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ABSTRACT 

I n the f i r s t p a r t two i n e l a s t i c two-body channels o f the KN 

system are examined i n energy-dependent p a r t i a l wave analyses i n 

which each non-resonant p a r t i a l amplitude i s expanded i n axi 

orthogonal s e r i e s o f polynomials over a normalised energy-dependent 

v a r i a b l e . The resonances known to be present i n these channels are 

i n v e s t i g a t e d as w e l l as any p o s s i b l e new resonant s t a t e s . I t i s found 

t h a t the e x i s t i n g resonances are g e n e r a l l y adequate t o describe the 

a v a i l a b l e data f o r the two channels and t h a t f o r K p > ATE i n 

p a r t i c u l a r , the present f i t s form a s t a t i s t i c a l l y good s o l u t i o n w i t h 

l i t t l e new s t r u c t u r e other than i n the background phases. 

I n the second p a r t two p a r t i c u l a r examples of ha.dron-nucleus 

e l a s t i c s c a t t e r i n g are studied using Glaubers m u l t i p l e - s c a t t e r i n g 

s e r i e s . The f i r s t o f these i s the s c a t t e r i n g of negative pi-mesons 

from Helium-4, which i s studied i n d e t a i l at medium and h i g h energy. 

A complete spin and i s o s p i n dependent set of nN amplitudes are used 

together w i t h a number of forms f o r the nuclear d e n s i t i e s . I t i s found, 

t h a t the use of more ela.borate forms does not provide any s i g n i f i c a n t l y 

b e t t e r d e s c r i p t i o n than the more simple forms a v a i l a b l e and i t i s 

concluded t h a t more r e a l i s t i c nuclear d e n s i t i e s may be needed t o 

describe the wide-angle data adequately. 

The second case s t u d i e d i s the s c a t t e r i n g o f medium-energy protons 

from Carbon-12 and a modified form of Glauber s e r i e s i s used w i t h the 

nucleus described as a s t a t e formed from three a l p h a - p a r t i c l e s . 

D i f f e r e n t forms o f d i s t r i b u t i o n f o r these are examined but are 

g e n e r a l l y found t o g i v e l i t t l e improvement over the simple harmonic 

o s c i l l r t o r d e n s i t i e s . An improved a - p a r t i c l e d e n s i t y i s proposed which 

may combine the best p r o p e r t i e s of the d i f f e r e n t forms used w h i l e 
r e t a i n i n g s i m p l i c i t y o f c a l c u l a t i o n . 
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INTKuDUCTICIi 

At the present time, i t i s u s u a l l y accepted t h a t the forces wnich 
act between the s o - c a l l e d • elementary p a r t i c l e s * may be bro; l y 
d i v i d e d i n t o f o u r classes. I n ascending orders of c o u p l i n g s t r e n g t h 
these ore, f i r s t the g r a v i t a t i o n a l i n t e r a c t i o n , second the weak 
i n t e r a c t i o n , t h i r d the; electromagnetic and f o u r t h the s o - c a l l e d s t r o n g 
i n t e r a c t i o n . The e f f e c t s of the f i r s t of these i 3 q u i t e unknown and 
of the remaining three the electromagnetic i n t e r a c t i o n i s the only 
one where theory i s able to match experiment. 

For nuclear physics i n general , and p a r t i c u l a r l y the associated 

high-energy p a r t i c l e i n t e r a c t i o n s the dominant for c e i s u s u a l l y the 

strong i n t e r a c t i o n of which the main f e a t u r e s would appear to be i t s 

independence of e l e c t r i c a l charge ( e.g. i t does not appear to 

d i f f e r e n t i a t e between say a proton a.nd a neutron ) and i t s short 

raru-e, c h a r a c t e r i s t i c a l l y of the order o f 10 cc;. oince such 

dimensions l i e beyond the range of any • o p t i c a l ' i n v e s t i g a t i o n s , 

knowledge of the d e t a i l s of these forces must come from experiments 

uoon the s c a t t e r i n g between i n c i d e n t beams of p a r t i c l e s upon p a r t i c l e 

or nuclear t a r g e t s . 

oince the e c r l y days of the subject and p a r t i c u l a r l y since the 

advent of the large a c c e l e r a t o r s , the spectrum of known 1 elementary 1 

p a r t i c l e s har. rea.tly increased, a t a r a t e u n f o r t u n a t e l y not matched 

by any corresponding increase i n success o f the t h e o r i e s advanced to 

describe the::e, and which remain l a r g e l y phenomenological i n form. 

Lost o f the r e c e n t l y formed, s t a t e s have been classed as resonances, 

where the d i f f e r e n c e between a resonance and a p a r t i c l e l i e s simply 

i n t h a t the former may decay by the s t r o n g i n t e r a c t i o n , being t h e r e f o r e 

c h a r a c t e r i s e d by a much shor t e r l i f e t i m e . Of the ' p a r t i c l e s ' found i n 



nature very fev. ; re i n f a c t s t c b l e although come possess r e l a t i v e l y 

long l i f e t i m e s by nuclear standards. The d i f f e r e n t p a r t i c l e s and 

resonances are g e n e r a l l y recognised by t h e i r d i f f e r e n t masses oni 

the values which are assigned to t h e i r i n t e r n a l quantum number-; such 

as Baryon number, strangeness and p a r i t y . 

By means of these quantum numbers the p a r t i c l e s ( and resonances 

may be d i v i d e d i n t o a number of groups, c h a r a c t e r i s e d by some common 

form taken by t h e i r quantum numbers. The f i r s t of such d i v i s i o n s i s 

t h a t of s p i n , those of h a l f - i n t e g e r spin being termed fermions, such 
+ + 

as D , e and JLL and those of i n t e g r a l s p i n termed bosons, such 
+ 

as n , K and p . Another ( and d i s t i n c t ) d i v i s i o n i s i n t o those 

p a r t i c l e s which are a f f e c t e d by the strong i n t e r a c t i o n , termed hadrons 

and those not a f f e c t e d , termed the l e p t o n s , such as e, ̂  and \i . Th 

l a t t e r are a l l fermions ( so f a r ) w h i l e the hadrons are f u r t h e r 

subdivided by spin i n t o the baryons ( of h a l f - i n t e g r a l s p i n such as 

P, n, A ) and the mesons ( of i n t e g r a l spin such as n , p, K ) . 

These form the main d i v i s i o n s which are conveniently used and the 

studies v/hich w i l l be described are concerned w i t h the strong 

i n t e r a c t i o n between mesons and baryons, both s i n g l y and c o l l e c t i v e l y . 

i>u' to the la c k of any independent theory, the knowledge of the 

strong i n t e r a c t i o n has been l a r g e l y acquired by phenomenological 

studies v/hich attempt to u t i l i s e the general p r o p e r t i e s of the 

i n t e r a c t i o n ~n v;idely as p o s s i b l e . These g e n e r a l l y r e l y upon 

' conservation laws • which r e f e r to eigenvalues or quantum numbers 

which appear to be preserved by the s t r o n g i n t e r a c t i o n , f o r example 

the P a r t i a l »>ave Analysis r e l i e s upon the conservation of t o t a l 

angular momentum d u r i n g a c o l l i s i o n between p a r t i c l e s . 



As y e t l i t t l e i s understood of the Strong i n t e r a c t i o n other 

than such basic p r o p e r t i e s as these conservation laws enshrine and 

the c u r r e n t o b j e c t s o f t h e o r e t i c a l s tudies o f the i n t e r a c t i o n are 

g e n e r a l l y to u t i l i s e such knowledge to best advantage i n the attempts 

to b e t t e r understand the laws which govern the Strong i n t e r a c t i o n . 
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MESON NUCLEON INTERACTION 
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CHAPTER 1 The Partial-Wave Analysis 

1:1 I n t r o d u c t i o n 

I n the present s t a t e o f our knowledge of the str o n g i n t e r a c t i o n , 

the P a r t i a l Wave A n a l y s i s ^ ^ forms a convenient and successful means 

f o r examining and a n a l y s i n g the experimental data f o r processes o f the 

form D . _ 
a + B — > c + D 

where c and D are not n e c e s s a r i l y d i f f e r e n t to a and B; up to energies 

i n excess o f 3 GeV, above which the lar g e number of p a r t i a l waves 

r e q u i r e d becomes a problem. By t h i s means we are able to analyse those 

processes which i n v o l v e an i n t e r m e d i a t e s t a t e , and which take the form 

a + B — > X* — > c + D 

* 
known as " f o r m a t i o n " processes, where the resonant s t a t e X w i t h 

d e f i n i t e quantum numbers i s formed from the channel aB, decaying i n t o 

the channel cD. Prom such a n a l y s i s we may determine both the quantum 

numbers and the parameters f o r such a resonance. 

I n i t s most i d e a l form the p a r t i a l wave a n a l y s i s , which i s obtained 

by expanding the complete s c a t t e r i n g amplitude i n terras of a set o f 

l i n e a r l y independent eigenstates o f the t o t a l angular momentum, provides 

an a n a l y s i s which i s f r e e o f any model-dependence or b i a s . 

tfe are able to make and u t i l i s e such an expansion because of the 

conservation laws f o r angular momentum L , where f o r a c e n t r a l f o r c e , 
(2) 

c h a r a c t e r i s e d by i t s Harailtonian H, we may show 

[ H , L ] = 0 ( 1.1) 

and L i s t h e r e f o r e a conserved q u a n t i t y ( constant o f the motion ) 
2 

and i t i s then advantageous to work w i t h the eigenstates o f L . 
To date, an encouraging consistency has been observed between 



r e s u l t s obtained by such analyses and those obtained from other forms 

such as the '•production" processes, o f the form 

# 
a + B — > X + other p a r t i c l e s 

f o r the low-energy data, and also the a b i l i t y of the P a r t i a l »'.'-ve 

Analysis to analyse and seperate the many s h o r t - l i v e d resonant s t a t e s 

of d e f i n i t e angular momentum^ has proved of great use. 

I n making such an a n a l y s i s , our o b j e c t i s to determine the 

magnitudes of the amplitudes corresponding to the angular momentum 

eigenstates and t o determine t h e i r i n d i v i d u a l v a r i a t i o n w i t h the 

energy o f the i n c i d e n t p a r t i c l e . I n order to achieve t h i s o b j e c t we 

should t h e r e f o r e perform the a n a l y s i s energy by energy, o b t a i n i n g a 

set o f s o l u t i o n s f o r each and s e l e c t i n g between these by the 
(4) 

requirement o f c o n t i n u i t y . 

U n f o r t u n a t e l y i n p r a c t i c e , one i s r a r e l y able t o perform an 

an a l y s i s i n t h i s manner, due both to the l i m i t a t i o n s o f the data 

a v a i l a b l e at each energy, and also t o the volume o f computing power 

r e q u i r e d . To make an energy-independent a n a l y s i s we r e q u i r e a t each 

energy t h a t the number of data p o i n t s should be a t l e a s t as la r g e as 

the number of parameters and f o r the KIJ system t h i s i s r a r e l y 

r e a l i s e d . I n such a case t h e r e f o r e , where the data i s i n s u f f i c i e n t 

f o r an energy-independent a n a l y s i s , one must r e s o r t to some other 

means o f u t i l i s i n g the a v a i l a b l e data, u s u a l l y by assuming an enei'gy-

-dependent p a r a m e t e r i s a t i o n f o r the p a r t i a l wave amplitudes. U n f o r t u n a t e l y 

the v a r i a t i o n w i t h energy of the i n d i v i d u a l amplitudes forms one o f 

the aims o f the a n a l y s i s and a major problem i s to r e c o n c i l e necessity 

w i t h t h i s aim. 

There are many forms f o r such energy-dependent parameter!sations, 
(S) 

f o r example at low energies we may use the e f f e c t i v e range m e t h o d w / , 



and i n the high energy regions we may r e s o r t to p a r a m e t e r i s a t i o n of 

the higher p a r t i a l wave amplitudes by means o i the high-energy 

approximations^*^. For the analyses presented here, a l l the r e s u l t s 

have been obtained by d e s c r i b i n g the energy-dependence o f each 

amplitude as an expansion i n orthogonal polynomials over a normalised 
(7) 

energy v a r i a b l e v , which h o p e f u l l y forms the most f l e x i b l e form o f 

p a r a m e t e r i s a t i o n i n t h i s r e g i o n . 

The problems o u t l i n e d above, a r i s e because of our l a c k o f 

knowledge as t o the form o f the s t r o n g i n t e r a c t i o n , l a c k i n g any form 

of p o t e n t i a l we must r e s o r t to p u r e l y phenomenological methods i n 

analysing experiment. I n the manner used here, the p a r t i a l wave 

an a l y s i s permits the d e t e r m i n a t i o n o f the parameters of the resonant 

s t a t e s encountered, and i n p a r t i c u l a r o f the Y^(l670) s t a t e which 

occurs i n the channels considered. 

2 The P a r t i a l Wave Expansion 

I n analysing two-body s c a t t e r i n g processes we must i n c l u d e i n 

the a n a l y s i s p r o v i s i o n f o r the spin ( i n t r i n s i c angular momentum ) 

o f the p a r t i c l e s i n v o l v e d , since those processes f o r which data 

c u r r e n t l y e x i s t s u s u a l l y i n v o l v e a t l e a s t one p a r t i c l e of non-zero 

s p i n . For the d e r i v a t i o n o f the expansion there i s a choice of 

r e p r e s e n t a t i o n s , i n c l u d i n g the h e l i c i t y r e p r e s e n t a t i o n ^ commonly 

encountered a t h i g h energy, but i n t h i s s e c t i o n we have p r e f e r r e d an 

o l d e r form, using the wave-function approach which i s the formalism 

u s u a l l y incountered i n the p a r t i a l - w a v e analyses of 0 ^ + — * 0 ^ + . 

I t i s convenient t o i n t r o d u c e the n o t a t i o n used by c o n s i d e r i n g 

i n o u t l i n e the s c a t t e r i n g of two s p i n zero p a r t i c l e s , a f t e r which t h i 

may be extended t o the s c a t t e r i n g between s p i n 0 and s p i n -J- p a r t i c l e s 
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We describe the i n c i d e n t p a r t i c l e as a plane-wave s t a t e , and 

choose the d i r e c t i o n o f incidence to be the z-axis, so t h a t the i n c i d e n t 

s t a t e has the form, 

„,/ v i k . r i k z f i o\ ^ ( r J e e ( 1.2) 

and a f t e r s c a t t e r i n g , the f i n a l s t a t e has the asymptotic form, 

^ r ) - + e i k r ( 1.3) 

where the f i r s t term represents the unscattered p a r t and the second 

term describes the sc a t t e r e d p a r t i n terras o f a s p h e r i c a l wave-front 

o r i g i n a t i n g at the s c a t t e r i n g c e n t r e , f ( 9 , $ ) being the s c a t t e r i n g 

amplitude which represents the p r o b a b i l i t y o f s c a t t e r i n g i n t o 0 and 

$ so t h a t the d i f f e r e n t i a l c r o s s - s e c t i o n -̂ -2. i s given by 

do f ( a , $ ) I 2 ( 1.4) dQ 

and f o r a c y l i n d r i c a l l y symmetric p o t e n t i a l 

f ( 0 , * ) — » f ( 6 ) 

so t h a t 

' f ( e ) I ' ( 1.5) do I I 2 

The method o f p a r t i a l waves c o n s i s t s o f expanding *K and ^ i n 
2 

terras o f Legendre polynomials, which are e i g e n f u n c t i o n s o f L , so 

t h a t 

< ( 1.6) 

where v^ ( r ) and u ^ ( r ) are s o l u t i o n s o f the Shrbdinger equation 

f o r a f r e e p a r t i c l e 

*icL L J ^ Cr) = O ( 1.7) 
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and f o r s c a t t e r i n g from a p o t e n t i a l U ( r ) 

- | > - U M - ^ ] ^ . o ( 1 . 8 ) 

Taking the asymptotic forms, since i t i s these t h a t are observed, 

as r •—^ oo , we get 

„./ \ i k r cosO i k z ¥.(r) = e = e x — 

^ [ ( « + D - e"" - e " i k r } P4 (co E9) 
( 1.9) 

and 

-2IE T (2< + 1) {v***2**- . « * - e - i k r } P^cosG) 
(1.10) 

where the e f f e c t o f the p o t e n t i a l at l a r g e r i s to a l t e r the phase o f 

the £-th outgoing wave by 26^ ( t h e phase s h i f t ) and t o attenuate i t 

by a f a c t o r ( 0 ^ 1 ) 

From these two expansions (l»10) we o b t a i n f ( 0 ) as 

4 
(1.11) 

so t h a t 

do . |«.,|« . > ' | f c ' * i > { » , " £ - 1 } p < U o . 9 ) 

(1.12) 

where • l / k i s r e f e r r e d t o as the wave number. 

I n terms o f the more compact o-matrix n o t a t i o n , f o r e l a s t i c 

s c a t t e r i n g we d e f i n e the I - t h element o f S to be 

St = exp [2i6< ] (1.13) 

where 

S +5 = SS + « I 

and d e f i n i n g the t r a n s i t i o n m a t r i x T i n the usual manner 
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S a I + 2iT (1.14) 

we o b t a i n from (1.12) 

do) v2 - j — = A 
dQ 

el 

^ ( 2 - f + 1) Tf (cos©) (1-15) 

For p h y s i c a l cases o f s c a t t e r i n g we must now extend t h i s t o 

inc l u d e s p i n , as those t o be considered w i l l i n v o l v e the s c a t t e r i n g 

of s p i n 0 p a r t i c l e s from spin 4 t a r g e t s , although the formalism 

i s u n a l t e r e d i f these are reversed since we work i n the centre o f 

mass system. 

I n t h i s case both the t o t a l angular momentum J = L + 3 and 

the o r b i t a l angular momentum L are conserved, and an expansion i s 

r e q u i r e d i n eigenfunctions o f both J and L . 

To i n c l u d e the e f f e c t o f s p i n , we modify the d e s c r i p t i o n o f the 

i n i t i a l s t a t e o f the system to describe the s p i n s t a t e X g s t where 

s i s the s p i n , and m i t s t h i r d component, so t h a t 
s 

„. e i k z x % ( 1 1 6 ) 

and expanding as before 

\ s C Z r"1 f<(r) Mcose) (!•") 
I 

For a complete d e s c r i p t i o n , t h i s should be averaged over a l l 
values of ra f o r an unpolarised t a r g e t or beam, but i t i s morv s 
convenient t o deal v/ith o n l y one spin s t a t e and leave the averaging 

u n t i l l a t e r . 

To expand t h i s i n terms o f J , the t o t a l angular momentum, we 

must f i r s t consider the r u l e s f o r combining angular momentum and the 

eig e n f u n c t i o n s o f the operator s ^ "^. 

Let Ym' be the normalised e i g e n f u n c t i o n f o r a s t a t e c h a r a c t e r i s e d 

by 5^ and . Then f o r a t o t a l angular momentum J = 3^ + ^ F 



the product f u n c t i o n Y m ' Y m i i s an e i g e n f u n c t i o n of the t h i r d component 
0» J2 2 M m m̂  + but not i n g e n e r a l a simultaneous e i g e n f u n c t i o n of J f 

whose e i g e n f u n c t i o n we denote by Z'A. - • We r e q u i r e t h e r e f o r e an 

e x p r e s s i o n f o r the product Y.'V™1 i n terms of the Z's. which «e o b t a i n 
J, 0* 

u s i n g the u s u a l Clebsch-Gordan c o e f f i c i e n t s C , giv e n by 

f f C.. ( j r . J l j m . a J Y^'Y™ 1 ( l . l 8 ) / / JO* i ^ J1 J a 4 - • 

and s i n c e the Z's and Y's form orthonormal s e t s we use the r e l a t i o n 

to o b t a i n from ( l . l 8 ) the expansion 

3. - J* ? 

( 1 . 1 9 ) 

The C. . 's are well-known f u n c t i o n s ^ a n d Table I 
J» J2 

( 1.20) 

g i v e s 

t h e i r v a l u e s f o r 5 X
 88 i « 8 

ra • +4 s 2 m » -4 
8 2 

J - + * 1 
' - M + 1/2 ' 
k 2 + 1 J 

J - 1 
' + M + l / 2 
i 2 + 1 / 

Table I 

V a l u e s of Clebigch-Gordan C o e f f i c i e n t s f o r = J 

I n t h i s case the Y™ •s are the normalised s p h e r i c a l harmonics 
J 

http://jr.Jljm.aJ
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and we may w r i t e 

i ^ 

so t h a t the i n c i d e n t s t a t e becomes 

* - e i k z X m 

1 G 
T4S 

(afti) Z.Cf-(J'll-.«0-.) ( u 2 i ) 

= ( 4 n ) * ^ ^T ( 2<+l)*f<(r) C / B ( J , M « 8 ; 0 m g) (1 . 2 2 ) 

and the f i n a l s t a t e s i m i l a r l y takes the form 
•J* s 

\ - U * ) * ^ } j 2 < + l ) * g , ( r ) C < B(J,M=ra s ; 0 m s) z " < a ( 1 . 2 3 ) 

and the asymptotic form of the s c a t t e r e d wave becomes 

X f « x p [ 2 i « } " ] - 1 ] z £ 8 ( 1 . 2 4 ) 

At t h i s point, we must average over a l l the s p i n s t a t e s o c c u r i n g 

f o r an u n p o l a r i s e d t a r g e t or beam, and w r i t i n g f o r b r e v i t y the two 

s n i n s t a t e s i n v o l v e d f o r s = % as 

X \ = a and X 7^ 5 3 P 

we have ( from Table I ) f o r m = +J-
s 

Zt , , - (*«>""* { ( < + l ) * P, ( c o s 9 ) a - « + I ) - * p fCcose) e i $ 0 } 

(1 . 2 5 ) 

Z<-i /,% —(•»)"+{•<*' P^(coe$)o + p j ( c o s e ) e 1 * 0 } 
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and a l s o 

(1.26) 

<v,^-*»*» o 4) = - ( ̂ / 2̂ f + I ) * 

60 t h a t ( l . 2 4 ) becomes 

where 

P^(cosQ) 

and i n terms of the T-matrix introduced e a r l i e r , we may w r i t e 

so that ( l . 2 8 ) become 

f(e) - k 2 _ { ( < + 1 ) T * + • i' r<} p ^ c o s 9 ) 

( 1 . 2 8 ) 

( 1 . 2 9 ) 

g(e) = J ^ [T+ - T j J PJ(OOB©) 
and f o r mg = - 1 / 2 , we obtain 

^ s c a t t * r _ 1 < f ( 9 ) 0 + e i " a > ^ ' 3 ° ) 

and averaging over the s p i n co-ordinates we then o b t a i n 

g = | f ( e ) | 2

 + | g ( e ; | 2 ( 1 . 3 1 ) 

where f ( 0 ) i s r e f e r r e d to as the n o n - s p i n - f l i p amplitude and 

g(9) as the s p i n - f l i p amplitude. 

I n the presence of s p i n , i t i s p o s s i b l e to make measurements 
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of the f i n a l s t a t e p o l a r i s a t i o n , and the p o l a r i s a t i o n P i s de f i n e d 

by 
P . n 2 lm( f*(9) fi(e) 1 ( l . i 2 ) 

" |f ( e ) | 2

 + | g ( e ) | 2 

so t h a t 

P d o . n 2 Im( f * ( 9 ) g ( 9 ) ) (1 - 3 3 ) 

where n i s a u n i t v e c t o r p e r p e n d i c u l a r to the plane o f s c a t t e r i n g , 

Measurement of the p o l a r i s e d d i f f e r e n t i a l c r o s s - s e c t i o n i s t h e r e f o r e 

of use i n determining f ( o ) and g(0) and i n r e s o l v i n g the Minami 

a m b i g u i t y ^ w h i c h a r i s e s f o r t h i s c a s e . 

T h i s i s because under p c r i t y exchange f o r the same J t e.g. 

f j + * f^. f do* / dQ remains i n v a r i a n t f o r the 0 |-+ r e a c t i o n s , 

but as d i s c u s s e d f u r t h e r i n Chapter IV, the v a l u e of P do* / dQ 

does change s i g n under p a r i t y exchange and can t h e r e f o r e be used to 

r e s o l v e t h i s ambiguity. 

The P a r t i a l Wave a n a l y s i s must a l s o be extended to cover the 

i n e l a s t i c r e a c t i o n s where i n terras of the S-matrix, s c a t t e r i n g from 

channel a i n t o channel p i s d e s c r i b e d by an o f f - d i a g o n a l m atrix 

element b_ where 0a 

= T» exp( 2 i 6 „ Q ) ( 1 . 3 4 ) 3a a(3 'a(3 a3 

so t h a t the T-matrix f o r e l a s t i c and i n e l a s t i c s c a t t e r i n g w i l l taJce 

the forms fro:.. (1.14) of 

,J T aa 

and 

so t h a t the r e a l and imaginary p a r t s o f T ^ are given by 
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I . TJ - - 1 / 2 ' cos 2 6

J 

( 1 . 3 7 ) 

and from the u n i t a r i t y c o n d i t i o n ( S +S = I ) we f i n d t h a t 

T J
0 4 1 /2 

so that f o r the i n e l a s t i c channels, T J
R T i s c o n s t r a i n e d to l i e 

w i t h i n a c i r c l e of r a d i u s l / 2 , centred at the o r i g i n . 
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CHAPTER 2 The KJJ System 

2s 1 General f e a t u r e s of the s.ystem 

F o r a beam of negative K-mesons, i n c i d e n t upon a hydrcgen t a r g e t , 

a range of two and three body i n e l a s t i c channels are open even a t 

t h r e s h o l d , due to the system p o s s e s s i n g a t o t a l hypercharge Y = 0 , 

where the hypercharge Y i s defined as 

Y = B + S ( 2 . 1 ) 

3 b e i n r the baryon number and 3, s t r a n g e n e s s . 

T h i s forms a v e r y d i s t i n c t i v e and unique f e a t u r e of the K1J 

i n t e r a c t i o n . I n F i g u r e I we show the p o s i t i o n s of the i n e l a s t i c 

t h r e s h o l d s which l i e below and around the K~"p t h r e s h o l d . 

Y*(1405) 
1 , 

-x x x - ^ z 

K"P 

A n I n A n n 

-181.5 MeV -101 fceV -37 MeV +5.2 toetf 

F i g u r e I The KN t h r e s h o l d s 

As an example, an experiment with K beam momentum around 
(12) 

500 tfeV/c N l i s t s data f o r s i x two-body channels, nine three-body 

channels and one four-body channel. Consequently s e p e r a t i o n of the 

d i f f e r e n t r e a c t i o n s present may be d i f f i c u l t and the d a t a and a n a l y s e s 

from experiments i n the EN system are r a r e l y of high accuracy as 

compared with a system such as n N ^ \ 

The KN system a l s o oossesi.es a l a r g e number of resonant s t a t e s , 

the hyperon resonances of strangeness * - 1 , hypercharge = 0 . As i t i s 

http://oossesi.es
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a combination of i s o s p i n 0 and i s o s p i n 1 s t a t e s , resonances of both 

i s o s p i n v a l u e s a r e found and are c o n v e n t i o n a l l y denoted by e i t h e r 

Y o ( m a s s ) or A ( r n a s s ) f o r the 1 = 0 resonances and Y^(raass) or 

I (mass) f o r the 1 = 1 resonances. liany of these s t a t e s have been 

found by p a r t i a l wave a n a l y s e s of formation experiments, the c l a s s i c 

example being the Y* ( l 5 2 0 ) a very we l l - e s t a b l i s h e d resonance^ 

a n a l y s e s of production experiments are a l s o of grea t v a l u e , s i n c e 

many resonances are only weakly coupled to the two-body s t a t e s , and i n 

p a r t i c u l a r the parameters of the Y*(l40§) which l i e s below the 

K p t h r e s h o l d may only be determined i n t h i s way. Prom the nature of 

the d a t a and the other f e a t u r e s of the system one can see th a t the 

s t a t u s of the Y resonances can vary g r e a t l y from the w e l l e s t a b l i s h e d 

to the very d o u b t f u l . 

2:2 The An and I n channels 

x'he two-body channels w i t h which t h i s a n a l y s i s w i l l be concerned 

are the An and I n channels. The former has only one n e u t r a l mode 

An°, ance the A has an i s o s p i n of zero w h i l e the l a t t e r p o s s e s s e s 

two charged ( E + n and I n* ) and a n e u t r a l ( I°n° ) mode being a 

combination of both i s o s p i n s t a t e s . S i n c e the two-body channels of the 

KN system are 0 J.1 > 0 J- + the a n a l y s i s uses the expansions 

d e s c r i b e d i n Chapter 1. 

The strong i n t e r a c t i o n does not mix s t a t e s of d i f f e r e n t i s o s p i n 

v a l u e s and so a s e t of p h a s e - s h i f t s i s obtained f o r each of the 

i s o s p i n s t a t e s p r e s e n t i n a channel, so th a t each p h a s e - s h i f t and 

p a r t i a l wave amplitude must be l a b e l l e d by i t s v a l u e of i s o s p i n I i n 

a d d i t i o n to i t s v a l u e s of L and J , e.g. 6?" T and L_ ^ T , the 

l a t t e r being the s p e c t r o s c o p i c n o t a t i o n by which the amplitudes a r e 

commonly l a b e l l e d . Hence before being able to make a p a r t i a l wave 
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expansion, the d i f f e r e n t channels must be decomposed i n t o t h e i r 

c o n s t i t u e n t i s o s p i n s t a t e s . Table I I l i s t s the v a l u e s of I , 1^ and 

Y f o r the d i f f e r e n t p a r t i c l e s concerned. 

1 , 

I 
X 3 

Y 

[ 
1 , 1/2 -1/2 -1 

+ 
n 1 1 0 
0 

it 
t 

1 0 0 

i 1 -1 0 

P 1/2 1/2 1 

A i i 
0 0 0 

I + | 1 1 0 

| *° 1 0 0 

1 
1 
i — 

i 

i 

1 -1 m 0 

Table I I - Val u e s of I , 1^ and Y f o r K p A n , I n 

The decomposition of the amplitudes i s made acc o r d i n g to the 

same r u l e s which govern angular momentum, u s i n g the expansion 

a ; l ' , I * ; I I . > = a ; I , I ; I ^ I > 

x < a ; I l ,1^ I a ; I T , I Z
; I I > -3 j j> 

( 2 . 2 ) 

We f o l l o w the ^ U ( i ) convention that I 

!* < . (16) meson 

• • baryon, and th a t 

, with the c o n s t r a i n t on the t h i r d component 

.K P 
s 0 (2-3) 

The i s o s p i n s t a t e s are denoted by I <2>. > where I « • i s o s p i n 

and i denotes the channel ( 1 = K1J, 2 = Z i f 3 = A n ) . C o n s i d e r i n g 



- 15 -

each channel i n turn; 

KN: 

1 1 , 0 ) - ( J ) * | K ° n > + K~p> = ;*J> 

, 0 > . K°n> -r (§-)^IK~p> « i $ J > 
I 0 

so t h a t 

I K~p> = (fc)*{l»J> + l * J > } ( 2 - 4 ) 

I n ; 

12, 0> - j J i r V > + > / | l I 0 n O > + j f l Z V > = 

I 1, 0> = y|| Z V > - y | l l " n + > = l * J > 

! 0, 0 > = y i | l V > - y i | I ° n ° > + j i | l V > = |«J> 

so t h a t 

E V > - y i l ^ > + J l ^ > + i | * ° > ( 2 . 5 ) 

An: 

1, 0 > = 1 A°n° > = > ( 2 . 6 ) 

and denoting the T-matrix elements as T* , these are 
a(3 

< i V l T lK~p> = 

12 
< I V I T I K-p > - j j l ' J 2 + | T l 

< A°r.° I T I K"p > = ^ T J 3 

( 2 . 7 ) 
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From these i t can be seen t h a t the r e a c t i o n K p * A re i s 

completely d e s c r i b e d by the 1 = 1 amplitudes wh i l e the K p — > I n 

channel r e q u i r e s both 1 = 0 and 1 = 1 amplitudes f o r i t s d e s c r i p t i o n . 

Our a n a l y s e s cover a c e n t r e of mass energy range of approximately 

1600 - 1700 MeV i n which there are three w e l l e s t a b l i s h e d resonances 

p r e s e n t , two of 1 = 0 , the Y* ( l 6 7 0 ) i n the £>Q1 amplitude and the 

Y o ( l o 9 0 ) i n the J) amplitude, and one of 1 = 1, the Y 1 ( l 6 7 0 ) 

i n the 1)^ amplitude. Of these the l a t t e r resonance i s the most 

c o n t r o v e r s i a l and the s i t u a t i o n i n t h i s energy r e g i o n f o r the 1 = 1 

s t a t e s i s f a r from c l e a r ^ , with d i s c r e p a n c i e s apparently a r i s i n g 

between the formation and production experiments and a n a l y s e s . 

One hypothesis which has been advanced to e x p l a i n these suggests 
* 

the e x i s t e n c e of two Y^ 1 s i n t h i s r e gion, w i t h the same s p i n - p a r i t y 
(17 ) 

assignments^ , but decaying by d i f f e r e n t channels. U n f o r t u n a t e l y the 

present s t a t e of knowledge makes t h i s d i f f i c u l t to examine 

A major aim of these a n a l y s e s was to make a f u r t h e r determination 

of the parameters of the Y ^ ( l 6 7 0 ) , and to i n v e s t i g a t e the p o s s i b i l i t y 

of t h e r e being other ie sonant s t a t e s i n t h i s r e g i o n . The a n a l y s e s of 

the I n channel a l s o allowed a f u r t h e r determination of the 
* 

parameters of the two known Y resonances. 
o 

Table I I I shows the c u r r e n t s t a t e s of the 1 = 0 and I = 

resonances i n the region 1600 - 1700 MeV and t h e i r s t a t u s * 
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1 = 0 

1 = 1 

Amplitude j Resonant 
! Energy 
I(MeV) 

Comment 

01 

D 03 

11 

11 

13 

1670 

1690 

1620 

1620 

1620 

1670 

1690 

Well e s t a b l i s h e d 

Well e s t a b l i s h e d 

Weakly coupled, suggested by 
(19) 

Kim's K-matrix a n a l y s i s • 

From K p I rc aud K°n, 
, ^ u • (19»20) but only r e p o r t e d twice ' 

Production experiments suggest 

s t r u c t u r e i n t h i s r e g i o n which 

i may correspond to the above 

! s t a t e s ^ ^ . 
! 

I w e l l e s t a b l i s h e d but d i s c r e p a n c i e s 
! 
I between branching r a t i o s from 
i 

I production and formation a n a l y s e s . 

Seen i n production e x p e r i m e n t s ^ ^ ; 
1 
! may be l i n k e d to the problems i n 

the resonance above. 

Table I I I 

Resonances i n the c m . energy r e g i o n 1600 - 1700 MeV 
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CHAPTER 3 P a r a m e t e r i s a t i o n of the P a r t i a l riave Amplitudes 

3:1 Choice of p a r a m e t e r i s a t i o n 

As described i n Chapter 1, the phase s h i f t s may r a r e l y be 

determined a t each energy independently and some form of energy -

- dependence must be used to i n t e r p o l a t e over the range of e n e r g i e s . 

The Arc and Ire channels are such a case, s i n c e a t the en e r g i e s 

considered the number of v a r i a b l e s r e q u i r e d i s l a r g e r than the volume 

of a v a i l a b l e data f o r each energy, so r e q u i r i n g some form of 

i n t e r p o l a t i o n . 

For the purposes of the a n a l y s i s , the p a r t i a l wave amplitudes 

r r e d i v i d e d i n t o two d i s t i n c t groups, ( i ) those which are not known 

or b e l i e v e d to be resonant and ( i i ) those known or b e l i e v e d to be 

resonant. Since the p a r a m e t e r i s a t i o n used i n each case takes a v e r y 

d i f f e r e n t form, each case i s considered s e p e r a t e l y i n d e t a i l . 

3•2 Non - resonant Amplitudes 

I n the absence of any model f o r T ^ j ( E ) , a number of e m p i r i c a l 

means of e x t r a p o l a t i n g the amplitudes have been developed, each of 

which stands p u r e l y by i t s sucdess i n a c o n s i s t e n t i n t e r p r e t a t i o n of 
(21) 

the data . borne of these are b r i e f l y reviewed here and the for"n 

used i n our own a n a l y s e s i s d e s c r i b e d . 
At low e n e r g i e s , around the KN t h r e s h o l d , the s c a t t e r i n g - l e n g t h 

( 5 ) 

( e f f e c t i v e range ) f o r m a l i s m w / i s often used, p a r t i c u l a r l y f o r 

those a n a l y s e s which include a l l open channels simultaneously- Assuming 

th a t the o-wave i s the dominant amplitude, t h i s assumes the form f o r 

phase - s h i f t 6 and momentum k of 

k o o t 6 = ( - l / a ) + £ r o k 2 ( 3 . 1 ) 
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where a i s termed the ' s c a t t e r i n g length' and r Q the ' e f f e c t i v e 

range'. The l a t t e r may be c a l c u l a t e d f o r a given form of p o t e n t i a l 

being dependent only on the width and depth, but not shape, of the 

p o t e n t i a l . For higher t - v a l u e s a s i m i l a r e x p r e s s i o n may s t i l l be 
(22 ) 

obtained though the i n t e r p r e t a t i o n i s more d i f f i c u l t . 

For the higher energies where more amplitudes are needed, a more 
(23 ) 

f l e x i b l e form i s r e q u i r e d , a t y p i c a l example i s that of Smart 

f o r KN • A n 
=> ( A< + B^k + C,k 2 ) exp( i(i>,+ Et k + h\k2) ) 

( 3 . 2 ) 

2 

f o r kx + B{k + C^k ^ 0 

and t h a t of Lea, Martin and O a d e s ^ 2 ^ f o r K +p s c a t t e r i n g 
6< = q ^ + 1 (A< + B^q 2 + C^q 4) ( 3 . 3 ) 

The CEHN - Heidelberg - S a c l a y C o l l a b o r a t i o n who have made many 
( 1 2 ) 

of the measurements of KN i n t e r a c t i o n s f o r these regions^ ' have 
(25 ) 

used a form which i s l i n e a r i n momentum p 

T( = a { + b<( p - p Q ) ( 3 . 4 ) 

a^ and b^ complex, and f o r l a r g e r energy ranges have sometimes 

modified ( 3 . 4 ) to a two l i n e f i t i n the complex plane, j o i n i n g 

a t momentum p̂ , 

T = a j + b ( p - p ) p ? p 
1 f f ( 3 . 5 ) 

\ = \ + V P " p f ^ p 4 p f 

A l l these forms ( 3 . 2 ) - ( 3 - 5 ) are e s s e n t i a l l y e m p i r i c a l i n 

nature, the ch o i c e of form being the p a r t i c u l a r p r e f e r e n c e o f the 

worker . 
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For the a n a l y s e s presented here, a more general and we b e l i e v e 

more f l e x i b l e form has been p r e f e r r e d , although again w i t h no s t r o n g 

t h e o r e t i c a l j u s t i f i c a t i o n . T h i s form was f i r s t introduced by 
( 7 ) 

L i t c h f i e l d v ' , when a n a l y s i n g a l l the a v a i l a b l e Art data, and 
subsequently been used to a n a l y s e other channe i s • 

I n t h i s form, the r e a l and imaginary p a r t of each amplitude i s 

expanded as a s e r i e s of orthogonal polynomials of a l i n e a r f u n c t i o n 

of the i n c i d e n t momentum which i s normalised i n the r e g i o n ( -1,1 ) 

over the range of momenta considered, so that the amplitudes take the 

form K f n^ x 

K 
M (3.6) 

where x *= -1 a t a value 10 Ke//c below the minimum value of the 

l a b o r a t o r y momentum and x = +1 a t 10 iueV/c above the maximum 

value f o r the i n t e r v a l considered. The a 1 s and b's provide the 

parameters of the f i t . w i th K and w being determined f o r 
1 max max 

each amplitude as d e s c r i b e d i n Chapter 4 . 

By the use of t h i s form i t was hope* that any energy - dependence 

of T^ encountered could be d e s c r i b e d , with the advantage when f i t t i n g 

t h a t removal of a higher polynomial should not g r e a t l y a f f e c t th«s 

lower c o e f f i c i e n t s from the o r t h o g o n a l i t y property of the polynomials. 

3:3 Resonant Amplitudes 

The concept of resonance may be formulated i n s e v e r a l ways, and 

to show t h i s , three d e f i n i t i o n s of resonance are given below, these 

are; 

a) Resonance occurs when the S c a t t e r i n g Amplitude f o r a p a r t i c u l a r 

s e t of quantum numbers ( s p i n , p a r i t y , e t c . ) i s a maximum. For p u r e l y 
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e l a s t i c s c a t t e r i n g t h i s corresponds to 6 p a s s i n g through n / 2 . 

R e f . ( 2 7 ) 

b) Resonance phenomena are a s s o c i a t e d with the e x i s t e n c e of 

e i g e n s t a t e s of the complete Hamiltonian f o r which there are 

a s y m p t o t i c a l l y only outgoing waves, lief. ( 2 8 ) 

c ) I n a r e g i o n s u f f i c i e n t l y ' s m a l l ' , and f a r from the branch p o i n t 

or t h r e e - p a r t i c l e t h r e s h o l d , then the S-matrix may be parameterised 

as a s e t of poles plus an a n a l y t i c p a r t , e q u i v a l e n t to a constant. 

R e f . ( 2 9 ) 

I n each case a Breit-Wigner resonance form may be d e r i v e d from 

the d e f i n i t i o n given, by means of s u i t a b l e i n t e r p r e t a t i o n of the forms 

obtained. As an example we o u t l i n e the d e r i v a t i o n f o l l o w i n g d e f i n i t i o n 

a ) , which most c l o s e l y corresponds to the concepts i n v o l v e d i n the 

p a r t i a l wave a n a l y s i s . From s c a t t e r i n g theory we may o b t a i n the 

e x p r e s s i o n , f o r momentum k and complex s c a t t e r i n g length a 

cot 6 * 1/ka + .... = f ( k ) (3.7) 

At resonance 6 = n/2, f ( k ) 0 , so expanding about E^ the 

resonance energy 

f = 0 + ( l i j j - E ) f e ( f ) E R + ... 

and d e f i n i n g 
d 

H 
then u s i n g the r e l a t i o n 

T ka 
1 - i k a 

we get 

T 2 ( \ - E ) / ~ r 

T - ( E H - f f z i r/2 ( 3 . 9 ) 
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the well-known Breit-Wigner resonance f o r r r / " ^ ^ . 

For the case when there are a number of open channels t h i s 

becomes 
1 r - i -

T a P = TE; - E ) - i r / 2 ^ l ° > 

A more rigourous d e r i v a t i o n of t h i s form i n terms of the S-matrix 

d e f i n i t i o n c ) i s given i n Appendix A f o l l o w i n g the d e r i v a t i o n given 

i n r e f e r e n c e ( 2 ^ ) . 

For phenoraenological purposes, the behaviour of the amplitudes 

i n the argand plane i s used as a means of d e t e c t i n g p o s s i b l e resonant 

behaviour. Considering the c a s e s of ( i ) e l a s t i c and ( x i ) i n e l a s t i c 

s c a t t e r i n g , and w r i t i n g 

e = 2( Eg — E ) / r 

then f o r the e l a s t i c case, from ( 3 . 9 ) 

T = — ^ - r (3.11) e £ - i 
so 

T e = p r r i + p r h = u + i v ( 3 . 1 2 ) 

which i s a s o l u t i o n of the equation d e s c r i b i n g a c i r c l e i n the argand 

plane 

u 2 + ( v - £ f m 1/4 ( .13) 

where the d i r e c t i o n of r o t a t i o n i s determined by the Wigner condition^"'•^ 

Some t y p i c a l p±ots are shown i n f i g u r e I I f o r e l a s t i c s c a t t e r i n g 

w i th v a l u e s of ^1=1 and T| = 1/2 . 

For the i n e l a s t i c case, the branching r a t i o x_̂  i s w r i t t e n as 

x i -
 rJr 

to get 
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- ,J G a 
aS £ - 1 0.14) 

and f i g u r e I I I shows t y p i c a l behaviour of 

I,r, r 

1 1 N 
\ 

T 
1 l i 

I -

1 = 1 Tt = 1/2 

£ t r 

F i g u r e I I E l a s t i c Resonant Amplitudes 

L 

F i g u r e I I I I n e l a s t i c Resonant Amplitudes. 

.Before a n a l y s i n g the argand ^ l o t s , the e f f e c t of non-resonant 
(28 JS2 ) 

background s c a t t e r i n g should be i n c l u d e * ' t making the u s u a l 

assumptions f o r the 15-raatrix t h a t ; 

a) o = S B o R 

b j o D v a r i e s slowly 

so t h a t 

o = e 
2 i ( 6 B + 6 R ) 

e 2 i 6 -1 3 ( 1 + 2 i T R ) = 1 + 2 i T 
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2 i 6 
T = T_ + e 

£5 
13 

K 

so t h a t the background phase produces a d i s t o r t i o n i n T as shown i n 

f i g u r e IV f o r the e l a s t i c c a s e . 

F i g u r e IV E l a s t i c Resonant Amplitude and Background. 

I n making the a n a l y s e s , the resonant amplitudes have been 

parameterised with the form of ( 3 . 1 0 ) , which becomes 

T,. r/2 fxx? 

( E - E R ) - i f / 2 
(3.16) 

and wherever p o s s i b l e a background phase has been in c l u d e d , although 

i t i s n e c e s s a r y to f i x one phase and determine others r e l a t i v e to 

t h i s * The energy-dependence of r ( E ) has been introduced i n two ways 

( i ) the b a r r i e r p e n e t r a t i o n formula of B l a t t and tfeisskopfand 

( i i ) the e m p i r i c a l form of Glashow and- R o s e n f e l d ^ ^ and these are 

d e s c r i b e d i n Chapter 4 where the d e t a i l s of the f i t s are given. 
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Chapter 4 R e s u l t s and Conclusions 

4:1 The A n and I n data 

The data was presented i n two forms, a ) p a r t i a l c r o s s - s e c t i o n s 

f o r the two-body channels a t each value o f the i n c i d e n t K~ momentum 

and b) v a l u e s of the d i f f e r e n t i a l and p o l a r i s e d d i f f e r e n t i a l c r o s s -

- s e c t i o n s over a f u l l angular d i s t r i b u t i o n a t each v a l u e of the K 

momentum. At each momentum the d i f f e r e n t i a l c r o s s — s e c t i o n s were 

expanded i n the forms 
n. mux 

d ^ ( e ) = * 2 ^ - - N P n ( c o s e ) ( 4 a ) 
n=0 

P D ^ ( 0 ) « n X 2 21 B K P£(COS9) (4.2) 
k«l 

where the P n ( c o s 6 ) and P*(cos8) were the u s u a l Legendre and f i r s t 

a s s o c i a t e d Legendre polynomials, % the reduced wavelength = 1/k and 

n the u n i t normal v e c t o r to the s c a t t e r i n g plane. No c o r r e c t i o n was 

made f o r the electromagnetic i n t e r a c t i o n which i s v e r y s l i g h t f o r 

most of the data and would have c o n s i d e r a b l y i n c r e a s e d computational 

The v a l u e s of n and k were determined by the most 
max max 

adequate f i t s to do/dft and P do/dft obtained by matrix i n v e r s i o n 
2 

procedures, the c r i t e r i a f o r s e l e c t i o n the X p r o b a b i l i t y 

d i s t r i b u t i o n f u n c t i o n P( X 2) was u s e d ^ * ^ , and allowance was made 

i n t h i s f o r c o n t i n u i t y of th© A 1 s and J3 1 s with energy. I n the 
n ic 

( i p ) case of the A n channel the p u b l i s h e d v a l u e s of A and B, V ' n k 

were used, but f o r the Z n channel, the data f o r the range of i n t e r e s t 

was r e f i t t e d and a number of improved f i t s were obtained f o r the - + + -
I n' data. Data f o r the £ ~ u

+ 

channels was a l s o obtained f o r 



- 26 -

K~ momentum of 806 MeV/c and was in c l u d e d to give a more balanced 

cover of the energy range of i n t e r e s t , and thus reduce edge e f f e c t s 

f o r the Breit-Wigner forms. 

The c o e f f i c i e n t s A n and B^ may be expressed i n terms oi Ahe 

p a r t i a l amplitudes T^ , and the method of d e r i v a t i o n f o r these i s 

d e s c r i b e d i n Appendix B f where the e x p r e s s i o n s are t a b u l a t e d . 

Prom these e x p r e s s i o n s , the nature of the am b i g u i t i e s mentioned 

e a r l i e r may e a s i l y be observed. For the Minarai ambiguity, i n t e r c h a n g i n g 

p a r i t y f o r the same J - v a l u e , t h i s corresponds to the interchange of 

the amplitudes 3^ <—• , P^ < > e t c . and from t a b l e B.I t h i s 

can be seen to le a v e do/dQ u n a l t e r e d , w h i l s t from t a b l e B . I I the 

s i g n of P do/dO i s changed by -1. 

I t may f u r t h e r be observed t h a t the ope r a t i o n of complex 

conjugation a p p l i e d to a l l the amplitudes would s i m i l a r l y l e a v e 

do/dQ u n a l t e r e d w h i l e changing the s,ign of P do*/dft and i n p r a c t i c e 

t h i s i s r e s o l v e d by e s t a b l i s h i n g the phase u s i n g the Wigner c o n d i t i o n 

w h i l e f i x i n g the o v e r a l l SU(3) phase by one of the resonance terms. 

The c r o s s - s e c t i o n s a , can be expressed i n terras of the 

amplitudes by observing t h a t 

* = * f A o ( 4 . 3 ) 
k 

( 7 ) 

and to reduce e r r o r s of n o r m a l i s a t i o n , the f i t t e d data p o i n t s were 

the v a l u e s of tf, A^/A^ and B^/A^ at each energy. Minimisation was 

by the CERtf program M I N U I T ^ ^ as d e t a i l e d i n Appendix C. 

For the non-resonant amplitudes the parameters of the f i t s were 

taken to be the a l „ ' s and b* T *s of equations ( j . 6 ) . w i t h K 
JLK OLH max and k determined only by the need f o r a good f i t . The resonant max 

amplitudes had the Breit-Wigner parameters E^, r , J n ' and the 
."* 

background phase $ R , 
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P r o v i s i o n was a l s o made f o r a l i n e a r background i n each resonant 

amplitude. 

4:2 D e t a i l s of the f i t t i n g procedure 

For the A n channel, the v a l u e s of n and k i n (4-1) 
1 max max 

and (4.2) were taken as 3 and i n i t i a l f i t s were made w i t h amplitudes 

of -(-value up to 3 ( S-F ) , but as i n no f i t was any but a n e g l e g i b l e 

F-wave present these were subsequently taken to be zero f o r a l l l a t e r 

f i t s , bince the channel i s i s o s i n g l e t w i t h 1 = 1 , the Y^(l670) i s 

the only known resonance i n the region analysed and wi th the exception 

of a few t r i a l f i t s t h i s was parameterised as a Breit-Wigner form. 

(37) 

The energy dependence of the resonance width f~(E) was 

parameterised i n two ways. The f i r s t by u s i n g the n o n - r e l a t i v i s t i c 

angular momentum b a r r i e r p e n e t r a t i o n f a c t o r , took the form f o r V= 2 of 

r K = r — 
, 2 2 4 4 9 + 3q R r + q R r 

where q = cm. momentum of the outgoing p a r t i c l e s , c D i s the v a l u e 

of q a t resonance and r the i n t e r a c t i o n r a d i u s . The second form used 

was an e m p i r i c a l dependence f i r s t used by Glashow and Ptosenfeld^ 

which had the form 

/ q q R + X 
2 v 2 \ q + X 

(4.5) 

where X had a v a l u e of ^50 Metf/c, determined e m p i r i c a l l y . L i t t l e 

d i f f e r e n c e could be detected between the f i t s obtained u s i n g the two 

forms and the f i r s t form was r e t a i n e d i n a l l l a t e r f i t s . 

Apart from the Y^(l670) the other amplitudes were parameterised 
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by the parametric form ( 3 . 6 ) , and f o r the polynomial s e r i e s , both 

Legendre polynomials, as i n previous a n a l y s e s ^ , and Tchebyscheff 

polynomials were used, the l a t t e r being the optimiJm expansion 

f o r the r e d u c t i o n of end e f f e c t s . However as no expansion a^ove three 

terms was ever r e q u i r e d , and as the f i r s t two polynomials of each 

kind a r e i d e n t i c a l , no d i f f e r e n c e could be adequately i n v e s t i g a t e d . 

P r e v i o u s a n a l y s e s of t h i s r e g i o n have p r e f e r r e d to f i x the 
* ( ^ 

o v e r a l l phase by the t a i l of the resonance Y.^1765) , but 

we found t h a t a b e t t e r f i t was obtained i f the o v e r a l l phase were 

f i x e d u s i n g the Y* ( l 6 7 0 ) . 

The a n a l y s i s of the Z n channel was performed i n a s i m i l a r 

o v e r a l l manner, w i t h the advantage of the experiences gained from the 

A n a n a l y s i s . However the d i f f e r e n c e s between the two channels made 

t h i s a f a r l e s s t r a c t a b l e problem and consequently the r e s u l t s 

should be t r e a t e d with c a u t i o n . The most s i g n i f i c a n t d i f f e r e n c e s l a y 

i n the poorer q u a l i t y of the data, p a r t i c u l a r l y f o r the T°n° 

channel where events are d i f f i c u l t to seperate^ , and i n the need 

for a much l a r g e r number of parajneters (85) due to the two i s o s p i n 

s t a t e s , w ith subsequent c o m p l i c a t i o n s f o r mini m i s a t i o n . 

The c e n t r e of mass energy r e g i o n considered contained three 

known resonances, Y^(l670) as before, and two 1 = 0 resonances 

Y ( I 6 7 O ) i n the J-wave and Y ( I 6 9 O ) i n the 1 ) . wave. As f o r the o N o 3 

An channel, the o v e r a l l phase was f i x e d u s i n g the Y^(1670). The 

resonance width f o r the Y^lb^O) was given the energy-dependence of 

(4.4) a-nd t h a t of the Y^(l670) was taken to be constant w i t h energy. 

A l l other amplitudes were parameterised by the form ( 3 » o ) and p r o v i s i o n 

was made f o r the i n c l u s i o n o f a t r i a l resonant form i n any chosen 

amplitude. 
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The c r i t e r i a f o r the goodness of f i t was taken to be the 
2 

reduced X - v a l u e f o r the p a r t i c u l a r f i t , where f o r iJ^ d a t a p o i n t s 
• > 

the value i s defined as 

f g c a l c u l a t e d ^expt 
V 2 

• r ^ 
1 

i = l 
A 5 i 

where i s the i - th data point, the e r r o r ; and the 
2 2 reduced X - v a l u e , X N D F i s d e f i n e d as 

where lip i s the number of parameters used i n the f i t , i . e . ( - f t p ) 

= no of degrees of freedom f o r the f i t . For an optimum f i t the v a l u e 

of X f T _ ^ should be 1.0 ^ 3 5 \ 

With the methods d e s c r i b e d i n Appendix C, a number of f i t s to 

the data were obtained f o r each channel and i n both c a s e s i t was 

p o s s i b l e to s e l e c t one f i t which was b e t t e r than the o t h e r s obtained. 

T h i s was then used as a b a s i s f o r a search f o r p o s s i b l e resonances 
( 7 ) 

present, altaough we found, as noted by L i t c h f i e l d * , t h a t the 

method of adding resonance forms to the amplitudes i s r a t h e r u n s t a b l e , 

even f o r w e l l - e s t a b l i s h e d resonances, and that u n l e s s the parameter 

v a l u e s are i n i t i a l l y c l o s e to t h e i r accepted v a l u e s convergence i s 

u n l i k e l y . 

4:3 R e s u l t s f o r K~p — > Arc 

( } 9 ) 

These have been pu b l i s h e d elsewhere* '' and oxe repeated f o r 

completeness. T h i s channel was analysed over a c e n t r e of mass r e g i o n 

of 1615 - 1696 MeV with a number of f i t s extending i n t o the r e g i o n 
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below 1615 ketf, where however the Breit-Wigner d e s c r i p t i o n of the 

l)^ amplitude i s no longer r e l i a b l e . An adequate d e s c r i p t i o n was 

obtained w i t h amplitudes of 1-2 and l i t t l e evidence could be 

found to suggest any f u r t h e r resonant s t r u c t u r e , although f o r 

completeness f i t s were made with a t r i a l resonance to i n v e s t i g a t e 
2 

any p o s s i b i l i t i e s . The best f i t obtained had a v a l u e of X =72.4 
2 

f o r 90 da t a p o i n t s and 18 parameters g i v i n g a v a l u e of ^ D F ~ 

and was s t a t i s t i c a l l y more s i g n i f i c a n t than any other f i t found. 

F i g u r e V shows the amplitudes f o r the f i t together w i t h those 

obtained from other a n a l y s e s i n t h i s r e g i o n . D i s c u s s i n g the amplitudes 

i n t u r n i t was observed t h a t : 

•D^t-: I t was ne c e s s a r y to i n c l u d e a l i n e a r form f o r t h i s amplitude, 

which might be expected s i n c e the t a i l of Y^(1765) should extend to 

t h i s r e g i o n . A number of i n i t i a l f i t s were made f i x i n g the o v e r a l l 
( 2 5 ) 

phase by t h i s resonance, as done elsewhere but t h i s was found 

l e s s s a t i s f a c t o r y than u s i n g the , probably because the B r e i t -

-Wigner form i s only intended to d e s c r i b e the re g i o n c l o s e to 

resonance. 

U n l i k e r e f e r e n c e ( 2 4 ) i t was unnecessary to f i x the form o f t h i s 

amplitude f o r a good f i t and no v a n i s h i n g was observed f o r a f r e e 

p a r a m e t e r i 8 a t i o n . For the form used the behaviour i s c o n s i s t e n t with 

an i n t e r p r e t a t i o n as the low-energy t a i l of the Y^(1765) w i t h a 

nhase r e l a t i v e to Y^(l670) i n agreement with SU(3) p r e d i c t i o n ^ 

®iy * o r m (3*6) were used f o r t h i s amplitude, a resonant 

form was s t r o n g l y suggested, as r e q u i r e d i f the expansion were to be 

of u s e . I n the f i t s presented the amplitude was d e s c r i b e d by the 

forms (3.16) and (4.4) w i t h the i n t e r a c t i o n r a d i u s r taken to be 

0.8 f e r m i ( 4 0 ) . 
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From the f i t s the parameters of Y.^1670) were determined to be 

E = 1676.5 - 2.0 iieV r = 59 - 4-5 I'.etf Vxx^ - 0.165 t 0.01 

When compared w i t h other r e s u l t s ^ the v a l u e of i s °en 

to be a l i t t l e higher, but t h i s may be a consequence of the f r e e 

p a r a m e t e r i s a t i o n of the D̂ _ amplitude i n our f i t , s i n c e there i s a 

c l o s e c o r r e l a t i o n between the two 1) - waves. 

(41J 

There i s l i t t l e to suggest any s t r u c t u r e i n t h i s amplitude 

i n the re g i o n i n v e s t i g a t e d , although an ex t e n s i o n to the lower energy 

regions r e q u i r e d some small e x t r a s t r u c t u r e . The amplitude i s q u i t e 

adequately d e s c r i b e d by a l i n e a r form an v a r i e s r a p i d l y w i t h energy. 

P ^ : T h i s amplitude showed l e a s t s i g n of any s t r u c t u r e a t a l l , and 

over the range used could be pararaeterised as a complex constant w i t h 

only v e r y s m a l l movement i n the Argand plane i f the f i t were extended 

to a l a r g e r range. 

S ^ : I n i t i a l r e s u l t s suggested t h a t t h i s was the most l i k e l y amplitude 

to possess a resonant s t r u c t u r e i n t h i s r e g i o n , but attempts to impose 

a B r e i t - Wigner proved u n a v a i l i n g , i f i n c l u d e d t h i s gave resonance 

parameters 

= 1670 tieV r = 106 weV / x x ? = 0.18 K o 

2 
with a value of X _____ = 1.26 . As mentioned e a r l i e r t h i s method was 

NDF 

uns t a b l e and t i e v a l u e s obtained very u n r e l i a b l e . Despite the r a p i d 

v a r i a t i o n with energy a s a t i s f a c t o r y f i t r e q u i r e d only a complex 

l i n e a r form. 

Table IV shows the parameters of the best f i t obtained, f o r the 

non-resonant amplitudes. 



- 32 -

r . , — 

11 

1 1 

13 

D 
15 

1 
^ J l 

-0,194 

0 . 0 6 2 

0.101 

-0.022 

L J 1 

1 
\ J 2 

0 . 2 0 0 ; - 0 . 1 6 0 

0.U3 

0 . 0 6 7 

L J 2 

-0.019 

-O.Ooi ! -0.018 

0.019 ' -0.011 0 . 0 6 4 

1 
*LJ3 

-0.0j8 

Table IJ Parameter v a l u e s f o r K p A Tt 

(19) 

I n f i g u r e V we a l s o show the f i t s made by Kim v 7 and the C.H.b. 

c o l l a b o r a t i o n i n t h i s region, and that of Wong^^ i n the a d j o i n i n g 

r e g i o n below. The f i t s use e i t h e r Y 1 ( l 7 6 5 ) or Y o ( l 5 2 0 ) to f i x the 

o v e r a l l phase, no other f i t u s i n g Y^(1670). 
Comparing w i t h these, i t can be observed t h a t the magnitudes of 

our arnolitudes are g e n e r a l l y i n agreement although they possess an 

o v e r a l l c l o c k w i s e r o t a t i o n when compared with those from the o+her 

f i t s , /-s observeo i n Chapter 3, t h i s may be an e f f e c t of a background 

pr e s e n t i n e i t h e r the or amplitudes ( or both ) i f the 

s o l u t i o n s are to agree. Another c o n s i d e r a t i o n may be the inadequacy 

of the B r e i t - Wigner form used to d e s c r i b e the v a r i a t i o n away from 

resonance. 
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4:4 R e s u l t s f o r K p > I n 

The I n channel was analysed over a c m . energy range of 

1615 - 1702 McV, g i v i n g a s l i g h t l y b e t t e r d i s t r i b u t i o n around the 

re g i o n of i n t e r e s t , and as f o r the An a n a l y s i s the o v e r a l l pha_,e was 

f i x e d by the 1^(1670), and amplitudes w i t h ^ - v a l u e s of up to 2 

were r e q u i r e d . 

L i k e Reference (25c) we found t h a t , d e s p i t e many attempts, no 
2 

very s a t i s f a c t o r y f i t could be found and the best v a l u e of X was 

291.0 f o r 244 data p o i n t s and 43 parameters, corresponding to 
2 2 

*hTDF = 1-45 ( compared to = 1*49 f o r a l a r g e r range of 

data i n Reference (25c) )• 

The data i s not very s e n s i t i v e to the input, s i n c e a number of 
* 

f i t s which were s t a r t e d with the wrong SU(3) phases f o r the Y Q 

2 

resonances were able to converge to a best v a l u e of X ̂  = 1.75 

and gave reasonable parameters f o r the resonances i n v o l v e d ! Consequently 

any deductions from t h i s data should be t r e a t e d with g r e a t c a r e . I n 

f i g u r e s / I and V I I the amplitudes f i n a l l y obtained are shown together 

with those of the C.H.S. c o l l a b o r a t i o n . 
Again d i s c u s s i n g each amplitude i n tu r n , one observes: 

D^t : A small coroolex constant amplitude was adequate, reasonably 

showing no s i g n of the Y^(1765) which i s only weakly coupled to the 

I n channel. 

D_̂ . : As f o r t i e A 71 channel t h i s was adequately parameterised 

by the B r e i t - Wigner form and the parameters obtained were i n good 

agreement with other f i t s to t h i s channel, these were 

_J H = I665.I i 1.6 i-leV r * 43-2 ^ 2.4 i,eV jxx? = 0.139+ 0.007 
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P ^ : T h i s amplitude was best d e s c r i b e d by a n o n - l i n e a r form although 
2 

r e d u c t i o n to a l i n e a r form produced only a s m a l l r i s e i n X • The 

amplitude was s m a l l with no p a r t i c u l a r f e a t u r e s . 

*11 : ^ complex l i n e a r form was a? a i n q u i t e adequate and as i r the 

An a n a l y s i s t h i s showed no s i g n of any s t r u c t u r e a t a l l i n t h i s 

r e g i o n . 

^ l l : U n l i k e ^ n e Art a n a l y s i s no f i t s showed any s t r u c t u r e i n t h i s 

amplitude which could be q u i t e adequately d e s c r i b e d by a l i n e a r form. 

DQ^: Again no s i g n of any s t r u c t u r e , a l i n e a r p a r a r a e t e r i s a t i o n being 

adequate with only s m a l l movement i n the amplitude. 

DQ^: T h i s appeared to be adequately d e s c r i b e d by the B r e i t - Wigner 

form used with l i t t l e i n d i c a t i o n of background pr e s e n t . An i n t e r a c t i o n 

r a d i u s of 0.8 f was used i n ( 4*4 ) and the resonance parameters 

were found to be 

w i t h a phase angle of $^ = 0.068 + 0.01 r a d . These above parameters 

are i n good agreement with other a n a l y s e s , p a r t i c u l a r l y f o r the Z n 

channel. 

PQ^: /ery s l i g h t s i g n s of s t r u c t u r e were shown but r e d u c t i o n to a 

complex l i n e a r form produced only a r e l a t i v e l y s m a l l i n c r e a s e i n X C*. 

P ^ : A more e x t e n s i v e fcrm of p a r a m e t e r i s a t i o n was r e q u i r e d f o r t h i s 

amnlitude and could not be f u r t h e r reduced without a l a r g e r i s e i n 
Y 2 

* . it f i t with B r e i t - r f i g n e r form a/.d a l a r ^ e c onstant background 

gave parameters of 

E D = 1683.9 +1.6 MeV 78.6 + 4.8 AfeV 0.342 + 0.007 r o 

E., 16^0 ivieV r = o 41-0 MeV s'xx» = -0.075 

f o r a v a l u e of X = 3 4 0 . 2 
i 

1.68 . T h i s was the only 
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amplitude to show any s i g n of resonant s t r u c t u r e . 

S : Although t h i s was parameterised by a ^ r e i t - rfigner, a s l i g h t l y 

imnroved s o l u t i o n r e q u i r e d a background term. Two s o l u t i o n s were then 

obtained f o r t h i s amplitude with and without a constant background 

amplitude. For the s o l u t i o n w i t h a constant background the resonance 

parameters were 

2. = 1632.8 + 2.5 MeV f = 35-3 + 3.4 »eV [xx? =-0.144 + 0.012 

where the coupling to the Zrt channel i s s m a l l e r than u s u a l l y 

obtained. For the s o l u t i o n without a background the parameters were 

E, = 1682.3 + 2.5 i-M r = 50.5 + 3.5 «toV {xxT =-0.164 + 0.012 
1 . — O — — 

the width being i n c r e a s e d . Other f i t s to t h i s resonance have 
(25c) 

included a background amplitude . 

A larf;e background phase was a l s o found, with the value of 

$ . = -1.66 + 0.10 rad. Table V g i v e s the v a l u e s of the parameters l o r the non-resonant amplitudes obtained with minimum s t r u c t u r e 
2 
NDF p o s s i b l e , X M I | . _ = 1.48 . 

There i s l e s s to observe i n making comparison between f i t s f o r 

the I 71 channel s i n c e the data i s not adequate f o r c.n,y remotely 

d e f i n i t i v e r e s u l t s or d e t e r m i n a t i o n s . There i s no obvious connection 

between t h i s and any other s o l u t i o n s other than that the amplitudes 

are g e n e r a l l y oi s i m i l a r magnitude. 
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h<> 0.004 0.057 1 

i 
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Table V Parameters f o r K~p > 1 Tt 

4:5 Conclusions 

Cur investigation of the A 71 and I n channels o f the KN 

system i n the cm. energy region 1600 - 1700 he7 has indicated no 

need for any new resonances, while values have been obtained f o r the 

known resonant J S which are i n good general agreement with those 

oreviously found^^ from formation experiments. 

The r e s u l t s from the analysis of K~"p > A it concur i n 

general with previous analyses while leaving the question of 

background i n need of c l a r i f i c a t i o n . A s t a t i s t i c a l l y s i g n i f i c a n t 

f i t to the e x i s t i n g data could be obtained with no new resonances nor 
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any s i g n i f i c a n t structure i n any of the amplitudes. 

I n the case of the I n analysis, agreement with other solutions 

i s s l i g h t and contusion arises for the resonance i n the 1»Q^ amplitude, 

i t s background and the strength of the coupling d i f f e r i n g q u i t ^ 

considerably from previous values. There i s a-gain l i t t l e to suggest 

a need for any new resonance states but the best f i t obtained was 

s t : t i s t i c a l l y much less impressive. Since the X value i s found to 

come f a i r l y uniformly from the data points better data i s probably 

needed before any conclusions may be drawn from any analyses of t h i s 

channel. 

Unfortunately l i t t l e l i g h t has been shed on the confusion of 

l670)i but i t would seem worth considering that the description 

from the An channel seemed s t a t i s t i c a l l y adequate implying that i n 

the event of another resonance being present, i t s coupling to the A 71 

channel must be very weak. 

The parameterisation selected was not f u l l y u t i l i s e d i n the sense 

of describing any forms of pronounced structure since none could be 

found, but p a r t i c u l a r l y f o r the An channel the pararaeterisation was 

able to give an adequate description and to demonstrate that no 

s i g n i f i c a n t structure was present, thus showing that the form of the 
(7) 

oarameterisation need not be the source of any apparent s true tout; . 

In conclusion these two channels of the KN system v/ould appear 

reasonably well described by the amplitudes obtained i n these solutions, 

but the problem of 'background' i n these analyses remains u n c l a r i f i e d 

and w i l l probably require improved data ( or theory ) f o r i t s description. 





PART I I 

THE HADRON - NUCLEUS INTERACTION 
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CHAPTER ^ The scatt e r i n g of hadrons from nucleons and nuclei 

lji 1 Introduction 

The study of the i n t e r a c t i o n between hadrons and nuclei has 

proved to be a subject of i n t e r e s t to both nuclear and p a r t i c l e 

physics, providing a common region of study which u t i l i s e d many of 

the i n t e r e s t i n g features of these two branches of physics. For the 

nuclear p h y s i c i s t , hadron scattering and electron scattering at high 

energy are able to provide d e t a i l s of the mass and charge d i s t r i b u t i o n s 

of n u c l e i , and t e s t d e t a i l s of nuclear models; while f o r the p a r t i c l e 

p h y s i c i s t the nucleus provides a means of studying the scattering 

o f f unstable p a r t i c l e s and of measuring cross-sections f o r reactions 

such as nn or pn which are otherwise unobtainable. With a r e l i a b l e 

model f o r scattering from nuclei there i s the further advantage of 

tes t i n g the inout data f o r such d e t a i l s as normalisation or of 

selecting between d i f f e r e n t solutions available. 

At high energies the rather complicated problem f o r a hadron 

scatt e r i n g from a many-nucleon target i s greatly s i m p l i f i e d since 

the e f t e c t s of the internucleon forces are much reduced, so that the 

scattering may be treated as a simple sura of two-body c o l l i s i o n s 

between the incident p a r t i c l e and the nucleons of the target, w i t h 

the incident p a r t i c l e propogating freely between c o l l i s i o n s . The 

approximation by which the scattering from a bound nucleon i s equated 

with the scattering from a free nucleon i s generally referred to as 

t i e 'Impulse approximation*. A model to describe such a s i t u a t i o n has 

been developed by Glauber(4*>-46) a n d extensively used to study the 

interactions of high-energy protons and ix-mesons wit h n u c l e i ^ - ^ 1 ^ , 

with r e s u l t s frequently i n excess of expectation. 

when comparing predictions with the data one of the main 
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a t t r a c t i o n s of t h i s model i s i t s absence of free parameters, the 

re s u l t s being dependent only upon the input from hadron-nucleon and 

electron-nucleus scattering experiments. 

I n the next section some features of high-energy scattering are 

discussed and a model to describe the high-energy e l a s t i c scattering 

from nucleons i s given. Section 3 describes some of the d i f f e r e n t 

models used f o r hadron-nucleus scattering and t h e i r regions of v a l i d i t y 

and i n section 4 "the Gla.uber multiple scattering series i s derived. 

I n Chapter 6 t h i s i s used i n a study of the e l a s t i c scattering of 

7i mesons from Helium—4 an'i comparison i s made with the available 

data f o r high and medium—energy scattering with the object of 

examining d i f f e r e n t forms of nuclear input and t h e i r e f f e c t . Chapter 7 

describes a more unusual use, describing the e l a s t i c scattering of 

TI mesons and protons from Carbon-12 using an a~particle model f o r 
12 {82 J 

the C nucleus, and i n Chapter 8 the Glauber model i s b r i e f l y 

surveyed along with the conclusions from these calculations. 
5:2 The Bikonal Approximation f o r high-energy scattering 

The f i r s t derivations of the Glauber mu l t i p l e - s c a t t e r i n g model 

were made using the n o n - r e l a t i v i s t i c eikonal approximation f o r 

high-energy two-body scattering. A review of the eikonal formalism 
(8 - ) 

and i t s origins has been given by Schiff ^' and there have been many 
more recent additions to t h i s t o p i c ^ ^ " " ^ " ^ . More recent derivations 

(94-96) 
of the mul t i p l e - s c a t t e r i n g series have imposed fewer r e s t r i c t i o n s 
on i t s range of v a l i d i t y and an extensive discussion of the constraints 

(94) 
of the eikonal has been given by Osborn # 

This section outlines the eikonal approximation i n the p o t e n t i a l 

m o d e l a l o n g wi t h some r e s u l t s from the operator formalism, 

describing the approximations made together w i t h the constraints 
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which they impose upon the mu l t i p l e - s c a t t e r i n g series. 

Unlike the description of scattering given i n Chapter 1 , e l a s t i c 

s c a t t e r i n g at high energy i s greatly s i m p l i f i e d by the approximations 

which raay be used, the main ones of which are ( i ) the s p i n - f l i , 

amplitude may generally be neglected, ( i i ) the scattering i s mainly 

i n the forward d i r e c t i o n and ( i i i ) the large values of ( required to 

describe the forward peak make i t possible to replace the summation 

over A by an in t e g r a t i o n over the impact parameter b. As w i l l be 

described, the resultant m u l t i p l e - s c a t t e r i n g model may s t i l l give a 

good description even when some or even a l l of these conditions f a i l 

to hold. 

I n the p o t e n t i a l model, the scattering from a localised p o t e n t i a l 

V(r) i s assumed to be described by the Schrbdinger equation, and to 

possess, f o r an incident plane wave of momentum k, an i n t e g r a l 

solution f o r the outgoing state ¥ ( r ) of 

i k . r 2m \(E) = e - - -
4nii 2 J 

i k | r - r* 
V ( r f )\(r% ) dr« 

r - r'| 
( 5 . D 

I n the asymptotic region, t h i s may be compared with the expression 

( 1 . 3 ) by observing that 

r - r 1 [ > r -
1 - - » r 

and defining a propogation vector k^ = |k|-~- = k — , equation(^.l) 

becomes 

i k r ( 
^r) -+ . * £ --SH- 25_ v ( r . ) V l ' ) ^ ' 

4n* r J e K 

r > 00 
(5.2) 
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so that the scatt e r i n g amplitude f(k»,k) 5 f ( 6 ) f o r scattering 

from k * k* where k| = IkM i s defined by 

f(iS',Js) « 2 4nft 

- i k ' . r 
V(r)W.(r) dr (5.3) 

At t h i s point, i t should be noted that ( l ^ . l ) i s an exact 

expression f o r the scattering process, the eikonal solution being-

then obtained by f a c t o r i s i n g t ( r ) 

i k • r 

so that V ( r ) i s seperated i n t o a product of an incident plane wave 

and a modulating factor $ ( r ) , so that from ( 5.l) 

$ ( r j = 1 
4iiii 2 J 

e i k | r - r
1 1 - i k . ( r - r f ) 

V(r»)$(r') dr« 
r - r 

(5-5) 

and de f i n i n g r" = r - r 1 t h i s becomes 

P m f' i ( k r " - k.r") 
$ ( r ) = 1 - - 2 — 1 " V(r - r " ) 4 > ( r - r M ) dr" 

4nh J r " 
(5.6) 

making the assumptions that the scattering i s weak, wi i n 

V/E « 1 and that the p a r t i c l e wavelength i s much smaller than the 

width of the not e n t i a l ka « 1 , then i f $ ( r ) varies slowly w i t h i n 

the p a r t i c l e wavelength = l / k and varies appreciably only 

w i t h i n a distance d, the i n t e g r a l of (5-6) ma,> be performed using 

polar co-ordinates so that 
2 

dr" = r" dr" dp da 
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with 3 = cos(k,r) and a the aximuthal angle,to get 

* ( r ) = 1 + 2m 
An h 

r w ^ d r M d a 
i k r " ( l - | i ) V i 
ikr» V(r-r^^r.r«)J i + 0 ( - ) 

(5.7) 

Since the l i m i t | i = -1 corresponds to r" a n t i p a r a l l e l to k, 

the c o n t r i b u t i o n from t h i s l i m i t i s ^ ( ^ ^ *-s neglected,leaving 

& - 1 " 57 
0 

V ( r - r " ) $ ( £ - £") L d r " 
r/' 

( 5 . 8 ) 

where v = v e l o c i t y . This equation i s better expressed i n cartesian 

co-ordinates choosing k to l i e along the z-axis so becoming 

Z 
(x,y,z) = 1 - ^V(xtyfz') ${x,y,z') dz (5.9) 

which has a solution of form 

0>(x,y,z) = exp z') dz» (5.10) 

and so,substituting back i n t o ( 5 . 4)t the eikonal wave function i s 

then 

$'(x,y,z) = exp ikz -
ft 7 z») dz 1 ( 5 - n ) 

so that the s^ottering amplitude (5*3) becomes 

2m 

4n ft' 

-ik.r» 
e v ( r ) e xP i k . r - JT~ I V(b + n nz 1)dz 1 dzd 2b 

(5.12) 

where the impact parameter b l i e s i n the xy plane, perpendicular 

to the incident momentum, and n i s the u n i t vector along z as shown 



i n Figure V I I I 

nz 

Figure V I I I Impact parameter co-ordinates 

Rewriting (5-12) as 
ẑ 

f OS',*) = - — 2 4n-h 
(5.13) 

and f u r t h e r approximating f o r small angles 

exp i(k-k»).nz = 1 (5*14) 

f ( k ,
f k ) i s f i n a l l y described by 

k ( i ( k - k ' ) . b f - I V(b+nzOdz* 
f(k»fk) = [ e ( e 

2ni J V. 

(5.15) 

From (5 .15) , an eikonal phase s h i f t i s generally defined i n the 

form ^ 

X (b) = - -L- IvCb+nzOdz 1 (5*16) 

i(k-k').(b+nz) -^JV(b+nz»)dz' 2 

> " " " V(b+nz) e * V '~ dz <Tb 
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so that 

f ( j £ . t j £ ) . _ £ . J > ( i e - * • ) . * ( e i x ( b ; _ x , d 2 5 

(5.17) 

For a central p o t e n t i a l t h i s may be furt h e r reduced by making the 

small angle approximation 

(k - k» ).b = kb0cos$ (5-18) 

so that 

k r i x o > ) 
f ( ^ ' f k ) = f J J 0(kb^ ( e - l ) b db (5.19) 

I t i s possible to show that (3•19) i s i n f a c t an exact 
(97) 

representation of the scattering amplitude , the approximation 

being i n ( 5 . I 6 ) . The impact parameter may be related to the usual 

angular momentum I by the l i m i t i n g r e l a t i o n s f o r large / of 
kb < > Ji + 1/2 

d 2b < • I 

so that the eikonal phase s h i f t i s related to the phase s h i f t s 

by 

X ( J \ l / 2 ) < » 2 6̂  (5.20) 

The deriv a t i o n of (5.17) required a number of assuptions, 

c h i e f l y of V/E « 1 f o r small angle scattering and throughout the 

deri v a t i o n , k and k f are taken to be very l i t t l e d i f f e r e n t . I n the 

one-dimensional case, i t can be easily shown^^ that the approximations 

made i n obtaining (5»8) correspond to the l i n e a r i s a t i o n of the 
d 2 

Schrodinger equation, by neglecting the term — a n a f r o m ^he 
dr 



- 45 -

form of t h i s the operator formalism f o r obtaining an eikonal 

Hamiltonian follows d i r e c t l y . The basic form f o r the amplitude, which 

i s u t i l i s e d i n formulating the multi p l e - s c a t t e r i n g expansion i s 

provided by equation(5 . 1 7 ) . 

(83—89) 
Other forms of eikonal expansions have been obtained , 

generally with better behaviour at large angle, together w i t h 
(90 9 l ) 

r e l a t i v i s t i c f o r m s w f 7 1 and these and t h e i r differences have been 

well reviewed i n the l i t e r a t u r e ^ " ^ . For our purposes the form 

obtained i s adequate, although f o r completeness a short description 

of the form of the approximation i n operator formalism i s included. 

Denoting the incident cm. momentum by k , and the reduced 

mass of the p r o j e c t i l e as , f o r a c o l l i s i o n between two high -

- energy p a r t i c l e s the non-interacting hamiltonian H q may be w r i t t e n 

as 

h 0 = * / 2 | l (5.21) 

where 2 i s t n e momentum operator i n the cm. frame. This may also 

be expressed as 

H o = A ( £ ~ *>•(£+ * > + ^1 ^ ( 5 ' 2 2 ) 

and the eikonal form i s obtained by l i n e a r i s i n g t h i s form, as 

described f o r $ ( r ) previously, assuming that a l l the important 

contributions nave values of £ close to k , since the angles are 

small, so that one may approximate 

£ + £ - 2 * (5.23) 

and obtain the eikonal Harailtonian 

Ho i k = 7 + 27 k 2 ^-24> 



- 46 -

An extensive discussion of (5.24) and i t s consequences has 

been given by Osborn , one of whose findings i s repeated without 

proof to i l l u s t r a t e the nature of the eikonal more f u l l y . A 

ch a r a c t e r i s t i c of H 8 X i s that i t i s not diagonal i n energy and so 
o 

does not conserve energy during a c o l l i s i o n , instead conserving the 

component of 2 which i s p a r a l l e l to k , denoted 2y • 

As a consequence, the Greens function i n momentum space f o r the 

exact and eikonal Harailtonians may be shown to possess very d i f f e r e n t 

s i n g u l a r i t y surfaces corresponding to t h i s non-conservation of energy, 

The Greens functions are 

< * I G f k ( h + i£ ) |£*> = 6 3(£ -£') 
(2k/2n).( £-k) - i e 

(5.25) 

< ^ ' °o ( 2\i + i e ) I £ ' > = 
63(£ ) 

P 2 / 2H k /2\i - i e 
(5 -26 ) 

These are shown i n Figure IX, where the components of 2 p a r a l l e l to 

k and perpendicular to k are denoted by j)// and 2x • 

Figure IX Si n g u l a r i t y surfaces of the Greens functions. 

/ 
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e i k 
As may be seen, the region where G q should w e l l approximate 

G q i s the region of small momentum transfer and small angle, where 

most of the scattering i s concentrated. 

5? 3 Scattering from Nuclei 

One reason fo r studying the scattering of hadrons at high 

energies i s the s i m p l i f i c a t i o n which i s created f o r the many-body 

problem which r e s u l t s . However methods do exi s t f o r c a l c u l a t i n g the 

scatte r i n g of low—energy and medium-energy p a r t i c l e s and these are 

b r i e f l y outlined i n t h i s section. « 

Much of the early work on hadron-nucleus scattering was 

performed using the seraiphenomenological Optical Model 100) w n i c h 

t r e a t s the nucleus as a continuous media rather than an assembly of 

point ^ a r t i c l e s , and obtains the phase-shifts by solving some 

experimentally determined p o t e n t i a l . However even at r e l a t i v e l y low 

energies, d i f f r a c t i o n - t y p e patterns emerge i n e l a s t i c scattering and 

the o p t i c a l model has great d i f f i c u l t y i n explaining these and was, 

for example, quite unable to explain much of the Brookhaven data at 

1 BeV^"^, which i s well described by Glaubers model^"^. 

An improved o p t i c a l model i s provided by Kisslingers mode ̂ 101) 

and has been used to describe n - 12C scattering w e l l above tiie 

expected v a l i d i t y range wi t h some s u c c e s s ^ ^ \ I t has also been 

observed that the Glauber series also possesses an o p t i c a l l i r a i t ^ ^ 

under suitable approximations. 

An exact description of the mul t i p l e - s c a t t e r i n g from nuclei i s 

provided by the Watson model^ 1 0 3-105) i n terms 0 f a series. However 

calculations using t h i s series must cope w i t h the problems a r i s i n g 

from the facts t h a t , ( i ) a l l terms a f t e r the f i r s t involve o f f - s h e l l 



- 48 -

amplitudes which cannot be measured from two-body experiment and 

( i i ) the convergence of the Watson series may be slow. 

To obtain t h i s series, the nuclear Hamiltonian i s denoted by 

H^ and the k i n e t i c energy operator f o r the incoming p a r t i c l e uz 

K to give a t o t a l Hamiltonian o 

Ho - HN + K o ( 5 ' 2 7 ) 

For a target nucleus of A nucleons, the i n t e r a c t i o n p o t e n t i a l 

between incident p a r t i c l e and target takes the form 

A 
V 

i - 1 

Then using the Lippmann-iSchwinger equation f o r the t o t a l t r a n s i t i o n 

operator 

T =* V + V G Q T (5.29) 

where the propogator G q f o r energy B i s given by 

G = ( E - H + i e r 1 ( 5 . 3 0 ) 0 0 

Watson was able to obtain the i n f i n i t e series f o r T 

A A 
T = y*t. + r t.ct. + y~ t.G t . G t, + o k 

(5.31) 

where the hadron nucleon operator t ^ i s defined by 

t . = V. + V.G t . (5.32) 1 1 1 0 1 w ' 

and where d i f f e r s from the free s c a t t e r i n g amplitude f o r hadron -

- nucleon s c a t t e r i n g i n that G q i s the propogator f o r the t o t a l 
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Harailtonian and energy and not those f o r the incident hadron and 

the nucleon. 

As may be seen from the form of ( 5 » 3 l ) , the evaluation of the 

ivatson series i s a complicated procedure. The Glauber series ( which 

i s f i n i t e ) may be derived from the Watson s e r i e s ^ ^ but the 

connection i s neither simple nor d i r e c t . 

The Glauber Multiple-Scattering Model 

The Glauber model was o r i g i n a l l y formulated with the aim of 

ext r a c t i n g the high-energy pn and nn cross-sections from 

deuteriun/^» 5^,51)^ and to account f o r the cross-section 'defect* 

of deuterium where the t o t a l cross-section was s l i g h t l y less than 

the sura of the two i n d i v i d u a l cross-sections by means of a 'shadowing' 

correction by which one nucleon could shadow the other. From t h i s , 

the extension to d i f f e r e n t i a l cross-sections was d i r e c t as was the 

extension of the model to other n u c l e i . 

An early problem of the model was that the calculated d i f f e r e n t i a l 

cross-section f o r deuterium, as f o r other spin-zero nuclei showed a 

dip i n the region where the single and double - scatterings 

i n t e r f e r e d , whereas the data f o r deuterium showed only a shoulder, 

while the measurements on other nuclei agreed w e l l with p r e d i c t i o n . 

This problem was eventually resolved by the inclusion of the deuteron 

D - s t a t e ^ ^ , wl i c h , although only 4°/° o f the deuteron state, was 

able to give the required features. 

Since Glaubers o r i g i n a l d e r i v a t i o n ^ ^ of the series, other forms 

of der i v a t i o n have been formulated, including the operator formalism 
(94) (95) method^ and the graph method. The de r i v a t i o n presented i n t h i s 

section follows the o r i g i n a l formulation f o r a spin zero nucleus of 

A nucleons, the inclusi o n of the spin and isospin of the incident 
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p a . r t i c l e being l e f t f o r the next chapter. 

D e f i n i n g the momentum t r a n s f e r c[ as 

a = k - k» 

expression (^.17) becomes 

f ( q ) « ^ J e ( 1 - e ) d b 

The p r o f i l e f u n c t i o n f(b) i s then defined as 

iX(b) 

T(b) = 1 - e 

so t h a t f ( q ) forms the F o u r i e r transform of r(£) 

(5.33) 

(s.34) 

(5.35) 

and T(b; may be obtained by the inverse F o u r i e r transform as 

1 ( - i q - i 
r(b) 2nik f ( q ) d q (5-36) 

v e c t o r s E.±* • * 

The compound system o f A nucleons are taken t o have p o s i t i o n 

r ^ w i t h components s^t i n the impact 

parameter plane, r e l a t i v e t o the a x i s o f c o l l i s i o n as shown i n 

Figure X. 

i 

Figure X Impact-oarameter r e p r e s e n t a t i o n of the p o s i t i o n o f the 

nucleons i n the nucleus. 
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At high energy, the Fermi motion of the nucleons may be taken as 

n e g l e g i b l e and so i t i s assumed t h a t these do not move d u r i n g the 

time o f the c o l l i s i o n . A f u r t h e r s i m p l i f y i n g assumption i s made t h a t 

the t r a j e c t o r y o f the i n c i d e n t p a r t i c l e does not s i g n i f i c a n t l y d e v i a t e 

from a s t r a i g h t l i n e , reducing the path i n t e g r a l t o a simple summation. 

The main and fundamental assumption i s then made t h a t the ph a s e - s h i f t s 

are a d d i t i v e ( i . e . the p o t e n t i a l s are a d d i t i v e ) so t h a t the t o t a l 

e i k o n a l p h a s e - s h i f t f o r the nucleus i s equal to the sum o f the 

i n d i v i d u a l p h a s e - s h i f t s , and together w i t h the previous assumption 

gives 

X ( b , s l f . , . t J g A ) = X 1 ( b - c x J + X 2 ( b - s 2 ) + X A ( b - s A ) 

(5.37) 

The t o t a l p r o f i l e f u n c t i o n i s then given by 

iX( b,s^, ••»s A) 
r ( b , s 1 s A ) 1 - e 

A 
» 1 - ]~"~ I " ( 1- H ( b - s.) ) (5.38) 

0=1 

To o b t a i n the amplitude f o r s c a t t e r i n g from an i n i t i a l nuclear 

s t a t e I i > to a f i n a l s t a t e ! f > , a d e s c r i p t i o n o f the f i n a l and 

i n i t i a l nuclear s t a t e s i s s u b s t i t u t e d i n t o (5*35) together w i t h the 

expansion (*>.38j f o r , to o b t a i n the amplitude 

i k * f 2 
P f i ( 2 > = 2^ J 6 " l f { r0>>%»-->s A) l i > d^b (5.39) 

Ecruation (5*39) d i f f e r s from (5«35) i n two forms, f i r s t l y i n 

the a d d i t i o n a l d e s c r i p t i o n o f the nuclear s t a t e ( aji assumption j , and 

also i n the term k , where k i s the momentum o f the i n c i d e n t 
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p a r t i c l e r e l a t i v e to the whole nucleus. A f u r t h e r term i s also 

r e q u i r e d i n (5.39) t o account f o r the centre o f mass c o n s t r a i n t 
1 A 

by means o f the f a c t o r 6( 7 7 r . ) so t h a t (5»39) becomes 
i-1 

T i b A A 

F (q) m « e 1 9 * " " < f l S U " 1 ! r . ) ( l - n ( l - r f b - s . ) ) I i > d 2 b 
i-1 1 J - l J J 

* 
i k 

(5.40) 

and u s i n g the inverse transform (5»36) t h i s f i n a l l y becomes 

* f i q . b . A 

F f i ( q ) = g J e " < f f 6(A" A I r . ) x 
i=l 

Lk J J f.(q •) d g- )( I i > d^b 2nik 

(5.41) 

Franco and G l a u b e r ^ h a v e shown t h a t (5»4l) may represent the 

amplitude i n e i t h e r the l a b o r a t o r y or c.nu frame according t o the 

values o f k and k used. Since the q u a n t i t y F ^ ( q ) / k i s 

i n v a r i a n t , t h i s may be evaluated i n e i t h e r frame. I n gen e r a l , i n the 

l i t e r a t u r e k and k are not d i f f e r e n t i a t e d between and t h i s may 

lead t o confusion, since working i n the cm. system, k i s the 

momentum i n the p a r t i c l e - n u c l e o n centre o f mass w h i l e k i s t h a t i n 

the p a r t i c l e - n u c l e u s centre o f mass. 

The expansion (5-4l) provides a d e s c r i p t i o n o f the s c a t t e r i n g 

amplitude as a s e r i e s o f up to A—fold, c o l l i s i o n s w i t h no nucleon 

twice a c t i n g as the s c a t t e r i n g c e n t r e . The a l t e r n a t e signs o f the 

m u l t i p l e - s c a t t e r i n g terms i s o f importance since t h i s provides the 
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i n t e r f e r e n c e forms which c h a r a c t e r i s e rc-A and p-A s c a t t e r i n g . 

The c h i e f d i f f e r e n c e between Glaubers s e r i e s and t h a t o f Watson 

l i e s i n Glaubers summing of the phases ( or p o t e n t i a l s ) r a t h e r than 

the amplitudes and thus being able to o b t a i n a closed form i n a. f i n i t e 

s e r i e s . The e i k o n a l approximation c o n t r i b u t e s only to the a d d i t i v i t y 

assumption f o r the p h a s e - s h i f t s and Osborn has s h o w n ^ ^ t h a t s t a r t i n g 

from an approximation t h a t i s u n i t a r y and includes the impulse 

approximation a Glauber-type s e r i e s w i l l be obtained. 

For a small nucleus such as He^f the d e l t a - f u n c t i o n i n (5.41) may 
be e x p l i c i t l y i n c l u d e d i n the c a l c u l a t i o n s , but f o r l a r g e n u c l e i t h i s 

becomes too complicated, and may be removed from the i n t e g r a l signs by 

means o f the Oartenhaus-Schwartz t r a n s f o r m a t i o n ^ ^ ̂  although t h i s i s 

only simple f o r a simple-harmonic o s c i l l a t o r type o f nuclear wave-

- f u n c t i o n ^ ^ ^ , where the removal o f the 6 - f u n c t i o n corresponds to 

m u l t i p l y i n g the amplitude by a f a c t o r o f 

-q /4Aa 
R(q) = e (5.42) 

a being the s p r i n g constant. 

For small angles, the e f f e c t s o f coulomb s c a t t e r i n g are important 

and these may be i n c l u d e d ^ 4 1 * by a s u i t a b l e a d d i t i o n t o the 

e i k o n a l phase s h i f t so t h a t 

X
t o t ( b ) = X c( ±) + Xs(b) (5.43) 

where X ( b ) i s the coulomb p h a s e - s h i f t and X ( b ) i s the usual 
Q — S — 

s t r o n g i n t e r a c t i o n p h a s e - s h i f t . I n the c a l c u l a t i o n s t h a t f o l l o w , the 

coulomb i n t e r a c t i o n has been neglected since we are c h i e f l y i n t e r e s t e d 

a t angles away from the coulomb r e g i o n . 
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CHAPTER 6 The E l a s t i c S c a t t e r i n g o f Pions from Helium-4 

6:1 The Pion-Nucleon system 

As an important p r e l i m i n a r y to studying s c a t t e r i n g from n u c l e i , 

the form o f the f r e e p a r t i c l e - n u c l e o n s c a t t e r i n g should be examined. 

This s e c t i o n reviews some general f e a t u r e s o f the pion-nucleon system 

and of the kinematics used i n the a n a l y s i s o f high-energy s c a t t e r i n g 

processes, which may be applied also to the case of e l a s t i c pion -

- nucleus s c a t t e r i n g , 

oo f a r the experiments performed i n haxlron-nucleus s c a t t e r i n g have 
u * (56,57,66,67,76,81,109) m. . been w i t h beams of protons or pi-mesons f y ' ' ' 1 1 . This 

chapter i s l i m i t e d t o the study o f pion s c a t t e r i n g c h i e f l y because 

the f r e e n-nucleon amplitudes are much less complex than f o r the case 

o f protons, r e q u i r i n g only two complex amplitudes f o r t h e i r d e s c r i p t i o n 

as opposed to f i v e f o r the more complex spin dependence of the l a t t e r . 

I n a d d i t i o n the it-nucleon i n t e r a c t i o n i s not so strong as t h a t o f the 

proton-nucleon so t h a t a l t o g e t h e r the n-nucleon system i s b e t t e r known 

than the proton-nucleon and a greater accuracy i s obtainable f o r the 

i n p u t . Thus f o r a comprehensive attempt to compare c a l c u l a t i o n w i t h 

experimental r e s u l t , i t i s p r e f e r a b l e t o use the best-known i n p u t and 

to make a comparison between d i f f e r e n t nuclear models a r e l i a b l e 

h^dron-nucleon i n p u t to equation (5.41) i s very u s e f u l . 

The rU system has been comprehensively s t u d i e d and reviewed^ . 

The f e a t u r e s t h a t are of concern t o the f o l l o w i n g c a l c u l a t i o n s are the 

d e s c r i p t i o n of forward angle s c a t t e r i n g , since most hedron-nucleus 

s c a t t e r i n g measurements are at forward angles, and the decomposition 

of the 7i-nucleon amplitudes i n terms o f s p i n and i s o s p i n . 

The it-nucleon i n t e r a c t i o n , l i k e the KJi i n t e r a c t i o n , i s of the form 
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o-y 0""J+ but d i f f e r s i n t h a t there i s not the wealth o f 

i n e l a s t i c two-body channels. For the n p case, the only open two -

- bo#y channel i s the charge exchange r e a c t i o n to n°n w h i l e n +p 

has no other two-body channels. I n the manner described i n Chapter 1, 

the T I N amplitude may be decomposed i n t o the form 

f(e) + g(e) a.n (6.1) 

w i t h the s p i n - f l i p and n o n - s p i n - f l i p amplitudes being f u r t h e r 

decomposed i n t o i s o s p i n s t a t e s . 

I n the work t h a t f o l l o w s , i t i s convenient to work i n terms o f 

the r e l a t i v i s t i c i n v a r i a n t t , r a t h e r than 0 , where the Mandalstara 

v a r i a b l e s s,t,u are defined f o r the r e a c t i o n 1 2 > 3 4 by 

the f o l l o w i n g r e l a t i o n s 

t = 

u = 

( P x + P 2) 

( P x + P 3)' 

( P X + P 4 ) : 

(o.2) 

where p̂ ^ i s the 4 - ve c t o r f o r p a r t i c l e i d e f i n e d by 

P- - ( B- » P- ) I 1 - 1 (6.3) 

The v a r i a b l e s corresponds to the square of the cm. energy, t 

i s the square o f the 4 - momentum t r a n s f e r and u i s the square o f 
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the 4 - momentum t r a n s f e r i n the crossed channel. s,t,u are r e l a t e d 

by the r e l a t i o n 

s + t + u = ra (6.4) 

and f o r e l a s t i c s c a t t e r i n g , t may be r e l a t e d t o the cm. scattering-

angle 0 by tho r e l a t i o n 

t = -2k 2 ( 1 - cos0 ) (o.5) 

where k i s the i n c i d e n t cm. momentum. I t i s common to compare 

c a l c u l a t i o n s w i t h data f o r the i n v a r i a n t d i f f e r e n t i a l c r o s s - s e c t i o n 

do/ d t defined as 

do / d t do Tt 
k k 2 \&Q 

(6.6) 

where k^ i s the i n c i d e n t c m. momentum, k^ the f i n a l cm. momentum. 

The comparison i s g e n e r a l l y made by p l o t t i n g do"/ d t or dcf/ <±Q 

against - t . 

I i i m u l t i p l e - s c a t t e r i n g c a l c u l a t i o n s , u s i n g s e r i e s o f the form 

(5.41) at small angle, the e i k o n a l conservation of the forward component 

o f the'momentum leads t o the approximate r e l a t i o n f o r the momentum 

t r a n s f e r q «= k - k 1 o f 

V m - t (0.7) 

which i s commonly used f o r small-angle high-energy c a l c u l a t i o n s o f 

t h i s type and r e l a t i o n (6.7) w i l l be assumed f o r the l a t t e r p a r t o f 

t h i s chaoter. 

oince the pions form an i s o t r i p l e t and the nucleons an i s o d o u b l e t 

the 7i.; i n t e r a c t i o n i s described by amplitudes of t o t a l i s o s p i n 1/2 

and j / 2 . jjy an i s o s p i n decomposition of the form described i n 
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taice the form 

< I X + P | T 1 T l + p > m T 3 / / 2 

< iTp | T l n " p ) » ^ T 3 / 2 + | T 1 / 2 (6.8) 

/ ° . n , - v V2 / _3/2 a/2 v 

l/2 3/2 
where T and T are the amplitudes f o r s t a t e s o f t o t a l i s o s p i n 

1/2 and 3/2. 
For the purposes of i n c o r p o r a t i n g i s o s p i n i n t o the m u l t i p l e -

(64,65,111.112) , . - s c a t t e r i n g s e r i e s ^ F 1 , i t i s convenient, as shown b,y 

Baier & oamaranayake i n i i e f erence(b4) to work i n terms of the i s o s p i n -

n o n - f l i p and f l i p amplitudes r a t h e r than those o f t o t a l i s o s p i n . These 

are constructed by observing t h a t f o r nil > nH r e a c t i o n s , f o r 

meson i n d i c e s a and 3 the amplitude may be w r i t t e n as a m a t r i x i n 

the nucleon i s o s p i n space^*"^, and using the usual X -matrices t h i s 

takes the form 

and i f 0 i s the i s o s p i n operator f o r the n-raeson the p r o j e c t i o n 

operators f o r 1 = 3/2 and 1=1/2 may be obtained by observing 

t h a t 

I = \ I + 9 

from which 

0.1 = 1(1+1) - 2 - | (6.10) 

so t h a t the p r o j e c t i o n operators have the forms 
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P . 2 + 1.9 
*3/2 ; 

P = 1 ~ 1-9 
P l / 2 

(6.11) 

and 

6«S " ( P3/2 + P l / 2 )«P 

(6.12) 

F i n a l l y by the r e l a t i o n 

\ f t , i Q l = i e a x = - i . e 0 (6.13) 

the t o t a l nN amplitude may be w r i t t e n from (6*9) and (6.13) as 

F n N « F + - F"(0T) (6.14) 

where F + and F~ are composed o f n o n - s p i n - f l i p and s p i n - f l i p 

amplitudes as before, so t h a t the t o t a l nU amplitude takes the form 

F n N ( t ) = f + - f " ( 0 x ) + g + ( t f . n ) - g" ( a . n ) ( 9 x ) (6.15) 

Using the p r o j e c t i o n operators ( 6 . 1 2 ) , F and F~ may be 

r e l a t e d t o the amplitudes o f t o t a l i s o s p i n as 

F " • 3 V " 1 p3/a 

(6.16) 

so t h a t 
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( u p ! T I n u > « F + + F* 

< n +p I T ! >i +p > = - F 
(6.17) 

Consequently, by means of these r e l a t i o n s the amplitudes f + , f , 

g + , and g may be obtained from the amplitudes ^^/2* *3/2' ^ l / 2 r 

^3/2 r n o r e u s u a l l y found f o r rcN s c a t t e r i n g . 

o:2 The Glauber s e r i e s f o r Helium-4 

The Keliura-4 nucleus presents a very good t a r g e t f o r the study 

of m u l t i p l e - s c a t t e r i n g e f f e c t s since i t has a t o t a l s p i n o f zero, so 

t h a t the e l a r t i c s c a t t e r i n g may be described as a?.'in zero - spin zero, 

and since the s p i n and i s o s p i n o f the f o u r nucleons l a b e l each 

i n d i v i d u a l l y - A f u r t h e r advantage l i e s i n the r e l a t i v e l y short s e r i e s 

obtained from (5«4l) so t h a t the computational requirements o f more 

elaborate i n p u t may be t o l e r a t e d and furthermore the c m. c o n s t r a i n t 

may be e x p l i c i t l y i n c l u d e d . Since the f i r s t e x c i t e d s t a t e f o r the 

nucleus i s r a t h e r h i g h , the Helium nucleus o f f e r s a good o p p o r t u n i t y 

t o measure e l a s t i c s c a t t e r i n g w i t h o u t e x c i t a t i o n , s i m p l i f y i n g the 

a n a l y s i s r e q u i r e d . 

Although data, f o r n-raeson s c a t t e r i n g frorn Helium-4 i s oni.y 
. _ ~ « , . . , ., ,., . (66.67,114) , , a v a i l a b l e i n l i m i t e d q u a n t i t i e s ^ 1 7 a considerable body 01 

l i t e r a t u r e e x i s t s on i t s study as w e l l as f o r the s c a t t e r i n g o f 

protons^ -^"^ . Hence i t i s p o s s i b l e to make q u i t e extensive 

comparisons between the d i f f e r e n t forms used and t h e i r r e s u l t s . 

The c a l c u l a t i o n s o f t h i s chapter have been made us i n g the formalism 

and d e r i v a t i o n o f Baier and Samaranayake^^' b^*, i n c o r p o r a t i n g both 

spin and i s o s p i n i n t o the s e r i e s ( % 4 l ) and which i s described below. 
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Denoting the n-meson s t a t e s as I n ) and the nuclear s t a t e s as 

la > t the expression (5-4l) f o r the "̂He nucleus takes the form 

. * f 9 i q . b , £ -

i = l 

4
 2 -iq!:.(b-s J 

i a i>m i> 

(6.18) 

oince the d i s c u s s i o n i s r e s t r i c t e d to e l a s t i c s c a t t e r i n g , I re > = I T I ^ ) 

and l<*^> =* l a f ) represents the ground s t a t e f o r ^He. I t i s 

convenient to resolve t h i s i n t o a product between a S l a t e r determinant 

I $ > d e s c r i b i n g the antisymmetric s p i n - i s o s p i n s t a t e and a space p a r t 

I s > which describes the s p a c i a l d i s t r i b u t i o n o f the nucleons as 

elaborated i n the next s e c t i o n , bo t h a t 

l a > = I $ > I s > 

I n o b t a i n i n g (6.18), where the 71N amplitudes f . ( q . ) are s p i n 

and i s o s p i n dependent, the products o f the p r o f i l e f u n c t i o n s i n (5.40) 

are not i n general commutative and so the sum i n (6.18) r e q u i r e s t h a t 

the terms o f the s e r i e s allow f o r a l l p o s s i b l e orderings as f u r t h e r 

described i n Appendix D. 

Foll o w i n g Keference(64), the amplitude f . ( q . ) f o r the j - t h . 
3 "™0 

nucleon i n (6.18) i s taken t o be of the form 

f . ( q . ) = f + - fjQx.) + g V V ) - g ~ ( d J . n j ) ( e y 

(6.19) 

where of.n and 91 operate on the s p i n - i s o s p i n p a r t o f the t o t a l 

wave-function of ^He . Equation (6.18) may then be w r i t t e n 
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i J - l 

i tan | d s r - d 2j e 

f 1 ( g 1 ) . . . . f j ( q ) f la > (6.20) 

and removing the s p i n and i s o s p i n dependent terms as described i n 

Appendix J), t h i s becomes 

/• 

J 
X 4 

3-1 

1 2 2 ~ i ( V ( k - s ) . . - i q ..(b-s ) . 
x J f 4 . . d 2 j e ~ J J G J(q 1,..,3 j) I s> 

(6.21) 

where the forms of the terms GJ are l i s t e d i n Appendix D. The 

remaining p a r t o f the e v a l u a t i o n o f (6.21) may then be t r e a t e d i n the 

usual manner since the ^(q t. mq .) are f u n c t i o n s o n l y of the q. . 

To describe the space p a r t o f the wave-function, f s > , a 

p r o b a b i l i t y f u n c t i o n H f f r ^ . , . , ^ ) i s d e f i n e d so t h a t 

(i*CE.l» • • • t ^ ) ! 2 te^.&r. - < s | s > (6.22) 

and so t h a t (6.21) takes the f i n a l form 
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p 
e 

x ( q ) = g f d 2 b e X 2 ' b j d r 1 . . d r 4 | u ( r 1 , . . , r 4 ) | 2 6 ( | ^ r . ) 

x G J(q 1,-..,S i) (6.23) 

I n s e c t i o n (6:4) the r e s u l t s o f e v a l u a t i n g (6.23) f o r d i f f e r e n t 

forms o f )V| are shown and compared w i t h the e x p e r i m e n t a l l y 

measured d i f f e r e n t i a l cross-sections by the usual form 

dc/dQ = I F e l ( q ) | 2 (6.24) 

As has been o b s e r v e d ^ ^ \ i t i s o f t e n more convenient t o use 

the amplitude 

since 

do 
d t = 7 1 

2 
V'elM\ (6.26) 

arid so when e v a l u a t i n g F' (q) , the r i g h t hand side i s i n v a r i a n t 
e l — 

and may be evaluated i n e i t h e r the l a b o r a t o r y or centre o f mass 

frames. I n those c a l c u l a t i o n s which f o l l o w , the r i g h t hand side i s 

g e n e r a l l y evaluated i n the cm. frame. 
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o : 3 Nuclear d e n s i t i e s f o r Helium-4 

To evaluate the amplitude of expression (6.23) the nN amplitudes 

d i s t r i b u t i o n o f the nucleons w i t h i n the nucleus. 

This i s g e n e r a l l y provided by s e l e c t i n g some parametric form f o r 

parameter values from a f i t t o the high-energy e l e c t r o n s c a t t e r i n g 

dr.ta i n the form of the charge form f a c t o r P(q ) , where t h i s 

reoresents the r a t i o between the d i f f e r e n t i a l c r o s s - s e c t i o n f o r 

s c a t t e r i n g from a point-charge nucleus and the measured d i f f e r e n t i a l 

c r o s s - s e c t i o n 

are r e q u i r e d and also a form f o r | ^ ( r , . . f r ) d e s c r i b i n g the 

the d e nsity d i s t r i b u t i o n p ( r , f • . , r ) = |¥| and o b t a i n i n g the 

dd | F ( q 2 ) | dQ e l 
/ do &Q point 

(6.27) 

where 

do 
dQ p o i n t 

H 2 cos^9/2) 
2E W2) 1 s i n 9/2 s i n mc 

(6.28) 

so t h a t 

do 
dQ e l 

bll | F ( q
2 ) f 

4~/« , 2E .2 23 / cos 
s i n 0/2 1+ o s i n 6/2 o 

U-.29) 
2 

mc 

and by means o f the 3orn term, we may w r i t e approximately 

l q . r 
P(q ) dr ch (6.30) 

To use the form o f P^O?) found i n t h i s way, the assumption i s 

made t h r t the neutron and pr o t o n d i s t r i b u t i o n s are the same so t h a t 
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a knowledge o f (J^CE) a n d * t J i e nucleon form f a c t o r i s s u f f i c i e n t t o 

o b t a i n the mass d e n s i t y f u n c t i o n p ( r ) . 

The parametric form selected f o r p ( r ) i s u s u a l l y considerably 

i n f l u e n c e d by the d e s i r e t h a t the i n t e g r a l s of (6.23) should 

capable of a n a l y t i c e v a l u a t i o n , and consequently many o f the forms used 

i n v o l v e combinations o f gaussian terms* The most popular forms are 

b r i e f l y reviewed below, these g e n e r a l l y i n c o r p o r a t e the f u r t h e r 

sumption t h a t p ( r ^ t • • • tiE^) m a y he f a c t o r i s e d i n t o a product o f a s 

o n e - p a r t i c l e f u n c t i o n s w i t h the poss i b l e i n c l u s i o n o f nucleon-nucleon 

c o r r e l a t i o n s . 

The simplest of these models i s t o assume t h a t p ( r ) may be 

f a c t o r i s e d i n t o a product of simple gaussians t o give 

A 2 2 

4 ~a r. 

p(£ lf-f2 4) - P0 ^ e 1 (6.31) 

where p Q i s the n o r m a l i s a t i o n f a c t o r . This simple model can describe 

most o f the fe a t u r e s o f e l e c t r o n and proton s c a t t e r i n g ^ ^ ' ^ ^ but i s 

unable t o provide a complete d e s c r i p t i o n . 

An improved form was used by Bassel & W i l k i n ^ * ^ and by ChovS^\ 

d e s c r i b i n g p ( r ) by a product form w i t h a hard core t c reduce the 

p o s s i b i l i t y o f s t a t e s w i t h a l l the nucleons i n the c e n t r e , u s i ng the 

form 
A 2 2 V 2 2 

4 -a r . -Y r . 
p ( r r M r : 4 ) - P c n ( « 1 - Ce 1 ) (6.32) 

w i t h t h r e e parameters t o be determined from the e l e c t r o n data, afY,C 

To give a d e s c r i p t i o n o f the spacing between nucleons a more 

complicated form has also been used, i n c l u d i n g the c o r r e l a t i o n s by 

means o f a Jastrow s e r i e s ^ 1 1 6 ^ and thus, i f a hard core i s also used, 



having the form 
2 2 2 2 

4 -a r. -Y r 4 
PCXnftl,) - PQ n ( e 1 -Ce X ) n ( 1 - f i k ) (6.33) 

1 4 0 i - 1 j = l J * 

The Jastrow term f., has been described by a number o f forms. 
jk 

but the most convenient i s g e n e r a l l y the gaussian form, 

ttj = exp(-^i 2(_r - r f ) (6.34) 

where again a,Y,n, C form the parameters f o r the f i t t o the e l e c t r o n 

s c a t t e r i n g data. 

The p o s s i b l e importance o f c o r r e l a t i o n e f f e c t s f o r the regions 

where m u l t i p l e - s c a t t e r i n g i s important has l e d t o considerable 
(117-121) 

a n a l y s i s o f the e l e c t r o n s c a t t e r i n g data' u s i n g c o r r e l a t e d 

wave-functions o f t h i s type. One o f the o b j e c t s o f the c a l c u l a t i o n s 

described i n the next s e c t i o n was t o i n v e s t i g a t e any correspondence 

between the r e s u l t s f o r the d i f f e r e n t forms o f d i s t r i b u t i o n when 

a p p l i e d t o both e l e c t r o n and n-meson s c a t t e r i n g . 
C a l c u l a t i o n s f o r 

At present the d i f f e r e n t i a l c r o s s - s e c t i o n f o r n - ̂ He e l a s t i c 

s c a t t e r i n g i s l i m i t e d i n q u a n t i t y , having been measured only f > . 

n~ l a b o r a t o r y momenta o f 257 MeV/c , I.25 GeV/c and 7.76 
„ „/ (114,66,67) „ . . .. , . 

Grev/c . However, as can be seen, the e x i s t i n g data covers 

a considerable range where the v a l i d i t y o f the model used i s concerned, 

The low-energy data i s much ol d e r than the othe r , w i t h l a r g e e r r o r s , 

but i s i n good agreement w i t h the p r e l i m i n a r y r e s u l t s o f more reoent 

m e a s u r e m e n t s ^ ^ \ w h i l e the r e s t o f the data i s r e l a t i v e l y r ecent 

and of higher accuracy. 
C a l c u l a t i o n s have been made f o r comparison w i t h the above data 
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u s i n g the forms d e s c r i b e d i n the preceding s e c t i o n s , and these and 

t h e i r r e s u l t s f o r each s e t of data are g i v e n i n the r e s t o f t h i s 

s e c t i o n , 

1.25 GeV/c Despite the l i m i t a t i o n s applied to the range of Glaubers 

model by the d e r i v a t i o n s , the model has been used a t much lower 
(102 123 125} 

e n e r g i e s q u i t e s u c c e s s f u l l y i n a number of c a s e s ' ' , and 

was expected to give a good d e s c r i p t i o n of the main f e a t u r e s of the 

data a t t h i s energy. B a i e r and Sarnaranayake have performed q u i t e 

thorough c a l c u l a t i o n s at 1 GeV/c f a s i m i l a r approach being 

used here. 
To o b t a i n the complete nlJ amplitude (6 . 1 9 ) , the amplitudes 

^ l / 2 9 "^3/2 9 ^1/2 ' ^3/2 w e r e r e c o n s t r u c t e d from the a v a i l a b l e 

p h a s e - s h i f t d a t a ^ ^ over a range of t - v a l u e s , and the amplitude was 

then d e r i v e d f o r each t-value by means of the r e l a t i o n s (6,16) 

P + - f P 3 / 2 + 3 F l / 2 

P" = — P / - — P , 
3 1/2 3 3/2 

A p a r a m e t e r i s a t i o n was then r e q u i r e d f o r the f u l l amplitude so 

t h a t the m u l t i p l e i n t e g r a l s of (6 .23) could be e v a l u a t e d a n a l y t i c a l l y . 

I t was a l s o r e q u i r e d that the angular range f i t t e d by t h i s for-;, for 

the nN data should be l a r g e enough to d e s c r i b e the ^tte data, 

although as pointed out i n reference(64), the former range need not 

equal the l a t t e r s i n c e the l a r g e - a n g l e He s c a t t e r i n g i s predominantly 

composed of m u l t i p l e small-angle s c a t t e r i n g s . To s t a n d a r d i s e the 

r e s u l t a n t i n t e g r a l s , a wholly gaussian parametric form was used arid 

the form used was f i n a l l y taken to be 
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c u t a p t a t a . t 
f t t ) « R e f + ( 0 ) e 1 + A x ( e - e J ) + i l m f ( O ) e ^ 

o-t a , t a t a f t t cut a t 
f " ( t ) = R e f ( 0 ) e 5 + A P ( e b - e ( ) + i l m f ( 0 ) e ° + A ( e * - e 1 U ) 

a t a p t a t o.± 
g + ( t ) = A 4 ( e U - e 1 2 ) + i A 5 ( e 1 3 - e 1 4 ) 

g ( t ) = A 6( e J - e ) + i A ? ( e - e ) 

(6 .35) 

The parameters A^-A^ , a i " " a i 8 w e r e then obtained by f i t t i n g 

these forms to the amplitudes d e r i v e d from the p h a s e - s h i f t s , u s i n g 

the program MINUIT a s d e s c r i b e d i n p a r t I . The v a l u e s obtained 

f o r the range 0 £ - t 4 0.50 are l i s t e d i n Table V I . 

Table V I Parameters f o r nN s c a t t e r i n g a t 1.25 GeV/c. 

Parameter Value Parameter Value 

A i -0.9213 a 6 0.1871 

A 2 8.8007 a 7 
0.4805 

A3 
0.0 a 8 0.00 

A 4 -1.8557 s 0.00 

S 1.6335 a i o 0.00 

A 6 -3.7077 a l l 2.9095 

A 7 
3.4746 5.3953 

a l I.2783 a 13 2.6590 

a 2 2.3460 
a 14 

21.6620 

a 3 

a 4 

7.8795 

3.8566 

a 15 

a l 6 

10.9960 

13.1940 

a 5 0.0579 a 17 
8.1661 

i a!8 5.5416 
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The d i f f e r e n t i a l c r o s s - s e c t i o n over the range of t t h a t was of 

i n t e r e s t was c a l c u l a t e d from (6.23) and v a l u e s obtained f o r the 

n u c l e a r d e n s i t i e s of ( o o l ) and ( 6 , 3 2 ) . I n a d d i t i o n a truncated form 

of (6 . 3 3 ) was used, i n which only the s i n g l y c o r r e l a t e d terms i. ^e 

r e t a i n e d i n the l a t t e r p a r t of the ex p r e s s i o n g i v i n g a form 

A 2 2 v 2 2 

4 -a r . — Y r . 4 
p ( r ) = p n ( e 1 - C e 1 ) ( 1 - I f ) (6.36) 

° i = l j«l J k 

The manner of e v a l u a t i o n of the m u l t i p l e - i n t e g r a l s of (6 . 2 3 ) i s 

de s c r i b e d i n Appendix E together with a d e s c r i p t i o n of the program 

DoDT used to c a l c u l a t e the d i f f e r e n t i a l c r o s s - s e c t i o n s . Since the 

gau s s i a n forms used throughout allowed (6.23) to be evalua t e d 

a n a l y t i c a l l y , the computing was c h i e f l y reduced to an e x e r c i s e i n 

book-keeping. 

I n r e f e r e n c e ( 6 4 ) i t was found that even when the itN s p i n - f l i p 

term was most s i g n i f i c a n t a t 0.826 GeV/c, the e f f e c t s of the s p i n -

- f l i p were n e g l e g i b l e i n ̂ He and so the c a l c u l a t i o n s f o r 1.25 GeV/c 

were repeated with g + and g omitted, to examine the e f f e c t s a t a 

s l i g h t l y higher momentum v a l u e . 

Q u e r r o u ^ " ^ has analysed t h i s data u s i n g a nu c l e a r d e n s i t y :>f 

the form (6.32) and s i m i l a r l y f i n d s that the only e f f e c t from a 

n e g l e c t of sp i n dependence i s a s l i g h t movement i n the p o s i t i o n of the 

dip . He has a l s o c a l c u l a t e d the e f f e c t s of Fermi motion, which we 

n e g l e c t , ajid s i m i l a r l y found t h i s to be s m a l l . One of the o b j e c t s of 

h i s a n a l y s i s was to compare d i f f e r e n t s e t s of input d a t a i n the form of 

p h a s e - s h i f t s f o r nlJ which produce d i f f e r e n t r e s u l t s p a r t i c u l a r l y i n 

the r e g i o n of the second maximum. The data i t s e l f i s l a r g e l y concentrated 

i n t h i s region, with only two po i n t s i n the forward r e g i o n so th a t any 



d e t a i l e d comparison may only be made i n a sma l l r e g i o n . 

F i g u r e X I shows the r e s u l t s of the c a l c u l a t i o n s made u s i n g the 

f u l l nN amplitude and the hard-core n u c l e a r d e n s i t y of ( 6 . 3 2 ) , 

showing most divergence from the data i n the re g i o n of the second 

maximum where the model i s not expected to be so r e l i a b l e i n any c a s e . 

F i g u r e X I I A shows the r e s u l t s of a s i m i l a r c a l c u l a t i o n u s i n g a. simple 

g a u s s i a n n u c l e a r d e n s i t y (6 . 3 1 ) which g i v e s a poorer d e s c r i p t i o n of 

the forward pealc, removing the c o n v i c t i o n from the apparently b e t t e r 

d e s c r i p t i o n of the second peak. I n both c a s e s the n e g l e c t of the 

s p i n - f l i p terms proved to have l i t t l e e f f e c t beyond a s l i g h t s h i f t i n g 

of the dip. 

The c a l c u l a t i o n s made with the s i n g l y - c o r r e l a t e d form(6.36) 

Droved to be very c l o s e to those made u s i n g the u n c o r r e l a t e d form 

suggesting t h a t s i n g l e c o r r e l a t i o n s are of l i t t l e s i g n i f i c a n c e a t t h i s 

energy. A d i s c u s s i o n of the c o n c l u s i o n s t h a t might be drawn from these 

r e s u l t s i s given i n Chapter 8. 

257 MeV/c To see i f the type of c a l c u l a t i o n d e s c r i b e d above would 

work a t lower energy, an attempt was made to d e s c r i b e the J i ~ - 4 H e 

data a t 257 ileV/c obtained by Budagov e t a l . ^ * 4 ^ . As before the 

TIN amplitudes were obtained from the p h a s e - s h i f t data and the 

d i f f e r e n t i a l c r o s s - s e c t i o n s were obtained i n the same manner. 

However to f i t the TXN data over an acceptable angular range 

proved much more d i f f i c u l t , s i n c e the d i f f e r e n t i a l c r o s s - s e c t i o n a t 

low e n e r g i e s i s l e s s e a s i l y d e s c r i b e d by gau s s i a n forms and i s 

dominated by the presence of the ( 3 f 3 ) resonance, so t h a t the f i t s 

obtained with the forms of (6 . 3 5 ) were f a r from s a t i s f a c t o r y . The 

subsequent c a l c u l a t i o n of the d i f f e r e n t i a l c r o s s - s e c t i o n was 

u n s u c c e s s f u l , the r e s u l t a n t m u l t i p l e — s c a t t e r i n g s e r i e s being v e r y 
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un s t a b l e and no r e c o g n i s a b l e form being obtained. 

7.76 GeV/c I t i s f o r en e r g i e s such as t h i s thf»t the Glauber model 

may be expected to give i t s best r e s u l t s a.nd so the data, f o r t h i s 

energy v/as i n v e s t i g a t e d as thoroughly as p o s s i b l e . The main o b s e r v a t i o n s 

from t h i s i n v e s t i g a t i o n have been pu b l i s h e d elsewhere^ and the 

d e t a i l s are given again here. 

The d i f f e r e n t i a l c r o s s - s e c t i o n data of E k e l o f e t a l . 1 

covers a wide range from the forward peak to the t a i l of the second 

peak, and i s t h e r e f o r e much more complete than the dat a f o r 1.25 GeV/c 

which covers mainly the second peak. 

At these energies the riN d i f f e r e n t i a l c r o s s - s e c t i o n s are w e l l 

d e s c r i b e d by a g a u s s i a n form and so the program used to ev a l u a t e the 

s c a t t e r i n g at 1.25 GeV/c was e a s i l y able to make the c a l c u l a t i o n s 

f o r t h i s energy. Taking the nN d i f f e r e n t i a l c r o s s - s e c t i o n s as 

-b t 

and n e g l e c t i n g the s p i n - f l i p as n e g l e g i b l e a t t h i s energy, the e l a s t i c 

nN amplitudes may be paraineterised by the form 

f ± ( t ) - ^ ( 1 + i«± ) «cp(-firt) (6.38) 
n p 4rc 

where o+ and a+ are the t o t a l c r o s s - s e c t i o n s and the r a t i o s of 

r e a l part / imaginary p a r t r e s p e c t i v e l y f o r n~p and 7 t + p . These 

v a l u e s have been determined f o r 7.76 GeV/c and were taken 
+ 

from the l i t e r a t u r e . The v a l u e s of the slope parameters b"" were not 

a v a i l a b l e f o r t h i s energy, but were obtained by a l e a s t - s q u a r e s f i t 

to the wide-angle d i f f e r e n t i a l c r o s s - s e c t i o n data a t 8.5 GeV/c^ 1^ 1^, 

the v a l u e s obtained being i n agreement w i t h those p u b l i s h e d . 



To o b t a i n the t o t a l amplitude F ^ N , which by n e g l e c t of s p i n -

- f l i p i s reduced to the form 

F ( t ) - f + ( t ) - f ~ ( t ) ( 6 T ) (6.39) 

the r e l a t i o n s (6.18) were used whereby 

f = f + + f" 

n p 

so t h a t by i n v e r t i n g these r e l a t i o n s , f + and f could be obtained 

as a sura of g a u s s i a n s i n t , these t a k i n g the form 

R e f + ( t ) = { c _ e x p ( - | b " t ) + c + exp( - | b + t ) } 

(6 .40) 

I m / ( t ) = |^{a_or^exp( - | b ~ t ) + a 0 exp( -1 b + t ) } 

R e f i t ) * i£ e x p ( - | b ~ t ) - o;exp(--|b +t ) } " 

I m f ~ ( t ) = jj£ (a_ O exp( --| b"t ) - o exp( - - | b + t ) j 

( 6 7 ) 

I n a d d i t i o n , some of the c a l c u l a t i o n s of E k e l o f e t a l . were 

repeated u s i n ^ a s p i n and i s o s p i n independent amplitude of the form 

Fnli ' ( 1 + i« ) « p ( - | b t ) (6 . 4 1 ) 

and u s i n g o* = 26.6 mb and b = 7-15 (GeV/cJ . These were repeated 

f o r a number of v a l u e s of a . 
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The s h o r t e r form of the 71N input used a t t h i s energy allowed 

the i n c l u s i o n of the more e l a b o r a t e n u c l e a r d e n s i t y f u n c t i o n s , so that 

i t was p o s s i b l e to c a l c u l a t e dc/dt u s i n g the d e n s i t y f u n c t i o n s of 

(6.31) , (6.32) and (6.33), and a l s o the form (6.36) w i t h c o r r e c t i o n 

terms above f i r s t - o r d e r n e g l e c t e d . 
A 

By so doing, comparison could be made between the TX - He 

c a l c u l a t i o n s , w i t h and without c o r r e l a t i o n s , and the a n a l y s e s of the 

e l e c t r o n s c a t t e r i n g experiments which have made i n v e s t i g a t i o n s of 

c o r r e l a t i o n e f f e c t s ^ ^ " * ^ ^ i n the n u c l e u s . 

I n order to be able to make d e t a i l e d comparison w i t h the s t r u c t u r e 

of the data, t h i s was renormalised to the most forward measured v a l u e 

of - t , s i n c e the e r r o r s of n o r m a l i s a t i o n were found to be quite-

c o n s i d e r a b l e . Table V I I g i v e s some v a l u e s of do/dt c a l c u l a t e d f o r 

d i f f e r e n t c a s e s a t s e v e r a l v a l u e s of t as w e l l as the normalised 

v a l u e s , and from t h i s i t can be seen t h a t the d i f f e r e n t forms of n u c l e a r 

d e n s i t y produce only small changes i n the r e s u l t s . 

F i g u r e s X I I and X I I I show the measured v a l u e s f o r do*/dt and 

the c a l c u l a t e d v a l u e s u s i n g the hard-core d e n s i t y (6 .32) and the 

simple g a u s s i a n F ^ and the complete form (6.40) r e s p e c t i v e l y . 

F i g u r e XIV shows the r e s u l t s f o r the complete form of F v and the 

simple gaussian n u c l e a r d e n s i t y . 

The parameters f o r the d i f f e r e n t n u c l e a r d e n s i t y f u n c t i o n s used 

i n the c a l c u l a t i o n s at I . 2 5 GeV/c and 7-76 GeV/c were taken from 

the papers of ( i ) Czy& and L e s n i a k ^ 3 ^ f o r (6.31), ( i i ) C h o u ^ ^ f o r 

(6.32) and ( i i i ) B a s s e l & W i l k i n ^ 6 ^ f o r (6.33) and (6 .36) . 

A d i s c u s s i o n of the forms of the d i f f e r e n t r e s u l t s and the 

c o n c l u s i o n s t h a t may be drawn are given i n the f i n a l chapter where the 

s u c c e s s e s and f a i l u r e s o f the model are reviewed. 
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- t 
( G e V / c ) 2 

Measured 
v a l u e s of 
do/dt 

d o / d t ( a ^ d o / d t ( b ) d o / d t ( c ) 

0.104 24.95 * 1.8 24.23 23.58 20.81 25.41 

0.149 6.1 t 0.24 5.39 5.19 4.67 5.79 

0.212 0.46 - 0.05 0.33 0.31 0.28 0.37 

0.280 0.048 i 0.022 0.033 0.029 0.031 0.029 

0.466 0.06 I 0 ' 0 2 6 0.081 0.076 O.O78 

J 

0.09 

Table V I I Some c a l c u l a t e d v a l u e s of do/dt compared with 

the measured v a l u e s . 

a) Simple ga u s s i a n w i t h a = - 0 . 2 , and d e n s i t y of (6.32) 

b) P u l l form of and n u c l e a r d e n s i t y (6.32) 

c ) F u l l form of and s i n g l y - c o r r e l a t e d d e n s i t y (6.36) 

d) F u l l form of P „ and f u l l y - c o r r e l a t e d d e n s i t y (6.33) 
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CHAPTER 7 The g - p a r t i c l e model and Glauber's Theory f o r Carbon-12 

12 12 7:1 n - C and p - C S c a t t e r i n g i n Glauber Theory 

The Carbon-12 nucleus has been l e s s well-examined i n experiment 

than has the Iielium - 4 nucleus d e s c r i b e d i n the previous chapter, the 

only a v a i l a b l e d a t a f o r e l a s t i c d i f f e r e n t i a l c r o s s - s e c t i o n s being 
(P1 ) 

the 1 GeV proton s c a t t e r i n g measurements of Palevsky et a l . and 

the low—energy n s c a t t e r i n g measurements made by Binon et al# 
A number of Daper s have a p p l i e d Glaubers m u l t i p l e - s c a t t e r i n g 

(69 -74.82) 

model i n d e f f e r e n t forms to d e s c r i b e these measurements 

with v a r i o u s degrees of s u c c e s s . The problem i s made more complicated 

because, although the Carbon-12 nucleus i s of sp i n zero, i t i s a l s o 
known to be deformed and i t has been shown t h a t those c a l c u l a t i o n s 

12 

made f o r p- C s c a t t e r i n g assuming that the nucleus i s s p h e r i c a l a r e 

inadequate q u a n t i t a t i v e l y , although the simple harmonic o s c i l l a t o r 

model d e s c r i b e s s i m i l a r data f o r extremely w e l l ^ ^ . Prom t h i s 
the c o n c l u s i o n has been drawn that a b e t t e r d e s c r i p t i o n f o r the n u c l e a r 

12 
d e n s i t y of C i s r e q u i r e d . 

Ledniak and Les n i a k were able to show th a t a b e t t e r d e s c r i p t i o n 
- 12 

of the n - C data could be obtained by the use of an o b l a t e l y 

deformed simple harmonic o s c i l l a t o r d e n s i t y , but although t h i s io i n 

good agreement with the r e s u l t s of H a r t r e e - P o c k - l i k e c a l c u l a t i o n , a 
(72 ) 

l a t e r paper b;- C i o f i D egli A t t i and Guardiolr. has shown t h a t such 

a. deformation i s not c o n s i s t e n t with the high-energy e l e c t r o n and 

proton s c a t t e r i n g data. 
Another i n t e r e s t i n g suggestion f o r improving the d e s c r i p t i o n of 

12 

the C nucleus has been to use a d e s c r i p t i o n of the a - p a r t i c l e 

c l u s t e r i n g e f f e c t which i s known to be q u i t e s i g n i f i c a n t i n *^C a.nd 
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( 8 2 ) 12 Ahmadv ' has made some q u i t e s u c c e s s f u l c a l c u l a t i o n ' ; of the p - G 

d i f f e r e n t i a l c r o s s - s e c t i o n u s i n g a v e r y simole form of a - p a r t i c l e 
- 12 

d e n s i t y . I n t h i s chapter t h i s model i s used to p r e d i c t the TX - G 

d i f f e r e n t i a l c r o s s - s e c t i o n s a t 8 GeV/c by u s i n g the r e s u l t s ^ the 

preceding chapter, and i n a d d i t i o n other forms of a - d e n s i t y are t r i e d 

and the r e s u l t a n t c a l c u l a t i o n s f o r proton s c a t t e r i n g are compared 

w i t h those from t h i s simple form and with the a v a i l a b l e d a t a . 
7:2 The a - p a r t i c l e model 

T h i s model has q u i t e a long h i s t o r y , being o r i g i n a t e d as f a r back 

as 1'929 by Gamow to d e s c r i b e those n u c l e i having 4N c o n f i g u r a t i o n s . 

Despite i t s l a t e r replacement by the more s u c c e s s f u l shell-model and 

other models i t has enjoyed renewal i n d i f f e r e n t forms, i n c l u d i n g the 

r e s o n a t i n g group method and the C l u s t e r model, which are reviewed i n 

r e f e r e n c e s (132) and (133) • 

For the case of Carbon-12 the a-model i n i t s d i f f e r e n t forms has 

proved of c o n s i d e r a b l e p o p u l a r i t y aiid has r e c e i v e d c o n s i d e r a b l e 

a t t e n t i o n i n the r e c e n t l i t e r a t u r e on the study of n u c l e a r l e v e l s ^ * ^ \ 

These g e n e r a l l y assume that the ground s t a t e of the Carbon-12 nucleus 

c o n s i s t s of three a - p a r t i c l e s forming a t r i a n g l e and r e t a i n i n g s e p e r a t e 

i d e n t i t i e s , d e s c r i p t i o n s of the e x c i t e d n u c l e a r l e v e l s bein^; connected 

to the d i l a t i o n s and r o t a t i o n s of the t r i a n g l e and the rearrangement 

of the a — p a r t i c l e s . 

I n t h i s chapter the e l a s t i c s c a t t e r i n g of pions and protons from 

the Carbon-12 nucleus i s taken to be d e s c r i b e d by a form of Glauber 

s e r i e s i n which the three a - p a r t i c l e s a c t as the s c a t t e r i n g c e n t r e s 

and the r e s u l t a n t s c a t t e r i n g i s d e s c r i b e d by a sum of s i n g l e , double 

and t r i p l e s c a t t e r i n g s from these a's. The b a s i c rc-a and p-a 

amplitudes are obtained from a normal Glauber s e r i e s f o r Helium - 4 . 
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The main approximations involved i n the use of the a - p a r t i c l e 

model are ( i ) the a - p a r t i c l e s are assumed to r e t a i n t h e i r i d e n t i t i e s 

throughout the s c a t t e r i n g process, ( i i ) f o r the purposes of the 

c a l c u l a t i o n each a i s t r e a t e d as a s p i n l e s s boson and ( i i i ) the 

a - p a r t i c l e s w i t h i n the nucleus are u s u a l l y ( but not n e c e s s a r i l y ) 

taken to have the sajne parameters as a f r e e a - p a r t i c l e . I n a d d i t i o n 

the u s u a l assumptions f o r a Glauber s e r i e s are r e q u i r e d . As w i l l be 

seen, the a-raodel can give q u i t e a good d e s c r i p t i o n of the s c a t t e r i n g 
12 

of protons from C, which i s the case which w i l l be examined s i n c e tla? 

data i s the most c l o s e to t h a t energy r e g i o n where Glaubers model may 

be expected to work w e l l . 
12 

7s3 E l a s t i c s c a t t e r i n g w ith a simple model f o r C 

constrained to a r i g i d e q u i l a t e r a l t r i a n g l e , of s i d e d , which i s f r e e 

to assume any o r i e n t a t i o n . The e l a s t i c s c a t t e r i n g amplitude may then 

be w r i t t e n as 

Probably the most simple model a v a i l a b l e i s that adopted by 
(Qo) 

Ahmad i n h i s c a l c u l a t i o n s i n which the three a - p a r t i c l e s are 

F(q) = j <0l F 1 ( q ) + F 2 ( q ) + F (q) 10 > (7 .1 ) 

where the s i n g l e , double and t r i p l e - s c a t t e r i n g amplitudes have the 

forms 

3 
exp Fi<s) F ( S > I (7 .2 ) 

0=1 

% P
a ( s i ) p

a ( s - S i > e x P [ (s-si>-.ik] iq.s 2*k i 

(7 .3 ) 
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F3 (s ) = [2^) [ % % V r s i - s 2 ) *tt<si> #s 2> * 

[ 2 ~ 2 i ~ 2 2
 + S i * - 2 + 22 3 J x exp 

(7.4) 

and where P ( q ) i s the e l a s t i c amplitude f o r s c a t t e r i n g from f r e e 

'He. 

Ahmad was able to obtain a n a l y t i c e x p r e s s i o n s from t h i s model 

by assuming- the form used by Czyz & L e s n i a k ^ ^ f o r the amplitude 

P f t(q) as 

(135) 

4 -a q 
F a ( q ) = I A . e J (7.5) 

where A. and a. are given by 
3 J 

4 l 

2 2 1 + 2a g (7-6) 

A . = 
J 

i k / l ± 2 a 2
S M ( - l ) j + 1 M 

M a 2 ) .i 
<y( 1 + i P ) a' 
2rt ( 1+ 2 a 2 3 2 ) 

(7.7) 

and where <X i s the average pN c r o s s - s e c t i o n , {3 the slope of the 

nucleon-nucleon e l a s t i c d i f f e r e n t i a l c r o s s - s e c t i o n and p i s the r a t i o 
2 

of the r e a l and imaginary p a r t s of the amplitude, a i s the s i z e 

parameter f o r the a - p a r t i c l e i t s e l f . 
The v a l u e s used were j3 2 = 5.97 ( G e V / c ) " 2 , a 2 = 0.0208 ( G e V / c ) 2 

2 2 f o r the f r e e a - p a r t i c l e and a = O.OI59 (GeV/c) f o r the bound 

a - p a r t i c l e , p = -0.13 and <r ̂  - 44 mb 
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The e x p r e s s i o n s f o r F ^ q ) , a n d which r e s u l t are 

r e l a t i v e l y simple and allow a very quick computation of the d i f f e r e n t i a l 

c r o s s - s e c t i o n . Ahmad found that a b e t t e r d e s c r i p t i o n could be found 

by i n c r e a s i n g the s i z e of the bound a - p a r t i c l e due to a-a a t t r a c t i o n 

and thus d e c r e a s i n g the parameter a i n (7«6) and (7«7)t a s w a s 

found f o r an a n a l y s i s of high-energy e l e c t r o n s c a t t e r i n g with the 

4.- t , -,(136) a - p a r t i c l e model . 

12 

Two t y p i c a l c a l c u l a t i o n s f o r p - C at 1 GeV are shown i n 

F i g u r e XV, u s i n g i n one case the f r e e a - p a r t i c l e parameters arid a 

t r i a n g l e of s i d e d = 1^.2 (GeV/c)""^" and u s i n g an enlarged a - p a r t i c l e 

together with a t r i a n g l e side of d = 13«0 (GeV/c) As can be seen 

from the data, even such a crude model i s able to shoiv the main 

f e a t u r e s of the d i f f e r e n t i a l c r o s s - s e c t i o n . 
S i n c e a good d e s c r i p t i o n of the rc - a s c a t t e r i n g was obtained 

p r e v i o u s l y at 8.00 GeV/c, t h i s has been u t i l i s e d w ith the above 
12 

model i n order to make sume p r e d i c t i o n s f o r TX - C s c a t t e r i n g . For 

convenience the 1 s t to 4th order amplitudes f o r n - a were f i t t e d 

by the form 
2 

F ( q ) = A e 3 (7-8) 
J J 

to o b t a i n an input of the same form as ( 7 - 5 ) - The form (l *o) was f i t t e d 

by means of the program MINUIT, des c r i b e d p r e v i o u s l y , and these 

parameters were used s i n c e no means were obtained f o r c o r r e c t i n g f o r 

the bound s t a t e . 
i! 
i 

7:4 E l a s t i c s c a t t e r i n g with other forms of a-modei 

I n view of the r e s u l t s which may be obtained, u s i n g the r i g i d , 

t r i a n g l e of a's, i t i s of i n t e r e s t to b r i e f l y examine other simple 
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F i g u r e XV d°/dQ a g a i n s t t f o r p - 1 2 C at l G t V , The curves 

cm. 
are computed u s i n g a r i g i d e q u i l a t e r a l t r i a n g l e of a - p a r t i c l e s , the 
continuous l i n e has parameter d = 15.2 ( G e V / c ) " 1 and f r e e a - p a r t i c l e 
parameters whi l e the broken l i n e has d = 13.0 (GeV/c)"" 1 and bound 
a - p a r t i c l e parameters. 
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12 

d i s t r i b u t i o n s of a's f o r C and to compare the r e s u l t s with those 

u s i n g the r i g i d t r i a n g l e . I n t h i s s e c t i o n two other models are used 

to d e s c r i b e the c o n f i g u r a t i o n s of the three a - p a r t i d e s and the 

r e s u l t a n t d i f f e r e n t i a l c r o s s - s e c t i o n s a r e compared w i t h both the 

experimental d a t a and those p r e v i o u s l y c a l c u l a t e d . 

The most simple model a v a i l a b l e i s to c o n s i d e r the s p a c i a l 

d i s t r i b u t i o n to be d e s c r i b e d by a product wave f u n c t i o n of g a u s s i a n 

form with no c o r r e l a t i o n between the a - p a r t i c l e s . T h i s leads to a 

d e n s i t y f u n c t i o n of the form 
2 2 3 -a R 

<0 I 0 > - P 0 n e 1 dE. (7,9) 
i = l 

where ijL i s the co-ordinate of the i — t h a - p a r t i c l e from the c e n t r e 

of the n u c l e u s . T h i s simple form can e a s i l y be seen to correspond 

to a simple harmonic o s c i l l a t o r wave f u n c t i o n with a l l nucleons i n 
2 4 2 

the s - s h e l l and being unsymmeterised, s i n c e R^ = £ r _ 

where r . . i s the co-ordinate of the j - t h nucleon w i t h i n the i - t h 

a - p a r t i c l e . Using the form (7=9) together with a c m . c o n s t r a i n t 

and the e x p r e s s i o n s (7»l) to (7.4), the r e s u l t a n t i n t e g r a l s may be 

performed i n a s i m i l a r manner to those d e s c r i b e d i n Appendix H' c> 

give a n a l y t i c forms f o r the amplitudes and the r e s u l t a n t d i f f e r e n t i a l 

c r o s s - s e c t i o n . 

2 
To ob t a i n the v a l u e of a i n (7^9)» the e x p e c t a t i o n v a l u e of 

2 
R was c a l c u l a t e d and led to the e x p r e s s i o n 

2 1 , a - < T > (7.10) 

An a n a l y s i s of the s c a t t e r i n g of high-energy e l e c t r o n s from 1 2 C 
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u s i n g the a - p a r t i c l e model has been made by Ino p i n e t a l . ^ 1 " ^ from 

which a v a l u e of R - 1.73 fermi was obtained f o r the mean d i s t a n c e 
12 2 of an a - p a r t i c l e from the c e n t r e of C. Equating t h i s w ith <-L > 

2 
a v a l u e was obtained f o r a of 

a 2 - 0.013 

Subsequently c a l c u l a t i o n s and comparison with the dat a f o r 
12 2 p - C suggested a s l i g h t l y l a r g e r v a l u e of a = 0.014 or 

2 

a = 0.015, though these were s e l e c t e d by eye from comparisons w i t h 

the data which had i t s e l f been obtained from a sma l l graph. 
2 

F i g u r e XVI shows the c a l c u l a t e d curve f o r a = 0.015 f ° r 

12 

p ~ C a t 1 GeV compared to the data. As w i t h the r i g i d t r i a n g l e 

form, c a l c u l a t i o n s were made u s i n g a - p a r t i c l e parameters f or both 

bound and f r e e s i z e s . As may be seen from the f i g u r e , the simple 

g a u s s i a n form does not give a p a r t i c u l a r l y good d e s c r i p t i o n o f the 

data and i s poorer than the r i g i d t r i a n g l e . T h i s i s not a l t o g e t h e r 

unreasonable s i n c e the t o t a l l a c k of i n t e r p a r t i c l e c o r r e l a t i o n removes 

the s a l i e n t f e a t u r e of the previous model. 

To t r y and combine some of the f e a t u r e s of the two forms a l i t t l e 

more, a t h i r d form was used of a n u c l e a r d e n s i t y with an o v e r a l l 

g a u s s i a n form but c o n t a i n i n g c o r r e l a t i o n s between the a - p ^ r t i c l e s . 
The form which r e s u l t e d was s i m i l a r to some which hrve been usea f o r 

energy l e v e l c a l c u l a t i o n ^ * ^ \ t a k i n g the form 

3 ~(3 2R^ 3 -H 2R 2 

< 0 l 0 > - p o n e 1 n e J i c (7.11) 
i = l j = l 

2 2 

where R. . • R. - R. . E s t i m a t e s of the parameters 3 and |i 

were again obtained by c o n s i d e r i n g the mean r a d i u s f o r the a - p a r t i c l e s 

and o b t a i n i n g the r e l a t i o n 
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pre c a l c u l a t e d u s i n g a ga u s s i a n d i s t r i b u t i o n f o r the a - p a r t i c l e s , 
2 

with a » 0.015. Curve A i s c a l c u l a t e d with the f r e e a - p a r t i c l e 
parameters, curve B with bound a - p a r t i c l e parameters. 



2 1 n2 . 2 a * —5- « 0 + 3u 
^R > 

(7-12) 

I n the absence of an e l e c t r o n - s c a t t e r i n g a n a l y s i s u s i n g t h i s form 

no means could be d e v i s e d to o b t a i n seperate e s t i m a t e s of (3̂ ' and 
2 2 2 

\x and so c a l c u l a t i o n s were made f o r d i f f e r e n t v a l u e s of (3 and ^ 

which s a t i s f i e d the r e l a t i o n (7.12) . however l i t t l e v a r i a t i o n 
2 

occured between these c a l c u l a t i o n s over r ran, e 0.0005 ^ p, ^ 0.0040 

and l i t t l e o v e r a l l d i f f e r e n c e could, be dete c t e d between these r e s u l t s 

and those u s i n g the simple g a u s s i a n form of (7^9) • 

- 12 

Some p r e d i c t i o n s have been made f o r J X - C d i f f e r e n t i a l c r o ? s -

— s e c t i o n s a t 8 GeV/c u s i n g these forms together with the parameters 

obtained. The d i f f e r e n t curves are shown i n F i g u r e X V I I f o r the two 

main forms of a-model and as can be seen, the d i f f e r e n c e s f o r t h i s 

case are more oronounced than f o r the lower energy proton c a s e . 
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Chapter 8 ;jome Conclusions on the Glauber Model 

8:1 Approximations made i n the c a l c u l a t i o n s 

The b a s i c Glauber model, as derived i n Chapter 5> w&s a p p l i e d 

i n Chapters 6 and 7 to the e l a s t i c s c a t t e r i n g of u-mesons from 

Helium-4 and of protons from Carbon-12. I n e v a l u a t i n g n u m e r i c a l l y 

a s e r i e s of the g e n e r a l form of ( 5 - 4 l ) a number of convenient 

assumptions are made which are summarised i n t h i s s e c t i o n and. i r t h i s 

Chapter some p o s s i b l e improvements to these are suggested. 

For the s c a t t e r i n g of rc-mesons from Helium-4, the main 

computational problem l a y i n the c a l c u l a t i o n s r e s u l t i n g from the 

m u l t i p l e i n t e g r a l s , an example of which i s d e s c r i b e d i n Appendix £• 

I n these i n t e g r a l s approximations were sometimes made about the l i m i t s 

i n v o l v e d , i n order to obtain a n a l y t i c s o l u t i o n s , and c o n s t r a i n t s were 

a p p l i e d to the form of the input data. 

The f i r s t of these approximations l i e s i n the assumption of a 

g a u s s i a n form f o r the rcN amplitudes, and as was shown i n Chapter 6, 

t h i s i s by no means v a l i d a t lower e n e r g i e s although g i v i n g a good 

d e s c r i p t i o n i n the high—energy r e g i o n . The second approximation, which 

i n some ways i s a consequence of the f i r s t , i s that i n the i n t e g r a l 

over the momentum t r a n s f e r q , the upper l i m i t i s assumed to be <& . 

oince q i s bounded. q = 2 k where 1c i s the i n c i d e n t - 1 max — — 
momentum, t h i s i s an approximation which i s s t r i c t l y l i m i t e d only to 

2 

f a s t f a l l i n g g a u s s i a n s i n q . The n e c e s s i t y of t h i s approximation may 

be seen however.from an attempt to perform such an i n t e g r a l f o r a 

constant amplitude ( the opposite extreme ) l e a d i n g to a gre a t 

complexity due to the presence of the term | b - s ^ | i n the integrand. 

As described i n Keference(97)» the s i m i l a r i n t e g r a l over d b , 

the impact parameter plane does not c o n t a i n any such approximation, 
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being i n s t e a d an exact r e p r e s e n t a t i o n so t h a t f o r t h i s i n t e g r a l no 
approximation i s i n v o l v e d . 

A f u r t h e r approximation to the spin-dependent p a r t of the 

c a l c u l a t i o n was mentioned i n Appendix D, i n the assumption t h a t the 

s c a t t e r i n g i s coplanar, but as the e f f e c t s of s p i n have been shown to 

be v i r t u a l l y n e g l e g i b l e the e f f e c t s of t h i s are assumed to be very 

s l i g h t , and c e r t a i n l y d i f f i c u l t to a s s e s s . 

From the r e s u l t a n t c a l c u l a t i o n s of Chapter 6, i t i s i n t e r e s t i n g 

to note that except at low energy these approximations do not seem to 

possess any p a r t i c u l a r l y s i z a b l e e f f e c t ( u n l e s s there e x i s t s some 

s u b t l e form of c a n c e l l a t i o n ) and i n the r e g i o n s where Glauber theory 

i s expected to work these would seem to be very reasonable assumptions, 

though f o r the medium-energy r e g i o n a more rigourous treatment of the 

upper bound of q might p o s s i b l y be of some v a l u e . However before 

c a l l i n g upon a comparison with the data to a s s e s s the e f f e c t s of such 

approximations one should remember t h a t t h e i r main e f f e c t s are l i k e l y 

to l i e i n those r e g i o n s where Glaubers model i s i t s e l f an a p p r e c i a b l e 

approximation. 

F u r t h e r approximations, which are common to both Chapters 6 and 

7 occur i n the assumption of g a u s s i a n d e n s i t i e s and of the e q u a l i t y of 

charge and mass d i s t r i b u t i o n s . C e r t a i n l y the former of these m.-v. be 

open to some degree of doubt although the second i s probable q u i t e 

reasonable, b: c i n the present l i m i t s of computing power i t i s d i f f i c u l t 

to see any easy method of improving upon the forms used, although 

these may well have a l a r g e i n f l u e n c e . 

I n the s c a t t e r i n g of protons from Carbon-12, the c h i e f remaining 

aonroximation i s of course the a - p a r t i c l e model i t s e l f which has been 

used i n the crudest p o s s i b l e forms and w i t h v i r t u a l l y none of the 
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refinements which are p o s s i b l e due to the c o m p l i c a t i o n s t h a t these 

i n t r o d u c e . A f u r t h e r approximation i s the g a u s s i a n p—a amplitudes 

which are used, and i n p a r t i c u l a r i t should be noted t h a t these only 

provide a rough f i t to the p-a d a t a . 

Apart from these the computational approximations l i e i n the form 

of the a-model and hence form a p a r t of the i n v e s t i g a t i o n . 

8:2 Conclusions from it~"~ ^He e l a s t i c s c a t t e r i n g 

I n Chapter 6 the d e t a i l s were given of the c a l c u l a t i o n s made a t 

I .25 GeV/c and 7-76 GeV/c whil e i n the preceding s e c t i o n of t h i s 

chapter some of the approximations i n v o l v e d have been d e s c r i b e d . T h i s 

s e c t i o n d i s c u s s e s the comparisons between the d i f f e r e n t r e s u l t s 

obtained together with some of the c o n c l u s i o n s t h a t may be drawn from 

these-

At I .25 GeV/c there i s l i t t l e t hat i s new to be noted from 

the c a l c u l a t i o n s . As has a l r e a d y been shown the e f f e c t s of s p i n - f l i p 

are e f f e c t i v e l y n e g l e g i b l e ^ ^ and the forms of input t h a t were used 

were able to give a good d e s c r i p t i o n of the data when a r e a l i s t i c 

wave-function was used. ( S t r i c t l y t h i s wavefunction was not r e a l i s t i c 

s i n c e i t had a hard core, a j u s t i f i c a t i o n f o r t h i s may be found i n 

reference(69) ) . Unfortunately the d a t a i s l i m i t e d to the r e g i o n of 

the d i p and second peak and so one cannot make simultaneous comparison 

with the forward peak as w e l l but Q u e r r o u ^ 1 ^ has shown t h a t the 

c a l c u l a t i o n s off t h i s form are i n good agreement with o l d e r measurements 

of the d i f f e r e n t i a l c r o s s - s e c t i o n a t forward a n g l e s . 

I t i s i n t e r e s t i n g to note t h a t the e f f e c t s of a f i r s t order 

Jastrow two-body nucleon-nucleon c o r r e l a t i o n were very s m a l l , expeciall.v 

s i n c e the e f f e c t s f o r such a form were found to be r a t h e r l a r g e r a t 

7.76 GeV/c. On the whole agreement at t h i s energy i s q u i t e good, 
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p a r t i c u l a r l y i n the l i g h t of so many approximations and l i m i t a t i o n s . 

I t i s p o s s i b l e to make some r a t h e r more d e t a i l e d comparisons 

fo r 7«76 GeV/c, s i n c e t h i s i s a region p o s s e s s i n g a much more simple 

JIN input, so reducing computational time c o n s i d e r a b l e and a l i o , ^ng a 

g r e a t e r complexity of n u c l e a r form. I n a d d i t i o n the da t a covered a 

much wider angular range and so provided more f e a t u r e s to a i d a 

q u a n t i t a t i v e comparison. 

I n the absence of nucleon-nucleon c o r r e l a t i o n s i n the n u c l e a r 

d e n s i t i e s the isospin-dependent amplitude (6o9) l e ( * to a d i f f e r e n t i a l 

c r o s s - s e c t i o n which d i f f e r e d v e r y l i t t l e from t h a t obtained f o r the 

simple gaussian amplitude as i n (6.4l) so t h a t the e f f e c t s of i s o s p i n 

c o r r e c t i o n s could be seen to be v e r y small* The two u n c o r r e l a t e d 

d e n s i t i e s (6.3l) and (6,32) did however give d i f f e r i n g r e s u l t s , the 

simple gaussian form g i v i n g a much poorer d e s c r i p t i o n of the double-

- s c a t t e r i n g peak i n do/dt so t h a t l i k e o t h e r s ^ ^ i t may be 
4 

concluded that a hard-core d e n s i t y i s needed to d e s c r i b e He. 

When c o r r e l a t i o n e f f e c t s between the nucleons were introduced 

by means of the Jastrow s e r i e s (6.33), c a l c u l a t i o n s with only the 

f i r s t order terms r e t a i n e d as i n (6.36) produced a worsening of the 

agreement with the data f o r e i t h e r form of the nN amplitude. T h i s 

formed an i n t e r e s t i n g c o r r o b o r a t i o n of the f i n d i n g s from high-c. *rgy 

1 4. 4.4. * A- (118,119) u v 4. e l e c t r o n s c a t t e r i n g s t u d i e s where comparisons between 

d i f f e r e n t orders of Jastrow c o r r e l a t i o n have been made with the 

c o n c l u s i o n t h a t the s e r i e s does not s t a b i l i s e f o r the i n c l u s i o n of the 

f i r s t few o r d e r s . The data did not allow a d i r e c t comparison f o r each 

degree of c o r r e l a t i o n and so only the s i n g l e tern: and complete form of 

c o r r e l a t i o n were c a l c u l a t e d . For the f u l l y c o r r e l a t e d n u c l e a r d e n s i t y 

(6.33J, the d i f f e r e n t i a l c r o s n - s e c t i o n s are very s i m i l a r to those 

i n v o l v i n g a completely u n c o r r e l a t e d form. The s i z e of these e f f e c t s 
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can be adequately seen from Table V I I and t h i n shows t h a t the 

d i f f e r e n c e s produced by d i f f e r e n t d e n s i t i e s are s m a l l . 

Hence a t 7*76 GeV/c i t would appear t h a t n e i t h e r a more 

rigourous form of F ^ , nor the i n c l u s i o n of r a u s s i a n c o r r e l a n s 

i n t o the n u c l e a r d e n s i t i e s are able to provide any l a r g e improvement 

i n the already good agreement between experiment and the b a s i c theory-

I n view of the d i f f i c u l t y i n making any f u r t h e r improvements to F ^ 

a b e t t e r agreement would seem to be best obtained from an improved 

nu c l e a r d e n s i t y , such a den s i t y would probable be non—gaussian i n form, 

which a l s o f o l l o w s from the obs e r v a t i o n s of the e l e c t r o n - s c a t t e r i n g 

a n a l y s e s where i t i s a l s o found t h a t ^He i s not adequately represented 

by any ga u s s i a n form f o r p ( r ) # 

I n g e n e r a l the r e s u l t s of these c a l c u l a t i o n s suggest t h a t Glaubers 

model i s w e l l able to p r e d i c t a c c u r a t e l y the main f e a t u r e s of the 

d i f f e r e n t i a l c r o s s — s e c t i o n , a d e t a i l e d numerical comparison probably 

needing more and b e t t e r d a t a . With regard to the form of the second 

peak, which i s g e n e r a l l y the r e g i o n o f poorest agreement, i t i s 

d i f f i c u l t to decide whether t h i s i s inadequacy of theory o r of the 

n u c l e a r d e n s i t i e s u n t i l i n v e s t i g a t i o n s have been raaxie f o r non -

- ga u s s i a n forms, although the computational problems f o r these may 

be c o n s i d e r a b l e . 

12 
8:3 Conclusions on s c a t t e r i n g from 0 u s i n g the a - p a r t i c l e model 

12 
For the model of C d e s c r i b i n g the nucleus as a r i g i d e q u i l a t e r a l 

(82) 

t r i a n g l e of a - p a r t i c l e s , the main c l a i m by Ahraad^ ' was t h a t t h i s 

model d e s c r i b e d the data i n the r e g i o n of the dip b e t t e r than the 

simple harmonic o s c i l l a t o r model and so f i l l e d i n the overdeep dip 

found i n Reference ( 6 ^)• However our repeat of t h i s form of c a l c u l a t i o n 

gave a r a t h e r deeper dip than shown i n r e f e r e n c e ( 8 2 ) although agreeing 
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with the curves shown there i n a l l other d e t a i l s , a somewhat 

perp l e x i n g r e s u l t . However the curve obtained s t i l l seems to produce 

a s l i g h t l y b e t t e r q u a l i t a t i v e r e s u l t than the simple harmonic 

o s c i l l a t o r and the c a l c u l a t i o n i t s e l f i s of course much more simple. 

The g a u s s i a n forms used to d e s c r i b e the a - d i s t r i b u t i o n s do not 

lead to any improvements over the simple r i g i d t r i a n g l e but r a t h e r 

produce a worse agreement with the data. A d e t a i l e d comparison was not 

however P o s s i b l e s i n c e the d a t a was obtained from so s m a l l a graph 

that i t s r e l i a b i l i t y i n a l l but a broad q u a l i t a t i v e d i s c u s s i o n was 

very q u e s t i o n a b l e . The i n t r o d u c t i o n of two-body c o r r e l a t i o n s i n t o the 

d e n s i t y d i d not appear to have any e f f e c t other than a v e r y s l i g h t 

s h i f t i n g of the d i p . On the whole the f a i l u r e of such forms was 

perhaps not t o t a l l y unreasonable s i n c e a simple g a u s s i a n of a*s may 

be expected to give s i m i l a r r e s u l t s to the simple harmonic o s c i l l a t o r 

form which i s known to be inadequate^^9) m 

An i n t e r e s t i n g combination of the g a u s s i a n form and the i n t e r -

- p a r t i c l e spacing of the r i g i d t r i a n g l e would be to use a d e n s i t y 
12 

form f o r the a - p a r t i c l e s s i m i l a r to the C wavefunction proposed 

long ago by W h e e l e r . T h i s c o n t a i n s terms to seperate the 

c o n s t i t u e n t a - p a r t i c l e s and an o v e r a l l c e n t r a l g a u s s i a n and having the 

form 

< 0 I 0 > 
3 

P n e 
o 

i = l 

-a R 3 
n ( e 

3 R -Y R R 
) e 

Some t r i a l c a l c u l a t i o n s were attempted f o r such a form, but as 

there e x i s t s no e l e c t r o n s c a t t e r i n g a n a l y s i s u s i n g t h i n form, one 

v/ould f i r s t need to perform such an a n a l y s i s before a good s e t of 
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parameter v a l u e s could be obtained, and the attempts at e s t i m a t i n g 

these proved u n s u c c e s s f u l . I n many ways t h i s would appear to provide 

a very ororaising form, s i n c e the property of the r i ^ i d t r i a n g l e which 

producer, the improved r e s u l t s i s the b u i l t - i n deformation, a**d many of 

the e s s e n t i a l f e a t u r e s of t h i s are contained i n t h i s form. I n a d d i t i o n 

the computational time required i s not g r e a t l y i n c r e a s e d . 

I n c o n c l u s i o n there would seem to be some agreement with the 

suggestions that the a - p a r t i c l e model may provide a b e t t e r d e s c r i p t i o n 
12 (69 82) of C than the harmonic o s c i l l a t o r ^ 1 ' p a r t i c u l a r l y as even the 

use of a more complex d e n s i t y as above would s t i l l r e q u i r e l e s s 

computational time than a c a l c u l a t i o n with the f u l l simple harmonic 

o s c i l l a t o r form. 

8:4 Some General Conclusions 

The Glauber m u l t i p l e - s c a t t e r i n g model may now be regarded as a 

w e l l e s t a b l i s h e d model and has been shown to possess g r e a t p r e d i c t i v e 

pov/ers. As has been shown here, the f i n a l form of the c a l c u l a t i o n s i s 

r a r e l y very dependent upon other than the broad form of the input, 

the Tt~-^He data a t 7 • 76 GeV/c f o r example being r e l a t i v e l y 

i n s e n s i t i v e to any but the outer forms of the nil amplitudes and the 

n u c l e a r d e n s i t y . Of course a l l attempts to obtain more detaile^-

a (;reements with experimental data must assume that the model i s exact, 

and the s u c c e s s e s of the model may w e l l encourage an acceptance of 

t h i s assumption i n these c a s e s , p a r t i c u l a r l y a t l a r g e angle, where i t 

may be i n doubt. 

T h i s assumption wa,s i m p l i c i t i n the c a l c u l a t i o n s of the l a s t two 

chapters and no attempt has been made to introduce any form of c o r r e c t i o n 

term at wide angle, a procedure that would need great care s i n c e i t 

has been shown by Harrington^"*^ that the Glauber s e r i e s i s a d e l i c a t e 
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balance of terms. C e r t a i n l y i n the present s t a t e of the a r t i t i s 

probably b e t t e r to t r y more v a r i a t i o n s of n u c l e a r d e n s i t y than to 

modify the theory e s p e c i a l l y i n such a case as ^He where the n u c l e a r 

d e n s i t y i s known to be u n s a t i s f a c t o r y , i n i t s c u r r e n t forms. 

I n many ways i t would seem from the present good agreement with 

data t h a t i s obtained that the model i s probably b e t t e r than i s 

suggested by i t s d e r i v a t i o n s and i t seems to be accepted, t h a t the 

model must c o n t a i n something more fundamental than the simple summing 

of phases suggests. One can conclude t h a t the Glauber model i s i n good 

form with so f a r no r e a l d i f f i c u l t i e s i n o b t a i n i n g q u a l i t a t i v e and 

u s u a l l y q u a n t i t a t i v e d e s c r i p t i o n s of the a v a i l a b l e data, f r e q u e n t l y a t 

q u i t e low energy, and one may w e l l hone f o r b e t t e r agreement y e t to 

come. 
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APPENJJIX A A derivation of the Breit - Winner form 
(29) 

This deri v a t i o n follows that of Colemanv , and comes from 

the d e f i n i t i o n that he gives of resonance. This d e f i n i t i o n was 

• I n a region s u f f i c i e n t l y "small" and s u f f i c i e n t l y " f a r " from the 

branch ^ o i n t or the th r e e - p a r t i c l e threshold we may pararaeterise 

the 3-matrix as a sum of poles plus an analytic part which we may 

approximate as a constant. 1 

Hence from t h i s d e f i n i t i o n we w r i t e the S-matrix as 

S(z) = a + b/( z - z x ) ( A . l ) 

= a( z - c )/( z - z x ) 

and using the a n a l y t i c i t y properties and the u n i t a r i t y of the S-matrix 

we may writ e 
j ^ ^ ^ 

S(z) S (z ) = I «= a a ( z - c X z - c ) / ( z - ^ X z ~ ^ ) 
(A.2) 

and since t h i s i s a constant, and there are no poles, t h i s implies 

that 
* 

c = z. 

* 
aa = 1 

and so we may w r i t e 

a = Sfi = exp( 2 i 6 B ) (A.3) 

termed the 'background1 i n the sense of being the l i m i t of 6 away 

from the pole, that i s , i t s asymptotic value. Equation ( A . l ) then 

becomes 

S = 3 B ( z - z* ) / ( z - Z j L ) (A.4) 
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I f we then w r i t e 

with p o s i t i v e , since a pole term occurs only below the axis, (A.4) 
becomes 

E - E - i r J 2 
S m S * * (A.5) 

E - E + i 2 

ajid i f ( f o r s i m p l i c i t y ) 6 f i > 0 , the T-raatrix has the 
simple form 

T = (A.6) 
2 ( E R - E) - i f 

which i s the well-known B r e i t - Wigner resonance form (3.9). 

For the case of i n e l a s t i c scattering from channel a to channel 
6 we get 

% - — 2 ( E - E R ) + i f 

where 

r - / i s L • 2 
a a 

i . e . f o r n channels open 

r = r. + r + + r 
1 2 n 
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APPENDIX B Evaluation of the c o e f f i c i e n t s A , B i n terms of n n 

T-matrix amplitudes 

The d i f f e r e n t i a l and polarised d i f f e r e n t i a l cross-sections are 

f i t t e d by the expressions (4«l), (4.2) 

n 

£dQ = 5 I \ P^(cos^) (B.2) 

where do/dQ and Pdo/dft are connected to the scattering 

amnlitudes f ( d ) and g($ ) by ( l . 3 l ) f ( 1 . 3 3 ) 

= l f ( * ) | 2 + |g(S)| 2 (B.3) 

£ $ = n 2 Im( r * ( * ) g (*) ) (B. 4) 

and where f ( d ) and g (-8 ) are given by the expansions (1.2?) as 

(B.5) 

w r i t i n g x « c;s^ , the Legendre Polynomials P (x) and Associated 

Legendre Polynomials P"*"(x) obey the orthogonality r e l a t i o n s ^ " ^ 

P (x) P (x) dx = 6 2 (B.6) n m mn - — 2n + 1 
• i 

P X(x) P 1(x) dx - 6 1 (B.7) n v ' mN mn r - v 1 ' 7 2n + 1 
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thus from ( B . l ) and (B.7) 

- i 

so that 

A 
n 

and s i m i l a r l y 

\ -

I f (B.3) and (B.5) are now substituted i n t o (B.8), we may, a f t e r 

performing the r e q u i s i t e i n t e g r a l obtain A^ i n terms of the 1s 

and s i m i l a r l y using (B.4) and (B.5) i n (B.9) may obtain B^ i n a 

likewise manner. 

As an example, A^ i s evaluated assuming ~^max
 = 2 f o r 

convenience of c a l c u l a t i o n , and describing the T^'s by the spectroscopic 

notation L^j . From (B.5) we get 

f(S)~ 9 C [ S I P Q ( X ) + (2P 3 + P 1 ) P 1 ( x ) + ( 3 ^ + 2B 3)P 2(x) ) 

g ( d ) » * {( P_. - ? i J p ^ x ) + ( » 5 - i> 3 ) p j ( x ) ] 

so that 

! f U ) l 2 - * 2 ( ' 8 / + I2P, + P xl 2 P x ( x ) 2 + I31>5 + 2D3|2 P 2 ( x ) 2 

+ 2rie(o"(2P 3 + P 1 ) ) P 1 ( x ) + 2Ke(3*(3D 5 + 2 I ^ ) } P 2 ( X ) 

+ 2Re [ ( 2 P 3 + i J
1 ) * ( 3 ^ + D 3)J P^x) P^(x) J 

2n + 1 n 

2n + 1 
2 ^ 2 (B.8) 

- I 

/ 4 

2k + 1 (B.9) 
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and 
2 ,.1/ x 2 2 „J/ * 2 

+ 2Re{( P 3 - P j A ^ - ^ ) } P j ( x ) p 2 ( x ) 

A useful r e l a t i o n i n evaluating some of the in t e g r a l s required 
, o x (44) when these expressions are substituted i n t o \B.o) i s given by 

( p a ( x ) P b ( x ) P 0 ( x ) dx = t(* I i f (B.10) 
- I 

where the 3-j symbols are related to the Clebsch - Gordon c o e f f i c i e n t s 

by the r e l a t i o n 

< a b a g l c -Y> = ( - l ) a - b " Y ( 2 c + l ) * ( ^ Y
C j ( B . l l ) 

I n evaluating A^, we use the values of table B I f taken from 

Reference (44) 

a b c /a b c f 
^0 0 0/ 

0 2 2 1/5 
2 2 2 2/35 
1 1 2 2/15 

Table B I 

Performing the remaining integrals e x p l i c i t l y we obtain 

Ax = 2H«(s|(2Pj + * i )) + 4/5Ke((2P 3 + ^ )( 3 ^ + ZD-j) + 
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+ 12/5 Re ( ( F3 - P 1 )*( 1>5 - D. )} 

which i s the required form. 

do 

Table B I I gives the c o e f f i c i e n t s of J-J^ i n terms of the 

p a r t i a l amplitudes and Table B i l l those of L^Q * n l i k e form. 



- B5 ~ 

Table B I I The c o e f f i c i e n t s A expressed i n P a r t i a l Waves* 

! A 
o 

A 2 A3 

hh + p i p i 1 

s i p i 2 

J1 P3 + P1 D3 4 

3 1 D 3 + P 1 P 3 4 

V 5
 + P l ^ 6 

-1P5 + P1 C5 
6 

31 P7 
8 

P 3 P , + D3 f l3 2 2 

P 3 D 3 4/5 36/5 

P 3 D 5 + V 5 

36/5 24/5 

j 5 3 5 12/7 

P3 F7 72/7 

D3 P7 8/3 

5 5 5 5 3 24/7 

D5 P5 18/35 16/5 

' V? 72/7 8 

P F 
5 7 

8/7 i 

p P 7 7 4 100/21 

where i^P^ + P ^ Re ( o x P 3 + ?[D 3 ) etc. 



- B6 -

Table B i l l The c o e f f i c i e n t s B expressed i n p a r t i a l waves 
n 

B l 1 B 3 

s l p l 2 

b l P 3 " P l f l 3 -2 

~ P1 P3 2 

S l J ) 5 - P XP 5 -2 

& 1 F 5 - 2 

S1 P7 -2 

P3 D3 8/5 12/5 

P3 D5 - B3 F5 -16/5 -2/5 

? 3 P 5 - V 5 

10/7 

P3 P7 -24/7 

4/3 

54/35 8/5 

W -36/7 -2/3 

P5 P7 4/3 

where S.P - P1DJ = Im ( 3* P. - P* D ) 1 J 1 3 1 3 1 J ' 
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APPENDIX C The Method of Minimisation 

To handle the large numbers of variables required f o r the 

o a r t i a l wave analysis, the CERN program iilN U I T ^ " ^ was used, which 

oossesses three p r i n c i p a l routines f o r minimisation of a problem, 

bL'EK, TAUROS and MIGRAD. I n t h i s appendix these three routines are 

b r i e f l y described and the minimisation procedure used i s outl i n e d , 

SEEK i s a random-search routine using a lionte Carlo method and 

was found to be c h i e f l y of value i n f i n d i n g s t a r t values of the 

parameters f o r the random s t a r t s . I t was rarely found of use at any 

other time. The TAUROS routine, which uses the Rosenbrock method^"*\ 

an extension of the simple method of co-ordinate v a r i a t i o n , proved to 

be the most useful routine and was used almost exclusively f o r the 

majority of the minimisation work. The t h i r d routine MIGRAD calculates 
2 

the derivatives f o r X for each variable parameter and progresses 

by successive approximations to the covariance matrix. This was found 

unsuitable f o r more than about 15 parameters and away from minimum 

was much slower than TAUROS and so consequently t h i s was used only i n 

the f i n a l stages of a f i t . 

The procedure followed i n each case was to vary only a few ( up 

to <~ 25 ) of the parameters at a time, wi t h each new minimisation 

s t a r t i n g from a previouly found minimum. The i n i t i a l s t a r t s were 

generally made wit h a l l non-resonant amplitudes overparameterised and 

af t e r a preliminary minimum was found the parameters f o r each 
2 

amplitude were gradually reduced u n t i l a marked r i s e i n the X -value 

occured f o r the removal of a parameter. I n t h i s way the optimum 

Darameterisation f o r each amplitude was hopefully obtained, and the 

ov e r a l l f i t should possess the minimum structure. The orthogonality 

property of the Legendre Polynomials allowed the higher polynomials 
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to be removed without greatly a f f e c t i n g other c o e f f i c i e n t s and so 

allowing a rapid convergence i n each subsequent f i t . 

For the I n channel the above procedure proved very cumbersome 

since overparameterisation of the seven non-resonant amplitude-

required a very large number of parameters ( t y p i c a l l y ~ $0 ) and so 

a number of the f i t s f o r t h i s channel were made beginning w i t h a l l 

amplitudes underparameterised so that a l l could be varied i n i t i a l l y 

and then each amplitude was increased u n t i l a l l were thought to be 

overparameterised, a f t e r which the previous procedure was followed. 

By t h i s method i t was intended to reduce the bias that would have been 

i n i t i a l l y introduced by being able to vary only a l i m i t e d number of 

parameters at once, so favouring selected amplitudes. 

For both channels, the complete range of data available was not 

used f o r two reasons, f i r s t l y the u n r e l i a b i l i t y of the B r e i t - Wigner 

terms f a r from resonance and secondly because by t r e a t i n g fewer data 

points the processes of minimisation were much fa s t e r , an important 

d e t a i l i n view of computational l i m i t a t i o n s . 

Although MINUIT was selected c h i e f l y f o r the f l e x i b i l i t y available 

when handling lar?e numbers of variables i t was also found to give 

raoid convergence i n most cases and most computing time was generally 

spent i n searching the f i n a l minimum fo r any possible improvements. 

To obtain the errors of the resonance parameters, a MIMOS analysis 

was used where possible, which obtained the upper and lower bounds f o r 

each parameter specified to give a r i s e i n X of 1.0 and these 

were taken to be the errors quoted f o r the parameters. However i t was 

not possible to apply the &SIN0S routine to a l l parameters and so the 

errors f o r these were estimated form the range of f i t s around the 

minimum. 
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APPEfti)I,X D Spin-isospin terms for He 

I n Chapter 6, the spin and icoopin-dependences were removed from 

the expression (o.20) leaving the f .(q.) as functions of q. only. 
J —J —J 

I n t h i n appendix the methods fo r t h i s are shown and the f i r s t and 

second terms of (o.20j) are evaluated, and the values of the Gr^(q. t # f q . } 

l i s t e d i n table D I , the values of Ĝ  and Ĝ  being taken from 

Reference(64). Expression (6.20) took the form 

*1<S> 
i k * , , J .2, = — <a I J d b 6(J I £.) Z 2nik 

p P -iq,•(£-E1)..-iq,.(b-s ) d j r . d Sj • ^(ai)..£(Sj) | l a ) 

(D.l) 

The Ĥe wavefunction I a) i s factorised i n t o a product between 

a spacial density d i s t r i b u t i o n and a Slater determinant l $ > describing 

the spin and isospin dependence, and which, w r i t i n g the proton and 

neutron spin states as pt , pi , nt , n]r , may be w r i t t e n as 

V n K l ) 

pt(2) 
pH2) 
nt(2) 
n*(2) 

pt(3) 
P*(3) 
nt(3) 
«»K3) 

Pt(4) 

p i ( 4 ) 

n t ( 4 ) 

n l ( 4 ) 

(D.2) 

The use of the determinant s i m p l i f i e s c a l c u l a t i o n since the spin 

and isospin operators cf and a l t e r the rows of the determinant 

and the e l a s t i c scattering condition i s easily applied since f o r two 

rows eoual the determinant becomes zero. A f u r t h e r property of the 

determinant causes the inclusion of a factor of (-1) fo r each 
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transposition of two rov/s. 

For the single scattering term of ( l ) . l ) , the operation of g + 

and g~ of (b.15) upon (-D.2) produce a zero determinant and hence 

zero c o e f f i c i e n t s . The remaining terras are obtained by considers 

the remaining operators acting upon the 4-nucleon state to give 

< jT- 4Hel f * - f""(eT) I rT-Ale > - 2 < n~p I f + - f"(ex) I iTp > 

+ 2 < n"n i f + - f~(0x) I iTn > 

(B.3) 

Expanding 0#£ i n terms of the step-up and step-down operators 

+ + 1 + 
8" = 0 i i 0 and X " » ( X v ~ i t ) x y 2 x y 

we get 

e.T. = ex. + ( e +x7 + e"*x+ ) (D.4) 
1 z i z 1 1 

For the e l a s t i c scattering from the nucleons, only the term 

0 X i s retained so (D.3) becomes z z 

< rT- 4He I f + - f " ( e i ) lTx"-4He > = 2 ( f + - f " ( - l ) ( + l ) ) 

+ 2 ( f + - f - ( - l ) ( - l ) ) 

4 f + 

so that the single scattering contribution to ( 6 . 2 l ) i s of form 

G 1( 3.) = 4 f + ( 2 i ) (D.5) 
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In c a l c u l a t i n g the next term, a product of two amplitudes 
F f i N ^ q j ̂ 'nN^k^ i L n < i e l i m i n a" t i n& those terms l i n e a r i n g + or g 
as before, we obtain 

(J>.6) 

Evaluating the c o e f f i c i e n t s of these operators term by term 

f j f ^ s The ordering i s not important as these operators commute 

and so the res u l t a n t c o e f f i c i e n t i s given by the number of possible 

combinations of j and k which i s 6, so that 

< , T l < * l f j f j I * > I T T > = 6 f + ( 2 . ) f + ( q k ) ( J.7) 

f j f p . : The operators do not commute so that the ordering i s 

imoortajit, g i v i n g an element of the form 

\ <iTi<* I f ^ e ^ K e ^ ) + f g f ^ e i g J t e ^ ) + +f~f~(©t )(-6T 3 ) I *>i«") 

(0.8) 

and again using the step-up and step-down operators we may expand 

( © T . ) ( 6 T . ) * 0 T. 9 I . + 0 +T~0"T + + O~T +0 +t" + other terms 

(D-9) 

where the 1 other terms 1 may be neglected, being removed by the 

constraint of e l a s t i c i t y . Using the f u r t h e r constraint 

8 " I N ~ > = 0 

(D.8) may be w r i t t e n as 
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•|<fTl<* I f ~ f ~ 2e z0 zx 1T 2 + e ~ 0 + ( i ^ T 2 + T£X~ ) + f ^ f ^ ... I * > I T T > 
z z 

The pi-meson operators give the factors 

< n" I e 2 I n~ > = (-1) 2 =* +1 z 

and using the commutation r e l a t i o n 

0+0*~ - 6~0+ = 2 0 
z 

0"e+ « ©+e~ 2e (D.II) 
z 

so that 

< i t " I 0"V I iT > = < n" I 0+0~ - 20 I n " > 
z 

= - (-2) 

= 2 

so that (D.IO) becomes 

|<n"i<$ I f^^2TV2 + 2^ T1 T2 + T 2 T 1 ) ) + • • • 1 

z z 
(D.12) 

To obtain the remaining f a c t o r s , the re l a t i o n s (D.13) are used 

Tlp> = ^ / T ( I + 1 ) - T ( X - 1 ) I n ) « I n ) z' z 
(0.13) 

x 1n> « sfx(x + 1 ) - x ( I + 1 } I p) = | p) 
z z 

and considering one ordering of the nucleons ( the symmetry of the 
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nucleus providing the others ) with 

1 t • p t 

2 < > n f 

3 « * P I 

4 « > n 1 

then from (D.12), and including a factor of (-1) with each interchange 

of rows of (D.2) we obtain 

2 x l x ( - l ) + 2 x ( 0 + l ) x ( - l ) m -2 -2 - -4 

+2 

- 2 

- 2 

+ 2 

-2 -2 - -4 

so that 

<«"!<• I f - f " l * > l n - > = - 4 f " ( q j ) f ~ ( q j £ ) (D.14) 

+ + 
g j g ^ : This term i s evaluated by s i m i l a r methods to the previous 
terra, by making the assumption that the vectors n. f n DTQ eminXt 

* — j -~k 
an assuimtion oresent i n a l l the spin-dependent parts of the ca l c u l a t i o n 

which considers the multiple-scattering to be coplanar, g i v i n g the 

form 

i <«"!<• I g + ( t f j . i l ) e + ( o r k . n ) + g +(£ k.n)g +(ff j.n) I * > l n " > (C.I5) 

and since we are free to choose axes, n i s chosen to l i e along the 

y - axis so that (D.15) becomes 

f12 + f21 
f13 + f31 
f14 + f41 
f23 f32 
f24 + f42 
f34 + f43 
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~ < T I " | < * | e j £ ( * j < £ + l*>l*""> (D.16) 

and using 

(J • i ( <T - cf + ) (D.16) becomes 

y 

f < « " K * l g ^ (oJ - a p U " - ^ ) * ( ^ - < ) ( « 5 - « ; ) l » > l « - > 

which may be reduced, to 
± < n K « l gjgj ( crV^ + crjaj + o£<r~ + c r ^ ) I •> I i T > (D.17) 

and using the same re l a t i o n s as before and the same ordering of the 

four nucleons we obtain 

f12 + f 2 1 0 

f13 + f 3 1 = - 2 

f14 + f 4 1 = 0 

f23 + f32 = 0 

f24 + f42 - 2 

f34 + f43 = 0 

so that 

<n (<<H g+g+ I # > I T T > - -2 g +(q.) g + ( 2 l f ) ( D . 1 8 ) 

g.g~ : " The cal c u l a t i o n f o r t h i s element i s simply a combination 

of the calculations f o r the preceding two elements and so the 

cont r i b u t i o n of each term i s a product of the two corresponding terras 

Hence using the same ordering of nucleons, the contributions are 
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f12 + f2X ' . (-4)xO = 0 

f u + f31 ' . 2 x ( - 2 ) = 

f14 + Ui ' 0 

f23 + f32 ' 0 

f24 + f42 " - 4 

f34 + f43 " 0 

- A 

so that the t o t a l c o n t r i b u t i o n i s -8/2 = - 4 and so 

<«""!<• I e~g~ i # > l O = - 4 g"!^) g " ( j k ) (D.19) 

f t f ^ : The two terns of t h i n form have zero matrix elements since 

the operation of f ( 0 l ) alone was shown to r e s u l t i n a zero 

c o e f f i c i e n t f o r single scattering so that the product terms of t h i s 

type are likewise zero. 

hence from (D.6) f G (q. fq, ) takes the form 
— J —K 

G 2 ( q j f q k ) » 6 f + ( q . ) f + ( q k ) - 4 f " ( 3 j ) f " ( 3 k ) - 2 g + ( q . ) g + ( q k ) 

- 4g"( q - ) g " ( q k ) 

A s i m i l a r re;>ult has been obtained by Q u e r r o u ^ ^ using si m i l a r 

arpTimentr: but h.?.a not been extended beyond the second term, liaier & 

jaiaranayake^^) have evaluated the elements f o r G1 - Ĝ  and a 

complete l i s t of these i s repeated i n table DL 

I t i s also i n t e r e s t i n g to calculate the same elements f o r the 

scatte r i n g of Dositive pions, such calculations obtaining expressions 

i d e n t i c a l with the above. Unfortunately there i s as yet no n+-^Ke 

data available and we would suggest that such on experiment would 
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provide an i n t e r e s t i n g t e s t of isospin invar if.nee and at small angles 

would permit measurement of the coulomb e f f e c t s , t h i s being the sole 

cause of the difference i n d i f f e r e n t i a l cross-section between n~ and 

n + s c a t t e r i n g . 

Table D I The c o e f f i c i e n t s G J(q l f.. fq.) 

^ ( S i . ^ . S , ) - 4fW f c - S f + f - f " -S fig-el " 4 < 4 4 

G 4(q-,q ,qu,q ) - f!f+f£f+ + ¥ Z*~ + g + g + g t g + 

+ ^ «i^*k*m - 4 f i f j f k f m - 4 

- 4 g +g +f7f"" + 16 ftfTg*©"' 
k m 1 j & k J m 
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APPENDIX E Evaluation of the Multiple I n t e g r a l s 

The program DSDT must evaluate a large number of integrals 

f o r any of the forms of input described. By describing the most 

complicated form that the expansion (6,23) may take, the more simple 

cases encountered may then be obtained by reduction of the resultant 

expression. As a r e s u l t t h i s Appendix describes the i n t e g r a l of (6.23) 

with a completely correlated nuclear density of the form (6,33) and 

with a l l parameters taken to be d i f f e r e n t . 

The f i r s t i n t e g r a l s required are over the momentum transfers 

q1. , no increased complexity occurs with the increase i n j however 

as these i n t e g r a l s are independent of one another. 

For a gaussian input the int e g r a l s over momentum transfer are 

easily performed provided that the l i m i t s of q f are taken to be 
2 2 

i n f i n i t e , whereas more c o r r e c t l y q - 4k where k i s the incident 

momentum. For r a p i d l y f a l l i n g gaussians t h i s forms only a small error 

and permits a simple analytic evaluation of the i n t e g r a l , which then 

takes the form 

I 
i q.(b-s) -aq 

d q e 

2k 
J <*d* J 9 

-aq -q|b-slcos$ 
d$ e e 

2k 2 
J <*dc* e 

-aq 
2rt J ( qlb-sl) 

o (E.X) 
O 

and as 2k t t h i s becomes 

n I b - s = — exp - — — 
2 1 

I q (E.2) 

The follo w i n g integrals over the spacial co-ordinates are 
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consir3erably complicated "by the cm. constraint 6~function which 

r e s u l t s i n more involved forms. To obtain the r e s u l t f o r f o u r - f o l d 

scattering with f u l l c o r r e l a t i o n s , (E.2) i s r e w r i t t e n with Yi = ^ 

f o r o a r t i c l e i to r i v e 

(E.3) 

so that the spacial i n t e g r a l becomes 

( d r 1 d r 2 d r 3 d r 4 6 ( | I r.) exp [-a2^- a*r* - - a2^ ] x 

f 2/ 2̂ 2, v2 2, x2 2, 2̂ 2, . [ " V ^ - ^ ) -^2(^-1:3) - ^ ( r ^ ) - ( i 4 ( x : 2 - r 3 ) -H5(£2-r4) x exp 

2 2 2 2 
-Yjfe-Sj) -Y^-s^ - Y ^ - G J - Y ^ - ^ J 

(P-4) 

and where the program DSDT i s responsible f o r the d i f f e r e n t 

combinations of the values of a,Y, and (i f o r each case. For an 

uncorrelated density the r e s u l t may easily be obtained by p u t t i n g 

^ a 0 , i = 1,..,6 and s i m i l a r l y the lower scattering orders are 

obtained by s e t t i n g the relevant Y. = 0 . 

The 6-function i n (2.4) may then be included e x p l i c i t l y , by 

removing r ^ , w r i t i n g r ^ • - ( r ^ + r ^ + r ^ ) so that (E.4) becomes 

,2, J | 2 2 2 2 2 2 2 
J<*Exd£2d-3 e x p [ " a l r l " " a2 r2"* a3 r3" a 4 ^ - l + - 2 + £ 3 ^ 

- ^ ( l ^ ) 2 - ^ 2 r 1 + r 2 + r 3 ) 2 - ^ ( r ^ ) 2 - [ i 2 ( r 1 + 2 r 2 + r 3 ) 2 -
I r 2 2 |2 } i2 2 ^ - ^ 6(£ 1

+£ 2
+ 2-3^ e x p " Y j i - l J -Y^fr-a/ " " V ^ - s ^ l - Y ^ ^ + J ^ + S - j l 

(E-5) 



E3 -

In the following pages, (ii«5) i G evaluated using a cartesian 

frame, since despite the c y l i n d r i c a l nature of the problem, t h i s 

Droved the most convenient frame and. a l l the integrals may be 

evaluated using the two standard forms 
-J6 

dx exp 

I -
i 2 2 + dx exp I -p x -

in 
q 

1 & 2 
q/ A 2 ' 4p 

(2-6) 

(K.7) 

Rewriting (ft.5) i n the form 

U*) 
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- t̂W+f-/v^VrK»- -atfr.a + aa.-rJi.i, 

*j r 2/<*r* * 

M L v k ~ * ^ ^ 



' 1 

A* 

- f o - r „ ) t f - * r , f l . f t -aA/r.-c + a Oi-+rt<i**tUt 
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The terms of t h i s expression may be ration a l i s e d and shown to 

possess an over a l l symmetric form. The f i n a l i n t e g r a l over d 2b 

of (6 . 2 3 ) i s then performed i n a similar manner to that demonstrated 

for q with simply a more complicated argument. A more elegant form of 

evaluation i s given i n the Appendix to the classic paper of Bassel and 

W i l k i n ^ ^ ) w n o g i v e a m o r e general form f o r evaluating the resultant 

terms. 

I n order to evaluate these, the program DSJ/f was organised i n 

the following manner. The main routine of DiiJT organised the reading 

of the input, the construction of the multiple scattering amplitudes 

and the construction of the actual d i f f e r e n t i a l cross-sections. I n 

order to calculate each i n t e g r a l a permutation subroutine was f i r s t 

c a l l e d , which determined the combinations of the parameters of the 

basic nuclear density and fo r each of these t h i s then called another 

subroutine. This next subroutine i n turn performed the task of permuting 

the terms from the co r r e l a t i o n series and then i n turn t h i s called the 

f i n a l subroutine i n which the actual i n t e g r a l was evaluated. Terras 

lower than the fo u r t h order were obtained by p u t t i n g the relevant 

Ŷ  = 0 and by means of options w i t h i n the permutation subroutines 

the calculations could be performed f o r any of the nuclear densities 

employed. 
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