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On The R o t a t i o n and C l u s t e r i n g 
o f G a l a x i e s 

George E f s t a t h i o u 

A b s t r a c t 

The t i d a l t o r q u e t h e o r y f o r t h e o r i g i n o f 
g a l a c t i c r o t a t i o n has been i n v e s t i g a t e d u s i n g 
N-body computer s i m u l a t i o n s . The r e s u l t s show 
t h a t t h i s p r o c e s s i s c o n s i d e r a b l y l e s s e f f i c i e n t 
t h a n uas p r e v i o u s l y t h o u g h t , though c o n s i s t e n t 
u i t h r e c e n t o b s e r v a t i o n s o f t h e r o t a t i o n o f g i a n t 
e l l i p t i c a l g a l a x i e s . S p e c t r o s c o p i c o b s e r v a t i o n s 
o f t h r e e e l l i p t i c a l g a l a x i e s a l o n g b o t h major and 
minor axes a r e p r e s e n t e d , Tuo g a l a x i e s uere f o u n d 
t o be s l o u l y r o t a t i n g , i n c o n s i s t e n t u i t h r o t a t i o n a l l y 
s u p p o r t e d o b l a t e s p h e r o i d s . No c o n v i n c i n g e v i d e n c e 
f o r minor a x i s r o t a t i o n uas f o u n d . An i n v e s t i g a t i o n 
o f t h e c l u s t e r i n g o f p a r t i c l e s i n Friedmann models 
o f t h e U n i v e r s e has been c a r r i e d o u t u s i n g N-body 
s i m u l a t i o n s . The r e s u l t s o f th e s e c o m p u t a t i o n s 
have been a n a l y s e d i n terms o f t h e t u o - and t h r e e -
p o i n t c o r r e l a t i o n f u n c t i o n s and v a r i o u s v e l o c i t y 
s t a t i s t i c s . I t i s f o u n d t h a t t h e shapes o f t h e t u o -
and t h r e e - p o i n t f u n c t i o n s are dependent upon t he 
c o s m o l o g i c a l d e n s i t y p a r a m e t e r , and t h a t t h e 
shape o f t h e t u o - p o i n t f u n c t i o n i s i n rough agreement 
u i t h s i m p l e a n a l y t i c t r e a t m e n t s based on t h e 
homogeneous s p h e r i c a l c l u s t e r model f o r t h e c o l l a p s e 
o f p r o t o c l u s t e r s . The e f f e c t s o f p a r t i c l e d i s c r e t e n e s s 
and tuo-body r e l a x a t i o n , u h i c h a r e p a r t i c u l a r l y 
i m p o r t a n t i n t h e N-body models a r e examined. The 
approach i s compared t o t h e d e t a i l e d k i n e t i c t h e o r y 
c a l c u l a t i o n s o f Da v i s and P e e b l e s . The c o s m o l o g i c a l 
i m p l i c a t i o n s o f t h e r e s u l t s a r e d i s c u s s e d . Other 
s t a t i s t i c s , such as t h e m u l t i p l i c i t y f u n c t i o n a r e 
a l s o c o n s i d e r e d . 
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P r e f a c e 

The u o r k d e s c r i b e d i n t h i s t h e s i s has n o t been 

s u b m i t t e d f o r any d e g r e e , d i p l o m a or o t h e r q u a l i f i c a t i o n 

a t any o t h e r u n i v e r s i t y . The uork has been c a r r i e d o u t 

i n c o l l a b o r a t i o n : Chapter 2 u i t h B e r n a r d Jones, Chapter 

3 u i t h R i c h a r d E l l i s , Chapter 5 u i t h Mike F a l l and 

C r a i g Hogan, and Chapter 6 u i t h Oave C a r t e r and R i c h a r d 

E l l i s . 



" I m a g i n a r y u n i v e r s e s a r e so much more 

b e a u t i f u l t h a n t h i s s t u p i d l y c o n s t r u c t e d 

" r e a l " one. 

G.H. Hardy, A M a t h e m a t i c i a n s Apology, 

(1940) 
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CHAPTER 1 

INTRODUCTION 

Galaxy f o r m a t i o n i s perhaps the ...ost d i f f i c u l t 

and s p e c u l a t i v e branch o f modern cosmology. I t i s hard 

t o i m a g i n e t h a t t h e p r i m o r d i a l m a t t e r composing t h e 

U n i v e r s e uas p e r f e c t l y u n i f o r m l y d i s t r i b u t e d . But i f 

ue a d m i t t o p r i m o r d i a l i n h o m o g e n e i t i e s t h e r e i s a 

danger o f c o m p l e t i n g a f u l l c i r c l e , o f f e e d i n g i n t h e 

c o r r e c t i n i t i a l c o n d i t i o n s t o produce the observed 

U n i v e r s e . The u s e f u l n e s s o f such an e x e r c i s e i s 

d u b i o u s . 

The d i f f i c u l t y o c c u r s because t h e proble m o f 

g a l a x y f o r m a t i o n i s t i e d up u i t h t h e problem o f i n i t i a l 

c o n d i t i o n s , and perhaps t h e o r i g i n o f the U n i v e r s e 

i t s e l f . I t i s n o t s u r p r i s i n g , t h e r e f o r e , t h a t even 

u i t h i n t h e frameuork o f h o t B i g Bang cosmology t h e r e 

e x i s t a p l e t h o r a o f d i f f e r e n t t h e o r i e s u h i c h a t t e m p t t o 

e x p l a i n t h e o r i g i n o f g a l a x i e s and c l u s t e r s . The purpose 

o f t h i s i n t r o d u c t i o n i s t o r e v i e u b r i e f l y some o f the s e 

t h e o r i e s and t o i n d i c a t e my reasons f o r u o r k i n g on the 

g r a v i t a t i o n a l i n s t a b i l i t y t h e o r y . 

1.1 The Plicrouave Background and t h e O r i g i n o f L i g h t 

Elements 

The d i s c o v e r y o f t h e mi c r o u a v e background by 

Penzias and U i l a o n (1965) has had an enormous i m p a c t 

on modern cosmology. O b s e r v a t i o n s have shoun t h a t : 
tin 

S E C T I O N 

Lib-:xy 
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( i ) The microwave background has an a p p r o x i m a t e l y 

b l a c k - b o d y spectrum u i t h a t e m p e r a t u r e o f 2*7 K. 

( i i ) The background r a d i a t i o n i s i s o t r o p i c . Kecent 

measurements (summarized by Boyntc 1977) y i e l d 
3 

upper l i m i t s o f AT/T 10"*° on a n g u l a r s c a l e s 
betueen 2 t o 30 . 

I f i t i s assumed t h a t t h e U n i v e r s e can be d e s c r i b e d 

a t e a r l y epochs by t h e s t a n d a r d Friedmann models ( and 

o b s e r v a t i o n ( i i ) above g i v e s some e v i d e n c e f o r t h i s 

a ssumption ) the n the h o t B i g Bang t h e o r y can be used 

i n o r d e r t o compute t h e p r i m e v a l l i g h t element abun­

dances. The f i r s t c o n v i n c i n g c a l c u l a t i o n s on the p r o ­

d u c t i o n o f h e l i u m i n the p r i m e v a l f i r e b a l l uere p e r f o r m e d 

by Peebles (1966 ) . Using the bl a c k - b o d y t e m p e r a t u r e 

measured by Penzias and U i l s o n , Peebles found t h a t t h e 

h e l i u m abundance (by mass) s h o u l d be 28% i n the case 

o f an E i n s t e i n d e - S i t t e r (SX = 1 ) w o r l d model. T h i s 

agrees r e m a r k a b l y w e l l u i t h the observed "cosmic" 

h e l i u m abundance. D e t a i l e d c a l c u l a t i o n s by Uagoner, 

F o u l e r and Hoyle (1967) a l l o w e d p r e d i c t i o n s f o r t h e 
7 

abundances o f o t h e r l i g h t elements such as D and L i . 
7 

ine i n t e r e s t i n g p o i n t i n t h e case o f D end L i i s t h a t 

t h e p r e d i c t e d abundances ( u n l i k e He ) a r e e x t r e m e l y 

s e n s i t i v e t o the p r e s e n t baryon d e n s i t y . I f ta k e n 

l i t e r a l l y , t h e c a l c u l a t i o n s o f D abundance s u g g e s t 

Throughout t h i s t h e s i s , Si = P / p , where f> i s t h e 

d e n s i t y i n an £ i n s t e i n - d e S i t t e r 
f /J> c f where j> i s t h e 

u n i v e r s e 3H_./8 It G 



t h a t Jl£0«1 ( G o t t , Gunn, Schramm and T i n s l e y , 1 9 7 4 ) , 

i . e . t h e U n i v e r s e i s open by a wide m a r g i n . I t i s d i f f i c u l t 

t o assess t h e s i g n i f i c a n c e o f t h i s r e s u l t because t h e 

o b s e r v e d d e u t e r i u m abundance i s v e r y s m a l l and may, 

t h e r e f o r e , be a f f e c t e d by r e c e n t p r o d u c t i o n or a s t r a t i o n . 

An i n t e r e s t i n g f e a t u r e o f t h e h o t B i g Bang model 

i s t h a t t h e p h o t o n e n t r o p y per b a r y o n , o~ , r e m ains 

c o n s t a n t d u r i n g t h e e x p a n s i o n u i t h a v a l u e 

cr = 4 a T 3 % 1-3 x 1 0 8 ( / I h 2 ) " 1 (1 
3nk 

For a h o t U n i v e r s e cr must by d e f i n i t i o n be >> 1, b u t 

a t p r e s e n t t h e s t a n d a r d h o t B i g Bang t h e o r y o f f e r s no 

c o n v i n c i n g r e a s o n as t o why cr s h o u l d t a k e t h i s p a r t i c u l a r 

v a l u e • 

The hope here i s t h a t CT can be c a l c u l a t e d on t h e 

b a s i s o f a t h e o r y o f e l e m e n t a r y p a r t i c l e s i n c o r p o r a t i n g 

b a r y o n n o n - c o n s e r v a t i o n and CP v i o l a t i o n . An a t t e m p t a l o n g 

t h e s e l i n e s has been made r e c e n t l y be Weinberg ( 1 9 7 9 ) . 

A r a d i c a l l y d i f f e r e n t model has, houever, been proposed 

cy "ees ( 1 9 7 8 ) . I n Rees f p i c t u r e t h e background r a d i a t i o n 

i s g e n e r a t e d by s t a r l i g h t a t r e d s h i f t s z 3* 100 and the 

r a d i a t i o n i s t h e r m a l i s e d by a c o m b i n a t i o n o f d u s t , m o l e c u l e s 

o r perhaps by f r e e - f r e e a b s o r p t i o n i f 

Throughout t h i s t h e s i s , h u i l l d e note H u b b l e f s c o n s t a n t 

H q i n u n i t s o f 100 km s" 1 Ape" 1. 
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the s t a r s can s i g n i f i c a n t l y p h o t o - i o n i z e t h e p r e g a l a c t i c 
medium. The s t a r s , h a v i n g b u r n t o u t , may then p r o v i d e 
th e dark mass r e q u i r e d t o b i n d g a l a x y c l u s t e r s and 
account f o r g a l a x y h a l o s . The model a l i o J S a c a l c u l a t i o n 

g 

o f t h e e n t r o p y / b a r y o n and Rees f i n d s c r - ^ 1 0 t o u i t h i n 

an o r d e r o f magnitude. Rees 1 model does n o t o f f e r a 

s a t i s f a c t o r y a c c o u n t o f the s y n t h e s i s o f l i g h t e lements 

and t h i s u o u l d seem t o be the model's major d i f f i c u l t y . 

N e v e r t h e l e s s , Rees 1 model does se r v e t o i l l u s t r a t e t h e 

magnitude o f the assumptions i n v o l v e d i n u s i n g t h e 

h o t B i g Bang model t o s t u d y t h e v e r y e a r l y U n i v e r s e . 

1.2 T h e o r i e s o f Galaxy F o r m a t i o n . 

U i t h i n the c o n t e x t o f the s t a n d a r d h o t B i g Bang 

models, t h r e e t h e o r i e s have been s t u d i e d i n some d e t a i l 

i n r e c e n t y e a r s . These a r e : ( i ) The cosmic t u r b u l e n c e 

t h e o r y , ( i i ) G r a v i t a t i o n a l i n s t a b i l i t y o f a d i a b a t i c 

p e r t u r b a t i o n s - t h e so c a l l e d "pancake t h e o r y " , ( i i i ) 

G r a v i t a t i o n a l i n s t a b i l i t y o f i s o t h e r m a l p e r t u r b a t i o n s -

t h e " e n t r o p y p e r t u r b a t i o n t h e o r y " . 

I n a d d i t i o n t o these t h r e e t h e o r i e s , s e v e r a l 

o t h e r p r o p o s a l s have been made i n v o k i n g p r i m e v a l 

magnetic f i e l d s ( Uasserman, 1978 ) , b l a c k h o l e s 

( Mezaros, 1974; C a r r , 1975 ) , l a g g i n g c o r e s ( N o v i k o v , 

1965 ) , m a t t e r - a n t i m a t t e r a n n i h a l a t i o n i n t h e e a r l y 

U n i v e r s e ( H a r r i s o n , 1968; S t e c k e r and Puget, 1972 ) . 

These p r o p o s a l s remain l a r g e l y c o n j e c t u r a l s i n c e i n 

most cases they do no b e t t e r t h a n t h e o r i e s ( i ) , ( i i ) 

and ( i i i ) a t t h e expense o f i n t r o d u c i n g more " f r e e " 
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p a r a m e t e r s o r " e x o t i c " o b j e c t s u h i c h have no f i r m 

e m p i r i c a l f o u n d a t i o n a t p r e s e n t * I s h a l l n o t d i s c u s s 

them f u r t h e r and i n s t e a d I s h a l l c o n c e n t r a t e a t t e n t i o n 

on t h e o r i e s ( i ) , ( i i ) and ( i i i ) . 

a) Cosmic t u r b u l e n c e 

Cosmic t u r b u l e n c e was f i r s t i n t r o d u c e d i n the 

c o n t e x t o f B i g Bang cosmology by O z e r n o i and C h e r n i n (1968) 

and has s i n c e been s t u d i e d i n g r e a t d e t a i l by O z e r n o i 

and coworkers (see e.g. t h e d e t a i l e d r e v i e w by Jones, 1976, 

and r e f e r e n c e s t h e r e i n ) . The t h e o r y a t t e m p t s t o e x p l a i n 

t h e masses and a n g u l a r momenta u h i c h a r e c h a r a c t e r i s t i c o f 

l a r g e g a l a x i e s , and the p a t t e r n o f g a l a x y c l u s t e r i n g 

i n terms o f one parameter w_ , t h e maximum t u r b u l e n c e 
max 

v e l o c i t y s p e c i f i e d a t some epoch, say, t h e t i m e t Q ^ u 

when y> r = j) m . I t i s assumed t h a t d u r i n g t h e r a d i a t i o n 

e r a , energy t r a n s f e r between e d d i e s on d i f f e r e n t s c a l e s 

e s t a b l i s h e d a Kolmogorov spectrum v *C x 3 over s c a l e s 
S } m < „ < J ? < i « w • Here J ? i s t h e s c a l e a t which * min * *«iax min 

d i s s i p a t i o n o f t u r b u l e n c e becomes dominant ( i e when 

t h g Reynolds number R ^ 1) and J i s t h e maximum 
max 

s c a l e over u h i c h an eddy can t u r n u i t h i n a Hubble t i m e 

and hence p a r t i c i p a t e i n t h e energy cascade Jl v t . 
r * 7 max max 

The p r e - r e c o m b i n a t i o n t u r b u l e n c e must be s u b s o n i c 

% a x < c / ^ ( a n d h e n c e ^max < ^ h o r i z o n = c t > 
o t h e r u i s e t h e U n i v e r s e u i l l be c h a o t i c . D u r i n g 

r e c o m b i n a t i o n t h e p h o t o n mean f r e e p a t h i n c r e a s e s r a p i d l y 

and t h e Thomson d r e g f o r c e a c t i n g on t h e e l e c t r o n s e x e r t s 
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a damping on t h e v e l o c i t y s p e c t r u m . C a l c u l a t i o n s by 

Kurskov and O z e r n o i (1974) and Dones (1977) shou t h a t 

o n l y m o t i o n s on mass s c a l e s g r e a t e r t h a n 

M D v 5 x 1 0 1 1 C f l L h 2 r 7 / 2 P1 0 ( 1 . 2 ) 

u i l l s u r v i v e r e c o m b i n a t i o n . The p o s t - r e c o m b i n a t i o n 

e v o l u t i o n o f cosmic t u r b u l e n c e has been c o n s i d e r e d by 

Peebles ( 1 9 7 1 a ) . Since t h e sound speed dr o p s s h a r p l y t h e 

t u r b u l e n c e u i l l become s u p e r s o n i c . I f t h e eddy t u r n over 

t i m e s c a l e i s l e s s t h a n t h e Hubble t i m e s c a l e ( s t r o n g 

t u r b u l e n c e ) t h e n s t r o n g compression u i l l o c c u r soon 

a f t e r r e c o m b i n a t i o n r e s u l t i n g i n overdense lumps. I f 

the eddy t u r n over t i m e i s g r e a t e r t h a n t h e Hubble 

t i m e s c a l e (ueak t u r b u l e n c e ) , t h e v e l o c i t y spectrum 

t h a t s u r v i v e s d i s s i p a t i o n a c t s as a source t e r m , 

g e n e r a t i n g d e n s i t y f l u c t u a t i o n s . Even i n t h i s case, t h e 

uork o f Jones (1977) and Peebles (1971a) t a k e n t o g e t h e r 

shou t h a t overdense lumps a r e formed u n l e s s u i s t a k e n 
max 

t o be so s m a l l t h a t ( i ) t h e t h e o r y can no l o n g e r a c c o u n t 

f o r t h e a n g u l a r momenta c h a r a c t e r i s t i c o f s p i r a l 

^ a ^ a x i e s , ( i i ) t h e maximum s c a l e on u h i c h t h e Kolmogorov 

spectrum c o u l d be e s t a b l i s h e d 

"max * 3 * 1 1 , 1 5 " L x " © ( 1 - 3 ) 

i s l e s s t h a n t h e damping mass s c a l e ( e q u . 1 . 2 ) . On mass 

s c a l e s > N m a x , t h e v e l o c i t y s p e c t r u m u i l l r e t a i n i t s 

p r i m o r d i a l f o r m and so t h e t h e o r y l o s e s t h e a b i l i t y t o 
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make p r e d i c t i o n s u s i n g o n l y one parameter w m Q x. 

I n a d d i t i o n t o t h e above mentioned p r o b l e m s , t h e 

cosmic t u r b u l e n c e t h e o r y s u f f e r s f r o m t h e f o l l o w i n g 

d i f f i c u l t i e s i n t h e p r e - r e c o m b i n a t i o r . e«:a; 

( i ) The arguments which s u g g e s t t h e e s t a b l i s h m e n t o f a 

Kolmogorov spectrum over t h e i n e r t i a l range have 

n o t y e t been e s t a b l i s h e d r i g o r o u s l y , 

( i i ) Given t h e v e l o c i t y u a t t • t h e r e e x i s t s some * max equ 
t i m e t p a t which t h e m e t r i c p e r t u r b a t i o n s S g/g 

become o f o r d e r u n i t y ( B a r r o w , 1 9 7 7 ) , hence a t 

s u f f i c i e n t l y e a r l y t i m e s t h e U n i v e r s e i s 

non-Friedmannian. 

The non-Friedmannian n a t u r e o f t h e e a r l y u n i v e r s e i s 

s u f f i c i e n t t o u p s e t t h e s t a n d a r d p i c t u r e o f t h e n u c l e o ­

s y n t h e s i s o f l i g h t e l e m e n t s . The pro b l e m has been 

c o n s i d e r e d i n some d e t a i l by Barrow (1977) who f i n d s t h a t 

h e l i u m and d e u t e r i u m abundances w i t h i n t h e range i n d i c a t e d 

by o b s e r v a t i o n s may o n l y be o b t a i n e d on g a l a c t i c s c a l e s 

i f H < 1'4 x 1 0 " 2 . 

I n v i e w o f a l l t h e s e problems i t i s perhaps n o t 

s u r p r i s i n g t h a t t h e cosmic t u r b u l e n c e t h e o r y has l o s t 

p o p u l a r i t y r e c e n t l y . 

b) Pancake t h e o r y 

The e l e m e n t s o f t h e pancake t h e o r y were f i r s t 

g i v e n i n a paper by Sunyaev and Z e l d o v i c h ( 1 9 7 2 ) . 

They c o n s i d e r s m a l l a m p l i t u d e p r i m e v a l a d i a b a t i c 

p e r t u r b a t i o n s o f t h e s t a n d a r d Friedmann models. D u r i n g 

t h e r a d i a t i o n e r a a d i a b a t i c p e r t u r b a t i o n s e x e c u t e 
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a c o u s t i c o s c i l l a t i o n s on s c a l e s s m a l l e r t h a n the Jeans 

l e n g t h ^ ct/fT . D u r i n g t h e a c o u s t i c phase, r a d i a t i v e 

d i f f u s i o n and v i s c o u s d i s s i p a t i o n l e a d t o damping on 

s m a l l s c a l e s * T h i s p r o c e s s , t o g e t h e r jich t h e damping o f 

p e r t u r b a t i o n s d u r i n g t h e r e c o m b i n a t i o n p r o c e s s , has been 

s t u d i e d by s e v e r a l a u t h o r s , n o t a b l y S i l k (1968) and Peebles 

and Yu ( 1 9 7 0 ) . The d e t a i l e d c a l c u l a t i o n s by Peebles and 

Yu i n d i c a t e a c r i t i c a l damping mass o f 

P l s - 3 x 1 0 1 2 (SI h 2 T 5 / 4 P\0 ( 1 . 4 ) 

C l e a r l y , u n l e s s J l h £ 1 t h e " S i l k mass" exceeds t h a t 
11 

of a t y p i c a l b r i g h t g a l a x y ( ~ 10 Fl ) . However, as 

n o t e d by Z e l d o v i c h (1974) i n a low d e n s i t y c o s m o l o g i c a l 

model w i t h £L= 0*1, h = 0 #5 ( which a r e the v a l u e s 

f a v o u r e d by G o t t e t a l , 1974) , the S i l k mass t a k e s t h e 
14 

v a l u e Mg'v 3 x 10 F\q which i s c l o s e t o t h e mass o f 

a r i c h c l u s t e r o f g a l a x i e s . I f t h e s e p a r a m e t e r s a r e 

a d o p t e d , t h e f i r s t o b j e c t s t o condense w i l l be o f c l u s t e r 

( or a u p e r c l u s t e r ) s i z e and so g a l a x i e s must f o r m by t h e 

subsequent f r a g m e n t a t i o n o f t h e s e gas c l o u d s . These gas 

c l o u d s w i l l c o l l a p s e a n i s o t r o p i c a l l y ( Z e l d o v i c h , 1970 ) 

and f o r m a pancake c o n s i s t i n g o f a h o t shocked l a y e r o f 

gas i n which i s embedded a c o o l dense l a y e r . F r a g m e n t a t i o n 

o f t h e c o o l gas o c c u r s i n t h e c o o l l a y e r w i t h c h a r a c t e r ­

i s t i c masses i n the range 1 0 6 F l ^ $ M £ 1 0 9 

( D o r o s h k e v i c h e t a l , 1978 ) . I t i s w e l l known ( B i n n e y , 

1974 ) . t h a t v o r t i c i t y i s g e n e r a t e d as gas f l o w s a c r o s s 

a c u r v e d shock f r o n t and t h a t i n c o l l a p s i n g pancakes 
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t h i s mechanism can a d e q u a t e l y e x p l a i n t h e v o r t i c i t y o f 

s p i r a l g a l a x i e s . Hence, o f f t h e c e n t r a l p l a n e o f t h e 

pancake, t u r b u l e n c e u i l l be o f g r e a t i m p o r t a n c e . The 

c h a r a c t e r i s t i c masses o f t h e f i r s t f r a g m e n t s t o condense 

i n t h e c o o l l a y e r a r e s m a l l e r t h a n those o f t y p i c a l 

b r i g h t g a l a x i e s , b u t a c c o r d i n g t o D o r o s h k e v i c h e t a l , 

t h e gas c l o u d s a g g l o m e r a t e by g r a v i t a t i o n a l i n s t a b i l i t y 
9 12 

i n t o p r o t o g a l a x i e s u i t h masses i n the range 10 - 10 Fl 

T h i s t h e o r y i s q u i t e a t t r a c t i v e . The uork done t o 

d a t e shous no c o n t r a d i c t i o n u i t h o b s e r v a t i o n s . I n d e e d , 

s e v e r a l o b s e r v a t i o n s have a n a t u r a l e x p l a n a t i o n on the 

b a s i s o f t h i s p i c t u r e . These are as f o l l o u s : 

( i ) The r e c e n t l y p u b l i s h e d map o f t h e S h a n e - U i r t a n e n 

g a l a x y c a t a l o g u e ( S o n e i r a and P e e b l e s , 1976 ) 

shous marked f i l a m e n t a r y s t r u c t u r e . The r e a l i t y 

o f these s t r u c t u r e s i s a m a t t e r o f c u r r e n t debate 

b u t such l a r g e s c a l e s t r u c t u r e u o u l d be e x p e c t e d 

from t h e u n i - d i m e n s i o n a l c o l l a p s e o f pancakes. 

( i i ) R e d s h i f t s u r v e y s o f p a r t i c u l a r areas o f sky 

i n d i c a t e t h a t l a r g e r e g i o n s o f space are a p p a r e n t l y 

d e v o i d o f g a l a x i e s ( e.g. Gregory and Thompson, 

1978). On t h e pancake p i c t u r e these h o l e s u o u l d 

r e p r e s e n t t h e l a r g e i n t e r - p a n c a k e r e g i o n s uhere 

g a l a x i e s c o u l d n o t f o r m . I t i s d i f f i c u l t t o assess 

the s t a t i s t i c a l s i g n i f i c a n c e o f t h e s e o b s e r v a t i o n s 

u n t i l a v e r y l a r g e " f a i r " volume o f space has been 

s u r v e y e d so t h a t ue can e s t i m a t e the f r e q u e n c y 

d i s t r i b u t i o n o f such h o l e s . 
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( i i i ) The Local Supercluster appears to be h i g h l y 

f l a t t e n e d ( see e.g# the p i c t u r e s of T u l l e y , 1977). 

Again t h i s f i n d s an e x p l a n a t i o n i n the pancake 

theory i n terms of a n i s o t r o p i c c o l l a p s e . 

Perhaps the weakest p o i n t of t h i s theory l i e s i n the 

n o t i o n of l a r g e scale shocks, i e , i t r e q u i r e s a b e l i e f 

t h a t the gas cloud u i l l not fragment before the shocks are 

generated as uould occur i f , say, i s o t h e r m a l p e r t u r b a t i o n s 

uere present on small s c a l e s . The e x p l a n a t i o n s of the 

obser v a t i o n s l i s t e d above do not r e l y on the g e n e r a t i o n 

of l a r g e scale shocks w h i l s t the c a l c u l a t i o n s of galaxy 

masses, r a d i i and angular momenta do. There i s also 

another p o s s i b l e problem. There has been a gr e a t deal of 

uork i n recent years on the s t a t i s t i c a l a n a l y s i s of 

galaxy catalogues ( see chapter 4 ) , but u n t i l the 

d i s s i p a t i v e processes are u e l l understood, i t u i l l be 

d i f f i c u l t to provide a q u a n t i t a t i v e model f o r the c l u s t e r i n g 

of g a l a x i e s . 

c) Entropy p e r t u r b a t i o n s 

During the r a d i a t i o n era, entropy p e r t u r b a t i o n s . d o 

not grow since the matter i s s t r o n g l y coupled t o the 

r a d i a t i o n f i e l d by Thomson drag ( Peebles, 1965 ) . However, 

they are not damped d u r i n g recombination and hence the 

spectrum of p e r t u r b a t i o n s a t recombination r e f l e c t s the 

p r i m o r d i a l spectrum. The Jeans mass j u s t a f t e r recombi­

n a t i o n takes the value 
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\> 102 CT* = v-1 x 10 6 ( I X h 2 ) (1.5) 

uhich i s much smaller than a t y p i c a l g a l a c t i c mass. The 

i m p o r t a n t f e a t u r e of t h i s theory compared u i t h the pancake 

theory i s t h a t s t r u c t u r e on small scales c o l l a p s e s f i r s t , 

i . e . g a l a x i e s form before c l u s t e r s . One might then hope 

to e x p l a i n the l a r g e scale s t r u c t u r e of the u n i v e r s e 

u s i n g g r a v i t a t i o n a l i n s t a b i l i t y r a t h e r than l a r g e scale 

d i s s i p a t i v e processes. Hence an a t t r a c t i v e f e a t u r e of t h i s 

theory i s t h a t q u a n t i t a t i v e c a l c u l a t i o n s should be 

r e l a t i v e l y s i m p l e . The approach taken i n t h i s t h e s i s i s 

to make a q u a n t i t a t i v e study of the n o n - l i n e a r problem 

of d i s s i p a t i o n l e s s c l u s t e r i n g using N-body s i m u l a t i o n s 

and to compare the r e s u l t s u i t h o b s e r v a t i o n . 

Before the theory can make q u a n t i t a t i v e p r e d i c t i o n s 

i t i s necessary t o make some assumption r e g a r d i n g the 

spectrum of d e n s i t y p e r t u r b a t i o n s a t rec o m b i n a t i o n . Ue 

s h a l l assume t h a t the d e n s i t y p e r t u r b a t i o n s can be 

approximated as a random Gaussian ( random phase ) process 

u i t h power spectrum a t recombination 

Hence the i n i t i a l c o n d i t i o n s are f i x e d by two 

parameters, k^ which d e f i n e s the amplitude of the 

p e r t u r b a t i o n s a t r e c o m b i n a t i o n , and the spectrum index 

n. I t must be emphasised t h a t the e q u a t i o n (1.6) i s t o be 

regarded merely as a working h y p o t h e s i s . The t e s t w i l l be 

to see how wide a range of phenomena can be c o r r e c t l y 

< l S k i > 
n to (1.6) 
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p r e d i c t e d on t h i s assumption. 

The theory should be able to e x p l a i n a t l e a s t the 

f o l l o w i n g : 

( i ) The masses, r a d i i and angular mcr.^nta of g a l a x i e s . 

( i i ) The o r i g i n of the Hubble sequence. 

( i i i ) The p a t t e r n of galaxy c l u s t e r i n g . 

I m p o r t a n t clues as t o the c h a r a c t e r i s t i c masses and 

r a d i i of g a l a x i e s have emerged from the c o o l i n g arguments 

of Binney (1976), S i l k ( 1 9 7 7 ) , Rees and O s t r i k e r (1977). 

I n t h i s t h e s i s , I have p a i d p a r t i c u l a r a t t e n t i o n to the 

problem of the angular momenta of g a l a x i e s and to the 

problem of galaxy c l u s t e r i n g . 

Both of these problems have been p r e v i o u s l y s t u d i e d 

but these treatments could h a r d l y be described as s a t i s ­

f a c t o r y • 

On the o b s e r v a t i o n a l s i d e , advances i n a b s o r p t i o n 

l i n e spectroscopy have l e d to the measurement of r o t a t i o n a l 

v e l o c i t i e s and v e l o c i t y d i s p e r s i o n s of 8 l a r g e number of 

e l l i p t i c a l g a l a x i e s w i t h which to compare t h e o r e t i c a l 

p r e d i c t i o n s . The s t a t i s t i c a l analyses of galaxy catalogues 

by Peebles and coworkers has r e s u l t e d i n i m p o r t a n t data 

on the p a t t e r n of galaxy c l u s t e r i n g a l l o w i n g a comparison 

w i t h t h e o r e t i c a l p r e d i c t i o n s . 

I t i s apparent, from t h i s b r i e f r eview, t h a t the 

g r a v i t a t i o n a l i n s t a b i l i t y t h e o r i e s are c u r r e n t l y the 

most s u c c e s f u l t h e o r i e s of galaxy f o r m a t i o n . The entropy 

p e r t u r b a t i o n theory i n the form o u t l i n e d above i s the 



s i m p l e r , b ut t h a t * of course, does not mean i t i s 

b e t t e r t h e o r y . I t does mean, however, t h a t i t u i l l 

the e a s i e r t o b r i n g i n t o d i r e c t c o n f r o n t a t i o n u i t h 

o b s e r v a t i o n a l data. 



CHAPTER 2 

THE TIDAL TORQUE THEORY 

2.1 I n t r o d u c t i o n . 

I f the entropy p e r t u r b a t i o n theory i 3 to prove 

a v i a b l e theory f o r the f o r m a t i o n of g a l a x i e s and galaxy 

c l u s t e r s , i t i s i m p o r t a n t t h a t ue understand the o r i g i n 

of cosmic angular momentum i n t h i s c o n t e x t . I n the 

absence of p r i m o r d i a l v o r t i c a l motions and l a r g e scale 

shocks, a n a t u r a l way to produce r o t a t i n g systems i s 

through the t i d a l i n t e r a c t i o n s betueen neighbouring 

p r o t o s t r u c t u r e s . The t i d a l torque theory has had a 

c o n t r o v e r s i a l h i s t o r y . O r i g i n a l l y proposed by Hoyle 

(1949), i t was subsequently i n t r o d u c e d w i t h i n the 

framework of Big Bang cosmology by Peebles (1969) where 

he concluded t h a t t i d a l torques are s u f f i c i e n t t o e x p l a i n 

to w i t h i n an order of magnitude the angular momentum 

of our galaxy. Since then, a n a l y t i c c a l c u l a t i o n s have 

been performed by Oort (1970) and Har r i s o n (1971) and 

both concluded t h a t Peebles had overestimated the 

e f f i c i e n c y o f the t i d a l torque mechanism. The reasons 

re** these d i s c r e p a n c i e s can be a t t r i b u t e d to the a u t h o r s 1 

assumptions concerning the matter d i s t r i b u t i o n around 

the developing p r o t o g a l a x i e s . For example, unless the 

galaxy f o r m a t i o n process i s very e f f i c i e n t there i s 

l i k e l y to be a s u b s t a n t i a l f r a c t i o n of matter d i s t r i b u t e d 

between p r o t o g a l a x i e s and t h i s matter may compensate the 

f i e l d i r r e g u l a r i t i e s due t o neig h b o u r i n g p r o t o g a l a x i e s . 

Another p o i n t , made by Oort, i s t h a t p r o t o g a l a x i e s 
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may a l i g n themselves so as to minimise t h e i r quadrupole 

i n t e r a c t i o n s . I t i s d i f f i c u l t to make q u a n t i t a t i v e 

a n a l y t i c estimates of the importance of these e f f e c t s , 

since they r e q u i r e a treatment of t i d a l i n t e r a c t i o n s 

d u r i n g the n o n - l i n e a r stage of p r o t o c i ; j s t e r growth. 

I n t h i s chapter I s h a l l address the problem 

using N-body s i m u l a t i o n s f o r the development of s t r u c t u r e 

i n an expanding u n i v e r s e . This approach should i n c l u d e 

the above mentioned e f f e c t s and p r o v i d e a d e s c r i p t i o n of 

the non-lir.ear stages of c l u s t e r e v o l u t i o n . Peebles (1971b) 

has performed a s e r i e s of small (N=100) numerical 

experiments, the r e s u l t s of which agreed ( roughly ) w i t h 

h i s e a r l i e r a n a l y t i c c a l c u l a t i o n s . The small p a r t i c l e 

number meant, however, t h a t even t h i s numerical t r e a t m e n t 

was o v e r - s i m p l i f i e d . 

Recently new t h e o r e t i c a l estimates of the e f f i c i e n c y 

of the t i d a l torque mechanism have been computed, using 

Monte-Carlo models, by Gott and Thuan (1976) and Thuan 

and Gott (1977). These estimates f i t n i c e l y w i t h Gott 

and Thuan's proposal t h a t the f l a t t e n i n g of e l l i p t i c a l 

g a l a x i e s i s r e l a t e d to t h e i r r o t a t i o n through the 

^ a c l a u r i n spheroid models. In s e c t i o n 2*5 I compare the 

r e s u l t s from the numerical s i m u l a t i o n s w i t h o b s e r v a t i o n a l 

data and the ffiaclaurin spheroid h y p o t h e s i s . 

2.2 Linear P e r t u r b a t i o n Theory. 

I f the numerical s i m u l a t i o n s are to be b e l i e v e d , 

they should a t l e a s t reproduce the r e s u l t s of l i n e a r 

p e r t u r b a t i o n t h e o r y . Here I b r i e f l y review Peebles (1969) 
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c a l c u l a t i o n . 

Define a c o o r d i n a t e system x by £ = a ( t ) £ , where 

a ( t ) s a t i s f i e s the Friedmann equations 

3 a = -4 TiGy> a (2.1 ) 

J oL a" 3 (2.2) 

I n t h i s c o o r d i n a t e system, the equation of c o n t i n u i t y 

becomes 

D£_ + ( 3H 4- u i p . )j> = Q ( 2 # 3 ) 

Dt 

The Euler equation becomes 

-2 
DLK + 2Hui = -a 
Dt 

f,i (2.4) 

and the p o t e n t i a l >̂ s a t i s f i e s 

- a ~ 2 V 2 ^ > = 47TG(y>-y>) (2.5) 

here u = k and D_ i s the co n v e c t i v e d e r i v a t i v e 
Dt 

Dt ^ t 

I f ue w r i t e S = )/f> # t n e s o l u t i o n s to equs. ( 2 . 3 ) -
(2.5) i n the l i n e a r case ( S<< 1) and SX. = 1, are 



-, t 

S = S ( x ) t 2 / 3 (2.7a) 

k e " " (2.7b) 

u k - 21 a 
2 i i 

( 2.7c) 

uhere S . i 8 the F o u r i e r t r a n s f o r m of the f u n c t i o n £ (x̂ ) 

S(x) = 3 
5 2/3 

(Peebles and D i c k i e , 1969). Under the assumption of a 

power law spectrum of f l u c t u a t i o n s a t recombination 

( e q u a t i o n 1.6) w i t h random phases f o r the amplitudes of 

f k , Peebles (1969) d e r i v e s the f o l l o w i n g expression f o r 

the r.m.s. value of the angular momentum of matter w i t h i n 

a sphere of r a d i u s x Q about i t s c e n t r e of mass 

< / 2 > * - 87c / ( a x Q ) 5 J ' 1 (2.8) 
45 t 

2 
where <$^y i s the mean square d e v i a t i o n of the excess 

f r a c t i o n of mass w i t h i n a sphere of r a d i u s x 

(2.9) 

and 

W(y) = 3 / s i n y - cos y 
y 3 
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1 _ i 
The dimensioniess c o e f f i c i e n t I 2 J i s t a b u l a t e d by Peebles 
f o r v a r i o u s values of the pouer spectrum index n and i s of 
order u n i t y i n the range -1< n < 0. 

Hence from equ.(2.8) ue can see ~nat according to 
5/3 

l i n e a r t h e o r y , the angular momentum grays as t and i s 
of second order i n the amplitude S(x_). 

I t i s also i n s t r u c t i v e to examine the nature of the 
t i d a l l y induced v e l o c i t y f i e l d . From equ. (2.4) ue d e r i v e 
the f o l l o u i n g equation 

D_ + 2H 
Dt 

2 ™* 2 
" W j k " i j + 1 IO & i k = - a " E i k (2.10) 

3 

uhere 

6 = u^ ^ i s the expansion 

^ i j j = * ( ^ i * UJJO " V j ^ ^ j i s the shear 

= i ( ibljj - X-j,0 i s t n e v o r t i c i t y 

and E i k = ^ f i $ k ' i tf2<j> £ i k i s the t i d a l f i e l d , 

(see e.g. E l l i s , 1971). Nou, i f the v o r t i c i t y W . . i s 

assumed to be zero a t r e c o m b i n a t i o n , i t w i l l remain so 

at any l a t e r time by v i r t u e o f the K e l v i n c i r c u l a t i o n 

theorem (see below). Hence, ue see from equ. (2.10) t h a t 

the e f f e c t o f a t i d a l f i e l d i s to induce a shear f l o u . 

Equ. (2.10) may be r e a d i l y solved i n the l i n e a r case to 

giv e 
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i j 2 i a i k . x e (2.11) 

and hence 

1 , / xo 1 8 (2.12) 
t ^ 27 

The e f f e c t of shear i s to elongate the p e r t u r b a t i o n . The 

e l l i p t i c i t y t u i l l be of order (r t . Hence (2.12) shous 
2/3 

t h a t the d i s t o r t i o n u i l l grou as t and i s of f i r s t 

order i n the amplitude $ (x.). At the onset of n o n - l i n e a r i t y , 

q u i t e s i g n i f i c a n t e l o n g a t i o n s u i l l be produced w i t h 6*̂  0*5. 

This agrees u i t h the d e t a i l e d a n a l y s i s of Binney and 

S i l k (1979) who also considered a simple model f o r the 

n o n - l i n e a r g eneration of a n i s o t r o p y . 

2.3 The O r i g i n of W o r t i c i t y . 

Here I mention an o l d problem uhich has been s t u d i e d 

by s e v e r a l authors (Tomita, 1973; Peebles, 1973a; Binney, 

1974). As has been shoun above, t i d a l f o r c e s u i l l generate 

a snear f i e l d . The problem u i t h the t i d a l theory i s i n hou 

to account f o r the o r i g i n of v o r t i c i t y . The d i f f i c u l t y 

a r i s e s from the a p p l i c a t i o n of K e l v i n f s c i r c u l a t i o n 

theorem, uhich uhen a p p l i e d t o equ. (2.4) s t a t e s t h a t 

d_ a 2 u.ds = 0 (2.13) 
d t 
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Hence (2.13) t e l l s us t h a t a f l u i d f l o w which i s i n i t i a l l y 

i r r o t a t i o n a l w i l l remain i r r o t a t i o n a l i f the f l u i d i s 

homentropic. The o r i g i n of cosmic v o r t i c i t y i s concerned, 

t h e r e f o r e , u i t h the v i o l a t i o n of eqL. (2.13). 

The problem has been discussed by Peebles (1973a) who 

p o i n t s out t h a t d u r i n g the c o l l a p s e of a p r o t o g a l a c t i c 

cloud t o a s p i r a l d i s k a s u b s t a n t i a l amount of d i s s i p a t i o n 

must have taken p l a c e , hence equ. (2.13) w i l l be v i o l a t e d 

and v o r t i c i t y generated. 

I n the case of a s t e l l a r system, or a system which 

has fragmented i n t o a l a r g e number of d i s c r e t e gas c l o u d s , 

the f l u i d approximation w i l l break down and a b e t t e r 

d e s c r i p t i o n of the system w i l l be a f f o r d e d by the 

c o l l i s i o n l e s s Boltzmann eq u a t i o n . I n t h i s case Peebles 

argues t h a t the mixing of s t e l l a r o r b i t s w i l l r e s u l t i n 

general to non-zero c i r c u l a t i o n along stream l i n e s of 

f l o w . 

I n f a c t a c i r c u l a t i o n theorem may be d e r i v e d from the 

equations of s t e l l a r hydrodynamics, r e p r e s e n t i n g the time 

dependence of c i r c u l a t i o n along stream l i n e s of f l o w , 

which reads 

On t h i s problem, I take the same view as Peebles, 

i . e . o b j e c t i o n s t o the t i d a l torque theory based on the 
c i r c u l a t i o n theorem g r o s s l y o v e r s i m p l i f y the p h y s i c s of 

d _ J * ( u > . d s = 
d t 

u ds (2*14) 

<Q> = J Q ( x , v ) f < v i > where d v and v 
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the problem, uhich i n many cases u i l l be more complicated 

than uould a l l o u a simple a p p l i c a t i o n of the theorem. 

2.4 Numerical S i m u l a t i o n s . 

As mentioned i n s e c t i o n 2.1, the d i r e c t numerical 

i n t e g r a t i o n of the equations of motion of s e l f - g r a v i t a t i n g 

p a r t i c l e s i n an expanding un i v e r s e a l l o u s a study of the 

no n - l i n e a r development of g r a v i t a t i o n a l c l u s t e r i n g . 

A p r e l i m i n a r y i n v e s t i g a t i o n o f the t i d a l torque 

p i c t u r e uas c a r r i e d o ut using an N-body program w r i t t e n 

by the author. This program used a f o u r t h - o r d e r p o l y n o m i a l 

method u i t h i n d i v i d u a l time-step per p a r t i c l e so as t o 

a c c u r a t e l y t r e a t s h o r t range encounters, f o l l o w i n g the 

method of Aarseth (1972;. The program allowed t r e a t m e n t 

of s mall ( N^200 ) systems and experiments were c a r r i e d 

out i n much the same way as those of Peebles (1971b). 

However, the small p a r t i c l e number meant t h a t only a few 

p a r t i c l e s could be assigned t o an i n d i v i d u a l p r o t o g a i a x y 

i n t e r a c t i n g w i t h e i t h e r a halo of p a r t i c l e s or a 

superimposed t i d a l f i e l d . Such a tr e a t m e n t i s m a n i f e s t l y 

^ v e r - s i m p l i f i e d and although i t served t o i l l u s t r a t e t h a t 

t i u a l torques can generate a s i g n i f i c a n t amount of 

angular momentum the r e s u l t s are q u i t e s e n s i t i v e t o the 

i n i t i a l c o n d i t i o n s ( c f . Peebles, 1971b). A more s a t i s f a c t o r y 

t r e a t m e n t may be attempted by i n c r e a s i n g the number of 

p a r t i c l e s . Such c a l c u l a t i o n s are described below. 

a) I n i t i a l c o n d i t i o n s 

Three models have been analysed. Each c o n t a i n 1000 
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p a r t i c l e s d i s t r i b u t e d pseudo-randomly u i t h i n a sphere 
of u n i t r a d i u s . Each p a r t i c l e uas assigned a v e l o c i t y 
y_ = Hr_ u i t h the constant H being determined by the t o t a l 
mass of the system so t h a t the expn.nsian uould correspond 
to t h a t of an E i n s t e i n - d e S i t t e r u n i v e r s e (_Q_ = 1 ) . On 
the g r a v i t a t i o n a l i n s t a b i l i t y p i c t u r e ue uould expect 
g a l a x i e s to have formed before the r a t e of expansion of 
the universe d e v i a t e d s i g n i f i c a n t l y from the Q = 1 case, 
since the grouth of small f l u c t u a t i o n s e f f e c t i v e l y ceases 
a t a r e d s h i f t z - ( - 1 f o r ft <1. 

One of the models, Model A, contained 990 p a r t i c l e s 

of u n i t mass together u i t h 10 seed mass p a r t i c l e s of 10 

mass u n i t s each. This uas an experiment to see the e f f e c t 

of enhancing the c l u s t e r i n g process, but the r e s u l t s 

d i f f e r e d l i t t l e from those from the other tuo models 

uhich contained 1000 p a r t i c l e s each of u n i t mass (Models 

B and C). 

b) The i n t e g r a t i o n s 

The numerical i n t e g r a t i o n of Neuton's equations of 

motion uere performed using an N-body program developed 

S.J. Aarseth and k i n d l y loaned to the auth o r . This 

program employs a f o u r t h - o r d e r p o l y n o m i a l method u i t h 

the Ahmad-Cohen scheme f o r the seperate t r e a t m e n t of 

p a r t i c l e s i n t e r n a l and e x t e r n a l to a neighbour sphere 

(Ahmad and Cohen, 1973; Aarseth, i n p r e p a r a t i o n ) . 

The p o t e n t i a l used uas of the form 
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i j 
Gm. m . 

(2.15) 

and I uas chosen so t h a t i t s value uas a f e u percent 

of the f i n a l c l u s t e r r a d i i ( £ = 0»05) i n order to ensure 

numerical s t a b i l i t y . The c o n v e n t i o n a l u n i t s f o r N-body 

c a l c u l a t i o n s , i n which G=1, were employed. 

Each model was allowed to expand by a f a c t o r of 

17*5. T o t a l energy uas conserved to w i t h i n 0 1 5 per 

cent f o r each model. 

2*5 Results. 

F i g . 2.1 shous model A a t v a r i o u s times d u r i n g 

the i n t e g r a t i o n . Each diagram i s scaled so t h a t the 

coordinates are e f f e c t i v e l y comoving u i t h the Hubble 

expansion. 

a) Linear a n a l y s i s 

F i g . 2.2(a,b) shows the r e s u l t s of a comparison 
2v } of Model A w i t h l i n e a r t h e o r y . < S g / 7 and j> 

>.a\jQ been estimated by dropping ten randomly centred 

spheres of r a d i u s X q = 0 #3 such t h a t they d i d not 

overlap the boundary. According to l i n e a r theory 

= A a ( t ) + B a ( t ) -3/2 (2.16) 

where the second term on the r i g h t hand side of equ. (2.16) 

r e p r e s e n t s the decaying mode (e.g. Weinberg, 1972). The 
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N-body models begin w i t h zero p e c u l i a r v e l o c i t i e s , hence 
2 - 1 c 

the a p p r o p r i a t e boundary c o n d i t i o n s are ^ 2 = o. , 

d v ^ s / = 0 , when a=a. • Hence the growth r a t e i s 
da x 

given by 

5 
(2.17) 

Hence, the decaying mode w i l l r a p i d l y become n e g l i g i b l e 

compared t o the growing mode. The dashed l i n e i n F i g . 2*2a 

represents ^ & g ^ «C a ( t ) and the agreement i s f a i r l y 

s a t i s f a c t o r y u n t i l the l a t e r stages when n o n - l i n e a r 

e f f e c t s reduce the growth r a t e . 

I n F i g . 2.2b the dots show 2 > * a s m e a s u r e d 

from the p a r t i c l e s w i t h i n the spheres. The crosses show 
2 - i 

the e v a l u a t i o n of equ. ( 2 . 8) using <S*;> 7 from F i g . 2.2a 
4 - 1 * and I have taken r 3 = 1*0 . 

Peebles f i n d s t h a t the i n t e g r a l I converges only i n the 
range -1 < n < 0. However, i n c a l c u l a t i n g the i n t e g r a l s , 
proper allowance must be made of the change i n the slope 
of the power spectrum due t o n o n - l i n e a r e f f e c t s f o r k > k^. 
In t h i s case, f o r n < 0 the dominant c o n t r i b u t i o n t o I 
comes from wavenumbers k < 1 / x • I f n > 0 we should 

o 
i n c l u d e the c o n t r i b u t i o n f o r 1/x $ k £ k • The numerical 

o m 
c a l c u l a t i o n s begin w i t h Poisson i n i t i a l c o n d i t i o n s and so 
n=0, but I would expect the c o n t r i b u t i o n t o I between 
' i / x Q £ k £ k m t o be s m a l l , t h e r e f o r e , I have s e t I^3" 1=1*0. 
For subrandom d i s t r i b u t i o n s w i t h n > 1>Og^ n o l° n9 er 
measures the d e n s i t y p e r t u r b a t i o n s on scales xQ • This i s 
oecause of leakage of h i g h wavenumbers through the 
s i d e l o b e s of the Fourier t r a n s f o r m o f the square window 
f u n c t i o n used to d e f i n e _ ̂ • I n t h i s case we can s t i l l 

^ s 
use l i n e a r theory p r o v i d e d we d e f i n e a window f u n c t i o n t h a t suppresses h i g h wavenumbers (e«g« Peebles, 1974a). 
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The daahed l i n e shoua the expected slope from l i n e a r 

theory 2 > * * t 5 / 3 o< a 5 / 2 . D e v i a t i o n s from the t 5 / 3 

growth a t l a t e r stages i s due to n o n - l i n e a r e f f e c t s , and 

d e v i a t i o n a t e a r l y stages i s due t c .-.aving begun the model 

w i t h random d e n s i t y f l u c t u a t i o n s but no v e l o c i t y 

p e r t u r b a t i o n s so t h a t the angular momentum about the centre 

of mass of each sphere i s zero. 

b) C l u s t e r a n a l y s i s 

In an E i n s t e i n - d e S i t t e r u n i v e r s e , a u n i f o r m 

s p h e r i c a l p r otogalaxy w i l l detach i t s e l f from the r e s t 
2 

of the universe uhen i t reaches a d e n s i t y of 97T /16 times 

the background d e n s i t y ( F i e l d , 1974). I n d i v i d u a l p r o t o — 

c l u s t e r s were detected by using t h i s o v e r d e n s i t y c r i t e r i o n 

and the f u r t h e r r e s t r i c t i o n t h a t they contained a t l e a s t 

10 p a r t i c l e s . The d e t e c t i o n a l g o r i t h m works as f o l l o w s . 

I n i t i a l l y a small search sphere i s centred on each 

p a r t i c l e of the s i m u l a t i o n . The p a r t i c l e s t h a t l i e w i t h i n 

each search sphere are found and the d e n s i t y w i t h i n each 

search sphere i s determined. I f J> < «j> ( where oc i s 

the d e n s i t y c r i t e r i o n being used, and j> i s the background 

c>ensicy), the p a r t i c l e on which the sphere i s ce n t r e d i s 

designated as a f i e l d member. I f j> the p a r t i c l e i s 

designated as a c l u s t e r member. The c l u s t e r members are 

then s o r t e d according to the membership of each one fs 

search sphere and sm a l l e r o v e r l a p p i n g c l u s t e r s are d e l e t e d . 

This provides a l i s t of candidate c l u s t e r s . The search 

sphere i 3 then centred on the c e n t r o i d of each candidate 

c l u s t e r and the c e n t r o i d i s determined i t e r a t i v e l y by 
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by r e c e n t e r i n g the sphere on the neuly determined c e n t r o i d 

u n t i l convergence u i t h i n a given t o l e r a n c e i s reached. 

This process i s repeated u n t i l J> = *f f o r each search 

sphere. At t h i s stage each search sphere rep r e s e n t s a 

c l u s t e r and the members i n each search sphere are taken 

as the c l u s t e r members. 

In a feu cases ( f o r l a r g e c l u s t e r s ) the same c l u s t e r 

was l i s t e d t u i c e but i n subsequent a n a l y s i s only d i s t i n c t 

c l u s t e r s were used. In no case uas a p a r t i c l e assigned 

membership to more than one d i s t i n c t c l u s t e r and a l l 

detected c l u s t e r s were g r a v i t a t i o n a l l y bound. 

The e f f i c i e n c y of the a l g o r i t h m uas checked by 

v i s u a l comparison u i t h p i c t u r e s l i k e those of F i g . 2.1. 

The a l g o r i t h m uould not c o r r e c t l y d e t e c t very elongated 

systems: however 9 since such systems were not apparent i n 

the p i c t u r e s , t h i s uas not considered t o be a problem. 

c) Angular momentum 

F i g . 2.3 shous the b u i l d up of angular momentum 

o£ u i t h time f o r s e v e r a l c l u s t e r s . The a r r o u i n d i c a t e s the 

the time a t uhich they uere d e t e c t e d . The dashed l i n e 

I n t h i s f i g u r e shous the l i n e a r g routh r a t e i * t ^ 3
# 

I t i s apparent t h a t most of the angular momentum i s 

acq u i r e d d u r i n g the e a r l y stages of the c l u s t e r ' s 

c r o u t h , as uas p r e d i c t e d by Peebles (1969). 

F i g . 2.4 shous the angular momentum to mass 

r e l a t i o n s h i p f o r the models t o g e t h e r u i t h the expected 

r e l a t i o n s h i p Fl u • This i s , a t present c o n s i s t e n t 

u i t h o b s e r v a t i o n (Freeman, 1973), although 3ones (1976) 
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has emphasised t h a t such r e l a t i o n s h i p s are t o be viewed 

w i t h c a u t i o n as they may be an a r t i f a c t of the s e l e c t i o n 

c r i t e r i a and the data a n a l y s i s * I t does, i n p r i n c i p l e , 

o f f e r an o b s e r v a t i o n a l t e s t of the t i d a l torque t h e o r y . 

The angular momentum of the model c l u s t e r s can be 

compared w i t h observed g a l a x i e s i n terms of the 

dimensionless parameter 

i n t r o d u c e d by Peebles (1971). Here E i s the t o t a l energy 

of the system. Figs. 2.5(a,b) show ^ versus M f o r 

c l u s t e r s i d e n t i f i e d a t a ( t ) = 11•9 and 17*5 r e s p e c t i v e l y . 

I n t u i t i v e l y , o n e might expect a s y s t e m a t i c a l l y lower value 

However, t h i s e f f e c t i s not s t a t i s t i c a l l y s i g n i f i c a n t 

i n F i g 2»5(a,b). Ue also f i n d t h a t A i s r e l a t i v e l y 

i n s e n s i t i v e to the epoch of c l u s t e r d e t e c t i o n and t o the 

ov e r d e n s i t y c r i t e r i o n used. 

An a l t e r n a t i v e measure i s the r a t i o of the k i n e t i c 

energy of r o t a t i o n t o the p o t e n t i a l energy evaluated a t 

zr,& opoch of turnaround 

J l - £ E * G - V 5 / 2 (2.18) 

of /t f o r h i g h mass systems than f o r low mass systems. 

r o t (2.19) 

This q u a n t i t y has been used by Gott and Thuan (1976) and 

Thuan and Gott (1975,1977) i n r e l a t i o n to t h e i r M a c l a u r i n 
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spheroid models of s p i r a l and e l l i p t i c a l g a l a x i e s . For 

a homogeneous s p h e r i c a l c l o u d , X i s r e l a t e d to t ^ by 

t i ( l - t i ) = 125 I \ 2 (2.20) 
36 

Thus ^ may be converted to t ^ • The q u a n t i t y 

t = ^ r o t ^ ' U ' m a y b e m e a s u r e c * ^ o r e a c h c l u s t e r at the 
epoch of d e t e c t i o n , but since the systems are c e n t r a l l y 
condensed t w i l l n o t , i n general be equal to t ^ , a lthough 
i t i s i n t e r e s t i n g to make the comparison. 

The q u a n t i t y t k = ^ Q t / ^ t o t i s a * s o m e a s u r e d , 

being the t o t a l k i n e t i c energy of the c l u s t e r when i t i s 

v i r i a l i s e d . The c l u s t e r s are s u b j e c t to a d e n s i t y c r i t e r i o n 

of f /J = 100 and t h i s r e s u l t s i n a smaller sample. 

Figs. 2.6(a,b) show histograms of X and t ^ f o r 

51 c l u s t e r s , and F i g . 2.6(c) shows t ^ f o r 31 c l u s t e r s , 

narked on the histograms are tb<e median values f o r the 

d i s t r i b u t i o n s together w i t h the median values c a l c u l a t e d 

by Thuan and Gott (1977). Note t h a t i n each case, Thuan 

and G o t t 1 s estimates are excessive. The model r e s u l t s are 

summarised i n Table 2.1. 

d) Boundary e f f e c t s 

An obvious source of e r r o r i n the above c a l c u l a t i o n s 

i s due to c o n s i d e r i n g a small sample of c l u s t e r s . The 

c l u s t e r s c l o s e to the boundary l a c k neighbours w i t h 

whicn they can i n t e r a c t and t h i s may lead to an under­

e s t i m a t e of A . I n p r i n c i p l e t h i s c ould be checked by 

r u n n i n g l a r g e r s i m u l a t i o n s but i n p r a c t i c e t h i s r e q u i r e s 
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Table 2.1. Results from the numerical s i m u l a t i o n s . 

Median 

^ 0*06 

t £ 0*01 

t,. 0»04 

Mean 

0'07 ± 0*03 
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a l a r g e amount of computing time since d i r e c t summation 
2 

N-body programs have an o p e r a t i o n count of N • I have 

thus a p p l i e d tuo checks. 

C l e a r l y , i f there e x i s t s a c o r r e c t i o n b e t w e e n ^ and 

the d i s t a n c e of a c l u s t e r from the c e n t r e of the sphere, 

the c a l c u l a t i o n s would be suspect. The c l u s t e r s were 

d i v i d e d i n t o tuo roughly equal samples. Sample ( 1 ) 

contained c l u s t e r s u i t h i n a r a d i u s of 0 85R from the 

cen t r e of the sphere, and Sample ( 2 ) contained the 

remainder. The mean values of ^ uere c a l c u l a t e d f o r 

each sample, u i t h the r e s u l t s t h a t f o r Sample (1) 

> = 0*064 and f o r sample (2) * = 0*069. 

I t h e r e f o r e conclude t h a t t h e r e does not appear t o 

be a s i g n i f i c a n t c o r r e l a t i o n betueen and the d i s t a n c e 

of a c l u s t e r t o the boundary. 

i i . Monte Carlo c a l c u l a t i o n s , o f the type described by 

Thuan and Gott uere performed. F i f t e e n p a r t i c l e s of equal 

mass uere d i s t r i b u t e d i n a sphere of r a d i u s 4«4R Q 

according to the d i s t r i b u t i o n 

P ( r ) = 0 r < R 

P ( r ) = 1 1 6 

3 0 

(2.21) 

r > R 

> 3 
uhere P ( r ) d £ i s the p r o b a b i l i t y of f i n d i n g a n e i g h b o u r i n g 

3 
galaxy i n the volume element d £ • A f u r t h e r 523 

p a r t i c l e s uere d i s t r i b u t e d u i t h r e s p e c t t o the i n n e r 15 
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p a r t i c l e s , i n a s h e l l d e f i n e d by 4»4R Q < r < 14»4R Q, SO 

t h a t each p a r t i c l e i n the i n n e r sphere experiences t i d a l 

e f f e c t s from a t l e a s t 10R Q. The p a r t i c l e s i n the i n n e r 

s h e l l uere t r e a t e d as randomly o r i u n t c c e d o b l a t e spheroids 

of semi-major a x i s R Q , and semi-minor a x i s i R Q * and 

the torque on each p a r t i c l e was c a l c u l a t e d by summing over 

the whole sample and al s o by summing over j u s t the 

g a l a x i e s w i t h i n 4*4R q. This was repeated 50 t i m e s , r e s u l t i n g 

i n the histograms d i s p l a y e d i n F i g . 2.7. 

The d i f f e r e n c e s between the two d i s t r i b u t i o n s are 

easy t o understand, since the g r e a t e s t e r r o r i n the 

estim a t e of a torque w i l l occur f o r an i n t r i n s i c a l l y 

low angular momentum system l a c k i n g a close neighbour. 

S c a l i n g the histograms of F i g . 2.7 w i t h t h a t of 

F i g . 2.6(a) i s somewhat a r b i t r a r y owing t o the d i f f e r e n c e 

between the shapes of the d i s t r i b u t i o n s . However, 

t a k i n g the mean value of A f o r the i n n e r d i s t r i b u t i o n 

t o be A = 0*07, the f t r u e f mean value would be ^ 0 » Q 8 . 

S i m i l a r l y , t a k i n g the median value of the i n n e r d i s t r i b u t i o n 

as A = 0*06 y i e l d s a ! t r u e f median value of A Z 0*08. m m 
I f these c a l c u l a t i o n s are r e a l i s t i c , then i t would 

iippe^r t n a t boundary e f f e c t s are not s e r i o u s . 

2.6 Comparison w i t h Observation and D i s c u s s i o n . 

a) S p i r a l systems 

In the absence of d i s s i p a t i o n and as long as the 

Universe f o l l o w s an 1 expansion, equ. (2.18) t o g e t h e r 

w i t h the r e s u l t s of Table 2 . 1 f may be d i r e c t l y a p p l i e d 

to cosmological systems. 



Figure 2.7. Flonte Carlo s i m u l a t i o n s . The heavy l i n e s 

shou the d i s t r i b u t i o n s of torques o b t a i n e d 

from c o n s i d e r i n g g a l a x i e s u i t h i n 4»4R Q. The 

dashed l i n e shous the d i s t r i b u t i o n o f torques 

obtained from c o n s i d e r i n g g a l a x i e s u i t h i n 

14*4R Q* For s c a l i n g of the abscissa,see t e x t . 



31 

I t i s q u i t e c l e a r t h a t d i s s i p a t i o n has played a 

major r o l e i n the f o r m a t i o n of the di s c s of s p i r a l 

g a l a x i e s * I n a p p l y i n g equ. (2#18)^an estimate of the 

c o l l a p s e f a c t o r of a t y p i c a l s p i r a l galaxy i s r e q u i r e d * 

Innanen (1966) has deduced a value f o r the angular 

momentum of our Galaxy. He f i n d s t h a t 

/ j S 1*5 x 1 0 6 7 kg m2 s~ 1 (2.22) 

11 The mass of the disc i s taken to be 1.2 x 10 M and o 
i t i s assumed t h a t a t the epoch of maximum expansion the 

Galaxy was a uni f o r m sphere of r a d i u s ^ m a x ~ ^ x 10 kpc. 

Using these v a l u e s , an estimate of the A parameter f o r 

the Galaxy i s 

> x = 0-7^"* (2.23) 

I f the Galaxy has c o l l a p s e d from a maximum r a d i u s of 

100 kpc as seems reasonable on o b s e r v a t i o n a l grounds 

(Eggen, Lynden-3ell and Sandage, 1962), then 

A j = 0-22 (2.24) 

and t h i s i s approximately a f a c t o r of 4 g r e a t e r than the 

median value l i s t e d i n Table 2.1. I n v i e u o f the crudeness 

o f the comparison, t h i s discrepancy may not be too 

s e r i o u s . 

Houever, the c o l l a p s e f a c t o r may be estimated by 
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u s i n g the Gott and Thuan (1976) Maclaurin spheroid 

model f o r the f o r m a t i o n of s p i r a l d i s c s , i n which case 

R d i s c = J _ * i (2.25) 

max 

(such a r e l a t i o n s h i p , up t o f a c t o r s of order u n i t y , must 

be t r u e f o r any model by v i r t u e of c o n s e r v a t i o n of angular 

momentum). For the median value of t^, deduced from the 

s i m u l a t i o n s , equ(2«25) i n m p l i e s t h a t 

Rmax ^ 65 (2.26) 
R d i s c 

or f o r a t y p i c a l d i s c system w i t h R ( j ^ s c
 = 10 kpc, the d i s c 

m a t e r i a l c o l l a p s e d from a d i s t a n c e R £ 650 kpc J For a 

d i s c of mass ^10 M , equ. (2.26) i m p l i e s a f r e e - f a l l time 

of 

10 
-v 2 x 10 y r s (2.27) 

c l e a r l y t h i s i s impossible since the c o l l a p s e time i s longer 

than the age of the Universe. 

These arguments would not apply i f the d i s c s of 

s p i r a l g a l a x i e s d i d not c o l l a p s e under t h e i r own g r a v i t y . 

J u s t such a hypothesis has been proposed r e c e n t l y by Uni t e 

and Rees (1978), i n which d i s c systems form by gas f a l l i n g 
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i n t o the p o t e n t i a l u e l l s of the unseen halo m a t t e r . This 

m o d i f i e s the c o o l i n g arguments of Rees and O s t r i k e r (1977) 
11 

thereby l e a d i n g t o d i s c systems of £ 10 PI . I n t h i s t h e o r y , 

the value of A f o r the halos ( A H ) would agree w i t h the 

t i d a l torque estimate presented above, aa long as the halo 

m a t e r i a l c l u s t e r e d d i s s i p a t i o n l e s s l y . However, the gas t h a t 

s e t t l e s i n t o the h a l o , s p o t e n t i a l w e l l and e v e n t u a l l y forms 

the d i s c of a s p i r a l galaxy i s not i n i t i a l l y s e l f - g r a v i t a t i n g . 

I n t h i s case, a back of the envelope c a l c u l a t i o n suggests 

i« s 22 F (2*28) 

R d i s c 1 2 5 > 2 H 

i f the e q u i l i b r i u m d i s c i s s e l f - g r a v i t a t i n g , here F r e p r e s e n t s 

the r a t i o of the mass i n the gaseous component t o t h a t of 

the halo component a t the time of galaxy f o r m a t i o n . To o b t a i n 

R /R ,. >\j 10 w i t h A u ^ 0 * 0 7 r e q u i r e s F v 1 / 7 , a r e s u l t max d i s c n 
which f i t s n i c e l y w i t h i n the general framework of White and 

Rees 1 t h e o r y . A more d e t a i l e d v e r s i o n of t h i s argument may 

be made using M e s t e l s 1 (1963) hypothesis ( E f s t a t h i o u and F a l l , 

i n p r e p a r a t i o n ) . 

A s t r o n g p r e d i c t i o n of the t i d a l torque theory i s t h a t 

tnere snouid e x i s t a c o r r e l a t i o n between the s p i n v e c t o r s of 

s u f f i c i e n t l y i s o l a t e d b i n a r y p a i r s of g a l a x i e s . A r e c e n t study 

by Sharp, L i n and White (1979) shows l i t t l e evidence f o r 

such a c o r r e l a t i o n . This may not be s u r p r i s i n g i f 80$ of the 

matter i n the Universe were i n an i n v i s i b l e c l u s t e r e d component, 

a.g. there i s no reason to suppose t h a t the s p i r a l d i s c s i n a 

b i n a r y p a i r formed synchronously, an e f f e c t which would help 

d e s t r o y any c o r r e l a t i o n . 
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I t i s u e l l knoun t h a t the observed f l a t r o t a t i o n curves 

i n the outer r e g i o n s o f s p i r a l g a l a x i e s i n d i c a t e the presence 

of massive dark halos (e.g. Krumm and S a l p e t e r , 1977). A 

s t r o n g c o n c l u s i o n from the work p r e s e n t s ^ here i s t h a t the 

d i s c s of s p i r a l g a l a x i e s must have formed by the c o l l a p s e 

of gas onto pre-formed heavy haloes. 

b) E l l i p t i c a l systems 

Thuan and Gott (1975) have proposed t h a t e l l i p t i c a l 

g a l a x i e s formed i n a d i s s i p a t i o n l e s s f a s h i o n as p u r e l y s t e l l a r 

systems, the f l a t t e n i n g of the r e l a x e d o b j e c t s being r e l a t e d 

to t h e i r angular momentum by the Placlaurin spheroid model. 

Recent obs e r v a t i o n s of the r o t a t i o n of g i a n t e l l i p t i c a l 

g a l a x i e s ( B e r t o i a and C a p a c c i o l i , 1975; I l l i n g u o r t h , 1977; 

Davies, 1978; Schechter and Gunn, 1979; see also chapter 6 ) , 

have snoun t h a t e l l i p t i c a l s r o t a t e much more slowly than would 

be expected i f they were r o t a t i o n a l l y supported o b l a t e 

s p h e r o i d s . One p o s s i b l e i n t e r p r e t a t i o n of the d a t a , t h a t 

e l l i p t i c a l s are r a p i d l y r o t a t i n g p r o l a t a ( W i l i e r , 1978; 

see a l s o Ozyuba and Yakubov, 1970) 'appears to be r u l e d out 

the data of Schechter and Gunn (1979). The most l i k e l y 

j-xplanacion (Binney, 1978) i s t h a t e l l i p t i c a l s are s l o w l y 

r o t a t i n g and t h a t t h e i r f l a t t e n i n g i s due t o v e l o c i t y a n i -

s o t r o p y r a t h e r than due t o r o t a t i o n . 

I f e l l i p t i c a l s c o l l a p s e d w i t h o u t d i s s i p a t i o n , the r e s u l t s 

from the numerical s i m u l a t i o n s are i n c o n s i s t e n t w i t h the ' 

p i c t u r e of e l l i p t i c a l s being r o t a t i o n a l l y supported. 
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To shou t h i s , consider e l l i p t i c a l g a l a x i e s i n v i r i a l 

e q u i l i b r i u m as o b l a t e spheroids u i t h e c c e n t r i c i t y s. I n 

t h i s case, usi n g equs. ( 5 ) and (10) of Binney (1978), the 

r a t i o of r o t a t i o n a l k i n e t i c energy tc ins k i n e t i c energy of 

random motions i s 

T r o t = ( 3 - 2 e 2 ) s l n " 1 e - 3e J l - e 2 

T 3Q~e 2sin" 1e + 3(e 7 ( l - e 2 ) - ( 1 - e 2 ) s i n " 1 e) ran o 

(2.29) 

where i s the ani s o t r o p y parameter d e f i n e d as Q3 = - 33 
T 1 1 + T 2 2 

i n Binney's n o t a t i o n and the system r o t a t e s about the 3-axi s . 

Binney shows t h a t equ. (2.29) i s independent of the r a d i a l 

p r o f i l e o f the galaxy. For i l l u s t r a t i v e purposes I take the 

e q u i l i b r i u m galaxy to be a uniform s p h e r o i d , i n which case 

T c / T may be r e l a t e d t o t , f o r a u n i f o r m sphere a t r o t ran 7 i 
maximum expansion , 

4 t i ( l - t i ) = 125 ^ 2 = s i n " 1 e f ( 3 - 2 e 2 ) s i n " 1 e - 3 e ( l - e 2 ) ^ 
9 e 4 I 1 + 3CU 

2 0 

(2.30) 

which i s e q u i v a l e n t t o e q u . ( 2 7 ) o f G o t i and Thuan (1976) 

i f Q 3=0. From (2.30) w i t h Q 3=0, t o produce an E3 galaxy 

r e q u i r e s ^ ~ 0•05^ w e H * n excess of the values of Table 2.1. 

Binney (1978) shows t h a t I l l i n g u o r t h ' s data may be adequately 

accounted f o r i n terms of o b l a t e spheroids w i t h Q, 2. 
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/ \ A = 0•064 For an E3 galaxy u i t h Q3 = 2, equ. (2.30) y i e l d s t = g«014 

i n good agreement u i t h the values of Table 2.1. 

The r e s u l t s from the N-body s i m u l a t i o n s show t h a t 

r o t a t i o n u i l l be dynamically unimportant f o r most systems 

uhich s u f f e r e d a d i s s i p a t i o n l e s s c o l l a p s e . The main c o n c l u s i o n s 

of t h i s s e c t i o n may also be extended t o c l u s t e r s o f g a l a x i e s 

uhere i t also seems t h a t r o t a t i o n can be of l i t t l e dynamical 

importance. White (1976) has p r e v i o u s l y concluded t h a t the 

f l a t t e n i n g of c l u s t e r s of g a l a x i e s i s probably due to t h e i r 

mode of f o r m a t i o n r a t h e r than due t o r o t a t i o n . 

c) O r i g i n of the Hubble sequence 
The f o l l o w i n g d i s c u s s i o n d e v i a t e s s l i g h t l y from the 

main theme of t h i s chapter; hence i t has been kept b r i e f . 

A f u l l e r d i s c u s s i o n of the r o l e of angular momentum i n the 

problem of the o r i g i n of the Hubble sequence has been given 

oy E f s t a t h i o u and Jones (1979), of uhich t h i s s e c t i o n i s a 

p r e c i s . 

The conclusions from the l a s t tuo s e c t i o n s imply t h a t 

t-ie key process i n d e t e r m i n i n g whether a p r o t o g a l a c t i c cloud 

b<*wiffl£'o an e l l i p t i c a l or s p i r a l i s d i s s i p a t i o n . 

On the White and Rees (1978) t h e o r y , however, i t i s 

d i f f i c u l t t o see how e l l i p t i c a l g a l a x i e s could have formed 

c i s s i p a t i o n l e s s l y . As the halo m a t e r i a l c l u s t e r s , the luminous 

m a t e r i a l would be d i s r u p t e d . D i s s i p a t i o n , however, ensures t h a t 

the luminous matter w i l l have a much hig h e r d e n s i t y c o n t r a s t 

than the dark m a t t e r , thereby a v o i d i n g d i s r u p t i o n , i . e . i f 
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the luminous p a r t s of g a l a x i e s are to s u r v i v e as d i s t i n c t 

s u b u n i t s u i t h i n bound v i r i a l i z e d c l u s t e r s , they must have 

d i s s i p a t e d a s u b s t a n t i a l amount of t h e i r b i n d i n g energy. 

One p o s s i b l e s o l u t i o n to t h i s problem, o r i g i n a l l y due 

to Toomre ( 1 9 7 7 ) , i s t h a t e l l i p t i c a l g a l a x i e s formed by the 

merging of s p i r a l d i s c s . I n t h i s case i t i s a l s o i m p o r t a n t 

to assess the c o n t r i b u t i o n t o the angular momentum of the 

merged products due to o r b i t a l motion. Numerical s i m u l a t i o n s 

have been performed which i n c l u d e galaxy merging (Aarseth and 

F a l l , 1979). These show t h a t most mergers occur from bound 

n e a r l y l i n e a r o r b i t s and hence the angular momentum of the 

merged products i s low ( > 0*07). The numerical s i m u l a t i o n s 

c l e a r l y show t h a t merged g a l a x i e s occur p r e f e r e n t i a l l y 

i n c l u s t e r s and i n about the r i g h t numbers to be i n t e r p r e t e d 

as e l l i p t i c a l g a l a x i e s . F u r t h e r , n e g l e c t i n g the o r b i t a l 

c o n t r i b u t i o n t o the angular momentum and assuming t h a t 

the merging of N i d e n t i c a l g a l a x i e s w i t h randomly o r i e n t a t e d 

s p i n v e c t o r s occurs a t zero energy ( E m = NE^), as i s i n d i c a t e d 

by the numerical s i m u l a t i o n s of Aarseth and F a l l , f o r 

a galaxy p r i o r t o merging i s r e l a t e d to ^ f o r the merger 

product by ^ m = N" 3^ 2 I n t h i s case, r e l a t i v e l y few 

m e r g e r s ( ^ 3) are r e q u i r e d to g i v e ^ = 0»07 t a k i n g 

*X ^ = 0*43, the value a p p r o p r i a t e to s e l f - g r a v i t a t i n g Freeman 

d i s c s ( F a l l , 1979 i n p r e p a r a t i o n ) . This r e s u l t agrees w i t h 

the r e s u l t s o f numerical s i m u l a t i o n s by Aarseth and F a l l 

which i n c l u d e i n t e r n a l randomly o r i e n t a t e d s p i n v e c t o r s f o r 

each galaxy. 

I t should be emphasized, however, t h a t the f a i l u r e of 

d i s s i p a t i o n l e s s galaxy f o r m a t i o n on the White and Rees t h e o r y , 
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due t o the d i s r u p t i o n problem, a r i s e s i f c l u s t e r i n g proceeds 

h i e r a r c h i c a l l y , as uould occur w i t h a power law spectrum of 

f l u c t u a t i o n s a t the epoch of r e c o m b i n a t i o n (see chapters 4 

and 5 ) . There may be no problem i f the f l u c t u a t i o n spectrum 

were not a power law, so t h a t g a l a x i e s formed by a process 

more a k i n to a c c r e t i o n onto a pre-formed g a l a c t i c nucleus, 

as i n the " o n i o n - s k i n " model of Binney and S i l k (1978), 

2.7 Conclusions. 

The r e s u l t s of t h i s chapter are c o n s i s t e n t w i t h the 

r e s u l t s of Peebles 1 previous work, the major change being 

i n the i n t e r p r e t a t i o n . The main conclusions a r e , 

A. T i d a l torques can account f o r a s u b s t a n t i a l amount of 

cosmic angular momentum. 

B. Disc systems must have d i s s i p a t e d a l a r g e f r a c t i o n of 

t h e i r b i n d i n g energy, and the gas d e s t i n e d t o form a 

d i s c c o l l a p s e d onto a pre-formed halo s e v e r a l times 

( C 7) more massive than the d i s c m a t e r i a l . 

C. R o t a t i o n w i l l be d y n a m i c a l l y unimportant f o r most systems 

which s u f f e r e d a d i s s i p a t i o n l e s s c o l l a p s e . 

0. T i d a l torques are not e f f i c i e n t enough to i n t e r p r e t the 

f l a t t e n i n g of e l l i p t i c a l s as due t o r o t a t i o n , i f they 

c o l l a p s e d d i s s i p a t i o n l e s s l y • 
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CHAPTER 3 

THE APPARENT FLATTENING OF ELLIPTICAL GALAXIES: 

DEPENDENCE UPON ABSOLUTE FIAGNITUDE 

3.1 I n t r o d u c t i o n . 

The p o s s i b i l i t y o f a c o r r e l a t i o n between the degree 

of f l a t t e n i n g of e l l i p t i c a l g a l a x i e s and t h e i r a b s o l u t e 

magnitudes was s t u d i e d by Fish (1964) who found l i t t l e 

evidence f o r any e f f e c t . 

Thuan and Gott (1977) have c o n s t r u c t e d t h e o r e t i c a l 

models f o r the f l a t t e n i n g of e l l i p t i c a l g a l a x i e s based on 

the r o t a t i o n acquired from the t i d a l torque process. They 

p r e d i c t a decrease i n the f l a t t e n i n g o f e l l i p t i c a l g a l a x i e s 

f o r a b s o l u t e magnitudes M < Fl ( where M i s the 

c h a r a c t e r i s t i c magnitude of the galaxy l u m i n o s i t y f u n c t i o n ) , 

because massive g a l a x i e s are harder to torque than l e s s 

massive g a l a x i e s . This e f f e c t , they c l a i m , i s c o n s i s t e n t 

w i t h the o b s e r v a t i o n a l data. As has been desc r i b e d i n the 

pre v i o u s chapter, t h e i r model r e l i e s on the f o l l o w i n g main 

hypotheses: 

a. The t i d a l torque process i s very e f f i c i e n t , w i t h X m ^ 0 * 1 3 . 

J . E l l i p t i c a l g a l a x i e s have s u f f e r e d no d i s s i p a t i o n . 

c. The f l a t t e n i n g o f e l l i p t i c a l s i s due t o t h e i r r o t a t i o n 

as described by the Maclaurin spheroid model. 

d. E l l i p t i c a l g a l a x i e s are o b l a t e . 

The weight o f o b s e r v a t i o n a l evidence i s now very 

much a g a i n s t the hy p o t h e s i s ( c ) and the r e s u l t s o f 

Chapter 2 s t r o n g l y suggest t h a t the t i d a l torque mechanism 

i s c o n s i d e r a b l y l e s s e f f i c i e n t than assumed by Thuan and Gott. 
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Nevertheless the problem i s s t i l l o f i n t e r e s t t o cosmology. 

F#x example, i f the f l a t t e n i n g of e l l i p t i c a l g a l a x i e s uere 

due t o t i d a l l y induced shear motions generated d u r i n g 

t h e i r e a r l y development as discussed by Binney and S i l k 

(1979), t h e r e should be a bia s towards p r o l a t e s t r u c t u r e s . 

The model a l s o p r e d i c t s a c o r r e l a t i o n between f l a t t e n i n g 

and mass s i m i l a r to t h a t p r e d i c t e d by Thuan and Gott. 

Here we re-examine the problem u s i n g a wider body o f 

data than was a v a i l a b l e t o e i t h e r F i s h or Thuan and Gott. 

3.2 Oata. 

Thuan and Gott took e l l i p t i c ! t i e s and r e d s h i f t s f o r 

82 e l l i p t i c a l g a l a x i e s from Nilson's (1973) c a t a l o g u e , 

supplementing i t w i t h a f u r t h e r 55 from the Turner and Gott 

(1976) group catalogue. I n the l a t t e r case where a r e d s h i f t 

was n ot a v a i l a b l e , the galaxy was assigned the mean 

v e l o c i t y o f the group. 

Or. R.S. E l l i s and myself have compiled a l i s t of 

335 e l l i p t i c a l g a l a x i e s t a k i n g data from the Second 

Reference Catalogue ( de l/aucouleurs, de Vaucouleurs and 

Corwin, 1976 ) , the N i l s o n catalogue and a l i s t of r e d -

s h i f t s and magnitudes k i n d l y made a v a i l a b l e t o us by 

Or 3. Huchra. The Second RC gives the e l l i p t i c i t y 
-2 

c o r r e c t e d t o a standard i s o p h o t e of B=25 nag sec • I n 

some cases, where a galaxy had a r e d s h i f t and apparent 

magnitude but was n o t i n c l u d e d i n the Second RC we used 

the e l l i p t i c i t y given by N i l s o n . This was the case f o r 

10 of the g a l a x i e s i n our sample. 
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For t h i s a n a l y s i s , the data sample need not be 

complete to a l i m i t i n g magnitude pr o v i d e d t h a t there are 

no s e l e c t i o n e f f e c t s t h a t e f f e c t i v e l y c o r r e l a t e e l l i p t i c i t y 

w i t h a b s o l u t e magnitude. To t e s t f o r such e f f e c t s ue 

s t u d i e d the sample and found no b i a s , f o r example, i n 

the f r a c t i o n of round g a l a x i e s or the e r r o r i n measured 

e l l i p t i c i t y w i t h apparent magnitude. 

Ue have to analyze the shapes i n p r o j e c t i o n , but 

t h i s would a f f e c t b r i g h t and f a i n t g a l a x i e s i n the same 

way p r o v i d e d t h a t the samples are s u f f i c i e n t l y l a r g e i n 

number. 

flany of the e l l i p t i c i t i e s , apparent magnitudes and 

v e l o c i t i e s are u n c e r t a i n . Ue have, t h e r e f o r e , concentrated 

on the higher q u a l i t y measurements e x c l u d i n g those 

designated as u n c e r t a i n , p e c u l i a r , or d i s t o r t e d . E r r o r s i n 

the apparent magnitudes and v e l o c i t i e s w i l l not 

s e r i o u s l y a f f e c t the a n a l y s i s because the g a l a x i e s are 

binned i n i n t e r v a l s AM ^ 1 mag. From the o b s e r v a t i o n a l 

d i s p e r s i o n s provided i n the Second RC we c a l c u l a t e t h a t 

our absolute magnitudes w i l l be p h o t o m e t r i c a l l y accurate 

t o ABj«0«25 mag ( somewhat l a r g e r i n the cases where 

t r a n s f e r s between d i f f e r e n t magnitude systems are neces­

s a r y ) . 

I n c a l c u l a t i n g M ue c o r r e c t e d f o r g a l a c t i c e x t i n c t i o n 

u s i n g a cosecant law, e x c l u d i n g those g a l a x i e s w i t h 

l a t i t u d e s |bl4lQ°» Ue a l s o c o r r e c t e d f o r the K term 

which i s m a r g i n a l l y i m p o r t a n t f o r the l a r g e r v e l o c i t y 
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g a l a x i e s . The main e r r o r f o r the low v e l o c i t y g a l a x i e s 
a r i s e s from the assumption t h a t each v e l o c i t y i s a 
q u i e s c e n t Hubble v e l o c i t y . Random v e l o c i t y d i s p e r s i o n s 
e l o n g a t e c l u s t e r s i n r e d s h i f t space and t h i s w i l l appear 
as a smearing i n M t h a t decreases w i t h i n c r e a s i n g d i s t a n c e * 

243 g a l a x i e s s u r v i v e d the s e l e c t i o n c r i t e r i a * The 

d i s t r i b u t i o n of e l l i p t i c ! t i e s i n t h i s sample i s t y p i c a l 

o f the d i s t r i b u t i o n of e l l i p t i c ! t i e s of a l l the e l l i p t i c a l s 

i n N i l s o n 1 * catalogue ( F i g , 3.1) i n d i c a t i n g t h a t our 

s e l e c t i o n c r i t e r i a do not i n t r o d u c e a bias i n the sample. 

The d i s t r i b u t i o n of e l l i p t i c ! t i e s u i t h a bsolute 

magnitude of our sample i s shown i n F i g . 3.2. The value of 

Bj = -21*45 mag was taken from T i n s l e y (1977) using 
-1 -1 

H q =s 50 km sec Pipe 

3.3 R e s u l t s . 
F i g . 3.3 gives the observed histograms f o r the 

e l l i p t i c ! t i e s normalised t o 100 percent f o r t h r e e cuts i n 

n 9 a t n<n - 0*5 mag, PI > fl + 0*5 mag r e f e r r e d to as 

B ( b r i g h t s i d e ) and F ( f a i n t s ide ) r e s p e c t i v e l y and a l s o 

f o r PI - 0*5 mag $ M <M + 0*5 mag. Also shoun ate the 

t h e o r e t i c a l p r e d i c t i o n s taken from Thuan and Gott (1977) 

wr.ich a l l o u f o r p r o j e c t i o n and f o r 1Q% measurement e r r o r s . 

Using the e l l i p t i c i t y d i s p e r s i o n s s u p p l i e d i n the Second 

RC ue f i n d t h a t the 10% e r r o r s are e n t i r e l y j u s t i f i a b l e 

f o r our sample. 

On the b a s i s of these histograms ue have performed 

chi-squared t e s t s betueen theory and d a t a . Ue also looked 
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Figure 3.1. Comparison of the e i l i p t i c i t i e s of the 
g a l a x i e s i n our sample u i t h those i n 
N i l s o n 1 s catalogue. 
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Figure 3.3. Frequency d i s t r i b u t i o n s of e l l i p t i c i t i e s 

f o r t h r e e i n t e r v a l s i n abso l u t e magnitude 

as marked. The numerical p r e d i c t i o n s of 

Thuan and Gott are al s o shown. N i s the 

number of g a l a x i e s f o r the i n t e r v a l . 
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Figure 3.3 continued 
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F i g u r e 3.4# Frequency d i s t r i b u t i o n s o f e l l i p t i c i t i e s f o r 

tuo i n t e r v a l s i n abso l u t e magnitude more 

wid e l y separated than i n F i g . 3«3. 



Table 3.1. S t a t i s t i c a l Results 

Test 

B versus TG(M*-1) 

F i g . 3.3c 

F versus TG(M*+1) 

F i g . 3.3a 

TG(N ) . F i g . 3.3b 

F versus B 
F i g . 3.3a&c 

F versus B 

F i g . 3.4 

p<X 2) 
0*01 

• •02 

|>0*5 mag versus Q»43 

0O2 

0*07 

Number of Galaxies 

92 

68 

83 

68+92 

46+54 
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f o r c o r r e l a t i o n w i t h absolute magnitude. Our r e s u l t s , 

summarized i n Table 3.1 show t h a t the agreement betueen 

the Thuan and Gott theory and the o b s e r v a t i o n s i s poor. 

Close examination of F i g . 3.3 r e v e a l s t h a t i f any 

t r e n d betueen E and N i s t o be seen i t i s i n the 

o p p o s i t e sense to t h a t claimed by Thuan and G o t t , namely 

more round f a i n t g a l a x i e s . A s i m i l a r remark has been made 

by van den Bergh (1977). I n f a c t the e f f e c t i s q u a l i t a t i v e l y 

p r e s e n t i n the data used by Thuan and Gott. 

I n an attempt to accentuate t h i s e f f e c t ue have 

a l s o binned the data i n i n t e r v a l s |Fl - PI ($1»Q mag. 

The histograms are shown i n F i g . 3*4. The e f f e c t appears to 

have increased and a chi-squared t e s t between the two 

extreme b i n s r e v e a l s the d i f f e r e n c e t o be s i g n i f i c a n t a t 

about the 7 percent l e v e l • Ue have checked the round 

g a l a x i e s r e s p o n s i b l e f o r t h i s e f f e c t and f i n d them to be 

t y p i c a l of the whole sample. 

3.4 Di s c u s s i o n . 

The a n a l y s i s c l e a r l y r u l e s out the models of Thuan 

and Gott but as e x p l a i n e d i n s e c t i o n 3.1 t h e r e are o t h e r 

reasons t h a t s t r o n g l y suggest t h a t the models are wrong. 

Ue a l s o f i n d weak evidence f o r a c o r r e l a t i o n of 

a b s o l u t e magnitude w i t h e l l i p t i c i t y i n the sense o f 

e l l i p t i c i t y i n c r e a s i n g w i t h i n c r e a s i n g M. 

A p o s s i b l e e x p l a n a t i o n may be i n terms of g a l a c t i c 

c a n n i b a l i s m ( O s t r i k e r and Tremaine, 1975 ) . Dynamical 

f r i c t i o n i n a s p h e r i c a l c l u s t e r s causes the more massive 
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g a l a x i e s to have a more elongated d i s t r i b u t i o n than the 
c l u s t e r as a uhole ( Binney, 1977)* Cannibalism between 
these massive g a l a x i e s u i l l lead to elongated b r i g h t 
g a l a x i e s which may be r e s p o n s i b l e f o r p a r t of the e f f e c t 
i n our sample* 

A l a r g e r sample u i l l be necessary to c o n f i r m t h i s 

e f f e c t , but i f t r u e i t may present problems f o r t i d a l 

e x p l a n a t i o n s of the f l a t t e n i n g of e l l i p t i c a l g a l a x i e s . 
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CHAPTER 4 
THE LOU ORDER CORRELATION FUNCTIONS 

4.1 I n t r o d u c t i o n . 

S t a t i s t i c a l analyses o f galaxy c l u s t e r i n g have 

been considered by v a r i o u s authors (Neyman, S c o t t and 

Shane, 1953; Limber, 1954; Rubin, 1954; Kiang, 1967; 

T o t s u j i and K i h a r a , 1969). However, the recent upsurge 

of i n t e r e s t i n the study o f galaxy c l u s t e r i n g , . h a s been 

mainly due t o the e m p i r i c a l r e s u l t s o btained by 

P.J.E. Peebles and coworkers from t h e i r s t a t i s t i c a l 

analyses o f catalogues of e x t r a g a l c t i c o b j e c t s . (Peebles, 

1973b;Hauser and Peebles, 1973; Peebles and Hauser, 1974; 

Peebles, 1974b; Peebles and Groth, 1975; Groth and Peebles, 

1977; Seldner and Peebles, 1977). Peebles e t a l have 

used the low-order s p a t i a l c o r r e l a t i o n f u n c t i o n s as 

measures of galaxy c l u s t e r i n g . 

R ecently, s e v e r a l other s t a t i s t i c s have been a p p l i e d 

t o the c l u s t e r i n g of g a l a x i e s ( G o t t and Turner, 1977; 

8hav8ar, 1978; Shanks, 1979). Discussion of these s t a t i s t i c s 

i s postponed u n t i l the next chapter. 

The aim of t h i s chapter i s t o i n v e s t i g a t e whether 

g r a v i t a t i o n a l i n s t a b i l i t y can e x p l a i n the observed forms 

of the low-order galaxy c o r r e l a t i o n f u n c t i o n s under 

simple i n i t i a l c o n d i t i o n s . 

The problem has r e c e i v e d c o n s i d e r a b l e a t t e n t i o n 

i n r e c e n t years (see e.g. the comprehensive review by 

F a l l , 1979, and refer e n c e s t h e r e i n ) , but the extreme 

complexity o f the problem has l e d t o a v a r i e t y of r e s u l t s 
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by d i f f e r e n t a u t h o r s . 
In t h i s chapter I study the problem using N-body 

s i m u l a t i o n s and compare the r e s u l t s w i t h the numerical 

i n t e g r a t i o n of the BBGKY h i e r a r c h y o f k i n e t i c equations 

performed by Davis and Peebles (1977) f o r the case £L = 1. 

The h i g h l y c l u s t e r e d n a t ure o f the p r e s e n t l y 

observed p a t t e r n o f galaxy c l u s t e r i n g prevents a simple 

t r u n c a t i o n o f the BBGKY h i e r a r c h y and so one must neces­

s a r i l y r e s o r t t o s i m p l i f y i n g approximations before even 

a numerical treatment i s f e a s i b l e . The N-body approach, 

on the o t h e r hand, i s r e l a t i v e l y assumption f r e e . Given 

a s e t of i n i t i a l c o n d i t i o n s and an accurate computer code, 

the subsequent e v o l u t i o n of the system i n c l u d e s two-body 

and c o l l e c t i v e r e l a x a t i o n e f f e c t s which are u s u a l l y 

o m i t t e d i n simple a n a l y t i c t r e a t m e n t s . However, f o r the 

problem of galaxy c l u s t e r i n g , the N-body approach does 

have a s e r i o u s f l a w due t o the d i s c r e t e n e s s of the 

fundamental p o i n t p a r t i c l e s . This problem has been 

emphasised by Peebles (1977) and F a l l (1978) and i s a l s o 

discussed i n Section 4*3 below* For t h i s reason I p r e f e r 

not t o i d e n t i f y the p a r t i c l e s i n the numerical s i m u l a t i o n s 

u i t h g a l a x i e s , although I do discuss the cosmological 

I m p l i c a t i o n s o f my r e s u l t s . 

The BBGKY approach o f Davis and Peebles assumes 

more reasonable i n i t i a l c o n d i t i o n s than do the numerical 

s i m u l a t i o n s . I t i s , however, d i f f i c u l t t o judge the 

e x t e n t to which t h e i r r e s u l t s depend on the approximations 

t h a t are made. I t i s i m p o r t a n t , t h e r e f o r e , to compare 

t h e i r r e s u l t s w i t h o t h e r methods of a t t a c k , and a l s o t o 

study the problem i n the cases X L < 1 . 
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I n the next s e c t i o n I de s c r i b e the e m p i r i c a l r e s u l t s 

o b t a i n e d by Peebles and coworkers. The remaining s e c t i o n s 

discuss my assumptions, method of a t t a c k i n g the problem 

and r e s u l t s . 

4.2 E m p i r i c a l R e s u l t s . 

a) D e f i n i t i o n s 

The t w o - p o i n t c o r r e l a t i o n f u n c t i o n ^ ( r ) i s d e f i n e d 

such t h a t 

j p » n
2 ( 1 + I ( r ) ) SV 1 % M 2 (4.1) 

i s the j o i n t p r o b a b i l i t y of f i n d i n g g a l a x i e s i n the volume 

elements %\J^ separated by d i s t a n c e r and n i s the 

mean space d e n s i t y of g a l a x i e s . Hence £(r) measures 

d e v i a t i o n s o f the p a t t e r n of galaxy c l u s t e r i n g from a 

Poisson d i s t r i b u t i o n . The data a v a i l a b l e to Peebles and 

coworkers has c o n s i s t e d of the galaxy c o o r d i n a t e s i n 

p r o j e c t i o n . Hence, i n order t o es t i m a t e the form of ( r ) , 

they have measured the angular t w o - p o i n t f u n c t i o n w ( & ) . 

w( Q ) i s d e f i n e d i n an e x a c t l y analogous way t o £(r) 

'.r.i i s r e l a t e d t o ^ v i a an i n t e g r a l e q u ation f i r s t 

d e r i v e d by Limber (1953). Higher order c o r r e l a t i o n f u n c t i o n s 

may al s o be d e f i n e d , e.g. the t h r e e - p o i n t f u n c t i o n £ : 

£P = n 3 Y 1 + f ( r 1 2 ) + ^ ( r ^ ) + J ( r 1 3 ) + 

C<*12"23"31>] S U 1 ^ 2 S U 3 ( 4 * 2 ) 
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where £p i s the j o i n t p r o b a b i l i t y of f i n d i n g g a l a x i e s 

i n each of the three elemental volumes iV«j, 5^2* 

w i t h s e p a r a t i o n s r i 2 * r 2 3 , r 1 3 * S i m i l a r l y , the f o u r - p o i n t 

and higher order c o r r e l a t i o n f u n c t i o n s may be d e f i n e d . 

I n p r a c t i c e i t proves d i f f i c u l t to est i m a t e 

c o r r e l a t i o n f u n c t i o n s of higher order than the f o u r - p o i n t 

f u n c t i o n because of the computational e f f o r t i n v o l v e d . 

Recently, attempts have been made to estimate the 

r e d s h i f t as a d i s t a n c e i n d i c a t o r ( D a v i s , G e l l e r and Huchra, 

1978; Kirshner,Oemler and Schechter, 1979). However, the 

samples considered are so small t h a t they cannot p r o p e r l y 

be regarded as f a i r samples. I n a d d i t i o n , p e c u l i a r 

v e l o c i t i e s a l t e r the shape of the c o r r e l a t i o n f u n c t i o n 

(as measured i n r e d s h i f t space) a t small s e p a r a t i o n s . At 

l a r g e s e p a r a t i o n s p e c u l i a r v e l o c i t i e s w i l l have a 

n e g l i g i b l e e f f e c t and measured i n r e d s h i f t space 

should prove t o be a v a l u a b l e method of s t u d y i n g the 

l a r g e scale d i s t r i b u t i o n of g a l a x i e s . 

b) Main o b s e r v a t i o n a l r e s u l t s 
The basic r e s u l t of Peebles and coworkers ( e . g . 

Peebles, 1974b) i s t h a t the s p a t i a l t w o-point c o r r e l a t i o n 

f u n c t i o n has an approximately power law form over a wide 

range of scales 

s p a t i a l t w o - p o i n t c o r r e l a t i o n f u n c t i o n f ( r ) u s i n g 

J ( r ) 1 1 (0«1h ' Pipe £ r -C 9h Npc) 

(4.3) 

Y = 1-77 t Q.06 * l - 1 
r Q = 5*3 x (1-5) h w p c 
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I n a r e v i s e d a n a l y s i s of the L i c k c a t a l o g u e , Groth 

and Peebles (1977) r e p o r t the e x i s t e n c e of a sharp break 

i n the t u o - p o i n t c o r r e l a t i o n f u n c t i o n a t a value of 

approximately 

J break ~ °' 3 'break * 9 h * 1 

This r e s u l t i s r a t h e r t e n t a t i v e as the f e a t u r e does not 

appear as pronounced i n the unsmoothed counts* Groth and 

Peebles pre s e n t s e v e r a l arguments to support the idea 

t h a t the f e a t u r e i s an i n t r i n s i c p r o p e r t y of the galaxy 

d i s t r i b u t i o n * There are t h r e e obvious uays to check t h i s 

o b s e r v a t i o n : 

A* Pleasure the t u o - p o i n t angular c o r r e l a t i o n f u n c t i o n of 

a l a r g e sample of g a l a x i e s , over l a r g e angular scales 

i n the southern sky ( m < 18). 

B* Measure the t u o - p o i n t angular c o r r e l a t i o n f u n c t i o n 

f o r a very deep (m > 19) sample of g a l a x i e s . 

C. Measure the two-point s p a t i a l c o r r e l a t i o n f u n c t i o n 

using a l a r g e sample of galaxy r e d s h i f t s ( e i t h e r 

magnitude but p r e f e r a b l y volume l i m i t e d ) . 

method A attempts t o sample l a r g e d i s t a n c e s by measuring 

c o r r e l a t i o n s on a l a r g e angular scale and i s , t h e r e f o r e , 

l i k e l y t o be a f f e c t e d by g a l a c t i c o b s c u r a t i o n and p l a t e 

t o p l a t e v a r i a t i o n s . 

Method B attempts t o sample l a r g e d i s t a n c e s by using 

a very deep sample. I n t h i s case, p r o j e c t i o n e f f e c t s w i l l 
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be severe and w(& ) w i l l be s m a l l . This method has been 

a p p l i e d by the Durham group (Shanks e t a l , 1979 i n 

p r e p a r a t i o n ) . Shanks e t a l f i n d evidence f o r a f e a t u r e , 

i n rough agreement w i t h the r e s u l t s or" Groth and Peebles, 

although even i n t h i s case g a l a c t i c o b s c u r a t i o n proves to 

be a problem i n t h a t on some p l a t e s , the f e a t u r e appears 

only a f t e r l a r g e scale trends i n the d e n s i t y g r a d i e n t are 

removed. A d e t a i l e d account of t h i s work may be found i n 

Tom Shanks 1 Ph.D. t h e s i s (1979, i n p r e p a r a t i o n ) . 

Method C appears to be the most p r o m i s i n g . I t has 

been a p p l i e d t o a s m a l l (166) magnitude l i m i t e d sample 

by K i r s h n e r , Oemler and Schechter (1979). Their r e s u l t s 

appear to be i n c o n s i s t e n t w i t h those of Groth and Peebles. 

The main c r i t i c i s m of t h i s work i s the smallness of the 

sample and a l s o the s e v e r i t y of the edge c o r r e c t i o n s 

necessary i n e s t i m a t i n g £ • However, Marc Davis and h i s 

c o l l a b o r a t o r s a t Harvard are c u r r e n t l y u n d e r t a k i n g an 

a m bitious r e d s h i f t survey ( a l l g a l a x i e s i n the Zuicky 

catalogue w i t h m<14 #5, b** ^ 40, 0) and so t h e r e i s a 

good chance t h a t a s o l u t i o n to t h i s problem i s w i t h i n 

s i g h t . 

I n a d d i t i o n t o these r e s u l t s concerning the two-

p o i n t c o r r e l a t i o n f u n c t i o n , Peebles and Groth (1975), and 

Groth and Peebles (1977) have discovered t h a t the t h r e e -

p o i n t galaxy c o r r e l a t i o n f u n c t i o n has the f o l l o w i n g 

simple a n a l y t i c form 
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$ ( r 1 2 . r 2 3 , r 3 1 ) = Q [((T,2) f ( r 2 3 ) + J ( r 2 3 ) f ( r 3 1 ) 

• F ( r 3 1 ) { ( r 1 2 ) ] 

Q = 1*3 * 0*2 

Equ* (4.4) i s found t o be i n good agreement w i t h the 

data over the range of scales Q*1h Pipe % r £ 2h~ Hpc, 

i . e . over l e n g t h scales such t h a t 

Fry and Peebles (1978) have r e c e n t l y estimated the 

f o u r - p o i n t c o r r e l a t i o n f u n c t i o n f o r the 10 1 x 10 f L i c k 

counts and f i n d t h a t i t i s c o n s i s t e n t w i t h the form 

r\l234 = R
A [ ^ 1 2 ^ 2 3 ^ 3 4 * SYFI.(12 terms)J + ^ 

R
B [ ? 1 2 l l 3 ^14 + S ™ - < 4 t e r m s ) ] 

w i t h RA = 2-5 t 0*6 and RQ = 4*3 ± 1*2 

These simple r e l a t i o n s h i p s between the higher order 

f u n c t i o n s and the t w o - p o i n t f u n c t i o n have been i n t e r p r e t e d 

by Peebles (1974b, 1974c, 1979) as i m p l y i n g a h i e r a r c h i c a l 

p a t t e r n of galaxy c l u s t e r i n g . Indeed, Soneira and Peebles 

(*97o) nave succeeded i n producing a p l a u s i b l e map of 

cr.e c^Iaxy d i s t r i b u t i o n , using a simple h i e r a r c h i c a l 

model based on equs. ( 4 * 3 ) - ( 4 * 5 ) . 

I n a d d i t i o n to these main r e s u l t s , s e v e r a l o t h e r 

r e s u l t s have been ob t a i n e d by Peebles and coworkers, 

such as c r o s s - c o r r e l a t i o n s between g a l a x i e s and o t h e r 

e x t r a g a l a c t i c o b j e c t s * These are not of d i r e c t relevance 
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here. 

4.3 Assumptions and the Aim of the Computations. 

a) Assumptions 

The main assumptions are l i s t e d below: 

A. The Universe i s described by standard Friedmann world 

models (A = 0# pressure = 0 ) . 

B. P a r t i c l e s i n t e r a c t only by g r a v i t y according t o 

Newton !s laws. 

C. A l l p a r t i c l e s have equal mass. 

D. At the s t a r t of a c a l c u l a t i o n a l l p a r t i c l e s have 

zero p e c u l i a r v e l o c i t i e s , 

E. At the s t a r t of a c a l c u l a t i o n p a r t i c l e s are weakly 

c l u s t e r e d . I n terms of the two- and t h r e e - p o i n t 

c o r r e l a t i o n f u n c t i o n s we have • 

As a s t a r t i n g p o i n t f o r a d i s c u s s i o n of galaxy 

c l u s t e r i n g , assumptions A-0 are q u i t e reasonable. Some 

of the consequences of r e l a x i n g the c o n d i t i o n C w i l l be 

discussed i n s e c t i o n ( 4 . 5 ) . Assumption E i s l e s s reasonable* 

Under the standard assumption of a power law spectrum of 

i s o t h e r m a l f l u c t u a t i o n s a t the epoch of recombination 

(equ. 1.6) there w i l l be a scale l e n g t h x *v k" a t 
m m 

which ^ J S ^ I ^ j ^ v 1, t h a t i s , the f l u c t u a t i o n s on scales 
' m 

scales £ x w i l l be n o n - l i n e a r . As noted by Davis and 
m 7 

Peebles (1977, h e n c e f o r t h t o be r e f e r r e d t o as DP), i t 

i s not guaranteed t h a t a weak-coupling epoch (as i n 

assumption E) ever e x i s t e d i n the r e a l Universe. I t i s 

more l i k e l y t h a t a t epochs p r i o r to galaxy f o r m a t i o n the 
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c l u s t e r i n g was always h i g h l y n o n - l i n e a r on small enough 

scales ( i . e . $?>$»l). 

I n the power-law f l u c t u a t i o n p i c t u r e , the amplitude 

of the f l u c t u a t i o n s and the value or' c.-.e spectrum index 

n are determined by pre-recombination p h y s i c s , or perhaps 

they are i n i t i a l c o n d i t i o n s a t the b i g bang. I n the 

h i e r a r c h i c a l c l u s t e r i n g p i c t u r e we must have -3 $ n $ 4. 

The lower l i m i t i s f i x e d by the requirement t h a t g a l a x i e s 

form before c l u s t e r s and the upper l i m i t i s f i x e d by the 

minimum growth r a t e of f l u c t u a t i o n s i n an expanding 

u n i v e r s e (Peebles, 1974a). The value n=-1 has been 

proposed by v a r i o u s authors ( Z e l d o v i c h , 1970; Gott and 

Rees, 1975) but t h e r e i s as y e t no compelling reason t o 

favour any p a r t i c u l a r value w i t h i n t h i s range. One of the 

aims of s t u d y i n g the c o r r e l a t i o n f u n c t i o n i s to see 

whether equ. (1#6) together w i t h a value of n w i t h i n 

t h i s range can e x p l a i n the o b s e r v a t i o n s . 

I n the case f X = 1* Peebles (1974b) has d e r i v e d the 

s c a l i n g r e l a t i o n 

?<r) * r 
?» 1 (4.6) 

* • 
_ 3(n -- 3) 

(n + 5) 

The observed slope of ^ = 1*8 thus i m p l i e s n=0 i f 

A . = 1. 
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b) Aim of the computations 

I n the approach of DP, the 8BGKY h i e r a r c h y i s 

t r u n c t e d by using the e m p i r i c a l r e s u l t t h a t g i s r e l a t e d 

to i£ by equ. ( 4 . 4 ) , The v e l o c i t y moment h i e r a r c h y i s 

t r u n c t e d by assuming t h a t the r e l a t i v e v e l o c i t y o f 

p a r t i c l e p a i r s has zero skeuness about the mean and 

tog e t h e r w i t h some s u b s i d i a r y approximations the 

equations are s i m p l i f i e d t o the e x t e n t t h a t numerical 

s o l u t i o n becomes f e a s i b l e . 

DP f i n d the asymptotic behaviour, 

f c C x " ( 3 + n ) A g ( z ) 1 (4.7b) 

where, A g ( 2 ) * 8 ^ n e 9^ouing mode s o l u t i o n of the l i n e a r 

d e n s i t y p e r t u r b a t i o n equation (see s e c t i o n 4.5c). 

These r e s u l t s are independent of the assumptions made i n 

c l o s i n g the h i e r a r c h y . Equ (4.7b) can be d e r i v e d from 

l i n e a r theory and equ. (4.7a) f o l l o w s i f ( i ) the equations 

admit a s i m i l a r i t y t r a n s f o r m a t i o n ( i . e . JTL, = 1, d i s ­

creteness e f f e c t s n e g l i g i b l e ) and ( i i ) the s t a b i l i t y 

c o n d i t i o n i s s a t i s f i e d ( i . e . the index Y does not 

change a p p r e c i a b l y w i t h i n a Hubble t i m e ) . Using 

numerical s i m u l a t i o n s , Peebles (1978) has v e r i f i e d the 

s t a b i l i t y assumption f o r the case < = 1-8 (and a l s o f o r 

the case ^= 1*5, Peebles, p r i v a t e communication). 
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The BBGKY computations y i e l d values f o r the parameter 

Q i n equ. (4.4) and the shape of J i n the t r a n s i t i o n 

r e g i o n J , betueen the asymptotes d e f i n e d by equs. 

( 4 . 7 ) , The r e s u l t s of these c a l c u l a t i o n s y i e l d a s t a r t l i n g 

r e s u l t , i n t h a t they suggest t h a t the v e l o c i t y d i s p e r s i o n 

w i t h i n a p r o t o c l u s t e r grows w h i l e i t i s s t i l l a small 

d e n s i t y p e r t u r b a t i o n so t h a t when the c l u s t e r fragments 

out o f the general expansion i t has enough i n t e r n a l 

k i n e t i c energy t o s a t i s f y the v i r i a l theorem. Henceforth, 

t h i s phenomenon w i l l be r e f e r r e d to as rtpre-virializationR. 

I f the shape of the c o r r e l a t i o n f u n c t i o n i s approximated 

by a two power law model, w i t h slope given by equ. (4.7a) 

f o r t break a n d b * e q u - ( * - 7 b ) f o r ^ < ? break' 
DP f i n d t h a t f b r e a k ^ ° * 2 , s i m P l e a n a l y t i c treatments 
(e. g . Gott and Rees, 1975) based on the homogeneous 
s p h e r i c a l c l u s t e r model p r e d i c t £ break T h e r a a s o n 

f o r t h i s discrepancy i s t h a t i n the s p h e r i c a l c l u s t e r 
model, a c l u s t e r reaches maximum expansion a t a d e n s i t y 
c o n t r a s t b f f f = 9 7C /16 - 1 . I t must then c o l l a p s e by a 
f a c t o r of v 2 i n order to generate enough k i n e t i c energy 
to s a t i s f y the v i r i a l theorem. The s t a b i l i t y c o n d i t i o n 
ond equ. (4.7a) are then a p p l i c a b l e only f o r £-£-400, 

h e n c e f break * U 

As DP p o i n t o u t , i t i s d i f f i c u l t t o know whether 

t h e i r computations c o r r e c t l y d e s c r i b e p r e - v i r i a l i z a t i o n 

e f f e c t s , or whether t h e i r approximations have a r t i f i c i a l l y 

e l i m i n a t e d v i r i a l i z a t i o n e f f e c t s . The aim of t h i s chapter 

i s t o p r o v i d e an independent method of a t t a c k i n g the 
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problem and to decide which of the two p i c t u r e s i s more 

c o r r e c t . I t i s also i m p o r t a n t to examine galaxy c l u s t e r i n g 

i n low d e n s i t y cosmological models. 

N-body s i m u l a t i o n s have been usee, i n order to study 

galaxy c l u s t e r i n g , by s e v e r a l authors (Press and Schechter, 

1974; Niyoshi and Kihara, 1975; Groth and Peebles, 1976; 

F a l l , 1978; Aarseth, Gott and Turner, 1978 and papers i n 

p r e p a r a t i o n ) . Where p o s s i b l e I s h a l l compare my r e s u l t s 

to those of the above mentioned a u t h o r s . 

c) The e f f e c t s of d i s c r e t e n e s s 

For a d i s t r i b u t i o n of p o i n t p a r t i c l e s w i t h mean 

i n t e r p a r t i c l e s e p a r a t i o n ^ , the power spectrum may be 

r e l a t e d to the c o r r e l a t i o n f u n c t i o n by the approximate 

r e l a t i o n 

i s k l * 1 - i f 
x 

r 2 dr (4.8) 

I n a weakly c l u s t e r e d system, such as the s t a r t i n g p o i n t 

of an N-body c a l c u l a t i o n , the power spectrum w i l l be of-

P o^con form (n=0) on scales & ̂  . U i t h small N-body 

s i m u l a t i o n s , w i t h N ~1000, >~(1/10)R where R i s the 

r a d i u s of the bounding sphere, so f o r a l a r g e range of 

scales ( £,R/10) the c o r r e l a t i o n s w i l l be b u i l t up by 

d i s c r e t e p a r t i c l e i n t e r a c t i o n s . This problem has been 

s t u d i e d a n a l y t i c a l l y i n the weak c o u p l i n g l i m i t by 

s e v e r a l a u t h o r s , ( F a l l and Saslaw, 1976; F a l l end Severne, 

1976; I n a g a k i , 1976; Norman and S i l k , 1978). 
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From equ* ( 4 , 8 ) , the c o l l e c t i v e terms dominate 
over the d i s c r e t e n e s s terms i n the 8BGKY h i e r a r c h y on 
scales r i f 

r 
2 C(r) = 4 j l 

A 3 

?(y) y dy > 1 (4.9) 

o 

P h y s i c a l l y , C ( r ) measures the average number of c l u s t e r e d 

p a r t i c l e s w i t h i n a sphere o f r a d i u s r centred upon a 

randomly chosen p a r t i c l e . As c l u s t e r i n g develops, the 

term C(r) grows w i t h time (see s e c t i o n 4.5 below and 

Appendix A), and hence the d i s c r e t e n e s s terms decrease i n 

importance as time i n c r e a s e s . Even i n the h i g h l y n o n - l i n e a r 

case ( f>?^)f d i s c r e t e n e s s terms w i l l be dominant on 

scales l e s s than r ^ d e f i n e d by C(r r f ) = 1. I n t u i t i v e l y 

one imagines t h a t on scales l e s s than r r f the p a r t i c l e s 

are d i s t r i b u t e d as bi n a r y p a i r s r a t h e r than i n c l u s t e r s . 

This idea i s borne out by s t u d y i n g the BBGKY equations 

i n the l i m i t s £>^1, r « r ^ . I n t h i s case, the d i s c r e t e n e s s 

terms are dominant. Under the assumption of s t a b i l i t y on 

smal l s c a l e s , equs. (A.2)-(A.4) become 

^ t a 
x + 2 $ 1 = -4Gm2 ^ ( x A ) (4.10a) 
^ x J a 

\jS' = - 2Gm3a ̂ £ (4.10b) 
> x ^ x 
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\ L = - _J 3 / x 3A \ (4.10c) 
} t x 2 a 2 3 x 1 m J 

uhere = ^ ( x 2 / ' ) - 2x2J and tha n o t a t i o n s and 
d e f i n i t i o n s f o i l o u those of DP. 

For power law dependence of x , equs. (4.10) 

have power law s o l u t i o n s 

A = -maa £ (4.11a) 

(4.11b) 

from which we deduce t h a t the r a d i a l and t a n g e n t i a l 

v e l o c i t y d i s p e r s i o n s obey the e q u a t i o n , 

U " 1> < v r ^ + 2 ^ V t ^ = 2Gm = 2Gm (4.12) 
ax r 

This i s to be compared w i t h the s i t u a t i o n where d i s c r e t e n e s s 

e f f e c t s are n e g l i g i b l e and the c o l l e c t i v e i n t e r a c t i o n s 

dominate. One then has 

( tf - 2) < v 2 > + Cy2

ty = 4 7TGmn QM y x 2 (4.13) 
a 

To present the n o t a t i o n and d e f i n i t i o n s here would 

r e q u i r e s e v e r a l pages] Hence, i n the i n t e r e s t o f b r e v i t y 

I r e f e r the reader to DP. 



where, 

N< • 1 £L 
2(2- X ) ( 4 - ? ) , y » l 1 * JO 

^ i + y ) 4 - * - | i - y | 4 - * - . ( A - i ) y { ( 1 + y ) 2 " 5 - l 1 - y ' 2 " * 8 l j 

1 • 8 

(Davis and Peebles equ. 100). 

Equs. ( 4 . 1 2 ) , (4.13) and (A.1)-(A.5) serve t o 
i l l u s t r a t e the f o r m a l d i f f e r e n c e between the set of 
equations solved by DP and those considered here. 

On scales l e s s than r ^ , I would expect the 
c o r r e l a t i o n f u n c t i o n slope ^ to be dependent on the 
dynamics of the b i n a r i e s r a t h e r than t a k i n g the value 
given by the s c a l i n g r e l a t i o n equ. ( 4 * 6 ) . 

For the purposes of the work described here, 
however, d i s c r e t e n e s s e f f e c t s may not be a s e r i o u s problem 
because I concentrate on an i n t e r m e d i a t e range of 
sc a l e between r ^ and R• The i s s u e here i s s i m p l e : do 
c l u s t e r s v i r i a i i z e a t h i g h o v e r d e n s i t i e s (as measured by 
J ) as i n the homogeneous s p h e r i c a l c l u s t e r model, or 

£qu. (4.12) has been d e r i v e d i n another way by Peebles, 
1976b. I t i s i n t e r e s t i n g t o note t h a t o b s e r v a t i o n a l 
d e t e r m i n a t i o n o f < v } may i n d i c a t e whether g i a n t 
g a l a x i e s a c t as fundamental p o i n t p a r t i c l e s , f o r i f t h i s 
were the case, Peebles' (1976a) a p p l i c a t i o n of equ. (4.13) 
t o T u r n e r f s b i n a r i e s , w i t h s e p a r a t i o n s "^50kpc, would 
be i n e r r o r . 
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a t l o u o v e r d e n s i t i e s as suggested by Davis and Peebles? 

The models are analysed uhen c l u s t e r i n g has developed 

s u f f i c i e n t l y t h a t C ( r ) >> 1 on scales corresponding t o the 

t r a n s i t i o n r e g i o n Hence over the scales of i n t e r e s t 

here, c o l l e c t i v e i n t e r a c t i o n s should dominate. 

I n the next s e c t i o n I describe the numerical methods 

t h a t have been used. 

4*4 Numerical Methods. 

The Aarseth d i r e c t summation program and i t s use i n 

the cosmological c o n t e x t has been adequately described i n 

the paper by Aarseth, Gott and Turner (1979). I have also 

a p p l i e d t h i s computer program, which i s i d e n t i c a l to t h a t 

used i n chapter 2 except t h a t i t was m o d i f i e d by the author 

t o s p e c u l a r l y r e f l e c t p a r t i c l e s from a boundary which remains 

f i x e d a t u n i t r a d i u s i n the comoving frame. This was done 

i n order t o conserve p a r t i c l e numbers. Since such r e f l e c t i o n s 

r e s u l t i n a net l o s s of k i n e t i c energy, t h i s was i n t e g r a t e d 

s e p a r a t e l y i n order t o use energy c o n s e r v a t i o n as a check 

f o r numerical c o n s i s t e n c y . T y p i c a l l y , energy was conserved 

t j w i t h i n 10 per cent of the t o t a l k i n e t i c energy. The 

joft6»r»&d p o t e n t i a l , equ. (2.15),was used. 

I n a d d i t i o n to those runs performed u s i n g the program 

mentioned above, f u r t h e r models were s u p p l i e d t o me by Aarseth 

and F a l l . These were run u s i n g a program which employed a 

comoving system of c o o r d i n a t e s . 

The scheme does have some disadvantages because i t can 

o n l y handle ^ 1000 p a r t i c l e s . The s m a l l number of p a r t i c l e s 



61 

leads t o q u i t e l a r g e experiment by experiment v a r i a t i o n 

i n the r e s u l t s even f o r models w i t h s t a t i s t i c a l l y s i m i l a r 

i n i t i a l p a r t i c l e d i s t r i b u t i o n s and cosmological 

parameters. A f u r t h e r worry i s t h a t j i t h small s i m u l a t i o n s 

ther e may be "coherence-length" problems when the 

c h a r a c t e r i s t i c clump s i z e approaches t h a t of the whole 

system. Also, i t i s d i f f i c u l t t o e s t i m a t e the importance 

of edge e f f e c t s . 

These problems may be r e s o l v e d by u s i n g l a r g e 

s i m u l a t i o n s and i n the f o l l o w i n g subsections I s h a l l 

b r i e f l y d e s c r i b e the main f e a t u r e s of a scheme t h a t can 

t r e a t l a r g e numbers of p a r t i c l e s . This w i l l be r e f e r e d t o 

as the P N ( P a r t i c l e P a r t i c l e / P a r t i c l e Mesh) scheme. 
3 

The P M scheme was developed by 3.U. Eastwood and the 

m o d i f i c a t i o n s f o r i t s a p p l i c a t i o n to the cosmological 

problem were c a r r i e d out by the author. 

a) Equations of motion and energy c o n s e r v a t i o n 

The equations of motion i n comoving c o o r d i n a t e s 

may be d e r i v e d from the Lagrangian 

5 m m (4.14) 
i 

where a s a t i s f i e s the Friedman r e l a t i o n s 

a •2 + k = 8 H a (4.15a) 
3 

(4.15b) 
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and 
2 = 4 7i G( />(x,t) - p Q ) (4.16) 

The equations of motion read, 

& + 2 a x t = - 1 (4.17) 
a a J ' 

The L a y z e r - I r v i n e equation ( I r v i n e , 1961; Layzer, 1963) 

i n comoving c o o r d i n a t e s may be d e r i v e d from the 

Lagrangian (4.14) 

g_(a 4T) + a dU = 0 (4.18) 
d t d t 

where 
V J -2 T = ZA i m a x. 
i 1 

T and U are r e l a t e d to the corresponding q u a n t i t i e s i n 
A o A 

proper c o o r d i n a t e s by the r e l a t i o n s , T = a T, U = U/a. 

t q u . (4.18) t o g e t h e r w i t h momentum c o n s e r v a t i o n was used 

to m o n i t o r the accuracy of the program ( s e c t i o n c below). 

I t i s i n t e r e s t i n g t o note t h a t i n the case o f an 

i s o l a t e d sphere o f p a r t i c l e s (as i n the Aarseth 

s i m u l a t i o n s ) the L a y z e r - I r v i n e e q u a t i o n reads, 

c J a 4 T ) + a d U = ±liGf>

0

Qllmi Zi'hi (4.19) 
d t d t 3 i 
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The term on the r i g h t hand side of equ* (4.19) averages 

to zero as the r a d i u s of the sphere tends to i n f i n i t y i f 

the Universe i s homogeneous and i s o t r o p i c on the l a r g e 

s c a l e . For a f i n i t e system, however, the term w i l l 

i n c r e a s e i n importance as c l u s t e r i n g develops on the 

scale of the system. This e x p l a i n s the p e c u l i a r behaviour 

of the c o r r e l a t i o n energies i n some of the Aarseth 

experiments. I n some cases i t was found t h a t the energies 
A A 

s t a b i l i s e d t o a c o n s t a n t r a t i o T/ U v 0*4 w h i l s t the 

energies themselves continued t o grow, a p h y s i c a l l y 

i m p o s s i b l e s i t u a t i o n i f equ. (4.18) a p p l i e d . 

I n s o l v i n g equ. (4.17) I use the time centred 

l e a p f r o g scheme. I f the timestep i s At, and the f o r c e 

on a p a r t i c l e a t time t i s F ( t ) , then the p a r t i c l e s are 

moved ac c o r d i n g t o 

v ( t + i At) = v(t-£ At) f 1 - H ( t ) At 1 
^ L 1 + H ( 0 A t J 

+ £(t) At 
a 3 ( t ) £l + H ( t ) A t ) 

x ( t + A t ) = x ( t ) + v ( t + * A t ) A t 

where H ( t ) = jUjr) 
a Ce) 

b) C a l c u l a t i o n of the f o r c e s 
3 

In the P n scheme, the t o t a l f a r c e ^ a c t i n g on 

p a r t i c l e i i s c a l c u l a t e d i n two p a r t s 
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-£i *£m rL s>r 

The mesh p a r t of the f o r c e , F . i s long range and smoothly 

v a r y i n g * I t s harmonic content i s r e s t r i c t e d so t h a t i t 

can be a c c u r a t e l y approximated by a p a r t i c l e - m e s h f o r c e 

c a l c u l a t i o n * The s h o r t range p a r t , F , i s r a p i d l y v a r y i n g , 
r 

having non-zero c o n t r i b u t i o n s only from those p a r t i c l e s 

u i t h i n a sphere of r a d i u s TQ of p a r t i c l e i . I t i s 

c a l c u l a t e d by d i r e c t l y summing the c o n t r i b u t i o n s from 

p a r t i c l e s u i t h i n the sphere. 
3 

The p o t e n t i a l mesh i s a r e g u l a r l a t t i c e o f Pi 

mesh p o i n t s c o v e r i n g the whole of the volume of the c u b i c a l 

c o m p u t a t i o n a l box (we take 1*1=32 f o r the c a l c u l a t i o n s 

discussed i n s e c t i o n 4.5). Masses are assigned t o the 

mesh according to the t r i a n g u l a r shaped cloud (TSC) 

charge assignment/force i n t e r p o l a t i o n scheme (Eastwood 

and Hockney, 1974). The mesh d e f i n e d p o t e n t i a l i s then 

found by c o n v o l v i n g the d e n s i t y d i s t r i b u t i o n and the 

mesh d e f i n e d Greens f u n c t i o n u s i n g d i s c r e t e F o u r i e r 

t r a n s f o r m s . The p o t e n t i a l values are d i f f e r e n c e d t o 

o b t a i n the mesh p a r t o f the f o r c e F_ . The numerical 

e r r o r i n the computation of the mesh f o r c e s i s minimised 

by i n t r o d u c i n g e r r o r s i n t o the d e f i n i t i o n o f the Greens 

f u n c t i o n which l a r g e l y o f f s e t the i n a c c u r a c i e s i n t r o d u c e d by 

charge assignment, p o t e n t i a l d i f f e r e n c i n g and f o r c e 

i n t e r p o l a t i o n . 

The s h o r t range p a r t o f the f o r c e i s c a l c u l a t e d by 

d i r e c t summation. This p a r t of the c a l c u l a t i o n uses the 

l i n k e d - l i s t technique (e.g. Hockney, Goel and Eastwood, 
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1974) 9 which p r o v i d e s a means of r a p i d l y l o c a t i n g the 

c o o r d i n a t e s of a l l p a r t i c l e s i n e eubregion o f the 

c o m p u t a t i o n a l box* The l i n k e d l i s t addressing i s then 

used t o sweep through a l l p a i r s of p a r t i c l e s and add 

t h e i r r e s p e c t i v e i n t e r p a r t i c l e f o r c e s t o the momenta* 

The p a r t i c l e p o s i t i o n s ere then updated* thus completing 

one timastep c y c l e * 

I n order to o b t a i n a reasonably l a r g e timestep 

w h i l s t m a i n t a i n i n g numerical s t a b i l i t y * the f o r c e 

between two p a r t i c l e s i s c u t o f f a t a s e p a r a t i o n d^ 

i n a manner which corresponds t o a galaxy w i t h a l i n e a r l y 

d ecreasing d e n s i t y p r o f i l e * This i s done p u r e l y f o r 

c o m p u t a t i o n a l economy and not f o r any p h y s i c a l reason* 

e s p e c i a l l y since the f o r c e maintains constant shcpe i n 

comovinq c o o r d i n a t e s * A f u l l account of the a n a l y s i s and 
3 

o p t i m i s a t i o n of the P l*l a l g o r i t h m i s given by Eastwood 

(1976) and a p u b l i s h e d v e r s i o n of the program (Eastwood 

et a l , 1979) w i l l s h o r t l y be a v a i l a b l e . 

c) Accuracy 
3 

The accuracy of the P PI code has been gauged by 

u s i n g cqu. (4*18) i n the forms 

4_\ m ( a " T ) , H + (aU) n • n At u" a c o n s t a n t 
n=1 

(a n+1\4-n+1 - < a n ) 4 T n + a n + V + 1 n .n a U n+1»n+1 = 0 

A t A t 
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A small timestep has been used, w i t h & t = 0*022, 

where i s the i n i t i a l value o f the Hubble c o n s t a n t . 

During the course of a t y p i c a l 20000 body r u n , the e r r o r 

i n C was found t o be AC/ A(aU) $ 0*02 using t h i s 
3 

t i m e s t e p . The most severe t e s t o f the P PI code was a 

1000 body t e s t r u n . The 528 p a r t i c l e s w i t h i n a sphere 

i n s c r i b i n g the c u b i c a l mesh were used as the i n i t i a l 

c o n d i t i o n s f o r a s i m u l a t i o n u s i n g Aarseth's d i r e c t 

summation program. Despite the d i f f e r e n t t r e a t m e n t of 

p a r t i c l e s a t the boundaries and the d i f f e r e n t form of 

the p o t e n t i a l , the f i n a l p a r t i c l e d i s t r i b u t i o n s from 

these two c a l c u l a t i o n s were remarkably s i m i l a r . The 

c o r r e l a t i o n f u n c t i o n s from these experiments agreed on 
scales l a r g e r than the s o f t e n i n g parameter used i n the 
3 

P PI code. I n a d d i t i o n t o t h i s t e s t , many two-body 
problems were run as checks d u r i n g the e a r l y stages of 

3 
the a p p l i c a t i o n o f the P PI program. The value of the 

timestep used i n the 20000 body experiments was a r r i v e d 

a t on the basis o f r e p r o d u c i b i l i t y . Several 1000 body 

experiments were r u n , the timestep being halved f o r 

each run u n t i l t h e r e was no d e t e c t a b l e d i f f e r e n c e i n the 

f i n a l p a r t i c l e p o s i t i o n s . When convergence was reached, 

the lower value of the timestep was chosen and scaled t o 

the value a p p r o p r i a t e f o r a 20000 body r u n . 

The Aarseth program i s , of course, more accurate 

and a l l o w s the use of a harder p o t e n t i a l due t o the 

i n d i v i d u a l t i m e s t e p / p a r t i c l e scheme. I n p r i n c i p l e the 
3 

P Pi scheme co u l d be m o d i f i e d so t h a t each p a r t i c l e has 

an i n d i v i d u a l t i m e - s t e p * The lo n g range f o r c e c a l c u l a t e d 
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u s i n g Fast F o u r i e r transforms could be c a l c u l a t e d a t 

f i x e d t i mesteps end t r e a t e d i n much the same uay as the 

l o n g range f o r c e i n the Ahmad-Cohen (1973) scheme. This 

would a l l o w more accurate i n t e g r a t i o n s but would r e q u i r e 

a f a i r l y major o v e r h a u l of. the p r e s e n t program. 

4.5 R e s u l t s . 

A f u l l l i s t o f the models t h a t have been run f o r 

t h i s i n v e s t i g a t i o n and t h a t o f chapter 5, t o g e t h e r w i t h 

model parameters i s given i n Table 4.1. The Freeze models 

w i l l be discussed i n chapter 5* 

Fig u r e 4.1(a) shows the s t a r t i n g p o s i t i o n s of the 

p a r t i c l e s , i n X-Y p r o j e c t i o n , f o r model 14F. F i g * 4.1(b) 

shows the p a r t i c l e p o s i t i o n s a f t e r the system has 

expanded by a f a c t o r of 9*9. I t i s i n t e r e s t i n g t h a t i n 

F i g . 4.1(b) the p a r t i c l e d i s t r i b u t i o n s appear q u i t e 

" f i l a m e n t a r y " . The same e f f e c t , only more enhanced, i s 

apparent from the map of the L i c k galaxy counts (Soneira 

and Peebles, 1978). Such impressions a r e , of course, 

h i g h l y s u b j e c t i v e , but t h e r e has been c o n s i d e r a b l e 

s p e c u l a t i o n as t o whether the h i e r a r c h i c a l c l u s t e r i n g 

Koael could p o s s i b l y g i v e r i s e t o p a r t i c l e d i s t r i b u t i o n s 

which l o o k " f i l a m e n t a r y n . 

a) E s t i m a t i o n o f the c o r r e l a t i o n f u n c t i o n s 

The t w o - p o i n t c o r r e l a t i o n f u n c t i o n has been e s t i m a t e d 

u s i n g two d i f f e r e n t e s t i m a t o r s . I n the case of p a r t i c l e s 

d i s t r i b u t e d w i t h i n a s p h e r i c a l volume, the edge e f f e c t s 



Table 4.1, The N-body experiments* 

Mass 
Model D i s t n . N V d . D i s t n * TfW 

1A P 1*0 1000 0*31 E S 
28 P 1*0 1000 C*G6 E s 
3C P 1*0 1000 0*13 £ s 
4 P 1*0 1000 0*31 E s 

* 5D P 1*0 1000 0*06 E s 
6 P vo 1000 0*13 E s 
7A P 0*775 1000 0*31 E s 
88 P 0*775 1000 0*06 E s 
9C P 0*775 1000 0*13 E s 
10 C 1*0 973 0*13 E s 
11 c 1*0 965 0*13 E s 
12 c 1*0 964 0*13 E s 

* 13E c 1*0 910 0*06 E s 
14F p 1*0 20000 0*20 E s 
15G p 1*0 20000 0*20 E s 
16F p 0*775 20000 0*20 E s 
17G p 0*775 20000 0*20 E s 
18 p 1*0 1007 0*13 MS s 
19 p 1*0 1007 0*13 RS s 
20 p 1*0 1000 0*13 s 
21 p 1*0 1000 0*13 s 

• 2 2 0 p 1«0 1000 0*06 E F 
* 23E c 1*0 910 0*06 E F 

Notes: Models w i t h a l e t t e r i n common s t a r t e d w i t h 
i d e n t i c a l i n i t i a l p a r t i c l e p o s i t i o n s . The 
s o f t e n i n g parameters £ Q and d^ are given i n 
u n i t e o f the i n i t i a l i n t o r p a r t i c l e s e p a r a t i o n . 
The I n i t i a l d i s t r i b u t i o n s were e i t h e r Poisson ( p ) 
or C e l l s (C) and the c l a c u i a t i o n s were e i t h e r 
Standard (S) or Freeze ( F ) ; See chapter 5. The 



Table 4.1. continued-
p a r t i c l e masses were: (E) a l l p a r t i c l e s equal 
mass; (MS) mass spectrum (see t e x t ) ; (MV/ML) 
500 p a r t i c l e s of u n i t mass + 500 massless 
p a r t i c l e s . A s t e r i s k e d models were k i n d l y loaned 
to me by Aarseth and F a l l . 

The models have been arranged t o form ensembles as 
f o l l o w s : 

Ensemble Models D i s t n . £1. 

1 1-6 P 1*0 
2 10-13 C 1*0 
3 7-9 P 0*775 
4 14-15 P V 0 
5 16-17 P 0*775 
6 18-19 P 1*0 
7 20-21 P 1*0 
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F i g u r e 4 . 1 ( a ) . I n i t i a l c o n d i t i o n s f o r a 20000 body 
numerical experiment* P a r t i c l e s have 
been d i s t r i b u t e d a t random w i t h i n a 
u n i t cube seen here i n X-Y p r o j e c t i o n . 
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Figure 4.1(b). X-Y p r o j e c t i o n of the p a r t i c l e p o s i t i o n s 
a f t e r the system has expanded by a f a c t o r 
of 9*9* I n t h i s case the expansion f o l l o w s 
t h a t of an E i n s t e i n - d e S i t t e r model, 
ILQ = 1-0. 
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can e a s i l y be c a l c u l a t e d a n a l y t i c a l l y . I n t h i s case 

one may use the e s t i m a t o r 

1 (4.20) 

n N c W ( r t j ) 

where N i s the number of p a i r s i n a s h e l l w i t h r a d i i 

r , and r . (weighted f o r edge c o r r e c t i o n s ) , V ( r . . ) i s 

t o t a l number of c e n t r e s , n i s the mean p a r t i c l e d e n s i t y . 

Edge c o r r e c t i o n s are taken i n t o account by using a 'look 

up 1 t a b l e and so each galaxy i s binned i n a small i n t e r v a l 

x-x+dx ( x i s the d i s t a n c e of the p a r t i c l e from the 

cen t r e of the r e f l e c t i n g sphere of r a d i u s R). The 

number of p a i r s i s weighted by the f a c t o r 

P 
* * 

1J 
the volume of the s h e l l 4/3 H ( r . - r . ) , N i s the 

j x c 

i j (4.21) 

V ( r i ; j ) + V ( r j , x ) - y U ^ x ) 

where 

4 [ r ? - (R - x ) 3 ] 9 ( r , x) 2 71' 

8x 
U - (R - x) (R-x) R 

4x 

1 
r.2 R-x) r 

An a l t e r n a t i v e method i n v o l v e s the e s t i m a t o r 
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J f U i j ) = <fiD> - 1 (4.22) 

Here (DD^ represents the number of p a i r s w i t h i n the 

s p h e r i c a l s h e l l 4/3 ' ( ( * j - x^) determined from the data 

and ^RR^ repre s e n t s the p a i r count w i t h i n the same 

s p h e r i c a l s h e l l determined from a random d i s t r i b u t i o n 

of p o i n t s w i t h i n the computational volume. To e s t i m a t e 

<RR^ I have used 20000 p a r t i c l e s w i t h i n the computational 

volume and i n t e r p o l a t e d a t small s e p a r a t i o n s , since 

^RR^ oc x"^ when edge c o r r e c t i o n s can be neg l e c t e d . 

This method may be a p p l i e d t o e i t h e r the s p h e r i c a l 

s i m u l a t i o n s or the the c u b i c a l s i m u l a t i o n s . 

The two e s t i m a t o r s would y i e l d d i f f e r e n t answers 

i f the p a r t i c l e s were c o r r e l a t e d w i t h the boundary of 

the computational volume, hence ^ has been estimated 

f o r most of the 1000 body models using both e s t i m a t o r s . 

The two methods agree p o i n t by p o i n t a t s e p a r a t i o n s 

x < R/10 but d i f f e r somewhat f o r x > R/10. The d i f f e r e n c e 

i s u s u a l l y l e s s than the v a r i a t i o n of £ between d i f f e r e n t 

r.odels w i t h i n each ensemble. Hence, one may be c o n f i d e n t 

thaw the r e s u l t s are not s t r o n g l y e s t i m a t o r dependent. 

I n most of the a n a l y s i s below, the e s t i m a t o r of equ. (4.22) 

has been used. 

The t h r e e - p o i n t c o r r e l a t i o n f u n c t i o n i s est i m a t e d 

using a s t r a i g h t f o r w a r d g e n e r a l i s a t i o n t o thre e dimensions 

of the method used by Peebles and Groth (1975)-
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£ = <DDD> - <DDR> + 2 ( 4 . 2 3 ) 

<RRR^> 

and the t h r e e - p o i n t f u n c t i o n £ (x <j>X2#x.j) i e parameterised 

by the " s i z e " parameter x and the "shapa" parameters u 

and v 

x - x 1 # u = , v = X
3 " X 2 ( 4 . 2 4 ) 

1 x 1 

x «j ^ x2 ̂  x*j 

£ has been estimated on scales x<R/10 using the same 

l o g a r i t h m i c spacing i n x as i n the estimate of Jf • 

Since the comparison between £ and ^ w i l l be on l y 

approximate and sinc e over most of the scale j > > ^ 1 f 

the d i r e c t count ^ODR^ has been used i n equ. ( 4 . 2 3 ) . 

o) I n t e g r a l c o n s t r a i n t and the dependence of £ on -£~L 

Groth and Peebles (1976) showed t h a t the q u a n t i t y 

A ( r ) d e f i n e d by 

A ( r ) = a 3 j d 3 x (f> - J ) ( 4 . 2 5 ) 

o 

obeys the equation f o r l i n e a r d e n s i t y p e r t u r b a t i o n s 

d2A + 2 a dA = 4 J l G j o A (4.26) 
d t 2 a d t 

This e q u a t i o n i s expected t o be obeyed f o r as lon g as 
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^ Jf4"7r r 3 / 3 . When t h i s c o n d i t i o n i s not s a t i s f i e d 

n o n - l i n e a r e f f e c t s r e s u l t i n a slower growth r a t e than 

p r e d i c t e d by equ. ( 4 . 2 6 ) . The q u a n t i t y {L^(t)P i s 

r e l a t e d t o the t w o - p o i n t c o r r e l a t i o n f u n c t i o n by 

< / T ( * o » -
nV 

1 + n 
M J J 

f C ' i j ) *\ d 3 r . 

(4.27) 

1 + n J ( r ) r 2 dr i f J ( r Q ) <<; 1 

An a l t e r n a t i v e d e r i v a t i o n o f equ. ( 4 . 2 7 ) , from the 

BBGKY h i e r a r c h y i s given i n Appendix A. F o l l o w i n g Groth 

and Peebles, the s o l u t i o n s t o the d e n s i t y p e r t u r b a t i o n 

e q u a t i o n may be w r i t t e n 

A= A A (z) + B A d ( 2 ) (4.28) 

r e f e r s t o the growing mode and to the decaying 

mode: 

A y. 

1 + 3 + 
x 

A = 1 (4.29a) 

3(1 +x)* I n ["(1 + x ) * - x O 
1372 L 

(4.29b) 
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8nd 

y 

y i 

-3/2 
XL = 1 (4.30a) 

Ad d + x ) i 
3/2 

(4.30b) 

where y = 1/(1+Z) 

x = ( 1/SlQ - 0 / ( 1 + z) 

Applying the boundary c o n d i t i o n s A = A^ $ dA / d t =0 

a t z-z f̂ the growth r a t e s are given by 

A « 2 SL = 1 (4.31a) 

1 + A g ( x ) 
2x. 

+ j - 9 ( 1 + 1 
L 2 

VxLV -

3(1 + 3/2 X j L) I n [ ( 1 + x ^ * - x * ] j A d ( x ) (4.31b) 

SL < 1 

2 
F i g . 4.2 shows the time development of ̂ A ^ as determined 

by equ. ( 4 . 3 1 ) . Also shown are the data p o i n t s from 

models 1A and 7A w i t h r = 0*25. D e v i a t i o n from the 
o 

t h e o r e t i c a l curves i s expected f o r 

47Tn f ( y ) y 2 dy ^ 1 + nV $ 16*6 (4.32) 
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Figure 4.2. I n t e g r a l c o n s t r a i n t a p p l i e d to models 

1A and 7A. The s o l i d l i n e s are the l i n e a r 
t h eory s o l u t i o n s of the d e n s i t y p e r t u r b a t i o n 
e q u a t i o n . I n t h i s case r Q = 0*25 R and the 
arrow i n d i c a t e s the p o i n t a t which d e v i a t i o n 
from the t h e o r e t i c a l curves i s expected. 
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I t i s apparent from F i g . 4.2 t h a t the e v o l u t i o n of (4.27) 

f o r the two models i s q u i t e d i f f e r e n t and i n good agreement 

w i t h equs. ( 4 . 3 1 ) . 

The decrease i n the l i n e a r growth r a t e i n a low 

d e n s i t y u n i v e r s e i s expected to i n f l u e n c e the shape of 

the t w o - p o i n t c o r r e l a t i o n f u n c t i o n . I n the case £1 = 1, the 

s i m i l a r i t y s o l u t i o n (equs. (4.7a) and (4.7b)) a p p l i e s . 

However, i n an open cosmological model a c h a r a c t e r i s t i c 

t i m e s c a l e 5 1/SLQ ~ 1 immediately presents i t s e l f . 

For z^Zp the behaviour i s almost i d e n t i c a l t o t h a t o f 

an X*. - 1 u n i v e r s e , hence J? ( r ) would be expected t o 

have an almost i d e n t i c a l form t o t h a t of an 1 model. 

However, f o r z<<;Zf l i n e a r growth i s suppressed and the 

s i m i l a r i t y s o l u t i o n i s no longer v a l i d . As a simple model 

f o r an open u n i v e r s e (Davis, Groth and Peebles, 1977), the 

l i n e a r p a r t of £ ( r ) i s modelled by equ. (4.7b) w i t h 

A given by equ. (4.29b). The n o n - l i n e a r r e g i o n i s ^ 9 
assumed t o evolve as i n the A = 1 case by equ. (4.7a) 

si n c e c l u s t e r s a t small scales are assumed t o be i n v i r i a l 

e q u i l i b r i u m . E x t r a p o l a t i o n between the asymptotic l i m i t s 

y i e l d s a f e a t u r e a t l a r g e J f o r & < 0 . This i s i l l u s t r a t e d 

i n F i g . 4.3 f o r v a r i o u s values of | b r e a k . I f jf b r e a k >y 1 

we may expect to see t h i s e f f e c t i n the N-body models. For 

very low d e n s i t y models, A/* Q-1, the e x t r a p o l a t i o n becomes 

r a t h e r l a r g e . Hence, the argument i s n e c e s s a r i l y of a 

q u a l i t a t i v e n a t u r e . 

I n F i g s . 4.4(a,b) es t i m a t e s of j> a t v a r i o u s values of 
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R 

F i g u r e 4.3. Two power law models f o r £L = 0*1 evolved 
from SL. = 0»775 usin g values f o r 
o f 10, 1, 0*1. break 
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Figure 4 . 4 ( a ) . Estimates of the tuo-poin't c o r r e l a t i o n 
f u n c t i o n f o r model 1A a t s e v e r a l 
values of the expansion f a c t o r . The 
dashed l i n e s are of slope ^ = 1»8. 
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Figure 4 . 4 ( b ) . As f o r F i g . 4.4(a) except f o r model 7A. 
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the expansion parameter are shoun f o r models 1A and 7A. 

^ f o r the case SX < 1 i s q u i t e o b v i o u s l y steeper than 

^ i n the case = 1^ i n q u a l i t a t i v e agreement u i t h the 

argument presented above. There i s , however, a l a r g e run 

by run v a r i a t i o n i n the slope of J* when using 1000 p a r t i c l e s . 

T h erefore, i n order t o compare the N-body s i m u l a t i o n s u i t h 

the observed data i n more d e t a i l , ensemble averages and 

l a r g e r c a l c u l a t i o n s are r e q u i r e d . These w i l l be discussed 

below. Nev e r t h e l e s s , the two models described here q u a l i t a t i v e l y 

c o n f i r m the c o n c l u s i o n s of Peebles (1974b) concerning the 

shape of the t w o - p o i n t f u n c t i o n and i t s dependence on 

the c o s m o l o g i c a l d e n s i t y parameter. 

c) The t w o - p o i n t f u n c t i o n i n g r e a t e r d e t a i l 

F i g s . 4.5(a,b,c) and 4.6(a,b,c) show estimates of 
of the tw o - p o i n t f u n c t i o n f o r each of ensembles 1-5. The 

models of ensembles 4 and 5 were evolved t o expansion f a c t o r s 

of 9*9 and 19*3 r e s p e c t i v e l y w h i l s t some models w i t h i n 

ensembles 1-3 were evolved f o r longer p e r i o d s . The main 

r e s u l t s t o be presented below do not depend s e n s i t i v e l y on 

the epoch a t which the models are analysed, although; a t 

1±Z3 times the 1000 body experiments show signs of coherence 

l e n g t h problems ( c f . F i g s . 4.4) 

In general t h e r e i s good agreement between the 20000 

body models over the range ?<10Q. The c o r r e l a t i o n f u n c t i o n s 

Models 6 and 12 were run a t a l a t e stage d u r i n g t h i s 

i n v e s t i g a t i o n and are not i n c l u d e d i n F i g s , 5. 
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Figure 4 . 5 ( a ) . Estimates o f the t u o - p o i n t c o r r e l a t i o n 
f u n c t i o n f o r models of ensemble 1 a t v a r i o u s values 
of the expansion parameter a. 
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Figure 4 . 6 ( a ) . Tuo-point c o r r e l a t i o n f u n c t i o n f o r 
ensembles 1 and 4 a f t e r expansion by a f a c t o r a=9.9. 
The.error bars r e p r e s e n t one standard d e v i a t i o n i n 
the mean. The s o l i d l i n e shous the l e a s t squares f i t 
0 f t a b l e 4.2. The dashed l i n e shous the r e s u l t o f 
s o l v i n g the p a i r c o n s e r v a t i o n equation using 
of F i g . 4 . 7 ( a ) . The dot-dashed l i n e s show the 



Caption f o r F i g . 4.6(a) continued -

asymptotic slopes of the s i m i l a r i t y s o l u t i o n (equs. 

4*7(a) and 4«7(b)). I n t h i s and the other f i g u r e s 

b elou, the 20000 body models have been scaled i n 

terms of the u n i t s used i n the 1000 body experiments, 

hence R re p r e s e n t s the r a d i u s of the bounding sphere. 
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8 f t e r expansion by a f a c t o r a = 15*8. Here, the r e s u l t s 

are shoun of i n t e g r a t i n g equ. (4.34) us i n g two values 

of the " s i m i l a r i t y " parameter oC (equ. 4.36). 
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f o r the 20000 body experiments f l a t t e n o f f on s m a l l scales 

due t o the l a r g e s o f t e n i n g parameter, but the l o s s of a 

few p a i r s a t small scales does not a f f e c t the c o r r e l a t i o n 

f u n c t i o n a t l a r g e scales very much. 1 c.scuss the r e s u l t s 

f o r each s e t of i n i t i a l c o n d i t i o n s below: 

A. JTL - 1, Poisson d i s t r i b u t i o n 

I t can be seen from F i g s . 4.5(a) and 4.6(a) t h a t 

the c o r r e l a t i o n f u n c t i o n d e v i a t e s from the observed slope 

^ = 1*8 f o r 50, steepening t o a slope which i s close 

t o the asymptotic slope given by l i n e a r t h e o r y , jPOL X~ 

(equ. ( 4 . 7 b ) ) . The f a c t t h a t the £ x behaviour i s 

reproduced c o n s i s t e n t l y i n the 20000 body models suggests 

t h a t i t i s not due to a sampling ( o r coherence l e n g t h ) 

problem. 

An i m p o r t a n t consistency check i s t o examine the 

behaviour of the mean r e l a t i v e p e c u l i a r v e l o c i t y between 

p a r t i c l e p a i r s ^ v 2 1 ^ * n t r a n s i t * o n r e g i o n ^ ^ 1 , 

s i n c e £ and ^ v 2 1 ̂  a r e r e * a t e c * b y ^ n e equation of 

c o n s e r v a t i o n of p a r t i c l e p a i r s 

oJ T 1-1- ( x 2 0 + ? ) < v / 2 1 ? ) = 0 (4.33) 
d t x^ 1 x 

(3P equ. 4 1 , equ. (A.2) here ) . 

< v 2 1 > f o r ensembles 1 and 4 i s shown i n F i g . 4.7(a) 

and the arrow marks the s e p a r a t i o n a t which ^ ^ 1 . The 

<^v 2 1> curve r i s e s by a f a c t o r of 'V 2 above the Hubble 

l i n e v » Hr a t s e p a r a t i o n s corresponding t o Pot 1, i n 
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Figure 4 . 7 ( a ) . V e l o c i t y s t a t i s t i c s f o r ensembles 1 and 4 
a t a=9»9. The dashed l i n e shows the r e s u l t o f i n t e g r a t i n g 
e q u a t i o n 4.35(a) using £ of F i g . 4 . 6 ( a ) . To avoid 
o vercrowding the e r r o r f l a g s on < v | 1 hy and < v ^ i ) have 
no t been shown but some idea of t h e i r s i z e may be" 
juoged by the v a r i a t i o n between adjacent p o i n t s . The 
s o l i d l i n e shows the f i t t o < v 2 1 ) > used i n equ. (4.36 b ) . 
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F i g u r e 4 . 7 ( b ) . As f o r F i g . 4.7(a) except f o r ensemble 
2 a t a=15«8. Here are shown the r e s u l t s o f i n t e g r a t i n g 
equ. (4.35a) usi n g f o f F i g . 4.7(b) f o r two values of 
the " s i m i l a r i t y " parameter oC . 



Poisson • Ensemble 3 
a=19 3 o Ensemble 5 

i i i 

v = Hr 
8 0 

velocity 

6.0 

ft < x > 

4 0 

If 

o 

2-0 

X 
A o i f O 

So i . *0 1 o 

001 0-1 10 

F i g u r e 4 . 7 ( c ) . As f o r F i g . 4.7(a) except f o r ensembles 
3 and 5 a t a=19»3. 



76 

c o n t r a s t t o the s o l u t i o n s of DP who f i n d < v 2 ^ v - £ H < r 2 ̂ > 

when 1. This r i s e i n the < v 2 1 > curve i s expected on 

the b a s i s of equ. (4.33) due to the steepening of J 5 f o r 

50. To show t h i s , I have n u m e r i c a l l y i n t e g r a t e d equ. (4.33) 

under the assumption of s e l f - s i m i l a r i t y . 

I n s e c t i o n 4.3, i t has been argued t h a t the s i m i l a r i t y 

s o l u t i o n may apply over scales corresponding to the t r a n s i t i o n 

r e g i o n JP *v 1, i . e . ( x # t ) ~ * j f ( s ) where s = x / t * . 

I n t h i s case equ. (4.33) becomes, 

- < s d j 
ds 

1 [ s 2 ( 1 + f ) v J = 0 
2 

s z ds 
(4.34) 

where v ( x , t ) = . t v ( s ) 

which may be solved f o r v i n terms of f or v i c e versa 

A 
v ( s ) -

S^(1 + f ) 

s 
0(2 i t 

dz 
dz (4.35a) 

( s ) = K exp 
s (oC s C ( s ) ) 

3<rt dz 
( Kz - C ( z ) ) (4.35b) 

where K i s a constant determined by the c o n d i t i o n £ 0 

i n tne l i m i t s pO . The s t a b i l i t y assumption (v = - 2 s) 
3 

i n the l i m i t } >> 1 gives equ. (4.7a) i f the parameter 

c< takes the " s i m i l a r ! t y n value 
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o< = 4 (4.36) 
3(n + 3) 

A cubic has been f i t t e d by the method of l e a s t squares 

to the p o i n t s of F i g . 4.6 (a) ( minus the f i r s t tuo p o i n t s 

from ensemble 4 uhich are q u i t e o b v i o u s l y a f f e c t e d by the 

s o f t e n i n g p a r a m e t e r ) , i . e . I have f i t t e d t o the form 

I09 1> = a Q
 + a^logx + a 2 ( l o g x ) ^ + a,j(log x ) ^ . The parameters 

a o , a 1 , a 2 , a 3 a r e ^^ s t 8 C^ * n Table 4.2. The p o i n t s from 

ensemble 1 of ^ V 2 1 ^ (f*9» 4.7(a)) have been f i t t e d t o a 

cubic i n l o g x. (The s t a b i l i t y c o n d i t i o n v = - Hr was 

imposed a t very small scales i n order to avoid i n s t a b i l i t y 

i n the f i t . ) The r e s u l t i n g f i t i s shown i n F i g . 4.7( a ) . 

These f i t s have been used i n n u m e r i c a l l y i n t e g r a t i n g equs. 

(4.35) the r e s u l t s of which are shown i n F i g s . 4.6(a) and 

4 . 7 ( a ) . Note t h a t t h e r e are no f r e e parameters i n the f i t s 

and t h a t the agreement i s e x c e l l e n t . This e x e r c i s e serves 

t o i l l u s t r a t e the consistency of the models and i n the 

methods of e s t i m a t i n g j and ( v 2 1 ^ * 

From t h i s a n a l y s i s i t appears t h a t p r e v i r i a l i z a t i o n 

coes not occur i n the N-body models and t h a t v i r i a l i z a t i o n 

e f f e c t s l e a d t o high values of fbreak ^ 5 0 * 
One c l u e as to the e f f e c t s of d i s c r e t e n e s s on ^ 2 1 ^ 

3 
comes oy i n t e g r a t i n g equ. (4.33) over d x and using the 

i n t e g r a l c o n s t r a i n t r e l a t i o n equ. (4.27) 

(4.37) 

n x o 0 + t < * 0 » / ( x j 



Table 4.2. Least square cubic f i t s t o 

n . = 1 
0 

Poiason, a « 9*9 

-2*537 

-2*957 

0*092 

0*119 

XI = 0*15 o 

Poisaon, a - 19*8 

-3*000 

-2*550 

-0*577 

0*200 

Sln = 1 

C e l l s , a 

-4*415 

-4*885 

-0*769 

-0*0348 
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Hence as w i t h equ. ( 4 . 9 ) , d i s c r e t e n e s s terms are 

n e g l i g i b l e i f C(x Equ. ( 4 . 3 7 ) , however, a p p l i e s 

B. Sim = 1 , C e l l s d i s t r i b u t i o n 

The C e l l s d i s t r i b u t i o n i s s e t up by having one 

p a r t i c l e a t a random l o c a t i o n i n each of N contiguous 

c u b i c a l volumes. This d i s t r i b u t i o n corresponds to n = +1 

on scales l a r g e r than the i n i t i a l i n t e r p a r t i c l e s e p a r a t i o n 

and t o n = 0 on smaller scales ( F a l l , 1978)* The two 

p o i n t c o r r e l a t i o n f u n c t i o n f o r ensemble 2 i s shown i n 

F i g s . 4.5(b) and 4.6(b) and i s seen to be c o n s i d e r a b l y 

steeper than ^ f o r the models of ensembles 1 and 4. 

^ ^ 2 * ^ ^ o r e r , 3 e m b l e 2 i s shown i n F i g . 4.7(b) and as 

i n the case of Poisson i n i t i a l conditions^V9„^ *V 2hr on 

i n the Poisson case, except t h a t two values of the 

parameter < have been used: K = i corresponding t o the 

s i m i l a r i t y s o l u t i o n f o r n = + 1 , and * = 4/9 corresponding 

co rv = 0. The r e s u l t s are shown i n F i g s . 4.6(b) and 4 . 7 ( b ) . 

Vhto ~c,reetnent i ^ s a t i s f a c t o r y i n the case §( = ^ but 

l * s s so U3ing 0< = 4/9. From these r e s u l t s a l s o , i t 

appears t h a t p r e - v i r i a l i z a t i o n e f f e c t s do not occur i n the 

\;-body models. 

C. £L = G»15, Poisson d i s t r i b u t i o n 

F i ga. 4.5(c) and 4.6(c) show e s t i m a t e * of the 

t w o - p o i n t c o r r e l a t i c . " . f u n c t i o n f o r ensembles 3 ar.d 5. 

only f o r 

scales corresponding t o ¥**1* Equ. (4.35) has been 

grated using l e a s t squares f i t s to j* and i n ' c e as 
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I n the case £i<1, the s i m i l a r i t y s o l u t i o n no longer 

a p p l i e s s i n c e the c l u s t e r i n g h i e r a r c h y stops g r o u i n g 

a t r e d s h i f t s z f = - 1, as e x p l a i n e d i n s e c t i o n 

4 . 5 ( b ) , This r e s u l t s i n a p r o g r e s s i v e steepening of f 

f o r z < z f . Hence £ f o r i X Q = 0*15 i s s i g n i f i c a n t l y 

steeper than i n the case D.= 1*0. 

Table 4.2 l i s t s the parameters of the l e a s t squares 

cubic f i t s t o £ shown as the s o l i d l i n e i n F i g . 4 . 6 ( c ) . 

F i g . 4.7(c) shows ^ v 2 1 ^ ^ o r e n s s m b i e s 3 a n d 5 # Note 

t h a t on scales corresponding t o (f'vl the r a t i o < v 2 i ^ / H ^ r 2 " i ^ 

i s s m a l l er than i n the 1 case, as would be expected 

from the argument t h a t l e d to equ. ( 4 . 3 7 ) , since .Â  

f o r A<1 grows more s l o w l y than i n the case JX= 1* 

0. Comparison w i t h other work 

The dependence of the shape of < f ( r ) on the 

cosmological d e n s i t y parameter i \ , discussed above 

has been confirmed using N-body c a l c u l a t i o n s by Aarseth 

and F a l l (1973, p r i v a t e communication, see F a l l , 1979, 

f o r graphs of jj ( r ) ) and also by Gott, Turner and 

Aarseth (1979). Gott e t a l also f i n d t h a t the shape of 

* i s dependent on the i n i t i a l p a r t i c l e d i s t r i b u t i o n , 

c o n s i s t e n t w i t h the r e s u l t s found here. The main o o i n t 

of disagreement between my r e s u l t s and those of Gott 

e t a i i s i n tha d e t a i l e d shape of the c o r r e l a t i o n 

f u n c t i o n i r . the case of Poisson i n i t i a l c o n d i t i o n s 

and -£X = 1 • Gott e t a l c l a i m t h a t over the ooserved 

range 10^ & I & 1 , t h e i r model r e s u l t s can oe f i t t e d 
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by £ofr""1#9 w i t h a v a r i a t i o n of - 0*15 i n the power 

l a u index between d i f f e r e n t runs. 

Since I have analysed r e s u l t s from t h r e e independent 

N-body programs i t seems u n l i k e l y t h o t the discrepancy 

i s due to numerical e r r o r s . The a n a l y s i s of t h e ^ v 2 1 ^ 

curves presented here i s c o n s i s t e n t w i t h my methods of 

e s t i m a t i n g I t would be of g r e a t i n t e r e s t f o r these 

authors t o c o n s t r u c t and analyse ensembles of models 

and t o examine the shape of both J ^ r ) and ^ v 2 1 ^ a s 

has been done here. U n t i l t h i s i s done i t w i l l be d i f f i c u l t 

to assess the s i g n i f i c a n c e of t h i s discrepancy. 

ffiy r e s u l t s a r e, however, c o n s i s t e n t w i t h the N-body 

models of Miyoshi and Kihara (1975) who examined the 

c o r r e l a t i o n f u n c t i o n overt the range 50 J ^ 0 * 1 

F -2 • 5 £ Ar i n the case of Poisson i n i t i a l 
c o n d i t i o n s , £L= 1. 

d) Three-point c o r r e l a t i o n f u n c t i o n 

The t h r e e - p o i n t c o r r e l a t i o n f u n c t i o n has been 

esti m a t e d f o r each of ensembles 1,2 and 3 and are shown 

i n F i g s . 4.8(a,b,c). Hare the aim i s t o t e s t whether 

2 c ^ K e s the simple form of equ. ( 4 . 4 ) . As a f i r s t order 

a p p r o x i m a t i o n I s h a l l take the power-law model f o r the 

t u o - p o i n t c o r r e l a t i o n f u n c t i o n J ( x ) = Ax" • I n terms 

of the "shape" parameters u and v and the " s i z e " parameter 

x equ. (4.4) becomes 

£(x,u,v) = Q A x" ( u ~ + ( u + v ) ~ + u~ (u+v) ) (4.38) 
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slope 2 from Table 4,4. 
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Least squares power-law f i t s hav/e been performed t o the 

estimates of £ shown i n Figs 4.8 i n order t o o b t a i n the 

slope and a m p l i t u d e . The a m p l i t u d e A and slope of the 

t w o - p o i n t f u n c t i o n are a l s o d e t e r m i n e oy power law 

l e a s t squares f i t s over the range 0»Q02£ x/R «5 0»1. 

The s i z e s of the u and v bins used i n e s t i m a t i n g % are 

l i s t e d i n Table 4.3 and the r e s u l t s of the comparison 

between £ and £ are summarised i n Table 4.4. The e r r o r 

on 2y has been determined from the v a r i a t i o n o f y from 

the models i n each ensemble, and the e r r o r s on 2 6 and 

Q were c a l c u l a t e d on the assumption t h a t each u and v 

b i n i s s t a t i s t i c a l l y independent and a r e , t h e r e f o r e , 

l i k e l y t o be underestimates of the t r u e e r r o r s . The 

r e s u l t s show t h a t the form of £ i s c o n s i s t e n t w i t h the 

simple r e l a t i o n of equ. (4.4) t o f i r s t order and t h a t 

t h i s r e s u l t i s not s t r o n g l y dependent on the i n i t i a l 

p a r t i c l e d i s t r i b u t i o n and the cosmological d e n s i t y parameter 

j T l . . This r e s u l t i s i n agreement w i t h the r e s u l t s of 

Gott e t a l (1979 , i n p r e p a r a t i o n ) . 

The value of Q i s found to be u n i t y i n good 

3^-3ement w i t h o b s e r v a t i o n s . From the 15th magnitude 

Zwicky sample and the 1Q1 x 10* L i c k counts i t i s found 

t h a t Q = 1*3 ± 0*2. The exact value depends upon the 

form of the galaxy l u m i n o s i t y f u n c t i o n and cosmological 

modal, but probably l i e s w i t h i n the range 0»8<$Q$1»6 

c o n s i s t e n t w i t h the N-body models. 

I n o r der t o ensure a p o s i t i v e d i s p e r s i o n i n the 



Table 4.3, Range of Shape Parameters 

Range of v 

0< v < 0*5 

0*5 < v <1»0 

Range of u 

(1 ) 1*0 - 1-32 

(3) 1*73 - 2*28 

( 5 ) 1*0 - 1-32 

(7) 1*73 - 2^28 

(2) 1*32 - 1*73 

(4) 2*28 - 3*0 

(6) 1-32 - 1»73 

(8) 2*28 - 3*0 



Table 4,4» Least squares f i t s to c and S • 

Ensemble a 2(s 2 f Q 

1 9*9 4*1120*05 4*150*14 1*2±0*1 

2 15*8 4*96*0*08 4*8 10*16 0*85 0-1 

3 19*3 4*9 1 0 * 1 5-050*16 1*250*1 
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number of neighbours found w i t h i n a sphere of given 

r a d i u s r f Q must be g r e a t e r than ^ 0*3 (see DP) and the 

N-body models must c e r t a i n l y obey t h i s p h y s i c a l c o n s t r a i n t . 

On the h i e r a r c h i c a l c l u s t e r i n g p i c t u r e Q cannot be too 

l a r g e s i n c e p a r t i c l e s must s a t i s f y the v i r i s i theorem 

(equ. 4.13) on small scales* Hence i c i s perhaps not 

s u r p r i s i n g t h a t the N-body models y i e l d values of Q c f 

order u n i t y . 

e) V e l o c i t y d i s p e r s i o n s 

F i g s . 4.7 ( a , b f c ) also shou the p a i r v e l o c i t y 

d i s p e r s i o n s ^ v ^ / / ^ - a n d ^ v 2 l l ^ = 2 ^ v f r ^ 
f o r each of ensembles 1-5. Having e s t a b l i s h e d t h a t the 
models agree ro u g h l y w i t h the r e l a t i o n !£2 the 
v e l o c i t y d i s p e r s i o n s may be compared w i t h equs. (4.12) 
and (4.13) from which 

< v 2 ^ M 2Gm + 4 7cGmnQ(yly x 2 X 
ex a 

f o r ensemble 1 , the term 2Gm/r i s smaller than ^ 2 1 ^ 

;yar most of the l e n g t h scale shown i n F i g . 4.7(a) and 

tnac ^ v ^ i s i n rough agreement u i t h equ. ( 4 . 1 3 ) , 

although using M-J.Q - 4*2 r e s u l t s i n an o v e r e s t i m a t e . 

A d e t a i l e d comparison i s complicated since i n these models 

£ does not have a simple power law form and the models 

hav* a n o n - n e g l i g i b l e s o f t e n i n g which would reduce the 

e s t i m a t e of * \ v 2 ^ from t h a t c a l c u l a t e d u s i n g F)Y = M 
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I conclude t h a t over most of the range of scales shown 

i n F i g 4.7(a) the v e l o c i t y d i s p e r s i o n s are supported by 

many p a r t i c l e p a i r s . The v e l o c i t y d i s p e r s i o n s f o r ensemble 

4 are much lower than those f o r e n s e ^ l e 1. This i s not 

s u r p r i s i n g , however, s i n c e the t w o - p o i n t c o r r e l a t i o n 
- 2 

f u n c t i o n f o r these models i s steeper than x f o r 
J «i ^break ~ ^ $ hence the dominant c o n t r i b u t i o n t o 

^ v . ^ a r i s e s from c l u s t e r i n g on scales where ^ ^JTbreak 

and c o n s i s t e n t w i t h t h i s , the v e l o c i t y d i s p e r s i o n s remain 

r o u g h l y c o n s t a n t on scales where < J ^ T e a ^ 9 Since a 

l a r g e s o f t e n i n g parameter i s used i n the 2 0 0 0 0 body models 

( o f comparable s i z e t o the scale a t which § c !f, . ) 
v break 

2 

^ v y w i l l be much lower than i n the 1 0 0 0 body models 

and t h i s a f f e c t s a l l scales l a r g e r than the s o f t e n i n g 

parameter. This i s t o be c o n t r a s t e d w i t h the mean r e l a t i v e p e c u l i a r v e l o c i t y ^ v 2 1 ^ where the c o n t r i b u t i o n f r om 
scales < ^ 2 * ^ > cancels out. I t i s i n t e r e s t i n g t o note 

t h a t the v e l o c i t y d i s p e r s i o n s are n e a r l y i s o t r o p i c on 

very s m a l l and very l a r g e s c a l e s , but d e v i a t e from i s o t r o p y 

( w i t h C v r > v 2 < v t y ) i n the t r a n s i t i o n r e g i o n 
V J ^ V 1 . According t o l i n e a r t h e o r y , on the l a r g e scales 

< v 2 i ^ ^ " ^ v 2 i - i ^ = 2 > / 3 ^ v i y u h e r e ^\y i s t h e 

s i n g l e p a r t i c l e v e l o c i t y d i s p e r s i o n , i f the c o r r e l a t i o n 
- 2 

f u n c t i o n i s steeper than x on the l a r g e s c a l e s . This 

r e l a t i o n holcis q u i t e w e l l f o r the 1 0 0 0 body models but 

l e s s w e l l f o r the 2 0 0 0 0 body models. 

The r e s u l t s from the other ensembles are shown i n 

F i g s . 4.7(b,c) and show the same ge n e r a l behaviour as those 
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from ensembles 1 and 4* 

f ) R e l a x a t i o n e f f e c t s 
I f d i s c r e t e n e s s e f f e c t s are n e g l i g i b l e , the cor­

r e l a t i o n f u n c t i o n s should be independent of p a r t i c l e 

masses. I n order t o t e s t f o r these a f f e c t s models have 

been run (ensembles 6 and 7 ) ^ i n which p a r t i c l e s .nave d i f f e r e n t 

masses. The mass d i s t r i b u t i o n used i n ensemble 6 was i n 

f a c t o b t a i n e d using the f i n a l p o s i t i o n s of the p a r t i c l e s 

of one 20000 body model of ensemble 4 by r e p l a c i n g a l l 

p a r t i c l e s w i t h i n a s i n g l e c e l l of a 12 x 12 x 12 mesh by 

one s i n g l e p a r t i c l e w i t h mass equal t o the number of p a r t i c l e s 

w i t h i n the c e l l . This procedure was performed as p a r t of 

a s e r i e s of experiments which have not been completed due 

to a l a c k of computer time. The mass spectrum resembles 

q u i t e c l o s e l y the shape of the m u l t i p l i c i t y f u n c t i o n s 

f o r the case XX = 1» n=0, (see chapter 5 ) . As i n ensemble 

the p a r t i c l e s are d i s t r i b u t e d pseudo-randomly w i t h i n 

a sphere and have zero p e c u l i a r v e l o c i t i e s . 

F i g . 4.9 shows the mass weighted ( ) and number 

weighted ( ̂ n ) estimates of the two-point c o r r e l a t i o n 

f a c t i o n s . On scales <f<$10, the two f u n c t i o n s are n e a r l y 

i d e n t i c a l but f o r f j - 1 0 the number weighted f u n c t i o n has 

a n o t i c e a b l y lower amplitude than the mass weighted 

f u n c t i o n . This i s j u s t what i s expected, since d i s c r e t e n e s s 

e f f e c t s are i m p o r t a n t on sm a l l scales and two-body 

e f f e c t s tend to develop core-halo type s t r u c t u r e s w i t h the 

morb massive p a r t i c l e s s i t t i n g deeper w i t h i n the c l u s t e r 

p o t e n t i a l w e l l chan the l e s s massive p a r t i c l e s . The e f f e c t i s 
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q u i t e apparent i n p i c t u r e s of the models ( F i g s . 4.10a,b). 

Recent l y , G e l l e r and Davis (1978) have used a n e a r l y 

complete r e d s h i f t sample ( e s s e n t i a l l y the Shepley-Ames 

catal o g u e ) to e s t i m a t e a l u m i n o s i t y weighted c o r r e l a t i o n 

f u n c t i o n * This i s found to be s l i g h t l y steeper than the 

number weighted f u n c t i o n * The s t a t i s t i c a l s i g n i f i c a n c e of 

t h i s r e s u l t i s not c l e a r because of the smallness of t h e i r 

sample but the e f f e c t i s i n the r i g h t d i r e c t i o n to a l l o w 

an i n t e r p r e t a t i o n i n terms o f mass se g r e g a t i o n * I t i s 

i m p o r t a n t to check t h i s r e s u l t because an i m p l i c i t 

assumption i n the comparison o f most t h e o r e t i c a l work 

w i t h the o b s e r v a t i o n a l data i s t h a t the number weighted 

f u n c t i o n s are t r u e measures of the mass d i s t r i b u t i o n . 

One i m p o r t a n t piece of evidence i n favour of t h i s i s t h a t 

the t h r e e - p o i n t f u n c t i o n scales as expected i n the h i e r a r c h i c a l 

c l u s t e r i n g p i c t u r e (equ. 4*4, see Peebles, 1974c). 

The mass s e g r e g a t i o n e f f e c t i s mere apparent i n the 

c a l c u l a t i o n s of ensemble 7. Hare t h e r e are 500 p a r t i c l e s 

of u n i t mass toge t h e r w i t h 500 p a r t i c l e s of zero mass, 

Poieson i n i t i a l c o n d i t i o n s and zero i n i t i a l p e c u l i a r 

v e l o c i t i e s . F i g . 4.11 shows the a u t o c o r r e l a t i o n f u n c t i o n 

the messless p a r t i c l e s ^ mlml* ^ 8 a u ^ o c o r i , e ^ a ^ i ° n 

f u n c t i o n f o r the massive p a r t i c l e s ¥ and the c r o s s -
* mvmv 

c o r r e l a t i o n f u n c t i o n between massive and masslsss p a r t i c l e s 

1 mvtol" I n t h i s c a 3 e t h e t u o " P o i n t f u n c t i o n s e a s i l y p i c k 
o u t the mass s e g r e g a t i o n e f f e c t s , but n o t i c e t h a t a l l t h r e e 
f u n c t i o n s converge a t l a r g e s e p a r a t i o n s * 



-H-

+++ 

+1 

F i g u r e 4.10(a), X-Y p r o j e c t i o n o f the p a r t i c l e 

p o s i t i o n s f o r 343 p a r t i c l e s u i t h M > 1 f o r one 

of the models of ensemble 6 a f t e r expansion by a 

f a c t o r a=9*9. 
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Figure 4.10(b). HS f o r F i g . 4.10(e) except f o r 

r e m a i n i n g 654 p a r t i c l e s u i t h M < 1. 
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Peebles (1978) has performed N-body c a l c u l a t i o n s to 

t e s t f o r the e f f e c t s of tuo-body and c o l l e c t i v e r e l a x a t i o n . 

As a t e s t f o r two-body r e l a x a t i o n Peebles i n c l u d e d zero 

mass t e s t p a r t i c l e s a t the s m a l l e s t l u v e l of a c l u s t e r i n g 

h i e r a r c h y and a f t e r e v o l v i n g the system over a Hubble time 

found no evidence of mass s e g r e g a t i o n . Peebles 1 r e s u l t 

must not be confused w i t h the r e s u l t presented here f o r 

the experiments d i f f e r i n an i m p o r t a n t way, Peebles begins 

w i t h a h i g h l y c l u s t e r e d system i n v i r i a l e q u i l i b r i u m so 

t h a t c o l l e c t i v e i n t e r a c t i o n s dominate on a l l but the 

very s m a l l e s t l e v e l of the h i e r a r c h y , whereas ensembles 

6 and 7 begin w i t h weakly c l u s t e r e d i n i t i a l c o n d i t i o n s . 

The e f f e c t s of r e l a x a t i o n on the shape of the 

two- p o i n t c o r r e l a t i o n f u n c t i o n have been examined i n g r e a t e r 

d e t a i l by Gott, Turner and Aarseth (1979), but whether 

t h e i r r e s u l t s or the r e s u l t s of t h i s chapter have any 

relevance t o the c l u s t e r i n g o f g a l a x i e s i n the r e a l 

Universe i s a complicated i s s u e t o which I now t u r n . 

4.6 Discussion and Comparison w i t h Observations. 

The aim has been to c a l c u l a t e the shape of the 

two - p o i n t c o r r e l a t i o n f u n c t i o n i n the t r a n s i t i o n r e g i o n 

]T<\>'}, under the assumptions A-E of s e c t i o n 4.3. Of these, 

assumption E i s p a r t i c u l a r l y worrisome. 

Tne number of c l u s t e r e d g a l a x i e s w i t h i n a r a d i u s 
r o ^ 5 h " 1 ^ P c ( c o r r e s p o n d i n g to £(x Q) % 1) i s 

( t a k i n g the mean space d e n s i t y o f b r i g h t g a l a x i e s as 
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0*02 h Pipe"" ) • This number i s comparable to the mean 

of the p a r t i c l e d i s t r i b u t i o n s analysed i n s e c t i o n 4.5. 

Hence, i f I am j u s t i f i e d i n assuming t:z e x i s t e n c e of some 

epoch z # when g a l a x i e s were weakly c l u s t e r e d and a c t 

t h e r e a f t e r as the fundamental p o i n t p a r t i c l e s , the N-body 

approach may be a p p l i c a b l e . I now e x p l o r e the consequences 

of t h i s h y p o t h e s i s . 

F i g . 4.12 shows a comparison of the r e s u l t s from the 

Poisson models w i t h the observed shape of the angular 

covariance f u n c t i o n w ( & ) . Here, Limber's equation has 

been n u m e r i c a l l y i n t e g r a t e d u s i n g the l e a s t squares cubic 

f i t s t o ^ ( x ) l i s t e d i n Table 4.2 assuming the galaxy 

l u m i n o s i t y f u n c t i o n of Peebles and Hauser (1974). Tne 

data p o i n t s are taken from F i g . 2 of Davis, Groth and 

Peebles (1978) where they performed a s i m i l a r e x e r c i s e 

using the BBGKY s o l u t i o n s of Davis and Peebles which are 

i n good agreement u i t h the a n a l y s i s of the L i c k counts 

(Groth ana Peebles, 1977) shown as the open c i r c l e s i n 

F i g . 4.12. 

As can be seen the IX.= 1, n = 0 curve d e v i a t e s 

i.iQru•/icantiy from the data p o i n t s on scales uD 1 h" npc 

and i s c l e a r l y i n c o m p a t i b l e w i t h the o b s e r v a t i o n s . 

The cause of t h i s discrepancy has a simple p h y s i c a l 

e x p l a n a t i o n . Tne ^ v 2 1 ^ curve i s found to r i s e above the 

Hubble l i n e Hr on scales corresponding t o the t r a n s i t i o n 

r e g i o n ?<v 1 „ This type of e f f e c t has been discussed Dy 

Gott and Reas (1975) on the b a s i s of the homogeneous 

number of c l u s t e r e d p a r t i c l e s w i t h i n r a d i u s x Q ( f(x.) Z D 
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o b s e r v a t i o n a l d e t a i l s . 
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s p h e r i c a l c l u s t e r model, and i s due t o r a d i a l i n f a l l as 

the c l u s t e r s c o l l a p s e i n order t o generate enough k i n e t i c 

energy t o s a t i s f y the v i r i a l theorem* W h i l s t the s p h e r i c a l 

c l u s t e r p i c t u r e i s undoubtedly o v e r - s i m p l i f i e d , a p p a r e n t l y 

these v i r i a l i s a t i o n e f f e c t s are pre s e n t i n the N-body 

models, which cause £ break ^° o c c u r a ^ l a r 9 e values 

of If (roughly f b r e a k - SO). 

From F i g . 4.12 i t can be seen t h a t the JX = 0*15, n=0 

curve i s an even worse f i t to the d a t a , since J ^ ( r ) f o r 

these models has a s i g n i f i c a n t l y steeper slope than 

f o r the £i= 1, n=0 models. One might ask whether an open 

model w i t h n < 0 could be c o n s i s t e n t w i t h the data. Gott 

and Rees (1975) have suggested t h a t -CX= 0*1 , n= -1 

may be compatible w i t h the o b s e r v a t i o n s and F a l l (1979) has 

argued the case f o r SX = 0*1, n£-1»7. The problem i s very 

complicated and even a d i r e c t N-body approach i s not easy 

because of p r a c t i c a l d i f f i c u l t i e s i n s e t t i n g up an i n i t i a l 

p a r t i c l e d i s t r i b u t i o n w i t h the d e s i r e d power spectrum. 

N e v e r t h e l e s s , the N-body models of G o t t , Turner and Aarseth 

(1979) serve t o i l l u s t r a t e t h a t the l o w - d e n s i t y cosroological 

models r e q u i r e n i - 1 , However, i f the o b s e r v a t i o n of the 

sharp change i n slope a t #D 9 h Npc i s c o r r e c t , i t 

would be d i f f i c u l t t o r e c o n c i l e w i t h g r a v i t a t i o n a l 

i n s t a b i l i t y i n a low d e n s i t y cosmologies! model w i t h a 

power law spectrum of f l u c t u a t i o n s , s i n c e a c c o r d i n g to 

l i n e a r theory (equ. 4.7b) ^ oC x ~ ^ n + 3 ^ f o r £ << 1. 

I n any case, the assumption of a power law spectrum of 

p e r t u r b a t i o n s (equ. 1.6) u i t h n ^ - 1 muse f a i l because 
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A 
the c o r r e l a t i o n p o t e n t i a l energy U and the mean 

2 2 
square r e l a t i v e v e l o c i t i e s and ^ » v

r ^ d i v e r g e 

a t l a r g e s e p a r a t i o n s , i . e . t h e r e rcLst e x i s c a break i n 

the power spectrum on l a r g e scales i * , * n $-1 ( c . f . F a l l , 

1975). 

Now consider the a l t e r n a t i v e case i n which the 

c l u s t e r i n g has always been n o n - l i n e a r on s m a l l enough 

s c a l e s , so t h a t the fundamental p o i n t p a r t i c l e s may be 

taken t o have a very much sm a l l e r mass than i s t y p i c a l 

of a b r i g h t galaxy. I have argued i n s e c t i o n 4.2 t h a t 

these a r e , perhaps, more r e a l s t i c i n i t i a l c o n d i t i o n s . 

This r e p r e s e n t s the case s t u d i e d by Oavis and Peebles 

who f i n d q u i t e d i f f e r e n t r e s u l t s t o those found here. 
Their s o l u t i o n s y i e l d J break / v ° * 3 f o r - f^ a s 1 

due to p r e - v i r i a l i z a t i o n e f f e c t s and the p r e d i c t i o n s 
agree remarkably w e l l w i t h the o b s e r v a t i o n s i n c l u d i n g the 

-1 
change i n slope a t 9 h Mpc. I f Oavis and Peebles have 

c o r r e c t l y modelled the c l u s t e r i n g process then t h i s i s 

evidence f o r g r a v i t a t i o n a l i n s t a b i l i t y i n a dense u n i v e r s e . 

The problem i s of such fundamental importance t h a t 

_ t i s n a t u r a l to ask whether the r e s u l t s from the N-body 

.fiCusls discussed here may be a p p l i e d i n t h i s case* The 

a b i l i t y t o make p r e d i c t i o n s i n t h i s c o n t e x t i s severely 

l i m i t e d due t o the d i s c r e t e n e s s problem discussed i n 

s e c t i o n s 4.3 and 4.5. I have suggested t h a t p a r t i c l e 

d i s c r e t e n e s s may not be i m p o r t a n t i n the t r a n s i t i o n r e g i o n 

| a ? I but tne argument i s h a r d l y c o n v i n c i n g . Put another 
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way, th8 N-body models develop c l u s t e r s uhich c o n t a i n 

t y p i c a l l y v 30 p a r t i c l e s ( c . f . F i g . 4.1b). I would be 

much happier i f t h i s number were i n the hundreds but 

u n f o r t u n a t e l y t h i s would r e q u i r e an excessive amount of 

computer time. 

The f a c t t h a t the discrepancy between the BBGKY 

approach and t h a t presented here i s so g r e a t does i n d i c a t e 

t h a t an a l t e r n a t i v e approach ( e . g . Fry and Peebles, i n 

p r e p a r a t i o n ) uould be w o r t h w h i l e and of c o n s i d e r a b l e 

i n t e r e s t . 



91 

CHAPTER 5 

OTHER MEASURES OF GALAXY CLUSTERING 

5.1 I n t r o d u c t i o n . 

The e m p i r i c a l r e s u l t s reviewed chapter 4 i n d i c a t e 

t h a t the t u o - p o i n t c o r r e l a t i o n f u n c t i o n has a power law 

form w i t h no p r e f e r r e d scale i n the range 0»1h - 9h Mpc. 

The estimates f o r the t h r e e - and f o u r - p o i n t c o r r e l a t i o n 

f u n c t i o n s obey the simple r e l a t i o n s of equs. (4.4, 4.5) 

and t h i s has been suggested as evidence t h a t the galaxy 

d i s t r i b u t i o n i s h i e r a r c h i c a l ( e.g. Soneira and Peebles, 

1978). The power law form o f £ ( r ) suggests t h a t the 

hi e r a r c h y i s s e l f - s i m i l a r and t h a t i t r e p r e s e n t s a f r a c t a l 

of dimension 0 = 3 - I Z 1»2 i n M a n d e l b r o t ^ (1977) 

t e r m i n o l o g y . 

The suggestion i s o f t e n made t h a t a s e l f - s i m i l a r 

d i s t r i b u t i o n o f matter a r i s e s most n a t u r a l l y i n the 

g r a v i t a t i o n a l i n s t a b i l i t y p i c t u r e f o r the development 

of s t r u c t u r e i n the Universe because the g r a v i t a t i o n a l 

f o r c e - l a w i t s e l f has no p r e f e r r e d s c a l e s . But th e r e are 

s t i l l s e v e r a l p o s s i b i i t i e s ; 

r» w i »its p r e s e n t d i s t r i b u t i o n r e f l e c t s i n i t i a l c o n d i t i o n s , 

but the i n i t i a l c o n d i t i o n s were scale f r e e : as f o r 

example, w i t h a power law spectrum of i s o t h e r m a l 

f l u c t u a t i o n s a t recombination ( equ. 1.6 ) . 

B. The prese n t d i s t r i b u t i o n r e f l e c t s the tendency f o r 

the matter to ev o l v e , by r e l a x a t i o n and d i s r u p t i o n 

processes t o a s e l f - a i m i l a r form which i s independent 

of i n i t i a l c o n d i t i o n s (Press and Lightman, 1978; 
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S i l k and U n i t e , 1978). 

C. Galaxy c l u s t e r i n g may be n e i t h e r s e l f - s i m i l a r nor 

h i e r a r c h i c a l and the low order angular c o r r e l a t i o n 

f u n c t i o n s do not shed much l i g h t on the iss u e because 

they are not s e n s i t i v e d i s c r i m i n a t o r s between d i f f e r e n t 

models of galaxy c l u s t e r i n g (Shanks, 1979). 

The d i s c u s s i o n of the previous chapter a t l e a s t 

serves to i l l u s t r a t e the complexity of the problem, even 

w i t h i n the framework of the g r a v i t a t i o n a l i n s t a b i l i t y 

p i c t u r e . 

I n an attempt to answer some of these problems 

s e v e r a l new s t a t i s t i c s have been a p p l i e d t o galaxy 

c l u s t e r i n g . These a r e : 

i The " m u l t i p l i c i t y f u n c t i o n " or ( d i f f e r e n t i a l ) mass 

d i s t r i b u t i o n f o r the groups of g a l a x i e s (Press and 

Schechter, 1974; Gott and Turner, 1977). 

i i The s t a t i s t i c of Bhavsar (1978) which r e l a t e s the 

f r a c t i o n of s i n g l e g a l a x i e s i n a group catalogue as a 

f u n c t i o n o f d e n s i t y c o n t r a s t . 

v - i /i6od ,3 a n a l y s i s , as a p p l i e d by Shanks (1979). 

The main t o p i c of t h i s chapter i s the m u l t i p l i c i t y 

f u n c t i o n * I n s e c t i o n 5.2 we r e d e r i v e Press and Schechter's 

expression f o r the m u l t i p l i c i t y f u n c t i o n and we make 

p r e c i s e the n o t i o n of s e l f - s i m i l a r i t y . I n s e c t i o n 5.3 

we present the r e s u l t s from the a n a l y s i s of some N-body 

models of chapter 4, and i n s e c t i o n 5.4 we b r i e f l y d e s c r i b e 
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the connection between the m u l t i p l i c i t y f u n c t i o n and 

r e l a t e d f u n c t i o n s , such as those of Bhavsar, T o r the 

p r o j e c t e d d i s t r i b u t i o n of g a l a x i e s on the sky. The 

main conclusions are summarised i n a c t i o n 5.5. 

5 .2 Theory. 

Our s t a r t i n g p o i n t i s the idea t h a t the d i s t r i b u t i o n 

of matter i n space can be described by a f a m i l y of 'group 

catalogues' a t d i f f e r e n t d e n s i t y c o n t r a s t s . By analogy 

w i t h Turner and Gott's (1976) p r e s c r i p t i o n , we d e f i n e 

a group catalogue {?( S) t o be a l l r e g i o n s of space 

("groups") which are s p e c i f i e d by some r u l e and w i t h i n 

which the mean mass d e n s i t y i s f £ (where J> i s the 

mean cosmological d e n s i t y ) . The r u l e f o r f i n d i n g groups 

i s a r b i t r a r y , so long as each catalogue c o n t a i n s a l l 

m a t t e r , but i t must be the same f o r a l l catalogues of 

the f a m i l y i n order t h a t the n e s t i n g p r o p e r t y 

S , > S 2 < F > €( S,) C C( S 2 ) (5.1) 

be s a t i s f i e d . The boundaries of the catalogue £ ( ? ) 

a*c c i f f e r a n t o make a contour map of the matter 

d i s t r i b u t i o n and the topology of the boundaries gix/es an 

i n d i c a t i o n of how h i e r a r c h i c a l the d i s t r i b u t i o n i s 

( F i g . 5.1). 

I t w i l l now prove u s e f u l to d e f i n e a 'n e s t i n g 

k e r n a l ' p 6uch t h a t p(m^, o ^ l n ^ * S 2) dm^ i s the 

p r o b a b i l i t y t h a t a group of mass m9 i n the catalogue 
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f i g u r e 5.1# Group catalogues a t d i f f e r e n t d e n s i t y c o n t r a s t s : 
(a) h i e r a r c h i c a l d i s t r i b u t i o n , ( b) non-
h i e r a r c h i c a l d i s t r i b u t i o n . I f the d i s t r i b u t i o n s 
are s t a b l e i n the sense of equ. (5.9) they u i l l 
remain s e l f - s i m i l a r d u r i n g the e v o l u t i o n of 
c l u s t e r i n g . I f , on the other hand, r e l a x a t i o n , 
d i s r u p t i o n and merging e f f e c t s are i m p o r t a n t , 
a d i s t r i b u t i o n l i k e (a) might evolve to one 
l i k e ( b ) . 
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€ ( co n t a i n s a group i n the mass i n t e r v a l 

(m^, m^-fdro^) i n the catalogue £ ( ̂ ^)» Of course 

p must vanish f o r m̂  ? m̂  and <, £ 2
# ^ o r 

consistency i t must s a t i s f y the r e i a c i o n 

p ( m 1 f S 1 J m2, S 2 ) = 

f (5,2) 
dm p ( m 1 # 5 1 | mf S ) p ( m , S I n » 2 , S 2 ) 

f o r a l l o such t h a t &j > S > $ 2 # A necessary 

c o n d i t i o n f o r the matter d i s t r i b u t i o n to be s e l f - s i m i l a r 

under change of scale i s t h a t p s a t i s f y the r e l a t i o n 

p(n 1» & 1 I 1*2* ^ 2^ = k P ( k w V k * $ 1 I k*" 2
, k ^ ^ 2 ^ 

(5.3) 

f o r some t and a l l p o s i t i v e k. (A s u f f i c i e n t c o n d i t i o n 

uould r e q u i r e t h a t the r e l a t i v e l o c a t i o n s o f groups 

also be i n v a r i a n t under change of s c a l e . ) The exponent 

£ i n equ. (5.3) i s r e l a t e d to the f r a c t a l dimension 0 

of the matter d i s t r i b u t i o n by the f o l l o w i n g dimensional 

expressions ( u i t r . f i x e d mean d e n s i t y ) 

k" 1 , [ d e n s i t y ] = k"* 
(5.4) 

[ l e n g t h ] W - * ) » [ l e n g t h J D 

The m u l t i p l i c i t y f u n c t i o n n i s d e f i n e d such t h a t 

j jnass 1 

mass 



95 

^(m t S )dm i s the mean space d e n s i t y of groups i n the 

mass i n t e r v a l (m,m+dm) i n the catalogue C ( S ) • The 

s c a l i n g r e l a t i o n equ. (5.3) f o r p cart nou be used to 

d e r i v e a s c a l i n g r e l a t i o n f o r • fran. the d e f i n i t i o n s 

^ must s a t i s f y the f o l l o w i n g equations 

t ( m

2 ' S 2 ) = j d m 1 ^ ( m 1 # S 1 ) p ( m 4 ] , o 1 | m 2 , o ? ) 

J> = f d m m ^ ( m , S ) 

(5.5) 

Together, these equations r e q u i r e t h a t the s c a l i n g 

r e l a t i o n 

^(m, S ) = k 2 f^(km,k e S ) (5.6) 

be s a t i s f i e d because J> i s independent of $ • 

E l i m i n a t i n g k, u/e thus have the r e s u l t 

r^(m, S ) = n T 2 g(m ) (5-7) 

6 = 1-3/0 = - * / ( 3 - y ) S -V5 (5.8) 

where g i s an a r b i t r a r y dimensionless f u n c t i o n . 

Let us now consider the e v o l u t i o n of ̂  . Ue 

imagine the c o n s t r u c t i o n of a f a m i l y o f group catalogues 

C( S , t ) at d i f f e r e n t proper times t and l e t *[(m, £,t)dm 

oenocG the comoving space d e n s i t y of groups i n the 

catalogue £ ( S,t) w i t h masses i n the i n t e r v a l (m,m+dm). 

The s i m p l e s t case i s t h a t i n which the matter d i s t r i b u t i o n 
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i s s t a b l e i n the sense t h a t groups, once formed, are 

not a l t e r e d d u r i n g the e v o l u t i o n . I n t h i s case ^ must 

depend on S and t on l y through the product & a" ( t ) , 

uhere a ( t ) i s the cosmological sco.c parameter; thus 

^(m, S , t ) = m"2 g ( m r l A a 3 A ) (5.9) 

I n t h i s case, the d i s t r i b u t i o n i s also s e l f - s i m i l a r i n 

time i f i s c o n s t a n t . Of course, t h i s g e n e r a l i s e d 

s c a l i n g r e l a t i o n s h i p can only be expected to h o l d a t 

d e n s i t y c o n t r a s t s high enough ( 5 > ^ m i n ) ^° guarantee 

t h a t groups have reached t h e i r e q u i l i b r i u m ( 1 v i r i a l i s e d •) 

d e n s i t y . This should depend s e n s i t i v e l y on the 

cosmological d e n s i t y parameter, roughly as i Z SX" 

( c f . s e c t i o n 4.4) and may preclude the a p p l i c a b i l i t y o f 

equ. (5.9) over much of the range of i n t e r e s t (1 £ $ <£ 10 ) 

i f JTL i s s m a l l , lie can nou recover the Press-Schechter 

(1974) m u l t i p l i c i t y f u n c t i o n as a s p e c i a l case of 

equ. (5.9) w i t h some a d d i t i o n a l assumptions. These are: 

che background cosmology i s E i n s t e i n - d e S i t t e r (fl = 1 , 
2/3 

a cC t ) , the growth r a t e i s determined by l i n e a r 

w..6G-:yy and the i n i t i a l power spectrum ( a t r e c o m b i n a t i o n , 

say) had power law form ($#7p I 2/> * oc m ~ ^ ~ n / 6 ) . I n 

t h i s case, must depend on m and t only through the 

dimensionless combination m/m ( t ) where m i s the mass-
c c 

scale which i s j u s t beginning n o n - l i n e a r ( S Z 1) 
condensationt m ^ ( t ) o ^ £ * / ( 3 + n ) # Thus 
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- | ( » , S , t ) = m~2 G n [ ( • / • * ) ( t / t Q ) 2 / € l ' U t (5,10) 

* = - i ( 3 + n ) ( = 1-0) ( 5 # 1 1 ) 

where m* i s the c u r r e n t marginalxy n c n - l i n e a r mass 

scale ni ( t ) and Ĝ  i s a f u n c t i o n determined o n l y by c o n 
the i n i t i a l d i s t r i b u t i o n of p e r t u r b a t i o n s . Assuming 

t h a t the d i s t r i b u t i o n of group masses i s d i r e c t l y 

r e l a t e d t o the i n i t i a l d i s t r i b u t i o n of d e n s i t i e s i n 

randomly sampled volumes, the Gaussian approximation 

a p p l i e s and ue have 

G^x) * x * + n / 6 e x p ( - x 1 + n / 3 > (5.12) 

(Balko, 1971). Equ. (5.12) i s e q u i v a l e n t to Peebles' 

(1974b) s c a l i n g r e l a t i o n (equ.4.5) which p r e d i c t s n ^ 0 

f o r ^ £ 1*8 and -£L&V0. Press and Schecter d e r i v e d 

equs (5.10)-(5.11) f o r a f i x e d d e n s i t y c o n t r a s t ( S ^ 10) 

and noted t h a t evolves s e l f - s i m i l a r l y as a consequence 

of the assumed i n i t i a l c o n d i t i o n s . The s t a b i l i t y 

assumption equ. (5.9) allows us t o g e n e r a l i s e t h e i r 

formula t o other d e n s i t y c o n t r a s t s provided t h a t 

r e l a x a t i o n , d i s r u p t i o n and v i r i a l i s a t i o n e f f e c t s are 

n e g l i g i b l e . Ue note t h a t approximation (5.12) f o r Gn 

has never oeen f u l l y j u s t i f i e d i n the c o n t e x t of group 

catalogues but the power law p a r t i s almost c e r t a i n l y 

c o r r e c t even i f the e x p o n e n t i a l p a r t i s not (Schechter, 

1976a). 

The s c a l i n g r e l a t i o n , equ. (5.9) cannot be expected 
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to hold over a l a r g e range of d e n s i t y c o n t r a s t s i f JX 

i s s m a l l . This i s because there i s nou a p r e f e r r e d time 

a t which l i n e a r p e r t u r b a t i o n s stop growing, corresponding 

roughly t o *v 0 - 1 ( c f . s e c t i o n 4.5). A 

simple but crude way t o modify the s c a l i n g r e l a t i o n s f o r 

_ f l < 1 i s suggested by the steepening e f f e c t of the 

c o r r e l a t i o n f u n c t i o n ( Gott and Rees, 1975, and s e c t i o n 

4.4). As i n s e c t i o n 4.4 we assume t h a t the £X = 1 

arguments hold approximately up t o the time t ^ y _Ql t 

w i t h tp r e p l a c i n g t i n equ. (5.10) w i t h the s c a l i n g 

exponent £ ̂  given approximately by equ. ( 5 . 1 1 ) . 

Furthermore, we assume t h a t l i n e a r p e r t u r b a t i o n s ( $ & 1) 

do not grow a t l a t e r times and t h a t the s t a b i l i t y 

argument equ.(5.9) holds f o r a l l p e r t u r b a t i o n s w i t h 

£ $ v ( s a y ) a ^ t i m e t f : thus 

^(m,1,t) * ^ ( m , 1 , t f ) = m~2 Gp [ (m/m*) J 

(5.13) 
^ ( m , i i T 3 S v , t ) 2: r^(m, S v , t f ) 

= m-2Gn jjm/m*) S ~ 1 / e f ] 

£;;trapolating between these regimes w i t h a power law of 

exponent 6 now gives e 

r^(m, S,t) ID - 2 Gn [(ro/m*) (5.14) 

^ e f e - i ( 3 + n ) i o g ( i v / ^ 3 ) / l o g S w ( 5 . 1 5 ) 

(1 £ S < J C 3 ) 
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where SI. ( c ) i s the instantaneous d e n s i t y parameter, 

£ v i s a parameter (cons S v & 1 - 2x10 ) and Gn i s 

given by equ. ( 5 . 1 2 ) . 

The proposed s c a l i n g r e l a t i o n (5.14)-(5.15) 

reduces to the Press-Schechter form ( 5.10 )-(-5.11 ) f o r 

XI = 1 and i s e q u i v a l e n t to the c o r r e l a t i o n f u n c t i o n 

s c a l i n g r e l a t i o n of F a l l (1979, equ. 65) w i t h 

r e p l a c i n g The matter d i s t r i b u t i o n d escribed by 

equ. (5.14) i s , by c o n s t r u c t i o n , s p a t i a l l y s e l f - s i m i l a r 

over the range of scales to which i t a p p l i e s ; but i t s 

e v o l u t i o n i s not s e l f - s i m i l a r because the f r a c t a l 

dimension D i 3 / ( 1 - ) i s time dependent. F i n a l l y , f o r 
e 

a f i x e d d e n s i t y c o n t r a s t , the ( l o g a r i t h m i c ) slope of 

f[ a t small m (-3/2+n/6) i s independent of - f t - and 

t h e r e f o r e , independent of time, This l a s t p r o p e r t y i s not 

unique to our model and, i n p r i n c i p l e , makes the 

m u l t i p l i c i t y f u n c t i o n an a t t r a c t i v e cosmological probe. 

The p r o p e r t i e s l i s t e d above are c l e a r l y d e s i r a b l e on 

p h y s i c a l grounds b u t , of course, the power-law e x t r a p o l a t i o n 

must be considered only as an a p p r o x i m a t i o n . The main 

j u s t i f i c a t i o n s f o r i t are the e m p i r i c a l evidence f o r a 

o ""-similar d i s t r i b u t i o n of g a l a x i e s and the approximately 

power-law form of the c o r r e l a t i o n f u n c t i o n s i n the low 

d e n s i t y N-body models described i n the proceeding 

chap t e r . 

5.3 \-body Experiments. 

I n order to check t h i s d e s c r i p t i o n of c l u s t e r i n g , 

or a t l e a s t -co c.'ack f o r c o n s i s t e n c y , we have analysed 

file:///-body
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some of the A!~body s i m u l a t i o n s of chapter 4. I n a d d i t i o n 

to the standard experiments, tuo of the experiments 

were of the Freeze type (one Poisson and one C e l l s , 

XL = 1) w i t h the same i n i t i a l p a r t i c l e p o s i t i o n s as tuo 

standard experiments. (These are the fo u r experiments 

discussed i n F a l l , 1978, models 50, 13E, 220, 23E h e r e ) . 

I n the Freeze experiments, the motions of p a r t i c l e s 

u i t h i n condensed aggregates uere a r t i f i c i a l l y stopped i n 

order to assess t h e i r i n f l u e n c e on the development of 

c l u s t e r i n g . The experiments hsve been summarised i n 

Table 4.1. 

In comparison of theory w i t h experiment i t i s o f t e n 

convenient t o work w i t h the cumulative f u n c t i o n 

J m fr(m, S ) J d ix u n ( u , S ) 
° (5.16) 

CD 

O 

According to the arguments of the previous s e c t i o n , ft 
i s given by 

,1 ) = H [ ( m / # ) 1 + n / 3 S - O + n / 3 ) / * ] 

(5.17) 

H ( x ) = L J dy y~* exp(-y) 

w i t h 6 given by «qus (5.11) or (5.15) depending on 

the value of JfL * Because so f e u r i c h grcups develop i r . 
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the N-body experiments,-we have no hope of t e s t i n g f o r 

the e x p o n e n t i a l c u t o f f and t h e r e f o r e work w i t h the 

small mass approximation 

2 ( m / m * ) * + n / 5 $ -<W6)/* ( s . 1 B ) 

The f u n c t i o n has been estimated f o r each of the N-body 

experiments using the formula 

h ( m , S ) = | > a ( / , S ) / ^ , { ( y t , 5 ) ( 5 . 1 9 ) 

^ = 1 yu=1 

where Q (ji , S ) i s the number of groups w i t h 

members a t d e n s i t y c o n t r a s t S • 

From the t h e o r y , we expect 

f}(m)oC m"1"* C i (Poisson) 
•< = 1 (5.20) 

U*)* m1-* I * ( C e l l s ) 

Groups uere i d e n t i f i e d using an a l g o r i t h m s i m i l a r t o 

t h a t of Press and Schechter and unless otherwise s t a t e d , 

the d e n s i t y c o n t r a s t c r i t e r i o n uas & = 10. Some of the 

r e s u l t s are shown i n F i g s . 5.2-5.5. Note t h a t i n F i g s . 
A 

5.2 and 5.3, the f u n c t i o n h(m) r a p i d l y develops a 

s e l f - s i m i l a r form. 

The cumulative f u n c t i o n h i s g e n e r a l l y steeper i n 

the C e i l s experiments than i n the Poisson experiments 

as would be expected from equ. ( 5 . 2 0 ) . However, there 

i s c o n s i d e r a b l e experiment by experiment v a r i a t i o n i n 
.. S C L:;CE 
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the r e s u l t s even f o r models w i t h s t a t i s t i c a l l y s i m i l a r 

i n i t i a l c o n d i t i o n s . Least squares power-law f i t s to 

ft f o r 4 $m$m(75 p e r c e n t ) give the r e s u l t s shown i n 

Table 5.1. They are c o n s i s t e n t u i t r . :.iecry, u i t h the 

closed models showing b e t t e r agreement than the open 

models. F i t t i n g t o a cumulative d i s t r i b u t i o n can be 

deceptive and we have, t h e r e f o r e , used the method of 

maximum l i k e l i h o o d to estimate 0( d i r e c t l y from the 

d i f f e r e n t i a l d i s t r i b u t i o n £ . The r e s u l t s are 

* = 0*65 * (Poisson, J L q = 1*0, a = 10*8) 

* = 0*74 * (Poisson, . f l q = 0*15, a = 19^3) 

= 0-29 * J;|J ( C e l l s , J 1 Q = V 0 , a = 15-8) 

(5.21) 

when a i l experiments u i t h the same k i n d of i n i t i a l 

c o n d i t i o n s and cosmological d e n s i t y parameters are 

combined. The e r r o r s correspond to values of o< a t 

_-.ich the l i k e l i h o o d f u n c t i o n has dropped by a f a c t o r of 

exp(-^) from i t s maximum valu e . The r e s u l t s are c o n s i s t e n t 

u i t n theory and show a dependence on the i n i t i a l 

d i s t r i b u t i o n , but only a t about the 2 cr l e v e l of s t a t i s t i c 

s t a t i s t i c a l s i g n i f i c a n c e . 

Press and Schechter (1974) d i d two 1000 body 

experiments, one Poisson and one C e l l s , u i t h £ 1 = 1 . 

At e a r l y times, uhe experiments showed good agreement w i t h 



Table 5.1. Least squares f i t s to h and J 

d e l a * ( e x p t ) o(( t h e o r y ) ¥ < 

1A 10*8 0*60 ? 1*87 

2B 10-8 0*47 i 2*26 

3C 10-8 0*43 i 2«22 

4 10*8 0*37 2 2*24 

50 10-7 • •48 ? 2*13 

7A 19*3 0*62 i 2*34 

8B 19*3 0*62 i 2-61 

9C 19*3 0*54 i 2*65 

(0 15*8 0*50 i 2*24 

11 15*8 0*33 4 2*42 

13L 15*8 0*21 i 2-33 

22D 10*8 0*65 i 2-13 

23E 15»8 0*26 4 2*39 

Notes: 
The expansion parameter a t which the estimates uere 
.7; a tie i s denoted a ( w i t h a = 1 f i n i t i a l l y ) . The 

s 
O d d i t y c o n t r a s t c r i t e r i o n was S =10 i n d e t e r m i n i n g 
the m u l t i p l i c i t y f u n c t i o n . Also l i s t e d i s the slope 
of the two-point c o r r e l a t i o n f u n c t i o n T f o r each 
model. The f i t s to f were made over the range 
1Q 4 >/ U ( c f . F i g s . 4.5). 
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the t h e o r e t i c a l p r e d i c t i o n s b u t , a t l a t e r t i m e s , the 

behaviour of the C e l l s experiment approached t h a t of 

the Poisson experiment. I n p a r t i c u l a r , the 80th p e r c e n t i l e 
2 

mass increased as a i n both e x p e r ^ i t s a t l a t e t i m e s . 
By uay of comparison, the theory p r e d i c t s m gc j\ 6/(3+n) 

c g 
f o r the m a r g i n a l l y n o n - l i n e a r mass scales ( S ~ 1) uhere 

A i s the usual growth f a c t o r of l i n e a r theory ( equ. 4.29; 

This l e d Press and Schechter t o the ' b o o t s t r a p 1 c o n j e c t u r e 

uhere i t uas supposed t h a t some s o r t of n o n - l i n e a r e f f e c t 

uas t o Dlame. F i g . 5.6 shows the g r o u t h of the 80th 

p e r c e n t i l e mass i n our experiments. There seems to be 

a s i g n i f i c a n t dependence on n and , w i t h the Poisson 

experiments i n good agreement w i t h t h e o r y . The C e l l s 

experiments, however, appear to have a dependence even 
3/2 

weaker than a . I t may w e l l be t h a t both t h i s r e s u l t 

and t h a t of Press and Schechter are e x p l a i n e d by the 

v a r i a t i o n i n s i m i l a r experiments discussed above. At 

t h i s stage, we see no need to invoke the b o o t s t r a p 

Hypothesis. 

Another i n t e r e s t i n g r e s u l t i s t h a t the m u l t i p l i c i t y 

f u n c t i o n s f o r the Freeze experiments are remarkably 

. . l i a r to those f o r the corresponding Standard 

experiments a t S = 10. This shows t h a t the i n t e r n a l 

e v o l u t i o n of groups i s not i m p o r t a n t i n the e v o l u t i o n 

of the m u l t i p l i c i t y f u n c t i o n a t low d e n s i t y c o n t r a s t s . 

Tha s c a l i n g arguments of Section 5.2 suggest a way 

to t e s t f o r s t a b i l i t y a t higher d e n s i t y c o n t r a s t s . I f 

the matter d i s t r i b u t i o n i s s t a b l e , the cumulative 

m u l t i p l i c i t y f u n c t i o n should s a t i s f y the r e l a t i o n 
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h(m, 6 r t ) = h(m, £ 2,t 2) f o r a(t^) 0 / = a ( t 2 ) S ~ 

(5.22) 

This has been checked f o r the models and the r e s u l t s are 

shoun i n F i g s . 5,4 and 5.5 f o r models 5 and 13 w i t h 

a ( t ^ ) equal to the f i n a l expansion parameter. The 

expansion parameters and d e n s i t y c o n t r a s t s have been chosen 

so t h a t Figs 5.4 and 5.5 should be i d e n t i c a l u i t h F i g s , 

5.2 and 5.3 i f equ. (5.22) ho l d s . As can be seen, the 

agreement i s not s p e c t a c u l a r . As uas discussed i n chapter 4, 

the s t a b i l i t y assumption i s not obeyed i n the N-body 

models f o r d e n s i t y c o n t r a s t s £ 50 ( H = 1 ) a l s o , s e l f -

s i m i l a r i t y i s not e s t a b l i s h e d before expansion by a 

f a c t o r of about three which sets a p r a c t i c a l l i m i t of 

S ^ 1G3 i n the t e s t s according t o equ. ( 5 . 2 2 ) . Hence, the 

N-body models are only of v/ery l i m i t e d use i n t e s t i n g t h i s 

d e s c r i p t i o n of caiaxy c l u s t e r i n g . The general c o n c l u s i o n 

to oe drawn from the N-body models i s t h a t the mass 

dependence of the m u l t i p l i c i t y f u n c t i o n i s c o n s i s t e n t 

w i t h the Press-Schechter (1974) theory and t h a t we f i n d 

no evidence f o r a n o n - l i n e a r b o o t s t r a p e f f e c t . 

Bhavsar (1978) has considered a ' s i n g l e g a l a x i e s 1 

s t a t i s t i c f which, f o r the space d i s t r i b u t i o n , i s 
s 

d e f i n e d such t h a t f ( & ) i s the f r a c t i o n of g a l a x i e s 

i n groups of only one member i n the catalogue C ( S ) . 

He has argueo t h a t 1-f ( S ) should be a power-law i f 

the matter d i s t r i b u t i o n i s s p a t i a l l y s e l f - s i m i i a r . 

( A c t u a l l y , Bnavsar's arguments are i n terms of the 
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p r o j e c t e d d i s t r i b u t i o n of g a l a x i e s on the bky, but 

the d i f f e r e n c e i s not i m p o r t a n t here; see s e c t i o n 5,5). 

However, one might reason as f o l l o w s to conclude t h a t 

f ( 5 )' i t s e l f should be a p o u e r - l ^ : f (£ ) OL h(m , $ ) * s s g 
£ -(£+n/6)/£ b y e q u u ( 5 . 1 8 ) , where m g i s the 

c h a r a c t e r i s t i c mass of a s i n g l e galaxy ( u n i t mass i n 

the N-body exp e r i m e n t s ) . I n p r i n c i p l e , t h i s s t a t i s t i c 

o f f e r s another cosmological t e s t , but f o r reasons to 

be explained i n the next s e c t i o n the comparison w i t h 

o b s e r v a t i o n a l data i s d i f f i c u l t . F i g s . 5.7,.5.8 show 
f ( & # t ) f ° r some of our models and i t appears t h a t s 
f ( &) does have power law form w i t h index close to s 
t h a t p r e d i c t e d above f o r S£ 300. 

5.4 Comparison w i t h Observations. 

In t h i s s e c t i o n we t a c k l e the problem of a p p l y i n g 

the r e s u l t s of tneory and experiment t o the o b s e r v a t i o n a l 

data on galaxy c l u s t e r i n g . For obvious reasons i t w i l l 

prove convenient to work w i t h l u m i n o s i t i e s i n s t e a d of 

masses. Thus A ( L , 5 )dL i s now taken to r e p r e s e n t the 

space d e n s i t y of groups w i t h ( l u m i n o s i t y ) d e n s i t y 

c c- r. w c & s u s and t o t a l l u m i n o s i t y i n the i n t e r v a l 

(L,L+dL). I f l u m i n o s i t i e s and masses are p r o p o r t i o n a l , 

l£ (L> S ) shoulc have the same dependence on L as 

<^(m, S ) has on m. The estimates of Gott and Turner (1977) 

are baseC on a combination of su r f a c e d e n s i t y and 

v e l o c i t y data fo r t h e i r 14th magnitude sample of 

g a l a x i e s . The su r f a c e d e n s i t y c r i t e r i o n i s # £ 8 , 
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corresponding roughly to S*300-12GQ, but depending on 

the d i s t a n c e and r i c h n e s s of groups. A f t e r v a r i o u s 

c o r r e c t i o n s , the r e s u l t i s 

K L > * L ~ W (5.23) 
( 8 x 10 9 h ~ 2 L 0 < L i 3 x 1 0 1 2 h~ 2l_0 ) 

which n a i v e l y suggests n 2; -1 from equs (5.12) and (5.14) 

However, the theory also p r e d i c t s a f e a t u r e i n ^ a t 

the l u m i n o s i t y C£ (5-15) x 1 0 9 L o where 

i s the l u m i n o s i t y corresponding t o m* and i s given by 

L * = " * / < n/L7 * (4-8) x 1 0 1 1 h " 2 L 0 (5.24) 

( c . f . equations 31 and 49 of F a l l , 1979). Thus t h s r e i s 

no s o l i d t h e o r e t i c a l f o u n d a t i o n f o r i n f e r r i n g n from 

the power-law form of equ. (5.23) over the observed 

range of l u m i n o s i t i e s . 

I t i s also i n t e r e s t i n g to compare the m u l t i p l i c i t y 

f u n c t i o n ir w i t h the galaxy l u m i n o s i t y f u n c t i o n £ $ 

wnicn i s d e f i n e s such t h a t f> i s the mean d e n s i t y 

of j a l a x i e s w i t h l u m i n o s i t i e s i n the i n t e r v a l ( J , ^ + d i ) . 

A croup catalogue a t a s u f f i c i e n t l y high d e n s i t y c o n t r a s t 

w i l l i n c l u d e only s i n g l e g a l a x i e s and the two f u n c t i o n s 

must be equal. Thus i n any theory of galaxy f o r m a t i o n and 

c l u s t e r i n g , we nave ( i ) = ^ (A* S g ) where S g i s the 

c h a r a c t e r i s t i c d e n s i t y c o n t r a s t associated w i t h the 

luminous p a r t s of i n d i v i d u a l g a l a x i e s . I f g a l a x i e s 
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and groups both formed w i t h o u t d i s s i p a t i o n , f should 

be s e l f - s i m i l a r a l l the way up to g a l a c t i c d e n s i t y , 

which the s c a l i n g r e l a t i o n s p r e d i c t to be £ sfctA/L^) 

where j[ i s the c h a r a c t e r i s t i c l u m i n o s i t y of ^ • Now, 

Schechter (1976b) has shown t h a t the galaxy l u m i n o s i t y 

f u n c t i o n can be f i t t e d by a f u n c t i o n of the form 

f U ) « i 5 / 4 exp( - 1/ J*) w i t h JL* * 8 x 10 9 h" 2L Q . 

On the d i s s i p a t i o n l e s s model, t h i s r e s u l t and equ. (5*24) 

imply & «v10 , which i s w e l l below the c h a r a c t e r i s t i c 
7 

l u m i n o s i t y c o n t r a s t $ <v>10 associated w i t h the i n n e r 
9 

10 h~ kpc of b r i g h t g a l a x i e s (JlctJt ) . Thus, i f g a l a x i e s 

formed from a s e l f - s i m i l a r h i e r a r c h y , t h e i r luminous 

p a r t s must have collapsed by a f a c t o r of order 10 

from t h e i r o r i g i n a l e q u i l i b r i u m r a d i i . This c o n c l u s i o n 

i s independent of JQ. but may s u f f e r from u n c e r t a i n t i e s 

i n the shape of the m u l t i p l i c i t y f u n c t i o n near the bend 

a t L^. I t i s compatible w i t h the idea t h a t the luminous 

p a r t s of g a l a x i e s condensed from cool gas i n dark halos 

t h a t c l u s t e r e d w i t h o u t d i s s i p a t i o n ( u n i t e and Rees, 1978, 

c . f . chapter 2 ) . 

Unless r e d s h i f t i n f o r m a t i o n i s a v a i l a b l e , the 

r e l a t i o n between many c l u s t e r i n g s t a t i s t i c s , such as 
and f , and t h a i r analogues f o r the p r o j e c t e d d i s t r i b u t i o n s 
on the sky i s not simple even i f the c l u s t e r i n g i n space 

i s s e l f - s i m i l a r . I n order to show t h i s , we consider a 

sample of g a l a x i e s , l i m i t e d a t the apparent magnitude mQ, 

and imagine the c o n s t r u c t i o n of a f a m i l y of gro^p 

catalogues along the l i n e s of s e c t i o n 5.2 a t d i f f e r e n t 

s urface d e n s i t y c o n t r a s t s B • The analogue of the 
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m u l t i p l i c i t y f u n c t i o n on the sky i s N f ( N , ^ ) where 

f ( N , J J ) i s the f r a c t i o n of g a l a x i e s i n groups of N 

v i s i b l e members i n a catalogue of surface d e n s i t y c o n t r a s t 

^ . This f u n c t i o n i s r e l a t e d t o Shrvsar's (1978) 

s t a t i s t i c s by the equations 

00 
f 8 ( | S ) = f ( l , ^ ) f 8(/») - ^ f ( N f / J ) (5.25) 

N=2 

Bhavsar found the e m p i r i c a l r e s u l t 

and argued t h a t the power-law form of f was to be 
8 

expected f o r a s p a t i a l l y s e l f - s i m i l a r matter d i s t r i b u t i o n . 

I n p r i n c i p l e , i t i s p o s s i b l e to r e l a t e ^ ( L , p ) and 

f ( N , f ) as f o l l o w s . 

Consider the f u n c t i o n QM(«^IL, 8 ) which i s d e f i n e d 

zo be the p r o b a b i l i t y t h a t a group of space d e n s i t y 

c o n t r a s t 8 and t o t a l l u m i n o s i t y L has e x a c t l y N g a l a x i e s 

more luminous than X • With some s t r a i g h t f o r w a r d 

m a n i p u l a t i o n s we then a r r i v e a t the f o l l o w i n g r e l a t i o n s : 
CO .CD 

?(N» f ) = N i dr r 2 dL < j(L , S )Q N( i ( m Q , r ) ) L, S ) 

(5.27) 
CD 

P CD 

/ = dr r 2 \ d l j ( H 1 ) (5.28) 
J 
o i(«„#r) 
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X (»„#*) r d 8 X P ( - 2 m
0

/ 5 ^ (5.29) 

& = 3 4 n («-/£>< / 3 / / N ) 3 / 2 r " 3 (5.30) 

Here i s the mean surface d e n s i t y of sample g a l a x i e s , 

bC i s the mean s p a t i a l l u m i n o s i t y d e n s i t y , r i s a l i n e 

of s i g h t d i s t a n c e and the numerical f a c t o r i n equ. (5.30) 

i s f o r s p h e r i c a l groups. The k e r n a l Q N(# \ L , S ) i n 

equ. (5.27) accounts f o r the S c o t t (1957) e f f e c t , the 

apparent d i s t a n c e - r i c h n e s s c o r r e l a t i o n , which Bhavsar fs 

arguments n e g l e c t . 

The problem nou i s to f i n d a reasonable model f o r 

Q̂ . Quite g e n e r a l l y , ue have 

o N U U , & ) = _ L _ Q n U | L , « ) 
til 

d i 1 q( - t ^ L , S ) 

(5.31) 
r L - l 

j d £ , q( 4 2 | L , S ) d i N q ( i j L , S ) 

where q i s the group l u m i n o s i t y f u n c t i o n ; t h a t i s , 

) d X i s the p r o b a b i l i t y t h a t a group of d e n s i t y 

c o n t r a s t S and t o t a l l u m i n o s i t y L has a member galaxy 

w i t h l u m i n o s i t y i n the i n t e r v a l ( A, l+d£ ) . The f a c t o r 

1/NJ i n equ. (5.31) takes care of o v e r - c o u n t i n g and the 

upper l i m i t s of the i n t e g r a l guarantee t h a t the t o t a l 

l u m i n o s i t y of the N g a l a x i e s does not exceed L. For 

c o n s i s t e n c y , q must s a t i s f y the f o l l o w i n g r e l a t i o n s 
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L, S ) = 0 f o r hi (5.32) 

d f i q ( i | L , S ) = L (5.33) 

CD 

dL q( J | L , S ) ^ ( L , S ) = ( i ) (5.34) 

The l a s t equation must hold because a l l g a l a x i e s are 
members of one group, even i f they are the only v i s i b l e 
members of t h e i r group. I n the ' s t a t i s t i c a l model* 
(Schechter and Peebles, 1976 and refer e n c e s t h e r e i n ) , 
f u n c t i o n s l i k e q are assumed to be independent of 8 • 
In the present c o n t e x t , houever, equ. (5.34) shous 
t h a t t h i s approximation uould not be acceptable f o r 
small groups because i t i m p l i e s t h a t q(J2/ L) be of 
the form (L/j?)<pU) which i s not c o n s i s t e n t w i t h 
equs. (5.32) and (5.33) f o r a l l &< L. 

C l e a r l y , the p r o p e r t i e s of f ( N , f&) w i l l depend 
not only on IJ ( L , S ) but al s o on q ( i / L, S ) through 
Q..(j2iL, S ) > i n c l u d i n g i t s dependence on a l l t h r e e 
arrc.r.ents. U n f o r t u n a t e l y q(J?/L,£ ) cannot have a simple 
s c a l i n g p r o p e r t y and s t i l l s a t i s f y equs. ( 5 . 3 1 ) - ( 5 . 3 4 ) . 
This i s because i t i m p l i c i t l y recognises a p r e f e r r e d 
s c a l e : t h a t of i n d i v i d u a l g a l a x i e s (q has two l u m i n o s i t y 
arguments but only one d e n s i t y argument). I n order t o 
make a mode* f o r Q̂ , one must impose the a d d i t i o n a l 
c o n s t r a i n t t n a t the galaxy l u m i n o s i t y f u n c t i o n j o i n 
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onto the group l u m i n o s i t y f u n c t i o n a t £%*$g» This 

giv/es 

r j ( i , S g ) = <j>(i ) (5.35) 

q U | L , S ) = p ( i , S g | L , S ) ( S < S g ) (5.36) 

q ( i | L , S ) * ( L / ^ ) ^ ( i ) ( S « S g , i « L ) (5.37) 

uhere p i s the n e s t i n g k e r n a l i n t r o d u c e d i n s e c t i o n 

5.2 u i t h l u m i n o s i t y i n s t e a d of mass arguments, but not 

n e c e s s a r i l y s a t i s f y i n g equ. ( 5 . 3 ) . This leaves us u i t h 

a r a t h e r formidable set of equations f o r f ( N , j 8 ) and ue 

have made l i t t l e progress u i t h i t . Thus u n l i k e the 

r e l a t i o n betueen the angular and s p a t i a l p a i r - c o r r e l a t i o n 

f u n c t i o n s ( F a l l and Tremaine, 1977 and r e f e r e n c e s 

t h e r e i n ) i t appears t h a t the r e l a t i o n betueen f(N»j? ) 

end i£(L,S ) i s not a simple one even uhen the 

d i s t r i b u t i o n i s s p a t i a l l y s e l f - s i m i l a r . I t may, t h e r e f o r e , 

be necessary to r e s o r t to s i m u l a t i o n s o f the sky t h a t 

i n c l u d e r e a l i s t i c s e l e c t i o n e f f e c t s (Soneira and Peebles, 

" 9 7 3 ; Shanks, 1979) or to complete r e d s h i f t samples 

( G e l l e r , Huchra and Schechter, i n p r e p a r a t i o n ) . 

5.5 Conclusions and Discussion. 

I n the previous chapter ue discussea the 

envelopment of trie l o u - o r d e r c o r r e l a t i o n f u n c t i o n s under 

the assumptions of the g r a v i t a t i o n a l i n s t a b i l i t y p i c t u r e . 
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I n t h i s chapter we have examined some a l t e r n a t i v e 

measures of galaxy c l u s t e r i n g such as the m u l t i p l i c i t y 

f u n c t i o n . The main conclusions may he summarised as 

f o l l o w s : 

A. S c a l i n g r e l a t i o n s can be d e r i v e d which g e n e r a l i s e 

the Press-Schechter theory to d i f f e r e n t d e n s i t y 

c o n t r a s t s & and cosmological parameters XL • 

They r e l a t e the m u l t i p l i c i t y f u n c t i o n to the h i e r a r c h y 

of c o r r e l a t i o n f u n c t i o n s through the f r a c t a l dimension 

of the matter d i s t r i b u t i o n , 

B. The N-body m u l t i p l i c i t y f u n c t i o n estimates a t SsiQ 

are c o n s i s t e n t w i t h the Press-Schechter theory 

although the s t a t i s t i c a l s i g n i f i c a n c e of the 

experimental r e s u l t s i s f a i r l y lou# 

C. The growth r a t e s of the m a r g i n a l l y n o n - l i n e a r mass 

scale are i n agreement w i t h the p r e d i c t i o n s of l i n e a r 

theory f o r the Poisson experiments, but they are 
3/2 

somewhat slower than the p r e d i c t e d a behaviour 

f o r the C e l l s experiments. There i s no evidence f o r 

a n o n - l i n e a r b o o t s t r a p e f f e c t , 

D. R e l a t i o n s between the m u l t i p l i c i t y f u n c t i o n and o t h e r 

measures of c l u s t e r i n g on the sky can be d e r i v e d but 

they show a complicated dependence on the l u m i n o s i t y 

f u n c t i o n w i t h no simple s c a l i n g p r o p e r t y . Therefore, 

Bhavsar's (1978) e m p i r i c a l r e s u l t s remain u n e x p l a i n e d , 

E. The s c a l i n g r e l a t i o n s and estimates of the l u m i n o s i t y 

f u n c t i o n imply t h a t i f g a l a x i e s formed from a s e l f -

s i m i l a r h i e r a r c h y , t h e i r luminous p a r t s must have 

c o l l a p s e d oy a f a c t o r of order 10, 
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I t has been suggested ( s e c t i o n 5.2) t h a t the 

m u l t i p l i c i t y f u n c t i o n i s an a t t r a c t i v e cosmological 

probe since i t o f f e r s a d i r e c t measure of the s p e c t r a l 

index of p r i m o r d i a l inhomogeneities, n, independent of 

XL • However, the r e l a t i o n s h i p betueun the three-* 

dimensional s t a t i s t i c and i t s analogue i n tuo dimensions 

i s extremely complicated, i . e . t h e r e does not e x i s t a 

simple p r o j e c t i o n f o r m u l a . This complicates the comparison 

u i t h c u r r e n t l y a v a i l a b l e o b s e r v a t i o n a l data ( G o t t and 

Turner, 1977). 

Even under the r e s t r i c t e d assumption o f a s e l f -

s i m i l a r d i s t r i b u t i o n of m a t t e r , the theory i s f a r 

from r i g o r o u s . An a l t e r n a t i v e p i c t u r e based on the 

merging of smaller groups to form l a r g e r ones, has 

been proposed by S i l k and Unite (1978). I n t h e i r model 
-3/2 

the m u l t i p l i c i t y f u n c t i o n has the form ^ ( m ) d m" 

independent of i n i t i a l c o n d i t i o n s , and the e v o l u t i o n i s 

s e l f - s i m i l a r i n time. Thus i t i s o b s e r v a t i o n a l l y 

i n d i s t i n g u i s h a b l e from the Press-Schecter model i n the 

case of u n i t e noise (n s 0) i n i t i a l c o n d i t i o n s . 

I t i s i m p o r t a n t t h a t a neu s t a t i s t i c t e l l us 

f.ore about the p a t t e r n of galaxy c l u s t e r i n g than the 

i o u - o r d e r c o r r e l a t i o n f u n c t i o n s . U n i t e (1979) has 

shown t h a t t h i s i s probably not the case f o r Bhavsar's 

s i n g l e galaxy s t a t i s t i c * n t h i s connection i t 
i s i m p o r t a n t to note the work of Shanks (1979). Shanks 

considered simple galaxy d i s t r i b u t i o n s , the h i e r a r c h i c a l 

rr.odel of Soneira and Peebles (1978) and a model i n 

which a l l g a l a x i e s are d i s t r i b u t e d i n i d e n t i c a l 
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s p h e r i c a l c l u s t e r s u i t h a power-law d e n s i t y p r o f i l e . 

Shanks then a p p l i e d a new s t a t i s t i c (Mead's s t a t i s t i c ) 

to s t a t i c s i m u l a t i o n s af these models and to galaxy 

catalogues. He noted t h a t w h i l s t cr»i low-order cor­

r e l a t i o n f u n c t i o n s were q u i t e s i m i l a r i n a l l cases, Mead's 

s t a t i s t i c suggested t h a t the r e a l data resembled the 

simple pow8r-law c l u s t e r s i m u l a t i o n s r a t h e r than the 

h i e r a r c h y . Some of the N-body models of Table 4.1 

have been analysed using Mead's s t a t i s t i c and are found 

to agree c l o s e l y w i t h Shank's h i e r a r c h i c a l s i m u l a t i o n s . 

A complete account of t h i s work may be found i n Shanks 

(1979). Hence, t h i s represents another case i n which the 

N-body s i m u l a t i o n s disagree w i t h the observed p a t t e r n 

of galaxy c l u s t e r i n g a p a r t from those discussed i n 

chapter 4. 

I t i s l i k e l y t h a t t h i s w i l l prove t o be a d i f f i c u l t 

r e s u l t t o e x p l a i n t h e o r e t i c a l l y w i t h any degree of r i g o u r . 

The i m p o r t a n t p o i n t t o note about the low-order c o r r e l a t i o n 

f u n c t i o n s i s t h a t they are d i r e c t l y r e l a t e d to the 

reduced p a r t i c l e d i s t r i b u t i o n f u n c t i o n s , i . e . one can 

at l e a s t w r i t e down a s e t of equations i n v o l v i n g d i r e c t l y 

.Y.&^suraoie q u a n t i t i e s a l b e i t t h a t they are d i f f i c u l t t o 

s o l v e . 
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CHAPTER 6 

SPECTROSCOPIC OBSERVATIONS OF THREE ELLIPTICAL 

GALAXIES 

6.1 I n t r o d u c t i o n . 

Recently, s e v e r a l s t u d i e s have been made of the 

r o t a t i o n a l p r o p e r t i e s of e l l i p t i c a l g a l a x i e s , ( B e r t o l a 

and C a p e c c i o l i , 1975; l i l i n g u o r t h , 1977; Peterson, 1978; 

Sargent e t a l , 1978; Young e t a l , 1978; Davies, 1978; 

Schechter and Gunn, 1979). The major r e s u l t from these 

s t u d i e s , discussed i n chapter 2, i s t h a t most e l l i p t i c a l 

g a l a x i e s r o t a t e more s l o u l y than expected on the basis 

of the i s o t r o p i c o b l a t e spheroid model. 

Binney (1978) suggested t h a t e l l i p t i c a l g a l a x i e s 

j\ay be t r i a x i a l e l l i p s o i d s and o f f e r e d s e v e r a l 

i n t e r p r e t a t i o n s c o n s i s t e n t u i t h the above r e s u l t : 

A. E l l i p t i c a l g a l a x i e s may be r a p i d l y r o t a t i n g p r o l a t a 

( c f . M i l l e r , 1978). 

3 . Whatever the i n t r i n s i c shape of e l l i p t i c a l g a l a x i e s , 

t h e i r f l a t t e n i n g may be due to v e l o c i t y a n i s o t r o p y 

r a t h e r than due t o r o t a t i o n . 

Tries carerVul study by Davies (1978) could not r u l e out 

p o s s i b i l i t y (A) but the rece n t work of Schechter and 

Gunn (1979) suggests t h a t (B) i s a more l i k e l y 

i n t e r p r e t a t i o n . 

The m o t i v a t i o n f o r the work described here comes 

from che ph o t o m e t r i c s t u d i e s of Carter (1978), King (1978) 

and W i l l i a m s ar.d S c h u a r z c h i l d (1979). These authors f i n d 
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t w i s t s i n the isophotes of some e l l i p t i c a l g a l a x i e s , 

uhich may be i n t e r p r e t e d as evidence f o r t r i a x i a l i t y . 

An a l t e r n a t i v e i n d i c a t i o n of t r i a x i a l i t y would be the 

d e t e c t i o n of r o t a t i o n along the apparent minor a x i s of 

an e l l i p t i c a l galaxy* Ue have, t h e r e f o r e , observed thr e e 

e l l i p t i c a l g a l a x i e s , (NGC 4472, NGC 5813, IC 4296), w i t h 

the s l i t p o s i t i o n e d along both the major and minor axes* 

S i m i l a r o b s e r v a t i o n s have been c a r r i e d o ut by Schechter 

and Gunn (1979), Another aim of the p r o j e c t was to compare 

the dynamical p r o p e r t i e s of our three g a l a x i e s u i t h 

p h o t o m e t r i c measurements* The l a t t e r have y e t to be 

completed, and so i n t h i s chapter I present only the 

r e s u l t s of the spe c t r o s c o p i c study. 

In s e c t i o n 6.2 I discuss the ob s e r v a t i o n s and 

p r e l i m i n a r y data r e d u c t i o n . I n s e c t i o n 6.3 I desc r i b e the 

methods used to o b t a i n the r o t a t i o n a l v e l o c i t i e s and 

v e l o c i t y d i s p e r s i o n s . The r e s u l t s are presented i n 

s e c t i o n 6.4. The experimental d e t a i l s and r e d u c t i o n 

techniques have been discussed by Davies (1978) and the 

reader i s r e f e r r e d t o t h i s work f o r a d e t a i l e d account. 

6*2 Observations and P r e l i m i n a r y Data Reduction. 

a) Observations 

The g a l a x i e s were chosen to be f a i r l y round 

(E0-E2) i n order t o ( i ) o f f e r a f a v o u r a b l e c o n f i g u r a t i o n 

f o r the d e t e c t i o n of minor a x i s r o t a t i o n , ( i i ) o f f e r a 

t e s t o f the r a p i d l y r o t a t i n g p r o l a t e h y p o t h e s i s , s i n c e 

i n t h i s case, some round g a l a x i e s should be r a p i d l y 
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r o t a t i n g anci ( i i i ) because there has been a n o t i c a b l e 

b i a s of previous measurements touards f l a t (E3-E5) 

e l l i p t i c a l s . The three g a l a x i e s observed uere, 

NGC 4472: An E2 galaxy, the b r i g h t e s t member of the Virgo 

c l u s t e r . Previous measurements along the major 

a x i s have been made by I l l i n g u o r t h ( 1 977), 

Peterson (1978) and Davies (1978). The most 

r e l i a b l e measurements are those of Davies, 

uho f i n d s a l o u maximum r o t a t i o n a l v e l o c i t y 
— 1 

£ 45 km sec . He also f i n d s evidence f o r a 
r a p i d f a i l i n the v e l o c i t y d i s p e r s i o n , from 

-1 -1 
340 km sec i n the centre to C 240 km sec 

i n the outer r e g i o n s . I n t e r e s t i n g l y , t h i s 

galaxy shous a s u b s t a n t i a l suing i n the p o s i t i o n 

angle of i t s major a x i s , from 163° a t 

R = 10 arcseconds to 152° a t R = 100 arcseconds 

s t u c i e d . IC 4296 i s c l a s s i f i e d as E0 by Sandage 

ar.c Tarnman (1979) but close i n s p e c t i o n of 

Palornar p r i n t s and the UK sky survey r e v e a l 

i t to be s l i g h t l y elongated (3?E1). I t i s als o 

l i s t s o as a r a d i o source PKS 1333-33. NGC 5613 

i o l i s t e d i n the Second Reference Catalogue as 

(K i n g , 1978). 

I c.296 

NGC 5813 
Neither of these g a l a x i e s has been p r e v i o u s l y 



The o b s e r v a t i o n s described here uere made by Drs D. Carter 

and R.S. E l l i s d u r i n g tuo n i g h t s i n March 1979 using the 

Anglo A u s t r a l i a n Telescope. The measurements uere taken 

using the RGO spectrograph t o g e t h e r w i t h the Image Photon 

Counting System (IPCS. Boksenberg, 1972). The o b s e r v a t i o n a l 

set up i s summarised i n Table 6.1. This s a t up d i f f e r s from 

t h a t used by Davies i n s e v e r a l r e s p e c t s . 

i • The s l i t was opened up t o 3 arcseconds, i . e . t w i c e as 

l a r g e as t h a t used by Davies. The advantages of opening up 

the s l i t are obvious, i . e . one l e t s i n more l i g h t but 

only a t the expense of degrading the s p e c t r a l r e s o l u t i o n . 

U i t h our s l i t w i d t h , c o n f i g u r a t i o n and t a k i n g the o p t i c a l 

r e s o l u t i o n of t h e IPCS to be %r 30 microns our expected 

r e s o l u t i o n i s 3:2*4 8, i . e . ̂ 1 2 0 km/sec over our s p e c t r a l 

range. Since our g a l a x i e s have high v e l o c i t y d i s p e r s i o n s 

(200-350 km/sec) t h i s was not a problem. I n f a c t the F o u r i e r 

a n a l y s i s techniques described below suggested t h e t the 

spectra were s t i l l somewhat o v e r - r e s o l v e d . 

i i . J ust before our observing r u n , the IPCS computer 

memory was extended to handle 198 000 p i x e l s s i m u l t a n e o u s l y . 

P r i o r zo t h i s , only^18 000 p i x e l s could be handled. This 

er.dsled us t o use a data window of 27x2044 p i x e l s . The 

s ..*f«« wore o b t a i n e d a t s p a t i a l increments of Z 2*S arcseconds 

i n order to o b t a i n h i g h s p a t i a l r e s o l u t i o n across the galaxy 

and t o ovoid IPCS s a t u r a t i o n problems i n the c e n t r a l r e g i o n s 

of t h e g a l a x i e s . The b e n e f i t of h i g h s p a t i a l r e s o l u t i o n was 

o f f s e t somewhat by the poor seeing ~4»5 arcseconds f o r most 

c f the o b s e r v i n g r u n . 



Table 6,1. Observational s e t up. 

Wavelength range: 500Q - 6000 8 

Spectrograph: 25cm camera 

Grati n g 1200R i n f i r s t o r d e r ; blaze to 

c o l l i m a t o r g i v i n g 34 5? mm"1. 

S l i t t o d e t e c t o r p r o j e c t i o n f a c t o r ^ 7 

S l i t w i d t h 450yuc = 3 arcseconds. 

IPCS: S p a t i a l increments of 2»5 ercseconds 

( l o u g a i n ) . 

S l i t l e n g t h 68 arcseconds. 

Scan format 34x2048. 

Data uindou 27x2044. 
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1000 second galaxy exposures uere i n t e r l a c e d w i t h 
200 second exposures on a blank f i e l d o f sky and a 200 
second exposure of a comparison arc* Star s p e c t r a , t o be 
uaed as templates uere taken d u r i n g t u i g h l i g h t . The o b s e r v a t i o n s 
are summarised i n Table 6.2. 

b) F l a t - f i e l d c o r r e c t i o n 

I n order t o c o r r e c t f o r n o n - u n i f o r m i t i e s i n the response 

of the IPCS, long (9999 sees) f l a t - f i e l d exposures uere 

taken. The f l a t - f i e l d exposures uere of very h i g h s i g n a l / n o i s e 

w i t h t y p i c a l l y £ 5000 c o u n t s / p i x e l . Hence the f l a t - f i e l d 

c o r r e c t i o n does n o t add s i g n i f i c a n t noise t o the galaxy 

s p e c t r a . 

The f l a t - f i e l d c o r r e c t i o n was ob t a i n e d t o preserve 

photon counts by f i t t i n g a continuum t o the f l a t - f i e l d 

spectrum and then d i v i d i n g i t by t h i s continuum. P r i o r t o 

the f l a t - f i e l d c o r r e c t i o n some of the outer s p e c t r a of each 

scan were d e l e t e d f o r computational and i n s t r u m e n t a l reasons, 

r e s u l t i n g i n 22 spectra/scan. 

c) Wavelength c a l i b r a t i o n 

Wavelength c a l i b r a t i o n i s r e q u i r e d i n order t o remove 

r ^ l i n e a r i t i e s i n the wavelength s c a l e across a spectrum 

due t o r e s i d u a l S - d i s t o r t i o n and al s o t o remove d r i f t i n 

the wavelength s c a l e between each 1000 second galaxy exposure, 

thereby a l l o w i n g the a d d i t i o n of s e v e r a l 1000 second 

exposures. Arc spe c t r a on e i t h e r s i d e of a 1000 second 

galaxy exposure ware summed, and the p o s i t i o n s of t y p i c a l l y 

v. 30 arc l i n e s were l o c a t e d . These were then f i t t e d t o 

a f i f t h order p o l y n o m i a l r e l a t i n g wavelength and channel 

p o s i t i o n s o f the arc l i n e s u s i n g a standard AA0 program. 



Table 6*2* Observations* 

a) Galaxies* 

Object 

IC 4296 FID 

IC 4296 FIN 

NGC 4472 FID 

NGC 4472 FIN 

NGC 5813 FID 

NGC 5813 FIN 

P.A. of s l i t 

159 

249 

159 

69 o 

220 

130 

Exposure (sees*) 

5000 

5000 

3000 

3000 

4000 

4000 

BT 

11*58 

9-31 

11*65 

b) Templates* 

Object 

SAO 136727 

SAO 136622 

SAO 183686 

SAO 136832 

SAO 155588 

NGC 6441 

Exposure (sees*) Type 

1000 

2000 

585 

1000 

1000 

800 

K2 I I I 

G6 I I I 

KO 

K5 I I I 

Fl2 I I I 
Fletal r i c h 
g l o b u l a r c l u s t e r 

Fl 
v 

5*24 

5*45 

5*6 

5*6 

4*9 

9*0 
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This procedure i s known as • s c r u n c h i n g 1 • I n order t o 
check the s c r u n c h i n g , the n i g h t sky emission l i n e a t 
5577 f? was used t o monitor r e s i d u a l wavelength s h i f t s . 
These were found t o be l e s s than 0*15 8 over the two 
n i g h t s t h a t the o b s e r v a t i o n s were mada. 

d) Sky s u b t r a c t i o n 

Mean s k i e s were formed by summing the 22 sky s p e c t r a 

w i t h i n a scan. The galaxy s p e c t r a were then sky s u b t r a c t e d 

assuming a l i n e a r response f o r the d e t e c t o r . The accuracy 

o f the sky s u b t r a c t i o n was checked by comparing the r e s i d u a l 

f l u x o f the sky l i n e a t 5577 ft i n the sky s u b t r a c t e d spectrum 

t o the t o t a l f l u x o f the l i n e ( c f . Davies, 1978). This t e s t 

i n d i c a t e d t h a t the sky s u b t r a c t i o n was good t o &%. 

e) Conversion to I n ^ scale 

I n order t o apply the F o u r i e r techniques d e s c r i b e d 

i n the next s e c t i o n , the s t a r and galaxy s p e c t r a were rebinned 

on a l o g a r i t h m i c wavelength scale by l i n e a r i n t e r o l a t i o n 

between the o r i g i n a l channels. The transformed s p e c t r a 

c o n s i s t o f 2048 channels, each channel corresponding t o 

a v e l o c i t y s h i f t o f 25*47 km sec" 1 . 

P i g s . 6.1 (a,b,c) show the c e n t r a l spectrum of each 

galaxy a t t h i s stage i n the data a n a l y s i s . F i g * 6.2 

ehows the spectrum of SAO 136622, t o g e t h e r w i t h l i n e 

i d e n t i f i c a t i o n s taken from Oavies ( 1 9 7 8 ) . Most of the 

f e a t u r e s shown i n F i g . 6.2 may also be found i n the 

galaxy s p e c t r a . 
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6.3 F o u r i e r Methods. 

R e c e n t l y , F o u r i e r techniques have been a p p l i e d i n the 

a n a l y s i s of galaxy s p e c t r a i n order t o o b t a i n r o t a t i o n a l 

v e l o c i t i e s and v e l o c i t y d i s p e r s i o n s (Sargent e t . a l . , 1977, 

h e r e a f t e r SSBS). Lie have a p p l i e d two methods i n the a n a l y s i s 

o f our d a t a , the F o u r i e r q u o t i e n t method of SSBS and the 

cross c o r r e l a t i o n method of Tonry and Davis ( 1 9 7 9 ) . Each 

method i.3 b r i e f l y discussed below. 

Before F o u r i e r methods may be a p p l i e d , the s p e c t r a 

must be continuum d i v i d e d ( o r s u b t r a c t e d ) i n order to reduce 

t h e pouer a t l o u f r e q u e n c i e s due t o continuum t r e n d s . This 

was accomplished by choosing s e v e r a l p o i n t s (10-20) of the 

spectrum f r e e from s t r o n g f e a t u r e s and i n t e r p o l a t i n g between 

these p o i n t s u s i n g cubic s p l i n e s . This was done i n t e r a c t i v e l y 

f o r each spectrum. Uhen the f i t was judged t o be s a t i s f a c t o r y , 

t h e spectrum was d i v i d e d by the f i t t e d continuum. P r i o r t o 

F o u r i e r t r a n s f o r m i n g , the continuum d i v i d e d spectrum was 

n o r m a l i s e d t o have zero mean and the o u t e r 5 p e r c e n t of the 

data was tapered by a p p l i c a t i o n of a cosine b e l l t o reduce 

the e f f e c t s of leakage. 

I n o r der t o o b t a i n a h i g h s i g n a l / n o i s e template spectrum 

f o r the a p p l i c a t i o n of F o u r i e r a n a l y s i s methods, a l l the 

templates of Table 6.2 (except SAO 183686) were added 

t o g e t h e r . The r e d s h i f t of each template was determined r e l a t i v e 

t o SAO 136622 u s i n g the cross c o r r e l a t i o n method d e s c r i b e d 

below and each spectrum was s h i f t e d , u s i n g l i n e a r i n t e r p o l a t i o n 

between channels, p r i o r t o a d d i t i o n . No d e t e c t a b l e broadening 

or v e l o c i t y s h i f t i n the f i n a l spectrum was i n t r o d u c e d by 

t h i s procedure. 
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a) F o u r i e r q u o t i e n t method 

Lot G(k) be the F o u r i e r t r a n s f o r m of the continuum 

d i v i d e d , mean s u b t r a c t e d , end-masked galaxy spectrum and l e t 

S(k) be the F o u r i e r t r a n s f o r m of a s i m i l a r l y manicured 

s t a r spectrum. The q u o t i e n t G(k)/S(k) i e then f i t t e d t o a 

broadening f u n c t i o n B(k) which assumes a Gaussian v e l o c i t y 

d i s t r i b u t i o n , 

2 

? ( k ) , » e ( k ) = exp [-i(2p<r) • (̂ J](6*1) 

uhor-e ^ i s the " l i n e s t r e n g t h " , ZT i s the v e l o c i t y d i s p e r s i o n 
and v i s the r e d s h i f t , here N i s the t o t a l number of channels 
(N=2048). 

The values f o r the parameters \p&~> and v judged to 
g i v e the best f i t t o (6,1) are chosen by m i n i m i s i n g the ^ 
s t a t i s t i c 

X 2 • Vaia^lM!3" ( 6 . 2 ) 

U Aq(k) 1 

k L 

uhere AQ(k) r e p r e s e n t s the e r r o r on the q u o t i e n t . SSBS take 

21 * 

Q(k) [ I G(k)l I S(k) 
(6.3) 

V 
on the assumption t h a t the e r r o r d i s t r i b u t i o n of Q(k) i s 

d e s c r i b e d by a normal d i s t r i b u t i o n . As p o i n t e d o u t by Davies 

(1978:), ghon one f u n c t i o n w i t h a normal e r r o r d i s t r i b u t i o n 

i s d i v i d e d by another, the e r r o r s are Cauchy d i s t r i b u t e d , 
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hence, equ. (6.3) does not apply* Daviee proposed an i n t r i c a t e 

way of t r e a t i n g t h i s problem u h i l s t s t i l l r e t a i n i n g the main 

f e a t u r e of the method, the comparsion of the q u o t i e n t Q(k) 

u i t h 'B(k). 

D u r i n g a t i m e l y v i s i t t o Durham, Dr. Marc Davis suggested 

t h a t ue t r y u s i n g the c r o s s - c o r r e l a t i o n method of Tonry and 

Davis (1979) u h i c h avoids f o r m i n g the q u o t i e n t and also a l l e y s 

an e l e g e n t d e t e r m i n a t i o n of measurement e r r o r s . 

b) Cross c o r r e l a t i o n method* 

The cross c o r r e l a t i o n method i s c o n c e p t u a l l y very 

simple* Consider the cross c o r r e l a t i o n f u n c t i o n 

C(n) = G(m)S(m-n) (6.4) 

m 

where G ( j ) and S ( j ) are the galaxy and s t a r s pectra r e s p e c t i v e l y 

j r e f e r s t o the b i n number on a l n ) i s c a l e and the summation 

extends over a l l b i n s . I f i t i s assumed t h a t G may be expressed 

as the c o n v o l u t i o n of S y i t h some symmetric broadening f u n c t i o n 

B, the q u a n t i t y 

2 . ) | c ( k ) - S < k ) 8 ( k ) | 2 (6.5) 

i s minimised by f i n d i n g the h i g h e s t peak of the c r o s s - c o r r e l a t i o n 

f u n c t i o n . The displacement of the peak from the o r i g i n y i e l d s 

the r e d s h i f t v, the w i d t h of the peak gives the d i s p e r s i o n 

and the h e i g h t g i v e s the l i n e s t r e n g t h . Tonry and Davis prove 

t h i s , under some reasonable assumptions, i n some mathematical 

d e t a i l but t h i s can e a s i l y be seen as f o l l o u s . Suppose t h a t 
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S(k) can be approximated as a Gaussian of w i d t h r w i t h 

u n c o n s t r a i n e d phases and l e t B(k) be modelled by equ. ( 6 . 1 ) . 

Uhen (6.5) has been minimised. G ( k ) % S ( k ) B ( k ) , hence from 

(6.4) the cross c o r r e l a t i o n peak w i l l have the form 

c( v <^jx{T exp 

9 r 

- ( v - v Q ) 2 l 

h -

(6.6) 

t 2 = t ) 2 + 2 X 2 and <2T* • G ( m ) . I n practic®, 
9 N m 

where JUL" 

the cross c o r r e l a t i o n peak w i l l be d i s t o r t e d due t o noise i n 

the s p e c t r a and template mismatch. To reduce the n o i s e , the 

s p e c t r a are f i l t e r e d before c a l c u l a t i n g the cross c o r r e l a t i o n 

f u n c t i o n . I n our case, we m u l t i p l i e d G(k) and S(k) by a l i n e a r 

f i l t e r which had the form 

f ( k ) = 

k 2-k 

k 2 ~ k 1 

k,-k 4 
k -k K 4 K 3 

0 

k $ k 1 
k ^ k ^ k 2 

k 2 $ k ^ k 3 

k 3 ^ k ^ k 4 

k £ k 

(6-7) 

Unless o t h e r w i s e s t a t e d , we took k^ = k^ - 10, and k^ = 100, 

k 4 = 200. 

Hence, the f i l t e r e d cross c o r r e l a t i o n peak w i l l , i n g e n e r a l , 

have n e g a t i v e lobes on e i t h e r s i d e of the c e n t r a l peak. This i s 
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i l l u s t r a t e d i n F i g * 6.3(a) uhich shous the a u t o - c o r r e l a t i o n 

of the c e n t r a l major a x i s spectrum of NGC 4472. Note t h a t the 

f u n c t i o n i s p e r f e c t l y symmetric about the c e n t r e o f the cr o s s -

c o r r e l a t i o n peak. F i g . 6.3(b) shous the same spectrum cro s s -

c o r r e l a t e d w i t h the composite templat e . I n t h i s case C(n) has 

a s i g n i f i c a n t a n t i s y m m e t r i c component due t o mismatch between 

the s p e c t r a and n o i s e . Tonry and Davis use ff~' $ the mean 
a 

square of the a n t i s y m m e t r i c component of C(n) about v Q t o 

e s t i m a t e e r r o r s . 

A noise peak t h a t o v e r l aps w i t h the c r o s s - c o r r e l a t i o n 

peak w i l l cause d i s t r t i o n s i n the shape of the peak. Let the 

r a t i o o f the h e i g h t of the t r u e peak i n C(n) t o the average 

h e i g h t of a noi s e peak be r = h/j2 {Ta> and l e t the t y p i c a l 

d i s t a n c e between a noise peak and the t r u e peak be A t , then 

the e r r o r s on the h e i g h t ( h ) , width (w) and p o s i t i o n of the 

maximum ( v Q ) w i l l be approximately, 

Aw £ Av Q £ (6.8a) 
( 1 + r ) 

A h ^ 1 - 4( A f r ) 2 (6.8b) 
h r w 2 ( 1 + r ) 

and A£vN/6B, where B i s the half-maximum p o i n t of the 

F o u r i e r t r a n s f o r m o f C(n). A f t e r i n s p e c t i n g p l o t s o f C(k) f o r 

our g a l a x i e s , we chose B-3Q, hence A6$3*5 and t h i s value 

was used i n subsequent e r r o r e s t i m a t i o n . F i g . 6.3(c) shows 

C(n) f o r one of our worst s p e c t r a . Even i n t h i s case, 

t h e r e i s no danger of s e l e c t i n g a noise peak r a t h e r than the 

t r u e cross c o r r e l a t i o n peak. 
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c) Comparison of the methods. 

F i g . 6.4 shous a t e s t of the methods. SAO 136622 uas 

used as the template and the o t h e r s t a r s o f Table 6.2 were 

broadened by knoun amounts. The t o t a l number of photons i n 

the s t a r s p e c t r a span a uide range, hence the t e s t a l s o serves 

as an i n d i c a t o r o f the e f f e c t s o f v a r y i n g s i g n a l / n o i s e . 

I n a p p l y i n g the SSBS method, we chose k^ = 10 and 

k u = 100 (equ. 6.2) unless o t h e r w i s e s t a t e d . I n the c r o s s -n 
c o r r e l a t i o n method, 18 p o i n t s on e i t h e r s i d e o f the maximum of 

the c r o s s - c o r r e l a t i o n peak were f i t t e d t o a p a r a b o l a . I n 

a d d i t i o n , the c r o s s - c o r r e l a t i o n peak of equ. (6.6) has 

e f f e c t i v e l y been f i l t e r e d by thfc a p p l i c a t i o n of ( 6 . 7 ) . The 

w i d t h (w) o f the f i t t e d p arabola must be r e l a t e d t o the w i d t h 

o f a Gaussian (CT), a f t e r the a p p l i c a t i o n o f a f i l t e r . I n 

F i g . 6.4 i t can be seen t h a t the d i s p e r s i o n i n &~QUt 

u s i n g the c r o s s - c o r r e l a t i o n method i s g r e a t e s t when 

0"^n £ 200 km sec"^ due t o our choice o f f i l t e r and the 

number o f p o i n t s used to f i t the p a r a b o l a . Uo found i t 

d i f f i c u l t t o choose a combination t o g i v e b e t t e r r e s u l t s over 

a wider range of ^ o r t h i s reason, the e s t i m a t e s o f a* 

d e r i v e d from the c r o s s - c o r r e l a t i o n method are p r o b a b l y l e s s 

r e l i a b l e than those d e r i v e d from the SSBS method. 

The methods are i n e x c e l l e n t agreement ( u s u a l l y t o 

w i t h i n a few km/sec) i n e s t i m a t i n g r e d s h i f t , (see s e c t i o n 

6.4'below). I n a p p l y i n g the SSBS method, a f i r s t o r d er 

r e d s h i f t c o r r e c t i o n i s necessary i n order t o a v o i d secondary 

minima i n ( 6 . 2 ) . Although n o t e s s e n t i a l , we a l s o a p p l i e d a 

f i r s t o r d e r c o r r e c t i o n i n the a p p l i c a t i o n o f the c r o s s -

c o r r e l a t i o n method. F i n a l l y , we have n o t i n c l u d e d c a l c u l a t i o n 

o f t h e l i n e s t r e n g t h parameter i n our p r e s e n t c r o s s - c o r r e l a t i o n 



Caption f o r Figure 6,4: 

Test of the F o u r i e r methods, Eacn of the 

templates l i s t e d i n the f i g u r e was broadened 

by a knoun amount CT. • The c r o s s - c o r r e l a t i o n 

and SSBS methods uere used to determine &~ Q U ^ 

using SAO 136622 as template i n each case* 

The numbers i n brackets r e f e r to the t o t a l 

number of photons i n each spectrum ( x1Q^). 

The spectrum of SAO 136622 contains 2»1 x 10 6 

pho tons• 
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a n a l y s i s program, 

6.4 R e s u l t s . 

I n order t o o b t a i n accurate r e s u l t s using F o u r i e r a n a l y s i s 

methods, h i g h s i g n a l / n o i s e s p e c t r a are r e q u i r e d . Hence, some 

of the o u t e r s p e c t r a o f each scan uere added t o g e t h e r to 
5 

produce s p e c t r a c o n t a i n i n g J. 3 x 10 photons. 

The r e s u l t s f o r each galaxy and each p o s i t i o n angle are 

shown i n F i g s . 6.5-6.7. The e r r o r f l a g s on v and cr were 

determined from the c r o s s - c o r r e l a t i o n method as described above, 

and the e r r o r - f l a g s on ^ re p r e s e n t the f o r m a l e r r o r s determined 

from the SSBS method. The values o f v, 0"* and ^ f o r each galaxy 

are l i s t e d i n Tables 6.3-6.7. 

As an i l l u s t r a t i o n of the s e n s i t i v i t y o f the F o u r i e r 

methods t o the range of wavenumbers used, Table 6.4 l i s t s 

the r e s u l t s o b t a i n e d t a k i n g k^ = 50 (equ. 6.2) when 

a p p l y i n g the SSBS method and k 3 = 70, k^ = 120 (equ. 6.7) 

when a p p l y i n g the c r o s s - c o r r e l a t i o n method. The r e s u l t s are 

not p a r t i c u l a r l y s e n s i t i v e to the choice o f these parameters. 

The two methods are i n f a i r l y good agreement. The 

d i f f e r e n c e s between the two methods are, i n g e n e r a l , smaller 

t our 1 or e r r o r f l a g s but they do gi v e a reasonable 

i n d i c a t i o n of the d i f f e r e n c e s encountered when u s i n g other 

s t a r s as templates and when changing the range of wavenumbers 

used. 

The r e s u l t s have n o t y e t been i n t e r p r e t e d i n d e t a i l , 

hence a b r i e f d i s c u s s i o n , summarising general impressions 

o b t a i n e d f r o n F i g s . 6.5-6.7, i s given below. 



Tables 6.3-6.6, Notes: 

CR r e f e r s t o r e s u l t s o b t a i n e d u s i n g the 

cross c o r r e l a t i o n method of Tonry and Davis 

(1979) des c r i b e d i n s e c t i c . 6.4. SSBS r e f e r s 

t o r e s u l t s obtained using the F o u r i e r q u o t i e n t 

method of Sargent a t . a l . (1977). As 

i n d i c a t o r s of the q u a l i t y of the s p e c t r a , the 

t o t a l number of photons and the r parameter 

( equs. 6.9) are l i s t e d . 

F i g s . 6.5-6.6 Captions: 

Results f o r each galaxy along major and 

minor axes. The crosses r e p r e s e n t the 

r e s u l t s obtained form the cross c o r r & l a t i o n 

method and the dots show the r e s u l t s o b t a i n e d 

using the SSBS method. Also shoun on F i g . 

6.5(a) are the r e s u l t s o btained by Davies 

(1978). The dashed l i n e s r e p r e s e n t eye 

estimates o f the mean r e d s h i f t f o r each 

galaxy• 
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a) NGC 4472. 

NGC 4472 has been s t u d i e d a l o n g t h e major a x i s by 

I l l i n g w o r t h ( 1 9 7 7 ) , P e t e r s o n (1978) and Davies ( 1 9 7 8 ) . The 

most r e l i a b l e r e s u l t s a r e t h o s e o f D a v i e s . H i s r e s u l t s are 

p l o t t e d on F i g . 6 . 5 ( a ) . 40 km/sec has bee.;, s u b t r a c t e d from 

h i s r e d s h i f t measurements i n o r d e r t o b r i n g t h e c e n t r a l 

v e l o c i t i e s i n t o agreement. T h i s c o r r e c t i o n i s t o t a l l y a r b i t r a r y 

and has been a p p l i e d because we have n o t t a k e n i n t o a c c o u n t 

the r e l a t i v e v e l o c i t y o f our composite t e m p l a t e . 

The v a l u e s f o r t h e c e n t r a l v e l o c i t y d i s p e r s i o n a r e i n 

e x c e l l e n t agreement, houever, t h e r e i s some d i s a g r e e m e n t f o r 

R > 5 ar c s e c o n d s i n t h a t D avies f i n d s a r a p i d d e c l i n e i n t h e 

v e l o c i t y d i s p e r s i o n betueen 5 and 25 a r c s e c o n d s . Ue a l s o f i n d 

e v i d e n c e f o r a d e c l i n e i n 0" f a l t h o u g h l e s s s t e e p t h a n f o u n d 

by D a v i e s . Houever, i n b o t h cases, t h e r e i s a s t r o n g c o r r e l a t i o n 

b etueen t h e l i n e s t r e n g t h p a r ameter and t h e v e l o c i t y d i s p e r s i o n 

a c r o s s t h e g a l a x y . T h i s c o r r e l a t i o n , a l s o n o t e d by Sch e c h t e r 

and Gunn ( 1 9 7 9 ) , shous t h a t t h e F o u r i e r methods cannot unam­

b i g u o u s l y d i s t i n g u i s h betueen v a r i a t i o n s i n 0" and v a r i a t i o n s 

i n ^ , hence, i t i s d i f f i c u l t t o assess t h e s i g n i f i c a n c e o f 

t h i s r e s u l t . The v e l o c i t y d i s p e r s i o n d e t e r m i n a t i o n s a l o n g t h e 

/dinar a x i s appear t o be much more n o i s y t h a n t h o s e a l o n g t h e 

r*ejor s x . i a l t h o u g h t h e same g e n e r a l t r e n d o f a d e c l i n e o f cr 

u i t h R i s p r e s e n t . 

An e y e - e s t i m a t e o f t h e maximum r o t a t i o n a l v e l o c i t y a l o n g 

t h e major a x i s s u g g e s t s v /
m a x 3 50 km/sec i n good agreement 

u i t h t h e r e s u l t s o b t a i n e d by D a v i e s . Davies has observ e d t h e 

r o t a t i o n c u r v e o u t t o £60 arcseconds and f i n d s no e v i d e n c e 

f o r an i n c r e a s e i n t h e r o t a t i o n a l v e l o c i t y a t l a r g e r a d i i , 
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a l t h o u g h l a r g e e r r o r s ( £ 50 km/aec) a r e a s s o c i a t e d u i t h 
p o i n t s a t R > 30 a r c s e c o n d a . The minor a x i s scan shows l i t t l e 
e v i d e n c e f o r any minor a x i s r o t a t i o n v £ 20 km/sec. 

b) IC 4296 

The v e l o c i t y d i s p e r s i o n s f o r b o t h major and minor a x i s 

scans a r e i n good agreement and a r e c o n s i s t e n t u i t h a c o n s t a n t 

v e l o c i t y d i s p e r s i o n o f £ 300 km/sec f o r R £ 25 a r c s e c o n d s . 

A l t h o u g h IC 4296 i s t h e r o u n d e s t o f t h e t h r e e g a l a x i e s 

o b s e r v e d , i t i s a l s o t h e most r a p i d l y r o t a t i n g ] The major 

a x i s scan r e v e a l s a h i g h c e n t r a l a n g u l a r v e l o c i t y o f 

4 f 5 i V 5 km/sec/arcsecond f o r R £ 20 a r c s e c o n d s . 

Ue f i n d l i t t l e e v i d e n c e f o r a t u r n - o v e r i n the r o t a t i o n c u r v e 

o f IC 4296 w i t h i n 25 a r c s e c o n d s . I n t h e absence o f d e t a i l e d 

p h o t o m e t r y i t i s d i f f i c u l t t o assess t h e s i g n i f i c a n c e o f t h i s 

r e s u l t . IC 4296 i s p r o b a b l y r e u n d e r t h a n E l . A r o t a t i o n a l l y 

s u p p o r t e d o b l a t e g a l a x y w i t h a p p a r e n t e l l i p t i c i t y E1 would 

be e x p e c t e d t o have v/cr 2r 0»33 ( S i n n e y , 1978), Our p r e s e n t 

d a t a s u g g e s t v/o- ~ 0• 3 1 0* 1 and a r e n o t i n c o n s i s t e n t w i t h 

t h i s . 

The m i n o r a x i s scan shows l i t t l e e v i d e n c e f o r minor a x i s 

v o c a t i o n . The e r r o r s here a r e somewhat l a r g e r t h a n i n t h e case 

o f foGC 4472 o u t t h e d a t a s u g g e s t v ^ 30 km/sec. 

c) NGC 5813 

The v e l o c i t y d i s p e r s i o n s f o r b o t h major and minor a x i s 

scan© a r e i n e x c e l l e n t agreement, b e i n g c o n s i s t e n t w i t h a 

c o n s t a n t v e l o c i t y d i s p e r s i o n o f £ 250 km/sec f o r R £ 2 5 a r c s e c o n d s . 

The r o t a t i o n c u r v e a l o n g t h e major a x i s shows a q u i t e 

p e c u l i a r b e h a v i o u r w i t h a h i g h c e n t r a l a n g u l a r v e l o c i t y o f 
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13 km/sec/arcsecond f o r R £ 5 arcaec o n d s . The r o t a t i o n 

c u r v e appears t o peak a t £ 5 arcseconds and t h e n f a l l r a p i d l y 

t o z e r o * I t u o u l d be e x t r e m e l y i n t e r e s t i n g t o o b t a i n d e t a i l e d 

p h o t o m e t r y o f t h i s g a l a x y * J u d g i n g f r o m tf.e work o f B i n n e y ( 1 9 7 9 ) , 

t h i s b e h a v i o u r may be r e l a t e d t o t h e f o r m o f t h e e l l i p t i c i t y 

p r o f i l e * There appears t o be weak e v i d e n c e f o r a s m a l l amount 

of m i n o r a x i s r o t a t i o n v Z 20 km/sec. 

6*5 C o n c l u s i o n s * 

Most o f t h e work t h a t has been done on t h i s p r o j e c t so 

f a r has been c o n c e r n e d w i t h t h e t e c h n i c a l i t i e s o f t h e d a t a 

r e d u c t i o n . Hence, t h e d i s c u s s i o n o f t h e r e s u l t s g i v e n above 

has been, o f n e c e s s i t y , r a t h e r s k e t c h y * A more d e t a i l e d 

a n a l y s i s i s c u r r e n t l y i n p r o g r e s s * The main c o n c l u s i o n s may 

be summarised as f o l l o w s ; 

A* Good agreement was f o u n d i n d e t e r m i n a t i o n s o f r o t a t i o n a l 

v e l o c i t i e s and v e l o c i t y d i s p e r s i o n s u s i n g two methods 

w h i c h u t i l i s e F o u r i e r t r a n s f o r m t e c h n i q u e s * 

8. The v e l o c i t y d i s p e r s i o n p r o f i l e s f o r a l l t h r e e g a l a x i e s 

a r e c o n s i s t e n t w i t h c o n s t a n t Cr f o r R £ 25 a r c s e c o n d s , 

th e o n l y p o s s i b l e e x c e p t i o n b e i n g NGC 4472. 

C. Two g a l a x i e s (NGC 4472 and NGC 5813) have been f o u n d 

t o be s l o w l y r o t a t i n g and i n c o n s i s t e n t w i t h t h e o b l a t e 

i s o t r o p i c models. IC 4296, however, was f o u n d t o 

r o t a t e q u i t e r a p i d l y , c o n s i s t e n t w i t h t h e i s o t r o p i c 
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o b l a t e models, 

0, No c o n v i n c i n g e v i d e n c e f o r minor a x i s r o t a t i o n was found 

i n t h e p r e s e n t s t u d y . The d a t a s u g g e s t s upper l i m i t s 

o f v 10 p e r c e n t o f t h e v e l o c i t y dis.-Mansion f o r each 

g a l a x y • 
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CHAPTER 7 

GENERAL COMMENTS 

AND 

PROSPECTS FOR THE FUTURE 

The most d e t a i l e d s t u d y i n t h i s t h e s i s i s t h e work 

on g a l a x y c l u s t e r i n g o f c h a p t e r s 4 and 5. Y e t , i t i s t h e 

most u n c o n v i n c i n g . That t h i s s h o u l d be so l i e s i n our 

i g n o r a n c e o f t h e r e a l U n i v e r s e . Some r e l e v a n t q u e s t i o n s 

a r e as f o l l o w s : Do b r i g h t g a l a x i e s a c t as p o i n t p a r t i c l e s ? 

Are t h e number w e i g h t e d c o r r e l a t i o n f u n c t i o n s good i n d i c ­

a t o r s o f t h e mass d i s t r i b u t i o n ? How good i s t h e ev i d e n c e 

f o r a c l u s t e r i n g h i e r a r c h y ? Does t h e c o r r e l a t i o n f u n c t i o n 

r e a l l y have a break a t 9h Mpc? 

An i n t e r e s t i n g c omparison may be made o f t h e 

p r e s e n t s t u d y o f g a l a x y c l u s t e r i n g and t h e study o f 

e l l i p t i c a l g a l a x i e s f i v e y e a r s ago. P r i o r t o 1975, t h e 

o n l y d e t a i l e d i n f o r m a t i o n a v a i l a b l e t o t h e o r i s t s were 

p h o t o m e t r i c s t u d i e s and meagre o b s e r v a t i o n s o f t h e 

c e n t r e s o f e l l i p t i c a l g a l a x i e s . A l t h o u g h e l e g a n t and 

: i t o i l e c work was done by many a u t h o r s , most t h e o r i s t s 

wara under t n s i m p r e s s i o n t h a t e l l i p t i c a l g a l a x i e s were 

r o t a t i o n a l l y s u p p o r t e d . T h i s i m p r e s s i o n has now been 

c o n v i n c i n g l y s h a t t e r e d by t h e r e c e n t d e l u g e o f 

s p e c t r o s c o p i c s t u d i e s . 
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At p r e s e n t , most t h e o r i s t s a r e c o n t e n t i n t h e 

b e l i e f ( o r hope) t h a t g a l a x i e s a r e h i e r a r c h i c a l l y c l u s t e r e d . 

What i s u r g e n t l y needed t o e i t h e r encourage o r s h a t t e r t h i s 

v i e w p o i n t a r e l a r g e numbers o f g a l a x y r e r i s h i f t s , i . e . ue 

r e q u i r e v e l o c i t y i n f o r m a t i o n and n o t s i m p l y t h e " d e n s i t y r u n " 

o f t h e p r o j e c t e d g a l a x y d i s t r i b u t i o n . Such i n f o r m a t i o n 

s h o u l d h e l p t o answer t h e q u e s t i o n s which I r a i s e d above. 

F o r t u n a t e l y , such r e d s h i f t p r o j e c t s a r e under way, 

by flare D a v i s and c o l l a b o r a t o r s a t H a r v a r d , by t h e Durham 

group and o t n e r s . For such s t u d i e s , t h e 20000 body models 

o f c h a p t e r 4 have an i m p o r t a n t use. These c a l c u l a t i o n s 

c o n t a i n a s u f f i c i e n t number o f p a r t i c l e s , u i t h t h e 

necessary dynamics, t o s i m u l a t e magnitude l i m i t e d 

r e d s h i f t samples and t h e r e b y o f f e r a means o f c h e c k i n g 

a n a l y s i s t e c h n i q u e s . I n f a c t , d u r i n g t h e t i m e i t has 

t a k e n t o w r i t e t h i s t h e s i s , two more c a l c u l a t i o n s have 

been r u n u s i n g a h a r d e r p o t e n t i a l t h a n used i n c h a p t e r 4. 

Tnese new c a l c u l a t i o n s l a r g e l y remove any d i s c r e p a n c i e s 

between t h e 1000 body ensembles and t h e 20000 body 

ensembles n o t e d i n s e c t i o n 4.5 ( e ) . 

On t h e t h e o r e t i c a l s i d e , b o t h t h e d i r e c t N-body 

;r»« k i n e t i c t h e o r y approaches w i l l be v e r y d i f f i c u l t 

t o e x t e n d end make more e x a c t . A r a t h e r c l e v e r N-body 

approach has been t a k e n by Fry and P e e b l e s , b u t 

u n f o r t u n a t e l y t h e i r r e s u l t s a r e n o t y e t a v a i l a b l e f o r 

c o m p a r i s o n w i t h the work p r e s e n t e d i n t h i s t h e s i s . 
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A t the v e r y l e a s t , I would hope t h a t t h e work o f c h a p t e r 4 

has shown t h a t t h e d i r e c t N-body approach i s n o t f r e e f r o m 

a m b i g u i t y . At b e s t , i t has shown t h a t p r e - v i r i a l i z a t i o n 

does n o t o c c u r i n t h e s e l f - s i m i l a r s o l u t i o n . I f t r u e , t h i s 

r e s u l t i m p l i e s t h a t e i t h e r t h e h i e r a r c h i c a l c l u s t e r i n g 

model i s n o t c o r r e c t ofr t h a t t h e r e s u l t o f Groth and Peebles 

(1977) i n d i c a t i n g ^ b r e a k v 0 * 3 i s i n c o r r e c t » i s 

i n t e r e s t i n g t h a t t h e f i r s t a p p l i c a t i o n o f a complete 

r e d s h i f t sample t o t h e l a r g e s c a l e p a t t e r n o f g a l a x y 

c l u s t e r i n g by K i r s h n e r , Oemler and Schechter (1979) 

i n d i c a t e s t h e l a t t e r . 

The work on the t i d a l t o r q u e t h e o r y i s e n c o u r a g i n g . 

The r e c e n t r e s u l t s o f t h e r o t a t i o n o f e l l i p t i c a l g a l a x i e s 

i n d i c a t e t h a t t h e r e i s l e s s a n g u l a r momentum i n these 

systems t h a n was o r i g i n a l l y t h o u g h t . The r e s u l t s o f 

c h a p t e r 2 show t h a t t h i s i s c o n s i s t e n t w i t h t h e p r e d i c t i o n s 

o f t h e t i d a l t o r q u e t h e o r y . An i m p o r t a n t c o n c l u s i o n f r o m 

t h i s work i s t h a t i f the a n g u l a r momentum o f t h e d i s c s 

o f s p i r a l g a l a x i e s i s due t o t i d a l t o r q u e s , the gas 

d e s t i n e d t o f o r m the l u m i n o u s d i s c must have c o l l a p s e d 

zr.to a massive h a l o . There i s c o n s i d e r a b l e e v i d e n c e t h a t 

s p i r a l g a l a x i e s possess dark massive h a l o e s , b u t t h e t i d a l 

t o r q u e t h e o r y , i f c o r r e c t , s u g g e s t s t h a t t h e f o r m a t i o n of 

t h e h a l o e s proceeded t h a t o f t h e d i s c s . T h i s r a i s e s many 

i n t e r e s t i n g q u e s t i o n s , e.g. a r e t h e d i s c s o f s p i r a l 

g a l a x i e s s e l f - g r a v i t a t i n g ? Uhat f r a c t i o n o f t h e mass o f 
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the Universe l i e s i n the unseen component, and uhat i s 

i t s nature? 

. The o r i g i n of the Hubble sequence poses another 

i n t e r e s t i n g problem* On the basis of the h i e r a r c h i c a l 

c l u s t e r i n g p i c t u r e , I have o u t l i n e d the arguments 

( i n chapter 2) f o r suggesting t h a t d i s s i p a t i o n i s not 

the key p h y s i c a l process i n d i f f e r e n t i a t i n g betueen 

whether a gas cloud u i l l become a s p i r a l d i s c or an 

e l l i p t i c a l - l i k e assembly of s t a r s . The hypothesis 

t h a t e l l i p t i c a l s formed by the merging of s p i r a l d i s c s 

has been discussed i n some d e t a i l by Aarseth and F a l l 

(1979). Considerable f u r t h e r uork needs to be done on 

t h i s problem. For example, are e l l i p t i c a l g a l a x i e s 

more n e a r l y o b l a t e or p r o l a t e ? Uhat p h y s i c a l process i s 

the cause of the f r o z e n - i n v e l o c i t y a n i s o t r o p i c s of 

e l l i p t i c a l g a l a x i e s ? Further s t u d i e s of the dynamical 

p r o p e r t i e s o f e l l i p t i c a l g a l a x i e s snould help to solve 

these problems. 

A major aim of the uork described i n chapter 6 

was t o o b t a i n dynamical evidence i n d i c a t i n g t r i a x i a l i t y 

i n e l l i p t i c a l g a l a x i e s . The r e s u l t s have only r e c e n t l y 

bwen o b t a i n e d and, t h e r e f o r e , I have probably given an 

o v e r - c a c t i o u s i n t e r p r e t a t i o n of the data. Only one galaxy 

(NGC 5613) shous any evidence f o r minor a x i s r o t a t i o n and 

t h i s i s of comparable s i z e t o our probable measurement 

e r r o r s . Another aim of t h i s p r o j e c t i s to couple the 

s p e c t r o s c o p i c measurements w i t h d e t a i l e d photometry. 
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This i n v e s t i g a t i o n i s c o n t i n u i n g i n c o l l a b o r a t i o n u i t n 

Drs. D. Carter and R.S. E l l i s . Binney (1979) has shown 

t h a t photometry may be coupled w i t h simple models f o r 

the v e l o c i t y s t r u c t u r e i n e l l i p t i c a l g a l r x i e s i n order 

to p r e d i c t t h e i r r o t a t i o n curves. An e m p i r i c a l t e s t of 

these models should be p o s s i b l e i n the near f u t u r e . 
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APPENDIX A 

Davis and Peebles (1977) have d e r i v e d a closed 

set of equations d e s c r i b i n g an N-body system, from the 

BBGKY h i e r a r c h y of k i n e t i c equations. The c l o s u r e scheme 

has been summarised i n chapter 4* He:.a I w r i t e down the 

e q u i v a l e n t of Davis and Peebles 1 equations (89) i n terms 

of the v a r i a b l e s x , t and I i n c l u d e the terms due to 

d i s c r e t e n e s s . The equations may, perhaps be u s e f u l i n 

t r e a t i n g cases when c l u s t e r i n g i s not s e l f - s i m i l a r (such 

as SLt 1* or p a r t i c l e d i s c r e t e n e s s i m p o r t a n t ) . As i n 

chapter 4, I conform t o the n o t a t i o n and d e f i n i t i o n s o f 

Davis and Peebles, 

l - • 
\ d t 

2 k 
a 

< p ; > 
o 2 2 2m a ( d t d + 

a 
(A.1) 

x A ( x , t ) 1 

m x a 
0 (A.2) 

> 2 f + 2 k U TtGpJ 8 

[ x 2 7T(x,t)J 2 x > . ( x , t ) 
m a x 
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S_ 1 
•at x 

i _ ( X 2 n ) - 2x2 
2 -v 2 ax <2 x 

31 |A7Q 

- 6 L.[x 2vX]+ 2m2a < v 2 > 3 1 x 4 3 ( y / x ) 
ax 5x x L ^ 

-2m ^ [ x 3 V 2 A ^ j + 8 71 ma 2xA(x,t) 
2 -v 2 x o x 

+ 8 K G^ Qma2 J l _ £_[x 3 !J2J 
2 * 

x d x 

+ 871 GQma 
x Jx 

"iZ + 1 d 
r 

11 ax x 
x 4V 2 + 2 . ( m a) 

3 

8 »l G o ma 
r 

c x 2 

CD 

dz z A(z) + J dz z A(z) 
X 

+ 8 ii G p ma 3." A*. 0 

(A.4) 

(A.5) 

and 

3,(x,t) 2 _ )d3
2 / f(|x - z|W(x) + f ( z ) j 

x ^ l ^ t ) =_Q |d 3z J A(x)f(|x - zjW A()X - z\) l(z) | 
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J3< ( x ) = a_ d V ( A ( z ) ^ | z - x j ) - A(,z - x | ) f ( z ) 1 

The terms enclosed by boxes i n equs. (A.3) and (A.4) are 

the d i s c r e t n e s s terms which vanish i r . ;fte continuum l i m i t . 

The major problem i n the present work has been the 

r e l a t i v e importance of the d i s c r e t e n e s s terms compared 

to the c o l l e c t i v e terms. 

dominant one o b t a i n s equs. (4.10 ) under the a d d i t i o n a l 

assumption of s t a b i l i t y . 

From these equations one may also d e r i v e the i n t e g r a l 

c o n s t r a i n t ( s e c t i o n 4.5). I n t e g r a t i n g equ. (A.3) over 

nd^x one o b t a i n s 

I n the l i m i t 1 w i t h d i s c r e t e n e s s terms 

/ 2 ft *A2 a n G P A 2 V A 2 i2jap (x , t ) 
t 

m 8 

+ 871G/0 UAx9t) d r<*„> n + 8 M Gmn 
a 

+ 8 IK G (A.6) 

W ri e r e, and n 

I f x Q i s chosen such t h a t v j ( x
0 ) < ^ 1> then the i n t e g r a l 

i n v o l v i n g the t h r e e - p o i n t f u n c t i o n may be neglected as may 

the second term on the r i g h t hand side of equ. ( A . 6 ) . 
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I n t h i s case 

11 A 2 + 2 a U 2 - 871 G , A 2 

3 t 2
 a 3 t ' 

= 4 H n j ^ ( x , t ) + 8TTGiO ( A # 7 ) 
2 4 / m a 

I n the l i n e a r case, (A.4 ) becomes, 

\ $ ( * 0 , t ) = - 8 n G / ) m a 2 x o A ( x o , t ) 
St 

- 4 G m 2 1 _ 3(xA)1 
a I x 2 3 x J 

xo 

(A.8) 

hence, to g e t h e r u i t h equ.(A.2), n e g l e c t i n g d i s c r e t e n e s s 

terms, fSf{xQ,t) may be e l l i m i n a t e d from (A.7) to give 

1. 
2 . o * _ i A 2 . r A*1 A2 d_A + 2 a dA 

" i t 2 a St 2 A 

uhich i s e q u i v a l e n t t o 

1 \\A I - 8 TiGpA2 = 0 (A.9) 
A 2 Let J ' 

oA + 2 a dA - 471 Gy>A = 0 (A.10) 
"o t a 3 t 

hence, A ( X q ) obeys the l i n e a r grouth equation as long as 

^ ( x o ) « 1 whatever the n o n - l i n e a r behaviour of £ . 

I f d i s c r e t e n e s s terms are i n c l u d e d , then n o t i c e t h a t the 

second term on the r i g h t hand side of equ, (A.7) a c t s to 

generate c o r r e l a t i o n s . I n t h i s case, i f 4/3 H n x Q >> 1 , 
2 2 equ. (A.9) i s obtained u i t h A replaced u i t h 1+ A . 
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