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Introduction 

This thesis is concerned with the f i rs t - order impact parameter 

method, with and without a cut - off at low impact parameters, as applied to 

coUisional excitation of atoms. 

In the f i rs t chapter we describe the method without a cut - off, giving 

a proof of its equivalence to the f irst Bom approximation, and also give a 

review of previous calculations employing this method. The method is 

applied in Chapter n to the excitation of helium by electron and proton 

impact. The results are compared with the available Born approximation and 

experimental results. 

Chapter m is a review of work on the f irst order impact parameter 

method with cut - off, applied to atomic excitation by electron impact. 

The theory developed by Stauffer and McDowell (1966), described in 

Chapter EI, is applied in Chapter IV to the calculation of cross - sections for 

transitions in hydrogen between states of initial and final quantum numbers 

n and n ' respectively. The results are compared with those obtained 

using versions of the classical impulse approximation. 
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CHAPTER I 

The semi-classical impact parameter method. 

^ 1.1 Introduction. 

Consider an inelastic collision between a charged particle and an atomic system. 

In the impact parameter formulation the projectile and the nucleus of the target atom 

are regarded as classical particles. For sufficiently h i ^ velocities of relative motion, 

transfer of energy and niomentum may be neglected, and the classical trajectories 

taken to be rectilinear. The impact parameter ^ , defined as the distance of closest 

approach of projectile and target, plays the part of angular momentum through the 

relationship n n . 

The method is semi-classical, since the motions of the atomic electrons must be 

treated quantum - mechanically. The projectile perturbs the atom, and the transition 

probabilities between various states of the atom are calculated by the method of 

variation of constants. Summing the contribution from all impact parameters gives 

the cross-section for a particular transition. In an exact calculation of the probabilities. 

Bates (1961) shows that the principle of detailed balancing holds : that is, if P^.^ 

denotes the probability of the transition from a state t to a state P of the atom then 

% = ^ 1 

1.2 The first-order impact parameter method for excitation 

For simplicity, let the target system consist of a single electron moving in 

the field of an infinitely heavy nucleus of charge Z ^ which is located at the fixed 

origin of a coordinate system OsLsj-^, JLeJix denote the co-ordinates of the atomic 

electron, H the hamUtonian of the unperturbed atom, and I wave 



functions and energy values of the stationary states. Then 

C H ^ H s " ) (ps = O (1.1) 

We suppose that the system is perturbed by a potential V (r ^t), and that 

initially (at t= - oo) the atom is in the state s = L , so that the initial wave 

functioq^system is 
$ . C t , t ) = «-<p C - i - E i fc) (1.2, 

If ^ ( r ^ t) is the wave function of the perturbed system at any subsequent time 

then the Schrodinger equation for ^ is 

subject to the initial conditions (1.2), 

^ may be expanded formally in terms of either of the complete sets and J 
s 

giving 
"il l # . \ s o . . i i - i i L ; r < - \ ^ / : r t \ 

(1.4) 
S 

or, equivalently, 
^ ^ . / / ^ ?!S i \ 

(1.5) 

•/ * 

We now make the assmnption that I Oi^t^S I ^ equal to the probability that the 

atom is in the state S at time fc . To calculate the co-efficients <^^^ (JS) , we 

substitute (1.4) in the right - hand side of (1.3), obtaining 

^ X c ^ a t (1-6) 

Multiplying both sides of (1.6) by any of the functions 

* ^ ^ (1.7) 

and integrating over all r gives 

<At . 2 - < -̂̂ > 



The initial conditions give 

'^csC-oo') = J^ts (1.9) 

so, integrating (1.8), we obtain ( S^C ) 

-« (1.10) 
This equation is exact but cannot be used to evaluate Ou^, since the right -

hand - side contains the unknown function . If^ however, we may assume 

that is changed only s l i ^ t l y during the perturbation, we may replace it 

by its initial form, and write 

ĉ .̂ (.t) ^ - i J ^si^^) Co EsiO 4t (1.11, 
-CO 

E s c = a.i3) 

which is the f i rs t - order approximation. 

Let the position of the perturbing particle at time i ; be R C t ^ 

-(Xj^^vt^i^Or being the (constant) velocily of relative motion, and let (3 be 

the impact parameter. Changing the variable to Z = vfc", the probability 

that the atom wil l be left in the state s after the collision is 

-do 
If C| is the azimuthal angle (defined so that X = ^ C^S ^ ^ Y = ^ s l n | > » 

the cross-section for excitation from state L to state s is then given by 

-3-



O 0 ' 
If spherically symmetric, this reduces to; 

r-OO 

C^oS ' J ^ ^Cs ^ ^ ' ^ ^ ^^^^ (inunitsof 

^ ) 

(1J5) 

(1.16) 

(G«mt, 1927). 

The approximation made in obtaining (1.11) will be valid i f the 

perturbation is "small" . The significance of this will depend on the 

particular perturbation. For instance, i f the perturbation is due to a 

positive ion of charge Z ̂  then 

and the wave functions wil l certainly only be slightly perturbed during the 

collision i f (» is large. For large enough v*» the condition will be satisfied 

even i f the projectile passes through the atom. The method wUl also be valid 

if Z ^ is small compared with Z. 

The general conditions that must be satisfied for the first order impact 

parameter method to be valid are (a) that the incident particle moves in a 

straight line, with constant velocity relative to the target, (b) that the 

QU- . C O are all small, and (c) that electron exchange is unimportant 

Condltioni (a) implies that we neglect the Coulomb repulsion between the 

incident particle and the atomic nucleus. Bates and Boyd (1962) show that, 

unless very strong Coulomb i forces are involved, this introduces negligible 

(1.17) 



errors in calculations of excitation and ionization cross-sections, except 

at low impact velocities. 

Condition (b), which ensures that the CU^ do not vary much from 

their original values, is more restricting. Let P(Z) = ^ \ ^tsCZ.")}^ 

Then if 2 , |^ is the value of Z corresponding to the maximum value of P (Z) 

for any given ^ , condition (b) holds providing 

When TT is sufficiently high, the exponential in (1.14) may be replaced by 

unity. Hence, for simple excitation or ionization (when V ( r ^t) is 

independent of - v ) , P (Z,^) falls off as o r , so the condition is satisfied 

at high velocities of relative motion. At lower velocities, however, i t may 

be violated, and P ( Z ^ ) may even exceed unity. For any given process i t 

is impossible to calculate the Cu^tZ^for all tj S Qn«L2.> but taking 2j^=co 

should give a reasonable approximation. Since optical transitions dominate, 

the condition (b) is likely to be satisfied i f the probabilities for these transitions 

are all small. 

Unless the projectile is a bare nucleus, there is a possibility that ex­

change with the atomic electron will take place. In general, however, this is 

unimportant at electron energies for which (a) and (b) are valid. 

^ 1.3 Equivalence of the Born approximation and the impact parameter method 

Since the physical assumptions are the same, we would expect Bern's 

approximation in the wave treatment and the first - order impact parameter 

-5-



method to be equivalent, provided the incoming particle may be treated 

classically. The mathematical equivalence of the two methods was 

examined by Frame (1931) who calculated cross-sections for the excitation 

of hydrogen - like atoms by bare nuclei. He considered S-^ S transitions 

only, and found that both methods gave the same results in the limit of high 

incident energies and weak interactions. An error in his analysis was corrected 

by Arthurs (1961), Moiseiwitsch (1966) generalized the result to apply to any 

transition in the -ntW order approximation, and Crothers and Holt (1966) 

extended i t to the low and medium - energy range. 

We give below the proof for excitation due to Mc, Carroll and Salin (1966), who 

consider for simplicity proton - hydrogen atom collisions. 

Suppose a proton B is incident on a hydrogen atom nucleus A, electron 

E, and excites it from initial state i to final state F . Let 

s = BE, r = AE , R = AB_ , r ' = ^ ( 1 + s). Then r ' is the 

position vector of E relative to the centre of mass of the two protons. 

Consider f i rs t the impact parameter method, in which the hydrogen atom is 

•taken as stationary and R = + 3r t, where ^ is the impact parameter 

and the ;( constant) velocity of B. In the centre of mass system, which 

has velocity "^/Z relative to the original frame of reference, the time-

dependent SchrOdinger equation for the wave function of the perturbed system 

is 

a f c (1.18) 

-6-



where, in the notation of 

and the ^ term is retained for convenience. 

Also, the final state wave function is given by 

20) 

and 5̂  , 5̂  
(1.21) 

(1.22) 

(1.23) 

By (1.5), the transition amplitude may be written. 

Now consider the expression 

Integrating by parts gives 

by (1.22). Thus, since "5^^ and ^ ^ 

and are orthogonal, ( OO ) is equal to (1.23). 

Using (1.18) and (1.21) in (1.23) gives 

-7-



i , i ^ ' ) = C\d^' f<it V f . (1.24, 

where v = - - 4 is the final perturbation. 
S R 

We now write . in the form 

f itr>^ ^ I ^;tr',0 FCx'jt) (1.25) 

and let 

where 1 ^ . '5' = O . Since 

and 

the cross - section is given by 

(1.26) 

27) 

^^c2y.(?'-*-)^^ A i T - y ( ^ , . ^ ^ ^ ,1.28, 

(1.29) 

If we substitute (1.24) in (1.26) and use (1.25), (1.19) and 1.20), we may 

write R ( I j ^ ) in terms of the xmperturbed wave functions : 

J (1.30) 

-8-



We now consider the wave treatment of the problem. In the 

Bom approximation, the cross - section is given by 

| i - ^ I T C ^ I ^ d L S i . (1.31) 

where k . and k are respectively the initial and final wave vectors 

of the incident particle, jJL is the reduced mass, and " ^ . f . is the 

transition amplitude. If is the position vector of the proton B 

relative to the centre of mass of the system (A + E) , then 

where ^ ^ is the solution of the complete hamiltonian with asymptotic 

behaviour 

^ T ^ - ^ T " ) + Outgoing waves 

We write VJL/ . in the form 

and suppose that k . is sufficiently large for small - angle scattering 

only to occur and 

(1.35) 

-.9-



Choose k ^ along the Z axis of the cartesian co-ordinates 

(X, Y, Z) of -T ^ , and let (-fe.̂  ^)be the spherical polar 

co-ordinates of kj;_ in the same frame. Then 

& is small, and we may write 

so that (1.36) becomes 

(1.37) 

o r 

We may write = and put 

'i\yzz J^v-©(, tc<,s(^ v/hich satisfies . = O-

We then obtain 

^ a-39. 

Now T ~ 

« _ (1.40) 

-10-



and = So 

Thus, since ^ is large, we have 

This is the same as (1.29) provided 

- f ^ t i j / : ) (1.43) 

and this condition is satisfied in general i f . ( l , r .) converges 

uniformly to F^ ( r ' , t ) as j^-^cO. In particular, this establishes 

the equivalence of the f irst Bom approximation and the first order impact 

parameter method, for in that case 

' • ^ j ( I . r ^ ) = F . ( r ' , t ) = S".. . 

^ 1.4 Previous calculations employing the first - order impact 

parameter method 

Detailed calculations for the processes 

H ( 1 5 ) + H H (2 S or 2p ) + H (1.44) 

-11 -



and 
H ( I S ) + H ( I s ) - ? H (Zs o r Z p ) + H ( Is ) (1.45) 

have been performed by Bates (1958), using the f i r s t - order impact 

parameter method. 

The transition amplitudes concerned may readily be expressed in 

terms of modified Bessel functions of the second kind. For example, 

for proton excitation 

(This transition amplitude is evaluated in detail by Bates (1961), 

page 256). Bates foiind that, as would be expected , distant collisions 

are relatively more important for high velocities of relative motion than 

for low velocities of relative motion, for the optically allowed S-^p 

transitions than for the optically forbidden S -^s transitions, and for 

ion - atom collisions than for atom - atom collisions. His calculated 

transition probabilities were used to estimate P (Z ̂  ) for the process 

(1.44). I f we suppose that Bern's approximation is good for P 0 . 1 

and bad fo r P ^ O.d, his results show that for proton impact Bom's 

approximation should be accurate for impact energies greater than 200 

Kev and unreliable for energies below 50 Kev. 

-12-



Bell (1961) has carried out a similar study of 

C l ' s " ^ + H ^ - ^ C 2 . ' P o r I ' p - ) + \\-^ <^*" 

H u l l ' s ) + H r ^ t ^ ' P - J ' P ) 4 H , " " " 

and Bell and Skinner (1962) studied 

H"*"-*- Na.L'is'^s) H ' * " + f \ / c o C 3 f . * p ' ) (1.49) 

The excitation probabilities for processes (1.47) and (1.48) are al l small 

( ! ^0 .03 for proton impact and 0 .08 for alpha particle impact)., but 

fo r process (1.49) which is a strong transition, they exceed unity for ^ 
• . t o o t 

less than;^5a^ . Replacing *^C(3'^by 0.5 whenever i t exceeded ) 0 . 5 

gave cross -sections in better accord with higiher order approximations 

in this case. The method, choweyer, cannot be expected to give good 

results for process (1.49) since i t ignores back - coupling, which 

is of particvdar importance in strong transitions. 

-13-



CHAPTER 2 

CoUisional excitation of heliiim in the impact parameter, method 
^ 2.1 Introduction. 

We use the f i r s t order impact parameter method ( c. F. Chapter I ) 

to calculate cross - sections for the processes 

(2.1) 

(2.2) 

for n = 3, 4 in the energy range 25 — 375 Kev. Cross - sections for 

electron excitation of the same states may be estimated, since these cross -

sections are close to those fo r protons of the same velocity when the electron 

energy is above ten times threshold. 

The cross - sections for process (JLl) w i l l be compared with those 

obtained using the same wave-functions by Stauffer and Mc Dowell (1966), 

who employ the impact parameter method with a cut - off. (See Chapter i n ) . 

The wave formulation of Bom's approximation has been used by Fox 

(1966) to calculate cross - sections for electron excitation of I *S) 

L% * I D ^ His results l ie more than a factor of two 

below the experimental data (Gabriel and Heddle (1960), Heddle and Lucas 

(1963), St. John et. a l . (1964)) , which agree among themselves to within 

30%. Fox foimd that coupling with 3 *P as an intermediate state was un~ 

- 1 -



important but, according to Somerville (1963), coupling to 2 * P may be 

of importance. In our treatment we ignore this coupling. Fox also shows 

that using the "velocity" formulation of the matrix element instead of the 

"length" formulation (which is equivalent i f exact wave functions are 

used) may change the resulting cross " sections by 50% i f approximate 

wave functions are used. This is because the "velocity" formulation gives 

greater w e i ^ t to smaller radial distances, since i t involves derivatives 

of the wave functions. 

^ 2.2 Theory 

The cross - section for excitation f rom an initial state C to a 

final state F is 

o (2.3) 

w h e r e l ^ ^ is the transition probability at impact velocity v and impact 

parameter ^ . 

On averaging over init ial (^ \<.^ ) and summing over final ( ) 

substates, the theory of ^ 1.1 gives 

•N (2.4) 

- 2 -



— IS 

where p = ^ -to- the energy defect, N the number of electrons 

in the outer shell of the target atom, and, since we suppose the 

form a complete orthogonal set, and are independent of R_, 

V = I 6 i - T f t . r * (2.5) 

where is the position vector of any of the N equivalent atomic 

electrons. 
The wave functions are chosen to be of the form 

i z ' p „ : > ^ - f e Its^^'^^U-^P^^^Wp--) ĵ -wn)} (2.7) 

where ^|^JLn\^, (Z, o ) is the Tv^-mj^hydrogenic wave function of 

effective nuclear charge Z for electron C . These helium wave functions 

satisfy the orthogonality condition, and are normalised to vinity. and ^ 

are chosen f r o m a variational calculation of the energy to be 2.14 and 1.19 

respectively ( EcWiart, 1930 ) . This is the choice made by Fox, and the 

resulting ground state energy is within 1% of the observed value. 

Wave function (2.6) may be interpreted as representing one electron in 

an inner orbit and the other in an outer orbit ^ the values of *T5 and T 

corresponding to a small negative shielding of the inner electron by the 

outer, and nearly complete shielding of the outer electron by the inner. 

- 3 -



Wave functions (2.7) and (2.8) give even better approximations to the 

observed energies of the appropriate excited states than (2.6) does to 

the groimd state energies. This is because the quantum defects for the 

excited states are very small, as can be seen in Table 2 . 1 . We 

therefore expect the above choice of wave functions to be satisfactory 

for our calculations. 

Since hydrogenic wave-functions are orthogonal, and using 

1 (2.9) 

VOL . \ 

sr <2.io) 

and 

1 6 - X i l (211) 

TABLE 2.1 

Quantum defects for the helium atom states concerned in this chapter. 

They are calculated f rom the energy levels given by Moore (1949) taking 

the Rydberg constant - '°'^73*7-^-S.V c»«r* 

- 4 -



Atomic level quantum defect 

I ' s 0.256 

2 ' p - 0.0093 

3'D 0.0022 

4*D 0.0032 

°^^y ^® transformed by the Fourier involution theorem to 

v ^ r = i i ? ) - ~ ^'i^"*y^'-^'-''"-^ 

where f C K ^ ^ J * ^ ^ ^ " ^ 

where we have dropped the suffix on r for convenience. 

Let ( < ^ ) and ( ) be the polar angles of r and 

respectively in the frame ^ ^ ' j ' y (defined in Chapter I) , and let 

( ® J ) be the polar angles of r in a frame ^ with ^ axis 

along K . Thus in frame 

K , ^ = Krt- oos ® 
- - (2.15) 

- 5 -



Now 

(2.16) 

(2.17) 

and (Edmonds, 1957) 

where ^ < '̂/>^ ̂  jp") is a matrix element of the operator ^ («<j p j ' ^ ) 

which rotates X . ' "ito ^ ^ ^ \ J V ' Edmonds, Chapter 4. 

The following quoted results also come f rom Edmonds. 

We evaluate f i r s t for transitions (2.1). Using (2,17) and 

(2.18) in (2.14) gives 

(2.19) 

The integral over is 

r c t - / - - J 

J (2.20) 

- 6 -



which is zero imless T t v ' = t t v ^ ' Also 

t = { r \ ) Y a ^ j - i t V j / (2.21) 

and 

(2.22) 

The Wigner 3 - j co-efficients in (2,22) wi l l be non-zero only i f 

(i) nnrv c . t r v Z - t t v / =0 

and (ii) 1, 2, Si, obey the triangle inequalities, and 1+2+ is even ; 

that is X , = I or 3. 

We now have, using (2,15), 

o 

(2,23) 

- 7 -



where hd = C o s ® Integrating over (A and summing over 1^ gives 

(2.24) 

where op 

(2,25) 

and we have used the fact that the d are real. Summing over 

•nv/ ( I t t v * / ! , ^ I ) gives finally 

3i.= -'if {*V->"̂ ^̂ P-.-."̂ ^̂ "'3 
where 

CO ( O 

- J - ^ ^ ^ ^ - 8 -

(2,26) 

(2.27) 

(2.28) 



Now consider the transitions (2.2), Using (2.16) and (2,18) in 

(2-14), ttix'o^ .-X-C^-) 

(2.29) 

and the integral over vanishes imless 'xrJ= O On integrating 

over the angles we then obtain 

(2.30) 

The values of ciL i ( ft ) for 5 = 1, 2 are given in 

tables 2.3 and 2.4 respectively, and the Tc^ required are given 

in table 2 .2 . 

TABLE 2.2 

IS") , . . . 
Some values of i ^ f 1^ ) 

In this table Q/ = 5/6, b = f, <f> = ^ * i . 
TV 

- 9 -



3^ C a ' ^ + K * ) ^ 

5"k 

TABLE 2.3 

dL 

O - 1 

-t- 1 l - c c s p ) 

o C o s p 

- 1 j _ C»- cosp) 

-10-



Ca.) 
TABLE 2.4 

- 1 O 1 z 

•{^( |+c«p/ *"y»npcos^ 

- 1 
jLCcosp+cosap*) X.(corp-c«f2p') 

0 
1 15 s-'in*rs -J_ [5 S in^p 

a. J A 

I 
a.Ccojp+««»sap] 

^ Srn|3Co.*py^ 
4: J l ' ' • ^ > 

2.'3 
Table J^is quoted f rom Edmonds, p 57. Note the symmetry relations 

between the cL ' nv ' TTV 

a " ^ , ^ ( p ) = i - . r ' - ^ A ' l w i p o 

Let 

(2.31) 

so that the transition probability for transitions (2.1) is 

3 w*,,o»a 
(2,32) 

- 1 1 -



and that fo r transitions (2.2) is 

(2-33) 

To evaluate the b^p we note that in the Osc^^ frame, since 

R vfc and lies along the ^ axis, 

JS. E = K ^ ^ + (2.34) 

and choose tiie origin of time so that 

- V - '>rh (2.35) 

Since 

where 

(2.37) is even in K^^ and , so 

-12-
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putting jsr p / 'w J we have 

(2.38) 



Since 

k f = J L ^ ^ ^ X . ^ " ^ ^ ^ y C o s l < ^ ^ ?c{ .^*^» '^ 

K, 

(2.39) 

COS p = . J X ^ ^ S J n p = : C k ^ ^ 4 k ^ ^ ^ ^ (2,40) 

Ko k o 

the c L ^ / ^ C p y may be written in terms of K© 

From Table 2.4 and (2.40) we have 

(2.41) 

Hence, by multiplying together the appropriate terms f rom (2.41) and 

fltnoL 
table 2.2 using (2,30) in (2.39) we have expressions for al l the 

13 .) in terms of a double integral over k^^^ Qn«t 

We obtain similar expressions for the **x-^ and b j^^ 

in terms of functions ^ .y„ , -v i \a , ' ^ ' « N , t r \ a , where 

-13-

- ^ ^ ^ ^ ^ (2.42) 



•r«v,t<N»a. 

and . S v ^ _ are given in Tables 2.5 and 2.6 

respectively. Then 

00 

^a.-i =• --AfLL \ cLK^x. \ ^^yy H^,^ .^ , <̂ <tf̂ '̂ ocê  (2.44) 

and 

V^a.^ ^.=. - i. V^cLlC^ f"°<^l^uy ^ - m . ^ v . CesCK,,e ')(2.45) 

where = » ̂  ~ I • 

-14-



T A B L E 2.5 

A/. 

- I o +1 

5 . (C+k^i^i;^-^-'"*'^- x^^-i'X^i 
2Ke 

- I 
3 ^ £ f fa ,» -^ '^ i c*^+1 lY-»?C*^ J5l. i i l 

^ 2.3 Results and discussion 

The units of 'V were changed to rydbergs, and the cross - sections were 

evaluated over a wide range of values of V (= 2 v ) , where V** is the 

incident energy ( in rydbergs for electron impact, but in units of 25 Kev 

for proton impact). In evaluating the 

-15-



TABLE 2,6 4. 
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bif , difficulties arose due to the rapid oscillations of coS ( ^ ) 

for large K , ^ and . These were minimised by changing the 

variables to X = ^ Y - V< ^ and the integrals evaluated 

by using a double Gauss - Laguerre quadrature with (p, q ) points, (the 

p referring to the integral over X ). In the worst case, convergence was 

obtained for (15, 10) points. 

-17-



The final integration over the impact parameter was carried out using 

a 31 r- point repeated Simpson, and the contributions from each (TIV ^ ^rrv^ ) 

were added together. In tables 2.7 and 2.8 we give ^ I ' P t f n'nvjj^ | ^ 

for each ( nnrv,, T I V a. ) and varying for the transitions 2. -=> ^ < ^ 

and respectively at = 10 . For l ' S - = ^ ^ ' 3 

significant contributions occur only for ^ < S"**,̂  . except for 

'TrUj_-=, O when they arise from ^ <7 ^.^ • In the 2.' P CD 

case, however, all ( T I V J ^ - W V I , ) terms give significant contributions 

for (p <\S . The oscillations in some of the ^ij^ ( tw^ ^ t tv^ ) 

correspond to a change in sign of the corresponding matrix element. 

In table 2.9 we compare our z'*^-^ T y ' D ( T V C ^ J ^ ) 

cross - sections with those of Stauffer and McDowell (1966) mentioned 

in the introduction. Considering the simplicity of the cut - off method, the 

two sets of results are in remarkably good 
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TABLE 2.9 

Cross - sections (TTt^,^ ) for proton impact excitation of 

the 2^ P —9 TV* D transitions 

(a) this paper (b) Stauffer and McDowell (1966) 

E (Kev) (a) (b) (a) (b) 

31.25 10.3 6.1 1.64 1.11 

62.5 5.69 4.1 8.71^- 1 8.2^-1 

93.8 3.91 3.O5 5.93 - 1 6.3,-1 

125 2.97 4.50 - 1 5.2,-1 

188 2.01 3.0 3 - / 4.0,-1 

250 1.52 1.3^ 

TABLE 2.10 

2.38, - 1 . 3.2^-1 

Cross sections (TTco^ ) for proton and electron impact excitation 

of the I ' S TvlS) transitions 

Electron energy (Rydy;;i^.O<^ 3*2.5 ^ ' f e O S-d 5 tO-SS IS.^s 

E (Kev) 3 1 . 2 . 5 ( » 2 . - S iZS zsa 3 7 5 

Q (3*D) 3 .55^-3 3 - ^ v - 2 a t%-3 ^2:2-7,-3 l-3V2>. 1.00,-3 

Q (4'D) \ . T X , - 3 | : ; 4 V 3 7.33,-4» S.'io.-i^ 

(In both tables the figures following a comma indicate the power of ten by 

which that entry is to be multiplied.) 
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agreement. 

The cross - sections for the I ' s - -w^ ( ov =3,^ ) transitions 

are given in table 2.10. Their magnitude is controlled by the quadrupole 

matrix element which, in the .quadrupole length representation, may be 

written as 

Using 

where ^ is any operator (Landau and Lifschitz 1962), we obtain the 

equivalent "quadrupole velocity" representation, Stauffer and McDowell (1964) 

found the,t K'^^ is quite sensitive both to the choice of the ground - state wave 

function and to the choice of the "length" or "velocity" representation. For 

the ground state wave function they write 

Choosing various sets of variational parameters. They also examine 

(k = 2) the analytic Hartree-Fock function of Roothaani etj al, (1960). These 

together with the differences they give between the calculated and experimental 

ground state energy, are listed in table 2.11. 
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Wave functions and energies for H e C ^ S ) ^ 5 ^ 

T A B L E 2.11. 

a. I 

( -A E = = E exp - E ̂  ' calc.) 

Jk 

1 ZT 2.7 O 
7 6 " 

z — — 

3 i n o 

I -S50 

S I - A 3 t 0-i1Z O • 0O2.3O 

Note that fc = 3 corresponds to the wave-functions used in our calculations. 

The quadrupole strengths obtained in the quadrapole length ( Q £ ) and quadrupole 

velocity (Q.V.) representations by using the ground state wave-functions 

of table 2.11 are given in table 2.12. 
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T A B L E 2.12. 

Quadrupole strengths ( Cû *̂  ) 

n Probable ts,) (-2) 
^ value of " (Q. i l . ) " (Q.V.) 

I O.0ZO<^0 0'O37^<^ 

4 o« 0 2 . 2 . 0 7 

0 - 0 3 2 . l ' s ^ ^ » ' 2 ) 

I - 0 - O U 0 7 ©•o i1^ i7 

a. o- 0 Z 7 0 1 0 ' 0 Z « i s 7 

3. — 

5 0-03510 

Because of these variations in R;^^ our results must be regarded 

as uncertain by as much as a factor of two. A similar variation (from 
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- 0.086 to - 0.l!50 in the "length" formulation) occurs in the matrix 

element ^ O ) appearing in Fox's work (Fox 1966). In each case the 

^osen groimd state wave function corresponds to the highest absolute 

calculated value of the matrix element concerned, in the "length" fomulation. 

For.proton impact, there is no significant loss of accuracy in taking the 

final proton velocity to be , but this is quite inappropriate in the electron 

impact.case until very high initial velocities are reached. Instead, for a 

proton velocity v* we choose an electron energy such that 

and V / i (.«.•) =• C V ' - ' t - t e C f " ) r j ^ . ^ 

where is the final velocity of the scattered electron. This cannot 

be an accurate procedure close to threshold , where our model is inadequate 

in any event , but shoidd give more reliable electron - impact cross-sections for 

\i''^^Qt[e , say. In the electron impact case our I '5-=i> 3 !CD results 

at six times threshold energy are almost a factor of two higher than Fox's results, 

but they appear to join smoothly to a reasonable extrapolation of his curve at about 

fifteen times threshold. 

In Figure 2.1 we compare our calculated values for <̂  ( I'5 ̂  A !2) ) with 

recent experimental values of de Heer and v. d. Bos (1966). We also show on 

the graph two experimental values (obtained for electron impact) of Moustafa et. al . 

(de Heer, private communication). Allowing for the uncertainties in our computed 
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values the agreement with experiment is satisfactory. These values, however, 

lie a factor of two below the published electron impact measurements, supporting 

the suggestion that the published data is too high by perhaps as much as a factor 

of two. 
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CHAPTER m 

The first - order impact parameter method with cut-off 
^ 3 . 1 Introduction 

In this chapter we review the work of Seaton (1962), Stauffer and 

McDowell (1965) and Stauffer and McDowell (1966) (hereafter referred to as 

papers A, B and C respectively), on the excitation of atoms by electron impact. 

The first Bom approximation, which is shown in ^ 1.3 to be equivalent 

to the first - order impact parameter method, is known to give correct results 

at high energies for non-rearrangement, collisions, but at lower energies com­

parison with experiment shows that Bom's Cross-sections are nearly always 

too large. 

The physical assumptions made in Bern's approximation (cf. Chapter I) 

will be valid at all energies for impact parameters ^ , where 

is a length comparable with the atomic dimensions. At low impact energies, 

however, they will be invalid for p . ^ T • The equation (1.16 ) for the 

excitation cross-section thus includes appreciable contributions from the region 

where the approximation is invalid, and one might therefore think of introducing 

a cut - off in (1.1 ), to obtain 

R, \ \ / 
•o 
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for the cross-section for excitation from initial state i to final state j . 

Here the cut-off Ro is of atomic dimensions, and is chosen to give agreement 

with Bern's approximation in the limit of high energies. 

In ^ 3.2 we give the theory of paper C for electron excitation of a 

general transition. A justification of the various approximations made in the 

method is given in ^ 3.3. 

^ 3 a. General Theory 

In the first - order impact parameter method, the transition probability 

for excitation from initial state i to final state j is, using the notation of 

Chapter I and H, 

— OCJ 
(3.2) 

degenerate 
states 

(3.3) 

are 
J 

r being the position vector of the excited atomic electron, and Cj/. 

initial and final wave-functions of the target system. 

Let X- be the frame of reference with respect to which the co-ordinates 

of the system are defined. In the frame ^ , the ^ axis lies along lif^ and 

the 3C axis along . The internal wave functions of the target system are 
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defined with respect to a frame £ * which is at some arbitrary orientation 

with respect to 51 » so that 

$ ( ptSTh.-) = £ 0 ) C«<, p,V) f (T^SJ M ') 
(3.4) 

where wD ( j fi ^ ) matrix elements of the rotation operator 

(Edmonds 1957). 

Now expand 

•^7 

and put 'T, , rr^ = R := l ^ i + lT^t 
Then the transition probability from state 

(^^^''"^ degenerate ^,H-. "'..'^0. ' 
states >>',|L' rl"j,rt»ĵ  

(3.6) 
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where 

:r rp '^ ^>vj^,C®.>^l being a solid spherical harmonic 

operator. Hence, (Edmonds 1957) 

(3.8) 

where the Urnai matrix element ^ ^ i ^ l ^ ^ ^ » " 7 independent 

of Mj_ . M j ^ . 

• 

A,«, _ p M * . ^ y « Y ; ^ j ^ ( ® ^©-^ dfc ,3.9) 
- OCS 

""^•^^ Cos ® - y-ji: 

On averaging over all possible orientations of . 

where it has been assumed that the degenerates states are those with all values 

of J M' consistant with the given values of L S. 

Using 
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'gives {,^1) in the(LM^ SM§ ) scheme as 

•where 

The integral in (3.12) can be evaluated to give 

,Reciprocity must be satisfied : that is we require 

(3.12) 

(3.13) 

(3.14) 

(See Appendix B of paper C) 

.where = P /3.15) 

(3.16) 
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where is the statistical weight of level a, and is the impact 

parameter of the incident particle velocity in the time - reversed situation. 

Because energy and total angular momentum are conserved, and nT. 

will differ from and AT^ . Since 

the transition probabilities given by (3.12) will satisfy (3.16) if 

be the initial and final Let = ^ itv f^T^ and W j = i ^ m r v v j ^ 

energies of the incident electron, so that ^ u j ~ ^ " ' ^^^^ ^ i,j 

is small (typically of the order of a few electron volts), we may replace and 

W^. b y W = ^ ( W ^ + ), an approximation that will be valid except at 

low impact energies. We also assume that the initial and final orbital angular 

momenta of the incident electron are large compared with their difference, so that 

e - 'M . p . '\r' • This is valid for all incident energies if 

^ . »^-^7p . , the expectation value of the radius of the initial state ^ and at 

high energies • f ^i,^^ ' Then reciprocity is satisfied if and p j 

are replaced by 

^ "̂  j - . - \ !»/ / \'-c>y (3.17) 

where is the ionization potential of atomic hydrogen. 

On integrating over impact parameters, the cross - section then becomes 
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where . ^ 6 ^ . = l ^ d j l , 

%H-tp»^ = f K^tpO ' C h | J > ; tp.^) ^̂^̂^ 

and is |^ with R replaced by the cut - off Ro. 

If only tenns with A ^ are retained in the multipole expansion 

(3.5), we obtain 

(3.20) 

and 
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This is the expression obtained in paper B, where it is used to calculate 

cross-sections for electric quadrupole transitions. If = I j ^ = O 

and (3.20) reduces to Seaton's expression for optically allowed transitions 

^3.3 Justification of the method 

In order for the introduction of a cut-off to be justified, a sizable contribution 

to the cross - section must come from impact parameters greater than the 

chosen cut - off R Q , and this is verified for -AJ2»= { and =.2. transitions 

in papers A and B respectively. A critical point is the sensitivity of the 

calculations to errors in the choice of R Q , and this is discussed in § 4.3. 

Above five times the energy transfer, we may obtain <̂  to within a factor of 

two even if there is an error of 25% in R ^ , when Aft, ^ 2. » although if 

AiLy we would expect a greater sensitivity. For ^Q,s.\ , Seaton 

suggests choosing R ^ = as a general procedure. This is also reasonably 

satisfactory^ in the = 2.. case, but it takes no accoimt of the final state 

distribution, and the authors of paper..; B suggest that a suitable weighted mean 

of and ' T . is more satisfactory. They adopt 

— ; (3.21) 

where is the lesser and y the greater of the initial and final orbital 

angular momenta of the atom, with a similar definition of and ' T F ^ in terms 

of the initial and final average radial distances of the atomic electron from the 

^ -8-



nucleus. For the six = transitions in hydrogen considered in paper B, 

the maximum error in R ^ is less than 20% if R ^ is chosen as * i j 

while if R Q is chosen to be o-̂ . it can be as large as 60%. For 4ii^SLs | 

transitions, r ^ is a better approximation in about half the cases considered 

by Seaton but when it is worse, it tends to give errors ot order 60%. 

Seaton's justification of the subsidiary approximation of putting ^^^f 

and - i jp̂  is as follows. The product ^ ^ ^ ^ j f ^ j ^ ^ ^ will be small 

for 'T"'>">"n"^ , where is defined above. Since R")^ the distance 

of closest approach, the replacement is justified if (?o ^ > implying 

that R 0 is larger than T"^ . In fact, this approximation makes the 

introduction of a cut - off necessary, since f ^ ^ - ^ o o as^^::>0 • Th^ 

approximation is less good for large \ than for small \ , but it should 

not be significantly worse for \ =2 than for \ = 1 ( ). It results 

in the A = O term in (3.5) giving a zero contribution to the probability, since 

^ and are orthogonal and independent of R. If this assumption 

were not made, the ^ = O term would give a noU'-zero contribution, and wovild 

be dominant in some cases. This would happen, in particular, when A (2> r O ̂  

since the angular parts of , $ ^ are then not orthogonal. Also calculations 

of R o for " O transitions in paper B show that the criterion ^ o ' '^ 

is not satisfied, and so we cannot expect the method to give reliable results 

for these transitions. 
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3.4 Results and discussion 

The methods described above yield cross - sectional formulae which are 

sufficiently simple to be used for the estimation of large numbers of cross-

sections, and which give low energy cross-sections which are smaller than those 

obtained in Bern's approximation. In particular, they enable us to estimate 

cross - sections between excited tv'C*' states of hydrogen to 

within a factor of two, provided r:̂  . Because retaining all terms in the 

expansion (3.5) adds a positive amount to the probabilities, cross - sections ob­

tained using (3.18) are higher than those obtained in papers A. and B. They 

still, however, lie lower than the Bom approximation at low-energies 

( c.f.aFig4.3). The calculated results for Allr = O using (3.20), and 

choosing R ^ so that the impact parameter cross - sections agree with Bom's 

values at the highest available energy, are always higher than Bern's results at 

lower ̂ energies, confirming that the method is unreliable for these transitions. 

Equation (3.18) was used in Paper C to calculate cross - sections for some 

transitions in helium. The results for the l ^ ' P ^ 3 3 and 4*3 

transitions are given in table (2. ), and are in good agreement with cross-sections 

obtained in the first - order impact parameter method without cut - off. The 

application of the method of paper C to transitions in hydrogen is discussed in 

Chapter W. 
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CHAPTER W 

Electron excitation of •w^ transitions in hydrogen 

^ 4 . 1 Introduction 

Collisional excitation of hydrogen by electron impact is of great importance 

in many physical problems occurring, for example, in plasma physics and 

astrophysics. In a number of cases, theoretical studies require cross - sections 

•̂»i»Tv' for ^^tJ transitions in hydrogen, where nrv and t v ' respectively 

are the initial and final principal quantum numbers of the atom. For example, 

consider a recombining plasma consisting only of hydrogen atoms, protons, and 

free electrons which have a Maxwellian energy distribution of temperature T ^ . 

Let N (c) be the number density of free electrons, and let N (n), N ( n ' ) 

be the number densities of hydrogen atoms in levels with principal quantum 

numbers n, n ' . . . . , 

Bates, Kingston and McWhirter (1962) show that these number densities 

are governed by an infinite set of linear equations which may be written as 

Tv^TV irv<-»v 

(4.1) 
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for all p*7 \ , Here p (YV) is the rate coefficient for radiative recombination, 

A ( n, n ' ) is the Einstein spontaneous emission coefficient and K ( c ^ ) , 

K ( C c ) 

and K (n, n ) are the electronic rate coefficients for ionization, 

three - body recombination and excitation or de-excitation, respectively. The 

K's depend on the cross-sections n n/ , being given by 

* (4.2) 

where m^ is the electron mass and k is Boltzmann's constant. The electron re­

combination coefficient is also dependent on the ^ n n ' , since it is given by 

The infinite set of equations can be reduced to a finite set, and the recombination 

coefficients obtained from (4.1) and (4.3) will be exact for a wide range of Te and 

N (c) if the Â iO, -Ji's and K's are exact (c.f. Bates et. al., 1962). The A's and 

P's are known to a high degree of accuracy and so, in order to calculate the 

recombination coefficients, we need to be able to calculate large numbers of ^ n ri' 

to a fair degree of accuracy. 
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In the past the values of the ^ nn ' used have been based on the classical 

formulae of Gryzinski (1959, 1966), but these have the wrong h i ^ - energy 

behaviour. Because of the large number of transitions involved (approximately 

nn ' for large n ), detailed quantal calculations on all of them are extremely 

lengthy, even in Bom's approximation. We use the semi-empirical formulae 

developed by Stauffer and McDowell (1966)', henceforth referred to as Paper I 

(see Chapter HI), which give a comparatively quick method of estimating semi-

classical total cross-sections (with the correct high - energy behaviour) for 

sets of n n ' transitions, to within a factor of two. The results are 

compared with Bom and classical estimates. 

^4.2 The Classical Impulse Approximation 

In the classical impulse approximation, the following assumptions are 

made : 

1. The projectile is treated as a classical particle following a classical 

trajectory with impact parameter ^ , and initial energy E. 

2. The binding forces in the target do not affect the interaction between the 

target and the projectile. 

3. The target electrons do not interact with eatfh other during the collision, 

and their interactions^ with the projectile may be treated independently, the 

resulting cross-sections being summed to give the total cross-section. 

4. The interactions of the projectile with the target are Coulombic. 
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m^ss w,^ Qn<L <»r\ inciJcn^ -^-Itcfrron 
Consider the interaction between a bound electroijipass ^2 . Let TT, 

and <ya. respectively be their initial velocities in the laboratory frame, ^ 

be the angle between and and ® be the angle the plane of V", 

and V = T T J ^ . - ^ T I makes with the plane of JVTJ and or^ . Let primes 

indicate the same quantities after the collision. From the laws of conservation 

of energy and angular momentum : 

Let Vg be the (constant) velocity of the centre of mass. Then 

nrtv^ 4. =: M V y J (4.6) 

where M = m ^ + m̂ ^̂  . 

Putting t\ I =: C 1^3.^ 
n 

we obtain 

that, if ^ is the angle between V and Vg , so 

X4.8) 

and A e y . V ^ V C c c ^ f ' - ^ o s f ) (4.9) 

is the energy transfer, where = • • 
M 
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From (4.4) and (4.6) 

Using this in (4.8) gives 

(4.11) 

The classical deflection, Q , is given by 

where 

(4.12) 

- T - - (4.13) 
fc ^ -J 

I f 

Figure 4.1 

For interactions of the form V (r) = ̂  r " it is convenient to change 

the variables to 
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so that, in particular, for coulomb potentials ( =2), 

where = • J ' - ' + t t + J . . ' " " ) 

On integrating, we obtain 

cos 1 ^ = _ J 
J i a. 

From figure 4.1, 

Cos 

Using (4.11) and (4.14) :..in (4.9) 

0 ^ (4. 

Putting X , ĴL ^ V"^ 
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i givesi. ,from (4.12 ) 

Hence 

I — v ^ S i n © Cos <B)^ J 

or 
- ' J l jL l £^^i--£| • "k '^ i '^ i i . I C-^rv.-TA/^^ cos© 

(4.17) 

where K A-^.-^rtv. 4̂ , ^ 

The differential cross-section for a collision in which the incident particle 

loses energy E is then obtained on integrating over <B) (Stabler, 1964), 

Since the differential cross - section must be real and positive, we have from (4.17) 

dL(AE) ^ * ' ' (4.18) 

where 

00 - \4,'xr,nr-j^ sin ©, 

(4.19) 
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This is real provided — TT ® • which, by (4.17) occurs if 

We can re-write this condition as 

which is tme i t f-. 

- A f ^ - O (4 21) 

We now assume that the distribution of V is isotropic, and obtain the 

differential cross - section in the form 

J A P Z J d A E 

(4.22) 

where the bounds on cos 6- are obtained from (4.21) The ionization cross-

seetion for particles of energy E2 incident on particles of energy E j , bound 

by U is then 

«t.Ae 
. (4.23) 

Upon integration, this becomes « 

(4.24) 
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3 C , - U«- £ -G J ^ ^^ -^^ ^ ' ^ ^ (4.24) 
• X " - I 

Excitation to a descrete state is in a sense alien to classical theories, 

which give directly only the cross - section for a collision in which an energy 

between E and E + d E is transferred to the target electron. The choice of 

which classical energy band is taken to represent the final quantum state is, 

to some extent, arbitrary. It is customary to assign to the final quantum state 

the energy band lying between it and the level with the next highest quantum number, 

so that, for excitation from initial state n to final state n ' , 

(4.25) 
where 

Using this , and (4.24*) gives Stabler's expressions for the excitation 

cross - section at impact energy W ̂  : 

(4.26) 

A E ; (4.27) 
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C ^ 4 - ' i ^ 6 ^ r k ' < W c ^ ^ ^ - t ^ . t v ' + ^ (4 28) 

W C e ^ 4 - ^ e ^ . t x ' + l (4 29) 

Since ^ £ ^ ^ / — ^^r^ T V ' + i sma l l , almost the whole incident energy 

spectrum i s spamied by (4.27) and (4.29). 

Gryz insk i (1959, 1965) expresses (4.24) as 

^ V - - -xTj ( i - J i l ^ i ^ c o s © i "I SL{B'\ « t © 

(4.30) 

by integrat ing over d ( ^ E) , 

- " ^ - ^ t V l ^ l - A * ( f " ^ , 4 . 3 1 , 

and ^ ( © ) i s the angular d is t r ibut ion of the re la t ive veloci ty, normal ly taken 

to be i so t rop ic . Gryz insk i (1959) replaces ^ (V) by 

V. 'U-, '^+'«-a7-^'^ '* * (4.32) 

and, using (4.25), obtains the excitation cross - section 

(4.33) 
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where 

. j _ f W A r n - ^ ^ " ^ - ^ i ^ ' i ' -

. . 3 3 , 

( in uni ts of I I ) 

For large n ' , Z ^ E ^ ^ / 

and so, by Tay lo r ' s theorem 

(4.34) 

(4.35) 

Taking the f i r s t t e r m only i n this expansion gives Kingston's (1964) 

approximation to Gryz insk i ' s formulae : 

I 

••»vrv 

(4.36) 
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A symptot ical iy 

Q , ^ ; (4.37) 

whereas, f r o m (4.29) 

(4.38) 

so that ^ ^ ^ 1 and ^ ^ ^ / w i l l agree at high energies only i f n ^ i s large, 

and n i s smal l compared wi th n ' . 

Gryz insk i ' s (1959) cross - sections, given by (4.33) are i n good agreement 

w i t h experiment at moderate energies f o r a var ie ty of inelastic processes. 

Stabler, however, points out that Gryzinski ' s work i s a modif icat ion of the 

"exact" classical impulse approximation, because the subsidiary approximation 

of averaging over the i n i t i a l angular d is t r ibut ion of the atomic electrons has 

been made. Although i n general th is approximation improves the agreement wi th ex­

per iment (due to the decreased weighting given to coll isions wi th long interaction 

t imes ) , i t complicates the f o r m of the cross-sections, and makes the equations 

behave improper ly imder t ime - r eve r sa l . 

A m a j o r defect i n classical theories i s that the cross - sections behave 

as W . ' ^ instead of W ; " ' l og W- f o r large W • . In a second 

attack on the p rob lem. Gryz insk i (1965) averages over a velocity d i s t r ibu t ion , 

- 1 2 -



(4.39) 

where "XT^^ i s adjusted to mormal i ze h is d i s t r ibu t ion . When n = 3, a log ; 

t e r m appears i n <^Q. , so h is expression then has the correc t high - energy 

behaviour. The veloci ty d is t r ibut ion i n an atom i s , however, never of the 

f o r m (4.39), being given by 

^US J . f c - ^ A e ,4.40) 

where « 
t = ^ 

o 

(Mapleton 1966). Gryz insk i ' s (1965) •. f i n a l expression f o r ^ i s 

therefore essentially emp i r i ca l , and i s unjus t i f ied f r o m a theoretical point of 

v i ew . 

^ 4 . 3 Applicat ion of the impact parameter method wi th cut - o f f 

Using the f i r s t o rder impact parameter method wi th a cut - o f f Ro , 

Stauffer and McDowell (1966) obtain equation (3.18) f o r the cross - section f o r 

excitat ion of an atom f r o m i n i t i a l state a to f i na l state b . When the atom 

concerned i s hydrogen-l ike th i s equation becomes much s impler , since the 

reduced m a t r i x element may be wr i t t en 

- 1 3 -



\o 0 0 / 
(4.41) 

(Edmonds 1957), where ^ J l , •<»<'8,,"> i s the ( Tv , i2 , , •nv^,^ ) hydrogen 

atom wave funct ion and 

(4.42) 

T i G j ^ being the spherical polar co-ordinate of the atomic electron 

suitable reference f r a m e . 

m a 

Noting that 

(4.43) 

we obtain 

(4.44) 

e 
(4.45) 
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and ~)C^ ( p o ) i s given by equation (3.19) ^ [3^ being the p of 

equation (3.17) w i t h R replaced by the cut - o f f Ro. 

Fol lowing Stauffer and McDowell (3.21) (1965) we chose 

where C» ̂  i s the lesser and the greater of the orb i ta l angular momenta 

C» and Q/' , w i th a s i m i l a r def in i t ion f o r - r ^ and ' T ^ ^ i n t e r m s of the 

i n i t i a l and f i n a l average rad ia l distances of the atomic electron f r o m the nucleus. 

We examined the sensi t ivi ty of ^ (W ) to changes of up to 50% i n the above 

choice of Ro f o r the t ransi t ions \ S or- ^ S - ^ ' ^ p o r 3 « L > evaluating 

the cross - sections at m = 1 , 5, 10, 50 and 100. TTie results f o r I 8 - ^ 3 p 

and i s are shown i n f i g u r e 4 . 1 . Below m = 5, the cross - sections 

are ext remely sensitive to choice of Ro. Changing Ro by a factor of two al ters <^ 

by more than an o rde r of magnitude f o r the forbidden transi t ions, and by as much 

as two o rde r s of magnitude f o r the allowed t rans i t ions . Above m = 5, the 

forbidden t ransi t ions are the more sensitive but i n no case does change 

by more than a fac tor of f o u r . E r r o r s of 25% i n Ro give correc t to wi th in a 

fac tor of two . We would, however, expect l a rger e r r o r s when the lowest con­

t r i bu t i ng mul t ipole i s d-y^ 3. 
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F o r comparison w i t h ^^^^i and ^ we must calculate the 

to ta l cross - section C ^ - ^ t v ' . defined by 

Equation (3. ) , however, was derived using the approximation that the radia l 

distance of the incoming electron i s always greater than that of the atomic 

e lec t ron . This means that (4.44) i s a poor approximation i f i l , = 4 . ' . We 

therefore define 

Q C W J =: J _ 1 . L, • ^ • ^ ^ ' C . w e ' ' 

^ (4.49) 

where the p r ime indicates fi* , and suppose there exists a function 

^ ( W L ) , independent of n and n ' , such that 

(4.50) 

We can check th is by using Omidvar ' s (1965) B o m cross - sections f o r (2, 3) and 

(3, 4) to calculate <^ 23, 9 23, 9 34 and ^ 34. 

^ ( W j ^ ) f o r the two sets o f t ransi t ions i s shown i n f i gu re 4 . 2 , and we take the av­

erage of these curves to give the adopted values of ^ ( W ^ ) shown i n table 4 . 1 . 

Somervi l le ' s (1963) B o m resul ts f o r the ( 1 , 3) and ( 1 , 2) t ransi t ions give values of 
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^ (w ^ ) somewhat lower than these , but we expect our adopted values 

to be accurate to w i th in 10% f o r t ransi t ions not involving the ground state 

( n = 1 ) where the contribution f r o m forbidden transi t ions i s anomolously 

l o w . 

T A B L E 4 . 1 

Cor rec t ion Function ^ (m) calculated f r o m B o m cross sections 

m 2 10 60 100 1000 

^ ( m ) 0.24 0.13 0.075 0.067 0.046 

^ 4 . 4 Results and discussion 

The individual cross - sections ^»tvQ, ^ g,/ and the total cross -

section ^ ^ . ^ / (W^ ) were calculated f r o m (4.4) , (4.8 ) and (4.10) f o r 

a number o f ( n , n ' ) , w i th Ro = r a . Contributions f r o m the allowed transi t ions 

dominate the sum n n ' at h i ^ energies. These contributions have the 

co r rec t high - energy behaviour (see Paper I ) , and are related to the osci l la tor 

strength f o r the par t icu la r C-=^j t rans i t ion by equations (3. ) and 

(3. ) . They are individual ly i n close agreement wi th the B o m resul ts except 

when the ra t io "^Jc i s smal l ; that i s , when the coupling between the 

i n i t i a l and f i n a l states i s ve ry weak. (Seaton, 1962). The ra t io i s large 

compared wi th unity f o r ^ T v i . t v ' - T v ^ 2 . , the l i m i t i n g case being 

A n = 2 when (Al len , 1955) both and ^ E ^ ^ / are proportional 
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- 3 I 

to n . For l a rge .A n the ra t io i s proport ional to n ' and i s normal ly 

s m a l l . We can therefore expect our method to be re l iable only f o r ^ n = 1 o r 2, 

and th i s i s conf i rmed by the detailed calculations. F o r example i n the (2, 6) 

case, ( ^ n = 4 ) , ( ^ C ^ more than an order of magnitude below 

the to ta l B o r n cross-sect ion H[ nn** (Omidvar 1965) at the peak, and only 

jo ins on to a reasonable extrapolation of the Born curve at energies above 

1000 e . v . 

I n f igures 4 . 3 , (a), (b) and (c) we compare ^'^H.jt^qj (W^ ) f o r a l l 

the nine A S - 4 O t ransi t ions wi th the Born approximation results of McCoyd 

et . a l . (1960), also including the i r values f o r the ^ 1 ^ ^ = o case. Except f o r 

3d - 9 4 s (where i n any case the contribution to i s negligible), rv'SL* 

always l i e s below the B o m value at low energies and approaches i t at high energies. 

In f igures 4 . 4 , 4 .5 and 4 .6 we give the ra t ios of 9 to 

Omidvar ' s 9 * 4) , (4, 6) and (4, 5) cases respectively. (We 

6 
found that Omidvar ' s values f o r 5 were inconsistant, and smoothed them 

to give a constant value of 9 ^^"^^ • Omidvar ' s high - energy results f o r 

the (4, 5) and (4, 6) cases are too high by comparison wi th the resul ts given 

i n the two papers by Kingston and Lauer (1966). Using the la t te r resvdts has 

the ef fec t of increasing the ra t ios at high energies by 10% i n the (4, 5) case and 

by 5% i n the (4, 6) case.) When ^ n = \ , neither classical approximation 

i s a re l i ab le as ours at energies above 0 . 5 rydbergs, while below this energy 

we are i n much closer agreement wi th Stabler's model than wi th Kingstonfs, 

- 1 8 -



p a r t i c u l a r l y at the ext remely low impact energies of interest i n plasma physics. 

F o r ^ n = 2 t ransi t ions , our resul ts are very close to Stabler's i n this region, 

whi le they l i e almost a fac tor of ten below Kingston's values. Our results do 

not show the large peak appearing i n Stabler's model, but i n any case McDowell 

(1966) shows th is i s smoothed out when the model i s averaged over the correc t 

energy d is t r ibut ion (4.40). We fee l therefore that the uncertainty i n Kingston's 

resul ts at low energies may be much higher than his estimate of a factor of two. 

F igure Captions f o r CHAPTER IV 

Figure 4 . 1 Cross-sections f o r electron impact excitation of H * * -̂ ^̂  3p, 

I s -̂ s 3d f o r d i f fe ren t choices of Ro. The solid curves r e f e r to H (3p), 

the dashed curves to H (3d), and i n each set the lowest has R o = 1.5 r a , and 

successively 1.25 r^, r ^ , 0.75 rg^ upwards. 

F igure 4 .2 Calculated values of the funct ion ^ f o r the (2, 3) and (3, 4) 

sets of t ransi t ions 

3 - ^ 4 

2 - ^ 3 

Figure 4.3 Cross-sections f o r individual t ransi t ions i n the (3, 4) 

case, calculated by the method of th i s paper (solid curves) and i n the B o m 

approximation (dashed curves), f r o m McCoyd et. a l . (1960) 

4 . 3 ( a ) : (1) l O x p 1=̂ )̂ 9 d . t 3 ' ) ' ^ 9 s ^ S ^o^^ ) 

(4) O . l x Q j ^ ^ ^ 
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4.3 (b) : (1) » 0 <^ dL. ^ S )^ p (Bom only) 

4 . 3 ( c ) ( 1 ) 9dL - :>t ' ^^"^ 9d . - : )<L (Bom only) ^3"^ 9 ^ ^ ^ 

(4) 9 d L ^ s 

N . B . Curve (2) of f i gu re 4.3 (c) should be dashed. 

4 . 4 The ra t ios of q ^ ^ , , qI^^, ' to ^ r 

the (3, 4) set of t rans i t ions , the three ra t ios being denoted by dot-dashed sol id, 

and dashed curves respect ively. 

F igu re 4 .5 The same ra t io f o r the (4, 6) set of t ransi t ions 

F igure 4 .6 The same ra t io f o r the (4, 5) set of t ransi t ions . 
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Reprinted from 

Proceedings of the 
Physical Society 

The Institute of Physics and the Physical Society 
Printed in Great Britain by J . W . Arrowsmith Ltd . , Bristol 3 



PROC. PHYS. S O C , 1966, V O L . 89 

Electron-impact-induced n-*n^ transitions in 
H atoms 

K. M . PLUTA and M . R. C. McDOWELL 

Mathematics Department, University of Durham 

MS. received I8th May 1966 

Abstract. A semi-classical impact parameter treatment with a cut-off is used to 
estimate the cross sections for electron-impact-induced transitions between sets 
of levels of principal quantum numbers n and n (n' > n) in atomic hydrogen. The 
results are in closer accord at moderate and low energies with classical calculations 
based on Stabler's model than with those of Kingston, and agree closely with the 
Born approximation values at high energies, provided n —n < 2. 

1. Introduction 

The process of collisional radiative recombination in plasmas may be studied in terms 
of the elementary atomic processes occurring (Bates and Dalgarno 1962). In hydrogen­
like plasmas the resultant equations involve as parameters the cross sections for electron-
induced transitions between groups of degenerate levels with principal quantum numbers 
n and »'. The values used for these have in the past been based on the classical formulae 
of Gryzinski (1959, 1965). Since for large n there are approximately nn' possible transi­
tions between the groups of levels, detailed quantal calculations on all of these are 
scarcely possible even in Born's approximation. The classical values adopted cannot 
be correct at high energies in the absence of log E terms in such expressions for the 
cross sections. Their overall validity has been estimated to be within a factor of 2, by 
comparison with Born calculations and available experimental data (Kingston 1964). 
In this paper we use the semi-empirical formulae developed by StaufFer and McDowell 
(1966, to be referred to as I) to calculate cross sections for several sets of values of n 
and n', and compare these with Born and classical estimates. 

2. Theory 
StaufFer and McDovvell (1966) show that in the impact parameter formulation of 

first-order time-dependent perturbation theory the cross section for a transition 
i F i L j ) to another state iFaLg), by electron impact at Wi, averaged over initial degenerate 
( M i J sub-states and summed over final degenerate sub-states, is 

{lL^ + i)\wJ\^E} A=i(2A + l ) 2 flo'' 

where the notation is established in I , and )8o depends on a cut-off R^, the sensitivity 
to which is discussed in I . 
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When the atom or ion concerned is hydrogen-like this greatly simplifies. We note 
that (Edmonds 1957) 

I <r,L,\mmM^ - (q q <^2i2M,, = o | ^ , o | r i / i M , . = oy\^ ( 2 ) 

where iTj / jM, , ) is the Mj/jM,, hydrogen-atom wave function and 

'3fKo = r'YUe,'l>) (3) 

in which (r, 6, ̂ ) are the spherical polar coordinates of the active electron in a suitable 
reference frame. Thus 

where 
lo 0 0/ U / H W f (A-iLi)!(A + ,x)! 

J 0 

where /2„i(>') is the radial part of | r /M,>, normalized such that 

J c 
r^\RjUr= 1. 

(4) 

(5) 

(6) 

Equation (4) is a poor approximation if = /g (cf. I ) . We wish to calculate 0„„'(W^i), 
defined by 

QnnW,) = ^l{2l+Wnl.nAW,)- (7) 
" r=o 1=0 

Let 

Qnn-m = 2 ' ( 2 / + l ) g „ l . „ T ( W ^ i ) ( 8 ) 
« I' = 0 1 = 0 

where the prime indicates / # Then suppose there exists a function f{Wi) such that 

Qnnm = {l+m)}QUWd (9) 
and /(Wj) is independent of n, n'. We can check this by using Omidvar's (1965) Born 
calculations for (2, 3) and (3,4) to calculate Q 2 3 . Q 3 4 and ^ 3 4 . The resulting 
values o f / {W^) as a function of wi = Wi/A£„„. are shown in figure 1. The known Born 
(Somerville 1963) values for the (1, 3) transitions yield somewhat lower values of/(H^,) 

10 100 mo 

Figure 1. Calculated values of the function/(Wi) for the 2 3 and 3-5-4 sets of 
transitions: full curve, 3 ->• 4; broken curve, 2 -»• 3. 



Electron-impact-induced n ^n' transitions in H atoms 301 

for m < 20, but the adopted values of f{W^ given below are expected to be good to 
within 10% for transitions not involving the ground state (w = 1), where the contribu­
tion from forbidden transitions is anomalously low. 

Correction function f(m) calculated from 
Born cross sections 

m 2 10 60 100 1000 

/(TO) 0-24 0 13 0 075 0 067 0 046 

3. Results and discussion 

The cross sections calculated using (4) and (9) are to be compared with the classical 
estimates of Kingston (1964), based on an approximation to Gryzinski's (1959) results, 

n - ) ! / _ f ^ X - / 7 £ ^ _ E^^ 

for Wi'^ \. Asymptotically 

Stabler (1964) has given an improved version of the Gryzinski model (in which the 
bound electrons have an energy distribution f{E) = S{E-E^)). For our case Stabler's 
result may be written (except in the neighbourhood of threshold) 

which will agree with Kingston's expression only if n' is large and n is small compared 
with n'. Both (10) and (12) have incorrect asymptotic behaviour {Wi~^) for large Wj. 

The cross section Qni.n'r{Wi) given by (4) may be calculated without difficulty, for 
a particular choice of RQ- We choose RQ = (see I and Stauffer and McDowell 1965). 
The sum (?„„-(f^i) given by (7) is dominated at high energies by the contributions from 
the allowed transitions, and (Seaton 1962) these are individually in close accord with 
the Born values i f for the i j transition the ratio/,y/A£,y of the oscillator strength to the 
energy difference is large compared with unity. This is the case if A« = «' - « does 
not exceed 2 (since in that case A£„„. oc n"' ' and/j, oc (Allen 1955)). For large An this 
ratio is proportional to and is normally small. Our method is therefore expected to 
be reliable for Aw = 1 or 2 only, and this is verified by the detailed calculations. 

In figure 2(a), (6) and (c) we compare Qni.n-vi^i) for all nine transitions of the 
« = 3, «' = 4 set, for which A/ # 0, with the Born approximation calculations of 
McCoyd et al. (1960), also including their values for the A/ = 0 cases for comparison. 
With the exception of 3d-4s, Qni,n'i- is always less than the Born value at low energies 
(where in any case the contribution of Qzi-ta to Qa,^ is negligible) and approaches the 
Born value at high energies. 
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W. (EVJ 

T O 10 100 
W, (EV) 

lOOOi 

£ 10 

0 0 1 
0 1 1000 

Figure 2. Cross sections for individual / transitions in the (3, 4) case calculated 
by the method of this paper (full curves) and in the Born approximation calculations 
(broken curves) of McCoyd et al. (1960). (a) Curve A, 10 x 0 , ^p; curve B, ^a; 
curve C, i0s -» (Born only); curve D, 0 1 x Q. (6) Curve A, 10 x 0p ^a; curve 
B, 5 X 0p^p (Born only); curve C, iQp .,; curve D, i 0 p , , . (c) Curve A, 0a „ ; 

curve B, Qt ,a (Born only); curve C, Qt ̂ p; curve D, 0a -.». 
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In figures 3,4 and 5 we give the ratios of Q, j ^ ' ^ ' and Q* '̂ to the Born approximation 
values (McCoyd et al. 1960, Omidvar 1965t) for the (3,4), (4, 6) and (4, 5) cases re­
spectively. When A« = 1 neither classical approximation is as reliable as our method 
at energies above 0-5 rydbergs, while below this energy we are in much closer agreement 
with Stabler's model than with Kingston's, particularly at the extremely low impact 

10 

0 5 

• 

/ ' ^ 
•y ' / ^ 

• /! 
'/! 
1 J 

1 
_ J 1 I 1 1 L. 

1 1 . 

loqW^CW; inA.u.} 

Figure 3. The ratios of 0„„ , 0f„'., 0S?„'. to Q'^l- for|the (3, 4) set of transitions, 
the three ratios being denoted by chain, f i i l l and broken curves respectively. 

loq M^CM; inA.U.) 

Figure 4. The same ratios for the 
(4, 6) set of transitions. 

loq W; (H^ in A.u.) 

Figure 5. The same ratios for the 
(4, 5) set of transitions. 

energies of interest in plasma applications. For An = 2 transitions we approach Stabler's 
result closely in this region, and He almost a factor of 10 lower than Kingston's values. 
We do not reproduce the large peak obtained in Stabler's model, which in any case is 
smoothed out, when his model is averaged over the correct classical energy distribution 
(McDowell 1966). We feel therefore that the uncertainty in Kingston's results at low 
energies may be much higher than his estimate of a factor of 2. 

t Omidvar's values for 04.B(W)) in the Born approximation are inconsistent, and have been 
smoothed to give a constant value of PFi0(PF)/log JT, for large IT,. This value is 20% higher than 
that obtained from Fisher et al. (1960) who calculate only the allowed transitions. (See Kingston 
(1966) for comments on Omidvar's ionization results.) A referee has pointed out that the correct 
high-energy Born approximation values'for 04.B(I^^I) have been given by Kingston and Lauer 
(1966). Our results are in good agreement with these values, and the ordinate scale in figure 5 
should be multiplied by approximately 1-2. 
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Abstract. The impact parameter version of Bom's approximation is used to 
calculate cross sections for proton impact excitation of the n ^D states of He 
(n = 3,4) from 1 'S and 2 ^P. The results for 1 -* 4 ' D are in satisfactory 
accord with experiment. 

1. Introduction 

Several calculations on 
e+He( l iS ) ->e+He(3 iD) (1) 

have been reported (Massey and Mohr 1933, Fox 1966). Fox's recent paper points out 
that large uncertainties occur owing to the approximate nature of the atomic wave 
functions employed and, further, he finds that for a given wave function equivalent 
formiilations of the matrix element may change the results by 50% (cf. StaufFer and 
McDowell 1964). Fox uses the wave formulation of Bern's approximation, and finds 
that his adopted values lie a factor of 2 below the reported absolute experimental results 
of Heddle and Lucas (1963) (normalized to the value at 108 ev of Gabriel and Heddle 
(1960)) and of St. John et al. (1964) which agree among themselves to within 30%. 
Inclusion of the intermediate 3p state has little effect on the calculated values. 

I t is of interest to examine the situation for proton impact. In this case the impact 
parameter version of Born's approximation may be used, and is equivalent to the wave 
treatment at energies above a few tens of volts for total cross sections (Moiseiwitsch 
1966, Crothers and Holt 1966, McCarroU and Salin 1966). 

We employ it to calculate cross sections for the processes 

H+ +He( l ^S) H+ +He(» ^D) (2) 
and 

H + + H e ( 2 i P ) - > H + + H e ( n i D ) (3) 
for n = 3 and 4. ^ 

2. Theory 

We assume that the incident proton passes at an impact parameter p and constant 
velocity v from the target atom. The cross section Qii{v) for excitation from an initial 
state i to a final state f is 

Q,,iv) = 2r P,,(p,v)pdpM (4) 
J 0 

where 
JV2 (5) 

793 
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on averaging over initial (M^,) and summing over final {Mj^ substates. Here 

where R is the incident proton-nucleus distance, and r the incident proton-active-
electron distance, while N is the number of electrons and p is the energy difference 
between final and initial states. The wave functions are chosen to be of the form 

11 > = ^ { ^ i s ( y , l)'Ais(S, 2) +^ , , (y . 2)y,,(8,1)} 
V 2 

12 = ^ { ^ i s ( 2 , l ) ^ 2 p . . ( l , 2) +^, . (2 ,2 )^2pm . ( l , 1)} (7) 
v 2 

|n i D M , > = - ^ { ^ 2 , 1 ) ^ „ , „ , ( 1 . 2 ) +^is(2. 2)^„„„,(1.1)} 
V 2 

where ̂ nim,{^> 0 is an «/»«, hydrogenic function of effective nuclear charge Zfor electron 
i, and is a normalization constant. We take y = 2-14, j8 = 1-19 (Eckhart 1930), in 
agreement with Fox, for the ground state. The quantum defects for 2 ^P, 3 and 4 
are small, so that (7) should provide an accurate representation for the excited states for 
the purpose of this paper. 

The method is essentially the same as that of Bell (1961) who studied 

H + + He(l I S ) -> H + + He(2 or 3 ^P) (8) 

and need not be described in detail. The matrix elements involved are of the form 

Va.i>= f d r i ^ „ * ( r , ) - - l - ^ , ( r O 
J | r i - R | 

where 4>ay 'Pt are hydrogenic wave functions, and may be transformed by the Fourier 
involution theorem to 

K..=p,jc^^-^ga,dK (9) 

where 

ga.,= fe-'K'-0,*(r)^,(r)dr. 

The transition probability P,y(p, v) is then a sum of squares of terms of the form 

(10) 

On putting R = p + vf and choosing v along the Z axis, the ga,b integrals^are reduced 
by transforming the wave functions to a frame with polar axis along K, while the 
remaining integral in (10) may be evaluated by noting that 
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while 

J e x p | - —+tK^ZyZ = InS^K^--^ (11) 

which reduces it to a two-dimensional integral over and Ky. The resulting expressions 
for the (Aft j i M^,) components of Pi((piv) are lengthy, especially for the 2 -> «^D 
case, and are given elsewhere (Pluta 1966, M.Sc. Thesis, University of Durham). 

3. Results and discussion 

The integrals Aa,^ were reduced to the form 

Aa.t = - f " dK, r dKy cos {K,p)fa.t {K,, Ky) 
f f J 0 J o 

and after changing the variable to X = K^p, evaluated by a double Gauss-Laguerre 
quadrature, the final integration over impact parameter being carried out by a 31-point 
repeated Simpson rule. For 1 ̂ S ->n ̂ D significant contributions occurred only for 
p < 5ao except for Af^, = 0 when they arose from p < la^. In the 2 ̂ P -> «^D case 
all (Mi , , Mj^ integrals gave significant contributions for p as large as ISAQ. The cross 
sections for 2 ̂ P «^D (« = 3, 4) were evaluated for comparison with those obtained 
with the same wave functions, but using an impact parameter method with a cut-off, 
by Stauffer and McDowell (1966). StaufFer and McDowell's work refers to electron 
impact, but above ten times threshold the cross sections are close to those for protons 
of the same velocity. Both sets of results are shown in table 1 and, considering the 
simplicity of the cut-off method, are in remarkably good agreement. 

Table 1. Cross sections (noo )̂ for proton-impact excitation of the 
2 ip ^ n <D transitions 

3 ^D 4 »D 

£(kev) (1) (2) (1) (2) 

31-25 10-3 6 1 1-64 111 
62-5 5-69 4 - l i 8-71 8-2-^ 
93-8 3-91 3O5 5-93-' 6-3e-' 

125 2^97 2-46 4-50-^ 5-2-^ 
188 2 01 1-76 3 03- ' 40a-^ 
250 1-52 1-3T 2-28-' 3-22-" 

(1) this paper, (2) Stauffer and McDoweU 1966 (see text). 
The superscript indicates the power of 10 by which the number is to be multiplied. 

Table 2. Cross sections (iroo )̂ for proton-impact excitation of the 
1 IS -> B 'D transitions 

£(kev) 31-25 62-5 93-8 125 250 375 

0(3 ^D) S-SS-'' 3-24-" 2-69-'' 2-27-=' l-39-=> l OO" 
0(4»D) 1-87-" 1-72-'' 1-43-^ 1-21-' 7-33- 5-30-

The superscript indicates the power of 10 by which the number is to be multipUed. 
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The results for 1 ̂ S w (« = 3,4) are displayed in table 2. They must be 
regarded as uncertain by as much as a factor of 2, as the quadrupole matrix element 

4TTN^ 

which controls their magnitude is quite sensitive to the choice of initial-state wave 
function and to the choice of equivalent 'length' or 'velocity' formulations (StaufFer and 
McDowell 1964). StaufFer and McDowell (1964) found that for 1 ̂ S ^ 3 ̂ D it ranged 
from 0-021 to 0-129 (the formulation adopted here corresponding to the latter value) 
with a probable value of 0-062, depending on the .choice of wave functions, while 
for 1 ̂ S -»>4^D it ranged from 0-011 to 0-060 (the latter value corresponding to the 
functions used in this paper) with a probable value of 0-032. A similar variation 
is apparent in the matrix element /(O) occurring in Fox's work (Fox 1966). Again 
the choice of wave function made by Fox (and by us) corresponds to the highest 
calculated value. 

(I0r'*'l8f 

E; (H*) (kev) 

Cross sections for H ++He(l ^S)-* H ++He(4 'D) : ful l curve, this paper; 
circles, de Heer and van den Bos 1966. 

Our calculated values for Q{1 Ŝ -> 4 ^D) are compared in the figure with recent 
experimental values of de Heer and van den Bos (1966). The reported experimental 
value at 100 kev is probably too low, since it would indicate an unacceptably high rate 
of fall-off of cross section with increasing impact energy. Ignoring this value and the 
uncertainty in our computed values the agreement with experiment is satisfactory. 
A comparison with the electron-impact results of Fox at equivalent velocities indicates 
that for 3 ̂ D our results at six times threshold energy (electron-impact scale) are almost 
a factor of 2 higher, but would appear to join smoothly to a reasonable extrapolation of 
his curve at about fifteen times threshold. Above 100 ev equivalent energy, while the 
4 ^D results are in reasonable agreement with the proton impact measurements of de Heer 
and van den Bos, they lie a factor of 2 below the reported electron-impact measure­
ments. Further experimental work on electron-impact excitation of the w^D states 
would appear desirable. 
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