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ABSTRACT 

The charge excess and momentum spectrum of cosmic ray 
muons have been measured a t 60 m above sea-level by means 
of the " V e r t i c a l Durham Spectrograph" which had been modi­
f i e d i n many respects (e.g. by the a d d i t i o n of a s o l i d i r o n 
plug of thickness 45 cm) and re- a l i g n e d and c a l i b r a t e d . The 
e f f e c t of the m u l t i p l e s c a t t e r i n g i n the magnet i s found to 
be the most serious l i m i t a t i o n o f the instrument and methods 
of coping w i t h i t are i n v e s t i g a t e d , among others a new s t a t i s ­

t i c a l method. 
The values obtained f o r the charge r a t i o are 1.240 + 

0.036 a t 12 GeV/c, 1.262 + 0.031 a t 23 GeV/c, 1.279 + 0.038 
a t 31 GeV/c, 1.208 + 0.069 a t 47 GeV/c, 1.269 + u.085 a t 
66 GeV/c, and 1.324 + 0.111 a t lu2 GeV/c. These r e s u l t s 
have been combined w i t h the r e s u l t s of previous workers. 
The best estimates thus obtained are compared w i t h the t h e o r e t ­
i c a l expectations c a l c u l a t e d by l'.iacKeown et a l . (1965a). The 
expectations are c a l c u l a t e d f o r an e m p i r i c a l model of nuclear 
i n t e r a c t i o n s i n c l u d i n g kaons, f o r the isobar model (Peters, 
1963; Yash Pal, 1963), and f o r the p e r i p h e r a l c o l l i s i o n 
model (Narayan, 1964; Crossland and Fowler, 1965), i n c l u d i n g 
the e m p i r i c a l low-energy p i o n i z a t i o n i n the two l a t t e r models. 
A q u a l i t a t i v e agreement i s found between the experiments and 
theory i n each case but q u a n t i t a t i v e conclusions 
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cannot be drawn because of the s t a t i s t i c a l e r r o r s of the 
experimental r e s u l t s and because of u n c e r t a i n t y i n the 
parameters of the models. 

The momentum spectrum observed agrees w e l l w i t h the 
spectrum given by Osborne et a l . (1964) w i t h i n the accuracy 
of the instrument. The underground muon spectrum observed 
by Vernov e t a l . (1965) and the spectrum of primary n u c l e i 
measured by the s a t e l l i t e Proton I (Grigorov et a l . , 1965; 

Vernov, 1965) disagree w i t h the present r e s u l t s . 
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PREFACE 

This t h e s i s describes the f i n a l experiment of a long 
series performed w i t h the " V e r t i c a l Cosmic Ray Spectrograph" 
i n the U n i v e r s i t y of Durham under the general supervision of 
Professor A. W. Wolfendale. 

The present work was s t a r t e d i n October 1962. During 
the p r e paration of the experiment, Hr. K. G-ijsbers was mainly 
responsible f o r the work, u n t i l he l e f t the country i n June 
1964. Dr. Y. Kamiya also worked on t h i s p r o j e c t u n t i l May 
1964. The c o n t r i b u t i o n s of tnese two workers are acknowledged 
a t the appropriate po i n t s i n the t h e s i s . The author j o i n e d 
the experiment i n October 1963 and had the main r e s p o n s i b i l i t y 
f o r the work during the a c t u a l experiment. Drs. G. Brooke and 
K. II. Pathak c o l l a b o r a t e d i n the experiment. The methodo­
l o g i c a l c o r r e c t i o n s t o the data (Chapter 4) and the subsequent 
comparisons and i n t e r p r e t a t i o n were the sole r e s p o n s i b i l i t y o f 
the author. 
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CHAPTER 1 
INTRODUCTION 

Research i n t o the energy spectrum o f cosmic ray muons 
had i t s o r i g i n i n the cloud chamber experiments of the 
1930's, a c t u a l l y before muons had been d i s t i n g u i s h e d from 
protons and e l e c t r o n s . As a s i d e - r e s u l t , these experiments 
also revealed a d i f f e r e n c e i n abundance between p o s i t i v e 
and negative muons, the so-called p o s i t i v e excess or charge 
excess. Rossi (1948) c o l l e c t e d the r e s u l t s of the e a r l y 
experiments and gave a momentum spectrum i n the region of 
1 GeV/c i n terms of absolute i n t e n s i t i e s . Later, the measure­
ments of the muon spectrum and the charge excess were exten­
ded to higher momenta by various methods. The t h e o r e t i c a l 
i n t e r p r e t a t i o n of the r e s u l t s gave fundamental i n f o r m a t i o n 
on the high-energy neclear i n t e r a c t i o n s involved i n the 
propagation of cosmic-ray p a r t i c l e s through the atmosphere. 
Apart from i t s r o l e i n nuclear physics, muon research also 
took a r a t h e r c e n t r a l p o s i t i o n i n cosmic ray phenomenology 
proper. The development o f research on the charge excess 
and momentum spectrum of muons p r i o r to 1960 was reviewed 
by Fowler and Wolfendale ( I 9 6 I ) . 
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For the needs of t h i s t h e s i s i t s u f f i c e s to review 
only the status of the research a t about the time o f the 
preparations of the present experiment. According to the 
rapporteur paper given by Rochester (1963)» a t the I n t e r ­
n a t i o n a l Conference on Cosmic Rays i n Ja i p u r , the v e r t i c a l 
muon spectrum was known a t t h a t time w i t h an accuracy o f 
5-10$ f o r momenta up to 100 GeV/c and w i t h less accuracy 
up to 1000 GeV/c. The main source of i n f o r m a t i o n below 
1000 GeV/c was the measurements w i t h cosmic ray spectro­
graphs (e.g. Hayman and Wolfendale, 1962). Between 1000 
and 5000 GcV/c, the spectrum was deduced i n d i r e c t l y by 
three d i f f e r e n t methods. F i r s t l y , the spectrum was derived 
from the gamma-ray cascades observed i n nuclear emulsions 
exposed i n the atmosphere on the assumption t h a t the muons 
came only from pion parents (Duthie et a l . , 1962). Secondly 
the momentum spectrum was deduced from the size spectrum of 
the muon bursts recorded i n i o n i z a t i o n chambers ( K r a s i l n i k o v , 
1963; Kitamura and Takahashi, 1963; see also Higashi et a l . , 
1964). These two methods gave co n s i s t e n t r e s u l t s a t 1000 
GeV/c but the b u r s t spectrum gave progressively higher i n t e n ­
s i t i e s a t greater momenta; a t 5000 GeV/c i t was higher by a 
f a c t o r 4. I t was thought t h a t the f i r s t method gave too low 
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values because some of the parent p a r t i c l e s should be 
kaons. Furthermore, according to the experiments of the 
Japanese and B r a z i l i a n Emulsion G-roups ( 1 9 6 3 ) there was 
also a marked e r r o r i n the slope of the gamma spectrum 
of Duthie et a l . On the other hand, the second method 
was believed to lead to an overestimate because of the 
e f f e c t of f l u c t u a t i o n s and nuclear i n t e r a c t i o n s i n the 
w a l l s of the i o n i z a t i o n chambers. A d d i t i o n a l controversy 
was caused by the momentum spectrum measured a t 4 0 m w.e. 
underground by Dmi t r i e v and Khr i s t i a n s e n ( 1 9 6 3 ) by a b u r s t 
experiment. At high momenta t h e i r r e s u l t s were much higher 
than those from other b u r s t experiments, the discrepancy 
being a f a c t o r of 1 0 a t 8 0 0 0 GeV/c. The t h i r d method f o r 
the determination of the sea-level muon spectrum was provided 
by the analyses of underground muon int e n s i t i e s (Ramana 
Jlurthy, 1 9 6 3 ; see also Miyake et a l . , 1 9 6 4 ) . The corres­
ponding spectrum l a y between those obtained as described 
above but was nevertheless considered unsure because o f 
the many assumptions involved i n such analyses. I n general, 
the u n c e r t a i n t y i n the momentum spectrum was more methodo­
l o g i c a l than s t a t i s t i c a l . 

The excess of the p o s i t i v e muons has been represented 
q u a n t i t a t i v e l y by the so-called charge r a t i o R or by the 
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r e l a t i v e charge excess These q u a n t i t i e s are defined by 
the f o l l o w i n g equations; 

R(P) = i + ( p ) / i - ( P > 1.1 
1(P) = U+- i-)/ ( V U 1.2 

where i + ( p ) , and i _ ( p ) are the d i f f e r e n t i a l momentum spectra 
of the p o s i t i v e and negative muons, r e s p e c t i v e l y . ( I n the 
case of the r e l a t i v e charge excess, another d e f i n i t i o n has 
also been used; see e.g. Fowler and Wolfendale, 1961). U n t i l 
the time of the Jaipur Conference, the measurements of the 
charge excess had been extended up to about 500 GeV/c, although 
w i t h very poor s t a t i s t i c s . The only source of i n f o r m a t i o n was 
the spectrograph measurements. The charge r a t i o had been found 
to remain roughly constant a t about 1.25 w i t h an i n d i c a t i o n of 
a s l i g h t minimum between 20 and 50 GeV/c and a tendency t o r i s e 
above the average between 50 and 500 GeV/c (MacKeown et a l . , 
1963), although i t should be pointed out t h a t the measurements 
made showed a remarkable degree of d i s p e r s i o n . The v a r i a t i o n 
o f PL w i t h momentum was given more emphasis than the s t a t i s t i c s 
alone allowed, because a change i n the production mechanism a t 
h i g h momenta could introduce some v a r i a t i o n . 

On the t h e o r e t i c a l side, the p r i n c i p a l features of the 
propagation of cosmic rays through the atmosphere could be 
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accounted f o r w i t h the basic assumptions of isobars and a 
l i t t l e p i o n i s a t i o n (Peters, 1963; Yash Pal, 1 9 6 3 ) . A 
q u a l i t a t i v e agreement between theory and experiment was 
obtained f o r the v a r i a t i o n of muon charge excess w i t h momen­
tum, and the abundance r a t i o s of neutrons to protons, pions 
to protons, and kaons to pions. However, many of the features 
of cosmic rays i n the atmosphere could equally w e l l be accoun­
ted f o r by other reasonable models (Grigorov et a l . , 1 9 6 3 ; 
Grigorov and Shestoperov, 1 9 6 3 ; MacKeown et a l . , 1 9 6 3 ; 
Wolfendale, 1 9 6 3 ) . The conclusion was therefore t h a t many 
cosmic ray phenomena are r e l a t i v e l y i n s e n s i t i v e to the model 
es p e c i a l l y i n view of the f a c t t h a t there were many a d j u s t ­
able parameters. 

The present experiment was planned to improve the ac­
curacy of the experimental data on the charge excess a t high 
momenta by means of the " V e r t i c a l Cosmic Ray Spectrograph" 
of the U n i v e r s i t y of Durham. As the same basic data could 
be used f o r the determination of the momentum spectrum, t h i s 
o b j e c t i v e was also included i n t o the p r o j e c t . This experiment 
resembles the e a r l i e r work o f Hayman and Wolfendale (1962) 

c a r r i e d out w i t h the V e r t i c a l Spectrograph, but several modi­
f i c a t i o n s have been made to i t since then, the most important 
change being the i n s t a l l a t i o n of an i r o n plug i n the e l e c t r o -
magnet (Palmer, 1 9 6 4 ) . Hence an e s s e n t i a l l y new instrument 
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was used i n t h i s case and the r e s u l t s are q u i t e independent 
of the e a r l i e r measurement. Great emphasis was l a i d during 
the present experiment on high p r e c i s i o n i n the measurement 
of the c h a r a c t e r i s t i c s of the spectrograph, such as the geo­
m e t r i c a l constants ( s e c t i o n 3.1) and the magnetic f i e l d 
( s e c t i o n 3.2), and i n the methodological c o r r e c t i o n s (Chapter 
4 ) . 

I n connection w i t h the methodological c o r r e c t i o n s of the 
experiment ( s e c t i o n 4.2) a s t a t i s t i c a l problem was encountered 
which seemed t o be important not only i n the present work but 
i n a l l experiments using spectrographs w i t h s o l i d i r o n magnets 
( i n f a c t , i n a l l i n d i r e c t determinations of unknown d i s t r i b u ­
t i o n f u n c t i o n s ) . This problem has been studied i n d e t a i l as 
f a r as was reasonable w i t h i n the scope of the work. Apart 
from t h i s , the t h e o r e t i c a l p a r t of the work consists of an 
i n t e r p r e t a t i o n of the experimental r e s u l t s (Chapter 6 ) . 

The present v/ork was l i n k e d w i t h another p r o j e c t going 
on i n Durham, namely the measurement of the charge excess i n 
a n e a r l y h o r i z o n t a l d i r e c t i o n (MacXeown et a l . , 1963). Since 
the decay p r o b a b i l i t i e s of pions and kaons should vary i n 
d i f f e r e n t ways w i t h the z e n i t h angle, a d i f f e r e n c e might e x i s t 
between the r e s u l t s obtained i n the v e r t i c a l and h o r i z o n t a l 
d i r e c t i o n , r e f l e c t i n g the p o r t i o n o f kaons i n the meson produc 
t i o n . 
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CHAPTER 2 
THE EXPERIMENTAL EQUIPMENT 

2.1 General features of the spectrograph 
The o r i g i n a l Durham cosmic ray spectrograph was described 

by Brooke et al... (1962) and by Jones et a l . (1962). l a t e r on, 
the spectrograph was e s s e n t i a l l y modified by Hayman and 
Wolfendale (1962) and again by Palmer (1964) and h i s c o l l a ­
b o r a t o r s . I n t h i s work, some f u r t h e r m o d i f i c a t i o n s were made 
as w i l l be accounted f o r a t the appropriate points i n the 
sequel. 

The spectrograph consisted b a s i c a l l y of an electromagnet 
to cause a d e f l e c t i o n o f incoming charged p a r t i c l e s and a 
detector system f o r the purpose of measuring the d e f l e c t i o n 
( P i g . 2.1). I n the present experiment, the e f f e c t i v e p a r t 
of the magnet was an i r o n plug of dimensions 45 cm x 45 cm x 
40 cm, the f i e l d being i n the geographic east-west d i r e c t i o n . 
The detector system involved f o u r Geiger counter t r a y s f o r 
the i n i t i a l d e t e c t i o n of a p a r t i c l e and f o u r flashtube arrays 
f o r accurate l o c a t i o n of the p a r t i c l e t r a j e c t o r y . 

The p r i n c i p l e of the use of the spectrograph was as 
f o l l o w s : The s t a t i s t i c a l frequency d i s t r i b u t i o n of p a r t i c l e 
d e f l e c t i o n s was observed, t a k i n g i n t o account the s i g n of the 
d e f l e c t i o n . The momentum spectrum was then c a l c u l a t e d according 
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to the r e l a t i o n between the p a r t i c l e momentum and the mag­
n e t i c d e f l e c t i o n . S i m i l a r l y , the charge excess could be 
determined as a f u n c t i o n of the momentum. I n the ca l c u l a ­
t i o n s , account had t o be taken of the v a r i a t i o n of the accep­
tance of the spectrograph w i t h the p a r t i c l e d e f l e c t i o n and a 
c o r r e c t i o n was needed because of the Coulomb s c a t t e r i n g i n 
the magnet. 

2.2 The detector system 

2.2.1 The Geiger counters 

The G-eiger counters Ĝ  a n d G D (l?ig« 2»1) were of the 
type G.60 (20th Century E l e c t r o n i c s ) . The counters G-g and 
GQ were of the type G.26. The e f f e c t i v e lengths of these 
counter types are about 60 cm and 25 cm, r e s p e c t i v e l y (Brooke 
et a l . , 1962). The e f f e c t i v e diameter of both types i s 
3.4 t 0.1 cm. 

At each l e v e l , the counters were mounted i n a h o r i z o n t a l 
plane, w i t h t h e i r axes p a r a l l e l to the magnetic f i e l d . The 
separation between the axes of adjacent counters was 3.8 cm. 
I n a t r a y , the counters were mounted to the correct p o s i t i o n s 
w i t h i n ±1 mm. 

2.2.2 The f l a s h tubes 

The f l a s h tubes were glass tubes which had been painted 
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black except f o r a window a t one end. Their lengths were 
about 67 cm a t the l e v e l s A and D ( F i g . 2.1), and about 
42 cm a t the l e v e l s B and C. Their e x t e r n a l diameter was 
0.72 10.02 cm and i n t e r n a l diameter 0.59 - 0.02 cm. The 
tubes were f i l l e d w i t h commercial neon to a pressure of 2.3 
atmospheres (Goxell and Wolfendale, 1960; Hayman and 
Wolfendale, 1962). Their s e n s i t i v e time was about 39 micro­
seconds a f t e r the passage of an i o n i z i n g p a r t i c l e through 
them (Brooke, 1964). I n the present work, the operating 
high-tension pulse was a p p l i e d to the tubes 15*1 microseconds 
a f t e r the i o n i z i n g p a r t i c l e . 

I n the f l a s h tube a r r a y s , the tubes were i n 8 h o r i z o n t a l 
l a y e r s , w i t h t h e i r axes p a r a l l e l t o the magnetic f i e l d 
( P i g . 2$. The tubes had been p o s i t i o n e d to the proper places 
to w i t h i n ±0.2 mm. The f l a s h tube arrays had been aligned by 
means of two plumb l i n e s a t the sides of the spectrograph, 
v/ith several subsidiary plumb l i n e s (Hayman, 1962). 

2.3 The e l e c t r o n i c equipment 

A block diagram of the e l e c t r o n i c equipment i s given i n 
Pig. 2.3. Host of the c i r c u i t diagrams and other d e t a i l s have 
been described by previous workers, Jones ( I 9 6 I ) , Jones et a l . 
(1962), Hayman and Wolfendale (1962), Brooke (1964), and 
Palmer (1964). The c i r c u i t diagrams of those u n i t s which were 
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modified a f t e r Palmer's work are presented i n Appendix 1. 
A p a r t i c l e passing through the spectrograph was 

i n i t i a l l y detected by means of the G-eiger counters, demanding 
fo u r f o l d coincidences, so t h a t a t l e a s t one counter was d i s ­
charged a t each l e v e l . The counters of each t r a y were num­
bered s e r i a l l y from south to n o r t h so t h a t the middle counter 
was numbered 13 a t every l e v e l . The 'momentum analyser 1 

determined the q u a n t i t y n = n^-n^-n^+n^, where n^ i s the number 
of the discharged counter i n the t r a y A, etc. The q u a n t i t y n 
i s c a l l e d the category number and i t gives approximately the 
d e f l e c t i o n of the p a r t i c l e ( i n u n i t s of 3»8 cm). By means of 
the momentum s e l e c t o r , p a r t i c l e s w i t h n less than a chosen 
l i m i t could be selected. 

I n order t o have a check on the performance of the elec­
t r o n i c s e l e c t i o n , a hodoscope, i n which each counter was 
represented by a neon bulb, was constructed by G-ijsbers. When 
there was a f o u r f o l d coincidence, the bulbs corresponding to 
the discharged counters were l i t and gave a general p i c t u r e of 
the event. 

2.4 The photographic recording 

The flashes of the f l a s h tubes were recorded by two 
cameras (I?ig. 2.1) i n the usual way, i . e . the spectrograph 
was i n a darkened enclosure and the cameras could then be 
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used without s h u t t e r s . The hodoscope had a separate shutter 
which was opened f o r the zero category events but remained 
shut during the other f o u r f o l d coincidences. A f t e r an accep­
ted event, reference bulbs were i l l u m i n a t e d a t the edges of 
the f l a s h tube arrays and hodoscope to a s s i s t i n the iden­
t i f i c a t i o n o f the records on the f i l m . Two clocks were also 
photographed to enable the corresponding AB and CD photographs 
to be found. 

The sequence of operations when a p a r t i c l e passed through 
the spectrograph and s a t i s f i e d the conditions required i n the 
coincidence u n i t and momentum sel e c t o r was as f o l l o w s : 

a) The coincidence u n i t was paralysed (see F i g . A1.2). 
b) The h i g h voltage pulse was ap p l i e d to the f l a s h 

tubes. 
c) The r e l e v a n t neon bulbs i n the hodoscrope were 

l i t and the s h u t t e r i n f r o n t of i t was opened. 
d) The reference bulbs and the clocks were i l l u m i ­

nated. 
e) The cameras were wound on. 
f ) The p a r a l y s i s was removed from the coincidence 

u n i t . 
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2.5 Equipment f o r scanning the photographic records 

2.5-1 The p r o j e c t i o n system 

For the analysis of the two data f i l m s a system of 
two p r o j e c t o r s had been constructed. The f i l m s were pro­
jected onto movable boards on a t a b l e . On the boards, there 
were f u l l - s i z e charts of the f l a s h tube arrays and hodoscope. 
I n the c h a r t of each array there was a scale immediately 
below the f o u r t h tube-layer ( P i g . 2.2). The tube spacing 
was used as the u n i t of the scale ( 1 t . s . = 0.8 cm). 

To determine the l o c a t i o n of the p a r t i c l e t r a j e c t o r y , 
the best estimate of the t r a c k was chosen by eye using a 
cursor. This determination i s subsequently c a l l e d the 
' p r o j e c t i o n measurement'. The d e t a i l e d r u l e s of the p r o j e c ­
t i o n measurement accepted f o r the present experiment are 
represented i n s e c t i o n 3.4.1. according to previous work, the 
root-mean-square e r r o r i n the t r a c k l o c a t i o n i n the p r o j e c ­
t i o n measurement was a t each l e v e l 0.091 * 0.003 cm (Hayman, 
1962). 

2.5.2 The t r a c k simulator 

I n order to improve the accuracy o f the t r a c k l o c a t i o n 
f o r the high-energy muons, a " t r a c k simulator" had been 
constructed (Hayman and Wolfendale, 1962). This device 
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consisted of a model of a s e c t i o n o f a f l a s h tube array 
i n which there was an enlargement by a f a c t o r of 10 i n 
the h o r i z o n t a l d i r e c t i o n and a f a c t o r 3 i n the v e r t i c a l 
d i r e c t i o n . Each tube was represented by a s l o t behind 
which l i g h t bulbs were mounted. Over the face containing 
the s l o t s there was a cursor. 

An approximate way of t a k i n g i n t o account the i n ­
e f f i c i e n c y o f the f l a s h tubes was provided as f o l l o w s 
(Hayman, 1962): Marks had been drawn onto the s l o t s t o 
mark o f f 10$ of the l e n g t h of the s l o t s a t each end. The 
c e n t r a l p a r t was assumed to have an e f f i c i e n c y of 100$ . 
This means t h a t the v a r i a t i o n of the e f f i c i e n c y across a 
f l a s h tube was approximated by a square f u n c t i o n corres­
ponding to the tube e f f i c i e n c y 80><> found experimentally. 
The e f f e c t of t h i s approximation on the accuracy of the 
tr a c k l o c a t i o n was found to be small. The marks on the 
s l o t s w i l l subsequently be c a l l e d "the e f f i c i e n c y marks". 

The measuring procedure was as f o l l o w s . The f i l m s 
were pr o j e c t e d and the flashed tubes were noted. The p a t t e r n 
of tubes flashed i n a t r a y around a chosen reference tube 
was reproduced on the simulator by switching on the appro­
p r i a t e bulbs. The d i r e c t i o n of the t r a j e c t o r y was known to 
q u i t e h i g h accuracy from the p r o j e c t i o n measurements. Thus, 
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the cursor could be s e t a t the c o r r e c t angle by means of 
a s u i t a b l e scale. Then, u s u a l l y a range of possible p o s i ­
t i o n s of the t r a c k was found, c a l l e d the " c o r r i d o r " . Some 
c r i t e r i a had to be adopted f o r determining the best estimate 
of the p o s i t i o n . The c r i t e r i a used i n t h i s work given 
i n s e c t i o n 3*4.3- According to previous work (Hayman, 1962), 
the root-mean-square e r r o r i n the t r a c k l o c a t i o n w i t h the 
t r a c k simulator was a t each l e v e l 0.055 1 0.002 cm. 

2.6 Determination of the p a r t i c l e momenta 

I n Pig. 2.4, a schematic diagram i s shown of the spectro­
graph and a p a r t i c l e t r a j e c t o r y . I t i s seen t h a t a u s e f u l 
measure o f the d e f l e c t i o n fb i s the displacement 

A = j6 I . 2.1 

For small angles & and jtf,Amay be approximately expressed 
as f o l l o w s : 

A = a - b - c + d -A 2.2 
o 

where & a= a^ - b^ - c + d * 
° o o o o 

This formula i s derived i n Appendix 2 where the e f f e c t s 
of the approximations are also evaluated. The values of the 
geometrical constants are presented i n connection w i t h the 
remeasurement of the dimensions of the spectrograph i n 



P a r t i c l e t r a j e c t o r y 

-F L a a b 
a © > - O r i g i n o f t h e s c a l e tube a r r a y s 

s J 

1 

L 7 
W Magnet 

plug / 
* 

M 

P i g . 2 A S c h e m a t i c d i a g r a m o f t h e s p e c t r o g r a p h 

a n d a p a r t i o l e t r a j e o t o r y . 



1 5 . 

s e c t i o n 3 , 1 . 2 . I n a d d i t i o n , A Q i s determined i n a s t a t i s ­
t i c a l way i n s e c t i o n 3 . 5 . 

The d e f l e c t i o n i s r e l a t e d to the momentum by the 
well-known formula 

j6 = 300/Bdz = 3 0 0 B Z / p 2 . 3 
P 

where p = momentum (eV/c), 0 = d e f l e c t i o n ( r a d . ) , and 
/Bdz = the i n t e g r a l of the i n d u c t i o n along the t r a j e c t o r y 
of the p a r t i c l e (G. cm). This formula neglects the e f f e c t 
of energy loss i n the magnet. The corresponding e r r o r 
becomes p e r c e p t i b l e f o r p * 2 0 GeV/c (see Appendix 5 ) . Accor­
ding to equation 2 . 3 , the momentum and the displacement are 
r e l a t e d by the equation: 

p = 3 0 0 B Z 1 , / A . 2 . 4 

The value of the constant 3 0 0 B z l , i s determined i n s e c t i o n 

3 . 3 . 1 . 

The accuracy of a cosmic ray spectrograph i s o f t e n 
expressed i n terms of the maximum detectable momentum, 
defined as t h a t momentum f o r which the magnetic d e f l e c t i o n 
equals the probable e r r o r of the d e f l e c t i o n . Instead of the 
probable e r r o r , the standard d e v i a t i o n i s also sometimes 
used. According to an approximate determination (Palmer, 
1 9 6 4 ) , the maximum detectable momentum of the V e r t i c a l 
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Durham Cosmic Ray Spectrograph was, a f t e r the i n s t a l l a t i o n 
of the i r o n plug i n the magnet, about 400 GeV/c, r e f e r r i n g 
to the probable e r r o r of the t r a c k - s i m u l a t o r teciinique. 
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CHAPTER 3 
Tiiiil EXPERIMENT 

3.1 Alignment of the spectrograph 

3.1.1 The p r e l i m i n a r y checks 

Before s t a r t i n g the a c t u a l measurements, the alignment 
of the spectrograph was checked by means of the method of 
zero f i e l d runs used by previous workers (e.g. Hayman and 
Wol^endale, 1962). The t o t a l number of u s e f u l events i n 
these runs was 1043. The r e s u l t i n g value f o r the mean A was 
-0.19 - 0.10 cm. Because t h i s value was not convincingly 
consistent w i t h zero the geometrical dimensions of the 
spectrograph were remeasured. 

A plumb-line system ( P i g . 3.1) was constructed so t h a t 
the p o s i t i o n of the plumb l i n e s could be d i r e c t l y observed 
a t the measuring l e v e l o f the f l a s h tube arrays ( P i g . 2.2). 
There were two such systems as seen i n Pig. 3.1> one a t the 
south side and one a t the n o r t h s i d e . The h o r i z o n t a l p o s i ­
t i o n i n g of the f l a s h tube arrays and of the counter t r a y s 
were checked. Several small e r r o r s were found but they were 
i n general i n c o n s i s t e n t w i t h the r e s u l t of the zero f i e l d 
runs, To be sure, the h o r i z o n t a l p o s i t i o n s o f the detector 
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arrays were re-adjusted, as described i n the next s e c t i o n . 

3.1.2 The re-alignment and remeasurements 

The fl a s h - t u b e array A was adjusted above the magnet 
plug to w i t h i n +0.02 cm. The flash-tube arrays B, C and D 
were aligned w i t h respect to the array A to w i t h i n +0.01 cm. 
The counter t r a y s were aligned according to the flash-tube 
arrays to w i t h i n +0.02 cm (by using a u x l i a r y plumb l i n e s 
where necessary). Thus, the accuracy of the alignment o f 
the detector arrays was b e t t e r than the accuracy i n the 
p o s i t i o n i n g of i n d i v i d u a l counters and f l a s h tubes i n the 
arrays ( s e c t i o n 2.2). 

A f t e r the alignment, the geometrical dimensions of the 
spectrograph were measured. Pour months l a t e r , a f t e r about 
h a l f of the runs of the present experiment had been c a r r i e d 
o u t , the alignment and the geometrical measurements were 
again thoroughly checked. Agreement w i t h the previous r e s u l t s 
was found. I t was also ascertained t h a t the magnetic for c e s 
i n the spectrograph had no p e r c e p t i b l e e f f e c t on the alignment. 
The best estimates of the geometrical dimensions and of the 
geometrical constants i n the formulae of s e c t i o n 2.6 are shown 
i n t a b l e 3.1 . 
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Table 3.1 
The geometrical constants ( d e f i n i t i o n s 

i n s e c t i o n 2 #6 and Appendix 2) 

l x = 189.56 1 0.016 cm = 193.62 i 0.03 cm 
1 2 = 61.314± 0.021 cm L 2 = 71.47 * 0.03 cm 
1 5 = 60.002 ±0.030 cm = 72.14 ± 0.03 cm 
1 4 = 189.240±G.041 cm L 4 = 192.39±0.03 cm 

A Q = 61.989 i 0.033 t . s . 
x Q = 0.498 ± 0.023 t . s . 

z = 45.0 cm 

3.2 Measurement of the magnetic f i e l d 

During the preparation stage of the present experiment 
the average magnetic i n d u c t i o n B i n the e f f e c t i v e p a r t of 
the magnet plug ( P i g . 3.2) was measured by means of a f l u x -
meter and search c o i l by f o l l o w i n g the standard p r a c t i c e of 
r e v s r s i n g the f i e l d . According to the measurements by 
Gi j s b e r s , B = 18.0 kG f o r a magnetizing c u r r e n t of 59 A. 
The pulses induced i n the search c o i l s were long ( o f the 
order of 1 min.) and of p e c u l i a r shape, so t h a t the correc­
t i o n s f o r the r e s t o r i n g e f f e c t i n the fluxmeter were l a r g e 
(10 - 20$) and u n c e r t a i n . A f t e r about 70$ of the a c t u a l 
runs of the spectrograph had been c a r r i e d out, i t was decided 
to check B. A new measuring method was accepted, as described 
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below. 
The voltage V induced i n the search c o i l D (Pig. 3.2) 

during the reversal of the f i e l d was measured as a function 
of time ( t ) by means of an oscilloscope. Then the average 
magnetic induction i s : 

B = i(/o°° Vdt)/M 3.1 

where N i s the number of turns i n the search c o i l (=25), 
and A i s the area of the cross-section of the plug. 

I t was found that the stray f i e l d of the magnet affected 
somewhat the electron beam of the oscilloscope. A correction 
had to be determined by measuring the deviation of the beam 
when the input was disconnected but the magnet was switched 
on and o f f . I t was also found that a f t e r switching o f f the 
magnetizing current the thermal demagnetisation of the i r o n 
had a s i g n i f i c a n t e f f e c t . This e f f e c t was seen as a t a i l i n 
the oscilloscope pulse, l a s t i n g about 150 sec. a f t e r the 
switching o f f . The t a i l caused by the self-induction lasted 
only f o r about 60 sec. 

The r e s u l t from some 20 experiments with a mean current 
of 60.2 A was B = 18.4 kG. The discrepancy between the r e s u l t 
of Gijsbers 1 measurement and the present one i s w e l l w i t h i n 
the estimate of random errors. To obtain the best estimate 
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of B, the mean i s taken of the values of B to give 

B = 18.2 ± 0.5 kG f o r I = 59.6 A 

The error shown i s an estimated standard error, amounting 
to 2.7/0. I t i s based on the estimated uncertainty of the 
time corrections of the fluxmeter measurements and on the 
observed spread of the oscilloscope measurements. 

According to the measurements by Gijsbers, the f i e l d 
i n the e f f e c t i v e part of the magnet plug was homogeneous 
w i t h i n ±3/0. The small errors i n ^ caused by the exi s t i n g 
inhomogeneity are of d i f f e r e n t signs and should cancel out 
i n s t a t i s t i c a l work. 

According to the measurements by Kamiya, AB/ AI was 
0.043kG/A, 0.2^/A, i n the region from 51A to 61A. Thus, 
the i r o n was quite w e l l saturated at 60 A. 

3.3 Operation of the spectrograph 

3.3.1 General procedure 

In order to obtain large deflections of the pa r t i c l e s 
and a steady, saturated f i e l d , the magnetizing current was 
set up to i t s nominal maximum value 60 A. For the purpose 
of avoiding instrumental biases, the standard practice of 
reversing the magnetizing current between separate runs was 
followed. The f i e l d d i r e c t i o n from east to west was called 
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p o s i t i v e . As the i n t e r e s t was i n the high-momentum muons 
only, the momentum selector v/as set to accept the events 
of the category zero and to r e j e c t the others. The actual 
setting of the bias i n the discriminator valves corresponded 
to to.6 category u n i t s . 

The c o l l e c t i o n of the basic data was carried out during 
the period between June, 1964 and January, 1965. The t o t a l 
running time was about 3000 hours. The useful times f o r 
positive and negative f i e l d s were 1382 and 1421 hours, res­
pectively, i n a satisfactory balance. The operation involved 
109 separate runs, each of which lasted f o r one or two days 
depending on p r a c t i c a l circumstances. Some 720000 f o u r - f o l d 
coincidences were recorded of which about 34000 were selected 
and photographed as category zero events. The rate of four­
f o l d coincidences v/as, on the average, 3.96/min. and i t did 
not vary much. The mean rate of the category-zero events 
was 0.19/min. This value v/as found to vary somewhat w i t h 
time. A chi-squared t e s t f o r a sample of 15 consecutive runs 
yielded the r e s u l t XX = 39-9 and tnus t^e p o s s i b i l i t y of the 
variations being due simply to Poisson f l u c t u a t i o n was only 
of the order of u.lc/>. More probably there was extra v a r i a t i o n 
caused by some i n s t a b i l i t y i n the electronics. However, t h i s 
v a r i a t i o n could not a f f e c t the frequency d i s t r i b u t i o n of the 
p a r t i c l e deflections w i t h i n category zero. 
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The mean of the magnetizing current was 57.8 A, as 
evaluated from the readings of the current at the beginning 
and end of the runs. This mean value i s so close to the 
mean current used i n the f i e l d measurements (59.o A), that 
v a r i a t i o n of B need not he taken into account. Using- the 
geometrical constants given i n table 3.1, the constant 
300 Bz/,. becomes 58.2 (GeV/c) ( t . s . ) . Because of the 
f l u c t u a t i o n i n the mains, the ageing of the r e c t i f i e r s , and 
other changes i n conditions, the current varied w i t h i n 
-3.0 A from the mean. The corresponding l i m i t s f o r B were 
±0.13 kG. The corresponding f l u c t u a t i o n i n the p a r t i c l e 
d e f l e c t i o n i s n e g l i g i b l e . 

During the dismantling of the electromagnet a f t e r the 
experiment i t was found that f o r some reason considerable 
heat damage had happened to the supports of the current c o i l s . 
Some leak currents had probably occurred. However, as no 
s i g n i f i c a n t increase was found i n the t o t a l current during 
the experiment and no decrease i n magnetic f i e l d compared 
wi t h previous measurements, the leakage has not been serious. 

3.3.2 Daily checks 

Before every run the values of the supply voltages, 
discriminator voltages, and the magnetizing current were 
checked, and the functioning of the counters, f l a s h tubes, 
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hodoscope, and the recording system ( c f . section 2.4) was 
tested. During each day, the values of c e r t a i n supply 
voltages, the magnet current and the rates of the f o u r - f o l d 
coincidences and category-zero events were checked at i n t e r ­
vals of a few hours. A f t e r the runs the f i l m s were examined 
v i s u a l l y and, i n p a r t i c u l a r , the ef f i c i e n c y of the f l a s h -
tubes was checked. For a few runs at the beginning of the 
experiment, the effi c i e n c y was checked by calculating the 
mean number of flashes i n an array. For the arrays A, B, and 
G the mean number was close to 5, f o r D i t was about 4.4. 
Later, the s t a b i l i t y of the effi c i e n c y was checked by count­
ing the number of those events when only 2 flashes occurred 
i n D. This number varied randomly between lc/o and 9% of the 
t o t a l number of events i n a run but no systematic deteriora­
t i o n of the eff i c i e n c y was found. 

3.4. The scanning of the photographic records 

3.4.1 The projection measurements 

To be accepted f o r the projection measurements, an 
event load to s a t i s f y each of the following requirements: 
F i r s t , one and only one f l a s h was to be unambiguously seen 
at every tray i n the hodoscope. Second, the category number 
calculated according to the hodoscope flashes was to be zero. 
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Third, one track was to be unambiguously seen i n each 
f l a s h tube array. However, i f a knock-on electron had 
been produced w i t h i n an array and the electron could be 
distinguished from the muon, the event was also accepted. 
F i n a l l y , the number of flashes was to be53 i n each array. 

For an accepted event, a, b, c, and d were measured 
to the nearest 0.1 t . s . At t h i s stage the selection of the 
most probable location of the track was not done according 
to any s t r i c t c r i t e r i a . However, as f a r as i t was possible 
by eye, the angle of the cursor was set to be equal i n arrays 
A and B and again i n arrays G and D. Allowance was made f o r 
the few f l a s h tubes which were known to be not working. A 
standard check was that the f l a s h i n the D tray of the hodo-
scope had to agree wit h the location of the track i n the 
f l a s h tube array D. 

F i n a l l y , A was calculated according to the equation 
2.2, using f o r AA the value 62.0 t . s . obtained from the 
geometrical measurements (table 3.1). According to the same 
measuremerte the upper l i m i t of A was 8.15 t . s . However, 
because of some technical f a i l u r e s i n a few cases, amounting 
to some 0.5$ of the t o t a l , A was >8.15 t . s . These events 
were rejected. 

3.4.2 The displacement d i s t r i b u t i o n from 
the projection measurements 
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In order to obtain the s t a t i s t i c a l frequency d i s t r i b u ­
tions of p a r t i c l e deflections mentioned i n section 2.1, the 
pa r t i c l e s were histogrammed i n f i x e d c e l l s of displacement A. 
I t was found necessary to use i n d i v i d u a l values of A as c e l l s , 
i . e . the c e l l width was 0.1 t . s . , defined by the accuracy of 
the scale reading (section 3.4.1). This method made i t con­
venient to j o i n the cells l a t e r to form d i f f e r e n t c e l l systems 
according to the need (section 4.2). By taking into account 
the d i r e c t i o n of the magnetic f i e l d , the events were h i s t o ­
grammed so that positive muons wereon the side of positive A 
and vice versa. The r e s u l t i n g histogram i s siiown by table 
3.2 and by f i g u r e 3.3-

3.4.3. The track-simulator measurements 

The procedure of the track-simulator measurements was 
established by Hayman and Wolfendale (1962) and has already 
been described i n section 2.5.2. I n the present work only 
ce r t a i n det a i l s of the working rules were changed. I n p a r t i c u ­
l a r , the c r i t e r i a needed f o r determining the corridor were 
reconsidered, taking into account the following requirements.: 
1) The middle of the corridor should coincide wi t h the mean 
of the p r o b a b i l i t y d i s t r i b u t i o n of the location of the t r a j e c ­
t o r y . 2) Half of the width of the corridor should give the 
f i r s t approximation of the standard deviation of that d i s t r i b u ­
t i o n . 3) The c r i t e r i a should define the corridor objectively. 



4) To make the measurement quicker the c r i t e r i a should 
be simple, even at some cost i n accuracy. 

Table 3.2 The observed displacement d i s t r i b u t i o n s 
Cells From projection From track- simul* 

measurement measurement 
( t . s . ) A A /<-

0 - 0.05 67 51 
0.05 - 0.15 58 76 54 48 
0.15 - 0.25 92 78 69 57 
0.25 - 0.35 100 78 92 84 
0.35 - 0.45 139 94 118 77 
0.45 - 0.55 146 102 133 107 
0.55 - 0.65 170 136 158 134 
0.65 - 0.75 184 156 177 146 
0.75 - 0.85 184 185 155 146 
0.85 - 0.95 245 187 211 163 
0.95 - 1.05 257 196 179 149 
1.05 - 1.15 274 199 174 112 
1.15 - 1.25 257 214 116 108 
1.25 - 1.35 267 205 75 66 
1,35 - 1.45 300 217 42 31 
1.45 - 1.55 299 226 26 17 
1.55 - 1.65 288 234 11 9 
1.65 - 1-75 303 237 1 5 
1.75 - 1.85 273 232 3 3 
1.85 - 1.95 298 238 
1.95 - 2.45 1437 1187 
2.45 - 2.95 1314 1014 
2.95 - 3.45 1118 863 
3.45 - 3.95 874 721 
3.95 - 4.45 611 504 
4.45 - 4.95 490 360 
4.95 - 5.45 297 242 
5.45 - 5.95 177 138 
5.95 - 6.45 118 86 
6.45 - 6.95 58 47 
6.95 - 7.45 24 25 
7.45 - 7.95 12 16 
7.95 - 8.15 5 6 
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The rules accepted f o r the measurements were then 
as follows: The events f o r which IA I was, according to 
the projection measurements, less than 1*2 t . s . were 
selected to he re-examined. When simulating events which 
c l e a r l y involved "false" flashes due to knock-on electrons 
or accidental p a r t i c l e s , the corresponding bulbs were not 
switched on. A single suspicious f l a s h was regarded as 
false i f i t was inconsistent with two other flashes, but i n 
ambiguous cases of other kinds the bulbs were switched on. 
The corridor was determined according to the following 
c r i t e r i a , by t r y i n g them i n the £iven order u n t i l an applic­
able one was found: 
(a) The corridor to be w i t h i n the efficency marks of 

every l i g h t s l o t and outside the ef f i c i e n c y marks 
of every dark s l o t . 

(b) Within the ends of the l i g h t slots and outside the 
effic i e n c y marks of the dark s l o t s . 

(c) I f there exists one and only one dark s l o t such 
that ignoring i t would make (a) or (b) applicable, 
that s l o t i s to be ignored. 

(d) Within the ends of the l i g h t s l o t s , ignoring a l l 
the dark s l o t s , 

(e) For the l e f t edge of the corridor, the rightmost 
inconsistent slots are to be ignored and then 
(d) i s to be used. For the r i g h t edge, the leftmost 
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inconsistent s l o t s are to be ignored and (d) 
i s to be used. 

In every case, the location of the edges of the corridor 
were noted down i n tube spacings w i t h two decimal places. 
I f the width of the corridor was greater than 0,3 t . s . 
at any f l a s h tube array, the event was rejected. For the 
other events, the location of the corridor was calculated. 
The values thus obtained are denoted by a 4 r 9 b < r, c4r, and d̂ .. 
According to them, the quantity 4̂ .= a 4 r - b 4 r - c i r + d i r - A0 

was calculated. 

3.4#4 The displacement d i s t r i b u t i o n from the 
track- Simula t o r measurements 

The track-simulator data were histogrammed by using 
the same c e l l d i v i s i o n as i n the histograms of the projection 
measurement. The events which lay on a c e l l l i m i t were 
treated as follows: I f the i n c l i n a t i o n angle of the t r a j e c ­
tory i n the spectrograph was p o s i t i v e , the event was marked 
i n t o the c e l l of lower A and vice versa. This rul e was 
suggested by the small " i n c l i n a t i o n error" found i n Appendix 2. 

The r e s u l t i n g histogram i s shown by table 3.2. For the 
sake of comparison i t i s also drawn i n figure 3.3- The compari­
son proves that i n the range from -0,7 to 0.7 t . s . , the shape 
of the two histograms i s nearly the same taking i n t o account 
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the Poisson f l u c t u a t i o n . This means that i n the present 
experiment the large scattering has made the track simula­
t i o n i n e f f i c i e n t . 

3»5 S t a t i s t i c a l check on the geometrical constant A 0 

I f the A-histogram i s drawn without changing the sign 
of A according to the reversals of the magnetic f i e l d , the 
minimum of the histogram should l i e at A = 0. An error i n 
A 0 would r e s u l t i n a deviation from zero. This f a c t was 
used to check the value obtained from the geometrical measure­
ments, A0Q . 

The t r a c k - S i m u l a t r data were used f o r t h i s check, 
because they should, i n theory, e x h i b i t sharper minimum 
than the projection data. (According to Pig. 3#3 t h i s 
choice was not so important.) Only the range from -0.9 to 
0.9 t . s . was used, since the range lal > 0.9 t . s . depended 
on the geometrical A 0 through the s e l e c t i o n of the high-
momentum events. At the time of t h i s check, the scanning 
of the fi l m s was s t i l l going on, but 84$ of the data were 
ready and could be used. 

Several methods were t r i e d f o r the determination of 
^os (the s t a t i s t i c a l A©). F i r s t l y , the observed displacement 
histogram was smoothed by the fou r t h differences 
(e.g. Scarborough, 1950, p. 459). I t was found that t h i s 
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method did not give s u f f i c i e n t weight to the requirement 
of symmetry i n the displacement d i s t r i b u t i o n . I n addition, 
the estimation of the standard deviation of the location of 
the minimumvas rather a r b i t r a r y . Secondly, curve f i t t i n g 
was t r i e d . Polynomials were used as f i t t i n g functions, 
dropping the terms which were asymmetric w i t h respect to 
the minimum. The s t a t i s t i c a l errors of the observed h i s t o ­
gram were so large that i t was d i f f i c u l t to decide how many 
terms of the polynomial would be s i g n i f i c a n t . I t was f e l t 
that the shape of the curve should te defined by more r e a l i s t i c 
means. So these t r i a l s lead to the following prodedure. 

The shape of the expected displacement d i s t r i b u t i o n was 
determined by the scattering calcuations, which are considered 
i n d e t a i l i n section 4.2.4. The rounding of the cut-off edge 
at the selection l i m i t 1.2 t . s . was taken into account accord­
ing to a s t a t i s t i c a l study on the deviation of the track-
simulator A from the projection A . The th e o r e t i c a l d i s t r i b u ­
t i o n was f i t t e d to the observed data by using A0 and E as the 
adjustable parameters, B being the o v e r a l l e f f i c i e n c y of the 
experiment. The value obtained f o r ACS was 61.968 1 0.045 t . s . 
The value of X1 was 20.6, corresponding to 20% l e v e l of s i g n i ­
ficance. The l e v e l i s high enough to j u s t i f y the accepted 
method. 
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Itfext, £ o s i s compared with£ 0 6, which i s given i n 
table 3.1. To be more precise, a correction of 0.02 t . s . 
i s added to A* to allow f o r the small t i l t error found i n 
Appendix 2. Then, A06 i s 62.009 t . s . w i t h a standard devia­
t i o n of about 0.035 t . s . The agreement between A>s and A0$ 

i s good. 
Both Aos and A>g give s i g n i f i c a n t independent information 

of the constant Aa . The best value would be t h e i r weighted 
mean, which i s 61.994 t . s . Hence the best p r a c t i c a l value i s 
s t i l l A* - 62.0 t . s . , as used i n section 3.4* -

3.6 The uncorrected results on the charge excess 

By v i r t u e of the symmetry of the spectrograph, both 
po s i t i v e and negative muons should be accepted evenly. 
Neglecting the Coulomb scattering and other noise i n A, i 

•f* 

and i _ i n equation 1.1 could be replaced by the corresponding 
counting rates N+ and N_• Then, the f i r s t approximation of 
R i s obtained: 

RX = N + /N-. 3.2 

Assuming that the s t a t i s t i c a l errors i n the counting rates 
are Poissonian, the standard deviation of RT . 

I i s : 

* = R j (N^ + l C 1 ) * . 3.2 



33 

The values of Rj obtained from the projection data are 
shown i n table 3.3. I ?or the high momentum c e l l , where 
the l o c a t i o n errors could be expected to na t t e r , R- i s 
also given accoroing to the track-simulator data. I t i s 
seen that the track-simulator teclmique did not make any 
s i g n i f i c a n t difference. 

Table 3.3 The f i r s t approximation of the charge 
r a t i o , R_ 

Cell l i m i t s ( t . s . ) : 0.15 0.45 0.75 1.05 1.95 3.45 8.15 
R I 1.32 1.27 1.21 1.28 1.26 1.24 

0.11 0.085 0.069 0.038 0.031 0.036 
Rj (track simulator) 
o* (track simulator) 

1.28 
0.12 
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CHAPTER 4 
METHODOLOGICAL CORRECTIONS 

4.1 The acceptance f u n c t i o n s o f the spectrograph 

4.1*1 I n t r o duetibn 

iis mentioned already i n sec t i o n 2.1, the observed 
displacement d i s t r i b u t i o n was to be corrected f o r the 
v a r i a t i o n of the acceptance w i t h A . According t o Brooke 
et a l . (1962) and Hayman e t a l . (1963), the observed d i s ­
t r i b u t i o n S Q ( A ) i s r e l a t e d to the scat t e r e d displacement 
d i s t r i b u t i o n IT ( A ) by the equation; 

S Q ( A ) = N ( A).E.A ( A).G ( A).B ( A ) 4.1 

where E i s the e f f i c i e n c y of the detector system, A ( A ) i s 
the so-called acceptance f u n c t i o n , G ( A ) i s the so-called 
elementary f u n c t i o n , and B ( A ) i s the bias f u n c t i o n * Accord­
i n g to the experiences of previous workers, E can be assumed 
to be independent of A (Gardener et a l . , 1962; Hayman and 
Y/olf endale, 1962). Since t h i s experiment was only designed 
to determine a normalized momentum spectrum and r e l a t i v e 
charge excess, the r e s u l t s do not depend on E. The fu n c t i o n s 
A ( A ) , G ( A ) , and B ( A ) have an e f f e c t on the spectrum, and they 
w i l l now be evaluated. 

4.1.2 The acceptance f u n c t i o n A ( A ) 
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The f u n c t i o n A ( A ) i s the i n t e g r a l over the s o l i d 
angle co and the area q. w i t h i n which the bpectrograph 
c o l l e c t e d p a r t i c l e s : 

A ( A ) = // dq d<o. 4 . 2 

The i n t e g r a l can be taken a t any convenient l e v e l i n the 
spectrograph . Because o f the symnetry of the spectrograph 
A ( - A ) equals A ( A ) and so t h i s f u n c t i o n has no e f f e c t on 
the measured charge r a t i o . The c a l c u l a t i o n o f A ( A ) f o r 
the present experiment i s performed i n Appendix 3 , and the 
r e s u l t s are given i n table 4 . 1 . I t i s seen t h a t A ( A ) i s 
nearly constant f o r the muons of category zero accepted i n 
the experiment ( s e c t i o n 3 . 3 . 1 ) . 

Table 4 . 1 Values o f the acceptance f u n c t i o n s 
A A ( A ) G ( A ) B ( A ) 

( t . s . ) ( 2 7 cm* sterad) 
0 1.000 0 . 4 7 8 0 . 8 6 

0 . 3 1.000 0 . 4 7 2 0 . 8 5 
0 . 5 1 . 0 0 0 0 . 4 6 8 0 . 8 3 
1 1.000 0 . ^ 4 1 0 . 8 4 
2 0 . 9 9 9 0 . 3 5 3 0 . 8 5 
3 0 . 9 9 8 0 . 2 4 1 0 . 8 6 
4 0 . 9 9 6 0.135 0 . 8 6 
5 0 . 9 9 4 0 . 0 6 2 0 . 8 6 
6 0.992 0 . 0 2 1 0 . 8 7 
7 0 . 9 8 9 0 . 0 0 4 0 . 8 7 
8 0 . 9 8 5 0 . 0 0 0 0 . 8 7 

4 . 1 - 3 The elementary f u n c t i o n G (A ) 
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The elementary f u n c t i o n gives the p r o b a b i l i t y t h a t a 
p a r t i c l e passing through the spectrograph w i t h i n the allowed 
area and s o l i d angle was recorded i n the category zero. Accord­
i n g to previous workers (e.g. Brooke e t a l . , 1962), t h i s 
p r o b a b i l i t y may be expressed as f o l l o w s : 

G ( A ) = 2 { 2 ( r , - s i A j / 2 ) 3 - ( r , - s U] )3}/3r> f o r Ut£ r,/$ . 
G ( A ) = 4(r, - 5lA | / 2 ) 3 / 3 n ? f o r r,/ 5 £ \A\±2rt/$ f 4.3 

where s = ( L , + l 4 ) / 4 / (see t a b l e 3.1). The q u a n t i t i e s ar, and 
2 r 2 are the i n t e r n a l diameter and l a t e r a l separation of the 
Geiger counters, r e s p e c t i v e l y (r,*1.7 cm, r 2 = 1#9 cm). I t 
i s seen t h a t G (A ) also has no e f f e c t on the measured charge 
r a t i o . Values of G ( A ) are given i n t a b l e 4.1. I t should be 
mentioned t h a t because of the considerable u n c e r t a i n t y i n r, , 
the standard e r r o r o f the absolute values of G(A) may be as 
high as 0.03- However, i n the present experiment only the 
r e l a t i v e valuesG ( A)/G(0) matter, and according to previous 
experience these values are accurate enough (Gardener et a l . , 
1962; Haymari and WoIfendale, 1962). 

4.1.4 The bias, f u n c t i o n B (A ) 

The f u n c t i o n B ( A ) i n equation 4-1 allows f o r the bias 
which arose from the r e j e c t i o n of events w i t h two or more 
simultaneous p a r t i c l e s a t one or more dete c t o r l e v e l s . The 
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main types of such events were as f o l l o w s (Palmer, 1964): 

( i ) A muon generated a knock-on e l e c t r o n i n the 
spectrograph, 

( i i ) A muon was p a r t of an extensive a i r shower, and 
the shower electrons were recorded together w i t h 
the muon. 

( i i i ) Two muons were s u f f i c i e n t l y close to each other 
to pass together through the e f f e c t i v e area of 
the spectrograph. 

The m a j o r i t y of these accompanied muons were r e j e c t e d 
by the momentum 'selector because the pulse representing the 
category number was us u a l l y f a r from zero i f two or more 
counters were discharged i n one t r a y . Further accompanied 
muons were r e j e c t e d during the scanning of the f i l m s i n 
order to avoid ambiguous measurements ( s e c t i o n 3.4,1), These 
r e j e c t i o n procedures can be expected to reduce the number of 
p o s i t i v e and negative muons i n the same p r o p o r t i o n . Conse­
quently they should not a f f e c t the charge r a t i o . I n the 
momentum spectrum the n o r m a l i z a t i o n reduces the bias and 
some e r r o r i s generated only i f the bias v a r i e s w i t h A, 
Now, the r e l a t i v e frequency of the accompanied muons i s known 
to increase w i t h momentum, mainly because of the i n c i d e n t 
showers (Hayman e t a l . , 1963; Palmer, 1964). Thus there w i l l 
be some bias a t h i g h momenta. I n equation 4.1, the bias can 
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be conveniently considered as v a r i a t i o n of the acceptance 
of the apparatus w i t h v a r y i n g A. 

Palmer studied the bias e f f e c t i n the same spectrograph 
as used i n the present work. He c o l l e c t e d some 4000 events 
without using the momentum s e l e c t o r and measured the d i s ­
placement f o r the accompanied muons, as f a r as poss i b l e . 
He worked out the r a t i o of accompanied to s i n g l e muons i n 
terms of i n t e g r a l spectra. The f u n c t i o n B(A) i s calculated 
from Palmer*s r e s u l t s i n Appendix 4 and the r e s u l t i n g values 
are shown i n t a b l e 4.1. I t should be pointed out t h a t Palmer 
di d not make any s c a t t e r i n g c o r r e c t i o n and therefore the 
corresponding bias f u n c t i o n should apply expressly to the 
scattered d i s t r i b u t i o n N(A) used i n equation 4.1. 

4.2 The c o r r e c t i o n f o r the noise i n A 
4.2.1 I n t r o d u c t i o n 

I n previous works, two d i f f e r e n t methods have been used 
i n the c o r r e c t i o n f o r e r r o r s i n the measured displacements A. 
F i r s t l y , the s t a t i s t i c a l standard d e v i a t i o n of A may be deter­
mined q u i t e accurately and consequently the e f f e c t o f these 
e r r o r s on the r e s u l t s may be estimated t h e o r e t i c a l l y 
(e.g* Brooke, 1964). Secondly, the p a r t i c l e s w i t h erroneous A 
may be found by s u i t a b l e check measurements and they can be 
then r e j e c t e d . Por instance Hayman and V/olfendale (1962) 
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used tlie "discrepancy" x defined i n Appendix 2 to detect 
events w i t h large e r r o r s , 

4.2.2 Det e c t i o n of the noise by means o f the 
discrepancy x 

The discrepancy x was c a l c u l a t e d f o r the events of 
several runs i n the beginning of the experiment. S e t t i n g 
the upper l i m i t o f fxI a t 2.00 t . s . i t was found t h a t only 
6 events had to be r e j e c t e d out of 973. Furthermore, these 
events should be a t t r i b u t e d r a t h e r to ac c i d e n t a l coincidences 
than to larg e s c a t t e r i n g . Therefore, a s p e c i a l t e s t was per­
formed on the usefulness of t h i s method i n the high-momentum 
range 0± l£l£0.4 t . s . R e j e c t i n g events w i t h lxl>0.3 t . s . 
removed 20 events out of 82, which i s 24$. However, i t was 
estimated by the a i d of the t h e o r e t i c a l methods,which w i l l 
be explained i n the next two sections, t h a t according to the 
OWP-spectrum the r e d u c t i o n should be 41$ a t the l i m i t 
l*t =0.4 t . s . and i t should obviously increase to 100$ a t A = 0 . 
This proved, i n s p i t e of the poor s t a t i s t i c s , t h a t the errone­
ous events could not be e f f i c i e n t l y revealed by meats of x. 
Also the p o s s i b i l i t y of r e j e c t i n g p a r t of the scattered muons 
was doandoned because i t would have made the t h e o r e c t i c a l e s t i ­
mation of the remainder more complicated. Furthermore, the 
r e v e a l i n g of the few a c c i d e n t a l events was not considered 
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v.'ortli much e f f o r t as the s c a t t e r i n g was c l e a r l y a much 
greater source of e r r o r . So the c a l c u l a t i o n of x was 
ceased a l t o g e t h e r . The reason f o r the f a i l u r e of t h i s 
method i s the f a c t t h a t i n the present experiment the 
noise occurred mainly a t the centre of the spectrograph 
and not a t the detector l e v e l s as i n the work of Hayman 
and V/olfendale. I t should be pointed out, however, t h a t 
the method o f d e t e c t i n g s c a t t e r i n g or other noise by 
checking against inconsistency i n the p a r t i c l e t r a j e c t o r y 
can be applied to spectrographs w i t h s o l i d i r o n magnets i f 
c e r t a i n s p e c i a l design i s used(e.g. Rochester et a l . , 1965; 
LacKeown et a l . , 1965 a ) . 

4.2,3 The root-mean-square e r r o r of A 

The e f f e c t of Coulomb s c a t t e r i n g i n the magnet on the 
magnetic or true displacement i s estimated according to 
the -theory of .ashton and Wolfendale (1963). The theory 
gives the mean square ( p r o j e c t e d ) displacement <y > tak i n g 
i n t o account the momentum loss i n the magnet. The q u a n t i t y 

p 
<)f > i s c a l c u l a t e d f o r the present spectrograph i n Appendix 
The r e s u l t i n g values are given i n table 4,2. 

The mean square value o f the l o c a t i o n e r r o r o f the pro 
j e c t i o n measurement or the t r a c k simulator measurement can 

2 
be added to <y > because t h e i r e f f e c t on 4,is s i m i l a r . Thes 
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values are 0.055 ( t . s J 2 ( s e c t i o n 2.SA) and 0.019 ( t . s . ) 2 

( s e c t i o n 2.5.2̂  r e s p e c t i v e l y . Because of the steep 
slope of the momentum spectrum which favours the Coulomb 
s c a t t e r i n g from low momenta, these e r r o r s were r a t h e r un­
important. The small geometrical e r r o r s found i n Appendix 2 

2 

c o n t r i b u t e only about 0.003(t.s.) and are thus n e g l i g i b l e . 
The root-mean-square value of the t o t a l e r r o r , & f i s shown 
i n t a b l e 4.2 f o r both the p r o j e c t i o n and tr a c k - s i m u l a t o r 
tehcniques. For l*l>3 t . s , , <f i s i n both cases about 31$ of 
the magnetic displacement. 
Table 4.2. The root-mean-square e r r o r of f o r the 
p r o j e c t i o n measurement (°/»r) and f o r the tra c k - s i m u l a t o r 

measurement 

A <y 2> V 
t . s . ) ( t . s . ) 2 ( t . s . ) ( t . s . ) 
0 0 0.240 0.146 
0.116 0.0013 0.243 0.151 
0.291 0.0081 0.256 0.172 
0.582 0.0324 0.300 0.232 
1.17 0.1325 0.436 0.392 
2.99 0.855 0.956 0.936 
6.13 3.61 1.92 1.92 

13.1 16.0 4.00 4.00 
39.1 142 11 .9 11 .9 

120 1400 37.4 37.4 

4.2.4 The s c a t t e r i n g c o r r e c t i o n according to the 
OWP spectrum 
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A common p r a c t i c e i n the s c a t t e r i n g c o r r e c t i o n has 
"been to adopt a comparison spectrum, c a l c u l a t e the s c a t t e r ­
ed spectrum, compare the c a l c u l a t e d and the observed spectra, 
and then modify the comparison spectrum i f necessary 
(e.g. Hayman and Wolfendale, 1962). When dealing w i t h the 
momentum spectrum w i t h o u t d i s t i n g u i s h i n g between the p o s i t i v e 
and negative muons, the s c a t t e r e d d i s t r i b u t i o n can be 
expressed as: 

(A) = N(-fA) + N ( - A ) = J i ( A T ) ( / ? [ ( 4 - A i ) c r , ] < M i 4.4 

where a'is the root-mean-square e r r o r ofAj. ( s e c t i o n 4.2.3) 

and <r"'y[(A- &± )<r"'j i s the f r a c t i o n of muons which s c a t t e r 
from A. to A. According t o the theory of the m u l t i p l e 
s c a t t e r i n g , f i s c l o s e l y Gaussian (e.g. Rossi, 1961, p. 69). 

The i n t e g r a t i o n can be conveniently performed by d i v i d i n g 
the d i s t r i b u t i o n i ( A ^ . ) i n t o c e l l s , keeping the c e l l width 
considerably s n a l l e r than c (Brook^ 1964). Then, the i n t e n s i t y 
i n each c e l l i s replaced by a Gaussian d i s t r i b u t i o n w i t h the 
appropriate area and <r. The c o n t r i b u t i o n s from these d i s ­
t r i b u t i o n s are summed up a t selected p o i n t s A. The expected 
accepted spectrum i s then obtained according to equation 4.1. 

I n the present work, the OWP spectrum (Osborne et a l . , 
1964) was used as the comparison spectrum. I n the f i r s t 
place, c a l c u l a t i o n was made f o r the tra c k - S i m u l a t o r work and 
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the corresponding l o c a t i o n e r r o r was adopted. About 6 0 

c e l l s were used i n the i n t e g r a l , and N ( A ) was summed up 
a t 11 p o i n t s , ranging from -0 . 5 to 6 t . s . The r e s u l t i n g 
d i s t r i b u t i o n was used f o r the check on a 0 explained 

i n s e c t i o n 3 - 5 . As mentioned the r e , the c a l c u l a t i o n showed 
as a side r e s u l t t h a t the expected and observed d i s t r i b u t i o n s 
i n the range p > 6 5 GeV/c agreed w i t h 20$ l e v e l o f s i g n i f i ­
cance. I t should be r e c a l l e d t h a t t h i s t e s t r e f e r r e d only 
to 84$ o f the t o t a l running time. 

During the c a l c u l a t i o n o f N ( A ) , i t was found t h a t i n 
the range A > 0 . 5 t . s . the e f f e c t o f the l o c a t i o n e r r o r was 
n e g l i g i b l e . I t was estimated t h a t the change to the l o c a t i o n 
e r r o r o f the p r o j e c t i o n technique could not make much d i f f e r ­
ence below 0 . 5 t . s . e i t h e r . This conclusion was supported 
by the comparison of the observed d i s t r i b u t i o n s ( F i g . 3 . 3 ) . 

Therefore, the e x i s t i n g values of I T ^ ( A ) were accepted f o r 
the c o r r e c t i o n of the p r o j e c t i o n d a t a as w e l l . The s c a t t e r ­
i n g c o r r e c t i o n on the d i f f e r e n t i a l momentum spectrum can be 
represented by means of the r a t i o o f the unscattered spectrum 
to the scattered one. This r a t i o i s shown i n t a b l e 4 . 3 . By 
i n t e g r a t i n g ( A ) > s c a t t e r i n g c o r r e c t i o n s can be obtained 
f o r the i n t e g r a l momentum spectrum. I n t h i s case, i t i s 
convenient t o include the acceptance fu n c t i o n s and normaliz­
a t i o n t o the same c o r r e c t i o n -actors. These are also shown 
i n t a b l e 4 . 3 . 
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Table 4 . 3 The s c a t t e r i n g c o r r e c t i o n s a e f o r the d i f f e r e n t i a l 
and i n t e g r a l spectra 

A y _ icwp ( * ) J ^ P ( ^ A ) 5 0 ( < 8 . 1 5 t . s . ) 

( t . s . ) 
0 . 2 0 . 4 5 0 
0 . 5 0 . 6 2 6 0 . 1 6 5 
1 0 . 7 3 6 0 . 2 1 4 
2 0 . 8 2 0 0 . 3 0 3 
3 0 . 8 6 0 
4 0 . 9 0 0 
5 0 . 9 4 
6 0 . 9 5 

8 . 1 5 - 1 . 0 0 0 

The e f f e c t o f the s c a t t e r i n g was studied f u r t h e r by 
deteramxing the d i s t r i b u t i o n o f the t r u e or magnetic d i s ­
placement A. of the muons which had an observed displacement 
A. This d i s t r i b u t i o n i s denoted by f ( A , A ^ ) . F i g . 4 . 1 shows 
the median and q u a r t i l e s of f ( A , A ^ ) as f u n c t i o n of A i n the 
high-momentum r e g i o n . The f i g u r e emphasizes the seriousness 
of the s c a t t e r i n g e f f e c t . A p o i n t o f i n t e r e s t i s the m i n i ­
mum of ̂  which determines a kind o f upper l i m i t f o r the 
momenta reached by the spectrograph. 

4 . 2 . 5 - The s c a t t e r i n g c o r r e c t i o n according to the 
previous best estimate o f the charge excess 

The best estimate o f the charge r a t i o i n the v e r t i c a l 
d i r e c t i o n was basefcd on the survey performed by MaeKeown 
et a l . ( 1 9 6 3 ) . Taking i n t o account the speculations o f the 
d i f f e r e n t production mechanisms of muons, the unsure minimum 
and high-momenta r i s e were incorporated i n t o the estimate 



3 * 5 -

upper 
quartile 

Median 

Lower 
quartile 

0.0 0.2 OA 0,6 0.8 1.0 
Observed displacement A ( t . s . ) 

F i g . 4« i The median and quartiles of the funotion t(&t&+) 
as a function of A. 
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( c f . Chapter 1 ) . The r e s u l t i n g curve i s shown i n F i g , 4 . 2 . 

By means of the adopted charge r a t i o R, the spectra of 
the p o s i t i v e and negative muons could be separated as f o l l o w s : 

i . = i / ( l + R-') 
* 4 . 5 

i . = i / ( l + R) 

where i was the OWP spectrum. These spectra could then be 
tr e a t e d by the same s c a t t e r i n g procedure as explained i n 
the preceding s e c t i o n . I t i s perhaps worth mentioning t h a t 
i f only the c o r r e c t i o n to the charge excess i s req u i r e d , 
i + and i _ need not necessarily be separated. I n t h i s case 
the r e l a t i o n between the charge excess of the unscattered 
A - d i s t r i b u t i o n , ^ , and the charge excess of the scattered 
A - d i s t r i b u t i o n , \ % , becomes: 

KTTTaT 4.6 
where 3>T'(A) -Jlu**~'fdAt* The experimental values i^were 
corrected by m u l t i p l y i n g them by the r a t i o . The r e s u l t ­
i n g v a l u e s , ^ j , are shown i n f i g u r e 4 .5. For small values 
of A the c o r r e c t i o n was l a r g e . The s i g n i f i c a n c e of t h i s correc­
t i o n was tested as f o l l o w s : 

The r e s u l t s of the s t a t i s t i c a l survey shown i n Pig. 4 . 2 

would be consistent w i t h a l e v e l l i n g o f f a t high momenta, as 
was pointed out, among others, by the authors of the survey. 
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0.18 

«—Previous 
best 

estimate 0.16 

0.14 

0 . 1 2 

i 0 . 1 0 

• 1 0.08 

0.06 s i 

0.1 1 
A (t.s.) 

Pig* 4«3 Pre H a l nary study on the scattering correction 
to the charge excess. * j x uncorrected r e s u l t s ; ^ c cor­
rected according to the previous best estimate of t) ; 
^ the sane but assuming R = 1.20 or rj • 0 . 9 1 for 

p > 100 GeV/o. 
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Accordingly, the same c o r r e c t i o n procedure was repeated 
assuming t h a t R = 1.20 f o r p £ 100 GeV/c. I n t h i s case, 
the corrected R a t 0.5 t . s . was j u s t 1.2. Thus the corrected 
r e s u l t followed the value o f R assumed f o r the c o r r e c t i o n 
c a l c u l a t i o n . I n other words, the s e n s i t i v i t y of the appara­
tus was poor i n t h a t range. The method o f using previous 
r e s v l t s f o r the s c a t t e r i n g c o r r e c t i o n of R a t high momenta 
was abandoned. However, some in f o r m a t i o n on the cliarge 
r a t i o f o r p> 100 GeV/c might be obtained by means of a 
c o r r e c t i o n method which would be based only on the observed 
A - d i s t r i b u t i o n and s c a t t e r i n g theory. Obviously, an exact 
e r r o r c a l c u l a t i o n f o r the f i n a l r e s u l t would then be very 
important. 

4.2.6 The s c a t t e r i n g c o r r e c t i o n by independent i t e r a ­

t i o n methods 

The s c a t t e r i n g c o r r e c t i o n based on a comparison spectrum 
( s e c t i o n 4.2.4) may inv o l v e i t e r a t i o n , but the r e s u l t remains 
dependent on the comparison spectrum, the shape of which i s 
thought to be more or less known. The expression "independent 
i t e r a t i o n methods" means here methods which are independent 
o f assumptions on the shape of the d i s t r i b u t i o n which i s to be 
determined. Brooke (1964) used a c o r r e c t i o n method of the 
independent k i n d . His procedure consisted of the f o l l o w i n g 
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stages: 
a) The e f f e c t of scattering on the observed A - d i s t r i b u t i o n 

was calculated, using the normal practice explained i n 
section 4.2.4» 

b) The r a t i o of the o r i g i n a l height of the d i s t r i b u t i o n 
to the scattered height was found as a function of A. 

c) The observed d i s t r i b u t i o n was m u l t i p l i e d by the 
factors found i n b)« 

d) The e f f e c t of scattering on the d i s t r i b u t i o n given 
by c) was calculated and the r a t i o of the heights 
before and a f t e r scattering found as a function of A. 

e) The observed d i s t r i b u t i o n was m u l t i p l i e d by the 
factors found i n d ) . 

f ) Operations d) and e) were repeated u n t i l the r a t i o s of 
unscattered to scattered heights reached l i m i t i n g 
values. 

I t should be pointed out that t h i s procedure does involve 
the assumption that the d i s t r i b u t i o n does not become negative 
anywhere, but t h i s i s obviously j u s t i f i e d . 

I t was decided to apply Brooke's method to the present 
experiment, although i t did not o f f e r good possibilities f o r 
the error c a l c u l a t i o n . I n the application, a complication 
arose from the f a c t that the observed ^ - d i s t r i b u t i o n ended 
at IA| = 8.15 t . s . , but yet a l o t of muons were known to 
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scatter from above the l i m i t (from low momenta) into the 
range of the experiment. Moreover, the s t a t i s t i c s of the 
observed d i s t r i b u t i o n w ere i n s u f f i c i e n t much below the 
l i m i t . For the purpose of estimating the scattering 
c o n t r i b u t i o n of the low-momentum muons, i t was decided 
to use the OWP spectrum and the previous best estimate 
of R (Fig. 4.2) i n the range IA| >2 t . s . , ( p ^ 29 GeV/c) 
where the present experiment could not be expected to 
improve s i g n i f i c a n t l y the e x i s t i n g s t a t i s t i c s . I n other 
words, the d i s t r i b u t i o n i n the range IA| < 2 t . s . was to be 
determined, and the range 2^ 1*1*8.15 t . s . was only used 
f o r normalization purposes. 

The f i r s t attempt on these lines involved the determina­
t i o n of the effi c i e n c y E according to the A - d i s t r i b u t i o n i n 
the range 2^ i * | < 8.15 t . s . The d i s t r i b u t i o n i n the range 

2 t . s . was then normalized accordingly. This means 
that the f i r s t t r i a l d i s t r i b u t i o n consisted of an unscattered 
d i s t r i b u t i o n above 2 t . s . and of a scattered d i s t r i b u t i o n , 
below 2 t . s . , both r e f e r r i n g to the same E. In the range I A | < 
2 t . s . the c e l l width was chosen as small as possible, 

i . e . 0.1 t . s . as used i n the projection data (section 3.4.2). 
The i t e r a t i o n was performed with a computer ( E l l i o t t 803)» 
requiring preliminary check r e s u l t s when the changes i n the 
correction factors were less than 10$. The computation did 
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not produce any re s u l t s i n a reasonable time (22 i t e r a t i o n 
cycles)* This was thought to be due to the f a c t that the 
i n i t i a l t r i a l d i s t r i b u t i o n was not smooth enough* 

In the second attempt, s t a t i s t i c a l f l u c t u a t i o n s i n 
the observed d i s t r i b u t i o n were reduced by combining c e l l s 
i n the range IAI < 2 t . s . as f a r as the magnitude of CT 
permitted* Further, the discontinuity of the previous 
d i s t r i b u t i o n at 2 t . s . was removed by normalizing the 
scattered d i s t r i b u t i o n to j o i n to the unscattered one, 
although the value of E was then d i f f e r e n t i n the two cases. 
In order to avoid normalization errors which might arise 
during the i t e r a t i o n , the unscattered d i s t r i b u t i o n was always 
renormalized between the i t e r a t i o n cycles. The computer was 
arranged to p r i n t the result a f t e r every cycle. The results 
of the computation showed that the main part of the scatter­
ing e f f e c t was removed by the f i r s t two or three cycles. 
The following cycles took more and more into account the f i n e 
structure of the observed d i s t r i b u t i o n , which was largely due 
to the s t a t i s t i c a l f l u c t u a t i o n s . I t turned out that i n the 
unscattered d i s t r i b u t i o n the f l u c t u a t i o n s appeared enormously 
amplified* Luring the second, t h i r d , and f o u r t h cycles, the 
res u l t s changed s i g n i f i c a n t l y a l l the time and so the selec­
t i o n of the best r e s u l t was inevitably a r b i t r a r y * 

In the t h i r d attempt, the charge excess was omitted f o r 
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a moment i n order to determine the momentum spectrum 
only. Then N( + A ) and N(-A) could be replaced by 
M N ( + A) + N ( - & ) ] T and an improvement i n the s t a t i s t i c s 
should be gained. Repeating the computation showed some 
improvement, but the arb i t r a r i n e s s of the resu l t was s t i l l 
present. 

In the fou r t h attempt, the observed d i s t r i b u t i o n was 
f i r s t smoothed graphically. I t turned out that a large 
f l u c t u a t i o n s t i l l grew up during the i t e r a t i o n . This was 
probably induced by a comparatively sharp bend i n the 
observed d i s t r i b u t i o n , which apparently should have been 
smoothed more boldly. In any case, t ^ i s sr-oothing method 
turned out to be more a r b i t r a r y than the preceding attempts. 

I t i s perhaps worth mentioning that, although the 
momentum spectrum could not be properly determined, the 
results of the d i f f e r e n t attempts appeared i n general to be 
i n the environment of the OWP spectrum. No sensible results 
could be obtained f o r the charge excess. Because of these 
unsatisfactory r e s u l t s , the i t e r a t i o n method was abandoned. 
The reason f o r the f a i l u r e of t h i s method becomes understand­
able i n the a n a l y t i c a l study i n section 4.2.8. 

4.2.7 The scattering correction by curve f i t t i n g 
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The usual curve f i t t i n g involves the choice of an 
an a l y t i c a l expression f o r the measured quantity. In the 
present case the shape of the A - d i s t r i b u t i o n ought to be 
r e s t r i c t e d to some a n a l y t i c a l form. This procedure un­
deniably disagrees w i t h the o r i g i n a l purpose mentioned 
i n section 4.2.5. However, the curve f i t t i n g has been 
very successful i n the research into various momentum 
spectra, especially the f i t t i n g w i t h d i f f e r e n t power 
expressions. Therefore i t was decided to study b r i e f l y 
that l i n e , too. However, the meihodological error was 
thought to be too large f o r the study of the charge excess, 
and so only the t o t a l spectrum i ( A ) was considered. 

The following expressions were t r i e d : 

i z ( A ) = a AC + bA , 4.7 
i a (a) = a A3 + bAZ+ c A , 4.8 

1/77 (*) = C A 4.9 
where a, b, and c were parameters. The f i t t i n g was performed 
only i n the range ia|< 2 t . s . At the l i m i t the curve should 
j o i n smoothly to the OWP spectrum. Thus, the following 
i n i t i a l conditions v/ere set: 

i ( 2 t .s.) = ±0WP{2 t.s.) 4.10 

[d i l = dlewp 1 

^ 2 t . s . . 3 r " j 2 t . s . 
which l e f t one adjustable parameter. A set of possible 
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values was given to the parameter. The scattering calcula­
t i o n was performed i n the usual way by means of the 
E l l i o t t 803. By comparing the scattered spectrum and the 

2 
observed one,X was evaluated f o r each case. The values 

2 
of X were plotted against the parameter values, and the 
minimum was determined graphically. 

The results of these calculations are summarized i n 
table 4.4. The spectra i j and ± n are p r a c t i c a l l y i d e n t i c a l * 
Near the o r i g i n these curves behave as KA . Thus, they 
represent the kp ' spectrum considered by Hayman and 
Wolfendale (1962). The l e v e l of significance i s rather 
high f o r the spectra i j and i j j • For i JJ , the l e v e l i s 
also s t i l l reasonable. The spectrum i f f i s considered f u r t h e r 
i n section 4*3.2. 
Table 4.4 Summary of the results from the curve f i t t i n g 
Curve Adjusted Minimum Significance 

parameter of l e v e l (appr.) 
ix c = 4.0 7.8 50$ 
i t a = -0.45 7.8 50$ 

a = -0.30 13.4 10$ 

4.2.8 The scattering correction according to the 
theory of i n t e g r a l equations 

The equation 4.4. can be immediately modified, by 
changing the l i m i t s of i n t e g r a t i o n , to apply to the 



53. 

determination of the charge excess, i . e . 

H(A) = /^i(At)<5""9> [ ( A - A t)<r-'J^^t 

where now i (A^) = i + ( A ^ ) f o r A^>0 and vice versa. The 
determination of the unscattered spectrum requires the 
solution of t h i s i n t e g r a l equation i n the range IA^|<2 t . s . 
The scattering from above 2 t . s . i s calculated as before 
(section 4.2.5)• 

Several methods of solution are known f o r t h i s kind 
of i n t e g r a l equation (see e.g. Kopal, 1961). The most 
di r e c t one i s the so-called algebraic method. This involves 
f i r s t the replacing of the i n t e g r a l by a sum according to 
the well-known quadrature formulae; 

N(A) = Z i(*n)<r"<p S„ 4.12 
n 

vaiere S„is the c e l l width. I n more sophisticated quadratures, 
a weight factor H M would be included i n the terms. By i n s e r t ­
ing the experimental values of N(A) into equation 4.12, a 
system of l i n e a r equations i s obtained where the values of 
i (A„) are the unknown variables. I f n i s set equal to the 
number of the experimental values,m , the values i ( A * ) can 
be calculated al g e b r a i c a l l y . I f n ^ n , i ( A W ) can be teermined 
by a f i t t i n g c a l c u l a t i o n , furthermore, when the f i t t i n g 
method i s used, certain extra requirements could be set f o r 

the function i ( ^ ) . In a l l cases, formulae f o r the s t a t i s t i ­
c a l errors of i ( A » ) nay be conveniently derived i n terms of 
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matrix notation. 
The f i r s t attempt on t h i s l i n e consisted of the 

algebraic solution with no extra requirements. The 
E l l i o t 803 computer was used f o r the calculations. The 
c e l l system was the same as i n the l a s t i t e r a t i o n calcu­
l a t i o n s , and so the number of the equations was 17. I t 
was found that every second value of i ( A „ ) became negative. 
This f a c t was checked by using altogether three d i f f e r e n t 
programmes f o r the relevant matrix computations. Later, 
an independent confirmation was obtained from the cosmic 
ray spectrograph group of the University of Nottingham, 
where the same correction procedure had been attempted and 
negative i n t e n s i t i e s had been obtained (private communica­
t i o n from Baber, 1965). I * 1 "^ne present work, the standard 
deviations of i ( A * ) , <r„ , were also computed. These were 
i n every case greater than | i ( A ^ ) | proper and so the values 
of i ( A » ) were obviously useless. The large f l u c t u a t i o n of 
the r e s u l t s of t h i s method i s caused by the f a c t that the 
equation system i s i l l - c o n d i t i o n e d (see e.g. Hartree, 1964 
p.168). Consequently the Poissonian fluc t u a t i o n s i n the 
observed histogram are enormously amplified. 

The second attempt was a f i t t i n g calculation with the 
extra requirement that i ( 4 „ ) should not be negative. This 
ca l c u l a t i o n was performed so that the values of i ( 4 * ) wxiich 
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became negative i n the algebraic solution, were f i x e d 
to zero, and the remaining 9 values were f i t t e d according 
to the observed N(A). This procedure presumes that X2" 

i s a rather smooth function of the parameters. The r e s u l t ­
ing values of i ( 4 „ ) and 3i were now s l i g h t l y more reasonable, 
j u s t i f y i n g the continuation of t h i s l i n e of study. 

The t h i r d attempt was sim i l a r to the preceding one 
except that the negative values of were required to 
equal the mean of the adjacent values on each side. In a 
way, t h i s proeedure was a method to j o i n adjacent c e l l s 
independently of the requirement set by the standard devia­
t i o n of A (section 4.2.4). I n t h i s calculation, however, 
some of the f i t t e d values became negative. 

The fo u r t h attempt was again si m i l a r to the previous 
ones, but here the values of i ( A w ) which became negative 
i n the algebraic solution were required to equal the adjacent 
value on the side of higher momentum. The results were 
comparatively reasonable. They are shown i n table 4.4 
According to these r e s u l t s , <s i s seriously large. 
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Table 4.4 The unseat to: red A - d i s t r i b u t i o n calculated 
according to the theory of i n t e g r a l equations 

A i(A) 
( a r b i t r a r y u n i t s ) ( t . s . ) 

-1.95 2059 743 
-1.25 
-0. 7 
-U. 3 
0 
0. 3 
0. 7 
1.25 
1.75 

2031 
1094 
189 
193 
559 

1059 
3064 
2052 

465 
304 
378 
371 
410 
336 
523 
823 

The f i f t h attempt was similar to the fou r t h one, but 
here the c e l l system was varied. Altogether 9 t r i a l s were 
made by changing the widths of the c e l l s of the preceding 
case. I t was found that the r e s u l t was very sensitive to 
the choice of the c e l l system. A seemingly small change 
might make some i n t e n s i t i e s negative. This f a c t emphasizes 
the significance of ti:e large values of <* i n table 4.4. 
One furth e r t r i a l was performed w i t h the number of c e l l s 
increased to 13, a l l c e l l s having width 0.3 "t.s. The r e s u l t 
revealed negative i n t e n s i t i e s again. Because of the dis­
couraging r e s u l t s , these attempts were ceased. 

The following conclusion can be drawn of the analysis 
of t h i s section. The present determination of the deflection 
d i s t r i b u t i o n of muons should be regarded as an i n d i r e c t 
experiment. The result and the estimate of i t s standard 
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deviation depend decisively on the assumed degree of 
smoothness of the d i s t r i b u t i o n . A seemingly reasonable 
r e s u l t nay be unreliable i n the sense that a r e l a t i v e l y 
small change i n the c e l l d i v i s i o n can give r i s e to nega­
t i v e i n t e n s i t i e s . 

4.2*9 The mathematical problem involved i n ••' 
scattering calculations 

According to the preceding considerations, the 
scattering correction of the present experiment would 
require a f i t t i n g c a l c u l a t i o n i n which i(A) would remain 
po s i t i v e and somehow smooth but would not be bound to any 
a n a l y t i c a l expression. To s u i t the usual applications, 
i ( A ) should be represented by a set of experimental points 
with error l i n e s preferably only i n the dimension of i(A) 
furthermore, the points should be given w i t h such separa­
tions that t h e i r convariances would be n e g l i g i b l e (see 
e.g. Cramer, 1946, p. 295). A more detailed study would 
probably lead to s t i l l f urther requirements. 

This kind of s i t u a t i o n seems to arise rather frequen 
i n physis when a previously unknown d i s t r i b u t i o n i s deter­
mined by an i n d i r e c t experiment. However, w i t h i n the 
w r i t e r ' s experience the present s t a t i s t i c a l theories do 
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not deal w i t h t h i s problem i n the general form. The 
problem i s therefore considered here a l i t t l e f u r t h e r . 

I t was found i n the preceding section that the require­
ment 1(A) £ 0 can, to a f i r s t approximation, be taken i n t o 
account by f i x i n g to zero the values of i ( A ) which tend to 
become negative I f Xz±s an unsmooth function of the para­
meters, some i t e r a t i o n of the f i t t i n g calculations would 
be needed. The same procedure could c e r t a i n l y be performed 
by some other methods, too. I n f a c t , according to the theory 
of the extreme value problems i n bounded regions, every 
boundary of the allowed region should be studied separately. 

The requirement of smoothness can be expressed by 
demanding th a t ti-e higher tabular difference^ or f i n i t e 
differences, should be small (see e.g. Hartree, 1964, p. 272). 
A well-known d i f f i c u l t y i s that of distinguishing between a 
s t a t i s t i c a l deviation and a genuine v a r i a t i o n . This point 
has been profoundly considered i n connection w i t h two s t a t i s ­
t i c a l analyses which are closely related to the present 
problem. F i r s t l y , i f the experiment i s not i n d i r e c t , the 
s t a t i s t i c a l Fourier analysis o f f e r s a f a i r l y e f f i c i e n t 
method f o r the detection of the s t a t i s t i c a l deviations i n 
a d i s t r i b u t i o n of unknown shape. Secondly, i f the shape of 
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the d i s t r i b u t i o n i s known so that i t can be represented 
by an a n a l y t i c a l expression with parameters, the Xc-analysis 
indicates roughly whether the deviations can be regarded as 
accidental, i . e . whether the number of parameters i s reason­
able. 

A possible approach to the present problem i s suggested 
below. This approach has not been investigated i n any 
d e t a i l but serves to f i x some ideas i n a b r i e f form. 

The d i s t r i b u t i o n f (x) i n quesbion i s treated as a h i s t o ­
gram. The heights of the columns, h(x w), are regarded as 
independent variables which should be f i t t e d according to the 
observations ( c f . section 4.2.8). The differences between 
adjacent columns are denoted by <$,(x). The higher tabular 
differences are , 5 3(x), etc. The actual variables 
M x

n) can be expressed as sums, f o r example, of 4(x), 
provided one of the values k ( x n ) and one of values ^(x) 
are given. So the differences S y can be used as the adjust­
able parameters together w i t h one k ( x

n ) a n d o n e & o£ each 
set of differences of lower degree than >>. The observed 
quantity y; i s t h e o r e t i c a l l y a function of h ( x n ) , F^hCx^). 
The usual f i t t i n g c a lculation finds the minimum f o r 

Xd = Z wi 4.13 



60. 

where = - ( b ( x n )) and ŵ  i s the weight. The 
requirement of smoothness could be introduced here by 

2 2 2 P replacing X with tne quantity x + o> where co i s a 
measure of o s c i l l a t i o n or unsmoothness: 

The new weight function should be estimated according 
to the »a p r i o r i 1 - p r o b a b i l i t y of the unsmoothness. This 
p r o b a b i l i t y function would be based only on a hypothesis, 
accepted beforehand on theorectical grounds. The r a t i o 
between 2fw^ and £w^ determines the effectiveness of the 
hypothetical requirements. In most applications, the 
choice of w? would be subjective. This i s characteristic 
f o r an i n d i r e c t determination of a d i s t r i b u t i o n . The 
advantage of the present method i s that i t would state the 
necessary extra requirement of smoothness i n an e x p l i c i t 
way and would not be more a r b i t r a r y than i s i n e v i t a b l e . 

The detailed study of the mathematical problem outlined 
i n t h i s section was not undertaken, since i t could not be 
done w i t h i n the bounds of the present work. 

4.3. The f i n a l results of the experiment 

4.3.1 The charge excess 

No r e l i a b l e scattering correction was found f o r the 
































































































































