theory on R x S3 having massless flavour fields. In section 2.2 and 2.3, we
discuss the fluctuation of scalar fields and gauge fields on the D7-branes worldvolume in
the homogeneous ground state. The study is performed respectively at zero temperature
and at finite temperature. In order to study stabilities of the system, the spectrum of each
fluctuation field is analysed. For each field, an isospin chemical potential has a critical
value beyond which the ground state becomes unstable or just potentially unstable. These
instabilities are clarified in section 2.4 where a new ground state, which has a finite vacuum
expectation value for a mesonic operator, for each field can be constructed when the isospin
chemical potential is higher than its corresponding critical value. By comparing free energy
of different ground states, the state having the lowest free energy is identified as the true
new ground state. We end this chapter with section 2.5 which gives a discussion and an

outlook on this project.

61
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From our findings, there are two features worth mentioning. The first is that the
particles which condense first are not vector excitations (‘rho mesons’), but rather scalar
particles charged under the global symmetry group.! The second feature is that the
thermal pole masses of some of the mesons can cross as the dimensionless ratio is varied.?
This crossing behaviour is also the case for the condensate formation. In our model the
crossing does not involve the lightest particle, but in other models the situation may not

be so simple, and it would be interesting to investigate this further.

2.1 Holography with a dual S3

2.1.1 Brane embeddings in global AdS; x S° and AdS;-Schwarzschild

In this section we will briefly review some properties of the global AdSs x S° and AdSs-
Schwarzschild spaces as well as various embeddings of D7-probe branes in these geome-
tries [55]. String theory in global AdSs x S® space is believed to be dual to the N = 4
SYM theory at zero temperature, which lives at the boundary of this space, which is an
S3 x R. Turning on the temperature makes the time direction (both in the gauge and
gravity sides) compact, with the radius being inversely proportional to the gauge theory
temperature.

The metric of the global AdSs spaces (both at zero and finite temperature) is given by

2 d 2
ds? = (14 — ) dr2 + — +r2d02 + R%dQ2, (2.1)
R 1+

where the origin of the AdS space is at r = 0, the boundary is at r — oo, and R is the
AdS radius. The Euclideanised time direction 7 is periodic with period R;. Since the
theory is conformal, it implies that only the ratio of the thermal circle 7 and the size
of the boundary sphere on which dual theory is living, R/R;, is physically observable,
i.e. unchanged by the conformal symmetry of the theory.

As the temperature of the thermal AdS space is increased, a first order Hawking-Page
phase transition takes place and global AdS-Schwarzschild space replaces the thermal

AdS space as the proper ground state of the system [49]. The metric of the global AdS-

!This could perhaps have been expected from the analysis of the meson spectrum of [7], which finds
that these SO(4) charged scalar mesons are the lightest, but their work does not discuss the effect of a
chemical potential, and the qualitative argument based on only a comparison of the mass may in any case

not be the complete story.
2This crossing behaviour is somewhat reminiscent of the mixing of states observed in [98].
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Schwarzschild black hole is given by

2 M2 2
2 _ r 2 dr 2102 2 102
ds _<1+52T2>dt +71 ;;2_%2+rd§23+}2d9, (2.2)

where M? = 8Gmypy/(37) and my,y, is the mass of the black hole, while its temperature

1 [(2r9 2M?
T=— "2 4+ 2.3
A7 <R2 + 3 )’ (2:3)

2 R (—1+«/1;4M2/R2> | 2.0

is given by

where

The dimensionless ratio R/R; is proportional to TR, and we will later on expand our
results for large values of this parameter, interpreting this limit as one at finite temperature
and large volume [8,55], so that a comparison with results in the Poincaré patch can be
made.

Introducing D7-probe branes in this geometry corresponds, in the holographic lan-
guage, to adding flavour hypermultiplets to N’ = 4 SYM on the sphere S%. A study of
various D-brane probes, in particular D7-probe branes, in these geometries was performed
in [8,55]. However, in this chapter we are only interested in the embedding where D7-
branes ‘coincides with D3-branes’. This corresponds to adding massless hypermultiplets.

In this chapter, instead of using the coordinates (2.1), it will be useful to use another

set of coordinates given by

ds* =~ <1 * 4u) A (1 - 4u> A%+ o (d? 208, (25)

which is related to (2.1) via the coordinate change
1
U= §(r+ r? + R?). (2.6)

In these coordinates the origin of the AdS space is at u = R/2, while the boundary is an

S3 at u — co. We will also use
ds? = —é (1+22)2ae + f; (1—2%)%d02 + dezzj + R2d0?, (2.7)
which is related to the previous coordinates by z = R/(2u). Let us also note that in the
z coordinate the origin of AdS space is at z = 1, while the boundary is at z = 0.
Similarly for the system at finite temperature in addition to metric (2.2) we will also
use (u,t) coordinates,
2

4u?F(u)

20} F(u)

2 _ LA ¥
ds” = uR? W (u)

du® + R?d0Z, (2.8)

2
de® + Q%W(u)dﬁg +
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where

4 1 M2 R2
P _ = W) =1— 22 (2.9)

Flu)=1—u? —
(W Y0 R T 16 4R 10%;

Note here that the variable u is dimensionless and ranges from u € [0, 1], where the horizon

is at u = 1, and the boundary is at © = 0. The Hawking temperature of this black hole is
\/§PH
2/ R2
TR — %

For numerical investigation it turns out that another form of the metric at finite 7" will

T = (2.10)

also be useful.? If we change coordinates as

1—u 8p?
v = 7% - 4/)%[”5}22, (2.11)
then the metric becomes
ds? = — a f(;\)(;”_)A)dt? t @ _J/\\)_(ll_ U)RQdQ?,, bTee 3)2_@(1/\ — U)devQ + R%A02,
(2.12)
where
dQ2 = d#?* + sin® 0d¢? 4 cos? Ady>. (2.13)

In these coordinates v = 0 is the horizon while v = 1 is the boundary, and A is function
of the temperature given by

4(rTR)?
A= :
3(rTR)? — \/(sTR)? (-2 + (sTR)?)

(2.14)

2.1.2 Chemical potentials and homogeneous solutions

In this section we will construct solutions which correspond to adding a chemical potential
associated to the global SU(2) flavour symmetry. This symmetry originates from the
fact that we are considering two coinciding D7-probe branes. In addition to the SU(2)
symmetry, our systems also exhibits another global SO(4) symmetry associated to the
residual global isometry of the system of probes. In principle one could also consider
switching on a chemical potential which is associated to this symmetry group, as it was
done in e.g. [99]. However, our prime interest will be the physically more relevant SU(2)
group, which has direct analogue with the SU(2) flavour symmetry group in the Sakai-

Sugimoto model [98].

3This is related to the fact that the solutions at vanishing bare quark mass can be related to Heun

functions in these coordinates.
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In order to turn on a chemical potential corresponding to this global SU(2) “isospin”
symmetry, let us consider two coincident D7-branes, which for simplicity have equatorial

embedding 6 = 0, so that the induced metric on the D7-branes is

ds? = —222 (1 + 52>2 dt? + ]jjdﬁ + u? <1 — ZZ)Q dQ32 + R%d03. (2.15)
In other words, the D7-probes fill out the full AdSs space, as well as a maximal S3 € S5,
We should note that there are two S3 factors present on the world-volume of the brane,
one {23 which is dual to the boundary S3 and another one S3 in S°, which is part of the
global symmetry group.

In order to turn on a chemical potential we need to turn on the Ay component of the

gauge field, such that it satisfies the boundary condition

Ag(z, 2 — 0) — prr?, (2.16)

3

where 7% = 03 /2 with o2 being the third Pauli spin matrices (and we will define 7! and

72 in the similar way). As a first guess for finding the ground state of the system in the

presence of this chemical potential, we consider the homogeneous ansatz
A= A(()g)(u)T?’ dt, (2.17)
so that the DBI action becomes
7T2R4 3) 2 1/2
S = —Tp:87*R> /dz\/—g(z) [1 + ) (6;;/10 (z)) gtt(z)gzz(z)] : (2.18)

The equation of motion for the field Ag(z) can be integrated once, yielding

4ez(1+ 22)
\/(1 —22)6 4 32%26

0-(A(2)R) = (2.19)

where ¢ is an integration constant. We are looking for a physical configuration which is
smooth and differentiable everywhere. Specifically, we require that the field Ag and its
derivatives are smooth at the origin of AdS space. However, by expanding the right hand
side of the above equation near the origin of AdS space one sees that the radial derivative
of the Ag field is non-vanishing. In other words, it is not possible to obtain any nontrivial
(different from a constant solution) homogeneous solution which is smooth at the origin.
This observation persists also for the Yang-Mills truncation of the DBI action, and it
also holds in the Poincaré limit (see [100]). Hence as the starting configuration for our
fluctuation analysis we will use a homogeneous solution with non-zero isospin potential,
given by

Ay = apr?, ap = const. . (2.20)
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This solution implies that at zero temperature, the homogeneous background does not
lead to generation of an isospin density.
Above the Hawking-Page transition, the situation is similar. The homogeneous ansatz
yields a first order differential equation,
2\ 2
(3) ul”\" _

where ag is an integration constant. This is solved by

AP ) = v ;sz), (2.22)
- o

where we have imposed the boundary condition that Ag(u — 0) = pr at the boundary,
and also required vanishing of Ag at the horizon of the black hole in AdS space. In contrast
to the low temperature situation, we see that there is now a non-vanishing isospin density

present, even for this homogeneous system.

2.2 Perturbative analysis of the homogeneous vacuum at

T=0

While the homogeneous and isotropic solution which was discussed in the previous section
is a legitimate solution to the equations of motion, we expect that for large enough values
of the chemical potential this configuration will become unstable and “decay” into another,
presumably non-homogeneous or non-isotropic ground state. Our expectations are based
on a similar analysis which was previously performed for the Sakai-Sugimoto model in [98].
A major difference, however, with respect to the analysis of that paper is that we are now
dealing with a field theory on a compact space. In the present section we will discuss
the perturbative stability analysis at T = 0, which from a technical perspective largely
follows the meson spectrum analysis of [7]; we recall some elements of that construction
for completeness and in order to be able to compare with the finite temperature analysis

which is to follow in section 2.3.

2.2.1 Scalar fluctuations at zero temperature

We will start the perturbative analysis of the homogeneous solution (2.20) by considering
scalar perturbations. By scalars we here mean scalars in the dual theory that are also

scalars from the point of view of the D7-probe, i.e. gauge theory scalar fields which are
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uncharged under the SO(4). Some of the scalars in the dual gauge theory originate from
the components of the gauge field on the D7-probe and will be analysed in the next section.
Our starting point is the flat (i.e. maximal) D7-probe embedding with the world-volume
field (2.20) turned on. The induced metric on the world-volume was written in (2.15).
Since the D7-probe brane is filling out the full AdS5 space and wrapping a maximal S3 in
S5, there are only two transverse scalars to the brane world-volume, and they are within
the S°. To see which scalars these are, let us write the metric on S° as

ds2 = — L <dw% +dw? — (%dw1 - wldw2)2> + <1 - M) d02. (2.23)

1 _ witwd R R R?
R2

Note that the metric significantly simplifies for w; = 0,wy = w. It can easily be checked
from the equations of motion that it is indeed consistent to set one of the wy, wy to zero.*
We expect that the first instability will appear already for the lowest lying (S-wave) mode
on the dual gauge theory sphere S3, which is also a singlet on S € S°. Therefore, when

looking for the instabilities in the system, we will look at the fluctuation which is a function

of only the time and u-coordinates. Let us define the fluctuation variable as

w(t,u) = 202w (2.24)

2ma!

The induced metric on the D7-brane becomes

2 2\ 2 2\ 2
2 U R 2 2 R 2
R* 2 o Y (t,u)? 2 ne [(O¥(t, u) 0¥ (t,u) 2
+§du +R (1 — (2ma’) —g dQs + (2ma’) 5 dt + 9 du ) .

We next need to write down the action for the scalar fluctuation to leading order in o’.
A subtle point here is that all scalars are in the adjoint representation of the SU(2)
group on the world-volume of two D7-branes. The approach we adopt here to write the
action, is to first treat all scalars as abelian and derive the action for the fluctuation by
linearising the DBI action. In the last step we then promote all fields to be in the adjoint
representation by introducing an overall trace in front of the action (for more on this and

other approaches, see e.g. [36,101]).

4The fluctuation in the other direction leads to the same spectrum, so we will not comment on it any
further (though we should emphasise that this is a property of the equatorial embedding not shared by

non-zero bare quark mass embeddings).
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Following these steps we end up with the action governing the scalar fluctuations,

476 R4 R? R2\?
—_T 31+ ) (1- 2
St ™ [ (1422 (1 )

R? 4u 2 u? 3w(@ya)
L . C O @pp@ . Y o glag gla  2¥Y 7Y
5 <4u2+R2> DD 0,000, ¥ SR

x (2.26)

Since we expect that an instability will appear in the gauge direction orthogonal to the

background field Ay, we make the ansatz for the fluctuation field to be
U(t,u) = et (\115}>(u)71 +u® (u)7'2> , (2.27)

where we have focused on one Fourier mode.
The equations of motion for the components \I!L(,Jl) and \I/‘(‘,z) are coupled, but can be

decoupled by changing variables as

TE) (u) = O (u) 0P (u) . (2.28)

(£)

The equations of motion for the components U'*) are

unu (£) tt
0ulV=99"0u Vs ) _ 9~ (w + Ag?’))Q\I/(i) + R;’ v = (2.29)
/_gguu guu w gut w ’
which for the specific metric on the D7-brane world-volume become
3
ou (o (14 8) (1- ")
0,5 + L 0,wH

u® (1—1—%) <1—%)

R 2, 3| o

u? (1 + %)
These equations can be solved by reducing them to Schrodinger form. A very similar
equation has been analysed in [7] for the determination of the mesonic spectrum on the
world-volume of a probe D7 brane at T" = 0, in global AdS space. Following steps similar
to those in [7], and focusing on modes which are constant both on the S3 € S° and on the

gauge theory S®, we obtain for the spectrum of fluctuations
(n+w)R=+3+2n) n=0,1,2,.... (2.31)

Here n is the main quantum number. We see that the key effect of the non-vanishing
chemical potential is to shift the frequency w — w + u. Because of this we see that for
large enough chemical potential © > perit = 3/R, the frequency of the lowest lying mode
becomes zero, signalling that the homogeneous solution potentially becomes unstable at

this value of the chemical potential, and a condensate of the scalar might form.
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2.2.2 Vector fluctuations at zero temperature

Following the perturbative analysis in the scalar sector, we now turn our attention to
vectors. We again expect unstable modes, but would like to know whether or not they
occur before the instability of the scalar sector. An analysis of the vector mode spectrum
was performed in infinite volume limit (on the Poincaré patch) in [102] and then later
extended to non-zero chemical potential in [101,103,104]. At finite volume and vanishing
temperature and chemical potential the spectrum can be found in [7]. The upshot of the
analysis of [102] is that the lowest lying supermultiplet consists of two transverse scalars
describing the transverse fluctuations of the D7-brane in the S°, one scalar which originates
from the vector component in the internal S® € S° wrapped by the D7-brane, and gauge
components in the non-compact directions of AdS5. As one moves to the compact case,
i.e. global AdS space [7], the states from this supermultiplet get reorganised (split) so that
the lightest state in the compact space is the scalar which originates from the component
of the gauge field in the direction of the internal S% € S°. The vector components in the
direction of the dual sphere as well as the transverse scalars both have larger masses. We
now want to see how the fluctuations from the vector sector are shifted upon introducing

a chemical potential.

The gauge theory vector fluctuations

Let us start with the vector components in the direction of the sphere S® of the dual
gauge theory. These fluctuations are dual to the vector excitations in the gauge theory.

Similarly to what we did for scalars, we start by writing the fluctuations as
G 3 (1) . \1 170 (2 .\ -2 15
A=Ay (u)r°dt + Ra; ~ (t,u,Q3)7°d0" + Ra,;” (t,u, Q3)7°do" (2.32)

where i = (1,2, 3) are indices on the dual S3, and as for scalars we fluctuate in the gauge

directions orthogonal to A(()g). Since we know that the lowest lying vector is a singlet on

53 we do not have to consider excitations which depend on the coordinates of the internal

sphere.’

5In the language of [7] we consider type II fluctuations, with type I fluctuations to be considered in the
next subsection. Looking ahead, it turns out that type III fluctuations condense after type I fluctuations

and we will not consider them in detail here.
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Next, we linearise the Yang-Mills action on the world-volume of the D7-probe,

S——TD77T Rf d8€ /7|:(a A )2 tt uu

—I—R2 (((Dtai)(a))Qgttgn + ((9 ( ))quugu> +R2( )29229 (2'33)
where
(Dya;)@ = 9ya” — e AP ol | @ = (9;a\" — 9;al")) . (2.34)

(a)

Here, g;; is the metric on 53. The equations of motion for the fluctuations a; ’ are given

by
J—=ge abcA(C)Dab) ttgit 4 /=g, (Dta ) t gt (Fa a(a uu u)
+ Z ( ( —0; a( )) gjjg”> =0, (2.35)

In order to solve this equation let us Fourier transform in the time direction. In order

(1) (2)

to decouple the equations for the fluctuations a;,”” and a,” we introduce a new pair of

variables
1

¥ (&) (u,w,Q3) = e~ (aél)(u,w, Q3) + iaZ@) (u,w, Q3)) ) (2.36)

This finally yields the fluctuation equations
(rguugua X ) Za (rg]]gn (8 X( ) 8Xj(:t)))

2 _
~V=gg"g" (waf") X =0, (237)

which are equivalent to
u = (£ ; = (£ o (£ 3\ 2 &+
(0.X5) + 97 (X7 — 0,X17)) - g (wx af) X =0, (2.38)

In order to solve these equations, we make a factorised ansatz for X;, as a product of
radial and angular functions, and expand the angular part X?3(Q3) on S? in terms of
vector spherical harmonics. In general, the fluctuations could also depend on a direction
on internal sphere S3. However, as mentioned before, we will focus only on singlets under
the global SO(4) symmetry group. Also, while there exists three type of vector spherical
harmonics on S3, it has been argued in [7,102], that for fluctuations of the vector field
which are taking place in S% € AdSs, only Yil’jE which transform in ((l%l Hd)) [ >1)
irreducible representations of SO(4) are relevant. Hence we expand the fluctuations as

X (w,w,05) = Y @ (2.39)
l,s==+
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where the index (+£) refers to the two linear combinations of modes as defined in (2.36),
and the + index refers to the value of the index s labelling the vector spherical harmonics.

The spherical harmonics satisfy the identities
VeI~ kvt 2yt
VZ-V’Y]- - RV, T =—(+1) Y,
Vvt =0,

Using these identities the equation for the vector fluctuations can be rewritten as

B4+ Ou (v/=9()g" () P()) 5 )
(v=9(wg"(w)Pw)
1

[gtt(u) (w + A(()S) (u))2 + (I +1)%P(u) )

w,l,s

where the + sign in front of Ap in the equation is correlated with the (+) sign on the
®™) and P(u) is the inverse of the u-dependent part of the the metric factor in front of
ng. We should note that this equation is independent of the quantum number s = +1,
which will be different when we start looking at the vector fluctuations in the direction

of the internal sphere. In the case of zero temperature the fluctuation equation becomes

(see also [7])

_ " au (US (1+RTQ2 (1_%22 — ’
cI)j:) ‘i ) ‘i )>(I)¢(j:l)(u)
u3(1+f?><l—f?) ’
R4
o e e
ut (1—1—4{%) ut (1—%)

This equation is very similar to (2.30), and can again be cast in Schrodinger form. We

then find that the spectrum of vector fluctuations for the [-th spherical harmonics is given
by
(wWEtpwW)R=B+1+2n) n=0,1,2,3.... [=1,2,3...., (2.43)

Here n is again the main quantum number, and [ is an SO(4) quantum number corre-
sponding to the sphere S% € AdS;. We see that the result is again the same as the one
in [7] if we consider SO(4) singlets (i.e. set [ = 0), except that the chemical potential shifts
the frequency w — w + .

From equation (2.43) we see that for a critical value of the chemical potential given

by fterit = 4/R, the lowest lying mode [ = 1 will become massless. Therefore, we expect
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that when the chemical potential is larger than this value, the system potentially becomes

unstable.

The charged scalar fluctuations

Let us now consider fluctuations of the vector field in the direction of the internal S € S,
which are dual to an SO(4) charged scalar field in the gauge theory. Since the WZW term
in the action is now non-zero, when considering fluctuations, we have to modify the action

from (2.33) by adding the term

Swazw = TDW)i2R4 /Tr(C ANFANF), dC= %(1 + %) Vol(AdSs). (2.44)
Similarly as before, we make an ansatz as in (2.32) except that the index i is now taking
values in the internal S3. In addition, we will also allow the fluctuations to depend on both
53 and S3 variables. In order to decouple the equations of motion we redefine variables

as in (2.36) and make a factorised ansatz

X (u,w, 903, Q3) = e 1) () VH(Q3) Y () (2.45)

7

where the index (+) refers to the sign in the linear combination (2.36), i denotes the index
in the direction of the internal S3, and the index s = 4+1. Also to shorten the notation
we have suppressed indices on the functions ®&), which should really also carry indices
(w,s,1,1).

Following the same procedure as for scalars and the other gauge components we arrive

at the equation for the fluctuations (see also [7])

3
ou(w® (1+ 5 (1- 1)) 2
aﬁ@(ﬂ:) + ( 4 2) < 4 22 auq)(:l:) + R 2(w:i:u)2<1>(i)
2 2 2
u5<1+fﬁ><1—f7) u4<1+f?>
2 | 7T R? L ()
— U+ + Il +2)————5 +4s({+1)| 5/ =0, (2.46)
w2 (1 _ R72> u
4u?

where the sign in the (w = ) is the same as for ®*). We should note that this equation
explicitly depends on the quantum number s, which is labelling the vector harmonics on
53. This is in contrast to the previous case for the equation for vector fluctuations on S3.

Putting equation (2.46) in Schrédinger form, like we did for the other fluctuations, we
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obtain for the spectrum

(Wt p)R=3+2s+1+2n+1 where
1=0,1,2,... 1=1,2,3,... n=0,1,2,... s=41. (2.47)

This is the same as (4.31) of [7] except for the shift w — w + p. Let us also note that the
lowest lying excitation carries quantum numbers (I = 0,/ = 1,5 = —1,n = 0), and this

mode will reach zero frequency when p > periy = 2/R.6

2.3 Perturbative analysis of the homogeneous vacuum at

T 40

In the previous section we have observed that the homogeneous isotropic ground state
at non-zero chemical potential and zero temperature was unstable under both scalar and
vector fluctuations. We would now like to see how is this modified once the temperature
is turned on, paying particular attention to the order in which the instabilities set in as a
function of temperature.

We should emphasise that in contrast to the zero temperature case, where all fluctua-
tions have real frequency w (corresponding to stable mesonic scalar and vector particles),
at finite temperature (above the Hawking-Page transition), even in the absence of chemical
potential all fluctuation frequencies have a non-vanishing imaginary part. When the chem-
ical potential is zero the imaginary part of these frequencies are negative, corresponding
to the fact that these excitations are decaying in time, i.e. that they describe quasi-stable
particles. However, as the chemical potential is turned on, if there is indeed an instability
present, we expect that the negative imaginary part of the frequencies will become posi-
tive, i.e. that a decaying excitation would become an exponentially growing mode, which
signals an instability. In what follows, we will therefore focus on studying the imaginary
part of the quasi-normal modes of the system.

We start our analysis by looking at the scalar fluctuations, and repeat the procedure
similar to that at zero temperature. Again, we use the metric on the S° as in (2.23),
keeping only the transverse scalar W(¢,u) nonzero (see equation (2.24)) and making it

depend only on time and the radial direction u. As argued before, such excitation is

5The fact that this excitation has the lowest mass at u = 0 was also observed in [7], but no attempt

was made to study its condensation under the influence of a chemical potential.
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consistent with the full equations of motion, and should correspond to the lowest energy

mode, an S-wave on S3. The induced metric on the D7-brane world-volume is then

2p% F(u) 0? - R?
ds? = = 2 0 42 4 9 PH py (4)d02 + ———du?
° uR2W (u) + u (u) 3+4u2F(u) “
U(t,u)? oW (t, u) oW (t,u) , \?
21— —22)da? L dt *d 2.4
+R( R2>3+ o Ut g, ) 24
where
2
Flu)=1-u?2, W@):k@. (2.49)
4p7;

As before, we Fourier transform the scalar ¥(¢,u) and make the ansatz that it is pointing

in the direction orthogonal to the A(()S)T3 in colour space,

U(t,u) = / g—:e’im(\lﬁg)(u)rl + U (u)7?). (2.50)

We then again change variables as

U (u) = ¥ () £ 0P (u), (2.51)
so that the equations for the U fluctuations decouple and are given by”

o (M50
W (u) F(u) 8up? F(u)?

u

(0 AP w) ¥ w)

3
+ mﬁ/&i)(u) =0. (252

We solve the fluctuation equation by imposing that the modes satisfy an incoming bound-

ary condition at horizon,
)| =1 —w) (1101 ). (2.53)

The equations for the vector fluctuations are derived in a similar way. Let us first
consider the vector fluctuations which are dual to vectors. We take them to be singlets
under the global SO(4) (I = 0), and orthogonal to the isospin chemical potential in the

gauge group as we did at zero temperature, see (2.32). Following steps similar to those
(ORNE))

. : . + :
a;”’, we introduce a new pair of variables Xi( ), as in

at zero temperature, instead of a; ’, a;

"Note that at T = 0, the equations only depend on w — y, and hence the critical chemical potential
coincides with the frequency of the lightest mode. At T > 0 the A(()S) component is no longer a constant,
and obtaining the critical chemical potential is more complicated (physical states are no longer straight

lines in the w, 1 plane).
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(2.36) and Fourier expand it in spherical harmonics as in (2.39). Hence, we arrive at the

equations of motion for these fluctuations

el OuF (w0, @5 R2 s
82¢(:|:)8,l u u — (1 1 2 (D(:t)s,l
o F(u) (t+1) 8p% W (u) F(u)u
RYW (u) (3)\2(+)s,]
8up%{F(u)2(wj:A0 2Rl = 0. (2.54)

As for scalars, we impose incoming boundary conditions at the black hole horizon

pLHsd =(1—u) /(1 +0(1 —u). (2.55)

ux1
Finally, we turn to the vector fluctuations dual to the charged scalars. Following similar

steps as we did at zero temperature we arrive at the equations governing these fluctuations

(see equation (2.46))

9 <W(u)F(u> 9 (I)(:I:)) )
o\ 1 - R
—(+1)2———®) (1 +2 o)
W) () ) e F ) ) S W ) Flu)u

o (w+ A6 =0, (2.
u?F (u) 8up%F(u)2(w o) 0. (2:56)

where we have again suppressed the indices (w, 1,1, s) on the functions ® and we impose
incoming boundary conditions at the horizon of the black hole

dH | = (1—wu)" W (1L 01 —u)). (2.57)

ux1

In order to solve the fluctuation equations (2.52), (2.54) and (2.56), we use a shooting
technique, in which we start from the horizon and look for modes that decay at infinity
i.e. we look for the modes that describe normalisable excitations. These boundary condi-
tions will be satisfied only for a discrete set of frequencies. We plot the imaginary parts of
those frequencies for the scalar and two vectors, for fixed temperature and various values
of the chemical potential pu, in figure 2.1.

We see that as the value of the chemical potential is increased, the imaginary parts
of the frequencies, which were initially all negative, become less and less negative and
approach zero. When the chemical potential exceeds a critical value, the imaginary parts
become positive one by one, signalling the presence of unstable modes in the system.
Similarly, the real parts of the frequencies are decreasing to zero as the chemical potential
grows, signalling again the onset of an instability. For a particular value of the temperature

presented on the left plot in the figure 2.1, we see that the vector dual to the gauge theory
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Figure 2.1: Plots of the imaginary (left) and real (right) parts of the frequencies for
the lowest lying uncharged scalar fluctuation (red), the vector fluctuation (blue) and the
charged scalar fluctuation (green), at fixed temperature 7T'R = 2, as a function of the

chemical potential.

charged scalar remains the lightest in the spectrum and condenses first, followed by the
transverse scalar and finally the vector.

In general, one would expect that particles condense roughly when the chemical po-
tential become of the order of their mass. It is thus of interest to look at the behaviour

8 as a function of temperature. Figure 2.2 shows the result of this analy-

of the masses
sis. We here observe another interesting phenomenon, namely that there is a crossover
point at some critical value of the temperature, above which the lightest vector becomes
lighter than the transverse scalar. This suggests that above the crossover temperature,
the lightest vector would condense before the lightest transverse scalar, if it had not been
for the SO(4) charged scalar that condenses even earlier. One can indeed see that the

corresponding imaginary parts cross as well, approximately at this point, see figure 2.3.

For large T'R, the results read

2.00 x 0.05
h lar : R~ 2.00nTR— “———= ...
charged scalar Herit R 007TR TR + ,
4.00 x 0.05
tor : it~ 4.000 TR — ———— + -+ -, 2.58
vector Mherit R 7T R TR + ( )
4.16 x 1.00
h d scalar : #wR~416nTR — —————
uncharged scalar Lerit R 6mTR TR

The leading order terms should agree with those obtained in the Poincaré patch, though
to our knowledge only the one for the vector has been computed in the literature [101,

104,105]. The result for the critical chemical potential of [101,104] (when extrapolated to

8We use pole masses here for convenience as they are easy to obtain from the quasi-normal mode

analysis, and the intuition we want to verify is anyhow qualitative.
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Figure 2.2: Left is a plot of the real parts of the frequencies for the various modes (colours
as in figure 2.1) as functions of the temperature at fixed value uR = 5 of the chemical
potential. The plot on the right shows the real parts of the frequencies as functions of
both temperature and chemical potential.
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Figure 2.3: Critical chemical potential as function of temperature, in two different dimen-
sionless combinations. The figure on the right shows more clearly what happens in the

TR — oo limit, which can be interpreted as the large radius limit at fixed temperature.

zero bare quark mass) seems to be somewhat larger than ours, which may be due to the

fact that we have used a Yang-Mills truncation rather than the full DBI action.

2.4 The new ground states at zero and finite temperature

In the previous two sections we have seen that for large enough chemical potential the
homogeneous ground state on S2 € AdSs becomes unstable under both scalar and various
components of vector fluctuations. This is happening both at zero and non-zero tem-
perature. In particular we observe that, at zero temperature, vector fluctuations in the
direction of the internal S® € S° are the first to became unstable. As the temperature

is increased, these vector components remain the first to become unstable. On the other
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hand, the ordering in which the other components of the vector fluctuations and the scalar
fluctuations become unstable is dependent on the temperature, as there is a ‘crossover’
temperature above which all vector components first become unstable.

Our previous analysis was done in perturbation theory, i.e. at the linearised level. So
we would now like to see if the instabilities which we have found are present in the full
non-linear theory, and to explore the new ground state in which the system settles for

large enough values of the chemical potential.

2.4.1 The new ground state at zero temperature

In section 2.2.2 we have observed that as the chemical potential is turned on, when its
value reaches p > 2/R, the lowest lying mode of the vector component in the internal S,
becomes massless, signalling the onset of possible instability in the system. We have also
seen that for even larger values of the chemical potential, the scalar becomes massless at
i > 3/R and the other components of the vector develop an instability for u > 4/R.

To see whether the appearance of these massless modes indeed signals a real instability,
we will now turn to the full non-linear theory and try to explicitly construct the new
ground state to which the system would evolve as a consequence of the instability. As
the perturbative analysis suggests that vector components in the internal S® direction are
first to condense, we will start the analysis of the new ground state by turning on only
those components. We will later, for comparison, also analyse possible ground states due
to condensation of the other fluctuations, and verify that those always have higher energy
than the scalar condensate.

When writing down an ansatz for the scalar condensate ground state, we will use the
fact that in perturbation theory, the first unstable mode is an [ = 0,1 = 1,n = 0,5 = —1
wave (where [ labels modes in the S3 and [ labels modes in the S3 € S°). As far as the 4
component is concerned, at linearised level one cannot see the back-reaction of the scalar
on the background value of this field, so in principle one cannot say if in the new ground
state the Ay component will start to depend on the angular coordinates or not.

As a simplest attempt we take Ay to remain homogeneous, i.e. independent of the S3
angular coordinates. With this ansatz, potential problems in the equations of motion could
originate from expression of the form “AaAggg3 ”, which are now turned on due to the
non-vanishing vector field in the direction of the internal sphere S3. Since these terms will
typically produce spherical harmonics of higher [-number we would need to balance them

in the equations of motion. However, we expect that the ground state would originate from
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condensation of only the lowest harmonic, so that higher I-harmonics are not needed. It is
possible to reconcile these two observations if the “A,Ag ggg ” expression is independent of
the angular coordinates. This can indeed be achieved for a particular linear combination
of spherical harmonics given by

ik
K

(kl + ikg)
K

(k1 — ik2)

Y, = %

1,0,0,—1 1,0,—1,—1 1,0,1,—1
Y, + Y, + Y,

where K = \/k3+2(k? + k2), (2.59)

and kg, k1, ko are three arbitrary real numbers which are not simultaneously vanishing,
and (I,my,mg,s) are the quantum numbers of the spherical harmonics. We should note
here that value of these quantum numbers will be taken to be the same as those of the
lowest lying excitation we have previously found in the perturbative analysis. Explicitly,

the spherical harmonics are given by
y1O0=1 — _isin? d¢g — i cos? Ody

et (V+9) i sin 0 cos Ot (¥ +9)

y10.1,-1 _ ng + 7 (dg — dv)) (2.60)

—i(¥+9)  si —i(¥+9)
ylo-1-1_ € 40 — i sin 6 cos e (dg — dup)
V2 V2

where 6, ¢,1) are Euler coordinates on S% € S5,

ds%s = d6? + sin® 0d¢? + cos® Ody* . (2.61)
It is also useful to keep in mind that
(Ymmat)s = —(—pymomay e, (2.62)
Our ansatz for the new ground state is
Ag = AP (w)rd, A, = Ry(u)Ya(Qs)7! (2.63)

Plugging this into equations of motion, and using identities (2.40) we get an equation for

AO (u)

2 3 2
o (0P (- 2) /(14 £))
- = (n(w)* A" (w) =0, (2.64)
R2 3 R2 u? 0
() /(0 )
and an equation for the function 7(u)
3
D <8u77(u)u5 (1+£&)(1-£&) ) ot
+

3 P
u5<1+%)(1—%> u4(1+%)
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Figure 2.4: Profile of the fields Ay (left) and 7 (right) of the charged scalar condensate,
evaluated at pR = 2.5. The boundary is at z = 0 and the AdS centre is at z = 1.

Note that these are independent of the parameter K, which only appears in the angular
part of the equations of motion, which is automatically satisfied for our ansatz.
Equations (2.64), and (2.65) are written in the non-compact coordinate u for which
the AdS centre is at w = R/2 and the boundary is at u = co. However, for numerical
considerations it is more convenient to perform a coordinate change to compact coordinates
z = R/(2u), so that the AdS origin is at z = 1, and the boundary at z = 0. The equations

of motion then are given by

14822 +324 R?
024G () + ———0:45 (=) - (AP () =0,
2.66
32()+w3 (2) + i+iA(3)()2 (2) =0 1250
=M= 25—z 2% 22 (1422270 =) ImE) =

We are interested in the solutions of these equations that are regular everywhere, and
in particular at the origin of AdS space. This removes half of the solutions, as can be
seen by looking at the z — 1 limit of the above equations. Namely, assuming that Ay
and 7 are regular at the AdS origin, it is easy to see that the above equations reduce to
the conditions that the first derivatives of Ay and 7 are vanishing at the origin. Hence,
the general regular solution will be parametrised by two parameters a, b. We then solve
the equations of motion by shooting from the AdS origin, and look for the solutions at
the boundary such that 7 is normalisable, while Ay is not. This normalisability condition

further reduces the number of parameters by one. Hence in the expansion near infinity
AP = —p2 4, AD = Rp Yot 4 - (2.67)

both the densities p and p,, are functions of the chemical potential p.

We plot the radial profile of the functions Ag(z) and n(z) for one particular solution
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Figure 2.5: The plot on the left shows the isospin density pR (blue) and scalar density
ppR (red) of the charged scalar condensate as functions of the isospin chemical potential.

The plot on the right shows the scaled free energy as function of chemical potential.

in figure 2.4. As required, we see that the solution is regular everywhere, and approaches
the origin of AdS with vanishing derivative, so that no cusp is present. We also study
various solutions for different values of chemical potential, see figure 2.5. The shooting
procedure shows that there is a critical value of the chemical potential picriy ~ 2/R below
which there is no nontrivial solution present. Above p = peit @ nontrivial condensate
of scalar particles forms, and in the neighbourhood of piit, this condensate is to a good

approximation given by

0 for u < prexit
VI — perit for > perit -

We have also evaluated the free energy for various values of the chemical potential
(see figure 2.5), and observed that it is less than the (vanishing) free energy of the trivial
configuration, which is in agreement with the statement that this is the ground state.

In summary, our analysis shows that for large enough value of the chemical potential,
this system undergoes a second order phase transition in which the homogeneous isotropic
solution is replaced with a non-isotropic one. The order parameter in this transition is the
density p,, and the critical exponent is the same as in the Landau-Ginsburg theory with
positive quartic potential.

In order to complete the picture, and to show that (as expected from the perturbative
analysis) the charged scalar condensate is always the one with the lowest energy, we will
now construct condensates of the transverse scalar and the vector, and show that their
energies are always higher than the one of the charged scalar. When constructing the

transverse scalar ground state we recall that perturbative analysis suggested that the
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Figure 2.6: Left: a plot of the functions Ag(z) (solid curve) and v (z) (dashed curve) for
the vector solution. Right: plots of the functions Agp(z) (solid) and ® (dashed) for the

scalar configuration, both evaluated at a fixed value of chemical potential uR = 4.5.

s-wave is the first excitation of the scalar which becomes massless. Hence we make a

homogeneous (i.e. only u-dependent) ansatz as follows
A=AP W)y dt, &=aW(u)r', (2.69)

where the vector Ay is present to account for the non-vanishing chemical potential, while

all other vector components are zero. The equations of motion for the fields (Ag, ®) are

given by
1 2 4 2
240 () + 0 A0 () - (A () = o,
2.70)
34422 + 524 3 4R? (
2 o TOe 2 HY B2 _
95P(z) + = 0,P(z) + <22 + iz z2)2A0 (2) > ®(z) =0.

Similarly, when constructing the ground state originating from vector condensation,
we start with an ansatz which is similar to that of the vector component dual to a charged

scalar, i.e. we write
—_ 43 3 o g 1
AO - Ao (U)T ) Aa = ¢<u)Ya(QB)T ) (2'71)

where Yj is as in (2.63), except that the index & = 1,2,3 now refers to the S® € AdSs.
The equations of motion then become

4
OAG @) = e A () =0,

1+32* 4R? 16
929 (2) + 257_28%[)(2) + ((1+22)2AE)3) (2)? - (1_22)2) P(z) =0.

We should emphasise here that this equation is derived from an ansatz which uses spherical

1+ 8224324
+—

2 4(3)
azAO (Z) 5 5

(2.72)

harmonics with [ = 1, s = —1, similar to the ansatz we used when we constructed the state
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Figure 2.7: Plots of the densities p (blue) and p, (red), as a function of the chemical
potential u, at zero temperature, for the vector condensate (left) and scalar condensate

(right).

for the vector dual to a charged scalar. However, we have also seen in the perturbative
analysis that vector fluctuations in the direction of S® € AdSs are insensitive to the
quantum number s, unlike the fluctuation in direction of S® € S°. Therefore, it should
also be possible to construct an alternative state with spherical harmonics with [ = 1,s = 1.
This is indeed the case, and the free energy of this state is the same as for the state with
l=1,s=—1.

Equations (2.70) and (2.72) are solved in the same fashion as equation (2.66), that
is by the shooting method and imposing that the solution is regular everywhere and in
particular at the origin of AdSs. The solutions for the radial functions (Ag, ®) for the
scalar configuration and (A, ) for the vector are plotted in figure 2.6. We also plot the
densities for both configurations (defined analogous to (2.67)) as functions of the chemical
potential, see figure 2.7.

In order to compare various configurations we plot the free energies for all three states,
see figure 2.8. As expected from the perturbative analysis, we see that the state which
originates from a condensation of the vector components which are dual to a charged
scalar has the lowest free energy. We also see that as the chemical potential is increased,
the difference between the free energies of the other two states and the true ground state

becomes larger.

2.4.2 The new ground state at finite temperature

So far we have seen that at zero temperature, the ground state originates from the conden-

sation of vector components which are dual to a charged scalar, exactly as perturbation
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Figure 2.8: Scaled free energy of the zero-temperature condensates as a function of the
dimensionless chemical potential. The vector is plotted in blue, the scalar in red, the

charged scalar green. The black line along the z-axis denotes the old ground state.

theory suggested. We now want to see what is happening with this new ground state as
the temperature is turned on. We start by making the same ansatz as at zero temperature,
see (2.63). The equations of motion in the coordinates (2.12) are given by

A-1
4(A —v)(1 —v)?v

024 (v) — R*n(v)?A (v) =0, (2.73)

together with

: S N
i) + (10 + 5~ 10 ) )

A-1 (2—-A)(1—0v)R? 3 ()2 () —
* (A —v)(1—v)2v (1 4(A = v)v Ay (v) )77( )=0. (2.74)

We are interested in finding regular solutions to these equations. It is easy to see that
the solutions which are regular are parametrised by two free parameters. A general,

perturbative expansion of the solution near the black hole horizon which is regular is

given by
2(A —
A(()g) (v) =av+ ab’(A—1) 1)1/2 +0(v?),
8AR? (2.75)
L (A—1b 12p(A— 1)+ (2 A)(A-1)a’R , 5 '
n(v)_b A v 16A2 v +O(U )7

i.e. a regular solution is parametrised by two real numbers a,b. We also see that the
general regular solution for Ap vanishes at the horizon, as required by global regularity.
We solve this system of equations again using a shooting method with two free parameters.
As at zero temperature, we require in addition that the solution for n is normalisable at

infinity, or explicitly

AP @) = p—p(1 —v) + O((1 =v)?), 1) = py(1 —v) + O((1 = v)?). (2.76)
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Figure 2.9: Left are plots of profile of the fields Ay (solid) and 7 (dashed) for the charged
scalar, evaluated at 7T'R = 2.5 and R = 10.1. The boundary is at v = 1 and horizon at
v = 0. Right plot is for densities p (blue) and p, (red), as function of chemical potential

1, at fixed temperature 71T R = 2.5.

This is possible only for a particular pair of parameters a,b, or in other words both
densities p, p, are functions of the chemical potential. An example of the radial profiles
for a regular solution is plotted in figure 2.9. We also plot both densities as a function
of chemical potential (see right plot on figure 2.9). We observe that, just as at zero
temperature, the densities increase as the chemical potential is increased.

As for zero temperature, we should make sure that possible alternative states which
appear due to condensation of other unstable particles have a larger free energy (as sug-
gested by perturbation theory). We start with the scalar ground state. We make the same
ansatz for the ground state, as we did at the zero temperature, see (2.69). The equations

of motion in the coordinates (2.12) are given by

924 () - e o O EAT ) = 0.
B+ (11 + - ) ol (2.77)

+

A-1 2-M(1-v)R? @ -
(A —v)(1 —v)? (1 T <v>2) X(v) =0.

Similarly, the ground state originating from the vectors is derived starting with the ansatz
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Figure 2.10: Plots of solutions (Ag(2), ®(2)), and (Ao(z),1(z)) for the scalar and vector
condensates respectively, at fixed temperature 7T'R = 2.5 and chemical potential uR = 4.5
(the curve for Ay is rather straight only because the plot is made for a chemical potential

only slightly above the critical value).

(2.71). The equations of motion are given by

83A63) ®)= 4(A —21);(?— v)vq’z)( )QAE)S) (v) =0,
2 1 1
9yb(v) + (v - U) Outh(v) (2.78)
2—A (A—1)R? 3 B
oo (1 i e ) v =o.

As before we consider only regular solutions to the equations (2.77) and (2.78) and require
that the solutions are normalisable. Sample solutions for rather arbitrary values of the
temperature and chemical potential are plotted in figure 2.10. We have also evaluated the
densities for these solutions, and find a qualitatively similar dependence on the chemical
potential as before. We have also verified that indeed the charge scalar always has a lower
free energy than the condensate of the other particles, as predicted by perturbation theory.

Finally, we present in figure 2.11 the dependence of the charged scalar condensate
densities on the temperature, for fixed chemical potential. This shows how increasing the

temperature ‘melts’ the condensate.

2.5 Discussion and outlook

In this chapter we have analysed the stability of the homogeneous isotropic phase of
conformal N = 2 super-Yang-Mills theory on a three sphere in the presence of an isospin

chemical potential. We have found that for sufficiently large chemical potential, the theory
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Figure 2.11: Dependence of the charged scalar ground state densities on TR at fixed
chemical potential pR = 4.005.

exhibits unstable vector and scalar modes, as well as an unstable vector mode which is
dual to an SO(4) charged scalar in the dual gauge theory. The latter modes turn out to
condense first. We have verified this explicitly by constructing the condensate and showing
that it has the lowest energy. The new ground state is anisotropic in the directions of the
internal three sphere within the five sphere, but isotropic on the gauge theory sphere.
Therefore, the new ground state breaks the global SO(4) symmetry.

Since the anisotropy of the system originates from the compactness of the internal
three sphere, this anisotropy persists if we take the limit towards a non-compact system,
i.e. the limit in which the radius of the sphere on which the dual gauge theory lives is
taken to be very large (at fixed temperature).

We have observed that the spectrum of fluctuations of the more massive vector and
scalar mesons crosses as a function of T'R. This does not influence the formation of the
dual charged scalar condensate, but it conceivably plays a role for larger values of the
chemical potential. In particular, by doing a fluctuation analysis around the dual charged
scalar condensate, one expects by analogy to the results of [98] that at some point new
instabilities will set in, corresponding to the more massive particles condensing as well.
An analysis of this type has appeared for example in [101,103,106,107]. However, all of
these references show that the new ground state is always stable. It would be interesting

to see whether our case would turn out otherwise.



Chapter 3

An N =2 Gauge Theory in
Compact Space at Zero

Temperature with an External

Magnetic Field

An influence of external magnetic field on a strongly coupled system is an interesting
problem to study. For example, it is found [108,109] that external magnetic field breaks
chiral symmetry of a QCD system. This effect is known as magnetic catalysis. For a
review, see [110].

In the context of gauge/gravity duality, this effect is studied in the reference [111].
This reference studies the D3/D7 model at zero temperature in Poincaré coordinates with
a constant B-field added into the background geometry. This constant B-field plays a role
of constant external magnetic field in the dual field theory. As well as studying magnetic
catalysis, which centres around massless quarks, this reference also studies the system in
the case of massive quarks. In principle, their model can be used to describe the system
at any value of quark mass and external magnetic field.

A natural extension to this model is to discuss finite-size effect. This can be done by
using global coordinates. The field theory side then lives on R x S3. Since the space is
compact, it is not possible to define a constant B-field. The reference [112] studies this
set-up and suggests that in order for the B-field to not back-react on the background
metric, the B-field has to be pure gauge. Unfortunately, as later suggested by our study,

the D7-branes cannot be embedded into the background suggested by the reference [112],

88
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and hence this choice of B-field is wrong. We found a more proper choice of B-field in
which the D7-branes are allowed to be embedded. The discussion of this particular model
is the subject of this chapter. This is based on an on-going work with Suphakorn Chunlen,
Kasper Peeters, and Marija Zamaklar.

The introduction of the B-field seems to induce a quark mass gap in which there is no
known embedding which produces these forbidden values of quark mass. The mass gap

separates Ball and Minkowski embeddings.

3.1 Equations of motion on probe D7-branes

In some places in the previous chapter, we show the derivation of equations of motion
by substituting an ansatz into an action and then vary the action. While this method is
quick, it is not always correct. The safest way is to vary the action to get equations of
motion, and then substitute the ansatz into the equations of motion.

In fact, as pointed out in the reference [113], the quick method was widely used around
ten years ago. It turns out it is still used nowadays. There is no problem with the quick
method as long as it can be shown that the solutions obtained from this method actually
solves the equations of motion of the model.

In the case at hand, the model is non-linear and lives in a compact space. It is tempt-
ing to use the quick method and guess a natural-looking ansatz to avoid complications.
Unfortunately this does not work. Instead, the way to tackle this problem is to obtain
the equations of motion from the first principle. The form of the equations will give us an
idea of what ansatz is to use.

The full equations of motion for probe branes are given in the reference [113]. Here,
we rederive the equations of motion for the case of D7-branes. For the system we study, it
is sufficient to consider only the DBI action. In the background with a constant dilaton,

the DBI action is given by

Sppr = —TD7/d80'\/— det(eab + 27TO/Fab), (3.1)

where ey, = E,,,0qxt Opx” with E,,,, = G+ B,,,. Spacetime coordinates are denoted by x#
while worldsheet coordinates are denoted by ¢®. The equations of motion for embedding
function z* (o) and for gauge field Ay(o) are respectively given by

o, (v_eer g, 2%\ v o, (v_eerr, 2%\ - v_gehaE,,
oo Oob K

oxH ox”

%w == 0, (32)

Da(V—E(E — b)) = 0, (3.3)
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where £% and £ are inverse and determinant of £y, = eqp, + 2w/ Fyp, respectively. Note
that even if gauge field is not turned on, the left-hand side of the equation (3.3) is not
trivially zero. With a given embedding ansatz, this equation essentially constrains the form
of background B-field. Note that as a consistency check, it can be shown that equations
(3.2) and (3.3) are invariant under gauge transformations that relate B and F. We discuss

this gauge symmetry in appendix 3.A.

3.2 Embedding at zero temperature in finite volume

On R3, one is normally interested in studying a constant magnetic field. Here, we would
like to see what happens if the system is put on S3. However, on S® it is not clear what it
means to have a constant magnetic field. A possible way to get as close as possible to the
concept of a constant magnetic field is to utilise the symmetry of S2. An attempt given
in [112] is to use local tetrads. Consider the background whose metric is given by

2 R2 2 R2 2 _ R2
ds? — _% (1 + 4u2> dt? + u? (1 - 4u2> 3 + ﬁ(d’tﬂ +u?dQ3),  (3.4)

where
dQ3 = df? + sin® 0dd® + cos? Odi)® ,  dQE = dB2 4 sin® 3dp3 + cos® B3dQ3.  (3.5)
Local tetrads are given by
e =Rdf, @ = Rsinfdp,  e® = Rcosdip. (3.6)
They are used to define a pure gauge B-field
B =HeW ne® = HR?sin0d0dé = d(—H R? cos 0d). (3.7)
The embedding is given by
{t,u.0,0,9,0,6,9.05,¢3} — {t,u,0,6,9,0,6, ¢} (3-8)

with
{t7 u7 é? &7&767 ¢7 /l/}} = {t7 u? é? &7 1;7 97 ¢7 /l/]}? 93 - 03(“)7 ¢3 = 0' (3'9)
The worldvolume gauge field is not turned on.

We now show that their ansatz does not satisfy the equation (3.3). We split the inverse

matrix £% into two parts as follows

£ = gab 4 jab, (3.10)
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where S% is a symmetric part while J% is an antisymmetric part. We substitute the
ansatz into the equation (3.3). For this purpose, it is useful to compute J%. The non-zero

components of J% are
- 2 -
J = — HE ~=—J" (3.11)
Y R2
sin (H2R4 + (u - E) )

The left-hand side of the non-zero component of (3.3) is then

Ba(V—E(E% — £99)) =9(V—E(E% — £97))

2HR? (V=€

H2R4 + (u— ﬁj>489 (Sine_)
2H R%u

\/H2R4 u _ i)

R4
20/
<1 164> 1+ u204(u)?

£ 0.

sm@sin@cos@cosg(ﬂg(u))x (3.12)

So the gauge field equation of motion (3.3) is not satisfied.
Let us now propose another attempt. Consider background metric (3.4), and the

background B-field

B = %H/(u)R2(sin2 Odudd + cos® Odudrp) + H(u)R*sin 6 cos 0(dOdp — dfdip).  (3.13)

It can be shown that B = dA, where
A= %H(U)R2(51n2 Odep + cos® Odi)). (3.14)
To discuss the embedding, let us make a change of coordinates:
X = sin 63 cos ¢3, k = sin 03 sin ¢s. (3.15)

The metric becomes

U2 R2 2 R2 2 _ o _
ds? = -2 (1 + 42) dt? + (1 — 42> (d6?* + sin® Bdg? + cos® Odi)?)
2

R? 2 R 2 2 2 3.16

+ R*(1 — x* — k?)(d0? + sin? 0dp* + cos® Ody?).

Note that with this choice of coordinates, x, k € [—1,1]. Let us use the embedding

{t,u.0,0,9.0,0,¢,x,k} = {t,u,0,0,9,0,6,¢} (3.17)
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with
{t7 u7 é? ¢_57 172? 97 ¢7 w} = {t? u7 é? Q_S7 1;7 97 ¢7 /lp}? X = X(u)7 R = O' (3'18)

We do not turn on worldvolume gauge field here. With the embedding ansatz, two equa-

tions can be obtained from (3.2), (3.3). The are given by

o 3x(u) <4R2u4H’(u)2 + (R? - 4u2)2> Ay ()X ()2
= (W) + (R2u — 4u3)? - x(w32 -1

(256RSU4H(U)2 + 12288 R*ubH (u)? + (R* — 4u2)4 (3R* + 16 R*u* + 80u4)) X (u)

+

u (4u2 — R2) (R? + 4u?) (256R4u4H(u)2 +(R2— 4u2)4)

<1024R6U8H(u)2 +4 (R2 — 4u2)2 (3R6u4 + 8RS + 48R2u8)) H/(U)QX/(U)
+

w (4u2 — R2) (R? + 4u2) (256R4u4H(u)2 +(R2 - 4u2)4>

du (128R4u4H(u)2 (R*+ 16ut) + (R? — 4u?)" (R* + 4R*u? + 16u*) ) ' (u)3
+

X
(R? — 4u?) (R2 + 4u2) (x(w)? — 1) (256R4u4H(u)2 (R — 4u2)4)
(3.19)

256 R4u* H (u) H' (u)?
o) — SO HWH )
256 R4 u*H (u)? + (R? — 4u?)
AR (256 R4 H (u)? + (R? — 4u?)® (3RY + S22 + 48u*) ) H' (u)?

(R? — 4u?) (R? + 4u2) (256R4U4H(u)2 + (B2 — 4u2)")
N 64H (u) (R® — 4Ru2)2 (u?x' (w)? = x(u)?* + 1)
(x(w)? — 1) (256R4U4H(u)2 (R - 4u2)4)

(B2 = 4u?)" (R* + 48ut) — 256 R4 w* H (u)® (R* + 16R2u? — 16u*) ) H'(u)

u (4u? — R?) (R? + 4u?) <256R4U4H(u)2 + (R? — 4u2)4)

Au (128R4u4H(u)2 (R* + 16u*) + (R? — 4u2)" (R* + 4R%u? + 16u4)) H' (u)x(u)?
+

(R? — 4u2) (R? + 4u?) (x(u)? — 1) (25GR4U4H(U)2 +(R2 - 4u2)4)
(3.20)
Equivalently, these two equations can also be obtained by first putting the ansatz into the
action, and then vary the action with respect to H(u), x(u). For reference, the substituted

action is

6 _ 2 4 2\ 4
S = —TD7};/dsasichosGsichosG;Lz (1 + ﬁﬂ) \l (;;4 (1 - Zf;) —i—H(u)?) X

2 2
J ((1 — x(u)?) (4 <1 — ﬁ;) + H’(u)2R2> + 4u? (1 - }222> X’(u)2> (1—x(u)?).

(3.21)
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We note that H(u) = H, for a constant H is not a solution of the equation of motion. In
general, we need to numerically solve for x(u) and H(u).

Before showing how to solve the equations of motion, let us try to see why our choice
of ansatz is natural. From the ansatz (3.13), the norm B, B* of B-field is angular inde-
pendent. This property is desirable because it is quite analogous to the case of a constant
B-field in R3. Moreover, the constant B-field preserves SO(2) subset of the SO(3) rota-
tional symmetry of R3. So by analogy, we should expect that our B-field ansatz preserves
a certain amount of SO(4) rotational symmetry of S3. To see if this is the case, let us
adopt the criteria which is shown in the reference [114]. This criteria is used in order to
check if a given gauge field is spherically symmetric. For a basis {{,,} of a vector field

generating rotations, the gauge field A is spherically symmetric if it satisfies
Le, A= day,. (3.22)

This implies
ig, ' = d¥p, (3.23)

where i¢,, is an interior product by &,. So for any &, if there exists ¥,,, then our
gauge field is spherically symmetric. In our case, we should expect that our B-field is
preserved under a subset of this basis. We may use the gauge transformation discussed in
the appendix 3.A to replace F' with B. So essentially, we want to compute i¢,, B, and see
if there is V,,, which satisfies

ie, B = dU,y,. (3.24)

The generators of rotations on 52 are given by

Ry = _g (cos(8 -+ )0y — cot Asin(@ + $)0; + sin(é + ) tan 60;) (3.25)
Ry = —% (sin(¢ + )8 + cot 0 cos(¢ + 1)dz — cos(¢ + ) tan 69;;) (3.26)
Ry = —%@—, +y), (3.27)

L = _% (= cos(é — $)35 + cot Asin(é — $)3; + sin(é — ) tan 69;) , (3.28)
Ly = _% (5in(6 — )3 + cot Beos(d — $)d; + cos(d — ) tan §;) | (3.20)
A C (3.30)

where

[R@', Rj} = ieiijk, [Li, Lj] = ieijkLk, [Ri, Lj] =0. (3.31)
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So
U1 = (no solution), U ro = (no solution), Ups = %H(u)R% (3.32)

Up1 = LH(u)R?sin(20) sin(¢ — ¢), Upo = LH(u)R?sin(26) cos(¢ — v),

Vs = LH(u)R? cos(20). (3.33)

This means that our B-field is symmetric under SO(3) x SO(2) C SO(3)x SO(3) = SO(4).

Let us now turn to the ansatz of the transverse scalar. The equations (3.2) and (3.3)
are non-linear. So without making the full use of the symmetry of the system, it is quite
unlikely to find the solution. We assume that the scalar x is preserved under the same set

of the generators which preserves B-field. This means that
R3x = Lix = Lax = L3x = 0. (3.34)

This requirement implies
X = x(u). (3.35)

So based on symmetry alone, our ansatz is natural. Let us try to see if it is possible to have
a more general ansatz. For simplicity, we want the norm of the B-field ansatz to still be
angular independent. This can be achieved by using the B-field of the form B = dA with
A= H()Y(0,0¢,¢), where Y (8, $,7)) is a linear combination of vector spherical harmonics

of either mode [ = 1,5 = 1 or mode [ = 1,5 = —1. Combining this with the embedding
ansatz (3.18), we can indeed obtain the equations of motion (3.19) and (3.20). Finally, in
order to see if there is an even more general ansatz, we will need some further insights.
At the moment, it is not clear whether this is the case. So we will simply use the ansatz
(3.13) and (3.18) which are based on symmetry considerations, but keep in mind that we
might be missing a non-trivial ansatz.

Let us now proceed to solve the equations of motion (3.19) and (3.20). We the use
shooting method by starting from the position closest to AdS centre and shoot to AdS
boundary. Different kinds of embeddings are distinguished by different initial conditions.
We expand near u = u;p;, where u;,; = R/2 for Ball embeddings, and wn; = uprink > R/2
for Minkowski embeddings. Since the equations of motion (3.19) and (3.20) are symmetric
under y(u) <> —x(u), H(u) <> —H (u), we can take, without loss of generality, x(wini) >

0, H(uini) > 0. For Ball embedding, the expansion near u = w;y; is given by

3 R 2
X(®) = Xbalt — R <—2 + U) (16 + HZ) Xpau + O((u — R/2)?), (3.36)
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H(u) = Iéf <—§ + u>2 - 2%@2 <—§ + u>3 FO(u—-R/2Y.  (3.37)

For Minkowski embedding, we have
x(u) = 1+ xar1(u — Ungink) + Xa2(w — ungink)® + O((u — unzink)®), (3.38)

H(u) = Hpr + Hapn (v — upgingk) + Harz(w — upzing)? + O((w — upging)®), (3.39)

where x a1, Xm2, Hyrt, Hyro are long expressions of sk, Hys. By counting parameters,
regularity requirements demand that a Ball embedding has two free parameters remaining
while a Minkowski embedding has one free parameter remaining. Note in particular that
in order to avoid B-field singularity at the AdS centre, we require H(u) — 0 as u — R/2.
We show this regularity requirement explicitly in the appendix 3.B.

We solve the equations of motion (3.19) and (3.20) subject to the above initial condi-

tions, then match the solution with the expansion near the AdS boundary:

m ¢ mR?

u
= - log -+ O 4
x(u) ” + 3 98 8 +O0(u™ "), (3.40)
M,, 2H.:R?
H(u) = Heat + — 5 — —-5—log 7 + O(u™?). (3.41)

The quantity m is proportional to the bare quark mass my = |m|/(2ra’) while He,y are
proportional to the value of external magnetic field. As for the vacuum expectation value,
we need to properly renormalise the on-shell actions. Again, we follow the procedure
discussed in the references [54,55]. We have also outlined this procedure in chapter 1. We

start from

S
 RTpy [ dtd3dSs”

So = (3.42)

We integrate u/R from 1/2 up to 1/(2¢) and add counter terms which are given by

Li=—¢1 (1+€)(1—€2)3, (3.43)
Ly = (13;;), (3.44)

Ly = é(l + )1 — )2, (3.45)
Ls = (11g€§4) log (x?) X2, (3.46)
Ly =g (1)1 - P, (3.47)
Ly — — (1+€*) H? log(Qe)' (3.48)

2(1—¢€)
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Figure 3.1: Plot of brane shapes for D7-branes embedding. The plots from left to right
and top to bottom are at fixed external magnetic field Hepr = 0,2, 4, 5, respectively. Each
red curve is for Ball embedding where D7-branes reach AdS centre while each blue curve
is for Minkowski embedding where D7-branes do not reach AdS centre. The horizontal
and vertical axes are UM/R, ux/R. For some non-zero values of Hgy, there are

forbidden values of bare quark mass.

Xe = X (i) . H=H (i) . (3.49)

The subtracted action is given by

where

Ssub =50+ L1+ Lo+ Ly+ Ls+ Ly + Lu. (3.50)

The resulting vacuum expectation values are given by

5 2
2 1. 5Ssub 2
€E— €

Here c is proportional to a vacuum expectation value of a quark bilinear operator, while
M can be interpreted as an induced current.

In the figure 3.1, we show the brane shape at various fixed Hc,;. Let us first discuss the
top left plot which corresponds to H.,; = 0. As we have mentioned in chapter 1, this case
is studied in the references [8,55]. The brane shape plot is visualised in the reference [7].
In the plot, the horizontal and vertical axes are um /R,ux/R. The AdS centre is
at u = R/2, and is shown in the plot as an arc of radius 1/2 centred at the origin. The

horizontal axis represents the origin of the X® — X* plane! while the vertical axis shows the

! As discussed in chapter 1, the X% — X° plane is the flat plane which is conformal to the transverse

plane to D7-branes.
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distance away from the origin of the X® — X* plane. Therefore, the quark mass can be read
off from the value of the vertical axis when the horizontal axis approaches infinity. The red
curves represent Ball embeddings while the blue curves represent Minkowski embeddings.
As mentioned in the previous chapter, the phase transition between these embeddings is
of third order [8].

Let us now discuss the other plots of figure 3.1. For a given H.y; in the range 0 <
Hepy < 4.8, there is a “mass gap”. This is the region in which some values of bare quark
mass are excluded. This is under investigation. The mass gap closes off at H.,; ~ 4.8. The
development of the mass gap can be viewed as follows. From the point of view at the AdS
centre, more and more Ball embeddings disappear as He,; is increased. This potentially
leaves the quark mass gap between the Ball and Minkowski embeddings. Furthermore,
although the presence of the B-field generically reduces the value of quark mass for each
embedding, the quark mass of the Minkowski embedding is decreased too slowly that
the lowest quark mass obtained from the Minkowski embeddings is still greater than the
highest quark mass obtained from the Ball embeddings. This leaves a mass gap between
the Ball and Minkowski embeddings.

It is not visually clear from the figure 3.1 that there is actually a mass gap. So let us
present an alternative plot. In figure 3.2, we make the similar plots to those of the figure
3.1, but we use the z-coordinate: z = R/(2u), and change the horizontal and vertical axes
to z,x/(2z). For each curve in these plots, the quark mass can be read off from the value
at the vertical axis. So the figure 3.2 clearly visualises the mass gap.

In figure 3.3, we plot possible values of H.;; and m. Note that since the bare quark
mass is given by m, = |m|/(27¢/), it is more appropriate to investigate the phase diagram
from the right plot. At some places in the plot, lines from different configurations are
crossed. At these places, the free energy will need to be compared. We however, postpone
this calculation until we understand the more important issue which is the presence of the
mass gap in the phase diagram.

We have mentioned above that the disappearance of Ball embeddings is partly respon-
sible for the presence of the mass gap. We want to make sure that the disappearance is
not due to a numerical mistake, therefore we will cross check the analysis by an analytical
calculation. The analysis will be possible in the simplest case which is the case of the
equatorial embedding. In this special case, the disappearance is due to the fact that there
is a maximum value of He,: which can be obtained from the analysis. The disappearance

of other Ball embeddings are because of similar reasons.
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Figure 3.2: Plot of brane shapes for D7 embedding in z-coordinates where z = R/(2u).
The plots from left to right and top to bottom are at fixed external magnetic field Hepr =
0,2,4,5, respectively. Each red curve is for Ball embedding where D7-branes reach AdS
centre while each blue curve is for Minkowski embedding where D7-branes do not reach
AdS centre. The horizontal and vertical axes are z, x/(2z). Quark mass of each embedding
is proportional to the position of the brane on the vertical axis. The plots clearly show

the development of mass gap.

3.3 Equatorial embedding analysis

3.3.1 Analytical discussion

Before analysing the equatorial embedding analytically, let us first numerically demon-
strate the saturation of the external magnetic field. For the equatorial embedding, we

have x(u) = 0. This makes the equation (3.19) trivially satisfied while the equation (3.20)
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Figure 3.3: Plot of possible values of H.,; and m. Different lines represent different initial

condition of x(u), while different points along each line represent different initial condition
of H(u). Red curves represent Ball embeddings while blue curves represent Minkowski
embeddings. The left plot presents the raw data while the right plot shows the phase
diagram. The quark mass is proportional to |m/|, so the horizontal axis of the right plot
has to be |m|. Given Hy, |m|, we ask for a unique configuration. So if the line crosses, free
energy of different configurations will need be compared. Furthermore, the phase diagram
should not have a gap. So this phase diagram is quite subtle because of the presence of

the mass gap.

is reduced to

RYH (u)H' (u)? 64H (u) (R® — 4Ru?)?
4 4,4 2 2 _ 4,2)4
RYH(u)? + (u _ %) 256 R urH (u)? + (R? — 4u?)

2 (R? +4u?) (R? — 4u?)’ H'(u)  (R*+ 16R%u? — 16u*) H'(u) (3.53)
256 R4u® H (u)? + u (R? — 4u?)* 16u — Riu
4R?*u3H' (u)3 8R*u? (R* — 16u*) H' (u)?

H”('U,) _

(R? —4u?) (R? + 4u?)  256R*u4H (u)? + (R2 — 4u?)*
We will also use z-coordinate which is given by z = R/(2u). The equation of motion is
1624 H(2)H' (2 ) 16 (22 —1)% H(z)
1624H (2)2 + (22 — ( 1650 H (2)2 + (22— 1)1
(16 (= = 422 = 1) 2 H(2)* + (:* = 1) (3:* +1) ) H'(2) (3.54)
16 (24 — 1) 25H(2)2 4 (22 —1)° (224 1) 2
(1624[{ + (2% - ) (32% + 222 + 3)) H'(2)3
1624 (24 — 1) H(2)2 + (22 + 1) (22 — 1)° N

H//(Z) _

We solve the equation (3.53), or alternatively the equation (3.54), by shooting from the
AdS centre and read off the value of H.;; at the AdS boundary. The only parameter
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Figure 3.4: The plots of Hy versus Heo. In these plots, we use the setting upq/R =
500001/1000000, w;n ¢ /R = 10000. The right plot clearly shows that there is a maximal

value of Heyt.

to tune is Hc. In figure 3.4, we present the results obtained from setting wup,;/R =
500001/1000000, wi,f/R = 10000, where up,y and u;,r are numerical values for AdS
centre and AdS boundary, respectively. Note that we make up,qy; /R to be numerically very
close to 1/2. This allows us to study up to high value of H. with precision. Numerically,
we see that H.,; asymptotically reaches 5.58.

Let us now analytically study the equatorial embedding. We suppose that the non-
linearity should already be encoded in the solution to the equation of motion at the first
order in H(z) :

(32 +1) H'(2) 16H ()

H& - 0@ n: - S (3.55)

By requiring H(1) = 0, H(0) = Hey, the solution is given by

H(z) = Hoy (1 4 fz;)g log (for 1)) . (3.56)

We now study the full equation. Our plan is to expand around the first order result near

the AdS centre and near the AdS boundary, then match these results together at the
mid-point. We make an assumption that the non-linearity is already given in the solution
(3.56). Using the full equation of H(z) to determine the coefficients, we expand the field
H(z) near the AdS centre (z = 1) and near the AdS boundary (z = 0) respectively as

822 2z c c
H ~Hy 1+ ————log [ ——— Sl -2+ -(1-2)°
(2) z—1 0< +(1—z2)2 Og<22+1>>+4( ?) +4( ?) (3.57)
—3 —6¢2Hy + ¢ (56 — 12H2) — 8H3 ’
+ - 3(84 O =Syt (e 2
822 2
H(2) ; ~H, <1+ #ﬂlog <22j_1>> + a + bz® 4 8az?log(z)

2 (1—2%) (3.58)

—2(4a —b)zt + -+ (- )28 log(2),
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Figure 3.5: Left is the contour plot of the solution to (3.59). Right is the plot from the

left with the result from the full numerical solution plotted in red.

where Hy, c,a and b are related to Heo, Hepr and My,. The first term of each expansion is
from the solution (3.56). The orders of the two expansions can be arbitrary and are not
directly related to each other, but the higher the orders the more accurate the result. We
take z = 1/2 as the meeting point in which the two expansions of H(z) are approximately
equated. The first and second derivatives of them are also approximately equated at that
point. After substituting and eliminating the unwanted parameters, we are left with a

polynomial equation containing only H,; and Hs :

25H/, (1311465 — 49672H?

ext

) +28HE, (19611320H2,, — 504255471

[

+96H?, (11139559023 — 475946168 H2,,) + 37748736 H.o (237464 HZ,, — 4951755) (3.59)

—75497472H oy (3520H .

xT

L+ 277624H2,, — 4951755) = 0.

The degrees of H.o and H.,; depend on the orders of the expansions of H(z) near centre
and boundary respectively. The contour plot of this equation is shown in figure 3.5.

From the plot, we choose the curve that include the point (He2, Hert) = (0,0). Despite
the strange behaviour near (0, 0), the solution shows that H,,; reaches a constant as H.o
goes to infinity. This qualitatively agrees with the numerical result. This is shown in the
right plot of the figure 3.5.

Although our analysis is done perturbatively, this does not necessarily mean that only
small values of H.s can be trusted. In fact our analysis includes the following non-linear

considerations
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e We do not expand the part

Hy (1 + fZ;)Q log (;j 1)) (3.60)

as we expect non-linear behaviour is already presented in the linear equation (3.55).

If we expand that term, the asymptotic value of H,; will not be close to the actual

numeric value.

e We make boundary expansion up to the term that gives non-linear relationship
between H.,: and Hg. Expanding fewer term does not capture the non-linearity
and hence the result would only be valid for small value of Hg. On the other hand,
we expect that expanding more terms would lead to complications and that no

further insights can be gained.

It turns out that our analysis capture the behaviour at small H.o as well as at large
Hgo. For the mid-values of H., more analysis would be required. However, we expect
that the graph of H,; versus H. would be monotonically increasing. Therefore, there
is a maximal value of H.,;. Indeed, we can extract the maximal value by considering the

limit H.o — 0o of equation (3.59) where the equation reduces to
25H], (1311465 — 49672H2,,) = 0, (3.61)

and hence Heytmar = 5.14 (note that the numerical result gives Hegt mae = 5.58.). The

equatorial embedding cannot exists for Hezt > Heat mae and hence the branes disappear.

3.3.2 Numerical analysis: shooting from the boundary

In this subsection, still with the equatorial embedding, we make another cross check of
the numerical result. Here, we consider the shooting method in which the shooting starts
from the AdS boundary. In this case, we have to scan the two-dimensional parameter
space (Heyt, My,). Because of the symmetry H(u) <+ —H(u) of the equation of motion
(3.53), we can take, without loss of generality, H.,¢ > 0. Given a point in the parameter
space (Heyt, My, ), we solve the equation of motion and study the behaviour of H(u), and
wherever possible we read off the value of H(u) (called H.) at the AdS centre.

In figure 3.6, we present a scan of (H.y, My,) parameter space. The blue line and
brown dots in the figure are associated with solutions with smooth H(u). Points along
blue lines are associated with physical solutions because H.y = 0 while brown dots are

associated with unphysical solutions in which H.y # 0. There is another kind of unphysical
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M/ R

Figure 3.6: The plot shows the (Hey, M;.) parameter space. The blue line is associated
with solutions which give B-field vanishing at the AdS centre. Brown dots are associated
with solutions which give B-field non-vanishing at the AdS centre. The solutions associated
with the blue line and brown dots have smooth profiles H(u). Grey dots are associated with
solutions that have |H'(ueose)| > 1015 at some uepse > R/2; this numerically indicates

that H'(u) blows up at some point.

solutions. They are associated with grey dots in the figure. For these solutions, H'(u)
blow up at some point u = ugese > R/2. Note that the blue line occupies part of the

border between the brown and grey regions.

3.4 Full check by shooting from the boundary

The cross check from the previous section suggests that our numerical results are likely to
be correct. To see if this is really the case, we need to make a further check. In this section,
we solve the equations of motion (3.19)-(3.20) by shooting from the AdS boundary, then
study the profiles of x(u) and H (u). From the boundary expansions (3.40)-(3.41), there are
four parameters to tune: (m, Heyy, ¢1, My, ). Since the equations of motion (3.19)-(3.20) are
symmetric under x(u) <> —x(u), H(u) <> —H (u), we can take, without loss of generality
m >0, Hepr > 0.

In principle, we need to make the full scan of the four-dimensional parameter space
(m, Hegy, c1, My, ). This means that at each point in the parameter space we have to deter-
mine the behaviour of the associated solution. However, the direct analysis will most likely
consume a lot of time and computational resources. So our strategy is to start from a
given value of (m, Heyy), and then scan the (c1, My,) space. Once we have enough insights

into the problem, we will, hopefully, be able to make a better algorithm for the full scan
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of the four-dimensional parameter space.

There are two kinds of physical solutions: Ball embeddings and Minkowski embeddings.

So our algorithms will be to look for the solutions of these types while discarding unphysical

solutions in the process. The algorithms are as follows

Determining Ball embeddings (“Ball embedding algorithm”)

1.

Fix (m, Hegy).

. Make a rough scan in the (c1, My,) space. Initially, we take the sample points:

—10 < ¢1/R? < 10 with step size 1, and —10 < M;,/R? < 10 with step size 1.

At each sample point, read off the value of wujyse. Typically, if ucose > R/2, the
solution has |H'(ucose)| and | X/ (ueose)| blowing up. But if the solution is smooth

everywhere, we take ucose = R/2.

From these sample points in the (c1, M;,) space, pick around ten points which give
the lowest wu¢ose- Then make a rectangle enclosing these points and make around

400 equally spaced sample points.

. Repeat steps 3-4 until either of the cases below is realised:

(a) The point with ucese = R/2 is obtained. Then scan around this point to find
other points with wucese = R/2. Repeat until all the important representative
points with ug,se = R/2 are obtained. For these points, read off H (tpse). The

points which give H (use) = 0 are physical while other points are unphysical.

(b) Alternatively, if after making a very fine scan there is no point with ugpse = R/2
can be obtained, then conclude that for this value of (m, Hey), there is no

physical solution associated with Ball embeddings.

Determining Minkowski embeddings (“Minkowski embedding algorithm”)

1.

Fix (m, He:vt) .

. Make a rough scan in the (ci, My,) space. Initially, we take the sample points:

—10 < ¢1/R? < 10 with step size 1, and —10 < M, /R? < 10 with step size 1.

At each sample point, read off the value of x(ucose)-
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4. From these sample points in the (c1, M;.) space, pick around ten points which have
X (Uelose) closest to 1. Then make a rectangle enclosing these points and make around

400 equally spacing sample points.
5. Repeat steps 3-4 until either of the cases below is realised:

(a) There are points in which the profiles of y(u) and H(u) are smooth from
U = Uelose 10 U — 00. These points are associated to the physical Minkowski

embeddings. As a cross check, we also require x(ucpse) = 1.

(b) Alternatively, if after making a very fine scan there is no point with x(ucose)
numerically close to 1, then conclude that for this value of (m, Heyy), there is

no physical solution associated with Minkowski embeddings.

Given (m, Heyt), the idea is to follow the above algorithms, then determine if there ex-
ists physical Minkowski or Ball embeddings. If there are no physical embeddings possible,
then this suggests that there is a mass gap. However, we still do not have enough control
over this numerical calculation to confirm if there is really a mass gap. Nevertheless, let
us simply present our attempts so far. We consider three cases with fix m/R = 0.4 but
vary Hep = 1, 2.5, 3. If the right plot of figure 3.3 is correct, then the first case should
give a Ball embedding, the second case gives no physical embedding, and the third case

gives a Minkowski embedding.

3.4.1 The case m/R=0.4,H.; =1

Let us discuss the results for the case m/R = 0.4, Heyy = 1. In figure 3.7, we present
the results obtained from the algorithm which tries to determine Ball embeddings. In
this figure, we show the contour plot of wuse/R in the (1, M;,) parameter space. We
also present the points which give ugose/R = 0.5001 which is the numerical value for
Uclose/ R = 0.5. These points (shown as black dots) have smooth profiles of x(u), H(u). So
they are potentially associated with physical Ball embeddings. In order to determine if
this is really the case, we will have to read off the value of Hy = H(R/2). Physical Ball
embeddings have smooth profiles of x(u), H(u), and have Hy = 0.

In the left plot of the figure 3.8, we make the interpolation of black dots from figure
3.7. We define the affine parameter a as the distance along the curve from a reference
point. We also indicate the point which is taken to have o = 0. The right plot shows the

values of H.y as a function of a.. The physical Ball embedding has H.y = 0. However, this
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Figure 3.7: The contour plots showing the values of u¢ose/R in the (c1, My,) parameter
space with fixed (m/R, Hezt) = (0.4,1). The left plot is the interpolation of the contour
plot for the full range —10 < ¢1/R3 < 10, —10 < M;,/R? < 10. The middle plot is the same
as the left plot but with a smaller range focusing around the points with w5 = 0.5001R
(the numerical value for ug,se = R/2). The sample points with ugese = 0.5001R are
shown in black dots. The right plot is the colour bar encoding the values of o5/ R. Note

that we use dark blue colour for ugese/R > 1.

is not seen from our data. At o = 0, the value of H.g is 0.009. As « increases, the value of
Hy is generically increased. From the curve, it is therefore advisable to study the point
around « = 0 more carefully to see if we can have a solution with H.y = 0.

Let us now discuss the results which are obtained from the algorithm which tries
to determine Minkowski embeddings. In figure 3.9 we show the values of X(ugpse) in
the (c1, M;,) parameter space. In order to have a physical Minkowski embedding, we
require X(Ucose) =~ 1. However, the best result obtained from our sample points gives
X(Uelose) = 0.65. We have made a reasonably fine tuned scan. So based on this result
and the behaviour of the contour plot, it is highly unlikely that there is a Minkowski
embedding for (m/R, Heyt) = (0.4,1).

3.4.2 The case m/R=0.4,H.; = 2.5

Let us now discuss the results for the case m/R = 0.4, Heyy = 2.5. The discussion is in a
similar way as the previous case. We show the results from the Ball embedding algorithm

in figures 3.10-3.11. We have made the contour plot of ugj,se/R in the (c¢1, My,) parameter
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Figure 3.8: The left plot shows the interpolation of black dots from figure 3.7. We define
the affine parameter « as the distance along the curve from a reference point which is
shown to have o = 0. The right plot shows the values of H.p = H(R/2) as a function of
«. The minimum value of |H| which we found is 0.009 at o = 0. A further investigation

is required to see if we can get the point with H. closer to 0.

space, and present the sample values (shown in black dots) which give u¢jse/ R = 0.5001.
These values are interpolated and assigned an affine parameter «.. As shown in figure 3.11,
the affine parameter « is taken to be the angle from a reference axis. We then plot the
value of H.y for various « in the right plot of figure 3.11. This plot suggests that it is
unlikely to have the solution with H, = 0, and hence there is no physical Ball embedding
for (m/R, Hezt) = (0.4,2.5).

Let us now discuss the results which are obtained from the Minkowski embedding
algorithm. In figure 3.12 we show the values of x(ucpse) in the (1, My,) parameter space.
The value of x(u¢ose) Which is closest to 1 is found to be 0.967. This value is quite close to
1, the value which suggests the physical Minkowski embedding. So we will need a further

investigation.

3.4.3 The case m/R=0.4,H.; =3

Let us now discuss the results for the case m/R = 0.4, Heyy = 3. We show the results from
the Ball embedding algorithm in figure 3.13. We have made the contour plot of upse/R
in the (c1, M,) parameter space. From our sample points, we do not get any point with
Uelose = 0.5001R. The closest we get is 0.546R. So it is quite unlikely that there is a Ball
embedding for (m/R, Hezt) = (0.4,2.5).

Let us now discuss the results which are obtained the Minkowski embedding algorithm.

From the data presented in figure 3.14 we see that the value of x(ucose) Which is closest



3.5. Summary and discussions 108

M,

R

-10 -5 0 5

/R

Figure 3.9: The contour plots showing the values of x(ucpse) in the (c1, My,) parameter
space with fixed (m/R, Hezt) = (0.4,1). The left plot is the interpolation of the contour
plot for the full range —10 < ¢1/R? < 10, —10 < M,/ R? < 10. The middle plot is the same
as the left plot but with a smaller range focusing around the points with y (ucese) closest to
1. The right plot is the colour bar encoding the values of x(u¢ose). The physical Minkowski
embedding has x(ucose) = 1. However, the best result obtained from our sample points
gives X(Ueose) = 0.65. So it is highly unlikely that there is a Minkowski embedding for
(m/R, Heat) = (0.4, 1).

to 1 is found to be 0.999. This value is very close to 1, so we expect that there is a
nearby point in the (c1, My.) space which gives x(ucose) = 1 as well as smooth profiles
of x(u), H(u) in the range u € [U¢jpse, 00). If this point exists, then we can conclude with
a certainty that there is a Minkowski embedding. However, we will have to see if this is

really the case.

3.5 Summary and discussions

In this chapter, we analyse the finite size effect of external magnetic field on a strongly
coupled gauge theory at zero temperature by using the D3/D7 model. This model was
studied before by [112]. The external magnetic field is studied by turning on a pure gauge
B-field whose form is based on local tetrads. We argue however that this ansatz does not
solve the constraint on D7-branes. We propose a new ansatz which is based on vector
spherical harmonics. We check that this ansatz indeed satisfies the equations of motion

on D7-branes.
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Figure 3.10: The contour plots showing the values of u.yse/R in the (c1, My,) parameter
space with fixed (m/R, Heyt) = (0.4,2.5). The left plot is the interpolation of the contour
plot for the full range —10 < ¢1/R3 < 10, —10 < M;,/R? < 10. The middle plot is the same
as the left plot but with a smaller range focusing around the points with u¢ose = 0.5001R
(the numerical value for ug,se = R/2). The sample points with ugese = 0.5001R are

shown in black dots. The right plot is the colour bar encoding the values of u¢ose/R.

By analysing the embedding, we find that for some fixed external magnetic field, there
is a range of values of quark mass where the system cannot be studied. We call this
forbidden region as “mass gap”. One of the reason for its presence is the disappearance
of some Ball embeddings. Note that the appearance of the mass gap in the presence of
B-field is unusual because the gap is in the middle of the spectrum of the bare parameter
space. Therefore, we have to make sure that our finding is not due to a numerical mistake.
For this reason, we try several cross checks.

We first make a cross check by analysing the equatorial embedding. The results suggest
that the equatorial embedding does disappear for a sufficiently large value of external
magnetic field. We have also scanned the whole parameter space to confirm that this is
really the case.

Although the above cross check seems to confirm some features of the mass gap, it
is still not completely clear. So we make another cross check. This time, we use the
shooting method by shooting from the AdS boundary. This requires the full scan of the
four-dimensional parameter space (m, Heyt, c1, My,). However, we still do not have a full

control over this computation, so we study some example points.
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Figure 3.11: The left plot shows the interpolation of black dots from figure 3.10. We define
the affine parameter o as the angle from a reference axis.The right plot shows the values
of Ho = H(R/2) as a function of . The interpolation suggests that it is unlikely to have
H, =0.

We fix (m, Hey) and scan the resulting (ci, My,) space. Typically, there are two
kinds of unphysical solutions: either that the profiles x(u), H(u) are non-smooth or that
the profiles x(u), H(u) are smooth everywhere but H(R/2) # 0. These solutions occupies
most of the (1, My,) space. So we need to be careful to isolate all the physical embeddings
from unphysical ones. This is under an investigation.

If, after the investigation, it turns out that the mass gap does really exist, then it is
possible that this implies that the ground state we are investigating is not the real ground
state. A preliminary result based on scalar fluctuations also suggests that this ground
state, which is homogeneous, is not the real ground state. So we will have to find the real,
inhomogeneous ground state.

After making sure whether the mass gap exists, it is also interesting to see what
happens to the system if we turn on the chemical potential. In particular, we want to see

how the full phase diagram involving magnetic field and chemical potential looks like.

3.A Gauge symmetry of embedding equations of motion
We consider gauge transformation
Aq = A +8a),  P|Blay — P|Blap (3.62)

or

1

Ay, — Ag — el

Aa, P[B]ab — P[B]ab =+ &L/\b — 8[3)\(1. (363)
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My
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Figure 3.12: The contour plots showing the values of x(ucjose) in the (c1, My,) parameter
space with fixed (m/R, Hegt) = (0.4,2.5). The left plot is the interpolation of the contour
plot for the full range —10 < ¢;/R? < 10, —10 < M;,/R? < 10. The middle plot is the
same as the top left plot but with a smaller range focusing around the points with x (¢ciose)
closest to 1. The right plot is the colour bar encoding the values of x(ucpse). The physical
Minkowski embedding has x(u¢ose) = 1. The best result obtained from our sample points
gives x(uclose) = 0.967. Since this value is quite close to 1, we need a further investigation

to see if there is a physical Minkowski embedding.

It is easy to see that &, is invariant under the above gauge transformations. This implies
that equation (3.3) is also invariant under this gauge transformation. For equation (3.2),

expanding derivatives in the first two terms gives

B, <\/—_€(£ba + gab)) GorBat” + By (\/—_g(eba - gab)) ByrOat”

+ V=EEM(E ) + Ex,) 00’ +V—EEY (8,Er, — OzEpy + 0, Eup) ux"Opa” = 0,
(3.64)

Using equation (3.3), the above equation gives
By (\/—_5(5”“ + 5‘”’)) GorOaz”
+2y/—E&b (GV,\Gbaaw” + % (8uGrw — NG + 0Gux + (dB) ) aax”8b$”) =0,
(3.65)

which is manifestly invariant under the gauge transformation.
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Figure 3.13: The contour plots showing the values of u.ose/R in the (c1, My,) parameter
space with fixed (m/R, Heyt) = (0.4,3). The left plot is the interpolation of the contour
plot for the full range —10 < ¢;/R? < 10, —10 < M;,/R? < 10. The middle plot is the
same as the left plot but with a smaller range focusing around the points with values
closest to u¢jose = 0.5001R. From our data, there is no point with uy,se = 0.5001R. The

closest we get is 0.546R. So it is quite unlikely that there is a Ball embedding.

3.B Regularity of B-field

In order for B-field to not change the geometry, we require the B-field to be pure gauge
(dB = 0). In fact, we also need it to be regular everywhere. Otherwise, the singularity
will makes dB # 0.

For the Ball embedding, we consider the metric near AdS centre as this is the potential

point where B-field becomes singular. We make a change of a variable

R v
u = 5 + 5 (3.66)
and expand the metric to the leading order of v. This gives
ds? ~ — dt* + v*(d6? + sin® 0d¢? + cos® dyp?) + dv? (367)
3.67

+ R*(1 — x2,;)(d6? + sin® 0d¢* + cos® Odip?).

That is, the near centre geometry is R* x $3. On the R part, we can reparameterise

to Cartesian coordinates

r =wvsinfcos¢, y=wsinfsing, z=vcosfcost, w =vcosfsin. (3.68)
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My,
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Figure 3.14: The contour plots showing the values of x(ucjose) in the (c1, My,) parameter
space with fixed (m/R, Hezt) = (0.4, 3). The left plot is the interpolation of the contour
plot for the full range —10 < ¢;/R?® < 10, —10 < M;,/R? < 10. The middle plot is the
same as the top left plot but with a smaller range focusing around the points with x (¢¢iose)
closest to 1. The right plot is the colour bar encoding the values of x(ucpse). The physical
Minkowski embedding has x(u¢ose) = 1. The best result obtained from our sample points
gives X (Ucose) = 0.999. Since this value is very close to 1, it is highly likely that there is
a physical Minkowski embedding. However, a further investigation is required to see if a

physical Minkowski embedding really does exist.

Then, B-field is

H(u 1H'(u
B:R2< v(4)_1 v(3)
H(u)R?

02

) ((xdx 4+ ydy + zdz + wdw) (ydx — xdy + wdz — zdw))
(3.69)

(dzdy + dzdw) .

Regularity at v = 0 requires H (u) = Hov?+. ... This condition should be imposed only on

Ball embedding since in Minkowski embedding, the D7-brane does not reach the centre.



Chapter 4

The Mb—brane action revisited

This chapter is largely based on [2].

Having discussed an application of gauge/gravity duality, let us now turn to something
different. In chapter 1, we have briefly mentioned that a single M5-brane action in a
general eleven-dimensional supergravity background is already constructed. In particular,
we stated that the covariant action of [75,76] can be constructed with the help of an
auxiliary field. In the case of flat six—dimensional worldvolume, if the auxiliary field
is gauge-fixed to lie along one spatial (or temporal) direction of the worldvolume, then
Lorentz symmetry is only manifest in five-dimensional subspace. In this way, this action
is a 1 4 5 splitting of the six dimensions of the M 5-brane worldvolume.

The references [66,78] construct an alternative 5—brane action based on the BLG action.
This construction is called Nambu—Poisson (NP) M5-brane model. It is conjectured to
be related, via a map [115] analogous to Seiberg—Witten map [116], with the original
Mb5—-brane in a constant Cs—field background. In the NP M5-brane model the manifest
SO(1,5) 6d Lorentz symmetry is naturally broken by the presence of multiple M2-branes
and the Cs—field to SO(1,2) x SO(3), which corresponds to a 3 + 3 splitting.

To see whether the quadratic NP M5—brane would be related to the original M5—brane
action, we are motivated to construct a full non-linear M5-brane action with a 3 + 3
splitting. Our strategy to achieve this goal is as follows!. We will start with the covariant
form [119] of the quadratic self-dual action of [66] for a 2—form chiral gauge field in six—
dimensions. In addition to the conventional invariance under the gauge transformations

of the chiral field, the covariant action possesses two more local symmetries. One of them

'For analogous procedures of getting manifestly duality-symmetric non-linear actions see e.g. [71,117,

118].
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ensures that the auxiliary fields, which make the action covariant, are non—dynamical and
another one guarantees that the self-duality condition on the field strength of the chiral
field is the general solution of its equations of motion. We will add to this quadratic
action a generic non-linear function of components of the chiral field strength and derive
conditions on the form of this function imposed by the two local symmetries. We will then
check that the non—linearly self-dual field strength of the superembedding formulation
satisfies these conditions and, as a result, will derive an explicit form of the M5—brane
action in which the 6d diffeomorphism invariance is subject to 343 splitting.

In section 4.1 we introduce main notation and conventions used throughout this chap-
ter. In section 4.2 we review the original action and present the structure of the novel
action for the M5—brane. The derivation of the new action is explained in section 4.3.
In section 4.4 we show that on—shall values of the two actions are equal and in section
4.5 briefly discuss the dimensional reduction of the novel M5-brane action to that of the
M2-brane. The results are summarised in section 4.6, where we also discuss open issues
and possible directions of further research. In the appendix 4.A we give more details of
the check of the form of the new M5-brane action by comparing the self-duality relations
which follow from the action with those obtained in the superembedding description of

the Mb5-brane.

4.1 Notation and Conventions

The 6d and the D = 11 Minkowski metrics have the almost plus signature, z* (u =
0,1,---,5) stand for the worldvolume coordinates of the M5-brane which carries the chi-
ral gauge field By(z) = %dm“dw”Bw(x). The D = 11 bulk superspace is parametrised
by ZM = (XM ), where XM are eleven bosonic coordinates and 6 are 32 real fermionic
coordinates. The geometry of the D = 11 supergravity are described by tangent—space
vector supervielbeins E4(Z) = dZME\MA(Z) (A =0,1,---10) and Majorana-spinor su-
pervielbeins E*(Z) = dZMEMY(Z) (a = 1,---32).

The vector supervielbein satisfies the following essential torsion constraint, which is

required for proving the kappa—symmetry of the M 5—brane action,
T4 = DE* = dE* + EPQp® = —iE°T ,E”, (4.1)

where Qp4(Z) is the one-form spin connection in D = 11, Fﬁﬁ = F?a are real symmetric

gamma—matrices and the external differential acts from the right.
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The induced metric on the M5-brane worldvolume is constructed with the pull-backs

of the vector supervielbeins E4(Z)
(@) = ELElnan,  Bil = 0,2V Ex*(Z(x)). (4.2)

The M5-brane couples to the D = 11 supergravity 3—form gauge superfield C5(Z) =

%dZ/V‘lalZ/VI?dZ/Vl3 Cramam, and its Cg(Z) dual, their field strengths are constrained as

follows
i 1
dCs = _%EAEBEO‘E'B(FBAMB + EEAEBECEDFZ()%BA(Z)’
2 1
dCo — C3dCy = EM - BB EP(Tasn)ap + B BYFL) () (43)
L o4
FOAAr 56141 AUFX;)...AH , O = —eg 10 = 1.

The generalised field strengths of Ba(z) which appears in the M5-brane action is
Hs =dBsy + Csy, (4.4)

where C3(Z(z)) is the pullback on the M5-brane worldvolume of the 3—form gauge field.

4.2 Mb5-brane actions

We start by briefly reviewing the original form of the Mb—brane action and then will
present our main result, namely, the alternative worldvolume action for the M5-brane in

a generic D = 11 supergravity background.

4.2.1 Original M5—-brane action

In this case to ensure the 6d worldvolume covariance of the M5-brane action one uses a
normalised gradient of the auxiliary scalar field a(z) which can be chosen to be time-like

or space-like, e.g.
oua

Uu(x) = \/m )

The both choices are equivalent since in the action d,a appears only in the projector of

vt =1 (4.5)

rank one

ouad’a
(0a)? ’

P (x) = PP =P, (0a)? = d,a ¢ Ora = 8,08 (4.6)

This projector singles out one worldvolume direction from the six, i.e. makes the 1+5

covariant splitting of the 6d worldvolume directions.
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The M5-brane action in a generic D = 11 supergravity superbackground constructed

in [74-76] has the following form:

S = +2/ dz {\/ det(guw + ifIW) + ;g(‘),\alff)‘””HWpapa
Mg

4(0a)?
- [ @rtncy, (47)
Mg

with

[Touy — 1 vAoT 7 — a ]

leu‘ = m GPN H/\o'T7 HMV = (aa)QHp“V’ g = det ng s (4 8)
where

60'“5 = —€Q...5 = 1.

In addition to the conventional abelian gauge symmetry for the chiral 2-form, the

action (4.7) has also the following two local gauge symmetries :
0By = 20,0 ®,)(z), da(x) =0, (4.9)

as well as

b= ole). OB = P (Vi) (110

) 5+ /det (87 + i) )
Vi () = —2 P Hy = Hapl a(z) (4.11)

6Hy, Lo V/(@a)?

V(0a)?’

with ¢(z) and ®,(x) being arbitrary local functions on the worldvolume. The first symme-

[\

where

try (4.9) ensures that the equation of motion of By reduces to the non-linear self-duality

condition

H/j,l/ = Vuu(ﬁ) 5 (412)

while the second symmetry (4.10) is responsible for the auxiliary nature of the scalar field
a(x) and the 6d covariance of the action.

The action (4.7) is also invariant under the local fermionic kappa—symmetry trans-
formations with the parameter x*(x) which acts on the pullbacks of the target—space

supervielbeins and the Bs field strength as follows
1 _
inEY =0, ZMEY = S+ 0)sk?, i, B4 =6,2MEL = 0. (4.13)
Oy = —4EL,(T))apinE’,  6:H® =i dC®), Sea(w) =0,
where (14 T')/2 is the projector of rank 16 with T' having the following form

eha e

— _ 1 _ . _
. 6 A A
det(éz ZHMI/)F = ’7( ) _ iF#V PMPHVAP — 16y HporHygpgp P PF%%,

M =1, tl=0, (4.14)



4.2. M5-brane actions 118

where

etrre

Ly= EuAFAa 7(6) = 6lv/—g B

(4.15)

4.2.2 New M5—-brane action

For this case, to ensure worldvolume covariance of the construction, instead of the single
scalar field we need to introduce a triplet of auxiliary scalar fields a®(z) with the index
(s = 1,2,3) labelling a 3-dimensional representation of GL(3) which is an internal global
symmetry of the action. The partial derivatives of the scalars are used to construct the

projector matrices [119]

Pl =0,V J'0%a®, IV =6-PY, I1,Y0,a°=0 (4.16)

with Y,;! being the inverse matrix of
Y7 = 0ra"d,at g . (4.17)
The projectors identically satisfy the following differential condition
I, 1, "Dy P = 0 =TI, 1,y DAIT, (4.18)

where D, is the worldvolume covariant derivative with respect to the induced metric g, .
Note that the projectors (4.16) have rank 3 and thus effectively split the 6d directions
into 3+3 ones orthogonal to each other.

The new M5-brane action coupled to a curved superbackground has the following form

S = dSr |:—‘(S_Q(GNVPGNVP—FBF“VPFMVF))—|-2£M5(F,G):| —/ (CG+H/\03),
MG MG
(4.19)
where
1 K v
Lus = —ggaran " G o Fs™ Fon
1 1

+1 + G2 —det Guv + §(F + G)MPG(F + G)I/pg ) (420)

and F},,, and G, are components of the field strength H,,, projected as follows
1
Fuyp = HioaPJTIOIL, Gy = H ) IDIIZND, G2 = EHW,;H‘T‘HZHKHT‘”\, (4.21)
F;wp = }NITJ)\P;HgHza é/wp = E[TU)\H;HL;H;\a : (4‘22)

The action enjoys the following two local gauge symmetries analogous to eqs. (4.9)

and (4.10). The first one is

0By = POPI®,o(z),  da® =0, (4.23)
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where ®,,(x) are arbitrary parameters. Note that in view of the conditions (4.18) it follows
that the projected field strengths (4.21), and hence L/5(G, F'), are invariant under this
symmetry

60 Gvp = S0 Fup = 0, (4.24)

while their dual (4.22) are not.

The second symmetry ensures the triplet of the scalar fields a®(z) to be auxiliary

0Ly
aFTO’)\ ’

1 -
da’ = ¢*(z), O0Bu, = 5%07”}/;;18%8 €uvproA <\/—gFT‘”\ — (4.25)

where *(x) are local parameters?.

This symmetry allows one to gauge fix a®(z) to coincide with three world-sheet co-
ordinates, e.g. 2% (a = 0,1,2) or 2' (i = 3,4,5), thus getting a non-covariant but non—
manifestly worldsheet diffeomorphism invariant M5—brane action. For instance, let us
impose the gauge fixing condition

a® =0, 2%, (4.26)

a

identifying a® with £®. Then the following combination of the worldvolume diffeomorphism

ozt = &M(x) and the local symmetry (4.25) leaves this gauge condition intact

oa®(z) = E"(x)0ua® + 9°(x) = £(2) + () =0, —  ¢*(x) = =&().

Under the local transformation combined of the 6d diffeomorphism dz# = {#(z) and the
local variation (4.25) with ¢%(x) = —£%(x) the gauge field By, transforms as follows

0L s
aF“ra/\ ’

1 .
AENB;W = 6§#B,uu - iga(l‘) €apvro) <V _gFTUA -
while the other M5-brane fields X (z) and #%(z) being transformed in the conventional
way as worldvolume scalars. In the gauge (4.26) the action (4.19), (4.20) is non—manifestly
invariant under the modified worldvolume diffeomorphisms of the above form.

Upon tedious computations we have checked that the action is invariant under the

kappa-symmetry transformations (4.13) but with a I’ projector which has the following

2In what follows we will use a normalisation of the functional derivative, denoted by 38 é (f> , which differs

from the one defined in (4.11). Namely, by definition the variation of a p-form F,...,, and the corre-

. . o _ SFuy pp 1 OFu oy
sponding functional derivatives are defined as follows 0Fy; ..., = 0Fu; .0, oy OFy, v, I o

vVp
So that
oL oL

= pl
0F0 vy, L 6Fy, 0
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form

1 1 _
]W\/det <6Z + 2(F+G)MPO—(F+G)VPU) I' =

_ 0 é7(6)(3F + Q)T+ 5 i G2),7(6)F#VTFP)\TFMVp/\
+M%6>FW(3(FFG)W + (FFF)up), (4.27)
where
(FFQ)uwp = F Fuo0Gy s, (FFF)up = FOF o0 F) s (4.28)

Note that the term multiplying I on the left hand side of (4.27) is equal (modulo /— det g,.,))
to the last term of the non-linear part (4.20) of the M5-brane Lagrangian.

Finally, the non-linear self-duality condition which is obtained from action (4.19) as
the consequence of the equations of motion of By (see eq. (4.39) of the next Section) has
the following form

o _ L <8£M5)’“‘ o el L (aEME’) " _ (4.29)
NEANE ’ V=g \ OF

As we will show, this self-duality condition is related to eq. (4.12) via the manifestly

covariant self-duality relation which comes from the superembedding approach [69].

4.3 Derivation of the new Mb5—brane action

In the previous section, we have shown the new M5-brane action (4.19). In this section,
we discuss its derivation. The first step is to start from the covariant form [119] of the

quadratic action [66] for the 6d chiral field. It is given by 3
1 -
S = 5 dSx \/—det g (H — H) 1 TIZFILVTL P + SINPTLY PP ) HAST

1 - .
= dSz \/—det g, (G — G) pGHP + 3(F — F) 1, F*P). (4.30)

As a consistency check, this action can also be obtained from (4.19) by truncating the
latter to the second order in the chiral field strength Hs. The action (4.30) is invariant

under the symmetry (4.23) and under the linearised counterpart of (4.25)

1 -
Sa® = 903(35)’ 5Bul/ — §¢s}/vs;lapa7“ G,uupTU)\\/jg (FTG)\ - FTU)\) ) (431)

3For simplicity, but without loss of generality, we consider (for a moment) the pullbacks of the 11D

gauge fields be zero.
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The quadratic action leads to the equation of motion

9, (\/Tg(G — Gy 4 3 —g(F — F)WP1> —0. (4.32)

One may guess that the general solution is given by

V=9(G — G)yP 1 3y/—g(F — )l £ %eﬂ”ﬂm@ [\ﬁ—gégx} , (4.33)

for some arbitrary integration constant &,y = <i>[a,\}. However, this solution is not good
because it is incompatible after contracted with the projections P/ / PV Py " and Hk‘/ PV Py ’};
the LHS does not survive the projection, while the RHS does, which restricts ®,. So we
need to modify the RHS of (4.33) to make it vanish under the projections P}/ /PV” /P,f " and

H,[f IPI,” ,Ppp 1 For this purpose, we consider the identity
Doy = O, (PIPS + 2PITTS, 4 TI2TTS). (4.34)

Since each term is of different projection, we propose that the general solution of the

equation of motion (4.32) is of the form

V=g(G—G)"P43\/—g(F—F)lmel = %EWW@ V=g®,e (PTPS + 28 PITIS + A1) |

(4.35)

for some numbers «,5,7. The requirement that RHS vanishes under the projections

P[L‘/P,/”/P,f/ and HB’“ /P;’/P,f/] implies that 3 = v = 0. Furthermore, without loss of gen-

erality, we can take @ = 1. Therefore, the general solution to the equation of motion
(4.32) is given by

V=9(G — )PP 1 3\/=g(F — F)bwr) — %ewmﬂcx V=g, Py (4.36)

for some arbitrary integration constant i’n&- This integration constant can be compensated

by a gauge transformation of the equation of motion under (4.23) with gauge parameter

_(i)ﬁn‘ Hence, in view of the definition of the projected components of the field strength

(4.21), the solution of the dynamical equation is equivalent to the self-duality conditions
(G=G)"P =0, (F—F)mrl=o. (4.37)

We are now looking for a non-linear generalisation of the action (4.30) which would
respect the both symmetries (4.23) and (4.25). Note that the second symmetry should be
deformed by the non—linear terms, since the form of its transformation is associated with
the form of the non—linear self-duality condition. In the case of the M5-brane these are

(4.10)-(4.12), and (4.25) and (4.29).
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Since the field strength components F),,, and G, are invariant under the transfor-
mations (4.23) (see eqgs. (4.24)), while their dual (4.22) are not, the non-linear terms in
the action should only depend on F' and G. So the general form of the non—linear action
which respects the symmetry (4.23) is obtained by replacing the quadratic terms F'F' and
GG in (4.30) by an arbitrary function £(F,G)

S=[ d% <—V6_5’(GWPGW + 3FMPE,,,) + 2L(F, G)) : (4.38)
Me

The variation of this action with respect to the gauge potential By produces the equations

of motion

nvp 5 [wvp] _
9, (gg) — J/=gG"P + 3 ((‘M) — 3/ =gFmrl

oF =0. (4.39)

In view of (4.24) and the fact that £ only depends on F' and G, we can integrate the above
equation of motion with the help of the symmetry (4.23) along the same lines as in free
theory. The integration produces the non—linear self-duality relations
aove _ L < oL >Wp Flawe 1 <35> ol (4.40)
vV—g9 \0G ’ vV—g \OF
We should now find conditions on the form of £(F,G) imposed by the requirement that

the action is invariant under

1 -
50 = (@), 0By = s p"Ver 00 Cupron (@FW— oL ) (4.41)

2 aF“ra/\

Upon somewhat lengthy calculations using, in particular, the properties of the projectors

(4.16)—(4.18) and the form of their variation under (4.41)
8 Puy = 211,,0°"Y, ;10,0 (4.42)

we get the following condition on L(F,G)

—lav s oL e TO oL
8# [K’sla a <\/jg <8G> FZ/TO‘ - \/ngM <8F1>

g I | AL\ (oL
_iel/Ta‘)\gnF)\énF - 561,7-0-)\577 (M) aiF =0. (443)

This condition is analogous to those found in other instances of models with non-linear
(twisted) self-duality, e.g in D = 6 [71] and D = 4 [117,118]. It is well known that these
conditions may have different solutions leading to different non—linear generalisations of
quadratic duality—symmetric actions (see e.g. [71,117,118,120,121]). We are interested in

a particular solution of the above equation, i.e. in the form of £(F,G) which describes the
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Mb5-brane. To find this form we assume that, as in the case of the self-duality condition
(4.12) obtained from the original M5—brane action, also the self-duality conditions (4.29)
(or (4.40)) should be equivalent to the self-duality conditions appearing in the superem-
bedding formulation of the M5-brane [69]. Exploring these conditions we shall derive the

form (4.20) of the non-linear M5-brane Lagrangian.

4.3.1 Non-linear self-duality of the M5—brane in the superembedding
approach

In the superembedding description of the M5-brane [69,122] the field strength Hs of the

chiral field By is expressed in terms of a self-dual tensor hs = xhs as follows?

1 1~ 1
ZH;LVP - m;l’\hxyp, ZHMlVl,Dl = éﬁulylplepm;b\h)\yp = Q_lm‘“)\h)\ylpl (444)
where m;l’\ is the inverse matrix of
mu/\ = 5uA - 2kuA’ m;b\ = Q_l(%uA - muk)a ku/\ = hquhMp (4.45)

and

2
Q=1-3tr k2. (4.46)

As was shown in [72], by splitting the indices in eqgs. (4.44) into 145 and expressing
components of h3 in terms of H,,5 one gets the duality relation (4.12)°.

We shall now carry out a similar procedure, but splitting the 6d indices into 3+3, and
upon a somewhat lengthy algebra will arrive at the self-duality condition in the form of
(4.29), thus getting the non-linear function £ys5(F, G) (4.20) which enters the M5-brane
action (4.19).

The 343 splitting can be performed with the use of the projectors (4.16), but for

computational purposes we have found it more convenient to pass to a local tangent—

m

space frame using 6d vielbeins e}

(et Mmney, = guv) and to write the 3+3 tangent space
indices explicitly. So the three directions singled out by the projector Py," = e}, P,"ell,
which we assume to contain the time direction, will be labelled by the indices a, b, ¢, and

the three spacial directions singled out by IL,," = el,I1,” el will be labeled by 4, j, k:

Pt =6, I, =6, abe=0,1,2;  i,j, k=345, (4.47)

*Our normalisation of the field strength differs from that in [72] by the factor of § in front of Hs.
5This splitting is amount to projecting the tensor fields along the direction of 8,a and orthogonal to it.
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while the 6d Levi—Civita tensor splits as follows
e/ujp)vrn = Eabceijk’ 6012 = —¢p1y = 1’ 6345 —1. (448)
We are now ready to split the indices of H3 and hg in (4.44).

343 splitting

As hg is self-dual, we pick its 10 independent components in the local Lorentz frame as

follows
hija,  hij (4.49)
and define®
fr= éeijkhija, g= éeijkhijk. (4.50)
In view of the self-duality
R = %em”pllbl?’hllblg, (4.51)
we have
piab = _eabe gl pabe — geabe (4.52)
or
fie = %Eabchiab g= _éfabchabc' (4.53)

The corresponding components of H3 are defined as

1 .. 1 ..
FF = ie”’inja, G = ge”kHijk. (4.54)
The duals of ' and G are
n 1 ab ~ 1 abc
Fic = EeabcHi 5 = _EeabCH . (455)

Note that the tensors (4.54) and (4.55) are counterparts of (4.21) and (4.22) in the local
Lorentz frame (4.47).
Our final goal is to write F, G in terms of F, G using the relations (4.44). To this end,

using (4.44) we first find the expressions for F, G, F and G in terms of g and f¢

iFﬂ = Q' (f(1+4g% —4trf?) +8f> —8gf ' det f);
_ o019 (Lo ey L
- o (G - Q). (4.56)

6One should not confuse the field g(z) with the determinant of the induced metric g, .
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%G = Q! (g + 4¢3 + 4gtrf? — 8det f)
_ 10 (1, 2y i
- oo (Je - @), (4.57)
and
iF = QU(f(1— dg? + dtrf?) — 8F° + 8gf L det )
L0 /(1 1
@y (50 e+ Q). (4.59)
%é = Q! (g — 4¢3 — 4gtrf? + 8 det f)
_ o019 (1 > 2y, 1
- Q' (G r )+ Q). (4.59)
where
Q=1—16g" +16(trf?)? — 32¢%trf? — 32trf* + 128 g det f, (4.60)
tf? = S, det f = eI, (P det f = gee R £
(4.61)

The M5-brane action in terms of G and F!

Let us now present the M5-brane action in the local tangent frame. For the fields (4.54)
and (4.55) the Mb5-brane action (4.19) takes the following form
Ssig = /dﬁ - det gw/(FZFa + GG) - 2£M5> / (CG + HA 03) R (4.62)
Me

where the term L5 is

det (67(1+ G2) + F.“Fj)
G det F \/ ( ! i
Lys = /—det g e + (e . (4.63)

Note that the action (4.62) is equivalent to (4.19), but the former is simply in the local
tangent frame.
Let us also present the non-linear self-duality relations (4.29) in the local tangent

frame. They are

\/—detg,, 0G ’ L \/—detg,, OFF

The advantage of the local tangent frame is that it allows us to use Mathematica to

check the non—linear self-duality relations. We first check that the non-linear self-duality
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relations obtained from the Mb5-brane action is equivalent to those obtained from the
superembedding approach. To give some insights, we first present several special cases,
and then proceed to explain the full check. In addition to this check, we also need to check

that the condition (4.43) is satisfied.

Self—duality relations in particular cases

To guess the form (4.63) of the function L5 in the M5-brane action we first consider a

number of simple cases.

f =0 case

The relations (4.56)-(4.60) reduce to

F*=F"=0, Q=1-16g"

g+4¢® g

1
il = 4.
4G 1—16g* 1—4g¢%’ (4.65)
lg - 974" _ ¢ (4.66)
47 1-16¢%  1+44¢% ‘
We now solve eq. (4.65) for g
+V1+G?2 -1
g= ;—G . (4.67)

Since, due to (4.65), in the linear approximation G/4 = g, we should pick up only the
solution with the upper sign. Substituting this solution into (4.66) we get the relation

between G and G
G  OVI+G?
V1+G? oG

We see that eq. (4.68) is exactly the same as (4.64) when in (4.63) we put F* =0 = Fj,,,.

é:

(4.68)

This demonstrates how the (square root of ) factor 1+G? appears in the function £5(F, G)
(4.20) or (4.63) of the M5-brane action (4.19).

g =det f =0 case

Now the relations (4.56)—(4.60) reduce to

G=G=0, Q=1+16(trf?)* - 32trf*
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ZF;L = Q' (fl—4trf?) +8f%) =Q! 0 (th—Q> (4.69)

Lie = (f v auf?) —sp) =@t D ( trf? + Q) (4.70)

Let us simplify things even further by considering a solution of the non—linear self-duality
equation such that the only non—zero components of f& are f!. Then the above equations

further reduce to

G=G=0, Q=1-16(f2)2%  f>=fifl,

1 fi

y 1+4f? 4.71
1- It
-Fl = 4.72
4" 14452 (4.72)

From these equations we find that
20 F V1 + F? 2v1+ F?
Y :FF2+ ) 1+4f2=F7t( 1+ F251),

1

F;
fl= o EVIF ),

Since, due to (4.71), in the linear approximation F{*/4 = f?, in the above relation we

should pick the upper sign and upon substituting it into (4.70) we get the duality relation
Pl F'  OV1+F?

T VixRR . 0F

We see that this relation coincides with (4.64) for G = 0 and F;* having only the non-zero

(4.73)

components FZ»1 .

Self-dual string soliton (g # 0,det f = 0 case)

Let us now consider a more complicated particular case of a string soliton solution of [71].
A similar consideration is applicable to the BPS self-dual string of [123]. For the string
aligned along the x?-coordinate, in terms of fields (4.54) and (4.55) the string soliton

solution of [71] has the following form:

1 k
g=-Pr g T (4.74)
p p
/.1 /..k
G=-2%  Rh=_27 (4.75)
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where k = 3,4,5, p:= \/a:% + x% + xi + mg, [ is a constant and

v B

In this form the string soliton solution was considered in [3]. It naturally splits the 6d

(4.76)

worldvolume into 34-3 directions.
The form (4.74) of G and F suggests that in (4.56) and (4.57) g # 0 and the non—zero

components of f& are fl. So the equations (4.56)—(4.60) reduce to

Q=1-16(g*+ f*)% (4.77)
1, I 1., g
T T ey o)
and
1~ _ fil 1 5 g
il = 144(g2 + f2)° 1¢= 14+4(g2 + f2)° (4.79)

Carrying out the same analysis as in the previous examples, from (4.77)—(4.79) we get the

duality relations

Pl F! _OV14+ G2+ F? &= G _OV14+ G2+ F?
CVI+ R+ F? OF;} ' CV1+GZyF? oG
(4.80)

which are again a particular case of (4.64). One can then guess that in the manifestly
covariant formulation the expression under the square root combines into the determinant
of the matrix formed by the bilinear combinations of G, and F},,, as in eq. (4.20) or
(4.63).

To see that this is indeed so and that (4.63) should also contain the term G det F' let

us consider the case in which G = 0 while F* is (otherwise) generic.

G =0 case
We have
G=0= (g+4¢° +4gtrf* — 8det f) , (4.81)

ié =2Q7 1y, (4.82)

Q = 1—16¢"+ 16(trf?)? — 32¢2trf? — 32trf* + 128g det f
= 14 16g°% 4+ 16(trf?)? + 48¢" + 32¢%trf? — 32tr f*, (4.83)

iFia = Q7 (F(1+4g — dtrf?) +8f° — 8gf 1 det f)° (4.84)
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and
iﬁﬂ =Q ' (f(1—4g® +4trf?) —8f% +8gf ' det f) . (4.85)

Now, the direct computation of det F' using (4.84) and (4.81) gives (see also eq. (4.107)
of the Appendix)
det F =8Q'yg. (4.86)

Comparing this equation with (4.82) we get
G =det F, (4.87)

which is exactly the relation that we get by varying the term (4.63) of the Mb5-brane
action (4.19) or (4.62) with respect to G and setting G' = 0 afterwards. This explains the
appearance of the term G det F' in the M5-brane action.

On the other hand, upon expressing the right-hand side of (4.85) in terms of F?
and performing somewhat lengthy computations using Mathematica one gets the duality
relation for F which coincides with eq. (4.64) evaluated at G = 0.

Finally, by a direct check using Mathematica one can verify that also in the generic case
the components F, F', G and G of the field strength H3 determined by the superembedding
relations (4.56)—(4.60) satisfy the non—linear duality relations (4.64) which follow from the
Mb5-brane action (4.19). Main steps of the calculation are described in the Appendix.

The last point that one should check is that the function (4.20) satisfies eq. (4.43) which
insures the invariance of the M5—brane action under the local transformations (4.25). The
direct calculation shows that this is indeed so. Actually, (4.20) satisfies even stronger

relation, namely, it makes to vanish the expression under the derivative in (4.43).

4.4 Comparison of the two M5—brane actions

As was discussed in [119] duality symmetric actions corresponding to different splittings of
space—time differ from each other by terms that vanish on—shell, i.e. when (an appropriate
part of) the self-duality relations is satisfied. In [119] this was discussed for the free chiral
2—form in 6d.

We shall now confront the two M5-brane actions (4.7) and (4.19) by comparing their
values for the 3-form field strength satisfying the non-linear self-duality equation. As we
have seen, the non—linear self-duality relations that follow from these actions are similar

and are equivalent to the self-duality condition that follows from the superembedding
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formulation. Therefore, to compute the on—shell values of the M5-brane actions we will
substitute into them the expressions of the components of Hz and Hs in terms of the
components of the self-dual tensor hg.

In the case of the novel action these are eqs. (4.56)—(4.59). Substituting them into
the action (4.19) (or (4.62)) and using Mathematica we find that the on—shell value of the
self-dual M5-brane action is

Sopshell — 4 [ @bz /—det g, Q7 — /M (Co+ HNC3). (4.88)
6
Notice that the Lagrangian of this action is the functional of Q(h) defined in (4.46). We
thus see that the on—shell action is manifestly 6d covariant and does not depend on the
auxiliary fields a"(z) (4.16).
To compute the corresponding on-shell value of the original M5-brane action (4.7) we

perform the 145 splitting of the duality relations (4.44) which take the following form

Hy —4Q™" ((1 ot f)f + 87?’)&65 . Hy —4Q7" ((1 Lo f)F - 8f3>&85 ,
where 7&8 = h,j, and &,3 =0,1,2,3,4. Upon substituting the above expressions into the
action (4.7) we find that its value is again given by eq. (4.88). Thus the two forms of the
Mb5-brane action give rise to the same equations of motion and their on—shell values are
equal and are given by the superembedding scalar function Q(h). For the self-dual string
soliton considered in Section 4.3.1, the value of the action determines the tension of the
string, as was discussed in [71].

An interesting open problem that may have important consequences for the issue of

quantisation of the self—-dual fields is the understanding of the off—shell relationship between

the different self-dual actions.

4.5 Relation to M2—branes

The new form of the M 5—brane action can be useful for studying its relation to the Nambu-—
Poisson description of the M5-brane in a constant C'3 field originated from the 3d BLG
model with the gauge group of volume preserving diffeomorphisms [66,78]. The BLG model
invariant under the volume preserving diffeomorphisms describes a condensate of M2-
branes which via a Myers effect may grow into an M5-brane. In [66,78] it was conjectured
that the Nambu—Poisson M5—brane model is related to the conventional description of the
Mb5-brane in a constant C—field background through a transformation analogous to the

Seiberg—Witten map [116]. Such a map between the fields and gauge transformations of
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the two models was constructed in [115], however the relation between the two actions
still remains to be established. We leave the study of this issue for future and will only
show that in a flat background without C—field the worldvolume dimensional reduction of
the bosonic M5-brane action (4.19) (or (4.62)) directly results in the membrane action.

To this end we fix the 6d worldvolume diffeomorphisms by imposing the static gauge
ot = XM, Xz  1=6,7,8,9,10

where X7 (z) are five physical scalar fields corresponding to the target-space directions
transversal to the M5-brane worldvolume. We perform the dimensional reduction of three
worldvolume directions 2% (i = 3,4,5) assuming that the scalar fields X’ and the chiral
tensor field By, only depend on the three un-compactified coordinates 2% and not on b

Then the induced worldvolume metric takes the form
g = (Map + 0 X0, X7, 5;5) 9ai = 0. (4.89)

We use the local gauge symmetry (4.25) to fix the values of the three auxiliary scalars

a"(z) in such a way that the projectors (4.16) take the form

P =650y, I =401 (4.90)
Then the components G, (4.21) of the gauge field strength vanish and F),,, reduce to
1 g
Foij = 0uBij = Fy= ;e Fojp = 0. X", (4.91)

where the dualised components of the gauge field B;;(z®)

-1 .

X'= 56” "Bk
play the role of the additional three scalar fluctuations of the membrane associated with
D = 11 target—space directions orthogonal to the membrane worldvolume. Indeed, upon

the dimensional reduction the M5 brane action (4.62) becomes

Sz = /d%\/— det(nap + 0o X1 XT + 9, X109, X7) (4.92)

which is the action for a membrane in flat D = 11 space—time in the static gauge.

4.6 Discussions

Using the non-linear self-duality equation for the 3—form gauge field strength arising in
the superembedding description of the M5-brane we have derived a novel form of the

kappa—symmetric M5-brane action with a covariant 343 splitting of its 6d worldvolume.
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The value of this action on the mass—shell of the non—linear self-dual gauge field
coincides with the on—shell value of the original M5-brane action expressed in terms of
the 6d scalar function @ of the self-dual chiral field h3 appearing in the superembedding
description of the M5—brane. It would be interesting and important to better understand
the off-shell relation between the two actions.

Having at hand the M5-brane action in the form (4.19), (4.20) one can repeat the
steps of [124] towards understanding the link of this action to the Nambu—Poisson 5—
brane of [66, 78] by restricting the worldvolume pullback of the 11D gauge field C5 to be
constant and by partial gauge fixing local symmetries of (4.19), (4.20) to a group of 3d
volume preserving diffeomorphisms. The Seiberg—Witten—like map constructed in [115]
may be need to relate the fields of the two models. It would be also of interest to relate
our construction to a noncommutative M5-brane of [125].

The novel form of the action is also naturally suitable for studying the effective theory
of the M5—brane wrapping a 3d compact Riemann—manifold.

As another direction of study, one may try, using the superembedding form of the
self-duality relation, to construct an M5-brane action in the form which exhibits 244
splitting of the 6d worldvolume which may be useful for studying M 5-branes wrapping 2d
and 4d manifolds, and M5—-brane instantons wrapping 4d divisors of Calabi—Yau 4—folds
in M3 x CYy compactifications of M—theory as discussed e.g. in [126-131].

4.A Exact check of the M5-brane action non-linear self—

duality from superembedding

To check the form of (4.20) (or, equivalently, (4.63)), using the superembedding relations
(4.56)—(4.59) we should verify that

G(f,9) =4Q7" (g — 4¢° — 4gtrf? + 8det f) = ———2LM3 (F(f,9), G(f,9)), (4.93)

—det g

and

F(f,g) = 4Q7 (f(1 — 492 + 4trf2) — 8% + 8gf L det f)

= %54 (F(f,9).G(f.9)) - (4.94)

—det gun

To verify the above relations, on their right hand sides we should take G— and F—derivatives
of L5 in the form (4.63), substitute into the results the expressions (4.56) and (4.57) for

F and G in terms of f and g, and to see that they coincide with the left hand sides of
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(4.93) and (4.94), i.e. with G and F expressed in terms of f and g. In particular, we will
need to express tr(F?2), tr(F*) and det(F) in terms of f and g.
The algebra is very involved but it is manageable systematically by Mathematica. To

this end we used NCAlgebra package which is found in http://math.ucsd.edu/~ncalg/.

4.A.1 Matrix Notation

To use Mathematica we should properly define the matrices we deal with. Let F,* be the
components of the matrix F, ng, or n® be the components of the matrix 1 and 8;; or 6 be
the component of the matrix 0. It will be clear from the context whether the indices of n
and § are up or down. To simplify the notation, we drop ¢ from all the matrix expressions.

For example, F,’ 5ijkbnchci is denoted as FSFTnF or just FFTyF. This expression
is what in previous sections we simply referred to as F3.

The inverse matrix F~! has the components (F~1);%. We will, actually, encounter the
adjugate matrix adj(F) and the cofactor matrix co(F) = adj(F)” more often than F~!
and (F~1)T. The definition of adj(F) is

1 .
adj(F)* = (F71)%det F = 5eijkea’”FI,JFc’“, (4.95)

where

det F = éeijkeachainchk. (4.96)
In the matrix form, the equation (4.56) reads
F=4Q 7" (£(1+4g° — 4tr(fTnf)) +8£1nf — 8gnco(/)) (4.97)
its transpose is given by
FT=4Q7" (f1 (1 +49% — 4tr(fTnf)) + 8fTnff7 —8gadj(f)n). (498
and
Q =1 - 169" +128g det(f) — 32¢%r(F7nf) + 16(tr(fF7nf))? — 326r(FTnf fnf). (4.99)
We are ready to discuss the computation of the expressions tr(F?) = trFTnF,
tr(F*) = tr FTnFFTnF and det(F) in terms of f and g.
4.A.2 Outline of computation

To compute FTnF, the following identities are useful to simplify the results:

=1, (4.100)
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fadj(f) = adj(f)f =detf,  flco(f)=co(f)f" = detf, (4.101)
adj(f)nco(f) = —(fTnf) " det(fTnf) = —adi(f"nf)
= () + (0 ) nf — () — ()]

where in the last equality we used the Cayley—Hamilton formula for 3 x 3 matrices. We

(4.102)

also need the Cayley-Hamilton formula of the form

(ffnf)? = te(fTnf)(F nf)? - %[(tr(]‘"TnJ‘?))2 —te((fTnf)?)1f nf — (det )% (4.103)

Using these formulas one can see that each term in the expression for F7nF is proportional

to either
1, or fI'nf, or (anf)Q. (4.104)
Therefore,
2
Eg_g =tr (f?) + (—48g det(f) + 16tr (f*) + 8¢°tr (f*) — 8 (trf2)2)

+ (649 det(f)tr (f2) — 19247 det(f) — 192(det f)? 4 96¢°tr (f4) + 16g*tr (f2)
649 (tr/%)” = 16 (trf2)° + 326r (/) tr (£4) ),
(4.105)

where tr(f?) and tr(f4) are shorthand for tr(f7nf) and tr((fTnf)?).
We compute tr(F?) and tr(F°®) = tr((FTnF)3) using the same method. We finally
trade tr(F%) with det F using the Cayley-Hamilton formula

1
det F' = \/—G(tr(F2)3 — 3tr(F4)tr(F?) + 2tr(F0)) (4.106)
The explicit expression for det F' in terms of f and g looks as follows

6%1@3 det(F) = det(f) + 12¢° det(f) + 48¢" det(f) + 644° det(f) 4+ 192g det(f)?
+1280g° det(f)? — 512det(f)> — 4det(f)tr(f?) — 969> det(f)tr(f?)
—320g" det(f)tr(f?) + 256g det(f)*tr(f?) + 4g(trf?)* + 32¢° (tr f%)?
+64g° (trf2)? + 16 det(f)(trf?)? + 32097 det(f)(trf?)? — 64 det(f)(trf?)?
+64g(trf)! — dgtr(f*) — 32¢°tr(f1) — 64g°tr(f*) — 32 det(f)tr(f*)
—640g° det(f)tr(f*) + 128 det(f)tr(f*)tr(f*) — 192g (trf?)*tr(f*)

+128¢(trf4)?, (4.107)
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We can now compute the expression in terms of f and g of the term in (4.63) containing

the square root

) ((mw)2 ~tr (F4))

det(F?)
12 2
— Q1+ (Z an(f)g”> , (4.108)
n=0

where the argument of the square root in the last line, which turns out to form a perfect
square, is a polynomial in g with coefficients a,,(f) depending on tr(f?), tr(f*) and det(f).
The form of these coefficients is rather cumbersome, and we do not give it here. Using the
above expressions we can then check that (4.93) indeed holds.

We now pass to the check of (4.94). In the matrix form it reads

F=4Q7" (f(1 — 462 + 4txf?) — 8 FTnf +8gnco(f)) = \/—leg Vo
uv

This is a matrix equation, and we need to compute F, FFTnF, and nco(F). To do

(4.109)

this, we proceed as above and compute F, FFTnF and FFTnFFTyF and then trade
FFETyFFTnF with nco(F) using the relation

FFTnFFTnF + LF ((trtF?)? — tr(FY)) — tr(F?)FFTnF
nco(F) = | Ll i F ) ). (4.110)

In the final result, the matrices F, FFTnF and nco(F) are expressed in terms of g, f,
fffnf, and nco(f). We can then substitute these into dLass/(1/—detg,OF) which is

given by
det(F)neo(F) | (Ftr(F?)—FFTyF)
L Lus _ Guco(F) Teve: e +F
/—detg,,  OFT — (1+G?) det (F2 (trF2)2—tr(F4))
' L= G @)+ ()

(4.111)
and check that eq. (4.94) does hold.



Chapter 5

Non-Abelian Self-Dual String

Solutions

This chapter is mostly based on [3,4]

In this final topic, we discuss a solution of coincident Mb5-branes. Although, as dis-
cussed in the introduction, there is still no complete description of coincident M5-branes,
we can still analyse BPS solutions of the model; in order to obtain BPS equations, we do
not need to know the complete model.

Motivated by the analysis in [132,133], a theory of non-abelian chiral 2-form in 6-
dimensions was constructed [87]. The theory admits a self-duality equation on the field
strength as the equation of motion. It has a modified 6d Lorentz symmetry. On dimen-
sional reduction on a circle, the action gives the standard 5d Yang-Mills action plus higher
order corrections. Based on these properties, it was proposed that the theory describes the
gauge sector of multiple M5-branes in flat space. In this theory the self-interaction of the
two-form gauge field is mediated by a set of five-dimensional non-propagating Yang-Mills
gauge field. In the Abelian case, the 1-form gauge field is free and simply decouples.

We give a further support of this proposal by constructing the non-abelian self-dual
strings to the equation of motion of the non-abelian theory [132]. We first observe that
an auxiliary 1-form gauge field of the Perry-Schwarz solution [71] is based on a Dirac
monopole. This suggests that the non-abelian self-dual string solution may be constructed
by taking the auxiliary Yang-Mills gauge field to be given by a non-abelian monopole.
Indeed, we are able to construct an SU(2) self-dual string solution both for uncompactified
six dimensions as well as with one dimension compactified. Our solution is obtained by

replacing the Dirac monopole in the Perry-Schwarz string, in the uncompactified case to

136
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the non-abelian Wu-Yang monopole; and in the compactified case to the 't Hooft-Polyakov
monopole. Our solutions can be interpreted as two Mb-branes intersecting with a single
M2-brane.

We then consider the case of an arbitrary number N5 of M5-branes and construct a
self-dual string solution with Ns unit of self-dual charges. This solution is supported by an
auxiliary Yang-Mills gauge field which is a charge N monopole solution We will work out
the dependence on Ny and Nj in the radius-transverse distance relation describing the M2-
branes spike, and show that it agrees with the supergravity description of an intersecting
M2-M5 branes system. Therefore our results provide further support of the model of [87].

In section 5.1, we review the non-abelian 5-brane theory of [87]. In section 5.2, after
reviewing the original Perry-Schwarz self-dual string solution, we present a new abelian
self-dual string solution which is orientated in a different direction. The existence of
the latter solution is guaranteed by the Lorentz symmetry of the Perry-Schwarz theory.
Then we solve the non-abelian equation of motion of [87] and obtain an exact solution
describing a string. We then discuss how this solution can be lifted as a solution of the
(2,0) supersymmetric theory. The resulting solution describes a non-abelian string with
self-dual charges. In section 5.3, we consider the compactified case and construct the
corresponding self-dual string solution. In section 5.4, we discuss the case of an arbitrary
number of M5-branes with self-dual string of arbitrary charge . This chapter is concluded

with some further comments and discussions in section 5.5.

5.1 Review of the Non-Abelian Multiple 5-brane Theory

In [87], an action for non-abelian chiral 2-form in 6-dimensions was constructed as a
generalisation of the linear theory of Perry-Schwarz. As in Perry-Schwarz, manifest 6d
Lorentz symmetry was given up and the self-dual tensor gauge field is represented by a 5x 5
antisymmetric field B,,,, u,v = 0, .., 4. Throughout this chapter we use the convention that
the 5d and 6d coordinates are denoted by z* = (20, z',--- ,z%) and 2™ = (2#,2°). We
use MY = (— 44+ ++) for the metric and €923 = —¢ga34 = 1, €912 = —¢piogu5 = 1

for the antisymmetric tensors. The Hodge dual of a 3-form Gp;np is defined by
~ 1
GuNp = ~GEMNPQRS GRS, (5.1)

Motivated by the consideration in [133], a set of 5d 1-form gauge fields A}, was intro-

duced for a gauge group G. The proposed action is

S =5+ SE (5.2)
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with Sy a non-abelian generalisation of the Perry-Schwarz action,
1 L .
%:al/wkn(—HWHwﬁfHW%Bw) (5.3)
where H,,,\ = 3D, B, = 3[0), + A, By and with Sg

Sg = /d5az tr <(F/w - c/dx5 ﬁw,)E‘“’> , (5.4)
where Eu,,(x)‘) is a 5d auxiliary field, providing a constraint such that A, carries no extra
degrees of freedom. Here c is a constant and it was taken to be 1 in [87]. Actually one can
take any nonzero value of ¢ and this makes no change to all the symmetries discusses in [87].
The only modification is the relation of the Yang-Mills coupling to the compactification
radius, g2,;, = mRc®. In the following we will show how the value of ¢ is fixed by the
requirement of charge quantisation of our self-dual string solution.

Besides the Yang-Mills gauge symmetry,
6Au =0y +[Au A, 6By = [Bu, A, 0B, = [Eu, Al (5.5)
for arbitrary A = A(z"), the action has the tensor gauge symmetry
orA, =0, 0By, =%, O07E, =0, (5.6)

for 3, (z™) satisfying Dpp¥,,) = 0. This form of symmetry first appears in [85]. As
demonstrated in [87], the theory has manifest 5d Lorentz symmetry and a modified 6d
Lorentz symmetry. To establish those symmetries of the action, one takes the field con-

figuration satisfying the boundary conditions:
Dy\Byy, 0sB,, =0 as |z = oc. (5.7)

With an appropriate fixing of this tensor gauge symmetry, one can turn the equation

of motion of B,,, into a first order self-duality condition:

H,, = 05B,,. (5.8)
The gauge field is auxiliary and is determined by the equation:

szc/m%ﬁw. (5.9)

This constraint was inspired from the analysis of the dimensional reduction, in which one
gets multiple D4-branes plus higher derivative correction terms. Notice that, on mass-
shell, the constraint (5.9) simply says that F},, is given by the boundary values of B,,, for

the uncompactified case:

Fu = (B (r5 = 00) — By (x5 = —00)), (5.10)
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and

Fy =21 RcH), (5.11)

when z° is compactified on a circle of radius R. Here IEI,S“J is the zero mode part of the

field strength.

5.2 Non-Abelian Self-Dual String Solution: Uncompactified

Case

In this section, we construct self-dual string solution that satisfies both (5.8) and (5.10).
As mentioned above, a direct observation on the constraint (5.10) shows that the solution
cannot be aligned in the z° direction since this would imply F,, = 0 which is trivial.
This does not imply the non-existence of a string solution in other directions, because the
self-duality equation (5.8) has only 5d Lorentz symmetry as it’s a gauge fixed equation
of motion [87]. Therefore, as a preparation to constructing the more general non-abelian
self-dual string solution, we will first construct an abelian self-dual string solution aligning
in the z* direction and we will start by reviewing the original abelian self-dual string

solution of Perry and Schwarz.

5.2.1 Self-dual string solution in the Perry-Schwarz Theory

In [71], a nonlinear theory of chiral 2-form gauge field which results in the Born-Infeld
action for a U(1) gauge field when reduced to 5 dimensions was constructed. The Perry-

Schwarz non-linear field equation is given by

. 1—y1)H,, H,,sHH,,
H, = ( Y1) pvs T Hpps 5’ (5.12)

\/1—3/14-%@/%—?;2

where

1 1
Yy = _5 ,uy5HMV5, Yo 1= Z ,u1/5HVp5Hpg5HUM5. (5'13)

As they demonstrated, the equation of motion (5.12) admits a solution describing a self-
dual string soliton with finite tension aligning in the direction x°. Since (5.12) is (non-
manifest) 6d Lorentz covariant, it means there must also exist self-dual string solution
aligned in other directions. In the following, we review their construction. Then we

construct new self-dual string solution aligned in a different direction.
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Self-dual string in the z° direction

The ansatz Perry and Schwarz considered for their self-dual string solution is

B = a(p)dtdx® + g(:tl — cos 0)dedi, (5.14)
where the 6d metric is
ds? = —dt® + (dz®)? + dp? + p?dQ2, (5.15)

with the three-sphere given in Euler coordinates
1. - - - -
dQ3 = 7 L(de + cos 0dp)* + (d6? + sin® 0d¢?)), (5.16)

where 0 < 0 < 7,0 < ¢ < 27,0 < ¢ < 47. For this ansatz, it is y1 = o/ 2, yo = o/ */2 and
5.12)

the non-linear field equation (5.12) reads

o(p) = 2.
NGy

This can be solved easily in terms of a hyper-geometric function. The solution is regular

(5.17)

everywhere where a@ ~ p as p — 0, while o ~ —% + const. as p — oo0. Note that the

same ansatz also solves the linear self-duality equation, where in this case we have,

(o) = & (5.18)

and the solution is singular at p = 0. In other words, the non-linear terms in the field
equation has smoothen out the singularity at p = 0.

The magnetic charge P and electric charge ) per unit length of the string are given
by

P=[ H Q= [ xH, (5.19)
S3 S3

where * denotes the Hodge dual operation and S? is a three sphere surrounding the string.

It is straightforward to obtain that
P =21, and Q =21%p*d/(p)|,00 = 2728, (5.20)

hence the string is self-dual. This holds for both the nonlinear and the linear cases. Note
that our answer is 1/8 of those in [71] as we have introduced the factor of 1/4 into the
metric (5.16) in order to reproduce the correct volume 272 for a unit three sphere.

The charge quantisation condition [27, 28]

PQ' + QP c2rZ (5.21)
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1
B=+m/ 15 (5.22)

P=Q = +nT, (5.23)

for the self-dual string gives

i.e.

where n is a positive integer. Note that the charge quantisation condition we used is dif-

ferent from the Dirac-Teitelboim-Nepomechie charge quantisation condition [24-26] Perry
and Schwarz used. The condition (5.21) is obtained with a self-dual string probing another
self-dual string and the positive sign in the charge quantisation condition is appropriate
for dyonic branes in D = 4k + 2 spacetime dimensions [27, 28].

Perry and Schwarz have also computed the tension of their string solution. Since the
solution is static, the energy can be identified with the Lagrangian and the energy per
unit length is found to be

T = &B8*/3, (5.24)

where ¢ is a known numerical coefficient. We remark that for the self-dual string solution

of the linearised theory, the tension is
T=0 (5.25)

since obviously the action vanishes on-shell. Since the charges and tension are well defined,
it appears that the singularity at p = 0 is not harmful.

We also remark that the Perry-Schwarz self-dual string solution is non-BPS as there
is no other matter field turned on to cancel the tensor field force. In the literature, there
is also the 1/2 BPS self-dual string of Howe, Lambert and West [123]. In fact the Perry-
Schwarz self-duality equation of motion can be embedded in the fully supersymmetric
five-brane equation of motion of [69,122] by setting all the matter fields to zero and
hence the Perry-Schwarz self-dual string solution can be lifted to be a solution of the
full five-brane equation of motion, albeit a nonsupersymmetric one. Unlike the nonlinear
Perry-Schwarz self-dual string solution, the Howe-Lambert-West self-dual string solution
is singular at the location of the string. In fact B ~ 1/p? near the string, which is exactly

as in linearised Perry-Schwarz self-dual string solution.

Self-dual string soliton in the z* direction

The Perry-Schwarz solution is translationally invariant along z°. One may want to gener-

alise this solution directly and construct a non-Abelian self-dual string solution which is
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translationally invariant along z° but this is not possible. As reviewed above, the gauge
field strength in the non-abelian theory is given on-shell by the boundary value of B-field
as (5.10) Therefore, if the non-Abelian solution is translationally invariant along x°, then
F,, = 0 which is trivial.

To get a non-trivial solution, we need to base our construction on Perry-Schwarz soli-
tons which are translationally invariant along other direction, say z*. Such a solution can
be easily obtained by rotating the original Perry-Schwarz solution as Perry and Schwarz
has proved that their theory and the non-linear equation (5.12) respect Lorentz symme-
try. Therefore, a simple Lorentz transformation which swap (z4,25) — (—25,24) can be
applied on the original Perry-Schwarz solution (the minus sign is needed to preserve the
orientation of spacetime) to obtain the desired solution.

To facilitate the discussion, it is more convenient to use the spherical polar coordinates

which is related to the Euler coordinates by the change of coordinates
6=20, o=0—¢, =1+ (5.26)
With this coordinates, the three-sphere metric is given by
dQ3 = db? + sin® Bdp? + cos? Ody)? (5.27)
with the ranges 0 < 0 < 7/2,0 < ¢,1 < 27, and the Perry-Schwarz ansatz (5.14) becomes
B = a(p)dtdz® + 3 ( + i — %cos 9) dodi. (5.28)
Next change to Cartesian coordinates
x = psinfcosp, y=psinfsing, z=pcoshcosy, w = pcoshsiny, (5.29)
where we have denoted (z!, 22 23, 2%) = (2,9, 2z,w). The metric becomes

ds® = —dt* + da® + dy* + d2* + dw® + d(2°)?, (5.30)

and the Perry-Schwarz ansatz reads

1 1 1w?42?
1—4 2 p?
B = a(p)dtdz® + ﬁ( T (2 _iw2) (rzdydw — zwdydz — yzdrdw + ywdxdz). (5.31)

Keeping the orientation, we swap (z4,25) — (—5,24) and obtain our ansatz for a
string solution along the z* direction,
1 (25)%+22
2 2

)(22 + (2°)?)

1

B = a(p)dtdw—p (zzdyda® — zaddydz —yzdrdz® +yxddrdz) (5.32)

1
4
(+y



5.2. Non-Abelian Self-Dual String Solution: Uncompactified Case 143

where now
p=+ (%) +1r2 r:=+/22+y>+ 22 (5.33)

It follows that

/
H =% dtdw (xd:z:+ydy+zdz+1:5daz5) + % (x5dazdydzfxdydzdx5 + zdydzdx® fydqu:d:n5),
p p
(5.34)
/
«H = a(3:5dxdydz—:vdydzd:v5—I—zdyd:vde’—ydzdxd:n5)—l—p%dtdw (zdz+ydy+zdz+a°da®),
p
(5.35)
and
B (0/)2(:55)2 ﬁ27°2 B ,347°4 (0/)4(375)4
Yy = p2 p8 ) Y2 = 2/016 + 2p4 . (536)
Then the field equation (5.12) gives
/ /,..5
1
%x‘f’dtdw + 2 (—xdydz+ zdydx —ydzdz) = ap:z: Gdtdw+ el 54 (—xdydz+ zdydr —ydzdx),
p p
(5.37)
where
1+ B2r2p—8
G= . 5.38
\/1 _ 0/2(565)2/)_2 ( )
The equation (5.37) is equivalent to
of =B (5.39)

VB2 48
which is the same equation as before. As a consistency check, we integrate over the S3

transverses to z% and obtain the same charges
P=Q =27%3. (5.40)

For the linearised case, o/ = 3/p>.

Self-dual string soliton in the z* direction in the B,5 = 0 gauge

The potential By y in the solution (5.31) or (5.32) does not satisfy the condition Bys =0
as needed in [71,87]. However this is not a problem as they are indeed gauge equivalent
to one which does. Instead of giving the gauge transformation, it is more instructive to
construct directly the linearised self-dual string soliton in the z# direction in this gauge.

The starting point is (5.34) with o/ = 3/p3. Our strategy is to integrate the self-duality
equation of motion

H;WS = 85B;u/ (541)
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to get By, Then we use By, to compute the whole Hy;np and check its consistency with

our ansatz. The components of H are

x €3k 50
Hiwi = i4, Hiji = Z]p‘* ) (5.42)
5 k
x €7k BT
Hiws = 674, Hijs = ——=—. (5.43)
p p
Integrating (5.43), we get the following components of B,,,, :
1 BesjrpTi zor 1, 5 B
Bij = 503 ? + tan" " (z°/r) |, By = _ﬁ, (5.44)

In principle, z° independent constants of integration can be added but we will not need
them. It is now easy to check a consistent solution is obtained by setting all the other
independent components of B,,, to be zero.

Three remarks are in order:

1. We remark that if we apply the condition (5.9) to the Perry-Schwarz self-dual string

solution, we obtain
_ Cﬁ?T €ijkTk
2 3

Fj = . Fu=0 (5.45)

for the auxiliary gauge field. Certainly this U(1) field decouples and play no role
in the abelian case. However it is interesting to note that this is precisely the field
strength of a Dirac monopole in the (x,y,z) subspace! The presence of a Dirac
monopole was already apparent in the original solution of [71]. Here, we reveal that
the same monopole configuration also appears as the auxiliary gauge field. It turns
out the use of an non-abelian monopole in place of the Dirac monopole is precisely

what is needed to construct the non-abelian self-dual string solution.

2. The solution in the form (5.44) will be our basis for the construction of the non-
abelian self-dual string in the next subsection. We remark that it is also quite
interesting that this form of the solution provides a link between linearised Perry-
Schwarz self-dual string and Howe-Lambert-West self-dual string [123]. To explain
this, let us first give a brief review on the key construction of Howe-Lambert-West
self-dual string. In the superembedding approach of (2,0) supersymmetric theory,
there are two non-linearly related 3-form field strengths which are called H and h.
The 3-form H is exact but not necessarily self-dual while the 3-form h is self-dual
but not necessarily exact. When constructing self-dual string, one of the scalar

fields is also turned on. The equation of motion is non-linear. However, with an



5.2. Non-Abelian Self-Dual String Solution: Uncompactified Case 145

appropriate ansatz, it is possible to impose a BPS condition which eventually gives
a linear differential relation between H and the scalar field. Writing in our notation,

the BPS equations of motion read
Htwi — i¢7 Htw5 — a5d)7 (546)

Hiji = €050, Hijs = —€;1019, (5.47)
where we have rescaled the scalar to absorb an inessential numerical factor. These
conditions ensure the self-duality of H. Furthermore, they agree precisely with the
Perry-Schwarz’s equations of motion (5.41) if one identifies By, = ¢. In other words,
the linearised Perry-Schwarz self-dual string solution could be lifted to a 1/2 BPS

solution in the (2,0) supersymmetric theory by adding a scalar field that satisfies the
‘BPS’ condition (5.47) (due to self-duality, the condition (5.46) is not needed).

3. Substituting equation (5.44) into the BPS condition (5.47), we obtain

B

0=-37 (5.48)

Since the scalar field describes a transverse direction of the Mb5-brane, we rescale it
to give a length dimension:

. ¢
X = 2\/5\/TT45’ (5.49)

where Ty5 = (2m) 1, % is the tension of the M5-brane, and [, is Planck’s length. The

numerical factor 21/2 is introduced in order for the energy to be correctly scaled.
We now compute the energy of the self-dual string with an excited scalar field.
As mentioned above, the gauge sector does not contribute to the string tension
(and hence energy), we only consider the scalar sector of an M5-brane action. By
considering an M5-brane action (see chapter 4 for complete actions) up to a quadratic

term in scalar field, the relevant part of the action is
6 1 m
Squad,scalar = =I5 [ d xiauXﬁ X. (5.50)
The energy of the self-dual string is then given by

4
E=Tus / dudpdSap’ - (0,606 + D50050)
= 822 / dwdpi3
p

4 2
- %B\/TA@ / dwd X

v/
=n——— | dwdX.
(2m)213

(5.51)
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In the final step, we used the equation (5.22). Note that (27r)*2l;3 is a tension Tho
of an M2-brane. We see that the energy we obtained can be identified with the

energy of a stack of n coincident M2-branes.

5.2.2 Non-abelian Wu-Yang string solution

Now we are ready for the non-abelian case. As noted above of the roles played by the Dirac
monopole in the abelian Perry-Schwarz solution, it is natural to consider the non-abelian
generalisations of the Dirac monopole in the construction of the non-abelian self-dual
strings. Here we have two candidates: the Wu-Yang monopole and the 't Hooft-Polyakov
monopole where the latter involves a Higgs scalar field while the former does not. See, for
example, [134] for a review of these solutions. We will use these non-abelian configurations
to construct non-abelian self-dual string solutions for both the uncompactified case (where
the Wu-Yang solution will be used) and compactified case (where the 't Hooft-Polyakov
monopole will be used).

Let us first briefly review the non-abelian Wu-Yang monopole. Without loss of gener-

ality, we will consider SU(2) gauge group with Hermitian generators 7% = "Q—Q satisfying
[T T° = ie®™T°, a,b,c=1,2,3. (5.52)

This corresponds to the relative gauge symmetry of a system of two five-branes. Our
convention for the Lie algebra valued fields are: F,, = iFj, T A, =iA}T* and F, =
DAL — 8, A% — e Ab AL,

The non-abelian Wu-Yang monopole is given by

T ImZTa
a a
Ai = _eaikﬁa E] = 6ijm7’ (553)

where 4,5 = 1,2,3 and Note that the field strength for the Wu-Yang solution is related to

the field strength Figpirac) = €ijmTm/ r3 of the Dirac monopole by a simple relation:

_ p(Dira) 7
B = FPOT (5:59
In fact by performing a (singular) gauge transformation
U — 6i0’34p/26i0'29/26—i0'34p/27 (555)

one can go to an Abelian gauge where only the 3rd component of the gauge field survives.
In this gauge
A9 = 53 A(Pirac), (5.56)

7
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Despite its close connection with the Dirac monopole, the Wu-Yang solution is not a
monopole since it does not source the non-abelian magnetic field. In fact the colour
magnetic charge vanishes
/ Fo—0. (5.57)
g2
Nevertheless the Wu-Yang solution is a useful prototype for constructing a non-abelian
monopole and we will follow the common practice of the literature to refer to it as the
Wu-Yang monopole. In particular, a magnetic charge can be defined if there is also in
presence a Higgs scalar field as in the 't Hooft-Polyakov monopole.
Inspired by the relation (5.54) of the Wu-Yang solution, we will try to solve the non-

abelian self-duality equation (5.8) by adopting the following ansatz for the field strength,

ps) 2"
fn = Hys (5.58)

Here r = y/2% + y? + 22 and

H®S) .= 54 [dtdw(:cdx 4+ ydy + zdz + 2°dz")

+  2ddedydz — zdzdyda® — ydzdrds® — zdydzdz®| (5.59)

is the field strength for the linearised Perry-Schwarz solution in the z# direction (5.34).
The self-duality of (5.58) follows immediately from the self-duality of the Perry-Schwarz
solution. For the moment, we will allow S to be a free parameter.

Our strategy is again to integrate H,,5 = 055, to get B,,. Then we obtain F},, and
A, from the boundary value of B,,,. Finally, we use B, and A, to compute the whole

Hpyrnvp and check its consistency with our ansatz. Now the components of our ansatz are:

Briz® €ijr B’z
Hiwi = rpt ik = rpt (5.60)
Bz eijkﬁka“
i =", Hip == (5.61)
Integrating (5.61), we get the following components of B, :
a (ps) &* iy
By, = By, o mr=ijor tw, (5.62)
where Bgs),Bgs) are the B-field components (5.44) for the Perry-Schwarz solution. In

principle, 2° independent constants of integration can be added but we will not need them.
A consistent solution can be obtained by setting all the other independent components

of B, to be zero. To see this, let us compute F),,, from (5.10). It is remarkable that

cpm €iimImLa

a __
Fi = 2 rd

F =0, (5.63)
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which is precisely the form (5.53) of the Wu-Yang monopole if we take

2
=——. 5.64
cf - ( )
As a result, the non-vanishing component of the gauge field is given by
x
AY = —eaikr—g. (5.65)

So far we have used only the field strength components H;;5, Hyy5 of (5.61). However since
D, (z%T*/r) = 0 for the Wu-Yang gauge field, therefore (5.60) is reproduced immediately
and (5.58) is indeed satisfied.

Like the Wu-Yang monopole, the colour magnetic charge of our Wu-Yang string so-
lution vanishes. This is not a problem as we should not forget about the scalar fields as
our ultimate aim is to construct the non-abelian self-dual string solution in the multiple
Mb5-branes theory and so the inclusion of scalar fields is natural from the point of view of
(2,0) supersymmetry. Although we do not have the full (2,0) supersymmetric theory, one
can argue that the self-duality equation of motion (5.8) is not modified by the presence
of the scalar fields. This can be seen by a simple dimensional analysis since the dimen-
sion of a canonically normalised scalar field is two, and there is no local polynomial term
one can write down which is consistent with conformal symmetry. That the self-duality
equation is not modified by the scalar fields is also the case in the other proposed con-
structions [80,135,136]. As for the scalar field, first it is clear that due to R-symmetry, the
self-interacting potential vanishes if there is only one scalar field turned on. As a result,

the equation of motion of the scalar field is
D26 = 0. (5.66)

This is the general situation but for special cases, for example when a BPS condition is
satisfied, the second order equation could be reduced to a first order equation. A reasonable
form of the BPS equation is the non-abelian generalisation of the BPS equation (5.46),
(5.47)

Hij = €050, Hijs = —€j,Dy. (5.67)

We conjecture that (5.67) is indeed a BPS equation of the non-abelian (2,0) theory since
first of all it implies the equation of motion (5.66). Moreover (5.67) would follow immedi-

ately from the supersymmetry transformation (I'01234%¢ = ¢, 012345y, — —q))

1
6 = (TMTIDyso" + STQPMNPHMNP)E (5.68)
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Figure 5.1: An M2 brane ending on a system of two parallel M5-branes separated by a

distance.

(which is the most natural non-abelian generalisation of the abelian (2,0) supersymmetry

transformation) and the 1/2 BPS condition
6 = —¢, (5.69)

together with the condition that ¢% := ¢ = ¢(2%),a = 1,2, 3, 5.
We note that (5.67) is compatible with the self-duality equation if the scalar field is

equal to the By, component:

gt
a = Ba = — .
d) tw 2p2 r’ (5 70)
or more generally,
By
a = — * 1
o) (u + 202 ) T (5.71)

where u is a constant. To see the physical meaning of this solution, let us consider the

transverse distance |¢| defined by |¢|? = ¢%¢®. This gives

B

o] = |u+ ﬁ\- (5.72)

We will choose the constant u to be of the same sign as [ so that |¢| is never zero. This
describes a system of M5-branes with a spike at p = 0 and level off to u as p — co. Hence
the physical interpretation of our self-dual string is that two M5-branes are separating by

a distance v and with an M2-brane ending on them. With this interpretation, there is a
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symmetry breaking and one can identify an U(1) B-field at the large distance p:
B, = ¢*BY, = +BFS) (5.73)

where ¢% := ¢* /|¢| and the + (—) sign in the second equation above corresponds to the
case ¢ > 0 (¢ < 0). Since the field configuration approaches that of the abelian self-dual

string at large distance, we immediately obtain the charges

P=Q=—22] :—“j. (5.74)

and charge quantisation determines that

/1

and P = Q = —n+/m. We require that the theory should admit solution with the minimal
unit of charge and so the possible values of the constant ¢ in the non-abelian action (5.4)
is:
c= 441 (5.76)
and the charges of our solution are P = Q = — /7.
Just as in the abelian case, the action for the gauge fields vanish on shell. Therefore
the string gets its energy solely from the scalar field. We may try to compute the energy
by following the discussion of the abelian case. However, we postpone the computation of

energy until we discuss a more general case in section 5.4.

5.3 Non-Abelian Self-Dual String Solution: Compactified

Case

In this section, we consider the theory with 2® compactified on a circle with radius R and
construct the self-dual string solution. The constraint that the gauge field has to satisfy is
now (5.11). Without loss of generality, let us assume that the string aligns in the w = x*
direction.

In the compactified theory, the field strength can be expanded in terms of Fourier

modes,
Hynp =Y e IBHD (). (5.77)

The gauge field B, can be then obtained by integrating over the equation of motion

leg, = 85B/W. It is

1'5 > D
- inz® /R p(n)
B, = 27TRCFW(T)+ d e B (r), (5.78)

n=—oo



5.3. Non-Abelian Self-Dual String Solution: Compactified Case 151

where we have used the boundary condition (5.11) to determine the first term and B,(g,) (r)

is an integration constant. The higher modes Bfﬁféo) are given by:
0 in
272 (r) = =B, (5.79)

Notice that the first term on the right hand side has no contribution to H,, ) because of
Bianchi identity and hence

H", = DpB™) (5.80)

for all n.
Let us consider an ansatz with the only nonzero components of gauge potential being

By, and Bjj;. The self-duality condition reads

1
Hijk = €ijkHws, Hpwr = _ieiijij& (5.81)

or, written in terms of modes,

(0) Fiw 0) Ix
DyB} = €k ——r DB, = — .82
175k = ik gr e’ B = T onRe (5.82)
D™ =2 pBM = bW 2, (5.83)
R R
where we have denoted
1 (n) 1 (n)
fr(r) = §eiijij and b, '(r) = §€ijkBij for n # 0. (5.84)

Notice that the 2nd equation of (5.82) takes exactly the same form as the BPS equation
(0)

o as the scalar field

for the 't Hooft-Polyakov magnetic monopole if we identify —27 RcB
there. Indeed in the BPS limit, the equation of motion for the 't Hooft-Polyakov monopole
reads

1
§€iijij = Dy, (5.85)

where ¢ is an adjoint Higgs scalar field. The solution is given by

xk vx?
Af = _eaikﬁ(l — ku(r)), " = Thv(r)a (5.86)
where
ur 1
ko(r) = ———, »(r) := coth S — .
(r) Snh(or) hy(r) := coth(vr) o (5.87)
Asymptotically » — oo, we have
zk |v|z®
Aty 6o O =g, (5.58)
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which coincides with Wu-Yang monopole. Note that the gauge symmetry is broken at
infinity to U(1), the little group of ¢o. This may be identified as the electromagnetic
gauge group and one could use this to define the magnetic monopole charge [137,138].

The electromagnetic field strength can be defined as

a k
]:Z.j:Fa,‘b x

i = €ijh 3 for large r. (5.89)

The magnetic charge is given by p = fSQ F = 4m, which corresponds to a magnetic

monopole of unit charge. Note that at the core » — 0, we have
A; — 0, ¢»—0 (5.90)

and hence the SU(2) symmetry is unbroken at the monopole core.
The resemblance of our equation with the BPS equation of the ’t Hooft-Polyakov
monopole motivates us to take for A, the same ansatz as in the 't Hooft-Polyakov

monopole,
k

T
A = —Gaikﬁ(l — ky(r)), (5.91)

This implies Fi,, = 0 and hence the 1st equation of (5.82) can be solved with
BY = cFy, (5.92)

where ¢p is an arbitrary constant. On the other hand, (5.83) gives

2
n#£0 n n#0

DDy B0 = ﬁBt(f ), (5.93)

For zero mode, we have DkaBﬁg) = 0, combine them together we can write

() _ 1% piw)
DyDyB,,) = ﬁBtw . (5.94)
We take the ansatz for Bt(:}) as

B = an(r)% (5.95)

then the equation (5.94) is equivalent to

20y an(r o(r)? n’
O (r°0ran(r))  2ky(r) an(r) = 3an(r). (5.96)

r2 r2

The well-behaved physical solution is
ap = aphy(r), (5.97)

—|n|r/R R
e v
—a e (14 % oth : .
an0(r) = a o ( + m cot (’U’I”)) (5.98)
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where «,, are arbitrary constants. Here we have dropped the independent solutions which
are exponentially increasing at large distance and hence not physical. As a result, we

obtain for the gauge fields

hy(r) va® - 5pe /R vR vz
B =l ne™ /RZ (14 Zcoth — 5.99
fw 2rRe r +7%:0a © or + In| coth(vr) p (5.99)
a 70 o u ina® /R pa (n)
Bj; = 27TREFz'j(T) + co (1) + Z e B (). (5.100)
n#0
where
R ke vR 1
b(n)a:_37 - AT st k()= ' 101
. v m(ran (r)an) [ a (T‘)r, n#0 (5.101)

(0)

1 1 the scalar

The proportionality factor for ag is determined by recalling that —27 RcB
of the ’t Hooft-Polyakov monopole, while ay,o are left undetermined. Physically this
corresponds to different excitations over the fundamental solution with all a,xo = 0.
Note that there is a “winding mode” in B;j, while there is no such mode in By, because
Fy, = 0. Although this has no effect classically, we expect that this is observable quantum
mechanically like the Berry phase. See, for example, [139-141] for a discussion of Berry

phase associated with branes in string theory.

Next let us include a (2,0) scalar field ¢. As above we assume that it satisfies the BPS
(0)

tw *

equation (5.47), then the BPS equation is satisfied automatically if we identify ¢ =B

As a result, we have

1) 2
e — _ th(vr) — — | —. 102
o u<co (vr) m") . (5.102)
where
= (5.103)
Y 9Re '

|v]

aa
5 LT /7 as r — oo.

set the scale of the vev of ¢(©) at large r since we can say ¢(©) — —

In addition, one can define a U(1) projection onto #© . This allows us to define the charges

P=Q= H"
StxS2?
= :F/dxf’dskle»»k <1F-“-$a + (KK)> (5.104)
2 Y\ 2rRe Y r
I
|’

where the — (+) sign in the second equation above corresponds to the case ¢ > 0 (¢ < 0);
and the term (KK) stands for the KK modes and their contribution to the charges is

zero. Substituting (5.76), we find that the solution is self-dual and carries the charges
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Figure 5.2: Scalar Profile. The red curve corresponds to R = 4 and the blue one to R =1

P = Q = —/w. Physically one can identified this self-dual string with the uncompactified
one obtained in the previous section and so they carry the same charges.

The scalar profile of (5.102) is plotted in figure 5.2, for two compactification radius
R =1and R = 4 and a fixed vev u = —0.5. One may compare our results to the
scalar profile in [142]. In this work, a modified Nahm’s equation for the scalar field was
conjectured. However unlike the ordinary Nahm’s equation where one can obtain the non-
abelian Yang-Mills gauge field at the same time, it is not clear how one might obtain the
corresponding non-abelian tensor gauge field from the modified Nahm’s equation and the
proposal still needed to be completed. Nevertheless, qualitatively their scalar profile is

similar to ours.

5.4 Non-Abelian SU(N;) Self-Dual String Solution

5.4.1 Generalised non-abelian Wu-Yang monopole

Our construction of the self-dual string solution in the SU(N5) theory will be based on a
generalisation of the SU(2) charge one Wu-Yang monopole solution to one with arbitrary
charge n. Let us start with a review of the generalised Wu-Yang monopole.

Consider an SU(2) gauge theory, and for reasons which will become clear later, let us

denote the Lie algebra generators by a® with
(%, o] = ie®cac. (5.105)
The generalised Wu-Yang monopole is given by the following field configuration [134]

- qa . a i n)pH n) ~
Ay =iAfa® = () — nri o), (5.106)
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ie.
o (n i _(p)
A@ — _57—%(0 )’ Ag& = ZTQ (5107)
Here
Opdz® = cosfcos dat + cos 0 sin pdz? — sin 0dz?,
opdz® = —sinodzt + cos pdz?, (5.108)
z! = rsinf cos g, z? = rsinfsin g, x5 =rcosf, (5.109)
M) .= (sinf cos(ny), sin @ sin(ny), cos ),
. 97
6" = (cosfcos(ny),cosfsin(ng), —sin ) = TR
1 7(n)
o = (=sin(ng), cos(np),0) = —— agso (5.110)
and
W =g, oM =6 .q =™ g, (5.111)

The Wu-Yang monopole configuration considered in section 5.2 is given by the case n = 1.

It is useful to note that

A, =UAU Y+ U U,

with
U= efid"ﬁ(n)
and
_ nl—cosf . )
Ay = ————p X za3,
r sinf
As a result,
EF; =UF,;U ",
where
_ _ _ xk
Fij = OlAJ — aJA,L = néi]‘kﬁ X 1Q3.
Since
Ua*U™" =#Ma"
we obtain

l‘k
Fij = ne,-jk ﬁifén)aa.

(5.112)

(5.113)

(5.114)

(5.115)

(5.116)

(5.117)

(5.118)

Therefore (5.106), (5.118) provide a generalisation of the Wu-Yang monopole solution to

“charge” n.
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We also note that
D; (fg%a) ~0 (5.119)

holds for the generalised Wu-Yang monopole. This is a generalisation of D;(z%a%/r) =0

for the charge one case.

5.4.2 Non-abelian self-dual string and the distance-radius relation

In this subsection we construct a self-dual string solution where the tensor gauge field is
embedded in an SU(2) sub-algebra of SU(Ns). Let us denote the generators of the SU(2)
factor by a“:

[a?, o] = ie®ca’. (5.120)

We embed the Pauli spin matrix into an upper left corner of N5 x N5 matrices of SU(Ns) :

a

al = % ® Oy o, (5.121)

where Oy, _9 is an (N5 — 2) x (N5 — 2) zero matrix. The trace is then given by
a b 1 ab
tr(a®a’) = 5(5 . (5.122)
Consider an ansatz of the field strength

Hyyx = f}j? ir{Mas, (5.123)

Obviously the field strength is self-dual. Since f((ln) is independent of x5, we can immedi-

ately integrate Hoys, H;j5 over x5 and obtain
B, = B/(ﬂlis) it Mo, puv =1ij or tw. (5.124)

One still need to check that this B-field reproduces correctly the other components
H;jj,. To check this, we note that the constraint (5.9) gives

m

Fyj = =BT em—iriVa®  F, =0, (5.125)
r
Therefore if we take
2
g=-=", (5.126)
cm

for an integer m, then the auxiliary gauge field is given by the generalised Wu-Yang

monopole. As a result of (5.119), we have

(PS)

] irM (5.127)

DB, = 0pB
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and the result agrees with (5.123).
To obtain a self-dual string solution, we observe that the BPS equation (5.67) can be

solved with

¢=— <u + 2’;2) it o, (5.128)

This leaves an unbroken U(1) generated by
¢ = ¢/|¢| = Fir{Ma" (5.129)

at p — oo. Here |¢|? := ¢%¢® and the —(+) sign is chosen for u > O(u < 0). Without

loss of generality, we take u > 0 below. The asymptotic U(1) fields are identified by a

projection
o\ = w00 BYY = B¢, (5.130)
then
g\ =m0, BUY =BEY. (5.131)

The U(1) magnetic and electric charges (per unit length) are defined by
P=| HYO Q= [ «xHYD, (5.132)
S3 S3
This gives the U(1) charges,
P=Q =21 (5.133)

The charge quantisation condition is modified due to the existence of a non-trivial
centre in the residual gauge group of the non-abelian theory. In fact, in a non-abelian

Yang-Mills gauge theory with an unbroken gauge group of the form
H=U(Q1)x K, (5.134)

where the U(1) factor allows one to define the electric and magnetic charges, and K is any
residual gauge group, Corrigan and Olive have shown [143] that the charge quantisation
takes the form !

e — k. (5.135)

where k is an element in C(K), the centre of K. For example, if K = SU(N), then
C(K)=Zn,
k=e™/N1y, n = integers (5.136)

'The normalisation of the magnetic charge was taken as V - B = 4rgé® (z) in [143].
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and the charge quantisation condition for the monopoles reads

n

=_. 1
o (5.137)

a9

For us, since the symmetry is broken down by the scalar field as SU(N5) — U(1) x
SU(N5 — 1) and since (2,0) supersymmetry demands that all fields in theory to be in the
adjoint representation, this means the centre of the residual gauge symmetry is given by

ZN;—1. The same argument as Corrigan and Olive then gives

2T
N5 —1

PQ + QP = Z. (5.138)

We can now use the charge quantisation condition (5.138) to fix the value of 3. Let
us consider the situation where the self-dual string configuration arises as the intersection
of a number Ny of coincident M2-branes ending perpendicularly on our system of M5-
branes. In this case, the charges P, @ should be proportional to Ny. Substituting (5.133),
we obtain

P=Q=2m8=—/7. (5.139)

From the field theory point of view, the geometrical shape of the M2-branes spike is
described by the scalar field X = 4¢/v/Ty5. Note that the normalisation factor of 4 is
differed from the normalisation factor of 2¢/2 used in the abelian case discussed above.
Again, the normalisation factor is introduced in such a way that it gives the correct energy.

It is convenient to introduce the root-mean-square distance (setting , = 1)

— 1 2
D= \/ GO (5.140)

as a measure of the transverse distance of the M2-branes spike from the system of M5-
branes. The cross section of the M2-branes spike is an S? and the radius p is governed by

the transverse distance-radius relation

AN
D = Dy + T2 (5.141)
N5(N5 — 1)/)2

where

2v/2u

Dy = (5.142)
VNs5T s
is a constant. For large N5, the energy of the spike is given by
T
E = % / d’ztr(D, X D" X) = NoTaro / dwdD, (5.143)

which is identified as an energy of a stack of Ny coincident M2-branes.
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In addition to the worldvolume description, the system of intersecting M2-M5 branes
also admits a supergravity description from which one can extract the transverse distance-
radius relation and compare with our field theory result. However, the supergravity solu-
tion, beyond the brane probe approximation, for a system of M2-branes intersecting on
a system of separated Mb5-branes where (N5 — 1) of them are in coincidence and another
single M5-brane is separated at a finite distance away from the main group is not known.
The closest system which admits a supergravity solution is the system of No M2-branes
intersecting a system of N5 coincident M5-branes [144]. In this reference the technique of

blackfold is applied and the transverse distance-radius relation

27Ny 1

p= T2
N5 p?

(5.144)

is obtained. At distance D large enough compared with the separation so that one cannot
resolve the details of the separation, one can expect the supergravity solution for our
system can be approximated by the supergravity solution of this system. In this case, one
can ignore the first term in our field theory result (5.141) and our transverse distance-
radius relation

2wNy 1

D=2——— 5.145

agrees with that of supergravity on their Ny and N5 dependence. Note that, however,
(5.144) and (5.145) differs by an overall scale factor of 2. This is presumably due to a
subtlety in the scaling of the M5-branes model.

We remark that the field theory description and the supergravity description are good
only in their respective regime of validity. To confirm the validity of the agreement we
found above, one need to check that there indeed exists an overlapping regime where one
can trust both descriptions and hence compare the results sensibly. To check this, we note
that our description of the M2-branes spike as a worldvolume soliton of the M5-branes
is good provided that higher derivative corrections to our non-abelian action is small:
1,|0?®| < |0®|. This translates to

p > lp. (5.146)

On the other hand, the validity of the blackfold description [144] was discussed in [145].

It was found there that for zero angular velocity which is our case, one needs
p > max(ly, pc), (5.147)

where p. := N;/3(1 + /1 + 64N3/NZ)/61,. Therefore in the region (5.147), both the

supergravity description and the Mb5-branes worldvolume description are valid. Now in
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order for the field theory result (5.141) to reduce to the form (5.144), it is required that

3 1/4 N2 1/2

Thus, by arranging the parameters No, N5 and u (for example a scaling limit involving
large Ny, N5 and small ulg), a non-empty region of p satisfying both (5.147) and (5.148)

can always be achieved, and so the agreement we found is justified.

5.5 Discussions

In this chapter we have constructed the non-abelian string solutions of the non-abelian
5-brane theory constructed in [87], for both uncompactified and compactified spacetime.
The string solution in non-compact spacetime is supported by a non-abelian Wu-Yang
monopole, while the string solution in compact spacetime is supported by a non-abelian
't Hooft-Polyakov monopole. We showed how these solutions can be embedded in the
(2,0) supersymmetric theory by including a single scalar field obeying a first order BPS
equation. Although we don’t have the full (2,0) supersymmetric construction yet, we
argued that it is the correct BPS equation of the (2,0) theory since it solves the equation of
motion, and moreover it can be derived from the most natural form of the supersymmetry
transformation law in the non-abelian (2,0) theory. These string solutions carry self-dual
charges and has infinite tension arising from the scalar profile which corresponds to having
a M2-brane spike on the Mb-branes system. These properties are consistent with what
one expects for the non-abelian self-dual strings living on a system of two Mb5-branes.
We have also constructed a self-dual string solution in the SU(N5) non-abelian theory
of five-branes. Our solution carries an arbitrary Ny unit of self-dual charge and obtains
its charge through the generalised non-abelian Wu-Yang monopole configuration carried
by the auxiliary one-form gauge field. We have also shown that the radius-transverse
distance relation describing the M2-branes spike agrees with the supergravity description
of the intersecting M2-M5 branes system. Our results therefore provide further evidence
that the non-abelian theory [87] does give a description for a system of multiple M5-branes.
This solution was obtained for a special symmetry breaking where there is a residual
SU(N5 — 1) gauge symmetry. For a more general configurations of the Higgs field, the
residual symmetry at infinity could be smaller and the self-dual string would be char-
acterised by more number of charges. The discussion is similar to that of non-abelian
monopole [114]. Tt will be interesting to construct these other kinds of self-dual strings

and understand their dual description in supergravity and M-theory.
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With the solutions at hand, one may perform a small fluctuation analysis of the solu-
tions and use it to learn more about the dynamics of non-abelian self-dual string. It would
also be interesting to include couplings to a background C-field. In [146,147], the quantum
Nambu geometry has been obtained as the quantum geometry for M5-branes in a large
constant background C-field. One should be able to construct the star-product for this
geometry and use it to derive the “Seiberg-Witten” map for the non-abelian M5-branes
theory in a background C-field.

We note that our field theory description is not good near the spike region (p ~ 0).
Apparently, unlike the non-abelian BPS monopole, the non-abelian interaction here is not
sufficient to remove the spike singularity. Nevertheless one can expect it to be smoothen
out only in the complete description of M-theory with all higher derivative corrections
included [71].

It is hoped that the self-dual string solution constructed here could provide further
insights into the understanding of the N3 entropy growth of the multiple M5-branes system
[148]. Recent progress on this problem has been achieved in [149-151].



Chapter 6

Conclusion

In this thesis, we have shown an aspects of developments of branes in string and M-theory.
We started with an application of gauge/gravity duality. We then moved on to M-theory
where there are still a lot to be done in constructing M-branes worldvolume actions.

In chapter 2, we used a D3/D7 model to describe meson condensation at finite isospin
chemical potential in an N' = 2 SU(N,) strongly coupled gauge theory with Ny = 2 sets
of hypermultiplets. We focused on the case where the gauge theory lives on R x S3. The
study was done by considering two coincident D7-branes embedded in global AdSs x S°
background with or without black hole. The background also includes a 5-form flux and a
constant dilaton. AdS boundary expansion of a field on D7-branes gives, via gauge/gravity
duality, source and vacuum expectation value of the corresponding operator. We first
studied a ground state without meson condensate in a presence of finite isospin chemical
potential. At a critical value of isospin chemical potential, this ground state is unstable
under mesonic fluctuations. So there is a phase transition. We found that the new ground
state is described by scalar meson condensate which breaks a global SO(4) symmetry.
This is the case for both zero and finite temperature cases. We have focused on the case
of massless hypermultiplets. So it would be interesting to see if, for the case of massive
hypermultiplets, the new ground state would be of the same type.

In chapter 3, we also used a D3/D7 model to study a strongly coupled system with
massless or massive hypermultiplets. We studied a finite size effect of an external magnetic
field on this system at zero temperature. In order to describe an external magnetic field, we
turned on B-field with components on S® C AdSs5. Exactly the same system was studied
before by [112]. However, B-field used in this reference does not solve the constraint

imposed by D7-branes. We corrected this by constructing B-field with the help of vector
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spherical harmonics. We found that there is a forbidden region, which forbids us to
construct any embedding configuration for some given values of hypermultiplets mass and
external magnetic field. We are currently making a cross check to see if our results are
correct.

We then changed our consideration to M-theory. A worldvolume theory of M5-brane
embedded in a general eleven-dimensional background had been computed before by [75,
76]. In chapter 4, we revisited this system by constructing an alternative action which
describes exactly the same system. Our construction is called 3+3 splitting. In order to
have a covariant action, we need to introduce 3 auxiliary fields. Additionally, our action
is supersymmetric, and kappa symmetric. There are also additional symmetries to ensure
that we get the desired equations of motion. With the form of our action, we ultimately
expect that our action will be used to understand the conjectured relationship between
multiple M2-branes and a single M5-brane.

In chapter 5, we considered a model [87] which will ultimately be extended to a com-
plete worldvolume theory of multiple M5-branes. Although this model originally only de-
scribed a tensor gauge sector of multiple M5-branes, with additional arguments based on
supersymmetry and conformal symmetry, we could use this model to construct self-dual
strings. The self-dual strings are important because they describe M2/M5 intersection
from Mb5-branes point of view. Most notably, we have found that radius-transverse dis-
tance relationship of the self-dual string exactly agrees with the relationship derived from
black-fold approach [144,145]. This finding gives us a more confidence in the model [87].
To better understand multiple Mb5-branes, it would be advisable to use this model to
construct other solitonic solutions. Some works in this direction has been carried out in
literatures [97,152].

Branes are important objects in string and M-theory. We have discussed examples
which show the importance of branes in string and M-theory. We have shown how to
apply a D3/D7 model to describe physical systems. We have shown the construction of
an Mb-brane model with 3+3 splitting. We have found solutions of a multiple M5-branes

model describing M2/M5 brane intersection.
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